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INTRODUCTION

STATEMENT OF THE PROBLEM

Although torsion is often a secondary effect in reinforced
concrete buildings, . it is predominant in'many structural members
as in the case of corner lintels, bow girders in buildings,
curved beams in water towers, and so on. Torsional stress and
rigidity of reinforced concrete sections, by nature, are not
susceptible to mathematical derivations, although these torsional
properties of homogeneous-sections have been well established in
textbooks on strengh of materials.l iMany experimental investi-
gations of reinforced concrete beams subjected to torsion are
on record. From some of these experimental results, a library
review of the literature on torsion of rectangular reinforced

concrete beams is presented in this report.

PURPOSE OF THE STUDY

The puﬁpose of this report is to investigate rectangular
reinforced concrete beams subjected to pure torsion and torsion
combined with direct shear and bending moment in order to get
a2 better understanding of this specific problem. Meanwhile, for
the purpose of comparison, this report presents several theories
from papers concerning reinforced concrete beams subjected to
torsion, and three different methods of designing the required
reinforcement for a rectangular beam subjected to torsion with

flexure.

1. C. K. Wang and C. G. Salmon, "Reinforced Concrete Design"
licGraw-Hill Book Company, Inc., P. 529.



SCOPE OF THE STUDY

First, a brief review of the torsional stress and torsional
stiffness of homogeneous sections 1s introduced. In the main
portion of this study, the test results for rectangular rein-
forced concrete beams under pure torsion, combined torsion, shear
and bending moment are described from papers. Finally, a prac-
tical design example solved by three different methods is pres-
ented.

As mentioned above, this report is limited to a library
research of the important literature. The problem has been
treated broadly rather than in depth, and the conclusions are
those of the investigators whose work has been abstracted which

are the most significant in the opinion of the writer.



REVIEW OF LITERATURE
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TORSIONAL STRESS AND TORSIONAL STIFFNESS OF HOMOGENEOUS SECTION2

SAINT-VENANT'S THEORY

In Fig. (1), x, y are coordinates in the plane.of a normal
cross section with their origin in the center of twist and z is
the coordinate along the longitudinal center line. The body is
éupposed to turn about the origin while fixed at z=0, Then

Saint-Venant'’s assumptions are

u = 0zey
v = =82+X | . (1<)
w = £(x,y)

where u, v, and w are the displacements of a point x, y, z from
the untwisted state A to the twisted B, in the x, y, and 2z
directions, respectively, and 9 is the angle of twist of the

shaft per unit length. From these assumptions we get

o
Yyz = 32 2y
Then from Fig. 1-2, setting the net upward force equal to

zero and dividing by the volume element dx dy dz gives the

2. This chapter is based on "Advanced Strength of Materials"”,
J. P. Den Hartog, McGraw-Hill Book Company, Inc., New York,
1952, P. 3-16.



Fig. 1.

y ¥
b/’ Sg )y
The cross section, Fige 2. Derivation of the
assumed by Saint-Venant, , .equilibrium equation.
turning bodily about a ' : .
center without distortion.
y .
x .

Fig. 3. Prandtl's Membrane Analogy



equilibrium equation

2,

% (SS)XZ + % (Ss)yz =0 (1-2)

But Saint-Venant assumed that there is a function &(x,y), such

that the stresses can be found from it by differentiation, thus:

_ 2F
(SS)yz = + =

- (1-3)
(Sglxz = = >

The function ¢ is called the "stress function" of the problem;
or "Saint~-Venant's torsion sitress function.”

Finally he gets

2 2 N :
24 .22 = _ -4
i e’ 2G6 _ (1-4)
T =2[,[$dA (1-5)

Ege 1-5 is the formula for the torque transmitted by the shaft.

PRANDTL'S MEMBRANE ANALOGY

Prandtl observed that the differential equation 1-4 for
the stress function is the same as the differential equation
for the shape of a stretched membrane, originally flat, which
is then blown up by air pressure from the bottom. Let such a
membrane be shown (Fig. 3), lying originally flat in the xy

plane and then having air pressure P, blow it up to ordinates z.



Then

7 3’z Py

(1-6)

! ]
Tmt

If we adjust the membrane tension Tt or the alir pressure
E so that Fa/Ty,¢ becomes numerically equal to 2G6, then Eq. 1-6
of the membrane is identical with Eq. 1-4 of the torsional stress
function. If, moreover, we arrange the membrane so that its
heights 2 remain zero at the boundary contour of the section,
the heights z of the membrane are egqual to the stress function
&$; the slopes of the membrane are equal to the shear stresses,
and the twisting moment is numerically equal to twice the voliume

under the membrane.

NULERICAL RESULTS
Circular Section

For a circular section, on account of radial symmetry, the
height z of the membrane is not a function of the two coordinates
x and y but can be said to depend on the single coordinate r.
In fact, the slope of the membrane is proportional to the dis-
tance r from the center, and hence shear stress at any point is
proportional to its radial distance from the center. Based on
these facts, we get the torsional stress and torsional stiffness

as follows:

Stress Sg = — =



(Y6}

GnR“

T
Stiffness C =2 —= GIP =
8 -

where R is the outside radius of the shaft, r is the radius at
which the stress.is measured, and T is. the twisting moment on
the shgft.
Rectangular Section

The torsional shear stress distribution over a rectangular
section cannot be as easily derived as for a circular section.
The stress in a rectangular seétion, according to Séint‘- Venant's
stress distribution, varies from the maximum at the midpoint of
the long side to zero at the.cdrnéfs. Calculating the torsional
stress and torsional stiffness of rectangular section is tedious

even usihg  Prandtl's Membrane Analogy.

, |
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Fig. 3a. lembrane contour lines of a narrow
rectangular cross section of breath
b and thickness t

Let us consider a narrow rectangular cross section as shown

in Pig. 3a. If b is very much larger than t, we see by intuition



that the displacement of the membrane across Ai, B3, or CC

are all the same and that only near the ends DD does the membrane
flatten down to zero. In this central portion, there being no
curvature parallel to the y axis, the membrane is held down by
vertical tension domponents in the x direction only. If we apply
the membrane analogy method and neglect the flattening out of

the membrane near the edges y = b/2, we can get the following

equations
3T
Stress Ss | T
btl
T Gbt3
Stiffness C = =
] 3

The formulas mentioned above hold only if b >> t. For less
narrow cross sections, Saint-Venant found the solution as in the

table below by a much more complicated method.

b/t o5 10 5 3 2.5 2 1.5 1
(Ss)max
! 5 3.00] 3.20] 3441 3.74 |3.86 | 4,06 | 4.33 | 4.80
/bt
/6

ooz | ©+333] 0.312 0,291 0.263 | 0.249 | 0.229] 0.196] 0.141
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REINFORCED CONCRETE BEAL SUBJECTED TO PURE TORSION |

INTRODUCTION

In general, there are three methods on record for predicting
the ultimate resistance to torque of reinforced concrete members
subjected to pure torsion., The first was developed by Rausch in
1929 and later modified by Andersen and Cowan. The second method,
for predicting ultimate torque, was proposed by Lessig in 1958.
The third one was presented by Hsu in 1968. The first and the
third methods will be discussed in this chapter while the second
one will be covered in the next chapter.

