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CHAPTER 1



INTRODUCTION

Queues, or waiting lines, are very common phenomena, widely sncountered
in every day life. People wait in lines at supermarket checkout stands, in their
cars in busy traffic hours, in banks, at gas stations, at ticket hooths and almost
everywhere. Wherever the demand for service exceeds the capacity of servers,
a queue is formed.

Since waiting is not a pleasant activity, neither customers nor manage-
ment like to wait. Because long waiting time may cause losses, queueing
preblems have received the attention of management and operation analysts
for a number of years. In fact, queueing wmodels were among the first models
of operation research {36]. The problems have been actively researched and
written apout since 1607 [13].

A basic queueing process can be described as customers leaving the calling
pepulation, arriving for service, entering the queueing system, waiting in a
queue if no server is available, and leaving the system after being served.
This process is depicted in Figure 1.1.

A queueing system can be specified completely in most cases by six basic
characteristics [10] which are: arrival pattern (distribution} of customers,
service pattern {(distribution) of servers, number of service channsls, service
discipline, system capacity, and size of population. With different basic
characteristics of queueing processes, selected queueing models can be devel-
oped. Most of these models, which assume that the mean arrival rate and the
mean service rate are constant through time and that the system is in a steady
state, have been well studied in the past.

Unfortunately this is often not the case ir real queueing systems. For
instance, service rate has a close ra2lationship with the length of queue (it

is quite likely that a server will tend to work faster if the queue is long
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and vice-versa (such as supermarket checkout clerk}; customer arrivals change
with time of day in supermarkets; and car arrival rates at tool booths peak
at the'busy pericds around 8 A.M. and 5 P.M.

Usually any system is said to be in a transient state when the system's
behavior is not typical or not.normal. For example, after a car has started,
it has to be accelerated to reach the normal speed. During the accelerating
period, the system is in a steady state. Transient states occur in queueing
sysiems, especially when the system is still dependent on the ingtial conditions,
or when a steady-state condition responds to sudden changes. When the arrival
rate is larger than the capacity of service, the steady state condition never
exists no matter how long the system is run. Another important situation
is when the arrival rates and service rates are a function of time; in this
case, only the transient state has meaning.

As mentioned before, most of the attention in queueing theory analvsis
has been directed to steady state systems. Although the steady state gqueueing
mcdels have proven very useful in many areas, it is inappropriate to apply these
models to situations in which time dependent behavior is very strong. Wagner [41]
has listed grocery store checkout stands, bank teiler's windows, service station
pumps and attendants, telephone trunk lines, and photocopy equipment maintenance
men, as cases where the customer's arrival rates have very significant time-
dependent behavior. Koopman [16] and Hartmarn [1]] have discussed the time
dependent air terminal queueing problem. Figure 1.2 shows typical hourly
aircraft arrival rates for J. F. Kennedy and Laguardia airports, as observed
by Koopman in 1968 during a month's operations. The average hourly arrival
rates are plotted against time of day. Both curves peak around 1D A.M. and
6 F.M. The first peak shows that many incoming aircrafts are scheduled to
leave arownd 10 A.M. for the convenience of the passengers. The second peak

shows the arrivals of aircrafts which have heen scheduled to arrive in the
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neighborhood of 6 P.M.

It is very common to use the simulation approach (to interpret qusueing
problems in transient state) examplified by the well known paper of Gallihew
and Wheeler [6]. Although the simulation technique possesses versatility and
flexibility, it is experimental in nature. This will give rise to such problems
as experimental design, run length, number of replications, gathering obser-
vations and statistical significance. On the other hand, for most queueing
problems the information for making a decision requires only a few simple
measurements of effectiveness, such as average waiting time, average queue
length, the probability of encountering a queue, etc. Another drawback to
simulation is the economical consideration. The effort required for constructing
a simulation model and the required computer time can be substantial (roughly
stated, the machine time for simulation increases directly proportional to the
square of the reliable precision [16]).

In recent years, a good deal of effort has been devoted to the develop-
ment and application of numerical methods to the transient state queueing
problems.

In this study, one of the main objectives is to survey the literature of
numerical or approximate approaches. Chapter 2 summarizes the result of a
limited study on nonsteady state queues.

Another objective is to demonstrate how to apply one of the simpler
numerical techniques in solving real queueing problems. A police patrol car
scheduling problem is used in this study. It is first defined in Chapter 3.
Chapter 4 presents the solution, with the probability of an urgent call
encountering a queue used as a criferion. Chapter 5 presents another solution
in which the expected waiting time of an urgent call in the queue is used
as a criterion.

Finally, conclusions and recommendations are given in Chapter 6.
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NONSTEADY STATE QUEUES

In reviewing the literature, it is convenient to classify the information
into the following categories:

1. Explicit expression of transient solutions for some simple stationary

queueing systems.

rJ

Numerical approaches to solve the differential equations of queuveing

systems directly.

3. Diffusion appreximation technigues to approximate the transient

solutions of heavy-traffic queueing systems.

4. Discrete time Markov process to approximate the smaller scale service

systems.

5. Approximate transform inversion

6. Imbedded Markov chain approach

7. Closure techniques

This is not a exhausive survey; only the references having direct bearing on
the current work are included.

Explicit Expression

The procedure for developing the explicit transient solutions for simple
stationary queueing systems is very complicated and highly mathematical. Many
authors have investigated this subject, including the first known work pub-
lished by Lederman and Reuter [19]. Additional papers have been presented by
Bailey [1] and Morse [26] and successive contributions given by Champernowne
[2] and Cox and Smith [5]. The explicit formula for tie probability Pn(t)
that the system is in state n at time t (i.e. the transient solution)

of statiomary M/M/1/~ queueing systems 1s given as:

P E) = o Iy Gom/2 s o Y

¥ (p/k)(i—n+l)/2 In+i+1[2 e t)
» oot T A BN ua Ty

Z=n+it+2



where In(x) is the Bessel function of the second kind defined by
<o
n+2K

I o= 12 [(x/2) /kb (k) 1], n> -1

k=o

where the constant i is the number of units in the system when time is equal

to zero. The details of the derivation can be found in the original discussion
by Bailey [1] and a clear explanation is given by Gross and Harris [10]. As
one can see, even for this simple stationary queueing systems, the formula
for the transient solution is very complicated and the result is not
very suitable for numerical work. This discourages further exploration of
explicit expressions for more complex queueing systems. With the help of

methods for determining more complicated transient queues have been contributed.

Numerical Approach

The M/M/1 nonsteady state queue has been studied by Clarke {4]. He used
a generating function to reduce the difference-differential equation of
probabilities to a hyperbolic partial differential equation, which then was
solved by applyving standard methods and intergration formula for Bessel func-
tions in terms of a Volterra type integral equation. Luchak [22] used
Taylor's expansion technique to approximate the solutions of some queueing
systems, except that he kept mean service time constant and made arrival rate
dependent on time. Leese and Boyd [20] pointed out the difficulties of applying
Clark's and Luchak's methods and compared eight methods in terms of the cap-
ability of producing satisfactory numerical results with a reasonable amount
of computational effort. Among those considered by Leese § Boyd, Wragg's [41]
method seemed to be the most powerful. The first method mentioned in Leese
and Boyd's paper was the standard numerical method [34], such as the Runge Kutta
method, Predictor-Corrector method, etc. to solve the Kolmogorov infinite
set of difference-differential equations of state probabilities. Because

of its simplicity and ease of use, this direct numerical method has heen



applied to integrate a truncated set of probability equations by Koopman [16]
and Hartman [11} in the time-varying air-terminal queueing problem, by Gharve
et al [9] in job shop problem, and by Kolesar et al [14] in police patrol

car scheduling problem. The assumption of truncated systems seems to bea
reasonable in most applications when there are physical constraints on maximum
possible number of arrivals or the probabilities of exceeding a certain amount
in the system are very small.

Diffusion Approximation

In the busy period, the arrival rate A(t) gradually increases as a ''rusi
hour' is approaching. The queue builds up during the period when arrival rate
exceeds service capacity. After a busy period, the queue finally decays. The
studies of this type of situations have been given by Oliver and Samuel [33],
Gazis and Potts {8], and May and Keller [23]. The system was analyzed by
means of a deterministic model which assumed arrival rate and service time to
be constant,instead of describing them in probability distributions.

Newell [30] {51] [32] has presented a method called di{fusion approximation
to improve the deterministic approximation wiich always tends to underestimate
the expected queue length. Newell's method has been applied to solve the
heavy traffic queueing problemsor the mildly heavy traffic queueing problems;i

Discrete Time Markov Process

An approach to the small-scale service system whose short range behavior
is important has been described by Neuts {27]. The transient behavior of a
substantial class of single server queues may be numerically approximated
by such discrete time Markov process gas traffic lights, highway merging

ramps and many others. Neuts [28-29] has extended the applicability of this

process to longer queues and longer time periods. The extension is spohisticated =

and mathematically involved.
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Approximate Transform Inversion

The complicated expression of Py (t) for M/M/1/* queueing systems can be
obtained by inversing the complex roots of a certain polynomial equation [4].
Gaver [7] has presented a method which used an approximation technique instead
of sophisticated transform inversion. Recently Kotiah [17] has suggested
three iterative procedures (method of successive approximations, the series
method, and Newton's Method) that give successive rational approximations
for complex roots. The rational approximations of complex roots are relatively
easy to invert.

Imbedded Markov Chain Approach

With the assumption that arrival and service process parameters are step
functions of time, the time horizon is divided into several intervals, during
each of which the arrival process is in steady state. Morse [25] has applied
the imbedded Markov chain technique to approximate the expected queue length and

length variance of nonsteady state single-server queues.

Closure Technique

A differsnt approach for approximating a measurement of effectiveness has
been known as closure technique. The infinite set of difference-differential
euqations of state probabilities is inverted to a set of limited equations
for certain measurements of effectiveness. With a closure assumption, the
measurement can be approximated. Rider [35] has used this kind of technique
to approximate the time dependent mean length of a nonsteady state M/M/1
queue in terms of the idle probability. Recently Rothkopf and Oren [36]
used Clarke's [4] differential equations for the expected length and length
variance of a nonsteady state M/M/1 queue. With a closure assumption which
emploveed the negative binomial distribution to approximate the state prob-

abilities, the mean and variance of queue length were approximated. Adding
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a correction term, they extended the applicability to multi-server queues. At
the same period of Rothkopf and Oren‘'s work, Chang [3] and his student Wang [40]
used different closure assumption to obtain the approximation of expected gueue
length and length variance of the same systems.

Considering the aspects of simplicity, accuracy and range of applicability,

it seems that the standard numerical method is most desirable. Thus it is

selected for further study in this research,
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PATROL CAR SCHEDULING PROBLEM

An important function of police departments is to provide citizens with
rapid and competent emergency service when needed. Indeed, lives and
properties are often dependent on the effective performance of this police
function.

The patrolling schedule problem is selected as a focus of the application
of the numerical technique because the patrol force constitutes the largest
portion of police personnel, usually consuming 40 tc 50 percent of the total
police budget (Larson [18], 1972).

3.1 Brief Description of Patrol Operation

One primary duty of a patrol unit is to prevent crime by removing crime
hazards and to deter crime by posing the threat of apprehension, when the
patrol unit passes through an assigned geographical response area.

Another primary duty of an unit is to respond to calls for police service.
Citizens usually call the police emergency number. After the necessary in-
formation 1s taken down, a police dispatcher assigns or dispatches a patrol
unit to the scene. Since rapid response to a call for help is considered to
have higher priority than general patrolling, an assignment from the dispatching
center interrupts the general preventive patrol.

A dispatcher has a fixed number of patrol units available for dispatching.
This number of patrol units constitutes a precinct work force. Most precincts
have a centrally located station. Each patrol unit can be assigned to any
point within its precinct. If all units in a precinct are simultaneously
dispatched, when a call arrives the dispatcher puts the request in queue for
later dispatch. There are very few inter-precinct dispatches, and in this study

each precinct is assumed to operate independently from the others.



3.2 The Concerns of Administrator

Since it is characteristic of emergency systems that a person's life or
well-being may well depend on the immediate dispatch of a unit to a call, a
primary objective of any patrol car system is to minimize the possibilities
that a call will be placed in the queue, or to minimize the average waiting
time once the call is placed in the queue. The administrator faces the problems
of how to determine the number of units to be put in each shift and subsequently
how to schedule the manpower within each shift, so that the probability of
a call encountering a queue and/or the expected waiting time in the queue are
insured to be below some specified threshold.

By almost any measurement of effectiveness, patrol performance is improved
by increasing the number of patrol cars on duty. However, an administrator
would like to optimize the patrol schedule so that he can obtain the most
efficient soluticn within certian constraints.

3.3 Assumptions of the Model

The probabilistic nature of calls for service and service time is such
that queueing is the most adaptable modei to the patrol dispatching system. This
system can best be described as a complicated multiple-server queueing system.

Calis for service, either telephone calls to the radio dispatcher or
accidents, crimes, other incidents encountered by the patrol units, are assumed
to occur randomly over time as a Poisson process. In other words, the prob-
ability that a given number of calls will occur in a given period of time is
specified by a Poisson distribution with a mean characteristic of that specific
pericd of time.

It 1s assumed that each call for service is handled by one single patrol
car. In real situations two or more cars sometimes are necessary. A comparison
made by Ignall et al {12] shows that the influence of this assumption can be
neglected without seriously altering the results.

Service time is defined to be the total "off-air" time associated with a

14



call for service. This includes travel time to the scene, on-scene service
time, and off-scene follow-up time spent on rsport writing, arrest or booking.
The probability of a given amount cf service time for a call is assumed to
obey an exponential distribution with a constant parameter; mean Service time.

A call is placed in queue only when all units are busy servicing prior
calls, all calls have the same priority on a first- come first-served basis.
During the service period the patrol car is unable for further assignments.

The methodology presented by Kolesar et al [14] is applied to demonstrate
how to use the standard numerical method in soiving the patrol car scheduling
problems defined above.

Chapter 4 describes this problem based on the criterion of a specified
prcbability of an urgent call encountering a queue and Chapter 5 provides the
solution using as criterion a specified waiting time of an urgent call in the

queue .

