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Abstract

This dissertation develops and extends the theory of discrete modulus for families of
combinatorial objects in graphs, matroids, and hypergraphs. Discrete modulus is an opti-
mization framework for studying a finite family of objects through their usage vectors on a
common finite ground set. It assigns densities to the elements of the ground set and mini-
mizes a convex energy subject to the requirement that every object in the family has total
density at least one. A central theme of this dissertation is that the resulting optimizer
often encodes much more than the solution to an optimization problem: it also determines

structural invariants of the underlying combinatorial model.

The first part of the dissertation studies modulus for the family of bases of a matroid.
We prove that the optimal density of the base modulus problem, called the universal density,
determines the strength, fractional arboricity, and principal partition of the matroid. We also
recover Edmonds’s base packing and covering theorems from this perspective, characterize
the Fulkerson blocker of the base family, obtain a minimal inequality description of the base

dominant, and establish a duality between the base modulus of a matroid and that of its

dual.

The second part extends the theory to weighted matroids. In this setting, we introduce
matroid reinforcement and matroid sparsification problems, which ask for minimum-cost
ways to increase or decrease element weights so that the resulting weighted matroid becomes
homogeneous. Here, homogeneous matroids are those that are balanced, in the sense that
strength and fractional arboricity coincide. We express the relevant weighted invariants
through the geometry of the base dominant and anti-dominant, reduce the optimization
problems to polymatroid greedy instances, and obtain explicit algorithms in the graphic

case.



The third part studies matroid truncation and dual truncation. We derive explicit for-
mulas expressing the universal density of each truncation in terms of the universal density
of the original matroid. These formulas describe how strength, fractional arboricity, and the
principal partition evolve across the truncation family. We also characterize the universal
density of a weighted matroid as the unique minimizer of a Kullback—Leibler divergence over

the convex hull of the base family.

The final part carries the modulus framework to hypergraphs. Hypergraphic matroids
generalize spanning trees to hypertrees, but a connected hypergraph need not contain a hy-
pertree. To address this, we introduce the multi-tree family, whose members are multisets of
hyperedges that span the vertex set as a hypertree. We show that the modulus of this family
reveals the strength, fractional arboricity, and hierarchical decomposition of any connected
hypergraph. We also prove a Fulkerson duality between the multi-tree family and a system

of partition inequalities.

Across these settings, the same phenomenon recurs: the optimal density arising from
discrete modulus is not merely an optimizer of a convex program. It is a structural object
that organizes packing, covering, density, duality, and decomposition phenomena in graphs,

matroids, and hypergraphs.
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of the original matroid. These formulas describe how strength, fractional arboricity, and the
principal partition evolve across the truncation family. We also characterize the universal
density of a weighted matroid as the unique minimizer of a Kullback—Leibler divergence over

the convex hull of the base family.

The final part carries the modulus framework to hypergraphs. Hypergraphic matroids
generalize spanning trees to hypertrees, but a connected hypergraph need not contain a hy-
pertree. To address this, we introduce the multi-tree family, whose members are multisets of
hyperedges that span the vertex set as a hypertree. We show that the modulus of this family
reveals the strength, fractional arboricity, and hierarchical decomposition of any connected
hypergraph. We also prove a Fulkerson duality between the multi-tree family and a system
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Chapter 1

Introduction

1.1 Overview and Motivation

Large-scale networks often fail not because every component is fragile, but because a small
number of components are especially important. One example is the 2003 blackout in the
United States and Canada, during which a sequence of transmission-line failures in Ohio
contributed to a cascading outage affecting approximately fifty million people. This event
illustrates a natural question in network analysis: how can we identify the connections whose
failure most severely damages the structure or function of a network? Motivated by this
and related questions, this dissertation studies structural features, important elements, and
hierarchical layers in graphs, matroids, and hypergraphs through the framework of discrete

modulus.

Discrete modulus for families of combinatorial objects has received significant attention in
recent years [1-5], in part because it unifies several classical quantities within one framework.
Modulus provides an optimization-based framework for measuring the richness of a family of
objects defined on a finite ground set: each object is represented by a usage vector, and one
seeks an optimal density minimizing a convex energy subject to constraints imposed by the

family. The modulus of the family of all s-t paths recovers the minimum cut, the shortest path



length, and the effective resistance [2, 4 —three quantities that ordinarily require separate
theories. For spanning trees, the modulus of the spanning tree family reveals the same
strength and fractional arboricity that appear in the classical packing and covering theorems

of Nash-Williams and Tutte [6-8], and drives a hierarchical decomposition of the graph [5, 9].

The purpose of this dissertation is to continue that development across four topics: bases
of matroids, weighted matroids with reinforcement and sparsification, matroid truncations,
and hypertrees in hypergraphs. In each setting, optimal densities encode structural infor-
mation, and understanding this encoding leads to new algorithms, new duality results, and

new decomposition theorems.

Figure 1.1: An example of a graph whose three colors represent three structural layers
revealed by spanning tree modulus

1.2 Historical Background and the Modulus Frame-

work

Spanning trees, packing, and covering

The story begins with spanning trees. A spanning tree of a connected graph is an acyclic

subgraph reaching every vertex, and the family of all spanning trees encodes a great deal
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Figure 1.2: Spanning tree modulus on a random geometric graph. Edge colors indicate
optimal densities.

about the graph’s structure. Two quantities represent some of this information. The strength
is the minimum, over all edge subsets whose removal increases the number of components, of
the ratio of removed edges to new components created: a high-strength network is hard to
disconnect easily. The fractional arboricity is the maximum, over all non-empty subgraphs,
of their density which is the ratio of edges to rank. In other words, it measures how dense
is the densest part of the graph. Both quantities are closely related to the theorems of
Nash-Williams and Tutte [6-8].

Nash-Williams [6] and Tutte [7] independently proved that a graph contains k edge-
disjoint spanning trees if and only if every partition of the vertex set is crossed by at least
k times one less than its number of parts. This theorem determines the packing number of
the spanning tree family, namely the largest number of spanning trees that can be chosen
without sharing edges. Nash-Williams also proved, in [8], the complementary covering result:

the edge set decomposes into k forests if and only if the number of edges of every nonempty



subgraph is at most k times the rank of that subgraph. This theorem determines the covering
number, namely the smallest number of forests needed to cover all edges. Together these
theorems show that the packing and covering numbers of the spanning tree family are both

determined by the ratios defining strength and fractional arboricity.

The practical importance of these invariants became clear in network design. Gusfield [10]
proposed strength as a measure of network invulnerability. Cunningham [11, 12] gave efficient
algorithms for computing strength and for the strength reinforcement problem: find the
minimum-cost way to increase edge capacities to achieve a target strength. This problem is
a direct precursor of the matroid reinforcement problem of Chapter 4, and the polymatroid

greedy algorithm Cunningham used reappears as a key tool there.

From graphs to matroids: Edmonds’s theorems

Since spanning trees are the bases of the graphic matroid, these results belong to a larger
context. Matroids, introduced by Whitney and Nakasawa, provide a common framework
for the notion of independence in linear algebra and graph theory. A matroid consists of a
finite ground set together with a collection of independent sets satisfying three axioms. Its
maximal independent sets are called bases, and all bases have the same cardinality, called
the rank of the matroid. The language of matroids allows results from different settings
to be viewed as instances of a single underlying theory. Edmonds [13] proved the matroid
analogues of both Nash-Williams-Tutte theorems: base packing and base covering in any
matroid are governed by strength and fractional arboricity defined purely through the rank

function.

Principal partitions and homogeneous matroids

The theory of principal partitions in graphs, matroids, and submodular systems, developed
from the late 1960s and surveyed by Fujishige [14], can be considered as a decomposition of

a discrete system into its components together with a partially ordered structure of the set



of components. Each level reveals a layer of the matroid’s structure, and the full sequence

encodes everything between the global strength and the global fractional arboricity.

A matroid is homogeneous (or uniformly dense) when strength and fractional arboricity
coincide, meaning the principal partition is trivial. Equivalently, one can choose finitely
many bases, with repetition allowed, so that each element of the ground set appears equally
often among the chosen bases. This class appeared independently in several places. Catlin et
al. in [15] gave several characterizations in the context of strength and arboricity. Narayanan
and Vartak [16] studied the same class as “uniformly dense matroids.” Independently, ho-
mogeneous matroids appeared in a conjecture on cyclic base orderings in [17], proved for
the coprime case by Van den Heuvel and Thomassé in [18]. In the graph case, Albin et
al. [19] introduced the notion of strictly homogeneous graphs, which is stronger than homo-
geneity. One characterization states that a biconnected graph is strictly homogeneous if it

is homogeneous and contains no proper subgraph with the same or greater density.

In the modulus framework, homogeneous matroids correspond exactly to those for which
the optimal density is a constant vector, and the reinforcement and sparsification problems of
Chapter 4 ask precisely how to transform an arbitrary weighted matroid into a homogeneous

one at minimum cost.

Discrete modulus: from conformal analysis to combinatorics

The question of how strength, fractional arboricity, and the principal partition are encoded in
the spanning tree family is answered particularly well by discrete modulus. These invariants
are not only described by combinatorial theorems; they also appear through optimal densities

arising from a convex optimization problem over the convex hull of the spanning tree family.

Introduced by Albin and collaborators [2] and inspired by conformal modulus in complex
analysis, discrete modulus assigns to any family an optimal density: the minimizer of a
convex energy functional over the convex hull of the family’s usage vectors. The framework

applies to any finite family of objects, once each object is represented by its usage vector on



a common finite ground set.

Its versatility is illustrated by s-t path families: varying the energy parameter recovers
the minimum cut, the shortest path, and the effective resistance from the same optimization
problem, see [2, 4]. These three quantities had required entirely separate theories; modulus

unifies them.

For spanning trees, Albin et al. [5] showed that the optimal density of the 2-modulus
problem is tied to strength and fractional arboricity, and that it drives a deflation process:
contract the densest subgraph, and then repeat. The resulting nested sequence coincides
with the classical principal partition of the graphic matroid. This revealed an important
feature of the theory: a single optimization problem, formulated purely in terms of the

spanning tree family, recovers the entire hierarchical structure.

Fulkerson duality and modulus

One of the central themes of this dissertation is Fulkerson’s theory of blocking and anti-
blocking polyhedra, developed in [20, 21]. This theory gives a polyhedral duality between a
combinatorial family and the inequalities defining its dominant. The blocker serves as the
dual family: it records the essential constraints needed to describe the dominant, and hence

captures the polyhedral structure of the original family.

Classical examples already show the importance of this viewpoint. In network theory,
paths and cuts form a natural dual pair. For spanning trees, the corresponding dual objects
are partitions of the vertex set, and the duality between spanning trees and partitions is
closely related to the Nash-Williams-Tutte theorem. Thus, Fulkerson duality gives a poly-

hedral language for expressing familiar min-max relationships in combinatorics.

This duality also plays an important role in discrete modulus. The modulus problem
studies optimal densities associated with a family of usage vectors, while the blocker describes
the essential constraints appearing in the dual problem. Thus, understanding the blocker

clarifies the dual feasible region of the modulus problem and how the optimal density reflects



the structure of the underlying family.

In this dissertation, we use this perspective in two main settings. First, we study the
base family of a matroid and characterize its Fulkerson blocker, thereby obtaining a minimal
inequality description of the base dominant. Second, we study hypertrees and multi-trees
in hypergraphs, where the corresponding blocker families are described through suitable
partition families of the vertex set. These results extend the classical dualities between paths
and cuts, and between spanning trees and partitions, to broader matroidal and hypergraph

settings.

Weights and the need for a richer theory

The theory described above treats all elements of the ground set equally. In practice, however,
elements carry different costs, capacities, or resistances. Weighted graphs and matroids arise
naturally throughout combinatorial optimization: in network design, edges have capacities;
in matroid intersection, elements have costs; in electrical networks, edges have resistances.
The strength and fractional arboricity of a weighted matroid are defined by the same density
ratios as in the unweighted case, but with cardinalities replaced by total weights, and they

govern the same packing and covering problems.

The modulus framework also accommodates weights in the energy functional. This allows
the optimization problem to reflect nonuniform features of the ground set and makes the
framework applicable to more practical situations. Extending the modulus framework to the

weighted setting is therefore a natural step.

In this dissertation, the preceding results motivate a weighted version of the theory. Mod-
ifying weights is a natural and practical way to improve a combinatorial structure without
changing the underlying ground set. Given a weighted matroid that is not homogeneous, one
may ask how to modify the weights, at minimum cost, so that the resulting weighted matroid
becomes homogeneous. Reinforcement addresses this question by increasing weights, while

sparsification addresses the complementary question by decreasing weights. Together, these



problems show that weighted modulus can be used not only to measure structure, but also

to study cost-sensitive modifications of combinatorial structure.

Matroid truncation and higher-order connectivity

The base modulus theory described above treats a matroid through its full family of bases. A
natural further question is how the theory behaves when the matroid is modified by one of the
most basic operations in matroid theory: truncation. The t-truncation of a matroid replaces
the base family by the collection of all independent sets of size exactly ¢, for a fixed integer ¢
between one and the rank. In the graphic setting, the bases of the ¢t-truncation of a graphic
matroid are precisely the spanning forests of the graph with exactly ¢ edges, objects that arise
naturally in the study of network reliability and connectivity. More broadly, the notion of
c-order edge toughness of a graph, introduced as a generalization of strength that measures
resistance to disconnection into more than two components, can be expressed directly in
terms of truncated matroids. The packing theorem for this generalized toughness, proved
in [22, 23], is the truncation analogue of the Nash-Williams—Tutte theorem. This makes it

natural to study base modulus under matroid truncation.

Hypergraphs and the limits of the graphic framework

Another natural direction is to ask how far the modulus framework can be pushed beyond
graphs and matroids. Hypergraphs, in which each edge may contain more than two vertices,
provide a natural setting for this question. They arise when one needs to model higher-
order relations among several vertices at once, rather than only pairwise connections. For
example, a hyperedge may represent a communication link shared by a group of terminals,
a constraint involving several variables, or a cluster of vertices acting as a single unit in a

network.

The theory of hypergraphic matroids, initiated by Lorea [24] and developed extensively by

Frank, Kirdly, and Kriesell [25], provides the natural matroidal framework for hypergraphs.



In this setting, spanning trees generalize to hypertrees. Frank et al. proved the hypergraph
analogue of the Nash-Williams—Tutte theorem, characterizing hypergraphs that contain &
hyperedge-disjoint hypertrees via a partition-connectivity condition: a hypergraph has k
disjoint hypertrees if and only if every partition of the vertex set is crossed by at least k
times one less than the number of parts. This condition is strictly stronger than ordinary
connectivity, which creates an immediate obstacle for the modulus framework: a connected
hypergraph may contain no hypertree at all, leaving the natural family of objects to study

completely empty.

The strength and fractional arboricity of a hypergraph can still be defined through density
ratios analogous to those for graphs, and Fulkerson duality for partition inequalities remains
meaningful. This motivates the hypergraph modulus theory developed in this dissertation.
The main difficulty is that, unlike connected graphs, connected hypergraphs need not contain
hypertrees. Thus, when the hypertree family is empty, one needs a replacement family on

which modulus can still be defined. This motivates the introduction of the multi-tree family.

This motivates the main work of the dissertation, whose contributions are presented in

the next section.

1.3 Main Contributions

The dissertation develops the modulus framework across four main chapters: base modulus
for matroids, weighted matroids with reinforcement and sparsification, matroid truncations,

and hypergraphs.

Base modulus for matroids

The first main topic studies base modulus for matroids, extending results from the graph
setting and establishing foundational properties of the base modulus. In particular, some

of these results recover various properties of matroids related to their strength, fractional



arboricity, and principal partition. In the probabilistic interpretation of base modulus, one
minimizes the p-energy over the convex hull of the usage vectors of the bases. One of
the results is that this optimal density is the same for all p € (1,00). Throughout this
dissertation, we call this optimizer the universal density of the base modulus. We also provide
an alternative derivation of Edmonds’s base packing and covering theorems. We characterize
the Fulkerson blocker of the base family of a matroid and give a minimal description of the
base dominant. We also establish the duality between the base modulus of a matroid and

that of its dual.

Weighted matroids, reinforcement, and sparsification

The second topic extends base modulus to weighted matroids and introduces two optimiza-
tion problems. The matroid reinforcement problem asks for the minimum-cost weight in-
crease making a weighted matroid homogeneous; the matroid sparsification problem asks the
same for weight decreases. Both are motivated by Cunningham’s strength reinforcement
problem in [11] but are more general, requiring new geometric tools: the weighted strength
and fractional arboricity are expressed as the largest and smallest dilation factors for which
the weight vector lies in appropriate scalings of the base dominant and anti-dominant. Us-
ing this reformulation, both problems can be solved using the polymatroid greedy algorithm,

with explicit implementations for graphic matroids via minimum-cut computations.

Matroid truncation and universal density

The third topic studies how universal densities transform under matroid truncation and dual
truncation. We derive explicit formulas expressing the universal density of every truncation
in terms of the original density, and we extend these formulas to dual truncations. In the
same chapter, we also provide a new characterization of the universal density of weighted

matroids using Kullback-Leibler divergence.

10



Hypertree and multi-tree modulus in hypergraphs

The fourth topic extends the modulus framework to hypergraphs. For partition-connected
hypergraphs, the optimal density of the hypertree family encodes strength and fractional
arboricity and drives a hierarchical decomposition analogous to the graph case; homogeneity

is again equivalent to the equality of these two invariants.

For connected hypergraphs that are not necessarily partition-connected, the hypertree
family may be empty, so hypertree modulus cannot be applied directly. The introduction of
the multi-tree family resolves this difficulty. Its members are multisets of hyperedges that
span the vertex set as a hypertree, and its modulus recovers the corresponding strength, frac-
tional arboricity, and hierarchical decomposition. We establish Fulkerson duality between the
multi-tree family and the partition inequality system: the blocker consists of normalized par-
tition indicators over feasible partitions whose contracted hypergraph is vertex-biconnected,

giving a minimal description of the system of partition inequalities.

1.4 Organization of the Dissertation

Chapter 1 is the introduction. Chapter 2 provides background and preliminaries. Chapter 3
studies base modulus for matroids. Chapter 4 studies weighted matroids, reinforcement,
and sparsification. Chapter 5 studies matroid truncation and dual truncation. Chapter 6
studies hypertree and multi-tree modulus for hypergraphs. Chapter 7 concludes the disserta-
tion. Together, these chapters demonstrate that discrete modulus is a unified framework for
combinatorial families across graphs, matroids, and hypergraphs, and that optimal densities

encode structural properties of the underlying combinatorial object.
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Chapter 2

Preliminaries

2.1 Matroids

Let us begin by revisiting several definitions related to matroids. For a set X we write | X|

for its cardinality, and if Y is another set, then X —Y is the relative complement of Y in X.

Definition 2.1.1. Let E be a finite set, the set system M (FE,Z) is a matroid if the following

axioms are satisfied:

(I1) D e 1.
(I12) f X € Z and Y C X then Y € Z (Hereditary property).

(I3) If X,Y € Z and |X| > |Y|, then there exists z € X — Y such that Y U {z} € Z

(Ezchange property).
Every set in Z is called an independent set.

Let M(E,Z) be a matroid on the ground set £ with the set of independent sets Z. The

maximal independent sets are called bases, the minimal dependent sets are called circuits.
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The rank function, r : 2¥ — Z., defined on all subsets X C E is given by:

r(X):=max{|Y]|: Y C X, Y € T}.

The closure operator cl : 28 — 2F is a set function, defined as:

cd(X)={ye E:r(XU{y}) =r(X)}. (2.1.1)

In matroid theory, these concepts play an important role. The following proposition gives

some basic properties of matroids that we will use throughout the paper.

Proposition 2.1.2 ([26]). Given a matroid M(E,T). Let B be the set of bases of M and
let C be the set of circuits of M. Let r be the rank function. Then, for all subsets X, Y C FE,

we have:

1. If By, By € B and x € B1— By, then there exists y € Bo— By such that (By—{x})U{y} €
B.

2. If B € B and x € E— B, then there exists a unique circuit C(x, B) contained in

BU{x} and containing x.

3. If B € B, then for any x € E — B, the set (B — {y}) U{x} is a base of M if and only
ify e C(x,B).

4 0<r(X) <|X]

5. IfY C X then r(Y) < r(X).

6. r(X) +r(Y) > r(XNY) +r(XUY).
7. X el & |X|=rX)

8. X €B & |X|=r(X)=r(E)

9. cl(X) 2 X.
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10. (X)) =XU{ye E:yeC C(XUy) for some C €C} [27].

Next, we recall dual matroids. Given a matroid M(E,Z), the set

B*:={X C E: there exists a base B € B such that X = £ — B}

is the family of bases of the dual matroid M* on E. The corank function r* of M is defined

as the rank function of M*, and for any subset X C F, we have:

(X)) = |X| — (M) +r(E - X). (2.1.2)

Let us also recall the operations of deletion, restriction, and contraction in matroids. For a

matroid M (FE,Z) and a subset X C E, the set

C(M\X)={CCE-X:CecC(M)}

defines the family of circuits for a matroid on £ — X. The matroid M \ X is called the
deletion of X from M. The restriction to X in M is denoted by M|X, and is the matroid
on X defined as M|X := M \ (F — X). The deletion operation behaves as in the following

proposition.

Proposition 2.1.3 ([26]). Given a matroid M(E,Z) and a subset X C E, then:
1 I(M\X)={Y CE—X:Y eZ(M)}.
2. B(M\ X) = mazximal sets in {B — X : B € B(M)}.
3. ranx(Y) =ru(Y) for all subsets Y C E — X.

Note that rj; denotes the rank function of a matroid M. When we discuss a matroid M

and its deletion and contraction, r is understood as the rank function of M.

For a matroid M(FE,Z) and a subset X C FE, the contraction of X in M is the matroid
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M/X on E — X, which is defined as:

M/X = (M*\ X)*.

We have the following properties for the contraction operator:

Proposition 2.1.4 ([26]). Given a matroid M(FE,Z) and a subset X C E, then:
1. C(M/X) = minimal sets in {C —X :C € C(M),C — X # (}.
2. I(M/X)={Y CE—X:3BeBM\ (E— X)) such that Y UB € T(M)}.
3. B(M/X)={YCE—-X:3BeB(M)\ (F— X)) such that Y UB € B(M)}.
4. rayx(Y) =1y (X UY) —ry(X) forallY CE - X.

Next, let us recall the definition of polymatroids. From now on, for any vector x € R¥

and for any subset A C E, we let x(A) := > z(e). Also, y € R¥ is another vector, then
ecA

y < z iff y(e) < z(e) for all e € E. Polymatroids were introduced by Edmonds [28], who

also established many profound insights into the topic. Let E be a finite set. We recall the

definition of polymatroids as follows.

Definition 2.1.5. Let P C R¥. Then P is called a polymatroid if P is a compact non-empty

subset of Rgo satisfying the following properties:
(i) f0<z<yandye€ P, then z € P.

(ii) For any x € Rgo, any maximal vector y € P with y < x (such y is called a P-basis of

x) has the same component sum y(£).

A real-valued function f defined on subsets of E is said to be submodular if for all subsets

A, B of E, we have
f(ANB)+ f(AUB) < f(A)+ f(B). (2.1.3)

Conversely, f is said to be supermodular if —f is submodular. Let f be a real-valued,

normalized, nondecreasing, and submodular function defined on subsets of F, meaning that:
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(i) J(A) < f(B)if AC BCE;

(iii) f(ANB)+ f(AUB) < f(A)+ f(B) for all subsets A, B C E.

For any such function f, we associate to it a polyhedron Pj:

Ppi={zeR":2>0z(4) < f(A),VAC E}. (2.1.4)

It is well-known that P is a polymatroid [28]. Conversely, every polymatroid P is of the

form of P, for some such function f.

Remark 2.1.6. For a matroid M (E,Z) with the rank function r, it is well known that r is a
nonnegative, normalized, nondecreasing, and submodular function defined on subsets of FE.

Hence, the polyhedron P, as defined in (2.1.4) is a polymatroid associated with M.

We also define the base polytope By of f as follows:

By:={zeR” :x € Pp,ax(E)=f(E)}. (2.1.5)

Let P be a polymatroid, an interesting problem in this field is finding a P-basis y of a
given vector r € Rgo. A greedy algorithm for solving this problem starts with y = 0 and
successively increases each component of y as much as possible, subject to the constraints
y <z andy e P, see [29]. Given a vector m € RZ, as discussed in [11] and [29], this greedy

algorithm can be generalized to solve the following optimization problem:

min {m”y : y is a P-basis of 2 } . (2.1.6)

To solve (2.1.6), we start with y = 0 and increase successively each component in the
order ji,Ja,...,Ji where k = |E| and m;, < mj, < --- < m,,. The well-known Kruskal’s

algorithm for finding a minimum spanning tree in a graph [30] is a special case of this greedy
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algorithm. It arises by choosing * = 1 € R where 1 is the vector containing all ones.
Cunningham [11] proved that the generalized algorithm does solve (2.1.6). To implement

this algorithm, we need an oracle that computes

max {€:y + el € P} for any y € P and j € E. (2.1.7)

For a matroid M (E,Z) with the rank function r, let P, be the polymatroid defined in
(2.1.4), and let B, be the base polytope as defined in (2.1.5). Edmonds [29, Theorem 39]
showed that the set of vertices of the polymatroid P, precisely corresponds to the set of
indicator vectors of Z. Edmonds [29, Theorem 43] also demonstrated that the set of vertices
of the base polytope B, is the set of indicator vectors of the base family B. In other words,

the base polytope B, is the convex hull conv(B) of indicator vectors of B.

For simplicity, throughout this dissertation, we only consider loopless matroids with
positive rank. Loopless means that 7(X) = 0 implies X = () and positive rank means that

r(E) > 0.

2.1.1 Strength and fractional arboricity of matroids

Let M be a finite matroid with no loops. The ground set of M is denoted by E(M). Let
a, (M) represent the maximum number of disjoint bases of M and let a.(M) be the minimum
number of bases of M whose union equals E(M). The following theorem by Edmonds [13]

are well known.

Theorem 2.1.7. [13] Let M be a matroid with r(M) > 0. Each of the following statements
holds.

1. a,(M) >k if and only if VX C E(M), |[E(M)—X| > k(r(M) —r(X)).

2. a.(M) <k if and only if VX C E(M), | X| <k -r(X).
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For any subset X C E(M) with r(X) > 0, the density of X is defined as

00 (X) = |X]/r(X).

When the matroid M is understood from the context, we often omit the subscript M. We
also use (M) for O(E(M)). The strength S(M) and the fractional arboricity D(M) of M

are defined as follows:

S(M) = min {T(E) _'ii'E X CE(E-X) < r(E)} | (2.1.8)
and
D(M) = max {#(X) : X C E(M),r(X) > 0}. (2.1.9)

Theorem 2.1.7 indicates that a,(M) = |S(M)], and a.(M) = [D(M)], where |-] is the floor
function and [-] is the ceiling function. The notions of strength and fractional arboricity
are two well-known concepts in matroid theory. Recall that a matroid M is called uniformly

dense if its strength and fractional arboricity agree:

S(M) = D(M). (2.1.10)

It was shown in [15] that, equivalently, one can select finitely many bases so that every

element of F is used the same number of times.

Next, we recall the base packing problem for the base family B of a matroid M = (E,Z):

maximize Y A\(B)
AeRSo  Bes (2.1.11)

subject to >  A(B) <1, Ve € E.
BeB:eeB

The covering problem for the base family B is formulated as follows:
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minimize > k(1)
fieRgO IeT

(2.1.12)

subject to > k(I) >1, Ve € L.

I€Tecel

Note that the covering problem (2.1.12) can be restricted to only the bases in B(M) instead
of all independent sets in Z(M). This is because for each independent set I, one can replace
I with a base that contains it. Consequently, the value of the objective function remains
unchanged and the constraints remain satisfactory. In other words, the covering problem

(2.1.12) is equivalent to the following problem, which we refer to as the base covering problem:

minimize > k(B)
RERE BeB

(2.1.13)

subject to > k(B) >1, Ve € E.

BeB:eeB

Using two of Edmonds’s results from [13], we are able to derive the following theorem.

Theorem 2.1.8. Let S(M),D(M),7(M),v(M) be the strength, the fractional arboricity,
the optimal values of the base packing problem, and the base covering problem of a matroid

M, respectively. Then, we have:

(M) = S(M), (2.1.14)

v(M) = D(M). (2.1.15)

2.1.2 Principal partition of matroids

In this section, we recall some results from the theory of principal partitions as presented
n [14]. Consider a matroid M (E,Z) with the rank function r. We start with the following

min-max relation, which relates a packing problem with an attack problem. For any positive
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integers k and [, we have:

k k
max {Z L ALY, €T Tgeery <1, Vee E} — min {kr(X)+I|E - X|: X C E}.
=1

i=1

For a nonnegative rational number A, let D, denote the set of minimizers of the submodular
function fy(X) = 7(X) + A|E — X| : 2 — R. Then, D, is a distributive lattice (closed
under unions and intersections). A value A is called critical, if D) contains more than one
element. It has been shown that the set of all critical values is finite, hence can be denoted
by

0< A <o <A (2.1.16)

For each i = 1,...,¢, define F, and E;f as the minimum and maximum elements of D,,,

respectively, then Fy C E; Furthermore, we have the following:

= =

0=E;, CEf =E;, CEf, = =E, CEf =E. (2.1.17)

Moreover, each minor (M|EY )/E; on EY — Ej , with critical value A; = k/I, has k bases

i

that uniformly cover every element of E;r — Ej, exactly [ times.

Subsequently, the theory of principal partitions of matroids was extended to polyma-
troids. Let P(E,r) be the polymatroid associated with the matroid M = (£,Z). Edmonds

demonstrated that for any positive real A,
max{x(F):z € P(E,r),z <A1} =min{r(X) + \|F - X|: X C E}, (2.1.18)

where 1 is the column vector of all ones and the inequality holds coordinatewise.