The general equation for ultimate torque in an underrein-

forced beam is

Ty = Tg + Tp (2-1)
A.T
sis
T, = KAg 4 | (2-2)
S
in which
Ty = ultimate torque of reinforced concrete beam;

T, = the torque taken by plain concrete;

Ty = the torque-taken by reinforcement;

K = coefficient, the slope of a T, versus bdAsfsy/é curve;

A, = the effective cross sectional area of the section,
defined as the area contained within the centre lines
of the stirrup;

cross=sectional area of one stirrup leg:;

o>
0}
|

fgy= yield strength of stirrup;



S = spacing of stirrups in the direction parallel to the

longitudinal axis of beam.

RAUSCH~ANDERSEN-COWAN THEORY

Rausch assumed: (1) both steel and concrete are elastic,
(ii) and tensile stresses arc w&lkcn by Tae reiniorcement, (1il)
all the bars in the section reach their yield stress. To evaluzte
the contribution .of reinforcement in a reinforced concrete bean,
Rausch, devised a network of bars to represent the action of a
reinforced concrete member. In this model the concrete is re-
presented by compression bars and the reinforcement by tension
bars. For the case of 45° spiral reinforcement, Rausch used
K = 2/2 in the torque equation 2-2 for all shapes of cross sectione
For beams with longitudinal and transverse reinforcement, Rausch's
theory requires an equal volume of longitudinal and transverse
reinforcement. With this arrangement, each part of the rein-
forcement resists a 45° component of the diagonal force so K = 2
for all shapes of cross section. Rausch's formulas are based on
the circular section theory of torsion, and are therefore accurate
only when applied to circular sections. 1In applying his theory
to0 noncircular sections, he assumes that the stress in the spiral
reinforcement at any point is directly proportional to the dis-
tance of that point from the axis of the beam. But from Saint-
Venent's theory for rectangular sections, the maximum stress
occurs at the middle of the longer sides, with fhe minimum stress
at the corners.

As to the T, term, Rausch considers that plain concrete's
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ability to carry torque is greatly reduced and should be assumed
to be zero since the concrete is badly cracked near ultimate load.

The Andersen-Cowan theory is based on Saint-Venant's classi-
cal elastic theory. It assumes that a plain concrete member fails
under torsion when the maximum principal tensile stress reaches
the tensile strength of the concrete. In reinforced concreze
members, the resistance is taken as the sirength of the plain
concrete member plus the resistance confributed by the reinforce-
ment.

In developing the Andersen-Cowan theory, a circular sec-
tion with 45° spiral reinforcement as shown in Fig. 4 is examined.
Because the member is subjected to pure torsion, the principal
tension and compression are numerically equal on an element
which is inclined at 45° to. the longitudinal axis. "By taking
moments of the components of the reinfbrcement strength and the
compression of the diagonal concrete elements perpendicular to
the reinforcing bars, a twisting moment equation, of the same
form as Rausch's equétion, is obtained. |
AehAgtsy

s

(2-3)

Tp = 2NAgfgyTec0s 45 = 2/2

where N is the number of bars on an angle of 45°with the axis
cut by arplane perpendicular to the axis of ‘the member.

Because Rausch's assgmptions are correct only for circular
-sections, Andersen, based on Saint-Venent's stress distribution,
assumed the shear stress to vary parabolically aleng each face

of the rectangular section, with a maximum at the center and



zero at the corners. Using this reasoning, he obtained the
radius of the equivalent circular section. That is to say, ne
modified Rausch's formula by an efficiency factor which is a
function of the arrangement of reinforcement and the height to
width ratio of the cross section. Evaluation of this coefficient
is difficult, especially in beams having a large number of bars.
" For the purpose of obtaining a more accurate value for the
coefficient X in Eq. 2-2, Cowan used energy methods, equating
the work done by the torsion moment to the strain energy stored
in the beam. If the tensile strength of the concrete is taken
as zero, the strain energy in the beam due to pure torsion is
divided equally between the fensile strain energy in the rein-
forcement and the compression strain energy in the concrete.
In other words, the total strain energy is twice the strain
energy stored in the reinforcement. Then, by integrating the
energy along the spiral reinforcement and equating it to one-
half of the work done by the external torque, an efficiency
coefficient, K, is obtained. For circular sections with 450
reinforcement, Cowan got K = 2/ 2, similar to the resulis ob-
tained by Rausch and Andersen. For rectangular sections with
450 spiral reinforcement, Cowan derived equations based on
Saint-Venant's stress distribution, varying from zero at the
corner to a maximum at the center_of each face., He got K =
1.59/2 - 1.6894/2 within the range of 4'/b' = 1.0 - 3.0. For
convenience, he suggested K = 1.60 for all values of d'/b', in

which b' is the smaller center to center dimension of the rec-
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tangular spiral reinforcement, and d' is the larger center to
center dimension of the rectangular spiral reinforcement. For
beams with longitudinal and transverse reinforcement, the
Andersen-~Cowan theory coincides with Rausch's theory, and re=-
quires an equal volume of longitudinal and transverse reinforce-
ment, so each part of the reinforcement resists a 45° component
of the diagonal force. Consequently, K = 1.6 in Cowan's theory.
For the term T, in Eq. 2-1 Andersen and Cowan, as mentloned
above, suggested that the concreté carries a torque equal to

that of an unreinforced beamn.

HSU'S THEORY

By observing the internal cracking and measuring the
stresses in the reinforcement in many beam tests, Hsu proposed
a new failure surface, a plane perpendicular to the wider face
and inclined at 45° to the axis of the beam as shown in Fig. 5.
The difference between this failure surface and that of Lessig-
in the next chapter is that this failure surface intersects the
shorter faces of the cross section by lines at 90° to the axis
of the beams, instead of about 45° as assumed by Lessig. This
failure surface does not intersect the shorter legs of the stir-
rups, so it tends to give a conservative ultimate torgque.

