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Abstract. Let ¢(z) be real-valued compactly supported sufficiently smooth function.
It is proved that the scattering data A(—03, 3, k) V3 € S%, Vk > 0, determine q uniquely.

1 Introduction

The scattering solution u(x, o, k) solves the scattering problem:

V24 E* —q@)|u=0 in R (1)

ika-x eikr‘ 1 x
w=e T4 AG 0 k) to(2), r=li] oo, fi= T 2)

Here o, 3 € S? are the unit vectors, S? is the unit sphere, the coefficient A(3, a, k) is
called the scattering amplitude, ¢(x) is a real-valued compactly supported sufficiently
smooth function. The inverse scattering problem of interest is to determine g(x) given
the backscattering data A(—03,3,k) V8 € S? Vk > 0. This problem is called the
tnverse scattering problem with backscattering data.

The function A(—0, 3, k) depends on one unit vector 3 and on the scalar k, i.e.,
on three variables. The potential ¢(x) depends also on three variables x € R?. This
inverse problem is, therefore, not over-determined in the sense that the data and the
unknown ¢(x) are functions of the same number of variables.

Assumption A): We assume that q is compactly supported, i.e., q(x) = 0 for |x| > a,
where a > 0 is an arbitrary large fived number; q(x) is real-valued, i.e., ¢ = q; and
q(r) € HE(B,), € > 3.

Here B, is the ball centered at the origin and of radius a, and H{(B,) is the closure
of C5°(B,) in the norm of the Sobolev space H(B,) of functions whose derivatives up
to the order ¢ belong to L?(B,).

It was proved in [5] that if ¢ =g and ¢q € L*(B,) is compactly supported, then the
resolvent kernel G(z,y, k) of the Schrodinger operator —V?+¢(z)—k? is a meromorphic
function of £ on the whole complex plane £, analytic in Imk > 0, except, possibly, of
a finitely many simple poles at the points ik;, k; > 0, 1 < j < n, where —ka are
negative eigenvalues of the selfadjoint operator —V2 + ¢(z) in L*(R?). Consequently,
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the scattering amplitude A(3, a, k), corresponding to the above g, is a restriction to the
positive semiaxis k£ € [0, 00) of a meromorphic on the whole complex k-plane function.

It was proved by the author ([6]), that the fized-energy scattering data A(B, «) =
A(B,a, ko), ko = const > 0, V3 € S%, Va € S3, determine real-valued compactly
supported ¢ € L*(B,) uniquely. Here SJZ, j = 1,2, are arbitrary small open subsets of
S? (solid angles).

In [9] (see also monograph [10], Chapter 5, and [7]) an analytical formula is derived
for the reconstruction of the potential ¢ from exact fixed-energy scattering data, and
from noisy fixed-energy scattering data, and stability estimates and error estimates for
the reconstruction method are obtained. To the author’s knowledge, these are the only
known until now theoretical error estimates for the recovery of the potential from noisy
fixed-energy scattering data in the three-dimensional inverse scattering problem.

In [8] stability results are obtained for the inverse scattering problem for obstacles.

The scattering data A(3,«) depend on four variables (two unit vectors), while
the unknown ¢(z) depends on three variables. In this sense the inverse scattering
problem, which consists of finding ¢ from the fixed-energy scattering data A((, «), is
overdetermined.

Historical remark. In the beginning of the forties of the last century physicists
raised the the following question: is it possible to recover the Hamiltonian of a
quantum-mechanical system from the observed quantities, such as S-matrix? In the
non-relativistic quantum mechanics the simplest Hamiltonian H = —V?2 + ¢(z) can be
uniquely determined if one knows the potential ¢(x). The S-matrix in this case is in
one-to-one correspondence with the scattering amplitude A: S = I — 2i A, where [
is the identity operator in L?(S?), A is an integral operator in L?(S?) with the kernel
A(B,a, k), and k? > 0 is energy. Therefore, the question, raised by the physicists, is
reduced to an inverse scattering problem: can one determine the potential g(x) from
the knowledge of the scattering amplitude. We have briefly discussed this problem
above.

