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INTRODUCTION

Many theoretical and experimental investigations have been made
about the stability and vibration characteristics of a circular plate.
Kirchhoff [10] in 1850 and Rayleigh [15] in 1877 considered the
transverée vibration of an unconstrained thin circular disk. The
more practical case of a thin circula? disk clamped at the center
was studied by Southwell [16] in 1921.

Bryan [Zj in 1891 was one of the first to investigate the
stability of circular plates but he and others who followed usually
limited their investigations to constant thickness plates with
clamped or simply supported boundaries and uniformly distributed
compressive or shearing forces [20].

Other studies followed which included the effects of temperature
gradients [4,8,9,13,14], of tensioning [5,6] and of concentrated
in-plane loading [17] on the stability and transverse vibration
characteristics of a thin circular disk. One impprtant practical
application of these studies is in the design of circular saw blades.
However, a saw blade is affected simultaneously by several of the
boundary conditions considered separately and the net effect of
these boundary conditions on the stability and vibration characteristics
of the disk are not linear combinations of the various boundary
conditions. This report considers a combination of boundary conditioms
which more closely approximates the coperating conditions of a

circular saw blade. A constant thickness thin circular disk is



clamped at a‘given radius; the disk is subjected to a concentrated
in-plane radial loading; a radial temperature distribution is
assumed which corresponds to experimentally measured temperature
distributions in circular saw blades. The disk is also assumed

to have been tensioned. A sketch of the disk is shown in Figure 1.
Only the buckling loads were determined but the method of analysis
could be easily extended to include calculation of the vibration

characteristics.

e

Figure 1

Disk clamped at the center with concentrated
in-plane radial loading.



THEORETICAL ANALYSIS

It was assumed that the disk was made from a homogeneous
isotropic linearly elastic material. The effects of rotary inertia
and transverse shearing force were neglected and small deflections
were assumed. These small deflections were also assumed to produce
only higher order changes in the internal stress distributions.

With these assumptions the potential energy of the disk becomes [18,19]

- 2 J vz 209 Y ”(-1-3—“ g-g?;) - A B2y aa
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The lateral deflection of the plate is W = W(r,0) and T.» Ogs and

Trg are the radial, hoop, and shear stresses acting in the plane

of the plate, respectively. The stresses depend upon the temperature

gradient, method of tensioning, and the in-plane loading. However,

assuming that all quantities are fixed except for the in-plane

load, the potential energy of the disk becomes a function of the

loading and the lateral deflection. The loading which results in

minimum potential energy of the disk is the desired buckling load [22].
The stress distribution in the disk is the sum of the stress

distributions due to in-plane loading, to temperature gradients, and

to tensioning plus any residual stresses resulting from the manufac-

turing process. These residual stresses were assumed to be zero.
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To find the stress distribution due to in-plane loading a
stress function in polar coordinates was assumed. If ¢ 1is a
stress function, then V%¢ must equal zero in order to satisfy the

compatability equations. The resulting stresses would be

_13s,1 22
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The most general solution for a funection in polar coordinates which
satisfies the relationship V%¢ = 0 is
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In order to be able to solve for the constants in the stress
function the boundary conditions need to be given. The stress
distribution at the edge of the disk is found by first considering
the Fourier series expansion of a uniformly distributed loading
over an arc of length 2e¢ and intensity such that.the total load

is P. Then letting e+ 0 the resulting circumferential stress



distribution due to the concentrated in-plane load becomes

ag
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if 8 is measured from the radius along which the loading acts.

Alsoc at the outer edge the shear stress is zero,

If U(r,8) is the radial displacement function and V(r,8) is the

Tre(R,B) =

tangential displacement function and the disk is clamped at a

radius R, then U(Rb,e) = V(Rb,e) =

Using these boundary

conditions the constants in the stress function can be found

(See Appendix A for details).
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The resulting stress distribution is
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and for k> 1
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A common industrial practice is to tension saw blades in order
to increase their stiffness. The tensioning process itself is not
well understood but it does involve plastic deformation of the disk
material at various locations. The stress distribution resulting
from tensioning is highly dependent upon how the tensioning is done,
the location of the plastic deformation and how much the material is
plastically deformed. However, the stress distribution resulting
from one particular tensioning process was measured experimentally

and can be closely approximated by [12]

_2 1
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This particular stress distribution was assumed for use in later
calculations although other stress distributions would be equally
applicable if the method of tensioning was changed. Two boundary

conditions are ¢ orlr=R = 0 since the inner and outer

r]r=R:

edges of the disk are free. The third boundary condition is

c | = -p where R is the radius at which tensioning is done and
r r=R, c

p is related to the amount of plastic deformation at the radius Rb'

These boundary conditions are sufficient to solve for the constants

in equation (10).

