
Inferencing with sparse spatio-temporal data in biological systems

by

Aabila Tharzeen

B. Tech., University of Kerala, 2016

M. Tech., Indian Institute of Technology (IIT) Gandhinagar, 2021

AN ABSTRACT OF A DISSERTATION

submitted in partial fulfillment of the
requirements for the degree

DOCTOR OF PHILOSOPHY

Mike Wiegers Department of Electrical and Computer Engineering
Carl R. Ice College of Engineering

KANSAS STATE UNIVERSITY
Manhattan, Kansas

2025



Abstract

Spatio-temporal data analysis plays a crucial role in many scientific domains, including

biological systems, earth sciences, autonomous vehicles, and many others, providing critical

insights into how spatially coherent entities evolve over time. Particularly in biological sys-

tems, accurately understanding the underlying cause-effect relationships requires systematic

exploitation of both spatial and temporal variations. One of the major challenges in bio-

logical systems is that available data can be limited due to high experimental costs, ethical

considerations, or logistical constraints and can hinder accurate modeling of the underlying

complex spatio-temporal phenomena. Classical statistical approaches, while interpretable,

frequently struggle to model complex nonlinear dependencies, whereas purely data-driven

machine learning (ML) methods risk overfitting and poor generalization when dealing with

limited data. Thus, addressing challenges associated with sparse spatio-temporal data is

crucial to reliably inferring meaningful insights from biological systems. This dissertation

addresses challenges associated with sparse spatio-temporal inference by systematically in-

tegrating uncertainty quantification (UQ) into ML frameworks specifically tailored for bio-

logical systems.

Missing data is often handled by imputation based on available observations. However,

the missingness itself can contain critical information. The imputation can introduce bias

and information loss, while failing to effecttively capture the underlying spatio-temporal

relationships. To address this “ imputation dilemma,” this dissertation proposes and theo-

retically analyzes a novel Informative Missing Indicator Method (IMIM) specifically designed

for neural networks. IMIM helps decide when imputation should occur without introduc-

ing bias or loss of information in the data. Furthermore, a graph neural network combined

with a recurrent neural network-based spatio-temporal imputation framework is developed

to systematically capture spatio-temporal relationships, significantly enhancing predictive



capabilities in downstream tasks by effectively increasing the amount of informative data

available. Additionally, learning ML models from limited data can also be challenging due

to the high risk of overfitting and poor generalizability. To mitigate these issues, this disser-

tation introduces innovative methods to integrate prior knowledge that represents high-level

abstractions of natural phenomena into ML frameworks either as observational bias or learn-

ing bias. This ensures that model predictions conform to known scientific principles. The

framework also facilitates inference of uncertain parameters not directly observable from

data using the uncertainty quantified on the model predictions.

In safety-critical biological applications, confidence in predictions is as crucial as pre-

diction accuracy itself. Therefore, recognizing the critical importance of uncertainty quan-

tification, this dissertation presents a generic, task-agnostic UQ framework utilizing neural

stochastic differential equations (Neural SDEs). This framework analytically captures epis-

temic uncertainty in both traditional neural networks and graph neural networks, thereby

enhancing model reliability and interoperability. Additionally, this dissertation proposes an

uncertainty-guided active learning framework that analytically propagates spatio-temporal

measurement uncertainty to strategically select the most informative samples. This approach

effectively reduces overall prediction uncertainty, optimizing resource usage and improving

predictive accuracy.

The methods developed in this dissertation are highly beneficial for healthcare and other

data-scarce, safety-critical biological applications where reliability, accuracy, and informed

decision-making are essential.
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Chapter 1

Introduction

Spatio-temporal processes are fundamental to many scientific fields, including biology, so-

cial network traffic forecasting, and earth science [1]. Central to these processes is spatio-

temporal data, which captures information distributed across both spatial dimensions (lo-

cation) and temporal dimensions (time). Given that understanding causality is considered

the “holy grail” of science, answering cause-effect relationships (“why” and “how”) requires

“when” and “where” the data were collected [2]. This necessitates the analysis of spatio-

temporal data, as interactions across space and time are often critical to explaining system

behavior. For instance, the behavior at a spatial location at one time point can influence

nearby locations at subsequent times. Thus, analyzing spatial snapshots or time-series pro-

files in isolation may not be appropriate; by integrating both dimensions can we uncover

how and why spatially coherent entities evolve over time.

Several statistical approaches have been proposed to handle spatio-temporal data. Krig-

ing models are widely used in spatio-temporal geostatistics to make predictions [3]. The

interpolated values are estimated using an optimal linear weighted combination of neighbors.

The optimal weights are obtained by considering and modeling a spatio-temporal covariance

function, which describes the covariance structure present in the random field that is ex-

pected to generate the data [4]. However, when the time is taken into account, the number

of observations multiplies and the underlying mathematical mechanism necessitates the in-
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version of a square matrix whose size is determined by the number of observations. Thus,

kriging may become infeasible [2]. Although assuming separability in the spatio-temporal

covariance function can partially address this issue, traditional statistical approaches may

still fall short in adequately characterizing complex, nonlinear spatio-temporal dependencies

[4].

Recent advances in machine learning (ML) have revolutionized fields such as healthcare,

computer vision, and autonomous systems. Their capability as universal function approxi-

mators, i.e., the ability to approximate complex non-linear functions, has shown remarkable

success. Their popularity stems from their high statistical power in recognizing patterns

in larger datasets [5]. While large datasets are becoming more common in some domains,

traditional hypothesis-driven research in fields such as genomics, neuroimaging, and cancer

treatment often has to rely on small sample sizes. This is because, in such applications,

the associated costs can be high, and there are complexities associated with data collection

in vivo [6]. This is particularly true in biological systems, where the complexity, ethical

considerations and cost of experiments limit the number of samples available, resulting in

sparse spatio-temporal data [7].

To effectively address the “why” and “how” questions within biological systems, it is

essential to systematically exploit both spatial and temporal variations present in the data

[8]. Statistical and machine learning-based approaches have been used in an attempt to un-

cover hidden relationships, identify critical events, and predict future states within biological

systems [8]. However, limited data makes it difficult to accurately capture intricate spatio-

temporal patterns, constraining our understanding of underlying biological mechanisms [6].

Both ML and statistical approaches have their own advantages and disadvantages.

For complex scenarios, as in the case of biological systems, one statistical approach is

Berliner’s Bayesian Hierarchical Model (BHM). BHM provides a unified probabilistic frame-

work that allows for uncertainty quantification (UQ) across data, models, and parameters.

BHMs typically decompose the problem into three distinct levels [2]:

• Data model: Describes the distribution of observed data given the underlying process
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and parameters.

• Process model: Captures the hidden process and its uncertainty, often incorporating

domain knowledge.

• Parameter model: Accounts for uncertainty in the parameters governing the process.

The fundamental difference between parametric statistical and machine learning-based

frameworks is that statistical modeling (data modeling) assumes a predefined stochastic data

model (e.g., linear or logistic regression), with the goal of estimating parameters, validated

through goodness-of-fit tests and residual checks. Conversely, machine learning (algorith-

mic modeling) treats the model as an unknown, complex system, emphasizing predictive

accuracy through algorithms such as neural networks and decision trees, validated primarily

by predictive performance [9]. Although interpretable, the disadvantage in using statistical

methods over ML is that strong assumptions about how the system works are required, and

if the assumptions are inaccurate, they can lead to questionable scientific conclusions [9].

Compared to classical statistical methods, ML frameworks for spatio-temporal data mod-

eling can more easily incorporate additional spatially and temporally referenced features, as

well as external variables influencing spatio-temporal processes. However, in scenarios in-

volving sparse datasets, existing ML approaches may struggle with generalizability and risk

overfitting, thereby hindering robust inference [10]. Existing ML-based approaches to ad-

dress limited-data problems include few-shot learning [11], which leverages related datasets

through meta-learning, transfer learning, or metric learning; semi-supervised learning [12],

which predicts additional labels from a limited amount of labeled data; self-supervised learn-

ing [13], which extracts patterns directly from unlabeled data; and data augmentation, which

fills data gaps by simulating real-world events and synthesizing additional data samples to

create a sufficiently large training dataset. However, understanding the underlying mecha-

nism causing the missingness is crucial. Particularly in biological datasets, the absence of

data itself can carry valuable information. Imputing missing values solely based on observed

data may lead to information loss when making inferences. In certain cases, imputing values

can introduce bias and is often considered non-recoverable [14].
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In applications and decision support systems such as healthcare, where biological data

is extensively used, knowing the confidence in ML predictions is crucial. In such cases,

the uncertainty quantification (UQ) can be extremely useful. As George Box stated, “All

models are wrong, but some are useful,”. In healthcare applications, quantifying uncertainty

can guide decisions regarding model reliability and suitability, ultimately influencing clinical

outcomes. UQ allows researchers to critically evaluate the influence of data on the model

and its parameters, thereby providing meaningful insights into the reliability of predictions.

In this context, statistical approaches are advantageous over ML frameworks as uncertainty

quantification is deeply rooted in statistical methodologies. The specific focus of this thesis

is to develop machine learning-based frameworks that address the challenges associated with

inferencing sparse spatio-temporal data from biological systems.

Broadly, there are three primary goals associated with the modeling and analysis of

spatio-temporal data according to [15]:

• Goal 1: Prediction in space and time: Estimating values at unobserved locations and

times.

• Goal 2: Inference on parameters: Understanding the underlying mechanisms and

parameters governing the system.

• Goal 3: Forecasting in time: Predicting future states of the system.

A critical aspect accompanying these goals is the quantification of uncertainty, which

ensures the reliability and interpretability of predictions specifically for biological systems,

as we discussed earlier.

To summarize, the challenges associated with inferencing from sparse spatio-temporal

data can be categorized into two groups, as illustrated in Figure 1.1. The first category is

associated with the quantity of informative data. Due to high acquisition costs, the amount

of available data is often limited, and the existing data can be noisy or might not always

be representative of the system being studied. This can result in inaccurate predictions and

increased uncertainty. The second category involves the limitations of learning frameworks

4



in effectively capturing complex relationships inherent in biological systems. This can lead

to poor generalization and predictions with increased uncertainty, even if the available data

are informative.

Figure 1.1: Challenges Associated with Sparse Spatio-temporal Data Inference

Based upon these perspectives, this dissertation seeks to address a few fundamental

research questions. These research questions and contributions of the dissertation that aim

to address them are discussed in the following sections.

1.1 Research Questions

In order to address the inferencing challenges, this thesis explores the modeling and inferenc-

ing of sparse spatio-temporal data by integrating simpler models with uncertainty quantified

machine learning techniques. Specifically, we address the following key questions.

Question 1: Should we always impute missing data? If so, how can we effectively capture

underlying spatio-temporal relationships to achieve accurate predictions?

Question 2: How can we quantify uncertainties in machine learning models to improve

their reliability?

Question 3: Can uncertainty quantification help in the inferencing process with limited
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data?

Question 4: How can we enhance the quality of spatio-temporal data collection to reduce

overall uncertainty?

By addressing these questions, this thesis aims to develop robust machine learning-based

frameworks for inferencing with sparse spatio-temporal data, particularly in biological sys-

tems. The proposed frameworks will not only improve prediction accuracy but also provide

interpretable and reliable insights using the quantification of uncertainty, which is especially

important in safety-critical domains like healthcare.

1.2 Contributions

We address Question 1 in Chapters 2 and 3 of the dissertation. As discussed earlier, one

way to handle limited data is by imputing missing values using available observations. How-

ever, this approach can lead to information loss, as the missingness itself can be informative.

In Chapter 2, we address the dilemma of whether or not to impute by proposing an In-

formative Missing Indicator Method (IMIM), specifically tailored for universal function ap-

proximators such as neural networks, accompanied by theoretical analyses considering both

noisy and noiseless input features. IMIM is task-agnostic, applicable to both classification

and regression, and can be combined with other imputation methods. Although various

approaches exist for imputing missing data, they often fail to effectively capture underly-

ing spatio-temporal relationships or the inherent trends in the data, resulting in inaccurate

imputations and degraded performance on downstream tasks. In Chapter 3, we systemat-

ically capture the spatio-temporal relationships using a graph neural network-based model

in conjunction with a recurrent neural network to impute missing values. We demonstrate

the effectiveness of this approach on downstream tasks. Using the methodologies described

in Chapters 2 and 3, we can determine when imputation is appropriate and employ effective

spatio-temporal imputation methods accordingly. More details on the methodologies and

experimental evaluations of these approaches can be found in the following articles:
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• Tharzeen, A. & Natarajan, B. Imputation Dilemma: Addressing Missing Data in Neu-

ral Networks. (Submitted to ACM Transactions on Knowledge Discovery from Data)

• Tharzeen, A., Munikoti, S., Prakash, P., Kim, J., & Natarajan, B. (2023, June). A

General Spatiotemporal Imputation Framework for Missing Sensor Data. In 2023 IEEE

Conference on Artificial Intelligence (CAI) (pp. 55-58). IEEE.

To address Research Question 2, Chapter 4 proposes generic frameworks to quantify

uncertainties associated with both deep neural networks as well as graph neural networks.

Uncertainty quantification is essential for ensuring reliability and robustness, particularly

in safety-critical applications. However, accurately quantifying model/epistemic uncertainty

in machine learning-based regression and classification tasks is challenging. While Monte

Carlo Dropout is a valuable tool for uncertainty quantification in deep learning, relying

solely on it can be limiting, especially when dealing with complex models or situations

where more principled approaches are needed. In Chapter 4, we propose a novel task-

agnostic framework that can analytically quantify the epistemic uncertainty of deep neural

networks and graph neural networks. Specifically, we use a surrogate stochastic differential

equation-based framework, that can capture and measure epistemic uncertainty of target

neural networks effectively. To extend this framework to graph neural networks, the surrogate

stochastic differential equations are modified to encode graph structures. This improved

understanding of uncertainty will contribute to improved decision-making and foster trust in

the application of neural networks in various domains. Additional details on the developed

framework for epistemic uncertainty quantification in deep neural networks and graph neural

networks can be found in the following articles:

• Tharzeen, A., Dahale, S., Natarajan, B. (2024). Neural SDE-Based Epistemic Un-

certainty Quantification in Deep Neural Networks. In: Iliadis, L., Maglogiannis, I.,

Papaleonidas, A., Pimenidis, E., Jayne, C. (eds) Engineering Applications of Neural

Networks. EANN 2024. Communications in Computer and Information Science, vol

2141. Springer, Cham. https://doi.org/10.1007/978-3-031-62495-7 19
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• Tharzeen, A., & Natarajan, B. Graph Neural SDE-Based Epistemic Uncertainty Quan-

tification for Graph Neural Networks, (to be submitted to IEEE Transactions on Ar-

tificial Intelligence).

To address Research Question 4, we present two case studies in Chapter 5. We demon-

strate how prior information can be integrated into machine learning-based frameworks to

improve the accuracy of the predictions. In the first case study, we illustrate how a Bayesian

physics-informed machine learning framework can predict temperature during thermal ab-

lation, particularly when data availability is limited. Incorporating prior information, such

as the governing computational equations that describe heat transfer in tissues during heat-

ing, enhances the generalizability of the machine-learning model. The proposed framework

also includes an analytical method to quantify uncertainty in model predictions. We also

demonstrate how the uncertainty can be leveraged to analytically estimate some uncertain

parameter values that cannot be directly observed/measured (solving the inverse problem).

In the second case study, we incorporate prior information represented as a graph derived

from an existing database to identify potential biomarkers for traumatic brain injury. Addi-

tionally, uncertainty quantification is employed to assess confidence in the prediction, facil-

itating more efficient decision support. Further details regarding these case studies can be

found in the following articles:

• Tang, Z.T., DeJesus, J.E., Agarwal, D., Tharzeen, A., Zhang, Y., Patrikeev, I.,

Natarajan, B., Bucchieri., F., Zhao, Y., Micci, M.A., Bossmann, S.H., Motamedi,

M., Szczesny, B. Circulating cell-free DNA and novel protein biomarkers within ex-

tracellular vesicles for the identification of traumatic brain injury severity. Journal of

Neurotrauma, (Abstract, 2023).

• Tang, T. Z., Zhao, Y., Agarwal, D., Tharzeen, A., Patrikeev, I., Zhang, Y., DeJesus, J.,

Bossmann, S. H., Natarajan, B., Motamedi, M. & Szczesny, B. (2024). Serum Amyloid

A and Mitochondrial DNA in Extracellular Vesicles are Novel Markers for Detecting

Traumatic Brain Injury in a Mouse Model. Iscience.
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• Tharzeen, A., Bottiglieri, A., Tan, J., Prakash, P., Sheth, R., Kim, J. & Natarajan,

B., Bayesian physicsinformed neural network for temperature profile prediction dur-

ing thermal ablation, IEEE Journal on Multiscale and Multiphysics Computational

Techniques, (under 2nd review)

Research question 4 is addressed in Chapter 6. As previously discussed, in many health-

care applications, acquiring data, especially from sensors can become laborious or costly,

resulting in limited data. While using such limited data for machine learning predictions, it

is crucial that the data is informative, enabling accurate predictions with reduced uncertainty.

In Chapter 6, we demonstrate how, while capturing spatial and temporal relationships in

the data, we can analytically propagate measurement uncertainty to model predictions and

subsequently use this uncertainty knowledge to guide the sampling process. Thus, the frame-

work proposed in Chapter 6 helps guide sampling when there is a limited budget for data

collection, leveraging uncertainty associated with machine learning predictions and thereby

reducing the model’s overall uncertainty. Further details of this work can be found in the

following article:

• Agarwal, D., Tharzeen, A., & Natarajan, B. (2024, July). Uncertainty-guided Active

Learning for Measurement Prediction in Sparsely Observed Agricultural Fields. 16th

International Conference on Precision Agriculture.

1.3 Organization of the Dissertation

The remainder of this dissertation is organized as follows. Chapter 2 presents a theoretical

approach addressing the dilemma of whether or not to impute missing data in the con-

text of deep learning methods. Chapter 3 introduces an enhanced imputation framework

specifically tailored for spatio-temporal data. Chapter 4 proposes a novel, generic frame-

work for epistemic uncertainty quantification in neural networks and graph neural networks.

Chapter 5 demonstrates two case studies, through which we demonstrate how quantified

uncertainty combined with prior information can enhance machine learning frameworks and
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solve inverse problems (estimating uncertain parameters that are not directly measurable).

Chapter 6 illustrates how measurement uncertainty can be leveraged to improve the quantity

of informative data. Finally, Chapter 7 summarizes the dissertation and outlines potential

directions for future research.
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Chapter 2

Sparse data: Should we impute or

not?

As discussed in Chapter 1, one common approach to handle sparse data is to fill in gaps

using available observations, typically by capturing underlying relationships from existing

data or leveraging data homogeneity. However, when the pattern of missingness itself carries

information, relying solely on observed data for imputation can lead to information loss. To

address this, we introduce the Informative Missing Indicator Method (IMIM), a strategy

specifically tailored for supervised learning settings. IMIM helps determine whether imputa-

tion is necessary under both noisy and noiseless conditions. This chapter begins with a review

of conventional imputation techniques and their limitations, then details the development of

IMIM, followed by a theoretical analysis addressing the imputation dilemma.

2.1 Related work

Missing data is an unavoidable factor in analytics associated with many practical applica-

tions such as healthcare, business, agriculture and so on. Missing data can occur due to

multiple reasons like errors made by human and machine, damage of equipment, refusal to

answer questions by clients, etc. The quality of data is of utmost importance when it comes
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to real world data analysis. The data with poor quality due to missing information can

result in performance degradation and biased outcomes. Additionally, statistical analysis

and machine learning methods work poorly on data with missing information. In such cases,

data preprocessing is required.

In general, preprocessing data with missing information can be classified into two cat-

egories. One approach is to only work with samples that do not have missing information

[16], For example, in the case of tabular data collected from healthcare domains, where

each row of the table would be a sample, the rows with missing observations are discarded

completely from the dataset. The drawback with such an approach is that it can bias the

results as the partially observed data samples can contain important information and drop-

ping out samples can be catastrophic if all the samples contain missing information [17].

The second approach is to use an imputation method that requires utilizing the observed

data to estimate the values at missing locations. However, considering the missing pattern

before imputing is important as the missingness can be informative, i.e, the missing pattern

may encode information about the response variable and imputing them can result in biased

outcomes during data analysis.

The data can be missing due to identifiable or unidentifiable reasons. Imputing the values

can add bias in the first scenario and hence can be distinguished as non-recoverable, and

in the second case the data might be missing due to a random cause and can be recovered

[14]. As explained in [18], the missing pattern is categorized into three mechanisms: (i)

missing at random (MAR), (ii) missing not at random (MNAR), (iii) missing completely at

random (MCAR) based on the relationship between the pattern of the available and missing

data. This pattern also tells us if the missingness is informative or not. For example,

if missingness is informative, MAR assumption does not hold. A motivating example for

informative missingness in electronic health record data is the following: while building a

predictive model for cardiovascular risk of patients who visit their general practitioner, we

might not have cholesterol measurements in the health record. This is because it may not

have been deemed necessary at earlier consultations since the cardiovascular risk was less for

the patient. In this situation, the absence of cholesterol measurement is in fact informative
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and can be a favorable prognosis with missing measurement than if it had been measured

[19].

An alternative strategy to handle missing data is the Missing Indicator Method (MIM),

which is used when missing values are informative. This method introduces an indicator

variable for partially observed features, signifying whether a feature is missing. Though

MIM is a common method used in scikit-learn [20] a python library, theoretical analysis of

MIM for linear regressors and linear classifiers has only recently been conducted in [21].

Some existing methods address it through preprocessing steps using statistical inference[22]

or deep learning [23] to fill gaps, while others focus on improving task performance with

available data. The most widely used method falls into three main categories: (i) deletion

methods, which delete records with missing values, (ii) single imputation methods, which

substitute missing values with mean, mode, or linear interpolation, and (iii) model-based

methods, such as regression, multiple imputation, or k-nearest neighbors (KNN). These

methods are simple but can result in significant information loss if many observations are

missing. There are also hybrid approaches such as Single Center Imputation from Multiple

Chained Equations (SICE) [24].