Focusing on the left-hand side of equality (2.1.18), it was shown in [31] that there exists
a unique base b*, called the universal base of P(E,r), such that b* A A1 is a maximizer for

each A\, where (b* A A1)(e) := min{b*(e), A}, for all e € E. Furthermore, all critical values \;
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as in (2.1.16) are the distinct elements of b*, and

Ef ={ec E:b'(e) <N} fori=1,...,q

There are two characterizations for the universal base b*. The first one is that the

universal base b* is an optimal solution of the problem

min {Z z(e)? : z is a base in P(E,T)} . (2.1.19)

ecE

On the other hand, for any vector x in P(F,r), enumerate £ = {ey,...,e,}, and let

T(x) = (z(e,),...,z(e;,))

be a reordering of = such that z(e;,) < --- < x(e;,, ), where ties are broken by picking the lower
index. A base x of P(E,r) is called a lexicographically optimal base if it lexicographically
maximizes T'(z) among all bases in P(E,r). Then, the second characterization is that the

universal base b* is identical to the unique lexicographically optimal base of P(E, ), see [31].

In [15], the authors established that S(M) and D(M) are closely related to the principal
partition of M. Specifically, this theory shows that S(M) = 1/b,,, and D(M) = 1/b:

max min?

where bF  and b . are the maximum and minimum values, respectively, of the universal

max min

base b*.

2.1.3 Modulus

Let E be a finite set with given weights o € RE, assigned to each element e¢ in E. We
say that I' is a family of objects in E, if each object v € I' is associated to a function
N(v,)" + E = Ry, which we think of as a usage vector in RE;. In other words, T' is
associated with a |['| x |E| usage matriz N'. From now on, we will assume that I" is non-

empty and each object v € T' uses at least one element in E with a positive and finite
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amount.

A density p € Rgo is a vector where p(e) represents the cost of using the element e € E.

For each object v € T', we define the total usage cost of v with respect to p

() =Y N(ye)ple) = WNp) (7). (2.1.20)

eck
A density p € RE, is called admissible for T, if for all v € T, £,(7y) > 1. In matrix notations, p
is admissible if N'p > 1. The admissible set Adm(T") of I is defined as the set of all admissible

densities for T,

Adm(l) :={peRE : Np>1}. (2.1.21)

Fix 1 < p < 00, the energy of the density p is defined as follows

Epolp) =Y ale)ple).

eck

When p = oo,

Eoo.0(p) = max{o(e)p(e)} .

ecE

Definition 2.1.9. The p-modulus of T' is

Mod,,(I') := inf &,,(p).

peAdm(T")
Equivalently, the p-modulus of I' is the following optimization problem,

minimize &, ,(p)
peRzo

(2.1.22)

subject to Y~ N(v,e)p(e) > 1, VyeTl.
eck

When o is the vector of all ones, we omit ¢ and write &,(p) := &,,(p) and Mod,(T") :=
Mod, ,(I).
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2.1.4 Fulkerson dual families and the MEO problem

Let E be a finite set. Let I be a family of objects on E. Let K be a closed convex set in
RZ, such that @ C K € R, and K is recessive, meaning that K + RZ; = K. The blocker

BL(K) of K is defined as,
BL(K)={neR% :n"p>1Vpe K}.

We will routinely identify I with the set of its usage vectors {N(v,-)T : v € T'} in R, hence

we can write I' C RE;. We defined the dominant of T as

Dom(T') := conv(T') + R, (2.1.23)

where conv(I") denotes the convex hull of I' in R”.

Note that the admissible set Adm(I") defined in (2.1.21) is closed, convex in RZ, and

recessive. Next, we recall Fulkerson duality for modulus.

Definition 2.1.10. Let ' be a family of objects on E. The Fulkerson blocker family T of T

is defined as the set of all the extreme points of Adm(I").

[ := Ext (Adm(T")) ¢ RZ,.

Fulkerson blocker duality [20] states that
Dom(T') = Adm(T") = BL(Adm(T)), (2.1.24)

Dom(T") = Adm(T') = BL (Adm(T)). (2.1.25)

Moreover, T has its own Fulkerson blocker family, and

I cr. (2.1.26)



Definition 2.1.11. Let I and T’ be two sets of vectors in RZ,. We say that I" and T are a

Fulkerson dual pair (or [ is a Fulkerson dual family of T') if

Adm(T) = BL(Adm(T)).

Remark 2.1.12. If T is a Fulkerson dual family of ', then T is also a Fulkerson dual family

of T because

BL(Adm(T)) = BL(BL(Adm(T'))) = Adm(T).

Proposition 2.1.13 ([9]). Let I' be a set of vectors in RE. Let T be the Fulkerson blocker
family of T' and T be a Fulkerson dual family of I'. Then, T is the smallest Fulkerson dual
family of ', meaning that

TcT.

Remark 2.1.14. When all usage vectors of T' belong to {0,1}”, if the support set {e € E :
N(7,e) # 0} of any usage vector of I' does not contain the support set of any other usage
vector of I', then I is called a clutter in the combinatorics literature. An important property

of a clutter I'is T =T, see [21]. In this case, I is the Fulkerson blocker family of T.

When 1 < p < o0, let ¢ :=p/(p— 1) be the Hélder conjugate exponent of p. For any set
of weights 0 € RE, define the dual set of weights 7 as &(e) := a(e)_% forall e € E. Let T

be a Fulkerson dual family of I'. Fulkerson duality for modulus [4, Theorem 3.7] states that

Mod,, o (1) Mod,(T)s = 1. (2.1.27)

Moreover, the optimal p* of Mod, ,(I') and the optimal n* of MOdq’g(f) always exist, are

unique, and are related as follows,

n*(e) = %, Ve € L. (2.1.28)
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When p = 2, we have

~ o(e)

MOdQ’O—(F) MOdQ’gfl(F) =1 and 7]*(6) = mp*<€) Ve € E. (2129)

Let P(I") be the set of all probability mass functions (pmf) on I'. According to the proba-

bilistic interpretation of modulus [3], we can express

Mody(I)™ = min g NNy = min )ZnQ(e). (2.1.30)
eck

pneP(T) neconv (T

Consider the scenario where I is a collection of subsets of E with usage vector given by
the indicator function. Given a pmf y € P(I'), let v and 4" be two independent random
objects in T', identically distributed with law p. The cardinality of the overlap between v
and 7/, is |[yN7’| and is a random variable whose expectation is denoted by E,|yM+/[, which
equals u" NN7Tp. Then, the minimum expected overlap (MEO) problem for T is formulated
as HIQI})I(I% : E,|y M +|, which is equivalent to the middle optimization problem in (2.1.30), see

[5]. Moreover, any pmf p € P(I') is optimal if and only if

(Nu)(e) = p*(e)/ Mody(T') Ve € E. (2.1.31)

~

And the optimization problem on the right side of (2.1.30) is equivalent to Modz(I") since
Adm(T) = Dom(T') = conv(T) + RZ,.
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Chapter 3

Base Modulus for Matroids

3.1 Overview

This chapter is motivated by the modulus of the spanning tree family of an undirected graph,
introduced by Albin et al. [5]. A central role in their analysis is played by the probabilistic

form of the spanning tree modulus,

min {Z n(e)*:n € conV(I‘)} , (3.1.1)
eckE

where I" denotes the spanning tree family of a graph G = (V, E) and conv(I") is the convex

hull of the indicator vectors of its spanning trees. They showed that the optimal density

n* of (3.1.1) encodes the strength and the fractional arboricity of G, and that a deflation

process built from n* exposes a hierarchical decomposition of the graph.

Spanning trees are precisely the bases of the graphic matroid, and, both strength and
fractional arboricity are matroidal invariants expressed through the rank function. It is
therefore natural to ask how much of this theory survives for matroids. The present chapter
addresses this question by studying the modulus of the family B of all bases of a matroid
M (E.,T), which we refer to as the base modulus.
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A second thread concerns the polyhedral side of the theory. Writing
Dom(B) := conv(B) + R%, (3.1.2)

for the base dominant, Fulkerson observed [21] that Edmonds’s work [13] yields the inequality

description

Dom(B) = {77 eRY,: Zn(e) >r(E)—r(E—X), for all closed X C E} . (3.1.3)
eeX

In the spanning tree case, Chopra [32] recovered this description by a different argument.

Moreover, he also provided a minimal inequality description of the spanning tree dominant.

One aim of this chapter is to obtain the analogous minimal description for arbitrary matroids.

It is noteworthy that there is a fundamental relationship between strength and arboricity
of a matroid and its dual, see [15, Theorem 1]. This relationship motivates one of our key

results, detailed in Theorem 3.6.1 below.

The remainder of the chapter is organized as follows.

In Sections 3.2, we analyze the base modulus and its probabilistic interpretation. In

the process, we introduce the concept of Beurling sets.

e In Section 3.3, we generalize several results from spanning tree modulus to base mod-
ulus. In particular, some of these results recover various properties of matroids related

to their strength, fractional arboricity, and principal partition.

e In Section 3.4, we present an alternative proof strategy to two of Edmonds’s theorems

in [13], utilizing results from our study of base modulus.

e In Section 3.5, we provide the Fulkerson blocker family of the base family of a matroid.

In other words, we derive a minimal inequality description of the base dominant.

e In Section 3.6, we establish a relationship between the base modulus of matroids and
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Figure 3.1: A graphic matroid where edges are styled according to the optimal density 7n*.
Solid edges are present with n* = %, dashed edges with n* = % and dotted edges with n* = .

their dual matroids, enriching our understanding of the connection between a matroid

and its dual.

e In Section 3.7, we demonstrate that p-modulus for the base family of a matroid can
be deduced from the optimal density of the 2-modulus, and this provides a complete

understanding of the base modulus across all values of p.

3.2 Modulus for the base family of a matroid

3.2.1 Base modulus and the MEO problem

Let M = (E,Z) be a loopless matroid with (M) > 0. Let B = B(M) be the family of all
bases of M with usage vectors given by the indicator functions. We call B the base family of
M. Let B be a Fulkerson dual family of B as in Definition 2.1.11. An explicit construction
of B is the Fulkerson blocker family B of B, given in Theorem 3.5.2. Let p* be an optimal

pmf for MEO(B). Let p* and n* be the unique optimal densities for Mody(B) and Modsy(B).
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Lemma 3.2.1. Let B be the family of bases of a matroid M. Let u € P(B) be a probability
mass function (pmf) and let n = NTp be the corresponding element usage probabilities.
Then:

n(E) =r(E). (3.2.1)

Proof. Note that, by part 8 of Proposition 2.1.2, we have that |B| = r(B) = r(F) for any
base B € B. Therefore:

n(E):=Y nle)=) > uBN(B,e)=) u(B)Y N(Be)=r(E).

eceE ecE BeB BeB ecE

By Lemma 3.2.1, it follows that:
> nt(e) = r(E). (3.2.2)

Theorem 3.2.2. Let M(E,T) be a matroid. Let B be the base family of M, and let B be a
Fulkerson dual family of B. Furthermore, let p € Rgo, n e Rgo, and p € P(B).

Then p, n and u are optimal, respectively, for Mods(B), Mody(B) and MEO(B) if and

only if the following conditions are satisfied:

(i) p € Adm(B), n=NTp;

(ii) p and n are parallel, meaning that for some constant Z > 0, p(e) = Zn(e) for all
ec k.

(iii) p(B)(1—(,(B)) =0 VB € B.

In particular, the constant Z in (i) equals to Mods(B) and

1/Z = MEO(B) = Mod,(B).
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Proof. Assume that p,n, and p are optimal for Mody(B), Mods(B) and MEO(B), respec-
tively. Then, equation (2.1.29) implies that p and 7 are parallel with constant Z = Mody(B),
and this establishes (ii). Next, we define 7, := N . Consequently, u NNTp = 77377“ is the
minimum expected overlap, and by (2.1.31), we have p = Mody(B)n,. Particularly, by (ii)
with Z as above, it follows that n = 7,. Furthermore, given that p is optimal for Mody(B), we
have p € Adm(B), thus, (i) holds as well. Finally, part (iii) is the complementary slackness

condition derived from the probabilistic interpretation for the Lagrange multipliers.

Conversely, assume that p,n, and u satisfy the conditions (i), (ii), and (iii). Define
Bt :={BeB:uB) >0},

and let A" be the usage matrix for BT. To demonstrate that p is optimal for Mody(B),
we apply the Beurling’s criterion from [3], for the case p = 2, applied to the subfamily B7.
Given condition (iii), we have ¢,(B) = 1 for all B € B* and by (i), p € Adm(B). Therefore,
we only need to check the second requirement in Beurling’s criterion. Let’s consider any
h € R” such that >, h(e)N(B,e) > 0 for every B € B*. Our goal is to prove that
hTp > 0. Indeed,

h'p=Zh"ny (by (i1))
= Zh' Ny (by (2))
= Zh' Nt (by definition of BT)
= Zu"N*th >0,

since Nh > 0. Therefore, we have that p is the optimal density for Mody(B).

Next, let n* and p* be optimal for Mody(B) and MEO(B), respectively. Then, by (2.1.29),
it follows that Zn = p = Mods(B)n*. Hence, Zn(E) = Mods(B)n*(E). Note that, by Lemma
3.2.1, n(E) = n*(F) = r(E). Consequently, we have Z = Mody(B). Then, we obtain n = n*.
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In addition, by equation (2.1.31), u is optimal for MEO(B). O

3.2.2 Beurling sets and serial rule

First, we present some basic properties of the modulus of the base family B. Let B be a

Fulkerson dual family of B as in Definition 2.1.11. Let p* be an optimal pmf for MEO(B).

Let p* and n* be the unique optimal densities for Mody(B) and Mods(B).

Definition 3.2.3. A base B € B is called a fair base if there exists an optimal pmf p* for
MEO(B) such that p*(B) > 0. The set of all fair bases is denoted by B7.

Remark 3.2.4. If B/ C B is the family of fair objects in B, then we also have

MEO(B) = MEO(BY).

This follows by restricting optimal pmf’s on B to B7.
Lemma 3.2.5. Let B be a fair base, let x € E— B, and let C' be the unique circuit contained

in BU{z} and containing x. Then,

0" (z) = max’(e). (3.2.3)

Proof. Theorem 3.2.2 implies that (3.2.3) is equivalent to

p'(x) = max p*(e).

Arguing by contradiction, assume that

pr(x) < p*(e”), where e* € argmax p*(e).
ecC

Since M is loopless, C' contains at least two elements. Hence, (C'— {x}) C B. This implies

that e* € B. By part 3 of Proposition 2.1.2, we have B" := (B — {e*}) U {z} is a base and,
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recalling the total usage from (2.1.20), we have
0 (B) = - (B) = p*(e") + p*(2) < L,e(B).

However, since B is fair, £,«(B) = 1, by Theorem 3.2.2 (iii) (complementary slackness). But,

this contradicts the admissibility of p*. O

Lemma 3.2.6. We have that n*(e) > 0 for all e € E.

Proof. Assume that there exists an element € E such that n*(z) = 0. Let B be a fair
base, then all elements e in B have positive n*(e). Let C' be the unique circuit contained in
B U {z} and containing z, as defined in part 2 of Proposition 2.1.2. By Lemma 3.2.5, this

leads to a contradiction. O

Definition 3.2.7. Given a matroid M (E,Z), let B be the family of bases of M, and let B be
a Fulkerson dual family of B. Let p* and n* be the unique optimal densities for Mods(B) and

Modz(B), respectively. Then, M is said to be homogeneous if n* is constant, or equivalently,

p* is constant.

Remark 3.2.8. Later, we will show that Definition 3.2.7 is equivalent to the concept of
homogeneous matroids mentioned in the introduction. From now on, we will use Definition

3.2.7 when discussing homogeneous matroids.

Theorem 3.2.9. Let B be the base family of a matroid M. Let B be a Fulkerson dual famaly

of B. Let n* be the optimal density for Mody(B). Define the density

_rB)
Mhom(€) = 7 Ve c E. (3.2.4)

Then,

Mody(B) > E(nhom) = r(E )2.

Moreover, M is homogeneous if and only if Npom € Adm(B).
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Remark 3.2.10. Let p € P(B) be a pmf, and let n = NTp be the corresponding element
usage probabilities. If 7 is constant, then 7 is optimal for Mon(g), because such 7 is
automatically admissible for B. Indeed, € Dom(B). Hence by (2.1.25) and Definition
2.1.11, n € Adm(B).

Proof. First, define the expectation and variance of a vector £ € R” as:
= 17 LY e, ad Var() = E() - (B,

where the square is taken element-wise. Then, we have that

- ()’
= S ute)? = |E|varto) + (B(©)) = || (Vortn) + T )

ecE

r(E)? _r(E)?
>0+ = )
|E| |E]

where equality holds if and only if 7 is constant.

If M is homogeneous, then n* = T‘(EER = Dhom- U Mhom 1S admissible for g, then Modg(g)
achieves its minimum T(‘gf at 7 = Nhom- O

To gain a better understanding of n*, we consider the following lemma:

Lemma 3.2.11. Let B be the base family of a matroid M, and let B be a base in B. For
any subset X C E, it holds that:

r(X) > |BNX|>r(E)—r(E - X). (3.2.5)

Proof. Since B is a base, by the hereditary property in Definition 2.1.1 (12), both BN X and
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B — X are independent sets. Then, we have:

r(F—X)>r(B-X) (by Proposition 2.1.2 (5))
= |B — X| (by Proposition 2.1.2 (7))
=|B|—|BNX|
=r(E)—|BnX| (by Proposition 2.1.2 (8)).
and
r(X) >r(BNX) (by Proposition 2.1.2 (5))
=|BnX| (by Proposition 2.1.2 (7)).

The following lemma gives a relation between n* and the set of fair bases B7.

Lemma 3.2.12. Given a matroid M(E,T), let B be the base family of M. Let B be a

Fulkerson dual family of B. Let n* be the optimal density for Mody(B). Then,

(i) For any subset X C E, we have:
n"(X) >r(E)—r(FE - X). (3.2.6)

Moreover, equality holds in (3.2.6), if and only if, every fair base B € B! satisfies
r(E—X)=|B-X|.

(i) For any subset Y C E, we have:

r(Y) > 0 (Y). (3.2.7)



Moreover, equality holds in (3.2.7), if and only if, every fair base B € B/ satisfies
r(Y)=|BNnY]|.

Let us introduce the notions of Beurling sets and complement-Beurling sets in the fol-
lowing definition. The term ‘Beurling’ is inspired by Beurling’s Criterion and the notion of

Beurling families in the theory of modulus; see [3, Theorem 2.1].

Definition 3.2.13. The set X is said to be a Beurling set, if equality holds in (3.2.6). The

set Y is said to be a complement-Beurling set, if equality holds in (3.2.7).

Remark 3.2.14. Note that, since r(E) = n*(F), a set X is a Beurling set if and only if £ — X

is a complement-Beurling set.

Proof of Lemma 3.2.12. Write n* = NTpu* for some pmf p* optimal for the MEO problem,
as in Theorem 3.2.2. Then,

n(X) =Y 0e) =Y > w(BN(B,e)

=Y w(B)Y_N(B.e) =Y i (BIBNX]
> wi(B)(r(E) - r(E - X)),
BeB

where the last line follows by applying the second inequality in (3.2.5). Finally, to complete
the proof of part (i), we note that ), pu*(B) = 1.

Moreover, the inequality in the last line holds as equality if and only if the second

inequality in (3.2.5) holds as equality for every fair base, see Definition 3.2.3.

To prove part (ii), let X be defined so that Y = E — X then use the same idea as in
Remark 3.2.14. ]

We recall that a set X C E is said to be closed if cl(X) = X. Now, we define a

complement-closed set as follows.
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Definition 3.2.15. A set X C FE is said to be complement-closed if cl(E — X) = F — X.

Lemma 3.2.16. Let X C E. If X is a Beurling set, then X is a complement-closed set.

Proof. Assume that cl(E — X) 2 E — X. Then, there exists an element © € X such that
x € cl(F—X). By definition of the closure operator, in (2.1.1), r((E—-X)U{z}) = r(F—-X).

Lemma 3.2.12 implies

" (X)>n"(X)—n"(x) =n*(X — {z}) (by Lemma 3.2.6)
>r(E)—r((F—-X)u{z}) (by Lemma 3.2.12)
=r(E) —r(E - X) (by (2.1.1))
= n*(X). (by Definition 3.2.13)
This results in a contradiction. O

Next, we aim to apply the serial rule for base modulus. To that end, we introduce the

following theorem. Recall that the symbol & for concatenation is defined in (A.1.1).

Theorem 3.2.17. Given a matroid M (E,I), let B = B(M) be the base family of M. Let
X CE, let M\ X be the deletion of X from M. Let M/(E —X) be the contraction of E— X
in M. Let BX be the set of bases B € B which satisfies r(E — X) = |B — X|. Then,

B(M\ X)®B(M/(E - X)) =B*. (3.2.8)

Proof. First, we aim to show that

B(M\ X)®B(M/(E - X)) c BX. (3.2.9)

By part 3 of Proposition 2.1.4, we have

B(M\ X) @& B(M/(E — X)) c B(M).
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Let By € B(IM\ X),By € B(M/(E — X)), and let B3 = B; U B,. Then, we have

|Bs — X| = |By] (by construction)
= ranx (Bi) (by definition of By)
=rwnx (£ —X) (by part 8 of Proposition 2.1.2)
=ry(E - X). (by part 3 of Proposition 2.1.3)

Hence, (3.2.9) holds.

Next, we aim to show

B(M\ X)®B(M/(E - X)) D> B*. (3.2.10)

Let B € BX, then B=(B— X)U(BNX).

On one hand, by definition of BX and part 3 of Proposition 2.1.3, we have

IB—X|=ry(E—X)=rux(E—X). (3.2.11)

Note that B— X C B, so B— X is an independent set of M. By part 1 of Proposition 2.1.3,
B — X is independent in M \ X. Finally, by part 8 of Proposition 2.1.2 and (3.2.11), we have

(B—X) e B(M\ X).

On the other hand, to show that

BNnX eB(M/(E - X)),

note that (BN X)U (B—X) = B € B(M), and B— X € B(M \ X), hence it satisfies
the conditions in part 3 of Proposition 2.1.4. Therefore, (3.2.10) holds and the proof is
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completed. O]

Remark 3.2.18. Note that in Theorem 3.2.17, X is not necessarily closed. This will be useful

later.

Now we can state the serial rule for base modulus using the Beurling set property of

Lemma 3.2.12, the serial rule in Theorem A.1.1 and the concatenation property in Theorem

3.2.17.

Theorem 3.2.19. Given a matroid M(E,T), let B = B(M) be the base family of M, and
let B be a Fulkerson dual family of B. Let X C E be a Beurling set, and let M \ X be the
deletion of X from the matroid M. Let M/(E — X) be the contraction of E — X in M. Let

n* be the optimal density for Mody(B). Then, the following hold:

(i) The minimum expected overlap splits as

MEO(B(M)) = MEO(B(M \ X)) + MEO(B(M/(E — X))); (3.2.12)

(ii)) A pmf p € P(B(M)) is optimal for MEO(B(M)) if and only if its marginal pmf
pBonx) € P(B(M\X)) is optimal for MEO(B(M\X)) and its marginal pmf g/ (e—x)) €
P(B(M/(E — X))) is optimal for MEO(B(M/(E — X)));

(11i) Conversely, given a pmf vy € P(B(M \ X)) that is optimal for MEO(B(M \ X)) and
a pmf vy € P(B(M/(E — X))) that is optimal for MEO(B(M/(E — X))), then vy ® vy
is an optimal pmf in P(B(M)) for MEO(B(M));

(iv) The restriction of n* onto E — X is optimal for Mody(B(M \ X)) and the restriction
of n* onto X is optimal for Mody(B(M/(E — X))).

Proof. We apply Theorem A.1.1 for the families I'y = B(M \ X) and I'y = B(M/(E — X)).

By Theorem 3.2.17, the concatenation of I';y and I's in this case is given by

B(M\ X) & B(M/(E - X)) = B*,
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where B is the set of bases B € B which satisfy r(E — X) = |B — X|.

Furthermore, by Lemma 3.2.12, since X is a Beurling set, it follows that B/ c B¥X.
Consequently, by Remark 3.2.4, MEO(B(M)) = MEO(B%). The rest of the proof follows by

applying Theorem A.1.1. O

3.3 Strength and Fractional Arboricity

In this section, we demonstrate that base modulus recovers known results in the theory of

principal partition of matroids, see [14, 15].

Theorem 3.3.1. Given a loopless matroid M = (E,T), let B be the base family of M,
and let B be a Fulkerson dual family of B. Let p* be an optimal pmf for MEO(B), and let

n* = NTu* be the optimal density for Mody(B). Let S(M) be the strength of M. Define:

X = Fpay = {e € E:n"(e) = maxn*(¢) =: nfnax} : (3.3.1)

e'ek
Then, we have the following properties:

(1) X is a Beurling set.

(2) lE-X)=E - X.

(3)
" _r(E) —r(E-X)
masx X|
(4)
.1
ﬁmax—m-

(5) The matroid M/(E — Emnax) is homogeneous.

Proof. For part 1, Lemma 3.2.12 (i) indicates that the statement is equivalent to r(E— X) =
| B— X | for any fair base B € B/. Suppose r(E—X) > |B— X| for some fair base B. Let S be
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a maximal independent set in £ — X, then |S| = r(E—X) > |B—X]|. Note that B—X and S
are independent and (B — X) C (F — X). By the exchange property (I3) of Definition 2.1.1,
there exists y € (S—(B—X)) C ((E—X)—(B—X)) such that (B—X)U{y} is independent.
Since B is a base and y ¢ B, let C' be the unique circuit within BU {y}, containing y. Since
(B — X)U{y} is independent, we have that C' Z (B — X) U {y}. Consequently, C' N X # .
Let x be an element in C'N X. By Lemma 3.2.5, we have n*(y) > n*(x) = n},,,. This is a

contradiction because y € S C E — X. Therefore, X is a Beurling set, and part 1 is proved.
Part 2 follows from Lemma 3.2.16.

Furthermore, part 3 holds because

(X
Mmaz = % (by definition of X)

E)y—r(E-X
= r(£) ]TX(| ) (since X is a Beurling set)

For part 4, note that for any set ) #Y C E, we have

(Y
> 77’;’ ) (by definition of n,..)
> r(E) _|Ty(|E —Y) (by Lemma 3.2.12 (i))

This implies that, for any set Y C E with r(E) > r(E —Y'), we can write

L
“r(E)-r(E-Y)

Nmaw
Thus, by definition of the strength, we have

1

ES
nmax

< S(M).

Moreover, equality holds by part 3, and the minimum is achieved by the set X.

Finally, by Theorem 3.2.19 (iv), the restriction of * to Eyq, is optimal for Mody(B(M/(E—
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Ernaz)). Also, n* is constant on E,,,,. Therefore, part 5 holds.

[]

Theorem 3.3.2. Given a loopless matroid M = (E,T), let B be the base family of M, and
let B be a Fulkerson dual family of B. Let p* be an optimal pmf for the MEO(B) problem,

and let n* = NTu* be the optimal density for Mody(B). We define

Y = Ein i= {e € E:n"(e) = minn*(e) = n;‘nm} : (3.3.2)

e'ckE

Then,

1. 'Y s a complement-Beurling set.

2. c(Y)=Y.
3.
r(Y)
Y]
/.
. 1
Nmin =
D(M)

5. The matroid M \ (E — Eyy,) is homogeneous.

Proof. For part 1, by Lemma 3.2.12 (ii), the statement is equivalent to |[BNY| = r(Y) for
any fair base B € B/. By Lemma 3.2.11, we have [BNY|=7(BNY) < r(Y) for any base
B. Suppose that |[BNY| < r(Y) for some fair base B. Let T" be a maximal independent set
in Y, then |T| =r(Y) > |BNY|. Note that BNY and T are independent and (BNY) C Y.
By the exchange property (I3) of Definition 2.1.1, there exists z € (T'— (BNY)) =T —-B
such that (BNY) U {z} is independent. Since B is a base and z ¢ B, let C' be the unique
circuit within B U {2z}, containing z. Since (B NY) U {z} is independent, it follows that
C Z (BNY)U{z}. Consequently, C —Y # (). Let « be an element in C'— Y. By Lemma
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3.2.5, we have n,. = n*(z) > n*(z). This leads to a contradiction as « ¢ Y. Therefore, YV’

is a complement-Beurling set.
Part 2 follows from by Lemma 3.2.16.

Since Y is a complement-Beurling set, we have

“(Y
Mhin = 77|}(/| ) (by definition of Y)
ry) iy ,
= v (by the definition of complement-Beurling sets)
> 0, (Y is nonempty and M is loopless)

and this proves part 3.

For part 4, consider any nonempty set Z C E, we have

“(Z
Nin < n\(Z\ ) (by definition of 7} ;.)
< T|(ZZ|). (by Lemma 3.2.12 (ii))

This implies that for any nonempty set Z C F with r(Z) > 0, we have

1 17/
>

Therefore, the fractional arboricity problem reaches its maximum at the set Y.

Part 5 follows from Theorem 3.2.19 (iv). O

Next, we show that Theorems 3.3.1 and 3.3.2 can be used to recover known charac-
terizations of the set of matroids M for which S(M) = D(M), as given in [15, Theorem
6].

Corollary 3.3.3. Given a matroid M (E,T) with rank function r. Let S(M) be the strength
of M, D(M) be the fractional arboricity of M, and O(M) be the density of M. Then, the
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following statements are equivalent:

(i) M is homogeneous.
(i) S(M) = 6(M).
(iii) D(M) = 0(M).
(iv) S(M) = D(M).

Proof. By Definition 3.2.7, M is homogeneous if and only if 0}, ... = 7% ... By Theorems 3.3.1

and 3.3.2 and definitions of S(M), D(M), (M), we have

L _ sy <o) < D(M) = nf' |

(3.3.3)

Mhnaz
Therefore, it is enough to show that (ii) implies (i) and (iii) implies (i).

Assume that we have (ii), then

(E
N 77|é| ) (by definition of 1}, ..)
E)—r(E\E
L) ‘;(‘ \B) (by Lemma 3.2.12 (i)
= - (by the assumption)

This implies that equality holds throughout, hence n* is constant, because its average is

equal to its max.