- 52 w2 3 _ o = on R2/(R2 - R2
@, = B2 B2 p/(RZ - B) _ ®,, = -p RZ/(R2 - R?)
. (11)
= n2 2 2 _ nl - 2 2 _ p2
?p = RR pi(Rc R%) 5 1;.116/(1{c R%)
Temperature gradients within the circular disk also have an
effect upon the stability of the disk due to the stresses induced
by the temperature gradients. Assuming that temperature is a
function of r alone, the radial and hoop stresses due to temperature
for a constant thickness thin circular disk become [20]
R2 T
r?- :
o = r T(r) dr - r T(r) dr ] (12)
r r [R- R I IR
R, a
o it B ] (r) d i (r) dr ] (13)
Ug = . [Egm-—g o r T(r) dr - 2 r T(r) dr
a a
Since temperature is a function of r only; t_ = 0. For circular

e

saws a temperature distribution which is a function of r alone is
quite reasonable since the speed of the saw is so much greater than
the rate of heat conductivity. The actual temperature distribution

is a function of rotation speed, thermal conductivity, cooling fluid



properties, and saw surface conditions but a2 convenient approximation
to commonly encountered temperature distributions measured experi-

" mentally is

T&)=T+Tﬁqul+%QMﬁ2 (14)

0

With the temperature distribution given by equation (14) the radial

and hoop stresses become

Q
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Now that the stresses have been specified it is necessary to find W(r,8).
The lateral deflection of the disk is assumed to be represented

by the series

W(r,0) EnZo 1§o Cpg Wop (€50 an

where wni(r,e) = R_;(r) cos no (18)
and

Rni(r) = Jn(knir) + Bnifn(knir) + CniIn(knir) + DniKn(knir) (19)

The Jn(x), Yn(x), In(x), and Kn(x) are the Bessel functions of the
first and second kind, standard and modified. This particular

series representation was chosen because the wni's satisfy the



geometric boundary conditions of the disk,

I
o

w (R ,0) = “i | (20)

r=Rb i
and the natural boundary conditions for the free boundary except for
the point where the load is applied. The geometric boundary conditions
must be satisfied by each term in the series representation if the
Rayleigh-Ritz energy method is to be used.

The values of the.khi's, Bni's, Cni's, and Dni's for various
clamping ratios, Rb/R, are given by St. Cyr [17]. These values can

also be calculated by solving the following equations simultaneously.

n{n-1) 1

e [ J (kR) - (1-v){=755= Zgz Tp(kR) + o2 J 41 &R 1]
n{n-1 1
+8 [ Y, (kR) - (1-v){ " Y (kR) + = Y 1 &R1]
o LT GR) + A EF T R - = Ty, GR)]
(a-1) 1 .
-6 [ R (kR) + (1-v) (25555 K (KR) + = K (kR)}] = 0
(21)
o [ nJ(kR) - kR J_,; (kR) + %ﬂ- {(@-DJ_(kB) - kR J_,; (kR)}]
6 [ oy (B) - kR Y, (R + 22282 10 13y (km) - kR Y, (KB)}]
n ntl kZR2 n +1

o 2
~ [ nI_(kR) + kR I_,;(kR) - %%%—- {@-1I_(R) + kR I, (kB)}]

(1-v)n2

-6 [ nK (kR) - kR K_; (kR) - <=2

{(n-l)Kn(kR) - kR Kn+1(kR)}] -

o Jn(kRD) +8B Yn(ka) +y I (kR) + 6 Kn(ka) =0
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n ¥ n
(21)