Machine learning approaches such as decision trees, KNN, clustering, and random forests,

have also been used for missing data imputation. Unsupervised learning techniques like

clustering groups similar objects to aid imputation [25], while KNN uses distance metrics

to find neighbors for imputing values [26]. In machine learning settings, in one case, the

complete data represents the input features, and the missing values represent the predictions.

Decision trees can test attributes, where the outcome is denoted by the branch of the tree

[27]. Multiple decision trees are constructed based on bootstrapping, and the average of the

final predictions is used in random forests [28]. Other imputation models utilize either or

both spatial and temporal gradient information for imputation [23],[29] [30]. [31] employs a

GAN-based imputation framework that recursively averages the input to reconstruct missing

values in industrial time series data. Task-agnostic approaches that can be used with any

imputation method are less explored in the literature. The missing indicator method (MIM)

that was proposed initially for missing confounder data in etiologic research has received
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much attention in medical literature.

The missing indicator method adds a dummy variable (1/0) to the covariate, with missing

locations filled with zero, indicating whether a value is missing [19]. This in turn helps to

include each observation even in the presence of missing data and improves the statistical

power. Clinical datasets often contain missing values that tend to be informative. [32] shows

how choices about handling missing data under different scenarios can be guided by the

expectations about the missing data mechanism. Due to the ubiquity of the missing data

in tabular clinical datasets, MIM is widely explored in the medical literature [19]. While

MIM is used in practice in Python libraries such as sklearn [20], its statistical properties

are understudied in literature. Although MIM has been employed and studied theoretically

in supervised learning using linear regression, multilayer perceptron and random forests, it

remains limited to linear setups[21]. Furthermore, existing analyses of MIM do not account

for noise in the input features, which might reduce the reliability of the indicator parameter.

2.1.1 Contributions

In this chapter, we propose, for the first time, an Informative Missing Indicator Method

(IMIM), suitable for deep learning frameworks with missing input data. IMIM identifies

locations to impute by preserving the informativeness of the missingness pattern, even with

noisy input data. The main contributions of this chapter can be summarized as follows:

• We introduce an Informative Missing Indicator Method (IMIM), tailored for univer-

sal function approximators such as neural networks. This approach helps identify

informative missingness and determines the missing locations when the missingness is

uninformative. We also provide a theoretical analysis of IMIM within a deep learning

framework.

• IMIM is task-agnostic and can be used for both classification and regression. It can

also be combined with any other imputation methods. Extensive empirical studies on

synthetic and real-world data across different missing percentages show a 10% increase
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in performance compared to imputation frameworks without an informative missing

indicator, highlighting its superiority.

• We address noisy input data scenarios with a Bayesian approach to identify informative

missing patterns and use significance tests to select reliable informative indicators,

resulting in an 8% performance increase compared to the baseline approach.

2.2 Background

Consider a supervised learning setup with complete input feature matrix X ∈ Rn,d, where

there are n samples and d features, an incomplete input feature matrix Z ∈ Rn,d and a

response variable Y ∈ Rn which can be continuous or discrete based on the task to be

performed. We also denote a missingness indicator M ∈ Rn,d that indicates if the entries

in Z are missing or not. Specifically, if Xi,j is missing, then Mi,j = 1 and Zi,j = 0; if

Xi,j is observed, then Mi,j = 0 and Zi,j = Xi,j. Given a loss function L = (Y − f(Z))2,

the goal is to find the function f∗, characterized by a neural network with parameter vector

θ that minimizes the expected loss, i.e., f∗ = argminf E[L(f(Z,θ),Y] Neural networks are

known as universal function approximators, capable of approximating any continuous func-

tion with high accuracy under suitable conditions. Therefore, they can effectively capture

the functional relationship between input features and the response variable.

2.2.1 Missing data mechanisms

As explained in [18], missing data follows patterns based on underlying assumptions:

• Missing completely at random (MCAR): The missing pattern is independent of

both observed and unobserved data, i.e., P (M|X) = P (M).

• Missing at random (MAR): The missing pattern depends only on the observed

data, i.e., P (M|X) = P (M|Xobs). This is common in healthcare data.
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• Missing not at random (MNAR): The missing pattern depends on both missing

and observed values, i.e., P (M|Xobs,Xmiss).

We provides theoretical guarantees to determine whether imputation is necessary, such

as when missingness is uninformative (in the case of MCAR, where the missing pattern is

independent of the data) or informative (as in the case of MAR, where the pattern depends

on the observations).

2.2.2 Missing indicator method

As discussed previously, missing values and the patterns of missingness in datasets can be

informative when making inferences, and this is prevalent in real-world datasets. The Missing

Indicator Method (MIM) is an effective strategy that incorporates indicator variables to

denote the missing pattern, and it is already used in Python libraries. However, from the

perspective of supervised learning using neural network, it has not been explored. Existing

works utilize MIM as part of a supervised learning framework for optimal prediction accuracy

but are limited to simple linear regressor, multilayer perceptrons and linear classifier models

and decision trees [21]. The MIM optimizes prediction accuracy in a supervised setting by

estimating the best linear predictors, i.e.,

β∗
MIM , γ∗

MIM = argmin
β,γ

E
[(

Y − Zβ −Mγ
)2]

(2.1)

Here β,γ are the standard ordinary least square estimates. In this work, for the first

time, we develop the theory of MIM specifically for use with deep neural networks. We also

consider cases where the features are noisy and provide statistical tests to determine whether

the missingness is informative under uncertainties.
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Figure 2.1: Summary of the Informative Missing Indicator Method

2.3 Proposed Informative Missing Indicator Method

In this section, we introduce the informative missing indicator method (IMIM) that optimizes

prediction accuracy for deep learning architectures in the presence of incomplete input data.

Given an incomplete input Z, response Y and missing indicator M, our goal is to find the

nonlinear function f parameterized by the weights θ of the neural network. We also estimate

γ which determines if the missing pattern or the missing indicator M is informative. Thus

the loss minimization of a neural network can be modified as

f∗ = argmin
f

E[L(f(Z,M,θ,γ),Y] (2.2)

We use the value of the informative indicator γ to decide if the missing indicator M is

informative and to decide whether or not to impute the missing locations and the summary

of this process is shown in Figure 2.1. In the real world, the available data can be noisy.

Therefore, in this work, we consider two cases: (i) noiseless input features and (ii) noisy

input features.
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2.3.1 Input features without noise

In this case, the input features Z do not contain any noise. We optimize the neural network

as per equation (4.6) to obtain the weights θ and the informative indicator γ. The value of

the informative indicator helps determine if and where imputation should be performed. The

following paragraph describes the missing indicator method for a deep learning architecture.

Let Y be the output of the neural network layer with nonlinear transformation g(·) of

the intermediate activations, network layer parameter θ, and the informative indicator γ.

Assume a single-layer neural network:

Y = g (Zθ + Mγ)︸ ︷︷ ︸
h

(2.3)

The input to the neural network consists of [Z M] with trainable parameters [θ γ].

The nonlinear function learned by the neural network can be linearized using Taylor series

[33] at points (θ̂, γ̂) as shown in equation (2.4)

Y = g(h) +
∂g

∂θ

∣∣∣
θ = θ̂

γ = γ̂

+
∂g

∂γ

∣∣∣
θ = θ̂

γ = γ̂

(2.4)

= g(h)(1 − g(h)) ⊙ Z︸ ︷︷ ︸
A

θ + g(h)(1 − g(h)) ⊙M︸ ︷︷ ︸
B

γ + C

where, C = g(h) − g(h)(1 − g(h)) ⊙ Zθ̂ − g(h)(1 − g(h)) ⊙Mγ̂ is a constant value since it

is evaluated at a point. Equation (2.4) can be simplified as follows:

Y =

[
A B C

]
θ

γ

1

 (2.5)

Let D =

[
AT BT

]T
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θ∗
MIM

γ∗
MIM

 = E[DDT ]−1E[DY]

=

E[A2]−1 E[ABT ]

E[BAT ] E[B2]−1


E[AY]

E[BY]


=

 θ∗

E[B2]−1E[BY]

 (2.6)

Under the MCAR assumption and that M is uninformative, E[DDT ] becomes a 2 × 2

block diagonal matrix. This is due to the fact that, under the MCAR assumption, when

j ̸= i, E[ZiMj] = 0 as Zi and Mj are independent. This results in E[AiBj] = 0. For j = i,

Zi and Mj are not independent (since they are directly dependent by construction). Let

pi = P (M = 1), E[ZiMi] = E[ZiMi|Mi = 1]pi +E[ZiMi|Mi = 0](1− pi) = 0, which results

in E[AiBi] = 0

If the missing indicator γ∗ is uninformative and Y is centered, E[BjY] = E[Bi]E[Y] = 0.

Thus, if the missingness is uninformative, γ∗ = 0, which helps identify the missing locations

where imputation can be performed.

2.3.2 Input features with noise

Most real-world datasets consist of noisy features that impact the performance of predictions

made by the deep learning models. These noisy features result in aleatoric uncertainty [34]

which must be considered when working with machine learning models. Thus, we also

consider a case where the input features Z are noisy. As the noise in the input features

increases, the estimate of the informative indicator will also be erroneous. We propose a

Bayesian setup to estimate the informative indicator in the presence of noisy input features.

We assume a normal prior on the weights and the informative indicator and use Bayes’

theorem to find the posterior of the informative indicator.
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Theorem 1. Consider a neural network with noisy input features and network layer pa-

rameters Θ =

[
θ γ

]
, where θ represents the neural network weights and γ represents the

informative indicator. The mean (µλ) and variance (vλ) of the informative missing indicator

under input uncertainty, given the linearized approximation of the neural network output as

Y = ΛΘ + C, are:

µλ = Φ−1Γ T ,

vλ = Φ−1,

(2.7)

where, Φ = ΛTΣ−1
y Λ + Σ−1

Θ and Γ = µT
ΘΣ

−1
Θ + YTΣ−1

y Λ. Here, Σy is the variance

associated with the output Y, and µΘ and ΣΘ are the prior mean and variance of the

network layer parameters.

Proof. Let Z ∼ N (µz, Σz) be the input for a neural network with the parameters Θ =[
θ γ

]
. Assume normal priors on the parameters Θ ∼ N (µΘ, ΣΘ). Using Bayes’ theorem,

the posterior on the parameters can be estimated as follows

P (Θ|Z,Y)︸ ︷︷ ︸
posterior

∝ P (Y|Z,Θ)︸ ︷︷ ︸
likelihood

P (Θ)︸ ︷︷ ︸
prior

(2.8)

The linearized approximation of the predictions of the neural network from equation (2.5)

can be rewritten as Y = ΛΘ + C where Λ =

[
A B

]
and can be used to calculate the

likelihood in equation (5.7) using the propagation of uncertainty for linear functions [35]. For

a neural network with nonlinear transformation f of intermediate activations, the network

layer parameter Θ and the output of the layer given by Y = f(Z,Θ), the estimation of

expected value of response variable Ŷ and the associated covariance can be calculated as

follows

Ŷ = f(Ẑ,M,Θ),

ΣY = (∇Zf)ΣZ(∇Zf)
⊺ + (∇Θf)ΣΘ(∇Θf)

⊺ (2.9)
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Here, the expected value of the input is E[Z] = Ẑ and ΣY is the covariance associated

with the output of the neural network layer. Thus, the likelihood P (Y|Z,Θ) ∼ N (µY , ΣY )

can be obtained from the equation (5.7) and the posterior is calculated as follows,

P (Θ|Z,Y) ∼ N (Φ−1Γ T , Φ−1) (2.10)

where Φ = ΛTΣ−1
y Λ + Σ−1

Θ and Γ = µT
ΘΣ

−1
Θ + YTΣ−1

y Λ.

Thus, the updated posterior from Theorem 1 gives an estimate for an informative indica-

tor. However, due to the noise in the input, the estimated informative indicator could also be

erroneous. To address this, we statistically test the relationship between the response vari-

able and the informative indicator. We use a t-test to compare E[Y|γ = 0] and E[Y|γ ̸= 0]

with a significance level α. Given that we have a simple linear model from equation (6), let

(X, Y ) be the set of points that satisfy equation (6). Let t = γ̂−γ
′

s√∑
(x−x̂)2

, where s is the sample

standard deviation. To test H0 : γ = γ
′

vs H1 : γ ̸= γ
′

at the significance level α, reject H0

if t is either less than or equal to −tα/2,n−2 or greater than or equal to tα/2,n−2. The steps

for estimating the informative indicator with noisy input features are given in Algorithm 1.

Algorithm 1 Algorithm for Estimating Informative Indicator with Noisy input features

Require: Input: Z, M, Y significance level α Output: γ∗

1: (i) Estimate θ∗ and γ∗ by training the neural network,
2: (ii) Calculate the mean and covariance of response variable Y using equation (2.9),
3: (iii) Find the posterior of γ using equation (5.9),
4: (iv) t-test(Y|γ∗ = 0,Y|γ∗ ̸= 0) with significance level α
5: Output: Return if informative indicator is zero or not

2.4 Results

We empirically evaluate the performance of the proposed IMIM for both noiseless and noisy

cases. We create missing patterns similar to those in [21]. The dataset consists of X, the

complete input feature matrix, and we assume that the missing pattern follows the MCAR
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mechanism. A missing mask, based on equation (2.11) is used to control the informativeness

in the missing pattern:

P (Mj = 0|X) =
1

1 + exp(−λjXj)
(2.11)

The parameter λj is the informativeness parameter, used to control the informativeness of

the missingness. It should be noted that the missingness is uninformative when λ = 0, and

becomes more informative as the value of λ increases.

The proposed method is evaluated on synthetic as well as real-world datasets for both

regression and classification tasks. For each of these tasks, we mask the input features and

create missingness using equation (2.11).

2.4.1 Synthetic datasets

We create synthetic data for regression (with 1000 datapoints and 5 features) and classi-

fication (with 4000 datapoints and 3 classes). Mean squared error (MSE) was used as a

metric to evaluate the performance in regression, while area under the curve (AUC) was

used for binary classification, and accuracy was used for multiclass classification. The re-

sults are shown in Fig. 2.2–2.3. For both the classification as well as regression tasks, the

informative parameter from equation (2.11) is varied from 0 to 5 to control the informative

missingness. The proposed approach is compared against the baseline, where imputation

is performed at all the missing locations. It can be seen from the Fig. 2.2–2.3 that the

proposed IMIM (imputation performed at selected missing locations) method outperforms

the baseline NoIMIM (imputation performed at all the missing locations) for both regres-

sion and classification tasks. As the informativeness parameter increases (indicating that

missingness is informative), performing imputation at these locations leads to information

loss and reduced accuracy in the NoIMIM scenario. In contrast, IMIM selectively imputes,

focusing on non-informative locations, thereby preserving information. This is also evident

from Fig. 2.4, where we plot the percentage of imputations, i.e., the number of imputa-

tions performed relative to the total missing locations. Intuitively, as the informativeness
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Figure 2.2: Performance evaluation of IMIM on synthetic regression dataset

parameter increases, the missingness becomes more informative and should not be imputed.

The algorithm successfully identifies this trend, resulting in a decrease in the percentage of

imputations as the informativeness parameter increases.

We also consider the noisy case by adding Gaussian noise to the input feature matrix.

The results are shown in Fig. 2.2–2.3. In this scenario, the uncertainty in the input features

results in noisy estimates of the informative indicator. The uncertainty in the estimates

is quantified using equation (5.9). This quantified uncertainty helps determine whether to

“trust” the informative indicator. We check if this informative indicator is reliable and decide

whether to impute the missing values. The results shown in Fig. 2.2–2.3 are obtained by

setting a significance level α = 0.05. It is evident from the figures that even in the noisy case,

the proposed IMIM method outperforms the baseline method of imputing at all locations.
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Figure 2.3: Performance evaluation of IMIM on synthetic classification dataset
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Figure 2.4: Percentage of missing data imputed with change in informativeness parameter
for synthetic dataset
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Although we consider only mean imputation for the missing locations in this work, other

statistical measures can also be used.

2.4.2 Real-world datasets

We evaluate the performance of our proposed IMIM method on two real-world datasets for

regression and classification from OpenML [36]. The details of the datasets are as follows:

• Geographical Analysis Spatial Data for regression: Contains 3,107 observations on U.S.

county votes in the 1980 presidential election, including votes (VOTES), population

over 18 (POP), educated population (EDUCATION), owner-occupied housing units

(HOUSES), aggregate income (INCOME), and spatial coordinates.

• Wine Quality for classification: Contains data on red and white wine samples, with

inputs from objective tests (e.g., PH values) and outputs based on sensory data from

wine experts grading quality between 0 and 10.

We control the degree of missingness by manipulating the parameter λ similar to our

approach with synthetic datasets. Fig. 2.5–2.6 illustrate the comparative performance of

IMIM and the baseline across different values of λ. As mentioned previously, as the value of

λ increases, the missingness becomes informative. In such scenarios, imputing the missing

locations results in a loss of information rather than gaining information as it is evident from

the results shown in Fig. 2.5–2.6. The figures demonstrate that higher values of λ correspond

to more informative missingness, leading to reduced mean squared error in regression and

improved accuracy in classification tasks when using IMIM. By selectively imputing only at

locations where missingness is uninformative, IMIM consistently outperforms the baseline

strategy of imputing at all locations. On average, our method achieves up to a 5.97%

reduction in error for regression tasks and 15.02% improvement in accuracy for classification

tasks when the informativeness parameter is set to 5. Fig. 2.7 illustrates the percentage of

missing locations imputed as the informativeness parameter increases. Similar to the case
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Figure 2.5: Regression performance of IMIM on voting dataset

with the synthetic dataset, the trend shows that the percentage of imputed missing locations

decreases as the informativeness parameter increases.

2.5 Summary

In this chapter, we introduced the Informative Missing Indicator Method (IMIM), designed

for nonlinear function approximators such as neural networks, which identifies informative

missingness and guides imputation when missingness is uninformative. We incorporated

statistical tests to determine whether imputation is necessary in the presence of noisy input

features, ensuring the reliability of the informative indicator even under uncertainty caused

by measurement noise. Experimental evaluations conducted on synthetic and real-world
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Figure 2.6: Classification performance of IMIM on wine dataset

datasets for classification and regression tasks demonstrated that selectively imputing data

using IMIM significantly outperforms methods that fully impute missing values. In the next

chapter, we will explore how to further leverage underlying spatio-temporal relationships in

the data to enhance imputation techniques.
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Figure 2.7: Percentage of missing data imputed with change in informativeness parameter
for real world dataset
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Chapter 3

Multivariate Spatio-temporal

Imputation

As discussed in Chapter 2, imputing the entire dataset may lead to the loss of critical

information, resulting in lower accuracy in downstream tasks. However, selective imputation

using effective methods can enrich the dataset without sacrificing important details. In this

chapter, we introduce an imputation framework that leverages both spatial and temporal

relationships inherent in the data, effectively filling data gaps and enhancing the overall

informativeness of sparse spatio-temporal datasets.

3.1 Related work

A variety of spatiotemporal imputation models have been developed to address missing data

in spatiotemporal datasets. Some of the classic statistical methods involve interpolation-

based methods that use linear interpolation to estimate missing values based on the values

from the neighboring time/spatial points [37], [38]. However, these classical methods rely on

the assumption that the underlying data follows a smooth trend and fail to provide accurate

estimates when there is a large number of missing points in the data. Yet another method to

impute the missing data is by estimating/assuming the correlation between multiple variables
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in the dataset [22]. This approach requires a high degree of statistical expertise and can be

computationally expensive [39].

Multilinear tensor completion that uses a low-rank tensor approximation based on ob-

served entries to reconstruct the missing values is proposed in[40]. While the approach in [40]

effectively captures multi-dimensional structural dependencies, it is unsuitable for complex

interactions and diverse data missing patterns. A convolutional neural network based tensor

completion (CoSTCo) method was proposed in [41]. While CoSTCo captures the non-linear

relationships in the dataset, the transductive nature makes the algorithm less scalable. Im-

putation techniques based on machine learning algorithms use k-nearest neighbors [42] or

support vector machines to estimate missing values based on patterns in the data [43]. These

methods do not attempt to capture the complex relationships inherent in the spatiotemporal

data and only rely on data similarity metrics.

Recently, deep learning-based approaches have been proposed to impute missing data.

Denoising stacked autoencoder (DSAE) [44], is a typical deep learning model that com-

bines denoising and autoencoders for imputation. However, DSAE does not account for

the underlying spatial correlations. To leverage the spatial correlations, [45] proposes a

multi-range convolutional neural network (CNN) to model spatial correlations and impute

missing information. Though the method proposed in [45] effectively handles correlations

in Euclidean space, they are inefficient in modeling relationships in non-Euclidean spaces.

Recently, graph structures for relational reasoning have been utilized in Graph Convolutional

Networks (GCN) [46], [47]. Though GCN is effective in modeling topological relationships,

it is not tailored to capture temporal dependencies. Alternatively, recurrent neural network-

based models can impute time series with missing values. Specifically, long short-term mem-

ory (LSTM) networks can capture and maintain long-term dependencies [48].

3.1.1 Contributions

In this chapter, we propose a novel inductive framework (G-LSTM) for missing data imputa-

tion that integrates a graph neural network with LSTMs to effectively capture both spatial
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and temporal dependencies. We use GraphSAGE [49] as a GNN module which is an in-

ductive method and computationally efficient compared to GCN. Furthermore, GraphSAGE

allows for incorporating node features in the embedding generation process, which can be

useful for tasks where node attributes are essential. The proposed general framework can be

used for both data imputation and prediction.

The performance of the proposed framework is highlighted using comprehensive case

studies on real-world traffic datasets. The case studies include missing rates ranging from

10 % to 90%. Experimental results demonstrate that the proposed GNN integrated with

the LSTM framework achieves improved imputation and maintains steady performance even

when there are extreme missing conditions in comparison with the state-of-the-art imputation

framework CoSTCo. The simulation results on the traffic network show up to 69% reduction

in mean absolute error and 61% reduction in root mean square error when compared to state-

of-the-art imputation framework.