From the failure surface shown in Fig. 5, Hsu derived an
equation for ultimate torque by considering the equilibrium of
moments with respect to the axis of twist. First, assume all
stirrups on the tension side of the beam to yield. These forces

provide a torque
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d'
Tus = 7~ AsTsybs (2-4)

where T,q = ultimate moment contributed by stirrups; bg = dist-
ance from the center of fhe longer legs of stirrups outside the
shear-compression zone to the axis of twist.

To balance the force in the stirrups there must be a verti-
cal force, p, in the concrete compression zone of the failure
plane., This force cannot be provided solely by the concrete in
compression in a direction parallel to the y-axis because 45°
cracks separate this region into a2 series of inclined elements.
This condition is shown in Fig. 5. The concrete in compression
can furnish only a force perpendicular to the chosen failure
surface. Consequently, both the shear strength of the concrete
elements between cracks in the shear-compression zone and the
- resistance of the longitudinal steel must enter into the mecha-
8

nism.

From Fig. 6,

P = ﬁPS + Py (2=5)
but Py = ahy efyy (2-6)
S0 P=.2Pg + G'Ai'fly (2-7)

in which Af = cross-sectional area of longitudinal bars within
the shear-~compression zone (Hsu suggested that Ai equals one
half the total cross-sectional area of the longitudinal bars);

f1y = yield stress of longitudinal bars; a = an efficiency

8. Hsu, T« T. C., "Ultimate Torque of Reinforced Rectangular
Beams", Journal of the American Concrete Institute,
February, 1968, P. ho4,
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coefficient for longitudinal bars which should be less than
unity.

Thus, the ultimate torque contributed by the shear-com-

pression zone, is

in which T . = ultimate torque contributed by the shear-com-

pression zone; b = the distance from the center of shear

e
compression zone to the axis of twist.

Then consider the dowel forces in the longitudinal bars
~outside the shear~compression zone. Fig. 5 shows that each of
these dowel forces has tworcomponents, Qix and Qy in the x and
y directions, respectively. If there are four corner longitu-

dinal reinforcing bars as shown in Fig. 5, the moment of these

forces with respect to the axis of twist is
Tuq = 2Q1xd"/2 + 2Q14by (2-9) -

in which T,, = ultimate torque contributed by dowel action of

q
longitudinal bars; Q;x = dowel force in the x direction of one
longitudinal corner bar outside the shear-compression zone;

Q;y = dowel force in the y direction of one longitudinal corner
bar outside the shear-compression zone; d" = larger distance
between the center of longitudinal corner bars; by = projection
on the x-axis of the distance from the center of the longitudinal

corner bars outside the shear-compression zone to the axis of

twist.
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The torsional resistance due to dowel action of ten

3il
stirrups outside the shear-compression zone is. neglected because
it is small.
An external torque T,, is found by combining T,q» T, and
Tuq as follows:

dt
T, = J2 Pgbpe + Al'flybpc + — A .. D
Simplifying,

S Ssy's + Qpnd" + 2Q3,D1

AT
T, = T' + Kb'a’

et L (2-11)
S
T = J2 Pgb (2-12)
b £y X
i es Yy e}
K = -2+ an(—2)(1 + =) (BL)
T fay d b
1 ,q6° woooooad’
+ 1 (2GR + S (2-13)
Isy a b
in which q = dowel siresses per unit displacement; €' = relative
angle of twist of the two surfaces consiituting the failure
cracke

For evaluation of T', there are two assumptions to be made
for Pg, the shear force: First, the shear-compression zone is

assumed to be rectangular, and second, the effect of stirrups
within this range 1s neglected.

Then

Py = J 2vgyda = /2K Kabdve

(2-14)
in which K, = a coefficient relating the shear strength in
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combined shear and compression to the pure shear strength;
Ky = a coefficient relating to the depth of the compression
zone 1o fhe smaller dimension of the rectangular section; v§ =
the pure shearing strengfh of concrete,
Hsu suggested v} = 4.5 JIZ, by = 0.8b. Substituting
Eq. 2-14 into Eq. 2-12 obtains

T = 7.2 KyKa b a TL (2-15)

In general, the experimental value of T, in Eg. 1 is

2.4 2
T = 7? b"d fé (2-16)

In comparing T' and T,, Hsu, after a series of beam tests,
concluded that T' and Te not only have the same parameters but
are of approximately the same magnitude. He suggested that T
can be expressed by Eg. 2-16 for design purposes, although the
natures of these two terms are different. The term T' is ob- ~
tained theoretically and represents the torsional resistance
provided by the shear stfength of the shear-compression zone,
and T, is obtained experimentally as an intercept of a test
curve with the T, axis. _

In regard to a value for K in Eq. 2-13, it is difficult to
get reasonable analyses for a and gp', but Hsu evaluated these

two terms from test results and suggested
K = 0.66m + 0.334'/b* (2=17)

in which d'/b' should be taken as 2.6 whenever d'/b' > 2.6.
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sunmning the above equations, the torque equation can be

expressed by similar equations as follows:

20k 3 ' b'QAf

T, = — b2V TFL + (0.66m =L + 0,33 —) ——22L  (2-18)
Jo fsy bt
2.4, | d' b'a'Agfgy

Ty = —= b“dJ/TL + (0.66m + 0,33 —) ——— (2-19)
Jo -k S

Egqe 2-19 is the design equation for rectangular beams
reinforced with symmetrically located longitudinﬁl bars and
closed stirrups having the same yield strength, and Eq. 2-18
is the design equation for similar beams except the yield
strengths of longitudinal bars and stirrups are different.

The eguations afe derived according to the assumption
that both the longitudinal bars and the stirrups yleld prior to
crushing of concrete, so Hsu gives the following two limitations
to assure this failure con&ition.

l. The total reinforcement provided must be less than the
balanced total volume percentage which equals 240&J?21/fsy

2. The ratio of volume of longitudinal bars to volume of
stirrups must be such that both longitudinal bars and stirrups
yield prior to failure. From test results this ratio should be

within the range of 0.7 = 1.5
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RECTANGULAR BEANM UNDER CONBINED BENDING, SHEAR, AND TORSIOGH

INTRODUCTION

The problem of combined bénding, shear, and torsion 1s the
most important one in the entire subject of torsion in concrete
members from the point of view of the designer, butl it is the
most difficult to analyze. Any one of these applied stress
resultants could control the behavior and especially the strength
of a member. So far, insufficient experimental data are availa-
ble to develop an accurate interaction surface formed by torsion,
bending and- shear, so it is easier to speak of the relationship
of the variables in pairs. This secfion will review the theo-

ries proposed by Lessig, Mattock, Gesund and others.