+ v I(kR,b)+I 1(ka)] + § {—K(kR)-K+1(ka)]=0

'ixp kRy
Since the system of equations is homogeneous the determinant of the
coefficient matrix must be zero. From this condition the (kR) values
can be determined. For any n, which corresponds to the number of
nodal diameters, an infinite number of values of (kR) satisfy the
requirement that the determinant of the coefficient matrix be zero
due to the periodicity of the Bessel functions. The smallest (kR)
value for a given n corresponds to the case of zero nodal circles.
The next larger value corresponds to one nodal circle, etec. Let
i be the number of nodal circles for the clamped disk subject to
free vibration and kni be the k value for a given n and i. If the
coefficient matrix has a determinant equal to zero, there are an
infinite number of solutions for o, B, vy, and 6. Therefore @ is
set equal to 1. Then unique values for B, vy, and 6 exist and
B i= B, Cni= Y, and Dni=5 for a given n and 1.
The linear equations result from the substitution of

W(r,8) = [ a Jn(kr) + B Yn(kr) + v In(kr) + 68 Kn(kr)] cos nb (22)

which satisfies the differential equation of transverse displacement

into the boundary conditions

020, L AW [ 13%
r2 r ar r:ae2
=R
2 2 - 2
3_.[_3W+l.3£ +123%W; , (-v) 37 @AW _Wy . (23)
3r ar? r or r23e2 r2 362 ar T
W(R,9)=EJ-=0 } r="R
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The potential energy of the disk as given by equation (1),
upon substitution of the deflection relations as given by equation (17),
becomes a function of the cnifs and P, assuming the temperature
distribution is given as well as the tensioning method. The
orthogonality relationships of the whi's as given by St. Cyr [17]
are used to simplify the resulting potential energy equation.
Necessary and sufficient conditions for the potential energy to have

an extreme value are

aV ;
—_—=0 n,i = 0,1,2,3,... (24)
3Cny ’

The following set of linear homogeneous equations for the

c .'s and P results.
ni

4 PR v ¥ _
c g (kyR* S, + _DmL} j£[) "ijni,mj =0 (25)
where
s, = R—é [ w2 (r,0) aa (26)

A

04 Qi ,mi = Ug,nt

Rh dwmi dwni 1 dwpy 1 3wni
=P_IAE ¢ T3r ar 9o 300 & 30 )

2n

1 9w oW, 1 9w
+ T (Efgj_ Z Zni  Tnd - iy ] o4a
™8 " 3r r 3@ 3r T 230

An approximation to the deflection is obtained by terminating the
infinite series expansion of W(r,8) at n=N and i=I. Since the
stresses are functions of P, r, and 8, it is advantageous to break
the stresses up into two parts, one part a function of r and 8

only and a second part which is a multiple of P and a function of r
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and 8. Say ‘o = P o' + ¢" where ¢' and ¢" are functions of

r and 9 only., Similarly break Q - up into two parts,
!
] n
in,mj ni,mj + Qni,mj (28)
Equation (25) becomes
i PR ! . PR
L}
®ni *ng®) TR Z .Z cmJQni,mj 20 jzo chin,mJ (28)
Letting
V(n*N+i+l) = L
% i * i = 4
SM(n#N+i+1,n*N+i+1) (kniR) Sn1
SM = diagonal matrix (30)
QMnANHLHL AN+ = Q) s
QTP (n*N+i+1 ,m*N+3j+1) = PR Qni mJ/D
equation (29) can be written in matrix form as
[sM][v] + ER [QH] [v] + [QTP][V] = [0]
or
-1 )
- [QM] T[sM + QTP][V] = — [V] : (31

This is recognized as an eigenvalue problem with PR/D as an
eigenvalue and [V] as an eigenvector. The smallest eigenvalue is
the first buckling load and the corresponding eigenvector gives
the coefficients in the series expansion of the deflection for the

shape of the disk under this buckling load.



NUMERICAL CALCULATIONS

In order to find the lowest eigenvalue of the matrix equation
given by equation (31) it is first necessary to calculate the
elements of the SM, QM, and QTP matrices. The diagonal elements of
the SM matrix are simply the Sni's given by equation (26) multiplied

by (kniR}é. Substitution of equation (18) into equation (26) gives

for n#0 fzt cos?ng do = 7

for n=0 fg" cos?n® d8 =2n

Therefore SOi = ig-[R R%i(r) r dr

and Sni = Eg-f§£ Rii(r) r dr with n#0

The remaining integration necessary in the calculation of Sni

was done numerically using Romberg Integration. It should be

noted that the values of Sni depend only upon Rb and R. Therefore,
for a fixed Rb and R, the Sni values are constant no matter what

the temperature gradient, loading, and tensioning stresses might be.

