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INTRODUCTION

The development of management science may be said to consis; of the
application of mathematical techniques to the solution.of problems arising
in business, During the past decade, there has been a remarkable growth
of interest in problems of dynamic optimization. This has given rise to
a number of methods useful for rendering systems optimum. One such method
is Pontryagin's maximum principle. It was developed in 1956 for continuous
processes and has been mainly applied in the field of optimum systems
control. Its application to dynamic operations research models is very
limited.

Pioneering work on the application of the maximum principle to dynamic
operations research models has been done by Connors and Telchroew in their
recent book [1]. Part I of this report has resolved all thirteen examples
presented in the book. The purpose of resolving all the examples considered
by Connors and Teichroew [1] is two-fold. First, Connors and Teichroew
solve some of the examples by the classical calculus of variations and
some by the maximum principle. In this report, a mawimum principle appreoach
is adopted for all the examples. Second, the.solution procedure used by
Connors and Teichrocw is very tedious for some of their examples, which
can be solved more simply by the approach taken in this report. Mereover,
the solutions obtained b& them for some of the examples are different from
those c¢btained in this report.

Pioneering work on digital simulation of management models hag been
done by Forrester [3]. Part II of this report deals with optimal solutien

and analog computer simulation of some industrial management problems. In



analog éimulafion é set of differential equatiéns.is considered, whereas
in thg digital simulation done by Forrester [3], the differential equa-
tions are reduced to difference equations or the continuous nature of the
model is reduced to a discrete one.

Example 1 of Part II deals with optimum production scheduling where
the system of equations derived from the maximum principle is simulated
after performing a one dimensional search. Example 2 is a modification
of Example 1 where, instead of a single periocd process, a periodic process
is assumed. In this example, a two dimensional search is carried out and
then the model is simulated. Examples 1 and 2 yield the optimal solution
because the set of equations simulated is derived by the maximum principle.
Example 3 deals with an inventory control model {Example 8, Part 1] and
the model is simulated with a number of production functions for a fixed
demand rate. The optimal solution obtained by simulation is the same one

as obtained by the maximum prineciplie,



PART T

OPTIMAL CONTROL OF SOME INVENTORY

AND PRODUCTION SCUEDULING PROBLEMS



1. STATEMENT OF THE ALGORITHM OF THE CONTINUOUS MAXIMUM PRINCIPLE [2]

Pontryagin's'maximum principle is concerned, in general, with selving
problems of the following type:

Suppose the performance equations of a control process have the form

dx, '
Et—];= fi(xl(t)s Xz(t)s vy Xs(t); el(t)’ e er(t))’ tO = kX

xi(to} =ay, 1= dy 2y sy 8
or the vector form

&% tx(e); 0(e)), x(ty) = a, W

where x(t) is an s-dimensional vector function representing the state
of the process at time t and 6(t) is an r dimensional vector function
representing the decision at time t.

A typical optimization problem associated with such a process is to
find a piecewise continuous decision vector function, 6(t}, subject to

the constraints
0, 0,(E), 6,(E), «ouy B (E)) <0, 1=1,2, ..ym, (D)
which makes a function of the final values of the state
8
S = 121 cixi(T), c; = constant, 5 (3)

an extremum when the initial condition x(to) = g is given. The function,

'S8, which is to be extremized, is the objective function of the process.



The procedure for solving the problem is to introduce an s dimensional
adjoint vector z(t) and a Hamiltonian function H which satisfy the following

relations:

: ]
B(z(t), x(t), 8(0)) = ] 2,f (x(t), 8(t)) )
- i=1
dz, s of ¢
_i_ _38H _ _ - | i
T, jzl 2 vy 321, 2, ceuy & (5)
Zi(T) = ¢y, i =3; 2, ey B {6)

The optimal decision vector function 8*(t), which makes § an exXtremum
(naximum or minimum), is the decision vector function 68(t), which renders
the Hamiltonian function H an extremum for ty <t £ T. TIf the optimal
decision vector function 6*(t) is interior to the set of admissible
decisions 6(t), a nécessary condition for § to be an extremum with respect

to 6(t) is

o8 _
g = 0 (7

If 8(t) is constrained, the optimal vector function B*(t) is determined
either by solving equation (7) for 6(t) or by searching the boundary of
the set.

Once the decision vector function 6(t) is chosen, the adjoint vector
function z(t) is uniquely determined by equatioms (5) and (6), and the

initial condition at t = tgs x(to) = Q.



Theorem: Let 6(t), t; < t < T be a piecewise continuous vector function
satisfying the constraints.given in equarion (2). In order that the scalar
function § given in equation (3) may be an extremum for a process described
by equation (1), with the initial condition at t = tO, k(to) = a, given,
it is necessary that there exist a non-zero continuous vector function
z(t) satisfying equations (5) and (6) and that the vector function 8(t)
be so chosen that H(z(t)}, x(t), 6(t)) is a eﬁtremum for every t, to < & 4 T.
Furthermore, the extreme value of H is a constant for every t.

The algorithm presented can be extended [2] to handle a variety of
problems usually encountered in practice, for example, processes with
fixed end points, processes with choice of initial values, nonautonomous
systems, processes wilith memory in decision, broceSSES described by a
second order differential equation with constant coefficients, processes
with constraints imposed on state variables and so on. A simplified

derivation of the algorithm is also presented in [2].

2, OPTIMAL CONTROL [2]

Control problems can be classified, in general, acceording to the.
forms of the functional objective function, the specifications of the
initial and final state, énd the types of controller. Some typical forms
are
a. Functional objective function

T
1. Minimal time control, in which S = f dt

t

0

T

2. Minimal integrated error, in which § = f f(xi) dt,
t
0

. 5. Wk
f(Xi) is of the form,.lxil, \Xi) v



T
3. Minimal integrated effort, in which § = f f(Bi) dat,
t
0
’ 2
£(8;) is of the form, [ei|, (8%, «..

4, Minimal terminal error in which

i

s = [xl(T)]z £ IXZ(T)]Z * e +,[XS(T)J2
b. Specifications of the Initial and Final State
1. End point fixed; that is, xl(D), xz(O), by xS(O) and
xl(T), xz(T), — xS(T) are completely specified.

2., End points partly fixed; that is, only some of the xi(O) and xi(T),
i=1,2, ..., s are specified.
3. Final point not fixed; that is, xl(T), xz(T), §8385 XS(T) are not
specified. '
Different combinations of the functional and the terminal

state are possible in practical control problems.

c. Types of Control.

In extremizing the Hamiltonian, H, with respect to 6, the terms that
do not involve 6 can be disregarded, and therefore H can be divided into
two parts as

H

(group of terms in which 0 appears explicitly) + (other
terms which do not involve ©)

*
H + remainder

; 1 ; ;
Then for a constrained control variable, emin <0 g_emax, the following

three types of optimal control can be considered:



Bang-Bang. This is the case in which the objective function does
*
not include 6 or has a term that is proportional to 6, and H is

of the form

®
H = he, (8)

*
where h may be a function of time. The conditions for H tec

be minimum are

6 =0 if h>0

8 =0 if h <0
Bang-Bang with coasting (bang-off bang). This is the case in which
the objective function involves [6] and H* is of the form

H = w|6| + ha, )

where w is a positive constant and h involves zi(t). The

%
function H attains its minimum when

6 =0 . if w<h

§ min
8 =20 if ~-w < h < tw
o = Bmax if h < —w

1f the objective function is to be maximized, the inequalities
are reversed for the above two types of control.
Continuous with or without saturation. This is the case in which

N
the objective function involves (6)2. If H is of the form

H* = w(e)2 + he , (10)

*
then H attains its extreme value only if



or

which is the optimal control if it is in the range of admissible
control. Therefore 8 can take any value between the two limits,

6 ., and © %
min max

3, CASE STUDIES
Example 1

This example deals with production scheduling and the objective is to
minimize the total cost comprised of mechanical changes and personnel
costs associated with changing the production rate. The coct assoclated
with the mechanical changes due to a change in the production rate, p(t),
is ﬁssumed to vary as the square of the rate of change of the production

rate, ﬁ(t), represented by
C, = k, [p(&)1? (1)
1 1 ‘P

The personnel cost is comprised of the cost for hiring new workers
if the production rate is increased and savings obtained due to the reduction
in labor force if the production rate is decreased. The cost or the saving
is assumed to be proportional té the raté of change of the production rate

and varies linearly with time as represented by
C, = k, t p(d) (2)

The total cost equation over a time interval [to, T] can then be

written as
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T

f {ky [ia(t)]2 + %y # p(t)} dt (3)

o

fl

where kl, and k2 are cost coefficients.

The problem is to choose a rate of production p(t) to minimize

equation (3) subject to the boundary conditions

p(ty) = pys P(T) = py (4)
Solution:

Let

xl(t) = p(t)

dx () 4o(r)

w® @ Ce® =
where

xl(to) = pys xl(T) =Py (5a)

To solve this problem we introduce additional state variables xz(t) and

x3(t) such as

t :

x (1) = [ (g [0(0)]% + ko (D)} dt
t
0

x3(t) =t

it follows thkat
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dxz(t) 2

= = kl [8(t)]” + kzt a(t). xz(to) =0 (6)
de(t) '

. =L xty) =t 5

The problem is thus transformed into that of minimizing xz(T); then we

have
c, =0, ¢, =1 andc, =0

2 3

The Hamiltonian function is

o 2
H = zla + zz[kle + k2x36] + 23(1) (3)

Accerding to the definition of the adjoint vector, we have

dz
B _m
dt Bxl = B (9)
dz
2 3H .
Crpadie 5};-- 0, ZZ(T) =c, = EN ; (10)
dz
3 oH i
@& w0 %2 gt , i/

Solution of equations (9) and (10) for zl(t) and zz(t) for to <ts<T

gives

constant (12)

z; (¢)

zz(t) (13)

1]
l—l

tenina the Hamiltonian can be rewritten as
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2 ) '
H = le + [le + k2x38] + 23(13

*
Therefore B , the portion of H which depends on 6 is as follows:

% 2 .
H = (zl + k2x3) e + kle (1i4)

It is worth mentioning that in minimizing the objective function the
: *
Hamiltonian must be minimized. Inspection of H shows that the optimal
controller should be a continuous type. The optimal control for this

type 1s found from the condition

*
aH _ .
50 0 = zl + k2x3 -+ 2k19 | . (15)
or
(z, + k,x.,)
g = -~ ._.....1'...._.2._.._.._2.....'3— (16)
K

Replacing X, by t in equation (18) and using this result with equation (12)

in equation (5) yields

dxl _ (zl * kzt) 17
dt 2kl )
or
kz 2
xl(t) = - ?ZEI t” + Alt + A2 (1.8)

where Al and A2 are constants of integration. From the boundary conditions

of equation (5a) Al and A, are obtained as

2
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(19)

oS

I
o

o
1

3
=
=3

2= Py~ b GoTHF TR
0 1

Since kl is a positive constant, the sufficient condition for minimizing

the cost function

2 %
3°H .
g = 2k. > 0

30 L
is satistied,

Therefore the optimal policy is to adjust the production rate so that

it follows a parabolic arc conmecting the end poinis (to,-po) and (T, pl)

such as

By = Py sz]

(20)
0 1:
Differentiating equation (17) with respect to t we have
L a s k2
xl(t) = p(t) = - EEI (21)

From the fact that.ﬁ(t) < 0 it follows that the optimal production policy

is concave. It is of interest to determine whether the optimal policy
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requires procducing Gp to a peak rate and then dropping down, as in

Figure 1 (a), or if the optimal policy is mouotone, as in Figure 1 (b).
The condition leading to a monotone policy can be determfned an-

alytically. Differentiating equation (20) and setting the result to zero

*
gives the point t where p(t) attains its maximum value as

2k, py -~ P
¥ 771 .70 1 1 ‘ g
t o= (t — ) + 3 (t0 + T) (22)
2 0
Then
* ! 2
tg 2t <7 (22)
if and only if,
k. py - P
1 .70 1 1 :
g <2 i; (EE-:—ErO + E—(T + tO) < T (24)

or

- D) T ) £ (25)

But s = (po - pl) / (tO - T} is the slope of the secant connecting the
end points of the policy. Hence, the policy is monotone, if and only if,
the product of the slope s of the secant connecting the end points of the
policy and the quotient of cost coefficients 2k1/k2 is greater than - t
or less than t where t = %—(T - to).

