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Abstract

The fast advancement in computer technologiesandbent years has made the use of
simulation to estimate stock/equity performances aicing possible; however, determining the
optimal exercise time and prices of American opiasing Monte-Carlo simulation is still a
computationally challenging task due to the invdleemputer memory and computational
complexity requirements. At each time step, thvestor must decide whether to exercise the
option to get the immediate payoff, or hold onhe bption until a later time.

Traditionally, the stock options are simulated gditonte-Carlo methods and all stock
prices along the path are stored, and then thenapgxercise time is determined starting at the
final time period and continuing backward in tim&lso, as the number of paths simulated
increases, the number of simultaneous equationsi¢ea to be solved at each time step grow
proportionally. Currently, two theoretical methdus/e emerged in determining the optimal
exercise problem. The first method uses the cdrafdpast-squares approach in linear
regression to estimate the value of continuingald lon to the option via a set of randomly
generated future stock prices. Then, the valimnfinuing can be compared to the payoff at
current time from exercising the option and a denisan be reached, which gives the investor a
higher value. The second method uses the finiterdhnce approach to establish an exercise
boundary for the American option via an artificyadjenerated mesh on both possible stock
prices and decision times. Then, the stock pec@mulated and the method checks to see if it is
inside the exercise boundary.

In this research, these two solution approaches\atiated and compared using discrete
event simulation. This allows complex methodsédcimulated with minimal coding efforts.
Finally, the results from each method are compadthough a more conservative method
cannot be determined, the least-squares methedterf more concise, easier to implement, and
requires less memory than the mesh method.

The motivation for this research stems from inteiresimulating and evaluating
complicated solution methods to the optimal exerpi®blem, yet requiring little programming

effort to produce accurate and efficient estimatiesults.
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CHAPTER 1-INTRODUCTION

From the earliest conception of stocks and bonggrson wished to invest in a company
in order to return a profit. This basic concep transformed into an entire financial industry,
including trading companies, financial advisors] anrporate investment corporations, in
addition to personal investors.

In addition to simply buying and selling stocksyestors can also buy an option on the
futures market. An option gives the owner the trighbuy or sell a set of shares of stocks at a
prescribed price before or at an expiration tinte the future. This prescribed price is called the
strike price, and the time in the future is called expiration date. A put option gives the owner
the right to sell the shares, while a call optioreg the owner the right to buy the shares.
Although each of these option types gives the owangght to exercise, the owner can choose
not to exercise the option. Therefore, an ownehn@ices for exercising the option are as follows
(Ross, 2003, McLeish, 2005, Hull, 2006, and others)

* Put Option: Max { Strike price — Market price, 0 }
» Call Option: Max { Market price — Strike price}0

Each investor is seeking a larger gain with mininsX; therefore, the areas of
mathematics, statistics, finance, and even engimgbave become intricately involved with
attempting to predict the stock market. In pattcufinancial engineering centers on using

mathematically models of stock prices to simulageunknown future stock prices.

1.1 - Background on Pricing Options
Before any stock option can be examined, the upidgrissumptions to the model must
be explored. The most basic assumption for argkssothat it will either increase or decrease
by an amount during a single time period. Theeanirstock price can therefore be represented
as a function of the previous period’s price. His tsection, the movement of the stocks is
discussed in relation to the Brownian motion dmttion. Next, the American option type is
explained, along with methods to solve the optiexarcising problem.



1.1.1 - Brownian Motion

Although early researchers first thought that stme&es followed Brownian motion, it is
now known that Brownian motion represents the perckange in stock price. The stock price
can be modeled by a geometric Brownian motionidigtion (Ross, 2003). For a given
stochastic process {¥(t= 0 } to be a Brownian motion process, the followthgee conditions
must be met:

() X@©O)=0

@i) {X(t),t=0} has stationary and independent increments

(iii) For everyt > 0, X() is normally distributed with mean 0 and variante
With the variance dependent on the volatility a&f #tock prices and the time, Brownian
motion is a modified normal distribution. If theoek volatility o is equal to 1, then the process
is said to behave as a standard Brownian motidm nvéan O and variante

For everyAt the stock price will change by a step glae This step size can also be
thought of as the percent change in price, eitbasridown. An assumption of Brownian motion
is that Ax = /At , which prevents the stock pricetX€ 0 with probability 1 (Ross, 2003). As a
result, it can be shown thatAs - 0, the expected value of the stock price E[p& 0 and the
variance of the stock price Var) — ¢ (Ross, 2003). Therefore, the longer the timeouleri
the stock prices are studied, the larger the veeamthe stock price.