15
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THE PROBABILITY OF A CALL ENCOUNTERING A QUEUE AS A CRITERION

Kolesar et al's method [14] is presented in three steps:

Step 1: Calculate the hourly patrol car requirements to meet the
specified criterion:

Step 2: Generate schedules for each shift which would satisfy the
hourly patrol car requirements calculated in Step 1.

Step 3: Use a more realistic nonsteady state queueing model to evaluate
the performance of schedules generated in Step 2 and compare with otner
alternatives.

4.1 Step 1: Estimate the Hourly Patrol Car Requirements

The police departmental pelicy governs the criterion to be specified in
the evaluation of patrol car requirements. For instance, the police planner
may state his planning objective in the following way, "I wish to assign
sufficient units to this time perlod that at least 90 percent of urgent calls
for service are assigned to patrol units without any dispatching delay."
The specified threshold is denoted as o« (in the above case, o« would be 90%).

The relationship between the number of cars assigned in any time period
and the threshold a is complicated. The major difficultly stems fromthe fact that
the patrol system is a multi-server nonsteady state queueing system. In this
system the call rate, the number of cars on duty and other factors are time
dependenit. Figure 4.1 shows the typical diurnal variation pattern of the
urgent call rate received at a New York City precinct [14]. However, the St.
Louis Police Department has overcome the difficulty by using the hourly
steady-state assumption of M/M/s queueing model, to obtain an excellent
allocation of police patrol cars [24]. In this current study, the same
assumptions are made, i.e., the mean of call rate is assumed tc¢ be constant

tl - - = ey . i ey S & . 4
for the t°" hour and the system is also assumed in a steady state during the

same hour.
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The state probability, pjt’ where j calls are in the system at hour t,

can be expressed as:

& B : .
Pjt £ Pt Pot/J! when 1 < j < Ng¢ (1)
J j-N¢) .

where Po is the state probability of no call at any time t and can be

t

expressed by:

N -1 : Nt ~1
P =sz0 [y / 311+ o " /[Nt (1 - o /NI (3)
and
o, = At/u
where
At = mean call rate at hour t

I = mean service rate

Nt

number of cars on duty at hour t
t = hour of day (t=0,1,2...23)
With a given threshold o, the car requirement at hour t, dencted by Y,s can

be cbtained by searching for the smallest value of Ny, such that

Nt-l
I P e . _ 4
j=o J
The physical meaning of the equation (4) is that the probability of at least
one car available at any hour is greater than the specified threshold a.
The procedure appears awkward when using hand cazlculation. It is solved
easiiy by computer. A general solution program has been constructed to

generate numerical values for Yy The flow diagram ¢f this program is given

in Figure 4.2 and the program list is contained in Appendix A.l.
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The following example illustrates the procedure described akove.

Example 4.1

Calculate the number of patrol car requirements based on the following
conditions:
1. The threshold @ is specified to be at least 90%.
2, The average service time is 30 minutes per service and is assumed to
be independent of time.

3. The mean hourly arrival rate is given in Table 4.1.
First one would calculate the constant mean service rate u.
u = 60/30 = 2 services per hour.
~ Then one can start the calculation from midnight, t=0.
From Table 4.1, one finds the mean call arrival rate is 9.8 per hour at t=0.
{Aa = 9.8 calls per hour) and the traffic density, Py would be AO/u = 9,8/2
= 4.9.

Starting with No=1’ one would then calculate the probability of no call
in O hour by using equation (3),

Poo = 0.24366.
This means that the probability of the only patrol car getting an assignment
is: 1 - 0.24366 = 0.75634 or approximately 75.5%. After the patrol car is
dispatched, the rest of the emergency calls have to be placed in queue.
Thus

N -1

°: p. =P = 0.24366 < 0.90
520 jt 00

No=1 is rejected., The search is continued until the criterion is satisfied. At

this point, the last tried NO value would be the required number of cars, My

Following the same procedure, T for every hour of day can be calculated. The

computer program listed in Appendix A.l1 can be utilized for this calculation,
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The solution of this example problem is summarized in Table 4.2. The output . is
given in Appendix A.2.

4.2. Step 2: Generate Schedule for Each Shift

The set of feasible shift start times,s,,allmgf_which aré assumed to start
on the hour, is_detarﬁined by_;hé poiice de?artment:_ Each shift lasts eight hours.
[t is also assumed that every shift includes a one-hour mealbreak which al#o'w'
begins on the hour. There may be constrained on the earliest, e(i), and latest,

"2 (i), hours of a shift that can be used for mealbreak; i+e(i) and i+{(i) denote
the earliest and latest possible mealbreak respectively for a shift starting
at hour i, i e 5.

Let Ni denote the number of cars assigned to work on a shift starting at
hour 1i. Mi,t denotes the number of cars working on shift i and assigned to
mealbreak at hour t ( where i+e(i) < t < i+&(i))

The objective is to find the most efficient shift assignments {Ni, ieS}
and {Mi ,ieS8andi+e(i) <t < 1+2(i)} which meet the car requirements
Y, at e;ch hour of a day. This can be accomplished by utilizing an integer

linear program;

Minimize L Ni (5)
ieS

subject to:

i+2(1)
z M. = Ni, ies (6}

t-ive(i) ot
3 (N -Ml’t) > Yp» t=0,1,2...23 (7)

where Ni’ wi . > 0, and must be integers,

3
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The value of the objective function is the total number of cars used over
the day. The first set of constraints insures that every car has a mealbreak,
and the second set of contraints insures that cars on duty meet the hourly
requirements. This model can easily handle shifts starting om the half hour,
quarter hour, etc., as well as shifts and mealbreaks of any length.

Example 4.2

Here the hourly car requirements generated in Example 4.1 are to be

satisfied in scheduling. There are three possible shifts starting at 0, 8§,

and 16 hours, and mealbreaks can only be taken between the second and the

fifth hour of each shift. This problem can be formulated as follows: .

Minimize: No + N, + Nl6

8
Subject to
5
Eﬂ Mo,t - NO’ at i=0
t=4
13
I M, _.=N,, i=8
t=10 >t 8
2]
M = N._, i=16
t=18 16,t 16
Ny >9
No - My, 28
NO - MO,S > 8
NO - M0’4 > 7

25



Ng > 8
Ng - M3 1024
Ng - Mg 13 25
Ng = Mg 12 25
Ng - Ng 1526
Ni6 ey
Nig, = Mip,18 29
Ny = ¥pg, 1027
Nig - Mig,20 29
Mg “Mig,51 2°
Ni’ Mi,t > 0 and integer.

There are 15 variables and 18 constraints in this integer linear problem. It
is 'solved by Salklin and Spielberg’s subroutine [37] and the results are -
arranged as follows:

Shift starting at hour 0, cars assigned N, = 10

0
Mealbreak assigned: MO,2=1 car at hour 2
M0,3=2 cars at hour 3
M0,4=3 . cars at hour 4
MO’5=4 cars at hour 5

Shift sterting at hour 8, cars assigned N8=7

Mealbreak assigned: M8 10=2 cars at hour 10
M8,11=2 cars at hour 11
MS,12=2 cars at hour 12
M =1 car at hour 13

8,13
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Shift starting at hour 16, cars assigned Nlb.: 12

mealbreak assigned: Ml6,18=3 cars at hour 18
M16,19=3 cars at hour 1i9
M16,20=3 cars at hour 20
M16,21=3 cars at hour 21

4.3 Step 3: Use a More Realistic Nonsteady State Queueing Model to Evaluate

the Performance of Schedules

The administrator may be faced with different provosed schedulings such as the

current experienced schedules in use,_schedules _generated under .different nolicies,

and schedules calculated by other methods. Before making a choice among the
alternatives, he may want to have a more realistic comparison of the results
which can be expected from each alternative. Two models can be used for this
purpose. One is the simulation model, such as the one described by Kolesar -
and Walker [15]. As discussed previously in Chapter 1, there are a con-
siderable number of pitfalls cne may encounter in using simulation, and its
analysis is relatively expensive and cumbersome. The second model involves a
M/M/s nonsteady state queue with mean arrival rate as a function of time. The
latter one is used for its simplicity. The notations for this model are:
Pj(t): the probability of j calls for service in the system at any
time t.
Alt): the mean call rate as a functicen of time t.
B the mean service rate as a constant independent of time
n(t): the number of patrol cars on duty at each hour t(t=0,1,..23); it
is a discrete function of hour. During hour t, n(t) is a constant

value which is equal to Ni(cars assigned in shift i} - M. (cars

i, t

in shift i and assigned to mealbreak at hour tj.
The transition probabilities for this model are expressed by the well-known

infinite set of difference-differential equations;
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p' & ) ‘
o(t) = =A(e) P (t) + uPy(t) (3)
P!{t) = A(t)P. t) - [A(t) + ju]P.(t
HORRIOIANOENNOREENEN

+ (J+l)u Pj+l(tJ, 1 <7 <mn(t) i9)
PL(®) = A(t) Py_j(t) - [A(t) * n(t)u] P(D)

+ n(t)u Pj+1 Leds j > nit) (10)
In order to integrate this set of equations numerically, it is assumed

that m is the maximum number of calls allowed in the system or m is chosen

such that the probabilities of m calls or more in system are close to zero,

s discussed in Chapter 2. The set of equations can be replaced by:

Pi(t) = =A(t) P (t) + uF, (t) (11)
P;(t) = A(t) Pj_l(t)-[k(t} ¥ [F=1)u] Pj(t}
. . (1
+ Jtu+1£t), 1l <3J < nft) A
Prle) = aley Py (r) - [A(r) + n(t)u] Pj(t)
PR P, (), A < <m 4
Pr(t) = A(t) P (€} - nit)u P (t) (14)

There are a4 number of standard numerical methods available for solving
this type of simultaneous ordinary differential equations. Because n(t) is
a discontinuous function of hour, the multi-step predictor-corrector method
which uses several steps ahead is not suitable in this case. The fourth
order Runge Kutta method which concentrates on single step and does not pass
over the discontinuous points is thus selected. The flow diagram of the
numerical method developed is shown in Figure 4.3 and the computer program is

listed in Appendix B.1l.



SET

M: TRUNCATED CAPACITY
DELT: STEP SIZE

T: INTEGRATING LENGTH
U: MEAN SERVICE RATE

, !

CALCULATE
THE NUMBER OF STEPS
ITER = T / DELT

READ

MEAN ARRIVAL RATE

AT EACH HOUR, RK AND
NUMBER OF CARS ON DUTY

NT

READ

INITIAL STATE PROB-
ABILITIES

PO {J] s J=1_'_M

N=0

=1

O—

USE
BASIC FOURTH ORLER
RUNGE KUTTA FORMULAS

k1=f(tn,§n)h
k2=f(tn+éh,§n+ékl)h
k3=f(tn+§h, §n+§k2]h
k4=f[tn+h, yn+k3Jh
TO CALCULATE

DR |
Prer() = P03 + glky+eky

2k +k,)

j=l -em M

CALCULATE ARRIVAL RATE AT
EACH STEP, RANDK
(USING INTERPOLATION]

Fig, 4.3 Flow diagram of Runge Kutta method,using the probability of a

N= N+l

)
CALCULATE
PROBABILITY OF NO CAR
ON NT-1
DUTY =1 - I P (i),
i=0

j=l---H

PRINT
PROBABILITY OF NO CAR
ON DUTY AND Pn[j),

jo= 1 amaM

!

K > LTER i

STCP

call encountering a queue as a criterion.
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ExamEle 4.3

The same problem which was described in the previocus two examples will
be further discussed. The results obtained in Example 4.2 are used to cal-
culate the number of cars on duty at each hour t, n(t) = Ni - Mi,t' The
calculated n(t) values are summarized in Table 4.3. The data is also shown
graphically in Figure 4.4.
formation are required beyond those given previously. They are the time
varying arrival rate, A(t), the maximum number of calls allowed in the system,
m, and the initial values.

The arrival rate function is usually developed by recording the average
arrival rate at each hour of a day as listed in Table 4.1. The hourly average

arrival rates are connected by straight lines as shown in Figure 4.1. The

approximated time-varying arrival rate at any time t, A(t), can be obtained

by interpolation._ ~  _

After several trial runs with assumed values for the maximum allowed
calls, m, one could select a value which would assure program convergency
with & reasonable amount of computing effort. In this case, m is selected

to be 30 calls.

The steady state probabilities of an M/M/s queueing system at hour 0 are used
as the initial values.

The problem now can be integrated by the indicated numerical program (See
Appendix B,1).

The integration should be run for a longer period of time than 24 hours
in order to eliminate the influence of the approximate initial value. Kolesar

et al have shown that a two days running period should be sufficient.



31

"3 anoy yaes ur L1np uo sixed 1oxaed yo aequny :(1)u

*(gz """1°0) Aep v jyo anojl 1

Z1 A 6 6 6 6 A A L L 9 s (Du
€z & 12 0z 61 81 £ 91 ST b1 £l Zt 5
S S L L 01 o1 9 L 8 6 ot 071 (3)u
1t 01 6 8 L 9 S b c  z I 0 2
31 inol yoseg e Ling uo sIen (oxied OUlL §°'F JIdvl



->

Number of cars on duty

15

11

10

-~

o

=

Hour of dav -

I'ig. 4.4 The number of cars on duty during each hour



Because of drastic changes in the number of cars on duty and calls for
service, the transient responses are very strong at hours 17 and 22, Even
step size 0.05 time units does not provide convergence. The sum
of state probabilities of m-truncated capacity is used to check convergence.
The sum at each time t integrated by step size 0.05 is shown in Figure 4.3.
After experimenting with several values, a step size of 0.025 hours is found
to provide convergence. The results of integrating is also shown
in Figure 4.5 for comparison. There is nowhere that the total probability
deviates from unity more than 0.0008. Using step size 0.025 hours, excution
time for this problem involving a 48 hour period runs about 2 minutes and 25
seconds. Part of the output is given in Appendix B.2Z. The probability of no
car on duty at each time t is shown in Figure 4.6.

In order to demonstrate the comparison of different alternatives, an
experienced schedule used by the New York Police Department [14] is evaluated.