Finally, assume that we have (iii), then we obtain

(E
nrin < nlg‘ ) (by definition of 1))
E
< r|(E|) (by Lemma 3.2.12 (ii))
=1 in (by the assumption)
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This implies that equality holds throughout and n* is a constant.

3.4 Base packing and base covering problems

In this section, we present an alternative proof of Theorem 2.1.8, using the theory of base

modulus. To lay the groundwork for this proof, we provide several lemmas.

Given a matroid M(E,Z), let B = B(M) be the base family of M, and let B be a
Fulkerson dual family of B. Let n* = N7u* be the optimal density for Modg(g). Let
S(M),D(M),0(M), (M), and v(M) be the strength, the fractional arboricity, the density,
the optimal values of the base packing problem (2.1.11), and the base covering problem

(2.1.13) of M, respectively.

Lemma 3.4.1. We have the following chain of inequalities:

<7(M)<0(M)<v(M)<DM)= . (3.4.1)

*
nmin

*
77ma:1:

Proof. Note that in (3.3.3) we have already established the two equalities. Therefore, it

remains to show the four inequalities.

1. We aim to show that
1

< 7(M).

Mmaz
Let p* be an optimal probability mass function (pmf) for MEO(B). We will show that
the density A = p*/n,., € RS, satisfies all the constraints of the base packing problem
(2.1.11). Indeed, for a fixed e € E, using Theorem 3.2.2 (i), we see that

AL G

* *
BEBeEB nmaz nmax
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Therefore,

BGB nmam nmaz
. Likewise, we want to show that
1
Nhimnin

Let p* be an optimal probability mass function (pmf) for MEO(B). Following the
approach in part 1, we show that the density x = p*/nk,;, € RS, satisfies all the
constraints of the base covering problem (2.1.13). Again, for a fixed e € E, by Theorem
3.2.2 (i), we have

S wB)_we)

BeBecB Mhnin Mnin
Therefore,
D PLat .
Bep min Thmin
. Next, we aim to show that
T(M) < 6(M).

Let A* be an optimal solution for the base packing problem (2.1.11). We have

T(M)r(E) = Bze;r(E))\*(B) (by definition of A*)
— ;6;;)\*(3)/\/(3,@) (since r(E) = |B|)
=> Y XN(BN(B,e) <> 1=E|, (by constraint in (2.1.11))

ecE BeB eck (3.4.2)

where equality holds if and only if

Y MN(BN(B,e)=1, Ve€cFE.

BeB
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Consequently, we conclude that 7(M) < |E|/r(E) = 0(M).

4. Lastly, we establish that
O(M) < v(M).

Let v* € ]Rgo be an optimal solution for the base covering problem (2.1.13). We derive

o(M)r(E) = gng)m(B) (by definition of x*)
- BZEBEK*(B)N(B,‘B) (since r(E) = |B])
=Y > K(B)N(B,e)>> 1=|E|, (by constraint in (2.1.13))

ecE BeB ecE (3.4.3)

where the equality holds if and only if

> w(B)N(B,e)=1, VecE.

BeB

Consequently, this implies that v(M) > |E|/r(E) = 0(M).

O

Remark 3.4.2. Based on the chain of inequalities (3.4.1), if n* is constant, then it follows
that 7(M) = (M) = v(M).

The next corollary gives a converse for Remark 3.4.2.

Corollary 3.4.3. The following statements hold:

1. If 7 (M) = (M), then n* is constant.

2. If (M) =0(M), then n* is constant.
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Proof. Assume that 7(M) = 6(M). Let A* be an optimal solution for the base packing

problem. Consider the pmf defined as

* >\*

By
BeB

Then, the inequality in (3.4.2) holds as equality. Consequently, the pmf x* induces constant
element usage probabilities n := N p*. By Remark 3.2.10, it follows that n* = 7.

The proof for the part 2. follows a similar approach. O

Next, we prove some helpful properties of deletions and contractions.

Lemma 3.4.4. Given a matroid M(E,T) and subsets X,Y C FE, the following properties
hold:

1. If(E — X) # E, then S(M) < S(M/(E — X)).
2. IfY #0, then D(M) > D(M\ (E —Y)).
3. If l(E — X) # E, then 7(M) < r(M/(E — X)).

4. If Y £ 0, then v(M) > v(M\ (E -Y)).
Proof. We prove each part in the order given.

1. We have

r(B)—r(T)
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Since £ — T C X, we can rewrite the right-hand side as
. { | X| - |TNnX]|
min
[r(E) = r(E = X)] = [r(T) = r(E = X)]

~ min X| =T~ (B~ X) o C
- {[T(E)—T(E—X)]—[r(T)—r(E—X)]'(E X)cTCE, l(T)QE}.

:(E—X)ngE,cl(T)gE}.

By part 4 of Proposition 2.1.4, we have

ruye-x)(X) =ru(E) —ru(E - X),

and

ragye-x) (T — (B = X)) = ru(T) —ru(E — X).

Therefore,

[ X| =T - (- X)
vy e-x)(X) = rayp-x) (T = (B — X))

= S(M/(E - X)).

S(M)gmin{ :(E—X)QTQE,CI(T)QE}

2. We have

|—':T§E,r(T)>O}

{
>max{% T CY,r(T) >0}.

Thus, by part 3 of Proposition 2.1.3, the right hand-side equals

i { S A
rane-v) (1)

= D(M\ (E-Y)).

T CY,r(T) >o}

3. First, we construct a map f from B(M) to B(M/(E — X)) such that f(B) C B for
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any base B € B(M). Let B € B(M), by part 4 of Proposition 2.1.4, we have

= TM/(EfX)(X)-

Therefore, there exists a base By € B(M/(F — X)) such that By C B— (E — X) =
BN X C B. Then, we define f(B) := By. If By is not unique, we pick one randomly.

Next, let A* be an optimal solution for the base packing problem (2.1.11) of M. We

define a vector w € RgE)M/ (B=X) as follows:

W)= Y N(B)lyp=, VYo BM/(E-X)).
BeB(M)

Then, we obtain

(M) =) X(B) (by definition of A*)

BeB

= Y D NB)ym

ceB(M/(E—X)) BEB

= D w). (3.4.4)

seEB(M/(E-X))
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However, for every fixed e € X:

Z w(g)leeg - Z Leec Z /\ ]lf B)=¢

seB(M/(E—X)) SEB(M/(E—X)) BeB(M)

= Z Z A(B)Leeclf(m)=

ceB(M/(E—X)) BEB(M)

= > > NB)lelm

BeB(M) ceB(M/(E—X))

= Z (B Z Leec1 p(B)=¢

BeB(M) <eB(M/(E—X))

< Z N (B)leen (since f(B) C B)
BeB(M)

< 1. (by definition of A¥)

Consequently, the vector w satisfies all constraints of the base packing problem of

M/(E — X). By (3.4.4), we obtain that 7(M) < 7(M/(E — X)).

. Let x* be an optimal solution for the base covering problem (2.1.13) of M. For any
B € B(M), by part 1 of Proposition 2.1.3, we have that BNY is an independent set
in the matroid M \ (F —Y). Then, for each I € Z(M \ (E —Y)), we define

v(l) = Z K" (B)lpay=r-

BeB(M)

Then,

= Z Z B)1pny=1

I€ETL(M\(E-Y)) BEB(M

= > ). (3.4.5)

IET(M\(E-Y))
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Moreover, we have that, for each e € Y

Z v(I)Leer = Z Lees Z K" (B)1pny=r

IET(M\(E-Y)) I€T(M\(E-Y)) BeB(M)

= Z Z /{*(B)]leY:I]leeI

IET(M\(E—Y)) BEB(M)

= Z k*(B) Z Ipny=rleer

BeB(M) TET(M\(E-Y))
= Z K" (B) TeeBny
BeB
BeB
> 1. (by definition of k™)

Therefore, vector v satisfies all constraints of the covering problem (2.1.13) of the

matroid M \ (F —Y). By (3.4.5), we conclude that v(M) > v(M \ (E —=Y)).

]

Proof for Theorem 2.1.8. Let Ey;, and Fi.y be defined as in (3.3.2) and (3.3.1). We have

D(M)=D(M\ (E — Enn)) (by part 4, part 5 of Theorem 3.3.2 and Corollary 3.3.3)

=0(M \ (F — Ewuin)) (by part 5 of Theorem 3.3.2 and Corollary 3.3.3)
=uv(M\ (F — Enn)) (by Remark 3.4.2)
< w(M) (by part 4 of Lemma 3.4.4)
< D(M), (by (3.4.1))

and
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S(M)=S(M/(E — Enax)) (by part 4, part 5 of Theorem 3.3.1 and Corollary 3.3.3)

=0(M/(E — Emnax)) (by part 5 of Theorem 3.3.1 and Corollary 3.3.3)

=T7(M/(E — Enax)) (by Remark 3.4.2)

> T1(M) (by part 3 Lemma 3.4.4)

> S(M). (by (3.4.1))
Therefore, v(M) = D(M) and 7(M) = S(M) O

3.5 Fulkerson duality for the base family

Given a matroid M (E,Z), let B be the base family of M. In this section, we introduce the

Fulkerson blocker family and a Fulkerson dual family for the family B.

For a matroid M (FE,Z), a set X C E is called a separator of M if any circuit C' € C(M)
is contained in either X or £ — X. A matroid M(FE,Z) is called connected if it has no

separators other than E and 0.

Definition 3.5.1. Let M be a matroid on F with rank function r. Let ® be the family of

all nonempty complement-closed sets X C E with usage vectors:

~ T 1
NX,)" = r(E) —r(E - X)

1x. (3.5.1)

Also, let ©® C ® be the family of all nonempty complement-closed sets X C E with usage
vectors as in (3.5.1) for which the matroid M/(E — X) is connected.

Theorem 3.5.2. Let M = (E,Z) be a loopless matroid with r(M) > 0. Let B be the base
family of M and let © be as in Definition 3.5.1. Then, the Fulkerson blocker family of B is

A~

B =0.
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Remark 3.5.3. By Proposition 2.1.13, the Fulkerson blocker family B gives a minimal in-

equality description Adm(B) of the base dominant Dom(8). This is a common theme in the

study of various convex polytopes.

Proof of Theorem 3.5.2. The proof follows from three lemmas shown below. By Lemma

3.5.4, BcC . By Lemma 3.5.9, © C B. And by Lemma 3.5.12, & N BcCoe. O

Lemma 3.5.4. We have gC d.

To prove Lemma 3.5.4, we first recall the connection between the strength S(M), the
base packing value 7(M), and Mod, (B). Note that, we have S(M) = 7(M) = Mod, (B) since
the base packing problem is the dual problem of Mod;(B). For arbitrary weights o € RE,

we define the weighted strength of M with weights o:

. X C E,r(E) > r(E — X)} . (3.5.2)

We also define the weighted base packing problem:

maximize >, A(B)
)‘ERgO BeB (3 5 3)

subject to > A(B) < a(e), Ve € E.

BeB:eeB

This is the dual problem of Mod, ,(B) and we denote its optimal value by 7,(M).

Lemma 3.5.5. We have that S,(M) = 7,(M) = Mod, ,(B) for any o € RE,.

Proof. Let o € ZE,. We assign each element e with weight o(e). For each e € FE(M),
let X, = {61,62,...,60(6)} be a set such that X, N X = 0, for all e,e’ € E(M) with
e # €. We can think of X, as the set of o(e) copies of e. The o-parallel extension M,
of M is obtained by replacing each element e € E(M) by X.. Specifically, the ground set
E(M,) of My is U.cpr Xe- A subset Y € E(M,) is independent in M, if and only if
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Ve € E(M),|X.NY| <1 and the set {e € E(M): X.NY # 0} is independent in M. If
every element e is assigned a constant weight r, we write M, for M,—, and call M, the
r-parallel extension of M. Let E' = {e; :e € E(M)} C E(M,). Consequently, there is a
matroid isomorphism between M and M,|E’ with the bijection e <+ e; between E(M) and
E’. So, we shall see M as the restriction M, |E’ of M,. Then, we have that S,(M) = S(M,)
and 7,(M) = 7(M,). Therefore, we establish that S,(M) = 7,(M) = Mod, ,(B(M))
for o € Z¥,. Note that S,(M) and Mod, ,(B(M)) are homogeneous with respect to o,
meaning that S,,(M) = rS,(M) and Mod, ,,(B(M)) = rMod; ,(B(M)) for any positive
number r. Therefore, Sy(M) = 7,(M) = Mod, ,(B(M)) for ¢ € QF,. And by continuity,
Se(M) = 1,(M) = Mod, ,(B(M)) for 0 € RE. O

Using Lemma 3.5.5 and the Proof of Claim 4.1 in [9], we obtain Lemma 3.5.4. Next, we

consider the following well-known proposition for connected matroids.

Proposition 3.5.6. A matroid M 1is connected if and only if every two elements of M lie

i a common circuit of M.

Using Proposition 3.5.6, we derive the following lemma.

Lemma 3.5.7. Let M(E,Z) be a connected matroid. Then for any two elements e; and ey

of M there exist two bases By and By such that
Bl — Bg = {61} and BQ — Bl = {62} .

Proof. Let C be a circuit that contains e; and eg, then C' — {es} is a independent set.
There exists a base By such that (C' — {e2}) € B;. By part 3 of Proposition 2.1.2, the set
By := By —{e1} U {es} is a base of M. O

Remark 3.5.8. Note that, by Lemma 3.2.11, for any X C E such that r(E) —r(E — X) > 0,

the vector in (3.5.1) is necessarily admissible for B. Indeed, if B € B,

~ 1

_ B X]
N = T o m = x) =1

Ul = ) — (B -x) 2
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Lemma 3.5.9. We have © C B.

Proof. Every X € © is non-empty and complement-closed, so r(E) —r(E — X) > 0. Hence,
by Remark 3.5.8, we have that © C Adm(B).

Consider X € O, we aim to show that

1 _
v X € Ext(Adm(B)) = B.

Assume that there are two densities p1, po € Adm(B) such that

1
w = §(P1 + pa2).

For every element e € E — X, we have /V(X, e) =0, so

S(01(e) + pale)) = wle) = 0= pr(e) = pafe) = 0.

Now, assume that |X| > 2. Let e; and ey be two arbitrary distinct elements in X. Since
M/(E — X) is connected, by Lemma 3.5.7, there exists two bases Bj, By of M/(E — X)
such that By — By = {e;} and By — By = {es}. By part 3 of Proposition 2.1.4, there exists
Bj € B(M) and B}, € B(M) such that B = B} — (F — X) and By = B, — (£ — X).

For any given density p € RE; and A C E, denote p(A) := Y p(e). Since py,p; €
Adm(B), we have !

Since p1 + pa = 2w, we have py(B}) + p2(B]) = 2w(B]) = 2w(B;) = 2 and py(BY) + p2(Bh) =
2w(Bj) = 2w(By) = 2. This implies

p1(BY) = pa(By) = p1(By) = pa(By) = 1.

%)



Since p1(e) = pa(e) =0 for all e € E — X, we obtain

p1(B1) = p2(B1) = p1(B2) = pa(B2) = 1.
Consequently,

pi(er) + p1(B1 N By) = pi(ea) + p1(B1 N By) = 1,

pa(er) + p2(B1 N Ba) = pa(ez) + pa(Br N By) = 1.

Hence, pi(e1) = pi(e2) and pa(e1) = pao(ez). Thus, since e; and ey were chosen arbitrarily,
we conclude that p;, py are constant in X. Given that p(B1) = pa(B1) = 1 and Bj has
r(E) —r(E — X) elements, we derive that

1
pe) = pale) = T X

=w(e), Vee X.

Therefore, py = ps = w. So we have shown that w is an extreme point of Adm(B).

If |X| = 1, suppose X = {e}. Let B be a base M that contains e. Using the same

argument as above, we have pi(e) = pa(e) = W = 1. Therefore, p; = ps = w, and

E—X)

once again, w is an extreme point of Adm(B). In conclusion, w € B. ]

Remark 3.5.10. Note that the connectedness of M/(E — X) implies that X is complement-
closed. This is because if £ — X is not closed, then M/(E — X) will have some loops, which

act as nontrivial separators.

Proposition 3.5.11 ([26]). For a matroid M(E,T), a set X C E is a separator of M if
and only if r(X) +r(E —X) =r(E).

Using Proposition 3.5.11, we derive the following lemma:

Lemma 3.5.12. We have ® N B\Q O.

Proof. Let X € ® N B. Assume that the matroid M/(E — X) is not connected. Then, let A
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be a nontrivial separator of M/(E — X) and define D := X — A. Using part 4 of Proposition

2.1.4, we derive that
ruyE-x)(A) = ru(E — D) —ry(E — X)), (3.5.4)

raye-x) (D) =ru(E = A) —ry(E - X),

and

TM/(E—X)(X> = TM(E> — T’M(E — X)

Since X is nonempty and complement-closed, £/ — X is closed in M. Therefore, since £ —
D 2 E-X, wededuce r(E—D) > r(E—X), which, by (3.5.4), implies that 75— x)(A) > 0.

Similarly, we also have ry/(g—x)(D) > 0. Consequently, by Proposition 3.5.11, we have
T’M(E> — T’M<E — D) = TM/(E—X)(X) — TM/(E—X)(A) = TM/(E—X)(D> > O, (355)

T’M(E) — TM(E — A) == TM/(E—X)(X) - TM/(E—X) (D) - TM/(E—X)(A) > 0, (356)

and adding these two identities and using Proposition 3.5.11 again, we obtain
2ry(E) —ry (B — A) —ry(E = D) = ryyp—x)(X) = ru(E) —ry (B — X). (3.5.7)

Therefore, we have that 1x is equal to

1
ry (E)—ryp(BE—X)

TM(E)—TM(E—X) TM(E)—TM(E—A) A ’I"M<E)—T‘M(E—X) ’I"M<E)—T‘M(E—D) b
Hence, by (3.5.7), we see that m]lx is a convex combination of WML‘
and mﬂp and these two vectors are in Adm(B), by (3.5.5) and (3.5.6) and Remark

3.5.8. This is a contradiction, since X € B. n
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3.6 Modulus for dual matroids

Given a loopless matroid M (E,Z) with r(E) > 0, let B be the base family of M. We recall
that the set

B* = {X C E': there exists a base B € B such that X = £ — B}

is the family of bases of the dual matroid M* of M with the rank function r*. We also have
that 7*(E) = |E| — r(M). The dual of the dual of a matroid M is the matroid M itself, in
other words, (M*)* = M.

For a loopless matroid M, the dual matroid M* is not necessarily loopless. If we consider
the base modulus for a matroid with loops, the optimal element usage probabilities n* of
those loops are zero because they are not contained in any bases. Furthermore, the dual
matroid M* does not necessarily have positive rank. Specifically, r*(E) > 0 if and only if

r(E) < |E|.

Note that for a loopless matroid M (E,Z), by Lemma 3.2.6, we have 0 < n*(e) < 1 for all
e € FE, where n* are the optimal element usage probabilities. In this section, we investigate
the relationships between the base modulus of a matroid and the base modulus of its dual.
Consider a loopless matroid M (E,Z) with r(E£) > 0. If r(E) = |E|, then the dual matroid
M* has rank zero. Now, assuming r(FE) < |E|, the concept of dual matroids motivates the

following theorem.

Theorem 3.6.1. Let E be a finite set. Let I' be a family of non-empty proper subsets of E of
equal size with usage vectors given by indicator functions. Define I'* :== {E —~ :~v € I'} with
usage vectors given by indicator functions. Let T and T* be the Fulkerson blocker families of
I' and T*, respectively. Let n* and n’ be the optimal densities for Modg(f) and Modg(f‘:),
respectively. Then we have

n+n =1,
where 1 is the vector of all ones.
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Proof. Let N be the usage matrix of I'. Then, all row sums of A" are equal to k. Let 1jrjxg|

be the |I'| x |E| matrix of all ones. Consequently, 1rjxjz — N is the usage matrix of I'*.

Note that by the proof of Lemma 3.2.1, we have

()1 =k, (3.6.1)
and
(nH)'1 = |E| — k. (3.6.2)
Additionally, we have
N1=kL, Qe = kL, Qppgent = (B] b1, (3.6.3)

By Theorem 3.2.2, we have that p* = n*/E(n*) is the optimal solution for Mody(I") and

s =mnk/E(nk) is the optimal solution for Mody(I'*). Hence, by admissibility, we have

N 1 > 1, 3.6.4
Em*) — ( )

and
(Liryxim )E(né) > (3.6.5)

where these two inequalities hold element-wise. Let a =1 — 7% < 1, then

(Ljrxje) — N) 5277;;:) = (Lrixs = N) ﬁ
_lEn —51?11:13 +Na (by (3.6.3)
_ (|’f-;|’ :ZIZ)}FZ(/XQ’ (by (3.6.2))

where in the denominator we expanded the squares and used (3.6.2). Therefore, (3.6.5) is
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equivalent to

(|E| — 2k)1 + Na > (|E| — 2k + £(a))1

which we rewrite as,
1-n) _Na

Nea—n) ~ e

Y,

1,

Similarly, the inequality (3.6.4) is equivalent to

L= >1

(Weier = N) g

1-n3

In other words, the vector EAre
—To

) is admissible for I and 5(11_—_"17:) is admissible for I'*. Hence,

since p* is optimal for Mody(I"), we have

1 1—n > . 1
—&|l—T )>¢ = , 3.6.6
s ¢ () 250 & 360
and, since p’ is optimal for Mody(I™),
1 17 ) 1
=& 2&(p) = : 3.6.7
s ¢ (Ea o) 2500 = 30D
These are equivalent to
En") =2 €A —ng) = |E] = 2(|E| — k) + £(n5), (by (3.6.2))
and
Emg) 2EQ —n") =[E| =2k +E(n"). (by (3.6.1))

Consequently, we have shown that

Em) —k=Em) — (Bl = k) = &) — k.
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Therefore, two inequalities in (3.6.6) and (3.6.7) holds as equalities. Hence, by uniqueness

of n* and 7, we obtain that 1 — n* = n*. m

Applying this to the case when I' is the base family of a matroid, we recover a known

result [15] about strength and fractional arboricity of dual matroids.

Corollary 3.6.2. Let M = (E,Z) be a loopless matroid and 0 < r(M) < |E|. Let M* be the
dual matroid of M. Let n* be the optimal density for Mon(B/(—J\T)) and let 0¥ be the optimal

—

density for Moda(B(M*)). Then, we have
nn =1,

where 1 is the vector of all ones. Moreover, if the dual matroid M* is loopless, we have

1 L
D(M) S T
and
1 L,
san T Do

R 1 4 1
Thin = 77, ol Mmax = G-
D(M) S(M)
If M* is also loopless, we get
1 1
; min — d z max — :
(770) D(M*) an (77 ) S(M*)
The proof follows by applying Theorem 3.6.1. O]
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3.7 Deflation process and other values of p

Let M(E,T) be a matroid with base family B = B(M). We want to show that Mod,(B) can
be deduced from Mods(B).

Theorem 3.7.1. Let M(E, ) be a matroid with base family B = B(M). Let B be a Fulkerson
dual family of B. Let p € (1,00) \ {2}. Let q be the Hélder conjugate exponent of p, so that

(p—1)(¢g—1) = 1. Then Mody(B) and Mod,(B) have the same optimal density n*. Moreover,

Mod,(B) = (Zw*(e))q) .

ecE

Proof. Let n* be the unique optimal density for Mody(B). We recall E,,;, defined as in
(3.3.2). According to part 1 of Theorem 3.3.2, E,;, is a complement-Beurling set. Our
objective is to iteratively apply Theorem 3.2.19 to the Beurling set £ — E,,;,. Initially, we
decompose the matroid M into M; := M|E,,;, and M/E,,;, by utilizing Theorem 3.2.19.
Then, M; is homogeneous, we proceed to further decompose the matroid M/FE,,;, using the
minimum value of n*, continuing this deflation process. Then, this deflation process yields
the principal partitions of the matroid M. Let us denote M, Ms, ..., M} as the sequence of
homogeneous matroids resulting from this process, alongside the corresponding sequence of
ground sets Fq, Es, ..., Fy.

r(M;)
on
|25

Note that Fy, Fs, ..., Ej are subsets of F, and n* is equal to the constant 1} :=
each Ej;, where r(1;) is the rank of matroid M;. Moreover, we have nf < nj < --- < nj.

Then, we establish that

r(M;)*
= (3.7.1)

(Moda(B(M))) ™" =

=1

<

The g-energy of n* is

En) =D _|B (%)q (3.7.2)
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We define a density p by the formula

We want to check that p € Adm(B). Note that for every fair base B € B, we have |[B N
E;| = r(M;) for every j. This is because since E; is a complement-Beurling set, we have
|BN Ey| = ry(Er) = r(M;) (by Lemma 3.2.11 and part 3 of Proposition 2.1.3). Then
BN (F — Ey) is a base in M/FE; (by part 3 of Proposition 2.1.4), and it is also a fair base in
M/E; (by Theorem 3.2.19 (ii)). By induction, we achieve that |B N E;| = r(M;) for every

j. Therefore, for any fair base B, we have

k g—1
LB = 5 2 (M) %))
1 é ' r(M;) !
= &) 2P (")

) (3-7.3)

where the last equality follows from (3.7.2).

Let B be a base in B(M) that has minimum total usage ¢,(B). We have that |BN E;| <
ra(E1) = r(M;p) by Lemma 3.2.11. Assume that |B N Ey| < ry(Ey). Let T be a maximal
independent set in Ey, then |T| = ry(FE;) > |B N Ey|. Note that BN E; and T are
independent and (B N E;) C E;. By the exchange property (I3) of Definition 2.1.1, there
exists z € (T'— (BN E,)) =T — B such that (BN E;)U{z} is independent in M. Since B is a
base and z ¢ B, let C be the unique circuit within BU{z}, containing z. Since (BNE;)U{z}
is independent in M, it follows that C' Z (B N E;) U {z}. Consequently, C'— F; # (). Let
x be an element in C'— Ey. Then p(z) > p(z) by definitions of p and E;. Note that x € C
and = # z, then € B. By part 3 of Proposition 2.1.2, we have B’ := (B — {z}) U {z} is a
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base and, recalling the total usage from (2.1.20), we have

(,(B) = £,(B) — p(a) + p(2) < (,(B).

This contradicts the definition of B. Therefore, we have that |B N Ei| = r(M;). Then
BN (E — Ey) is a base in M/E; (by part 3 of Proposition 2.1.4). Then, we use the same

argument, by induction, we achieve that |BN E;| = r(M;) for every j. Therefore, by (3.7.3),
we have (,(B) = 1. Thus, p € Adm(B).

Next, since p € Adm(B) and n* € Adm(B), we have

Mod,(B) < &,(p) (3.7.4)

But Fulkerson duality for p-modulus says that
~\ 1—p o
(Mod,(B)) " = (Mod,(B) """ = (Mod,(B))

Therefore, equality holds in (3.7.4) and we have shown that p is extremal for Mod,(B). By

(2.1.28), we have n* is the optimal density for Mod,(B). In particular, we have the following

formula

Mod,(B) = (Z Tg?j) .
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Chapter 4

Matroid Reinforcement, and

Sparsification

4.1 Overview

The base modulus theory of Chapter 3 treats every element of the ground set on equal
footing. In many applications, however, the elements of a matroid carry weights, and it
is the interplay between these weights and the combinatorial structure that one wishes to
control. This chapter develops base modulus for weighted matroids and uses it to study two

cost-sensitive modifications of the weights: reinforcement and sparsification.

Our starting point is a network-theoretic one. For a connected graph G = (V, E), Cun-
ningham [11] studied the strength reinforcement problem: given a per-unit cost m(e) for
raising the weight of each edge e and a target value sg, increase the edge weights as cheaply
as possible so that the resulting network has strength at least sy. His solution rests on the
polymatroid greedy algorithm, together with an algorithm for the associated attack problem,
and the same circle of ideas underlies the algorithms developed in this chapter. We take the
reinforcement viewpoint a step further: rather than reaching a prescribed strength, we ask

how to modify the weights so that the matroid becomes homogeneous, and we treat both
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increases and decreases of weight.

To make this precise we work with the weighted analogues of strength and fractional
arboricity. For a weighted matroid M = (F,Z) with weight vector o € RE, these invari-
ants S,(M) and D,(M) are obtained from the density ratios of Section 2.1.1 by replacing

cardinalities with total weights. The matroid is called o-homogeneous when

which extends the notion of homogeneity from the unweighted setting. A guiding fact,

established in Section 4.2, is the characterization
o € conic(B) <= S,(M) = D,(M), (4.1.1)

where conic(B) denotes the conical hull in R of the indicator vectors of the bases in B.
Thus o-homogeneity is equivalent to membership of ¢ in the cone generated by the base

family:.

With (4.1.1) in hand, the two problems of the chapter can be stated as follows. Given
a weighted matroid M that is not o-homogeneous and a per-unit modification cost m(e) >
0, the matroid reinforcement problem seeks the cheapest weight increase that makes M

homogeneous,

minimize mTz
E
z€R3, (4 1. 2)

subject to o + z € conic(B),

while the matroid sparsification problem seeks the cheapest weight decrease achieving the

same,

minimize m7Tz

€RZ, (4.1.3)

subject to o — z € conic(B).

Problem (4.1.2) generalizes Cunningham'’s reinforcement problem, and problem (4.1.3) is its

complementary counterpart.
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The approach to (4.1.2) and (4.1.3) is geometric, and rests on two dilation identities for
the base dominant Dom(B). Writing hK := {hx : z € K} for the dilation of a set K C Rf,
by h > 0, we show in Section 4.3 that the weighted strength is the largest dilation of the

dominant still containing o,
Sy(M) =max{h >0:0 € h Dom(B)}. (4.1.4)

Dually, letting
Antidom(B) := (conv(B) — RE)) NRE, (4.1.5)

be the anti-dominant of B, consisting of the points of the nonnegative orthant lying below
the convex hull of the bases, we show that the weighted fractional arboricity is the smallest

such dilation,

D,(M)=min{k > 0:0 € k Antidom(B)} . (4.1.6)

Together, (4.1.4) and (4.1.6) reduce the feasible regions of the two problems to a single scalar
each: if 0 + z € hconv(B) then ¢ € h Antidom(B), so h > D,(M), and D,(M) turns out
to be the most cost-effective choice; symmetrically, S,(M) is the most cost-effective scale
for the sparsification problem. Once the scale is fixed, the polymatroid greedy algorithm

delivers an optimal redistribution of weight. Figure 4.1 illustrates these three facts.

conic(B)
: A conic(B)
Y U L - -0'D, (M) 1o
conic(5) L v DD =S o
: ! cov(B) :
cov(B) i :
bn(“[) .......... TJ ces I
. : :
(b) Dilations of '
Dom(B) and (c) When
(a) When Antidom(B) based o € conic(B), ie.
o ¢ conic(B). ono. Dy (M) = 5,(M).