Black and Scholes (1973) and Merton (1973) werditbeto present mathematical
models to represent the stock market. From therkya stochastic differential equation was
used to give the price of an underlying stock, gilselow:

IXO _ g+ owr).
X (t)

The stock price is a function of the interest frater, the timet, the stock volatilityo, andwW

following the standard Brownian motion. The saduatio this stochastic differential equation is:
X(T) = X, exp([r - %0°|T + oW(T)).

Therefore, the stochastic differential equatiodéscribe the price of a stock and its solution

both use the Brownian motion distribution parameter



1.1.2 - American Options

As previously stated, options give the owner atrigtbuy or sell shares of stock at a
future date. The difference between the optioesyip how they calculate the strike prices and
when the owner is allowed to exercise the optibar example, the simplest option type is the
European options since the strike price is equtiegrescribed price per share at the expiration
date and the option can only be exercised on tteeggeecified, not before and not after. Another
option type that also allows a single expirationdiis the Asian options, but for this option type,
the strike price is equal to the average markeepover the period ending at the expiration date.

There are several other types of options, butrdsearch focuses on the American
options. For the American options, the strike @igequal to the prescribed price, but the owner
has the right to exercise the option at any pgmntiotil the expiration date. This continuous
exercise period makes it difficult to compute tipéimal exercise time for American options.

The owner has to choose between taking the gdireaturrent time period and continuing to
hold the option for a future gain.

To solve the optimal exercising problem, some atlyors determine the exercise time by
‘seeing’ into the future, while others hit a preztetined termination level and then exercise.
Dynamic programming [Broadie, et al 2000, Tsitslkdnd Van Roy 2001, Haugh 2004] and
least-squares [Longstaff and Schwartz 2001, Glasseand Yu 2004, Chan, et al 2004]
methods look into the future to solve the optimadreising problem. The stock price paths are
first stimulated for the entire exercise life oétbtock option. Starting at the final time period,
both methods work backwards to determine when éoagse the option. Dynamic programming
uses a recursive equation to solve for the maximaione that can be obtained at each time step.
The value at each time step is a function of esargiat the current time period and holding the
option until a future date. Since the method starthe last period and works backwards, the
optimal value of holding the option until a futudate is known from the analysis of the previous
periods.

Similarly, the least-squares method starts theyaisat the final time period. In this
method, the value of continuing to hold the opt@st the current time period is determined by
the least-squares technique from linear regressidinpaths that would return a profit in the
current time period are regressed to form a sifugietion that gives the value of continuing to

the next period. Then, each path that is in theeyas evaluated using the function to determine



if the option should be exercised at the currenétperiod or held to a future date. Finally, the
algorithm moves to the next previous time period eontinues the analysis.

Contrasting dynamic programming and least-squaethads, the methods of stochastic
meshes including the finite difference, and fidtement algorithms solve the optimal exercising
problem by hitting a predetermined termination leared then exercising. First, the available
region is divided into a grid, in which each paintresponds to a time period and a stock price.
After the grid is completed, the optimal time temise at each time period can be computed.
The method of computing this exercise boundaryedfbetween each algorithm. Finally, the
stock prices are simulated and once the exeragerrés hit, the option is exercised.

In the stochastic mesh methods [Broadie, et al02Bfobadie and Glasserman 2004,
Achdou and Pironneau 2005], a transition densitigtion or constrained optimization problem
is used to determine the exercise boundary. Raefdifference methods [Brennan and
Schwartz 1977, Shu et al. 2005, Achdou and Piran@685], a grid is also used, but the
algorithm discretizes the stochastic different@&ion. Then the exercise boundary can be
computed by solving the resulting simultaneous #gnsa. Conversely, the finite element
method [Courant 1943, Allegretto, et al. 2003, Amin@nd Pironneau 2005, Zhang 2005]
approximates the solution to the differential etgpratinstead of the actual differential equation
like finite difference method. Therefore, the pardifferential equation is either eliminated
completely or modified into an equivalent ordindriferential equation. Again, the exercise
boundary is then computed and lastly the stoclepraan be simulated.