LESSIG'S THEORY

From a series of beam tests, Lessig concluded that there
'are two possible modes of failure for reinforced concrete beams
subjected to torsion, shear and bending moment. In the first
mode (Fig. 7), the neutral axis of the fallure surface inter-
sects both vertical sides of the beam, which would indicate that
the given beam section is subjected to torsion and bending moment,
while shear is absent or has a ralatively low value. In the
second mode (Fig. 8), fhe neutral axis of the failure surface
intersects both horizontal sides of the beam, which would indi-
cate that the bending moment in the given beam section is rela-
tively low compared to torsion and shear.

In deriving Lessig's equations, the following assumptions

should be made.



22

—p T'

Fig. 7, PFirst mode of failure of
reinforced concrete beams under combined
torsion and flexure. :

Fig. 8, Second mode of failure of reinforced
concrete beams under combined torsion and
flexure. :
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1). At the moment when a plastic hinge is formed, all
the reinforcing steel intersecting the tension part
of the failure surface reaches its yield point,

2). The tension capacity of the concrete in the failure
surface ié neglected. |

3)s The transverse reinforcement is uniformly distributed
over the beam.

L), No external loads are applied within the section in
which the element falls.

5)s The concrete stress in the compression zone of the
failure surface reaches the ultimate strength as in
flexure compressione.

Based on the assumptions and failure modes mentioned above,
the design formulas can be derived by using an equilibrium
equatioﬁ, setting all moments due to external and internal
forces equal to zero with respect to the neutral axis, acting

on a plane perpendicular to the neutral axis.

FIRST WODE (FPige. 9, 10)

The moment, N,y , due to external forces is

b c
B 2 My e T o (3=1)
ex BTy T

in which My and T are bending moment and torsion, respectively.
The direct shear, Q, is absent in the equation, because it lies
in the plane of the axis of rotation.

The resisting moment due to internal forces consists of

four parts, Mg, My, lihg and Hyg.



- Fige 9, Diagram showing distribution of internal forces
in a section of a reinforced concrete beam at first

mode of failure.

S [}
ST Ne Al >

Fig. 10, Position of the |
projection of the compression
zoné in’ the cross-section of
a beam failing by the first
mode of failure.

1l
L' = (c?+b2)Z

>

Fig. 11, Geometric for the
determination of the static
moment of the area of the
compression zone in the
cross-section.
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1)s i, due to normal compression forces in the concrete, is

I?EC = ch

where'fC = compressive strength of concrete, can be assumed as
approximately equal to the ultimate strength of concrete in
flexure, 0.85f,'; Z = static moment of compression zone about
the neutral axis.

Referring to Fig. 11,

» - X +c°+b
Z2=[xady (5 = )
but
( ) y x2Jb5+b§+(xl—x2)y )
X = XpH(Xy-X2) - = - (3=2)
Vb_+b c®+b*
g
1 Je© + b? PR :
7 = E— IO EXcha + b2+ (xl - XZ)Y]ady
2LJc2? + b* |
c?® + p? (%2 ‘a-)
S — (X1 + XX + X
oL 1 152 2
thus
£f,(c® + 1?) . .
MC = oL (Xl + X)X + Xo ) , (3"'3)

2)s 1y, due to bottom longitudinal reinforcement, is

Xl+X2 b

M = T d - ) (3-4)
My = 15851040 " -

where Ay = the cross sectional area of all bottom longitudinal
| steel.

f1y = tensile yielding stress of the longitudinal steel.
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3)s ligs due to horizontal stirrups, is

5 coy X, + X c
lipg = fsyhg e (@ - a5 - " ) . (3-5)
where fSy = yielding stress of stirrup.
Ay = cross-sectional area of one leg.
S = spacing of stirrups in the direction parallel to

the longitudinal axis of beam.
L), M,g» due to vertical stirrups.
Assume the angles B -between the cracks on both vertical

faces of the beam with respect to the vertical axis are equal,

so _ ‘ '?;yfﬁnﬁn\.
: c(1-91) R
waH = 2d - (x1+%5) ;fkigggg { ;

P
~J

The lever arm of the total stirrups on the front face -

d -x2 b c
E( > cot BJ"E"-bl]—L-

“then the resisting moment, Mﬁs, due to the total stirrups on

the front face is

d-xo b

£ A
Myg = Fgy 5 (d-x;3) cot 8 (

c
cot B -bl,) I

\

Similarly, the resisting moment, Mgs, due to the total stirrups
: /

on the rear face is

d=-x1 b c
> ?cotﬁ—bl)-f

A
Mgy = Fsy ?§ (d=x;) cot B F

—

Adding up and substituting cot B into the equation; gives \
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2 ' 2 2
_ As c (1‘91) b (d-xl) +(d-X2)
R‘VS = Fsy —S—- L E-E- (l el) (2@1- x_l ~x2)2 -blj
(3-6)
Summing up equations 3-1, 3-2, 3-3, 3-4, 3-5, 3-6 yields
fo(c2 +b%) X7 + X5
M‘b'b + Tec = s 3 (xlz +X1X2 +X22) +FlyAbl(d0 -—l—-—é)b
" Ag cz(l-al) b (d-x1)2+(d-x2)2
+ F —(1=1204) -b
' A c%oy X1 +Xp
+ Fsy s =3 (d -d3 - 3 ) _ (3=7)

The parameters x; and x, are symmetrical in Egq. 3-7,
therefore differentiating it first for x; and then for x,
vields identical results if x; = X3« It is necessary, then,

that x; = xp5. Substituting x for x; and x; into Eq. 3-7, gives

2 _2.x2
Mped + Tec = £o(c” +b7)5+ T phpy (dg =x)Db

=y
3

be A f-f:fsyﬁs%‘ {el(d =d3=x)+(1=01)[ (1-0;) 'bﬂ}
| (3-8)
Differentiating Eq. 3-8 with respect to x yields
2 c28
fc (C2 +b )X - flyAblb o fsyAs 3 1 =0 (3-9)

Eq. 3~9 represents the equation of the projections of all



forces acting in the direction normal to the plane of the

compression zone. From this equation we can determine x as

follows:
f1yAbl c?
= 6y — 8 -
X = §(eZsp2) (¥R (3-10)
in which _
f1yAp1S
Let

Ny

and substituting p, ¢4 and fc(Eq. 3=10) into Egq. 3-8 yields

2
€ ) = T2 + Sy = . e, i

b Lo
+ T(l - el)(l -9, -_bl)} (3=-11)

Based on tests, Lessig suggests that the failure crack on
three sides of beam can have the same angle of inclination, so

el can be

b e |
0, = —— -12
1 = 23 + b _ (3 )

Introducing the designations

d

53 =45 - x/2 ~

( - ) (1 - )('
J = 63(d - d + 1 (2] 1 8] = —

-

) (3-13)
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and substituting into Eg. 3-11 to get a simpler equatiog.)

