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INTRODUCTION

Engineering economic analysis is an analysis technique which basically enables
engineers to determine the financial implications of proposed capital investments.
In order to perform the analfsis, the engineer must make estimates of such things
as project life, interest rate, initial cost, salvage value, operating cost, and
maintenance cost. The traditional method of economic analysis, and the one still
being used today, requires single-valued estimates of these variables =- initial
cost = $654,510 , project life = 40 years, operating cost = $47,500 per year, and
so0 forth. It is obvious that such things as initial cost can be estimated
relatively accurately, whereas project life can only be guessed at in many cases.
Under further serutiny, however, a shadow of uncertainty can be cast over even the
supposedly asccurate estimates. Such unforeseen happenings as strikes, price of
material increases, or construction difficulties could make even these estimates
very inaccurate.,

It seems that the variables involved in engineering economic analysis could
be more realistically described by some form of probability distribution rather
than by single-valued estimates. (Admittedly the distribution for initial cost
would generally be much "narrower” than that for project life or salvage value.)
If it is true that this approach is more realistic, then are we justified in
-continuing to ignore the uncertainty inherent in our estimates? There are two
possible justifications for continuing to ignore uncertainty: (1) if the analysis

were very cumbersome mathematically, or (2) if the change noted in the final



result were insignificant. The speed and availability of computers answers the
first attempted justification concerning mathematics. The second justification
remains to be explored.

The primary purpose of this paper is to suggest an analysis technique which
would allow engineers to quantitatively consider uncertainty in the variables
which must be estimated when performing an engineering economic analysis. The
technique which will be reviewed and.suggested is general enough so that any
probability distribution can ﬁe used and uncertainty in any number of variables
can be handled. The difficuity involved in determining an appropriate probability
distribution for the various variables is recognized but will not be treated in
this paper. Admittedly the technique is somewhat academic until this can be done,
but for development purposes these distributions are assumed to be given.

The secondary purpose of this paper is tc demonstrate the analysis technique
by means of an example analysis in which project life is taken to be the only
variable with uncertainty in its estimate. Project life was chosen because it
probably contains more uncertainty of estimate than any other variable, especially
in the case of long-term capital investments which civil engineers and planners
continually encounter. The conclusions from this example analysis will also answer,
at least for this specific case, the second attempted justification discussed

above, that of insignificant change in the final result.



DEVELOPMENT OF THE ANALYSIS TECHNIQUE

(1)

This technique focuses on the calculation of the annual cost of capital
recovery because annmual cost is a popular and widely understood basis with which
to analyze and compare propoéed investments. The variables involved in the annual
cost calculation which might be subject to various degrees of uncertainty in their
estimate include such things as project life, interest rate, initial cost, salvage
value, operating cost, maintenance cost, and possibly others.

In order to simplify the discussion which will follow, symbols are shown

below in Table 1 along with the frequently used terms which they represent.

Explanation of Symbols .

(Table 1.)

Tern Symbol
Annual Cost of Capital Recovery ($/yr.) R
Project Life (yrs.) : n
Interest Rate (%/yr.) i
Initial Cost (§) P
Capital Recovery Factor CRF
Salvage Value (8) SV
Operating Cost ($/yr.) oc
Maintenance Cost ($/yr.) MC

Sinking Fund Factor SFRF



The capital recovery factor which is referred to is defined according to
Vtraditional economic analysis. It is a factor which, when multiplied by a
present cost, converts that present cost into a uniform series of end-of-period
payments. The formula is
1(141)"
(CRle—n) = EI:;;;—:j;
The symbol (CRFui-n) is a shorthand way of referring to the capital recovery
factor for interest rate i aﬁd project life n.
The sinking fund factor which is referred to is also defined according to
traditional economic analysis. It is a factor which, when multiplied by a
future sum of money, converts that future sum into a uniform series of end-of-
reriod payments. Its formula is
i
(SFF-i-n) =
(141)% - 1
These two formulas for the CRF and the SFF are derived in Appendix B.
The starting point of this analysis is the traditional eﬁgineering economic
analysis approach in which exact estimates are made for all of the.variables. The

general formula is
R = P (CRF~i-n) - SV (SFF-i-n) + OC + MC .

