
kass iraksf3r frok ; bed to a nell stirred- solution
akd tee k'easursi-snt of the effective pseudo-diffusivtty of

COD IK FEEDLOT RUKOFF THHOUGE A POROUS STRATUM

by A/5

SO KWANG CHOI

3. S., Seoul National University, 1966

A MASTER'S THESIS

submitted in partial fulfillment of the

requirements for the degree

MASTER OF SCIENCE

Department of Chemical Engineering

KANSAS STATE UNIVERSITY
Manhattan, Kansas

1969

Approved byi

i<.
i'.ajor Professor



L7>
ALL 9

/%?
&&
Chapter

~
XJ^P30D'JC'TICN 1

3? r .: si'si .. .
6

III ANALYTICAL SOLUTIONS OF ~:i- SYSTEK
ATIO!?S 12

IV EXFERIL3KT WITH AQ 3 SUCROSE SOLUTION ^6

V IRAKSPOHT "ATE 07 COD BY DIFFUSION
THHOUSH .. . 'ZOl-a rAC:'™ 33D SATURATED
BY VIA! - 68

K< ENCLATU IE 85

ACKEOVLEE !NTS 83

ICGHAPHY 89

APPENDICES 91

ii



CHAPTER I

I rRGDUCTION

Kodern industrial and agricultural products have been accom-

panied by many new waste by-products, which it is hoped, are

reasonably utilized and should, at least, be sanitarily disposed

of.

This investigation is concerned with water pollution which is

caused by farm wastes — especially, farm animal waste. As

Henderson (1) and Smith and Miner (2) pointed out, the stream

pollution by rural land drainage from a watershed with farm

animals, especially commercial cattle can be significant in terms

of total demand on stream oxygen resources.

According to liiner and four members of ASA2 (3), the quality

parameters in cattle feedlot runoff are

(1) organic matter

(2) nitrogen compounds

(3) suspended solids

(^) bacterial populations end

(5) other chemicals.

These waste substances may be classified in three groups: organics,

organisms and inorganics.

Smith and Miner (2) pointed out that runoff from a cattle

feedlot pollutes the water by causing a lack of dissolved oxygen

and/or high ammonia-nitrogen concentrations, '/hen the oxygen

content of the water becomes sufficiently decreased, fish, other

aquatic animals, and plant life are killed. So, consideration has



to be given to the lack of dissolved oxygen in a waste water.

Che.-iioal oxygen demand (COD) which represents the chemical oxygen

required to oxidize the organic material can be used as a quanti-

tative measure for the organic natter in the waste water.

As mentioned by Sawyer (5)> the COD test can be used as a

means of measuring the pollutional strength of waste water

because it is based upon the fact that all organic compounds, with

a few exceptions, can be oxidized to carbon dioxide and water by

the action of strong oxidizing agents under acid conditions,

Generally, during the determination of COD, organic natter Is

converted to carbon dioxide and water regardless of the biological

assimilability of the substances. As a result, COD values are

greater than biochemical oxygen demand (30D) values and may be

much greater when significant amounts of biologically resistant

organic matter are present. Cattle manure has a high content of

lignin which is a biologically resistant organic. That is, as

stated in Liner's thesis (4), COD Is much greater than BOD In the

analytical results of both cattle feedlot runoff and cattle

manure. Besides, the COD test has the important advantage in

the short time required for evaluation. This determination can

be made in about three hours while a 30D test requires more than

five days. Hence, COD is usually chosen rather than BOD as the

index of the pollutional strength of the waste water. Here, COD

is assumed to represent a hypothetical compound, so that COD

concentration means the concentration of organic matter measured

by its COD test.
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manure surface in a. feedlot, T " the - ine tratlon sf COD in the

1 phase of the porous stratum is lar£ r b) .. tl at lr ":_:
•

-"'- , '- the surface of the feedlot, CO! will he transported to

the surface waters by Bolocular diffusion. In order to predict

the transfer rate of CCD by diffusion, the diffusion coefficient

of "CD in water is needed. The secondary purpose of this research

is to determine this diffusion coefficient experimentally.

In this study the artificial packed bed system shown In

Figure 1 was employed to simulate the soil-manure system saturated

by viator. The system consisted of two parts, the packed bed

saturated with solute-concentrated solution, and the well stirred

solute-dilute solution. Uhen the two solutions are brought into

contact, solute Is transfered from the packed bed to the well

stirred solution because of the concentration difference. For

this system, the analytical expressions were derived as a function

of time for the upper well stirred solution and as function of

time and position for the lower packed h: 1

.

Before this system was used to measure the diffusion rate of

CCD, it was tested by using a sucrose solution whose dlffus'ivity

was known. The transient diffusion with biochemical reaction in

'-" -' parts of the systen shown in Figure 1 was also considered

aatically.

It is obvious that without a system of reducing organic

matter to a form In which its elements may be used again, almost



Well stirred

solution

Pocked bed

Z =0

inert

particles

Z « L

Fig. I Pocked bed for simulation of a stratum

(sideview)

.



. 3 ]
" 1: r : ..' alysts or

"- ----- -
'

-
-' "-

-
" life thi se at ials,

seoan . ..„„ '
.

:

' 1 build ne protoplssn. : e 1 1
"

" ienic saterials (waste) is dependent

- '
' acterl ] protoplas: froi bh«ra (.:).

Usually, bhere are a n .

.' >f "
- free-living forms of

micro-organisms in animal waste. Each of those redwaes a

different kind of organic material in its proper environment,

This overall reduction can be considered as an approximate first

ord it)le chemical reaction.

For bhis case, the analytical expressions were derived as a

function of time for the upper well stirred solution and as a

function of tine and position for the low si d bed. ",.'hen

the value of diffuslvlty is known, the chemical reaction constant

can be determined by forcing bh ' lental data to fit the

Mathematical expression.



6

DE,"%._:: . . ;k pical "Wsl :/ .: 13 SYSTE"

In this chapter, the ys1 ations which riz«

the
":"

"

.' -:: proce 3S taking li ;e in th« \ . p 1 he corr 3-

' ing initial and boundary >ond3 tion ill be .

:
• Fc r

thi = purj ose, the system under consideration (Pi,pare 1) is

< o contain a binary liquid mixture. Act'jally, a solutlon

of manure in water is a very complex liquid --re.

The packed bed has s porosity ?, cross-sect;tonal area A, and

tortuosity T. The packed bed is assumed to be saturated with a

hlnaj:y solutlon -:il to have a uniform initial concentration c
i-

1 on the void space. The solution in the ipper reservoir

has a volume V and initial concentration »,.;

If the density of this binary solution »ases "-.'1th it s

oone tlon, the initial concentration of the ,solution with in

the jjacked bed shoal'-" be higher than that of the U] ] ? .'voir

solu'i'.ion, so there no Bulk flor will occur.

Mass transfer occurs because of the ooncent:ration difference

'

.. .
': er solution and the solution with:i.n the packed bed.

'

If t! is no bulk flow, mass transfer is due to only molecular

dlff;islon

P.: follow! . Lons are made i

CD The porous pac! ed bed is a homogeneous solution lay er.

(.2) Solid particles are inert so that tl

. ?
:.: the particles and th e

2 is no mass

1 sn.

(3) rhe upj r solution Is a completely ;-d solution such
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i c - rfic iertt is co:-;

The pr 3'ole2 a 00:10 id i n - "1 sasl tal dlff slon

. -
" "

- -
•eaoticn for on - - ._ . nt

.

Also, fcw liff ea1 ystess are :ons ldered .. e, ' ae Kith

finite thiol a of the bed and the ''- with inflnit< thickn

if the bed. All togi ther four different oises are considered.

These are

CASS (I) : Diffusion with finite thickness of the packed

bed and without reaction

CASE (II) i Diffusion with finite thickness of the packed

bed and i 1th an irreversible first order

horaog i ous reaction

CASE (III)i Diffusion with infinite thickness of the packed

ad without reaction

CASS (17! i Diffusion with infinite thic" :.3sa of the packi 1

nd with an in- "."
n

. ; first order

homogeneous reaction.

Diffusion equations and initial end boundary conditions will

be derived f ese four cases.

CASE (I) : Diffusion with finite thickness of the Backed bed and

. o 11 on

Xhls sj is assumed to have thickness L. The diffusion of

' ance throwgh an elen: ntal volume arbitrarily located rlth-

- 1 bed ls oonsldi red. By . king b hell t ]
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- (13), '. rpilo Lk;j part J 3.1 d.iff .

. ' - -

.

-

lffu 1 ... c Lr.ed [ see

.-.,: A]|

3;
(1).

rhe effective diffusion .'ier.t , D , .

'

. juation (1)

. . be re lated tflth the lecular diffusivity, u
o*

as follows

E e .'-; j ndix A]i

e - T
(2).

If 1

folio

rial balance is made

'..

' i g e ju itlon can be

at the inte f of two layers,

ix a]ithe ob ta i r.e d ^ s e e Ap ]
i

V
~C 1~"

T - » = pa
r.t

=
a ^|z^0 1"" for t > (3).

For this system the foil Dwing initial s n

1

1 iun lary conditions

can be es tablishedi

(1) The concentrations :;ithin the packed bed and. in the

servoir are initially c. and
°li

ctively,-

, hen t = i

c = c.

1

°1 = c
li*

(2) At the interface between two layers. the concentrations

)f ' ath layers are the same, that is, , at z = 0,

c = c-, for t > 0. •

(3) .' msfer at the bottom of the bed, tl
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'
'

fcc

bz

H . i .
•

-.. (i: and ;:: . ] ;r c and cj

with '

| i : . : init 3 : 1 3 v conci :.V', . 1 jve.

\. -. 1 1 3 ns are ji i li i ter : 1 c »n-

ratic :. .
". and X in Ch 1 III.

_ ,_,
(II) i Diffusion wit

with an irrev

h finite thickne

erslble first or

cs of the pack'

der homogeneou

3d bed

s reaction

This case car. be tre atefl in the manner as Cas s (I) with

the add.it ion of the react ion both in the pie tely ad solution

m<3 withl i packed bed layer. If an 1 rrevejreible fi:rst order

hoabgeneous reiaction is a ssuaed to occur, 1 Bions (i! and (3)

become

3c
3'f

= Ce w
and

V •

d C]L

dt
~ D

e Tz|z=0 PA - Vko, for t > (5).

Init lal aiid boundary conditions are

(1) when t = 0,

c = c
n
.

.

c
l = c

li i

(2) at z = 0,
'

c = c. for t > 0,

(3) at z = L,
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-

- tical solut lqjj .. for this problem
- in

Chi i fcer III.

CASS (III) : Diffusi
'

its. 1

"

t :. ••
. 1 ted

aiid :: tibut rea ction

This esse is Id sntloal tc Case (I!
I

sixoept 'a? : ne boun " ry

condition. Therefor e, for this system the fell.owing partial

lifferentlal aquatic:IS can b e written, -

a? n a
3
o

(G)

and

dr
V —i - D 2S
" dt

_ -.
2 te \ZmO

for t > D (?).

31nce the thickness of the packed bed is assumed inf inite, the

initial and bour ! iry conditi ons become

(I) when t = 9

c =
°i

and

o
1

'

11

(2) at v = 0,

c = o. fc r t > 0,

and

(3) at z = co,

c - c . •
1

ly tical solut: i ons :" >r I c. t .re also in Chapter III.
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If an irreversible first srder homogeneous rv<;^ 4'ic:; is

- - - - __ for solutic ell the well stirred reservoir - i

Lthin :
: e p -•"

-
' bed, equations (6) and (7) in Cs^e (III) bee

la _ n 3ifi (8)

do,
<>o

v -at = °
e fl'Uo PA - ^1 fort>0 (9).

Initial and boundary conditions for this case are,

(1) when t = 0,

and

G
l = °li'

(2) at z = 0,

(3) at z = «,

o = o exp(-kt)

or

dc

analytical solutions are contained in Chapiter III.



