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Abstract

This dissertation will cover three results. Each result has a connection to Waring’s
problem and the circle method. Throughout, let p be prime, and let n, k£ and s be positive
integers.

First, let I'™*(k, p™) be the smallest positive integer s such that for any integers a; coprime

to p and integer a, the congruence

amrt + - taaf=a (modp")

is solvable in integers z;, with pt x;, 1 <7 < s. We prove that for ¢ > 0,
1
F*(kf,pn) <<€ km—i—&)

where t; is the number of nonzero k-th powers mod p. The estimate is best possible aside
from the possible removal of the €.
Next, using a result of Chow, Lindqvist and Prendiville [10], we establish that for any

positive integer k > 4, positive integer s such that
3
s > §k(log k +log log k + 2 + O(log log k/log k)),
prime p, integer a, and integers a;, with p { a; for 1 < i < s, there exists a solution of
k k_

ayoh +agrh + -+ a2t =a (mod p)

with 1 < z; <, pt for 1 <i < s.



Lastly, we will discuss how the Bentkus-Gotze-Freeman variant of the Davenport-Heilbronn

circle method can be used to study F,[t] solutions to inequalities of the form

ord( Mk + -+ A2k —q) <7

where constants A, ..., As € F,((1/t)) satisfy certain conditions. This result is a generaliza-
tion of the work done by Spencer in [39] to count the number of solutions to inequalities of
the form

ord(Maf + -+ A\ah) < 7.
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Chapter 1

Introduction

1.1 The Hardy-Littlewood Circle Method

The Hardy-Littlewood circle method is a mathematical technique designed to count solutions
to additive equations. It has been used in many areas of mathematics, most commonly
in number theory. The technique was developed in the early 20" century by Hardy and
Littlewood to solve Waring’s problem. The idea behind the circle method was originally
used by Hardy and Ramanujan to count partitions (see [27]), and it is not uncommon to
see the Hardy-Littlewood circle method also called the Hardy-Littlewood-Ramanujan circle
method. Henceforth, the Hardy-Littlewood-Ramanujan circle method will simply be referred
to as the circle method.

Waring’s problem was first posed by Waring in the 18" century. The problem asks how

large does s needs to be for each power k such that for all N € N, the equation
kb= N (1.1)

has a solution where x; € Z for 1 <i <s. In 1770, Lagrange proved that when k£ = 2, then
s = 4 is enough variables to generate all natural numbers. Hardy and Littlewood wanted

to prove a general result for the size of s for any k. Adding the condition that N be a



sufficiently large natural number, in [26] Hardy and Littlewood used the circle method to
show that (1.1) is solvable when s is at least size (k — 2)2* + 5. For the rest of this chapter,
G (k) will be the minimal s required such that (1.1) is solvable for sufficiently large values of
N.

Efforts have been continuously made to improve upon the size of G(k). In 1939, Dav-
enport [19] established that for the specific case of k = 4, G(4) = 16. Vinogradov was
able to show that G(k) < 2k(log k + 2log log k + O(log log log k)) in [41]. This was later
improved by Vaughan in [40] to G(k) < 2k(log k + log log k + O(1)) and by Wooley in [44]
to G(k) < k(log k + log log k + 2 4+ O(log log k/log k)). In 2023 [6], Brudern and Wooley
showed that G(k) < [k(log k + 4.20032)].

Hardy and Littlewood constructed the circle method using power series of the form

fr(z) = Z 2

=1

By raising the power series to the power s, they had

o0 o0
Sy et

fe(2)* =
i1=1  ds=1
= Rsyk(N)ZN,
N=1

where R, (N) is the number of ways N can be written as the sum if + --- +4*. By using

Cauchy’s integral formula, we can find R, (V) with the integral

1
R (N) = %/ka(z)sz]vldz.

The circle method draws its name from the construction of this integral, which travels around
the circle C' centered at the origin with radius in the interval (0, 1).

Vinogradov later shifted the circle method to a construction using exponential sums.



Vinogradov’s analysis relies on the fact that for integers m and n,

o 1, ifm=n;
/ 627rz(m—n)xdx _
0

0, ifm#n.

When considering Waring’s problem, m and n can be replaced by the left and right side of

(1.1). Doing so creates an integral

P

7“(]\[):/0 (Ze(axk)> e(—Na)da

r=1

that counts solutions to (1.1) with 1 < x; < P for 1 <i <s.
To find an asymptotic formula for r(N), the domain of the integral is split into subsets.
Traditionally, there are two subsets named the major and minor arcs. We may appeal to

Dirichlet’s approximation theorem.

Theorem 1.1.1. (Dirichlet’s Approximation Theorem) Let o € R, and suppose that X > 1

is a real number. Then there exist a € Z and q € N with (a,q) =1 and 1 < g < X such that

The major arcs are the union of sets of a where « is well approximated by a rational
number with small denominator. The minor arcs are the complement of the major arcs on
[0, 1], or where « is not well approximated by a rational number with small denominator.
This is only one example of a way to decompose [0, 1] into the major and minor arcs when
using the circle method. Ultimately, the goal of the major and minor arcs analysis is for the
integral over the major arcs to provide the main contribution to the asymptotic formula.
Even though the major arcs are typically a smaller set compared to the minor arcs, the
integral over the minor arcs is expected to contribute to an error term instead of the main

term.



1.2 Overview of Notation

The following is common notation that will be used in this manuscript. The definitions and
notation provided in this section will remain consistent for every chapter. First, we define
the natural numbers N to be the set of whole positive numbers, beginning at 1. We take
log = to be the natural logarithm of = and ¢(x) to be the Euler totient function of z. We
write the vector (x1,...,x,) as . Let A and B be sets and ¢ be a positive integer. We make

use of the following sum-set and product-set notation:

A+B={a+b:a€ Abe B},

AB ={ab:a € Abe B},
(xA=A+A+---+A ({-times),

and

(A ={la:ac A}.

Furthermore, we will make use of Vinogradov notation. For functions f and g, with g
taking on only positive values, we write f < g to mean that |f| < cg for some positive
constant c¢. If f only takes on positive values, we write ¢ > f to mean that f < cg for
some positive constant ¢. When we write f <. g, we mean that the positive constant ¢ in
the expression |f| < cg depends on e. If f < g, we may also write f(z) = O(g(x)). We
write f =< ¢g when both f < g and ¢ < f. We also write f(x) = o(g(z)) to mean that for
functions f and g, with g taking on only positive values, for every positive constant C' there

exists an xq such that for all x > zy, |f| < Cy.

1.3 Overview of Results

The circle method is a malleable tool that can be used to count solutions to more than just

equations that look like (1.1). Chapters 2, 3, and 4 of this manuscript will each cover a



separate result for a variation of Waring’s problem.

1.3.1 Diagonal Congruences Modulo a Prime Power

Hardy and Littlewood also researched the congruence
¥ pab 4 42 =6 (mod pn), (1.2)

where p is a prime. We define the Waring number ~v(k, p™) to be the minimal s such that for
any integer a, (1.2) holds for some integers x; with p 1 z;, for some 7. In [26], Hardy and Lit-
tlewood established that (k,p") < 4k. When p is an odd prime, Hardy and Littlewood also
showed in [26] that a solution modulo p™ existed when y(k, p™) < ]%k; + 1. In Chapter 2,

we consider the congruence
amr¥ + - taaf=a  (mod ph). (1.3)

This construction is similar to (1.2); however we have also introduced coefficients. We define
for any positive integer k£ and prime power p”, I'*(k,p") to be the minimal s such that for
any integer a and integers a; with p{a;, 1 <i <'s, (1.3) has a solution with p { z; for all 7.
Suppose that k = p°ky, where ki|(p — 1). Then we define t; := (p — 1) /k;.

We will prove the following theorem in Chapter 2, which is based on joint work with

Todd Cochrane and Craig Spencer [14].