This approach assumes that there is one and only one combination of values, which

is true if the estimates are truly exact., But if some of the variables can assume
different values, there may be ten possible combinations of values, or a hundred,

or a thousand. The basic idea behind this analysis was to repeat the above

calculation for annual cost for each possible combination of values, weighting



the result according to its importance (according to the probability of that
combination of values occurring), and averaging the weighted results. The final
result was to be an "expected value of the annual cost of capital recovery".
Mathematical expectation is a common statistical calculation. In laymen's
terms, the expected value of a random variable (X) is the sum of all possible
values assumed by X, each multiplied by the probability of X assuming that value.
Or in correct mathematical 1anguage(2): nIf (Xl, Xg, XB,...) is the range
of a random variable which assumes the value Xi with the probability p(Xi), then

the mathematical expectation of X, or the expected value of X, is

E(x) =Zx, p(x,)) .7

Uncertainty in the Estimate of QOne Variable

The probébility distribution which describes the variability of the true valﬁe
of the variable would actually be a continuous distribution of some sort. But for
this analysis that continuous distribution is to be approximated by a step function,
Theoretically the step function can be made to approximate the distribution to any
degree of accuracy required by increasing the number of intervals. For the sake
of simplicity, a five-step function was used in the development which follows.

The probability of occurrence matrix shows how many combinations of variable
values exist and the probability of each possible occurrence. Thé distribution of
the uncertain variable is shown along the top of the matrix (Table 2.), (Remember
that this distribution is assumed to be given.) along with the five-step function
which is intended to approximate it. Thus Xl, Xz, 13, X4, and X5 are the five
possible values, or more correctly, five representative values out of a multitude of

possible values which the uncertain variable can assume. And Pyr Py p3, p4, p5



Probability of Occurrence Matrix (one~variable)

(Table 2.)

Xl Xg X3 }(.4 X5 J

Py R Ps Py Py

2 = 1.00

are the probabilities associated with each possible value Xi.of the variable. This
matrix accounts for every possible outcome, therefore the sum of the probabilities
equals 1.00 , Since all other variables are single-valued, there are five and

only five possible combinations of circumstances which result in five different

computations for annual cost.

Annual Cost Matrix (one-variable)

(Table 3.)

Uncertain Variable
X X, 3 X4 X5

Rl R2 R3 R4 R5

The annual cost matrix shows the value for the annual cost of capital recovery
~(R) for each of the five combinations of variables discussed immediately above. Xi
is defined exactly the same as it was for the probability of occurrence matrix.

To repeat the formula for annual cost, it is



R = P (CRP-i-n) - SV (SFF-i~-n) + OC + MC .

Expected Value of Annual Cost Matrix (one-variable)

(Table 4.)

Uncertain Variable

PRy PR, P4Ry LA Pgly

z = E(R)

The expected value of annual cost matrix shows just what its name implies.
The entries in the matrix were computed by multiplying the respective entries in
the probability of occurrence matrix and the annual cost matrix. For clarity the
definitional formula of expected value, using the symbols which have been employed

in this discussion, is shown below.
E(R) = 2R, B,

Variance of Annual Cost Matrix (one?variable)

(Table 5.)

Uncertain Variable

X
1 X2 X3 X4 XS

pl(Rl)2 pz(Re)e p3(R3)2 p4(R4)2 p5(R J°

% = 2(8°)
¥, = E(%) - (B(R))?

The variance of annual cost matrix just shows the expected value of annual



cost squared (Rz). The variance (VR) is then computed from the formula shown just
below the matrix. For the derivation of this formula, see Appendix C. The

expected value of R2 is analogous to the expected value of R, as shown here,
2 2

The standard deviation, which is the statistic that will actually be used most of
the time, is defined as the positive square root of the variance., (Standard

deviation = SD)

Uncertainty in the Estimate of Two Variables

Generalizing somewhat, the next case considered is that in which there is
uncertainty in the estimates for two variables, each distribution once again being
approximated by a five-step function.

