NATURAL FREQUENCIES OF ISOTROPIC CIRCULAR
PLATES OF VARIABLE THICKNESS

by 6-”‘;'?.)2_;:"".
BABGAUNDA A. PATIL

B.E., University of Bombay, India, 1968

A MASTER'S THESIS
submitted in partial fulfillment of the
requirements for the degree
MASTER OF SCIENCE
Department of Mechanical Engineering

KANSAS STATE UNIVERSITY
Manhattan, Kansas

1971

Approved by:

UM lide

Maj orﬁofessor



THIS BOOK
CONTAINS
NUMEROUS PAGES
WITH THE ORIGINAL
PRINTING BEING
SKEWED
DIFFERENTLY FROM
THE TOP OF THE
PAGE TO THE
BOTTOM.

THIS IS AS RECEIVED
FROM THE
CUSTOMER.



TABLE OF CONTENTS

LIST OF SYMBOLS . . . . . . . . .

1. INTRODUCTION .

2. DERIVATION OF GOVERNING EQUATION .
3. METHOD OF SOLUTION .

4. ILLUSTRATIVE EXAMPLE .

5. DISCUSSION OF RESULTS

REFERENCES . . . . + + v « ¢ & « + &

ACKNOWLEDGEMENT

id

Page

iii

10
17
27
28

29



a. .
ij

hl

11d

LIST OF SYMBOLS

outer and inner radius of plate, respectively
undetermined constants in deflection solution

coefficients of Frobenius series for specific exponents of
singularity

= ak/ao’ bk/bo
elastic constants

_ 1/2
= (a;/ay))

L}

flexural rigidity of the plate

3
Erh /12

3
Erho /12

material constant

2
= ayy/ (a3, - ay,)

frequency, cycles/sec.

frequency parameter

maZVpho/Do

coefficients of Frobenius series in general form
plate thickness
thickness of the plate at r = o, r = a respectively

= 1-(ha/hO), non-dimensional thickness coefficient

exponents of singularity in Frobenius series

index of Frobenius series

radial, circumferential and twisting moments per unit length
exponents of thickness expression

applied load
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radial coordinate

= r/a, non-dimensional radial coordinate

plate area |

time

lateral displacement

expressions defined by Eqs. (24), (25), (26), respectively

coordinate normal to and measured from the median surface
of the plate

step function notation

radial and circumferential normal strains

1

~a;,/2,,

pm2h0a4/Do, a frequency parameter

mass density/unit area

mass density/unit volume

radial and circumferential bending stresses
shearing stress

circumferential coordinate

circular frequency, rad./sec.

abD/ar, asw/ars, an/3r, respectively

u

d( )/dR



1. INTRODUCTION

The literature of recent years contains many analyses of isotropic and
orthotropic circular plates of both uniform and variable thickness. The
axisymmetric flexural vibrations of a cylindrically aelotropic circular plate
has been analysed by Ki. S. Joung [5]." In this investigation clamped as well
as simply supported plates of constant and variable thickness were considered.
The present analysis is the extension of this work and concerns itself with
the investigation of the natural frequencies of isotropic circular plates of
variable thickness. '

The derivation of the differential equation of motion and the boundary
conditions of the axisymmetric flexural vibration of a cylindrically aelo-
tropic circular plate is based upon the variational calculas. The advantage
of using the variational calculas is that in addition to differential equa-
tions appropriate boundary conditions are obtained at the same time.

In what follows, the governing equation for the free vibration of such
plates is derived in terms of the lateral deflections of their median surface.
This equation is then solved by the method of Frobenius. The characteristic
equations for the natural frequencies are derived for a clamped and a simply

supported plate, and some numerical examples are considered. Finally, a

brief discussion of the results is presented.

*
Numbers in brackets designate references at the end of report.



2. DERIVATION OF GOVERNING EQUATION

First, it is assumed that the circular plates analysed in the present
investigation are governed by the small deflection theory of plates. That
is, the following simplifying assumptions are made:

(1) The maximum thickness of the plate is small in comparison with the

radius of plate.