1.2 - Background on Variance Reduction Techniques

As with most simulations, the accuracy of Montel@amulations is dependent on
the number of trials or replications that are rinihen reporting the outputs of the simulations,
the sample mean and the standard deviation fatifteunted payoffs are general of interest.
The simulation’s estimate of the value of the api®given by the mean, while the standard
error of the estimate is as follows:

Sample Standard Deviation / (number of paths)

Therefore, the uncertainty regarding the valuenobgtion is inversely proportional to the square
root of the number of replications. In order tabie the accuracy of the simulation, the number
of paths must be quadrupled. As an alternativanply increasing the number of paths to



increase the accuracy, variance reduction techaigae be employed to help increase the
accuracy using the same number of replicationseréfbre, variance reductions techniques also
help reduce computational time, compared to simyaiyiing more replications. In this section
two variance reduction techniques are discussedith&tic variate approach artificially induces
a correlation between the replications, while tbetml variate method uses an indirect

measurement to help eliminate any variability dughe simulation.

1.2.1 - Antithetic Variate

The antithetic variate technique should reducev#n@nce by artificially inducing a
correlation between replication of the model. &kasn independent pairs of correlated
replications of the same system. The first replbicehas a smaller than expected observations,
while the second replication offsets the first layimg a larger than expected observation, or vice
versa. LelX; andX; be the observations from two consecutive repbeegtiof the same
simulation, andr be defined as{;+X;)/2. The expected values for bathandX; are the same
as the expected values of the base system, XinmedX, are observations from the base system.
From the definition of the antithetic variate, #rgected value and variance of Y are as follows:

SURLCALLES

= E(X,) = E(X,) (1.1)

Var(X,) +Var(X,) +2CovX,, X,)
2 :

When the two replications are averaged togethgrgheuld produce a lower variance, but same

Var(Y) = 1.2

expected value. The expected value of the anftithiatiate is the same as the two original
observations, while the variance is differentth# two original observations have equal
variancesVar(X), then Eqg. (1.2) can be rewritten as:

Var(X,) +Var(X,) +2CouX,, X,)
4
_ Var(X)+2CouX,, X,)
4
2Var(Y) =Var(X) + CoUX,, X,).

Var(Y) =

Therefore, to reduce the variance in the systenfoll@ving must hold:
2Var(Y) <Var(X)+CouX,, X,)



The above relationship demonstrates that the cavesibetween the two original observations
can be positive or negative; however, a negativarcance will always reduce the variance in
the system. Hence, if the simulation can guaraateegative covariance between the two
original observations, the antithetic variate tegba will reduce the variance in the system.

With the implementation of antithetic variate teicfue given above, the first replication
has a smaller than expected observations whilsgbend has a larger observation, or vice versa.
Thus a negative covariance will always exist betwibe two observations. Since the
covariance is forced to be negative, the averagalsmaller variance than either of the original
observation’s variance.

The most common way to create a negative covarignegng a uniform distribution. If
thej™ random number of the first replication in the paidenoted by;, then is uniformly
distributed between 0 and 1. Then, the secondcegjuin’s random numbey’ is the
complement of the first ay’'=1-r;. If a uniform distribution was not desired, th@farm

distribution parameters can then be transformeadthind desired distribution.

1.2.2 - Control Variate
Another variance reduction technique frequentlyduseincrease the accuracy of the
price of a more complex option is the control viari@chnique. It assumes there is a relationship
between the control varia@and the observatiaq, but an exact mathematical relationship is
necessary. The relationship is estimated usingithalation and then the observed valueX of
are adjusted by this estimated relationship. Altjfothe exact relationship is unknown, the
relationship is generally considered linear. THgisted variateXc) usingm control variate

forl =1, ...,mis defined as the following:
Xe =X _231 (C, -E(C)) (1.3)
1=1

where
_ CovuX,C)
Var(C)
Xc is the adjusted observation, amds the weighting factor for each of the controtiages. The
general form allows for multiple control variatgseciselym of them. With a single control
variate, the corrected observation and reduce@negiis shown in the following equations:



E(X.) = E(X) —aE(C - E(C)) = E(X) (1.4)
Var(X.) =Var(X) +a*var(C) - 2aCoy X,C). (1.5)

To find the minimum variancéar(Xc), the first derivate of Eq. (1.5) is set to zero,
Qﬁgéﬁzmwmq—mmwa:o

Hence, the value @& that minimizes/ar(Xc) can be obtained by,

a= Cov X, O
Var(C)

As stated, the expected values are the same, duatiance can be reduced because of the
selection ofa. The formula fol given in Eq. (1.3) can be calculated in the sinféghion that
minimizes the variance for multiple control varmterherefore, by selectiragfrom (1.3) the
variance ofX¢ is automatically reduced and the user does nat Beed to predetermine if the
covariance between the control variate and theraigbservation is positive or negative.