5 ;
d; +pJds " /bd

= ‘#’Mb = flyAbl J = \} (3""14)
1/4 + ¢/b

Theoretically the least favorable dlrectyon of the neutral

axis must correspond to minimum values of T or Iy, for a given
ratio 4. The value ¢, corresponding to the gheoretlcal mini-
mum value of T or My, éaﬁ.ﬁe derived by set{ing dT/de or di, /dc
equal to zero, while d; .

J
little by x, are assumed constant. The ratio of ¢ to b is

and J, which are a@%ected relatively

given as /

e . y
S /L 4 & (3-15)
b b

The values of ¢ from this formula are higher than the
actual values determined by measurement in many cases, because
there 1s considerable difference between the assumptions used
in deriving the equations and the actual condition of failure
surface., Through experimental observation, Lessig suggests the
following formulas to determine Cpyy and J. cCpoy is based on
the fact that the minimum crack inclination with respect to

.. o
beam axis is 45, and

Cpmax < 24 + b (3-16)
and  J = 01(d~d; -x/2) ~ ;4 (3-17)

Substituting Eq. 3-17 into Egs. 3-14 and 3-15, we get
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1 + p8yc?/bd

¢ 1 1 1 a
= r f il (3-19)

In solving practical problems Lessig suggested the follow-
ing procedures.
A). Calculate 6, and c¢ from Eq. 3-12 and Eqs. 3-16 or 3-19.
B). Determine x and dj from Eq. 3-10 and Eq. 3-13.

C)s Compute values of My, and T from Eq. 3-18.

SECOND LIODE
Using the same procedures as were used in deriving equations
for the first mode of failure, we can get the final equation for

the second mode of failure as follows:

Qo d 1 + ppdscy®/bd
P =—=f b; — (3=-20)
2% - 1y*va®s cs 1+ :

wherein
Q = Transverse Shear;
= Qb/2T;
Ayy = the area of longitudinal steel located near one

vertical side of the beam;

bj=b-b2-x/2;
cp,=d |[— 2 <c2v+al

. d
2 " 2p 4+ d
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fyAgh

o
\J
A

p = ; ;’;:‘ AR
2 fiyAnS (K, +F

flyAVl (d -+ \{562023/1))
X =

f, = 0.85%;
A special case of this mode of failure is pure torsicn

(Q =0, w=0).

When it is difficult to determine which one predominates
in the section of a beam subjected to torsion with flexure, we
can conpare the torsional ultimate capacity carried by both
modes of failure under the given values of¢and + , i.e., the
mode of failure which has the smaller capacity will be the pre-
dominant one. In the second mode of failure, if x > 0, the fail-
ure of thé beam would be due to combined torsion and shear; if
x < 0, failure of the beam is more probably due to the action
6f shear with bending moment.

In practicai design, Lessig suggested that the yleld stress
of stirrups in Egs. 3-18 and 3-20 should be multiplied by a
coefficient, 0.8, which takes into account the fact that trans-
verse bars are placed at a certain distance from each other
while Egs. 3=-18 and 3-20 are based on the assumption of constant

intensity of transverse reinforcement along the entire length

of the beamn.,

MATTOCK'S THEORY FOR INTERACTION OF SHEAR AND TORSION

Based on the test results from Birkelarid, Hamilton and on
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his own test results for reinforced concrete beams subjected

to combined torsion, bending and shear, iattock concluded that
the effect of shear and torsion acting simultaneously in a bean
can be represented by an interaction diagram for shear and tor-
sion as shown in Fig. 12. He assumed the interaction curve

between shear and torison to be a circular arc.

212 (1 2
Bl 2 =1 (3-21)
Qo To

wherein T, and Q, are the ultimate torsional moment and ultimate
shear resisted simultaneously by a beam. T, is the strength of
the beam in pure torsion and Q, is the shear strength of the
beam when subjected to shear and bending moment.
If we assume:
A). under combined shear and bending,
Qs ultimate shear carried by the concrete compression
zone, equals the shear which causes diagonal tension crack-
ing to occur, i.e., Qz <Qqu;
B). under pure torsion,
Tos» ultimate torison carried by the concrete compression
zone, equals one half the torsional moment which causes
diagonal tension cracking to occur, i.e., 2T, =Ty;
¢)s under combined shear and torsion,
Qpgs ultimate shear carried by the concrete compression
zone, equals the shear at diagonal tension cracking,
leeey Qpg Qs Toge Ultimate torison carried by the con-

crete compression zone, equals one half the torsion at
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diagonal tension cracking, i.e., 2T, 5 =€Tu;

then Eq. 3-21 becomes

& 2
Ya Tea

s wh | — = 1 (3'22)

Qg Teo

Let vgs Vegr Jo V.o be the shear stresses due to Qs Qa>
Tos and T, ., respectively. The shear stresses are proportional

to the forces concerned, so from Eq. 3-22 we get

2 132

Ve VC

In solving for v, and Tba from Eq. 3—23,.Mattock assumes
that the ratio of torsional shear stress, ¥, to shear stress,
v, remains constant at a particular section during the load

history of the beam, that is

Substituting this assumed equation into Eq. 3-23, one obtains

Vea = Vo / 4 1+ (v/2X)F (3-24)
Tca = Tg, / '\/ L+ (2'\/‘()2 (3-25)
in which -

A--':Tc/vc’ Yﬁ’ru/vu‘
lMattock suggests

Ty 11/T8
Ta

=b2(d-’0/3)/2 = J1+ (L1/v)°
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Fig. 13. 1Idealized side view of failure Fig. 14, Beam
surface cross section
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ULTIHATE STRENGTH IN COMBINED BENDING AND TQRSION PRGPOSED RY
GESUND, SCHUETTE, BUCHANAN AND GRAY

The equation for predicting the ultimate strength of rec-
tangular reinforced concrete beams under combined bending and
torsion in wnich bending moment predominates is based upon the
shape of the failure surface shown in Fig. 13. The intersec-
tion of the fallure surface with the sides of the beam and with
the vertical plane containing the sides of the stirrups are
straight lines making a 45° angle with the beam axis. The
intersection of the fallure surface with the bottom of the beam
and with the horizontal planes containing the bottom steel and
the bottom stirrups are straight lines making an angle 6y with
the beam axis.