12

".. t' .. _. '" 1 . _ pter, '.
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'""..'''. - -
• - ; _._

\ initial snc : .„ londition: i 1 c :

_ ii .

for four Siffere: t oases. T
.. fchi i] 'i '-- analytical

:
]

Ion: ' -
1

- ierived "• r .'.'
-

. :as :

.

For ' .
1

'- ' tj ,
'

•"
". nslonBea iuantitles

Introduced. The first set is

o - 0]_j

/. = f

i.L?
a = V

(10),

rhe s son it is

11

°i " 6
lj

0, - 0,,

D .'-•

(10. a).

\--t-
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'
*
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c t

eacl h .. ,
- rii - • s le

' "

;

.• •. _ - '7; ___ - [xxj rever , T 01 '

•

( IIJ) -' [IV),

t it, sq ' : [10)

j

r. ot ' - appl r,
'

secc .
"

,

' [10,a), ;a: --L aa.1 :.-.. (10.

a

:
also 1 ippl]

tc C . - [13 id (II] if -'. In :.. fol!L.01 ins --.:
E .

(10) is as sd for Ci s es ( I) and (II), and squal 1cm (10. a)

Is ]

- or Cfiires (III) n [ IV). In Ap] :ndj •: (?) , ion(lO.a)

is used t obtain the ani lytJ cal s Dlution for Case (II).

CASS (I) : Dif rusion with fir 1

lUt reaction

ite thickness of the packed bed and

Dlff is i 3n jus ' . , juatioas (1) an- (3) 1 the pieceding

_'. apter, are re peati l
'. elovrj

fcc

at
= E ^S (1)

and

V •

ioi _ D i£i ^ PAs for t > (3).

Ifte :initial a;;:
1 bo idi rj con3itions are

(1) when t = 0,

c = c.

and

c
l

c
li'

(2) at z = 0,

c = c for t > 0,
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[31 ; — J_

|= - 0.

'

- . -OK' (10) into equatic ns [1] nd (3)

,

ey be

c

11 = ^ <**>•

. 1

— = a$&l, n
for 9 > (12).

Accordingly i the initial and boundary conditions becone

(1) Hi en 8=0,

X = 1

and

y = o,

(2) at \ = 0,

X = Y for 5 > 0,

and.

(3) at \ = 1,

«-•

The analytical solution for this pro 1
-.]. err. Is available In

Crank (7). In his problem, the solute is diffused from the well

stirred solution to a solid plane sheet with the. corresponding

initial and bound ry conditions* However', the final solutions

; ' ted '.; ' >ok are the n-.:^ us those obt ' " ' 3re (Case I).
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-
"

. iff 'entisl squatic ns i
- ' -

. -1\ s

3

with ..
"

._. in; ;; 3 and be ..:. " . : y . .

r.
"

:

bions -

.
t

.-. the i,:.ffi y. 3 e ir. a: in" '
'

:
'

n. That is, by using

ti :.apli -., '

. Mf •. ion '
. i lytlcal tions

hie! i S.i both fcli' c x tior of the 3 . tior. ir. the '
•

: pe -

: vols funot' f time and the c atration of the

t 3 lor. within the packed bed as e. function of time and distance

f2 Da the Interface are :" t ine"1 us follows

i

r( 9A 2 2

(13). a expv i- v-, « ;

and

::( 8,30 = j~.r „

5 2 oos(
?n

(l-X))

(1+;+—) cosS
a n

<°> (l'~),

when
n

satisfies the equation

3 cote + a s (15).

In equation (14), it is shown that at \ .= o, x(e ,?0 = Y(e),

which sat;isfies 1 c andary condition (2). Also ,. If 2 and Y are

plott 3fl igainst for a given a, for example, a = 1.7 7276 , Figure

2 is obtslined. The corresponding values of 3 are listed in

Table 1. According to re 2, the concentr atlon of the packed

t»<J t dJ fferent distanoes from the interface jhangi ; wit h respect

to tioe, with different transient phenomena. That is , at a point

: the interface, the conci \ iecreas es quic'-:ly with

. ct t o time and thei ' es t ap] 'oach the fi nal t \
'

•
3 ue, while e t point . . r th ..-

" :tto::! of the .
.,.- sd *. sd ,
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Table Eigenvalues which satisfy
f)

ootg + a =
for different values of a.

eigen-
values

1

0.59092 0.88633 | I.O6366 1.77276 2.43187

h 1.87564 I.93968 2.05193 2.24073 2.37771

*2 4.83398 4.89157 4.16028 5.05040 5.16055

h 7.92830 7.96482 7.96649 8.07042 8.14914

h 11.04910 11.07557 11.09099 11.15325 11.21346

'5 14.17377 14.19943 14.21194 14.26070 14.30881

H 17.31295 17.32997 17.34015 17.33028 17.42030

h 20.44926 20.46372 20.47215 20.50647 20.54050

H 23.58697 23.59949 23.60706 23.63672 23.66639

*0 26.72567 26.73672 26.73842 26.76959 26.79593

PlO 29.86493 29.87482 29.88064 29.90449 29.92790

p ii
33.00460 33.01346 33.01848 33.03819 33.06175

Hz 36.14465 36.15272 36.15767 36.17716 36.21410

e13 39.28490 39.29258 39.29684 39.31509 39.33301

hk 42.42540 42.43242 42.43649 42.44639 42.46996

hy 45.56608 45.57256 45.57634 45.59205 45.60746
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. entre tic . i : y ti;!
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£ r :

:'.

the ;:. 1 value. PiSU -'
- Z ' das tribu tions rf - sio] le ss

cor.

"

' -
..... _,. ':'.. p :"--- "

alues of the

« nless ti ... 5 9
,

_ i, ?72^6. ProK 7; j ts J ,
it is'

ss e n :'.-.. '.: ;itial conce ' ti within t .
'"'

3 t - and in

-

well fci: . voir are Itj and zero re si ec&lv ely. A;

ti:se 7 on, > .:. two ooncentrat* ons reach a comaon fin al w lue.

If equationB (13) and (lb) e.xe ]rewritten so that & i! ensiori-

-,

g 3 co.: centrat] ons may be expres : s ed as funct ions of diaensional

tlrae and length,

:-
! - \

t_
i .- 2 e ~"\" (

-

2p
n e

t

(16)
T 3

1 ;

"^J
n=l

Cl
V̂ ALP'

1

and

«.- 1 « 2 CO:;'(Pn l:i-^)) ex
|

:
J
2D t

(17)

*alp"

lfc.1

0-r
ALP

fl) cos
°nV ALP

'

are ":; ine i

if 13 5 snsic nless c one entrat i ons Y and X are plotted with

resi: ect bo "
ei =ilC'.-' i3 tis i, t, f'or dif fo?: :;i.t values of effective

diffusiv ity, D ,

c
Figures 4- and 5 s re b '. for speci fied values '

of :. . L, F and V corre '"

-
: bC o = . i .77276 . Eigenva lues from

• t i on (15) for " valu< are a Table 1. It can

1 E from Pisurea ''
e n 3 5 that foi" large values of e ffective

diff Ity, s transfi :.' occurs rapidly and the systea reaches
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''-'-
'- € most • rul for t! •" :ie_ iin3 as ''-

s dlffusivity of

bsta:•;ce.

For all case iscribed above

,

eigenvalues ar c lis ted in

Ti bl s 1.

n _..
(II ) ! Diffi

'

i

ision with finite t

an Irreversible fi

hiokness

rst order

of the

honog sneou

ed bed i

tion

The fclal differential dlffu s 5 on ; tionc for this case,

e tion a (
''

) and

D r
e

5>s

i (5) i
^i' :- ated

£ - 3-c
2

belowj

t*>.

'• = D Ml TA - Tl;c
iz |z=0 ~ 1

for t > (5)'.

Inl"fcial
'

larj ' ' ions are

(1) Ml t

a

= 0,

c = Cl

°1 = C
li'
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[21 at = C,

c = c, for fc > c,

(3! at z = L,

i£ _ p

By introducing equation (10) into equations (t) and (5),

_ iritb the initial and ' oundary conditions, the following

equations can be obtained:

*-*?-«*'«>
<*>•

S * «' * sl * ;
81x.o,

for
' * ° (1 »>

with new initial, and be mdary conditions,

(1) when 3 = 0,

X= 1

and

Y =

(2) at X = 0,

X = Y for > 0,

3

(3) at X = 1,

jx n
1\

=
'•

„, ,2,where _, L K
D
e

,
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This is £. !:!>.:'
: f pr 1 .'

.

li te car. Jiff •

bhroug! . :ody saturated by solution, while ' i] ously

- otins - "
. -' ' lly, bot: rithin th{ porous be Ij

fcl ee lutlon. Crank ( 9 ) , Dane] - rts ( 1C) , and

fil '.''-) have described serveral similar problem uoh as

|?3 bless: Involving diffusion in which th i dns ut : c,noe

; mobilized v.'ithln the packed ' sd as diffusion procee&Sj a

sheEical reaction In which the rate of reaction depends :r_ the rate

of supply of one of b] . r actants by iiffuslon, and others. To

Ive tin bypes if problems, they used the porper coordinates

[c sian, cylindrical 3r spherical) "I.e.- sr< con enient for

However, each of then has considered that the

itii '_ ". -; place in Mily me part of -' ij tea, for example,

only within tl .

"
3 bed. This is not always the case. When

licroorsanls! : oonsu e organic compounds in feedlot runoff, it is

1
i to consider that the i tilization of organic matter ta'ces

both In the ipper well stirred solution layer fine: within the

:ked 1 1 ] o'er.

!!ow jquations (13) c :" (!.") :-r: ..-:

" .;''
-•.'•J

.-
'

'.

: '-.he ;jivcn

bhree Initial and boundary conditions. To accomplish this, lAplr.ce

transforms of eq atJ (
;

.

n
) <nd (1$) talned as

-^ - (s + -R)X + 1-^=0 (20)

.-
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: + s)y •
i

— = a SL :

."

;

: sj sctively. a:Leo, j ..'

{:) at \ = 0,

>

•

(ii) at X = 1,.

sr = 0.

Once !! fro™ ' tion (20) has been
•

as a function of

s and i A. , 'I can bi ii bains*i as a function of 3 as showr . below

[ s -: e '.
[ i«iix 3] I

--

y r*
•'- - L

o _ P T

.
]C

exP (( 2 - \)Js+5) + e-tp(Wi+H>]sis + BJ

1 + 13xp(2/s+H )

. e - 23
(22)• sis + a J

Y
a (exp(!VS+H) - 1)

~
(3 + !*)LVS7n(e cp(2,/s+a) + 1) + a (expl[2Ve+I3') - i)]

ps
( 23).+ s(a + a J

Since

ixpCa/s+u; ) - 1 = 2 ,,<— ! sinh t/3+H) (24)

:U/-: 1 + 1=2 p(Vs+S) cosh u"7
:
-

: ( 25),
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-;- «ti » (23) ,,«

•...:.—: - -.

(26)

(

s

r H)l>/SH . c --'-'.~~;
n :

-::- i(
. ---) j

-
1 E T

., 1 tons (2*0, (;-.;: ! (26) are substil int
l

('2)
, then lation (27 ; .Ls o' .

.

'

ned.

! /s+H(L-X))

3 t .1

(s+R >t/s+E" cosh(./s+H) •
i- : sinh( 5)]

--
(2?).

slli + :•)

By using the resld lie theory, the lnvisrse Laplace tra:ti3fbrms

of ri:«) and (b.X), I(« ) . d '(",:.), are '
' roll o-.'s

[cc. C]i

r(ej =
q (-EG)

v 2e:cp(- Cgn+E)e) - 3 [1-e -?(ae )

)

1 -r - 1
(1 + - + --)

(28)

x(e,x) = tti exF (-no) •

S 2 cos(.yi-x))
9XJ [-(P.>"''0) .

n=l
(1+C-.+ -;

a

i) cosg
n

- 3(1 - e:*p<>ae::) (2?)

s are the 1 .:
n

all 1IS .