The schedule is described below:

Shift starting at hour O, cars assigned NO = 6
Mealbreak assigned: MO 3=l car at hour 3
2>
M = {
d0’4 2 cars at hour 4
MO,5=3 cars at hour 5

Shift starting at hour 8, cars assigned NS = §

Mealbreak assigned: MS 10=3 cars at hour 10
3

M8,ll=2 cars at hour 11

=72 2

M8,12 2 cars at hour 12

M =1 cars at hour 13
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Summation of state probabilities -

2.0

[
.
(o}

1.8

1.7

1.6

1.5

1.4

1.3

Integrated by 0.05 step
(::idi size

] _
A,//—_

_ //
&——» Integrated by
N 0.025 step size
1 i 1 L 1 1. 1 i i 1
0 2 4 6 8 10 12 14 16 18 20 22 0
M N M

Hour of day -

Fig. 4.5 The summation of state probabilities of M-truncated capacity
at every time t.
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Probability -

0.70L

0.60

G.40

0.30

0.200

0.10

0.05

Threshold value

M Hour of the day -

Fig, 4.6 The probability of no car on duty in the schedule with three
shifts.
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Shift starting at hour 16, cars assigned N, =10

16
Mealbreak assigned: M16,18=3 cars at hour 18
M16,19=3 cars at hour 19
M16,20=2 cars at hour 20
M16,21=2 cars at hour 21

the output is partially given in Appendix B.3. The probability of no car
on duty at each time t is shown in Figure 4.7.

Comparing the results of these two schedules, it shows that although the
experienced schedule uses fewer cars per day, its performance is
far inferior. During hour 5 and 6, the probability of a call for service
encountering a queue is more than 60 percent.

The same procedure can be used to compare the schedules calculated under
different dspartmental policies or the schedules generated by other methodo-
logies. Considering the resource limitations, administrative ccncerns, and
results of performance, this evaluation technique with a nonsteady state

queueing model can help administrators make a reasonable choice among al-

ternatives.
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Fig., 4.7. The probability of no car no duty in the experienced schedule.
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THE EXPECTED WAITING TIME OF A CALL IN THE QUEUE AS A CRITERION

In Chapter 4, the measurement of patrol service performance was em-
phasized on the basis of the probability of an urgent call being placed in the
queue. This measurement, based on a probability concept, cannot give a
clear indication of the effect on an urgent call. However, the measure
ment of the expected waiting time of urgent calls in the queue seems to be
more relevant in gauging the effectiveness of a patrol scheduling system
considering the time-critical nature of police services. In this chapter,
the level of the time related measurement is used as a specified threshold to
calculate the car requirements. The three-step methodology by Kolesar et al
has to be modified. The necessary modifications are given in the next
several sections.

5.1 Step l: Estimate the Hourly Patrol Car Requirements

Except for the measurement of patrol performance, the conditions are the
same as those in Section 4.1. The obiective of the police planner in this
case 1is to assure that the expected waiting time of a call in the queue is
below some specific threshold.

The state probability POt calculated from Equation (3), can be ex-
tended to estimate the expected number of calls to be placed in the queue.
This number, denoted by Lt’ can be calculated bv:

n,+1 pA

. 2 -
Po,t]/{nt P T Pty n] (15)

The expected waiting time of a call in the queue, wt, can then be

calculated by using Little's formula [21]:

Nt R S (16)
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With a given threshold o, the car requirement in hour t can be found by

finding the smallest value of n, which also satisfies the condition:

Wt < a (17)

The mathematical manipulation to solve these equations is quite complicated.

A computer program which carries out the task is given in Appendix C.1. and

its flow chart is shown in Figure 5.1.

Example 5.1

Here the specified threshold is that the expected waiting time of a
call in the queue in any hour should not exceed one minute. The rest of the
pertinent information is the same as in Example 4.1.

Again, we start solving the problem at midnight, t=0. The required
number of cars would be searched following the procedure helow:

Starting with n0=1, is calculated by using equation (3):

P00
= 243
POO 0.24366
The expected number of calls in the queue in hour t=0 is given by Equation (15)
9.8:2 /0 oun z
L0 = ( = (0.24366)/(1-0.8/z)" = 0.3846
The expected waiting time of a call in the queue in hour t=0 then can be
calculated from Equation (16).
W, = Ssdie 0.0392 hours

0 9.8

This value is greater than the specified threshold value of 1 minute ( or
o = 0.0017 hours). Thus, if only one car is on duty in hour t=0, the perform-
ance of the patrol service can not meet the required level. Continuing this
trial and error process, one finds 9 is the first value of n0 which meets the
requirement.

Wo = (0.0088 < a = 0.017

Therefore, ng is estimated to be 9.



STARY

SET

M = TRUNCATED CAPACITY

NR= LENGTH OF CYCLE

UT= MEAN SERVICE RATE

AL= THE SPECIFIED THRESHOLD

r

=1

5=

READ
A E ARRIVAL
RADAT (MEAN ARRIY

SET
CAR ON DUTY, NT=1

COMPUTE
Po

COMPUTE
THE LENGTH OF QUEUE,
QUELTH

NT=NT+1 v Aeketl
COMPUTE .
EXPECTED WAITING TIME,
|—_WAITIM [

COMPUTE

P., 1 <3i <NT
j o

NO
I

COMPUTE
Pi’ j > NT

1

“WAITIM > AL

YES

PRINT, NT AND
P (3=0.4)

1}

Fig. 5.1. Flow diagram for generating hourly car requirements, using
the expected waiting of a call in the queue as a criterion.
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Repeating the procedure, the hourly car requirements for the day can be
eventually obtained. The final solution is summarized in Table 5.1.

5.2. Step 2: Generate Schedule for Each Shift

The assumptions on the set of feasible shift starting times and the
constrains on the earliest and latest mealbreak hours are not changed here.
The integer linear program described by Equations (57) is used in the same
way in arranging shift assignments.

Example 5.2

It is to be pointed out the only difference between the Ty values gen-
erated in Example 4.1 and Example 5.1 lies om Ygs the car requirement in the
7th hour. One more car is required in the latter case (comparing Tables 4.2
and 5.1). However, both L values never enter the calculations involved for
schedule generating. Therefore, the answers from Example 4.2 can be applied
directly in this case.

5.3 Step 3: Use a More Realistic Nonsteady State Queueing Model to

Evaluate the Performance of Schedules

The truncated nonstationary queueing model described in Equations (11-14) is

again used for the evaluation.

With the new set of criteria, two additional notations are needed: L(t)
denotes the expected number of cails in the queue at any time t and W(t) denotes
the expected waiting time of a call in the queue at any time t.

When Equations (11-14) are integrated by the Runge-Kutta numerical method, the
call arrival and service rates are again assumed to be constant within each
integrating step.

Equations (15 ) and (16 ) can be extended in solving nonsteady-state

cases;
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Lo = pm" e ©1/mm 1A/ nw] (18)

(t) = ACE)/u (13)
and

W(E) = L(E)/ACE) | (20)

The general program which calculates the transient probabilities and
the expected waiting time of a call in the queue for the truncated M/M/s
non-steady state queue is given in Appendix D.7 and its flow chart is shown
in Figure 5.2.

Example 5.3

Since the schedule generated in Example 5.2 is the same as the one cal-
culated in Example 4.2, the cars needed on duty in each hour t are shown in
Table 4.2, With the same truncated capacity and initial values of state
probabilities, the problem is integrated with a step size of 0.025 hours for
a 48 hour period. The output of the solution is given partially in Appendix D.2.
The execution time for running this program is approximately 2 minutes and 21
seconds. The character of this schedule is illustrated in Figure 5.3.

The experienced schedule used by a New York police precinct [14] is also
evaluated. Part of the output is shown in Appendix D.3. Figure 5.4 shows the
character of this experience schedule.

An additional case study is evaluated for further comparison. A more
flexible schedule given by Kolesar et al [14] is employed here. This schedule
has five start times - 0, &, 12, 16 and 20. Meal times are allowed at any

hour during a shifr.



SET
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“ K > ITER Kl

P S

( STOP J

Fig. 5.2. Flow chart of Runge Kutta method, using the expected waiting
time of a call in the queue as a criterionm.
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Fig. 5.3. The expected waiting time of a call in the queue
in the schedule with threcec shifts.
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The schedule is duplicated here as follows:

Shift starting at hour 0;

mealbreak assigned:

Shift starting at hour 8

mealbreak assigned:

Shift starting at hour 12

mealbreak assigned:

Shift starting at hour 16

mealbreak assigned

Shift starting at hour 20

mealbreak assigned

car assigned No

L]

My, 3

My s

M0,6

Mo,7

car assigned N

il

M8,8

M8,9

M 10

M8,12

M8,14

1}

cars assigned N

M2 12

M2 13

1 car
1 car

2 cars

= 3 cars

8

1 car

1 car

1 car

= 1 car

= 1 car

= 1 car

= 1 car

cars assigned N

Y6 15

Mi6,17
Mi6,18

M6 19

M16,22 =

Mg 23

cars assigned N

M

20,20

M20,21

= 2 cars

2 cars

= 1 car

= 1 car

1 car

= 1 car

= 1 car

= 1 car

12

16

20

7

5

(9]

2
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The evaluation of this more flexible schedule is illustrated in Figure
5.5. Part of its output is listed in Appendix D.4. The above discussions
illustrate the effectiveness of using the nonstationary queueing model in
evaluating alternative proposals for scheduling patrol cars. The schedule
generated in Example 5.2 apparently performs better than the experienced
schedule, although the criterion o = 0.017 hrs is not saisfied entirely.
One can see that for the experienced schedule, the average waiting time of
a call in the queue is extremely high for most of the nigﬁt time hours (see
Figure 5.4). However, by simply relaxing the constraints on the number of
shifts and the starting and ending hours for breaks, one can obtain a schedule
with superior performance without increasing the total number of cars re-
quired. (See Figure 5.5)

A police administrator can with great ease use this tool, incorporating
any departmental policy (constraints) to select the most cost-effective patrol

car scheduling.
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Fig. 5.5. The expected waiting time of a call in the gueue
in the schedule with five shifts.
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CONCLUSIONS AND RECCMMENDATIONS

From this study, the following conclusions are made:

1. A police administrator can select a reasonable schedule by applying
the M/M/s nonsteady state queueing model to evaluate patrol car
scheduling alternatives.

2. The fourth order Runge Kutta method can be used to solve this non-
steady state model with reasonable step size.

3. The example discussed in Chapters 4 and 5 showed two strong transient
responses at hours 17 and 22, because of drastic changes in the number
of available cars and call arrival rates. These strong responses
required a much smaller step size in integration. A step size value of
0.025 hours was shown to be able to provide convergence.

4. Considering the information provided by this nonsteady state model,
the excution time of approximate 2 minutes and 25 seconds seems to be
acceptable.

5. The experienced schedule was evaluated both in Chapters 4 and 5.

Two criteria were used in the judgment. The first was based on a
threshold probability of an urgent call placed in  jueue. The second
was based on the expected waiting time of a call in the queue. From
hoth points of view, the experienced schedule is extremely inadequate.

Two suggestions are given for future research:

1. Since the strong transient responses occurred at only two hours,
it is not very economical that a small step size 0.025 hours is used
to cover the entire 48 hour period. Therefore, a variable step size

algorithm may be advantageous.

a3

The level of patrol performance was measured by the expected waiting

time of a call in the queue in Chapter 5. In this case, the Rothkopf
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and Oren's closure technique [36], which directly approximate
the expected number of calls and variance in the M/M/s nonsteady
state queueing system, may be used to replace the fourth order
Runge Kutta numerical method to solve the infinite set of difference-
differential equations. The expected waiting time of a call in the
queue can be calculated from the following equation:
W(t) = [(expected waiting time of a call) - A(t)/u]/A(t)
in the system at time t
Rothkopf and Oren have solved several nonsteady state problems with fixed
number of servers. In contrast, the patrol scheduling problem is typefied by
varying patrol car requirements on duty at different hours, thus a subroutine
for calculating the correction term at each step may be needed. This correction

term is used to remove the error caused by negative binomial closure assumption.
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B. 1 PROGRAM LIST

saur PAGES=¢D
CHT 90t ettt I ARt SRt P AT IR e AR T FEEFESE B ALSE IV FPL bV BISHER AL PR EORET LT b Y

C
C
C THIS PROGKAY CALCOLATES YRASIIFNT STATE R, DARILITIES A4
C THE PROFAZIILITY OF NT CAR N DUTY TN THe SYSTi™ FIUF u Ak 3t FYEL
C TPUNCATIN ¥ WMAXIMUY ALl GwED CAPACIYY QUEUFINLG SYSTe™® Gy i
C FUOUTH CHDLF RUNGE KFUITA “FTH(.
<
C
C MO MAXTMUM O ALLCRED CAPACTIY 1IN TRE CUEULING SYSTE™.
L GYil: IHTeGRATING STEP ST{E .
r 1: TaTAl INTEGHATELG LINGTHh, 48 HOURS SUGGHESTEL.
't} A FIAN SERVICL RPATE, A CCHSTANT S
€ Fx: v[a' ArkIVAL RAYE, C(HANGE miThH TIMF.
C SN L NUMBFER CF Cewy CH DUTY. CHANG WITH TIMVF.
C OEUJ): PRUOEABILIVTY OF J-1 CALLS IN SYSTHM,
{:
C
(N XE LTI NI L RLTHV0L 300454412 VEILHCEFFELENTT RIS IR ERFTILL TP RTFHEOTERAELY
1 CEMENSTIIN DLEWO0Y 020100202100 ).D4{100),PKLL1CLC)
2 FOiAR ) e FANCK ) =~RANDK* A+ % E
3 SINIAZB 0 ;U FANDR I SRANOKEA-(RANDK+FLOATIJIFU)*B¢FLDAT (I IZUSC+U=8
4 FRP L B340 yUSRANDK yNKI=hLRGFEA-{RAANDKSFLOATINK)*UISEHFLCAT INK ) Us(
5 FATL, Ry, RANCKJAK)=RANOK*A-FLOATINK ) 2U%R
¢ FrATY, NFLT.T .U
1 Hl=M1)
Ll ne 10 J=1,v1
r 10 RFAD,PKLJ)
il ITeEC=1/001L Y
11 REALCHNKLFKL,,RK2
12 LUSES |
13 k=1
14 INT =)
15 PROINT 14,MTGELT 1 ,U
16 14 FORMAT LY * /700, *TRUNCATED (avACTITY = Y4 13,5X,*STFP SIZE = *",F8.5
17 2,2 iNTESPAT LD LFNGIE = 0, FAL4,L,5X, " MI AN SFRVICE FATLN = *,FR.4)
17 PRIET 169Nk, td-1,2K13),d=1,M1)
18 1% PURMATL O 02T HOUP O ,SX ' PATREL CAF UN DJTY =t,]13/* ¢,
160 Y, 13, )=7,F8,6))
1% Y I0 F=1l.IVER
20 Az (1 /DML TISFLLATIND 2L,
21 IFIK.LT.HM) GO 0 20
22 PTADLAK ,PK3
23 RK1=RK?2
74 RKP=pK2
2‘:‘ N‘ilf\
i A IFtNR,OYoad) NE=NH-24
27 IFARMHLSEL24) NH=NH=-24
2R PUINT JCyNHsNK
29 1€ FORMAT(//°0%,%AY HOURA ,i3,5X  *PATRAL CARS LN DUTY =°%,13)
30 N=N+l
31 nD =3
32 20 QANDOK ={ CK2~RKLIPFLCAT(NDI®UELT#PKI
313 NO=NN¢]
34 DICYY=FOUFKCULD) oPRI2) U RANDK)=OLLT
25 AK1=NK+]
¢ DO S0 J=2,¥]
37 IF(J-GL.NK1) GC TO 30