3.2 Problem Formulation

Spatio-temporal data from a sensor network can be defined as data that varies with respect

to time and space and can be represented by a tensor X ∈ RN×M×T where, N represents the

number of sensors, T is the number of time steps in the observation window of interest and M

is the number of measured features. Sensor data may have missing information due to sensor

failure and/or communication disruptions. The objective is to impute the missing values by

utilizing spatial and temporal relationships in the data. Due to complex underlying patterns,

the analysis of spatiotemporal data becomes difficult. Adopting a network structure aids in

explicitly modeling and capturing the underlying complicated spatio-temporal interactions.

We represent the spatiotemporal dataset as an undirected graph G = (A, E, Xt), where

A ∈ RN×N denotes the spatial adjacency matrix; N denotes the number of sensors and the

element ai,j ∈ A is 1 if the sensors i and j are adjacent; Edge E represents the spatial

relationship between the sensors, and Xt ∈ RN×D is the set of D dimensional dynamic

features measured at each sensor placed at various locations at time t. Given the incomplete
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feature values from each sensor at different time instances, the goal is to impute the missing

feature values by considering spatial and temporal dependencies. The observability of the

feature values/measurements is captured by a binary mask matrix Mt ∈ {0, 1}N×D with

elements as 1 if X
(i,j)
t is observed and 0 otherwise. Given the incomplete sensor measurements

Yt = Mt⊙Xt, the objective is to reconstruct the missing sensor measurements and estimate

the complete matrix Ŷt.

3.3 Proposed G-LSTM Framework

The proposed general spatio-temporal imputation framework is depicted in figure 3.1. The

framework consists of a spatial module integrated with a temporal module to estimate Ŷt.

These modules are described next.

3.3.1 Spatial Module

The spatial module in our framework captures the spatial relationships within the data.

The module consists of multiple stacked layers of GraphSAGE (SAmple and aggreGatE)

[49]. Each node in the graph is represented by a node embedding vector that helps capture

the structural information. GraphSAGE is an inductive approach in which the algorithm

learns a mapping (aggregator) function instead of the node embedding vector. The two

primary steps associated with GraphSAGE are aggregate and update.

• Aggregate: Each node in the graph is uniquely represented by a feature vector. The

aggregate step aggregates the neighboring node representations (feature vectors) for

our target node. The aggregate function is a placeholder for any differentiable function

and it could be something as simple as an averaging function or something as complex

as a neural network. The corresponding aggregation function is:

av = fagg(hu|u ∈ N(v)) (3.1)
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Here, hu s the feature values associated with the neighbor u of node v

• Update: After obtaining an aggregated representation for node v based on its neigh-

bors, the feature representation of the current node v is updated using a combination

of its previous representation and the aggregated representation. The update function

serves as a placeholder for any differentiable function which can once again, be as basic

as an averaging function or as sophisticated as a neural network and can be represented

as,

hk
v = fu(av, h

k−1
v ) (3.2)

Here, k is the number of hops considered for neighborhood aggregation. The feature

values of the nodes at the kth hop are updated based on the feature values from the

(k − 1)th layer.

GraphSAGE’s inductive nature allows it to infer the node embedding vector for nodes

not encountered during training, making it suitable for our imputation framework. The

GNN module takes the spatial adjacency matrix and the observed feature values at each

time instance. It captures the spatial information using the message-passing mechanism of

a Graph Neural Network. The output of GNN is then passed on to the temporal module

described next.

3.3.2 Temporal Module

Temporal modules are used for capturing the temporal relations in the network. The tem-

poral module is driven by recurrent neural networks (RNN)s. RNNs are neural networks

with loops in them that allow past information to be retained from a sequential dataset.

Among the various available RNN architectures, we have adopted Long Short Term Memory

(LSTM) memory networks [50] for our imputation framework. LSTMs have been shown to

perform well on sequence-based tasks with long-term dependencies, assisting in capturing

temporal associations. At time instant t, LSTM accepts as input the current variable vector

xt and previous cell state vector ct−1 and previous hidden state vector ht−1. It also includes

34



three gate units, input gate it, forget gate ft, output gate ot, and hidden memory state Ct.

These gates make LSTM an efficient, scalable sequential data learning technique. The cell

state and hidden state can be represented in terms of the gates as:

ct = ft ⊙ ct−1 + it ⊙ Ct (3.3)

ht = ot ⊙ tanh(ct) (3.4)

where ⊙ represents the element-wise vector/matrix multiplication operator. The output of

the LSTM layer can be a set of outputs from all T time steps, resulting in a one-to-one

architecture, where for each input at time t, there would be a corresponding output.

The output of the LSTM is then passed to a fully connected neural network. The recon-

struction loss calculated during the training is on the entire observation and helps to learn

the inherent relationships among the entire spatio-temporal dataset. The patterns learned

and propagated help update/ impute data at the missing location and time instants.

The overall training workflow of the framework is shown in figure 4.1. The spatio-

temporal data is loaded and punctured to create missing values (the missing locations are

given zero values). Then, the data is split temporally into training and testing segments.

Finally, the ST block is trained and the recovered values are used for evaluation by compar-

ison with the original input data. The loss function used for evaluation corresponds to the

following:

L(�) =

√√√√ N∑
v=1

T∑
t=1

(xv
t − x̂v

t )
2 (3.5)

where L(�) is the reconstruction error on both observed and missing data. xv
t and x̂v

t are

the actual and estimated values respectively for node v and time t.
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Figure 3.1: Structure of proposed spatiotemporal imputation network (G-LSTM)

3.3.3 Complexity Analysis

In this subsection, we discuss the computational complexities of the proposed algorithm.

The computing cost of the G-LSTM is concentrated on the GraphSAGE layers and the

LSTM layers. Suppose for a graph that is being considered there are n number of nodes, r

number of neighbors being sampled for each node and m the total number of edges and K

number of layers. The computational complexity of the GraphSAGE can be represented as

O(rKnd2). For an LSTM with h as the hidden layer dimension and b as the input feature,

the computational complexity is O(4h(b + 2 + h)). Thus the computational complexity of

the G-LSTM framework can be approximated as O(rKnd2 + 4h(b + 2 + h)).

3.4 Results

We evaluate the performance of the proposed imputation method on a real-world traffic

dataset. We introduce the dataset and explain the experimental settings first. Then various
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Figure 3.2: Sensor monitor distribution in PEMSD7 traffic dataset

missing data scenarios are considered. The imputation performance of the proposed method

is compared with Costco, a neural tensor completion-based imputation framework as the

baseline.

Traffic-State dataset: PeMSD7 is a traffic dataset collected from Caltrans Performance

Measurement System (PeMS) and describes the speed detectors covering the freeway system

in all major California urban centers. Among the 1000 sensors placed on the arterial roads

of District 7 in California figure 3.2, we chose 228 sensors for our study, similar to [51]. The

dataset consists of 5-min average traffic speed data collected from May 1, 2012, to June 30,

2012, and has 11232 time points. The graphical representation of the PEMS dataset was

created in a manner similar to [51]. The weighted adjacency matrix of the road is computed

based on the distances between the sensor stations. The weights are calculated using as:

wij =

exp(−d2ij
σ2 ), i ̸= j and exp(−d2ij

σ2 ) ≥ δ

0, otherwise
(3.6)

The stations i and j are assumed to be connected in the equivalent graph if the wij ≥ δ,

where σ2 and δ are thresholds chosen to determine whether or not there is a connection in the

graph, with values of 10 and 0.5 chosen respectively, dij is the distance between two stations.

The nodes correspond to each sensor in the network and the initial node features are the
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speed values concatenated with the singular value decomposition (SVD) of the weighted

adjacency matrix. The SVD values concatenated with the speed values aid in uniquely

identifying the nodes [52]. For computational purposes, the data is normalized.

The imputation performance is evaluated using two metrics, root mean square error

(RMSE) and mean absolute error (MAE) defined as,

RMSE =

√√√√ 1

n

n∑
i=1

(xi − x̂i)2 (3.7)

MAE =
1

n

n∑
i=1

|xi − x̂i| (3.8)

where, n is the number of missing values, xi is the ith missing value and x̂i is the imputed

value of xi.

Experimental Results:

For training and testing purposes, the dataset is split temporally. The initial 80% of time

instances are used for training purposes and the remaining 20% is used for testing. The data

is scaled to be between 0 and 1 before imputation and the output of the proposed approach is

rescaled back to the original values. It is assumed that the sensors at specific locations were

absent across all time instances to simulate the missing values. The proposed imputation

framework model is trained by Adam optimizer [53]. The learning rate is set at 0.001 with

the ReLu activation function after the GNN layers. The time window for the LSTM is set

as one in order to maintain an end-to-end training framework and the temporal information

is captured by the hidden and the cell states. The model is iterated for 150 epochs and the

training loss curve is shown in figure 3.3. All experiments are implemented with PyTorch

and conducted on an NVIDIA GeForce RTX 3070 GPU.

To evaluate the performance of the proposed approach, we compare its performance

with CoSTCo [41], a state-of-the-art convolution neural network-based tensor completion

approach. CoSTCo tries to address the inability of multilinear models to generate a low-
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Figure 3.3: Training loss curve for G-LSTM

rank representation of non-linear data. It utilizes the activation functions in a convolutional

neural network to capture non-linear relationships. Table 3.1 summarizes the experimental

results using our proposed approach compared with CoSTCo as the baseline. The imputation

errors are calculated with various missing ratios for a single time instant. The results are

averaged over five random missing scenarios for each of the missing ratios. It can be seen

that the proposed approach (G-LSTM) outperforms the baseline and as the percentage of

missing information increases, the imputation error metrics remain steady and sometimes

show improvement. This surprising observation can be attributed to the possibility that at

a lower percentage of missing data, the GNN may be overfitting. As fewer data are available

(or the missing percentage increases), the overfitting behavior is less likely. The G-LSTM is

trained with 50% of missing data and the pre-trained model is used for imputing the data with

10%, 30%, 70% and 90% of missing information. From the results shown in table 3.1, it can

be seen that for missing percentages lesser than 50%, the pre-trained G-LSTM model gives

improved results compared to the corresponding G-LSTM model and CoSTCo. For missing
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percentages greater than 50%, the pre-trained G-LSTM outperforms CoSTCo. However, the

pre-trained model shows slightly inferior performance with respect to G-LSTM. The results

indicate that the model trained for higher missing percentages can impute the data with lower

missing information more efficiently and thus possess the inductive capability. Relative to the

baseline CoSTCo method, the proposed framework offers approximately 69% reduced MAE

and 61% reduced RMSE on the imputed values. We also compare our framework with the

Graph Convolutional Recurrent Neural Network (GCRINT). GCRINT uses a combination

of a Recurrent Neural Network (RNN) and a Graph Convolutional Neural Network to fill in

the missing values of network traffic data. The performance of GCRINT has been compared

with our framework, and the MAE and RMSE losses are tabulated. Unlike our approach,

which uses an explicit graph to represent the relationships among traffic flows, GCRINT

adopts a self-adaptive adjacency matrix to learn these relationships from the input data.

This approach might not always capture the precise spatial relationships. Possibly for this

reason, the performance of GCRINT is inferior to that of G-LSTM for some percentages

of missing data, as shown in Table 3.1. The pretrained version of G-LSTM outperforms

GCRINT for all percentages of missing data.

Table 3.1: Performance Evaluation for Missing Data Imputation using G-LSTM and SOTA
methods

% Missing 10% 30% 50% 70% 90%
Model MAE RMSE MAE RMSE MAE RMSE MAE RMSE MAE RMSE
G-LSTM (ours) 1.61 1.90 1.67 2.09 0.74 1.19 1.16 1.50 0.83 1.23
G-LSTM (pre-trained) 0.72 1.36 0.92 1.23 NA NA 1.33 1.59 1.65 1.85
GCRINT 0.96 1.78 0.97 1.85 1.02 1.90 1.05 1.85 – –
CoSTCo 2.26 2.27 2.60 2.61 4.66 4.67 6.96 6.97 7.90 7.91

The speed values at each sensor for a single time step as predicted by G-LSTM and

CoSTCo when 50% of information is missing are shown in figures 3.4 and 3.5, respectively.

It can be seen that our framework outperforms the baseline in prediction with missing

information.
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Figure 3.4: Speed values estimated for each node for a single time instant using G-LSTM
framework

3.5 Summary

In this chapter, we propose a general imputation framework that leverages both spatial and

temporal relationships to effectively fill in missing values. The framework, which comprises

spatial and temporal modules, was validated on a traffic dataset where intersections (nodes

in the graph) record the average speed of vehicles at various times. The results clearly

demonstrate that the spatio-temporal module successfully captures the inherent relation-

ships among neighboring intersections, enabling more accurate imputation. The performance

evaluations for forecasting tasks indicate that the G-LSTM-based imputation framework out-

performs state-of-the-art methods. Despite these promising results, uncertainties inherent in

the machine learning models and the data persist. In the following chapters, we will explore

how the uncertainty associated with the learning frameworks can be quantified.
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Figure 3.5: Speed values estimated for each node for a single time instant using CosTCo
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Chapter 4

Uncertainty Quantification in

Machine Learning Models

Traditional black-box machine learning models typically provide only point predictions, with

no indication of the model’s confidence in its outputs. However, in safety-critical applications

such as healthcare, point estimates alone are insufficient. It is crucial to determine when a

model’s prediction can be trusted, and one way to achieve this is by assessing the uncertainty

in those predictions. In this chapter, we discuss how uncertainty arises in machine learning

models and introduce a novel approach in which surrogate models can be used to analytically

quantify the uncertainty of the target neural networks, specifically for deep neural networks

and graph neural networks.

4.1 UQ in Deep Learning

4.1.1 Related work

Deep neural networks (DNNs) are a type of artificial neural network trained using large

datasets, and optimization algorithms to learn the parameters that map input data to out-

put predictions. However, a significant challenge in deploying DNNs lies in dealing with

uncertainty. Various methods have been proposed to quantify uncertainty in DNNs. Exist-
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ing uncertainty quantification techniques can be divided into (1) Bayesian approaches or (2)

sampling-based techniques. A classic neural network model with input x and output y and

network parameter θ can be written probabilistically as p(y|x, θ). The posterior distribution

obtained by applying Bayes’ theorem can be written as follows:

p(θ|x, y) =
p(y|x, θ)p(θ)∫
p(y|x, θ)p(θ)dθ

(4.1)

Existing approaches use Bayesian inference to estimate the posterior distribution over

model parameters instead of treating the model parameters as fixed [54]. However, finding

the posterior distribution over all possible model parameters can be intractable. There exists

variation inference-based techniques that approximate the posterior probabilities rather than

finding the exact value [55]. The process involves finding a simple distribution that is as

close to the actual distribution. Using this technique training takes longer and inference is

slower as approximating posterior probability requires several samples to be drawn from the

posterior distribution. Laplace approximation is also used in Bayesian inference, focusing on

the region around the maximum of the posterior distribution. By leveraging a Taylor-series

expansion, it provides an approximation of the distribution in the vicinity of this maximum

[56]. This method can only capture the local behavior of the distribution, which implies that

the approximation may significantly differ from the true distribution in other areas. Among

sampling-based techniques, another efficient technique for approximating inference is the

Monte Carlo Markov chain (MCMC) method, which involves applying a stochastic transition

to a random draw from a distribution. [57]. Despite the success of the MCMC method, the

method convergences slowly. Monte Carlo dropout is yet another technique that uses dropout

as a Bayesian Approximation to calculate the intractable posterior distribution [58]. Monte

Carlo (MC) dropout, which involves running inference multiple times with different dropout

masks during testing can be used to estimate the epistemic uncertainty. Although dropout

is a widely used technique, it is an empirical approach that gets computationally expensive

for larger networks. The Deep Ensembles method proposed in [59] involves training multiple

DNNs on the same dataset and combining their predictions to obtain the mean and variance

44



of the predictions and can be used as a metric for the uncertainty. However, the existing

methods are time-consuming and require maintaining many copies of the model parameters

to quantify uncertainty, which can be costly for large NNs. In [60], stochastic differential

equations (SDEs)-based techniques were employed to train the SDE model using out-of-

distribution (OOD) data for training in order to quantify total uncertainty. However, the

method falls short in its ability to assess uncertainty in a rigorous and principled manner.

4.1.2 Contributions

The main contributions of this paper can be summarized as follows:

• We propose a generic framework that quantifies the epistemic uncertainty of deep neu-

ral networks with the help of a neural SDE framework as a surrogate model applicable

across various tasks and domains.

• The framework allows for uncertainty propagation through all the layers of the target

neural network model, and the analytical results capturing the uncertainty (output

mean and covariance) along each neural network layer are derived.

• It can be applied to pre-trained networks using the analytical method, which eliminates

the need for any computationally demanding uncertainty quantification procedures.

• The effectiveness of the proposed framework is demonstrated using synthetic data for

classification and regression tasks and the results show up to 88.45% reduction in UQ

computational complexity relative to the state-of-the-art Monte Carlo dropout method.

4.1.3 Proposed UQ-Net approach

This section presents a detailed outline of the problem statement along with an introduction

to the main elements of our suggested structure.

Given a training dataset D = (xj, yj)
N
j=1, where xj represents the input data and yj

corresponds to the corresponding ground truth labels, we can train a model M parameterized
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by θ to make predictions on new test cases. The predictive uncertainty originates from two

sources as described earlier. Our goal is to analytically quantify the epistemic uncertainty

of the neural network model with reduced computational time in comparison to the existing

methods.

Uncertainty quantification with UQ-Net for deep neural networks

Given a target neural network model that performs a regression or classification task on a set

of data, the UQ-Net works as a surrogate network and helps to measure how uncertain the

neural network model’s predictions are. As shown in figure 4.1, the UQ-Net, which has an

input, output, and a hidden layer, helps in propagating the uncertainty in the corresponding

layers of the target neural network. As shown in figure 4.2, the UQ-Net architecture consists

of input and output linear layers of deep neural networks at both the input and output

stages. The neural SDE layer within UQ-Net corresponds to the hidden layer of the deep

neural network. Since neural SDEs preserve dimensionality, the input and output layers of

the network serve as reshaping layers before and after the hidden layer. These reshaping

layers facilitate the seamless integration of the neural SDE layer into the overall network

structure and help UQ-Net propagate the mean and covariance analytically from input to

output. Each component of UQ-Net is further elaborated in the following sections, along

with the analytical derivation of the output mean and covariance.

Figure 4.1: Neural network with uncertainty quantification module (UQ-Net)
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Figure 4.2: UQ-Net

Neural SDE

Traditional neural networks typically consist of multiple stacked hidden layers that map input

x to output y. However, recent research has shown that these hidden representations can be

interpreted as the states of a continuous dynamical system rather than discrete layers [61].

For instance, in the case of a residual neural network (a deep learning model in which each

layer learns residual functions with respect to their input)[62], the transformation between

layers can be expressed as

ht+1 = ht + f(ht, θ) (4.2)

Here, ht represents the hidden features at depth t, and f is a neural network function

approximation. The continuous limit of the residual neural network structure is expressed

as

ht+1 = ht +

∫ t+1

t

f(hτ , τ, θ)dτ (4.3)

The equation (4.3) is the continuous approximation of the transformations in residual

neural network architecture and also the solution to an ordinary differential equation (ODE)

problem. The neural ordinary differential equation (Neural ODE) method [61] parameterizes

f(hτ , τ, θ) with a neural network and leverages an ODE solver to evaluate the hidden states

during the continuous transformation. However, the deterministic nature of neural ODEs

is not suitable to model epistemic uncertainty. To address this, we employ the neural SDE

model [63], which augments a neural ODE with a stochastic term. Thus, neural SDE incor-
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porates a diffusion term to model randomness using the Brownian motion component[63].

Thus equation (4.3) can be rewritten as follows:

dht = f(ht, t;w)dt︸ ︷︷ ︸
drift

+g(ht, t; v)dBt︸ ︷︷ ︸
diffusion

(4.4)

Here, g(ht, t; v)dBt represents the Brownian motion variance, which helps to capture the

epistemic uncertainty of the hidden state ht at depth t. The drift and diffusion terms from

the equation are functions that are approximated via neural networks with w and v as the

corresponding network parameters. Equation (4.4) is a general form that can be modified

to incorporate existing randomness models, such as dropout in neural networks.

Dropout using neural SDE: The dropout term randomly deactivates some neurons in

the neural network and can be modeled using neural SDE [64]. Mathematically, the dropout

rate can be incorporated into equation (4.3) as ht+1 = ht + f(ht, t;w)⊙ γn
p

, where γn is drawn

from i.i.d Bernoulli distribution with parameter p and ⊙ indicates the Hadamard product.

Furthermore, the above hidden state dynamic can be simplified as,

ht+1 = ht + f(ht, t;w) + f(ht, t;w) ⊙ (
γn
p

− I),

= ht + f(ht, t;w) + f(ht, t;w) ⊙
√

1 − p

p
zn. (4.5)

where zn
i.i.d.∼ N (0, 1). To compare the quantified epistemic uncertainty with the state-

of-the-art Monte Carlo dropout method, we utilize equation (4.15), which unifies dropouts

under the neural SDE framework. Here,
√

1−p
p
f(ht, t;w) represents the diffusion term and

q =
√

1−p
p

controls the strength of regularization. It determines the scaling factor of the

diffusion term and affects the magnitude of the injected noise or uncertainty. By adjusting

the value of q, one can balance the trade-off between regularization and the expressiveness

of the model. q can be treated similarly to the dropout probability term in the MC dropout

method [58].
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UQ-Net

As discussed above, the mean and covariance are computed from the input layer and subse-

quently propagated through the hidden layer, effectively carrying the uncertainty measures

to the output layer with the help of UQ-Net. The input and output layers can be linear or

nonlinear functions depending on the presence of an activation function.