Since the above question was raised, there were no uniqueness theorems for three-
dimensional inverse scattering problems with non-overdetermined data. The goal of
this paper is to prove such a theorem.

Theorem 1. If Assumption A) holds, then the data A(—(,8,k) V3 € S?, Vk > 0,

determine q uniquely.

Remark. The conclusion of Theorem 1 remains valid if the data A(—(, 3, k) are known
V3 € S and k € (ko, k1), where (ko, k1) C [0,00) is an arbitrary small interval, ki > ko,
and S? is an arbitrary small open subset of S*.

In Section 2 we formulate some known auxiliary results.

In Section 3 proof of Theorem 1 is given.

In the Appendix a technical estimate is proved.

A brief announcement of the result is given in [3|. Altough we follow the outline
of the ideas from [3|, the current paper is essentially self-contained and contains new
arguments.
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2 Auxiliary results

Let

. 1 -
F(fxg) = f(£)g(), F(flx)g(x)) = (%)Bf * g
If :
- etkllz—yl=B-(z—y)]
Glx—y, k)= e P
then ]
F(G(l’ak)):m> =€ ¢

The scattering solution u = u(z, a, k) solves (uniquely) the integral equation

UWﬂJﬁzém“—/‘ﬂ%%MﬁwM%a$M%

a

where
k eikley‘
g(x,y, k) = m
If .
v =e "y (z a, k),
then

vzl—/'Gm—ymmww@awm%

where G is defined in (5).

Define € by the formula
v=1+e

Then (10) can be rewritten as

E(I', Q, k) == G(‘T - Y k)Q(y)dy — T,

]R3
where

Te:= G(l‘ - Y, k)q<y)6<y7 «, k>dy

Ba
Fourier transform of (12) yields (see (4),(6)):

q(¢) 1 1

g(€7a7k) :_52—2]{704'5 N (27T>3£2—2]€Oé'£

q * €.

99

(10)

(11)

(12)

(13)

An essential ingredient of our proof in Section 3 is the following lemma, proved by the
author in [10], p.262, and in [9]. For convenience of the reader a short proof of this

lemma is given in Appendix.
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Lemma 1. If A;(3,a,k) is the scattering amplitude corresponding to potential q;,
7 =1,2, then

—4An[A1 (B, a, k) — Ay (B, a k)] = / (1 () — qo(@)]us (z, o, k)us(z, — B, k)dz,  (14)

By

where u; is the scattering solution corresponding to g;.
Consider an algebraic variety M in C? defined by the equation
M:={0-0=1, 0-0:=6+65+6;, 6;€C, 1<;<3} (15)

This is a non-compact variety, intersecting R3 over the unit sphere S2.
Let Ry = [0,00). The following result is proved in [11], p.62.

Lemma 2. If Assumption A) holds, then the scattering amplitude A(B,a, k) is a re-
striction to S* x S2 x R of a function A(0',0,k) on M x M x C, analytic on M x M
and meromorphic on C, ¢, 0 € M, k € C.

The scattering solution u(x, o, k) is a meromorphic function of & in C, analytic in
Imk > 0, except, possibly, at the points & = ik;, 1 < j < n, k; > 0, where —k:JQ- are
negative eigenvalues of the selfadjoint Schrodinger operator, defined by the potential g
in L?*(R3?). These eigenvalues can be absent, for example, if ¢ > 0.

We need the notion of the Radon transform:

~

F(6.) = /ﬁ Sy, (16)

where do is the element of the area of the plane -z = \, 3 € S?, X is a real number.
The following properties of the Radon transfor will be used:

RCCE / "R, ), (17)

/ & f(2)dx = / " MR8, M)A, (18)

a

A~ ~

f(B,A) = f(=5,=2). (19)

These properties are proved, e.g., in [12], pp. 12, 15. We also need the following
Phragmen-Lindel6f lemma, which is proved in [1], p.69, and in [2].