The probability of occurrence matrix was discussed thoroughly in the previous
analysis, but a few things do need to be pointed out in Table 6 for the case of
uncertainty in the estimaie of two variables. The Py associated with Xl and the
pl associated with Yl are not necessarily equal probabilities, which the notation
might lead one to believe. This notation was used to simplify the explanation later
in the paper. The probabilities associated with X sum to 1.00, as do the probabil-
ities associated with Y. The sum of all entries in the matrix also sum to 1.00
because the 25 matrix elements account for every possible occurrence when two vari-
ables are allowed to assume any one of five values, and the sum of probabilities
after every possible outcome has been accounted for must be 1.00. The entries in this

‘matrix are computed by multiplying the probability associated with a particular row
and the probability associated with a particular column. (p23 = pE(X) » p3(Y) )

This is consistent with the laws of probability for the simultaneous occurrence



of two independent events,

Probability of Occurrence Matrix (two-variables)

which state that

P(AnB)

P(a) x P(B)

Il

or

p(xé'Y3) = py(X) x p3(Y) .

(Table 6.)
ﬁ
Uncertain Variable
z, : g X, %
Py P, P Py Ps
P Py P1y P1o Py3 Pyy P15
/|3 '
s Py Pxn P22 P3 P24 Py5
¢
: 1
£ 34 R P > P34 Fa5
]
N\ :g Py i Py2 P43 Pyyq Pys
t Pg P5y P5o P53 Py P55




Annual Cost Matrix (two-variables)

(Tavie 7.)
Uncertain Variable
Y, Y, Y, 1, Y
By, Rio Rys Bya e
9
2 R R R R R
.g 21 22 23 24 25
=
i Rs1 f52 fs3 R34 B35
§
2 B Byo Rys Raq Rys
R5y Rso Res Ry R
Bl

The annmual cost matrix represents the results of 25 computations of annual

cost using the 25 possible combinations of variable values.

Expected Value of Annual Cost Matrix (twosvariables)

(Table 8.)
Uncertain Variable
Y, Y, Y, T, %
Prifin | Piofio | Pisfis | PigBug | Pastys
Y
- ]
s Poyfoy Posfon | Posfos PoyRoy Posfos
3
£ Psifizy | Paglsy | PasRes | Pyyflyy | PygRyg
t
(1)
:§ Pafar | Pacfaz | Pastys | Pagfas | Pasiys
PsiRsy | Psofsn | PoaRez | PogRey | PosRss
= = B(R)




The elements in the expected value of annual cost matrix are the product of

the respective elements in the probability of occurrence matrix and the annual

cost matrix,

Variance of Annual Cost Matrix (two-variables)

(Table 9.)

Uncertain Variable

Yl YE Y3 Y4 Y5

2 2 2| 2 2
X1 Py Ry ) | pyp(Ry ) Py5(R ) Py (R )7 | £y (R 5)

2 2 2 2 2
o | Po1(Boy)™ | Pop(Rop) | pos(Rog) [ 2y (Ry, )T | pps(Ry)

2 2
) (R35)

2 2 2
X | Py (Rg))™ | Poy(Rgn)®f paa(Ryy)® | 0y (Ry )% | g

2 2 2 2 2
o | PanRa0)” [ 2a2(Re)" | Rys(Rys) | 2y (Ryp)” | 2y5(Ry)

Uncer+ain Vacioble

2 2 2 2 2
Xg | 251 (Bgy )™ | Pop(Re )| P (Rss)™ | gy (Rg, ) | pgi (Re)

T - 5(x%)
= E(R?) - (B(R))?

VR
The variance of annual cost matrix follows immediately and logically the

expected value matrix. The theory was previously explained.

Uncertainty in the Estimate of Three Variables

11

At this point it begins to become difficult to visualize what is occurring.

The two-dimensional matrix is no longer adequate and the analysis changes to a

three~dimensional array —- a triple subscript array.
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Probability of Occurrence Array (three-variables)

(Table 10.)

ot
/f"'"\\ ﬁ‘ / \\
i ! N
[
Uncertain Variable Uncertain Variable Uncertain Variable
Z
Xl X2 X3 X4 XS Yl Y2 Y3 Y4 YS Zl Z2 Z3 Z4 5
] L ] L] 1 " " " " "
Py | Py | x| By | P P P3| P3| By |Pg Py P3| P3| Py | Ps
Pryy P11 P1y3 P114 P15
P12y P1o2 P123 P124 P12
P13 P13 Py33 Py34 Py35
Pim Pr42 P143 P1g4 P14s
P151 P152 P153 Pys4 P55
Poa Po1o Po13 Po1s Px1s
Pooy Pooo Poo3 Pooy Poos
L} ] 1 L] [ ]
1] [ ] 1 ] ]
) 1 1 : 1 ]
Psa1 P52 P5ys Psaq Psqs
P551 P50 P553 P554 P55
Y = 1.00