The same solution was obtained by Connors and Teichrow (1) by the

method of the classical calculus of variation.



p(t) p(t)

(T.py) (T,p;)

(tgspg) . (t45pg)

{a) (b)

Fig. 1. a) Monmonotone policy for Exanmple 1

b) Monotoae policy for Examnle 1
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Example 2

This example is a modification of the production scheduling problem
"discussed in the previous example. Here the cost function is comprised
only of mechanical changes associated with a change in the production rate,

p(t), represented by
€ =%k [ (t)]2 (1)
R '

The problem is to choose a rate of production, p(t), to minimize the
cost function represented by

T
j ¢, de
o

(]
]

o 2
[ kIp()]" dt 2
o

subject to the boundary conditions

p(ty) = pys p(T) = pq (3)
Solution:
Let
p(t) = a(t)
where

e{to) = PO! G(T) & p]_

By introducing a state variable xl(t) in which

t
x,(£) = | kl[e(t)]2 dt (4)
1 3
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we have

dx, (t) 9

o =k [0, xlE) = (3
and

s = x (1) ' ‘ (6)

The Hamiltonian function is

5 .
H= zlkle ] (7

The component of the adjoint vector is defined by

dz
1 _am _
T PR 0, z(T) =1 (8)

Solving for zl(t) from equation (8) yields

z,{t) =1, t; <t<T (9)

¢

HBence the portion'of the Hamiltonian which depends on £ becomes
% 2 '
H = k.6 (10)

This shows that the optimal control is continuous as in the previnus

example.

The optimal control for this type is found from the condition

*

oH :
R o~ 1
25 = 0= k0 (11)

which has as its only solution
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* * .
8 (£) =p (t) =0 (12)

The solution represented by equation (12) satisfies the boundary conditions
if and only if Py =P 7 0. For the optimal policy to satisfy the boundary
constraints represented by equation (3), there must exist a sequence of
functions, pn(t)eA, which approach the true minimizing function p*(t) as

n tends to e,

Therefore the optimal solution is

%
p(t)=p0 if £ =t
=0 iftg<t<T
= ift=17T

Example 3

This example deals with a production smoothing problem involving two
products for which the production rates are pl(t) and pZ(t) respectively.
It is possible to change a flow of capital between the processes of these
products to vary either production rate. The total cost is comprised of
the cost associated with changing the production rates and the cost of re-
allocating capital from one production process to another. The cost of
changing the production rates is assumed to be proportional to the sum

of the square of the production rates represented by
¢, = k; [p, (017 + &, [p,y ()1 @
1 1 *FL Z =52

The cost of reallocating capital from one production process to
another is taken to be proportional to the product of the rate of charge

of production rates represented by
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C, = ky p, () 1.72(1‘.) . & (2)

It is assumed that the labor force is not changed; consequently, there
are no personnel costs involved as these are merely reassigned between the
production processes.

The prcblem is to choose rates of Production pl(t) and pz(t) which

~minimize the total cost represented by

T
=[ [c,+¢,)ae

%o

(@]
|

T, . b e
- [0y [ (1% + K, [p,(0)]7 + Ky p () P (D)} dt 3)

0

and satisfies the boundary conditions

1
py(ty) = pg, Py (T) = py
(3a)
1
p,(£) = Py Py(T) = by
Solution:
Let
xl(t) = Pl(t)
x2(t) = pz(t)
dx, (t) dp,(t)
L . =g, (t) (4)

dt dt 1



dxz(t) dpz(t)
el P PAtD

where

0 1
Xl(to) = .pl: xl(T) = Pl

x)(tg) = P9y  %,(T) = 1y

1
=)
35

By introducing an additional variable x3(t) in which

t

_ 2 2
x,(t) = { {kq[8 ()17 + ky[6,(2)]7 + ky 6,(t) 6,(8)} dt
0
we have
dx
3 2 2 i
'a'—t-"' = klel + k282 + k38192, X3(t0) =0
and
S = x3(T)
The Hamiltonian is
H=2z.60, + + z_ (k.8 2 + k.6 2 + k.8.6.)
=By Sy T By ¥ Buhieny

2 2 3712

The components of the adjoint vector are defined by

dz, 3H
t

-———=—-————=O

d Xq

20

(5)

(6)

(N

(8)

(9)

(10)
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2 _ 3 _ ‘g
@& ", P — 2
2
d=
3 _ dil  _ =
il 8x3 =0, ZS(T) =1 (12)

Solving equations (10), (11) and (12) for z,(t), zz(t) and z3(t)

. fox ty g_f < T, we obtain
zl(t) = constant (15)
zz(t) = constant * (14)
z3(t) =1 (15)
Hence
B = 2.0, + 2.8, 4 [K6.2 + k0,2 + ky0.6,] (16)
1”1 272 i 1 272 37172

The optimal control for this type is found from the condition

*®
S5H _ y
EEI =0 = 2y + Zklel + k382 (17)
*
M -z + 2k, + kO (18)
36, =y 2787 Y

Substitution of equations (4) and (5) into equations (17) and (18) yields

(19)

|
<

zy + 2klxl + k3x2 =

(20)

i
Low ]

zy + Zkzxz + k3x1

Differentiating equations (19} and (20) with respect tov t, we have



2kx, + k3'x'2 =0

2k2'x'2 & k?,'x'l =0
Equation (22) yields

» k3 |

() = = gy ()

Substituting the result of equation (23) into equation (21) we obtain

. s k32
xl(t) {Zkl - ii_-] =0
2
ot
xl(t) = Al t+ A2
and.

|

xz(t) = A3 t + A4

where Ai’ i=1, 2, 3, 4 are integraticn constants.

Application of the

22

(21)

(23)

(24)

(25)

(26)

boundary conditions from equation (3a) into equations (25) and (26) yields

pO B pl pO _ pl

1 1 0 1 1

pi(t) = [T t +p) -t [T 7]
0 0

p0 ~ pl pO _ ﬁl

2 2 0 2 2

p,(t) = [EB":ﬁf“] t+p, -t [Eb 5

as optimal production rates for this problem.

(26)
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The same results are obtained by the classical calculus of variation

{11.

Example 4
This example illustrates optimal allocation of advertising expenditure
where the objective is to maximize total sales in a known interval of time

represented by

T

S = [ s(t) dt (1)
%o

It is assumed that the sales rate, s(t), is proportional to the square
root of the quantity one plus the square of the rate of change of adver-

tising rate, a(t),

s(t) = kL + a(t)? (2)

where k, an unknown proportionality factor, is a function of time t and

the advertising rate, a(t), as represented by
k = A[t, a(t)] : (3)

The problem is to determine the value of the advertising rate, a(t),

so as to maximize the objective function
T /———_—2—-
sp = [ Alt, a(®)]/1 + a(r)” de (4)
t
0

with the given initial condition a(to) = 4, The present advertising
policy is to phase into another advertising campaign starting at time T

and therefore the final condition a(T) = $ must be satisfied,.
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Solution:

Let

% (8) = a(t), x;(t)) = ag, %, (1) = ¢

ey

at =4t - 8 ' (5)

By introducing an additional variable, xz(t), in which

t

x,(6) = [ Alt, xl(t)]/-l + a(e)? at
t
0

we have
dx
-d—t—z = Alt, x W1+ 0 x,(tg) = 0 (6)

and
5= xz(T) _ {7}

Let A represent A[t, xl].

The Hamiltonian is

o=t v, 8L+ 85 ‘ (8)

1 2

The components of the adjoint vector are defined by

ey oH 3A
dt

g Z

1 1



oH

9X

o, zz(T) = ]

It folliows from equation (10} that

zz(t)ﬂl’
dz
it 02

The Hamiltonian then becomes

*
H

The necessary condition for optimal control

vields

)

=20+ A [, x ] A+ 52

AB

1 82

Rewriting equation (12) as

dz
dt

we have from the definition of equation (5)

dz

l:

.__.l=
dt

dA/dt

- axlfat

3A /1 + 8

T At

e

2

F1 4 B

.

25

(16)

(1)

(12)

(13)

(14}

(15)

(16)

(17)
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Eliminating zl(t) from equations (15) and (17) we get

o RN, . A, .} (18)

Integration of equation (18) yields

=

1 i Al(1+82)

where Al is an integration constant.

A numerical solution of equations (5) and (12) or (i7) with boundary

conditions xl(to) = a. and xl(T) = ¢ can be osbtained. However, an

1]
analytical solution was not obtainable,

In reference [1l], an analytical solution was not obtained, but the
final condition was arrived at by using the transversality condition of

the classical calculus of variations. However, the same end condition

could nct be obtained by the maximum principle.

Exampla 5

This exauple deals with production scheduling and inventory control.
The rate of change in finish goods inventories is equal to the difference

between the production and sales rate represented by

O = p(e) - s(n) (1)
subject to
Py =P, PO =%, ¥00) =L, T¢0) = I (2)

0°* 1> 0’ 1
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We assume that the rate of the costs from holding inventories or stockouts
and production is approximated by the quadratic functions of the inventory
level and that of the production rate represented by
T
2 2
cp = ! [eg T(£)" + ep B(2)7] dt (3)
o
The problem is to find the optimum production plamning to minimize

the cost function represented by equation (3) which 1s subject to the

constraint given by equation (1).

Solution:

Let

i

x, (£) = I(t)

P(t)

B(t)

The performance equation of the system is given by

dxl(t)

ol = 8(t) - s(t) (4)
Let

di, (%) 2 2

=5 = I (17 # l0(0]%, x,(0) = 0 (5)
Then we have

H = 2y [e-S] + Z, [ch12 + cP62] . (6)

dz

.__1 = ~22 ©o_x%X ' (N
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d22

& 70, z,(m) =1 | (8)

It follows from equation (8) that

z,(t) =1, 0<t<T (9)
dzl |
T ) (10

Thus the Hamiltonian becomes

H = zl[B—S] + [ch12 + cPez} (11)
and

* . 2
H = zq + cPe (12)

The necessary condition of optimal control

®
%% = (0 = zq + 2cp6 (13)
yields
ZCPB =~z (14)

Differentiating equation (14) with respect to t and substituting this

result into equation (10) gives

P d3g
ot 15
g it X1 (15)



Equation (15) together with equation (4) constitute a pair'of dif-
ferential equations in two unknown funciions xl(=I) and 8(=P). Combining.

equations (15) and (4) we have

B(t) - 8(t) = -5() (16)

FP!W?