14 Ol UJI=FINIPKEU-T1)PK(J) s PKCJ#1Y,U,RANDK yJI*DEL(



41
51

32

42
62

33

43
53

en

66

69

65

&3

67

G N80

IT (4.FQ.M1IGY TU 4C
SIUAI=FOIAPMLU-1) 4 PKUU) s PRUI 1L} s U RBNDK JANK)SDELT

GO T sn

MAYI=F4IPKII-11,PKIJ) U RANEKAK)*TLLT

CUNYINUE

NZIPI=FUPRILI 4L /2.%0 1) 2PREZ2DI4 Lo /2.8DLE2) 4URANDKI®OFLT
7 1 J=2.M™1

IFLS.GE.MELICO T2 31)
NZ2UIN=FLNYCKII-1)e) . /2.¥DV{u~1) PRI+ /2. 3D1(d),
IPRK(U+13414/72.501¢03+%1),U, RALDH«JI¥DELT

67 70 51

IHIJ.EQ2.M13IGE 1C 41
O200)=FONIPRIN-12#1.72.201(J-1}PRKOII+L1/2, 5001 (J),
JPRAJ+1)#Y . /2.3C18041),U,RANCK,NK)2NELT

G0 10 5%

C20)=viPRUI-1 41 o/2.500 0= PREJI*1./72.008{J) U RANDK,NK)I*DELT
CONTENUE
C3UD)=FOLPKRILI*L /730201 ), PRE2I4L.72.%0D202) 4U KANDBR)*DELT
0! §2 J=2 M1

ITUJ.GF.LKLEICD TL 32
DICY)=FLNEPKEI-1D+1./72.¢02(3-1),PKE2)e)1.72.%02(1),
IPKIJr Ll ¢l o /2.%02{3¢1) yURANDK J)*DELT

GL T 52

FFLJ.EN.MLICE TC 42
D3UJI=FGNIPKILI-1)42.72,%02(J-1)+PKUSI*1./2,2D2(4),
IPKTJ41) 21 ./72.202(J¢) )oURANDR(RKISDELT

GO 1 52

CALI)=F MU PKII-1)41,/72,.20200-1}sPKIJI+1./2.2D2(J) ,U,RANDK,NR)I*DELT
CUNTINUFE

De{1i=FUPKIIIN3LYI)PKE2)+D3821 4 URANDKI=DEL Y

NN 53 J=2 ,M1

IF(J.0ELNKEIEDT T 313
D#(J1=FLN1PKIJ-1I¢03lJ—l}.PnlJﬁﬁnatJl.PKlJolliD?(JO!i.U.RANDK.
1J)*DELT

GC TG 53

IFLJ.EQC.ML) GO TO &3

Dl U)=FCMNIPK{I-1340310J-1) yPXIJI+D3UJ} PRI 1) +C3{J+1) U, RANDK,
TAR)#DELT

G Ir 53
DA{J)=FY{PKLI-L1+D310-1)PRIJ)+N3{J) U, RANDK (AK)}*NELY
CONT INUF

Dif 60 J=1,F1

PRUJI=PRIEJI4 /0 2UD1(J)+2.2C20J0¢2.2D3(J)eD4(J))
IFI(PKIJI-L1.C.} PKIJI=0.

INDPR (=204 INT

IF(K.LT.IARDFRIY GU I 7O

PRINT 65, K, RANORy{J—1PKEJIoJ=1,P1)

ORMATLIC" a"STEPS g 14,5X, "ME AN ARRIVAL RAYE = ¢, FB.4&4/¢ §,6("
1'P(*,13,%°)=",FEB.6)])

Suwv=0

DN 68 4=1 AR

SU¥=SUM+PK ()

SuMf=Sym

DO €8 J=NKI,M1

SUM[=SUVMT+PX {4}

PRINT 66, SU«}

FORYATL® *,*"YOTAL PROBABILITY =°,F8.6)

PRINT &3, SUM]I-SUM

FORMAY(" * ,*PRCBABILITY NG CAR CN DUTY = 9 ,FH,.86)
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A PART OF OUTPUT OF THE
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APPENDIX C

M/M/s STEADY STATE QUEUE WITH
THE EXPECTED WAITING TIME OF A

CALL IN THE QUEUE AS A CRITERION
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C. 1 PROGRAM LIST

CP224 2293200240230 008000 2902000020 0%400000 08300083020 00TC2¢0000%steostseos

2 isEalal el elaN s iakalal e Nala R alalela R o FalaFaNulyl

Lo
20

-

k3

THIS PROGRAH CALCULATES IHE SIATE PRCDABILEVIES (F M/F/S
STEANY STATE QUEUEING MUODEL AND SEARCH THE NUFBER UOF PATROL
CARS RECUIRED SUCH YHAY THC AVERAGE WAITING TIME OF A CALL IN
THE QUEUE IS LESS THAN THF SPECIFIED VTHESHOLD,

M: PAXIMUM NUMBFR UF CAILS ALLOWED IN SYSYEM AT SAME TIME.

NR: LENGTH OF CYCLE, IN THES STUDY 1V IS ONE CAVY, STARTING
FRCH O HCUR TO 23 HAUR.

UT: MEAN SERVICE RATE, A CONSIANT.

ALY THE SPECIFIED THRESHDID. MAXIMUFM AVERAGE WALIING TIME
ALLCWED IN THE QUEUE FUuR A CALL.

RADET: MEAN ARREIVAL RAJTE, LHANGE WITH NOUR.

ROAT: EQUAL 111 MEAN ARAIVAL RAVE OIVIDED BY MEAN SERVICE RATVE.

AT : RUMBER CF C(ARS UN Ouly.

FACNT: FACIORSAL OF MY,

PTO: PRCBABLILIETY COF 2CR0 CALL IN IHF SYSTEWM, ©C_

PTiJ1: PRUBABILITY UF J TALLS IN THE SYSTEH, O0<J.

QUELTH: AVERAGE LENGIM IF QUEVE.

PATTIN: AVFRAGE WAITING YTIME N THE CUEUE.

S AL A A A P L A L R R L R Y Ly L L Y T Y Y s R 2T

DIMENSICN PTRICC)

READ, M KR, UT AL

PRINT S

FORFATI*L")

PRINT 6 M, NR,UT AL
FORHAT('0°, * TAUACATED LAPACLETY = *,13,5X,'PERICD UOF CYCLE = .13/
1* *,*MEAN SCRVICE RATYE = °*,FB.4,5X,*"SPECIFIED Y4+RESHODLD = " ,.FB8.61)
DU EO K=],NR

REAC,RALCATY

NT =1

GO Tu 20

NY=ATs}

RDAT=RACAT/LY

FACTIJ=1

SUM={

IFENT.FEC. )} €0 TU 30

HEI=KRT-1

CO 2% J=k,NT1}

FACTS=FACTI®*)

SUM=SUMROAT** J/EACT ]

FACAT=1

PO 31 I=§,NY

TACAT=FACANI®*]
PLUS=ROAT*eNT/(FACNT*1L1-RUAT/NT })
PIC=1.7ESUMsPLUS}
CUELTH=(ROAT?OINT«E)OPIOIZIFACNT#IL . -ROAT/NT oo Z2eNT)
IFIQUELTH.LT.0.} GO TO 10
RHARVIM=QUELTVN/PADAT
IF(RALIVIM.CY AL ) GO TO 1O
SUMKPTI=PID

IFI(NY . EC. 10 COU 10 3¢

FACTJ=])

NV 2=NI-1}



33
3%
35
3¢
37
T
39
40
41
42
43
44

45
b
4!
48
49
50

31
52
53
34
55

L} )
3

35

40
l

45
60
10

1
00

a5

$ENTRY

DU 33 J=] kT2

FACII=FACTIY

PYLJE=RCATS® JOPID/FACTY

SUMPT=SUMPTs P11 J)

PUINTI=POATOONTOPIO/FACNY

SUM=SUNETePTINT)

NT3=NT+}

DO 35 J=Ni13,»

PREJI=AROATOO IV OPTO/Z IFLUATINTI®S L J-N) ISFACNT)

SUF=SURPI(Y)

PRINT 40 o K-1,AT, NAQIIM

FORMARE *~*, *AT WOUR® 13,52, *THE NUKRER OF PATRCL CARS REQUIRED = ¢
e 13:5X, 'THE AVERAGE WAITIRG TIME IN THE QUEUE » tFB.6)
PRINT 45,RADAY

FOPMATL*0 ' *NEAN ARRIVAL RATE = VFB.4)

PRINT BO:PTIC, 0J,P100Y, J=1,H)

FORNATE® "o 'PUO) = ' FR,6/" *0nlt ¢, 0p17,12,") 1 " F0.6,20)0)
PRINY TO4M,SUN

FORMATL® *, P TCTAL PROBABILITY FROM 1 Ip To12+" CALLS IN THE SYSYEN
2 LWFR.B)

CONTIRAE

PRINT 05

FORPATL'LY)

stop

END
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2 THE QUTPUT OF EXAMPLE 5.1
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APPENDIX D

M/M/s NONSTEADY STATE QUEUE WITH
THE EXPECTED WAITING TIME OF A

CALL IN THE QUEUE AS A CRITERION
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D. 1 PROGRAM LIST

+PAGES=60

C..Qf.’.‘i.000..0...000.000‘00..0‘0000.0...‘0000‘.0.000.'0“.““.000.0.

c

C
C
C
C
C
C
C
C
C
C
c
C
C
C
C
C
C
c

10

14

15

i6

THIS PROGRAM CALCHLAVES TRANSIENT STAVE PROCADILITIES AND
THE AVERAGE WAITING TIME IN THE CUEUC FOR NK SERVER
TRUNCATED M MAXIMUM ALLOWED CAPACITY QUEUEING SYSTEM €v THE
FOUTH OPNER RUNGE KUTTA MEIHCD.

My MAXTHUM ALLGHED CAPACETY IN THE QUEUEING SYSIEM.
DELY: INTEGRAVING SIEP SIZE.

¥ TOTAL INTVEGRAVTING LENGIH, 48 HOURS SUGGESTEC.

U: FEAN SERVICE RATE, A CONSTANI,

RK: MEAN ARRIVAL RATE, CHANGE WITH T IME,

NK:® NUMRER OF CAPS ON DUTY, CHANG WITH TIME.

PK{J): PROBABILINIY OF J-1 CALLS IN SYSVEM.

QUELTH: AVERAGE LEMGIN 0iF QUEUE.

WAITIM: AVERAGE WAITING TIME IN VHE CQUEUE.

.‘l“t..!t000‘“‘0...0000030#0400'?00.‘.000.0000‘.0000.00'00.‘.‘....‘..

DIMERSICN D1{100),D24100),03(i000,0%4000).,PKEIOC)

FULA,9,UsRANDK )=-RARDK*A+U*B
FlNlﬂvﬂocoUnFlNUKoJ"ﬂANDK0A~lRJNDK’FlUl‘IJ"U"H’TI05“J"U‘C'U38
FGN“.QvC¢Uo“‘NDK.NK"R‘NﬂK"-'RlNGK'FlOA'.NRl’U"BOFlUIIINKl‘U.C
fH(lcﬂ.U|RANﬂ¥.kl’=RanK‘l—Flﬂll(NKI‘U.ﬁ

READ,M.DELT .1 .U

Ml=pMe]

DU 10 J=1,M1

READ,PK{J)

ITVER=T/DELY

READNK ,RKl,RK2

ND=1

A=1

IND=]

PRINT 14,M,0ELY,T,u

FORMATE® 09, //7¢0¢, YTRUNCAYED CAPACEITY = Py, 5K *STEP SIZE = ',FB.5
1/% *, *INTEGRATED LFNGTH = *,FB.4,5X, "MEAN SFRVICE RATE = °*,FR.4)
PRINT 1S5:NK, (J-1,PKLJ)sI=1,M1)

FORMAT("0°,*AT HOUP 0°,5X,'PATROL CAR ON OUTY =+,[3/¢ ¢,

Bol® "o 'PLe,13,"0=",FB.61)

DO 70 K=1,IVER

RN-!!./"E[I"FL"IVIN’Ol.