Once again, the probabilities associated with X,Y, and Z are not necessarily
equal even though the notation may suggest that they are. The theory of probability
-concerning simultaneous events was discussed during the previous analysis, so it
is not repeated here. The elements in this probability of occurrence array are

the product of three probabilities -- one associated with X, one with Y, and one



with Z. (pIYZ) (p5¢3 = pS(X) x p4(Y) P p3(Z) ) The 125 elements in this array

account for all possible combinations of X,Y, and Z.

probabilities equals 1.00 .

Annual Cost Array (three-variables)

(Table 11.)

Once again the sum of all

542
552

B3

Ryos

Ry

143

Ris3
B3
B3

543

R
Fory

=~

114
124
134
144
154

=

214

224

544
554

115
125
135
145

=~ B,

155

=)

215

=}

225

545

<~

992

The annual cost array represents the results of 125 computations of annual
‘cost using the 125 possible combinations of variable values.

The elements in the expected value of annual cost array (Table 12.) are the

13

product of the respective elements in the probability of occurrence array and the

annual cost array.



Expected Value of Annual Cost Array (three-variables)

14

(Table 12.)
P111R111 P112R112 P113R113 P114R114 P115R115
P121R121 P122R122 P123R123 P124 R124 P125R125
P131R131 P132R132 P133R133 P134R134 P135R135
P541R541 P542R542 P543R543 P544R544 P545R545
P551R551 P552R552 P553R553 P554R554 P555R555
> =ER)
The variance of annual cost array follows immediately and logically the expected
value array.
Variance of Annual Cost Array (three-variables)
(Table 13.)
P111R1117? P112(R1127? P113(R1137? P114R1147? P115(R1157?
P121R1271)? P122R1222 P123(R1232 P124(R124* P125(R1252
P131(R131)2 P132(R132)? P133(R133)? P134(R134)? P135(R135)?
P541(R541)2 P542(R542)2 P543(R543) P544(R544) P545(R545)2
P551(R551)2 P552(R552)2 P553(R553)2 P554(R554)2 P555(R555)2
Y =E(R?)

Vr = E(R%) - (E(R))?
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Extengion to Uncertainty in Any Number of Variables

From this last apalysis, allowing uncertainty in three wvariables, it can
eésily be‘seen how to expand the analysis_to allow uncertainty in more variables.
Every additional variable which contains uncertainty would increase the number of
subscripts (the dimension of the array) by one also.

If N equals the number of steps in the step function used to approximate the
probability distributions of the uncertain variables (in the above case, 5) and w

equals the number of uncertain variables, then

W

K" = number of elements in the array.

When N = 5, the progression is 5, 25, 125, 625, 3125, 15625 , When N = 10, the
progression is 10, 100, 1000, 10000, 100000, 1000000 . The number of computations
can get very large very quickly. To answer this problem there has been an approx-
imation technique developed in which a random number generator is used as a tool
for generating combinations of variable values which, over the course of many
iterations, will approximately reflect the possible outcomes of our initial
probability distributions, i.e., will approximately reflect the possible outcomes

described by the probability of occurrence array.
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REVIEW OF AN APPROXIMATION TECHNIQUE

The beginning point of this approximation technique is the same as for the
theoretical expected value technique -- the probability distributions for the

(4)

variables must be known. &he continuous distribution must then be approximated
by a step function exactly as before. In this example the distribution is
approximated by a four-step function and there are five uncertain variables. The
following table shows the possible values for each variable along with the
probability of each value occurring.

Demonstration Problem

Example Distributions

(Table 14.)

Value | Prob. [ Value |Prob. {Value | Prob. f Value | Prob.

Variable A A 0.1 A 0.2 A3 0.1 A 0.6
Variable B B 0.6 B 0.2 B 0.1 B 0.1
Variable C C 0.2 c 0.4 c 0.3 C 0.1
Variable D D, 0.1 D 0.1 D 0.5 D 0.3

Variable E E 0.3 E 0.3 E 0.2 E 0.2




Next a digit value is assigned to each variable value according to its

probability of occurrence,

Example Digit Assignments

(Table 15.)