Figure 4.1: Subfigures (a) and (b) illustrate (4.1.4) and (4.1.6); subfigure (c) illus-
trates (4.1.1).
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Figure 4.2: An example with the House Graph: (a) original edge weights, (b) reinforced edge
weights, and (c) sparsified edge weights.

Because the arguments draw on properties of polymatroids rather than matroids alone, we
carry out the analysis in the polymatroid setting: throughout the chapter, the reinforcement
and sparsification problems (4.1.2) and (4.1.3) are studied in their generalized, polymatroidal

form.

The contributions of the chapter are organized as follows.

e In Section 4.2, we extend base modulus from unweighted to weighted matroids by
means of parallel elements, and establish the conical-hull characterization of o-homogeneity

in (4.1.1).

e In Section 4.3, we treat the generalized versions of (4.1.2) and (4.1.3) in the poly-
matroid setting. We first reduce their feasible sets via the dilation identities (4.1.4)
and (4.1.6) (Theorem 4.3.8 and Theorem 4.3.18), and then show that the polymatroid
greedy algorithm yields optimal solutions. In Section 4.3.4, we relate our problems to

Cunningham’s strength reinforcement problem [11].

e In Section 4.4, we specialize the two algorithms to graphic matroids, giving explicit
implementations of Algorithm 1 and Algorithm 2 through Cunningham’s minimum-cut

formulations. We further give Algorithm 3 for computing fractional arboricity and, as
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Figure 4.3: Homogeneous reinforcement on a random geometric graph. Edge thickness
represents weights: (a) original uniform edge weights (all 1), (b) reinforced edge weights.

a consequence, Algorithm 4 for computing the spanning tree modulus from it.

Remark 4.1.1. Detailed algorithms for reinforcement and sparsification are presented here
for graphic matroids; Figures 4.2 and 4.3 work through two examples of Algorithms 1 and 2
on graphs. Extending these methods to hypergraphic matroids is a natural direction for

future work.

4.2 Weighted Base Modulus via Parallel Extensions

In this section, we extend the base modulus theory from unweighted matroids to weighted
matroids. Let M = (FE,Z) be a matroid with rank function r, and let o € R, be a positive

weight vector. For X C E, write o(X) := ) .y o(e).

The weighted strength and weighted fractional arboricity of M are obtained from the

unweighted definitions by replacing cardinality with total weight:

X CE, r(E)>r(E - X)} , (4.2.1)



and

Dy(M) = max{(;(())g X CE, r(X)> 0} . (4.2.2)
We also write
0,(X) = ‘;g(())

whenever r(X) > 0, and set 0,(M) := 0,(F).

The weighted theory can be understood through parallel extensions. We first assume

that o € ZE,. For each e € F, let

Xe:={er,e9,... €500}

be a set of o(e) parallel copies of e, with the sets X, pairwise disjoint. The o-parallel

extension M, is the matroid with ground set

E(M,) = X.,

eeE

where a set Y C E(M,) is independent if and only if |Y' N X,| <1 for every e € E and
{ee E:YNX,#0}

is independent in M. Thus, M, is obtained by replacing each element e by o(e) parallel

copies. If o(e) = ¢ for all e € E, we write M, and call it the ¢g-parallel extension of M.

This construction converts weights into multiplicities. The weighted quantities for M

agree with the corresponding unweighted quantities for M,:
Se(M) = S(M,), D,(M) = D(M,), Mods,(B(M)) = Moda(B(M,)).  (4.2.3)

For strength, an optimal set in M, may be taken to be a union of entire parallel classes. For

fractional arboricity, adding the remaining copies in a parallel class does not change rank
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and can only increase the density. Hence the extremal ratios in M, are exactly the weighted

ratios in M.

The same parallel-extension idea transfers the unweighted base modulus results to the
weighted setting. For integer weights, this follows directly from M, . For rational weights,
one first clears denominators. For real positive weights, the result follows by approximation
and continuity of the weighted modulus problem. Thus, the weighted theory is the natural
extension of the unweighted theory obtained by replacing elements with parallel copies. Next,

we present the weighted generalization of base modulus for matroids.

Let B = B(M) be the base family of M, and let n* = 1}, denote the weighted universal

density of the base modulus problem. We define 0~ 1n* componentwise by

The following definition extends homogeneity from the unweighted setting to the weighted

setting.

Definition 4.2.1. A weighted matroid (M, o) is called o-homogeneous if the vector o~'n*

is constant on E.

Equivalently, (M, o) is o-homogeneous if the universal density is proportional to the
weight vector. Since every vector in conv(B) has total mass r(FE), the proportional density

18

ne(e) := r(E), ec E. (4.2.4)

The parallel-extension construction gives the weighted analogue of the homogeneous ma-

troid characterization as follows.

Theorem 4.2.2. Let M(E,I) be a matroid with weights o € RE,, and let B be its base
family. Let Sy,(M) be the strength of M and let D,(M) be the fractional arboricity of M.
Define the density n, by

ne(e) == r(E), Vee E. (4.2.5)



Then, the following statements are equivalent:

1. The matroid M is o-homogeneous.
2. n, € conv(B), where conv(B) denotes the convex hull of B.

3. o € conic(B), where conic(B) is the conical hull of B.

Next, the weighted universal density also determines the weighted principal partition.

Let
S1 < Sg < -0 < Sk
be the distinct values of the vector o~!n*. For i = 1,...,k, define
AMI{QEEZH@):&}, (4.2.6)
o(e)
and

Eﬂ:{eGE:m®)2&}. (4.2.7)

Then £, = FE and

i—1
E,=E-|]J4;, i=2..k

j=1
For each i, the universal density of the contraction M /(FE — E;) is the restriction of n* to E;.
Moreover,

So(MJ(E—E)) =,  Dy(M/(E - E))=—. (4.2.8)

Sk S

Here the weights on the contraction are the restrictions of o to E;. In particular, Fj is
the unique maximal optimal set for S,(M), and A; is the unique maximal optimal set for
D,(M). We call A; the core of M. The sets Aj,..., Ay are the blocks of the weighted

principal partition.

Finally, the largest value of o~ 'n* has a useful dual interpretation. Since S,(M) =
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Mod, »(B) and S,(M) = 1/sy, Fulkerson duality gives

1 o n(e)
SO0~ Mod,(B) Mody o-1(B) = min max : (4.2.9)

k= neconv(B) e€k 0'(6)

Thus, the weighted universal density n* is also optimal for minimization problem in (4.2.9).

4.3 Polymatroid Reinforcement and Polymatroid Spar-

sification

In this section, we introduce and study the generalized versions of the matroid reinforcement

problem (4.1.2) and the matroid sparsification (4.1.3) in the context of polymatroids.

Let f be a real-valued, normalized, nondecreasing, and submodular function defined on
subsets of a finite ground set E. From now on, we assume additionally that f({e}) # 0 for
all e € E. Let s € RE, be a set of given weights and let m(e) > 0 be a per-unit increase
cost for each e € E. We introduce a generalized version of problem (4.1.2), the so-called

polymatroid reinforcement problem:

minimize m?z
zERgo (431)
subject to s+ z € hBy for some h > 0.

Similarly, we introduce a generalized version of problem (4.1.3), the so-called polymatroid

sparsification problem:

minimize mTz
ZERgO (432)
subject to s — z € hBy for some h > 0.

In the next two sections, we will study these two generalized problems.

73



4.3.1 Polymatroid Reinforcement

Let f be a real-valued, normalized, nondecreasing, and submodular function defined on
subsets of a finite ground set E. Let P = P be the associated polymatroid of f. Let B¢ be
the base polytope defined as in (2.1.5). Let s € R be a set of given weights and a per-unit
increase cost m(e) > 0 for each e € E. In this section, we shall show that we can reduce the

feasible set of the polymatroid reinforcement problem (4.3.1) to the set
{zeRY :s+z€aBy}

where
a:=min{h >0:s€ hP;}. (4.3.3)
The value of a can be characterized in the following remark.

Remark 4.3.1. By the definition of Py, we have that s € hPy if and only if s(A4) < hf(A),

for all A C E. This is equivalent to

for all nonempty subsets A C E.

Hence, the value of « in (4.3.3) is equal to

{2 04 ac s )

We call this value the fractional arboricity of f and denote it by Dg(f).
We start by characterizing maximal vectors in Py.

Lemma 4.3.2. Let f be a real-valued, normalized, nondecreasing, and submodular function
defined on subsets of a finite ground set E. Let P = Py be the associated polymatroid of f.
Let By be the base polytope of f. Given x € P, the vector x is a mazimal vector in P if and

only if v € By.
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This fact should be standard, but we provide a proof for the reader’s convenience.

Proof. Assume that © € By. Then, we have z(E) = f(FE). Hence, x is maximal because if
we increase any component of z, then z(F) > f(F), contradiction with the definition of P

in (2.1.4).

Assume that x € P is a maximal vector in P. Let ¢ be a number such that ¢ > f(FE).

Let ¢ € R¥ be the column vector of all ¢. We have
z(e) < f({e}) <e¢, VeeF (by the definition (2.1.4)).

Hence, we obtain < ¢. Combining with the fact that x is maximal in P, we achieve that x
is a P-basis of c¢. Let y € By, then y is maximal and is a P-basis of c. By Definition 2.1.5 of
polymatroids,  and y have the same component sum, in other words, z(E) = y(E) = f(F).

Thus, we obtain x € By. O

The following lemma defines a polymatroid generated by any element s € P.

Lemma 4.3.3. Let f be a real-valued, normalized, nondecreasing, and submodular function
defined on subsets of a finite ground set E. Let P = Py be the associated polymatroid of f.

Let By be the base polytope of f. Given s € P, we define the following polyhedron
P ={zeRf :s+zeP}. (4.3.4)

Then, P? is a polymatroid.

Proof. We aim to show that P? satisfies Definition 2.1.5. Since s € P, then P® contains the
vector 0. Moreover, P?® is compact by its definition. For any vectors z,y such that z < y
and y € P*, we have s+ y € P and s+ x < s+ y. Then, s+ 2 € P by Definition 2.1.5 (i),

which implies € P®. Hence, P?® satisfies Definition 2.1.5 (i).

For any y € Rgo, let z be a maximal vector among all vectors satisfying = < y and

x € P®. By the definition of P®, s +x € P. We want to show that: s 4+ z is a P-basis of
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s +y. Indeed, suppose that s 4+ z is not a P-basis of s + y. Then, there exists ¢ > 0 and
e € F satisfying
str+ely <s+y and s+ax+elg € P

This is equivalent to

r+ely <y and z+elgy € P,

contradicting the definition of x. Thus, s + x is a P-basis of s + y. By Definition 2.1.5 (ii),
we have (s + z)(E) does not depend on z, it only depends on y and s. This implies that
z(F) = (s+x)(F) — s(F) does not depend on x. Therefore, P*® satisfies Definition 2.1.5 (ii).

In conclusion, P? is a polymatroid. ]

The following lemma characterizes maximal vectors in the polymatroid P?.

Lemma 4.3.4. Let f be a real-valued, normalized, nondecreasing, and submodular function
defined on subsets of a finite ground set E. Let P = Py be the associated polymatroid of f.
Let By be the base polytope of f. Given s € P, let P® be defined as in (4.3.4). Given x € P?,
then, x is mazimal in P*® if and only if (s + z)(E) = f(FE).

Proof. Assume that (s+z)(F) = f(F). By Lemma 4.3.2, s+ z is maximal in P, this implies

that = is maximal in P*® by the definition of P?.

Conversely, assume that x is maximal in P*. To prove that (s + z)(E) = f(E), we first
claim that there exists 2’ € P?® such that (s + 2')(E) = f(E).

If s is maximal in P, by Lemma 4.3.2, we obtain s(E) = f(F). Then, we choose
¥’ =0 € RFP. If s is not maximal in P, then we can increase successively each component of
s as much as possible subject to s € P, the resulting vector has the form s+2’ for some ' > 0.
The vector s + 2’ is maximal in P because if there exists some e € F and € > 0 such that
(s + ' +€lyey) € P, then during the process, we must have been increased the e-component
of s to at least 2(e) + ¢, a contradiction. Hence, by Lemma 4.3.2, (s + 2/)(E) = f(E) .
Therefore, there exists @’ € P* such that (s + 2/)(E) = f(E).
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By the above argument, 2’ is also maximal in P®. By the Definition 2.1.5 (ii), « and 2’

have the same component sum, this implies that (s + z)(E) = (s + 2/)(E) = f(E). O

Next, we recall that the feasible set of the polymatroid reinforcement problem (4.3.1) is

equal to

U

h>0
where

Ap = {ZE]RgO :s+2z€hBy}. (4.3.5)

The next remark characterizes Aj,.

Remark 4.3.5. For h > 0, we denote the dilation of Py by hPs := {hz : v € Pr}. Then, we
have

Ap={z€eRE :s+2€hP; (s+2)(E)=hf(E)}.

Note that (hPs)* := {z € RE;: s+ 2 € hP;}. By Lemma 4.3.4, we obtain

Ay ={z € (hP)* : z is maximal in (hP)%}. (4.3.6)

We want to show that we can reduce this feasible set to A,, where « is defined in (4.3.3).

To do this, we first give the following lemma.

Lemma 4.3.6. Let [ be a real-valued, normalized, nondecreasing, and submodular function
defined on subsets of a finite ground set E. Let P = Py be the associated polymatroid of f.
Let By be the base polytope of f. Let Aj, be defined as in (4.5.5). Let o be defined as in
(4.8.3). Then, Ay, # 0 if and only if h > «.

Proof. Let h > 0. If there exists z € Ay, then s + 2 € hBy C hPy. Because s < s + z, we
have s € hPs, hence h > « by the definition of a.. If h > «, then s € hP;. If s is maximal
in hPf, by Lemma 4.3.2, we obtain s € hBy and 0 € Ay,. If s is not maximal in APy, then

we can increase successively each component of s as much as possible subject to s € hPy,
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the resulting vector has the form s + z for some z > 0. The vector s + z is maximal in
hP; because if there exists some e € E and € > 0 such that (s + z + €lyy) € hPy, then
during the process, we must have been increased the e-component of s to at least z(e) + ¢,

a contradiction. Hence, by Lemma 4.3.2, (s + z) € hBy and z € Aj,. O

The following remark shows that « is the most cost-effective value for h if the costs are

uniform.

Remark 4.3.7. Let hy > hy > «, and let 2 € Ay, 20 € Ap,. Then
2(E) = hmf(E) = s(E) = haf (E) — s(E) = 2(E).
Therefore, if the cost m(e) = 1 for all e € F, then

min 172 = min 172 = af(E) — s(E).

ZeUh>0 Ap 2€Aq

The following theorem shows that « is the most cost-effective value for any costs m € RE,,.

Theorem 4.3.8. Let f be a real-valued, normalized, nondecreasing, and submodular function
defined on subsets of a finite ground set E. Let P = Py be the associated polymatroid of f.
Let By be the base polytope of f. Given s € RE; and m € Rgo- Let Ay, and « be defined
as in (4.3.5) and (4.3.3), respectively. For every h > «, let z}; be an optimal solution of the
problem min m”z. Then,

ZEAR

m? 2 >m’ 2 Vh > a. (4.3.7)

In other words, the polymatroid reinforcement problem (4.5.1) is equivalent to min m? z.

ZGAa

Proof. Let h > a. If we assume that there exists y € A, such that y < z;, then

mTy <m'z}, (4.3.8)
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and by the definition of 27, we obtain
m’z <mTy. (4.3.9)

Hence, we have (4.3.7).

The rest of the proof is to show that such y exists. Let (aPr)® be defined as in (4.3.4),
and let y be an (aPy)*-basis of zj;. Then, we obtain that y < z; and s +y is an (aPy)-basis
of s + z;. The proof is completed if we can show that y € A,, i.e., (s +y)(E) = af(F). To
that end, we denote

x = %(s +2;7) < (s+z2;).

By the definition of z;, we have s + z; € hBy. Thus, © € aBy, this implies that z(E) =
af(E). By Lemma 4.3.2, x is maximal in aP;. Moreover, since x < (s + z;), we have that
x is an (aPy)-basis of s + z;. Note that s+ y is also an (aPy)-basis of s + z;. By Definition
2.1.5 (ii), (s + y)(F) = 2(E) = af (F). The proof is completed.

]

By Remark 4.3.5, we have reduced the feasible set of the polymatroid reinforcement

problem (4.3.1) to the set
{z € (aPf)® : z is maximal in (aP)"}.

Assuming « is known, since (aPr)® is a polymatroid, we can use the greedy algorithm to

solve this problem. To implement the greedy algorithm, we have that the oracle
max {€: z + el € (aPy)°}, (4.3.10)

is equivalent to

max {€: s+ z+ el € abPy}. (4.3.11)
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Note that the oracle (4.3.11) is equivalent to

min {af(A) — (s+2)(A):je AC E}. (4.3.12)

Assume that we have a method to implement the oracle (4.3.12). Suppose m; < m;, <
- < my, where k = |E|. We introduce Algorithm 1 for the polymatroid reinforcement

problem (4.3.1).

Algorithm 1 Algorithm for the polymatroid reinforcement problem
Input: f. s, «

Output: Optimal z
1: 240
2: forie {1,2,... k} do
30 2(Ji) < 2(4;) + min{af(A) — (s+2)(A) : j; € AC E}
4: end for

5 return z

Next, we want to show that when we increase weights, the fractional arboricity is non-

decreasing.

Proposition 4.3.9. Let f be a real-valued, normalized, nondecreasing, and submodular func-
tion defined on subsets of a finite ground set E with weights o € RE,. Let D,(f) be the
fractional arboricity of f. Then, the function o — Dy (f) is Lipschitz continuous and mono-

tonically nondecreasing.

Proof. Let 01,09 € RE;, and let X; and X, be optimal for D,, (f) and D, (f) respectively.

Then, without loss of generality, we assume that D, (f) < Do, (f). So,
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DO’Q(f)_DUI(f)S -

= 700 2020 - o)
< 3 loae) = nte)
< g 2 ()~ 1 (6)] € s S o) — )
0£ACE e€Xo 0£ACE e€E
1
< MIE\I!@ — 01 -
where || - || denotes the maximum norm on R¥. So, the function o ~ D, (f) is Lipschitz

continuous.

For the monotonicity, assume that o; < gy, then 01(A) < 09(A) for all A C E. Therefore

DO’I(f)SDO'Q(f)’ D

The following theorem describes the output of Algorithm 1.

Theorem 4.3.10. Let f be a real-valued, normalized, nondecreasing, and submodular func-
tion defined on subsets of a finite ground set E with given weights s € RE,. Let m € Rgo
be the cost of increasing each element weight by one unit. Let o = Dg(f) be the fractional
arboricity of f defined in Remark 4.3.1. Then, after each iteration of Step 3 in Algorithm 1,
the polymatroid Py with the new weights s+ z has the same fractional arboricity o. When the
algorithm terminates and outputs the optimal z, the vector s+ z belongs to the base polytope

OéBf.

Proof. After each iteration of Step (3) of Algorithm 1, the weights are nondecreasing. Then,
by Proposition 4.3.9, the fractional arboricity is nondecreasing as well. In contrast, since the
new weights are always in aPy, the fractional arboricity never exceeds av during the process

by Remark 4.3.1. Therefore, the fractional arboricity remains unchanged during the entire
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algorithm. When the algorithm terminates, s + z is maximal in aPf, which means that

s+ 2z € abBy. O

4.3.2 Polymatroid Sparsification

In this section, we will show that we can reduce the feasible set of the polymatroid sparsifi-

cation (4.3.2) problem in the same manner as the polymatroid reinforcement problem.

We start by recalling the concept of contrapolymatroid. Let f be a real-valued, normal-
ized, nondecreasing, and submodular function defined on subsets of a finite ground set F.
Let s € RZ, be a set of given weights and a per-unit decrease cost m(e) > 0 for each e € E.

We define the set function g as follows:

g(U):=f(E)— f(E\U) for all subsets U C E. (4.3.13)

It follows that g()

f(E)— f(E)=0. For any set A C B C E, we have

g(A) = f(E) = f(E\A) < f(E) - f(E\ B) = g(B).

Furthermore, for all subsets A, B C FE, by definition of ¢ and the submodularity of f, we

have

9(ANB) +g(AUB) = g(A) + g(B).

Hence, the function ¢ is normalized, nondecreasing and supermodular. Then, we associate

the following polyhedron with g:

Qy:={z eR” 2 >0,2(4) > g(A),VAC E}. (4.3.14)

In the literature, see for instance [33], the polyhedron @), is known as a contrapolymatroid.

Notice that for any e € E, we have g({e}) > ¢g(#) = 0. Thus, the polyhedron @), can be
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described as

Qy = {z e R” : z(A) > g(A),YAC E}.

We also define
Cyp={reQ,:z(E)=yg(E)}. (4.3.15)

It is well-known that By = C,, where By is the base polytope associated with f, see [33,
Section 44.5].

Next, we want to show that we can reduce the feasible set of the polymatroid sparsification
problem (4.3.2) to
{zeRY :s—z€pC}

where

B :=max{h>0:5€hQ,}. (4.3.16)

The following remark characterizes the value of 5.

Remark 4.3.11. By definition of Q,, we have s € hQ, if and only if s(A) > hg(A) =
h(f(E)— f(E\ A)), for all A C E. This is equivalent to

s(A)
"SFE BN

forall AC E, f(E) > f(E—A).

Hence, the value of 5 in (4.3.16) is equal to

min{ s(4)
f(E) = f(E—A)

. ACE, f(E)> f(E - A)} . (4.3.17)

We call this value the strength of f and denote it by Ss(f).

To deal with )4, we bound the set @), from above as follows. Let ¢ be a constant such

that ¢ > f(FE), and let ¢ := ¢1. Consider the following polyhedron:

Qg ={z€R” :c>z,2(A) > g(A),VAC E}. (4.3.18)
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This polyhedron is bounded and hence is a polytope. Additionally, we define

Coe={r€Qye:x(E)=9g(E)}. (4.3.19)

We aim to demonstrate that, under some translation, the polytope (), . maps to a polyma-

troid.

Theorem 4.3.12. Let ¢ > f(E), and let ¢ be the vector of all c. Let t: RE — RE be a map
such that t(x) = —x + ¢ for x € RF. Then, t(Q,.) is a polymatroid.

Proof. Let x € @y, and y = —x + c. Then, we have y > 0. Next, note that

2(A) 2 g(A) & —y(A) + c|A| = [(E) = [(E\ A)

S y(A) < —f(E) + [(E\A)+ Al

We define a set function h(A) := —f(E) + f(E\ A) + c¢|A|. We want to show that h is nor-
malized, nondecreasing, and submodular. Indeed, by definition of h and the submodularity

of f, we have that h is normalized and submodular. For A C B C E, we have

—f(E)+ [(E\A) +c[A] < —f(E) + f(E\ B) + ¢[B|

& f(ENA) = f(E\B) <c|B\ A,

which is true because ¢ > f(E) > f(E\ A). So, the function h is nondecreasing. Therefore,

t(Qg.c) is a polymatroid. ]

We apply Theorem 4.3.12 to provide corresponding results from Section 4.3.1.

Lemma 4.3.13. Let Q := Q. be defined as in (4.3.18). A vector x € Q is minimal in Q if
and only if (E) = g(E) = f(E).

Lemma 4.3.14. Let Q) = Q. be defined as in (4.5.18). Given s € @, then @Q° :=

{z € Rgo s—z € Q} 1s a polymatroid under some translation.
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Lemma 4.3.15. Let Q := Q . be defined as in (4.3.18). Let s € Q and z € Q)° where
Q°F = {z eRY:s—z€ Q}. Then, z is mazimal in Q° if and only if (s — 2)(E) = f(F).

Given a per-unit increase cost m(e) > 0 for each e € E and s € RY,. Let ¢ be a constant
such that ¢ > max {f(E), ||s]/s}, see Remark 4.3.16 for the reason we choose such a ¢. We
consider another version of the polymatroid sparsification problem (4.3.2) where we replace
By (= C,) by Cy.. In fact, we will prove that C; = C,. (see Proposition 4.3.22), so this
version is equivalent to (4.3.2). The feasible set of the polymatroid sparsification problem

(4.3.2) is

U

h>0

where

Fh::{ZERgozs—zehC’g@}.

Remark 4.3.16. Let f :=max{h > 0:s € hQ,} be defined as in (4.3.16). Since we assume
that ¢ > max {f(E), ||s||}, it follows that f = max{h > 0: 5 € hQ,.}.

Lemma 4.3.17. Let § =max{h > 0:s € hQ,.}. Then, Fy # 0 if and only if h < .

Theorem 4.3.18. Given s € RY, and m € Rgo. For every 0 < h < j3, let z; be an optimal

solution of the problem m}n m?Tz. Then,
ZEL

mTz;; > mTz;k3 Vh < .

In other words, the polymatroid sparsification problem is equivalent to min m” z.

ZEFB

Proof. This can be proved in the same manner as in the proof of Theorem 4.3.8. O]

By Lemma 4.3.15, we have reduced the feasible set of the polymatroid sparsification
problem (4.3.2) to the set

{z € (BQq.)° : z is maximal in (5Qy.)°},
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and we can use the greedy algorithm to solve this problem. Suppose m; < mj, <--- <m;,
where k = |E|. Following the same method as in Section 4.3.1, we obtain Algorithm 2 for

the polymatroid sparsification problem (4.1.3).

Algorithm 2 Algorithm for the polymatroid sparsification problem
Input: g,s,0
Output: Optimal z
z2+0
. forie{1,2,...,k} do
2(ji) <= 2(ji) + min{(s — 2)(A) — Bg(4) : ji € AC E}
end for
return z

AN S o

Remark 4.3.19. Similar to the case of D,(f), it can be shown in the same manner of Proposi-

tion 4.3.9 that the map o +— S,(f) is Lipschitz continuous and monotonically nondecreasing.

Theorem 4.3.20. Let f be a real-valued, normalized, nondecreasing, and submodular func-
tion defined on subsets of a finite ground set E. Let m € Rgo be the cost of decreasing each
element weight by one unit. Let B = S(f) be the strength of f defined in Remark 4.5.11.
Then, after each iteration of Step 3 in Algorithm 2, the function f with the new weights s — z
has the same strength. When the algorithm terminates and outputs the optimal z, the vector

s — z belongs to the base polytope BBy.

Proof. After each iteration of Step 3 of Algorithm 2, the weights are nonincreasing. By
Remark 4.3.19, the strength is nonincreasing as well. In contrast, since the new weights are
always in @)y, the strength never becomes smaller than § during the process by Remark
4.3.11. Therefore, the strength remains unchanged during the entire algorithm. When the

algorithm terminates, s — z is minimal in 3Q),, which means that s — z € pCy = By. [

4.3.3 Relationship between Py and @),

Let f be a real-valued, normalized, nondecreasing, and submodular function defined on

subsets of a finite ground set E. Let g be the set function defined in equation (4.3.13). Let
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(), be defined as in (4.3.14). In this section, we explore several properties of Py and (),. We

start by providing some propositions describing P and Q).

Proposition 4.3.21. Let f be a real-valued, normalized, nondecreasing, and submodular
function defined on a finite ground set E. Let Py be the associated polymatroid of f and By

be the base polytope associated with f. Then,
Pr = (By — R,) NRE,. (4.3.20)

Proof. Let € (By —RE)) NRE,, we have 0 < o = y — r for some y € By and r € RE.

Hence, < y. Since y € Py, by Property (i) of Definition 2.1.5, we have x € P;. Therefore,

(B; —RE)) NRE, C Py.

Conversely, let « € Py. Then, by the greedy algorithm for polymatroids, there exists

x’ > 0 such that = + 2’ is maximal in P;. By Lemma 4.3.2, we have that

r+a € Bf.
Hence,
0<z=(zr+a)—2 € By —RE,.
Therefore, Py C (By — RE;) NRE,. The proof is completed. O

Proposition 4.3.22. Let f be a real-valued, normalized, nondecreasing, and submodular
function defined on E. Let g be the set function defined in equation (4.3.13). Let ¢ be a real
number such that ¢ > f(E) = g(E) , and let ¢ := c1 where 1 is the constant vector of all
ones. Let Qg,Cy, Qq., and Cy. be defined as in (4.8.14), (4.5.15), (4.5.18), and (4.3.19),
respectively. Then, the following statements hold:

(1)
Cye = C,, (4.3.21)
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(i)
Qge=(Coe +RE)N{z e R, i c > o}, (4.3.22)

(iii)
Qy = Cy +RE,,. (4.3.23)

Proof. For (i), denote J := {z € RE;: x(E) =g(E)} and K, := {z eREj: 2 <c}. It
follows that J C K.. Hence

Cope=QueNJ=Q,NK.NJ=Q,NJ=C,

By the proof of Theorem 4.3.12 and Proposition 4.3.21, we obtain (ii). Finally, for (iii),

Qg: U Qg,c

c>f(E)

= U ((Cg,c + R§0> M Kc)

c>f(E)

= |J (G +RE)NEK,

c2f(E)

=(C,+RE) N | | K
c> f(E)

= C, +RE,.

]

Next, we present the relationship between the notions of strength and fractional arboricity

in the context of polymatroids.

Theorem 4.3.23. Let [ be a real-valued, normalized, nondecreasing, and submodular func-
tion defined on E. Let g be the set function defined in equation (4.3.13). Given s € RE,
let Ds(f) be the fractional arboricity of f defined as in Remark 4.3.1 and let Ss(f) be the
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strength of f defined as in Remark 4.3.11. Let Py, By, Q,, and Cy be defined as in (2.1.4),
(2.1.5), (4.5.14), and (4.3.15). Then, for h >0,

(1) s € hPy if and only if h > Dy(f).
(i1) s € hQ, if and only if h < Ss(f).
(1) Ds(f) > Ss(f), and s € hBy if and only if h = Dy(f) = Ss(f).