By solving the above differential equation, as shown in Section 1 of the

Appendix, the optimum production rate is found as

T
Pl—PO e_pT +-% p f [ep(T—x) - e—p(T—x)] S(x) dx
p(t) =- ' DT -~ o BFE
et - g7F
T 1 (. p(T-x)  —p(T-x)
P1~P0 e+ 50 f [e.p - ] s(x) dx
e 0 e—pt
epT _ e—pT
- 20 (P8 [ &P s(ryar - e [ T s(e) at) (17)
where

.

(o]
1
p __—_ﬂ.‘i i
“p

The above example is solved by Connors and Teichroew [1} by the
calculus of variations technique and a slightly different result is

obtained,
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Example 6

This example deals with optimal control of a chemical reaction. The
rate of change of the amount of waste product, x(t), is linearly related
to the production of waste product, x(t), and the temperature of reactiom,
u(t), as represented by

dt

ax(t) - bu(t) ' (1
where a, b > 0 are constants.

The cost of waste product is taken to be proportional tec the square
of the amount of waste product produced and the cost associated with the
temperature policy is assumed to be proportional to the square of the
teﬁperature applied to the reaction.

. The problem is to determine an optimum temperature policy so as to

minimize the total cost represented by

T ) 2 )
J lax(e)© + ru(r)“] at (2)
0

(]
]
pof

where q is the cost coefficient for waste product and r is the cost coef-

ficient for temperature.

Solution:
Let

x(t)

]

xl(t)

B(t) u(t)

The performance equation of the system is given by



Let

dxl(t) :

= = axl(t) ~ be(t), xl(O) =

dx, (t)

‘dtz = % {q[xl(t)]2 + x(8(0)]% ¢ #gll) = D

Then we have

1t follows

1 2 2
H= zq [axl - b8] + zzfi (qxl + r87)]

dz1

i [azl + zqull
dz2

vl 0, ZZ(T) =]

rom equation (7) that

zz(t)-':l, <t <l

dzl

B Ry

Thus the Hamiltonian becomes

and

1 2 2
H = zq [axl - b8] + E—[qxl + ro7]

&
H =—bze+—1—re

31

(3)

(4)

(5)

(6)

(7

(8)

(9)

(10)

(11)
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From the necessary condition of optimal control we have

*
5H

35 =0 = -bz + 10 (12)
or
b
- a3

dx 2
1l b
5 = ag -z (14)
or
dx
wE tee o B
z) = b2 axy 7 {15)

Differentiating equation (15) with respect io t we get

dz dx dzx
o B g i o et ' (16)
di b2 dt dtz

Substituting the result of equations (16) and (15) into equation (9) we

obtain

2

d = "
_"5; = {azr2 + b rq) li'xl 17
dg r

ox
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el 3P, =0 | (18)

where
A= %-#a2r2+ bzrq

The solution of equation (18) is

o R o
xl(t) = Ale + Aze (19)

Differentiation of equation (19) with respect to t and substitution of

this result together with that of equation (19) into equation (15) yields

2 {1

o teh o= B Lhe™ faad o4&
1 b

ze"*t(a+a)J (20)

Application of the conditions xl(O) = g and zl(T) = 0 to equation (19)

and (20) respectively yields

& @ a(ati) (21)

Bl = Baeihal o

A = - a(a—A)ezAT (22)

{(atr) - (a—}t)ez}\T

Equations (19) and (20) can then be rewritten as

(a+}\)e}‘t - (a-A)e
(at)r) - (a—h)eZA

A(2T-t) J b
23

Xl(t) = a T
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' AL A{2T-t)
z,(t) = 55 £ - 12}[ e~ ¢ o J (24)
b - {ath) - (a-A)e
Equation (13) can be rewritten as
At A(2T-t)
o(t) = ¢ (a"‘—ﬁ)[ — MJ (25)
(a+t)) - (a-A)e
or
2X{(T-t)
1 .2 1 -
8(t) =+ (a —Az){ = 7 (7=t) ] x, (€) (26)
(atd) - (a-A)e £ 7
where
N :’azr2 + bzrq
: r
Hence the optimal temperature policy is represented by
gﬁ§2r2+b2rg (T-t)
e T ) o qul(t)
u(r) = " (27)

/73 @ &
/———azrg+b2 . 5 2+b2“* 24 E ¥ vy
[a+ Liwa s J_[a . B ey JE r (I-t)

The solution given by equation (27) is different from that given in

reference [1].
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Example 7

This example deals with an inventory control model. The rate of
change of finish goods inventory is taken to be equal to the difference
of the production and sales rate as represented by

dr(e)

& TF® -ew, 10 =1, w

where I(t) is the level of inventory at time t, Q(t), the rate of sales
at time t, and P(t), the rate of production at time t which is constrained

within a fixed maximum and minimum level.

Pmin 5-P(t) f-Pmax

It is further assumed that the rate of change of sales declines

at a rate proportional to the production as represented by

DB - rm, Qo) =g (2)

where A is a positive constant.
The problem is to find an optimum production rate which minimizes
the sum of production cost and inventory cost in a given time period,

0 <t <T, such as

T
S=/ [cP(t) +h I(t)] dt - (3)
0
where
¢ = production cost per unit,
h = inventory cost per unit per unit time
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Solution:
Let

x,(t) = I(t)

x,(t) = Q(t)

a(t) = P(t)

The performance equations of the system are

dxl(t)
T =0 - xy (), x(0) = I (4
dxz(t)
'a“E'—' = =-\0 (t)s xz(o) = QO (5)
Let
dx3(t)
EE-_ = ¢c8(t} + hxl(t), x3(0) =0 (6)
Then we have
H = zl(e-xz) - zzke + z3(c8+hxl) _ (7)
dz
i
e o -—hZ3 (8)
dz
2
- (9)
d23
-&—E = 0’ z3(T) = 7] (10)

It follows from equation (10) that
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zs(t) =1, 0<tc<T ] (11)

Equations (7), (8) and (9) can then be written as

H=z (e—xz) - 2,00 + (ce+hx; ) (12)
dz

]_ X
7 = +h | (13)
dz

2
il (14)

and

%

H = (zl—hz2+c) 6 (15)

Solution of equation (13) and application of the condition zl(T) =0

yielﬁs
zl(t) = h(T-t) (16)

Substituting equation (16) into equation (14) and solwving for z2(t) with

the condition zz(T) = 0, we get

z,(t) = - b (1-8)° (17)

Substituting the result of equations (16) and (17) into equation (15),

we obtain
B = g6 (18)

where
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. q = h(T-—t) + 'lzﬂ (T_t)z + c

The Hamiltonian function represented by equation (18) is a linear function
of 6 and hence represents a bang-bang type of control.

Since ¢,h>0, g can therefore be positive or negative according to the
value of A such as
(g) If x>0, then g>0

and the optimal production policy is

P(t) = Pmin

(b) If A<0, then q can be either positive or negative depending upon the
relative magnitudes of ¢, h and A,
The optimal production policy, then, is

P(t) = Pm if g>0

in

=P . if g<0

A much shorter and clearer solution than that in reference [1] is ob-
tained here. This is possible because equation (18) is put in the square
form and since ¢, h > 0, and therefore the optimal policy is dependent only
on A. In [1], the quadratic function is not put in the square form and

consequently a more general solution is discussed.

Example 8

This example deals with a more realistic extension of the inventory
model discussed in the previous example,

The rate of change of actual inventory at the factory warehouse,

IAF(t), is taken to be equal to the difference between the production rate,
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P(t), and shipment rate from the factory, SSF(t), as represented by

& [1AF(£)] = P(t) - SSE(t), TAF(0) = IAF® )

The rate of change of the level of unfilled orders, UéF(t), is
taken to be the difference between the demand received at the factory,
DRF(t), and shipment sent from the factory, SS¥#(t), as represented by

%E-[UOF(t)] = DRF(t) - SSF(t), UOF(0) = UOF" (2)

It is assumed that the shipment rate at the factory is related to the
level of unfilled orders, UOF(t), by a first order exponential lag with

time constant o as represented by

[ vor(t-t) e "
0

/o

SSF(t) = dt (3)

e |-

The problem is to find an optiwal preduction rate so as to minimize

the cost function represented by

T T T
S = c, | TAF(t)dt + ¢, [ BP(t) + ¢, [ [DRF(t) - P(r)] dt (4)
I r S
0 0 0
where
e = unit inventory holding cost
cp = unit production cost
cg = unit shortage cost.
Solution:

Let



x, (t)
x, (t)
x,(t)

8(t)

By employing the
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fl

TAF(t)

SSF(t)

UCF(t)

P(t)

change of wariables, x = t-1, equation (3) can be modified

as (see Section 2 of Appendix)

d
EE‘[SSF(t)] S

%-[SSF(t) - UGF(t)], SSF(0) = s55° (5)

The performance equations of the system are

dxl(t)

dt

dxz(t)

dt

dx3(t)

dt

Let
xa(t)

Then

dx4

-a-gz

= 0(t) - x,(£), x(0) = IAF (6)

= - Zxy(0) + 2 xy(8), x,(0) = ssr’ 7

= DRE(t) - x,(t), x,(0) = UOF" (8
t

= é {egx, (£) + c;8(t) + cg (DRF(£)-0(t))} dt (9)

Bglly F &8 T ey (DRF-8), xQ(G) =0 (10)
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Hence we have

1 . :
I = g g -3 =g L= . ""{'..-"
¥ 71(j 2) + S %o trj {2) + zj(DP; xz)

+z, [0t o o8 4 Sy (DRF-6) ] (11)

I

dzl _
a—t' = _Z4CI . (12)
dz

2 _ R
it - z1 + = ZZFZB (13)
dz

3 1
.(E = - Eﬁ,— 22 (J'!")
dz4
a7 =0, (M =1 (15)

It follows from equation (1.5) that

z4(t) =1 (16)

Equaticns {11) and (12) can thep be rewrditten as

. b 1 o B B ‘.
H = zl(e XZ) + . 22(x3 xz) ) ZB(DRF xz)

+ erx; + cpd + cg {DRF-G) (19

A

GZl
- S | (18)

and
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i1 (21+cP—cS)G A - (19

Integrating equation (18) with respect to t and applfing the con-

dition zl(T) = 0 we get

z, = cI(T—t) (20)

1

Substitution of the result of equation (20) into equation (12) yields

%
H = q8 | (21)

where

q = cI(T-t) + cp=Cg

Equation (21) represents the bang-bang type of control. The optimal

production policy is represented by

P(t) = Pmin ifq>0
= Pmax if gq< 0
= Unspecified if q=20

When demand is less than production, the term representing shortage

cost drops out and equation (21) is modified as

*

H =q'® (22)
where
T = —
q cI(T £ #+ p
Since ¢ e, > 0, the optimal policy is

* P
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P(t) =.Pmin

A solution similar to that in [l] is obtained. However the solution ob-

tained here is short and straightforward.

Example 9

This example deals with an advertising model in which the objective
is to maximize revenue for a given period of time. This model deals with
only a part of the market in which the purchasers existence is independent

~of advertising and where the effect of advertising in creating purchasers
is not considered, A pool of prospective purchasers is assumed to exist
and the outflow from this into actual buying is affected by advertising
which in turn is affected by the level of salés at the factory. In this
model, time delays existing in the advertising flow are included. These
compfise the delay in reaching a decision on advertising expenditure,

the delays in advertising agencies and media and the delay in building

up consumer awareness of the existence of an advertising campaign.