To calculate the elements of the QM matrix, equation (27)

is used with the substitution of Po' for o. Thus

13

(32)

(33)

(34)

(35)

(36)
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it st Q;j,ni

W, s OW, Pol Swp,+ OWni
= po' omj 2¥ni o Z76 “Tmj “Tni
f [ Bo, ar or r2 39 238
37
Ptre awmj 3"’111 awmj own{
(=538 *t 30 ar 2194
Letting
k—2 k k-2 -k
£ (k,r) = r 2 (O 4+ a3 (L + a* (&
(ko1 = [ g & DT Tty Oty @ e (38)
£Gen) = (b OF 242 OF 452 2 +pt & (39)
- 1 k-2 2 3 k-2 _ 4 (Iy7K
f3(k,r)—[ck(R} +Ck() +C () ck(i) ] (40)
the functions o¢', ¢!, and t'_, can be written
r 0 re
o‘{_ = —;hkL]fl(k ,r) cos k@ (41)
v _ =1
r;e= 'thzgf (k,r) sin k6 (43)
Therefore, using polar coordinates,
R,-Pr 8Ryj 9Rpy 27
i f.(k, 3] 0 ko de
Qni,mj — IRb_.Eﬁ.T___a_ikZo 1( ) IO cos nf cos md cos
=Pmn 2
e R (r) R (r) Z f (k,r) f sin nO sin mB cos kO d6
k=0 0
(44)

nP 3
+...___R_EiR (r)z f(k r)f sin n6é cos m6 sin k& dO
aRh 3dr k=0_

mP agni 2w
+ — ——R__ (x) Z £,(k,x) ] cos n® sin md sin ko do] dr
mRh 3t miT g
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But
- 1 ; sin 0(k+m+n) . sin 6(k+m-n)
ko do = = +
Io cos nh cos mb cos kB db Z [ ) A e—
(45)
sin 6(k-m+n) " sin 68(k-m-n) ]3=2ﬂ
k=(m-n) k- (m+n) 6=0
=2y ifk=m=n=20
. ifk=|m-n| #0
=7 ifk=|m-n|/ =0,m#0
= %. ifk=m+n,m#0+#n
= 0 otherwise
Therefore, for any fixed m and n, there are at most two k values,
say Kl1 and KlZ’ for which the integral of equation (45) is not
equal to zero.
Also
f2ﬂsin nd sin mé cos k& dB = é-[ sin 6 (k+m-n) + 8in 8 (k-mtn)
0 4 k+(m-n) k-(m-n)
(46)
_ sin 6(k+m+n) _ sin 68(k-m-n) 16=2r
K+ (m+n) k-(m+n) 6=0
=T ifk=|m-n|l=0,m#0
= %— ifk=|m-n| #0
= %- ifk=m+n,m#0,n#0
=0 otherwise

For any fixed m and n, there

are at most two k values, say K21

and K22, for which the integral of equation (46) is not equal to

ZeTro.
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And
IZI o si § sin ki g8 = l’[ sin 8 (k+m-n) & sin #(k-m-n)
: cos m nnd s =3 Pre )
(47)
sin 8(k+mtn) _ sin 6(k-min) ]B=2w
k+{(m+n) k-(m-n) 6=0

=q ifk=n#0,m=0

=- %.if k=|m~n|l#0,n#0, wn
= g. ifk=|m~n|l #0, m# 0, n>n
= %. if-k =m+n,m# 0, n#0

= 0 otherwise

For any fixed m and n, there are at most two k walues, say K31

and K32, for which the integral of equation (47) is not equal to

zero.
Also
2 1 . sin 8{k+n-m) siﬁ B(kun-m)
3 1 = — +
IO sin k6 sin m6 cos nb dé 4 [ (n-m) C )

sin 8(k+n+m) _ sin 8(k-n+m) ]B=Zn

k+(n+m) k-(n-m) 8=0
=% ifk=m# 0O, n=20
=-%ifk=|m-nl’#0,n#0snm

if k |m-nl#0,n¥0,mn

2
2

= %- ifk=m+n,m#¥0,n#0
0

otherwise
Therefore, for any fixed m and n, there are at most two values of k,

say K4 and K for which the integral of equation (48) is not

1 42°
equal to zero. Using the results of equations (45), (46), (47),

and (48), each infinite sum reduces to the sum of at most two terms.
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Thus Q;i nj can be found by numerically integrating equation (44)

b

with respect to r. It should be noted that P, an unknown value,
conveniently cancells out of the equation for Qn i,m4"