Lemma 3. Let f(z) be holomorphic inside an angle A of opening < m; |f(2)| <
cre®® 2 € A, c1,co > 0 are constants; | f(2)] < M on the boundary of A; and f is
continuous up to the boundary of A. Then |f(z)| < M, Vze A.
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3 Proof of Theorem 1

The scattering data in Remark determine uniquely the scattering data in Theorem 1
by Lemma 2.

Let us outline the ideas of the proof of Theorem 1.

Assume that potentials ¢;, j = 1,2, generate the same scattering data:

Al(_ﬁ’ﬁ’k):AQ(_ﬂ7ﬁ’k) VﬁGSQ, Vk>07
and let

p(x) = qi(x) — ga(x).

Then by Lemma 1, see equation (14), one gets

0= / p(x)ui(z, B, k)us(x, 6, k)dz, V3 € S% Yk >0. (20)
By (9) and (11) one can rewrite (20) as

/ PR e(z, k)|p(x)de =0 VB € S?, Vk >0, (21)

a

where

€(x,k) = €e:=e€1(z, k) + e2(z, k) + e1(z, k)ea(, k).
By Lemma 2 the relations (20) and (21) hold for complex £,

K+

k=
2 ?

K+ in # 2ik;, n>0. (22)

Using formulas (3)-(4), one derives from (21) the relation

B((k + in)B) + (2;)3@*@((5 LB =0 VBeS VkeR,  (23)

where the notation (f * g)(z) means that the convolution f % g is calculated at the
argument z = (k + in) 0.

One has
sup |€ x p| := sup | E((k+1in)B — s)p(s)ds| < v(k,n) sup |p(s)], (24)
BeS? Bes? JR3 s€ER3
where

v(k,n) ;= sup |€((k +in)B — s)|ds.
Be€S2 JR3

We prove that if n = n(k) = O(In k) is suitably chosen, namely as in (29) below, then
the following inequality holds:

0 <wv(k,nk)) <1, K — 00. (25)
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We also prove that
sup [p((x +in(k))B)| > sup [p(s)], & — oo, (26)
BeS2 s€ER3

and then it follows from (23)-(26) that p(s) = 0, so p(z) = 0, and Theorem 1 is
proved. Indeed, it follows from (23) and (26) that, for sufficiently large  and a suitable
n(k) = O(Ink), one has

sup [7(5)] < ﬁ( (o) st [5(5)|.

If (25) holds, then the above equation implies that p = 0. This and the injectivity of
the Fourier transform imply that p = 0.

This completes the outline of the proof of Theorem 1.

Let us now give a detailed proof of estimates (25) and (26), that completes the
proof of Theorem 1.

We assume that p(x) # 0, because otherwise there is nothing to prove. Let

max [5(s)| =P # 0.
Lemma 4. If Assumption A) holds and P # 0, then
lim sup max [p((x +n) )| = oo, (27)

n—oo (€S2

where k > 0 is arbitrary but fized. For any x> 0 there is an n = n(k), such that
max |p((k + in(k))3)| = P, (28)
BeS?

where the number P := maxycgs |p(s)|, and
n(k)=a'Ink+0(1) as K — +oo. (29)
Proof of Lemma 4. By formula (18) one gets

a

i) = [ plojeesmizas = [ e miy(s i (30)

The function p(3, \) is compactly supported, real-valued, and satisfies relation (19).
Therefore

max |p((r + in(r))3)] = max [p((x — in(x)) )] (31)
Indeed,
e -+ i) ) = | [ =5, A)dA]
= max /_ C; eI (B, —/L)du‘
= max / C; e (— g, —u)du‘ (32)