Proof. By the definitions of Dy(f) and Ss(f), we have (i) and (ii). For (iii), we have that
s € Dy(f)Pr and s € S(f)Qy, then Dy(f)f(E) > s(E) > Ss(f)g(E). Since f(E) = g(E),
we have that D,(f) > S,(f). It is well-known that By = Cy, we will prove this fact for the

reader’s convenience. This is true because given that z(E) = f(E), for any subset A C E,

2(A) < f(A) & 2(E) — o(E — A) < f(4) (4.3.24)
& f(B) — 2(E - A) < f(A) (4.3.25)
o 2(E—A) > f(B) - f(A). (4.3.26)

Next, we assume that h = D,(f) = Ss(f). Then, Ds(f)f(E) = s(E) = Ss(f)g(E) and
s € hB; = hC,.

Finally, we assume that s € hBy = hC,. By definition of D,(f) and Ss(f), we have
Ss(f) = h > Dy(f). Note that hf(F) = s(E) = hg(F), we obtain Ds(f) > h > Ss(f).
Therefore, h = Ds(f) = Ss(f).

[]

The following remark interprets the polymatroid reinforcement problem and the polyma-

troid sparsification problem in the case when f is the rank function of a matroid.

Remark 4.3.24. When f is the rank function of a weighted matroid M (F,Z) with given
weights s € RY;, by definition, the strength S,(M) is equal to the strength S,(f) of f, and
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the fractional arboricity Dg(M) is equal to the fractional arboricity D,(f) of f.

Let B be the family of bases of M. Let g be the set function defined in equation (4.3.13).
Then, we have By = C; = conv(B). By Proposition 4.3.22, we have Dom(B) = @, where
Dom(B) is defined in (2.1.23). And by Proposition 4.3.21, it follows that Antidom(B) = Py,
where Antidom(B) is defined as in (4.1.5).

4.3.4 Connection with the Strength Reinforcement problem

In this section, we study connections between problems (4.3.1), (4.3.2), and the strength

reinforcement problem by Cunningham [11].

Let f be a real-valued, normalized, nondecreasing, and submodular function defined on
subsets of a finite ground set F. Let P = P; be the associated polymatroid of f. Let By be
the base polytope defined as in (2.1.5). Let s € RZ, be a set of given weights and consider
a per-unit increase cost m(e) > 0 for each e € E. Let the set function g be defined as in

equation (4.3.13). Let S,(f) be the strength of f, and let Dy(f) be the fractional arboricity
of f.
Next, we generalize the strength reinforcement problem by Cunningham [11] in the con-

text of polymatroids. Let Sy be a desired strength, the strength reinforcement problem given

a function f is defined as follows:

min{m”z : z € RY, Ss1.(f) > So}. (4.3.27)

We recall that, by Theorem 4.3.23, for a real positive number h, we have that

(i) s € hPyif and only if h > D(f).

(i) s € h@y if and only if h < S,(f).
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Hence, a vector z € Rgo is feasible for problem (4.3.27) if and only if
s+ z € S()Qg.

Cunningham [11] provided an algorithm to solve this problem. The first step is to find an
(SoPy)-basis w of s. Then, we apply the greedy algorithm to increase each component of w
until we obtain a vector w + z which belongs to SoB¢. Thus, we have s + 2 € Sy(), because

s+ z > w + z, and this choice of z is our optimal solution.

Let us analyze this algorithm. Note that w is an (SyPy)-basis of s. We have w € Sy
and w € D,,(f)Ps. Hence, it follows that Sy > D,,(f). We have two cases:

o If s & SoPy, hence w # s, it must follow that Sy = D, (f), because otherwise, if
So > Dy (f), we can increase a small enough amount at some j-component of w where

w(j) < s(j) such that the output still belongs to SyP.

o If s € SyPy, then w = s. We can only conclude that Sy > Dy(f).

The following remark presents the connection between the problem (4.3.27) and our

polymatroid reinforcement problem (4.3.1).

Remark 4.3.25. In the case where Sy = D,(f), we have s € Dy(f)Pf = SoPs. It follows that
w = s. The strength reinforcement algorithm for this case is precisely identical to the one
for the polymatroid reinforcement problem, where we increase s element-wise to get a vector

S+Z€S()Bf.

Next, motivated by the strength reinforcement problem (4.3.27), we introduce the frac-
tional arboricity sparsification problem, where we seek the most cost-effective way to decrease
element weights so that the resulting weights induce a fractional arboricity of at most a given

number Dy. This problem is defined as follows:

min{m”z : z € RY;, D,_.(f) < Do} (4.3.28)
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Following the strategy for the strength reinforcement problem by Cunningham [11], we

provide the following algorithm.

First, note that a vector z € R is feasible for problem (4.3.28) if and only if it satisfies

S—ZGD()Pf.

This is equivalent to the existence of a vector y such that y > s — 2z and y € DyB;. Hence,
we first find a vector w € Rgo such that w is minimal with respect to w > s and w € DyQ),.
Then, we decrease w element-wise to obtain a vector y = w — z which belongs to DyB;. In

each step, we need to solve this oracle problem:

min{s(A) — Dog(A):j € AC E}.

It follows that this choice of z is an optimal solution for problem (4.3.28).

In Section 4.4, we present detailed algorithms for the case of graphic matroids.

4.3.5 A Remark when Weights Attain Values of 0

In this section, we study the case when weights are allowed to attain values of 0. Let f
be a real-valued, normalized, nondecreasing, and submodular function defined on subsets
of a finite ground set E. We also assume that f({e}) # 0 for all e € E. Let P = Py be
the associated polymatroid of f, and let By be the base polytope of f. Let s € Rgo be
a set of nonnegative weights, and we assume that s is not identically zero. Let Dg(f) be
the fractional arboricity of f defined as in Remark 4.3.1, and let S,(f) be the strength of f
defined as in Remark 4.3.11.

Let Ey C E be the set of elements e that attain weights 0. First, we have that Theorem

4.3.23 still holds for any set of nonnegative weights s € Rgo (the proof remains identical),
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with the following conventions:

0P;:={0} cRY, and 0Q,:={0} C RL,.

We consider two cases as follows:

e Assume that f(F — Ey) < f(E), then

s(Ev) _0, and Dy(f) > SE)

SU) S Ry = fE— B

Hence, S;(f) = 0 < Ds(f). Thus, we have that s ¢ hBy for any h > 0. In other words,
if s € hBy for some h > 0, then f(E — Ey) = f(E).

e Assume that f(E — Ey) = f(E). For any X C E such that f(E—X) < f(E), we have
that X N (E — Ey) # (). Hence, s(X) > 0. By the definition of Ss(f), it follows that

Ss(f) > 0.

We have that Theorem 4.3.23 still holds for any set of nonnegative weights. We know that
Theorem 4.3.23 is a generalization of characterizations for weighted homogeneous matroids
(in Section 4.2) in the context of polymatroids. In the rest of this section, we will analyze

the base modulus with nonnegative weights.

Consider a matroid M(E,T) with the rank function f. Let 0 # s € R be a set of
nonnegative weights. Let B be the base family of M. Let Ey C E be the set of elements e
that attain weights 0. For the 2-modulus Mods s(B), let B’ be the set of bases B of M which
satisfy BN Ey = (). Since s attains values of 0 in Ey, for a density p € Rgo, we can assign
ple) =1 for e € Ey and this p is admissible for B\ B'. Note that p(e) for any e € Ey does

not contribute to the objective function, it follows that

MOdlS(B) = MOdQ,S (B/) .
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We have two cases as follows:

e Assume that f(F — Ey) < f(E). Let Y be a maximal independent set contained in
E — Ey, and let B be an arbitrary base of M. Then, |Y| = f(E — Ey) < f(F) = |B|.
By (I3) in Definition 2.1.1, there exists © € B — Y such that Y U {z} € Z. It follows
that = must not be in £ — E,. Hence, z € BN Ey. Therefore, B’ = () and Mod, (B) =

Mods s(B’) = 0. In this scenario, we say that M is not s-homogeneous.

e Assume that f(E — Ey) = f(F). Then B' # (. The matroid M is said to be s-

homogeneous if any optimal density p* of Mods s(B) is constant in E' — Ej.

For the second case when f(F — Ey) = f(E), we remove Ey from the matroid M as
follows. Recall that the matroid M \ Ej is called the deletion of Ey from M. The base family
B(M \ Ey) of M\ Ejy is the collection of maximal sets in {B — Ey : B € B(M)}, which is

equal to B'. Let s’ be the projection of s to RE=F0. It follows that
Mods s(B(M)) = Mods o« (B(M \ Ej)).
Hence, M is s-homogeneous if and only if M \ Ej is s’-homogeneous. Finally, we want to

show that Theorem 4.2.2 still holds for nonnegative weights.

Theorem 4.3.26. Let M(E, L) be a matroid with weights s € RE,. Let B be its base family,
and let f be its rank function. Let Ey C E be the set of elements e that attain weights 0.
Assume that f(E — Ey) = f(E). Let Ss(M) be the strength of M, and let Ds(M) be the

fractional arboricity of M.

Then, the following statements are equivalent:

1. M s s-homogeneous.

2. s € conic(B), where conic(B) is the conical hull of B.
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Proof. First, (ii) and (iii) are equivalent because of Theorem 4.3.23 with the set of nonneg-

ative weights s.

Next, let s’ be the projection of s to R¥~F0. Then, the matroid M is s-homogeneous if
and only if the matroid M\ Ej is s’-homogeneous. This is equivalent to s" € conic(B(M \ Ey)),

which is equivalent to s € conic(B(M)). Indeed, s € conic(B(M)) is equivalent to

s = Z w(B)1g,

BeB(M)

where p € Rg%M). Because s attains 0 on Ejy, we have that p(B) = 0 for any base B C E of

M which is not a base of the matroid M \ Ey. Thus, this is equivalent to s’ € conic(B(M \
Ep)). [

4.4 Application for Graphs

In this section, we study the matroid reinforcement and matroid sparsification problems for

graphic matroids.

4.4.1 An Algorithm for Computing Fractional Arboricity

In this section, we present an algorithm for computing the fractional arboricity of graphs.

We begin by recalling some notations.

We consider an undirected, connected, and weighted graph G = (V, E, o) with edge
weights ¢ € RE). The graphic matroid associated with G is the matroid with the ground
set I/, where a subset A C F is independent if and only if A does not contain any cycles in
G. For every subset A C F, its rank f(A) is given by |V (A)| — r4, where V(A) is the set of
vertices of the edge-induced subgraph H,4 induced by A, and r4 is the number of connected
components in Hy [29]. The family of all spanning trees of the graph G is the base family
of M.
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Let f be the rank function of the graphic matroid associated with G. The fractional
arboricity D,(G) of G is defined as:

D,(G) := max {% X CEr(X)> O} : (4.4.1)

The following theorem characterizes D, (G).

Theorem 4.4.1. Let G = (V, E,0) be a weighted connected graph. Let D,(G) be the frac-
tional arboricity of G. Let H be the set of all vertezr-induced connected subgraphs of G that

contain at least one edge. Let Eg denote the set of edges that have both endpoints in B, for
each BC V. Then

o(Ep)
B[— 1

O'(EH)
B C > e —_—. 4.
B_V,|B|_2} %127}'[{|VH|_1 (4.4.2)

D,(G) = max {

Proof. We want to show that the following three definitions for fractional arboricity are

equivalent:

O'(EB) O'(EH)
Dy :=D Dy = B C Bl >2 D3 = _—
Let H = (Vi, Epr) be a subgraph that optimizes D3. Choose X = Ey/, then f(X) =
|Vi/| — 1. Thus, we obtain D3 < D;. Choose B = Vyr, then D3 < Ds.

Let X be an optimizer for D;. Then H = (Vy, X) is the edge-induced subgraph generated

by X. Suppose H has m connected components Hy, Ho, ..., H,. We want to show that

o(Eg,)

7

FX) = B Vg~ 1

Notice that for aq,...,a, > 0 and by,...,b, > 0, we have
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Therefore,

In particular,

o(X) < o(Ey,)+---+0(Eg,)
fX) (Vi =D+ 4+ ([Va,| = 1)
< max —0<EHi)

Thus, D1 < Dg.

Let B be an optimizer for Dy. Then K = (B, Ep) is the vertex-induced subgraph
generated by B. Suppose K has m connected components Ki, Ko, ..., K,,, where each

component has at least one edge. We want to show that

We have,
o(Ep) <0(EK1)+"'+U(EKm)
IBl—1 = |V, |+ + Vg, | — 1
o(Eg,)+ -+ o0(FEk,,)
T WV 4+ Vi, —m
O'(EK.)
< 1
= A Ve -1
ThU.S, Dg S D3.

]

It is well known that the polytope Py, defined as in (2.1.4), can be described as follows:

z(Ep) <|B|—1 VB such that ) # B C V;
(Ep) < |B| 7 (4.4.3)

x> 0.
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where Ep denotes the set of edges that have both endpoints in B. This fact gives rise to a

second proof for the first equality in (4.4.2).

Next, we give an algorithm for computing the fractional arboricity D,(G). There is a

well-known method for dealing with quotients like D, (G), which is described as follows.

Denote a := D,(G) and let b > 0. By (4.4.2), we have

E
a<b<:>max{a( 5) :BgV,]B\22}<b

B 1
o(Ep)

&
|B| -1

<b VB suchthat BCV,|B|>2

< b(|B|—1)—0(Eg) >0 VB such that BCV,|B| > 2

< Y(b) :=min{b(|B] — 1) —o(Ep): BCV,|B| > 2} >0. (4.4.4)
Note that we also have similar statements:
a=b<Y(b) =0, (4.4.5)

a>be YD) <O0. (4.4.6)

Next, we assume that we have a lower bound b of «, in other words, @ > b. Then, we

have Y'(b) < 0. Let us consider two cases:
e If Y(b) =0, then o = b.
e If Y(b) <0, let B* be a minimizer of Y (b). Then,

b(|B*| — 1) — o(Ep) <0

Ep-)
y o= o(Ep
VT BTo1

> b.

Thus, ' is a better lower bound of «. Based on this argument, we obtain an algorithm for

computing a:
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Algorithm 3 Algorithm for computing D, (G)

Input: G = (V, E,0)
Output: D,(G)
: B+V
b o(E)/([V]-1)
while Y'(b) < 0 do
B < a minimizer of Y (b)
b+ o(E)/(|B| - 1)
end while
return b, B

The following lemma shows that Algorithm 3 takes at most n = |V steps.

Lemma 4.4.2. Assume that Y (by) < 0 and By is a minimizer of Y (by). Denote

b e U(EBO>
1 .= .
|Bo| — 1

Let By be a minimizer of Y (b1). If Y(by) < 0, then |By| < |By|.
Proof. Because Y (by) < 0 and Y'(by) < 0, we have

0<E31) > bl _ U(EBO)
|B1| — 1 | Bo| — 1

> by.

Then,

0<o(Ep)—b(|Bi]—1)

= 0(Ep,) = bo(|Bi| = 1) + bo(|Br| — 1) = bi(|B| — 1)

< o(Eg,) —bo(|Bo| = 1) + bo(|B1| — 1) — by (|B1] — 1) (because By is a minimizer of Y (by))

= 01(|Bo| = 1) = bo(|Bo| = 1) + bo(|B1| = 1) = ba(|B1] — 1)

= (bo — b1)(| B1| — [ Bol).

Since by — by < 0, we obtain |B;| < |By|.

By Lemma 4.4.2, we conclude that Algorithm 3 will compute D, (G) within at most |V/|
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iterations. The remaining work is to find a way to compute Y (b) given that Y (b) < 0.

Denote z := /b, then finding Y'(b) is equivalent to finding

min {(|B| — 1) — 2(Eg) : BC V,|B| > 2}. (4.4.7)

Let us recall the problem of finding a most-violated inequality for the description (4.4.3)

of Pfi
min{(|B|—1) —x(Ep): 0 #BCV}. (4.4.8)
In general, the problem (4.4.7) and the problem (4.4.8) are not equivalent. However, note
that we have Y'(b) < 0, and when |B| = 1, we have |B| — 1 — z(Ep) = 0. Therefore, in our

case, these two problems are equivalent. A network flow algorithm for this problem is known

[34].

A Cunningham’s minimum cut formulation.

In [34], Cunningham gives an algorithm for finding a most-violated inequality for the de-

scription (4.4.3). We recall the algorithm for completeness.

Given x € RZ,. As described in [34], we construct a capacitated undirected graph G’

from G = (V, E) as follows.

The vertex set of G’ is V U {r, s}.

Every edge e of GG is an edge of G’ with the same endpoints and it has capacity %x(e).

For every v € V| there is an edge connecting v and s and it has capacity 1.

For every v € V| let 6(v) := {e € E : e is incident with v}, there is an edge connecting

v and r and it has capacity 3z(6(v)).

Denote the capacity of edges in G’ by w and B =V \ A. Consider a cut separating r and s

in G’ determined by
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AuU{r} forany ACV.

Then, the value of this cut is:

Z w(e) + Z w(e) + Z w(e)

e={a,b}:a€A,beB e={r,b}:beB e={a,s}:a€A
1 1
= > 52(e) +Z§x(5(b)) + |A|
e={a,b}:acA,beB beB

=z(E) —z(E4) + |A].

where E4 is the set of edges that have both endpoints in A. Therefore, the problem (4.4.8)
is equivalent to find a minimum cut A U {r} satisfying A # (). To overcome the condition
A # (), we just need to solve |V| minimum cut problems, each one determined by changing
the capacity of an edge connecting v and r to co. This is because any cut A U {r} with

A # () will not use at least one of these edges.

Remark 4.4.3. Run-time complexity for Algorithm 3: |V|? minimum-cut calculations. This
is because the problem of finding a most-violated inequality for the description (4.4.3) of Py

takes |V| minimum-cut calculations and the number of iterations is at most |V|.

4.4.2 Matroid Reinforcement for Graphs

In this section, we give a detailed method to implement Algorithm 1.

Cunningham’s minimum cut formulation modification

In [11], Cunningham gives a network-flow algorithm that solves (4.3.12). Given x € Py and

j € E, we want to solve

min { f(A) — 2(A): j € AC E}. (4.4.9)
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Because we have that € Py, then a set A that minimizes f(A)—x(A) over j € A C E can be
required to be of the form Ep. Hence, Cunningham modified his minimum cut formulation

as follows.

We construct an undirected capacitated graph G’ from G = (V, E) as follows.

The vertex set for G’ is V U {r, s}, where r and s are new vertices that will be the

source and sink respectively.
e Every edge e of GG is an edge of G’ with the same endpoints and it has capacity %:U(e).
e For every v € V, there is an edge connecting v and s and it has capacity 1.

e For every v € V, let 6(v) := {e € E : e is incident with v}, there is an edge connecting
v and r. It has capacity %x(é(v)) if v is not an endpoint of j and has capacity oo if v

is an endpoint of j.

As shown in [11], (4.4.9) can be recovered from the value of a minimum cut separating r
and s in G’ and the edges of a minimum cut (after removing any edges incident with r or s)

form a minimizer for (4.4.9).

Remark 4.4.4. Run-time complexity for Algorithm 1: [V'|* + | E| minimum-cut calculations.
This is due to finding D,(G) and the number of iterations is |E| where each iteration takes

1 minimum-cut calculation.

4.4.3 Matroid Sparsification for Graphs

In this section, we provide a detailed method to implement Algorithm 2. Given z € @), and

7 € E, we want to solve

min {x(A) —g(A):j€ ACE}.

This is equivalent to

min {z(A) + f(E—A):je AC E}. (4.4.10)
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By a change of variable B := E — A, the problem (4.4.10) is equivalent to

min {f(B) —x(B):j ¢ BC E}. (4.4.11)

We can deal with this problem by defining a vector ' € RZ, such that 2'(e) = z(e) for all
e # 7, and 2/(j) = 0. Then (4.4.11) is equivalent to

min{f(B) —2/(B): BC E}. (4.4.12)

This equivalence holds because if an optimal B for problem (4.4.12) contains j, then B —{j}

is also optimal.

Alternatively, we can handle problem (4.4.11) by deleting the edge j from G. Let G’ =
(Vor, Ecr) := G — {j}, then (4.4.11) is equivalent to

min {fgl(B) — Jﬁ(B) :BC Egl}. (4413)

These equivalent problems are known as the attack problem, see [11]. Cunningham gives

an algorithm for it in [11]. The algorithm requires |E| minimum-cut calculations.

Remark 4.4.5. Run-time complexity for Algorithm 2: |V||E| + |E|?> minimum-cut calcu-
lations. This is due to finding S,(G) (we use the algorithm in [11], it requires |V||E|
minimum-cut calculations) and the number of iterations is |F| where each iteration takes

| E| minimum-cut calculations.

Remark 4.4.6. A natural direction for further research is to speed up Algorithms 1 and 2.
Currently, Algorithms 1 and 2 depend on computations involving the fractional arboric-
ity, the strength, the attack problem (note that the strength can be solved by |V| attack
problems), the oracle (4.4.9) (note that the attack problem can be solved by |FE| of these
problems), and the oracle (4.4.11) (this is equivalent to one attack problem). In fact, signif-
icant progress has been made in accelerating these problems; see, for example, [12, 35-37].

Integrating such advancements might substantially improve the efficiency of Algorithms 1
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and 2.

4.4.4 An Algorithm for Computing Spanning Tree Modulus

Let G = (V,E,0) be a weighted graph with edge weights o € RZ,. Let B be the family
of spanning trees of G. Let n* be the optimal density for Mon’ga(B\). In [38], they pro-
pose an algorithm for computing spanning tree modulus based on the maximum value of n*
using Cunningham’s algorithm for computing the strength of an unweighted graph. Apply-

ing results in [9], we suggest an algorithm for computing spanning tree modulus utilizing

Algorithm 3 based on the minimum value of n*. This algorithm is described as follows.

Any subgraph that is optimal for the fractional arboricity problem (4.4.2) is said to be a
D-optimal subgraph. First, we find a D-optimal subgraph H of GG using Algorithm 3. Then,
9, Theorem 7.7] shows that o~ 'n* takes the value (|Vy| —1)/0(Fg) on all edges in H.

Now, we shrink H to a vertex; this results in a shrunk graph G; = G/H. Next, find a
D-optimal subgraph H; of Gy, and o~ 'n* (for the spanning tree modulus of G) takes the
value (|Vig,| —1)/o(Eg,) on the edges of H;. Repeating this procedure iteratively computes
o~ !n* for at least one edge. Thus, after a finite number of iterations, o~ 'n* will be computed

for all edges.

A more detailed description of this algorithm is provided in Algorithm 4.

Algorithm 4 Using D-optimal subgraphs to compute spanning tree modulus
Input: G = (V,E,0)
Output: n*

while G is nontrivial do
compute D,(G) and a D-optimal subgraph H = (V, Ex)
for all e e Ey do
1*(e) + o(e)(Do(G)) ™
end for
G+ G/H
7: end while
8 return n*

Remark 4.4.7. Run-time complexity for Algorithm 4: |V|*> minimum-cut calculations. This
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is because solving D, (G) takes |V|* minimum-cut calculations and the number of iterations

is at most |V|.
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Chapter 5

Matroid Truncation

5.1 Overview

The base modulus of Chapters 3 and 4 treats a matroid through its full family of bases.
This chapter asks how the theory behaves under one of the most basic operations in matroid

theory, truncation, and how the universal density is transformed by it.

The motivation comes from graphs. The strength of a graph admits a natural general-

ization, the c-order edge toughness

_ ~ B B S
(&) = XCE: gl(l(r;l—x)x{w(G —X)—c]J’ (5.1.1)

where ¢ is a positive integer and w(G — X) is the number of components of G — X; the case
¢ = 1 recovers the ordinary strength. It was shown in [22] that 7.(G) > k if and only if G has
k edge-disjoint spanning forests with exactly ¢ components, a common generalization of the
theorems of Nash-Williams [6] and Tutte [7]. The same result was obtained in [23] through
matroid truncation, which is the operation we now recall. For a matroid M and a fixed
integer 1 < t < r(M), a t-independent set is an independent set of size at most ¢, and the

t-truncation M, is the matroid on F whose independent sets are exactly the ¢-independent
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Table 5.1: Values for the universal densities n; of matroid truncation M, for t = 1,...,84,
of the graphic matroid presented in Figure 3.1.

Styles (#) |t=1—28[t=29 >34 t=235]1=236—42|t=43 =55 | t =56 — 84
Solid (45) t/84 1/3 1/3 | (t—20)/45 | (t—2)/81 t/84
Dashed (36) | t/84 (t—15)/39 | 1/2 1/2 (t—2)/81 t/84
Dotted (3) t/84 (t—15)/39 | 2/3 2/3 2/3 t/84

sets of M. In the graphic case, the bases of M(G); are precisely the spanning forests of G
with ¢ edges, for 1 <t < |V|—1; truncation therefore lets one study such forests as the base

family of a matroid, and (5.1.1) places them squarely within the modulus framework.

The first contribution of the chapter is a description of how the universal density behaves
under this operation: for every ¢ < (M), the universal density 73, of the truncation can be

obtained explicitly from the universal density 13, of M. We then extend the family in the

opposite direction. For ¢t = r(M),r(M)+1,...,|E| — 1, define the dual truncation
My = ((M)51-0)" (512)
whose base family is
B(M;) ={X CFE:|X|=t X 2 B for some Be B(M)}. (5.1.3)

By a slight abuse of notation, M; denotes the t-truncation when ¢t < r(M) and the dual
truncation when ¢ > r(M), the intended meaning being clear from the range of t. We give
the universal densities of the dual truncations as well, so that 7}, is determined for the entire

range t = 1,...,|E| — 1; Figure 3.1 and Table 5.1 illustrate this for a graphic matroid.

A second theme is a new variational characterization of the universal density in the

weighted setting. Recall that for a matroid M weighted by o € RE;, the universal density
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My 1S the unique minimizer of the weighted energy over the base convex hull,

min {Z o t(e)n(e)?:nc conv(B(M))} : (5.1.4)

ecE

We show that the same density arises from a logarithmic energy motivated by the Kullback—

Leibler divergence,

min - Za(e) logn(e), (5.1.5)

neconv(B(M)) v

with the convention logn(e) = —oo when n(e) = 0; that is, the minimizers of (5.1.4)

and (5.1.5) coincide (Theorem 5.3.4).

The contributions of the chapter are summarized as follows.

e In Section 5.2, we give the universal densities of all matroid truncations, and of the

dual truncations in (5.1.2).

e In Section 5.3, we establish the Kullback—Leibler characterization of the universal den-

sity of weighted matroids (Theorem 5.3.4).

5.2 Truncation of matroids and modulus

Throughout this section we work in the unweighted setting, i.e. we take 0 = 1, and s; <
-+ < s, denote the distinct values of the universal density n* itself. See Remark 5.2.9 for a

discussion of the weighted case.

5.2.1 Homogeneous matroids and balancity

Let M = (E,Z) be a matroid with the base family B. Let N be the usage matrix whose
rows are the indicator vectors of the bases. First, we recall the notion of matroid truncation.
Let t denote a fixed integer such that 1 < ¢ < r(M). The t-truncation of M, denoted by M,

is a matroid on E whose collection of independent sets is the set of all independent sets of

108



M with size at most t. For X C FE, the rank of M, is

ra, (X) = min{¢, rp (X)},

and the density of M, is
E
(M) = % =:0,(M). (5.2.1)

Moreover, the strength and fractional arboricity of M, satisfy:

S(M;) = min {t — TM’?(E’ ~X) X CE, ry(F—-X)< t} =: 5 (M) (5.2.2)
and
D(M,;) = max{min{t[f]\L(X)} 0#XC E} =: Di(M). (5.2.3)

The main goal of this section is to show that the universal density n; := 7}, of M; can
be computed using the universal density n* := 13, of M. Recall that the matroid M is
homogeneous if and only if the universal density n* is constant. Since n*(E) = r(M), then

n*(e) =r(M)/|E| for all e € E in this case. We start with the following lemma.

Lemma 5.2.1. If M is homogeneous, then M, is homogeneous for anyt =1,... r(M)—1.

Proof. Assume that M is homogeneous. Let u* € P(T) be an n*-induced pmf, i.e., NTp* =
n*. Denote r := (M), then

)= Y w(B)=r/|E|, VYeek.

BeB:eeB

Let v be an independent set of size t. We define p as follows:

py) = > u*(B)(Ti)-

BeB:yCB

We want to show that u is a pmf in P(M;) with constant element-usages. Indeed, p is a pmf
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because any base B contains exactly (:) subsets of size t which are independent. Moreover,

if we fixe e E:

d>ooouv = )] > /f‘(B)%

~EB(My):ecy 'YGB(Mt) ecy BeEB(M):vCB

( Z Z ﬂee'y ’yCB,u B)

"/EB Mt) BGB(M

-5 = | (321 ) tem (s

t/ BeB(M
1 (7’ — 1) .
=7 n*(e)
(t) t—1
_tr
rlEl Bl
Hence, M, is homogeneous. O]

The following lemma provides several properties of the sequence of truncations M;.

Lemma 5.2.2. Let M = (E,Z) be a matroid. Let t be an integer such that 1 <t < r(M)
and let My be the t-truncation of M. Then, D(My) > D(My1), 0(M) > 0(Myy1), and
S(Mt) > S(Mt+1).

Proof. First, we have

|1 X| | X]|
( t) 02}32{15 min{t, T’M(X)} o @;%?é(E min{t + 17 TM(X)} ( t+1)

Next, we have

E E
Q(Mt) = % > t‘—|——‘1 = Q(Mt+1).

Finally, let A be an optimal set for S(M;). Then

El—]A El-]A
B IA | ELIAL g

S(M) = t —ra(A) it —ru(A) =
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]

We note that M; is always homogeneous. By Lemma 5.2.1, it follows that if M, is
homogeneous for some 1 < ty < r(M), then M, is also homogeneous for ¢ < t,. Hence, we

introduce the following notion.