Uncertainty estimation in input/output layer: Quantification of uncertainty for a

non-linear input/output layer can be achieved by computing the statistics of the linearized

approximation of the nonlinear function [35]. Suppose that for a nonlinear function f and

a random vector x with expected value x̂ and covariance Cxx, the expected value ŷ of the

output y = f(x) can be written as a Taylor series expansion around the mean as ŷ ≈ f(x̂)

Here ∇xf is the Jacobian of the function f at the operating point x. Theorem 2 below

can be used to evaluate the expected value of the mean and covariance of the output from

the input/output layers of the neural network.

Theorem 2. Let y = f(x, θ) denote the output of a neural network layer f parameterized by

weights θ, with input x with expected value x̂ and covariance Cxx. Then, under a first-order

linearization of f around x̂, the predicted output mean ŷ and covariance Cyy are given by:

ŷ = f(x̂, θ),

Cyy = (∇xf(x̂))Cxx (∇xf(x̂))⊤,

where ∇xf(x̂) is the Jacobian of the network layer with respect to the input, evaluated at

x̂.

Proof. Assume the input x with expected value x̂ and covariance Cxx. Linearizing the

network function f using a first-order Taylor expansion at x̂ gives:

f(x) ≈ f(x̂) + ∇xf(x̂)(x− x̂).
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Taking the expectation:

E[f(x)] ≈ f(x̂) = ŷ.

And the covariance:

Cov(f(x)) ≈ ∇xf(x̂)Cxx ∇xf(x̂)⊤ = Cyy.

Here, the expected value of the input is E[x] = x̂ and its associated covariance is Cxx

and Cyy is the covariance associated with the output of the neural network layer. Thus, the

output uncertainty is obtained by propagating input uncertainty through the Jacobian of

the layer.

The uncertainty estimates obtained using Theorem 2 are propagated through the input

layer and are passed to the hidden layer. Theorem 2 can also be applied to uncertainty

estimation at the output layer.

Uncertainty estimation in hidden layer: Uncertainty quantification of the hidden

layer of the neural network is achieved using Gaussian assumed density approximation of

Neural SDE [65]. By utilizing linearization techniques, we can compute the statistics of

nonlinear neural SDE. Specifically, the nonlinear neural SDE can be linearized via Taylor

series approximation. The drift term can be approximated by linearizing around the mean

m and at depth t as follows:

f(h, t) ≈ f(m, t) + Fh(h, t)(h−m) (4.6)

And the diffusion term can be linearized as:

g(h, t) ≈ g(m, t) + Gh(h, t)(h−m) (4.7)

Here Fh and Gh are the Jacobian of f and g with respect to the hidden state h and the

statistics of the hidden state can be calculated using Theorem 2.
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Theorem 3. Let the dynamics of the hidden state Ht of a neural stochastic differential

equation be:

dHt = f(Ht, t) dt + G(Ht, t) dBt,

where f is the drift function, G is the diffusion term, and Bt is standard Brownian mo-

tion. Then the evolution of the mean m(t) and covariance C(t) is governed by the following

system of ordinary differential equations:

dm

dt
= f(m, t), (4.8)

dC

dt
= CF⊤

h (m, t) + Fh(m, t)C + Gh(m, t)QG⊤
h (m, t), (4.9)

where Fh = ∇Hf is the Jacobian of the drift with respect to Ht, Gh = ∇HG, and Q is

the diffusion matrix.

Incorporating randomness similar to dropout, the diffusion term is defined as:

G(Ht, t) =

√
1 − p

p
f(Ht, t),

where p is the dropout probability. Substituting this into equation (4.9) yields a closed-

form differential equation for the covariance evolution under randomness similar to dropout.

Proof. The derivation follows from the Gaussian process approximation for SDEs. Lineariz-

ing the drift and diffusion terms around the mean trajectory, we obtain the moment equations

for nonlinear Neural SDEs:

dm

dt
= E[f(Ht, t)] ≈ f(E[Ht], t),

dC

dt
= CF⊤

h + FhC + GhQG⊤
h .

In the case where dropout noise is interpreted as Brownian uncertainty with scaling
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G =
√

1−p
p
f , we can substitute this into the covariance equation to analytically quantify the

output uncertainty across network layers.

Equations (4.8) and (4.9) enable the analytical determination of the mean and covariance

of the hidden layer output in the neural network. It is to be noted that the diffusion term,

denoted as g, is proportional to the function f in our particular context and is defined as

g =
√

1−p
p
f(ht, t;w). Thus, the uncertainty quantification of a deep neural network can be

achieved analytically using UQ-Net.

4.1.4 Results

In this section, we conduct a comprehensive evaluation of our proposed uncertainty quantifi-

cation method through experiments on two synthetic datasets and two real-world datasets:

two designed for regression tasks and the other two for classification tasks. Detailed descrip-

tions of these datasets are provided below:

Synthetic Regression dataset: This dataset is generated synthetically and is intended

for regression tasks. It comprises of a single feature x and consists of randomly generated

homoscedastic data.

Half Moon dataset: This synthetic dataset consists of two features and is specifically

designed for performing classification tasks. Each data point in the dataset can be classified

into one of two distinct classes.

Housing dataset: The dataset is drawn from the 1990 U.S. Census reflecting real-world

data. It consists 8 distinct features and is utilized to forecast the median house value within

California districts [66]

Ionoshpehere dataset: This real-world dataset consists of 34 feature which classifies

radar returns from the ionosphere into three different categories [67].

By utilizing these datasets, we aim to assess the performance and effectiveness of our

proposed uncertainty quantification method. To assess the effectiveness of our proposed

uncertainty quantification method, we compare its performance against the widely adopted

Monte Carlo dropout technique. All training and evaluation experiments are performed on
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a computer with an Intel i7 processor running at 2.80 GHz with 12GB memory and 12GB

RAM. The learning rate set was 0.001 and the Adam optimizer was used.

Regression task

The regression task is performed on the single feature synthetic regression dataset. The

uncertainty estimates obtained using UQ-Net is compared with the MC dropout method

using the expected normalized calibration error (ENCE) metric [68]. The ENCE metric

serves as an indicator of the reliability of the confidence scores provided by the methods.

The ENCE metric is utilized to calibrate the regressor by aligning the mean square error

(MSE), representing the expected error, with the predicted uncertainty, denoted by the

standard deviation σ. To assess the calibration of the regressor, the standard deviation axis

is divided into bins, and the ENCE metric is calculated using the following formula:

ENCE =
1

N

N∑
j=1

|RMV(j) − RMSE(j)|
RMV(j)

(4.10)

Here, Bj is a bin that represents the standard deviation axis interval, root mean vari-

ance(RMV) and root mean square error (RMSE) are obtained using the following equations:

RMV(j) =
1

|Bj|
∑
t∈Bj

σ2
t (4.11)

RMSE(j) =
1

|Bj|
∑
t∈Bj

(yt − ŷt)
2 (4.12)

A lower ENCE value indicates a better-calibrated model. To assess the performance of

UQ-Net, we calculate the ENCE score for various values of p, and the results are shown

in Table 4.1. Similar experiments are conducted for the MC Dropout method, and the

corresponding results are also presented in Table 4.1. From the table, it becomes evident

that by adjusting the values of p, both methods effectively quantify the epistemic uncertainty

and exhibit a similar trend. However, the advantage of UQ-Net lies in its analytical nature,

resulting in significantly reduced computational time required to obtain uncertainty estimates
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Table 4.1: ENCE scores obtained using two methods for regression and classification task
for synthetic dataset

P
Regression Classification

UQ-Net MC dropout UQ-Net MC dropout
0.1 0.76 0.804 0.779 2.685
0.2 0.758 1.608 0.632 1.981
0.3 0.767 0.656 0.693 0.977
0.4 0.747 2.423 0.916 0.992
0.5 0.77 0.3 0.99 0.426
0.6 0.718 0.401 0.607 0.439
0.7 0.246 0.184 0.692 0.638
0.8 0.15 0.492 0.755 0.338
0.9 0.607 0.516 1.343 0.476
Avg 0.613 0.820 0.823 0.994

compared to the empirical MC Dropout approach. The computational time required for both

methods is summarized in Table 4.3.

For achieving optimal performance, the commonly chosen dropout value for hidden layers

using MC Dropout is 0.5. However, the optimal dropout value may vary depending on various

factors such as data size, model architecture, etc. [69]. Similarly, in the case of UQ-Net,

there can be an optimal value of q that can be chosen to yield a lower ENCE score, making

the choice of hyperparameters crucial for obtaining reliable uncertainty quantification results.

We further asses the performance of our framework using real-world data from the California

housing dataset. The results are detailed in Table 4.2.The trend observed in Table 4.1 for

regression tasks is similarly evident in the evaluation using real-world datasets shown in

Table 4.2. The computational time needed for assessing both UQ-Net and MC dropout is

illustrated in Table 4.4.
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Table 4.2: ENCE scores obtained using two methods for regression and classification task
for real-world dataset

p
Regression Classification

UQ-Net MC dropout UQ-Net MC dropout
0.1 0.43 6.14 0.48 12.08
0.2 0.60 4.35 0.72 9.64
0.3 0.57 3.60 0.51 6.75
0.4 0.59 3.02 0.59 4.70
0.5 0.62 2.65 0.50 4.14
0.6 0.63 2.09 0.64 6.21
0.7 0.67 1.72 0.93 3.82
0.8 0.65 1.13 0.38 1.81
0.9 0.61 0.76 1.50 1.29

Table 4.3: Computation time in seconds required for regression and classification task for
synthetic dataset

Regression Classification
UQ-Net MC dropout UQ-Net MC dropout
0.83 sec 4.88 sec 0.41 sec 6.47 sec

Table 4.4: Computation time in seconds required for regression and classification task for
real-world dataset

Regression Classification
UQ-Net MC dropout UQ-Net MC dropout
8.79 sec 79.07 sec 0.37 sec 3.46 sec
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Classification task

In the classification task, we utilize the half-moon dataset with two features. Just like in

the regression experiments, we compare the uncertainty estimates obtained using UQ-Net

with those from the MC Dropout method. While the ENCE score is used for evaluating

uncertainty in regression tasks, it cannot be applied directly to classification tasks, as the

RMSE loss is not relevant for classification. However, classifiers can predict continuous scores

that are often transformed into class labels through a thresholding process during the final

step of classification. To evaluate uncertainty estimates in our specific framework, we utilize

the continuous output prior to this final step. Thus, the ENCE score is suitable for our

specific case in evaluating uncertainty estimates for classification tasks.

Similar to the regression task, ENCE scores are calculated for various values of p for

both UQ-Net and MC Dropout, and the results are depicted in Table 4.1. As previously

discussed, an optimal value of p can be selected based on a lower ENCE score. Similarly, an

optimal value of q can also be chosen. The computational time required for both methods is

presented in Table 4.3 and similar to the case of regression task there is up to 94% reduction

in computation time compared to MC dropout method.

We also evaluate our framework’s performance for classification using real-world data

from the ionosphere dataset. The results are presented in Table 4.2. The trend observed in

Table 4.1 for classification tasks is also evident in the evaluation using real-world datasets,

as shown in Table 4.2. The computational time required for assessing both UQ-Net and MC

dropout is provided in Table 4.4.

4.2 UQ in GNN

4.2.1 Related Work

Graph Neural Networks (GNNs) have gained widespread popularity in many applications

where data can be represented in a graph structure, such as social networks, transportation

networks, and biological networks, proving effective in tasks such as node classification and
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regression [70]. Despite their widespread adoption, GNNs inherently exhibit uncertainty in

their predictions due to factors such as the randomness in the data, commonly referred to

as aleatoric uncertainty and due to limited knowledge about the problem being learned or

limited training data, known as epistemic uncertainty [71]. Epistemic uncertainty can be

further divided into model uncertainty and distributional uncertainty. Model uncertainty

arises from choices related to model structure and hyperparameters, e.g., shallow networks

may lead to under confidence in GNNs [72]. Distributional uncertainty stems from incor-

rect assumptions about the problem setting or data-generating process [72], and is most

commonly encountered in inductive inference scenarios. Properly quantifying and managing

uncertainty in GNNs is crucial, especially in safety-critical applications such as finance [73],

healthcare [74], and security [75], where incorrect predictions can lead to severe consequences.

Although several works have addressed the quantification of aleatoric uncertainty in GNNs,

our focus in this section is on quantifying epistemic uncertainty. This type of uncertainty is

particularly important in applications where trustworthiness and prediction confidence are

critical, such as medical diagnosis and financial modeling or in scenarios involving sparse

data [76].

Among the most common approach to handle epistemic uncertainty is the Bayesian

approach. Bayesian approaches attempt to model uncertainty in parameters by assuming

probability distributions over weights or activations. These methods provide a principled

approach to uncertainty estimation through posterior inference [77]. While they help mit-

igate overfitting in small labeled datasets and are effective in detecting out-of-distribution

nodes [78], they can become computationally expensive, especially when full Bayesian infer-

ence is carried out using Markov Chain Monte Carlo (MCMC) methods [79], which involve

iterative posterior sampling and are often infeasible for large-scale graphs [80]. Moreover,

while they may be accurate on smaller datasets, their performance can degrade for deep

GNN architectures [81]. Bayesian approximation methods, such as Monte Carlo Dropout

[82] and variational inference [83], provide uncertainty quantification without maintaining

full posterior distributions. These approaches are less computationally intensive and mod-

erately scalable, but they may be unreliable in high-stakes applications due to imprecise
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epistemic uncertainty estimates, often leading to overconfident predictions in critical tasks

[82]. Ensemble-based methods aggregate predictions from multiple GNN models trained on

the same or varied data distributions to generate uncertainty estimates. While they tend

to produce consistent and highly reliable estimates of epistemic uncertainty [83], they are

computationally demanding, particularly for large graphs and lack the interpretability and

theoretical grounding found in Bayesian methods [83]. Conformalized GNNs extend con-

formal prediction techniques to graphs, offering statistically valid uncertainty intervals for

tasks like node classification. They guarantee valid coverage probabilities for uncertainty

estimates, making them theoretically sound. However, these methods are heavily reliant on

data assumptions. Specifically, the requirement of exchangeability, which may not hold in

dynamic graph settings [84]. Recently, Stochastic Differential Equation (SDE)-based models

have been used for uncertainty modeling in GNNs. These models track stochastic motion

(e.g., Brownian processes) in the latent space of GNNs, enhancing robustness. SDE-based

models are mathematically grounded and offer theoretical uncertainty bounds tied to the

stability of the underlying dynamical system [85]. However, they still rely on sampling

based techniques to estimate the posterior. In safety-critical applications, it is vital to have

epistemic uncertainty frameworks that are both theoretically grounded and well-calibrated.

In this context, we propose a Graph Neural SDE-based epistemic uncertainty framework

that enables tracking of uncertainty in the predictions of a target graph neural network.

4.2.2 Contribution

The contributions of the proposed UQ framework for GNN are as follows:

• We propose a surrogate method based on a Graph Neural Stochastic Differential Equa-

tion (SDE) that incorporates randomness, similar to dropout—into Graph Neural Net-

works (GNNs).

• The approach analytically quantifies uncertainty through estimation of the mean and

variance of the target GNN’s predictions.
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• We also derive a Bayesian approximation of the proposed approach, providing analyt-

ically tractable framework for modeling epistemic uncertainty in GNNs

• The proposed method outperforms state-of-the-art approaches such as Monte Carlo

(MC) Dropout in uncertainty estimation, as demonstrated through various evaluation

metrics.

• The framework is task-agnostic and can be applied to both regression and classification

tasks.

Background

Stochastic Differential Equations (SDEs) are mathematical models that describe continuous-

time dynamic systems influenced by stochastic noise. Unlike deterministic differential equa-

tions, SDEs introduce random perturbations (e.g., Brownian motion) to model uncertainties

or unknown influences in a system. In machine learning, SDE-based formulations have gained

interest for modeling uncertainty [86], capturing stochastic evolution in data, and enabling

probabilistic reasoning. Notably, Neural SDEs extend ordinary differential equation-based

neural networks (ODE-Nets) by incorporating stochastic diffusion terms, offering a princi-

pled way to estimate uncertainty[86], [87]. Graph Neural Stochastic Differential Equations

(GN-SDEs) [85] integrate the uncertainty modeling capabilities of SDEs with the represen-

tational power of GNNs, leading to the deterministic propagation of features through the

network (e.g., message passing between nodes). Diffusion term, that introduces random

noise into feature transformations (e.g., through Brownian motion), allows for epistemic un-

certainty quantification. This formulation enables GN-SDEs to capture uncertainty in both

feature space and graph topology, making them particularly useful for epistemic uncertainty

quantification. For convenience, consider a typical Graph Convolutional Network (GCN)

layer, which can be defined as:

H(t) = σ
(
ÂH(t−1)W(t−1)

)
, (4.13)
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Figure 4.3: Block diagram of GNSDE-UQ Framework

Where, H(t) is the node feature matrix at depth/layer t (with H(0) = X as the input), Â

is the normalized adjacency matrix (often computed as Ã = A + I with self-loops, followed

by a symmetric normalization), W(t−1) is the learnable weight matrix for depth/layer t− 1,

σ is an elementwise nonlinearity (activation) (e.g., ReLU, Tanh). From [88], the stochastic

latent evolution of the node features in a graph structured data can be represented as:

dH(t) = F(H(t), t)dt + G(H(t), t)dW(t) (4.14)

Here F and G are the drift and diffusion functions parameterized by the neural network

and dW(t) is the Wiener process. Given a training dataset D = (xj, yj)
N
j=1, where xj

represents the input data and yj corresponds to the corresponding ground truth labels, we

train a GCN model M parameterized by θ to make predictions on new test cases. The

predictive uncertainty in the GNN originates from two sources as described earlier. Our goal

is to analytically quantify the epistemic uncertainty of the GNN model with the help of the

surrogate GN-SDE framework that will be explained further.

4.2.3 Proposed GNSDE-UQ approach

The steps involved in the proposed approach for UQ in GNN is illustrated in Figure 4.3.
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Uncertainty quantification in GNN SDE with dropout

We start by extending the idea of incorporating dropout in neural SDEs to graph neural SDE.

The dropout term randomly deactivates some neurons in the graph neural network and can

be modeled using graph neural SDE, similar to neural SDE [64]. Mathematically, the dropout

rate can be incorporated into equation (4.14) as H(t) = H(t−1)+FG(H(t), t)dt⊙ γn
p

, where

γn is drawn from i.i.d Bernoulli distribution with parameter p and ⊙ indicates the Hadamard

product. Furthermore, the above hidden state dynamic can be simplified as,

H(t) = H(t− 1) + FG(H(t), t)dt + FG(H(t), t) ⊙ (
γn
p

− I),

= H(t− 1) + FG(H(t), t) + FG(H(t), t) ⊙
√

1 − p

p
zn. (4.15)

Propagating variance through the network

To estimate uncertainty in the predictions of a GNN, we employ a surrogate GNN-SDE

model that preserves the structural and dimensional properties of the original GNN. Since

SDE layers maintain the same dimensionality, encoder and decoder layers (input/ output

layers) are introduced to match the input and output dimensions of the target network. The

overall variance is propagated analytically from the input through the hidden GN-SDE layers

and finally to the output.

Linear Transformation of Variance

Following Theorem 2 from the UQ-Net section, we extend the linear transformation of vari-

ance to graph convolutional layers (the input/output layers) . Given a graph convolutional

function fGNN and an input X ∼ N (X̂,CXX), the output statistics are computed as:

Ŷ = fGNN(X̂), (4.16)
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CYY = (∇XfGNN) ·CXX · (∇XfGNN)⊺ (4.17)

The above equation allows for covariance propagation through encoder/decoder layers.

Gaussian Assumed Density Filtering in GNN-SDEs

Within the GNN-SDE layers, variance is propagated using Gaussian assumed density filter-

ing, which linearizes the drift and diffusion functions. Extending Theorem 2:

dm

dt
= FG(m, t) (4.18)

dC

dt
= CF⊺

G(m, t) + FG(m, t)C + GG(m, t)QG⊺
G(m, t) (4.19)

Here, m and C represent the mean and covariance of the hidden state matrix H(t) across

all nodes in the graph. Q is the diffusion matrix determined by the dropout noise scale. The

linearized terms FG and GG are computed per graph convolutional block.

This formulation provides a principled, analytical framework for estimating epistemic

uncertainty in GNNs using surrogate GNN-SDE models. It avoids the need for expensive

Monte Carlo sampling and integrates seamlessly with the GCN architectures.

Bayesian Approximation of Graph Neural SDE

In this section, we present a Bayesian approximation of the Graph Neural SDE (GNSDE)

framework with dropout-induced noise. In the context of deep neural networks, [58] inter-

preted dropout as approximate Bayesian inference in deep Gaussian processes. This leads

to a loss function of the form:

LGP-MC ∝ 1

N

N∑
n=1

− logP (yn | xn, ω̂n)

τ
+

L∑
i=1

(
Pil

2∥Mi∥22 + ∥mi∥22
2τN

)
(4.20)

Here, ω̂n denotes the sampled model weights under dropout, τ is a precision-related
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parameter, and Mi, mi are the weight matrices and biases for the i-th layer respectively. The

loss combines a negative log-likelihood data term and a regularization term that resembles

a prior over the model parameters. For the specific case of a single-hidden-layer neural

network, this approximation corresponds to a loss function of the form:

Ldropout =
1

N

N∑
i=1

E(yi, ŷi) + λ

L∑
i=1

(
∥wi∥22 + ∥bi∥22

)
(4.21)

In this expression, E(yi, ŷi) denotes the error between the true and predicted outputs

and is given by:

E(yn, ŷ(xn, ω̂n)) =
− logP (yn | xn, ω̂n)

τ

The regularization strength λ is a function of the dropout rate and controls the model

complexity through an L2 penalty on weights and biases. We now extend this concept to

the GNSDE framework, where node features in a graph evolve over a continuous depth

dimension via stochastic differential equations using Theorem 4

Theorem 4. Let Ht denote the evolving hidden node representations governed by a Graph

Neural Stochastic Differential Equation. Suppose dropout is applied with drop probability rate

p to the drift function f(Ht, t;w). Then, the approximate posterior over the node features

Ht under a variational Gaussian assumption is given by:

q(Ht) ∼ N (µq, Σq)

and the variational loss objective becomes:

LGN-SDE = Eq[logP (D | Ht)] +
1

2

(
p

1 − p

)∫ T

0

(µp − µq)
⊤(ff⊤)−1(µp − µq) dt

where µq is the posterior mean, µp is the prior mean, and 1−p
p
ff⊤ is the dropout-induced

covariance.