TJ
'

i
-

- ' hat if a = ,
'

i
' atlons [28) and (29: ) beisome

'

;ica] : ctivelyw:Lt!
[
mtlons (13) i (1*0 t!ie a: Oj tical

] i

'

" for the systej •

]
" Lte thiolcness of the pao] . ] t : a

'

- 1 al rei 2. C t

•

Figure 1C shows ir i di) . ion!.ess
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;
"

- '
'.' r.tical with ;: at ?. = 0} chang ' .:.

- - - ~~- " "
' ~ f th ' -

' '...'..',': ("

— -"^ ' s :) when s = 1.0 and - = 1.77275. "cr - = 1.77276, g's

--' 13 ted in labls 1. Sec Lrr ibis first order

' -- Is _ _
1

' .

' in both layers, the ooncei 1 in the up;

.'-..':. g until the diffusion process grows weal?

'' e ical kinetics become dominant. At a position near the bottom,

the concentration always decreases.

Figure 11 shows the cone 'tration change vs. ti r
,:e for various

values of X and S whan R and a are specified| for example, R - 1.0

and 1 = 1, 77270. According to Figure 11, if time goes on to

approach infinity, no natter what position may be considered, the

concentration approaches -S asymptotically.

From equation (28), if a and S are specified, for instance,

a = 1.77276 and S = 1.0, Y has a different profile for eaoh value

of E - ries. These profiles are shown in Figure 12. With

experimental data and with equation (23) anfl Figure 12, the dimen-

sionless reaction rate constant H can be obtained by forcing the.

experimental data to fit the theoretical solution. Once P. has been

lned with knowr D , then the chemical reaction constant, k, can

be calculated with ease.

CA5S (III) : Diffusion with infinite thickness of the packed bed

and without reaction

--"-'-- the preceding chapter, the diffe '

n
. equations (6) and

{?] are .--_ ated 1
"

\
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1 - 3
a
o

:
;

-

and .
-^— = r -r-1 1 . _ .-.. : > r

. J

: lai La] .
..' "sou ic v ' lit!

(1) ::hcn t = 0,

C = 0,
1

and

c — c ,

1 11

(2) at z -_- 0,

o=o, for t > 0,

and
•

I j j at 2 = ,

0=0,,
j.

For simplicity, the dlmensionless group, equation (io.a), is

i iced

,

By substituting equation (10. a) into equations (6) ;?),

fci Foil wing squations are obtained.

(3D

\ , .--

(32).

Lng these lin nsionless ezpresslo; ,

':' initial

t

'

. .

[1 ^ when B

''
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^- .

[2] 3fe X
i
= 0.,

y. = X for ?. > c,

1

(3) at X =. ,

:: = 1.

In ardi r be : Ive this boi . s -

'

' , Laplace

... . lation if ..^.. '/' = (3I) (3D pid the above initial

- id 1 lary sonditiens Is carried 01. t .
t1

' n

-2~ _
(33)

" _ - —
:.,=? (3*).

---" transformed . ndary oonditj n ,

CD at ?.,, = 0,

~
..

~

and

(2) at Xj . --,

S

.

' Lhed.

.'. 1 '22) -'- b btai ted with

oundarj 1 1
' been ob1 '

. .
'

'
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. . — '

.

"..."..:.
k3

-
... [V _ i-: _'-.,""• ~ (35)

,

3
(36).

- v - T ,,

rding to the ;[able of I;r :.aplac C ansfor nation (ID.

""."'
' is l r -. Of Y(s), Y(^) , is f ! 1 n the

"oil '

. _ ' >r . i

r(e
1

) = i - '^) e:c-rc(,j-. ) (37).

bstll ting ei on ( 3? ) into eq C35J « • J ...

?able Lap] :e ?_ nsforaatlor (ID. the inverse

-"' " of ~(s, \
1 ), 7H* X , Xi>, 1« ined.

x(e
l(

x
4

) = : 1 - exp(9.
l
+X

l
) erfot./ffj i

i

(38)

In sq ' (37) >:.38) , Y and X ear .
". p] stted with respect

to "
. ... .. Figure 13, which ce.n be coini i 1 th Figure 2.

: concentration at aily point within bhi f) aite thickness

of the packed a final value, 3./[l + a), as sh.own

in Figure 2, that wJ thin the eked bed havi ng '- f i.nite skness

h ' Lty e .

' •-._ Figure 13. TM s is bscause of the

"

'
that wh ' yste has 3 nfii 11 thiol , the sy has an

; 'inits at F siibsl to be diffused to the upper well

stirred solution, whose volume is finite, ueitil it has a unif .

. •at ion.
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to

i

profiles "It hir. t' _..:"".-" dif .it . r sn-

- ' ' .'-''" Li - by flat lines'.

""---" (17; i r iffus ion i-.-it: infinite fchic: :ss f .'
. f .

"
5 hei5

sr.d with ' "

'

For t'..L3 esse,

.3

v —^- = r. |f L_fl
F- "

' r:c
]

for fc > ° (9).

- peated with in'itlal and boundary conditions

(1) when t = 0,

= Oj

and

°1 = °li'

(2) at z = o,

6=0, for t > 0,

1

(?) at Z a „,

o = c . e -:p ( -:•: t

)

or

dc

Bj - bstit .' " '
| , equation (10. a), into equations
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1= o :":

' - - - \
' '.._.". wherei

A V

1 _ -2.2
e

nd

G
11

"i c - c
i 11

If equation (10. a) is substituted into the initial end

undary conditions, then

(1) when & = 0,

X =, 1

and

Y = 0,

(2) at \. = 0,
l

X = Y for 9. > 0.

and

(3) .t^...

-^- = - P^CX + 3.)

'

..

Lne the Laplace .
''.-.,'' analytical solutions

f « X and X can be b1 '....' ~ >ll'OW '

[ £ - '

'
' X]:
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:::m = :- ?,} - *p(o - •;-_; -- v~:
- 2.(i - s iS {-H e

1
); [ii),

- sti -
. .•-...:; (12).

i i i

If ? = C, then equations (11) s.nd (12) beeoze identical

Kith equations (3?) and (32), the analytical solutions "or the

systea with infinite thickness of the packed bed and without

reaction. Figure 15 shows in dlnensionless form how the concen-

trations within the ic! 3 bed and in the well stirred reservoir

(equal tc :: at X = 0) vary with respect to time at different

positions within the packed bed forvarious values of the dimen-

sionl 3ss reaction constant R. irhen S. = 1.0, If H = 0, this11 i

"is ire bee 3 identical to Figure 13.

Figure 1c shows the concentration change vs. time for

varic 5 lues of ;., and 3, :-he?i R, = 1.0, It is seen in Figure

16 that as time goes 0:1 to reach infinity r „.- 1] s of the

isitioiii the concentration approaches -S, asymptotically.
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. 1 IV

EXPERIMENT WITH AQUS0U5 SUCl.OSE SOLUTION

For the purpose of testins and calibrating the experimental

set-up shown in Figure 1?, which simulates the system under

consideration, diffusion experiments were carried out by using an

aqueous sucrose solution for which the diffuslvity was known.

These experiments enabled us to verify the mathematical expressions

obtained in the previous chapters, and more specifically enabled

us to determine the ranges of experimental condition for which

the system equations are valid.

EXPSHII'iBNrAL SQUIPHEKT

The apparatus used for conducting the diffusion experiments

consisted of a packed bed and a well stirred reservoir as shown

in Figure 17. For this system two lucite cylinders, 10.716 cm

ID and 19. 65 cm inside depth and 10.716 cm ID and 33.2 cm long,

for the packed bed and the well stirred reservoir respectively,

were prepared and connected together by flanges.

To keep the upper reservoir at a uniform concentration for

a given time, It was agitated by a stirrer operated by a motor

which was controlled from a variable autotransformer powerstat.

To prevent up-down flow, the stirrer selected was of the multiple

flat-blade turbine type instead of the propeller type.

To prevent up-down bulk flow and moving particles, two sheets

of 250 mesh stainless steel screen were Installed between the

packed bed and the well stirred reservoir. As inert particles,
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Triple flat- blade

Turbine mixer ,J

Two 250-mesh
stainless steel

screens and

three rubbery'p
gaskets

'

Lucite

cylinder

9-10 cm

Flanges

nert

particles

10.7 16 cm

I. D-

Fig. 17 Schematic diagram of the experimental set-up
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25 — 30 mesh glass beads and 65 — SO mesh glass typers were

used.

To analyse the sucrose sample solutions taken frotn the upper

reservoir, a 3ausoh & Lomb refraotometer was used for measuring

their concentrations by referring to the regractive index of

sucrose solution listed in the International Critical Tables (14).

EXPSHINEKTAL PHOCSDURSS

In a typical experimental run, the packed bed was saturated,

with an aqueous sucrose solution and in contact with a well stirred

solution in the upper reservoir. 3ecause the density of sucrose

solution increases with its concentration, the concentration of

the upper well stirred solution should be lower than that of the

solution within the packed bed. This prevented bulk flow across

the screens by gravitational force.

In order to diminish the effect of the agitating motion on

bulk flow across the screens, the speed of the agitating motor

was set as lot? as possible within the range so that the upper

solution was able to maintain a uniform concentration at any time

while an experimental run was proceeding. The upper reservoir

could be checked for uniformity of concentration. That is,

sample solutions were caught at two positions, at 3.5 cm below

the surface of the well stirred solution and at 3.5 cm above the

upper screen.

In analysing the sample solutions by the Bausch & Lomb

refractometer, only 1 — 2 ml of the upper reservoir's solution

was needed. To lessen the error from volume change of the upper
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solution when a sample was taken ( an equal amount of solution

'."hose concentration was identical to the previous sample was poured

back into the reservoir.

The Bausch & Lomb refractometer v:as calibrated as shown in

Figure 18 and Table 2. From Table 2, the following relation

between x and y can be obtained

i

y = 0.9899 x - 0.01233 (43).

l/hen sample solutions were taken and their concentrations

measured, a temperature correction was necessary because the

refractive index of the sucrose solution was sensitive to the

temperature of the circulating water of the Bausch & Lomb

refractometer. For this refractometer, a temperature correction

table was made for the deviation from the standard temperature

(20 °C) as shown in its manual (19). Once the concentration of a

sample sucrose solution was measured by the refractometer, the

real concentration of the solution could be calculated according

to the calibtatlon equation, equation (43). The molar concentra-

tion of the solution was obtained from the weight % concentration

by using the Table of Density of Aqueous Sucrose solution in the

International Critical Tables (14).

Under these considerations, experiments were performed for

four different condltons listed in Table 3» F°r each run, sample

solutions were caught only from the well stirred reservoir.

EXPERIMENTAL RESULTS AMD DISCUSSIONS

The experimental data obtained under the experimental
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zo

20-

3 10

y = 0.9899 X - 0-01238

0-10 20 30

X , wt. % of sucrose solution by refrGctometer

Fig. 18. Calibration of the Bauseh S Lomb refracto-

meter.
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Table. 3- Experimental conditions
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run number
3 5 6 8

interfacial area
(on 2

) 90.217 90.217 90.217 90.217

size of inert
particle (mesh No.

)

65 - 30
glass tyler

65 - 80
glass tyler

25 - 30
glass bead

25 - 30
glass bead

porosity of
packed-bed 0.3655 0.3655 0.3582 0.3582

packed-bed
length (cm) 19.65 19.65 19.65 19.65

upper reservoir's
volume (cm) 1500 1500 1500 1500

HP1-- of agitating
motor 75 - 80 75 - 80 75 - 80 750

Initial Cone, in
upper reservoir

(g-moles/1)
0.3098 0.2818 0.3182 0.3735

initial Cone,
within packed-bed

(g-moles/1)
1.01AB 0.9^92 0.6874- 0.8622

room temperature
(°C) 22 -26 22 - 26 20 - 25 13 - 23
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conditions given in Table 3, which are the concentrations of the

sample solutions taken fron the upper well stirred reservoir, are

listed in Table 4 for Hun (3), in Table G-4 for Run (5), in Table

G-5 for Hun (6), and in Table C—6 for Hun (8). These data ware

corrected for temperature deviation.