IFIK.LT.RM) GO 10 20

READ,NK,PK3

RK1=RK2

RK2Z2=RK}

NH=K

IFINH.GF.48) NH=NH-24

IFINK.GE.24) NH=NMH-24%

PRINY 16,NH,NK

FORMAT (/27850 , %A HOUR® ,13,5X,*PATROL CARS NN DUty =*,13)

N=N+1

ND=1

RARDK={RKZ-RK1}*FLOATINDI®DEL TeRAKI

NO=AD+1

nl'l'=FanKlII.PKl7l.U.FANDK’ODEI‘

ANEL1=RAK+}

an 50 J=2,.M1



30

40

3l

41
St

32

42
52

33

43
53

60

6l

66

68

69

84

IFIJ.GF.NK1) GU 1O 3C
DIEJ)=FILNI(PKLI-1),PKEJ)PKII¢1] ,URARNDK . JI*DFL |

GO 10 50

IF (J.EQ.MLIGO FO 40

DI{J)=FONIPKTJ-1) ,PKLJ),PKLJ+T1)+U.,RANDK ,NK})COFLT

c0 e 50

DLCIP=FHIPKEI=-L ), PKIJI U ,RANDK,NK)*DELY

CONTINUF
D2ZUIY=FOUPKIEI»L /2 .¢URL LD . PRE2)eL,.72.0D102),U,RANDK}®DELY
nn St J=2.M1

IF{J.GE.NKLICO TN 31
Q20I0=FUINIPKLI-ND el 22.¢D01J3-1) PKIJIeL /7. .00 LI,
IPKEJeld el /2.%0000¢0),U.RANDK J)*DEL D

GO 10 51

IFIJ.FQ.H1)IGO 10 41

21 JV=FGNIPK T -1) vl ./72.°0010-1),PRESIOL./72.0%0010 1),
IPKIJ#L )4 /72200000 ) U, RANDE  NKI*DELT

60 ¥0 51

D21 J)=FRIPK{I-1040./72.°DL{I-1) PRIJI41./72.%¥D11J), U, RANDK,NK)®DELT
CON I INUF
DICLP=FOUPKEL1R+1./72.%02¢8),PRI2D42.72.00202),U,RANDK)}CDELT
DO =2 J=2 ,M1

IF1J.GE.NK1)GO TO 32

DI I =FINIPKIJI-10¢1.72.°020J-13,PKLJ}el, 7200214},

APKL 11,772,020 001 ) U RANDK,JI*DELY

GO 10 52

IF{J.CQ.MLIGC TO 42
DICII=FONIPKLS-1)e ). /72,0021 5-1),PK{JIeL 72,0020},

IPKEJe L) ¢0 ./72.%020028 } U, RANDK NK)PDELT

GO I 52
OICII=THIPKEI-10¢0.72.0D20J-1),PKEJI*L./72.%D20J) U, RANDK.NK)I*DELT
CONTINUE

D4ULI=FOIPKL{EI+D3I11) PX{21+D3I12) U RANDKI}I*DELY

00 S3 I=2,M}

IFLJ.6FE.NKYIGO 10 33

D& (J)=FLNIPRUJI-1)¢D3€I-L D) PEUJ)+DITIS),PKIIs124D3(J0)),U,RANDK,
1J)*DELT

¢O 1a 53

IFIJ.EQ.M{) GO TO 43

DAt JI=FONLPKALJ-1)e031I-1D ., PRIJI¢NICINPKESeL)OCITI*1),U,RANDK,
INKISDFLT

GO 10 53

Dt I =FMIPKEI-1040300-1) PRTIVeDILSI) sV, RANDK NN SDELT
CONTINUF

pn &0 J=1,M1

PRKEJI=PRUIN 1. 76.¢LDR1ID 02,5020 00 +2.2M{J1iD4(I))
IFLPKEJI.LY.O.} PKISI=D.

INDPRI=20%1INC

IF(K.LT.INDPRL) GO TO 0

PRIMY 65K RANDK 1 J-1.PK{J}J=1,P1}
FORMATI®O? ,*STEP® ,14,5X,"MEAN ARRIVAL RATE = *,FB.4/% *,61* *,
L'pi 'vl“o. ."0F0~¢‘"

SuUr=0

00 66 d=1,NK

SUF=SUMPKIJ]}

SUM| =5UM

D0 €8 J=NKl.M}

SUF I=SUMIIPK({J}

PRINT 69,SUM]

FORMATI® *,'TOTAt PRTRABIELITY =° ,FA.6)



85

90 FACAK=],

9l 0O TI L=1,AK

92 7L FACAK=FACKKAL

93 UP= (PANDK /U) 99 (NK* L) &PEL R )/NK
9 DONN=FACNK® { ] .-RANDK/U/NK) %2
95 QUEL YH=UP /DOMN

96 WAL TIM=CUELTE/RANDK

97 PRENT 6ToWALTIN

90 67  FORMAT(® P, "AVERAGE WAITING VIME IN YME CUEUE = *oFB.641X."HRY)
99 IND=INDH)

100 70  CONTINUE

10} sIce

102 END

$ENTRY



86

2 A PART OF OUTPUT OF THE SCHEDULE WITH 3 SHIFTS

D.

¥H BOLZ00°0 = ININD 341 NI F4dll INTRLIVA 39VHIAVY

RELOOD™ 1= ALITIGVBONd WWIOL

}d 000000TD=I0E ) d

000000"0={62 }d 000000*0=I0Z )4 000000°0=(1Z )d 0O0000°0=19Z Jd DDODDO"0=15¢2 }d 00000Q"O0={%Z )d

100000°0=1E2 )d 1DDO0D~O={2ZZ )d ECDQI0Q*D=112Z )d LOOI0DO"0=(0Z }d FID000"0={61 bd LEODDO"O:2(E) }J

ES00D0°0=(LT }d 201000°0=191 )d I6E00070=IS] }dJ 6%8I00°0=(%] 1d S62100°0=i€1 )d 9SIECD O0=1Z1 }d

264400°D=411 ¥d 1L0910°0=I01 )4 SZDEED"0=16 )d DE6090°C={8 Jd 021660°0=(1 )d B61Z%10=19 )4
990511°0=4S }d S11041°0=i% )4 OTO9HV"C=1E )d 2Z%600°0=(Z )d ICSYE0°0=11 )d ZG%100°0=10 )d
000t 6 = 31vd IWATHLE? NVIW 086 43S

01 = ALNI NJ Suvd 1041vd O dNOH 1V

3K LEE00070 = 3N3ND IHL NI WL L ONFLEIVA 30vH3AY

GELUD0 = AL[IIOVEOSd TVIDL

14 000000°0=10E )d

000000°0=46Z Id DODGDO"0={8Z )d 00ON00°0=(1Z }d "0={92 14 0=§5Z )d 000C02*0={¥2 1d

000000°0=§€2 34 100000"D=122Z )d R0000V 0=(IZ }d £Q0000°0=10Z }d LD0I00°0={6] )d 410000"D=(BL )d

0%0000°0=121 }d 960600°0=191 }d 6ZZ00G°0=(S1 )4 255000°0=I%¥1 )2 1EE100°0=1t1 )d 512600°C-{2Y 14

184200°0=411 bd SLZLV0°0=10% 1d QLOYED"D=(4 )d GEEETFO°0=I8 Jd €1¥20T"D=11 )d 6029y91°C={9 )d
YO¥SLIT0=(S )d E0ZLANTO=Q% d ZLVEYI“0=(E€ )J 651930°0=(2 )J 0505€0°0=(1 1}d 0BOLOD'D=i0 M4

0008°6 = 3ivd IVAIUUY NV3W 096 d3ls

dH 39€000%0 = 3ININD 341 NI 3411 ONILLVA 3DVHIAW

9€10J20% 1= ALLVIGVEOud IWIDL

)d 000000°0=(0E )d

000000°0=(6Z 14 0U0000°0={82 )d 000000"D=1LZ )d DOODOO*O=(9Z }d DODIOD"0=ISZ )d 0000D0°D={%Z )d

000010°2=1€2 )d 100000°0=(22 )d 200000°D=11Z }d $00000°0~10Z }d 630000°0={G1 b4 T20000°0=(0] )d
4%0000°0={1¥ )d 111000°0=191 bd 092000°D={ST I1d ¥19300°0=(%1 b4 655T00°0=(E1 )d QLYCOO°O={21 }d

SIEG00°0=¢ 1Y )d I5ZBLO"0U=U0T bd 2299E0*D=(6 }d %I%590°0=(0 }d €c9%00°0<{d bd BECIPI“0=(D )d
25%SL1°0=4S )4 GIESLT"0=1% )d ZIN0¥V"0=1E )d BYDYRO°0=(Z Id 297¢Z0°0=IT1 )d BILTF00"0=10 )4
00066 = J1VH TVALUdY NVIW 0%s 4115

ZL = AIND ND S¥VD Tldlvd € ¥NOH 1V

#H L6E000°0 = 3ININD IHL NI JF4L 4 INLLAVM IOVHIAY

LELODO“ U= AL T19VEDHd WIDI

}d 0000007 D=IVE D d

000000°0=(62 )d DDODDD"0=13Z )d 0I0UQG0"0={LZ )}d DDODIOD*I=(9Z }d 000000"0=(SZ bd 100000°0=(%2 )d

100000°0=(EZ )d 200000°0=(ZZ Id Y0000 0=112 }d 100I00°2={0Z }dJ 510000°0={&61 )d 0EOQUO-O=181 )d

590000°0={1% }d I¥TU00°0=(97 }d Y1EQDO"O={S1 )4 ¥V2000°0={%1 Jd ¥¥?10070=iC1 )d 6ZEECO*0~IZ1 )d

@L800°0={11 }d YO¥u10°0=(01 bd VIBED"D=(b }d 9ELL90°0={8 Id VI60U"0=4F D4 SOLL¥T°0={9 )d
CV541°2=0Ss )d SVLELN"O={y Dd VE69EN1*0=1E )d 6SZIBD"0=MZ #d LSV1ZE0°0={1 )d %7E900*0=10 |d

000001 = Jivd TvAlddY Nvie 026 d3LS

HH LE%00070 = 3N3ND 3HL N1 3Adi) ONILIVH 3OVE3IAV
6EL000°T= ALITIEYUOHd TWIDL
td 00000G“0=10E )d

000000°0={6Z )d 000000"D={BZ )J 000000°0=ILZ }d
¥00000°0={F2 }d LOQOOO"0=UZZ )d ZiDOOO'D={IZ )d
0€100070={L1 }d 2%2000°0=191 )d €2¥DOO"D=IS) Id
L8001D°0=(1T }d S%0120°0=101 )d E%E0%¥0°0={6 14
190%11°0-ts ¥4 10E0!I

100000°0=49Z Id 100000°0=152 bd Z00000°0=4%2 b4
120300°0-(0Z )d BE0DOD°0=I61 )d 0l00CDO"0=10L }d
186000°0=1%1 )d 8IDZ000=(El dd Y0SY0CG*0={21 )d
S110L0°0=i0 Id 0QuOON"0=02 )d Z698%170=I9 14

0={% )d 6LYyCEL*0=1E )d BZSELD"0=1¢ 14 9IEIED"0={1 )d 8%0900°0=(0 )d

000T*0T = 34vY WATYUY NvIN 006 4315

21 = ALNT NI SdvI 10¥ivd 2¢ WAUH LV



87

Uik BETEQOTC = INAND IHI NI I4LL ONLIIVH 3Dvudae

dZE0J0"E= ALLTIGVEOHd WWLDL

ba 000000*R={0E )d

000000°0=462 }4 QO00D0"0={RZ }d DOOUOOT0=4LC }d DOUODO"D=19Z ¥d J00DU0~0={%2 }d DOOUDL A=y ¥Z }d

000000"0=1€2 ¥4 000000*0=477 )d 000000 O={kZ b4 V00000 0=I0Z )4 ZOOIGO-0=1&) Jd4 €OO00D*0=1QT }d

{00000°0=14% }d 510000°0=491 b4 220000°0=4L1 Jd BUGOOO“O=1¥] Jd 9Y100G 0={€} )d SVEDODTO=021 )d

€09000°0=-411 }d £04T00°0+{00 §d SZZECO'0=16 |d Y20L00°0=10 bd 15¢5T10°0=0¢ V¥d FZLECO"0={7 )d
RSEQY0"3=E% )d GELENT O={% 4 B2ZLVZ"0=0C 1d S6I5%2°0=iZ o YOESB1%0=i1 )d 1E0G90°0={D )d
DoGE"Y = FLVd IVADUUY NV3IW LA PERR

9 = AIND NJ Sdvd Hdivd S HhuH IV

HH JO1I0D"0 = ININD 341 NI IMIL ONILIVA 30VHIAY
62L000°T= AI1VIOVE0Hd ViDL

14 000000°0={0E }d

000000°0={62 }d4 0000000={RZ )4 000000°0=1LZ }d 0O0DO00"0=192 dd DUODOO*U=15Z }d VOOD0O0*0=(vZ 1d

000000°0=0€2 )d 000000*0=(2T )4 100000"3=112 }d 100000"D=10Z )}d ZDOD0D=0=16F }d S00000°0=t91 }jd

010000"1=(11 )4 ZZ0000°0=43% Jg 5¥0000°0=(S1 bd L60000°0={51 bd 30:000°0=1€) )d CEYDODD={2} )a

1Z6G00°0=0TT bd $L6100°0=(07 Id €R2V00 D=6 }d DSYEDG"0=18 )4 BISIZD*D=42 Do DIEGYD°0=09 )4
£61060"0=1C Jd OVOS91°0={% o ORHZZZ°0=dE Id S6Z%2Z°0=(Z 1Id BSLOS1*D={1 Id L69050°0=i0 )d
000E“S = FAVH I¥Aludd NV3IW 091tdS

44 GBYEOD"0 = ANIND AHL NI WL L INILIVM 39vuIav

822020 1= ALLT1GVO0US ViDL

Id 000000°0={0% bu

000000°0=16¢ )d DOODOO*D=UBZ Mg 00D000°I={dZ bd 00000D*0={9Z )d 0DDOOL"0=(SZ )d 0000D0"D=L%Z )d
000000"0={€Z }d 00DODO"D=02Z }d 100000°D=112 14 Z00000"0=I02 id %00000°0=(u] )}d RO0000°0=49] Vd
$10600°0=0L1 )4 BE0000*0=191 )4 DBOOOD"0=(S1 )d £I1000°0={%1 )d BSL000-0={L1 )d 652000°0=(2Z1 bd
565100°0=1V1 b4 $SEE00°D=101 bd 110200°C={6 Dd DS9Y10"0={8 Id DSIOEQ-U=1L Fd GEZSI0"0G=(F 1d
GOGEIT D=5 )d £€%2001°0=(% Id L19612°0=1€ }d Ollobl D=(2 bd %02Z021°0=(1 )d GCIPEQ"D=40 o
0000° = JAVYH SVATHAT HVIH OYiid s