= max [p((x —n)B)|
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At the last step we took into account that p(3, ) is a real-valued function, so

max / e‘““*”"ﬁ(ﬁ,u)du‘ = max / e HEMB(B, p)dp
Bes? | J_, Bes? | J_, (33)
= max |p((r — in) )|

If p(x) # 0, then (30) and (31) imply (27), as follows from Lemma 3. Let us give a
detailed proof of this statement.
Consider the function h of the complex variable z := x4 in :

a

h:=h(z,B) = / e Mp(B, N)dA. (34)

—a

If (27) is false, then
h(z,8) < ¢ Vz=r+in, n>0, VBeS? (35)

where k > 0 is an arbitrary fixed number and the constant ¢ > 0 does not depend on
[ and 7.

Thus, |h| is bounded on the ray {x = 0,7 > 0}, which is part of the boundary of
the right angle A, and the other part of its boundary is the ray {x > 0,7 = 0}. Let us
check that |h| is bounded on this ray also.

One has

Ih(w, B)] = | / (B, )| < / B3NN < c. (36)

where ¢ stands in this paper for various constants. From (35)-(36) it follows that
on the boundary of the right angle A, namely, on the two rays {x > 0,7 = 0} and
{k = 0,7 > 0} the entire function h(z,3) of the complex variable z is bounded,
|h(z, )] < ¢, and inside A this function satisfies the estimate

[h(z, B)] < e / " [B(8, MldA < ceth, (37)

where ¢ does not depend on . Therefore, by Lemma 3, |h(z,5)| < ¢ in the whole
angle A.

By (31) the same argument is applicable to the remaining three right angles, the
union of which is the whole complex z—plane C. Therefore

sup |h(z,B)] <c. (38)
2€C,BeS52

This implies by the Liouville theorem that h(z, 3) = ¢ Vz € C.
Since p(8,\) € L'(—a, a), the relation

/ (B, \)dN = ¢ Vz € C, (39)

—a
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and the Riemann-Lebesgue lemma imply that ¢ = 0, so p(3,\) = 0 V3 € S? and
VA € R. Therefore p(x) = 0, contrary to our assumption. Consequently, relation (27)
is proved.

Relation (28) follows from (27) because for large 7 the left-hand side of (28) is
larger than P due to (27), while for 7 = 0 the left-hand side of (28) is not larger than
P by the definition of the Fourier transform.

Let us derive estimate (29).

From the assumption p(x) € H{(B,) it follows that

e@lnl

(1_’_52_’_772)[/2'

p((k+in)B)| < ¢ (40)
This inequality is proved in Lemma 5, below.

The right-hand side of this inequality is of the order O(1) as k — oo if |n| =
a'Ink 4+ O(1) as k — oo. This proves relation (29) and we specify O(In k) as in this
relation.

Let us now prove inequality (40).

Lemma 5. If p € H{(B,) then estimate (40) holds.

Proof. Consider 9;p := ;ij' One has

ajpei(ﬁJrin)ﬁ-x dr
Ba

il in)6; [ pla)e s "

= (k* +0)"?I5((k + in)B)|.

The left-hand side of the above formula admits the following estimate

ajpei(mrin)ﬁmdx
B,

aln|
< ce™,

where the constant ¢ > 0 is proportional to ||0;p||12(p,). Therefore,
(K + i) B)] < L+ (57 + )] 712, (42)

Repeating this argument one gets estimate (40). Lemma 5 is proved. 0

Estimate (42) implies that if relation (29) holds and x — oo, then the quantity
Supgege [D((# + 1) )| remains bounded as x — oo.

If 1 is fixed and kK — oo, then supgcqe [p((k+141)3)| — 0 by the Riemann-Lebesgue
lemma. This, the continuity of |p((x-+in)3)| with respect to n, and relation (27), imply
the existence of n = n(k), such that equality (28) holds, and, consequently, inequality
(26) holds. This n(x) satisfies (29) because P is bounded.