It is assumed that the advertising presented by the media to the
consumer, VMC(t), is related to the advertising decision at the factory,
VDF(t), by a third order exponential lag with time constart, o. as repre-

sented by

VMC(t) = f f f 1'§~V’]Dl"‘(t--n--a—'t)e
000

~(ntetr) /o dtdedn (1)

2

The rate of change in advertising awareness at the consumer level, VAC(t),
is assumed to be related to the difference between the advertising presented

to the consumer by media, VMC(t), and the advertising awareness at the
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consumer, VAC(t), by a first order exponential lag with time constant, B,.

as represented by

vic(e) =1 [vo(e-1) - vac(e-n)1e P ar (2)
0

It is further assumed that the rate of change of the demand rate, RﬁR(t),
declines in prop@rtion to the demand rage, RRR(t), if no advertising is

done, Tho rate of change of the demand rate is also directly related

to the consumer advertising awareness by a first order exponential lag

"with time constant equal to 1, as represented by

[=e]
RER(t) = - pRRR(t) + vy [ VAC(t-1) e & dr (3)
0
where p,y are proportionality constants.
- The problem iz to determine the optimal amount of capital to allocate

to advertising in order to maximize earnings over a given time period T,

as represented by

T
s = [ [R + RRR(t) - VMC(t)] dt (4)
0

where R is the revenue per unit

Solution:

Let

]

xl(t) VMC(t)

dx, (t)
%, (t) Efl—



dxz(t)

x3(t) = e
x‘.}(t) = VAC(t)
dxq(t)

X () = 35
x6(t) = RRR(t)
B dx6(t)

x(t) = g
8(t) = VDF(t)

45

Equations (1), (2) and (3) can be rewritten as (See Section 3 of Appendix)

TME(E) + 3 Vie(e) + % VMC(t) + % yMC(t) =
i o o

T 1 1 1

VAC(t) + B VAC(E) + 7 VAC(E) = 7 VMC (t)

RRR(t) + (1+p) RRR(t) + pRRR(t) = YVAC(t)
The performance equations are

dxl
dt 2

¢4

3

VDF(t)

(5)

(6)

(7

(8)

(9)



dx

TR R 3

dt 3 g S S
[+ o o

P _

it %5

dx

g e
Tt =8 (xpmxm%g)

' T

e = %7

dx7

qr " Y%, - exg - (1) x4

Let

xg(t) = [ (Rxg - x;) dt

Then we have

dx8

I = R - Ep» xa(ﬂ) =0

and

1
H= 2%, + 22x3 + z4 ( 3 3 X

+ ZAXS + zs E

+ zg (Rx6 - xl)

1
(x1 =@, xs) +ozexs + z.j(",'x4 - pxg -

46

(10)

(11)

(12)

(13)

(14)

(15)

(l+p)x7)

(16)



dz
dt

dz
dt

d=z
dt

dz
dt

dz
dt

dz
dt

dz
dt

sz

I

Equations

]

W=
™
W
1
-
N
~J

P2y ~ Bxg

Zg + (1+p) 24

=0, ZS(T) =1

47

an

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(16) to (23), rewritten by using the solution of equation

(243, ZS(t) = 1, yield

(25)



and

dt

Since the Hamiltonian, represented by eQuaiion (26), is a linear

function of the decision vector, 8(t), we have a bang-bang type of

optimal control,

Hence

i

25 = ‘YZ7,

pz, = R,

- Z¢ + (1+p) Z7s

ZB(T)

24(T)

zS(T)

zé(T)

z7(T)

L

1]

]

i

48

(26)

(2D

(28)

(29)

(30)

(31)

(32)

(33)
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VDF(t) = VDFmax if 24 >0
= VDFmin if 2y < o (34)
= Unspecified if zq = 0

Example 10

This example deals with an inveatory-control production scheduling
model with fixed time and fixed right hand end points. The problem is to
find a2 production rate, P(t), which will change the inventory level from

0 0 1

I(0) =1 to I(T) = Il and the sales rate from S(0) = § to S(T) = §
in such a way that
g3
cp = f Cp PT(t) dt (1
0

is a minimum subject to

a1(t)

5 = FLE] =~ 5(t) (2)
B - 4 () | (3)

where I(t) is the inventory level at time t and S(t) is the sales rate at

time t,
Solution:
Let
xl(t) = I(t)
x,(t) = s(t)
8(t) = P(t)



The performance equations are

Let

dx
dt

dx
dt

x3(t)

Then we have

and -

|

0

Lav]

0
ab, XZ(O) =85, XZ(T) = §

£ 2
f cp [8()]7 dt
0

p 62, x3{0) =0

(0-x,) + 2, (-a0) + z3‘(cP62)

0, z3(T) =1

- X5, xl(O) = 17 xl(T) =1

1

1

50

(4)

(5)

(6)

(7)

(8)

(9)

(10)

Equation (7), rewritten by using the solution of equation (10), ZB(t) =1,

yields



51

- : 2
i = 2. 40-%.,) -8y A J
The optimal contvol is fouund from the condition that

21 _ '
37 = 0 = z; - 0z, + 2cP8 _ (12)

that i=,

1 |
el i

From equations (8) and (9) we have

N
]
o]
o1
+
o=
~~
f -]
Ln
S

where Al, A2 are coungtants of integration,

Ecuation (13) cun be rvewritten s

g = " (At + ab, - Al) (16)

ZCP 1 2

Substituting the extremal control (equation 16) into equations (4) and (5)
and integrating to cbtain the solution in terms of the initial conditions

. 0 '
x1(0) =1 and x2(0) = SO, we get

_ -0 0 t 2.2 _at
xl(t) =1 - S t+ lch a’tT - 6) Al 4 o (2+ut)A2 (17)
P
0 at 1 2
xg(t) =8 - 4“9 (at-2) A1 - EE;‘(& t)AZ (18)

- 1 1 e ‘1 .
Making uce of the fact that HILT; = 1" and xz(T) = Sl, equations (17) and

e . " . P o .1 8] ]
(18} may te sclved for Ay dac A, in terms cf 57, 87, I and I as
&
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12¢ ; '
4773 g (20 (17-1%:%D) + (2rem) (759 ci9)
a T
6e.. 2c
B =™ ‘ng (2-aT) [20(x-1"4+s%T) + (2+aT)(s;—SO)] - “52 " -sh @0
ot a T

Substituting these values of A, and A2 into equation (16) and rearranging

1

terms yields the optimal control

0

+5°1) + (2rom) (575D (1-20) - Lo st - °

[ 26 (T -1

P(t) = ) (21)

3
u2T3
The optimal policy represented by equation (21) is different from

that obtained in reference [1].

Example 11

This example deals with prccess inventory in which bounds are im-
posed on the rate of change of inventory level as well as on the production
rate. It is given that the second time derivative of the inventory level,

»

ikt), is directly proportional to the production rate, P{t), as represented

by

=1 (1)

Furthermore, the rate of change of process inventory level, I(t), is
constrained to be greater than or equal to a certain minimum inventory level

and the production rate, P(t), is constrained to lie between Pmin and Pmax'
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dr(e)
dt .— "min

P % Ple) = P

min max

The problem is to find a production rate, P(t), so as to minimize the

total cost represented by

LR S 2
Cp = [ [I(e)" + K I(e)° + k,P(£) 7] dt (2)
0

where kl, k2 are positive constants.

It should be noted that the units are not consistent in the formu-

lation of the problem,

Selution:
Let
x; (£) = I(t)
dxl(t)
x(8) = G
8{t) = P(r)

The performance equations are

dxl
aE "X %0 =1 ' s
dx2
o= 8, xy(0) = I, (4)

Let



& 2 o2
x3(t) = [ [I()” + k I(¢)
0
then we have
dx
3 : 2 2
it — + klxz + kze g K

The Hamiltonian and adjoint system for this problem are

2
H = zlxz + 226 + 23(x1 + k
By

dt T “%3%

Ef; = -z, - 2z.k

dt | 23%1%2

dz3

7 =0, 25(0) =1

+ kZP(t)zl dt

3(0) =0

lxg + kzaz)

54

(5)

(6)

(7

(8)

(9}

Rewriting equations (6), (7) and (8) using the solution of equation

(9)3 23(t) = 1, we get

2
H = z1%Xy + 229 + (xl - klx
o Y

at = _xl

2 s, -

dat Ty 1%3

From the statiomal necessary condition for cptimal control

2

2
5 + k29 )

aH
* 36

(10)

(11)

(12)

= (0, we obtain
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g = = —— (13)

Since the state and control variables are bounded, the value of zz(t) is

found from the following set of constraints

xl(t) = xzit) if Imin-i xz(t), xl(O) = IO

_ 2, (t)

xz(t) = - 2k2 if 21~:2Pmin < - zz(t) < 2k2Pmax, 32(0) = Il
= Pmax if - ZZ(t) > Zkszax (14)
= Pmin if - zz(t) < Zkz?min

zl(t) = - 2xl(t), zl(T) =0

zz(t) = - zl(t) - 2klx2(t) if Imin < xz(t), ZE(T) = 0
= - zl(t) - 2k11min if xz(t).< Imin

The solution of xl(t), xz(t}, zl(t), zz(t) and 6(t) can be obtained
from the above equation (see Section 4 of the Appendix).

The above problem is a four point boundary value (or split value)
" problem, and a two dimensional search for 21(0) and 22(0) to satisfy the
end conditions zl(T) = 0 and zz(T) = 0 must be carried out. A numerical

solution by the analog computer can also be obtained.
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Example 12

This example deals with a model for determining advertising expendi-
tures for a firm producing 2 single product. The market capacity is M
dollars, and if the firm does no advertising, its rate of change of sales
at any time t, é(t), will decrease at a rate proportional to the rate
~ of sales, S(t), at that time. If the firm advertises, the rate of change
of sales will increase at a rate proportional to the rate of advertising,
A(t), but this increase affects only that part of the market that is not
already purchasing the product. Therefore, the rate of change of sales

due to a combined effect of these two factors is represented by

921

g%(t) = -AS(t) + vA(L) [1 - ét)J § S(0) = So {13

where %, Y are positive constants,
The problem is to choose an advertising rate, A(t), which will maxi-
mize the total sales represented by
t

sy = [ S(t) dt (2)
0 : '

Solution:

Let
xl(t) = 5(t), xl(O) = SG

t
é x,(t)dt, x,(0) =0

xz(t)

8(t) = A(L)
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The performance equations are

dxl(t) x. (t)

Fes. e Rxl(t) + vo(t) [l v J (3)
dxz(t)

== = EE), wnleq (4)

The Hamiltonian and the adjoint system are

X
i 1

H = zl[ Axl +v6 (1 - M)J + z,% (5)
dz
-——1=1z +YX g2 -2 z.(T) =0 (6)
dt 1 M °"1 2¢ 1
d22
.&F = 0, ZZ(T) =1 (7)

Equations (5) and (6), rewritten by uging the solution of equation (7),

z,(t) = 1, yield

x
1 ;
H = zl{—-?\xl + y6(1 - --ﬁ-)] + %y (8)
and
* i |
i = [1 _ -ﬁ] - O
dzl s
T i 22 0
5 Azy + g 0zy - 1 (10)
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Since equation (9) is a linear function of the decision vector,
6(t), the optimal control should be the bang-bang type. Thus the con-

ditions for optimal control are

=
A(t) = Amax if [l - FFJ Yz, > 0
( xl1 ' 5
=0 if ~1 - ﬁ_l ¥z < (11)
r Xy
= unspecified if L1 - M_J Yz = 0.
Case (a):
When A(t) = A
max
dxl r Y
ac [A w M Amax] = + YAmax (12)
dzl "
it~ zl[l o ﬁ'Amax] =& ‘e