4 = AIND NI Suvd udivd b Htn 1w

¥H TEOZOO°C = 3ININD Ink N1 AWl 1 INFLIVA JuyvddAy

ZE40207 1= ALIIGVIOHd WD)

}d 00000L*0=IDE b d

000000"0=1462 }d 000000%0=(02 )4 ‘0=z ¥d 00O *0={9¢ 1d DODODO"D=14Z )d 000000°0={%Z ) d

000000°0=1EZ )d 10000V O=#2Z bd 1D000G"0=11Z }d ZGOOON*0={0Z )d S0P00D*0={6] Jd OTOD00°0={s] )d

1zpopD"0=441 )3 ¥50000°D=191 )4 £62000°0=i51 id Y61000°0={9} id ZIF000°0=(€] }d 690000°U={2i }a

L58T00°0=011 )4 ¥S6E00°0={01 bd DGSEBO0"0=(6 Jd4 VUIBEO"0=10 )Dd BEYISN"0=(F 1d ©960B0°0=(9 }4
YOISET O=16 )d &226u1°0=(% 34 O0E2YZ2*0={f )d 661BL1*0=4Z )d €£2185070={1 )d EODBLZD*0={D |d

[s111:7 B = JLvH TeATUUY NVIh DZitd3LS

U 886000 = ININ0 3.4 N1 JWl L INDLIVA Javuany

ZLR0uD*E= ALDIIOVEGUd IVIDL

14 QU0000T0={DE )d

aooon0 0=i6Z Id 0=(82 )d "0=142 )d 000000 C-19¢ I OOROGGT0=157 ba DOCOCO*0={%Z bd

000000 0={EZ Id ¥00D0DD"D=CZZ V4 ZODDOD™D=IZ Vd EQDOOO D=2 bd 1ODURE-0-{6l 1J “L0000"0={8T bd

1€0000°0=111 )1d 99000G 691 34 GETOCO D=(S1 Vd 16ZD007=t%] Jo ZEFIFC™N=1&T }d 002100°0=027 bd

1IRZ00"0=4R] bd £55400°0=400 Jd 126T00°0=06 )d SZIYZO 0<% 3d JEPNSS5 Gedz V4 viZE6070549 )d
CLALHR Q=S  }d ERvESR 0=i% ) $EIFO2CN=If 1 JEZODI 042 o 421%00%0=§] 14 101220'0=(0 )4
gost*1 - JAVH IMALUGY HYAW 041141 S

¥ o= AT MY THYY idrud € dnnH Ly



a8

A PART OF QUTPUT OF EXPERIENCED SCHEDULE

3

D.

100000°0={6Z )d 100000°0=102
110000°0=4€2 )d ZEOODO"O=(ZZ
261000°0=011 )}d 99%100°0-(91]
SPOIZ0-0=41Y bd OCZZED"O=IDI
62Z951°0=4C }d BO2S9V"L=(V

000000°0=462 )4 DOOODO"0=182
<o0000°0=1E2 jd B000DD°0={2Z
651000°0=(41 1d 10£000°0=(91
611B00°0=LTE )4 1%%250°0=101
€O9%L1"0=15 )d SDIFLL*O=1Y

000000°0=1{6Z 14 100000°0=102
600000°0={€Z }d S10000°0={27
S1Z000°0=01% )4 IBECDO°0=(9]
£1%5600702111 1d 019610°0=121
00€¥217D=4S Dd SSLEL1"0={y

100000°9={62 }d ZOODOD"0={BZ
0ZD0YD"3={€2 }d ZEODDD"O0={22
BEEOOD0"0=111 }d 996000°0=(%)
295010°0=111 2d ¥91020°0=§23
ZBEELI*0=(S Jd DIVOL1°O=1%

€02000°2=16Z 1d YDDDOD"0=(BL
$%0000"0={€¢ )4 0L00DD"O=4Z2Z
€E9000°0=(L1 }d C(68000°0={31
¥e¥Z10"0={11 k4 L55220°0=101
BZBOLI*O=ES ¥d SHIVILI*0={y

wH B0L652°0 = ININD 341 NI 3411 INTMIVH 39VHIAV

9€4000°T= ALl110vVEOHd T¥LIL

id 0U0000°0=10E )d

14 200000°0={LZ }d EVOD00°0=19Z 1d S00D0D0°0=1{5Z )d 600000*0=14%Z bd

)d 19000070=(¥Z )d 2110CD°0={0Z )d Z2Z200°0={61 §d4 V2y00D*O0=181 }d

}d 099200°0=851 }d 969%00°0={%1 )ld 1E0BDO°U={€] )d 29Ze10°0=127 )d

b4 EIELYD'O=16 B4 EODL90°0={8 }d ¥OLU60°0=41 Jd ECTIZ1°0=49 W4
14 1Y2UET"0=1€ VYd JED93D"C=2 )d SYGCED"O=(1 )d &OEI0D°0=1D )d
0001 ‘s = 3178 IVALHAY NVIW 066 4315

9 = AINO N1 Suv¥D Wulvd 0 whud LY

4H Z96200°0 = 3ININD IHL NI W11 ONTLIVM 3OVHIAY

9EL000" 1= AL}VIEYEIYI T¥LIL

b4 000000°0=40C )d

id 100000°0=122 dd 1D00D0°0=(9Z 1d Z0O0DOV0°0=15%Z )d EOOOD0 0D=]%Z bd

Jd G10000*D=17Z )d 920200°0={02 id 9%CO0L*0=1&1 dd SEO000°0=(81 )d
Id 085000°0=(S1 Bd BZII00*0=(%1 )d ¥1Z2Z00°3={E! }d4 O0EYTO"O=(ZT )d

1d HZO0SEQ°D=(h )d PYSEFD"0={8 )d BSZE0L"0={1 )d DOESYI"D=19 )4
id 2ZIZvI"0=1E Bd ¥EO930°0=(Z )d SZIVED"O=(§ )d BI0L00°0=({D }d
cooe*e = J4vd IvAluyy Ny 096 431§

dH GS1E0D°0 = 3ININD 3l NI JWEL ONILIVA 39VHIAY

9€L000° 1= ALDTIYVEDHEd IWID)

td 00G000°0=§0€ bd

}d 100000°)=(IZ )d Z00000°0=49¢ 1d YOO000'0=1%Z bd 900000°0=I%Z }d

Id 5Z000070=1T1Z }d Z%0000°0={0Z )d 1LI300°0=161 bd 221000°0=181 }d

Id 012000°0=1ST1 1d SZENOC"0=1%1 )4 SZ5Z00°0={Ll }d »9uy00°0=(21 )d
)d 9089€0°0=06 1d L{¥IS90°0={0 )d 009501°0=4! }d 9615%1°0=19 )d
bd LZYBEL1"0=1E )d L[L6200°0=0Z }d OZIEED"D=(1 }d 119900%0=10 )d
00066 = JIVH TVARHEY NVINW o%6 d3L§

01 = ALND N) SdvD 1Udivd €2 snon v

¥H 19EEDD*0 = ININD IHL KNI JAI L ONILIVH 3DVHIAY

L€40007 1= AL171GWH0Ed WVIDL

14 1000C0"D=H0F bd

Id EOO000°0=(LIZ }d S00000°0={9Z }d BIDD00*0=1%Z }d £10000°0=(¢Z )d
)d T60000°0=41Z }d O¥0000°0=10Z dd PZV000°0=1061 }d 90Z000*0=1U1 )d

)d 896000°0=1SE }d 66YF00°0={%1 }d 9S0£00°0=1E1 )d ¥29500°0=121 )d

1 LLOBEOD*D=16 Dd GLERFD™D=48 3d DEQLINO=(l }d L669%1°0={9 )d
1d TESYEN"0=1E )d L096RC"0=(Z }d Y2¥VE0°0=11 }d 102900°0={0 14

0000%01 ~ 1wy WWAIWYY KvdW 026 JdLS

YH ERSEQ0"N = INING Il NI JWl L ONBLIVH 3OVHIAY

BELODO"T= ALLTIUVEONd TWEDL

}d 100000°0=(0E )d

Jd 1000D070=1d2 )d Z10JV0°0={9Z )d 610000°0=(52 }d 620000°0=1%2 }d
b4 531000°0=(12 b4 631000°0=00Z 14 292000°0=161 )d 90%200°0=18]1 )d

bd 91s100°0C=(51 )d €%S20070=t%1 )4 651%00°0={€1 bd LZ1200°0=121] )4
Jd SLEIY0"0=(6 )d 05211070={v Dd 656301°0=4{1 Id FE69%1°0=19 )d
bd FRL6Z1°0=1E 14 »609L0°0=12 )d 1006Z070=10 }d THESODO={0 )d
00OT"01 = Jjvu TvAludy NVIW oné J318

01 = ALRG N} SHY3 Wdlvd 2Z Wnud AW



T
o

BH 6SSLE0T0 = 3NIND 3H1 HE 411 DNILIVA 39VHIAY

SELOLC* 1= ALITIOYE0Ud IVIDL

bd ¥10000°0=10E€ }d

£20000°0=(62 )d YECODD"0+13Z )d £50000°0={4Z }d ZUOOV00=192 )d 521000°0-15Z )d V61000°0=(¥2 }d

LOZ00D*D={€Z 1d 12%000°0=12Z )d 1€9000°3={12Z bd 2206300°0=102 )d YEFV00"0=161 dd L16100°0=101 )d

112200°3=02) Dd VIBEOO-0=431 Ja €1E500°0=(S1 )d DSELOQ"O={%¥} bd 501310°0=L€) )d LZEBEI0O-0=(21 }d
9908T0°0=(¥1 )d YE1S20°0=401 )d 151SE0°0=(6 Id 25%856°0={6 )4 31%49070=(1 }d D1I560°0=9 }d
SOLLETT0=05 1o 0F8991°0=1% d ZI0€71°0=16 }d I2660170=02 )d 9E6RS070=1T 1d DE¥%10°0=(0 Id
0009°1 = 31vy IVATHHY NVIW 0BoId31S

HH 119160%0 = IN3IN0 IML1 NI 3411 SNIIIVH IDVHIAY

SELOOO“T= ALINIAVOOUd WLIL

}d »10006°0={0E )d

120000°0={62Z )d ZEODOD"O=IBZ )y 150000°0=0IZ }d 100200°0=19Z )d £2T100070=(SZ 1d B6EI000°0=t%2 }d
900000°0=4EZ )d LFYODO"0=(ZZ dd $01100°2=11Z )d 0S01D00=t0Z )d 9¥L100"0={61 Dd BYZZOOO={ 41 Nd

GZZEOO0"D=1L1 )d 995Y00°0=(91 )d 1%¥4900°D=(S1 14 1S6800°0=(91 )d ZZEZ10*0=LEN bd B18910°0=121 }d

E612Z070=011 )d ZELIEO 0= }d FNTIY0"0=46 d 1v5550°0=1(8 )d DZ6SLD"D=(L )d 2ZBI01°0=19 )d
99004T°0=1€ )d TESTIIV°0=I% Jd T6¥6¥T1"0=CE }d ZEGEOL*0=(2 )4 9¥20v070=11 )4 061110°C={0 14
oosi- = JAvd TYAIMAY NY3IW 09014315

9 = ALND NJ SHVYD odLvd 2 HNOH 1Y

4l 6LLE50°0 = ININD AHI NI WL L ONILIVA J9VHIAY

SEINO00"1= ALRTIGVEORd WViR)

Vd ECODOC*D=LDE bd

?10000°0=16Z )d €20000°0=13Z 1d LEVODO°0=142 bd 290000°D=(9Z )d 101000°0=(S2 )¢ SIV000°0D=i%Z bd

S92000°0-1€2 )4 025000°0=1ZZ )d 937000°0={12 1d O10V00°0={0Z }d EECI00"C=(61 1d 2b2200°0=18G] 1d

SLEEOD™D=0AT1 }d 660%00°0=191 )d 60040070257 }d 6B8500°0=1%1 )d 69LEN0"0=UET V4 ZEGBIO°0={2] )4

YEISZ0°D=(T1 }d 6Z9YED™0=031 0d VEZ950°0={& )d 10ZI90°0=10 )d §56b6300°0=1 Id 6ZOJON-O=19 )d
OY¥6TY1°0=(S )d OLORSY"C=I% id VBILEV*O<{E )d L9€EZ6D"D=U2 §d §OBOY0"0=I1 bd H%06D0°0=10 M4
oooLr~ = J1vd IvALddv NVIN 07014315

HH 06%9%1°0 = ININD 341 NI I L INILIVH 39VHIAY

SELODD 1= ALLTNOVOUYd TYLDL

)d ¥0D000*0=10E )d

400000°0=16Z )d F10000°0=182 )d 610000°0=14Z )d CEDDOD*0=19Z 1< BS0000"0=1SZ )d 0OI000°0=1%2 )d

141000°0=4€2Z }d }82000°0=(2Z )d SLY000°0=(12 §d Z11200°0=10Z }d CEZ10D°0=i61 )4 ¥YE6100°0=181 )d
L16200°0=121 )d 005%00°0=191 )d 919900°0={SL )d SZL500°0=(% }d SU6EV0D"0=1%1 )d 595610°0=C(21 )d
Z50220°0=411 }d €20960°0=100 )d GOYEHO D=6 1Jd 994:i70°0=(8 Jd CIISBOD"0=41 0d OESININ*0=(9 }d
ISERHL"0=45 )9 2615501 °0=1% )4 ISOEEI"0=(€ 1}d €0Y5PO°0=(Z }d V4Y9€0°0=iT 1d 9BLI00°U={D )d
0051%6 = Jivd IWAIHEY NVik 0Z0k4 M S