Lemma 4 is proved. [

To complete the proof of Theorem 1 one has to establish estimate (25). This
estimate will be established if one proves the following relation:

lim v(k) := lim v(k,n(k)) =0, (43)

K—00 KR—00
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where 7(k) satisfies (29) and

v(k,n) = s L €((k + in)B — s)|ds. (44)

Our argument is valid for €1, €2 and €165, so we will use the letter € and equation
(13) for €.

Below we denote 2k := x+in and we choose n = n(k) = a 'Ink+ O(1) as kK — oo.

We prove that equation (12) can be solved by iterations if Imn > 0 and |k + in|
is sufficiently large, because for such k + in the operator 72 has small norm in C(B,),
the space of functions, continuous in the ball B,, with the sup-norm. Since equation
(12) can be solved by iterations and the norm of 77 is small, the main term in the
series, representing its solution, as |k +in| — oo, n > 0, is the free term of the equation
(12). The same is true for the Fourier transform of equation (12), i.e., for equation
(13). Therefore the main term of the solution € to equation (13) as |k + in| — oo,
n > 0, is obtained by using the estimate of the free term of this equation. Thus, it
is sufficient to check estimate (43) for the function v(k,n(x)) using in place of € the
function G(&)(&? — 2kB - £)~1, with 2k replaced by k +in and n = a 'Ink + O(1) as
K — 00.

For the above claim that equation (12) has the operator

Te= / G(r —y,k)q(y)e(y, B, k)dy,

with the norm ||T?|| in the space C(B,), which tends to zero as |x + in| — oo, n > 0,
see Appendix.

Thus, let us estimate the modulus of the factor v(k,n) in (24) with n = n(k) as in
(29). Using inequality (40), and denoting £ = (k + in)3, where 5 € S? plays the role
of o in (13), one obtains:

(5 + in)B — s)|ds
I:=
pers / [(x+imB—s)2— (k+inB-(x+in)B—s)]
aln| ds (45)
st / (82— (k- im)B - s|[1 + (kB — 5)2 + 7]
= cetlnlJ

Let us prove that

1
J=0(—>, K — 00.
K

If this estimate is proved and n = a 'lnk + O(1), then I = o(1) as k — oo, therefore
relation (43) follows, and Theorem 1 is proved.

Let us write the integral J in the spherical coordinates with xs-axis directed along
vector 3. We have

|s| =, B-s=rcosf:=rt, —1<t<I1.
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Denote
v =R+
Then
00 1
dt
J <2 d
- W/O " /1 [(r = k)2 + 22 (1 + oy + 72 — 2rrit) 2 (46)
= 27?/ drrB(r),
0
where

1 dt
B:=B(r)=B = '
(r) = B(r, ) /_1 [(r — k)2 4+ n282]V2(1 4y + 12 — 2rrt)/?

Estimate of J we start with the observation

T = r[nin ][(r — kt)* + n*t?] = min{r’*n?/v, (r — &) + 1*}.
te[-1,1

Let 7 = 72n? /7, which is always the case if r is sufficiently small. In the case when
7 = (r — k)% + n? the proof is considerably simpler and is left for the reader. If
7 = r?n?/v, then

o0 1
J < 2wyt / dr/ dt[1 4y + 2 — 2wrt] 72,
0 -1

Integrating over ¢ yields
J < 2my' Py (0= 2)R] 1T,

where -
J = / drr (1 4y +r* =2rr) " — (1 4+ +r* 4 26r) 7],
0

and b:= (/2 — 1.
Since n = O(In k), one has 1 = o(1) as kK — oo. Therefore,

A2t = oY as Kk — 00.