(2) The magnitude of lateral deflection is small in comparison with the
local thickness.

(3) The rotations are very small compared to the strains and as a
result the stretching of the median surface of the plate is con-
sidered negligible.

" (4) An element of the plate along a normal to the median surface in the
undeformed plate remains straight and normél to the deformed median
surface and its extension is negligible.

The above assumptions lead to the strain displacement relations

€p T TWWpp
-4 -2
€y = -z (r wotr wee) (1)
e P -Zz(r_lw )
ro e’r

in polar coordinates. In the above equation, €. and €q are the radial and

circumferential normal strains, Turt is the shearing strain, w is the lateral
displacement of the median surface of the plate, r and 8 are the radial and

circumferential coordinates, z is the coordinate normal to and measured from

2
; ; oW 2w oW
the median surface of the plate (see Fig. 1) and Wos Wogo Wo = 3;,-g;§,-§§

respectively.

In view of the fact that the small deflection theory of the plate is
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Fig. 1. Plate geometry.



assumed to be true, the pertinant stress strain relations for such plate

are [6]

€9 T 8119 * 3159,

€3]

Er = a1206 * aZEUr
Yre = %6 1o

where o_ and g are normal stresses in the radial and circumferential direc-
tions, Tre is the shearing stress, and aij are the elastic constants. These
stress-strain relations together with the strain displacement relations of

Eg. (1) may now be used to derive expressions for the bending moments per

unit length in terms of the deflection as

h/2

. o2 -1 -2
Mr = -h/2f orzdz = -D[c Wt v(r wr +r wee)]
_ h/2 ) o -2
My = -h/2f Uezdz = -D[vwrr + (r W+ T WBB)] (3)
M_ = - M2 g a4 - —EE- " w.)
e ~h/2 ro?@% = 6366 T Woly

where, Mr’ M8 and Mre are the radial, circumferential and twisting moments

per unit length, h = h(r, 8) is the local thickness of the plate,

a22h3
D= 5= > is the flexural rigidity of the plate,
12(2;35; - 2y5)
c® = a.fa,,and v = -a__/a
117 722 12°722 °

For axisymmetric case above equations are reduced to



_ 2 -1
Mr = -D(c W *+ vwr)
(4)
-1
Me = -D(vwrr + T wr)
The total internal energy due to bending can be written [8] as
U = l-f S D[(ew__ + r"lw )2 - 2(c - v)rnlw w_]rdrde (5)
b~ 2 s 3 s I T
According to Hamiltons principle one must require that §I = 0, where
t
2.
I=_/77"(T-0_ - Q)dt (6)
ty _ b _

In Eq. (6) ty and t, are two instants of time, £ the potential energy of the

2

axisymmetric time varying transverse load p(r, t) given by

Q = _fsf p(r, t)wrdrde (7)

and T the total kinetic energy of the vibrating plate given by
1 :2
T = E-fsf p(r)w rdrde (8)

where u(r) is the mass density per unit area.
Substituting Eqs. (5), (7), (8) into Eq. (6) we get

t 2 '
J fsff(t, T, W, Wr’ w

L}
i

£ o wt)rdrdedt (9)

1 T

where

H
1]

%{uﬁz - D[(ew . + r-lwr)2 - 2(c - v)rflwrrwr] + 2p(r, t)w} (10)

Now we apply variational technique. Let the function w receive an

admissible variation en(r, t), where € is any arbitrary constant and n is an



arbitrary function. Then by Taylor's theorem 1lst variation 6I can be written

as [8]

2
2 5 of 5 af
I f [ TR aw 22y - at (awt] + = ) Inadlodads

ar rr

of of
+ g [ YInrdt + € ( In_rdt + i?r
iﬁ Br awrr R W T 4 W,

(11)

where c denotes the bounding curve of the region s. The integral must vanish
independently of the line integrals, since &8I vanishes for all admissible
n(r, t). This condition yields the Euler differential equation. Hence the

Euler equation is

% AL s
t ar2 awrr

af 3 3
aw Br(Bw)-at( )