9 = ALDQ ND SWVD 10dIVd T ynun v

HH £B1852°0 = ININD IHL NI Wil IRLLALVA JavdIAY

SELODO" V= ALITl@vuDzd TviL

1d 100000°0=(0¢€ )d

Z00000°0={&Z )d EDDDOO"0={UZ }d 900000°0={4Z }d TINI00"0=49Z }d 1Z000V"0=4SZ )d BEODOD"D=U%¥Z }d
DL000N"I=0EZ }d 221000°0=122 )d 522000°0={12 )d S0%000°0=46Z td LOLIOC O=i61 bd us1100°0=(BL 14
966100°0=011 )d DSZE00°0=(9L JJ BYIS00°0=(ST }d BIOU00°0=(%1 Id BENZNO-0=LE1 }d T26L10°D=HZ1 )d
¥28520°0=1T1 )d SHE9€0°0<=(01 }d F10DSO°0=(6 Id SIVLF0°0={0 bd 9SE500°0=1L }d ¥$6511°C=09 )4
S890%1°0=45 )d VISLS1°0=4% )d GZIZEV 0=tk )d L9SEBO"0=42 d $S6HE0°0D=11 }d S6ZL00°0=10 )d
00996 = 31dd WALUYY NVIW GIDT4ILS



]

BH LOCAAE"0 = INAND I41 NI IWE1 ONLIIVA 32VH3IAY

CZ2L000%E= Ast diOVEINA FVIDL

}d 0%000070=10E )d

»S0000°D={bZ bd ELDODD"0=UHZ }d €O1000°0=122 )d 991000°0=19¢ 1d 10ZD0O0°0=452 1d £62G00°0={%2 14

SI¥00072=4E2 )d EISOO0"0=427 }d LFOO00°0=4IZ }d I*1V00"D={02 1d L35100°0=F61 bd B6IZ00°0=1%] )d

ZEDEOO"D=ELT Pd 291%0070=(2) Z0L500°0=451 )d OLZLO0°D=4%1 }d FES010°0=ts) dd L 1ZY10°0=121 ) d

¥20610°0={11 bd €15520°0=101 bd S3FEE0°D=16 }d EFZv50°0={8 Jd FWLL50°0=1L Id LiGELO°D={9 )d
TEZEA0"={S  1d ZE6HIN*D={% Id ZOLIENTO=1% a4 98952170=02 )4 6CEOE1°0=11 id J69060°9=10 Id
000L*Y = 1iWE TYAlnud NN [CARPRTES

€ = AINT N3 S4V) Wulvd S dNOH LY

¥H SH0AE0T0 = JNIND IHL N} IWE L INILIVM 3DVHIAY

62100071= ALIN1OVEONd VLIS

}d §Z0000°0={0E )d

Z¥00007D=(6Z )4 190000°0=(02 )d 980000 0=(LZ b4 SEIO0D™D=192 Jd LEI0CD°0=15%2 bd 252000°0=(%2 ba
GGEDDO"O=1EZ )d B05000°0=(ZZ }d L1L000"0=I1Z )d 100100°0={0Z }d LOYI00°O=(6l }d &S6I00"D=(81 )d

SHZOOO=1 LT )d 65LE00°0=E91 bd FSIGO070=IST )d OLOL00"0=4%1 Dd 559500°0={€) 3d 9ZVEI0"0=121 Id

S5L210°0=¢01 ) DUBETD D=4D1 35 DIBVEC D=6 )d LBI2%0°D=18 )d YEYGGD"O={: }d GE¥ZLO*O=49 134
EISY60°0=(S )d €8252V°0=(% 1o FEEWVI*O=(E bd ZIESOL"0=(Z )d ZI58TT°C=(1 )0 9%06E0"0=10 }d

000€°5 = JiVY TvALHdY HviMW 09114315

4H 0ZL66170 = ANIND 341 NI JW1 8 INILIVA 9VHIAv

TELOOG* = AbNTlGVHUGS 1VIDL

Id OEQDDD"D={0E )}d

ZyD000*0=16Z }d &S0000°0=197 }d YP0000 D=(L2 Id ZZI00O0"D=(9Z }Ja 9LVTOO0°0=15¢ dd E52000°D=1%Z )d
E9EQ00°D={€2 )4 G1S000°0=42Z }d SELIO0"D=U1Z )d JEOTO0°0=M07 bd 959100°0=161 }d ECOZOD-0=(u] bd
220200°3=021 bd YISEDD D={9] )d 10HS00°0=(SF bd 92¥200°0=¢%1 14 OHTOI0"0=U€1 }d YV6ELD D=421 )d

296810 0=111 ¥d 0S2S20°0=(01 )d 2649€0°0=12 1d ESP?HG"D=10 Id IGRI90°0=() )d 90B0BO-D={9 )d
SOBEQI"D=4S )d LESTET0=(% )4 L1¥%6901°0~{€ )d 6BEYS1°0=42 }u SEJ550°0=11 1d BBSGZD"D={0 Id
[1iTe0i Al ) = F1¢H WA Tudd Mvin Oyl idals

b = AING N SYVD TOdLvd % u@nOH Ly

BH 6099000 = ININY 341 KI 411 INTAIVH JOVHIAN

EELODO"T= ALIHIOVGUWd V1D

Vd 120000°0=60C ) d

2E0000°0=16Z 1d 990000°0=132 JJ ¥P0000°0=(IZ )d IDIDOO"D=19Z )d 851000°0={S2 )d 912000°0={%Z bd
SIEDDOO={EZ )d EGY000°0=(22 }d @%9000"2=00Z }d €Z4LI00°0={02 )d SOEI00°0=I61 Id YEBIDO"O={0UT Bd

Y9SZ00"0=14T 14 £95600°0=191 }d 1%6%00°0=1S1 )d OZVIV0-0=L{5]1 )4 ZOESOO O=IC1 )d L9B210°0=12F )4

E65410°0=111 Ad Z8BEZ0TD=1DF bd ¥DIZEO 0«1t Dd SHLYYD"0=(8 )d YH0090°0={L §d 2E21H0°0={9 }d
2UTZID"0=45 0d LZBEEI0=1% )d @ICYLQ°0=1€ Bd BIPIPI"D=§2 0d Y0EZ20°0={1 )4 6OVE20°0=10 B4

0001°9 = 31wy WAIUIY NV3N 0114315

dH Zavi11°0 = 303ND 340 NI J411 YNILIVA 3OVHIAY

SELODOF= ALIEVENYd T¥LIL

Id 1Z0000°0=10& }d

OEDODO™0=46Z bd 4%0000°0=13Z )d S30000°0={Z )d @60000°0=(9Z )d ?%+1000°0=1$Z 3d L37000°5={%2 }d
0ZEDDD"0={€Z )d 19%000°0=02Z bd 249000°0={¥Z )d ¥16300°0=10Z }d BBEIOO0°G=461 )d Z96100°0=06l }d

SSIZO0*A=0LN bd ZYBEDO"0=12Y }d LE¢500°0=451 V4 SICL00°0=84%1 bad 2¥I0TC0={cl dd ERcl0"0={21 )d
ESTETO*0=411 Dd Z¥Z920°0={DY }d %405€0°0=16 )d OLBIY0 O0=16 Jd 1L5590°0=1L dd YZSHHO0=13 Id
SSIONIt0=1S I FIVESH Defb  bd SEQLFVO-ME Dd FESEEN*0=02 )d €HS0L0°0=11 1d DR9BID'O=40 )a
o0s51°L = 3ive WvAldde NVIW uolidiLs

S = ALNG N3 S4vD TV € HROH 1V



91

4 A PART OF OUTPUT OF THE SCHEDULE WITH 5 SHIFTS

D.

HH 596100°0 = 3NIND 341 NJ INEL JNILIVA 30VHIAY

LELOGO"T= ALITIQVGEOHd WWLIOY

Id CDOOOG~D={0f ) d

000000°0=162 )4 100000"0=10Z 14 100000"0=122 }d 200000°0=(9 )d €00000°0=(5¢ bd S00000°0=(%L bd

60J000°3=-4C2 bd 910000°0=4ZZ Id B20N0O"D={1Z }d DSO0D0°0=10Z )d 6BDODO"0={61 )d DPI00D°D=18) )d

982000°0=1L1 )d YISO00°0=191 1d 9260D00°0={CT )d OL910GO0°0=t2l )J Z20T00°0=1C1 )d 0BYSUG-0=(2] }d

E96600°0-1%1 )d G65181070=(01 )d ¥BI€E0"0=i6 ld Z6L090°0={0 )d L¥1660°0={L )d 68%I%170=19 Jd
ZONEAVD=1% 3d 1B9L1°0=0% )d BIZH¥YI"O=(E )d 16ZEB0°0=12 )d ZYO9EU*O=il )4 9SEL00°0=10 Id

0onL*s = 3ivd TVALTHAY NVINW 08¢ 4315

& = ALNO N] Suvd lodivd 0 HNOW LV

¥H OU%BOG™0 = Jn3ND IML NI IWI1 ONLDIVA 30vH3AY

L61030° 1= ALITIBVEUNS TviDL

id 000000 D=40E 1d

000000°0=16Z 14 10DVOD"0=IBZ Id 100000°0={IZ )}d Z00D00°0=19Z )d E00000°0={SZ }d 00000 D={4%Z )d

010000°0=1€EZ Id 810000°0=1Z2 }d ZEODOD*0=<{TZ )}d LSDOOC"0=(0Z )d 2010000=161 )d DGLO0O G=IH] }d

IZEODO°0=11Y )d 215000°0={91 )d 0ZOM00*0=Ic] )d SERLOD°C=t¥] )d 1IZEi00"C=1E]l )d SJUS0CG0=121 )4

BLSOR0°0=1T1 )d TGO610*D=101 )d GESYED™O=I6 Bd ¥VvI290°0=(8 bd YINIOR"0={L )d $6UIYI"0=19 )4

6%1ELU"0=1S 1d SIBYLT"0=1¥ )d TPEENRI°0={€ 1d 08%9530°C=(2 )d 6D99€0°0=11 )d E6GHY00°0=I0 )d
oo08” e = JIvd WWALudd NVIN 096 d3is

uH §L6800°0 = INING IHL NI 4H11 INILEVA I9vddAy
@€L030° 1= ALlTlOvVE0Yd WYIIL
Id 000000°0=(0¢ )d
0Np000°0=16Z )4 100000"0=18Z )d 100000°0={LZ )}d Z00OG00°0={9Z )d YOOOO00*U={%Z }d LOOODC O=(%Z )d
Z10000°0=1€Z bd 120000°0=122 3d LE0000°0={1Z )d $50000°D=(0Z }d Y11200°0=16] )d 20Z2000°0={G1 bd
LSEQ00* D =411 )4 ZESJ00°0=(91 )d 61110070=451 )d SREI0O°0=1%1 )d LZ5600°0=(E1 bd 00Z900°0=1L1 34
Y0Z110°0=i11 )d 2€00Z0"0=10T }d L50SED D=6 id PL%vy20°0=08 )d 750€01°0=11 )d E1Z2v¥170={9 }d

TEOELN"0=4S )d LEOEL1I"0=1% )d OSH0CT°0={C )d BBOEA0°0=(2 )4 S¥ZEED°0=(1 )d IS5900°0=(0 )4
0006" 6 = 3ivd TVAIHdY NV3INW o%h 3318

6 = ALNO ND SHVD 10dlvd €2 ynow v

¥H 28560070 = ININD J41 NI Jdl1 ONLLLIVH JOVHIAY

@ELVODTY= ALlTlOvEurd TVIL

}d 000000°0=10E }d

000000°9=(6Z )4 10000070=1UZ )d 100000 0=LIZ }d Z00ODOD D=49Z )d YDOO00°D=1¢ }d 200000°0=(%Z 3d
€10000°0=1F2 )d €20000°0~1ZZ )d 1»0000°0=(V2Z }d ZI0DODO'0=10Z )}d EZID0O 0=IL] }d E22000°0=(87 }d

ZEE000°0=LLN ) 069000°0={91 )d 912100°0=4S1 )d %¥1Z00"0=(¥) )4 ZRIEDO"O=1C) }d €8I900°0=121 )d
128T10°0=111 }d §96020"0=101 )d YEZIED"O=(b )d 292990°0=48 1d 1Z6¥01°0=(! Id BEYSHI"0=|9 )4
LYBZLR®0=(5 )d SOZULT"D=1% )d CY9SCI"0«{E Id UYP0B0*0=[Z 1d b361E0°D=({1 )d ZEEDOO*D={0 Id
000001 = IAVH IVALuuv N3N 026 4218

¥l EFZ0T0°0 = INAND 3IHL NI JWI L ONILIVA 30vH3AY

BLLOO0™ V= ALl Tluvaddd iDL

) d 00000C"0=(0E o

000000°0=16Z )d 10000U°C=(3Z Ja 100000°0={LZ }d ZODODOO*0=(9Z )d %00000"0=1s< )& 800000°0=(%Z }d
$10000°0=1E2 )d S20000°0=422 }d4 3%0000°0=(12 }d (I0000°0-{02 )d 2€7000°0=161 )d 0%2000°0={a1 }d
ZZ¥000°0=1L1 )d ZHID00"0=191 b4 €ICV00°0=(51 hd UG2Z200°0=%1 )d BIOYOD"0=(E} }d DF0L20U-0=(Z1 bd

YISZI0O“I=(F1 )d BLENZO"O=(D0 34 OOSREQ"D=b )4 9%6290°0=(B )d 299901°0=0) Id 26599 1°0={9 }d
CESZLI*0=1S )d 01%691°0=(% )d L6OCET"0=4E 1d OOYBLO*D=1Z )d WBIDEO*O={1 Jd SL0900°0=i0 )d
oot nl = 31vd YrALudY NVIN 005 d3ls