Since ¢ > 3, one has b > %, and, as we prove below,

J:o(1> as K — 0o, (47)

K

This relation implies the desired inequality:

1
J<o (E) as K — 00. (48)
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Let us derive relation (47). One has

1 00
j:/+/ 3:J1+J2,
0 1

7 < /1 P (w? + 2rk + r2)b — (w? = 2rk + r2)b
1= 0 (w2 + 2rK 4+ r2)(w? — 2rx +r2)b 7

where
w2 :1—'—’7:1—'—772+l‘f2
Furthermore,
4brk
2 2\b 2 2\b
(w* + 2rx +1r°)” — (w* = 2rs +1r%)” < (w2 = 2o 1210
Thus,

1
1

J; < 4b d .

= /1/0 T(w2+2r/<a+r2)b(w2—2rf<;+7’2)

This implies the following estimate

Jl < O(/i/w2+2b> < O(K7(1+2b))’
because w = k[l + o(1)] as kK — oo. Furthermore,
Jo < / drr 1+ + (r —r)) =1+ 02+ (r + 1)) 7] = Jog — Jaa.
1

One has J22 S J21.
Let us estimate .J5;. One obtains

K/2 00
J21=/ +/ = J1+ Jo,
1 K/2
1

1 1
1 < ————1Ink =o(— wW?.=1 2 b> —.
1> [Wz—l-%z]b nK 0(,€>7 +7] ’ 2

and

Furthermore

.<2/°O dr <2/°° dy 7(1)
2= ), V=R " k) 2 R

1 1
Thus, if b > 3, then Jo = o (E) and J = J1+ s =0 <E) Thus, relation (47) is

proved.
Relation (47) yields the desired estimate

e (2)
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Thus, both estimates (47) and (48) are proved.
1
Note that the desired relation J = o <—) could have been obtained even by
K
replacing W2 by the smaller quantity 1 in the above argument.
Estimate (45) implies

1
I < ceo (—) , k—o0, n=a'lnk+O0(1). (49)

The quantity n = n(k) = a™'Inx + O(1) was chosen so that if kK — oo, then the

elnla

quantity e remains bounded as K — 0o0. Therefore esimate (49) implies
K2+

lim I1=0. (50)

rk—oo,n=a"1In k+O(1)

Consequently, estimate (43) holds.

Theorem 1 is proved. [
APPENDIX
1. Estimate of the norm of the operator T?.
Let
Tf:= [ Glx—y,r+in)q(y)f(ydy. (51)
B

Assume g € H{(B,), £ > 2, f € C(B,). Our goal is to prove that equation (12) can be
solved by iterations for all sufficiently large .
Consider T as an operator in C(B,). One has:

T°f = [ d:Gla - zn + in)a(2) / G — g,k + in)ay)f (v)dy
> a (52)

— [ dufiaty) | dza(2)G(e - znt )Gl — yo i)

a a

Let us estimate the integral

I(z,y) : = /B G(x — z,k +in)G(z — y,k +in)q(z)dz

eilrtin)[lz—z|=B-(z—2)+|z—y|-F-(2—y)] p
- B FEr 53)
1 etlrtin)[Je—z|+|z—y|—f-(z—y)] 4
1672 /a |z — z||z — y| a(z)dz
e~ i(rtin)B-(z—y) s
T T 1(x7y)'
Let us use the following coordinates (see [11], p.391):
+ +
2 = Ust + at 5 yl, 29 =0/ (52 — 1)(1 — t2) cosp + 2 5 y2, (54)



Uniqueness of the solution to inverse scattering problem ... 109

2= 0/(s2 — 1)(1 — 2)sing) + -2 ; Ly (55)
The Jacobian J of the ransformation (z1, 22, 2z3) — (£,¢,%) is
J=0(s* —1%), (56)
where
_ |z =yl _ _
Z—T, |z — 2|+ |2z —y| =20s, |z —z|—|z—y| =20, (57)
|z — 2|z —y| =4P(s* =), 0<y<2m te[-1,1], s€]l,00). (58)
One has
[1 _ ﬁ/ 2 n+m)ZSQ ) (59)
where
Q) = Qs 5 = [T [ttt vt 50, (60)

and the function Q(s) € HZ(R?) for any fixed z,y. Therefore, an integration by parts
in (59) yields the following estimate:

1 .
From (52), (53) and (61) one gets:
1
IT?) = 0 (ﬁ) N S S (62

Therefore, integral equation (12), with & replaced by %m, can be solved by iterations
if v is sufficiently large and n > 0. Consequently, integral equation (13) can be solved
by iterations. Thus, estimate (43) holds if such an estimate holds for the free term in
equation (13), that is, for the function m, namely, if estimate (50) holds.