=0 (12)

The natural boundary conditions follow immediately from the relations

of 3 of

nl—- 55 Gr—1 =0 onedge = const. (13)
T Y
n (af ) = 0 on edge r = const
T oW \ '

Substituting Eq. (10) in Eqs. (12) and (13) we get the governing differ-

ential equation of motion and the boundary conditions as follows

D[czw v 267Ny St ey ]
rrrr ITT T T

2 2 -1 -2
+ Dr[2c Wno * (2¢” + v)r W~ T wr]

+ D [czw
rr

-1
rr VT wr] v Wiy = P(T, 1) ) 14)



2 2 -1 -2 2 -1 a
{IrD(c ™+ " Tw -7 "W ) + 1D (W o+ vr W )Ink = 0
(15)

2 -1 a
{rD[c Wt VT wr]nr}b = 0

where a and b are the outer and inner radii respectively.

For the case in consideration, i.e., an isotropic plate with no hole,
c2 =1, b = 0, where c2 = [all/a22) and b is the inner radius. Substituting
these values in Eq. (14) and (15) we get the governing differential equation

as

2

+ (2 + v)r-lwrr -1 wr] (16)

B B, ur_lwr] + uww = p(r, t)
and the boundary conditions for a clamped plate

w=20 and w_=0 (17a)

or for a simply supported plate

1}
o

w=0 and W+ Vr W (17b)

T T
and

, -1 -2 =1
{D[wrrr +T W__-T wr] + Dr[wr + ur wr]} =0 at r=0 (18)

T T

The boundary condition Eq. (18) will have to be satisfied for a clamped
plate and for a simply supported plate as well.
In addition to satisfying these conditions the solution must also

satisfy "regularity" conditions at r = 0, the centre of the plate. These



require that at the centre displacement and slope be finite.
For the present axisymmetric problem the thickness can vary only in
radial direction and it is assumed to be given by

h=nh[l- EE:EE (E-R =h_ (1 - HR" (19)
- o[ ho a) ] = o )

where, ho and ha represent the thickness of the plate at the centre r = 0 and
at the edge of the plate r = a, respectively, n is any positive integer and
definitions of R and H are obvious. (For a uniform thickness plate H = 0).

Thus by definition, the quantity

D = Erh3/12 becomss D= Erh03(1 - HRM3/12

where

2

2
12 ) 1 -v7)

E = 1/a

-8 22 (

r = 3/ (a3,,

Since this quantity must be positive for a full plate everywhere in the
interval 0 < r < a it is required that H be less than unity (H < 1). Sub-
stitution of the thickness h given by Eq. (19) into Eq. (14) and letting
p(r, t) = 0, we get the governing differential equation for the free vibra-
tions of an axisymmetric, isotropic plate having thickness variation

h = ho(l - HRn) as

w
+2[1 - (2 + 3n)HR" + (1 + SHJHZRznl—gﬂﬂ

n 2.2n
(1 - 2HR™ + H°R JwRRRR

w
+ {-1+ [2-3n(1 + v + n]HRn + [-1 + 3n(1l + v + 3n)]H2R2n}—§E
R

w
+ {1 - [(2- 30) + 3onn - IHR® + (1 - 3n)(1 - Svn)Hszn}—%

R
ph a4
+ 9

b et T 0 (20)



where D0 = Erhos/lz and p is the mass density/unit volume.
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5. METHOD OF SOLUTION

In attempting to solve the governing Equation (20) non-dimensional
variable R = r/a has been introduced. Next, the displacement w is assumed to

have the form
w(R, t) = W(R)e "t - (21)

where W(R) is a function of R alone, i = V-1 and w is the circular frequency
expressed in rad/sec. When Eq. (21) is substituted into Eq. (20) the time
and space variables are separated and an ordinary differential equation in