From Pig. 13, 1t may be seen that the additional bending
moment I, arising from the effect of the stirrups caused by the

torque may be expressed by

hgTgy

*r

Lua =

(d-2d5)(d+b cot &) (3=26)

If we assume that the applied torque T 2t ultimate load is
resisted solely by the stirrups and that the stress. in the stir-
rups is constant over their verticai and bottom portions, we
get the following moment equilibrium equation about a longitu-

dinal axis along the top of the beam at midwidth:
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T = [(d =2d5)(b=2by) + dy(b=2b) cot 8] (3-27)

M, (@ ~2d5)(d +Db bot 6y)
by R=% (3-28)

M, is added to the applied bending moment of a'beam. so if
torsion is present,. the ordinary ultimate moment, Mu=45r[Asfy(d—a/2)],

must be greater than the actual failure moment, Mg, Or
My = My = My = Ly = C'tT

Letting = the ratio of applied torque to applied'moment at

failure, then

T .= 4’Mf
M = M, = C4dMe
o my

i = - '
E -y ot (3-29)

Therefore the actuzl bending moment acting at the beam is

M, (L+Cgd) (3-30)

Mact

in which Iy, = applied bending moment; the value of cot 6, can
be assumed to Dbe 1/2 for <> 0.25, and to be zero for ¢ < 0.25.
However, this equation only holds for low values of ¢ In

practical problems, bl.can be equal to by, and d; = d3.



PRACTICAL DESIGN USING DIFFERENT METHODS

The minimum requirements for ultimate strength dezign of
reinforced concrete members subjected to bending moment and
shear have been provided by the ACI Building Code, ACI 318-63,
while the requirements for design of reinforced concrete mem-
bers subjected to torsion have not yet been fully developed and
codified. It seems appropriate to use the same value of capa-
city reduction factor for torsion as for shear, i.e., P;r=0.85.

The example concerns the beam shown in Fig. 15, from which
is cantilevered a slab supporting a live load of 50 psf. The
bending moments, torsional moments and shears used in the de-
sign are shown in Fig. 16. (The beam is fixed at the ends and
the design ultimate loads are as specified in section 1506 of
ACI Code 318-63.)

If £} = 3000 psi, f

y
and transverse reinforcement, design the reinforcement for the-

= 50,000 psi for both longitudinal

12" x 18" rectangular section beam (i.e., neglecting the effect
of the flange), using the three different methods as follows:
A). Separated Method: Assume bending moment, torsional moment
and shear acting independently. Design the reinforcement due

to bending moment and shear according to ACI Code 318-63, and
the reinforcement due to torsion by Hsu's Formula. Assume
concrete does not take the shear due to torsion.

B). HNattock's Method: Assume bending noment acts independently,
while shear and torsion interact, i.e., taking the interaction

of shear and torsion into account in design. Design the rein-
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Pig. 15, Beam considere in design example
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Fig. 16. lloments and Shears Used in Design Example
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forcement due to bending moment according to ACI Code 318-63;
calculate shear and torsional moment carried by the cdncrete

by kiattock's equations; compute web reinforcement Ifor shear by
ACI Code 318~83, and reinforcement for torsion by Hsu's formula.
C). Lessig's Method: Design the reinforcement according to
Lessig's theory, first mode of failure or second mode of fajil-

uree

A). SEPARATED METHOD

1. Bending moment If = 638 in-k

Prax = 0.75(0.85)2(3/50)(8?/87+5o:) = 0.0207

m
Assunme a = 1.9 in

MU. = Al.tfly(d - a/2)

638

0,98 x 50
a = = 119}'!’ in C.X.

2. Shear Q = 15.65 k
Shear stress Vo = 2 ﬂkcp/ fo =2 X 0.85/ 3,000 = 93 psi
Shear carried by concrete '

3+ - Torsional moment T 323 k
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ar b'd'Asty
i =‘*br(°'66m + 0,33 7;) =

use n =1, A = one leg area.

b? =12"2Xlt?5=805 in; at =18-2x1075=ll¥|5 in

Ag Tu
S 4,(0.66m + 0.33a'/b')b’'d’ I

Ng
323,000
0.85(0.66+0.33 x 14.5/8.5)8.5 x 14.5 x 50,000

0.0505 in%/in

4, Area of longitudinal reinforcement to resist torsion

Ay S

= = 1
2A5 (0" +d")

Ajy = =5 (torsion)(b' +@') = 2x0.0505(8.5+1k.5)

= 2.32 in®

Total longitudinal reinforcement to resist torsion and bending
Aj4(total) = 0,98 + 2,32 = 3.30 in®
(Top: 0.98 +2.32/2 = 2.14 in?; Bottom: 2.32/2 = 1.16 in?)

Total web reinforcement

f‘ééctotal) = 0.0505 in%/in

But Hsu suggests that py, the total volume percentage of rein-
forcement (including longitudinal bars and stirrups), should
be less than P, ZAOOJ?ij/fSy(in percentage).

Dip = 2400J‘§666/50.000 = 2,63%
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= (3.30 + 2,32)/12 x 18 = 2,60% < Dy, (708 o

The reinforcement required at the other section is summarized

in Table 2,

B)s HATTOCK'S LETHOD
At distance "d" from support
l. Reinforcement due to bending moment same as the result by
Separated Iiethod.
2, Interaétion of shear and torsion

Nominal shear stress due to ultimate shear

Q, 15,650
= = = 8 i
Yu T e T Toxiss - ov et

Nominal shear stress due to ultimate torsion

T _ 323,000
be(a -n/3)/2  122(18 -12/3)/2

T = = 333 psi

y = Sufvy = 333/84 = 3.96

Vo(max) = L0V E; /Y L1+(v/1.1)°
= 104 3,000 /J/1+ (3.96/1.1)° = 146 psi > 84 psi
0

Ya(max) = 1T /VI+ (L.I/v)®
11/ 3,000 // 1 ¥ (1.1/3.95)2= 535 psi > 333 psi
Vg = 2P ST T, = 2ulvb ST

=Je/ve = 1.2

Torsional shear stress carried by the concrete

Yen = 3o/V T F (207707 = 0.85 x 2.4/3,000/,/ T + (2.04/3-95)7



L2
= 95.5 psi

Torsional moment carried by concrete

Top = Toa0°(0 -a/3)/2 = 95.5 x 18%(12 -18/3)/2 = 93,500 in-1b

Shear stress carried by concrete

<
!

= vo/TF (V7207 =
}4’8.3 PSi

ca

0.85 x 2,/ 3,000 /J/1+ (3.96/2.4)2

Shear carried by concrete

Qca -— vcabdo = Ll'8|3 x 12 X 15I5 = 9'000 1b

Torsional moment to be resisted by reinforcement

Tu. = Tu - Tt:a - 323,000 - 93'500 = 229,500 in-l1lb

Web reinforcement for torsion

use m =1 ; A5 = one leg area.