Theorem 1.3.1. For any e > 0, odd prime power p™ and positive integer k with (p — 1) 1 k,
we have

T (k, p") <. k7 e, (1.4)

1.3.2 Small Solutions Modulo a Prime

When considering Waring’s problem modulo p™, we can count solutions for a general prime

p and natural number n, but we can also consider specific cases. Analysis of special cases



may provide stronger results than the general case. For example, consider again the bounds
on the size of s required to guarantee solutions of (1.2) established by Hardy and Littlewood
in [26]. For a general prime power p™, one requires s > 4k, but when p is restricted to be an
odd prime, s > %k—l— 1 suffices. In 1813, Cauchy in [8] established that when considering
(1.1) modulo p,z‘?chere is a solution provided s > k. In Chapter 3, we consider a congruence
like (1.3) but with n = 1 and our solutions restricted to be of the size 1 < x; <, pt for all
1<y <s.

We are able to prove the following result, which is based on joint work with Todd

Cochrane, Misty Ostergaard, and Craig Spencer [17].

Theorem 1.3.2. For any positive integer k > 2, positive integer s with

9, for k=2,

52412, for k = 3;

\%k‘(log k+log log k+ 2+ O(log log k/log k)), fork > 4;
prime p, integer a, and integers a;, with pta; for 1 <i <s, there exists a solution of

amrt +- taat=a (mod p). (1.5)

wz’thlgxi<<kp%f0r1§i§s.

1.3.3 Diophantine Inequalities in Function Fields

The last result concerns Diophantine inequalities over function fields. Instead of looking for
integral solutions, we instead consider solutions in F,[t]. Being able to translate results from
the integers over to function fields actually works quite nicely, in part because we can set up
the following relationships of similar objects, see Table 1.1 below. First, let F,[¢t] denote the
ring of polynomials over F,, let IF,(¢) be the field of rational functions, and let F,((1/t)) be

the completion of F,(t) at the infinite place.



Real Numbers ‘ Function Fields

Z F,[[] = A
Q ]Fq<t> =K
R Fo((1/1)) = Ku

Table 1.1: Correlation between objects in the real numbers and function fields

Kubota in [31] considered the equation (1.1), except where N and the z; are elements
of F,[t]. He adapted the circle method to prove that a solution exists provided that s >
max (3k +1,2¥ + 1) and k < char(F,). In [33] Wooley and Liu were able to refine the
condition that k& < char(FF,) to char(F,) { k instead. For the result in Chapter 4, we use the
Davenport-Heilbronn circle method to study Diophantine inequalities.

First, let p be the characteristic of F,, and let £ > 1 and s be positive integers with
p 1 k. Let Logx = max(1,logz) for any positive real number z. Define (k) = ¢,(k) by
Y(k) = ap + ay + - -+ + a,, where k has base p expansion k = ag + a1p + - -+ + a,p"™ with
0 <a; <p—1. We denote B,(k) by

1, when k < 2¢(k)—2

(1—27¢EN~1 " when k > 2¢0)—2,

Let
Sqk = By(k)k(Logk + Log Log k + 2 + B,(k)Log Log k /Log k).

For a € K \{0}, we can write

a = Z aiti,

—oo<i<n
where n € Z, each a; € Fy, and a,, # 0. We define ord o« = n. We are now able to state the

main theorem of Chapter 4, which covers the content in [43].

Theorem 1.3.3. There exists a positive absolute constant C' with the following property.

Suppose that k and s are natural numbers with k > 1,

s > sq1 + Ck+/LogLog k/Log k,



and char(F,) t k. Let T be some fized integer, let v be an element in Ko, and let Ay, ..., \s be

fized non-zero elements of K, not all in IF,(t)-rational ratio. Suppose also that the equation

Mzb 4+ A2 =0 (1.6)

has a non-trivial solution z in K5 . Then, for all sufficiently large positive real numbers P,

the number of F,[t]-solutions N(P,X,~) of
ord(A\jzh 4+ -+ A2t —4) < 7
with ord(z;) < P for 1 <i < s satisfies

N(P, A7) > ¢P6=h),

The implicit constant may depend on s, k, q, A, v, and T.



Chapter 2

Diagonal Congruences Modulo a

Prime Power

In this chapter, our focus will turn to diagonal congruences modulo p”, where p is prime
and n is a natural number. The contents of this chapter is joint work with Todd Cochrane
and Craig Spencer, from [14]. We will show that the minimal number of variables necessary
to find a solution to (1.3) is bounded by a constant multiple of a small power of k. This
result improves upon previous bounds on solutions to diagonal congruences due to Alnaser,
Cochrane, Ostergaard, and Spencer (see [2], [16]). Recall that we define for any positive
integer k& and prime power p", I'*(k, p™) to be the minimal s such that for any integer a and
integers a; with pt a;, 1 <1i < 's, (1.3) has a solution with p t x; for all i. Note that when
s > I"™(k,p"), (1.3) has a solution with p t z; for all i. We also define the Waring number
v*(k,p") to be the minimal s such that for any integer a, there exist integers x; with p { x;,
1 <1 < s, such that (1.2) holds. To be clear, throughout this and the next chapter, upper
case I' will always refer to the general diagonal congruence (1.3), and lower case «y to the
congruence (1.2). The crux of the proof is constructing a recursion relation that bounds
I*(k,p") by a constant multiple of v*(k, p"). We then use Hensel lifting to bound v*(k, p™),

concluding with a bound on I'*(k, p").



2.1 History

Recall that v(k,p™) was defined to be the minimal s such that for any integer a, there exist
integers z; with p 1 ;, for some ¢, such that (1.2) holds. Over two hundred years ago, Cauchy
[8] proved that (k,p) < k + 1 for any prime p and positive integer k; see [12] for a further
discussion of Waring’s number for prime moduli. It was also previously noted that Hardy

and Littlewood [26, p. 180, Lemma 20] established for odd p that
v(k,p") < L)%lk-‘ :
It was shown in [1] that if p is odd and ¢; > 2, then
v(k, p") < ck/?, (2.1)
for some absolute constant ¢, and that for any € > 0, if ¢(¢;) > 1/¢ then
v(k,p") <. k.

In [13] it was shown that the constant in (2.1) can be taken to be 83 for the case of prime
moduli, sharpening the result in [12].

We define I'(k,p") to be the minimal s such that for any integers a and a; with p { a;,
1 < i < s, (1.3) has a solution where p { x; for some i. I'(k,p™) plainly exists for any
k and p", but as noted in [2], ['"(k,p™) exists if and only if (p — 1) 1 k. To elaborate,
suppose that (p — 1) | k. Then by Fermat’s little theorem, Y >, a;z¥ only has one value
modulo p, and we cannot guarantee that for any «a, (1.3) has a solution. If we suppose that
(p— 1) 1 k, then by Lemma 6.5 of [2], we have growth when considering sums of sets of the
form {a;2* : © € Z,»\{0}}. From this work, it follows that I'*(k, p") exists. In particular, p
must be odd. The focus of this chapter is I'*(k, p"), although we occasionally state results

for T'(k, p™) as well. We may assume that k|p(p™), since the group of k-th powers mod p™ is

10



the same as the group of (k, ¢(p"))-th powers mod p", and write

k=p°ky, withk|(p—1), e<n—1, t;:=(p—1)/k. (2.2)

Thus I'(k, p") exists if and only if ¢; > 1.

In [2, Theorems 2.2, 2.3] the authors established the following estimates:

% (k, p") = 2k (ﬁ) 1, for t, = 2; (2.3)
% (k, p") < [p% k] , for t; > 2: (2.4)
T*(k, p") < (clog 2k, )*+3 k7 for ¢, > 1; (2.5)

while in [16, Theorem 1.2], they showed there exists a constant C' such that

*(k, p") < 8kFaii/or, (2.6)

2.2 Statement and Proof of Result

Here we show the following improvement of (2.5) and (2.6).