Proof. We begin with the stochastic differential equation:
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dHt = f(Ht, t;w) dt + G(Ht, t;w) dBt

Under dropout-based noise, we approximate G(·) as:

G(Ht, t) =

√
1 − p

p
f(Ht, t)

Assume a variational posterior over Ht of the form q(Ht) ∼ N (µq, Σq) and prior P (Ht) ∼

N (µp, Σp). The KL divergence becomes:

KL(q∥p) =
1

2

∫ T

0

[
log

|Σp|
|Σq|

− d + tr(Σ−1
p Σq) + (µp − µq)

⊤Σ−1
p (µp − µq)

]
dt

Using the dropout-induced approximation:

Σq ≈
1 − p

p
ff⊤

and assuming Σq = Σp (covariance matching for bounded KL), the KL simplifies to:

KL(q∥p) =
1

2

(
p

1 − p

)∫ T

0

(µp − µq)
⊤(ff⊤)−1(µp − µq) dt

To avoid divergence in the KL term, we align the prior and posterior covariances by

setting Σp = Σq, which simplifies the loss to:

L = Eq[logP (D | Ht)] +
1

2

∫ T

0

(
p

1 − p

)
(µp − µq)

⊤(ff⊤)−1(µp − µq) dt

This final expression provides a Bayesian objective that balances data loss with a regu-

larization term. The regularization is scaled by the inverse of the diffusion term, which itself

is governed by the dropout rate. This formulation offers an analytically tractable framework

for modeling epistemic uncertainty in GNNs via GNSDEs.
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4.2.4 Results

In this section, we evaluate the effectiveness of our proposed uncertainty quantification

method using GNSDE-UQ (Graph Neural Stochastic Differential Equation based Uncer-

tainty Quantification) framework. We assess performance on both regression and classifica-

tion tasks using two real-world datasets and compare our method against the widely used

Monte Carlo (MC) dropout approach. For regression and classification we use graph datasets

from PyTorch Geometric library [89].

To evaluate uncertainty calibration for regression, we use the Expected Normalized Cal-

ibration Error (ENCE). For classification tasks, we evaluate predictive performance under

uncertainty using the Area Under the Receiver Operating Characteristic curve (AUROC)

and the Area Under the Precision-Recall curve (AUPR).

The ENCE metric quantifies how well the predicted variance corresponds to the observed

errors in a regression task. A lower ENCE value indicates better calibration and more reliable

uncertainty estimates. ENCE is computed as:

ENCE =
1

N

N∑
j=1

|RMV(j) − RMSE(j)|
RMV(j)

(4.22)

Here, RMV(j) and RMSE(j) denote the root mean variance and root mean square error

within bin Bj, respectively:

RMV(j) =
1

|Bj|
∑
t∈Bj

σ2
t , RMSE(j) =

1

|Bj|
∑
t∈Bj

(yt − ŷt)
2 (4.23)

For classification, we use AUROC and AUPR to evaluate the quality of uncertainty

estimates in distinguishing between correct and incorrect predictions. These metrics assess

how well the model’s predictive confidence separates high-certainty (correct) predictions from

low-certainty (incorrect or uncertain) predictions. A higher AUROC or AUPR indicates

better discriminative power and thus better-calibrated uncertainty [85].

Comparison with MC Dropout: We compare the GNSDE-based uncertainty quan-

tification method against the MC Dropout approach. While both methods aim to cap-
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ture epistemic uncertainty, the key difference lies in their computation: GNSDE-UQ offers

an analytical uncertainty propagation framework, whereas MC Dropout relies on repeated

stochastic forward passes to empirically estimate uncertainty. Additionally, we evaluate the

performance of the Bayesian approximation of the GNSDE framework (BGNSDE).

Table 4.5 reports the ENCE scores and test and train losses for both methods on the

regression and classification tasks. It can be observed that BGNSDE, followed by GNSDE-

UQ consistently achieves lower ENCE values compared to MC Dropout across all tested

values of p, indicating superior uncertainty calibration. It is important to note that the

dropout probability parameter p has different interpretations in MC Dropout and GNSDE-

UQ contexts, and a value of p = 0.1 in one does not correspond directly to the other.

Nevertheless, across the entire set of evaluated p values, GNSDE-UQ and BGNSDE never

underperform relative to MC Dropout, further validating the efficiency of our proposed

method.

Table 4.6 presents the AUROC and AUPR scores for classification tasks using the GNSDE,

MC Dropout, and Bayesian GNSDE (BGNSDE) frameworks. All models were trained on

the Cornell graph from the PyTorch Geometric WebKB dataset and evaluated on the Texas

graph from the same dataset. This experimental setup is designed to assess model perfor-

mance under both in-distribution (Cornell) and out-of-distribution (Texas) conditions. It

should be noted that both graphs have an equal number of nodes.

Across all tested values of dropout probability p, GNSDE consistently achieves the high-

est AUROC and AUPR scores, indicating superior capability in capturing predictive un-

certainty, in the presence of epistemic uncertainty (uncertainty due to out of distribution

data used here). BGNSDE follows closely, outperforming the MC Dropout baseline in most

cases. These results highlight the effectiveness of proposed methods in modeling epistemic

uncertainty in classification tasks.

66



GNSDE-UQ MC dropout BGNSDE
p Train Loss Test Loss ENCE Train Loss Test Loss ENCE Train Loss Test Loss ENCE
0.1 0.0213 0.2345 0.4311 0.0306 0.1401 2.331 0.0727 0.0664 0.2863
0.3 0.0454 0.1903 0.2988 0.0328 0.1457 2.701 0.0634 0.0858 0.1439
0.5 0.0523 0.1723 0.3934 0.034 0.145 2.8351 0.0646 0.0853 0.0234
0.7 0.0386 0.174 0.3301 0.0405 0.1686 3.798 0.0741 0.0702 0.0764
0.9 0.0476 0.1792 0.4389 0.0607 0.0892 0.9277 0.073 0.0668 0.188
Avg 0.378 2.518 0.143

Table 4.5: ENCE scores for GNSDE-UQ, BGNSDE and MC Dropout across varying dropout
probabilities p for regression

GNSDE-UQ MC dropout BGNSDE
p AUROC AUPR AUROC AUPR AUROC AUPR
0.1 0.5748 0.5571 0.5096 0.4705 0.4644 0.41
0.3 0.5136 0.4482 0.4519 0.3882 0.521 0.4465
0.5 0.481 0.5385 0.4496 0.4044 0.5511 0.6119
0.7 0.4906 0.5884 0.4477 0.3833 0.511 0.4487
0.9 0.5549 0.5918 0.4938 0.5198 0.4956 0.4437
Avg 0.522 0.544 0.470 0.433 0.508 0.472

Table 4.6: Performance of proposed approach and comparison with MC dropout for classi-
fication

4.3 Summary

In this chapter, we propose a novel approach to quantifying epistemic uncertainty in target

neural networks, including both deep neural networks and graph neural networks. The

framework is generic, task-agnostic, and leverages neural stochastic differential equations as

a surrogate model which is a continuous representation of the neural network, that enables

the analytical quantification of epistemic uncertainty. While Monte Carlo Dropout provides

a useful approximation of uncertainty, we demonstrate that the proposed approach produces

better-calibrated probability scores, improving the reliability of model correctness.

In the next chapter, we explore how machine learning can be applied in limited-data

settings and how uncertainty can be leveraged to make meaningful predictions.
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Chapter 5

Scientific Machine Learning with

Uncertainty Quantification

In this chapter, we explore strategies to prevent overfitting and enhance the generalizability of

machine learning models in scenarios where only limited labeled data is available. We present

two case studies demonstrating how incorporating prior information in the form of learning

and observational biases can improve the inferencing capabilities of these frameworks. Addi-

tionally, we integrate uncertainty quantification methods to ensure model reliability, making

them suitable for safety-critical applications, such as those in biological systems. By embed-

ding domain knowledge and uncertainty metrics into the learning process, our approach not

only enhances performance but also increases confidence in model predictions under chal-

lenging data conditions. Finally, we demonstrate how the knowledge of uncertainty can be

leveraged to analytically estimate certain parameters that cannot be directly measured.
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5.1 Case Study 1: Bayesian Physics-Informed Machine

Learning for Thermal Ablation

5.1.1 Related Work

Thermal ablation is a clinically accepted therapeutic technique for treating unresectable tu-

mors located in the liver, lungs, and other organs. During an ablation procedure, a device

(known as an applicator) is inserted into the tumor under image-guidance, and once appro-

priately positioned, delivers power from an external generator and transfers it to tissue. The

power is locally absorbed in tissue, leading to heating. Cell death by coagulative necrosis is

a function of time and temperature, and occurs relatively quickly at temperatures exceeding

∼ 55◦C [90]. Among the available energy sources for ablation, microwave ablation (MWA)

delivered at 915 MHz or 2.45 GHz is a commonly used energy modality [91]. Ablation dura-

tions are typically on the order of 5-15 mins depending on size of the targeted tumor. The

goal of the procedure is to cover both the tumor and a 5-10 mm margin [92] of surrounding

tissue with an ablative thermal dose to ensure the technical success of the ablation procedure

[93],[94].

A significant challenge during ablation is the lack of accessible, reliable methods for

real-time monitoring of ablation growth, which is infromative for clinicians to decide when

to terminate the treatment [95]. The temperature monitoring devices that can potentially

help in making the above decisions fall into two categories. The first are point-based meth-

ods, which use needle-based sensors to measure temperature or other parameters at selected

points within the tissue [96]. While point-based sensors are affordable and straightforward

to use, their placement might be challenging and increase invasiveness, providing data in a

limited number of measurement points, rather than a 3D distribution. The second category

comprises imaging-based techniques, such as Magnetic Resonance Thermometry (MRT),

Ultrasound-based thermometry and CT thermometry which provides spatially detailed mea-

surements [97], though spatial coverage is often limited to select 2D planes (resolution of

1mm × 1mm)[98]. Despite its potential, MRT is costly, can be complex to set up, and
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requires ablation instrumentation compatible with the MRI environment, resulting in signif-

icant practical limitations.

Recently, computational modeling of the microwave ablation have been instrumental in

guiding the design and evaluation of the ablation devices performance. These models help

assess how varying energy delivery parameters, such as applied power, impact electromag-

netic power absorptions and thermal damage within tissues during microwave ablation. This

typically involves solving the Helmholtz equation to determine the electric field within tissue

and the bioheat transfer equation to map transient temperature profiles. The fully coupled

model estimates how electromagnetic and thermal profiles evolve dynamically during abla-

tion, by updating the tissue electrical and thermal properties and recalculation of the electric

field at each time step of the transient heat transfer solver [99],[100].

One key strength of these models is their potential to incorporate patient-specific data

such as tumor type (which can influence tissue properties) [101]. Tissue properties, both elec-

trical and thermal, can theoretically be inferred from imaging data or other measurements.

However, this has not yet been demonstrated in the literature. Spatial variations in these

properties can also be estimated from imaging, making it feasible to adapt models for indi-

vidualized treatment planning [102],[103, 104]. However, there exist several barriers to use of

modeling approaches for guiding ablation procedures in the clinical setting. Nonlinearities in

tissue properties pose a significant challenge, as these properties change considerably during

heating, varying as a function of both temperature and the rate of heating [95]. Additionally,

at high temperatures, other physical phenomena such as water vaporization, bubble forma-

tion, change in blood viscosity and tissue shrinkage may occur, but current models present

limitations in fully describing these biophysical modifications of the tissue. Finally, com-

putational models for microwave ablation are computationally expensive, particularly when

fully coupled approaches are employed to capture the intricate physical processes involved

[105].

Recently, machine learning based frameworks have been introduced to address such chal-

lenges [106],[107]. However, these data-driven approaches often require large volumes of

training data and lack generalizability, particularly for tasks like modeling temperature dy-
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namics in thermal ablation and capturing complex underlying processes. Physics-informed

machine learning integrates physical laws or constraints into the learning process, combin-

ing the strengths of data-driven models with the theoretical rigor of computational physics

[108],[109]. This approach guides the neural network to learn solutions that not only fit

the limited observed data but also comply with fundamental physical principles. However,

challenges remain while incorporating physics equations into machine learning models, par-

ticularly when there are uncertainties associated with the parameters of the physics equation.

Estimating these parameters, known as solving the inverse problem, is a complex task. One

approach for solving the inverse problem falls under data-driven methods, where both the

predictive model and unknown parameters are learned simultaneously [110]. However, this

approach requires large volumes of training data, which may not be available in real-world

scenarios. Another method falls under the Bayesian approach, where a prior distribution

is assumed for the uncertain parameters, and the posterior distribution is estimated based

on predictions from the forward predictive model [111]. While effective, this method can

be computationally expensive and may require sampling-based techniques such as Markov

chain Monte Carlo method [112].

5.1.2 Contributions

In this work, we propose a Bayesian machine learning framework that aims to achieve the

following: given a subsample of temperature measurements obtained during microwave ab-

lation across a 2D plane at different time points, the framework learns the temperature

distribution as a function of time and 2D space. This approach can then be used to forecast

the temperature profile of the tissue within the specified region of interest and at desired

time points (e.g., up to 332.8 seconds after the start of heating), achieving a 19.70% re-

duction in mean absolute error compared to the baseline classic PINN models. Thus, the

framework is suitable for scenarios where data acquisition for monitoring tissue heating pro-

files is challenging. Moreover, it is crucial to estimate the values of uncertain parameters

within the physics equation incorporated into the neural network that influences the heating
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process with the available data. This estimation can possibly serve as an initial step toward

developing patient-specific treatment planning. The key contributions of our work include:

• We propose a Bayesian physics-informed neural network (BPINN) framework that

captures temperature dynamics in tissues during thermal ablation and can be used to

make spatio-temporal predictions.

• The proposed framework enhances reliability by quantifying the uncertainty associated

with model predictions using analytical approaches.

• We introduce an analytical method for estimating, any underlying uncertain parame-

ters associated with the biophysics model and are crucial for understanding the heating

dynamics.

• We demonstrate the generalizability of our proposed framework on a real-world dataset,

achieving a performance improvement of 23% over the baseline (vanilla neural network

and classic PINN).

• Our approach can also be extended to similar problems in thermal ablation studies or

other applications, with adjustments to the physics equations and datasets used.

5.1.3 Background

Computational modeling of Microwave ablation in tissues

MWA uses electromagnetic power (typically at 915 MHz or 2.45 GHz) delivered to the tissue

via an applicator to generate heat and induce coagulative necrosis in target tissues [99],

[113]. Thus, it is typically modeled as a two-part process involving both electromagnetic

wave propagation and heat transfer dynamics within tissue. The propagation of microwave

energy in tissues is described by the Helmholtz equation, which is derived from Maxwell’s

equations and can be expressed as:

∇× (∇× E) − k2E = 0 (5.1)
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where E is the electric field vector, and k is the complex wave number. For tissue, k is

defined as: k = ω
√
µεc where ω is the angular frequency, µ is the magnetic permeability,

and εc = ε − j σ
ω

is the complex permittivity that accounts for both the permittivity ε and

the conductivity σ of the medium. The power absorbed in tissue is proportional to |E|2,

which serves as the heat source in the next step of the modeling. The thermal response of

tissue to the absorbed microwave energy is then described by the bioheat transfer equation.

In unperfused ex-vivo (the setting considered in this study), the thermal response of tissue

to the absorbed microwave power is then described by the heat equation:

ρcp
∂T

∂t
= ∇ · (k∇T ) + Q, (5.2)

where ρ is the tissue density, cp is the specific heat capacity, T is the temperature, k the

thermal conductivity Q = 1
2
σ|E|2 is the heat generated by microwave absorption and σ is the

electrical conductivity of the tissue. Since both electrical and thermal properties of tissue

are temperature-dependent, this problem is coupled and nonlinear. A common approach to

solving this system is to iteratively alternate between the two parts: first, solve for the electric

field distribution (1), then update the transient temperature profile by solving the bioheat

equation (2)) over a short time step, typically 5–10 s. After this, both the electrical and

thermal properties of the tissue are updated according to the new temperature distribution,

and the process is continued iteratively by resolving (1) and (2).

Physics informed neural networks (PINNs)

Physics informed machine learning is a class of deep learning architectures that seamlessly

integrate prior knowledge into the neural network framework. Real-world data may be

imperfect due to noise, missing information, and other challenges. Learning and making

inferences with such imperfect data is challenging, as it makes the machine learning model

less generalizable and less interpretable. A solution to this challenge is to integrate prior

knowledge that create bias into the machine learning framework, ensuring that the model’s

predictions follow certain physical constraints. Physics informed machine learning was first
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introduced as a surrogate for partial differential equations and has since expanded to various

fields of study such as bioengineering, fluid mechanics and so on [109]. The major components

of a learning model are the data, the model, and the loss function, and accordingly, the biases

can be of three types [114]:

• Observational Bias: The data can be modified to embody the underlying physics.

• Inductive Bias: The model can be partitioned and trained to satisfy the underlying

physics, incorporating prior assumptions and physical laws expressed as mathematical

constraints.

• Learning Bias: The loss function can be modified to incorporate the physics constraints,

thus integrating data and physical models in partially understood contexts, making it

suitable for handling missing data or noisy boundary conditions, and scaling to large

problems.

Incorporating these biases into the machine learning model in the form of observational

bias, inductive bias, or learning bias can result in predictions that are physically consistent.

In this work, our focus is on developing physics-informed machine learning that incorporates

learning bias into the model. As opposed to the traditional machine learning models, where

the loss function only includes the discrepancy between the true values and the predictions

made by the machine learning models, the loss term here also includes physical or thermo-

dynamic constraints. The combined loss associated with the data and the constraints is

optimized while learning the neural network parameters.

Bayesian inverse problems

The inverse problem, also known as calibration, involves estimating parameters of a system

from observed effects or data. In a forward problem, the goal is to determine the outcome

from known parameter or causes, mathematically represented as y = F (θ) , where y is the

observed data, θ represents the parameters, and F is the forward model describing the re-

lationship between the parameters and the data. The inverse problem is the reverse of the
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forward problem where given the observed data y and the forward model F , the goal is to

estimate the unknown parameter θ, i.e. θ = F−1(y). In practice, the inverse problems are

complex to solve for various reasons. These include (1) insufficient information to obtain

a unique solution; (2) noisy and sparse nature of real-world data, and (3) computationally

expensive as the forward modeling must be carried out thousands of times [115]. Inverse

problems are generally formulated as search problems and are traditionally solved using the

least square method [116]. Recently, neural networks have been leveraged as an inversion

technique to solve the inverse problems, where uncertain parameters are updated to satisfy

both the governing laws and the boundary conditions. As mentioned previously, existing lit-

erature on handling inverse problems using neural networks can be broadly classified into two

categories: (i) Learning-based [117],[109], [118] and (ii) Bayesian approaches [111],[119],[120].

The learning-based approach involves treating the uncertain physics parameters as a train-

able neural network parameter. However, this technique requires a large number of training

points and can result in incorrect fits. Conversely, the Bayesian approach assumes prior

information about the uncertain parameters and estimates the posterior distribution of the

parameters conditioned on the observation. Although this method can be used with sparse

observational data, calculating the posterior distribution can sometimes become intractable.

It relies on sampling-based techniques like Markov Chain Monte Carlo to approximate the

posterior distribution. However, the sampling process becomes computationally expensive

[121]. Though various sampling techniques reduce the computational burden, it still be-

comes challenging as the solution space grows. Currently, there are no analytical approach

for approximating the posterior to further reduce the computational burden in calculating

the posterior. In this chapter, we propose a novel approach where we derive an analytical

method that quantifies the uncertainty in the output, use this information to update the

posterior, and improve the performance of the neural network prediction.
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5.1.4 Problem Formulation

We considered microwave ablation in ex vivo bovine liver tissue with 30 W power applied at

2.45 GHz for 10 min. MR thermometry data were available at a temperature resolution of

6.4 s with 1.0156 mm x 1.0156 mm in-plane resolution and 1.5 mm slice thickness. Further

experimental details are provided in [122]. We extract the change in temperature at a specific

time instance t and the corresponding x, y, z locations. Thus, our dataset consists of the

spatio-temporal points (x, y, z, t) and the prediction will be ∆T , the change in temperature

at the corresponding spatio-temporal points. This will serve as the dataset for our machine

learning model. The computational model used in [123] will serve as the learning bias

and is given in equation (5.2). According to the experimental data from previous studies,

density and thermal conductivity have little variation from the baseline as function of the

temperature. Thus, it is expected that, compared to other biophysical changes such as those

in electrical conductivity, permittivity are less impactful on the ultimate distribution of the

temperature. It is important to note that the exact values of some coefficients in equation

(5.2) are uncertain (in equation (5.2) the exact value of the electromagnetic energy absorbed

by the tissue Q, volumetric heat capacity ρc and the tissue conductivity k is generally

unknown and might vary for different types of tissues). Therefore, given the limited data

from the MRI and the computational physics model with some uncertain parameters, the

goal is to develop a predictive model that can accurately predict the temperature profile of

the tissue during thermal ablation over the course of 10 minutes long ablation procedure.