terms of W is obtained as

(1 - 208 + HORPMH-7 o0+ 21 - (2 + SmHRD + (1 + smHZRPMES
n 2 2n. W~
+ {-1+ [2-3n(1+v+n)]HR + [-1 + 3n(1 + v + 3n)]H"R }Tf'
' R
n 2 2n.W*
+ {1 - [(2 - 3n) + 3vn(n - 1)JHR" + (1 - 3n)(1 - 3vn)HR }ug
R
-AW = 0 (21)
where
pm2h°a4
A — (22)
o

and a prime over a symbol denotes differentiation with respect to R.
For the solution of Eq. (14) the method of Frobenius is adopted. A
series solution for W, about the regular singular point R = 0, is assumed in

the form

W(R) = I gkRJ*k (23)
k=0
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where k is the index of the summation, j denotes the exponents of singularity,
the 8 represent the coefficients of the series, and g, is, by assumption
coefficient of the first term in the series. Since Eq. (21) is a fourth
‘order differential equation, Frobenius' method will yield four exponents of
singﬁlarity in the solution. Hence, the right hand side of Eq. (23) repre-
sents the sum of four series each corresponding to a particular value of j;
furthermore, . the g then represent four sets of coefficients, one for each
series.

Substituting the assumed solution (23) into Eq. (21) the following
equation is obtained: |

£ OX( + k)gkRJ*k‘4 - I Y(§ + k- n)Hgk_nRJ+k_4 .
k=0 k=n

- & Z(j + k - 2n)H2gk_2n
k=2n k=4

pIV4 g Agk_4RJ+k_4 = 0 (23)”

where the indices of summations have been manipulated in such a manner that

R appears to the same power in each term and the functions X, Y and Z are

defined as
XG+K) = G+RG+k-2[0 +k-1D%-1] (24)
Y(J+k-n)=(G+k-n{(+k-n-1)[2(j+k-n-2)GF+k+2n-1) +

=2+ 31 +v+n)]+2-3n+ 3u(n - 1)} (25)

Z(j+k-2n)=(j+k-2n){(G+k-2n-1)[-(+k+4n-1)(j +k - 2n -

2) +1-3n(1 +v+3n)]+ (1-3n)(3vn - 1)} (26)

The functional notations X(j + k), Y(j + k - n) and Z(j + k - 2n) have been

adopted to indicate that these expressions depend not only on the material
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property v and the power of the thickness variation, n, but also on the value
of the exponent of singularity, j, and index of summation, k, for which they
are to be evaluated. Upon introducing the step function notation

1 k-m>20

§(k - m) = @27
0 k-m<?0

and collecting the coefficients of successive powers of R, Eq. (23) “may be

written in the form

o pi-4
X(3)g R ™" +

o+

{X(G + gy -8 -n)¥Y(J + 1 - n)Hg

. 2 j-3
-6(1 -2n)Z(j + 1 - 2n)H gl—Zn}R

+ {X(j + 2)g, - 8(2 - MY(j + 2 - m)lg,__

. 2 j-2
-8(2 -2n)Z(j + 2 - 2n)H gz_zn}R

+

.{X(j # 3)g3 - 5(3 H)Y(j * B - n)Hgs_n

. 2 j-1
- 6(3-2n)Z(j + 3 - 2n)H g3_2n}R

-]

I {X( + kg - 80k - mY( + k - n)Hg__
k=4

+

}Rj+k—4 _

1
o

8 2
-8k - 2m)Z(j + k - 2n)? 8on * .4 (28)

Now, for w(R) given by Eq. (23) to be a solution of Eq. (21) the coeffi-
cient of each term in Eq. (28) must vanish identically. Thus, equating to
zero the coefficient of the term RJ-4, the term with the lowest power of R,

yields the indicial equation
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X() = 3G - 206G - D2 -1] =0 (29)

The four roots of this equation are
i=0,0, 2,2 (30)
which represents two sets of equal roots, each set differing by an integer.