One of the factors, vihich caused the rise of the Initial

concentration in the upper well stirred solution appeared to be

the initial disturbance which might exist when the upper solution

contacted the packed bed. In other words, even though it was

small, there existed bulk flow across the screens when both

solutions were brought in to contact. This bulk flow might give

rise to radial and axial concentration gradients near the inter-

face within the packed bed. The agitating motion which kept the

upper reservoir at a uniform concentration also must have affected

the packed bed by inducing the convective motion. The initial

penetration (or disturbance) and the continuous convective motion

of the fluid must affect the system in a very complex fashion.

It is very difficult, if not impossible, to analyze these complex

effects. Preliminary investigation indicated that a single

correction factor, I.e., the depth correction factor which reduces

the effective thickness of the packed bed and increases the volume

and the initial concentration of the upper solution, might

satisfactorily correct for those disturbances. The corrected

thickness of the packed bed LQ and the corrected volume and

initial concentration of the upper solution, V and c , change

according to this depth correction factor L .

In order to determine this factor, a one dimensional search
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technique (Golden Section method) was appli ed so that the sum of

the square deviations night be minimized. That i.S, L was searched

to minimize

m
E = Z(v - Y )

2

•[_ c e
(44)

where E = sum of the square deviations,

m = number of data,

Y = corrected theoretical value, and
c

Y = corrected experimental value,
e

In this case, Y was obtained by modifying
c

equati on (16) to the

form of the following equation.

Y
1 g 2

erp(-
3
3D
3JB t) (45)Vi . ,.

,Y.c„ n-l AL P V P
3

1 + AL P
1

_c_ _cjn

c c

where

L = L - L„
c

V
c

= V + AL P.

And 3 is one of the eigenvalues which sati
n 1

sfy th e following

eigenfunctions. Since a = 0. '1-3196 for Runs (3) end (5), the

eigenfunction is

3 cotp + 0.^3196 = (46),

Similarly, since a = 0.^233^ for Runs (6) and (8) , the eigen-

function is

3 cot3 + 0.^233^ a (4?).
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Two sets of the first twenty eigenvalues which satisfy equations

(46) and (4-7) are listed in Table 5. The effective diffusivity,

D i is defined as [ see equations (1) and (3)]

Here, T was chosen to be ,J2 as suggested by Penman (17) and

Canaan (18). The molecular diffusivity, D , of sucrose in aqueous

solution was taken as 4.242 x 10"° cm/'sec (14, 15, 16). Thus, the

effective diffusivity of aqueous sucrose solution, D , was

computed to be 3.0 x 10 cm^sec.

For a known value of effective diffusivity, Y is a function
c

of depth correction factor L and time t.

The corrected dlmensionless experimental value of concentra-

tion, I , is obtained from the equation

v
cle " clcl ,,„ =

X
e
=

a—ITS W)e c
i

clci

where

0, = experimental value of c.

'c = corrected value of o,,«lei li

c, . is given by
lei

°lcl = V H- AL°P ' (W.

Accordingly, Y
g

is a function of L
Q

for a given value of t.

Hence, by substituting equations (45), (48) and (49) into

equation (44), it can be shown that the sum of square deviations,
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Table. 5- ?wo sets of ei>

equations (*6)
tenvalues from
and (*7).

eigen-
values for Run (3) and (5) for Run (6) and (8)

&1 1.8055* 1.80206

^2 *. 80199 *. 80053

"3 7.90838 7.90751

3 *
11.03*56 11.0338*

P
5

14.16772 l*.l671*

h 17.30378 17.30320

*7
20.4*160 20.**107

h 23.58030 23.57990

P
9

26.72003 26.71965

ho 29.85969 29.85933

'
8
il

32.99979 32.99952

hz 36.1*022 36.1*000

P
13

39.2809* 39.28065

p
l*

*2.*2l66 *2.*21*5

h5
' *5. 56252 *5. 56238

\s
*8. 703*8 *8. 70338

V
p
18

51.8**58 51.8**39

5*. 98568 5*. 98561

h9
58.12638 58.12669

P
20

61.26818 61.26792
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E, is a function of the depth correction factor L for given values

of D
g
and t. That is, equation (W) can be rewritten as

E(L
Q

) =
|

(Y
o
(L

o
) -I

e
(L

o
))

a
(50).

As described above, the one dimensional Golden Section method

was used to search the depth correction factor L such that the

sun of square errors S might be minimized. The computer flow

chart and program for this method are listed in Appendix (G).

To examine the accuracy of each experimental run, the

standard deviation (23) is obtained by the equation

^=V~n— (5D.

For Kuns (3), (5) and (6), the depth correction factors

were found to be 1.0037, 0.6958 and 3.^37^ cm respectively as

shown in Figure 19. The standard deviations for those cases

were 3.678xl0" 3
, 3.006x10"^ and 1.363xlO~ 3 respectively.

According to Figure 19, the system having a packed bed composed

of small inert particles had a low value of depth correction

while the system having a packed bed composed of large inert

particles had a greater value. This could have been because the

former bed was more compact than the latter.

For each of these correction factors, the corrected

experimental data are listed in Table k for Hun (3), and in Tables

G-^ and G-5 for Huns (5) and (6) respectively. The data from Runs

(3), (5) and (6) are plotted in Figure 20.
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0.0003

0.0002

0.0001

0.6353

Run (5)

Run(3)

1-0037

Run (6),

3.4874 cm.

2,0

L > cm.

3-0 4.0

Fig. 19. Determination of depth correction factors.
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7or the first period up to about 25 hours, the concentrations

in the upper reservoir obtained by experiments were saaller than

those obtained by the theoretical equation Kith an average value

of effective diffusivlty of sucrose solution ( 3x10 cn 2/sec).

In other words, for the first 25 hours the diffusivlty of the

aqueous sucrose solution neasured by experiment was less than the

average value of the available data, while after this period it

was greater than the average. This might possibly be explained

as followsi Generally, the diffusivlty of sucrose has not been

considered constant but has been considered as a function of the

concentration of the solution. According to International

Crirical Tables (1*0, Henrion (15) and Van Hook (16), the

diffusivlty of aqueous sucrose solution decreases as its con-

centration increases.

Initially the concentration of the packed bed was high and

it became low as the diffusion process was proceeding. Thus, the

effective diffusivlty of the aqueous sucrose solution through the

packed bed was initially small and became larger gradually, up

to a certain value. As previously mentioned, a single correction

factor in terms of the depth correction factor was employed to

take into account the effects of disturbances due to such factors

as the initial penetration and the continuous convective motion

in the bed. This factor chanredthe relative sizes of the thick-

ness of the bed and the upper reservoir's volume. Since the

conditions in the system, or more specifically the concentration

profile in the system, changed with respect to tine, the use of

the single correction factor could not correct uniformly for
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those disturbances from the onset of the process to the end of

the process. Since the correction factor was determined for the

whole range of the process, this overall or average correction

factor night overcprrect the data from the initial part of the

process and undercorrect the data from the later part of the

process.

However, the diffusivity obtained here was not out of the

range of its known values. The measured diffusivities of aqueous

sucrose solutions have been in the range of 1.5 — 7.0 x 10

cm 3/sec at temperatures of less than 25 °C (14, 15, 16).

Accordingly, the effective diffusivities, which are the values of

true diffusivities divided by the approximate tortuosity J~2, were

in the range of 1.0 - 5.0 x 10" cm2/sec.

As listed in Table 3, for Runs (3), (5) and (6), the RPJi of

the agitating motor was in the range of ?5 - 80. To check if

the upper solution had a uniform concentration, sample solutions

were arbitrarily taken both at the position of 3.5 cm below the

surface of the upper solution and at the position of 3.5 cm above

the upper screen. The concentrations at each of the points divided

by their average were plotted in Figure 21, which showed that

with 75 - 30 PJ?K of the agirating motor, the upper solution had

uniform concentration in the reservoir.

To find the effect of large HPM of the agitating motor, Run

(3) was carried out. In this situation, the effect of agitation

was so large that equation (45) could not be used without adding

another correction factor. Assuming that the effect of the

agitating motor increases the effective diffusivity, the modified



<"»

IT)

5
o X > +

<aks>

_l

Een o <]
©A X

o *"

c _
o 10 tfl JO o>

M5 3 3
c
3

c
EH- t a o

a. a: K a: *5l

++ a a E
o
w

o
to

JZ

>3 o o
o

M> (A

2
0)

H-ziEk
» +-

«)+ Q- > .

•-
o

am o 01
c

9 3

o
+-
o
k.

<1B-

c
o
c
o
o

o
EH- t

TJ
4-1 E3

.—

"o
O G

i
>« E

<
fcf k.

1

o
z.

i 1 • i i i o
<J-

CJ O 03 10 >5

o o o « <J> _J
-j -i

_ 6 6 o CM
>

a>

o cJ il



65

effective diffusivity, K, defined below can "be used in equation

(
J+5).

K = D
e
+ n . (52)

where,

D = effective diffusivity of a substance (in this case,

sucrose) in the solution

tt = effect of agitating motor expressed in diffusivity

units.

Then, the sura of square errors E should also be rewritten as

follows I

E = Z (Y
c
(K, LQ ) - X

e
(L ))

3
(53).

It was shown that this is a two dimensional search problem for K

and L . 3y using the Box method, the computer program of which

is listed in Chen's thesis (24), K and LQ were obtained to be

9.^28x10"^ cm3/sec and O.7657 cm respectively as shown in Figure

G-2 and Table G-3 in Appendix (G). The standard deviation was

3.63^x10-3. The data for Run (8) were shown in Figure 22.

CONCLUSIONS

An experimental set-up which simulates the diffusion process

of COD through a porous stratum saturated by water was proposed.

The experimental set-up was tested and characterized by the

experiments with sucrose solution whose diffusivity was known.

One single correction factor was suggested in terms of the

depth correction factor to take into account the effects of
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0-0 8

0.07
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10 15
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Fig. 22. Effect of speed c f agitating motor
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disturbances such as the initial penetration of the upper solution

and the continuous convective sotlon in the bed. It was found to

be 0.8^975 en. It was also found that the speed of the agitation

motor should be maintained within a limit of 75 — 80 HPM.

It can be concluded that this experimental set-up can be

used as one of the simplest and quickest methods to determine the

diffusivity of a substance in water with reasonable accuracy.



CHAPTER V

TRANSPORT RATS 0? COD BI DIFFUSION THROUSH A POROUS
PACKED BED SATURATED BY ',,'ATER

The experiments with feedlot runoff were carried out by using

the system which was tested and calibrated in the previous

chapter. Feedlot runoff contains' a complex mixture of many

components. For simplicity, it was decided to consider it as a

hypothetical binary mixture. One component of this hypothetical

binary mixture is the dissolved organic matter which is measured

by the COD test, and the other the remaining materials. As

previously mentioned, since COD was assumed to use as a hypoth-

etical compound, the diffusivity of COD in feedlot runoff then

is the overall or average diffusivity of various types of organic

matter in the feedlot runoff, which nay be called "pseudo-

molecular diffusivity". As mentioned in the previous chapters,

the so-called effective diffusivity of a substance characterizes

the diffusivity through the porous packed bed which includes the

tortuosity effect. Then the effective pseudo-diffusivity D of

COD in feedlot runoff through a porous medium can be related as

follows i that is,

D

pe - T °v;

P
'"

COD which represents the overall molecular diffusivity

of various types of organic matter, cm3/sec
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D = effective pseudo-molecular dlffusivity of COD though
pe -

the porous packed ted, ca 2/sec

T = tortuosity of the packed bed.