17

y 3 2 b

Variable | Digit Value | 8 | Digit Value | S | Digit Value | -S| Digit Value | -$
1st digit (A)] 1 A 2,3 Ayl _r_ 5,6,7,8,9,0 | &,
2nd digit (B)} 1,2,3%,4,5,6 B, | 7,8 B,|9° 0 B,
3rd digit (C)] 1,2 Cy | 3:445,6 c, }7.8,9 0 C,
4th digit (D)f 1 D2 Dé p RN 8,9,0 b,
5th digit (E) | 1,2,3 E, | 4,5,6 E, | 7,8 9,0 E,

To understand this table more clearly, look at the bottom row. . Note that
there are ten digits in this row (as there are in all rows), each representing one

"unit of probability", since the probability was measured in tenths. Variable

value E1 has three digits assigned to it because E1 has a probability of occurrence

of 0.3 . E2 has three digits assigned to it because E, also has a probability of

2

occurrence of 0.3 . E3 has two digits assigned to it because E, has a probability

3

Likewise for E,. And likewise for every other row. This

4
table is actually just a "coded®™ form of the first table.

of occurrence of 0.2 .
The left column does
-demand some explanation, however. It was decided that the first random number

generated would be used to determine which value of A would be used, according to

which digit value it corresponded with; the second random number generated would
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be used to determine which value of B would be used, according to which digit
value it corresponded with; and so forth until the fifth random number generated
determined which value of E was to be used. Thus, the headings "lst digit", "2nd
digit", and so on, refer to the order in which the random numbers are generated.
To begin the analysis five random numbers are generated, which in turn
determine the values of A,B,C,D, and E to be used, which in turn allows us to

compute the annual cost. For example, if the five random numbers generated were

and these values could be used to compute the annual cost (R). If this iterative
process were repeated many times, one can see that the values with high probability
will be chosen more frequently and eventually a good approximation will result for
the theoretical probabilities of simultaneous occurrence. This process, in effect,
attempts to simulate experience. The more trials made, the closer the approximation
of the theoretical value.

For further assurance in the value selection process, below are shown several

sets of random numbers along with the variable values they describe.

After a hundred iterations, for instance, there would be a hundred values of

annual cost, The arithmetic average of these annual costs would be the approximation



for the expected value of the annual cost. Smith suggested that perhaps 1000

(4)

iterations would be enough to make a very good approximation.

19
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EXAMPLE ANALYSIS

In order to demonstrate the analysis technique which was developed in this
paper, an example analysis follows which shows the effect that uncertainty in the

estimate of project 1ife has on the computation of annual cost.

Assumptions

4 normal distribution was chosen with which to describe the possifle outcomes
of project life for several reasons: (1) It seems reasonable that.the true life
could be either above or below the average life with equal probability. (2) It
seems reasonable that the true life would have a high probability of being relatively
near the average life. (3) The normal distribution satisfies the above conditions
and is at the same time easy to handle mathematically.

A seven-step function was chosen to approximate the normal distribution. See
Fig. 1 for a graphical representation of the normal curve and the seven-step

approximation function.
Calculations

For every combination of mean life, degree of variability, and interest rate,

there is a value for annual cost (computed by traditional analysis), a value for
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Normal Distribution and Step Function Approximation

(Pigure 1.)
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expected value of annual cost, and a value for variance (or standard deviation) of
annual cost. The intention of this example analysis was to investigate combinations
of mean life, degree of variability, and interest rate such that the entire range
of possible outcomes was sampled.

O/ was used as the measure of the degree of variability. O/ = 1/4 was
found to be the widest distribution which could be used with the seven-step function
and not have the extreme left "tail" of the distribution extending into the range
of negative project life. In addition to dﬁ* = 1/4 y & degree of variability
exactly half that was used, O/ = 1/8 , It was found that "tighter” distributions
‘than this resulted in almost no difference between the traditional annual cost fig-
~ures and the expected value of annual cost figures. The graphical comparison of

the two degrees of variability, 6/a = 1/4 and 94 = 1/8 , is shown in Plate I.
.Results

Shown in Plates II and III are the combinations of mean life, degree of



Graphical Comparison of the Two Degrees of Variability

(Plate I.)
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variability, and interest rate which were considered, along with the results
computed for each combination.