For each value of j in Eq. (30), the vanishing of the coefficients of the

terms RJ-S, RI72 ana »I71 gives the following equations for determining g,

g, and 8s°
X(j + 1)g; = 6(1 - m)Y(j + 1 - mHg,__ + §(1 - 2m)Z(j + 1 - m)Hg,
(31)
X(j + 2)g, = 8(2 - mY(j + 2 - mHg, _ + §(2 - 20)Z(j + 2 - m)H’g,
(32)
X(G + 3)g3 = &(3 -n)Y(j + 3 - n)Hgg__n + 8(3 -2n)Z(j + 3 - 2n]H2g3_2r1

(33)

Finally, for the determination of each of the coefficients gk for k > 4, the
following recurrence relation is obtained when the coefficient of the term

pIE-4 45 equated to zero:

; ; ; 2
X(G + k)gk =8k - n)Y( + k - n)Hgk_n + §(k - 2n)Z(j + k - 2n)H 8 _2n

+ g, k > 4) (34)

]

This relation determines each of the coefficients gk(k > 4) in terms of the
preceding g's, and hence in terms of g5° for each j in Eq. (30).
An inspection of Eqs. (31) through (34) indicates that it is not possi-

ble to write a simple expression for the g explicitly in terms of o for a
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general value of n. However, for any particular n the corresponding solution

W(R), can be written [7] as

. “ k N j+k
W(R) =a_ % RO+c{==1[1 R I+
9 k=0,4,5,§%. ©°9] k=0 % .
j=0
+b I BkRk+2 + do{gg-[ z BkRJ+k]} (35)
© k=0 I k=0 522

In Eq. (35) a s bo’ c¢_ and d0 are undetermined constants, and Ak = ak/a0 and

o
Bk = bk/bo where the 3 and bk correspond to the g calculated with j = 0 and
2 respectively.

The solution for W(R) of Eq. (21) must satisf; the "regularity" and
boundary conditions discussed previously. In order that the displacement be
finite at the centre of the plate (R = 0) second and fourth terms in Eq. (35)
are inadmissible since they become infinite at the origin; hence e, = do = 0.
This condition insures that the slope is finite at the centre. The boundary
conditions to be satisfied at the centre (Eq. 18) and at the boundary (Eq.

17a and 17b) may be written in terms of nondimensional variable R as

D(RW”“* + W°" - RIW*) + RD“(W"” + vRN*) = 0 at R = 0 (36)
for a clamped plate
W=0 and W =0 at R=1 (37a)

or for a simply supported plate

W=20 W"" + vR-IW‘ =0 at R=1 (37b)

Eq. (36) is satisfied upon substituting Eq. (35) with ¢, = do = 0, and using

the definition of D”. With these results the solution becomes
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oo oo

W(R) = a_ & AkR + % ZBkRk +2 (38)
k=0,4,5, k=0

where the remaining constants are to be determined from the boundary condi-
tions at the edge of plate.
When boundary conditions (37a) and (37b) are enforced at the edge of the

plate (R = 1), the following simultaneous equations are obtained:

a I + :b b B. =0
e k=0,4,5,§¥. D F
o o« (398)
a, I kAk + b0 z (k + 2]Bk =
= v k=0
and
a I + b I B =0
. k=0,4,5,%¥. © xag X
(39b)
a =z k(k + v-1DA +b I (k+2)(k+ v+ 1)B =
© k=4,5,... R k

where Eqs. (39a) and (39b) correspond to the clamped and simply supported
plate, respectively. The solution of Eqs. (39a) and (39b) for non-trivial
falues of a, and b0 requires that the determinant of the coefficients of a,
and bo in Eqs. (39a) and (39b) vanishes. These conditions yield the follow-

ing characteristic equations for determination of natural frequencies:

for a clamped plate

][Z (k + 2)B, ] - L E k 40
kD4SAk k {k=0 k][ Ak] (40a)
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for a simply supported plate

]{ Z k + 2)(k + v + DB, ]
k 0,4,5,.. Ak %

Lo co

[z BI[Z  k(k+v+DA] =0 | (40b)
k=0 X k=4,5,... *

The roots of Eqs. (40a) and (40b) give the values of A which, when

substituted into the equation

f=3 = 5 (—p (41)

determine the natural frequencies of the plate.