6 = ALNO N Sdv¥] 1Jd1vd 22 d¥hoH 1y



HH 66ZNID0"0 = IMEND IHL NI 3400 INLLIVA 3OVAIAY

SELO0D"1= ALINIOVEDHd TVI01L

1d 000000 0={0E )}d

00000 0=16Z Id CDOU0D*0={82 )4 020000°0=(LZ }d DODODO O={9Z }dJ DOVDDO"D=152 ld 1DDODO"D=(%Z )d
Tore00"D=(£2 }d Z00000°0=122 )d ¥00000°0=(12 }J IDOODO*D=¢DC bd E10000°0=(61 }d ¥20000°0=(01 }d
1%0000°0=041 ¥4 26000070=1%1 }d 201000°0={%] )d ¥7€000°0=4%1 1o 2%1I00"0=1€l bd SZS5100°0=4Z1 id

LRIEQO°0=41T )d Z9190070={21 )ha 196%10°D={6 }d4 ZI9BIEO D=1 1d 59LZ9070=12 )d 1%1101°D=(2 )d
LIDBSE*O=1S )d ZZEBOT*O=0b )d SIEULT"0=1E Dd S*El¥I°0=01Z )d €19690°0=11 1d 9%7L10°0={0 Id
LT LA = 3ivd TVAJudY Nvay 08014315

dH ¥60200°0 =~ ANIND IHL NI 3401 INIAIVH JOVHIAY

LELODB"T= ALIDJOVEUWS VI

Vi 000000°0=10€ }d

GOO000"0=6Z )d 0000D0°0=£32 bd O0UODO°D={42 )d OODDGO"0={9Z )d 10DO00"0={%Z bd K00D0O~0O=1%Z 1d
ZD0000"D=(1EZ )d Y0000D°0=12E& }d L06000°D=(1Z Id ¥10200°0={0Z }d SZPOOE"0=161 )d By000D*0={81 }d

060000°3=411 }d BLI0DOG6={3] )d SZE000°0={S1 )d L29000*0=i%]1 )d DZCV00"0={EL] bd BAEZOO"D=(Z1 )4
€91v00*0=1381 }d €L6600°0=13F )d 91v610"D=16 Bd ECTO¥0'O=d0 3d tZ6EL0°0=1L2 )d ¥I¥671°0={9 I}d
EZIS9UTD=(S 0d ZOLUON°O=1% 0d BE%ELV0=1E bd ZIZE2ZU"0=4Z 1d 18S0°0=41 )d BIZE10°0=(D )o
oosita = J1vH TVATHYUY NVIW 093143158

6 = AING ND SHVD T0diva & uNOH LY

BH PSEE0070 = ININD IML NI 3410 ONILIVA 33vdIAv

LEL0DO" 1= ALlVlavgoyd VLD

bd 00000C*0=(0E )d

000000 0=162 }d DDOGOG"0=VdZ Id 000C0G CO={L{Z 34 1O0DOD*G={9Z2 }¢ 1DUDDD*0=§52 )d Z00000"0=1%2 )d

yO0000°¢=(€Z §id L0Q000°0={ZZ )d EVOOOO"0=(12 bd ¥20200°0=140¢ bd E¥0006°0=161 }d OGHUODO"D=181 }d

1%1000°0={4} 1d €22000°0={91 }d 505000°D={S1 )d 55600070={%1 }d DOBIDII"O={¢} bd HEHE00°0-(2T7 )d

OES900°0=411 )d 995Z10°0=10F 14 69%v%20°D=(6 Jd DZOHYG D={R JJ 1ZV¥YBD°0={1 1d 102621°0=19 }d
29Z0L1"D=46 )d BIOLBI®O=(Y 1d SbHYPI°0=1C Bd G6¥BOI"0=(Z Ja S1L4%0°0=11 )d e&2010°0={(0 Id
000ty = JIv¥ TVATHYY NViIW 0014315

HH E¥BH00°0 = ININD FHL N1 JH1L ONTRIVH 3oviday

1€4000° V= ALl VIGVOODUd T¥EDL

bd 0O0SD0"0=(0DE }d

000000°0={62 14 DOOOUD*0={d¥ }d IOOCOO"0=142 }d 100G00°0=(9Z kd 200000°0=15Z ld KOOOOO*O={¥2 )d

900000°0=4€Z ¥d 110000°0={22 )4 6100000112 }d ¥E0DO00“0=10Z ) £30000°0={61 Id YHIOOC 0=431 }d

B0Z0ON"0={11 34 IHEDOO"D=(91 bd 66900070=1%1 dd LE2V0O°CG=(%) bd 114 200°0=(61 }d HD¥*00"0=1EF )d

B0Z800°0=111 bd ¥SESTO°O0=1D} )d SLERZO"D=16 )d EE9YS070=I6 }d ¥21Z6070=0L }d BEOFEI"0=19 )d
GISZEN D=5 bd woOZET"0=d%Y jd YLBEST D=UE Id EE€515070=12 do FIZIP0°0=41 Bd GOYBOO"0=10 14
[1]s19 B = 1V TVASHBY NVIW GZ0tdS

b = ALNG NI SHVI TUWIVd 1 4non v

UH BESEL00T0 = ININD I4L NE IWEY DNTLIVA F9VHIAY

BLLODD 0= AREMEIBVEHUYS WIDL

Id DOODDOTD=IDE Id

0N000D*0=t62 td 000000°0=1GZ )d 100000°0={21Z )4 T100000°0={9Z bd 200000°0={5Z bd HOOGODO"O={HZ 1d

100000*3=4€2 ¥4 E10000°0=(2Z bd ¥20000°0={12 ¥d €H0000°0={0Z }d 842000°0=¢86% )d O-100C Q=C0] b4

4Z000°0=111 id4 0F%000°0=191 )d REGOOO"0=151 )d %ZS100°0={%] hd $B1<00*0={E1 )d V101S00*0=121 }d

BPEGOO"O=411 Id BYZLV0"C=I0Y 3d ZYATE0"0=(6 bd EC6BS0-0=18 Id YLDL80°0={1 1)d 66LLLI°D=(? )d
CLTEL1*D=(S )d 96¥BL1"0=1% }d 6Y1L%1°0=0E ¥ 8I016070=4Z Ju SESLE0-0=|§ )d O¥lLI0D*0={0 )4
0009*s = 3Avd WA LodY NViW D00Id3LS




000000*0=(62 )d 0UOUD0*0=(AZ K4 DVDLOOD*0=(LZ
000000"0=(€2 }d4 0000207D=12Z }d D0GODUO°C=(12

109000*3={i1 }d ST0000°0=191
¥09000°9={11 }d SO¥I00°0=(21
S9EF210°0=1S Nd ¥HSERDCO={H

000N00*0=162 )d 000000 D={BE
000000°D=TEZ }d DOOODD"D={Z?
110000°0=311 I 220000°0=131
*Z6000°0=(11 )d 616100°0=(31
608862"0=1S Id 619591"0=1%

Id Zeooco*D=141
Id 622€00°0=16
dd 122E1Z2°0=qC

id 000000"0=(i2
) 100000°0=112
Jd L¥0000*I= (61
1d 68Z%0D"0D={6
#d Z2IvizZzto=lE

id
1a
id
L]

4H BI9ED0°0 = 3NIN0D IHL NI JWl i INILIVA 3DVHIAY
1Z2000°T= ALMVIdvE@0Hd WLIL

1d 000000°0=10€ )d

000000 0=19Z 14 00D000°0=(LZ }d 000V0L*0=(%T )d
1000007D={uZ )4 200000°0=(61 )d £LOOOC O=(9] )4
890000°0=1%1 Id IY1000"0=4El }d 9IE000"0=(2T )d
L20000°0=18 Jd I9ECT10"0=il |)d ZEHLEEQ"O=19 )4

Vd EFESYET0=42 )d 162580°0=I) }a Z22869070=i0 )d

id
1d
12}
Id

000L"% = 3avd IvAINYY HV3W [:AREE TR

9 = ALNG ND Suvd Wdivd S anmi v

HH LOZ100°0 = JNIND IH1 NI IHIL ONLLDVA JDOVHIAY
TELOD0"T= All119VE0dd TviIL

}d 000000 O={0E }d

000000"D=19¢ )d 00000070=(%Z 4 000000°0=§%2 }d
100000°0=40Z )d ZD0D00"0={61 )d S00000°6=td] 1d
B60000°0=14%T }d 02000 U=1€1 }d SEXGODO={2] )d
9SY500"0=(d )d OZETZO"0=1L o SZE6%070={9 1d

Jd 692%22 0=(2 }J DLIOSE"0={1 }d $89050°0=iD )d

000E" S = Jive WAlddy N¥3W 09114315

UH L8%E00°0 = ININD IHL NI Wl 1 ONTAIWVA 3DVYHIAY
TELD20° 1= ALlNlOveodd Wiul
1d 000000"D=10E )d

000000°0=16Z )d 000000°0=10Z }d4 000C00°0=4T }d DOODOO*O=(9Z )d DODOVO°0=(SZ }d 00000V D=I%E )d

000000°0=1€Z )d 100000°0=12Z }d 100000°0=(12 )4 200000°0

102 }d ¥DUDOD*U=Ibl }a 60C0000=t01 bd

610000°)=111 )d 6E0000°0=(91 )d 280000°0=(S) }d ZLIVCGD*O-{%y]} }d €IL000'0=1C) }d ¥9200070=121 )4

10%10070=111 )4 G9EE0D0"0=101
LEGRIT"0=01C Jd 0S9081°0=0Y%

000000°0=i{6Z )4 DOODDO"D=132
00DO0D"0=(EZ )4 100000°0=12Z2
£Z0000"0=111 )d 1%000D"0=(91
€90100°0={11 bd LIGEDOD-O=1D]
YSISE1°0=1S )d SZILBT"O=1%

0000007°0=(6Z )d 000000°0=182 )d 0J000D"0=(2Z 1d 00000

14 SzoLoo~0=(6
1d bBEBIZO=HE

Id 000COO"0=112
¥d 100000 D=112
¥d L600D0*De dST
V4 ZASBOO" D=6
¥4 2Zzziz*O=1%E

Id

699%1070=19 )d SLIDEQ~U={L }d 197690 D=9 |}d

Id YI2661°0=42 1d €S1021°G=41 1)d BEI9E0°CG=10 )4

Id
id
d
1d

0000°9 = 31vd TVAlYde N¥3IW ovildiLs

4 = ALN] N] SHVD T0dLIVd ¥ HNOH 1V

¥H 020200°0 = ANAND 3IHL NI Jall INLKIVA JOWHIAY
TEL020° 1= AL MIUVOOUd TWiDL

}d 000000°0={0E )d

00000070=1(9Z )d 000000 0=1%< }d OCUODO"D=(%E )d
€00000°0=10Z )}d 500000702461 )d 140000°D=[81 }d
10Z000°0=4%1 1d O0Z¥D00°C={EV kd 1688000°0:{Z1 }d
SSIBID™D=10 4 5551%070=1{1 )d CEO1BU"D=IY )4

1d BLOBLED=1Z )< 92965070=11 )d OLGLZO"U=(0 )4

oooL"Y = 11v¥ TVAlY¥Yy NYIN 0Z1Td3s

YH 086200%0 = ININD I NI F4LL INTETVM JOVHIAY
S€0000° 1= ALLTIOVOON4 WEDL

Jd DOOOOUT0=(0E }d

=192 14 DODOOO*0=(SZ b}d OOLCO0"D=(%Z )d

100000°0={€2 }d 100000°0={Z )J Z00000°0=¢1Z )d 500CI0°0=10Z Je 630202°0=(61 }d BI0GO0"0={E1 ) d
€0000°0=11 1d €20000°0=19] )d LYIODO"O={SE )d LDEDDOO=¢¥N )d YEFOOO O=(C] )d ZVENOO"O={21 )d

STIZOCT0={11 }d [19SD0°0=i01
SYZIHI°0=IS )d IBEEBTIO=IV

¥d T19150°D~=(6
)d DENEDZ"D=IE

Id

6ZZ¥Z0"0=18 34 »OMOED=0=41 )}d F0¥(60"D=L9? )4

)d ¥RGEST0=(Z }d ULLENO*0=IT }d SYDZZ00=10 )4

oSt = JIVY TVAIHYY NVIK 001 1d3LS

8 = AIDG N] SdVD Wdivd €t uhow 1w



TRANSIENT SOLUTIONS CF M/M/s

NONSTEADY STATE QUEUEING SYSTEM

REI KUNG SUN

B.S. (Industrial Engineering)
Chung Yuan Christian College of Science & Engineering

Chung-Li, Taiwan, Rep. of China, 1973

AN ABSTRACT OF A MASTER'S THESIS

submitted in partial fulfitlment of the

requirements for the degree

MASTER CF SCIENCE

Department of Industrial Engineering
ILANSAS STATE UNIVERSITY

Manhattan, Kansas

19€1



ABSTRACT

Queues are very common phenomena, widely encountered in every day life.
Most queueing models, which assume that the mean arrival rate and the service
rate are constant through time and that the system is in a steady state, have
been well studied in the past. Unfortunately this constancy of rate is often
not the case in real queueing problems. For instance, customer arrival rates
change with the time of day in the supermarket; and car arrival rates at toll
booths peak at 8 A.M. and 5 P.M,

It is very common to use the simulation approach to interpret queueing
problems in the transient state although there are many pitfalls one may
encounter in using it, and its analyvsis is relatively expensive and cumbersome.
With the aid of modern digital computers, 2 number of numerical approaches
and approximate methods for determining the transient soluticn of nonsteady
state queueing problems have been invented.

One of the main objectives of this study is to do a limited survev of the
literature of these numerical or approximate approaches.

Because of its simplicity and ease of use, the so-called standard numerical
method is applied to police patrol car scheduling problems. Because the number
of patrol cars on duty is a discontinuous function of time, the fourth-order
Runge Kutta numerical method was selected. The Kolesar et al methodology was
applied to solve this patrol scheduiing problem.

The results show that the police administrater can select a reasonable
schedule by aprlying a M/M/s nonsteady state queueing model to evaluate patrol
scheduling alternatives. The current (experienced) schedule was evaluated,
based both on a specifisd probability of an urgent ca2ll being placed in queue
as criterion, and on a specified expected waiting time of a cszil in the queue
as criterion. From both points of view, the experienced schedule is extremely

inadequate.