Appendix D shows an example work sheet and the calculations involved with
each combination of life, variability, and interest rate. Appendix E contains
graphs of annual cost versus mean life for various interest rates and degrees of

variability.

Discussion

It can be seen from Plates II and IIT that the maximum difference between the
expected value of annual cost and the traditional value of annual cost (expressed
as a percentage of expected annual cost) was 8.9 percent. This occurred with
i=0f and G/R = 1/4 (the lowest possible interest rate and the widest possible
distribution). Furthermore, as interest rate increased and/or mean life increased,
the percent difference in annual costs decreased. This fact is significant because
in the range of higher interest rates and longer mean lives which would be
appropriate for long-term capital invesiments, the distinction between traditional
anmual cost and expected annual cost becomes merely academic and insignificant.

The standard deviation of annual cost as a percent of expected annual cost was
a maximum of 39.2 percent at the same combination of i = O% and /4 = 1/4 as was
Just described above. This standard deviation as a percent of expected annual cost
decreased in a manner similar to that just described for percent difference in
annual cost figures.

The + or - one standard deviation interval plotted on the graphs of Appendix
E can only be interpreted subjectively. They indicate generally that larger
percentage differences in annual costs and larger percentage variance in annual

cost go hand in hand. This further serves to discourage the idea that traditional



Analysis Results (O = 1/4)

(Plate TI.)
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62,500 68,606 8.9 26,899
50,000 54,887 8.9 21,518
41,670 45,733 B.9 17,945
35,710 39,204 8.9 15,371
31,250 34,305 8.9 13,448
27,780 30,494 8.9 11,955
25,000 27,442 8.9 10,759
22,730 24,947 8.9 9,781
20,830 22,868 8.9 8,967
19,230 21,108 8.9 8,277
1/4 269,0%0 293,550 8.4 108,584
142,460 154,855 8.0 54,466
100,460 108,726 7.6 36,197
79,610 85,809 T 27,033
67,220 72,176 6.9 21,511
59,050 63,178 6.5 17,807
53,290 56,830 6.2 15,146
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Analysis Results (G/M = 1/8)

(Plate III.)
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annual cost and expected annual cost are significantly different because increasing
difference is accompanied by increasing uncertainty and variability.

This whole discussion of changing percentages is summarized and illustrated
in Plates IV, V; VI, and VII. From these graphs one can determine approximately
the percent difference between the traditional and expected annual costs, or the
percent the standard deviation is of the expected annual cost; either one may be
found if it is known what the mean life is, what interest rate is being used, and

what degree of variability applies (S = 1/4 or O = 1/8),



Percent Difference in Annual Costs vs. Mean Life (Qﬂ* = 1/4)

(Plate IT.)
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Standard Deviation as a Percent vs. Mean Life (‘/}d = 1/4)

(P1ate V.)
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Percent Difference in Annual Costs vs. Mean Life (5'//-‘ = 1/8)

(Plate VI.)
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Standard Deviation as a Percent vs. Mean Life (5'/}4 2 1/8)

(Plate VII.)
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CONCLUSTON

The theoretical analysis for which the development is traced ocut in the first
part of this paper was conceived as a means by which to consider uncertainty in
the estimates of the variables involved in engineering economic analysis. The
example analysis has shown that the effect of uncertainty is noticable and in some
cases significant.

It was shown that for the particular case in which project life was the only
uncertain variable and that uncertainty was described by & normal probability
distribution, that the expected value of annual cost was always slightly higher
than the annual cost computed by the traditional approach. This is entirely
reagonable because the normal distribution is spread symmetrically about the mean,
and, due to the nature of the annual cost method, project lives below the mean
are more influential than the corresponding project lives above the mean, thus
increasing the annual cost. Any time-value-of-money calculation discounts distant
future costs and happenings and gives more relative importance to the present and
the immediate future.

In the range of high interest rates and long project lives, which is the
situation encountered in most capital investment proposals, it appears that it is
unnecessary and time-wasteful to attempt to consider uncertainty in the estimate

~of project life; the final difference is insignificant.