5.1.5 Proposed approach

In this chapter, our goal is to learn the temperature profile of tissues using sparse MRI data

and underlying physics information represented by a partial differential equation (PDE)

with some uncertain parameters. As illustrated in Figure 5.1, given the MRI images of the

tissue section being thermally ablated and the computational physics equation governing

the temperature variations in the tissue, our objective is to train a neural network model

that predicts the temperature at any given spatial location, time instance, and the values
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Figure 5.1: Architecture for Bayesian physics informed neural network

of the PDE coefficients as given in equation (5.2). Thus, there are two key problems to

address in this setup: (i) the forward problem, where we aim to predict the temperature

profile given input values (which include the co-location points and some uncertain physics

parameters), and (ii) the inverse problem, where we estimate the values of the uncertain

physics parameters based on the given temperature values and the predictive model. The

solution of the PDE, denoted as û(α,β), is approximated by a neural network as û(α,β;Θ),

where α is the colocation points (x,y, z, t), β is the uncertain physics parameters and Θ

represents the neural network parameters obtained by minimizing the following loss function:

Θ∗ = argmin
Θ

wpLp(Θ,α,β) + wdLd(Θ,α,β) (5.3)

where, Lp is the loss associated with the physics model captured via the PDE in equation

(5.2) and Ld is the loss associated with the data and are calculated as follows:

Lp(Θ,α,β) =
1

N

N∑
i=1

||PDE(α,β, ûi(α,β)||22 (5.4)
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Ld(Θ,α,β) =
1

N

N∑
i=1

||ui(α,β) − ûi(α,β)||22 (5.5)

wd and wp are the weights associated with each of the loss terms and N is the number of

co-location points.

Our proposed BPINN framework is outlined in Algorithm 2. The input to the BPINN

consists of α, which represents the colocation points, and β, which represents the uncertain

parameters associated with the PDE. For example, parameters such as Q and k from the

PDE equation 5.2 are often uncertain and are denoted by β in our scenario. We assume a

prior distribution on these uncertain parameters, which are then fed into the neural network.

The uncertainty in the input is propagated to the output using the assumed density filtering

(ADF) approach [124]. The ADF method allows the propagation of a random distribution

through the neural network, specifically using Gaussian distributions as the ADF approxi-

mation. The weights of the BPINN are learned by optimizing the loss function provided in

equation (5.3). This loss function consists of a weighted sum of both the PDE residue and

the mean square error between the actual temperature values and the BPINN predictions.

The predictions made by BPINN will be the possible temperature values at the regions of

interest, which corresponds to solving the forward problem by learning the neural network

weights.

Once the weights are learned, the posterior distribution of the uncertain parameters is

estimated using Bayes’ theorem. The likelihood, obtained using the ADF approach, along

with the prior assumptions on β, is used to estimate the posterior distribution of β. This

process addresses the inverse problem. As we mentioned previously, while existing methods

typically approximate the posterior using sampling-based techniques, in this chapter, we

propose an analytic approach to estimate the posterior, which is detailed in Theorem 5.

Theorem 5. For an inverse problem with observations Y and associated variance Σy, where

the forward model is parameterized by the weights θ of a Bayesian physics-informed neural

network and linearized as Y = Aβ+C, the minimum mean square estimate of the uncertain

input parameters β is given by β̂ with variance vβ, where:
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β̂ = (A⊤Σ−1
y A + Σ−1

β )−1
(
Σ−1

β µβ + A⊤Σ−1
y (Y −C)

)
vβ = (A⊤Σ−1

y A + Σ−1
β )−1

(5.6)

Proof. Consider a neural network with a nonlinear transformation f applied to intermediate

activations. Let the network layer parameters be denoted by θ, and assume an output of

the form:

Y = f(βθ + b),

where f(·) is a nonlinear activation function, and β represents the uncertain input parame-

ters. Assume a Gaussian prior on β:

β ∼ N (µβ,Σβ).

Using Bayes’ theorem, the posterior distribution over the parameters is:

p(β | Y) ∝ p(Y | β) · p(β) (5.7)

Assume the likelihood p(Y | β) ∼ N (µY ,ΣY ), which can be obtained using the Assumed

Density Filtering (ADF) approach.

To linearize the nonlinear function learned by the neural network, we perform a first-order

Taylor expansion [33] around a point β̄:

Y ≈ f(β̄θ + b) +
∂f

∂β

∣∣∣∣
β=β̂

(β − β̄)

≈ ∂f

∂β

∣∣∣∣
β=β̂

β + f(β̄θ + b) − ∂f

∂β

∣∣∣∣
β=β̂

β̄

≈ Aβ + C (5.8)
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Thus, the network’s output can be approximated as a linear function of β:

Y ≈ Aβ + C

Substituting this into the Bayesian formulation in Equation 5.7, the posterior becomes:

p(β | Y) ∝ exp

(
− 1

2
(Y −Aβ −C)⊤Σ−1

y (Y −Aβ −C)

− 1

2
(β − µβ)⊤Σ−1

β (β − µβ)

)

Taking the logarithm of the posterior:

log p(β | Y) = −1

2
β⊤ (A⊤Σ−1

y A + Σ−1
β

)
β

+ β⊤ (A⊤Σ−1
y (Y −C) + Σ−1

β µβ

)
+ const

Thus, the posterior over β is:

p(β | Y) ∼ N (Φ−1Γ, Φ−1) (5.9)

where:

Φ = A⊤Σ−1
y A + Σ−1

β , Γ = A⊤Σ−1
y (Y −C) + Σ−1

β µβ

Thus, after the BPINN model is trained using the initial set of priors, the posterior is

estimated using the learned BPINN weights. The newly estimated β values using equation

(5.9) are then used as updated inputs to the BPINN, and the model is retrained. This

iterative process of model training and posterior estimation is continued until convergence,

solving both the forward and the inverse problems.
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Algorithm 2 BPINN Training and Inference

1: Input: Spatio-temporal points {(xi, yi, ti)}Ni=1, initial priors on uncertain PDE coeffi-
cients µβ, Σβ, sparse MRI data {Ti}Ni=1

2: Output: Trained neural network parameters Θ∗, updated priors µ∗
β, Σ∗

β

3: repeat
4: Compute PDE loss Lp(Θ,β,α) and data loss Ld(Θ,β,α)
5: Compute total loss:

Loss = wpLp(Θ,β,α) + wdLd(Θ,β,α)

6: Update neural network parameters Θ using optimizer
7: until convergence
8: Obtain the final neural network parameters Θ∗

9: repeat
10: Compute posterior distribution of PDE coefficients using Bayes’ theorem:

P (β|Y) ∼ N (Φ−1Γ, Φ−1)

11: Use the updated priors µ∗
β, Σ∗

β to retrain the neural network and repeat steps 4-8
12: until input parameter values converge

5.1.6 Results

Experimental Setup

Our proposed framework was tested on both simulated temperature profiles and an experi-

mental MRI thermometry dataset. The simulated data were generated using finite element

model in COMSOL Multiphysics, which solves the coupled electromagnetic and transient

heat transfer equations. The electromagnetic field distribution was computed by solving the

time-harmonic Helmholtz equation based on tissue-specific dielectric properties, including

temperature-dependent relative permittivity εr and effective conductivity σ. The energy

absorption Q was calculated as Q = σ|E|2, where E is the complex electric field. This

electromagnetic power density served as the heat source in the bioheat equation, which

incorporated temperature-dependent thermal conductivity k, density ρ, and specific heat

capacity c. The experimentally acquired dataset consisted of MR thermometry measure-

ments during microwave ablation of ex-vivo bovine liver tissue, performed under 3T MRI

guidance using a custom 2.45 GHz water-cooled monopole applicator. The applicator fea-
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tured a coaxial antenna with water flow to dissipate heat and enhance energy delivery. MR

thermometry data were acquired every 6.4 s using a FLASH sequence (TR/TE = 50/12.3

ms) in one coronal plane and two axial planes to monitor temperature changes. Additional

details about the dataset can be found in [122]. The temperature changes at each (x, y, z, t)

point obtained from the MRI serves as the input to the BPINN module. Theoretically,

symmetry exists in the heating patterns. Therefore, to simplify the analysis, we consider

only a single quadrant of the spatial domain at a fixed time point, assuming symmetry for

prediction. The electromagnetic energy absorbed by the tissue, denoted by Q, was approxi-

mated to decay exponentially from the center of the microwave applicator, i.e, it follows the

equation Q = Q0e
−ad, where d is the radial distance from the center of the antenna, Q0 is the

maximum value of the absorbed electromagnetic energy, and a is the decay coefficient and

was set to a = 0.20. It is important to note that the value of Q0 was determined numerically

from the MRI data, under the assumption that the specific absorption rate during the initial

30 s of heating [125] is equal to ρcp
∂T
∂t

= Q0. Thus the training data consists of time shots

from 0 to 40 s, with 10 s intervals. The volumetric heat capacity ρcp can range from 3.7×106

to 4.3 × 106 [122] and in this chapter we assumed ρcp = 4 × 106.

For the BPINN framework, the ADAM optimizer with a learning rate of 0.001 was used

for training. After the training process, which included updating the uncertain physics

parameters Q0 and k, the model was evaluated using root mean square error (RMSE) and

mean absolute error (MAE). The performance of the BPINN was compared to that of a

traditional neural network (NN) and a physics-informed neural network without Bayesian

updates (PINN) in terms of predictive accuracy and generalizability and is presented in the

following section.

Numerical tests on simulated dataset

In this section, we evaluate the predictive performance of the proposed BPINN framework

and compare it with the classic neural network and physics informed neural network frame-

works. Figure 5.2 shows the heat maps of the actual temperature at 50 s, the corresponding
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Time=100sec Time=120sec Time=140sec
Metric

NN PINN BPINN NN PINN BPINN NN PINN BPINN
RMSE 3.89 3.19 2.53 10.50 4.40 3.88 16.58 6.45 5.99
MAE 3.28 2.01 1.56 9.57 3.30 2.77 15.65 5.42 4.80

Table 5.1: Prediction error across various time instances using different frameworks on sim-
ulation data

Parameter True Mean Variance
Q0(W/m3) 11.17 × 107 11.912 × 107 0.00106
k(W/m.K) 0.49 0.496 4.42 × 10−5

Table 5.2: Values of the uncertain parameter obtained using BPINN for simulated data

predictions made by BPINN and the difference between the true and predicted values. Sim-

ilarly, predictions and errors for 60 s and 70 s are shown in Figures 5.3 and 5.4, respectively.

It can be observed that BPINN provides reasonable temperature predictions, with errors

remaining below 7◦C for the predictions at 70 s. The predictive performance of BPINN

is further compared against classic NN and PINN models, with the results summarized in

Table 5.1. While the mean absolute error (MAE) and root mean square error (RMSE) met-

rics for BPINN and NN are relatively close for lower time instances, BPINN outperforms

the classic NN at higher time instances, with a percentage reduction in MAE by 69% and

RMSE by 63%. This demonstrates the improved generalizability of our proposed framework

compared to classic NN approaches. Additionally, BPINN outperforms the classic PINN

model. This improvement is attributed to BPINN’s ability to update and re-estimate the

uncertain physics parameters, which the classic PINN framework does not address. Table

5.2 shows the uncertain parameter estimates obtained using the BPINN approach for the

specified training interval, compared to the true values. It can be seen that the estimated

values closely align with the true values. By incorporating these updated parameter values,

BPINN achieves enhanced predictive performance, particularly in scenarios where parameter

uncertainty plays a significant role.
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Numerical experiments on MRI data from ex-vivo tissues

The applicability of proposed framework was tested on experimental data using MRI images

taken during microwave ablation experiments on ex-vivo tissues. Training was conducted

using the first 3 minutes of heating data. As in the previous case, symmetry was considered

to simplify the analysis, and only half of the MRI data along the spatial coordinates was

used for a single time shot. To reduce noise and smooth the MRI data as a preprocessing

step, we applied a 4x4 averaging filter. The decay constant for the exponential model of

Q was set to a = 0.23. Performance evaluation was carried out similarly to the simulated

dataset. The heatmap of the actual temperature values 294.4 seconds after heating started

is given in Figure 5.5, the heatmap of the temperature predictions made by BPINN and

the error heatmap, depicting the difference between true temperature values and predicted

values, are also presented. Similarly the predicitons and error heatmaps for 300.8 seconds

and 307.2 seconds after the start of heating are shown in Figures 5.6 and 5.7 respectively. It

can be observed that our proposed framework successfully captures the underlying dynamics

during thermal ablation in tissues, tracking the temperature changes reasonably well. This

is evident from the error heatmap, where the maximum error is less than 2◦C. It should

be noted that predicting the peak temperature in tissue (or predicting temperatures in

tissue that are within ∼ 5mm of the ablation applicator) is not of greatest significance, as

these regions will almost surely be ablated (i.e. raised to absolute temperatures exceeding

60◦C). Rather, predicting temperature of tissue in regions at the periphery of the ablation

zone (where absolute temperature is in the range ∼ 45 − 55◦C), is of considerably greater

significance as it represents the edge of the treatment zone, and would identify regions of

targeted tissue that remain undertreated. As seen in Figures 5.5-5.7, the prediction error is

considerably lower at regions of tissue further away from the applicator.

The predictive performance of BPINN on MRI data, compared to the baseline approaches,

is summarized in Table 5.3. A similar trend to that observed in the simulated data exper-

iments can be seen. While BPINN consistently outperforms other methods, the error is

notably higher for the NN when compared to BPINN, especially for predictions at later
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Figure 5.2: Heat map for true, prediction of temperature profile (T in ◦C) at the colocation
points (x, y in mm), and the error 10 sec outside of training window for simulation data

Time=320sec Time=326.4sec Time=332.8sec
Metric

PINN NN BPINN PINN NN BPINN PINN NN BPINN
RMSE 1.47 2.02 1.25 2.14 2.94 1.83 3.21 3.93 2.76
MAE 0.84 0.99 0.71 1.24 1.57 1.05 1.98 2.23 1.59

Table 5.3: Prediction error at different time points using various frameworks on MRI data,
evaluated at 320.0 s, 326.4 s, and 332.8 s after the start of heating

time points, highlighting the superior generalizability of our model. The uncertainty quan-

tified on the BPINN predictions using ADF approach is depicted in the Figure 5.9. The 1D

predictions along the x-axis for a fixed y-value are shown, with uncertainty represented as

the standard deviation. It can be noted that the uncertainty is higher at the initial points

(closer to the microwave applicator), likely due to a mismatch between the actual variation

in absorbed electromagnetic energy Q and the assumptions made in our model. The uncer-

tainty quantified using the ADF approach assumes a Gaussian distribution and is utilized as

likelihood information within the Bayesian framework. This aids in estimating the posterior

distribution, which corresponds to the values of the uncertain parameters. Table 5.4 reports

the estimated uncertain parameters for MRI data using the BPINN framework, alongside

their true values. The 1D variation of the estimated and actual electromagnetic energy ab-

sorbed from the microwave applicator along the x-axis for y = 0mm is shown in Figure 5.8.

The exponential model is truncated to zero after x = 7mm to match the variation of the

electromagnetic energy in our framework.
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Figure 5.3: Heat map for true, prediction of temperature profile (T in ◦C) at the colocation
points (x, y in mm), and the error 20 sec outside of training window for simulation data

Figure 5.4: Heat map for true, prediction of temperature profile (T in ◦C) at the colocation
points (x, y in mm), and the error 30 sec outside of training window for simulation data

Figure 5.5: Heat map for true and prediction of temperature profile (T in ◦C) at the colo-
cation points (x, y in mm), 294.4 seconds after start of heating for MRI data
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Figure 5.6: Heat map for true and prediction of temperature profile (T in ◦C) at the colo-
cation points (x, y in mm), 300.8 seconds after start of heating for MRI data

Figure 5.7: Heat map for true and prediction of temperature profile (T in ◦C) at the colo-
cation points (x, y in mm), 307.2 seconds after start of heating for MRI data

Parameter True Mean Variance
Q0(W/m3) 16.43 × 107 16.80 × 107 0.00011
k(W/m.K) 0.46-0.57 0.53 4.26 × 10−5

Table 5.4: Values of the uncertain parameter obtained using BPINN for MRI data
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Figure 5.8: Variation of the estimated and actual electromagnetic energy absorbed from the
microwave applicator along the x-axis for MRI data

Figure 5.9: The 1D plot along x direction for the BPINN predictions on MRI data along
with one std deviation obtained using assumed density filtering
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5.1.7 Discussion

Predicting temperature changes accurately during thermal ablation has the potential to assist

physicians in delivering technically successful procedures for cancer treatment, where accu-

rate estimation of the spatial temperature profile at a specific time point may significantly

impact treatment efficacy. Although computational models are used to design equipment

and guide treatment decisions, they are often computationally expensive and rely on physical

parameters that yield high uncertainty due to limited experimental data. In this work, we

proposed a Bayesian physics-informed machine learning framework that not only improves

the prediction of temperature dynamics, i.e., the 2D distribution of temperature at differ-

ent time points during ablation, but also provides estimates of uncertain model parameters,

offering enhanced generalizability compared to traditional approaches.

While the proposed approach demonstrates strong predictive performance, particularly

in the context of temperature evolution during ablation, it is important to analyze the

findings within the broader ablation modeling literature. Traditional computational models

are often limited by computational cost, sensitivity to uncertain tissue-specific properties,

and difficulties in modeling nonlinearities over time. BPINNs offer a promising data-driven

approach by incorporating prior physics knowledge within the learning framework. However,

the current implementation addresses a static inverse problem, where uncertain parameters

are estimated and assumed constant over time. This limits the model’s ability to capture

nonlinear temporal dynamics, such as the evolution of tissue properties with heating, which

can in turn affect the ablation response in real-world scenarios.

A possible next step to overcome this limitation involves extending the Bayesian frame-

work to dynamic inverse problems. Furthermore, spatial heterogeneity in tissue properties

was not explicitly modeled, Q was inferred using 1D radial data and assumed to generalize

across the 2D domain. This simplification may contribute to performance degradation as

predictions extend beyond the training period, particularly in later phases of heating. Incor-

porating spatially and temporally adaptive parameter estimation would enhance the clinical

relevance and robustness of BPINNs for thermal ablation.
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5.2 Case Study 2: Graph-Based Machine Learning for

Biomarker Identification

5.2.1 Related Work

When an external force damages the head - the result is head trauma, and if there’s tem-

porary or permanent brain dysfunction, we call it a traumatic brain injury, or TBI. This

external force could be a blunt impact, like a baseball bat, a penetrating injury, like a gunshot

wound, a blast wave, like an explosion, or an accelerating-decelerating force, like in a motor

vehicle crash. TBI is becoming common and various methods are employed to identify the

severity of TBI. Traditional methods to identify TBI rely heavily on imaging data, which,

while useful, often lack biologically significant information compared to omics-based data

cite. Several studies have utilized supervised learning techniques that require large amounts

of labeled data [126], posing a challenge for practical deployment. Graph-based learning

methods have recently emerged as a promising alternative, enabling the integration of bio-

logical pathway knowledge with proteomics data [127]. While graph neural networks (GNNs)

have been applied in proteomics, their application specifically to TBI biomarker discovery

remains largely unexplored. Prior work has focused on general proteomic network analysis

but has not incorporated temporal changes in protein interactions over time, a crucial aspect

of understanding TBI progression.

5.2.2 Contributions

• We propose a GNN-based inductive learning framework to identify potential biomark-

ers for Traumatic Brain Injury (TBI) using proteomics data.

• Topological information is incorporated through Protein-Protein Interaction (PPI) net-

works, which serve as prior biological knowledge.

• Temporal aspects are captured as node features, enabling the identification of potential

biomarkers at various time points post-injury.
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• We also quantify the epistemic uncertainty associated with the model predictions

5.2.3 Background

Traumatic Brain Injury (TBI) is a form of head trauma that results in temporary or per-

manent brain dysfunction. TBI is a significant global cause of death and disability. In the

United States alone, the Center for Disease Control and Prevention reported over 220,000

TBI-related hospitalizations and 60,000 TBI-related deaths in 2021 [128]. TBI is a complex

neurological disorder with primary (mechanical injury) and secondary mechanisms, such

as neuroinflammation, excitotoxicity, oxidative stress, cellular apoptosis, and mitochondrial

dysfunction, that contribute to long-term motor and cognitive deficits1-4. Current TBI di-

agnosis relies on neurological exams (Glasgow Coma Scale) [129] and imaging (CT, MRI)

[130], which are inadequate for early and rapid detection, assessment, and monitoring of

severity and specific brain injury components (cell death, neuroinflammation, or blood-brain

barrier, BBB, breakdown. Proteomic biomarkers offer a more precise and objective means

of diagnosis by analyzing protein interactions and pathway activations [127]. However, chal-

lenges such as high variability in data, sample heterogeneity, and detection limitations hinder

effective biomarker identification. Machine learning approaches, particularly graph-based

models, provide a structured way to extract meaningful biological information from complex

proteomic datasets [131].

5.2.4 Experimental Set up

The following section outlines the procedure used for data collection.

Mouse Model of Traumatic Brain Injury: All animal procedures were conducted

in accordance with the guidelines of the Institutional Animal Care and Use Committee at

the University of Texas Medical Branch and adhered to the US National Institutes of Health

guidelines. C57BL6J male mice (The Jackson Laboratory, #000664), aged 10-14 weeks, were

housed in a controlled environment with a 12-hour light/12-hour dark cycle at a temperature

of 21-23°C, with free access to water and a standard chow diet.
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To induce TBI, a non-penetrating, closed-skull weight-drop model was employed on unre-

stricted mice, adapted from previously published methods. Briefly, mice underwent general

health assessments and handling for 10 minutes the day prior to the injury to minimize stress

related to handling. On the day of the injury, mice were anesthetized with 3-5% isoflurane

until the righting reflex was lost, and they were immediately placed in a prone position on

top of a tin foil with slits, with the cranium directly underneath a plunger with a brass disc

at the end. A 150 g weight was dropped from a height of 1.5 meters. The impact from the

plunger caused the mice to break through the aluminum foil barrier and undergo a 180-degree

flip while falling 10 cm onto a foam cushion. After injury, mice were placed on a warm pad

until they regained consciousness and attained a prone position. Sham animals underwent

anesthesia without injury. At various time points post-injury, mice were euthanized, and

blood samples were collected for further analysis.