Definition 5.2.3. Let M = (E,Z) be a matroid. The largest integer ¢ such that M, is

homogeneous is called the balancity of M and is denoted by b(M).

This definition is a generalization of the balancity of graphs in [23]. The following propo-
sition provides a characterization of the balancity b(M) of M. Recall that, for a matroid M,

the unique maximal optimal set for D(M) is called the core of M.

Proposition 5.2.4. Let M = (E,Z) be a matroid. Lett be an integer such that 1 <t <
r(M). Then, My is homogeneous if and only if D(M) < 6,(M). So,

b(M) = max {t € ZN [1,r(M)] : D(M) < 6,(M)}.

If t > b(M), then M, is not homogeneous, and D(M) = D(M;), furthermore, M and M,

share the same core X* with r(X*) < t.

Proof. For the case t = r(M), the statement holds because Corollary 3.3.3. Next, for an

integer ¢ such that t < r(M) — 1, we have

| X| | X|
D(M) = —_ 5. 524
(M) max{ozfz%;;w(xyrglggmm (5.2.4)

By (5.2.3), we also have

D _ LI B L I 2.
t( M ) = Imax {Ogg}a}){<t ',"(X) s TI(HE)L}ZCt ‘ max 0<r:%ax)<t T(X) s ; (5 5)

Note that we always have

(5.2.6)



Therefore, D(M) < ‘tﬂ, if and only if, 0<12§1(>)<<t 7«'())((') < |t£|, and if and only if, Dy(M) = @ =

0,(M). Hence, D(M) < |t£‘ = 0,(M), if and only if, M, is homogeneous.

Assume that M, is not homogeneous, then D,(M) > Z By (5.2.5) and (5.2.6), we

T
obtain
X[ _|E

Dy(M) = > — > :
{(M) 0<12?(})(<tr(X) t - r?)l(%}zitr(X)

Combining this with (5.2.4), we have

X
D(M) = max X

=Dy(M) > — >
o<r(X)<t 7(X) /(M) = s

Therefore, the sets of solutions of D(M) and D(M,) are identical to the set of solutions of

|X]

max x)

o<r(X)<t "
and D(M,;) admit unique maximal cores X* and X}, respectively. It follows that X* = X}

. Note that, as mentioned after (4.2.8), the fractional arboricity problems D(M)

and r(X*) < t. O

5.2.2 Universal densities for all truncations

The main goal of this section is to find the universal density 7; of M; for all ¢ < r(M). For
t < b(M), the truncation M, is homogeneous by definition of b(M), and in this case, the
universal density of M, is the constant ¢/|E|. Therefore, we shall focus on the range when

t=0b+1,...,7(M). In Section 5.2.3, we will address the case t > r(M).

Theorem 5.2.5. Let M = (E,Z) be a loopless matroid with r(M) > 1, unweighted (i.e.
o = 1), with rank function r and universal density n*. Let s1 < sg < ... < sy, be the distinct
values of n*. Fori = 1,... k, denote E; :== {e € E : n*(e) > s;}, b; := ||Ei|si], and
¢ = ||Eilsi| + r(E — E;), where |-] is the floor function. Denote c¢q := 0.
Fort=1,...,r(M), let nf be the universal density of the t-truncation My of M. Then,

we have the following:
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(i) b; is the balancity of M/(E — E;) fori=1,... k;
(i) 0=co<c1 <cg << <cp=1(M);
(ZZZ) CZ—bZ:T’(E—EZ) Sci—l fO’I"Z': 17...,]{3;

(iv) Fori=1,...,k, and t such that c¢;_y <t <c¢; , then

M Zf@ € Ez
n;(e) = k2 (5.2.7)
n*(e) ife€ B — E,.

In order to prove Theorem 5.2.5, we first want to study the relation between contrac-
tions using the core and truncations of a matroid. When b(M) < r(M), the matroids
My, ..., My(ar) are not homogeneous. By Proposition 5.2.4, these matroids share the same
core X* with r(X*) < b. The following lemma shows that the matroid contraction (M;)/X*
is identical to the (¢ — 7(X*))-truncation (M/X*);_,(x+) of M/X*. With this lemma, we
will be able to study the contraction (M;)/X* by applying Proposition 5.2.4 to matroid

truncations of M/X*.

Lemma 5.2.6. Let b= b(M) be the balancity of M. Assume that b < r(M). Let X* be the
core of M. Fort=b+1,...,7(M), we have that (M;)/X* is identical to the (t — r(X*))-
truncation of M/X*.

Proof. First, by Proposition 5.2.4, all matroid truncations My, ..., M, share the same

core X* where r(X*) < b, and X* is the unique maximal optimal set for

max A
0<r(X)<b (X))

We first verify that M|X* = M| X* for t =b+1,...,r(M). Since r(X*) < b < t, for every
Y € X* we have rp (V) < 7y (X*) = r(X*) < t, and therefore

ragxs(Y) =, (V) = min{t, ry (V) } = (YY) = raggx= (V).
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Two matroids on the same ground set with the same rank function are equal, so M|X* =
M,|X*.

For any t > b+ 1, by the definition of contraction, a subset I C E'— X* is independent in
(M;)/X* if and only if 3B € B(M;|X*) such that BUI is independent in M and r(X*U[l) < t.
Conversely, a subset I € E is independent in (M/X*),_,(x+) if and only if 3B € B(M|X*)
such that BU I is independent in M and r(X*U[) —r(X*) < t—r(X*), which is equivalent
to r(X*UI) < t. Therefore, (M;)/X* and (M/X*);_,(x+) share the same collection of

independent sets. O

Next, we want to study the balancity of M/X*. If r(X*) = b(M), then (M/X*)sar)—r(x+)
has rank 0. If 7(X*) < b(M), the following lemma shows that the balancity of M/X* is at
least b(M) — r(X™).

Lemma 5.2.7. Let b= b(M) be the balancity of a matroid M. Let X* be the core of M. If
r(X*) < b(M), then (M/X*)p_r(x+) is homogeneous.

Proof. Denote t = b — r(X*) and M := M/X*. We want to show that D(M;) = 0(M,).
Recall that M has ground set £ — X*, and for any nonempty subset A C £ — X*, we have
rm(A) =r(X*UA) —r(X*). By (5.2.5), we have

Al |[E = X7
D = )
(My) = max {0<7§1/1%§)<t rm(A) t
We want to show that
Al B — X"
=40 ) 2.
0<S\14%i1()<t rm(A) = t (M) (5.2.8)

Since X* is closed in M, it is enough to consider sets A # () such that r(X*UA) —r(X*) < t.

By the definition of X*, we have

| X* U A| | X
<

r(X*UA) r(X*) (5.2.9)
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Since r(X*) < b(M), we have r(X*) = rp;, (X*). And since M, is homogeneous, we have

XX 1B (5.2.10)
r(X*)  rag (X¥) b
Hence,
ml/[/(lLl) h r(X*U l{)”_ r(X*) h r(|X* LLJJj)| :L)((XL) 7“|())((*|) (by (5:2.9))
< % < % (by (5.2.10)).
Hence, D(M;) = 8(M,). It follows that M; is homogeneous. O

Finally, we are ready to prove Theorem 5.2.5. By Lemma 5.2.6, every contraction M,/ X*
is identical to a truncation of M/X*. So, applying Proposition 5.2.4 and Lemma 5.2.6 to
M/ X* will reveal additional values of ;. Continuing by contracting the core of M/X* and
applying these two lemmas to further reveal values of n;. This strategy determines all the

values of 7.

Proof of Theorem 5.2.5. Denote A; :=={e € E : n*(e) = s;}. By definition, we have £, = E,
and for j =2,... k,
i1
E,=E-|]4;

j=1
Fori=1,...,k, write N := M/(E—E;), amatroid on the ground set E;, so that N() = M,
and put t; :=t — r(E — E;). By (4.2.8), the universal density of N is the restriction 7*|g,,
we have D(N®) = 1/s;, and A; is the core of N@; consequently the minimum value of the
universal density of N is s; and is attained exactly on A,. We prove by induction on i that

(i)—(iv) hold for i, together with the following statement

(x;) for every integer ¢t with ¢; 1 < t < r(M), the contraction M,/(F — E;) equals (N(i))t_,

and n/| g, is the universal density of M,/(E — E;).

The statement (x;) is what allows the argument to be repeated at the next level, since it lets
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us apply (4.2.8) to M;/(F — E;).

The case i = 1. By (4.2.8), we have s; = 1/D(M) and M has the core A;. By Proposition
5.2.4, the balancity of M is equal to |[|E|/D(M)| = ||E1|s1] = b;. Thus, for ¢g = 0 <
t < c¢; = by, we have that M, is homogeneous, equivalently, n; is a constant vector; since

n;(E) =r(M;) =t and E, = E, this constant is

% . t _t—T(E—El)
77t (6) - |E1‘ - |E1|

So, (i),(ii),(iii), and (iv) hold for ¢ = 1; here (ii) uses ¢; = by = [|E|/D(M)| > 1, which
holds because r(M) > 1. Finally, (x;) holds: E — E; =0, so M;/(E — Ey) = M, = (NW),,

and nf|g, = n; is by definition the universal density of M;.

The inductive step. Let 1 < i < k — 1 and assume (i)—(iv) and (x;) hold for i. Let ¢ be an

integer with ¢; <t < r(M); then t > ¢;_1, so (*;) applies and M;/(F — E;) = (N(i))t_ with

By Proposition 5.2.4 applied to N@, since A; is the core of N® | it is also the core of
(N9), = M/(E — E;) for t; > b;, and D(M,/(E — E;)) = D(NY) = 1/s;. By (%) the
universal density of M;/(F — E;) is nf|g,, so by (4.2.8) its minimum value s; is attained

exactly on A;. Hence
n;(e) =n*(e) =s; forec A; = E; — Eiyq, n;(e) > s; for e € By,

which, with the inductive hypothesis (iv), gives n; = n* on E — E;;;. Next, we consider
the matroid N®/A; = M/(E — E;;;) = NG@tY. By Proposition 5.2.4, the balancity of
M/(E—FE;1)isequal to ||Eip|/D(M/(E—Ei1))] = [|Eial|sit1] = bip1, and M/(E—E;)
has the core A, ; this is (i) for i + 1. By Proposition 5.2.4 applied to N® with t = b; + 1,
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its core satisfies 7y (A;) < by; since r(E — Eiyq) = r(E — E;) + rye (A;), this gives
T(E — Ei+1> S T(E — Ez) + bz = G4,

which is (iii) for i + 1. If rywm(A;) = by, then ¢; 11 > ¢; because b ; > 0. Otherwise
7y (A;) < by and, by Lemma 5.2.7, the balancity b;,1 of M /(E—E; 1) is at least b;—r ) (A;).
Therefore,

Civ1 = biy1 +7(E = Eip1) 2 b +1(E - E;) = ¢,

which is (ii) for i + 1. To obtain (*,1), note that b; < r(N®) (as n*|g, is non-constant for
i <k, so N® is not homogeneous), and ¢; > b;; so Lemma 5.2.6 applies to N and gives
M,/(E - E; 1) = (Mt/(E_Ez))/Az - (N(i)) ,/Ai — (N(z‘+1)) = ( (z‘+1)) .
t; ti TN(Z)(Al) tit1

Moreover, applying (4.2.8) to the matroid M,/(E — E;), whose core is A;, the restriction

of its universal density to F; — A; = FE;,1 is the universal density of (Mt J(E — EZ)) JA; =
M;/(E — E;11); by (%;) that restriction is n;

This is (%;41).

Eiy1-
Finally, if ¢ satisfies ¢; < t < ¢; 41, then by (x;11), My/(E—Ei1) = (M/(E=Ei1))i—r(B—B 1)
and this truncation is homogeneous since t — r(E — E;11) < b;41; equivalently, its universal
density is constant, and as it sums to its rank ¢t — r(E — E;1),

% t—’f’(E—EZ 1)
nt (6) = |E'+1| < )

for e € Ei—l—l-

So, (i),(ii),(iii), and (iv) hold for i + 1.

Finally, by (4.2.8) the universal density of N is n*

E;, which attains the values s; < - -+ <

s, and is constant if and only if i = k. Since (N®) = N the definition of balancity

r(N@®)
gives b; = r(ND) if i = k, and b; < r(N®) if i < k. Asr(ND) = r(M)—r(E—E;), adding

r(E — E;) yields ¢y = (M) and ¢; < r(M) for i < k; in particular ¢z < ¢.
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Remark 5.2.8. With the assumptions in Theorem 5.2.5, if ¢;1 <t < ¢; for 7 > 1, then n;
attains ¢ distinct values, and 7n; agrees with n* in its first ¢ — 1 distinct values in increasing
order. Indeed, by (5.2.7) the vector n; agrees with n* on £ — E; = A; U---U A;_;, where
it attains the values s; < --- < s;_1, and is constant on E; with value (¢ — r7(E — E;))/|E;|;
moreover this constant is strictly larger than s;_;, since the inductive step of the proof,
applied at i — 1, shows that n;(e) > s;_1 for every e € E;. Hence n; attains exactly the i
distinct values s; < -++ < s,_1 < (t — 7(E — E;))/|E:], and the partition of E induced by n;
is

Al, ce Ai—l, Ez:AZUAH_lUUAk

In other words, it is obtained from the partition induced by n* by merging the blocks
A;, ..., Ay into the single block E;. When we decrease t from ¢, = r(M) to ¢g = 0, the
blocks A;, which form a partition of E induced by n*, start to merge together, in the sense
that, the partition induced by 7; is obtained by successively merging blocks of the principal
partition as t passes through the critical values ¢;. Note that ¢;_; may equal ¢; for several 7,

so two or more blocks can merge at a time.

Remark 5.2.9. Theorem 5.2.5 is stated for o = 1. A weighted version of the theorem is not
treated here. We expect it to be formulated along the same lines, replacing | X| by o(X)
throughout: the truncation M; would be studied through its weighted density 6,(M;) =
o(E)/t, the o-balancity b,(M) would be the largest ¢ such that M, is o-homogeneous, and the
quantities b;, ¢; would be replaced by |o(E;)s;| and |o(FE;)s; | +r(E— E;), with s; the distinct
values of 0~'7*. The expected form of (5.2.7) on E; is then n; (e) = o(e) (t—r(E—E;)) /o (E;),
which reduces to (5.2.7) when o = 1. We expect the weighted analogues of Lemmas 5.2.1,
5.2.6 and 5.2.7 to hold, and leave the details to future work.

5.2.3 Dual truncations

In Theorem 5.2.5, we provided the universal density of all matroid truncations of a given

matroid M. Next, we consider a different collection of matroids. Let M* be the dual matroid
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of M. It was shown in Chapter 3 that the universal density of M* is equal to 1 — n*, where
1 is the vector of all ones. For t = r(M),r(M)+1,...,|E|—1, we define the dual truncation

M, as follows:

M, = ((M*)jg-1)", (5.2.11)

where M* denotes the dual matroid of M. For consistency, when ¢t = |E|, we denote by M,

the matroid whose ground set E is a base. It follows that the base family of M, is

B(M;) ={X C E:|X|=t,X D B for some base B € B(M)}. (5.2.12)

Moreover, the following proposition provides the fractional arboricity of M.

Proposition 5.2.10. Let M = (E,Z) be a matroid with the rank r(M) < |E|. Fort =
r(M),r(M)+1,...,|E| =1, let M, be the matroid defined as in (5.2.11). Then,

D(M,) = max X .
ozxcet —r(M)+r(X)

Proof. For X C F,

() = 1X] = 1)) + 7a1oy (B = X) (5:2.13)
=|X|—(|E| —t) +min{|E| —t,|E| — |X| —r(M)+r(X)} (5.2.14)
=min{|X|,t —r(M)+r(X)}. (5.2.15)

If | X| <t—r(M)+r(X), then

TMt (X) t TMt (E>
Hence
X X
D(M;) = max X1 max 1X]

0£XCE (X)) 0#xcEt —r(M) +r(X)
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Remark 5.2.11. Since the universal density n* of M encodes the universal densities of all
truncations (Theorem 5.2.5) and of the dual matroid Chapter 3, it also encodes the universal
density n; of the dual truncation M, for t = r(M),r(M)+1,...,|E|. In particular, n* also
determines D(M;) and S(M;). We do not state a separate formula for n; in this range: it is

obtained by applying Theorem 5.2.5 to the dual matroid M* and then taking complements.

See Figure 3.1 and Table 5.1 for an example with all universal densities of M;, for ¢t =

1,...,|E|.

5.3 Kullback—Leibler divergence

In this section, we study an optimization problem on the base polytope conv(B(M)) of a
matroid M, namely the convex hull of the indicator functions of all bases in B(M). First,
we recall the relevant definitions for probability vectors (i.e., discrete distributions on finite
sets). Let p,q € R%; be two vectors. The Kullback-Leibler divergence between p and g is
defined as

Dxw(pllq) -= sz log— = - Zpi log g; + Zpi log p;.

Here log denotes the logarithm of base e and 0log0 := 0. The first sum on the right-hand
side is the cross entropy between p and ¢. This motivated Problem [19, Equation (6.1)]
in the context of graphic matroids. Here we generalize it to the following problem. Let
M(E,Z) be a matroid with weights o € RE; and base family B. Let N be the matrix
whose rows are the indicator vectors of the bases. Let P(B) be the set of all probability

mass functions (or pmfs) on B. Now, we consider the Minimum Kullback—Leibler divergence
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problem (MKL,(B)):

minimize — Z o(e)logn(e)

M ccE

subject to 7 =Ny, (5.3.1)

n(e) >0 VeeFE,

p € P(B).

Lemma 5.3.1. Let M = (E,Z) be a loopless matroid with weights o € RE;,. Then (5.3.1)
has a minimizer, and the optimal vector n is unique and strictly positive. We denote it by

i; a pmf p with NTp = 1 need not be unique.

Proof. In the variable n alone, the feasible set of (5.3.1) is F' := conv(B) N RE,. We first
check that F' # (). Let e € E. Since M is loopless, {e} is independent, so it extends to a
base B, € B; thus every element of E lies in at least one base. Let py be the uniform pmf

on B and 1y := N1 g, so that for every e € F

- {BeB:iceBY _ 1
me) = > p(B)= B > B > 0.

BeB:eeB

Hence ny € F'.

Now consider the problem over conv(B) with objective

f() ==Y ole)logn(e) € (oo, +oc],  —log0:= +oc,

ecE

so that f = 400 exactly on conv(B) \ F. Every n € conv(B) is a convex combination of 0-1
vectors, so n(e) < 1 and hence f > 0; together with f(ny) < oo, this shows the infimum of

f over conv(B) is finite. Consequently

inf <—Za(e) logn(e)) = inf f(n), (5.3.2)

ner cF neconv(B)
e
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and the two problems have the same minimizers.

Each map = — —o(e)log z is continuous on (0, 1] and tends to 400 as  — 07, hence is
lower semicontinuous on [0, 1]; therefore so is f. Hence, there is 7 € conv(B) with f(7) =
MiNeonv(g) [ < f(Mo) < oo. Finiteness forces 7(e) > 0 for all e, i.e. 7 € F; by (5.3.2), 7

minimizes (5.3.1).

Uniqueness. The function — log is strictly convex, so f is strictly convex on RZ,. Hence,
the optimal 7, denoted by 7, is unique. O]
Remark 5.3.2. Since each row sum of N equals to r(E), we have n(E) = r(FE).

Remark 5.3.3. We recall the Gibbs’s inequality for Kullback-Leibler divergence:

= a(e)logn(e) = —> a(e)log (:%3) — > o(e)logn(E)

=o(FE) (— eezE ;((2)) log (:}7((2))>> —o(FE)logr(M)
> o(E) (— ; ;’((3) log (;’((;)))) — o(B) log r(M).

Hence, if there exists a vector n € conv(B) such that it is parallel to o, meaning that n = to

for some t > 0, it follows that this vector must be the unique optimal solution of MKL,.
The main theorem in this section is presented as follows.

Theorem 5.3.4. Let M(FE,I) be a matroid with weights o € RE and the base family B. Let
7 be the unique optimal solution for the MKL,(B) problem. Then, 1 equals to the universal
density of M.

Below, we provide three different proofs for this theorem. The first proof uses the serial
rule for the MKL problem, analogous to the serial rule for modulus. The other two proofs

use two characterizations of the universal density.
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5.3.1 Proof 1 of Theorem 5.3.4

Let v € RE and let B be a base in B, the v-length of B is defined as (,(B) := > .z v(e).

First, we give the following lemma.

Lemma 5.3.5. Suppose that (7, u*) is a minimizer for the MKL, problem (5.5.1). Define
a vector v € REy where v(e) = o(e)/7(e) for e € E. Then, for all B € B,

l,(B) < o(FE).

If p*(B) > 0, then equality holds.

Proof. Let B € B and let 65 € P(B) be the Dirac mass on B. For the real parameter ¢,
define

Defining 1, := N7y, yields

n(e) = (1 —t)ij(e) +tN(B,e).

The entries of y; sum to 1 for every t, so yu; € P(B) if and only if py > 0. For 0 <t <1
all entries of y; are nonnegative, so y; € P(B). While for ¢ < 0 with sufficiently small [¢],
wt > 0 when p*(B) > 0.

Moreover 77 > 0 by Lemma 5.3.1 and , — fast — 0, son; > 0 for all ¢ in a neighborhood
of 0. Hence (n, i) is feasible for (5.3.1) for all small ¢ > 0, and also for all small ¢ < 0

precisely when p*(B) > 0.

Note that

logn(e) = logn(e) + log (1 —t+ t./\/;;i,)e)) =logn(e) —t (1 - A%) + O(t?),
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=Y ole)logm(e) = =Y a(e)logij(e) + ta(E) — £,(B)) + O(t*).

eeE ecl
If p*(B) > 0, then (n, u¢) is feasible for ¢ in a two-sided neighborhood of 0, so the derivative
at t = 0 must vanish, implying ¢,(B) = o(E). If p*(B) = 0, then (n, ;) is feasible only
for small positive ¢, so the one-sided derivative at ¢ = 0 must be nonnegative, implying

l,(B) < o(FE). N

The following proposition provides the relationship between the core of M and the unique

optimal solution 7 of MKL,(B).

Proposition 5.3.6. Let 7, u* and v be defined as in Lemma 5.53.5. Denote v, = max, v(e)
and let Viae be the set of elements where v(e) attains this mazimum. Let D,(M) be the

fractional arboricity of M. We have the following:

(1)
ﬁ(vmaa:) = T(Vma:z:>;
(it)
0(Vinae)

U, =
max r ( Vma,z) )

(111) Vinaz is the unique maximal optimal set for D,(M) and

Vmaz = Do (M).

Proof. To prove (i), by Lemma 3.2.12, we have

" (Vinaz) 2 1(Vinaz), (5.3.3)

and the equality holds, if and only if, every base B € supp p* satisfies r(Viar) = |B N Vinazl-
Suppose that a base B satisfies |B N Vyae| < 7(Vinaz). Then, by the proof of Part 1 in
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Theorem 3.3.2, there exist z € V4, \ B and x € B\ V4, such that B’ = (BU{z}) \ {z} is
a base. Then,

o(E) > Ly(B') = (,(B) +v(2) — v(z) > L,(B).

By Lemma 5.3.5, we have p*(B) = 0. Therefore, (i) holds.

For (ii), by the definition of V4., we have

’Umaxﬁ(vmax) = Umazx Z ﬁ(e) = Z 0(6) = J(Vmax)'

e€Vimaxz e€Vmax

Hence, by (i)

Ummaz =

i(

For (iii), consider any nonempty set Z C E with r(Z) > 0, we have

Umazn Z vmamn Z

ec”Z ecZ

Then, by (5.3.3),

Umaac -

L2 o2)
2)

Therefore, the fractional arboricity problem D, (M) reaches its maximum at the set V4.
Note that D, (M) attains its maximum at a unique maximal optimal set. If Z — V,,,... # 0,

then

Umaxﬁ(Z) Z Umawn Z

ec”Z eeZ
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and, by (5.3.3), 2 ) |
o(Z
e 2) 7 7))

\‘3|

Hence, Z is not optimal for D,(M). Since Dy(M) = ¥pae, the set Z is not optimal for
D, (M). Hence every optimal set for D,(M) is contained in Vj,qz. AS Vj,4, is itself optimal,
it contains every optimal set and is therefore the largest optimal set; in particular it is the
unique maximal one. (Proper subsets of V,,,, may also be optimal, but each is contained in

the optimal set V,,,,) Therefore, V4, is the unique maximal optimal set for D,(M). O

Proposition 5.3.6 shows that V.., defined as in Proposition 5.3.6, is the core of M with
weights 0. Now, we provide the first proof of Theorem 5.3.4. In the proof, we use the serial
rule for the MKL problem, see Theorem A.2.1 in the appendix, to show that the unique

optimal solution 7 of MKL,(B) preserves after contracting the core of M.

Proof 1 for Theorem 5.3.4. Here n* = nj, is the universal density of M with weights o,
i.e. the unique optimal solution of (5.1.4). We argue by induction on |E|, the inductive
statement being: for every loopless matroid with positive weights, the optimal solution of
its MKL problem is its universal density. Let 1, u*, v and V,,,, be defined as in Proposition
5.3.6, and recall from that proposition that v, = D,(M) and that V., is the core of M.

The value of 7 on Viyee. By the definition of Ve, v(€) = Ve = Do (M) for e € Vi,

since v(e) = a(e)/n(e), o

fore € V4. (5.3.4)

On the other hand, by (4.2.8) the universal density n* of M satisfies o= (e)n*(e) = s; =
1/Dy(M) for e in the core A; = Ve, ie. n*(e) = o(e)/D,(M) there. Hence = n* on
Vmax-

If Viyaw = E, then (5.3.4) holds for all e € E, so 7 = n* on E and we are done.

If Vo € E, by Theorem 3.2.17,

B(M|Var) ® B(M)Vipaz) = B,
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where B’ is the set of bases B € B satisfying | BNV,,4:| = 7(Vinae)- By the proof of Proposition
5.3.6, every base B € supp p* satisfies | BN Vyaz| = 7(Vinaz ), 1-€. supp p* C B'. Consequently
€ P(B') and 7 = NTp* € conv(B'); since conv(B') C conv(B), the minimum of the MKL,
objective over conv(B') is attained at 7 as well. Hence MKL,(B) = MKL,(B’), with the

same unique optimal vector 7.

Applying the serial rule, Theorem A.2.1, to I'y = B(M |V42) on Vipee and I'y = B(M /Viaz)
on E — V4, we obtain that the restriction 7|g_y, . is the unique optimal solution of

MKLJ/ (B(M/Vmax)), where o = O|E_Vmaz'

Since Viuee is the core of M, it is closed. Hence the matroid M /V,,., is loopless. Since
Vinae # 0, the ground set E — V},,, is strictly smaller than £, and the induction hypothesis
applies to M/V,,., with weights ¢’: the optimal solution of MKL,. (B(M / Vmaz)) is the

universal density of M/V,,... Therefore

— _ * _ *
T]|E_Vmax - /r]M/Vmaz - T] |E_Vmam7

the last equality by (4.2.8), since V00 = A1 = E—E5 and the universal density of M /(E—Es)
is the restriction of n* to E,. Combined with = n* on V4., this gives 7 = n* on all of
E. O

Remark 5.3.7. Let n be the universal density of M with weights 0. By Theorem 5.3.4 and

Lemma 5.3.5, we have

Z@ <o(E) for all B € B,

e) —

and equality holds if B is supported by an optimal pmf inducing 7.

Bl

eeB

5.3.2 Proof 2 and 3 of Theorem 5.3.4

We first recall some notations from [31]. Define the dependence function dep from conv(B)x E

into 27 as follows: For a vector z € conv(B), dep(x,u) is the set of all elements v € E such
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that, for some € > 0, the vector y € R”, defined by
y=x+€el, —€l,,

is a vector in conv(B). Basically, the set dep(x,u) consists of all coordinate elements of x

from which mass can be transported to u while keeping the vector in the convex hull.

Note that u € dep(z,u) for any u € E where z(u) > 0. The author in [31] gives the

following theorem.

Theorem 5.3.8. [31] Let x be a vector in conv(B), and let o be given weights in RE. Define

cle)="2 (e€ E),

< ey << ey (5.3.5)
Define subsets S; C E (i =1,2,...,k) by
Si={eeE|cle) <} (i=12,...,k). (5.3.6)

Then, the following three conditions are equivalent:

(i) x is the universal density of M with respect to the weight vector o.
(ii) x(S;) =r(S;) foralli=1,2,... k.

(111) O C dep(z,e) C S; for alle € S; andi=1,2,... k.

The characterizations of the universal density in (i) and (iii) of Theorem 5.3.8 provide

the second and third proof of Theorem 5.3.4.
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Proof 2 for Theorem 5.5.4. Let 7, p* and v be as in Lemma 5.3.5 and define c(e) = 1/v(e)
for every e € E. We aim to apply Part (ii) of Theorem 5.3.8 for 77. Define S; as in (5.3.6). By
Lemma 3.2.12, we have r(5;) > 7(.S;) for every S; and the equality holds if and only if, every
base B € supp p* satisfies 7(S;) = |BN.S;|. Suppose that a base B satisfies |BN S;| < 7(5;).
Then by the proof of Part 1 in Theorem 3.3.2, there exist z € S; \ B and = € B\ S; such
that B’ = (BU{z}) \ {«} is a base. Then,

o(EB) > (,(B') = (,(B) + v(z) — v(z) > Ly(B).

By Lemma 5.3.5, pu*(B) = 0. Therefore, we have 7(S;) = r(95;) for all i = 1,2,...,k. By
Part (ii) of Theorem 5.3.8, the proof is completed. O

Proof 3 for Theorem 5.3.4. Let n, p* and v be as in Lemma 5.3.5. We aim to apply Part
(iii) of Theorem 5.3.8 for 7. Define ¢(e) = 1/v(e) for every e € E and let the distinct values
of ¢(e) for e € E be given by

L < Cgp < -0+ < Ck.

Denote f(n) the objective function of the MKL,(B) problem. Then f is differentiable on

the relative interior of conv(B), and

fm| =-——x=-—7F=. (5.3.7)

Let e € S; for some i and let ¢ € dep(7,e). By definition of dep(7,e), there exists € > 0
such that

n+t(l. — 1) € conv(B) for all ¢ € [0, €].