As & general guide to engineers performing economic analysis, if (a) the only

variable having corsiderable uncertainty is project 1life and (b) if a normal



s
prebability distribution is a reasonable cheice to describe that uncertainty, then:
1. Estimate the mean project life;

2. Choose the degree of variability (6/u = 1/4 or 1/8) which

seems most appropriate;

3. Determine from Plate IV or VI (depending on ®/u) the
approximate percent difference between traditional anmual
cost and expected annual cost. (Remember that expected

annual cost is always the higher of the two.)

The percent difference determined in step 3 above may be small and may be
judged to be insignificant, but the analyst must be aware of the possibility that
when choosing between two proposed projects which are very nearly equal in
annual cost, there may be enough uncertainty so that choosing the project with
the slightly lower annual cost cannot be considered to be absolutely right. In

this special case a more detailed analysis may be justified.
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SUMMARY

The stated purpose of this paper was twofold: (1) to suggest an analysis
technique which would allow engineers to quantitatively consider uncertainty in
the variables which must be éstimated when performing an engineering economic
analysis, (2) to demonstrate an analysis technique by means of an example analysis
‘in which project life is taken to be the only variable with uncertainty in its
estimate.

The discussion and development in this paper began with the traditional
economic analysis approach. First one, then two, then three variables were
allowed to contain uncertainty, and finally the general case was discussed in
which uncertainty was allowed in any number of variables.

An approximation technique was reviewed in which a random number generator
was used as a tool to simulate real world experience.

The results of the example analysis described above were presented and

discussed and general conclusions drawn.
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APPENDIX A - Notation

R = Annual cost of capital recovery (S/yr.)

n = Project life (yrs.)

i = Interest rate (%/ ;)

P = Initial cost (8)
CRF = Capital recovery factor
SV = Salvage value (§)

0C = Operating cost ($/yr.)
MC = Maintenance cost ($/yr.)
SFF = Sinking fund factor

p = Probability

V = Variance

SD = Standard deviation

37
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APPENDIX B - Derivation of CRF and SFF

Reference (5)

Sinking Fund Factor

If P is invested at interest rate i, the interest for the first year is iP
and the total amount at the énd of the first year is P + iP = P(1+i). The second
year the interest on this is iP(1+i), and the amount at the end of this year is
P(1+i) + iP(1+1) = P(1+i)2 . Similarly, at the end of the third year the amount
is P(1+i)3 ; at the end of n years it is P(1+i}n .

This is the formula for the compound amount, S, obtainable in n years from

principal, P, which is shown below:

s = P(1+1)® . (1)

If R is invested at the end of each year for n years, the total amount at
the end of n years will obviously be the sum of the compound amounts of the
individual investments. The money invested at the end of the first year will earn
interest for (n-1) years; its amount will thus be R(l+:i_)n'°1 . The second year's

Y2 » the Ehird year's to Bli38)% 2 ; and so on wnbil

payment will amount to R(1+i
the last payment, made at the end of n years, which has earned no interest. The
total amount S is R(1 + (1+i) + (141)% + (1+41)2 + ... + (1+1)™1).

This expression for S in terms of R may be simplified to its customary form

by the following algebraic manipulations:

8 = R(1 + (1+d) + (14892 & (3141)° + voe + (142)™2 4 (141)771 )
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Multiplying both sides of the equation by (l+i), gives

(1+1)S = R( (141) + (141)°

# A3l % vro b TTRETE b f1aa 1™ ) .

Subtracting the original equation from this second equation gives

is

Then resulting in

w

Capital Recovery Factor

To find the uniform end-of-year

R( ()" -1)

. (2)

(1™ = 1

payment, R, which can be secured for n years

from a present investment, P, substitute in equation (2) the value given for S in

equation (1) ; thus

i
R = = 4
(iat)™ = 1
R = P(1+i)" ,
ET ) L]
1(1+1)"
R = . (3)

(1+1)" - 1
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APPENDIX C = Derivation of the Variance Formula

Reference (6)

Let X be a random variable. Variance of X, denoted V(X), is defined as
2
v(x) = E(X - E(X) ) (1)

The positive square root of V(X) is called the standard deviation of X and is
denoted by S.D. .