Blood Plasma Harvest: Mice were anesthetized with 3-5% isoflurane until the righting

reflex was lost and then placed in a supine position with their head in a nose cone, with a

continuous flow of isoflurane administered throughout the procedure. An incision was made

in the skin from the bottom of the rib cage to expose the chest cavity, ensuring that the

intrathoracic pressure remained intact. The heart was located, and a 1 mL syringe with a

25G x 5/8 in. needle (BD, #309626) was carefully inserted at a 45-degree angle to puncture

the apex of the left ventricle. Blood plasma was then slowly extracted, and the animals

were humanely euthanized by cervical dislocation followed by decapitation. Proteins in the

plasma were extracted and quantified at various time points. Label-Free Quantification

(LFQ) intensity of proteins from blood plasma was obtained using mass spectrometry (MS)-

based proteomics, which served as input for the proposed GNN-based framework for potential

biomarker identification.

5.2.5 Proposed approach

Proteomics data was subjected to Graph Neural Network (GNN) analysis, a computational

machine learning process, to identify potential biomarkers for TBI by incorporating addi-

92



tional features such as neurological associations, predicted protein-protein interactions, and

time-dependent LFQ intensity values of each protein. By including these parameters, GNN

provides a more comprehensive analysis that better captures the biological context of each

identified protein to increase the likelihood of discovering a potential biomarker. We con-

structed a Protein-Protein Interaction (PPI) network using available databases from the

STRING [132]. The identification of potential biomarkers was formulated as a node classifi-

cation problem, with node labels representing ranks from 1 to 6. Rank 1 indicated the highest

probability and rank 6 the lowest probability of a protein being a potential biomarker.

5.2.6 Results

The training labels, constituting approximately 5%–8% of the overall dataset, were obtained

based on domain-expert knowledge. The GraphSAGE model was employed for learning

node representations, capturing both structural and feature-based relationships within the

dataset. The model architecture consists of three node-embedding layers and one feed-

forward layer, with ReLU activations applied at intermediate layers and a Softmax function

at the output for classification. A learning rate of 0.001 and Adam optimizer was used to

ensure convergence of the training loss function.

We performed GNN-based learning techniques to predict probabilities of individual pro-

teins being potential biomarkers for all nodes in the network. A time point specific network

with ranks for potential biomarkers for 3hpi is shown in Figure 5.10. We detected apolipopro-

teins and inflammatory response associated proteins that were matched by biostatistical

analysis. Additionally, the uncertainty quantification framework proposed specifically for

graph neural networks in Chapter 4 was used to quantify the uncertainty in model predic-

tions, as shown in Table 5.5. It can be observed that the uncertainty quantified by the

proposed GNSDE-UQ method yields lower ENCE scores compared to the widely used MC

Dropout, demonstrating its reliability as a superior uncertainty quantification approach.
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Figure 5.10: Potential Biomarker identified for Traumatic Brain Injury at 3 hours post injury

p
GNSDE-UQ MC dropout

ENCE Training Loss ENCE Training Loss
0.1 0.6095 0.004 9.96 0.0366
0.3 0.3836 0.0075 12.76 0.373
0.5 0.3844 0.0026 1.996 0.0367
0.7 0.2831 0.0075 2.795 0.0404
0.9 0.8151 0.0029 1.528 0.0614

Table 5.5: UQ for the biomarker identification using GNSDE-UQ and MC dropout frame-
work
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5.3 Summary

In this chapter, we proposed two frameworks that incorporate prior knowledge as learning

bias and observational bias in limited-data scenarios. Additionally, the learning framework

is equipped with uncertainty quantification on the output predictions. We explored two case

studies to demonstrate the effectiveness of the proposed frameworks.

The first case study focused on predicting temperature changes during thermal ablation.

Accurate estimation of the spatial temperature profile at specific time points can signifi-

cantly impact treatment efficacy. While computational models are commonly used to design

equipment and guide treatment decisions, they are often computationally expensive and rely

on uncertain physical parameters. To address this, we proposed a Bayesian physics-informed

machine learning framework that not only improves the prediction of temperature dynamics,

i.e. the 2D distribution of the temperature at different time points during ablation but also

provides estimates of uncertain model parameters, offering enhanced generalizability com-

pared to traditional approaches. Therefore, this framework serves as an initial step toward

developing personalized treatment planning for patients.

In the second case study, we propose a graph neural network-based machine learning

algorithm for identifying potential biomarkers in traumatic brain injury (TBI). The algorithm

utilizes protein-protein interactions as edge connections in the input data. The proposed

framework incorporates prior domain knowledge as observational bias by embedding physics-

based information from an existing database. Specifically, the underlying data is modified to

reflect the known interactions between proteins, allowing for a more biologically meaningful

identification of novel TBI biomarkers in proteomics data.
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Chapter 6

Uncertainty Guided Active Sampling

of Spatio-Temporal Data

Data sparsity in spatiotemporal datasets, specifically in biological applications often arises

due to the high cost and laborious nature of sensing modalities as we discussed in Chapter

1. These constraints limit both the number of sensors that can be deployed and the volume

of data that can be collected. A promising approach to address this challenge is to deploy

sensors strategically, ensuring that the limited data acquired is as informative as possible.

In this chapter, we introduce a framework for active sampling of spatio-temporal data that

leverages uncertainty quantification to guide these strategic decisions. This approach is

designed to maximize the informational value of each measurement, thereby enhancing the

overall effectiveness of downstream analysis performed on such data.

6.1 Related Work

In modern agricultural practices, there is an environmental obligation to ensure efficient

usage of water. Frequent monitoring of soil moisture and temperature can help farmers to

optimize irrigation, reduce water usage and ensure that plants receive the exact amount of

water required [133]. Accurately monitoring soil moisture and temperature can also be a
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valuable tool to detect changes in the soil environment that may indicate the presence of

plant disease [134]. Thus, frequent monitoring of soil moisture is critical for many applica-

tions and efficient agriculture management. Soil dynamics vary across both space and time,

necessitating regular measurements for various applications. For instance, in regional plan-

ning, it is essential to have soil moisture data at different spatial and temporal scales, which

require measurements at various depths and time intervals [135]. To effectively represent

these variations, data can be represented in the form of a spatio-temporal graph, aiding in

the quantitative monitoring of soil health.

Over the past decade, the use of machine learning (ML) algorithms such as deep learning

[136], support vector machines [137], and random forests [138] has significantly increased in

soil health research. This increase is attributed to their non-parametric nature and their

ability to capture complex, non-linear relationships. Recently, advanced ML methodologies

like graph neural networks [139] and recurrent neural networks [140] have also been explored

in order to efficiently capture spatial and temporal variations among soil measurements.

Despite the importance of soil health data, its availability from agricultural lands is often

hindered by several factors, including sensor reliability, data collection challenges, mainte-

nance issues, and inadequate network connectivity. Moreover, deploying a large number of

sensors in the field can be prohibitively expensive, resulting in spatially sparse data [141].

Missing data creates substantial issues for ML-based analysis. Omitting missing data can

lead to biased or incorrect conclusions, complicating the identification of temporal or spatial

patterns [142]. Therefore, developing effective approaches to handle incomplete data is cru-

cial when designing machine learning–based decision support models. Given the constraints

of sparse measurements, we propose a novel uncertainty-guided framework to strategically

choose sensor locations rather than relying on random placement. This can be achieved

using semi-supervised approaches, such as Active Learning (AL), which enable the use of a

limited number of in situ sensors while maintaining high-quality predictive modeling of soil

health [143].

Spatio-temporal graphs incorporate both spatial and temporal dimensions into their

structure. They represent connections or relationships between entities not only in space
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but also over time and are useful in modeling complex systems such as transportation sys-

tems [144], climate patterns [145] and precision agriculture [146]. Owing to their applications

in a wide variety of complex systems, learning in spatio-temporal graphs has attracted sig-

nificant research attention recently. Among these studies, there is a proposal to explicitly

model the structure information into the convolutional operation and combine it with pseudo

three-dimensional networks to capture temporal dependencies in the traffic data [147]. An-

other work proposes to learn temporal features using an attention-based Long Short-Term

Memory (LSTM) network and the spatial features using Multi-Task Learning output lay-

ers [52]. Deep Spatio-Temporal Graph Convolutional Network exploits a combination of

graph convolution operations and standard convolutions to capture the dynamic variations

in both spatial and temporal perspective [148]. LSTM unit and convolutional neural network

are used to encode the spatial features of the target points, which are then fed to tempo-

ral attention mechanism to complete the decoding process and predict grain temperature

[149]. A graph-based Recurrent Neural Network (RNN) is proposed that incorporates both

geographical and temporal knowledge in the model for crop yield prediction [150]. More

recently, Dynamic Traffic Correlation-based Spatio-Temporal Graph Convolutional Network

is proposed to extract a dynamic adjacency matrix from different traffic characters to de-

scribe dynamic spatio-temporal correlations. Further, an attention and dynamic adjacency

matrix-based GCNs framework is used to capture dynamic spatial features, while a LSTM

is used to capture urban traffic temporal features, respectively [151]. A multi-output and

spatiotemporal model combining GCN and transformer is used to capture spatial corre-

lations and temporal dependencies of the sensor network in a granary [152]. Hierarchical

Spatio-temporal Graph Neural Network incorporates an adaptive graph learning module that

constructs a self-learning hierarchical graph and leverages convolution and gated temporal

convolution with a dilated inception as the backbone to capture hidden spatial dependen-

cies and diverse long-term meteorological trends [153]. Most of the approaches proposed

for learning in spatio-temporal graphs require huge amounts of training data, which might

be difficult to obtain in practical scenarios like precision agriculture. Despite the advances

in sensor technology, several challenges remain in collecting consistent and comprehensive

98



soil data from the agricultural fields. Sensor reliability, data transmission issues, mainte-

nance, and field operations often lead to sparse and uneven data distribution. The high

cost and logistical challenges of widespread sensor deployment further worsen these issues

[154]. Developing machine learning-based predictive frameworks to model the dynamics of

these sparse soil measurements is challenging. Sparse measurements can introduce bias and

are not always representative of the space that is being learned [155]. There are existing

works that capture spatial and temporal dynamics in sparse data setups by imputing the

data at missing locations [23]. However, these methods may bias the results as the miss-

ingness itself might be informative [156]. Semi-supervised learning methods such as Active

Learning (AL), have addressed the sparsity in data in a machine learning setting. AL can

significantly reduce the need for extensive labeled data by strategically selecting the most

informative samples for labeling, resulting in higher prediction accuracy with limited data

[157], [158]. The integration of AL with Graph Neural Networks (GNNs) has emerged as

a potent approach for spatial and temporal data prediction. The application of AL and

GNNs in environmental and agricultural data prediction has been explored in recent stud-

ies. [159] demonstrated the efficacy of GNNs in handling spatial dependencies in various

applications. Similarly, [46] have illustrated the advantages of semi-supervised learning on

graph structures, facilitating effective learning from sparsely labeled data. Though GNNs

excel in capturing complex dependencies and relationships in data structured as graphs,

they fail to capture temporal dependencies. This work, for the first time, presents a novel

uncertainty-guided AL framework for applications involving spatio-temporal processes and

graphs.

6.1.1 Contributions

This work addresses the problem of active learning in spatio-temporal graphs. For the first

time, we propose a novel uncertainty-guided learning scheme involving a combination of Di-

lated Causal Convolutional Neural Network (DC-CNN) and Graph Neural Network (GNN).

We systematically propagate the uncertainties associated with graph node features (repre-
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senting the noise in sensor measurements) through all the layers of DC-CNN and GNN.

This helps us estimate the uncertainty associated with the model predictions, which is then

leveraged to guide the informative sample selection via querying in the context of AL. We

evaluate the effectiveness of the proposed methodology by conducting experiments over a

field-scale sensor network data set for monitoring and modeling the spatial and temporal

variation of soil moisture and temperature in a dryland agricultural field. The experimental

evaluation reveals that it is possible to predict soil moisture/temperature over a large spa-

tial area with over 90% accuracy even with a limited fraction of sensors and strategically

selected measurement locations. The proposed methodology is generic and can be applied

to the problem of monitoring of any soil parameter (such as nitrogen, phosphorus, potas-

sium etc.) within any spatio-temporal graph setup, irrespective of the learning scheme and

model architecture. Such an approach of utilizing uncertainty information to support AL in

spatio-temporal graphs has not been reported in the literature so far and is a novel contri-

bution of this work. The remainder of this article is organized as follows: background on

spatio-temporal graphs, DC-CNN, GNN and AL is provided in Section 2. We discuss the

specific problem formulation targeted in this work and the proposed approach to implement

uncertainty-guided AL on spatio-temporal graphs in Section 3. Experimental evaluation is

outlined in Section 4 and the article ends with concluding remarks in Section 5.

6.2 Background

6.2.1 Spatio-Temporal Graphs

Spatiotemporal graphs represent data that is indexed in both spatial and temporal dimen-

sions. These types of graphs are useful for modeling complex systems with features and

relationships that change over space and time, such as transportation networks, soil pa-

rameter dynamics in agriculture, climate patterns, and biological processes [160]. In the

context of spatiotemporal graphs, nodes/vertices represent spatial entities such as traffic in-

tersections or location of field sensors. Edges/links represent the relationships between the
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nodes, such as roads between the intersection, communication links between sensing units

or parametric dependencies across soil sensor locations. As a result, the spatial aspect of

the spatiotemporal graph captures the geographical or logical locations of the nodes, as well

as the spatial relationships represented by distance metrics, adjacency matrices, or spatial

clustering techniques. On the other hand, temporal aspect captures the dynamic nature

of the graph, such as the change in features or attributes over time and the appearance

or disappearance of nodes or edges, thereby helping to model the evolution of the system

it represents. Advances in machine learning have led to the development of novel models

such as Graph Attention Networks (GAT) [161], a combination of Graph Neural Networks

(GNNs) and Recurrent Neural Networks [162], and Temporal Convolution Neural Networks

[147] which can effectively learn from spatiotemporal data. Leveraging recent technological

advancements, spatiotemporal graphs offer a powerful framework for modeling and analyzing

complex systems where spatial and temporal dimensions interplay.

6.2.2 Dilated Causal Convolutional Neural Networks

Dilated Causal Convolutional Neural Networks (DC-CNN) provide an efficient mechanism

for capturing temporal information in sequential data and for temporal prediction tasks [163].

The major component of the dilated causal convolution is the convolutional neural network.

In the context of sequential data, a 1D convolutional layer is applied to the data. Causal

convolution ensures that the output at time step t only depends on inputs from time steps t

and earlier. This is crucial for sequence prediction tasks where future data points should not

be used to predict past or present values. In a causal convolution, the convolution operation

is modified so that each filter only accesses past and present input values. Traditional

convolutional layers have a limited receptive field, meaning they can only consider a small

window of the input at a time. Dilated convolution introduces a spacing (dilation) between

the filter elements, allowing the network to have a larger receptive field without increasing the

number of parameters or computational cost excessively [164]. The dilation factor decides

the number of input elements to skip which is decided by the spacing between the filter
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elements. For instance, with a dilation factor of 2, the filter skips every other input element.

Compared to other frameworks used for capturing temporal relationships, such as RNN,

DC-CNN maintain a manageable number of parameters while being able to look back at

a larger context in the input sequence [165]. The hierarchical nature of the dilation factor

allows the network to capture both short-term and long-term dependencies. Lower layers

with smaller dilation factor capture finer details, while higher layers with larger dilation rates

capture broader patterns [164].

6.2.3 Graph Neural Networks

The field of graph neural networks (GNNs) has experienced remarkable and swift advance-

ments in recent years. GNNs are a class of deep learning models designed to perform infer-

encing on graph structured data [166]. GNNs can capture complex relations and interactions

in various domains such as sensor networks, transportation systems, social networks and so

on [167]. Unlike traditional neural networks that operate on regular grids like images or

sequences, GNNs are tailored to capture the underlying structure and properties of graph-

based data, which consists of nodes representing entities or objects and edges representing

relationships or interactions between these nodes [142]. The nodes representing entities are

called node embeddings of a graph. These vectors capture the structural information and

properties of the nodes, making them suitable for various downstream tasks like node classi-

fication, link prediction, and clustering. GNNs operate by passing messages between nodes,

where each node updates its representation by aggregating messages from its neighbors and

combining them with its current state. Various GNN variants exist based on different ag-

gregation and combination operations [168], [169]. In this work, we use GraphSAGE, an

inductive framework that can generalize to unseen nodes and subgraphs, unlike transduc-

tive models that require re-training when new nodes are added [49]. GraphSAGE enhances

scalability and adaptability to dynamic graphs by sampling a fixed-size set of neighbors for

each node and aggregating their features to form the updated representation for the node of

interest. This approach significantly reduces the computational complexity associated with
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large graphs. The equation used to update node features of a node u at ith node embedding

layer is as follows.

h(i)
u = f (i)

(
h(i−1)
u , h

(i−1)
N(u)

)
= g

(
θ(i)c h(i−1)

u , θ
(i)
A Ã(h

(i−1)
N(u) )

)

6.2.4 Active Learning

AL is a semi-supervised machine learning approach that selectively queries the most infor-

mative data points for labeling, aiming to build accurate models with fewer labeled instances

[158]. It allows the learning algorithm to leverage information from external sources (e.g.,

human experts) and train an efficient decision model using much fewer labeled instances as

compared to traditional supervised ML methodologies. This approach is particularly useful

in situations where labeling is expensive or time-consuming, such as in natural language pro-

cessing, computer vision, medical imaging, and speech recognition. The learning algorithm

in AL settings is referred to as Active Learner and the external information source is termed

as the Oracle. The Active Learner is permitted to select the data it wants to learn from.

Thus, it poses queries to the Oracle in the form of unlabeled data instances, and the Oracle

is expected to supply corresponding labels. By employing various query strategies such as

uncertainty sampling, query by committee and sampling diversity, AL helps in selecting the

candidate query instance that is the most informative, enhancing model performance while

operating under a labeling budget [157]. In this work, we employ an AL strategy combined

with Graph Neural Networks (GNN) and Dilated Convolutional Neural Networks (DC-CNN)

to predict soil health in agricultural fields.
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6.3 Problem Formulation

This work presents a novel framework to perform Active Learning on spatio-temporal graphs.

The proposed architecture involves two modules: (i) Dilated Causal Convolutional Neural

Network for learning in the temporal domain, and (ii) Graph Neural Network for the spatial

counterpart. The proposed framework supports systematic propagation of uncertainty in

node features through the DC-CNN and GNN layers using Assumed Density Filtering (ADF),

followed by moment matching. This allows us to derive the uncertainty associated with

model predictions, which is further leveraged to select the most informative nodes for AL in

spatio-temporal graphs.

We consider a spatio-temporal graph G = (A, E, Xt), where A ∈ RN×N denotes the

spatial adjacency matrix; N denotes the number of nodes and the element ai,j ∈ A is 1 if

the nodes i and j are connected via an edge. E represents the spatial relationship between

the nodes, and Xt ∈ RN×D is the set of D dimensional dynamic features corresponding to

each node at time t . The uncertainty in node features is assumed to be Gaussian with zero

mean and known variance. For a node u ∈ G , the uncertainty in the feature vector can

be represented as hu ∼ N (h∗
u, Σ) where h and h∗ are the measured and true values of the

feature vector, respectively, and Σ is a diagonal matrix comprising of known variances of

noise in individual features. It is also assumed that the noise in features of different nodes is

uncorrelated. The uncertainties in ML frameworks can be either aleatoric or epistemic. The

intrinsic randomness of data caused due to noisy or faulty measurements is referred to as

aleatoric uncertainty. In a graph-structed data, it can be captured via uncertainty associated

with node features and probabilistic links [170]. The uncertainty in node features takes acre

of the measurement noise and probabilistic links handle the imprecise information about

underlying graph structure. The inability of a model to comprehend the underlying process

leads to epistemic uncertainty. In a graph-structed data, it can be captured via uncertainty

in parameters of GNN and the associated activation functions. In this work, we consider the

propagation of aleatoric uncertainty through the layers of DC-CNN and GNN, and propaga-

tion of epistemic uncertainty shall be considered as a part of the future work. The proposed
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methodology shall be evaluated over a field-scale sensor network data set for monitoring and

modeling the spatial and temporal variation of soil health in a dryland agricultural field [171].

Therefore, in the context of measurements obtained from agricultural fields, every node in G

corresponds to a location with two sensors, soil temperature and volumetric water content,

each with a hourly time-series measurement for 1000 time instances. The node features

comprise of the truncated Singular Value Decomposition (SVD) of the weighted adjacency

matrix [52]. This helps to improve the learning scheme by incorporating higher order neigh-

bor embeddings, while keeping self-embedding separate from the neighbor embeddings in

aggregation function of GNN [52]. In this work, we systematically quantify the uncertainties

through different layers of DC-CNN and GNN in order to finally obtain the uncertainty in

model predictions because of noise in the node features. Incorporating prior information

about the data, such as sensor or measurement noise, allows for more reliable predictions

by quantifying uncertainties in data through confidence intervals around the predictions.

For instance, it is critical to account for measurement noise in the readings obtained from

various sensors like temperature and soil moisture sensors installed in agricultural fields. If

these uncertainties are overlooked and the features are assumed to be deterministic, it can

lead to unreliable predictions. It is well known that the widespread installation of sensors

can be excessively costly and can place a substantial burden on communication networks.