Solving equations (12) and (13) using the conditioms xl(O) = S0 and

zl(T) = 0, we get

- &
YAmax -(A ¥ M Amax]'t YAmax
28w |8, =it | R (14)
A+ — LA 34 —max

M M
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. (1 +-;i‘7*-3‘~)(c—1‘)
2y (0 = —L [1 - & J (15)
A‘l‘ max
M
- Y
e SR AU Y | AR, O IR &
M JY% T M ||°0 YA
A+ max
M
YA (r+Xa -1
& $ax } i [1 s M “max J (16)
A+ ﬁAmax b .ﬁ Amax
Let
A= YAmax
MA +yA
max
- Y
B=XA+aA

Equation (16) can be rewritten as

X S 5
(1- 'ﬁ];)yzl = {1 - (M—O - &) €7 = 1) & - B}

Since y,A > 0

therefore
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B
Hence
y
x Y -{A + = A t
(1 _ "EJYZ g 41 - ik s - max ( M ma )
M 1 M 0 YA
%, o e
M
YA (x + LA )(t-T)
max 1 M “max
+ 1 - Q
A+ La }A+I—A [ ) ]>b w
Y “max M "max y
Case (b):
When A(t) = 0
i}il— ')\
T | b5
| |
=2z, - 1 : (19)

dt 1
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Equations (18) and (19) can be solved by using the conditions, xl(O) = 5,

and zl(T) = 0 as

%, () = 57" (20)
zl(t) = %-{1 - eA(t-T)}
) 1 -ﬁ: A(t=T)
[1"E_J721=:;\L[1'ﬁ(soe )Ml'e ] (22)
Since y,» > 0
% 5 [1 _ el(t-T)} 5,
1> [1—%(30 "‘t)] >0
Hence
1 = *1 ke [ 1 (s —At) (]_ - (D >0 (23)
E YZl = )- M 0 e { e

It can be observed that equation (17) satisfies:the ccadition of
equation (11) when A(t) = . - whereas equation (23) violates the con-
dition of equation (11) when A(t) = 0. Therefore, the optimal advertising
policy is to allocate all available advertising capital. The result could
have been intuitively arrived at, because sales increase in proportiomn to
the advertising rate and our objective function is to maximize total

T

sales, ST = f S(t) dt. A more realistic objective function would be to
D
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maxinize the net profit during a given interval of time T, represented by

T
[ [s(t) - A(t)] de.
0

A solution similar to that in reference [1] is obtained.

Example 13

This example is a slight modification of the advertising model dis-
cussed in the previous example. If the firm does no advertising, then its
rate of change of sales will decrease at a rate proportional to the rate
of sales at that time, However, if the firm advertises, its rate of change
of sales at any time increases in proportion to the advertising done in
the previous time period. Therefore, the rate of change of sales due to a

combined effect of these two factors is represented by

(= +]

_g%(t) & As(t) L .,{ f A(t—'{)E-TdT (1)

0

The problem is to find an advertising rate which maximizes the total

sales represented by

t
Sp = [ s(¢) dt . ' (2)
0
Solution:
Let
Xl(t) = 5(t), xl(O) = S0
x, () = dx, (£) %, (0) = §,

dt
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t

x3(t) = é xl(t) dt, x3(0) =0
B(t) = A(t)

By employing a change of variable, x = t-t, (see Section 5 of Appendix)

equation (1) can be written as

dxz(t)

"a"E— = Te(t) - (1+0) xz(t) e ;\Xl(t) (3)

The performance equations are

dxl

T - X2 50 =5, %)
dxz

5 ™ v0 - (142) Xy - Axl, xz(U) = Sl (5)
dx3

T = o x3(0) =0 (6)

The Hamiltonian and the adjoint system are

H= zgxy + 2y (vo - @) Ry = lxl) + 2Ry )
dzl
& = A2y773s zl(T) =0 (8)
dz2
ol =31 + (1+A)zz, ZZ(T) =0 (9)
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dz3

= Oy gLy =1 (10)

Rewriting equations (7), (8) and (9) and using the result of equation (10)

we have

H=z%, + 2, (yo ~ (1+0) %5 - Axy) + X, (11}
and

%

H = z,Y8 (12)

dzl

T = ?\22 -1 (13)

dz2

€ =%t (1+)) z, (14)

Solution of equations (13) and (14), together with conditions
zl(T) = 0, zz(T) = 0 yields (see Section 6 of Appendix)
Jl_ 1 A, 1 (2T
2yCe) =5 =50 © il sy (15)

Since equation (12) is a linear function of the decision vector, 6{t), it
represents a bang-bang type of optimal control. Therefore the optimal

advertising rate is represented by

A(t) = Amax if zz(t) >0
-0 1f 2,(t) < 0 (16)
= unspecified if zz(t) =0

A solution similar to that in reference [1] is obtained.
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1. INTRODUCTION

The electronic analog computer (EAC) consists basically of high-gain,
direct-current, negative-feedback, electronic amplifiers used in conjunction
with simple resistor - capacitor (R-C) circuits. In adéition, special
devices, such as function multipliers, function generators, diodes, and
relays of various types, are used as auxiliary equipment for the simu-
lation of more complex problems. Problem solution by the EAC is accomplished
by analogy; that is, the computer is programmed so that its circuit equations
have the same mathematical form as the equations of the problem. In this
type of computer, voltages represent various physical quantities, such as
inventory, production, sales, cost and so on. The magnitudes cf the
voltages are related to the numerical values.of the physical quantities by
the use of scale factors. The analog computer performs its operations in
a continuous process with respect to time so that there i1s a relatiomship
between the computing time of the analog computer and the variables of the
problem being solved. By arbitrarily varying this relationship, the total
computing time required to obtain a solution on the EAC may be varied,
within limits, at the discretion of the operator. This process is known

as time scaling.

2. BASIC ELEMENTS OF THE ANALOG COMPUTER

The basic elements of an EAC are relatively few in number. First,
and most important, are the operational amplifiers; these, when used in
conjunction with appropriate input and feedback impedances, supply the
important operations of (i) addition and subtraction (ii) multiplication

and division by a constant and (iii) integration. Second, it is necessary
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to provide for.the problem coefficients in the simulation of the problem
by electrical circuits, This is accomplished by ratios of feedback and
input impedances in the R-C network employed by the use of coefficient
potentiometer, Third, some type of control system must be provided to
start, hold, and stop the computation and to allow for proper application
of the initial condition voltages required by the problem. These control
functions are performed by a system of automafic relays in the computer
referred to as operate-reset relays., Fourth, as the problems being sclved
grow more complex, units capable of multiplying and dividing variable
quantities must be provided. The representation of nonlinear phenomenon
is facilated by the use of equipment such as diodes, operatiomnal relays,
and differential relays. Other complex problems will require the use of
arbitrary - function - generation equipment for representing functlons

which are difficult to describe mathematically.

3., CASE STUDIES
Example 1 Optimum Production Scheduling

In a manufacturing company, forecasting is used in desiguing pro-
duction rules which anticipate and prepare for sales fluctuatioms. A
buffer inventory is maintained so that errors in sales forecasts will
not cause runouts or will not force rapid changes in the rate of plant
operation. In general, the rate of change in finished goods inventories

is equal to the difference between the production and sales rate, that is

dlI(t)] _
s = P(t) - S(t) ()

where I(t), P(t) and S(t) represent the inventories, production and sales

at time t, respectively.,
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We assume that the rate of the costs from holding inventories and

*
stockouts can be approximated by the quadratic c (I(t) - I )2, and the
rate at which.manufacturing costs are incurred can be approximated by

* x
the quadratic cP(P(t) - P )2, where c_ and cp are constant, and I and

I

*
P represent the desired inventory and production level of the plant

respectively,
Therefore the total cost, Cps incurred from time 0 to T is
= T{ i Ty "% 2
cT-—(j; e €T0E) — T)° + o, (0(e) ~ P )} de (2)

The problem is to find the optimum production to minimize the cost
function represented by equation (2) which is subject to the constraint

given by equation (1).

Solution:

Pontryagin's maximum principle is used to arrive at a system of
equations [4] which are then simulated on the EAI TR-48 Analog computer.

Let us define

[}

xl(t) I(t)

a(t) P(t)

Then equation (1)} becomes

dxl(t)

% =) - 8(6), x(0) = 1(0) (3)

We introduce xz(t) such that
£ % 92 % 2
x,(t) = £ fe (2, (8) - T)° + e (8(e) ~ P )7} dt

or



dx2 ] .

E = CI\Xl“:I ) N CP(B"P*)Z: Xz(o) = 0

The problem is thus transformed into that of minimizing xz(T).

The Hamiltonian is

£

H = zl(S~S) + zzlcl(xl—l*)z + cP(B—P*)zJ

The components of the adjoint vector are’

s %
il 2 Zy CI(XI—L ), Zl(T) =0
dz2

vl 0, ZZ(L) = 1

Solving equation (7) for z, gives

ZZ(t) =1

The optimal control for this type is found from the cendition

9H *
3 0= zl 4+ ZCP(G—? )
or
= 2 } P*
zl(t) == 2¢, (6-pP )

*
Combination of equations (10} and (6) yields 8(T) = P and

de *
—2cp gr = -2 (¢ - 1)

C i
ds T * %
e [xl(t) -1 1], 8{t) =P

P
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(4)

(5)

(6)

(7)

(8)

€))

(10)

(11)

(12)
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'Equations (12) and (3) constitute a pair of -differential equations in
two unknown functions xl(=I) and 8(=P). The solution of these two equations
yield the optimum inventory and production planning.

The solution of equatioms (3) and (12) are

AL t

=X
xl(t) = Ale + Aze + (xl)p (13)
d(x.)
_ At o AR B
a(t) = A e Ajle oo + 5(t) (14)
where
c
a2 - L
P
A, and A, are constants to be determined by the initial conditions and

1 2
(xl)b is the particular solution of the equation to be decided by the

*
forms or values of I and S.

Analog Computer Solution

A solution by the analog computer is presented as follows:

(i) Summary of equations:

dxl(t)

3 <8 - s, x(0) = 1(0)
de(r) _ °1 G 0E) = 1), B0 ed
dt cp L .

dxz(t)

2 me g 1O 4 g e 2D, X0 = 0
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An unscaled computer diagram is given in Figure 1.
(ii) Numerical Example:

We assume that the sales function is a sinusoidal function of one

cycle duration with an amplitude of 300 about a mean of 700,

S(t) = 700 4+ 300 Sin-%K t units/week {(15)

The other parameter values and initial conditions are given as

*

I = 1000 units

*
P = 700 units/week

2
ep = $1/(unit)” week
s D

e, = $£100 week/(unit)

T = 52 weeks (=1 year)
%
8(T) =P = 700 units/week

1200 units

x4 (0)

|
L]

The scaling table for the amalog computer is given in Table 1.

The scaled equations beccme:

4[,0001x ] _ .0001

Tt = 001 [.001 6 - .001S]

[.0001 xl(O)] = .0001 xl(O), xl(O) = 1200

or

d4[.0001x, |

oy = .1 [.001 8 - .0015]
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Table 1

Scaling Table
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varishle Maximum Estimated Scale factor = Computer
Value 1/Max,.Est. Val Variable
xl(t) i0,000 0.0001 [.0001 xl(t)]
8(t) 1,000 0.00L [.001 8(t)]
s(t) 1,000 0.001 [.001 s(t)]
%,(t) 10° i [10‘9 x,(t) ]




[.0001 xl(O)] = ,0001 xl(O)

d[.0018] _ 49 , <001 | noo1 x

% *
ra A -.,0001 1], I = 1000

1

* *
[.001 6(T)) = 0,001 P, P = 700

or

a[.0018] _ _*

2L .1 [.0001 x - .0001 T ]

®
[.001 o(T)] = 0.001 P
-9 -9 -9
*
400 "xp1 o 10 10001 x, - 0001 1%+ 2025, 0010 -
10 | 10
-9 _

or

a0~

LD .2
at - .0001 I ]°+ .1[.001 & - .001 P ]

%l .1[.0001 x,

-9
(10 x2(0)] =0

74

%*
.001P ]2

The scaled computer diagram based on these modified equaticms is given in

Figure 2.