For the calculation of P Q]‘;i , equation (27) gives
]

P " = P "
Qn‘i. sMj Qmj ,ni

= Rh f [ o" __ml._JmL 98 3¥pj 3wpg
ar or r2 38 38

(49)
+ :E ( Y 8Wpj +awm] awm )1 da
r ar 38 96 ar
Now c; is the sum of the radial stress due to temperature gradients
and tensioning and is a function of r. And c; is the sum of the
hoop stress due to temperature gradients and tensioning and is a
function of r. For the temperature distribution and method of
tensioning considered T:L"ﬂ = 0. Thus
PQ; —Rhf [rc"_Rn.!.._RmJ.f cos m@ cos nf df
i,mj r 3r
(50)
it A |
a . .
+ Rni(r) ij(r) fo sin m® sin nd® d6 ] dr
But
2w
f cos mf cos nb d6 = 2m ifm=n=20
0
=T ifm=n#%¥0 (51)
=0 otherwise
2w
and [ sinmé sinne do = ifm=n#0
0 (52)

=0 otherwise



The equation for P Q; , equation (50), can now be integrated
i,mj
numerically with respect to r using the results of equations (51)

and (52).

18



RESULTS AND CONCLUSIONS

Although the buckling load calculated in an upper bound to
the true value due to the stiffening of the eigenvalue problem
by termination of the infinite series expansion of W(r,8) at
finite values, the number of terms considered, N= 4 and I = 4,
should make the difference between these values insignificant.
Also, increasing N from 4 to 5 and I from 4 to 5 results in a
2.5 fold increase in the number of calculations required. The
decrease in accuracy of the matrix calculations resulting from
increasing N and I could also eliminate any increased accuracy
in the approximation for W(r,8) umless all elements of the
matrices were calculated more accurately. Due to the numerous
calculations involved in determining each element, the time
involved for the calculation of each element would be increased
significantly if more accuracy were required. For N =4 and I = 4,
calculation of the QM matrix alone required approximately 25
minutes on an IBM 360/50.

As a check upon the accuracy of the computer program (see
Appendix B) used to calculate the elements of the SM, @M, and QTP
matrices, two special cases were first considered. These cases
were for a clamped circular disk with clazmping ratio 0.1 and 0.3
and with no tensioning nor temperature gradients. These cases are
identical to ones considered by St. Cyr [17]. The results calculated
agree exactly for a clamping ratio of 0.1 and agree to within 1.4Z

for a 0.3 clamping ratio with those given by St. Cyr.
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Due to time limitations the temperature gradient was neglected
in all calculations although its effect upon intermal stresses in
the disk could easily be included in the computer program (see
subprograms STRESR and STRHOP in Appendix B).

Four cases of tensioning were considered: two tensioning
radii with two amounts of tensioning applied at each radius. From
Table 1 it can be seen that tensioning at the smaller radius
decreased the buckling load but by a rather small percent, 0.1%
for p = 150 and 1.0% for p = 500. However, for tensioning at the
larger radius the buckling load was increased by 6.8% for p = 150
and decreased by 29.6% for p = 500. From these results it is
obvious that there is a p between zero and 500 such that the
buckling load will be maximized if tensioning is done at the larger
radius, Also, if the lesser amount of tensioning is used, there
is a radius at which the tensioning should be applied in order to

maximize the buckling load. The buckling load is seen to depend

Ry /R PR/D p (p.s.i.) R_/R
0.3 5.415 0 T —--
0l 3.365 0 -—
0.1 3.360 150 0.275
0.1 3.593 150 0.825
0.1 3.329 500 0.275
0.1 2.367 500 0.825

Table 1: Buckling loads of a clamped circular
disk for several cases of tensioning.
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upon both the amount of tensioning and its location. The deter-
mination of the proper combination of amount of tensioning and
tensioning radius needed to maximize the buckling load will require
further calculationms.

It is hoped that the calculation of buckling loads for disks
with different clamping ratios, different amounts of tensioning,
different tensioning radii and temperature gradients can be
accomplished in the near future with the purpose of finding methods
of controlling the buckling load of a thin clamped circular disk.