Ag Ty
S $(0.66m + 0.33d' /0" )o*ar gy,
229,500

=0.0359in%/in
0.85(0466 + 0423 x 14.5/8.5)8.5 x 14,5 x 50.000

Shear to be resisted by web reinforcement
Q' = Q - Qgg = 15,650 - 9,000 = 6,650 1b

Web reinforcement for shear (Ag = one leg area)
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Q" 6,650
= 2 = 2 = 0.0051 in%/in

24,,dpfy 2 X 0.85 x 15.5 x 50,000

w Irﬁb

Total web reinforcement

Ag Ag Ag
— (total) = — (torsion) + — (shear)
S 2 =

= 0,0359 + 0.0051 = 0.041 in2/in

Longitudinal reinforcement to resist torsion
24

Ajt = -53 (torsion) (b' + a')

2 % 0.0359 (845 + 14.5) = 1.66 in?

Total longitudinal reinforcement to resist torsion and bending

moment

(Top: 0498 + 1.66/2 = 1.81 in®; Bottom: 0.83 inz).

The reinforcement required at the other section is summarized

in Table 2.

C)e LESSIG'S METHOD

l. Use the ratio of transverse to longitudinal reinforcement
same as that from Mattock's method.

2. Design the reinforcements at distance "d" from support

3. First Mode |

b 12
1 =33 s 2=x18 + 12

0.25
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0.8f5yAcd 0.8 x 0.41 x 18
£1,Ap15 1.81 B

0.324

1 18 12
+ — -

12
j(0.506_)2 0.324 x 0,25 12 0,506

Chax = 24 + D = 36 + 12 = 48 in

So ¢ = 35 is acceptable

Assume Apy = 1.65

50,000 x 1.65
0.85 x 3,000 (352 +10%)

(12 +0.324 x0.25 ._8_) = .0.42 in
1

d; = 15.50 = 0.42/2 = 15.29 in

_ T(1/4 + ¢/b)
$orf1yd; (1 +peje®/bd)

323,000(1/0.506 +35/12)
0.85 x 50,000 x 15,29(1 + 0,324 x 0,25 x 35%/12 x 18)

1.67 in? 0.X.
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A
Ag pf 0.324% x 1.67
—_— ‘}-“3’ = = 0-03?6 inz/in
S 0.8d 0.8 x18

4, Second node

Using the value of Ay/S calculated by first mode, find

Ay required.

d 18

g = = = 0.4
2 726+d 2 x 12 + 18 -
Qb 15.60 x 12
4::9..: > % = 0.291
L4/ 2 X323

Assume 4y = 1.18 in‘?'

0.8fF b 0.8 x 0.0376 x 12
pz = SyAS = 3? = 0.306
f1,A0S 1.18

b X 12
d —— — 18 — == . i
2 P60, 4 /0.306;:0.43 7F = %05

i

Co(max) = 20 +d =2 x 12 + 18 = 42 in

So ¢y = 40.5 is acceptable

f1yAv1(d + p8ycy°/b)
2 2
Toley™ +45%)

50,000 x 1.18(18 + 0.314 x 0.43 x 40.52/12)
0.85 x 3,000(%0,5% +182)

bj = 9,5 = 0.42/2 = 9.29 in
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Av — B C2 l + "{"
l — e _
‘i’crflybj d 1+ Pzazcza/bd
I2 3y UB0 40,5 1 + 0,291
=~ 0.85x50,000x9.29 18 1+0.306 x0.53(k0.5)2/12 x 18
= 1.18 in® 0.K.
5. Total longitudinal reinforcement | fii?.

by # 203 f, o e o

(Top: 1.67 in?; Bottoms 1118 inz)ﬁ'
Total web reinforcement o
A
?S = 0.0376 in®

6. Using the economical values of P and P, suggested by Lessig

first mod - . = 18 - o.505

rst mode p = —_ = — = 0O
1+2/01/4 b  1+2/0,25/0.506 12

second mode P, = ‘0,555 - -

obtains

At distance "d" from support

' . 2 . 2 . 2
Apy = 1.49 in®; A,y = 0.87 in®; Aj¢ = 2.36 in
A

S = 0.052 in%/in
S

At L/4 from support
A, = 0.42 in®; = 0.42 in?; Ayy = 0.84 in?
1 = Y 11‘1,Avl-— . in=; 14 = Ve in

A
_SE = 0.0325 in%/in
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TABLE 2. SUMNARY OF MOKENTS, FORCES AND REINFORCEFENT AREAS
DISTANCE AT L/4
ITER UNITS "g" PROM | FROU
SUPPORT SUPPGRT
- in-x 638 106
Ty = Tea in~Xk 323 17750
Q = %a k 15,65 2.60
, Ag/3(torsion) | in%/in | 0.050% 0.02753
4Lg/S(shear) in?/in = -
SEPARATED Ag/S(total) in?/in 0.0505 0.0278
W ETHOD Aj +(bending) in® 0.98 0.16
Aj+(torsion) in® 2432 1.28
total in® 3.30 1,44
; A1 | top in® 2,14 0.80
botton in® 1.16 0.64
Ag/S(torsion) in®/in] 0.0359 0.0132
7 Ag/S(shear) in®/in 0.0051 -
MATTOCK'S Ag/S(total) in® e 0.041 0.0132
~ETHOD A; +(bending) in® 0.98 0.16
Ay ¢{torsion) in® 1.66 0.62
total in® 2.64 0.78
Alt | top in® 1.81 0.31
bottom in® 0.83 0,47
As/S(total) in%/in| 0.0376 0.0214
& total in 2.85 1.30
] TN~
LESSIG'S A1+t | top in 1.67 0.65
bottom in® 1.18 0.65
VETHOD —
Ag/S{total) in®/in 0,052 0.0325
N total in? 2.36 0.6L
A1t | top in® 1.49 0,42
bottom in® 0.87 0.42

* Use the same value of p as in Fattock's method.

#% TUse the value of p suggested by Lessig.
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CONCLUSIONS

1. The Rausch-Andersen-Cowan theory is based on elastic
theory, while the other theories are based on the different
mechanisms supnorted by their own beam tests.

2. The generzl equation for predicting the ultimate torque
of rectancular reinforced cincrete beams subjected to pure

torsion is
T, = To + KAAgTsy/S

in which
Tos the torgue taken by concrete, equals zero in Rausch's
equation, and equals the torgue taken by an unreinforced
beam in Andersen's, Cowan's and Hsu's equations.