(iii) TIteration procedure:

The system of equations to be solved is a two point (or split) boundary

value problem because the initial inventory level, xl(o), and final pro-

duction rate, 6(T), are given (see equations 3 and 12). In order to ar-

rive at the final production rate, a trial and error procedure was adopted.
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Two initial production rates, 500 and 900 units/week, on either side of
the final production rate were chosen and their end values observed. On
the basis of observed end values, the interval of trial was systematically
reduced until an initial value of 826 units/week was fouﬁd to satisfy the

desired final production rate.

(iv) Results and discussion:

The behaviour of the sales rate, production rate, inventory level and
total cost at optimal condition is presented in Figure 3. Figure 4 repre-
sents the variation of total cost with different initial production rates.
Figures 5 to 8 show the behaviour of the system parameters at the optimal
initial production rate, P(0) = 826 units/week, whereas Figures 9 and 10
compare the behaviour of inventory level at optimal and non-optimal ipitial

production rates.

Analytical Sclution

For a sinusoidal sales rate, given by equation (15), equations (13)

and (14) become

2 *
+ A,e +—————Frcos ——t+ 1 (16)

2
ey = A A o B ™® L. Cma Bl L u e b o e B B T
1 2 2 T 0 T
2 41
Ak
T

%
Using the boundary conditions xl(D) = I(0) and 6(T) = P , we obtain
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21 |
* % a - i
¥ -sy+ 1) -1°- L
3 0 )
1 2 411
A +'——2'
T
= AT . AT (18)
e + e
a -?‘E
* ;
10 -1 - —LE M L " -5
y 0
J\2 % 4T1
2
Ay = AT . AT (19)
e + e

Tables 2, 3 and 4 compare the values of the production rate, inventory .
level and total cost as obtained on the analog computer to that obtained by
analytical solution. It can be observed from Figure 3 that there is less
than 2% difference between the values obtained by the two methods.,

The cummulative total cost with respect to time for different initial
rates of production is represented in Figure 4 and it is observed that an
initial production rate, P(0) = 826 units/week, yields a minimum total
cost. All other initial production rates result in a much higher total
cost.

Figure 5 shows the cost incurred at each interval of time. It can be
observed that the cost increases initially, then remains constant for é
period of time and finally decreases. This can be explained by the fact
that the cost parameter for production rate is 100 times greater than that
for inventory level and the cost equation (4) is more affected by a deviation
from the desired production rate than a deviation from the desired inventory
level. Hence whenever the production rate approaches P*, the cost is

relatively smaller. Figure 6 shows a phase plane plot between the sales



Table 2

Comparison of production rate as obtained on the analog computer
and by analytical solution

86

Production rate (units/week)

(;:Eks) Analog value Analytical value
0 826 827.3
5 850 846.5

10 855 860.8
15 847 846.8
20 805 798.0
25 740 725.1
30 666 - | 649.5
35 600 595.,7
40 580 581.0
45 600 609.7
50 666 671.1
52 700 700.0




Table 3

Comparison of inventory level as obtained on the analog computer
and by analytical solution

Inventory level (units)

Time
(weeks) Analog value Analytical value
0 1200 7 ' 1200.0
5 1400 1440,2
10 1100 1053.9
15 400 363.0
20 200 -275.5
25 =550 -567.7
30 =500 | -368.9
35 100 215.5
40 1000 1152.2
45 1800 1959.5
50 2400 2416.4

52 2480 2459.4




Table 4

Comparison of total cost as obtained on the analog computer and
by analytical solution
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Total cost (in millions of dollars)

Time
(weeks) Anaicg value Analytical value
0 0 0
5 8 10.0
10 20 2Z.5
15 32,5 35.4
20 45 48.3
25 58 61.1
30 70 72.9
35 80 82.2
40 87.5 89.6
45 95 97.4
50 105 107.1
52 109 111.3
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rate and inventory level. We call this a phase plane plot because we are
plotting one variable against another. It can be observed from the figuve
that an increase in sales rate above the mean level reduces the inventory
level, where as a decrease in sales rate below the mean ievel increases the
inventory level. Figure 7 shows that the production rate increases, for

an increase in sales rate, and decreases for a decrease in sales rate,
Figure 8 shows the behaviour of the inventory level with respect to pro-
duction rate.

It can be observed from Figure 9 that for a higher initial production
rate the inventory level increases rapidly whereas for a lower initial
production rate the number of stockouts increases. Figure 10 shows the
behaviour of inventory level with respect to éales rate for different
initial production rates. For a higher initial production rate, the in-
vent&ry level increases, whereas for lower initial production rate, stock-
outs increase, in correspondence with that shown in Figure 9. When the
initial inventory level was changed from 1200 units to 1400 units, the
optimum policy yielded a lower initial production rate of 810 units/week.
1t can be observed from Figure 11 that the behaviour of the séles Tate,
production rate, inventory level and total cost correspond to that obtained
with initial inventory I(0) = 1200 units (Figure 3). Figure 12 shows the
variation of total cost with different initial production rates, P(0), and
initial inventofy level I(0) = 1400 units. It can be concluded that the
inventory model is very sensitive to a variation in the initial production
rate, P(0), but remains unaffected to a variation in the initial inventory

level, I(0).
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When the inventory and production scale factors were reduced by one
tenth, an error of 5-6% was observed on the inventorv lewvel and production
rate, whereas a large error was noticeable in the total cost as shown in
Figure 13, This caun be explained by the fact that the accuracy of the
analog computer igs affected when the voltage across the amplifiers goes
below 0.001 V.

In this example the analytical solution was available [4]. But in
cases where the analytical solution is difficult or unavailable, an ap-
proximate solution can be easily obtained on the analog computer. More-
over, a system of boundary wvalue linear or non-linear differential eguations
which are difficult to solve by the digital computer can be easily solved
on the analog computer., The utility of the analog computer is increasingly
felt as the number of these boundary valued differential equations in-
creaﬁes. Furthermore the snalog computer is useful in obtaining graphic
output at any point in the circuit; thus, variables can be very easily

plctted against each other and with respect to time.
Example 2 Periodic (or Recyelic) Optinum Frduction Scheduling

This example is an extenszion of the previous example in that instead
of a single time pericd, a périodic demand is assumed, i.e.,, the same
demand is expected to cccuer for a number of time periods., The maximum prin-
ciple for periledic prccesses is used to arrive at a system of equations to

be solvad.

The Msximun Trinciple for Periodic Processes [2]

Suppcse that performance equations of a control process have the form
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dx:L

5 = £ 00, w0 ,ee, x (£)5 0(0),.00, B (D)),

B 2 8 2T,

1= 1,2,006, 84

or the wvector form

&= £x(0); 0(8)),  x(ty) = x(D) &

where x(t) 1s an s-dimensional vecter function representing the state of the
process at time t and 6(t) is an r-dimensional vector function representing
the decision at time t.

‘A typical optimization problem associated with such a process is to
find a piecewise continuous decision vector function, 6(t), subject to the

constraints
velog(e), 8y(0) 0, 8.(0)) <0, 1=1,2, .., m, 2)

which makes a function of the final values of the state
s

s = 3 c;%;(T), c; = constant (3)
i=1

an extremum for the periodic condition x(to) = x(T). The function, §,
which is to be maximized (or minimized), is the objective function of the
process.

The procedure for solving the problem to obtain the optimum control

* *
8 (t) and the corresponding trajectory x (t), tp 2t s T, is to introduce
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an s-dimensional adjoint vector z(t) and a Hamiltonian function H which

satisfy the following relations:

S

H(z(t), x(8), 8(8)) = ] 2,£, (x(8); 6(6)), (%)
i=1

dz s of

_i_ _ 28 _ _ il =

el = jélzj Bxi " i=1, 2, «s., 8, (5)

s axj(to)
Zi(T)=j£12j(to)"é-x"";'(TTT+ Gy 1= 1, 2, wses 8 5 (6)

The optimal decision vector function 8*(t), which makes S maximum
(or minimum), is the decision vector function 8(t), which renders the
Hami}tonian function H maximum (or minimum) fer t0 <t < T, I1f the optimal
decision vector function 6*(t) is interior to the set of admissible decisions
a(t) [the set given by equation (2)}, a necessary condition for S5 to be an

extremum with respect to 8(t) is

3H ,

If 8(t) is constrained, the optimal decision vector function 8*(t) is
determined either by solving equation (7) for 8(t) or by searching the
boundary of the set.

Once the decision vector function 6(t) is chosen the trajectory x(t)
is fixed and the adjoint vector function z(t) isvuniquely determined by

equation (5) and (6).
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Analog Computer Solution

(i) Summary of equations:
Using the above algorithm, equations (3), (4) and (12) of Example 1

can be modified as

dxl(t) :

T = 9(t) - 8(), =x,(0) = xl(T_)

.g%(t) = e (x, (t) - ™y, 8(0) = 8(T)

dx, (t)

T = ety (e) - O+ gpte(n) - 2HZ x,00) = 0

The same set of parameter values is given and the periodic nature of the
demand is assumed. The scaling table for the analog computer solution is

given in Table 1 and the scaled computer diagram is presented in Figure 1.

(ii) TIteration procedure:

The initial conditions of the system of equations to be solved were
not known except that they were periodic for a base period of 52 weeks.
The problem, therefore, was one which involved a two dimensional search
for the two variables, P(0), and I(0). A trial and error procedure was
adopted and the interval of error was systematicaily reduced till a best
set of initial points was obtained, to satisfy the periodic nature of the
system, at initial inventory level, I(0) = 2460 units, and initial pro-

duction rate, P(0) = 700 units/week.



Table 1

Scaling Table
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Variable Maximum Estimated Scale factor = Computer
Value 1/Max.Est., Value Variable
x, (t) 10,000 ©.0001 [.0001 x,(t)]
8(t) 1,000 .001 [.001 B(t)]
s(t) 1,000 .001 [.001 s(t)]
%, (£) 10° (1077 [107%x,(8) ]
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{(iii) Results and Discussion:
The behaviour of the sales rate, production rate, inventory level and

total cost is presented in Figure 2.