A method of predicting buckling loads and finding methods of
maximizing buckling loads for circular disks with tensioning and
temperature gradients should be quité useful in the design and

manufacture of circular saw blades.
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APPENDIX A

Calculation of stresses due to in-plane loading.

From equations (2) and (5) the radial stress can be calculated.

2
o -Ll2 1 3%
r r or r? 2g2
= -2 ' i
a, r + 2b0 + CO + 2d06 + 2c0 In(r) + ZbOB In(r) + boa
+ c(')er_2 + fler"lcos 8 + fier_lsin 8 - Zf:'Lr—1 In(r) sin 8
r"1 ~1 _ 1.3 1,71
+ 2flr In(r) cos 8 + [ ar + 2blr 2alr + blr ] cos 8
g _ T T3 7.1 .
+ [ T + Zdlr 2clr + dlr ] sin © (1A)

+ Z [n(l-u)a Sl 2+(u+2-n2)b r -n(l+n)a' _n-2+(2—n—u2)b;r-n]cos no
n=2 _

+ z [n(l*n)c 224 (n+2 nz)d r —n(l+n)c T n—2+(2-n—n2)d' '“]sin nd
n=2

Since L is an even function due to symmetry about the point of

application of the in-plane load, then s d

- c;, and dé are all

equal to zero for n = 1,2,3,.... Since o, is a single-valued
function of 8, then

d0 b0 o fl fl 0.
Omitting terms which have already been shown to be equal to zero,

ca becomes

Q - e
Ue 2 ar + Zbo + 3c + 2c0 In(x)

+ [ 6bir + 2air-3 + bir"l ] cos @ (24)

+ Z [n(n-l)a, n-2+ (n+2)(n+1)bnrn+ n(n+l)a;r-n-2

+(n-2) (a-1)b'r ®]cos 8
n
n=2
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and .
2
L oLl 3 1 3%
r® 2 38 r 3rae
o ar.=2 - 1 =3 v -1
= aor + 2blr 2a1r + blr ] sin 6 (3A)

+ I [n(n-1)a rn_2+ n(n+l)b - n(n+l)a'r_n-2 - n(n-1)b'r *] sin nb
n=2 n n n n

Since Trg = 0 at r = R, then a, = 0. The radial displacement, U(r,8),

can be found by simply integrating the well known relationship

between stress, strain, and displacement,

i U _ -
E €. E.EF o, -V, (44)
to obtain
E U(r,8) = -(1+v)aor‘1 + 2(1—u)b0r + (l—3v)c0r + 2(1-v)(r 1n(r) - r)co
+ [ 1n(x) a, + (l-3v)blr2 + (l+v)air_2 + (1-v) In(r) bil cos @
® (54)
+ 7 [-n@+ya 7L+ (2-2v-n-nv)bnrn+l + n(l+v)a'r ol
n=2 o
y —n+1
+ (2-2v+n+nv)bnr ] cos n8 + Fl(a)
'Similarly the tangential displacement V(r,6) can be found by
integrating the relationship between stress, strain, and displacement,
E EE'= E -EU-= - EU {6A
58 T e,y =r GB rv or - )
to obtain
B V(r,8) = 4réc, + [ -(v+ In(r))a; + (5+v)b1r2 + (l+v)air—2
+ (1-v)(1 - 1n(r))bi ] sin ©
(7A)

+ z [n{1+v)a rn—l + (n+nu+4)bnrn+l
5 :

+ n(l+-u)a'r'n'l +
n
n=2
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-n+1

(n-4+nv)bér ] sin n8 - f Fl(e) ds + Fz(r)

Since E V(r,0) is a single valued function of 8, then e = 0.

And from the relationship

E 9U av EV
E = 2(1+v =S e Bl e e
Yre () Tre ~r 38 ar T (84)

the equation

Nt J _ dF (9)
2(1+)b) + (1-v)a; + 2{1-¥)b; = [ F(8) do + —l—+

(94)
£ | dFo(r) _ Fo(r) ]
dr T
is obtained by substituting the results of equations (34), (54),
and (7A) into equation (BA). Equation (94A) must hold for every
value of § and r. Therefore
sz(r) _ Fz(r) =0 (104)
dr T
The solution of equation (10A) is
Fy(x) = H ¢ (114)
The combination of equation (10A) and (9A) results in
f Fl(e) de + EELgEl = 2(1+v)bi + (l—v)al + 2(1-v)bi (124)
The solution of equation (124) is
Fl(e) =K cos 8 + L sin 6+ [ (l—v)allz + Zbi ] 8 sin 6-
‘ - 3 (13A)