Expanding equation (1) and using the properties for expectation gives
v(x) = E(X - B(x) )?
2 2
V(x) = B(X® - 2XE(X) + (E(X))° )
2 2
v(x) = E(x°) - 2E(X)E(X) + (E(X))

v(x) = B(x?) - (B(x))2



APPENDIX D - Example Work Sheet
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APPENDIX E - Annual Cost vs. Mean Life for Various i and O/M

These curves show the relationship between mean life and annual cost. The
lower of the two middle lines represents the traditional annual cost. The upper
of the middle two lines représents expected annual cost. The extreme top and
bottom lines represent the plus or minus one standard deviation interval about

the expected annual cost line,

43



44

CgAAY - DA ADRIGUd QAvRW)

ob S¢ ot =Y 2 Sl o! S OO
- . "3 RaNBMY 40 BIVL
1291 WO CrellyNivigYn ang
408
400]
405l
<002
1052
o0g

(S2vTIed A0 S009)) - 1S0D "wnoY



45

Qe

0%

CTANY - DAY ADRTSHG CWRW

(=4 o2

Si

L A

* B8 X\as\hady 4o 89vd
ifald oo CEllvdivndya a3g

05

Q&)

4 002

4 OS%

(Sowroa 20 2,0001)~ 120D “Whnniuy



46

o%

o%

CgAXY ~ DA ASDCoUg QWBW

Se

Lo

al

Ol 5

o

"B Yiami|dasay 20 89dd
458ld WO QRUYNvhdin 3RS

T

{oo1

osl

4000

4 052

ose

(SaWToa A0 So0oly - 1S Wiy



47

ob

Se

oC

CsaN) - BA

IDacoud cwalw

o2

S2

al

- of 5

3B MoTaded AT 29y
1A oo CWUVNIYIINS B36

Q5]

o2

‘1082

FOSE

a=t ™

GINTOA Ao 40001y - leod Wanndy



48

ot

St

O%

("S2ahy - 2aV1 A0X0us NRwW

i/ Q% Gl

Ol =]

"R MATRAIY A Bewg
ATUIE OO CIRIANTINRTAND oo

/=",

LT =

4 ool

05|

4002

OS%

ooe

(82vTea 49 So00l) - 130D Wnoaly



49

o+

&g

C2oAd — 22\ ADRCOVA gD

<< ST oz =1

<l a

B YiaTiBddy A0 sl
lso\d ©O CWA\MITIWNdND DEg

Q0]

P o.mh

4 0%%

=lo s

(3VITISA Ao §,0004 ) - YSOD Wiy



CONSIDERING THE UNCERTAINTY OF ESTIMATES

IN ENGINEERING ECONOMIC ANALYSIS

by
JON HOWARD ESHELMAN

B.5., Kansas State University, 1970

AN ABSTRACT OF A MASTER'S REPORT

submitted in partial fulfillment of the

requirements for the degree
MASTER OF SCIENCE

Department of Civil Engineering
© KANSAS STATE UNIVERSITY

Manhattan, Kansas

1971



The traditional engineering economic analysis requires that exact, single-
valued estimates be made for such variables as project life, initial cost, interest
rate, salvage value, and so forth. Knowledge of these factors is certainly not so
complete that we can make these estimates with any degree of confidence, although
certainly such things as initial cost can be more accurately estimated than can
salvage value., It seems more reasonable that probability distributions could more
realistically describe the possible values which could be assumed by a variable
than could a single-valued estimate.

A theoretical analysis is developed which allows the engineer to quantatatively
considgr uncertainty in any number of estimated variables, assuming that the initial
probability distributions which deseribe those variables are known.

An approximation technique is reviewed which employes a random number generator

which, over the course of many iterations, approximates the set of all possible
outcomes described theoretically by the initial probability distributions, which
must again be known.

An example analysis is discussed, results are presented, and general
conclusions drawn. The example case is one in which projectllife is the only
variable having uncertainty in its estimate. A normal probability distribution
vas used to describe the vériability in project life.

The conclusion of the example analysis was that although the expected value
of annual cost was alﬁays slightly higher than the annual cost computed by the
traditional method, the difference was insignificant except in very special cases

of very low interest rates and/or short mean lives,