Theorem 2.2.1. For any € > 0, odd prime power p™ and positive integer k with (p—1) t k,
we have

% (k, p") <. k300 . (2.7)

In particular, for any k& and p™ for which ¢(t;) > 1/e we have I'*(k, p") <. k°, establishing
a generalization of a conjecture of Heilbronn [28] who posited that for ¢; sufficiently large

relative to €, the congruence
e pah 4+ 2b=a (mod p),
has a solution provided that s >, k°. The original conjecture was proven in [12].

11



The exponent ﬁ + ¢ in (2.7) is best possible aside from the possible removal of the ¢

(for small ¢1), in view of the lower bound of Cipra [11, Theorem 4.2]: For prime t; < § logk,

%1) —t + 1> ;(tl _ 1) kd)(tl); (28)

F*(kap) > ﬁ(tl - 1) kot 5.436...

and lower bound for general ¢, [12, Theorem 3],

I(k,p) > k‘ﬁﬂ/\/logtl.

Remark 2.2.1. For a general positive integer q we define I'*(k,q) to be the minimal s
(should it exist) such that for any integers a; with (a;,q) =1, 1 <1 < s, and integer a, the

congruence

ot +ayah 4+ +aa¥ =a  (mod q) (2.9)

is solvable in integers x; with (x;,q) = 1, for all i. By the Chinese Remainder Theorem, if q

has prime power factorization ¢ = II_ p¢ and (p; — 1) t k for all i, then

I'(k,q) = max I'""(k, p;*),

1<i<j

and so (2.7) provides an upper bound for I'*(k,q).

2.2.1 Preliminary Lemmas

We make use of the following standard Hensel-type lifting lemma, variations of which go

back to Hardy and Littlewood [26]. For a proof, see eg. [1, Lemma 1].

Lemma 2.2.1. Let k = p°ky withpt ki, a €Z, and a; € Z, 1 <i < s.

i) Suppose that p is odd. Then any integer solution (z1,...,xs) of the congruence
k k k e+l
a1y + asxy + - +asx; =a  (mod pT), (2.10)

with p 1 a;z; for some i, can be lifted to a solution of the same congruence mod p"™ for any

12



n>e+1.

it) For p =2, any solution of the congruence
a2 4 agxh 4+ -+ a2t =a  (mod 2¢7?), (2.11)
with 2 1 a;x; for some i, can be lifted to a solution of the same congruence mod 2™ for any
n>e+2.

The following estimates for I'(k, p™) and I'™*(k, p™) are an immediate consequence.

Lemma 2.2.2. i) For odd p, with p¢||k and n > e + 1, we have T'(k,p") = T'(k,p*™") and
I*(k,p") = T*(k,p*).

ii) For p = 2, with 2°||k and n > e + 2, we have T'(k,2") = T'(k,2°"%) and T*(k,2") =
" (k, 2¢+2).

Let O0(k,p™) be the minimal s such that zero has a primitive representation,

k k k
SB1+ZL‘2+"'+9§S

0 (mod p"), (2.12)

with p t z; for some ¢ and 6*(k,p") the same with p { z; for all 1.
Lemma 2.2.3. For any odd prime power p™, 0(k,p™) = 0*(k,p").

Proof. 1t suffices to show 6*(k,p™) < 6(k,p™). Say p°||k. By Lemma 2.2.2 we may assume
that n < e+ 1. Set s = O(k,p") and suppose that we have a primitive representation of
0 as in (2.12). If p|z; for some i then p*|z¥. Since k > p° > e + 1 > n, we have p"|zF.
Thus deleting the variable z; yields a primitive representation of 0 in a smaller number of

variables, contradicting the minimality of s. Therefore p t x; for all 7. O
We need the following result from [16].
Lemma 2.2.4. [16, Lemma 6.1] Let p, k, and t; be as in (2.2) with t; > 2. Then 0(k,p") <

Dmin, WHhere P, 1S the minimal prime divisor of t1.

13



Lemma 2.2.5. For any k and prime power p™ for which v*(k,p") ezists, we have

v (k,p") < O(k,p") - v(k,p").

Proof. Let A be the group of k-th powers in Zy,, Ay = AU{0}, £ = 0(k,p") = 0*(k,p"), and
s =y(k,p"). We claim that sx Ay = Z,». Indeed, let k = p°k; with e <n—1, asin (2.2). By
Lemma 2.2.1, s = y(k,p") = v(k,p*™"), and so for any integer ¢ there is a primitive solution
to the congruence

¥4+ af=c  (mod p™). (2.13)

1

Now, k = p°k; > e + 1, and so if p|z; for some i, then zF = 0 mod p°*'. Thus z; can be

replaced by 0 in the representation of ¢ in (2.13). The new solution x with all such z; set
equal to 0, can then be lifted to a primitive solution of (2.13) mod p™ in such a manner that
fixes the x; that are already 0, implying that ¢ € s % Aj.

By the preceding lemma, ¢ < p—1, and therefore / is relatively prime to p. Then 0 € (% A,
(AC/lx A, and so LAy C ¢+ A. Thus

slx A=s%(l*A) Dsx*(lAy) =Ll(s*Ay) = Ly = L,

the last equality following from the fact that (¢,p) = 1. Thus v*(k,p") < sl. O]

Finally, we need the following result, which was first proven by Heilbronn [28, Theorem

8] for the case of prime moduli. Recall from (2.2), we define ¢, (p, k) =t; := (p — 1) /k1.

Lemma 2.2.6. [1, Lemma 6] For any positive integer t there is a constant ¢, (t) such that

for any prime power p™ and positive integer k with t1(p, k) = t, we have

vk, p") < ey (£)p™*®.

Combining Lemmas 2.2.4, 2.2.5 and 2.2.6, we obtain that for any integer ¢ > 2, there is a
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constant cy(t) such that for any prime power p™ and positive integer k with t1(p, k) = t,

vk, p") < O(k, p") - y(k, p™) < t-ea(t)p™?0 = cy(t)p™*). (2.14)

2.2.2 General Recursion Proposition

Our proof follows the method used by Dodson [22] to prove related results about a homoge-
neous diagonal congruence. We need the following result of Erdés and Rado [23, Theorem

I11], which we state in a slightly weaker form:

Lemma 2.2.7. Let § be a collection of N distinct sets each of cardinality j such that
N > jIGI*L for some positive integer G. Then there is a subset T of S with |T| = G, and

a fized set U, such that for any two elements Sy, Sy € T we have S; N Sy = U.

For a fixed positive integer k£ and prime p with (p — 1) t k, we define I’y := 0, and for

n e N,

Yy =" (k, "), 7 = T"(k,p").

Recall ¢ = p™. Set

j= L\/log2 qJ . ri=. (2.15)
Again, let t; = (p — 1)/k; denote the number of k-th powers in Z3.

Proposition 2.2.1. i) For any odd prime p and positive integer k with t; > 3 we have for
n>1,

9 1 q41 .
Ih < 4% 4T, (2.16)

it) Under the same hypotheses, for n > 1,

L) < 4g?Viost

Proof. 1) Let k = p°ky with e <n —1 and ¢; > 3.
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Let 7,7 be as given in (2.15) and set
s = [%jﬂq%TH%J. (2.17)

We claim that for ¢ <512 we have [;L] < s, and thus by (2.4),

yielding the inequality in (2.16). Indeed, if t; = 3, then by [12, Theorem 2|, r > v*(k,p) > 3
for p > 13, and for p = 7, the same holds since 0 is not a sum of two nonzero squares. One
can check with a computer that for ¢ < 512 we have [1] < %jQq%SH%, as desired. If t; > 4,
then 7 > 2, and one can similarly check that [{] < %j2q%21+%, for ¢ < 509. Now 510 and
511 are not prime powers. For ¢ = 509, a prime, and ¢; = 4, we have 509 = 222 + 5% and so
by [12, Theorem 2], v(k,p) > 22 —1 = 21. Thus r > 21, j = 2 and again [{] = 128 < s.
Assume now that ¢ > 512, j > 3, and let aq,...,as be integers coprime to p. Let A be
the group of k-th powers in Z;. For any integers a, b coprime to p, we say that a is equivalent
to b, written a ~ b, if as elements of Z; we have aA = bA. This relation partitions Z; into

equivalence classes (multiplicative cosets), each of cardinality |A| = p"~17¢¢; > t;.