[ Zbi + (1-v)a1i2 ] cos O
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Since U(r,08) is a single-valued function of 8, then

(l-v)aI/Z + Zbi =0 (144)

Since U{r,0) is an even function due to symmetry about the point
of application of the in-plame load, L = 0. Substitution of

equation (13A) into equation- (7A) gives
E V(r,8) = [ ~(v+ ln(r)‘)al + (S-Fv}blrz + (l-i-v)air-z +

(1-v)(1- In(e)b] I sin 8 + [ [ a(l+la ™+
n=2 (154)

(n-!-nv+4)bnrn+ 1+ n(l-l-v)ar'lr—n-l + (n-é-inv)b;rﬁll sin n®
-Ksiné+Hr

Since V(Rb,ﬂ) =0 and H Eb is independent of the other terms in
equation (154), them H = 0. The resulting equations for o r? GB'

T g E U{(r,8) and E V(r,8) then become
= -2 ~I - v -3 v ~1
o= aar + Zbo + [alr + Zhlr Zalr + blr ] cos 8
= (164)
e E [n{1-n) anrn'z + (n—l—Z-nz)b 2 - n(otl)a’ r—n—Z - (n-2+u2)b'r_n]cos n
=2 n n n

og= —aor—z + 2by + [ 6bgr + Zair_3 -!-bir-l ] cos
(174)
+¥ [2@a-Da r %+(@+2) (@+Db_Pm(etl)a’t 2 2+(@-2) (n-1)b"'r ] cos n6
nlz n n n n
.= [ 22; r - 22l + pirt ] sin-98——
) 1 3 1
(18a)

+Z [nf{n-1) anrn—zﬂ(n-*'l)bnrn-n(n-l-l)a;r*n"z-n(n-l)b;rhn 1 sin no
n=2
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E U(z,08)= —(l'-l-\:)aor_l +2(1~v)byr + [ K + a) In(r) + (1-3v)b, 2
+ (v)alr 2 + (1~v) In(r) b} 1 cos @
+ § [ -a@+)a ™1+ (2-2v-n-ovdb 1 © (198)
n=2 n
+ n(1+'u)a"1r'n'1 + (2—2v+n+nu)b;r_n+1] cos nb
E V(r,0)= [ K - (v 1a(n))a, + (5+)byr” + (1+)alr 2 +
(1-v) (1~ In()b) Isin e + [ [nCh)a P+ (204)
n=2
(n:i-n\-)+4)bnrn+1 + n(lﬂ)a;r_n*l + (nmv—&)b;r_n-'-l] sin no
From the boundary conditioms
21 , v ,
o = 2 [+ ] cosné] (214)
r|1‘.‘=R TRh 2 n=1
T rel =0 (224)
r=R
U(Rb,e) =0 (234)
V(Rb,e) =0 (244)
and the fact that sin mé is not a linear combination of sin nf's
for n # m, the following sets of simultaneous linear equations
result. The variable r has been normalized so that R = 1.
Forn =0
P =A-4s +
0

= -(1+u)a0,,+.2(l—\l)hu__ :
Therefore

ay = 22/(2(y+p?)) by = Ay/ (4 (y+p2) (264)



where
Forn=1
_-_P = A
wRh
0
0
0
0]
Therefore
al = A

a] = A2 (1-v) (y-8p2)/(8(1+8p"))

D=Rb/R and ¥y

= - 1 '
a; + Zbl 2a1 + bl

= - ] { ]
2b1 Zal + bl

=K + In(pla; + (1—3v)pzbl + (l+v)p_zai + (1-v) ln(o)bi

==K -(v+ ln(o))al+(5+u)p2b1+(1+v)p'2a'1+(l-v) (1- ln(p))b_,'L

- - r
= (1 v)al + 4b1

b, = A(1-v) (yp2+1)/(8(Bp"*+1))

bl = -A(1-v)/4

where p=R/R Yy = (1+v)/(1-v)

For n>1
n(l-n)

n(n-1)

—n(lﬂ)pn'l

n(l+v)pn—1

-(n+l) (n-2)

n(n+l)

(2-2v-n-nv)pPtl (1) p-n—l (2-2v+n+nv)p”