The effective pseudo-diffusivity of COD can be obtained by using

the system described in the foregoing chapters.

The experimental condition mas the same as that of Runs (3)

and (5) in which sucrose solution was used; thus, the calibration

made with use of sucrose solution remained valid for the experi-

ments with feedlot runoff.

EXPERIMENTAL

(A) Equipment

The equipment which had been used in the previous experiments

with sucrose solution was used again here except for the Bausch &

Lomb refTactometer. To determine the COD concentration, the

standard method (20) was used. Reflux apparatus consisted of a

300 ml round-bottom flask (Corning Ho. ^320 or equal) with ground

glass neck 2^/^ and a Friedrichs condenser (Corning No. 2600 or

equal). Reagents employed were standard potassium dichromate

solution (0.250 K), concentrated sulfuric acid, standard ferrous

ammonium sulfate solution (0.25 N) and ferroin indicator solution.

(B) Proceduies

(1) Preparation of Cattle Manure Solution

To prepare the cattle manure solution for use in the experi-

ments, cattle manure was taken from the cattle feedlot located in

the northern part of the campus of Kansas State University. This
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manure was saturated with a large amount of water for two or three

days. Curing this period, it was agitated a few times • After

settling two days, the upper solution was taken and filtered with

a sheet of filter paper. The fitrate was filtered again to remove

even small nanure particles.

Before this nanure solution was used as an original waste

water, it was necessary to make sure that no micro-organisms

existed to reduce the COD concentration by consuming organic

natter. To do this, the original waste water was heated at the

temperature range of 120 — 150 °C for 1.5 — 2 hours. A chemical

also could have been used to kill the micro-organisms, but it is

difficult to assure that it does not affect the COD of the solu-

tion after killing the micro-organisms. Moreover, unless oxygen

is supplied to the waste water! the oxidation by micro-organisms

can be neglected. In this preparation, a heating method like

that used in daily milk production was introduced.

As references, the typical daily manure production of a 1000

pound steer on full feed and the analytical results of feedlot

runoff which had been obtained by Miner [k) are listed in Tables

6 and 7.

(2) Standard Method for Determining COD

The method of determining COD was mentioned in Standard

Methods for the Examination of Water and Wastewater (20). Accord-

ing to this method, 0.250 N of potassium dichromate solution and

0.25 K of ferrous ammonium sulfate solution are the oxidizing

and reducing agents respectively. The reducing agent was

standardized against the oxidizing agent as follows

i
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.(ml K Cr ) (0.25)
Normality = ml Fe(^)g{6^)

2
( 55 ) •

Because the COD test is designed to measure the oxygen

requirement by oxidation of the organic matter present in the

sample, it is important that no organic natter from outside

sources appears in the sample during the test. Therefore, it is

recommended that a parallel blank sample is tested.

If standard reagents as mentioned above are used, the GOD of

a sample solution can be computed as follows

i

CCD (mg/i) „
ju

->ii;Pir
oo) ^

where

u = ml Fe(:!K
ij,) 2

(S0ij.)
2
used for blank

v = ml Fe(NHH

)

2 (30ij,) 2
used for sample

W = normality FeClTKi^tSOi).)-

Here, the correction for the chloride interference was neglected.

(3) Procedures

The experimental procedures were almost the same as those in

the case of sucrose solution, which were described in the

preceding chapter, except for the method of determining the COD

concentration.

Hater was used as an original upper solution and the cattle

manure solution mentioned in the foregoing subsection was used as

an original solution for saturating the lower packed bed.

Twenty five ml of the solution were needed to determine the

COD concentration of the solution taken from the upper reservoir.
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To reduce the error caused by decreasing the volume of the unper

reservoir, the same amount of solution (25 nl) with a concen-

tration equal to that of the previous sample was poured back

into the reservoir.

Tiro experiments were carried out under the different initial

conditions given in Table 3.

EXPERIMENTAL RESULTS AIv'D DISCUSSIOi-TS

The experimental data obtained are listed in Tables 9 and 10

for experimental Huns (11) and (12) respectively. The values of

the effective pseudo-diffusivity of COD were determined by forcing

the experimental data to fit the mathematical expression. The

conventional least square criterion as given by equation (44) in

the preceding chapter was used. For convenience, equation (44) is

repeated belowi

E =
"

(Y - Yj 3 (44)
1

e

where

Y satisfies the modified equation (45)

- «5i ZS «P(- -T3T- *) C>5.a)
Vc n=l AL„P V ftP»

1+It^p U c^ v Cti

c c

and Y represents the dimensionless experimental data defined in

equation (48). Yc is a function of the effective pseudo-

diffusivity D . To compute Y 's, the eigenvalues 0's which

satisfy equation (15) in Chapter III are needed, a = 0.40571
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Table. 3. Experimental conditions for cattle manure

run number 11 12

interfacial area
(C32 ) 90.217 90.217

size of inert
particles (mesh Ho.)

65 - 30
glass tyler

65 - 80
glass tyler

porosity of
packed-bed 0.3655 0.3655

packed-bed
thickness (cm) 19.65 19.65

upper reservoir's
volume ( cm3 ) 1500 1500

HPK of agitating
motor 75 - 30 75 - 80

initial cone, in
upper reservoir

(mg/liter)

initial cone.
Within packed-bed

(mg/liter)
6966 2998

room temperature
(°C) 23 - 27 23 - 26

note original manure
solution was
used without heat
treatment

original manure
solution was
treated by heat
for 2 hours at
lif-0 °C

'
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for both experimental Huns (11) and (12), and therefore, for the

both cases, equation (15) is

g cotp + 0. '1-0571 = (57).

The first twenty eigenvalues which satisfy equation (57) are

listed in Table 11. The experimental data Y 's are shown in
e

Tables 9 and 10 for Runs (11) and (12) respectively. Equation (44)

can be rewritten as

m
E(Dpe ) .£ (Yc (Dpe ) - Y

e )

a
(58).

To find the effective pseudo-diffusivity of COD such that the sum

of square errors night be minimized, a one-dimensional search

technique (the Golden Section method) was used. The computer

program is listed in Appendix (G), and the computational results

are shown in Figure 23 which indicates that the values of D

for rims (11) and (12) are 4.22x10"° ciu
2/sec and 5.77x10 cns/sec,

respectively. In those cases, the values of the standard

deviation from equation (51) are found to be 3 .133x10"-' and

2.077x10 respectively.

The d.ifference between the two independent experimental

results can be largely attributed, to the fact that the samples

used in the two experiments cane from two different batches of

the cattle manure. It should be noted that the result of

calibration of the experimental set-up (with sucrose solution)

in term of a single depth correction factor was used in recovering

the dlffusivlty of COD, and no arbitrary and independent deter-

mination of this factor was made in the experiments with manure
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Table. 11. Eigenvalues fron equation (57).

eigenvalues for Huns (11) and (12)

Pi 1.79333

h 4.79675

h 7.90527

h 11.03233

"5
1^.16581

H 17.30218

"7
20.44019

h 23.57915

"9 26.71871

3
10

29.85877

hi 32.99889

hz 36.139^9

h 3
39.28022

s 14
42.42104

15
45.56200

P 16
48.70300

3
17

51.34408

9
18

54.98519

3
19

58.12640

3 20
61.26773
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solution. This might also give rise to the deviations of the

results from two experiments. Of course, the other obvious

soirees of the error are the assumptions that the complex manure

solution is a binary mixture and that the diffusivity is constant.

Considering those factors, the agreement between the tiro sets of

results can be said to be very remarkable.

runs were reanalyzed jointly. This value was found to be

-3

5.02x10 cm a /sec (see Figure 23). The standard deviation was

3.049x10

To estimate the maximum possible error from this average

value of D , the following effects are considered t that is,

temperature, concentration, and correction factor. To estimate

the effects of temperature and concentration on the diffusivity of

COD, it is assumed that the organic matter in cattle feedlot run-

off is sucrose. For an aqueous sucrose solution, the effects of

temperature and concentration on the diffusivity are roughly

1.6x10 cm 2/sec °C and 3. 5x10"'' cm3/sec mole (15). According to

the experimental conditions listed in Table 8, the maximum

possible temperature and concentration deviations are about 4 C

and 0.5 moles. Thus, the maximum possible errors due to tempera-

—n
ture and concentration deviations are approximately 6.4x10 cm2/

—n
sec and 1.75x10 cm 3/sec respectively.

To estimate the possible error due to the correction factor,

the correction factor of 1.0037 cm obtained from a single run

(Hun (3)) was used for the determination of the effective pseudo-

diffusivity by using all data instead of the average correction
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factor (0.84-975 0"). It was found to be 3.59xl0~ cm 2/sec.

This indicates that the possible error due to the correction

factor is approximately 5.02::10~ 6 - 3.59xl0~ = 1.43x10" -

(cm2/sec) in the units of effective diffusivity.

The total maximum error can be summed to be [(6.4x10"' +

1.75xl0~
7
)//2] + 1.4-3x10 = 2.01x10" cm 2/sec in the units of

effective diffusivity. This corresponds to 4-0. J error from the

average D , 5.02x10" cm 2/sec.

An approximate value of the diffusivity of COD can be roughly

estimated as follows i Although the composition of cattle manure

depends on their feed ration, it has been shown that its compo-

nents are roughly 65 — 751 carbohydrates (15 — 20,1 of crude

fiber and 4-5 — 60,1 of H-free extract), 15 — 20,1 protein (II x

6.25), 5 — 15>; ash, and 1 — 5% extract ether (21). Thus, in

the cattle manure solution, there are carbohydrates, protein, ash

and ether. However, most organic materials are carbohydrates and

ether is quite rare. According to the International Critical

Tables (14) and Gosting (22), the approximate overall diffusivity

of carbohydrates is about 6.0x10"° cm2/sec and that of protein is

about 1,0x10"' cmVsec. Therefore, the so-called pseudo-molecular

diffusivity of COD in feedlot runoff can be estimated to be about

5.5x10 cas/sec. In the units of the effective pseudo-diffusi-

vity, it is approximately 4.0x10 cm 2 /sec.

If the experimental and estimated values are compared to each

other, the experimental value is slightly larger than the approxi-

mate value given above. This can be accounted for by the fact

that the manure solutions used in the experiments were not
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completely homogeneous even though they had been filtered twice.

That is, it is supposed that there was a considerable amount of

fine suspensions in the solutions which gave rise to an increase

in the experimentally determined value. All experimental results

are shown in Figure Zh.

COl'iCLUSIOKS

The effective pseudo-d.iffusivity of COD through a porous

stratum (medium) saturated by water was obtained. The average

value of the effective pseudo-diffuslvity of COD was found to be

-6 P oapproximately 5 • 02x10 era /sec at a temperature of 25±2 C.

This corresponds to the pseudo-molecular dlffusivlty of COD in

water of 7.10x10" cm 3/sec.

Information generated in this study is pertinent to water

pollution caused by feedlot runoff. Since the effective pseudo-

diffusivity of COD through the porous stratum saturated by water

is small, it can be said that organic matter which diffuses from

the earth underneath the feedlot to the surface of the lot

probably does not contribute appreciably to the pollution due to

the feedlot runoff.