Case i: Suppose that some equivalence class contains r coefficients a;, say a; ~ ay ~

k

- ~ a,. Then there exist integers u; coprime to p such that a; = u;a; mod ¢, for 1 <7 <.

Setting y; = u;x; for 1 <¢ < r, and z; = 1 for ¢ > r, we have
k k k k
ax]+ - Fax =a(yy +-+vy,) F a1+ +as (mod q).

Since r = v and p 1 ay, the right-hand side plainly represents all values mod ¢ with p 1 y;,
1 <1 <r, and thus so does the left-hand side with p{ z;, 1 <1 < s.

Case ii: Suppose that no set of r coefficients are equivalent, that is, each equivalence
class contains at most r — 1 coefficients. Since each equivalence class contains at least t;

elements, we can make a change of variables so that no coset representative appears more
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than R := [%1 times among the coefficients, that is, no set of R coefficients are all equal.

Let j be as given in (2.15). For any subset S := {i1,42,...,%;} of {1,2,...,s} of car-
dinality j, we consider the corresponding multiset of coefficients {a;,,...,a;,}. We say two
coefficients are distinct if their subscripts are distinct (even though they may have the same
value.) Let C be the collection of all such S having the property that no sum of (any number
of) distinct coefficients from {a,,...,a;} is zero mod q. We estimate the number |C| of
such sets by constructing a typical element of C. There are s choices for i1; given 77, at least
s — R — 1 choices for iy (is # i1 and a;, # —a;,); given 4,1y, at least s — 2 — 3R choices
for i3 (i3 # 11,42 and a;, # —a;,, —a;,, —a;, — a;,); and in general, given iy,...,7,_1, at least

s — (£ —1) — (2° = 1)R choices for i,. Thus

s(s—1—R)(s—2—(22—1)R)--(s—(j —1) — (2! — 1)R)

IC| > .
Vi
s —(1+4R)+2+2*-1)R)+--+(J-1)+ (2 '=1)R)) s
> il
s — (L2 4 (27— j— 1)R) s
s —2(R+1)s!
> .
J!
_ (1_ 2j(R+1)>s_j
B s gl
We claim that w < % and thus
IC| > By (2.18)

With s as defined in (2.17), it suffices to show that
22(R+1) < jQq%rH%.

Now, by the definition of j, 27 < ¢7 and so it suffices to show R+ 1 < iﬁr“%. Since for

t1 >3, R< % and j > 2, the latter inequality holds for any r > 2.
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For each set {71,...,4;} in C we form the sum a;, +---+a;, mod ¢. By the box principle,
there exists a subset C’ of C of cardinality |C’| > |C|/q all of whose elements have a common
sum a;, + -+ -+ a;; mod ¢. By (2.18) and Lemma 2.2.7 applied with G = r, if

J
IS Glrith
27lq ~
then there is a collection of r sets in C’ having a common intersection. For j = 3 it suffices

to have

-

§>2- 3%qér1+§,

which by (2.17) is the case. Using j! < 2.56+/7 (j/2.718...)7 for j > 4, we see that it suffices
to have

s >2.(2.56)%(5/2.718...)% qritt,

that is,
s> (2.718...)2(13.115) /9 j2¢ iy 145

Since (2.718...)7%(13.115)9 < .37 for j > 4, the latter inequality holds for s as given in
(2.17).
Deleting the common elements from each of the r sets in C’, we obtain a collection C” of
r disjoint subsets of {1,2,...,s} of the form {ly,...,l;} for some fixed j* < j, having the
property that
ap +a, +--+a, =b (mod g),

for some fixed integer b. Moreover, by construction, b is nonzero mod ¢. Label the disjoint
sets T1,T5,...,T,. For each set T; = {l;,...,l;} with 1 < i < r, we set the variables

Tyyy s T, all equal to a new variable y; so that
ap a4 alj,:vfj, = by’ (mod q),
and we set all remaining variables equal to 1. Then letting o' represent the sum of the
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coefficients of variables set to 1, the diagonal form can be written as

ot Fagah 4+ Faat =bl -+ y") + Y (mod q). (2.19)

Since b is nonzero mod ¢, and r = %, b(y¥ + - - - + y¥) + b’ represents all values mod ¢ of
the form p"~'u + b with u € Z, in such a manner that p { y;, 1 < i < r. Thus, by (2.19),
the form Y 7 | a;z¥ represents all such values with p t z; for all i. If ¢ = p, we are done. If
g = p™ with n > 2, then with an additional set of I _, variables (that we set aside at the
start) we can represent a complete set of residues mod p"~!, and thus, with the full set of
s+ I'f_, variables, represent every value mod p" with p t z; for all 4, yielding the inequality
in (2.16).

ii) Let ¢ = p", and k be a positive integer. Set j = |\/log, ¢/, 7 = v*(k,q). By (2.4), we
have for t; > 3,

r =ik, p") < | S22 ] < /1] < g

and so the inequality in part (i) can be written in a slightly weaker form,
2
L < 35277 + Ty (2.20)

The quantity qu%’y;; is increasing with n, and so after repeated applications of (2.20) (and

recalling I'f := 0) we obtain

2
I% < 27707 < 3logy(q)|v/1ogs ¢) % Ve 5, < dqvioea

for ¢ > 3, as one can verify by computation. O

Remark 2.2.2. One obtains the same kind of upper bounds for T',, := T'(k,p"), following
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the proof of Proposition 2.2.1:

9 1 141
L, <1%¢iym 7 + T,

T, <4g¢¥/Vicedy,

where Ty := 0 and ~, := vy(k,p"). One only needs to replace “representation with all x; co-

prime to p” to “representation with some x; coprime to p”, wherever this expression appears.
Remark 2.2.3. If the diagonal form has the additional property that no set of j := |logq|

or fewer coefficients add up to zero mod q, then with r := ~v*(k,p"), we get

I'* < (logq)? P 4T

n—1

1
eliminating the qW'es24l factor from (2.16). Indeed, allowing any choice of j coefficients in

the definition of C,
§ o JG=1) -1 1s/
IC| = (S> > 2 2 ¥ 27

j 5! 24

for s > j%. For j as chosen here, q% ~~ 2.718...

2.2.3 Proof of Theorem 2.2.1

Lemma 2.2.8. For any positive integer t, (t + 1)1/¢® < 3

Proof. For t > 12 this is a consequence of the lower bound of Rosser and Schoenfeld [35,

Theorem 15]
t

evloglog t + 3/loglog t’

o) >

where v = .57721... is Euler’s constant, while for smaller ¢, can be verified directly using the

exact value of ¢(t). O

We turn to the proof of the theorem. Let € be a fixed positive real, and &, p” be such that
(p—1) t k. By Lemma 2.2.1, we may assume that k = p"~'k;, with ki |(p— 1), t; = pk;ll > 1.
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If ¢, = 2 then the result follows from (2.3) and so we may assume t; > 3. Let C be the

constant in (2.6). If t; > C' 25/, then by (2.6), I'*(k, p") < 8k°, and the theorem holds.