(ntav+4 )pn+l n(l+v)p 0=l niav-4 7 e

(1+v) / (1-v)

B = (3-v)/(1+v)

-(n-1) (n+2) a

-n(n-1) b

n+l

This set of linear equations can most easily be solved using

Kramer's Rule to get

ra
-A[nBp ™2™ + (n2-1+82) - n(n-1)]

n 7 2n(n-1) [B(p™p~)2 + (n2-1) (p-p~1)2 + (Bp-p~1)2 ]

AlBo~%" + (n+l) - np~2]

Pn T D B e MZ ¥ (2-D -DZ F Gop-D7Z ]

1 B!
n
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(274)

(144)

(284)

(304)
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vt -Al(n2-1482)p2 - n(n+l) - ngp®]
®n = Zn(nrD) Bt M2 + @Z-1) (p-p DZ + Bo-p DZ ]

(304)
B! = ~Alnp=2 + 8p?® - (a-1)]

2(n-1) [B(e™Mp™2)2 + (n2-1) (p-p~1)2 + (Bp-p~1)2 ]

where A = -P/(wBh) , Yy = (I+)/ (1), B = (3-v)/(1+), p =RbIR.
After substitution of eﬁuations (264A), (28a), and (30A) into

equations (16A), (17A), and (18A), then equation (31A) results

o P 1rk—2. 2,k 3,1,-k-2 s
r TR k—EQ [ ak(ﬁ) + ak(*i) + ak(i-) + ak(-ﬁ) ] cos k8

o R 15k-2 | 2.nk | p3,5yk-2 41k ,
By kzo [bp@ " +B2E@" + i) +bM(2) 1 cos ke (314)
=—PG 1£k-2 2£k 3£‘k-2 ql—k
M Zl [ @57+ GO + g™ + (D™ 1 sin ke
where
1 o okl e 2 2
2, bo p%/(2(y+p*2))
a3 = %= v/ (2(y+p2)) _
3 4 3 [N (3Z4)
a3 = 8,=by =Py =0
.l o 1 - .1 =
al 1 b1 cl 0
aZ = b2/3 = c2 = (1-v)(1+yp2)/ (4(1+8p™))
1°°1 1 _
aj = b} = c = p2(1-v) (v-8p?)/ (4(1+8p*))
L _ L _ 8 _
a; = bl = cl = -(1-v)/4&
and for k>l
ﬁ=~%=-§=[kh*k+mhnﬁm2—ubn]mk (344)

k (1c42) a=-k (k-2) b=~ (k2-4) c2=-k (k?-4) Bo 2K +k + 1 -kp'zlldk (354)



ad = b} = c = [ (2-1482)02 - k(ktl) - kB0 14
k(k-Z)a:=-k(k+2)b;=Ckz—4) Q;=k(k2—4} ko2 + s-ka - G-/,
d =20 8 ™2 + (Z-Ds"H2 + (@s"H? ]

These recursion formulas agree with those given by St. Cyr [17]
with certain exceptions. The numerator of the formula for ai,

b%:, and c_i should be as given in eqUation (354). With the

numerator in the formula for aﬁ, bi, and :i as given by St. Cyr,
a.% would be non~zero which it certainly isn't as showm by
equation (35A). Any attempt to calculate h% and for % using

St. Cyr's recursion formula would necessitate division by zero--

yet 'b‘zq and c% are both obviously finite. The formula for dk is

also slightly different from the one given by St. Cyr. As a

(36A)

(374)

(384)

check on the validity of the recursion formulas given by equation (304),

the calculated ak"s, bk"s, aé's and b''s were subhstituted back into

k
the boundary conditions given by equatioms (214), (22A), (23aA),

and (24A). All boundary conditions were satisfied 10.000002 for

-h=landkaslargeas].0.



APPENDIX B

Although this listing of the computer program used for the
calculations described in this report is not essential to the report
it is hoped that it would be helpful to anyone wishing to investigate
a particular set of boundary conditions. Documentation of the
program is hopefully sufficient to facilitate the understanding
of the program logic so that the program can be easily used or
modified to include otﬁér conditions or modified to meet the
requirements of a particular computer installation. The subroutines
BESJ, BESI, BESK, and BESY simply return the values of Jn(z),

In(z), Kn(z), and Yn(z), respectively. Subroutine QATR is simply

the single-precision version of DQATR which is given.
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