17

4. ILLUSTRATIVE EXAMPLE

The equations developed in the previous section were applied to several
clamped and simply supported plates of various shapes. In particular, plates
of uniform thickness and those with thickness variations corresponding to
n = 1 (straight taper) and n = 3 (curved form) were considered. The numeri-
cal calculations were made restricting the series in Eqs. (40a) and (40b) to
include terms up to twenty-second power in A. The results for
f = 11/2 = waZVEH;7ﬁ; corresponding to lowest four frequencies were computed

and are presented in the following tables. Mode shapes for various cases are

also presented.

Clamped Plate, v = 1/3

n H E 3

H
Hh

1 2 3 4
1 0.1 9.424 37.44 84.36 149.3
1 pa 8.602 34.96 79.19 140.8
1 0.3 7.795 32.49 74.01 131.8
1 0.4 6.987 29.96 68.64 195,
1 0.5 = 6.176 27.35 63.11 113.6
3 0.1 9.580 38.26 86. 30 153.5
3 0.2 8.936 36.68 83.26 146.6
3 0.3 8.282 ' 35.05 80.26 141.8
3 0.4 7.620 33.35 76.94 137.7
3 0.5 6.945 31.51 73.33 130.3
uni form 10.21 39.77 89.11 158.2

thickness




Simply Supported Plate, v = 1/3

f.

£

£

Hy

1 2 3 4

1 0.1 4,712 28.12 70.28 130.6
1 0.2 4.439 26.46 - 66.25 123.4
1 0.3 4.163 24.78 62.14 116.1
1 0.4 3.882 23.06 57.90 108.6
1 0.5 3.593 21.30 53.52 100.2
3 0.1 4,857 29.00 72.30 134.3
3 0.2 4.732 28.20 70.31 130.7
3 0.3 4.607 27.36 68.22 126.3
3 0.4 4,483 26.46 65.98 122.5
3 0.5 4.355 25.48 63.58 115.9
uniform

ChAhiisas 4.983 29.75 74.19 138.2

Simply Supported Plate, v = 0.3
uniform
thickness 4.935 29.72 74,15 138.3

All computations were performed on an IBM 360 computer at the

University's Computer Center.

18



19

*(¢/1 = o) o3erd podweld I0F H JO Son[BA JUSXSFFTP I0F ALduenbaxy 3semor xoF sadeys spoy °z 314

1dstq

Jjusuisde

‘ 0°'T 6°0 8°0 L'O 9'0 S0 ¥'0 £€0 2'0 1°0

SNTPeI [BUOTISUSWIP-UON



20

*(g/1

a) o3e1d paduwe[d I0F H JO SonIeA JUSISIFTp J0F Aduonbaxy

SNTpel [BUOTSUSWTP-UON

6°0 80 L0 90 S0 ¥y

3SOMOT puodas xojy sadeys opop

y1°0-

AR

01°0-

80°0-

90°0-

¥0°0-

Juawesedstqg

¢0°0-

T T T T T

n
]
o~
o

n
st

1¢0°0

1v0°0

790°0

180°0

‘¢ 314



21

*(¢/1 = o) 93erd poedueTd X0F H FO SONIBA JUSISFFTP I0F hu:oﬁvmam 3saMol pxtyl IoJ sadeys spoy ‘'t 'Sty

.

- 90°0-
- S0°0-
~ 70" 0-

F 500~

- 20°0-
SNTPBI TBUOTSUSWTIP-UON

- 1070~

'juswaserdsIqg

- 10°0
ﬁNo.o

- £0°0




a) o3erd paduweyo I0F H FO Son[BA JUSISFFTP I0F Aouenbaxy 3semor yjanojy xoJ sadeys epoy °S *S1g

“(g/1 =
- £0°0-
L 20°0-
mﬂ.._.”wu.m.H H.mﬁo._.”mﬁOE._.”ﬁlﬁOZ
- 10°0- =
w
=]
—
i)
(¢}
[}
3
Lo |
=+
0
- 10°0
H =
L= 20°0