2. Proof of Lemma 1.
Let L;G; = [V* 4+ k* — ¢;(2)|G,(z,y, k) = —6(z — y) in R?, j = 1,2. Applying
Green’s formula one gets

Gi(z,y, k) — Go(z,y, k) = / [2(2) — 1(2)]G1(x, 2, k) Go(z, y.k)dz. (63)

a

In [11], p. 46, the following formula is proved:

T o) o). PR
r,o, k) 4+ o(— Yyl — o0, a0 1= —— 64

Ay ly y

where u;(z,a, k) is the scattering solution, j = 1,2. Applying formula (64) to (63),

one obtains

uy(z, o, k) —ug(x, o, k) = / [2(2) — q1(2)]|G1 (2, 2, k)us(z, a, k)dz (65)

a

Gj<x7 Y, k)
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using the definition (2) of the scattering amplitude A(f,«, k), one derives from (65)
the relation

Am[A1(B, o, k) — As(B, o, k)] = / [2(2) — q1(2)]us(z, =0, k)ua(z, v, k)dz. (66)

a

This formula is equivalent to (14) because of the well-known reciprocity relation
A(B,a, k) = A(—a, =3, k).
Lemma 1 is proved. 0J



1]
2]

3]

[4]

[5]

(6]

7]

18]

9]

[10]
[11]

[12]

Uniqueness of the solution to inverse scattering problem ... 111

References

B. Levin, Distribution of zeros of entire functions, AMS, Providence, RI, 1980.

G. Polya, G. Szeg6, Problems and theorems in analysis, Springer Verlag, Berlin, 1983, Vol.1,
problem IT1.6.5.322.

A.G. Ramm, Uniqueness theorem for inverse scattering with non-overdetermined data. J. Phys.
A, 43 (2010), 112001.

A.G. Ramm, On the analytic continuation of the solution of the Schridinger equation in the
spectral parameter and the behavior of the solution to the nonstationary problem as t — oo.
Uspechi Mat. Nauk, 19 (1964), 192 — 194 (in Russian).

A.G. Ramm, Some theorems on analytic continuation of the Schridinger operator resolvent
kernel in the spectral parameter. Izvestiya Acad. Nauk Armyan. SSR, Mathematics, 3 (1968),
443 — 464 (in Russian).

A.G. Ramm, Recovery of the potential from fized energy scattering date. Inverse Problems, 4
(1988), 877 — 886; 5 (1989) 255.

A.G. Ramm, Stability estimates in inverse scattering. Acta Appl. Math., 28 no. 1 (1992), 1 -
42.

A.G. Ramm, Stability of the solution to inverse obstacle scattering problem. J.Inverse and Ill-
Posed Problems, 2, no. 3 (1994), 269 — 275.

A.G. Ramm, Stability of solutions to inverse scattering problems with fixed-energy data. Milan
Journ of Math., 70, (2002), 97 — 161.

A.G. Ramm, Inverse problems, Springer, New York, 2005.
A.G. Ramm, Scattering by obstacles, D.Reidel, Dordrecht, 1986.

A.G. Ramm, A.I. Katsevich, The Radon transform and local tomography, CRC Press, Boca
Raton, 1996.

Alexander Ramm

Department of Mathematics
Kansas State University
Manhattan, KS 66506-2602, USA
E-mail: ramm@math.ksu.edu

Received: 29.04.2010



	K-RExCoverPage - published manuscript.MASTER
	589j