Suppose now that ¢; < C 2%¢. Then, by (2.14), setting

c3(e) == max co(t),
t<C25/¢

we obtain

v (k,p") < 02<t1)pn/¢(t1) < C;(&.)pn/q&(tl)_

Now, p" = p"Y(kity + 1) < k(t; + 1), and so by Lemma 2.2.8,

pn/¢(t1) < kl/¢(t1)(t1 4 1)1/¢(t1) < 3k1/¢(t1)'

Inserting this into (2.21), yields
o= (k") < BRI,

Since t; < C 2%, it follows that

for some constant c. depending only on €. Then, by Proposition 2.2.1 (ii), we have

[y, < 4gYVIRT g o, pOVIRET

Thus, if k& > ¢ 'e%<*, then T* <. k*v?*, which combined with (2.22) yields

I <. g te

If k < ¢'e%* then the uniform bound T < [SZpk] for ¢ > 3, yields I, <. 1.
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Chapter 3

Small Solutions Modulo a Prime

We once again consider solutions of diagonal congruences like (1.5). In this chapter we seek
solutions with 1 < z; < p% for all 7. This chapter is based on joint work done with Todd
Cochrane, Misty Ostergaard, and Craig Spencer in [17]. In [15], Cochrane, Ostergaard,
and Spencer were able to obtain solutions to (1.5) with 1 < x; < p% for 1 < ¢ < s when
s > 3(k?+k+2). We will lower the required number of variables needed to obtain solutions
to (1.5) of size 1 < x; < p% for 1 <i < s. The improvement on the bound for the number
of variables required uses techniques of smooth numbers, and follows from a result of Chow,

s xk;

Lindqvist, and Prendiville in [10]. Of note, by looking at the congruence Y ;_, 2¥ = 2+ mod

p, we see the requirement that 1 < x; < p% for 1 <i < s is optimal.

3.1 History

Obtaining small solutions has been studied for homogeneous congruences as well. For ho-

mogeneous congruences of the form

a1z + agrh + - + a2t = (mod p) (3.1)
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where the a;, 1 < ¢ < s, are integers and p is prime, Schmidt in [37] found that when £ is

odd, € > 0, and s is sufficiently large, (3.1) has a solution with
max |z;| < p-.

Later, Schmidt in [38] showed that for a; € Z, 1 <1i < s, p a prime, odd k > 3, ¢ > 0, and a

constant c¢(k) depending only on k, (3.1) has a solution with

c(k)
s

max [ 7] < p%+ e
1
Baker in [3] found that for a natural number m, e > 0, and integers a;, 1 < i < s, a non-zero

solution to the congruence

ar ot + agah 4+ +aat =0 (mod m) (3.2)
can be found with
m2tIEn e for 5 > 4;
max |z;| <

1
ma2tas, for s odd;

1, 1
m?2 " 26-D  for s even.

In [4, Lemma 10.1], Baker further refined his bound on solutions to homogeneous congruences
with a composite modulus by proving that for a natural number m, ¢ > 0, integers a;,

1 <i<s,and s > C(k,€) where C(k,€) is a constant, (3.2) has a solution with

max |z;| < mite.
2
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3.2 Statement and Proof of Result

This chapter uses smooth numbers and a result from the work of Chow, Lindqvist and
Prendiville [10] to lower the number of variables needed to establish a solution for (1.5) with
1< K p% for 1 < i < s. Using this result we are able to reduce the number of variables

needed from s > 3(k? + k + 2) to
3
s> Ek(log k +log log k + 2 + O(log log k/log k)).
Theorem 3.2.1. For any positive integer k > 2, positive integer s with

9, for k=2,

5> 112, for k = 3;

3k(log k + log log k + 2 + O(log log k/log k)), for k > 4;

prime p, integer a, and integers a;, with pta; for 1 <i < s, there exists a solution of (1.5)

wz’thlgxi<<kp%f0r1§i§s.

3.2.1 Counts on Smooth Numbers

First, we introduce the new result that leads to the reduction in the size of s. For any

positive real number 1 and positive integer B, we define A = A(B, B") to be the set
A:={zxe€[l,B|NZ:pprime,p|x = p < B"},

which we call the set of B7-smooth numbers. Now we are able to state the following theorem,

shown by Chow, Lindqvist, and Prendiville in [10].

Lemma 3.2.1 ([10], Theorem B.1). Let cy,...,cs € Z\{0} with Y, ., c; = 0 for some non-
empty subset I of {1,2,...,s}. Then, for k > 2, there exists a positive real number ny(k)

and positive integers so(k) and No(e,n, k) such that for 0 < n < no(k), s > so(k) and
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N > Ny(e,n, k), we have

# {m € A(N,N")* Zcz = } Zemk N°7F.
Moreover, one can take so(2) =5, so(3) =8, and for k >4,

so(k) = k(log k +log log k + 2 + O(log log k/log k)).

Let
Nys == # {(az,y) e A° x A°: Zaizpf = Zaiyf (mod p)} ,
i=1 i=1
N s ::#{(w,y)GASX.AS:Zx Zyz modp}
i=1
and

Syps = {Zaixf EZp:wE.AS}.

i=1

We define the Dickman function, p(u), which is the continuous function on the non-negative
real numbers that is uniquely defined by the differential equation up'(u) = —p(u — 1), with
the initial condition that p(u) =1 for u € [0, 1].

In the following lemma we will consider the set of B7-smooth numbers, and we will use

the bound
|A| = |A(B,B")| = Bp l + O B
’ n log B)’

which was established by Ramaswami in [34].

2mix

Let no(k) and so(k) be defined as in Lemma 3.2.1. We define e,(z) := e »

. We can now

prove the following lemma.

Lemma 3.2.2. For any positive integers k and s and prime p with k > 2, 0 < n < ny(k),

25 > so(k), sB* < p, and integers a; with (a;,p) =1, 1 <i < s, we have |Ss

ks B,

Proof. The statement is trivial if B is less than a constant depending only on 7 and k,

so we may assume that B is sufficiently large in terms of n and k as needed. Using the
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Cauchy-Schwarz inequality, we see that

|A|** = (Z #{wEAS'Zalaﬁ =z (modp)})

ZGS_AS

(Z 1> 3 (#{weAs:iaiﬁEz <modp>}>2

ZGS_AS ZESAS =1

IA

- |SA5’NA5

Thus, we have that |S s

> | A% /N gs.

Now we consider N 4s. Note that, by Holder’s inequality, we have

N = - Z D <A (;”k _;aiyf»

)\ 1 x,ycAs

—ZH 2 eo(Masat))

/\ 1i=1 |z;€A

s 1/s
< ( Z ‘ Z ep( )\al 28) )
i=1

A=1 zcA

2

We notice that

2s

—Z‘Zep (Aa;z®)

A=1 zeA

counts the number of solutions to the congruence
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In conclusion, N < N4s. Since sBF < p, any solution of (3.3) with 1 < z;,y; < Bis a
solution to

Thus, we have by Lemma 3.2.1 that N s Lo B*7F, 50 Ny ks B?*~k_ For B sufficiently
large, we have that |A] > $p (%) B. Therefore, we find that |Ss| > s, B O

We now recall two lemmas from [15]. The first lemma follows from the Cauchy-Davenport
Theorem [8, 18], and the second is a direct result of work of Sarkozy [36, Corollary AJ. Recall

that for prime p and positive integer k, we define I'(k, p) to be the minimal positive integer

s such that for any integers a; with p{a;, 1 <i < s, and integer a,

a4 agxh 4+ aat =a (mod p)

has a solution.

Lemma 3.2.3 ([15], Lemma 8.1). For any prime p and positive integer k, we have T'(k,p) <
k.

Lemma 3.2.4 ([15], Lemma 8.3). If Ay, Ao, As, and By are subsets of Z, with | A ||As||As|| By | >
P, then A\By + Ay + As = 7,

We now have all of the necessary tools to prove Theorem 3.2.1.