3=



23

*o3e1d pojroddns A7duts 103 H FO senyeA JusiajFTp X0y Adusnbeij 3semoy xoF sadeys spopy

e/1

€/1

juawade1dsIq

m#- T T T 14 Y T T T
0°1 6'0 80 L*0 9'0 S'0 ¥'0 £°0 0 1°0

SNTPBI [BUOTSUSWIP-UON

‘9

‘314



24

*oqe1d pojxoddns Arduts x0j Y Fo senyeA
JUSX93F TP a10F AouenbeiF 2soMoT puodes oy sedeys opop

SNIpEI TBUOTSUSWTP-UON

‘L 814

- 0270~

- S1°0-

- 0170~

- S0°0-

€°0=a “0=H

€/T=n ‘1=u ‘Z'0=H

€/1=a ‘I=U *G§'0=H

1°0

- S0°0

- 0T°0

Ta

jusmweoeTds



25

*o3e1d peijxoddns A1dmts I0F [ FO senyea

juaxeFFIp X03F ALousnbaxj 3semol patyl xojy sodeys apoy ‘g °*ITd

e/1

£/1

SNTpel TBUOTSUSWIP-UON

L0°0-

90°0-

S0°0-

v0°0-

£0°0-

c0°0-

[ T0°0-

10°0

¢0°0

£0°0

¥0°0

juswaserdstg



26

*o3eTd pejxoddns ATduTs I0F H FJO Sen[eBA 3JUSI9FFTP IoF Aouenbaxy 1semol Yzanoy xojy sedeys opoW ‘6 "Std

1¢0°0-
’ 120°0-
o
snTpel [BUOTSUSWTIP-UON o
]
-110°0- ﬁ
[g]
(1]
a
=
t
0°1 6°0 8°0 0 9°0 7°0 ¢°0 °0 =
dl‘l{ T T T T T 14 T 0
L - T U .
€°0=0 ‘0=H 110°0
g/T=n
‘g=u ‘¢-0=H
¢/1=a ‘

ﬁ“ﬂHn-“
£ S*0=H M



27

5. DISCUSSION OF RESULTS

A method for determining the natural frequencies of clamped and simply
supported isotropic plates of radially varying thickness has been presented.

The exact values of frequency parameter f = m32/5ﬁ375; and radii of
nodal circles for uniform thickness plates are given in reference [9]. These

values are quoted as follows, for clamped plate (v = 1/3): ?i = 1021,

fz = 39.77, f3 = 89.10 and ?ﬁ = 158.2. The radii of nodal circles are: for

£, 1.0, for E; 1.0 and 0.379, for ?3 = 1.0, 0.583 and 0.255, and for ?;

0.688, 0.439 and 0.191. For simply supported plate (v = 0.3): EH = 4.977,

1.0,

?é = 29.76, EE = 74,20 and ?ﬁ = 138.3. The radii of nodal circles are: for

?i 1.0, for f% 1.0 and 0.441, for f,

0.469 and 0.204. These values are in agreement with the ones calculated in

1.0, 0.644 and 0.279, for ?4 1.0, 0.736,

this thesis.

From an examination of numerical results it may be concluded that the
natural frequencies for clamped and simply supported plates tend to decrease
as the ratio of the edge thickness of the plate to its thickness at the
centre is decreased, and tend to increase as the thickness exponent n
increases. From the various mode shapes it may be concluded that displace-
ment and radii of nodal circles tend to increase as the ratio of the edge
thickness of the plate to its thickness at the centre is decreased.

Knowing the amplitudes from modal shapes the stress values at different

1

points along the nodal diameter can be calculated.
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ABSTRACT

The present investigation is concerned with the natural frequencies of
isotropic circular plates of variable thickness. In particular, a thickness
variation of the form h = ho(l—HRn) has been selected. The derivation of the
governing differential equation for axisymmetric case is based on the method
of variational calculas. The solution of this equation is obtained by an
application of the method of Frobenius. Characteristic equations for the
natural frequencies of clamped and simply supported plates are derived and

numerical results are presented for several plates of various shapes.