According to Miner (ty) , considerable quantities of suspended

solids were washed from the feedlot during runoff in his experi-

ments. The conditions of high COD concentration corresponded to

the conditions of high concentration of solid suspension. It may

be concluded that as far as COD is concerned, the main contribu-

tion to the pollution due to the feedlot runoff is the manure

suspension moving along with the runoff water.
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; ICXATURE

a arbitrary constant

A cross-sectional area, era
3

b arbitrary constant

30D biochemical oxygen demand, mg/liter

concentration of the packed bed based on its void space,
g-moles/liter or rag/liter

°i
initial concentration of the packed bed based on its
void space, g-noles/liter or mg/llter

°1 concentration of the solution in the upper reservoir,
g-moles/liter or ng/liter

c
loi

corrected value of c-,., g-moles/liter or .Tig/liter

°le
experimental value of c , g-moles/liter or mg/liter

°li
initial concentration of the solution In the upper
reservoir, g-aoles/liter or rag/liter

COD chemical oxygen demand, mg/liter

D
e

effective diffusion coefficient through a porous packed
bed defined by equations (1), (2) and (3), cm2/sec

D molecular diffusion coefficient, cm2/sec

°P
pseudo-molecular diffusivity of COD which represents
the overall true diffusivity of various types of
organic matter, cra

3/sec

D
pe '

effective pseudo-diffusivity of CCD through a porous
packed bed, cm 3/sec

E sum of square errors

F assumed particular solution of X

k irreversible first order homogeneous reaction
constant, hr-1 or sec"^

K modified effective diffusion coefficient, cm s/sec

L thickness of packed bed or arbitrary length, ca

L
c

corrected thickness of packed bed, cm
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LQ depth correction factor, c~.

m number of data

n number

N normal concentration, No, of equivalents of solute/liter

p(s), vAs), q(s), q-,(s) and Q-j^s)

functions of Laplace Transformation parameter s

P porosity of the packed bed

H dimensionless reaction constant, kL 3/D

H. dimensionless reaction constant, kV 2/D_P 3 A 2

1 e

r residue of Laplace transformed functions X(s) and X(s)

s Laplace transformation parameter

S negative value of dimensionless concentration Y when
c
x

= o, o^Acj - c
xl )

5 same as S

s pole of a function
n

t time, hr or sec

T tortuosity of the packed bed

u volume of FeCNH^^SO^Jg used for blank, cm3

v volume of Fe(NH^

)

?
(SCV )„ used for sample, cm3

V volume of the solution in the upper reservoir, cm3

V • corrected value of V, cm3
c

W normality of FeCNH^) (SO^)

x weight % concentration of sucrose solution measured by
refractometer, wt of sucrose/total wt

X dimensionless concentration within the packed bed,
(c - c

li
)/(c

i
- c

xi )

X Laplace transform of X

X homogeneous solution of X

X„ particular solution of X
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y real weight ' concentration of sucrose solution,
vit of sucrose/total vt

Y diaenslonless concentration in the UDDer reservoir,
(C

1 ' c
li

)/(c
i - °ll'

Y corrected value of Y
c

Y corrected experimental value of Y
e

Y Laplace transform of Y

z distance frota the interface in the direction of the
packed bed, cm

Az differential value of z, cm

Greek Symbols

a dimensionless constant, ALP/V

£ eigenvalue which satisfies equation (15)

9 dimensionless time, D t/L 3

e

9, dimensionless time, D A aP s t/V 2
i e

X dimensionless distance, z/L

X, dimensionless distance, APz/V

it effect of agitating motor expressed in diffusivity unit,
cm 3/sec

* standard deviation

£ summation operator sign
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APFHJIDIX. A.

SHELL MASS BALANCE IN POROUS MEDIA.
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A shell sass balance is made over an arbitrary differential

bed element to establish the differential equation for the ciffu-

sional process taking place in the system of a binary fluid

mixture of species 3 and V in a packed bed. The law of conserva-

tion of mass of species 3 is applied to a volume element of the

packed bed azA fixed in the system shown in Figure A-l, in which

a binary mixture of B and W is placed. For this packed bed system,

a shell mass balance can be made in two ways. In the first

approach, the packed bed is assumed as a homogeneous liquid layer

and. a shell mass balance is obtained by using a modified molecular

diffusion coefficient, the effective diffusion coefficient, in

place of the molecular diffusion coefficient. In the second

approach, the system is considered to be composed of two parts,

the continuous solid phase and the continuous liquid phase which

exist parallel in the vertical direction. i:ass transfer occurs

only in the continuous liquid phase by the molecular diffusion.

The final resulting diffusion equations from these two

different approaches should be interrelated . This implies that

there exists a relation between the effective diffusion coefficient

and the molecular diffusion coefficient. Eere, it is assumed

that the porous packed bed is isotropic, i.e., the pore space

is randomly distributed and in any cross-sectional area the frac-

tion not occupied by solids is always the same.

I-BTHOD I

In the first approach, the packed bed of the system shown in

Figure A-l is assumed as a homogeneous liquid layer. The
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Well stirred

solution

Z=L

Fig. A- 1. Schematic dicgram of the experimental

set-up comprised of a packed bed a
a well stirred solution

.
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concentration of the homogeneous layer is defined as the moles of

species 3 which exist in the void space of the packed bed divided

by the total volume of the bed. A shell mass balance is made

within the hypothetical homogeneous layer as follows

i

^c
molar accumulation rate of 3 b , ,

the volume element of the bed "at ^ AZA >

input of 3 across the cross- i

sectional area '3 z+Az

output of 3 across the „
| ,

cross-sectional area Ivb|z

When the entire mass balance is written and divided through by

AzA,

be an

is obtained by letting the size of the distance element decrease

to zero. In this case, the molar flux of species B, M_, is
o

expressed by using an effective diffusion coefficient D in place

v;ritten as

•ftc.

By substituting equation (A-2) into equation (A-l)

bo
b *>

3

°b
TT " D

e^ (A-3)

is obtained.

Another shell mass balance is made at the interface of the
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upper solution and the hypothetical homogeneous liquid layer as

follows I

V,
nolar accumulation rate of 3

flo
i

in the volune^ of upper layer dt
v
l

input of E across the cross- ., i

sectional area K3|z=0

output of B across the
cross-sectional area °«

Whan the entire mass balance is written

dCn I

V i = M A
1 dt 5 z=0

(A-iJ-)

or

PC
v
i -ar = D

e §Lo A < A-5)

is obtained.

The initial and boundary conditions can also be established

as follows

i

(1) The concentrations within the hypothetical homogeneous

layer and the unoer reservoir are initially c, . and c,

.

bl li

throughout j that is , when t = ,

°b = c
bi

°1 = °li-

(2) At the interface of the two layers, the concentrations

of both layers have the relationship; that is, at z = 0,

c, = Pc. for t > 0.
o 1

(3) There is no mass transfer at the bottom of the lower

layer j that is, at z = L

^z -
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"o-enclature

A = total cross-sectional area, cm 2

c = bulk concentration of species 3 within the hypothetical

homogeneous layer, that is, the moles of species B within

the void space of the bed divided by the total volume,

g-moles/cm3

c = concentration of species B in the upper reservoir,

g-noles/cm3

D
g
= effective diffusion coefficient of species B, cm 3/sec

D = molecular diffusion coefficient of soecies 3, cmVsec
o

.

K
3
= molar flux of species 3 based on the bulk concentration of

the homogeneous layer, g-moles/cm 3 sec

F = porosity of the bed

t = time, sec

V, = volume of the upper solution, cm3

z = distance from the interface of the two layers in the

direction of the bottom, cm

METHOD II

The second approach visualizes the system as shown in Figure

A-2. A shell mass balance is made within the lower bed of the

system shown in Figure A-2 as follows:

molar accumulation of 3 in volume "be ,. „,,
element of the bed Yt WzlA >

input of B across the reduced
area of cross-section available N- (PA)
for molecular movements '

Z+Az
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V/ell stirred

solution ^
x

Solid

port

oo

z=o

— z = z

--Z=Z+AZ

liquid

phase

Z= L

(l-P)A

Fig. A -2. Schematic diagram of the system

equivalent to that shown in Fig.A-1 .
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output of 3 across the reduced ,

area of cross-section available M (PA)
for molecular movements "' z

If the entire mass balance is written and divided through by azPA,

it = yr (A- 6 '

is obtained by letting the size of the distance element decrease

to zero. Since there is no bulk flow in the system, the molar

flux is written as

According to Penman (17) and Carman (18), the rate of diffusion

through a porous body is reduced due to the increased path length

imposed by the tortuous nature of the channels which the molecular

current must follow. Thus, the actual molar flux through the

original packed is smaller than that through the system shown in

Figure A-2 by a factor of -. T is the tortuosity of the bed —
i.e., the ratio of the path length through the porous medium to

the direct or "crow-flight" distance through the medium. The

tortuosity is always larger than unity. The actual molar flux

(N) can be written as
3 a

(A -3)

of N in equation (A-6). Equation

(H
fl

) a
~ "a

T

and must be us ed in P-

(A-6) is re written ias

be M:;jB>a
St a z
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JlC _ 1 >NB
"SE ~ T 3z

D
o a

2
c

~ T az
2 (A-9),

Also, if another shell mass balance is obtained at the

interface of the two layers,

V £^L - ^2 1° I (pa) (,T01V
L dt - T ^|z=0 UA; tA-10)

is obtained.

The initial and boundary conditions are as follows

i

(1) When t = 0,

c = c,

c = c .

1 11

(2) At z = 0,

c = c for t > 0.

(3) At z = L,

e-°.

nomenclature

= total cross-sectional area of the bed, cm

= concentration of species 3 in the void space of the bed,

that is, the actual concentration of the fluid within the

void space of the bed, g-moles/cm3

= concentration of species E in the upper reservoir,

g-moles/cm3

= molecular diffusion coefficient of species 3, ca 2/sec



100

(N_)a = actual solar flux of species B through the porous aediun,

£-moles/cm 3 sec

P s porosity of the bed

t = time, sec .

T = tortuosity of the bed

V
T

= volume of the upper solution, cm3

z = distance from the interface of the two layers in the

direction of the bottom, cm

C0KPA3IS0K OF THE TwO HSTHODS

It can be seen that equation (A-3) corresponds to equation

(A-9) and that equation (A-5) corresponds to equation (A-10).

In the four equations above, it is obvious that

and

Therefore, the relation between the effective diffusion coefficient

D and 'the molecular diffusion coefficient D can be obtained ase o

D„=^ (A-ll).

c
b

= P C,

c
1
=

°L

v
l

m V
L
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APPENDIX. B.

DERIVATION OP EQUATIONS (22) AHD (23)

PSOi; EQUATIONS (20) AND (21) WITH

BOUNDARY CONDITIONS.
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Equations (20) and (21) are repeated belowi

g_( s+S) X + l-f = . (20)

(s + :m + f - «f| Xa0 (2D.

Boundary conditions are

(1) at X = 0, X = Y for 9 > and

( ii) at X = 1, dS_n
dX *

Equation (20) is a simple ordinary second order differential

equation with two boundary conditions. The homogeneous solution,

X
h>

for equation (20) can be obtained as

Xh = a exp(-Ws+R) + b exp(XVs+H) (B-l)

where a and b are arbitrary constants to be determined.

F is assu

(20); that is,

F is assumed to be the particular solution, X , for equation

X
p

= F (B-2).

Thus, the general solution of equation (20) is

X = Xh + JT - a exp(-X,/s+H) + b exp(X,/i+R) + F (3-3).

In older to evaluate F, equation (3-3) is substituted Into

equation (20) and equation [B-k) is obtained as follows

i

d!Z_ (s + R)X + 1 - S§
dX

3 s
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= (s + E) [a exp(-Ws+:~0 + b exp(Ws+R)]

- (s + R) [a exp(-V s+R) + b exuUVs+R.) + ?] + 1 - 1_ = o
s

or „ s - BS ,_
, ,

r " s(s + R) (»-*>•

Substituting equation (B-**) into equation (3-3), equation (3-3)

becomes

_ • _ s - RS

s(s + R)

Now the integral constants a and b must be determined with

boundary conditions (i) and (ii). From boundary condition (i),

r - a + b + ifrA (E- 6) -

From boundary condition (ii),

dX

dl
= 7 s+R [b exp(Vs+R) - a exp(-/s+R)] =

or a = b exp(2\/s+R) (B-7).