Let d := 1, — 1. and define g : [0,¢] — R by

g(t) == f(n+td).
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Then g is differentiable and

af

If ¢; < (), then c(e) < ¢; < ¢(€'), hence ¢'(0) < 0. Therefore, for some 0 < ¢ < € small

enough, we have

f(n+61e —0Ly) < f(n),

contradicting optimality of 7. Hence we must have c(e’) < ¢;. So, for each i = 1,2,... k,
we have

0 C dep(7,e) C S; (5.3.8)
for all e € S;. By Theorem 5.3.8, the proof is completed. O
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Chapter 6

Hypertree and Multi-Tree Modulus

6.1 Overview

The hypertrees of a hypergraph are the bases of its hypergraphic matroid, so the base
modulus theory developed in Chapters 3—-5 can be applied directly to them. This raises the
guiding question of the chapter: does the modulus of the hypertree family encode the strength
and fractional arboricity of the hypergraph, as base modulus does for a matroid? The answer

is subtler than in the graph case, and this subtlety is what the chapter is organized around.

The difficulty is that connectivity of a hypergraph does not guarantee the existence of a
hypertree. For a connected hypergraph H, the bases of the associated hypergraphic matroid
are the maximal hyperforests, so base modulus sees the strength and fractional arboricity of
the matroid, which need not coincide with those of the hypergraph. To recover the hypergraph
invariants one must restrict to partition-connected hypergraphs, where hypertrees exist; and
to handle the general connected case, where the hypertree family may be empty, we introduce

a replacement, the multi-tree family, on which modulus is always defined.
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Hypergraphs, hypertrees, and their invariants

We recall only what is needed to state the results; the hypergraphic matroid and its place
in the modulus framework were discussed in Chapter 1. Let H = (V, E) be a hypergraph.
For X CV and F' C E, write F'[X] for the hyperedges of F' contained in X. A set F C F'is
a hyperforest if |F[X]| <|X|—1 for every non-empty X C V, and a hypertree if in addition
|F| = |V| — 1; for graphs these are exactly the spanning trees. Lorea [24] showed that the
hyperforests of a hypergraph are the independent sets of a matroid, called the hypergraphic
matroid. Frank et al. [25] gave a rank formula for this matroid and the maximum number
of disjoint hypertrees contained in a hypergraph. Let H = (V,E) be a hypergraph. If
P ={Vi,...,V,,} is a partition of V and F' C E, define 6p(P) to be the set of hyperedges
in F' that meet at least two parts of P. We write |P| for the number of parts of P, and we
write 6(P) instead of 0g(P) when F' = E. For F' C E, the rank of F' in the hypergraphic
matroid is

r(F)=min{|V| — |P| + [0r(P)| : P is a partition of V}. (6.1.1)

For a positive integer k, the hypergraph H is called k-partition-connected if
10(P)] > k(|P| - 1) (6.1.2)

for every partition P of V. When k£ = 1, we simply say that H is partition-connected. A
hypergraph contains a hypertree if and only if it is partition-connected. More generally, H

contains k edge-disjoint hypertrees if and only if (6.1.2) holds for every partition P of V.

By analogy with the matroidal invariants of Section 2.1.2, we attach to a hypergraph a

strength and a fractional arboricity through partition and subhypergraph density ratios,

._ 6(P)] _ | E[X])]
(H) = 7172 Pl -1’ (H):= XCOVH X |>2 X -1 (6.1.3)

132



and, for hyperedge weights o € RE, their weighted counterparts

e 0(0(P) _ o(E1X])
Se(H) = ?:1%31‘212 o1 D,(H) := Xnggl:?)}(<|22 X—1 (6.1.4)

We write I' = I'(H) for the hypertree family of H, identified with the indicator vectors 1., of

its hypertrees.

Hypertree modulus

For a partition-connected hypergraph, we relate the 2-modulus of I'( H) to the invariants (6.1.3).
Following the notion of homogeneity for graphs and matroids used throughout this disserta-
tion, we call H homogeneous when the optimal density n* of Mon(f) is a constant vector,
where I is the Fulkerson blocker family of I'. This is again governed by the equality of the

two invariants.

Theorem 6.1.1. A partition-connected hypergraph H is homogeneous if and only if S(H) =
D(H).

More than the homogeneous case, the optimal density of the hypertree modulus drives a
hierarchical decomposition of H tied to its strength and fractional arboricity, the Hypergraph
Decomposition Process of Section 6.3, mirroring the deflation process for graphs and the

principal partition for matroids.

The multi-tree family and the general connected case

When H is connected but not partition-connected, I'(H) may be empty and the hypertree
modulus is unavailable. To address this case, we introduce the family of multitrees below.
For every multiset A from £, we denote V[A] C V as the set of vertices in J,.4e. The
hypergraph (V[A], A) is called the subhypergraph induced by the hyperedge-multiset A and

denoted by H[A]. The indicator vector z# € Rgo of A is defined such that z*(e) represents
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the multiplicity of e in A, see Example 6.1.5 for instance. We introduce the following

definition.

Definition 6.1.2. The family of all indicator vectors of multisets A from E such that H[A]

is a hypertree with vertex set V' is called the multi-tree family of H and is denoted by
QO =Q(H).

The multi-tree modulus recovers the same structure and, when hypertrees exist, agrees

with the hypertree modulus at the level of optimal densities.

Theorem 6.1.3. If H is partition-connected, then Mody(Q) and Mody(T) have the same

optimal density.

This lets us extend homogeneity to every connected hypergraph, by declaring H homogeneous
when the optimal density of Mods(€(H)) is constant; the definition agrees with the partition-
connected one by Theorem 6.1.3. The characterization of Theorem 6.1.1 then persists in full

generality.

Theorem 6.1.4. A connected hypergraph H is homogeneous if and only if S(H) = D(H).

As with hypertrees, the multi-tree modulus induces a hierarchical decomposition of H; Sec-

tion 6.4 develops this process and works through an explicit example.

Example 6.1.5 includes an example of the hypertree family and the multitree family.

Example 6.1.5. Consider the partition-connected hypergraph H in Figure 6.1. Table 6.1
presents the usage matrices, whose rows correspond to vectors from the hypertree family
['(H) and the multi-tree family Q(H), respectively. The table also illustrates the follow-
ing relationships. First, the unweighted modulus Mody(I') and Mod,(2) share both the
same value and optimal density, as guaranteed by Theorem 6.1.3; the table also illustrates
Theorem 6.4.2. Second, the unweighted modulus Mod; (I') and Mod,(2) coincide with the
strength S(H), consistent with Remarks 6.5.11 and 6.5.13. Third, the weighted modulus
Mod, +(£2) equals the weighted strength S,(H), as follows from Remark 6.5.11. Finally, we
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€2

€3

m

€4

Figure 6.1: A hypergraph H = (V) E) with V = {vy,v9, 03,04}, E = {e1, €2, €3,€e4}, where
er = {v1,vs,v4} and ey = {vy,v3,v4} are represented by two nested rounded triangular
curves, ez = {v9,v3}, and ey = {vq, v4}.

conjecture that Theorem 6.4.2 extends to the weighted case, as suggested by the table:

1 1

(Uﬁlﬁ*)max’

S, (H) =

where 0~17* denotes the element-wise product.

-~

Next, we present an example of Mody(2) revealing a hierarchical structure of a hyper-

graph H.

Example 6.1.6. Figure 6.2 describes an example of the Hypergraph Decomposition Process
discussed in Section 6.4. Consider a connected hypergraph H in the top of Figure 6.2. Here,
the optimal density 7* of Mod(€(H)) takes three distinct values, indicated by the edge styles
as described in the figure caption. First, we remove the dotted hyperedges from H. As the
result, we obtain two identical connected hypergraphs, denoted by H; and Hs, displayed in
the middle right of the figure, and two isolated vertices. On the other hand, we shrink H;
and Hs in the original hypergraph H, the resulting shrunk graph is the hypergraph, denoted
by K, displayed in the middle left. Notice that the hyperedge set of H is the disjoint union of

the hyperedge sets of H,, Hy and K. So, we say that H decomposes into Hy, Hy, two isolated
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Hypertree family I'

Multi-tree family

So(H), Dy(H)

01 1 1
0 2 0 1
01 1 1 0210
. 1 011 1 011
Usage matrix
1 1 0 1 1 1 01
1 1 10 1 1 10
2 0 0 1
2 0 1 0]
Unweighted Mody(T") = 4/9 Mody(2) =4/9
Unweighted
& Mod, (T) = 4/3 Mod, () = 4/3
M0d1
Unweighted
Hwelghite S(H) = 4/3 D(H) = 4/3
S(H), D(H)
Weighted
41 11) Mody »(T) = 12/19 Mody () = 10/13
0 = 9 9 9 ~
o~ln* =(1/4,2/3,2/3,2/3) | o7 17* = (2/5, 2/5, 1/2, 1/2)
Modgp
Weighted
o= (4,1,1,1) Mod,; »(I') = 3/2 Mod; »(£2) =2
MOdLU
Weighted
o=(4,1,1,1) So(H) =2 D,(H)=5/2

Table 6.1: Families I'(H) and Q(H), their usage matrices, optimal densities n* defined in
(2.1.28), modulus values, and strength, fractional arboricity for the hypergraph H in Figure

6.1.

vertices and K. Next, for Hy (similarly for Hs), we continue to decompose it by removing
the dashed hyperedges from H;. Then, we obtain a connected hypergraph displayed in the
bottom right, denoted by NV, and two isolated vertices. In Hy, we shrink N to a single vertex

to get the line hypergraph L in the bottom left. The decomposition process stops here since

all the created hypergraphs (isolated vertices, K, N and L) are homogeneous.

In the end of this section, we give a remark about Modp(f) and Modp(ﬁ) for p € (1,00)\

{2}

136




Figure 6.2: A hypergraph where hyperedges are styled according to the optimal density 77*.

Solid edges are present with 7% = g, dashed edges with 77* = 1 and dotted edges with n* = %

Remark 6.1.7. Let p € (1,00)\ {2}, and let M be a matroid with family of bases B. Theorem

~ ~

3.7.1 states that Mody(B) and Mod,(B) have the same optimal density. By applying this

A~ ~

theorem to the case of hypergraphic matroids, it follows that Mody(I') and Mod,(I") have

~

the same optimal density. Furthermore, it follows from Theorem 6.4.2 below that Mody(€2)

~

and Mod,,(§2) have the same optimal density.

Fulkerson duality for partition inequalities

The final contribution extends the classical Fulkerson duality between spanning trees and
vertex partitions, recorded in Chapter 1, to hypergraphs. Building on the partition charac-

terization of Frank et al., the authors of [39] showed that the partition polyhedron
P(H) = {z € RY;: z(6(P)) > |P| — 1 for every partition P of V'} (6.1.5)

has integral extreme points, all lying in Q(H); for graphs these are the spanning trees.

We identify the Fulkerson blocker of the multi-tree family exactly, and thereby a minimal
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description of the partition inequality system. Call a partition feasible if each part induces
a connected subhypergraph, and, for a feasible P, let the shrunk hypergraph Hy := H/(FE \

d(P)) be the contraction onto the crossing hyperedges.

Theorem 6.1.8. The Fulkerson blocker family Q of 2 consists of the vectors m+1 Ls(py over

all feasible partitions P whose shrunk hypergraph Hy is vertex-biconnected.

A consequence of this duality is the identification of 1-modulus with strength: for every

E
o € R,

Mod, , (QUH)) = S, (H), (6.1.6)

and in particular Mod;(2(H)) = S(H). The hypertree family behaves less uniformly. Since
['(H) C Q(H), one might expect the same identity for hypertrees, but in the weighted setting
it can fail,

Mod, ,(I'(H)) # S,(H) for some o,

as an example in Section 6.5 shows. For partition-connected hypergraphs we nonetheless
obtain the unweighted equality Mod, (I'(H)) = S(H), a statement that does not appear to

follow from the partition characterization of Frank et al. and requires a separate argument.

The chapter is organized as follows.

Section 6.2 fixes the definitions and notation specific to hypergraphs used in this chap-

ter.

e Section 6.3 studies the hypertree modulus, proving Theorem 6.1.1 and developing the

decomposition of partition-connected hypergraphs.

e Section 6.4 studies the multi-tree modulus, establishing Theorem 6.1.3 and Theo-

rem 6.1.4 and the decomposition of general connected hypergraphs.

e Section 6.5 develops the Fulkerson duality between the partition inequality system and
Q(H), proving Theorem 6.1.8, deriving the strength identity (6.1.6), and comparing

the 1-modulus of the hypertree and multi-tree families.
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6.2 Some background

6.2.1 Hypergraphs and hypertrees

A hypergraph H is defined as a pair (V, E), where V is the set of vertices and E is a collection
of nonempty subsets of V', called hyperedges. The hyperedges in E are not necessarily
distinct. A hyperedge consisting of a single vertex is called a loop, and two hyperedges
containing the same vertices are called parallel hyperedges. In this paper, we consider

hypergraphs with no loops.

Let H = (V, E) be a hypergraph. For a subset F' C E, we denote V[F| C V as the set
of vertices in | J ., e. The hypergraph (V[F]|, F) is referred to as the subhypergraph induced
by the hyperedge subset ' and is denoted by H|[F|. Next, let ¢ be a positive integer. The
hypergraph H' = (V, E") is defined to have the same vertex set V', where E' is constructed
by replacing each hyperedge e € E with a set of ¢ parallel hyperedges {e!,... e'}. The set
of t parallel hyperedges {e!,... e} in E! is called the parallel group corresponding to the
hyperedge e and is denoted by g.. Let F' be a subset of E'. We define a multiset F” from E
generated by F', where the multiplicity of each hyperedge e € E in F” is the cardinality of
Fnge.

A hypergraph H is said to be forest-representable or wooded, if it is possible to select two
distinct vertices from each hyperedge of H such that the chosen pairs, when considered as
graph edges on V, form a forest. If the representing forest can be made connected, then H
is called tree-representable. Lovasz showed in [40] that a hypergraph H is a hyperforest if

and only if it is wooded.
For any nonempty subset F' C E(H), the density of F' is defined to be

|F|

O (E) = -1

We often use 0(H) to denote 0y (E(H)). Let S(H) and D(H) be the strength and the

fractional arboricity of H defined as in (6.1.3), respectively. It follows immediately that for
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any loopless nontrivial hypergraph H, we have

S(H) <6(H) < D(H).

Moreover, it is also straightforward that
S(H)=min{(H/F): F C E(H),|V(H/F)| > 2},

and

D(H) = max{0y(F) : F c E(H),|V(H[F])| > 2}.

6.3 Modulus of the hypertree family

In this section, we study the modulus of the hypertree family of a partition-connected hy-
pergraph. Specifically, we analyze 2-modulus of this family, and the main tool we utilize is

the theory of the base modulus in matroids.

Let H = (V, E) be a partition-connected hypergraph. This implies that H has at least
one hypertree. Let I' = I'(H) be the hypertree family of H, where usage vectors are indicator
functions. Let Q = Q(H) be the multi-tree family of H. Note that I'(H) C Q(H).

Let M = M(H) be the hypergraphic matroid associated with H. An interesting question
is how to interpret known results in the theory of modulus for bases of matroids on hyper-
graph. Let r be the rank function of M. Then, the hypertree family I' = I'(H) is the family
of bases of M. The following theorem is one of our main results.

Theorem 6.3.1. Let H be a partition-connected hypergraph, and let T' = T'(H) be the hy-
pertree family of H. Let n* be the optimal density of Modg(f), and let E,,.. be the set of
elements where n*(e) attains the mazimum value of n*. Then, Epa = du(P) for some feasi-

ble partition P = {Vi, ..., Vi} of V such that each subhypergraph H[V;] is partition-connected,
fori=1,... k.
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Proof. Denote n,,. as the maximum value of n*. Let M = M(H) be the hypergraphic
matroid associated with H. Recall the strength s(M) of the matroid M defined as:

| x|
s(M) = min {r<E> ~H(ENX)

. X C B, r(E) >r(E\X)}.

Here, s(M) is known as the strength of the matroid M, and it coincides with graph strength

in the graphs setting.

By Theorem 3.3.1 , we have that the set £ — FE,,,, is closed in M, and

L), (6.3.1)

*
nmax

where s(M) is the strength of the unweighted matroid M. Moreover, Theorem 3.3.1 shows
that E,.. is optimal for the strength problem s(M). Furthermore, E,,,, is the maximal set
that is optimal for s(M) and this can be deduced from the proof of Theorem 3.3.1 as follows.
For any set ) #Y ¢ FE,4., the set Y is not optimal for s(M) because

(Y
Mraw > % (by definition of 1))
> r(B) -rE-Y) (by Lemma 3.2.12).

Y|

Now, we remove E,,,, from the hypergraph H to obtain the subhypergraph H, := H[E —
Einaz]. Assume that H; has k connected components Ly, ..., Ly with L; = (V;,C;), k > 1.
Let P be the partition of V' where each class of P is the vertex set V; of L;, fori =1,... k.
w Ci = £ — E,q,. Note that the set £ — E,,,, is closed in M, and Ej,,, is the

=1,...,

maximal set that is optimal for the strength problem s(M), and

]. Em(ll’
1<—=5s(M) = | |

 Mmaa (V] =1) = r(E — Erag)’ (6.3.2)
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Assume that L; has at least one hyperedge and is not partition-connected. Hence, r(C}) <
|Vi| — 1. Using Theorem 6.1.1 for the rank function of the matroid M (H) restricted to Ci,
there exists a feasible partition J = {Ji, Jo, ..., J;} of V] such that

r(C) = VAl = [J| + 162, (J)].
Thus,
0, (N)| = |J]| = V| +7(Ch). (6.3.3)

Since r(Cy) < |V4] — 1, it follows that |J| > 2, 07, (J) is not empty, and |dz,(J)| < || — 1.
For the matroid strength problem s(M), we choose a candidate X := F,,,, U dr,(J). For

convenience, we also denote

0= |Epaal, 0=[V[=1=r(E\ Ene),  f =100, (J)| = [J[ = [Vi| +r(Ch).

Because dr,(J) is not empty, we obtain F,,., C X. Since the set E,,,, is the maximal set

=

that is optimal for the strength problem s(M), we have

_a RY _ a+f
L S S B ®) b B B BN X))
Now, we aim to prove
r(E\ Epas) —r(E\ X) > |J| — V1| +7(Cy) = f. (6.3.5)
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Indeed, we have

T(EN\ Ema) = r(E\X) = f =r(C1) =r(Cy\ o, (J)) — f
=r(C1) =r(Ci\ or, (J)) = (IJ] = Vi +7(C1))
= Vil =r(Ci\ o, (J)) = ||
= (1| = r(E(L[A]) + - - + (4] = r(E(L.[2]) = |J]
>14---+1-J|=|J|-|J|=0.

Therefore, (6.3.4) implies that

a+ f

< :
b+ f

Sall RS

This is equivalent to a < b, which contradicts a/b > 1. Therefore, ér,(J) must be empty,
|J| =1, and L, is partition-connected. Similarly, every other connected component L; with

at least one hyperedge of the subhypergraph H[E — E,,,,] is partition-connected.

To conclude, we want to show that E,,.. = 0 (P). If there exists a hyperedge € € E,uq4s
such that it lies in H[V;], then adding e to E(L;) does not change the rank of F(L;) since L;
is partition-connected. This contradicts the fact that £ — FE,,.. is closed in M. Therefore,
we must have E,,., C 0g(P). Let © € 05(P). Then x € E,,q; because otherwise, z would
connect two connected components of Hy, which is a contradiction. Thus, we conclude that

Ernaw = 051(7P). O

The next remark describes the difference between matroid strength and hypergraph

strength.

Remark 6.3.2. If H is not partition-connected, then H has no hypertree and every base of
the hypergraphic matroid M (H) has rank less than |V|— 1. In general, we have s(M(H)) #
S(H). Here is an example, consider the hypergraph H = (V, E) with V' = {vy,va,v3}, E =
{e} and e = {vy,v9,v3}. Then, S(H) = 1/2 while s(M(H)) = 1.

In the case where H is partition-connected, the following proposition shows that matroid
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strength and hypergraph strength coincide.

Proposition 6.3.3. Let H be a partition-connected hypergraph. Let M = M(H) be the

hypergraphic matroid associated with H. Then,

s(M(H)) = S(H). (6.3.6)

Proof of Proposition 6.3.3. Let M = M(H) be the hypergraphic matroid associated with
H. By Theorem 6.3.1, E,,0, = 05 (P) for some feasible partition P = {V,..., Vi } of V such
that each subhypergraph H|[V;] is partition-connected, for i« = 1,... k. Note that E,,,, is

the maximal set that is optimal for the strength problem s(M), then

|Emax‘ o |5H<:P)| > S(H)

M) = B = H B~ B P17

For any X C FE such that r(F) — r(X) > 0, assume that hypergraph H[X] has k connected
components H; = (V;, X;), for i = 1,..., k. Then
k

k
V(H/X)| = |V(H)|=)_(Vil-1) < |V(H)|—ZT(X¢) = [V(H)[=r(X) = r(E)+1-r(X).

i=1 =1

Hence,
|E — X| |E — X|
s(M) < < :
W= ey = = e
Thus, s(M) < S(H). In conclusion, we have s(M) = S(H). O

The next theorem describes the serial rule for the modulus of the hypertree family I'( H),
this theorem is motivated by the serial rule for the modulus for bases of matroids.
Theorem 6.3.4. Let H be a partition-connected hypergraph. Let I' =T'(H) be the family of

hypertrees of H. Assume that the optimal solution n* of Mody(I") is not a constant vector

and let Ep.. be the set of hyperedges e where n*(e) attains the maximum value of n*. Let
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H/(E—E,z) be the hypergraph obtained from H by contracting E— E,,q,. Let the hypergraph
H[E — Ep4z) have k connected components Ly, ..., Ly with L; = (V;,C;), fori =1,... k.
Then,

(i) The hypergraph H/(E — Ena) and every hypergraph L; are partition-connected, for
i=1,... k.

(ii) The modulus problem Modg(f(H)) splits as follows:

Mods (T(H)) = Mods (T(L1))+Mods (T(Ly))+ - -+Mods (T(Ly) ) +Mods(T(H /(E—Enaz)));
(6.3.7)

~

(i1i) The restriction of n* onto C; is optimal for Moda(I'(L;)) for i = 1,2,...,k and the
restriction of n* onto Eya. is optimal for Modg(f(H/(E — Fraz)))-

Proof. By Remark 6.5.6 and Theorem 6.3.1, we obtain (i). Denote the base family of a
matroid M by B(M). We recall the serial rule for the base modulus B(M) = I'(H) of
M(H). Let i* be the optimal density for Mods(I'(H)). Let M|(E — Epqs) be the restriction
of M(H) to E— Eppaz. Let M/(E— Epq:) be the contraction of E— E, 4, in M. By Theorem

3.2.19 and Theorem 3.3.1, we have

Mody(B(M)) = Mody(B(M|(E = Epaz)) + Mody(B(M/(E — Epas))). (6.3.8)

~

Moreover, the restriction of n* onto E — E,,4, is optimal for Mody(B(M|(E — Epnez))), and
the restriction of 7* onto Epg, is optimal for Mody(B(M/(E — Epas))). Note that the
matroid M/(F — Eyu4.)) is the hypergraphic matroid associated with H/(E — E,,q,) because
Erar = 05 (P) and (i), where P is the partition of V' where each class of P is the vertex set
Viof L; fori=1,... k. We also have that the restriction M|(F — E, 4 ) is the hypergraphic

matroid associated with H[E — E,,,.|. Therefore, we achieve (ii) and (iii). O

Theorem 6.3.4 uncovers a hierarchical structure within hypergraphs, this is described as

follows.
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Hypergraph Decomposition Process (HDP): Let H be a partition-connected hy-
pergraph that is not homogeneous. First, using Theorem 6.3.4, we decompose H into
H/(E — E4:) and k partition-connected hypergraphs L; as defined in Theorem 6.3.4. Tt
follows that H/(FE — FEy4.) is homogeneous. By Proposition 6.3.3 and Equation (6.3.1), we

have
1 1

S(H) ~ "o = S(HJ(E — )’

We proceed to further decompose each hypergraph L; using the maximum value of n*, contin-
uing this decomposition process until we only have a collection of homogeneous hypergraphs.
Let E,.n be the set of elements where n*(e) attains the minimum value of n*. At the end
of this process, we obtain a collection of connected components of H[E,,;,] that are vertex-
induced, partition-connected, and homogeneous. We call each of these a homogeneous core.

Furthermore, each homogeneous core K of H[E,,;,| satisfies

1

min = G777y
S(K)
This process yields a collection of subhypergraphs and shrunk hypergraphs which correspond

to a hierarchical structure of H, see Example 6.1.6 for an example.

Next, similar to Proposition 6.3.3, we have a corresponding theorem for fractional ar-
boricity. Recall the fractional arboricity of the hypergraphic matroid M = M (H) which is
defined as:

D(M) = max{r‘())((‘) X CErX)> O}.

Theorem 6.3.5. Let H be a partition-connected hypergraph. Let M = M(H) be the hyper-
graphic matroid associated with H. Then, D(M(H)) = D(H).

Proof. We have that the hypertree family I' = I'(H) of H is the family of bases of the

~

matroid M (H). Let n* be the optimal density of Mods(T"). Let E,,;, be the set of elements
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where n*(e) attains the minimum value 7}, of n*. By Theorem 3.3.2, we have

1

" .
nmin

D(M(H)) =

By the Hypergraph Decomposition Process of H, we have that every connected com-
ponent of H[E,,;,| is vertex-induced, partition-connected, and homogeneous. Let K be a

connected component among these components. Then,

|
PAIE) = ) = o~ r(IK)) ~ V) ~1 =

On the other hand, for all X C F such that 7(X) > 0, we have

X X
P 2 5605 2 Wi = 1

Thus, this yields D(M(H)) > D(H). In conclusion,

Next, we prove Theorem 6.1.1.

Proof for Theorem 6.1.1. Let I' = I'(H) be the hypertree family of H. Let n* be the optimal
density of Mody(T). Let M = M(H) be the hypergraphic matroid associated with H. By
the theory of modulus for bases of matroids, n* is a constant vector if and only the strength

of M coincides with the fractional arboricity of M. By Proposition 6.3.3 and Theorem 6.3.5,
the proof is completed. O

Remark 6.3.6. We also have a reverse version of the serial rule for the modulus of hypertrees

in Theorem 6.3.4, where we can shrink any homogeneous core K and split the modulus
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problem as follows:

Mods(T'(H)) = Mody(F(K)) + Mods(T'(H/K)). (6.3.9)

Finally, based on Remark 6.3.6, we present a reverse version for the Hypergraph Decom-

position Process.

Remark 6.3.7. Hypergraph Shrinking Process (HSP): The hierarchical structure es-
tablished by the Hypergraph Decomposition Process can also be uncovered by reversing the
process as follows. Note that every homogeneous core K of H in H[E,,;,] is vertex-induced,

partition-connected, homogeneous, and satisfies

1 1 1

D(E) ~ "min = D) = §(K)

In the first step, we shrink every homogeneous core K of H to get a shrunk hypergraph H,;
which is partition-connected. We proceed shrinking with the same strategy for H; using the
minimum value of n*, and continue this process until we only have a shrunk hypergraph,

denoted by L, which is homogeneous. It follows that L satisfies

1 1 1

S(H) ~ e = S(0) D)

This process reveals the same collection of subhypergraph and shrunk hypergraphs as in the

Hypergraph Decomposition Process.

6.4 Modulus for the multi-tree family

In this section, we answer the following questions: What happens when H is not partition-
connected? Does it still have any hierarchical structure? Let H = (V, E) be a connected
hypergraph that is not necessarily partition-connected. The idea is to build a hypergraph

H' = (V,E") from H, where E' is obtained by replacing each hyperedge e in E with a set

148



of t parallel hyperedges. Let T'(H') be the hypertree family of the hypergraph H® where
usage vectors are indicator vectors. By Remark 6.5.9, there is a one to one correspondence
between the families Q(H) and T'(H"). Then, we will use results from hypertree modulus
in the hypergraphs H* to study the multi-tree modulus of Q(H). The main tool for this

strategy is presented in the following section.

6.4.1 Symmetry property for modulus

In this section, we provide a symmetry property for modulus. Given a ground set F with

weights o € RE,. A symmetry is an involution @ : E — E such that

o(Q(e)) =o(e) Ve€E. (6.4.1)

Given a symmetry () and a family of objects I' with usage matrix N, we say that I" is

@-invariant if for every object v, € I, there is an object v, € I" such that

N(y2,Q(e)) = N(v1,¢e), VeeE. (6.4.2)

We set
Admg(I) = {p € Adm(D) : p(e) = p(Q(e)), Ve € B}

as the set of (Q-invariant admissible densities.

Proposition 6.4.1. Assume that T is a family of objects with weights o € R, that is also

Q-wvariant. Then, for 1 < p < oo,
Mod,,(I') = inf &, ,(p).

peAdmg(T)

Proof. Suppose p is extremal for Mod, ,(I'), so that in particular p € Adm(I"). Define
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p1:= po Q. Then, by (6.4.2), for every v, € I, there exists 7o € I' such that

() =D N(e)pile) =Y N2, Qe)p(Q(e)) = Ly(72) > 1.

eckE ecE

Therefore, py € Adm(I"). Moreover, by 6.4.1,

Epalpr) =) _a(e)lp(e)l” =Y a(Q(e)|p(Q(e)” = Eolp).

ecl eclF

Define py := # Then, py € Adm(I"). Also, since () is an involution, we have

POQ+010Q:P1+P:
2 2

p20Q = p2.

So, JORS Ade(F)

By convexity,

Epolp2) < £r.0(0) zgp’”(p o Mod, ().

Therefore,

inf  &,,(p) < Mod, ().

peAdmg(T)

The other direction follows from the fact that Admg (") € Adm(T).

Let e and f be two distinct elements in E. We say that e and f are symmetric if I is

Q-invariant for some symmetry @ and Q(e) = f. Assume that P = {E}, Es,.