Analytical Solution:
Combining the equations representing the rate of change of inventory

level and production rate we get

dzx
%
dt
where
P |

The solution of equation (8) is

21
a ————
- *
x.(t) = A elt+A e;‘t+ l—-ce.ns"’z—nx:—rl (9)
1 1 2 2 T
2,41
A +-——§
i
41
¥ '
() =ar et —ane ™t o T o2 i (s +asimile)  (10)
1 2 2 T 0 T
2 41
A +‘—§—
T
where Al’ Az are integration constants obtained by combining the comple-

mentary function and particular solution of equation (8). Application of
boundary conditions xl(O) = xl(T) and 8(0) = 8(T) yields the optimum

inventory level and production rate as
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Table 2

Comparison of production rate as obtained on the analog computer
and by analytical solution

Time Production rate (units/week)

(weeks) Analog Value Analytical Value
0 700 ' 700.00
5 760 769.28
10 805 ' B14.03
15 818 818.41
20 780 _ 780.87
25 720 | 714,70
30 | 645 643.33
35 580 592,02
40 570 578.94
45 585 ‘ 608.72
50 655 670.82

a2 695 : 700.00
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Table 3

Comparisen of inventory level as obtained on the analog computer
and by analytical solutica

Time Inventory level {units)

(weeks) Analog value : Analytical value
0 2460 ' 2473.5
5 2300 2212.7

10 1650 1522.5
15 850 647.3
20 50 -102.9
25 =400 | -462.8
3C -380 ;304.7
35 120 | 315.2
40 950 1177.6
45 1800 : 1977.2
50 2250 2430.7

32 2300 2473.5
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Table 4

Comparison of total cost as obtained on the analog computer and
by analytical solution

Time Total cost (millions of dollars)
(weeks) Analog value Analytical value
0 0 : 0
5 10 10.47
10 19 19.23
15 25 26.78
20 33 36.12
25 43  45.39
30 54 56.04
35 63 : 65.18
40 71 72.83
45 80 80.91
50 89 90.80

52 93 95,12
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s :
xl(t) et o 5 — B I (11)

Z 21 21
e i i B e RS £ 9
8(t) 7 Sin T t + (S0 + g Sin T t) (12)

These solutions are periodie functions, and they are valid beyond t = T,
Tables 2, 3 and 4 compare the values of the production rate, inventory
level and total cost as obtained on the analog computer to those obtained
by analytical solution. It can be observed from Figure 2 that there is
less than 2% difference between the values obtained by the two methods.
‘The cummulative total cost with respect to time for different initial
levels of inventory, I{0), with optimum production rate, P(0) = 700 units/
week, and for different initial production rates, P(0), with optimum
initial inventory level, I(0) = 2460 units, is presented in Figures 3 and
4 respectively. It is observed that a minimum total cost is obtained for’
optimum initial values and all other inventory.levels and production rates

result in a much higher total cost.

Example 3 Inventory Control Model

This example deals with an analog computer simulation of the inventory
medel considered in Example B of Part I, It is assumed that the rate of
change of actual inventory at factory warehouse at time t, IAF(t), is

equal to the production rate at time t, P(t), minus the shipment rate

at the factory at time t, SSF(t), as represented by
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0

IAF(t) = P(t) - SSF(r), TAF(0) = IAF (1)

It is assumed that the shipment rate at the factory, SSF(t), is related
to the level of unfilled orders at time t, UOF(t), by a first order
exponential lag with time constant o, as represented by
- i

a

SSF(t) = == [ UOF(t~1)e © dt ' (2)
0

Q=

The rate of change of the level of unfilled orders, UOF(t), is assumed to
be equal to the demand received at the factory, DRF(t), minus the shipments

sent from the factory, SSF(t), as represented by

UOF(t) = DRF(t) - SSF(t), UOF(0) = UOF® (3)

The objective of this simulation is to find a production rate which
minimizes the sum of inventory holding cost, production cost and shortage

cost over the interval [0,T].

T T T
e > B [ IAF(t)dt + & [ p(t)de + 2y [ [DRE(t) - P(t)]dt (&)
0 0 0
where
e = unit inventory cost
cp = unit production cost
Cg = unit shortage cost

Analog Computer Solution

By employing the change of variables x = t - 1, (see Section 2 of

Appendix) equation (2) can be modified as
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SSF(t) = - % SSF(t) + % COF(t)

(i) Summary of equations:

%%IAF(t)] = P(t) - SSF(t), IAF(Q) = IAFO
%%55F(t)] _ %.SSF(t) + 2 WOE(t), SSF(0) = SSEF
%%pOF(t)] = DRF(t) - SSF(t), UOF(0) = UOFO

%%cT(t)J = c; [TAF()] + (cp = ¢g) [P(t)] + cg [DRF(£)], e (0) = 0O

(ii) 1Initial conditions:

SSFO = 600 units/week
0 .

UOF = 100 units
0 ;

IAF™ = 50 units

cT(O) =0

.The scaling table for the analog computer solution is given in Table 1.

The scaled equations become:

d[.0001 IAF(t)] _ .0001 0001
= = 557 [-001 P(t)] - “5e [.001 SSF(t))

[.0001 TAF(0)] = .0001 IAF®



Table 1

Scaling Table
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Maximum Estimared Scale factor = Computer
Variable Value 1/Max.Est. Value Variable
IAF(t) 10,000 0.0001 [.0001 IA¥(t)]
P(L) 1,000 10.001 [.001 P(t)]
SSF(t) 1,000 0.001 [.001 SSF(t)]
UOF{t} 1,000 0.001 [.001 UOF(t)]
DRF(t) 1,000 0.001 [.001 DRF(t)]
10° 1076 [107%c (t)]

cT(t)




or

or

4{.0001 IAF(t)] _

d[.001 ssF(t)] _ _ .001

4{.001 sSF(t)] _

d[.001 UOF(t)] _ .001

at

110

at .1{.001 P(t)] - .1[.001 SSF(t)]

[.0001 TAF(0)] = .0001 IAF’, TIAF® = 50

.001

001 [.001 UOF(t)]

5 <67 [<001 8SF(£}] + 557

[.001 SSF(0)] = .001 SSF°

at [.001 SSF(t)] + [.001 UOF(t)]

[.001 SSF(0)] = .001 ssF°, ssF° = 600

~001

[.001 DRF(t)] - ~ 001

e “oo1 [.001 SsF(t)]

[.001 UOF(0) = .001 UOFY

d[.001 UOF(t)] _

= [.001 DRF(t)] - [.001 SSF(t)]

.001 UOFO, UOF0 = 100

It

[.001 UOF(0)]

-6
{107 g ()] -6 16~% :
E“E = m‘l CI [.0001 IAF(t)] == "_OBE'(CS“CP)l.OOIP(t)]
1)
+ 001 CS{"OOJ- DRF(t)]
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11070 e (0)) = 0

or

d[10-6 cp()]
= = .01c[.0001 TAF(t)] = .001 (cg-c,)[.001F(t)]
+ .001 c's [.001 DRF(t)]

(1078 er(0)] = 0

(iii) Ipput functionms:

The inventory model was simulated using various production functions.,
The mathematical representation for some of these functions for a time

period T = 52 weeks is as follows.

(a) 'Sinusoidal function: The equation for a sinusoidal function with an

amplitude of 100 about a mean of 900 is

P(t) = 100 sin 3%-c + 900, P(0) = 9060, T = 52

B(ey = 200 (B cos 2 e, P0) ~ 200 GO
ooy 21, 2 2n
P(t) = - 100 (T 17 sin T t
or
Be) = - EH% ey + EH? 900

The scaled computer diagram for the function is given in Figure 1.



0.0146

Fieg. 1. Sinusoidal function

112



113

(b) Linear function: The equation for a linearly increasing function is

P(t) mt + Pm. s P(0) = Pm

i 800

in

P(T) = Pmax = 1000

]

P(t) = 3.84

The equation for a linearly decreasing function is

it
e
]

P(t) = -mt + P, P(0) 1000

max

|
L]

P(T) = = 800

min

P(t) = - 3.84

The scaled computer diagram for the above two functions is represented in

Figures 2(a) and 2(b) respectively

(¢) Step function: The equation for an increasing step function is

800

I
o
ﬁ
A
(md
s~}
1]

P(t)

1000

]
rt

P(t)

A
t
A
=
rd
I

P
max 1 — max

and similarly the equation for a decreasing step function is

P(t) tst

max 1

P t. <t <T

PLE) = Foin 1 =

The scaled computer diagram for this step function is represented in

Figure 3



-Ref

—-Ref
(l)o.a
N
0.00384 L~
(a)
~Ref
0.00384 L
(b)

Fig. 2, Linear function
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0.8 _
—Ref—o—l\ |
1] =)

[ o
0,2

~Ref

Fig., 3. Step function
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(iv) Parameter Values:

Case 1

a = 1 week

DRF(t) = 1000 units/week
e = $0.5 /(unit) (week)
e = $5/(unit)

cg = $50/ (unit)

Case II
¢ = 1 week

DRF(t) = 1000 units/week

¢ = $0.5/(unit) (week)
cp = $5/(unit)
cg = 0

The scaled computer diagram for Cases I and II is represented in

Figures 4 and 5 respectively.

(v) Results

The behaviour of the different production rates with which the model

was simulated is presented in Figure 6. The abbreviations used are

1000 units/week

A ~ constant production rate at P
max

It

B - constant production rate at P_, 800 units/week

min

C - linearly increasing production rate from P ., to P
min max
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D - linearly decreasing production rate from P to P
max min

E - sinusoidal production rate with an amplitude of 100 units/week
about a mean of 900 units/week
F - symmetrical step increase from Pmin to Pmax

G — symmetrical step decrease from Pmax to P

min
H - step increase from P to P at t = 22 weeks
min max ;
I - step decrease from P to P . at t = 22 weeks
max min

The cummulative total cost with respect to time for different pro-
duction rates is presented in Figure 7 for Case I and in Figure 8 for
Case IT. Figures 9, 10 and 11 represent the behaviour of actual inventory
at factory, shipment rate at factory and unfilled orders at factory, for

different production rates, with respect to time.

(vi)' Discussion:

Case 1

It can be observed from Figure 7 that minimum total cost is incurred
with maximum production and thus the optimal policy for this set of
parameter values is to schedule maximum production.

The inventory level at the factory (see Figure 9) is observed to be
constant at 1000 units for the optimal production rate whereas all other
production rates result in large stockouts. This can be explained by the
fact that the optimal production rate represents the demand rate also and
consequently at steady state the inventory 1evei remains unaffected. All
other production rates are lower than the demand rate and hence the number

cf stockouts is expected to increase with time.
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Figures 10 and 11 represent the behaviour of the shipment rate and
unfilled orders at factory with respect to time. It can be observed that
these are not affected by the behaviour of the producticn rate and reach
a steady state value equal to that of the demand rate. This can be
explained by the fact that the mathematical equations representing the
shipment rate and unfilled orders at factory are independent of the pro-
duction rate and dependent on the demand rate only. Consequently, at steady

state, they stabilize at 2 magnitude equal to the demand rate.

Case II

The production rates with which the mcdel was simulated in this case
were kept the same as in Case I (see Figure 6).

The cummulative total cost with respect to time for differvent pro-
duction rates is presented in Figure &€ and for the set of parameter values
represénted‘by this case, the optimal pclicy is to schedule minimum pro-
duction.

The behaviour of the inventory level, shipment rate and unfilled orders
at factory for different production rates with respect to time were observed
to be the same as in Case 1 (see Figures 9, 10 and 11). This observatiocn is
not a colincidence because for a change of parameter values, the parformance
equations remain unaffected and only the objective function is modified.
Consequently, we can expect that only the optimal production policy will
vary whereas the behaviour of the other system variables will remain un-
affected.

The optimal production policy arrived at, for the asbove set of parameter
values, is in agreement with that observed by analytical solution (Example 8,

Part I).
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Based on the optimal production policy represented by equaticn (21)

of Example 8 of Part I, a third set of parameter values were chosen as

Case 111
a = 1 week
DRF(t) = 1060 units/week

¢ = $0,5/(unit) (week)

ey = $5/(unit)
cg = $20/(unit)

The optimal policy for this set of parameters is a step increase from
minimum to maximum producticn rate at time t = 22 weeks.