If equations (3-6) and (B-7) are solved simultaneously with

respect to a and b, the following equations are obtained.

exp( ?V^)[Y - ^LJ^]
a = — (3-8)

1 + exp(a/s+R)

and _ s - RS

s(s + R)
b = (3-9).

1 + exp(ays+H)

Substituting equations (3-8) and (3-9) into equation (3-5),
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it yields

X= [-

1 - s - R5
5(s -i- ?J

1 + exp(Z/s+S)

-][exp((2 - X.)Vs+H) + exp(Vs+E)]

s - R3
+ s(s + H) (22),

3y substitution of equation (22) into equation (21), Y can be

obtained as follows

i

a (exp(2Vs+rf) - 1)
X = —

—

_
(s + R)(Vs+R(exp2(7s+H) + 1) + a (exp(2Vs?H) - 1)]

RS
s(s + H) (23).
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APP3NDIX. C.

DERIVATION OF EQUATIONS (23) AND (29) FROM

EQUATIONS (26) AND (27).
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Equation (26) is repeated below

i

- a sinh(,/s+R) n&
Y - -

(s + 3)[Vs+H cosh(,/s+R) + a sinh(./s+R)] s(s + R)

= *1 - 72 (26)

where

_ a sinh(Vs+H)
JL

1
— T^ZZZ —————————_——___ ic-lj

(s + H)[Vs+R oosh(,/s+R) + a sinh(Vs+R)]

and

~
.. H5 . .V s(s + R) (C - 2) -

In order to obtain the inverse Laplace transforms of Y-,

and Y
2 , the residue theory (12) can be used. According to the

residue theory (12), the inverse transform of Y is represented

as the series of residue of exp(se) Yi

1(0) = 2 r (6) (C-3).
n=l

V/hen a pole s^ is a simple pole, the residue can be written as

r (9) = lira (s - s ) exB(s8) Y(s)
s*s

n

= exp(s 6) lim (s - s ) Y(s) (C-^-) .

s*s
n

n

If, in a particular case, in which Y(s) has a fractional

form, such as

Y(s> = ffii cc-5>,

Where p(s) and q(s) are analytic at s = s and o(s ) £ 0, thenn n '
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the residue can be expressed as

4 v n 1

Therefore, equation (C-3) becomes

„ P(sJ
Yf"l r—n(- o) (r ""O

n=l q'(s
n )

First, the inverse form of ¥ is obtained. Poles of

equation (C-l) are where

s + a = (C-8).

»/s+H cosh(,/s+R) + ix sinh(Vs+H) = (C-9).

It is obvious that the pole from equation (C-8) is simple, and

that from equation (C-9) an infinite number of poles are obtained.

From equation (C-l),

P-i(s) P,(s)
Y x n inY
l - q^s) - (s + H) Q-^s)

(C -10)

where

,

p (s) = a sinh(Vs+H)

q (s) = (s + H)[i/i+H cosh(Vs+R) + a sinh(Vs+R)]

Q (s) = Vs+H cosh(Vs+H) + a sinh(7s+R)

.

From equation (C-8),

s
n

= -R (C-ll).

Since p (-R) = 0, L'uospltal's Rule must be used to obtain the
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residue. Then,

t>-,'(s)

r(e) = exp(-R9) li-t -f—- = (r-2— ) exp(-H0) . (C-12).">-
;, ( s) J- + a

From equation (C-9), it can be shown that Vs+H is a pure

imaginary number; that is,

^ = 1 3n

or s
n

= -O* + R) (C-13).

Thus, equation (C-9) can be rewritten as follows

i

Vs+H cosh(Vs+R) + a slnh(Vs+R) = i g cosp + 1 a sing =

or
J3

cotg + a = (C-l^).

How, an infinite number of g, i.e., p , S ,

which satisfy equation (C-l^) can be obtained. Accordingly, an

infinite number of poles , i.e., s„ , s , s which12 n

satify equation (C-9) can be calculated. 3y the residue theory,

P,(s)
r (9) - lira -i exp(se)
n s*s

n q^(s)

a slnh(Vsn+R) exp(sn9)

(s +p.)[

—

' ; oosh(vsr.+H)+islnh(^sr,+E)4

—

a oosh(Vs^H)1
^Vsn

+R 2Vs
n
+R

Since,
(C-15).

and

sinh(,/s~+il) =
./s^+R

cosh(7sn+R)
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En =-(^ + R),

2
T* ( ) . . r-*-^( .. f r-

i
~>\Q\ f ~ 1 f \~„\'3 I - .2. e --iH - kF + --) a l tC-16;.

1 + a + -2
a

Here, an infinite number of r (9) are obtained.

From equations (C-12) and (C-l6), the inverse transform of

Y (s), Y (0), is produced as follows

i

M 2 exp(-(p= + R)e)
v tft\ / . . ff } r"*-n ( - rj ("H -. ..... . , .. (r T? ^Y
1
(B) - ( 1 + a ; c-^-^ nSi fi2

(C-17).

(1 + a + SB)
a

Next, the inverse form of Y2
is obtained. In equation

(C-2), there exist two poles given in the the following equationsi

s = (C-18),

s + R = (C-19).

Similarly,

r (9) = 11m s Y„(s) = 5 (C-20)
s»0 "

for 's = 0, and

r (0) = Ha (s + R) Y,(s) exp(s9)
s*~H ^

= -3 exp(-R9) (C-21)

for s = -R.

Therefore, from equations (C-20) and (C-21) the inverse transform

of Y
2
(s), Y

2
(9), can be obtained as follows:
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ye) = S(l - e::;;>(-ae>) (C-22).

Finally , the inverse transfor:z of X(s), I'(6), can be derived

as follows i

V 9
> - h :

(e)

a ("-n(
k 2 exp

-R9) -^
(1 +

(-0*+B>&)

a + £»)
a

S(l--exp(-R6))
1 + a

(28).

In like manner, equation (27) is repeated as

Y

y B —

.

s - RS

s(s + R)
[e^n((2 - \)Ji+R) + exp(\,,/s+R >>

s - RS

i + exp(2,/s+-'[)

s(s + R)

= 7.
1

- X
2 " X

3
(27),

uhere

,

y
''1 —

1 (C-23),
s + R

_ Vs+R cosh(Vs+R(l-X)

)

(C-24),x
2

_
(sh-R)LVs+R cosh(Vs+R) + a sinh(Vs+R)]

"3 =
RS

• (c-25).
s(s + R)

The i inverse transform of }! can be iexpressed by inverse transforms

of Xii X„ and X~. Then, the inverse transforms of x
3L

, X
2
and

x3' I.e., Xj (e,x), x
2 (8,

X) and X,(e,\) oa.n be obtained by the

sa?ie method used before

i

Finally

,

the following equat ions are

derivedi
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X
1
(9,X) = exp(-HO) (C-26).

v .
, ] ? 2 oos(p (1-X))

,.
2 ( e , ?J = -i- exp(-He) + n^ f,

e%p(-0»+B)eJ
ti+o+aj coS p n

(C-2?).

::
3 (ea) = s(i - exp(-Re)) (c-28).

Thus, by the substitution of equations (C-26), (C-27) and

(C-28) into equation (27)

x(e,x) = x1 (9,\)
- x

2 (e,x)
- x

3
(e,\)

? 2 cos(p (1-U)
= 1^ exP (

-H9) " i p2 «p(-0»+R)9)
(l+ct+— ) cose

a n

- 3(1 - exp(-H8)) (29).
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APPENDIX. D.

DERIVATION OP EQUATIONS (35) AND (36)

PROM EQUATIONS (33) AND (3*0.
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Equations (33) and (3k) are repeated belowi

§-sX + l=0
. (33),

s dAj k.mO (34),

Boundary conditions are

(1) at ^ = 0, X = Y

(2) at X, = „ , 3£ m - .
1 °° S

The homogeneous solution for equation (33) can be obtained

Xjj = a exp(-A.^/s) + b expU^/s) (D-l),

where a and. b integral constants to be determined.

If the particular solution for equation (33) is assumed to

be P, then the general solution is expressed as

X = a exp(-Xg/ft) + b exp(\ Vs) + P (D-2).

In order to evaluate F, equation (D-2) is substituted into

equation (33). and equation (D-3) is obtained as follows

I

d
3
X —

-^j - sX + 1 = s[a oxpC-Xj/i) + b exp(\
1
./s)]

- s[a expf-X.jVs) + b expU^H) + f] + 1 =

°r F = 5 (D-3).

Sy substituting equation (D-3) into equation (D-2), equation

(D-4) is pro-i uced as follows

i
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'.- = a e:cp(-X ,/s)
1

+ b e^ptXjVs) + - (D-4).

Now the integral constants a end b must be determined Kith

two boundary conditions. Boundary condition (1) implies that

Y = a + b + -
s

(D-S).

Also, boundary condition (2) implies that

b = (D-6).

Thus,

a = Y- A
s

(D-7).

By substituinc equatlons (D-6) and (D-7) into equation

(E-^), equation (35) is obtained]

3i = (Y - -i-) exp( -fcjyff) + i (35).

How the expression for Y is found by substituting equation (35)

into equation (3*0. That is,

y 1 ill

s 6X 1 H=°

X 1 .

Js sTs

(36).or i _
s(l+7s)

. .

-
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APPENDIX. E.

DERIVATION OP EQUATIONS (41) AND (42)

PROM EQUATIONS (39) AND (40).
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Here, analytical solutions for equations (39) and (4-0) are

derived with three initial and boundary conditions. These

equations are

_ = ___,. U+bi) (39)

cie
1

+ -iu + V = ^7 X..«t0 (40)

with initial and boundary conditions,

(1) when 6. = 0,

X = 1

and

Y = 0,

(2) at X = 0,

x = Y for e
x

> o,

and

(3) at \
1
= M ,

i?7=-V x
+
V-

3y' making Laplace transforms of equations (39) and (40) t

and the initial and boundary conditions with respect to e ,

d
3
X - R

1
S

15-# - (s + H )A + 1 - -%1 = (3-D,

^V**^"^ x
i=

o
(E-2)

and transformed boundary condj tions,
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(1) at X.. = 0, X = Y

(2) at X = „, - s - 2,3
1

s(s + H
i )

are obtained.

With the same method used in Case (III), one can get the general

solution for equation (E-l) as follows

i

X = a exp(-X.,/1^) + b exoU.-/!^) +—J^ (E-3).

Now arbitrary constants a and b are determined with the two

boundary conditions above. Boundary condition (1) implies that

s - R.S,
X = a+ b+

S (s+Hl ) <»-*>

Boundary condition (2) implies that

b = (8-51.

S - R.S<

By substituting equations (E-5) and (E-6) into equation (E-3),

- ,_ s - R.3. . , , , s - R.S.
X = (I -i-i

) exp -X
1
/iTRT + , i-i (S-7)s(s+H

1
)

i x sJs+Rj^)

is obtained.

Now the expression for Y is found by the substitution of

equation (E-?) into equation (S-2) as follovrsi

(s+Rl) Y +Mi=^
X.=0
1

= i-J
s - R S.

!+SP<' s( S-,-R
1

)
>



118

R«S,
1 "l'l

The inverse Laplace transform of Y, Y(6.), can be obtained

by using the Table of Inverse Laplace Transformation (11) as

follows!

Y(8
1

) = eocpO-B^)— e::p((l-:i
i )8 1 ) erfcC^)

- S
i
(l - expt-Hj,©^)) Ctt).

3y substituting equation (E-8) into equation (E-7), the

following equation is obtained.

1

sTR
exp(-X 1Vs+H1 )

H
i
5
i

/S+Hj (,/s+H +1)
iTS^T

(E-9).

Also, the inverse form of X, X(9., X,) , can be found as

X(9
i
,\

i
) = exp(-H

1 1
) - e3cp(\

1
+ (l-Bj^&j) erfc(/"e^+--A-)

S
jL
(l - exp(-R

1 1 )) (42).
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APPENDIX P.