.., Er}is a

partition of the ground set E such that all elements in each class of P are symmetric to each

other. Then, we define a ground set Ep as the set of classes of P, and we enumerate Ep

as {q1,...,qx}. Then, |Ep| = |P|. Let I'p be the family of all vectors yp € Rgf)’ associated

with v € I' and defined as

ve(g) =Y N(v,e)

eck;
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fore=1,..., k. We also define weights op € Rgg with
op(q;) = o(e)|Eil

for some e € E;. Using the symmetry property in Proposition 6.4.1 for modulus, we obtain
that
Mod, ,(I') = Mod,, . (I'p).

Moreover, let p* € Rgo be an optimal density for Mod,, ,(I'). Then, a density p*, defined as
p*(q;) = p*(e) for some e € E;, is optimal for Mod,, ,,,(I'p). Recall that the optimal density
n* for the Fulkerson dual problem of Mod, ,(I") satisfies

oy o(e)p(e)p!
n(e) = Mod, ,(T)

It follows that the optimal density 77* for the Fulkeson dual problem of Mod, ,,(I'p) satisfies

7 (q) = ZP(@)" (@)

= |E;|n*(e) for some e € E;.
MOdpp-P(FP) | |77 ( )

In the following section, we will use these properties to study the modulus of the multi-

tree family of hypergraphs.

6.4.2 Modulus for the multi-tree family

Let H = (V, E) be a connected hypergraph that is not necessarily partition-connected. Let
Q(H) be the multi-tree family of H. Let ¢t = |V, we recall the hypergraph H' = (V, E")
where E' is obtained by replacing each hyperedge e in E by a set of ¢ parallel hyperedges. By

Remark 6.5.9, there is a one to one correspondence between two families Q(H) and T'(HY).

For the hypergraph H®, consider a partition P of E where each class of P is the set of ¢
parallel hyperedges in F(H") corresponding to each hyperedge e in E(H). The hyperedges

in each class are symmetric with respect to the family I'(H"). Hence, the set F(H) can be
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identified with the set of all classes of P and (H) is the family of usage vectors in Rg(()H)

associated with the family I'(H") generated by the partition P.

First, let us analyze 1-modulus of the multi-tree family. By the symmetry property for

modulus in Section 6.4.1, it follows that
t Mod; () = Mod, (I'(H")).

By the relationship between modulus of hypertrees and strength of hypergraphs in Proposi-
tion 6.3.3, we have

Mod, (D(H')) = S(H') = tS(H).

Therefore, we obtain that Mod,(Q2) = S(H), which also was shown in (6.1.6).

Next, we apply the symmetry property of modulus in Section 6.4.1 to deduce results of
the 2-modulus of Q(H) from the 2-modulus of T'(H?").

Theorem 6.4.2. Let H be a connected hypergraph. Let Q2 = Q(H) be the multi-tree family of

H. Letn* be the optimal density of Modg(ﬁ). Let Eypaz be the set of hyperedges e where 77" (e)
attains the mazimum value 7%, of T, and let E,., be the set of hyperedges e where 7*(e)

attains the minimum value 7, of 1*. Let S(H) and D(H) be the strength and fractional

arboricity of H.

Then,

S(H) = 1, D(H):~1

~— -
nmaz nmzn

Moreover, E,.. and E,;, are optimal for the strength problem and fractional arboricity

problem, respectively.

Proof. Let t = |V, we recall the hypergraph H' = (V, E') where E' is obtained by replacing
each hyperedge e in E by a set of ¢ parallel hyperedges. For the hypergraph H'!, consider
a partition P of E(H"') where each class of P is the set of ¢ parallel hyperedges in F(H")

corresponding to each hyperedge e in E(H). Note that every class of P has size t, by the
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symmetry property of modulus, we obtain

Moreover, let n* be the optimal density for Mod,(I'(H*)). It follows that the optimal density

~

n* of Mody(2) satisfies

77*(6) - tn*(61>7
for every e € E and for some copy e; in E(H?) of e.

Now, we apply the modulus for the hypertree family I'(H') as follows. Apply Theo-
rem 6.3.1 to I'(H") and noting that E,,., corresponds to hyperedges in H' that attain the

maximum value of n*, we obtain

Emax = 5H<T)7
for some feasible partition P = {V,...,Vi} of V(H) in the hypergraph H. Moreover,

1S(H) = S(HY) = —— = !

* % :
Nmaz Nmax

Hence,

S(H) =1/ 140

and FE,,.. is optimal for the strength problem S(H). Similarly, by Theorem 6.3.5, we also

have

D(H) = 1/
and E,,;, is optimal for the fractional arboricity problem D(H). O

~

Proof for Theorem 6.1.4. As a corollary of Theorem 6.4.2, the optimal density 7* of Mods(2)
is a constant vector if and only if the strength of H coincides with the fractional arboricity

of H. O

We can also deduce a serial rule for 2-modulus of Q(H) from the serial rule for 2-modulus
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of T'(H") in Theorem 6.3.4, this is deduced in the same manner as the proof of Theorem 6.4.2.

Theorem 6.4.3. Let H be a connected hypergraph. Let Q2 = Q(H) be the multi-tree family
of H. Assume that the optimal n* of Modg(ﬁ) s not a constant vector, and let E,,., be the
set of hyperedges e where 7*(e) attains the maximum value 7%, of *. Let H/(E — Eyq.) be
the hypergraph obtained from H by contracting (E — Epaz). Let the hypergraph H[E — Eypa.)

have k connected components Ly, ..., Ly with L; = (V;,C;), fori=1,..., k. Then,

(i) The modulus problem Mods(QU(H)) splits as follows:

Mody (Q(H)) = Mody(Q(L1))+Mods(Q(Ls))+- - -+Moda(Q(Ly,) )+ Moda (Q(H /) (E— Eas)) );
(6.4.3)

~

(ii) The restriction of n* onto C; is optimal for Moda(2(L;)) for i = 1,2,...,k, and the
restriction of 1* onto Ep.. is optimal for Modg(ﬁ(H/(E — Fraz)))-

Remark 6.4.4. Hypergraph decomposition process: Let H be a connected hypergraph
that is not homogeneous. The hypergraph decomposition process for the partition-connected
hypergraph H', see Remark 6.3.7, corresponds to a hypergraph decomposition process for

the connected hypergraph H by scaling. This yields a hierarchical structure of H.

Proof for Theorem 6.1.3. Theorem 6.4.2 and the hypergraph decomposition process of H

imply that if H is partition-connected, Mody(€2) and Mody(I") have the same optimal density

and they reveal the same hierarchical structure of H. O]

Remark 6.4.5. If H is not partition-connected, the hierarchical structure of H is not nec-
essarily related to the hierarchical structure of M(H). Here is an example: H = (V =
{v1,v9,v3,04}, E = {e1,e2}) where e; = {vy,v9,v3}, 3 = {v3,v4}. This remark is similar to

Remark 6.3.2.
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6.5 Fulkerson duality for hypertrees

In this section, we prove Theorem 6.1.8. To start, we define the usage vectors of the family

of feasible partitions.

Definition 6.5.1. Let H = (V, E) be a connected hypergraph. Let ® denote the family of

all feasible partitions P of H, with the usage vectors defined as:

N(?7 _)T . 1

Then, the admissible set of ® is given by:
Adm(P) = {7} € R, N > 1}.

Let H = (V, E) be a connected hypergraph. Let Q = Q(H) be the multi-tree family defined
in Definition 6.1.2. We want to study Fulkerson duality between two families ® and 2. We

start with the following lemma.

Lemma 6.5.2. The admissible set Adm(®) of ® is equal to the partition polyhedron P
defined as in (6.1.5)

Proof. By definition, we have that P C Adm(®). Let P = {V4,...,Vi} be a partition of V.
For each i =1,... k, if H[V;] is not connected and has at least 2 connected components, we
divide the class V; into smaller classes corresponding to the vertex sets of those connected

components. This new partition is feasible, the number of classes is increased and the cut set

d(P) remains unchanged. Therefore Adm(®) C P. Thus, we conclude that Adm(®) = P. O

Since Adm(®) = P where P defined as in (6.1.5), as mentioned in the introduction, we

have that

~

o C Q.

For instance, consider a hypergraph H = (V, E) with V' = {vy, v, v3}, E = {e1, €2}, and
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e; = ey = {v1,vy,v3}. This hypergraph H has the partition polyhedron P = {(z1,z5) :
x1+ 29 > 2, x > 0}. The extreme points of P are (2,0) and (0,2). We use this fact to

achieve the following result.

Proposition 6.5.3. We have that
Dom(€2) = Adm(®).

In other words, ) and ® form a Fulkerson dual pair.

Proof. In [39], it was shown that every extreme point of the partition polyhedron P defined
as in (6.1.5) belongs to Q(H). Hence, by Lemma 6.5.2, we have ® C . This implies that

o~

Adm(®) = Dom(®) C Dom(€2).

Let 2% be an indicator vector in €2, where A is a multiset from E. By the definition of
2, the hypergraph H[A] = (V(H[A]), E(H[A])) is a hypertree with vertex set V', and hence

it is partition-connected. Thus, for any feasible partition P of V' in ®(H),
|0matan(P)] = [P - 1.

This is equivalent to
z 15E(H)(fp) 2 |ﬂ)| -1
for any feasible partition P of V in ®(H).

Therefore, z* € Adm(®). Thus, Dom(£2) C Adm(®). In conclusion, we have Dom({2) =
Adm(P). O

By the definition of Fulkerson dual pairs, Proposition 6.5.3 implies that QcC o Hence,

the remaining task is to describe 0 precisely.

Next, we provide the proof of Theorem 6.1.8. This proof follows a similar strategy from

Fulkerson duality for spanning trees in [9].
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Proof of Theorem 6.1.8. Let © represent the family of all feasible partitions P of H such

that the shrunk hypergraphs Hy are vertex-biconnected.

The proof follows from the fact that Q C @ and the two lemmas stated below. From
Lemma 6.5.5, we have & N Q C 0. Furthermore, Lemma 6.5.7 establishes that © C Q. O

Remark 6.5.4. The Fulkerson blocker family Q gives a minimal inequality description Adm(ﬁ)
of the partition polyhedron P defined as in (6.1.5). This is a common theme in the study of

various convex polytopes.

Lemma 6.5.5. We have ® N ) C o.

Proof. Let P € dNO. Suppose P = {V}, V4, ..., Vi }, each H[V}] shrinks to a vertex denoted by
v; in Hp. If Hyp is vertex-biconnected, then P € ©. Assume that Hy is not vertex-biconnected.
Then, there is a vertex v; such that the deletion of v; disconnects Hyp into two subhypergraphs
H, and H, of Hp, each of them can have one or several connected components. Denote
A := {i : v; € the vertex set of H;}. Denote B := {i : v; € the vertex set of Hy}. Then,
A, B and {j} are disjoint and AUBU{j} ={1,2...,k}. Let

ee=| |J Vvi| cv@),

i€ BU{j}

we define a partition P; of the vertex set V' as follows:

:Pl :{‘/ZZEA}U{VB}

Var=| |J vi| cva),
i€AU{j}

we define a partition Py of the vertex set V' as follows:
Py={Virie BfU{Va}.
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Since v; is connected with all the connected components of Hy within Hy \ Hs, then the
subhypergraph of Hy induced by A U {j} is connected. Therefore, the subhypergraph of
H induced by V}, is connected. Hence, the partition Py is feasible. Similarly, the partition
P, is feasible. Note that we have |Pi| = |A| + 1 and |Py| = |B| + 1. Thus |Py| + |Po| =
|A| +1+|B|+1=|P|+ 1. We also have that §(P1) Ud(Py) = (P) and 6(P1) Nd(Py) = 0.

Therefore,

1 Py -1 1 Po) =1 1
1 = . 1 . 1 . 6.5.2
P10 T P 1 P =10 T R 1 Ry =10 (6.5.2)
Notice that ||ﬂ;1‘|__11 + ‘?;2"__11 = 1. So m%l]lg(gp) is a convex combination of ﬁﬂg(%) and

w1 Loy Since g Loy, g Loy € Adm(Q) and Lo, # =y Loy, We have

m%lﬂg(ga) ¢ (AZ, this is a contradiction. Therefore, Hyp is vertex-biconnected and P € ©. [

Before providing the next lemma, we give a remark as follows.

Remark 6.5.6. Let P be a feasible partition of a hypergraph H. If H is partition-connected,

then the shrunk hypergraph Hs is also partition-connected.

Lemma 6.5.7. We have © C .

To prove this lemma, we first introduce additional notations and a useful theorem.
Let u,v be two vertices in V. A walk W of length k connecting v and v in H is a
sequence vpe1v1€V; . .. Vg_1exv; of vertices and hyperedges (possibly repeated) such that
Vo, V1,..., 0 € V,e1,...;ep € E, v9 = u, vy, = v, and for all i« = 1,2,... k, the vertices
v;_1 and v; are adjacent in H via the edge e¢;. Then, the hypergraph H is connected if and
only if there exists a walk connecting u and v for every pair of distinct vertices v and v. For
a walk W = vgejvieqvs .. vp_1epvp in H, if k > 2, vy = vy, the vertices vy, vy, ...,vp_1 are
pairwise distinct and the edges ey, ..., ey are also pairwise distinct, then W is called a cycle.
A cut hyperedge in H is a hyperedge e € E such that its removal increases the number of
connected components of H. A cut vertex in a hypergraph H = (V, E) with |V| > 2 is a

vertex v € V such that its deletion increases the number of connected components of H.
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We have the following theorem.

Theorem 6.5.8. [41, Theorem 3.45] Let H = (V, E) be a connected hypergraph with |V'| > 2,
without hyperedges of cardinality less than 2, and without vertices of degree less than 2. Then

the following are equivalent:

1. H has no cut vertices and no cut hyperedges.
2. Every pair of elements from V U E lie on a common cycle.
3. Every pair of vertices lie on a common cycle.

4. Bvery pair of hyperedges lie on a common cycle.

Let I' = T'(H) be the family of all hypertrees where usage vectors are indicator vectors.
Let ¢t = |V, and recall the hypergraph H* = (V, E*), where E' is constructed by replacing
each hyperedge e in E with a set of ¢ parallel hyperedges {e!,... e'}. Let T'(H') be the
family of all hypertrees of H* with indicator vectors as usage vectors. The following remark

gives a connection between I'(H') and Q(H)

Remark 6.5.9. Each hypertree v € T'(H") corresponds to a multiset 7/ of E with the indicator
vector 7', where 27 € Q(H). Conversely, every vector in Q(H) corresponds to a hypertree

in I'(H"). Hence, there is a one to one correspondence between the families Q(H) and T'(H?).

Using this theorem, we provide a useful lemma for the proof of Lemma 6.5.7.

Lemma 6.5.10. Let H be a vertex-biconnected hypergraph with |V| > 2 and |E| > 2. Let
e and [ be two arbitrary distinct and possibly parallel hyperedges. Let Q = Q(H) be the

multi-tree family of H. Then there exist two vectors xy,xo in S such that x; — 1.+ 1 = 5.

Proof. We consider the hypergraph H' with ¢ = |V/|. Since H is vertex-biconnected, it
follows that H' is also vertex-biconnected. By definition of H!, H® has no cut hyperedges

and has no hyperedges with cardinality less than 2, and no vertices with degree less than 2.

Let e and f be two arbitrary distinct and possibly parallel hyperedges in H. The hyper-
edge e corresponds the group g, of ¢ parallel hyperedges {e!,...,e'} in H® and f corresponds
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to the group g; of ¢t parallel hyperedges {f',..., f'} in H'. Applying Theorem 6.5.8, we
have that e' and f! lie on a common cycle ™ = vya;v1a9vs . . . aiv; Where v, = vy and k > 2.
Let A=J;,_, ., ai- Enumerate the set A\ {vo,...,vx-1} as {p1,...,pn} and we extend the
cycle 7 as follows. To extend the cycle w, note that p; € A, we pick an hyperedge a; such

that p; € a;, and extend the cycle
™ = VoA1V1 ...0;1Q;U; ... AV

to

/
VoA1V1 - . . Vi—1G;P1Q;V;5 . . . ARV,

where a} is some hyperedge in the group of ¢ parallel hyperedges corresponding to a; but
not included in the previous cycle. Note that the number of hyperedges in the cycle is at
most |V| = t, and the previous cycle includes ¢! and f!, which belong to different groups g.
and gy. Thus, there always exists such an a;, as each group has t elements. We proceed to
extend the cycle with pa, ..., py,. In the end, this yields a cycle of size |A|. Thus, the set C
of |A| hyperedges in the cycle forms a circuit in the hypergraphic matroid M (H?"), as we now
explain. Indeed, note that the size of C'is equal to | J . ¢/, implying that C' is dependent.
Furthermore, if any hyperedge ¢ is removed from C| the set C'\ {c} is tree-representable,
with its representing tree being a path connecting all vertices in |J . ¢ derived from the
cycle. Therefore C'\ {c} is independent. Hence, C' is a minimal dependent set, forming a

circuit of the matroid M (H").

Given that C' is a circuit of the matroid M (H') containing ¢! and f!, it follows that
C' —{f'} is an independent set. There exists a base By of M (H?!) such that (C'—{f'}) C B;.
Now, define the set By := (B;—{e'})U{f!} and it is also a base of M (H?"). The corresponding

B

indicator vectors 2”1 and 272 in Q of two multisets B| and B} corresponding to B, and Bs

satisfy the following relation:

B — 1,4+ 1, = 2P
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This completes the proof. O]

Proof for Lemma 6.5.7. Let P € ©, we want to show that

Assume that there are two densities p1, po € Adm(2) such that

1
w = §(P1 + p2).

For every hyperedge e € E\0(P), we have
1
5 (p1(e) + pa(e)) = wle) = 0= pi(e) = pa(e) = 0.

Since P € O, we have that Hyp is vertex-biconnected. First, assume that [0(P)| > 2. Let
e and f be two arbitrary distinct hyperedges in 6(P). By Lemma 6.5.10, there exists two

vectors xq, Ty in Q(Hyp) such that z7 — 1. + 1§ = zs.

For each i = 1,...,|P|, the hypergraph H[V;] is connected, there exists a vector y; in
Q(H[V;]). We concatenate all vectors y; with vector z; to form z; € R and we have that

z1 € Q(H). Similarly, concatenating all vectors y; with xs yields zy € Rgo and 2z, € Q(H).

Because p1, po € Adm(2(H)), we have

P12, P1 Z2, P2 21, P2 22 = 1.

Since p; + p2 = 2w, we have (p1 +p2)-21 =2w-2z; =2w-x; =2 and (p; +p2) - 20 = 2w 29 =

2w - x9 = 2. This implies

pL 21 =pg- 21 =p1-22=p2-22=1
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Because p;(e) = p2(e) =0 for all e € E\§(P), we obtain
p1-T1 = p2-T1=p1-Ty=py- T =1
Thus,
0=p1-(z1—22) = p1- (L — 1f)

Hence, since e and f were chosen arbitrarily, p; must be constant in 6(P). Similarly, ps is

also constant in §(P). Because p; - 1 = po - 1 = 1 and z1(F) = |P| — 1 , we obtain that

pr(e) = pale) = m;—l — w(e), Vee d(D).

Therefore, p; = po = w and w is an extreme point of Adm(Q(H)).

If |6(P)] = 1. By the same argument above, w is an extreme point of Adm(2(H)). In

conclusion, we have shown that w € Q. O

If H is partition-connected, equivalently, the family I'(H) of all hypertrees is not empty.
Then, the Fulkerson blocker family f(H ) can be found by considering it as the base family
of the associated hypergraphic matroids. For instance, consider a hypergraph H = (V| E)
with V' = {1, v, 03}, E = {e1,e2}, and e; = e5 = {1, v9,v3}. This hypergraph H has only
one hypertree {e1, s} with the usage vector (1,1), and f(H) includes (1,0) and (0, 1), which

are not related to feasible partitions.

Finally, we provide a corollary of the Fulkerson duality between multi-trees and partitions.
Let o € RZ; be a set of weights assigned to the hyperedges in E. The next remarks provide

the 1-modulus of both the hypertree family and the multi-tree family.

Remark 6.5.11. By Proposition 6.5.3, two families ® and €2 form a Fulkerson dual pair. Since

the 1-modulus is a linear program, at least one optimal density of Mod; ,(€(H)) must occur
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at an extreme point of Adm(Q(H)). Hence, we have

Mod, - (§((H)) = 5,(H),

for any set of weights o € RE.

Remark 6.5.12. Let H be a partition-connected hypergraph. The hypertree family I' = I'(H)
is the family of bases of the matroid M(H). Recall the weighted strength s,(M) of the

matroid M with weights o € RZ, defined as:

o(X)
r(E) —r(E\ X)

SJ(M):min{ . X C B, r(E) >T(E\X)}.

Here, s, (M) is known as the strength of the matroid M, and it coincides with graph strength

in the graphs setting. Lemma 3.5.5 shows that
So(M) = Mod,; ,(I'(H)).

Remark 6.5.13. Let H be a partition-connected hypergraph. From Remark 6.5.12, we have
s(M) = Mod,(I'(H)). Combining with the Proposition 6.3.3, we obtain that

Mod, (T(H)) = S(H). (6.5.3)
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Chapter 7

Conclusion and Future Work

7.1 Modulus as a Unifying Framework

This dissertation develops the theory of discrete modulus for several families of combinatorial
objects arising from graphs, matroids, and hypergraphs. The central theme is that modulus
provides a flexible optimization framework for studying families of discrete objects through
their optimal densities. These optimal densities often encode structural information about
the underlying object, including strength, fractional arboricity, homogeneity, principal par-
titions, duality, reinforcement, sparsification, truncation, and hypergraph decompositions.
This point of view unifies several themes from graph theory, combinatorics, convex opti-

mization, and combinatorial duality.

7.2 Future Directions

There are several natural directions for future research.

One direction is to further develop the weighted version of matroid truncation, hypertree,

and multi-tree modulus.

A second direction is the algorithmic study of modulus for matroids and hypergraphs.
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While several algorithms are developed in special settings, especially for graphic matroids,
it would be useful to understand which parts of the theory admit efficient computation
for broader classes of matroids and hypergraphs. In particular, algorithmic versions of the

hypergraph decomposition processes would be valuable.

A third direction is to study other matroid operations through discrete modulus. This
dissertation focuses on truncation and dual truncation, but many other operations may inter-
act meaningfully with universal density. Examples include restriction, contraction, deletion,

direct sum, matroid union, and matroid duality.

A fourth direction is to investigate probabilistic interpretations of the universal density.
In the base modulus setting, probability measures on the base family whose marginals equal
the universal density play an important role. A deeper understanding of these measures may
connect modulus to random bases, entropy, negative dependence, and related probabilistic

questions in matroid theory.

A fifth direction is to extend the game-theoretic interpretation of spanning tree modulus
to matroids and hypergraphs. Such interpretations may provide new applications of modulus

to network security, resource allocation, and robustness problems.

Finally, a long-term goal is to determine which structural features of a combinatorial
family can be detected by its modulus, and to extend this study to broader classes of com-

binatorial families.
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Appendix A

Appendix: Serial rule for the MKL

problem

A.1 The MEO problem

In this section, we want to recall the serial rule for the MEO problem. Let us recall some
notations in a general setting. Let E be a finite ground set, and let I" be a collection of
subsets of E. Let N be the matrix whose rows are the indicator vectors of subsets in I'.

Given a set A C F, let 14 be the restriction operator defined as

g 28 — 24

v C E—~vyNA.

Then, for each set A C E, 14 induces a family of objects ¢4(I') = {y N A : v € I'}. Let
{E1, E3} be a partition of the edge set E. For each i = 1,2, we define an induced family of
objects I'; := g, (I'). Next, we say that a partition {E;, Fs} of the edge set E divides T, if
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I' coincides with the concatenation
I'iels = {’le’YQ Z’YiEFi,i:172}. (All)

Given a partition {Fy, F5} that divides I' and a pmf u € P(T"). For each i = 1,2, we define

the marginal p; € P(I;) as follows,

wi(yi) =Y _{p(y) v €T, i(r) =w} Yy el

On the other hand, given measures v; € P(I';) for i = 1,2, we define their product measure

in P(I") as follows,

(1 @ 12) (7) = v1(1)v2(12), (A.1.2)
for all v = v, U, where 3, € I, i =1, 2.

In this case, the modulus and MEO problems split into two smaller subproblems.

Theorem A.1.1 ([5]). Let " be a family of subsets of the ground set E. Let E = EyU Es be
a partition that divides I'. Let I'y and 'y be the family induced by the restriction operators
Vg, and Yg,. Then:

(i) We have
MEO(I") = MEO(T'1) + MEO(T2);

(ii) A pmfu € P(T) is optimal for MEO(T) if and only if its marginal pmfs u; € P(L;),1 =

1,2 are optimal for MEO(T;) respectively;

(i1i) Conversely, given pmfs v; € P(I;) that are optimal for MEO(T;) for i = 1,2 then
V1 @ vy is an optimal pmf in P(L) for MEO(T');

(iv) For any pmf p with marginals p;, if e € E;, 1 = 1,2, then

Pule € ) =Py (e ).
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A.2 Serial rule for the MKL problem

In this section, we prove the serial rule for the MKL problem. Here, for ¢ = 1,2, the
notation MKL,(I';) means the MKL problem on the family I'; of subsets of F; with the
weight vector o restricted to F;, that is, with objective —»_ . o(e)logn;(e). With these
notations, the MKL, problem defined on the family I with weights o € RZ; splits into two

smaller subproblems as follows.

Theorem A.2.1. Let ' be a family of subsets of the ground set E with weights o € RE.
Let E = Ey U Es be a partition that divides I'. Let I'y and T’y be the famuly induced by the

restriction operators Vg, and Vg,. Then:

(i) We have
MKL, (I') = MKL, (T';) + MKL, (I's):

(1) A pmfu € P(T) is optimal for MKL,(T') if and only if its marginal pmfs u; € P(T;),i =
1,2, are optimal for MKL,(T';) respectively;

(11i) Conversely, given pmfs v; € P(I';) that are optimal for MKL,(I';) for i = 1,2, then
1 @ vy is an optimal pmf in P(T) for MKL,(T');

(iv) For any pmf p with marginals p;, if e € E;, 1 = 1,2, then

Yoou= > mlw)

yeleey vi€li:e€;

Proof. Let p be a pmf in P(I') and let n(e) = > p(y). We denote v a random subset
~ET:e€y -
in I' distributed by u. Since the partition {Ey, Es} divides I', we see that for any v,+" € T,

there exist ;,v, € I'; for ¢ = 1,2, such that

Yy=mU% and + =7 U7,
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For e € E,

=Y N eu() =D N eumUrn) => N em(n) =Py (e €n).

el V1,72 %!

(A.2.1)

The case e € E5 yields a similar expression with p; replaced by the second marginal ps.

This implies that, if p € P(I'), and p;, i = 1,2, are its marginals. Then

- Z )1ogPy(e € v) = Z o(e)loglP,, (e € 11) — Z o(e)loglP,,(e € 72).

eckE ecFEq ecks

If we choose p to be an optimal pmf for MKL, (I"), we get that

MKL,(T'y) + MKL,(T5) < = > o(e)logP,, (e € 11) + — > _ o(e)logP,,(e € 1) (A2.2)

ecky ecE>
== o(e)logP,(e € v) = MKL,(T). (A.2.3)
ecE

Conversely, suppose v; € P(I';), i = 1,2, are optimal for their respective MKL problems.
Let v := v; @ s be defined as in (A.1.2).

Since the partition {Fy, Ey} divides I', this implies that the support set of v is contained

in I'. Moreover,

Z Z ,Yl U72 Z Z Vl(’Yl)VZ(’V?) = <Z Vl(')/l)) (Z 1/2(’72)) =1.

Y1€T'1 72€l2 v1€N 12€l2 v1€l1 Y2€l2

Thus, v is a pmf in P(I"). Furthermore,

Z v(mU2) =n(n) Z va(12) = vi(m),

v2€l2 v2€l2
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which shows that 14 is a marginal of v. A similar argument applies to v5. Then, we have

MKL,(T) < = o(e)logP, (e € 7) (A.2.4)
eck
=— Z e)loglP, (e € 1) + — Z o(e)logP,,(e € 72) (A.2.5)
ecEq ecky
= MKL,(T}) + MKL,(T,). (A.2.6)

This proves parts 1 and 3.
For part 2, assume p € P(I") is optimal. By part 1, we obtain

_ <_ > " ole)logP,, (e € 1) — MKLU(Fl)) + <— > " o(e)logPy, (e € 72) — MKLJ(FQ)) .

eckn ecFoy

Since both terms in parentheses are non-negative, they must each equal zero. This implies

that the marginals of ;1 are also optimal for their respective MKL problems.

Conversely, suppose that p is a pmf on I' such that both of its marginals p; are optimal
for their respective MKL problems. Then, it follows that u is optimal for MKL, (T"). This

completes the proof of part 2.

Part 4 is obtained from equation (A.2.1). O

Next, even when a partition does not divide the family, the serial rule still provides a

bound.

Corollary A.2.2. Let I' C 2% be a family of objects on a ground set E, let E = E; U E, be
a partition of E. Let Iy and 'y be the family induced by the restriction operators Vg, and
Vg,. Then

MKL,(I") > MKL,(I'y) + MKL,(T'2),

with equality if the partition divides T'.
Proof. This follows from Theorem A.2.1 and the following monotonicity property of the
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MKL problem. Given an arbitrary partition of E| it always holds that I' C I'y & I's. This

implies that conv(I') C conv(I'y & I'y), and therefore,

MKL, (') > MKL,(I'; ® Iy).

]

Remark A.2.3. The serial rule in Theorem A.2.1 can be generalized to partitions with a

larger number of parts.

Remark A.2.4. Theorem A.2.1 can be applied to the direct sum of two matroids where the
direct sum of two matroids M; = (Ey,Z;) and My = (Es,Z,) with disjoint ground sets is the
matroid

M1 D MQ = (El U EQ, {[1 U [2 : [1 S Il,IQ € IQ}) (A27)

Hence, the theorem can also be applied to a matroid with at least two connectivity compo-

nents since it is equal to the direct sum of its connectivity components.
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