3.2.2 Proof of Theorem 3.2.1

Let k be a positive integer and so(k), no(k) and Ny be as defined in Lemma 3.2.1. We may
assume that s = 3 {@-‘ by setting s — 3 FO—(’“)-‘ variables equal to arbitrary values in their

2
specified intervals if s > 3 [%’ﬂ Let 0 < n <mny(k), p be prime, and a, a; be integers such
that pta; for 1 <i <s.

Set B = L(%)%J and define m = F()T(k)—‘ If p is less than the implied constant in
1 <z < p%, then the z; are any element of the complete residue system modulo p. By

Lemma 3.2.3, we have that (1.5) is solvable. Thus, we may assume that p is larger than any
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constant depending only on £ as needed. In particular, we may assume that p > Foék)—‘, SO

that B > 1.

We divide our variables into three sets, each with m elements. Define
m
A = {ZaixfEZp:xiEA,lﬁigm},
i=1

and define Ay and Aj similarly for the variables x,,.1, ..., Zom and Tomi1, ..., T3m, respec-
tively. We now apply Lemma 3.2.2 with s replaced by m, checking that mB* < p and
2m > so(k). Since mB* < p, it follows from Lemma 3.2.2 that there exists a positive
constant co(k,n) with |A;| > co(k,n)p for 1 < i < 3.

We set

and take p to be sufficiently large so that p > L. Furthermore, we set D = {1¥,2% 3% ... Lk} C

Z,. Note that there are at least L/k distinct values mod p in the set D. Thus,

|A1||A2||As|| D] > p°.

Therefore, by Lemma 3.2.4, A; D + Ay + As = Z,,. 1t follows that for any integer a, there

exists a solution of (1.5) with

1 <a; < LB < pk.
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Chapter 4

Diophantine Inequalities in Function

Fields

This chapter moves away from congruences, and instead considers Diophantine inequalities.
Instead of integer solutions we want to find polynomial solutions in the function field setting.
The work in this chapter is based on [43]. Let A;,...,As € F,((1/t)) and 7 € Z. For

a € F,((1/t))\{0}, we can express o as

o= a;tt
Yooa

—oco<i<n

where a; € F, and a,, # 0. We then define ord @ = n. We find an asymptotic for the number
of solutions of

ord( Mk + -+ A2k —q) <7 (4.1)

where xq,...,zs € F,[t] and deg z; < m for all 1 < i < s, using the same method established
by Spencer in [39]. We follow a specific form of the circle method, the Bentkus-Gotze-
Freeman variant of the Davenport-Heilbronn method. We will consider one major arc, one
minor arc, and a third trivial arc. The trivial arc provides no contribution to the asymptotic

formula.
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4.1 History

In [31], Kubota considered Waring’s problem in F,[t] by modifying the Hardy-Littlewood

circle method. He counted solutions to the equation
i 4t =N (4.2)

where N, z1,...,2z5 € F,[t]. The work of Kubota required that k < char(F,) in the analysis
of the minor arcs, due to his use of Weyl differencing. Carr was able to improve the bound to
s > 2k(k —1)log 2+ 2k + 3 in [7] using Vinogradov’s mean value theorem, but still required
that k& < char(F,). In [33] by Wooley and Liu, the k£ < char(F,) condition was overcome
through the use of sieve methods. Instead, they had the condition that char(F,) 1 k.

The Davenport—Heilbronn method was developed to study the number of integral solu-

tions to Diophantine inequalities of the form
|Mzh 4 Ak < 7 (4.3)

where k and s are positive integers with £ > 1, 7 is a fixed positive real number, and Ay, ..., A
are non-zero real numbers not all in rational ratio. The number of solutions to (4.3) such
that x € [—P, P]* N Z* is denoted by Ny(P,A). The condition that the \; (1 < i < s) do
not all have the same sign is added in the case that k is even, to guarantee the existence of
a real solution. The method was constructed by Davenport and Heilbronn in [20]. In the
aforementioned paper, they showed that for s > 2% and (P,)%°, a sequence increasing to
infinity that depends on A\,
No(P,, X) > Pk,

In 2001, Hsu in [30] used the Davenport—Heilbronn method in function fields to study
the number of solutions of

ord(Mpy + -+ 4+ Apf) < 7
where each p; is a monic irreducible polynomial in F,[t], the \; satisfy appropriate conditions,
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k < char(F,), and

28 +1, when 2 < k < 11;
s >

2[2k?log k + k*log log k + 2k* — 2k] + 1, when k > 11.

This broadened in scope the previous work Hsu had done on counting solutions in the linear
case with three monic irreducible polynomials (see [29]). In 2008, Spencer (see [39]) continued
the study of such methods to count solutions of Diophantine inequalities in the function field
setting by developing the Bentkus—Gotze—Freeman variant of the Davenport—Heilbronn circle
method for function fields.

The Bentkus—Gotze—Freeman variant of the Davenport—Heilbronn method was developed
over 50 years after the paper in which Davenport and Heilbronn first presented their method.
The variant established an asymptotic lower bound and asymptotic formula for Ny(P,A),

for all sufficiently large values of P (see [5], [24], [25], [45]). For

s > k(log k +log log k + O(1)),

an asymptotic lower bound for Ny(P, A) was established, and for

s > k*(log k + log log k + 2 + o(1)),

an asymptotic formula for No(P,A) was established. Spencer used the Bentkus-Gotze—
Freeman variant of the Davenport—Heilbronn circle method for function fields to provide an
asymptotic lower bound for all sufficiently large positive numbers P on the number of F,|¢]
solutions to

ord(\ak + -+ A\2F) < 7

in F,((1/t)) with ord(z;) < P for 1 <i <'s. Here, 7 is a real number, and s is sufficiently

large in terms of k and ¢. In this chapter, we follow much of the same methodology while
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considering the inequality

ord( Mk + - F A2k —q) <7

s

where 7 is an element of F,((1/t)).

4.2 Definitions and Notation

First, we establish some basic notation. Let p be the characteristic of F,. Let A = F,[t]
denote the ring of polynomials over F,, let K = F,(¢), and let Ko, = F,((1/t)) be the

completion of K at the infinite place. If a € K, \{0}, it can be expressed as

o= Z aiti,
—c0<i<n
where n € Z, each a; € F,, and a,, # 0. In this case, we define orda = n and lead a = a,,
and if « is a polynomial, then orda = dega. We set ord0) = —oo and let resa be the
coefficient of ¢~
There is a non-Archimedean valuation on K, defined by |a| = (o) = ¢°*4<. If u is a real

number, let 4 = ¢*. We now rewrite
ord( Az} + -+ A2t — ) < 7

as

Mzh 4+ A2 — ) < 7

s

Here k > 1 and s are positive integers with p { k.

To produce the results found in Theorem 1.3.3, we utilize the Davenport—Heilbron method
for function fields. Let e, : F, — C* be defined by e,(a) = e*"(@/P where tr : F, — F,, is
the trace map. We define e : K, — C* by e(a) = ¢,(resa). Let T be a compact additive

subgroup of K, defined as T = {« : orda < 0}. We normalize a Haar measure on K., so
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that

/da—l.
T

Like in [30], define the function y, : K, — R by

7,  when (a) < 771
XT(a> =
0, when (a) > 71

Then as in Lemma 2.2 of [30], we construct an indicator function:

1, when (6) < 7;

| e (ada -
> 0, when (B) >7

We define the set of R-smooth polynomials A'(P, R) as
A(P,R) = {z € A: (z) < P;w irreducible and w | z = (w) < R},

where R < P for some real numbers P and RB. Whenever R is used in the remainder of the
chapter, we take R = nP, and when R occurs in a statement, we are asserting that there

exists a positive number 7y such that the statement holds for all 0 < n < 7. Denote

F(a) = F(a; P) = Z e(az®)

(z)<P

and

f(a) = f(a; P,R) Z (az®

zeA'(P,R)
Note that by our definition of e(«), when a € K, and g € A we have that f(a+g) = f(«@).
Set Fi(a) = F(\a) for 1 <i < s and f;(a) = f(A\ja) for 3 < j <s. We now have that the

integral

/ Fi(a)Fa(a) fa(a) - fu(@)e(—am)x- (a)da
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counts the number of solutions x € A% of

Mk - A2 — ) < 7

S

where (z;) < P for i = 1,2 and z; € A(P,R) for 3<j <s.
We say that a positive number u > 2k — 2 is accessible to the exponent k when there

exists a positive number ¢ for which

[P PP fas PR da < i

~

where n denotes the set of a € T such that for a and ¢ in A, when (ga — a) < P'* and
g # 0, then (g) > P.