DERIVATION 0? THE ANALYTICAL SOLUTION FOR CASE

(11) Bjf USING DIKENSIONLESS GROUP, EQUATION (10. a)



In Case (II), equations (•'+) and (5) are repeated as

•ao n i> c
be

<>z
2

120

(*),

COn
V— = D -^£- n Pa - vko, ( 5 )

.

ox e hz z=0 1 u '*

The initial and boundary conditions are

(1) when t = 0,

e = c
i

and

°1 = C
li'

(2) at z = 0,

CaA for t > 0,

and

(3) at z = L,

*>z . .

3y introducing the dinenslonless group, equation (10. a), into

equations {k) and (5) and the initial and boundary conditions,

the following equations (F-l) and (F-2) can be obtained

^ =^ " H
i
(X + S

1 J (F-^
i

$- + H^Y + 3,) =
j^| x fli

for 8
4
> (F-2)

with new initial and boundary conditions,

(1) when 9 = 0,
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and

Y = 0,

(2) at H =. 0,

Y for G. > 0,

(3) at X m a.

u 4

= o,

where

D a s

"11

'i - c, "11

and

ALP
V

Laplace transforms of the equations (F-l) and (F-2) are

and

d
3X , >« H

1
s

1*-»- (• + «,» + 1 - -Vi =
dX

l

< s + Hl )7 + Mi
s

_
dX,

(P-3)

(P-4).

Also, the transformed houndary conditions are written as

X = 7 for e, >(i) at X - 0,

(ii) at
\j_ = a , ^-o.
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The general solution for equation (F-3) can be obtained by

the same aethod shown in Case (II); that is,

- s - R,S
Y

X =

i°i
8(8 + Rl)

1 + exp(2avs+ji, )

s - R.S

[exp((2a-\
1
)Vs+R

i
) + exp(X

1
vS+!ap]

+ s(s + H.)
*

Accordingly

i

(F-5),

exp ( Za^'s+iit ) - 1

Y =
(s + Rj_ ) Cyi+Rj^ &xp{Za^sVAi_) + 1) + (e::p( 2a,ys+R1 ) - 1)]

R<Sl°i
s(s + r^) (F-6).

Since

exp(2aVs+Rp -1=2 expta./s+R^ sinh(aVs+R
i )

and

exp(2aVi+E^5 + 1=2 exp(a,/s"-i-R
1

) cosh(a,ys+R
1 )

,

equations (?-6) and (F-5) become

Y =
sinh (aVs+SJ) R

i
3
i

and

(s+R1 )[Vs+Ri
eoshCo/s+Ep + sinh(a7sT;^)] s(s + R

l>

_1
S+R

's+Rj^ cosh((c-\
1
),/s+R

1 )

i (s+R
1 )[,/s+:i

1 cosh(ct/s+R7) + sinh(cu/s+H. )]

i
3
i (P-9).

sTs+h^T
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3y the sa^e procedure as that in Appendix (C), the Inverse

Laplace transforms of X{s) and. Xfs,)^), 1(6^ and X(S,, X ), can

be obtained as follows

i

n^) = £ e,p(-H
i
e
i ) - ^ _J_j exp(-(6* + h )*

x )

- 3^1 - exp(-H
i
e
i )) ( ?_9 )

and

::{9
i' x

i' =
its «p<-Vi>

2 2 cos[5 (a-X,)] .

- i -—pr—4" ^(-(6^)9,)
(l+a+a6 ) cos a6 n

- 3^1 - oipJ-H^j)) (P-10)

where 6n satisfies

cot(ad) +1=0 (F-ll)

.
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APPENDI>

Pig. G-l. Computer logic chart to minimize E = E(x),
c < x < d using Golden Section search.

Table. G-l. Computer program for Golden Section search.

Table. G-2. Program symbols and explanation.

Fig. G-2. Determination of K and L by two dimensional
search technique (Box Ke-chod) .

Table. G-3. Computational values of K, L., and E for
Run (8).

°

Table. C—4. Experimental data for Hun (5).

Table. G-5. Experimental data for Run (6).

Table. G-6. Experimental data for Run (8).
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125

Fig. G-l. Computer logic chart to minimize E=EIX),

c^x<d using Golden Section Search.
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Table. G-l. Computer program for Golden Section search.

JJCB SKC,RUM=CHECK, riKE=01,PAGES=20, LINES=47
C

c

C ONE DIMENSIONAL GOLDEN SECTION SEARCH TECHNIQUE
C

C
DIMENSION X(2),V(2)

1U1 F0RPATI5F12.6)
1C6 F0RKATI6H :;IK)=EH.7,M1 XIK)=E14.7, 3H C»E14.7,3H D=F14.7)

107 FORPATI//11H **********, 23X.11H **********, 23X7 nH **********771

103 FQRHATI22H THE WORK- IS COMPLETED!
READ(ltLOl) CD, ERR
WRITEI3.101) CtOt'ERR
XII )=C+0.613034*(D-C>
X(2)=C+D-X( 1)

;•:= i

C

C THE USER MUST PROVIDE THE OBJECTIVE FUNCTION FOR OBTAIN ING

C THE REQUIRED FUNCTION VALUE AT EACH POINT BETWEEN THIS

C COMMENT STATEMENT AND THE FOLLOWING STATEMENT IN WHICH

C E MEANS THE REQUIRED FUNCTION VALUE.
C

C IN THIS CASE THE OBJECTIVE FUNCTION FOR DETERMINING DE IS

C USED AS AN I LLUSTRAT I ON

.

C

C
DIMENSION B ( 21 ),T ( 50J ,CL( 50) ,OE( 2) ,?Zi 2,21 ),?3( 2,21) ,PM2,2l ),YC (2

1,"30),YE(50),Y(2,50)
100 F0RKATI6F12.5)
107 FORMAT (5F14.6)
10 5 FORMAT! 7F10.4)
105 F0RMATI5F14.9)

READ! 1,100) A,P,FL,VV_-
WRITEI3, 100) A,P,FL,VV
REACH, 102) (DtJ), J=l,?0)
WRITE (3, 102) (CU),J=1,20)
REACH, 103) (Tl I ) ,1 = 1,13)
KRITE13.103) (Til), 1=1. 13)

REA0(ltl05) (YE( I ), 1 = 2,13) -_^

WRITE(3,l05) (YEI I) ,1=2,13)
C

C wHEN THIS TECHNIQUE IS USED FOR THE PURPOSE OF DETERMINING

C DE, X(K)=[)E(K).
C

10 DO 5C K=l,2
E=0.
OE(K)=X(K)
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lable. C—It Conputer for Golden Section search (cont d)

.

DO '.5 1 = 1,13
S=0.
Pl=l./<l.+VV/(A*P*FL> )*i00000.*3000C.
on 4C j=i, ?o
P2<K,J)=2.*30000.*£XP(-DE(K)*B(J )*B( J )*T < I )/(FL*FL) 1*100000.
P3(K,J)=( l.+A*FL*P/VV+VV*»tJ»*8l J)/( &*P*FL)

)

P«(k,J)=P2(K,J)/P3(k, j)
S=S+P4(K,J

!

<tO CONTINUE
YCtK, r )=(Pl-S)/( 3C0C0.*10CC00.)
Y(,,, I)=YC(K, I)-YC(K.l)
rFII.EQ.ll GO TO 45
E=E+<Y(K,n~YEUr>*(Y<k,t)-YEHTT

4 5 CONTINUE
W(K»=E
XU)=DE[K)

C

WRITE (3, 106) UK) ,X(K),C,D
GO 70(50,24,25) ,M

50 CONTINUE
21
22

1F(V. ( 1 )-'.'( 2) 122,22,23
C=X(2)
X(2)=X(1)
U ( 2 ) = W ( I

)

XII )=C+C-X(2)
,'1=2

GO TO 10
2'. [Ft APS1D-C f-ERR 126,26,21
25 D = X( 1)

G=X(2)
H=W<2)
XI l)=0+C-G
H = 3

GO JO 10
25 X ( 2 ) = X ( 1 )

H(2)=W(l)
X( 1)=G
W( ll»H
GO TC 24

26 HRITE~(3,r07l
WRITE(3»106) WiK),X(K),C t

KRUE«3,107)
MRITEI3,i05) 1YC(K, I) , 1=1, 13)
WR I IE ( 3 , 107)
HRITEI3, 108)
stop
ENO
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Table. G-2. PBOSHA] SX1 30L3 AND EXPLANATION

Program Explanation Katheraatical
Symbols Symbols

A cross-sectional area, cn s
A

3(J) jth eigenvalues j

C lower limit of the independent
variable

CL(I) concentration of the ith sample c
solution, g-moles/liter or 1

mg/liter

D upper limit of the independent
variable

DE effective pseudo-molecular D
diffusivlty, cm 2/sec P e

SHE prescribed accuracy of the
function value for stopping
the computation

?L corrected thickness of the L
packed bed, cm °

P porosity of the packed bed P

T(I) time at which ith sample was t
taken, sec

VV corrected upper reservoir's V
volume, cm3 °

W(K) kth value of the objective E
function

X(K) kth value of the independent D or
variable Lpe

o

YC(K,I) dimensionless theoretical Y
concentration at T(I) when c

X(K) is used

i"S(I) dimensionless experimental v
concentration of CL(I) e
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Fig.G-2 . Determenation of K a Lo by two dimensional

search technique (Box method).
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It has .tie feedlots is a

pollution in the Midwest where coa-

ling has „ il; . In the runoff ,

t! . ohemica] ox; - ' (COD) is one f the i txa-

tlon of the organic coapon< its which conte Ln i ter,

To ieteraine the transport rate of manure through a porous

saturated by 1 at sr under t' ' tted condition of the

lot, a mathenatical model of the syst n isting of t; 3

soil-manure packed bed saturated by water and this 13
:

.

" solu-

tion on the ' .' established. For this nathe atiCal model,

the . squatlons and the corresponding initial and boundary

conditions were derived for several cases. ?or those cases, the

analytical expressions for the concentrations 'cithir. the packed

bed and in the upper solution were obtained as the function of

time and distance from, the interface of the two layers and as

the function of time respectively.

To a] . ly i experimental set-up of th Leal model

for the . irpose of determine ._ the transport rate of manure as

'

bed, the perin ntal

t-u] ..',.'
.

' calibrated bj the j tents with an

aqus ... . cro . iol tion c
' known iiffusivity. It Was hown

a single corre tion " itor in ter sf th ' pth cor setion '

tisfs j the rfects due 1 3 lal

Sisturl tl ,'
.

.'.'-. ' tion ' ;he fluid.

Ihe \ .

' atal ysl . rlzed as



- - of

-
- - red by its COS ;h

liffusivity ( lo- :
". _ " '

'f . : lure is
'

•j , it ir.ed by forcing the :v '
' to

. .ti itica] " . Ih -
.'

-

'..

'

- '- hni jue

was .. I "oi thij purpose. ?he effective '.:
I

;
jh the

porous bed saturated by water (effective .
•

'. '. ' Ity) of

manure as measured by Its COD was found to b< i tely

5.02x10 cm /sec at the temperature of 2_ri2 °C. This cor

to a molearul&r (pseudo-molecular) diffusivlty of 7,10x10

ca /sec.

Information gen^jcatea in this study is petinent to water

pollution caused by feedlot runoff. Since the effective diffusi-

vity (effective pseudo-diffuslvity) of rough a por

a is small, it can be said that organic ..' t sr ..hich

diffuses from the earth beneath the feedlot to the surface of the

feedlot Joes not probably contribute seriously to the pollution

due to
'

:

- !"ei Hot runoff. It nay be concluded that as far as

COD is concerned, manure suspension in the runoff wati

ly to water pollution. This work can also bo applied to

ly bhe effect of diffusivity of a substance in the process of

fluid flowing through a porous bod such as soil.