Figure 12 represents the behaviour of_the different production rates
and Figure 13 represents the variation of total cost with respect to time
with these production rates.

It is observed that the optimal production peclicy arrived at by the

maximum principle yields minimum total cost.
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APPENDIX

Section 1

In this section the differential equation (16) of Example 5 is solved.

°p

— 8(t) - 8(t) = -S8(t)
i

Let

ﬁ
p ——

‘p

The above differential equaijon can be written as

2% P(r) = 02 s(t

or
d_ il s w2
(dt+p)(dt py P(t) = ~p~ S(t)
Let
P(t) = Q(t) G- - p)
' dt
so that

G+ o) Q) = -? s(n)

DU 45 qer) = 0% s(0)

5 t
The iutegrating factor of the above equatiom is g,



Hence

Qe = —p2 Jr ept S(t) dt + Al

g = 5> & PF [ T s(t) at + Ale'pt

or
g-lti(t) - pB(t) = -pZ &Pt [ T 5(p) at + A Pt
The integrating factor of the above equation, similarily, is e-pt .
Hence
P(t) g PP o —pz f‘{ o PE . o PE f JE S(t) dt} dt
+ [ 4 g0 g g A,
Pk B P% {;—g e 2Pt [ P g(r) At + ;—f e Pt s(t) dt}
1 -2pt
2p A1 + AZ
or

P(r) =5 ePF [ PP s(e) ar - ST [ e s(t) ar

ol ke g PE g g

pt
By B ® 5 F

Application of the boundary conditions P(0) = P0 and P(T) = P, gives
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1
Po--EAl'{'AZ
. T s
P, =2¢ PT f oPE S(t) dt - P—epT f e_pt S(t) dt
1 2 2 /
0 0
-1 -T pT
szle +A2e
Now
_ 1
g = By Ry
Therefore
T T
P.=2 ePT [Pt gty ar - & &PT [ ePE g(r) at
1 2 2
0 4}
1 —-oT » cT
-ZpAle +(P0+2pAl)e
or
T 7 & o T Lot
P.-P e® + & ePT [ e™PE gty ar - 2 P [ PP os(r) at
170 2 2
0 0
Al-"—
1 T . T
-z?(ep - e
and
-0T B 2 e T ot
P.-P e "  +82 &% [ e g(r) de -2 ™" [ T s(r) dt
10 2 0 2 0
A =
2 epT—e-DT
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Substitution of the values of Al and A2 in the expression for P(t)

yields
-oT , p T p(T-t) _ _=-p(T-t)
By-By €7 %5 [ le -e ] sft) dt
0 pt
epT _ e-pT
pT . p ¥ p(T-t) -E(T-t)
P.-P e”" +E [ [e - e ] s(t) dt
170 2
.- 0 . e-pt
epT _ e—pT

+ %-p [e'pt f ept s(t) dt - ept f o Bt S(t) dt]

By changing the variable under the integral sign we have

T
pipy e T+ 2o [P L PIy 500 ax
P(t) = OT —F . &Pt
ep - 8 P
pT , 1 T o (r-x) -p (T-x)
P.-P. e +=p f [e -.e ] s(x) dx
10 2
. 0 . &Pt
P BT
1

20 [F [ PP s(r) at - ePF [ PLE s ar)

Section 2

Equation (3) of Example 8 represents a first order expomential lag

with time constant, a.



[ voF (t-t) SR ge
0

SSF (t) =

e [~

Employing a change of variable, x =t - T

x-t

t
SSF (t) =éf UOF (x) e @ dx

Using the Leibnitz thecrem
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dh(t)

g [h(t): t] dt

k(t) 5
_g_%[x,t] - f g%[xgt] + g [k(t), t] %\t) %
h{t)
where
x-t
g[x,t] = UOF(x) e &
h(t) = -»
k(t) = ¢t
we have
t x-t
'%SSF“” =2 -j.a° - Luoro e dx + w0F ()]
or
& &
%SSE(’:)] = -4 [ wor(e-t) e * dr + 2 YoF ()

" 0

Using the original expression for SSF(t), the resulting differential

equation is
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d[ssF(t)]
dt

= - %-[SSF (t) - UOF(t)]
Section 3

In this section equations (1), (2) and (3) of Example 9 are modified.

(1) Equation (1)

® oo - Lntetr)
we(e) =f [ f -lg VDF (t-n-e-t)e  © drdnde
000 «
Let
x=t-
The above equation can then be modified as
5 e & (x-t-n-£)
1 a i
VMC(t) = f [ 3 [ f VDF(x-n-¢)e dx] dnde
00 o -2

Using the Leibnitz theorem

k(t)
20 . L 38GLE) gy 4+ glu(e),t] D _ gnee),e) PO
h(t

{x=t-n-e)

g(x,t) = VDF {x-n-g)e

(x-t-n-e)
g%ig’t) = %-VDF {(x-n-t)e

_{nte)

g[k(t),t] = VDF (t-n-e)e °
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dh(t) _
a0
we have
o t 4 {(x~t-n-g)
we(e) = [ [ = [) - = VDF (x-n-e)e ° dx
] o
00 o —oo
- {nte)
+ VDF (t-n-g)e & - 1] dnde
or
we(t) + %‘VMC(t) = f f —%-VDF‘(t-n-s)e 2 dride
00 o
Let )
y=f-mn
Application of the Leibnitz theorem yields,
(nte)

E
-] o« -— —
vMC(t) +-§-W:IC(1:) = f—; [f —%VDF (t-n-e)e dn+VDF (t-e)e “J de
. g

0

Replacing the first term of the right hand side in terms of VMC(t) and

its derivative we get

€
vMC(t) + -a% vMC(t) + -——;— vMC(t) = 1—3—[ VDF(t-e)e * de
o a

Let



z=t-=¢

Applying the Leibnitz theorem again and rearranging the result in terms

of VMC(t) and its derivatives we get

VMC(t) + ;13‘ VMC(t) + —:21 MC(t) + 1—3 vMC(t) = —% VDF(t)
a Q a
(ii) Equation (2)
Po =
: 1 B
VAC(t) = E[ [VMC(t-T) - VAC(t-t)]e dr
0

By employing a change of variable, x = t-t, the above equation becomes

x-t x=-t

t —_— —_——

t
[ wMC(x) e P oax - %f VAC(x) e °

— -0

VAC(t) = dx

™|

Using the Leibnitz theorem we obtain

VAC(t) = -

™|

@ T
I lJ‘ [VMC(t-1) - VAC(t-1)) e B d'r]}
L B 0

Rearranging terms we get

i

VAC(t) + 2 VAC(t) + = VAC(t)

2 2 = WMC(t)

(iii) Equation (3)

o

RRR(t) = - pRRR(t) + y [ VAC(t-t)e ' dt
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By employing a change of variable, x = t-1, the above equation becomes

t
RRR(t) + pRRR(t) =y [ VAC(x) " = dx

t

Using Leibnitz theorem we obtain

[- -]

RRR(t) + RBR(t) = — v [ VAC(t-t)e " dr + YVAC(t)

0

Rearranging terms we get

RRR(t) + (I+p) RRR(t) + pRRR(t) = yVAC(t)

Section 4

In this section equation (14) of example 11 is solved.

dxl

dt

dx2

dt

dz

dt

dz2

dt

i

X9 xl(O) = I0
Z
2 -
~ Bk, * x,(0) = 1,

- 2%, 2y(1) = 0

2y - Zklxz, zz(T) =0
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Eliminating each variable in turn, the above system of equations can

be reduced to
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or

where

=--—1—/k —Jﬁz—mcz

and Al, AZ’ A3, A4 are constants. .
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Substituting the value of xz(t) in the system of equation we get

slt ; 52'.: th 54t
() = klasje ™ +Ayspe T ddgsge T +Ase ]
t s,.t st s.t
3.7 352 3 °3 3
-k [Alsle + Azsza + A353e + Aasae ]
s.t s, t s,.t s,t
_ 1 2 3 4
xz(t) = Ale + A2e + A3e + Ai‘e
: slt szt s3t 34t
zl(t) = - 21L_L [Ale + Aze + A3e + A4e ]
2 51F g Bo¥ e 2 S4t
+ 2k2 [Alsle + Azsze + A3s3e + A.{;Sqe ]
z (t) = - 2k, [A,s eslt+As e82t+As e53t+As esht]
2 2 1%1 272 373 474

Application of the boundary conditions yields

3

3 , 3 )
Ajlkysy = kysy] + Ay[kysy = kysy] + Aglkysq = kys3]

3
+ AL; [klsi., = k2sn’+] = IG

1 2+A3+A4=11
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5. T &. T s, T
1 e ; = v 2 3 2
Ale [kl - Lzsl} + Aye [al - kzsz] + A3e [kl—k283]
s, T
4 2
tage " [y~ kgl
s,T s, T s,T s, T
Alsle . + A 5.e 2 + A, s.e % + A58 1 e G

272 33 474

The constants Al’ AZ’ A3 and A4 can be determined by sclving the above

four simultaneous equations and hence zz(t) can be determined.

Section 5

This sectionrdeals with equation (1) of Example 13.

oo

as(e) _ _ AS(E) + v f A(t-t)e " dt
0

dt

By employing a change of variables x = t-t,

t
- A8(e) + v [ ax) &FF ax

-

das(t) _
dt -

Using the Leibnitz theorem

2 t
gl_g(t) - 3508 o [, [ A(x) 7% dx + A(Y)
dt
dt =
or
2 [++]
das(t) ah o ;\.Cls_(t) + yA(t) - ¥ f A(t—T)e-T dr
e nE 0

Substituting the original expression we obtain
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2
_j_g_(t) = 280 4w - B s
t
or
2
L5 4 ) B9 4 ase) = vace)
t
dt ,
Section 6

This section

Example 13,

dz
dt

dz2

dt

Differentiating

or

d"z

dt

or

= Az

deals with solution of equations (13) and (14) of

2—1, zl(T) =0

-z + (1+A)zz, zz(T) =0

the latter equation with respect to t

dz

dt

dz
1 2
R F

n

dz2
- (zym1) + (IRA) 57

D2 - 4A)D + A] 2y = 1
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(D-1) (D-1) Zy =1

_ At t
1
-Therefore
_ At AP
Zz(t)—Ale +A2e +I

- A et t ()
zl(t) = Al e’ + AAZ e + X

Applying the boundary conditions zl(T) = 0, zz(T) = 0 we obtain

1 -AT
s DY STy M
W
A, = iy
= l, = = 1 A(t-T) _1.._._. {t-T)
28 =3 -3 ¢ Ll '
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The objective of this report is two-fold: first, to determine the
optimal control for some inventory-production scheduling prcblems by the
continuous maximum principle, and second, to simulate and find the optimal
solution of some industrial management problems on the analog computer.

The algorithm for the continuous maximum principle is stated first,
and then the types of optimal control are discussed. In part I of this
report, all thirteen examples presented in the Sook.gggiggl Control of

Dynamic Operations Research Models by Connors and Teichroew have been

reworked by the maximum principle. All their problems are resolved because
their approach is very tedious. A simpler, clearer approach is adopted in
this report. Moreover, their solution to some examples is different from
that obtained in this report. All thirteen examples solved were in the
categories of bang-bang or continuous types of control,

in part II of this report, analog simulations of a production scheduling
model, both for a single demand period and for periodic demand, and an in-
ventory control model are carried out. An optimal solution is aiso obtained
for the above models by applying the maximum principle and arriving at a

system of equations which are then simulated.