This work, for the first time, presents an uncertainty guided AL framework for predicting

measurements across the entire field by using sparsely available data. The uncertainty as-

sociated with the model prediction of individual nodes is used as the heuristic for iterative

selection of nodes in the context of AL. This allows to learn a robust decision model by

utilizing significantly lesser number of labeled nodes for training, as compared to conven-

tional supervised learning approaches. Such a framework is highly beneficial for developing

predictive engines using information from the agricultural fields, as the data is frequently

impeded by absence of information owing to multiple factors like sensor dependability, data

collection, communication disruptions, maintenance problems, and field operations.
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6.4 Proposed Framework

This work proposes a novel uncertainty-guided framework to implement AL on spatio-

temporal graphs. The learning scheme utilized in the proposed methodology involves a

combination of DC-CNN and GNN. While DC-CNN addresses the temporal relations as-

sociated with individual nodes, GNN captures the spatial dependencies between different

nodes of the given spatio-temporal graph G. The proposed framework is illustrated in Fig-

ure 6.1. A small fraction of nodes ( 10%) from G is chosen for initial training of the decision

model. During this process, we systematically propagate the uncertainties associated with

node features (assumed as sensor or measurement noise) through different layers of DC-CNN

and GNN in order to finally obtain the uncertainty in model predictions. This is achieved by

making use of ADF, followed by moment matching. We consider propagation and matching

the means and variances of the output probability density functions of all DC-CNN and

GNN layers. The uncertainty in model predictions is then leveraged to iteratively select the

most informative nodes in the context of AL. This process is repeated until the query budget

is exhausted.

This work proposes a novel uncertainty-guided framework to implement AL on spatio-

temporal graphs. The learning scheme utilized in the proposed methodology involves a

combination of DC-CNN and GNN. While DC-CNN addresses the temporal relations as-

sociated with individual nodes, GNN captures the spatial dependencies between different

nodes of the given spatio-temporal graph G. The proposed framework is illustrated in Fig-

ure 6.1. A small fraction of nodes ( 10%) from G is chosen for initial training of the decision

model. During this process, we systematically propagate the uncertainties associated with

node features (assumed as sensor or measurement noise) through different layers of DC-CNN

and GNN in order to finally obtain the uncertainty in model predictions. This is achieved by

making use of ADF, followed by moment matching. We consider propagation and matching

the means and variances of the output probability density functions of all DC-CNN and

GNN layers. The uncertainty in model predictions is then leveraged to iteratively select the

most informative nodes in the context of AL. This process is repeated until the query budget
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Figure 6.1: Proposed framework for uncertainty-guided AL on spatio-temporal graphs. The
following result formalizes the propagation of uncertainty across DC-CNN and GNN layers.

is exhausted.

Theorem 6. The expected value (µu,t) and variance (vu,t) of node embedding for node u

at time t, accounting for aleatoric uncertainty with mean aggregation and linear activation

functions are:
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where, (i) corresponds to quantities of ith layer, θC denotes the combination parameters,

θA denotes the aggregation parameters, N (u) is the neighborhood of the node u,D (u) is

the degree of node u and η is the dilation factor. puv,t represents the probability of the link

between nodes u and v at time t.

Proof. For a node u, let the noisy feature vector be: hu ∼ N (h∗
u, Σ). The aggregation and

the combination operations at the ith node embedding layer is written as:
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A Ã(h

(i−1)
N(u) )) (6.3)

where, g[•] is the activation function and Ã is the aggregation operator. At time t, for

node u, the temporal representation learned by the causal convolution can be written as:

h
(i)
u,t = h(i−1)

u ∗ k(i) (t)

=
k−1∑
s=0

k(i)(s) ⊙ h(i−1)
u (t− ηs) (6.4)

where k is the kernel and ⊙ is the Hadamard product. Using ADF, the joint density of

all embeddings for a node u, i.e., p(h
(o:l)
u,(t−ns):t) can be approximated [124], [170]. This can be

done by minimizing KL divergence and moment matching (first two moments) [170]:

µ
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where, E is the expectation operator and var is the variance operator. The following

assumptions were made: Ã is a mean operator and g[•] is linear activation. As a result of

these assumption, (i) the variance of mean is normalized form of mean of variances; and (ii)

the mean of expectations is same as expectation of means.

By substituting equation 6.3 and 6.4 in equation 6.5 and 6.6 the mean and variance can

be obtained as:
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(6.7)
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This proves Theorem 6.

6.5 Results

We evaluate the proposed methodology over a field-scale sensor network data set for monitor-

ing and modeling the spatial and temporal variation of soil health in a dryland agricultural

field [171]. We consider hourly measurements of volumetric water content and soil tempera-

ture collected at 42 monitoring locations and 5 depths (30, 60, 90, 120, and 150 cm) across

Cook Agronomy Farm [171]. A window of 1000 measurements is chosen for each measure-

ment location at every depth. The next step is to create a connected graph G with 210

nodes (i.e., 42 locations at 5 depth). The Euclidean distances dij between all node pairs i

and j were calculated, and an edge was considered between the ones where dij was found to

be less than a pre-defined threshold distance dT . The selection criteria for dT was to ensure

that the resulting graph is connected. Therefore, every node in G corresponds to a location

with two sensors, soil temperature and volumetric water content, each with a hourly time-

series measurement for 1000 time instances. The node features comprise of the truncated

Singular Value Decomposition (SVD) of the weighted adjacency matrix [52]. This helps

to improve the learning scheme by incorporating higher order neighbor embeddings, while

keeping self-embedding separate from the neighbor embeddings in aggregation function of

GNN [52]. The detailed architecture used in our experiments is as follows: (i) DC-CNN:

number of convolution layers: 1; number of LSTM layers: 1; number of linear layers: 3;

hidden dimensions: 48, 24; kernel size: 3; window size: 100 (ii) GNN: depth (i.e., number of

node embedding modules): 2; number of neurons in 2 layers: 48, 36; number of multi-layer

perceptron (MLP) layers: 2; activation function: linear (except last layer with softmax);

aggregation function: mean. The training of GNN is carried out in a mini-batch manner.

An initial labeled dataset was curated by randomly selecting around 10% of nodes in G. It
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is assumed that both soil temperature and volumetric water content data are available for

all these nodes for the first 100-time instances. Subsequently, this data is used to train an

initial model as per the aforementioned architecture. During this process, the uncertain-

ties arising from sensor or measurement noise are also propagated systematically through

different layers of DC-CNN and GNN, as outlined in Theorem 6. After training an initial

model, the querying procedure is commenced, and the decision model is updated after each

query step. We use the uncertainty in model predictions obtained during the previous step

as a heuristic to iteratively select the most informative nodes at each successive query step.

Around 30% of the nodes in G are used for AL queries and 40% are held out separately for

testing.

We have designed four tasks in order to demonstrate the utility of our proposed frame-

work. The first two tasks are intended to predict soil temperature (TR) and volumetric

water content (VWR) for the test nodes during all time instances by using truncated SVD

values as node features. The third task is designed to predict TR by using both truncated

SVD values and VWR measurements as node features. The last task is to predict VWR by

using a combination of truncated SVD values and TR measurements as node features. We

use Mean Squared Error (MSE) and Predictive Performance (PP) as metrics to evaluate the

performance of the proposed methodology over different tasks. PP is calculated using eq.

(7). Here, Ai and Pi are actual and predicted values, respectively, and n is the total number

of observations.

Predictive performance (PP) = 100 − 100

n

n∑
i=1

|Ai − Pi

Ai

| (6.9)

Firstly, we establish the benefits of utilizing AL for strategic selection of nodes for model

training during each query step. The random selection of nodes from the dataset is treated

as the baseline. Table 6.1 illustrates the percentage of node labels required to achieve 90%

predictive performance. It can be observed that the proposed framework achieves a predictive

performance of 90% using 30% or lesser node labels for all the tasks. On the other hand,

65%−70% of node labels are required to achieve the same level of performance using baseline,
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Sr. No. Task Baseline Proposed Framework
1 Prediction of TR 71.42% 30.95%
2 Prediction of VWR 70.47% 29.52%
3 Prediction of TR based on VWR 64.28% 28.57%
4 Prediction of VWR based on TR 65.23% 27.61%

Table 6.1: Percentage of node labels required to achieve 90% predictive performance.

Sr. No. Task
Performance Metrics after number of queries

20 40 60
MSE PP MSE PP MSE PP

1 Prediction of TR 0.1123 52.23% 0.0911 77.90% 0.0537 92.07%
2 Prediction of VWR 0.1345 51.54% 0.1032 75.15% 0.0625 92.85%
3 Prediction of TR based on VWR 0.1056 55.87% 0.0744 81.33% 0.0498 94.67%
4 Prediction of VWR based on TR 0.0988 56.12% 0.0779 80.47% 0.0386 96.58%

Table 6.2: Performance Evaluation at different stages of Active Learning.

i.e., if the node labels are selected at random for model training. This is because the proposed

framework strategically selects the nodes with highest uncertainty at each query step, thereby

improving the label efficiency. Such an approach is highly beneficial for developing predictive

engines using information from the agricultural fields, where data availability is sparse. It

can also be seen that the percentage of node labels required to achieve 90% PP is lesser for

tasks 3 and 4, as compared to those for tasks 1 and 2. This is intuitive because a larger

amount of information is utilized as node features for model training in these tasks, namely,

VWR for task 3 and TR for task 4, respectively, which is missing in tasks 1 and 2.

Secondly, we demonstrate the efficacy of AL approach by evaluating performance for all

the tasks after specific query steps. The values of MSE and PP after regular intervals of

query steps are provided in Table 6.2. It is clearly observed that the values of MSE reduce

and PP improves as more queries are made. This indicates the incremental learning of the

decision model, as it is updated after each query step. Once again, it can be observed that

the performance of decision model is better for tasks 3 and 4 as compared to tasks 1 and 2.

This is because additional information is incorporated as node features during model training

for these tasks. We also capture the uncertainty associated with model predictions for all

the tasks after specific query steps, as outlined in Table 6.3. These uncertainty values were
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Sr. No. Task
Uncertainty after number of queries
20 40 60

1 Prediction of TR 0.0823 0.0621 0.0408
2 Prediction of VWR 0.0965 0.0612 0.0536
3 Prediction of TR based on VWR 0.0809 0.0577 0.0245
4 Prediction of VWR based on TR 0.0767 0.0448 0.0287

Table 6.3: Uncertainty Evaluation at different stages of Active Learning (considering 0.10
at input).

Sr. No. Node Instance
Performance Metrics after number of queries
20 40 60

PP Uncertainty PP Uncertainty PP Uncertainty
1 13 55.41% 0.0798 82.08% 0.0542 95.31% 0.0265
2 46 56.22% 0.0877 81.53% 0.0603 94.87% 0.0247
3 88 54.85% 0.0843 83.16% 0.0528 94.63% 0.0316
4 162 55.91% 0.0812 81.74% 0.0537 93.96% 0.0255

Table 6.4: Longitudinal Studies for specific nodes: Prediction of TR based on VWR (uncer-
tainty measured by considering 0.10 at input).

calculated by considering that the sensor measurements are corrupted with 10% Gaussian

noise, i.e., an input uncertainty of 0.10. It was observed that the values of uncertainties

reduce as more queries are made. This is intuitive because learning of the decision model

improves with each query step, as the information about strategically selected uncertain

nodes is incorporated in the learning scheme. Table 6.2. Performance Evaluation at different

stages of Active Learning.

Finally, the effectiveness of the proposed framework is demonstrated by carrying out

longitudinal studies corresponding to specific nodes in G for task of predicting TR based

on VWR. A few nodes were selected at random and the variations in PP and uncertainty

values are examined. Table 6.4 presents a summary of the results for four randomly selected

nodes from G. It can be seen that the predictive performance improves, and uncertainty

reduces as more queries are made. These observations illustrate the systematic propagation

of uncertainties across all layers of DC-CNN and GNN, as well as incremental learning of

the decision model after subsequent query steps in the context of AL.
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6.6 Summary

In this chapter, we propose a novel framework to perform AL on spatio-temporal graphs.

Specifically, we developed an uncertainty-guided learning scheme that integrates a DC-CNN

to capture temporal relationships at individual nodes with a GNN to model spatial dependen-

cies among nodes. The framework systematically propagates uncertainty in node features

through the DC-CNN and GNN layers using an approximate density filtering (ADF) ap-

proach, followed by moment matching to obtain robust uncertainty estimates in the model

predictions. This allows for more reliable predictions by quantifying uncertainties in data

through confidence intervals around the predictions. The uncertainty in model predictions

is then leveraged to iteratively select the most informative nodes in the context of AL. It is

worthwhile to note that the proposed methodology is generic and hence, agnostic to learn-

ing architecture, AL setup and query strategy. Consequently, this framework is particularly

well-suited for data-limited scenarios where strategic selection of data points is critical. The

proposed methodology is evaluated by conducting experiments over a field-scale sensor net-

work data set for monitoring and modeling the spatial and temporal variation of soil health

in a dryland agricultural field. Experimental results demonstrate the applicability of the pro-

posed methodology to train a decision model for soil moisture and temperature monitoring

using a limited number of sensor measurements which are strategically selected to minimize

uncertainty in model predictions.

A similar approach can be applied to biological applications, such as monitoring the

tumor microenvironment to estimate physiological states and optimize treatment strategies.

The framework can assist in determining when and where to sample measurements or acquire

imaging data, ultimately enhancing decision-making in clinical settings.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

This dissertation addresses the challenges associated with inferencing from sparse spatio-

temporal data, specifically focusing on biological systems. While existing statistical para-

metric models and machine learning frameworks have addressed certain aspects of inferencing

in sparse spatio-temporal data, they both have their limitations. This thesis is an attempt

to combine the strengths of both statistical and machine learning approaches while trying

to mitigate their disadvantages.

The key contributions of this thesis can be summarized as follows: To address the imputa-

tion dilemma, in Chapter 2 we proposed an Informative Missing Indicator Method (IMIM), a

theoretical framework that determines when imputation does not introduce bias or informa-

tion loss, particularly in deep learning models. Additionally, we developed a spatio-temporal

imputation framework in Chapter 3 that leverages graph neural networks (GNNs) and re-

current neural networks (RNNs) to systematically capture underlying spatial and temporal

dependencies in data, thereby enhancing predictive accuracy. Together these approaches

combined can help impute gaps in sparse spatio-temporal data without loss of information

and bias and improve predictive accuracy on downstream tasks.

Since safety is a critical aspect of healthcare applications, where biological data is used, it
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is equally important to quantify the confidence associated with model predictions. To achieve

this, we introduced a Neural Stochastic Differential Equation (Neural SDE) and Graph

Neural SDE framework in Chapter 4, which provides a generalized, task-agnostic approach

to quantifying epistemic uncertainty in deep neural networks and graph neural networks,

respectively. This framework enables better-calibrated probability estimates, ensuring that

machine learning models provide not only accurate predictions but also reliable uncertainty

estimates that are crucial for safety-critical applications.

We further demonstrate how machine learning frameworks can be used to make mean-

ingful predictions under limited-data conditions in Chapter 5. To improve generalizability

and ensure that predictions conform to scientific principles, we integrated domain knowl-

edge into machine learning models in the form of observational and learning biases. In the

case of predicting thermal ablation in biological tissue, we proposed a Bayesian physics-

informed machine learning framework, with improved prediction accuracy and analytically

estimated uncertainty quantified on the predictions. We also show how the quantified uncer-

tainty can be further used to estimate uncertain quantities that cannot be directly measured.

In the context of biomarker identification for traumatic brain injury (TBI), we introduced

a graph-based machine learning approach that incorporated prior biological knowledge as

observational bias. Specifically, we leveraged known protein-protein interactions from an ex-

isting database, resulting in more biologically meaningful predictions while also quantifying

uncertainty.

Finally, we proposed an uncertainty-guided framework in Chapter 6 to efficiently sample

the most informative data points while taking into account the spatio-temporal variations.

We introduced an uncertainty-guided active learning framework for spatio-temporal graphs,

which systematically propagates measurement uncertainty and utilizes it to guide data ac-

quisition. This framework optimizes the selection of the most informative samples, reducing

overall model uncertainty and improving predictive performance, particularly in data limited

setups such as healthcare.
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7.2 Future work

• In Chapter 2, we explored how the imputation dilemma can be addressed to preserve

the informativeness of data. Handling Missing Not at Random (MNAR) data is par-

ticularly challenging, as it depends on unobserved values, whereas Missing at Random

(MAR) is comparatively easier to manage. Most imputation frameworks are designed

for MCAR or MAR scenarios, while MNAR requires modeling the missingness mech-

anism itself. In such cases, incorporating physics constraints could help us better

understand the type of missingness and enable more meaningful imputations. Since

graph-structured data is common in spatio-temporal contexts, extending the informa-

tive missing indicator method to graph neural networks would allow us to account for

graph structure when assessing informative missingness

• We discussed various types of uncertainty in Chapter 4. In many healthcare applica-

tions, uncertainty in ground truth labels is common, especially in scenarios involving

subjective clinical judgment or multiple expert opinions. These uncertainties are often

irreducible. While consensus-based approaches can help determine a probable ground

truth, they can also be time-consuming and labor-intensive. Quantifying label-related

uncertainty could be an interesting direction for future research

• In Chapter 5, we demonstrated how incorporating prior knowledge into machine learn-

ing models can enhance generalizability. A promising future direction involves embed-

ding causal inference techniques into physics-informed models, enabling deeper insights

into biological processes and improving model interpretability.

• In Chapter 5, we introduced a Bayesian physics-informed machine learning framework

for solving inverse problems, i.e., estimating unknown parameters from observed data.

Currently, this framework is designed for static setups. However, in many real-world

applications, as data evolves over time, these uncertain parameters may also change.

Developing a dynamic approach to solve such time-varying inverse problems would be

a valuable extension
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• The active learning framework proposed in Chapter 6 is currently tailored for spatio-

temporal graphs with homogeneous sensor data. Expanding this methodology to ac-

commodate multi-modal data, such as imaging, clinical records, and genomics, could

significantly enhance its applicability in real-world biomedical applications.
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Hernandez-Lobato. Uncertainty modeling in graph neural networks via stochastic dif-

ferential equations. arXiv preprint arXiv:2408.16115, 2024.

[89] Matthias Fey and Jan Eric Lenssen. Fast graph representation learning with pytorch

geometric. In ICLR Workshop on Representation Learning on Graphs and Manifolds,

2019.

[90] Wolfgang Schramm, Deshan Yang, and Dieter Haemmerich. Contribution of direct

heating, thermal conduction and perfusion during radiofrequency and microwave ab-

lation. In 2006 International Conference of the IEEE Engineering in Medicine and

Biology Society, pages 5013–5016. IEEE, 2006.

[91] Kerri A Simo, Victor B Tsirline, David Sindram, Matthew T McMillan, Kyle J Thomp-

son, Ryan Z Swan, Iain H McKillop, John B Martinie, and David A Iannitti. Microwave

ablation using 915-mhz and 2.45-ghz systems: what are the differences? Hpb, 15(12):

991–996, 2013.

[92] Chris Brace. Thermal tumor ablation in clinical use. IEEE pulse, 2(5):28–38, 2011.

[93] Katrina F Chu and Damian E Dupuy. Thermal ablation of tumours: biological mech-

anisms and advances in therapy. Nature Reviews Cancer, 14(3):199–208, 2014.

[94] Caroline J Simon, Damian E Dupuy, and William W Mayo-Smith. Microwave ablation:

principles and applications. Radiographics, 25(suppl 1):S69–S83, 2005.

[95] Pegah Faridi, Stefan H Bossmann, and Punit Prakash. Simulation-based design and

characterization of a microwave applicator for mr-guided hyperthermia experimental

studies in small animals. Biomedical physics & engineering express, 6(1):015001, 2019.

128



[96] Jun Ying Tan, Malea Williams, Santosh Kumar Mandal, Anna Bottiglieri, Aabila

Tharzeen, Rahul Sheth, Balasubramaniam Natarajan, Punit Prakash, et al. Develop-

ment of a multi-modal electrochemical sensing (mes) device for real-time monitoring of

tumor microenvironment parameters in cancer immunotherapy. In 2024 IEEE 37th In-

ternational Conference on Micro Electro Mechanical Systems (MEMS), pages 441–444.

IEEE, 2024.

[97] Xinyi Wang, Shiqing Zhao, and Aili Zhang. Image-based monitoring of thermal abla-

tion. Bioengineering, 12(1):78, 2025.

[98] Pegah Faridi, Stefan H Bossmann, and Punit Prakash. Image-guided cancer thermal

therapies. Magnetic Nanomaterials: Applications in Catalysis and Life Sciences, ed.

S. H. Bossmann and H. Wang, The Royal Society of Chemistry,, 2017.

[99] Punit Prakash. Microwave ablation: Physical principles and technology. In Principles

and Technologies for Electromagnetic Energy Based Therapies, pages 139–167. Elsevier,

2022.

[100] Christopher L Brace. Microwave tissue ablation: biophysics, technology, and applica-

tions. Critical Reviews™ in Biomedical Engineering, 38(1), 2010.

[101] Amirreza Heshmat, Caleb S O’Connor, Jessica Albuquerque Marques Silva, Iwan

Paolucci, Aaron Kyle Jones, Bruno C Odisio, and Kristy K Brock. Using patient-

specific 3d modeling and simulations to optimize microwave ablation therapy for liver

cancer. Cancers, 16(11):2095, 2024.

[102] Xiaoqian Song, Maokun Li, Fan Yang, Shenheng Xu, and Aria Abubakar. Three-

dimensional joint inversion of em and acoustic data based on contrast source inver-

sion. IEEE Journal on Multiscale and Multiphysics Computational Techniques, 5:

28–36, 2020.

[103] Ulrich Katscher and Cornelius AT van den Berg. Electric properties tomography:

129



Biochemical, physical and technical background, evaluation and clinical applications.

NMR in Biomedicine, 30(8):e3729, 2017.

[104] Viola Rieke and Kim Butts Pauly. Mr thermometry. Journal of Magnetic Resonance

Imaging: An Official Journal of the International Society for Magnetic Resonance in

Medicine, 27(2):376–390, 2008.

[105] Shengze Cai, Zhiping Mao, Zhicheng Wang, Minglang Yin, and George Em Karni-

adakis. Physics-informed neural networks (pinns) for fluid mechanics: A review. Acta

Mechanica Sinica, 37(12):1727–1738, 2021.

[106] Minwoo Shin, Minjee Seo, Seonaeng Cho, Juil Park, Joon Ho Kwon, Deukhee Lee, and

Kyungho Yoon. Physrfanet: Physics-guided neural network for real-time prediction of

thermal effect during radiofrequency ablation treatment. Engineering Applications of

Artificial Intelligence, 138:109349, 2024.
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