4.3 Statement and Proof of Result

Recall £ > 1 and s are positive integers with p 1 k. Like in Section 1.3.3, let Logx =
max(1,log x) for any positive real number . Define ¢)(k) = ¢,(k) by ¥ (k) = ap+a1+- - - +ay,
where k has base-p expansion k = ag + a;p + -+ + a,p" with 0 < a; < p — 1. We denote
By(k) by

when k < 2¢(+)-2,

Y

Bq(k) -
(1 —27¢0N)=1" when k > 2¢()~2,

Let
Sqk = By(k)k(Log k + Log Log k + 2 + B,(k)Log Log k /Log k).

We now restate our generalization of [39, Theorem 1.1].

Theorem 4.3.1. There exists a positive absolute constant C' with the following property.

Suppose that k and s are natural numbers with k > 1,

s > sqk + Ck+/Log Log k/Log k,
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and char(F,) t k. Let T be some fized integer, let v be an element in Ko, and let Ay, ..., \s be

fized non-zero elements of K, not all in IF,(t)-rational ratio. Suppose also that the equation
Mzb 4+ A2 =0 (4.4)

has a non-trivial solution z in K5 . Then, for all sufficiently large positive real numbers P,

the number of F,[t]-solutions N(P,X,~) of

<)\1xlf+---+)\sxk—7><%

with (x;) < P for 1 <i < s satisfies
N(P,X,7) > P,

The implicit constant may depend on s, k, q, A, v, and T.

Stemming from results of Chevalley and Weil (see [9] and [42], respectively) and discussion
in [39], the following conditions on s, k, and ¢ provide cases where a non-trivial solution to

(4.4) exists in KZ_.

Proposition 4.3.1. Suppose that char(F,) 1 k and let Ay, ..., A5 be non-zero elements of
Koo. The equation \i2¥ + -+ + A28 = 0 has a non-trivial solution z € K3 whenever one of

the following three conditions are met:
(1) s > k*+1,
(2) ¢ > k* and s > 2k + 1,
(3) (k,g—1)=1ands>k+1.

By Theorem 9.4, Corollary 13.3, and Lemma 14.1 of [33], Theorem 4.3.1 is the conse-

quence of the following theorem.

Theorem 4.3.2. Suppose that k and s are natural numbers with k > 1 and char(F,) 1 k.

Assume that u > 2k —2 is accessible to the exponent k and that s > u+5. Let T be some fixed
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integer, let v be a non-zero element in Ky, and let A1, ..., \s be fived non-zero elements of
Keo, not all in F,(t)-rational ratio. Suppose also that the equation Az + -+ + X\2¥ = 0 has
a non-trivial solution z in K3_. Then, for all sufficiently large positive real numbers P, the

number of F,[t]-solutions N(P, A,v) of
Mah 4+ A2 —9) < 7
with (x;) < P for 1 <1 <'s satisfies
N(P,X,~)> P*F.

The implicit constant may depend on s, k, q, X, v, and T.

Following the Davenport—Heilbronn method, we split the region K., into three arcs. First,

set S1(P) = (Log P)'/8. Define the major arc by
M= {o €Ky : (a) < S (P)P7F},

the minor arc by

m={a €Ky : S (P)PF<(a) <771},

and the trivial arc by
t={aeKy:(a)>7"}.

The trivial arcs provide no contribution to the bound, as
[ R (@l —an)x ()da = 0
a)y>T—

Thus, for Theorem 4.3.2 to hold we want

A

/ Fi()Fa(a) fy(@) - fo(@)e(—am)xx(a)da = o P*)

36



and

/5m Fu(@)Fa() fala) - fula)e(—an)x. (a)da > P

for sufficiently large values of P.

4.3.1 The Minor Arc

To establish the desired bound on the minor arcs, we need an appropriate Weyl-type estimate
and a suitable mean value estimate for f(a). We will closely follow the analysis provided in
Sections 3 and 4 of [39], with a slight difference in the proof of one of the lemmas.

The machinery provided by Lemma 4.1 of [39] will still be used to establish a mean value
estimate for f(a), without any changes. However, our discussion of the Weyl-type estimate
will slightly diverge from what is given by Section 3 of [39]. In [39], the proof of Lemma 3.1
cites a result from a preprint that never appeared in the literature. We will provide a proof
analogous to Lemma 3.1 of [39] using a result that does currently exist in the literature.

We will first provide definitions for terms that are used in the statement of the result we

will cite. Let IC be a finite set of positive integers. We define the shadow of I to be
S(K) = {j SYARY X (;) for some r € IC},
where we adopt the convention that if j > r, (;) = 0. We can then construct
K*={keK:ptkandp’k ¢& S(K) for any v € Z*}.

In [32], a partial ordering <, on N is established. Given n,m € N, we write m <, n provided
that p ¢ (7:) We are now able to state the result we will use in proving Lemma 3.1, which

is Theorem 3.1 from [32].

Theorem 4.3.3. Fix q and a finite set K C Z*. There exist positive constants & and C,
depending only on IC and q, such that the following holds. Let € > 0 and let M be sufficiently

large in terms of K, €, and q. Suppose that h(x) = ZTGICU{O} a,x” s a polynomial with
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coefficients in K satisfying the bound
> eh(z)] = ¢", (4.5)
(xy<M

for some positive number o with o < EM. Then for each maximal k € K*, with respect to

the partial ordering =, there exist a € F[t] and monic g € F,[t] having the property that
ord(gay —a) < —kM +eM + Co and ordg < eM + Co.

For the purpose of this chapter, we set K = {k}, h(x) = az®, M = P+ 1, e = 1/4, and
o = min{P/(4C),£P}. Furthermore, we have that {k} C S(K) C {1,...,k} and K* = {k},
since p {1 k and p'k > k for all v € Z*. Note that k is trivially maximal in * with respect
to the partial ordering <,. Thus, if (4.5) holds and P is sufficiently large in terms of & and

¢, it follows that there exists a € F,[t] and monic g € F,[¢] satisfying
ord(ga —a) < —k(P+1)+€e(P+1)+Co < (3/4—k)P
and

ordg <e(P+1)+ Co < 3P/4.

Let n, denote the set of a € T such that, for @ and monic g in A satisfying ord(ga — a) <
(3/4 — k)P, we have ord g > 3P/4. By the contrapositive of Theorem 4.3.3, there exists a

small positive constant v = v(q, k) such that

sup |F(a; P)| < P,

aEN,
We adapt the proof of Lemma 3.1 of [39] using the set n, defined above.

Lemma 4.3.1. There is a positive constant c, depending at most on k and q, with the

following property. Suppose that P is a real number, sufficiently large in terms of k and q.
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Suppose that & is a positive number with P~/ < § < 1. Then, whenever |F(a)| > 6P, there

exist a and g in A such that (a,g) =1, 1 < (g) < 6% and (gor — a) < 5 FP~F.