K equals 2.0, 1.6, O.66fly ., + 0¢33d'/b* (varing from

sy
about 1.0 to l.5) in Rausch's, Cowan's and Hsu's equations,
respectively. Andersen did not determine a general
equation for K.

m, the ratio of volume of longitudinal bars to volume of
stirrups, should be unity in the Rausch-Andersen-Cowan
theory, and should be within the range of 0.7 = l.5 in
Hsu's theory.- |

3. Insufficient experimental data are available ©To develop

an accurate interaction surface formed by torsion, bending and
shear. Lessig's theory is based on two assumed failure surfaces.

The first mode indicates that the given beam section is subjected

to torsion and bending moment while shear is absent or has a
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relatively low value. The second mode indicates that the bend-
ing moment in the given beam section is relatively low compared
to torsion and shear. lattock's theory is based on the assump-
tion that bending moment acts independently, while shear and
~torsion interact and form a2 circular arc interaction curve.
Gesund's equation, which only holds for low values of the ratio
of applied torque to applied moment, implies the conclusion that
transverse reinforcement will transform torque on a reinforced
concrete beam into additional bending moment.

4, The practical example of designing the required rein-
forcement for a rectangular beam subjected to torsion with flex-
ure Shows:

l)« The required area of reinforcing steel calculated by the
Separated method is greater than that calculated by other methods.
2). The resisting capacity of the pure concrete members is zero
according to Lessig's method, while the pure concrete members can
resist a certain amount of shear and torsion according to Mattock's
method. The increasing rate of resisting capacity of the rein-
forced concrete members due to increasing reinforcement calculated
by Lessig's method is greater than that calculated by Mattock's

method.
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NOTATIONS

depth of equivalent rectangular stress block; in in.

the effective cross sectional area of the section, defined
as the area contained within the contre lines of the stirrup;
the cross section area of all bottom longitudinal steel;
the cross section area of total longitudinal steel;

the cross section area of longitudinal steel located near
one vertical side of the beam;

the cross section area of one stirrup leg;

width of rectangular beam, in in.;

smaller center-to-center dimension of a closed rectangular
stirrup, in in.:

smaller distance between the centers of longitudinal corner
bars, in in.;

(b - b')/2;

(b - b")/2;

the distance from the center of shear compression zone

to the axis of twist, in in.;

the distance from the center of the longer legs of stirrups
outside the shear-compression zone to the axis of twist,

in in.;

Torsional stiffness;

Mg /Ts

total depth of rectangular beam, in in.;

larger center to center dimension of a closed rectangular

stirrup, in in.;
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56
larger distance between the centers of longitudinal corner
bars, in in.;
distance from extreme compression fiber to centroid of
tension reinforcement, in in.;

(d - a")/2;

compressive strength of concrete in flexure with torsion,
can be assumed as 0.85f; y in psi ;

compressive strength of concrete, in psi ;

yield strength of longitudinal bar, in psi ;

yield strength of stirrup, in psi ;

/S curve;

¥
a coefficient relating the depth of the compression zone

coefficient, the slope of a T, versus bdA fg

to the smaller dimension of the rectangular section;

a coefficient relating the shear strength in combined shear
and compression to the pure shear strength;

length of the axis of rotation in failure surface, in in.;
bending moment induced in beam due to torque in in-1b;
longitudinal bending moment applied to a beam, in in-lb;

My = bgs _

Ablflyjd‘

ratio of volume of longitudinal bars to volume of stirrups;
defined as m = A74S/2[A (b" + 4d')] ;

air pressure in membrane analogy;

shear force on the shear-compression zone, in 1lb;

0.8f Agd/Ty Ay S
0.8fg At/ T A1 Ss
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ultimate shear carried by concrete compression zone (com-
bined shear and torsion), in 1b.;

total ultimate shear; in 1lb;

spacing of stirrups in the direction parallel to the
longitudinal axis of beam, in in.;

ultimate torsional moment carried by compression zone
(combined torsion and shear), in in-1b;

membrane tension;

total ultimate teorsional moment, in in-l1b;

the displacement in x direction;

the displacement in y directions;

shear stress due to shear carried by concrete at ultimate,
when member is not subjected to torsion, in psi;

shear stress due to shear carried by concrete at ultimate,
when member is subject to torsion and shear, in psi;
nominal ultimate shear stress due to shear, = Q#/bdo, in psi;
the displacememt in z direction; ‘
angle of twist, in radian per in.;

relative angle of twist of two surfaces constituting the
failure crack, in radian;

an efficiency coefficlent of longitudinal bar;

the angle between the crack on vertical face of the beam
with respect to the vertical axis;

T/ vy

T/

shear stress due to torsion carried by concrete at ultimate,

when member is subject to torsion only, in psi;
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n

shear stress due to torsion carried by cohcrete at ultimate,
when member is subject to torsion and shear, in pesij;

nominal ultimate shear stress due to torsion, in psi;

T/ ¥y s

capacity reduction factor;

Saint~Venant's torsion stress function;

Qb/2T.
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The purpose of this report is to investigate rectangular
reinforced concrete beams subjected to pure.torsion and torsion
comoined with direct shear and bending moment in order to get
a better understanding of this specific problem. The report
can be abstracted as follow:

1. Torsional Sitress and Torsional Stiffness of Homogeneous
Section —— Review Saint-Venant's Theory, Prandtl's lLlembrane
Analogy, and torsicnal stress and torsional stiffness of rec-
tangular sections. o

2. Reinforced Concrete Beams Subjected to Pure Torsion —
Review Rausch—Andersen-Cowan7Theory, developed by Rausch in
1929 and later modified by Andersen and Cowan. Review the theory
presented by Hsu in 1968

3., Rectangular Reinforced Concrete Beams under Combined
Bending, Shear and Torsion — Réview the theories presented
by Lessig in 1959, by kattock in 1968, by Gesund and others in
1964,

4, Practical Design Using Different liethods —

A). Separated lethod: Assume bending moment, torsional moment
and shear acting independently. Design the reinforcement

due to bending moment and shear according to ACI Code 318-63,

and the reinforcement due to torsion by Hsu's Formula.

Assume concrete does not take the shear due to torsion.

B). llattock's Method: Assumed bending moment acts independently,
while shear and torsion interact, i.e., taking the inter-

action of shear and torsion into account in design.
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Design the reinforcement due to bending moment according to
ACI Code 318-63; calculate shear and torsional moment carri-
ed by the concrete by iattock's equation; compute web rein-
forcement for shear by ACI Code 313-63, and reinforcement
for torsion by Hsu's Formula.

Lessig's Method: Desigﬁ the reinforcement according to
Lessig's theory, first mode of failure or second mode of

failure,