Proof. Suppose there exists an a € Ko, such that |F(a)| > 6P, where § is a positive number
with P~*/2 < § < 1. Tt follows from Lemma 3 of [31], that for all @« € T, there exist unique
a and g in A, where (a,g) = 1, ¢ is monic, (a) < (g) < P*3/* and (gow — a) < PF+3/4,

Suppose that (g) > P34, Thus, a € n,, and |F(a)| < P'". Taking P sufficiently large,

1. 1.
F(a)| < =P'¥"/? < Z§P.
| 2 2

This contradicts our assumption on the size of |F(a)|; thus we assume that (g) < P34,

By Lemma 4.1 of [33], there exists a positive constant ¢ such that
[F(a)] < *P((g) + PH{ga — a))
By assumption, we have that |F(«)| > 6P; thus,
(g) + P* (g — a) < 0.

The result follows. ]
The following are Lemma 3.2 and Lemma 3.3 of [39], respectively.

Lemma 4.3.2. Suppose that S is a fived real number with 0 < S < 77L. Then one has

lim sup |Fi(a)Fy(a)| =0.

P—00 g<(a)y<s-1

Lemma 4.3.3. Suppose that S(P) is a function on (0,00) that increases monotonically
to infinity and satisfies 1 < S(P) < P. Then there exists a function T(P) on (0,00)

depending only on A1, Xa, k, q, T, and S(P), that increases monotonically to infinity, satisfies
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1 <T(P) < S(P) and satisfies the property that

sup |Fi(a) Fy(a)] < ﬁﬂT(P)_V/(%)-
S(P)P~F<(ay<t1

We have now established a Weyl-type estimate that can provide our desired bound on

the minor arc.

Lemma 4.3.4. Suppose that u > 2k — 2 is accessible to the exponent k and that s > u + 5.
One has

/ Fy(a) Fy(a) fa(a) -+~ fy(a@)e(—ay)x-(@)da = o P*7F).

Proof. Let v = |s/2| — 2. By the triangle inequality,

/ Fu(@)Fa(a) fafa) - ful@)e(—an)x-(a)da < / Iy (@) Fa(0) fa(0) - f(@)|xe (0)da

m

By Holder’s inequality, we see that

[ 1m0 - fh o) < (spirom@) T e )

acm X
1=

By Lemma 4.1 of [39], we have

/ F(e)|"2da < P2F.
T

Using a change of variables, we have that

/<a><%1 |fi()|"2da = <)\i)1/ 1F(0)|"2da

() <(Ag) 71
< / |°~ 2da

IGA

/ (@) 2da
xeA

LL‘
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< ps—2—k‘

Next, we use Lemma 4.3.3 with S(P) = S1(P) to bound the contribution from the supremum
by
sup | Fi(a) Fy ()| = o( P?).

acm

The conclusion of the lemma follows. O

4.3.2 The Major Arc

First, define
Fla) = Fi(a)Fy(a)fs(a) - fi(a)

and

For the major arcs, we want to compare

%/m}"(a)e(—av)da

to the singular integral

Js,k:/  G(a)e(—ay)de.
(a)y<Ps—k

The following lemma uses the Dickman function, p(u), which is the continuous function
on the real numbers that is uniquely defined by the differential equation up'(u) = —p(u—1),

with the initial condition that p(u) =1 for u € [0,1].

Lemma 4.3.5. Suppose that s > k+ 1. One has
/ F(a)e(—ar)da — p(P/R)**Jy, < P~ (Log P)~1/®),
m

Proof. Set P > 1 large enough so that 2P/log(2P) < R < P —log(P). From [33] and [39],
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we have that

F(a)e(—ay) — p(P/R)**G(a)e(—ay) < P*(Log P)~/8

for a € M. It follows by the triangle inequality that

/ F(a)e(—ay)da — p(P/R)*™ 2/ G(a)e(—ay)do < meas(9M)P*(Log P) %/
(4.6)
< P~ (Log P)~'/1.

Furthermore, Lemma 4.1 in [33] provides the bound
Fy(a) < P(1+ PH{a))~Vk,

Thus,

/ Gla)e(—ay)da — Jgp < / ‘Q(a)He(—afy)’da
m T
< P* [5(1 + P*a)) ™ *da,

where T = {a € Ky : S1(P)PF < (a)}.
We note that if we have § € K, and n € Z, then

/ dao=q".
ord(a—B)<—n

Thus, if we consider the set of o € T with (a) = ¢, the measure of that set cannot be more
than ¢“*'. Set V' = log,(S1(P)). From the construction of our set T and our hypothesis

s > k+ 1, we have that

/mg(a)e(—ow)da — T < P? /(1 + PH(a)) " *da

T

< fjs Z qf+l<1+qkp+f)—s/k
V_kP<t
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<<ps Z qé(qu—i-Z)—s/k
V—kP<t

— ps Z qé(lfs/k)fsP
V—kP<¢

< psq(\/—kP)(l—s/k)q—sP
_ Psfkf/lfs/k

_ p87k<LOg P>71/(8k).

Combining the bound above with (4.6) completes the lemma. O

Lemma 4.3.6. Let s > k + 1, and suppose that the equation Mz + -+ 4+ X\s2¥ = 0 has a

non-trivial solution z in K . For sufficiently large values of P, one has Js 3 > ps—k,

Proof. By Lemma 1 of [31], we have
Jor = / G(a)e(ary)da = PFW, (4.7)
()< P1=F
where W denotes the number of s-tuples (z1,...,zs) € A® with
Mah + -+ N2k —q) < PFL (4.8)

and (z;) < P for 1 <i < s. As in [39], choose r such that (\,z*) is maximal. Let d = ord \,

and w = lead \,. For 1 <17 < s, we define a; by

lead z;, when (\;2F) = (\,.2F);
a; =

0, otherwise,

and m,; as

{d— ord \; + k - OrdZTJ

d
Let n = | P] — max m; — max (0, {——‘ ), and suppose that P is large enough so that

1<i<s k—1
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n+m; >0forl <i<sandd+ k(n+m,) >ordy. For 1 <i < s, write z; € A as

x; = a;t""™ 4+ y;, where y; € A and ordy; < n + m;. Let
Ty = At ™ 4 by " by,
where each b, € [F,. We define ¢; € F, via the relation

Mrh A+ At -y = Z et

l=—00

Thus, (4.8) holds when ¢; = 0 for all l > (k—1)P. We note that ¢, = 0 for all | > d+k(n+m,.)

via the relation

ord \; + k(n+m;) < d+ k(n+m,).

Also, the coefficient cgyi(nim,) = 0 by the definition for a;, the construction of the z;, and
our hypothesis.

We consider what occurs when
d+ (k—=1)(n+m,) <l<d+k(n+m,).
From our construction of the z;, we have
a= kwaiilbl—d—(k—l)(n—i-mr) + Iy,
where h; is an element of F, depending at most on X, a, v, b; with ¢ > [ —d—(k—1)(n+m,),
and y; with j # r.
For j # r, let y; be arbitrarily selected. Note that kwa®~* # 0. We can choose by, 1

so that cir(nsm,)—1 = 0, and similarly we can then select by, —2 so that cayrnim,)—2 = 0.

Continuing in this manner, we can choose z, such that ¢, = 0 for all [ > d+ (k —1)(n +m,.).
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From our construction of n,

d+ (k—1)(n+m,) < (k—1)(|P| — max m; + m,)

1<i<s

< (k—1)P.

Then, due to the y; being arbitrarily selected for j # r, W > Ps=1for P sufficiently large.
In summary, by (4.7), Jo, > P57F. O

Combining the results of the previous lemmas gives us the following:

Lemma 4.3.7. Let s > k+ 1, and suppose that the equation \z¥ + -+ 4+ X\s2¥ = 0 has a

non-trivial solution z in K’ . For sufficiently large values of P, one has

| Fi@R@) (o) f)e(ra)x-(a)da > P

Theorem 4.3.2 now follows by Lemma 4.3.4 and Lemma 4.3.7.
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