To implement control variate technique, Hull (208aygests the value of the complex
option — such as Asian or American options — aedgtropean option are simulated, and the
Black-Scholes price of the European option is dated. The errors resulting from simulating
more complicated options and the European optierassumed to be similar and positively
correlated. This gives an estimate of the prifesfthe American option as the following
expression:

fo=f,—a(f. - fg). (1.6)
Therefore, the estimate of the price of the conapdid option as the simulated price plus the
Black-Scholes European price minus the simulatedgan price. The simulated European
value is supposed to be the same as the calciBtdekl-Scholes European option; therefore,
subtracting one while adding the other should tesukchange of the American option value.
Also, the error from both simulated values is asstito be the same, so subtracting the

European option removes this unnecessary error themsimulated American option.

1.3 - Contributionsand M otivations
There are several techniques used to price Amedp#aans, including stochastic meshes
[Broadie, et al. 2000, Broadie and Glasserman 280Adou and Pironneau 2005], finite
difference [Brennan and Schwartz 1977, Shu et0fl52Achdou and Pironneau 2005], finite



element [Courant 1943, Allegretto, et al. 2003, daln and Pironneau 2005, Zhang 2005],
dynamic programming [Broadie, et al 2000, Tsitsikind Van Roy 2001, Haugh 2004], and
least-squares [Longstaff and Schwartz 2001, Glasseand Yu 2004, Chan, et al 2004]
approaches. From these different methods, finfferdnce and least-squares approaches have
become the two most popular ways to estimate tise pf American options. The motivation
for this research stems from an interest in sinngedind evaluating complicated solution
methods to the optimal exercise problem for the Ataa options, with modest programming
effort to produce accurate and efficient estimatigsults.

One of the very first methods to price Americanam comes from Brennan and
Schwartz (1977), who present an algorithm thatrdiszes the Black-Scholes model using finite
differences. Since the 1970s, there have beemadawedifications and adaptations to the
original method of finite differences. Adaptingstapproach by using more efficient methods to
solve the simultaneous difference equations isgmtesl in Achdou and Pironneau (2005) and
the proposed algorithm is called the Front-Trackdhgprithm.

In contrast, Longstaff and Schwartz (2001) propasetkthod of estimating the value of
continuing using least-squares from linear regogssiSince this method involves recursively
evaluating each time step starting with the fiealch path has to be generated forwards and
stored in the computer memory for the algorithrwawk. A variation of the least-squares
method was proposed by Chan, et al. (2004) in winetpaths do not have to be stored, but can
be regenerated backwards as the algorithm exeuggsatly reduce the memory requirements
for the least-squares approaches. The proposedthly for this research contains a slight
modification to Chan, et al. (2004). The adaptatiovolves using the next time peritel cash
flow values discounted back one period for thetlsgsiares regression computations, instead of
the maximum cash flow from all future time peri@ispresented in Chan, et al. (2004).

Although the two methods mentioned above have pessented with numerical
computations, a comparison between the methodsditdseen preformed. The first step in
comparing of these two models is to implement e dlgorithms into computer programs.
Traditionally, the methods to simulate stock prices®lved general purpose programming
languages, such as Fortran or C++, or mathematiéalare, such as MATLAB. In this
research, a discrete-event simulation program, #&risnused to create the two programs. The

advantage of using a simulation software packag#) as Arena, is the simple programming



effort is needed to create complex programs. TaergAmerican options and the solutions to
the optimal exercising problem can be programmerereasily and more efficiently with high
level programming languages.

In addition to creating the complex programs, thenary objective of this research
entails a formal comparison of the least-squarddiaite difference method programs. Once
both programs are simulated, the computationaltefom the two approaches are compared in
terms of ease of implementation, speed with whiehrésults can be obtained, present value for
the option returns, and the efficiency of memooyrage requirements.

1.4 - Outline

The rest of this thesis progresses as follows.p@ha is a literature review of some
current and past research labors in financial exeging, American options, and solution method
to the optimal exercise problem. Next, Chapterésgnts the least-squares algorithm is
presented, along with the simulation model to imp@at the method. The basic algorithm as
presented by Longstaff and Schwartz (2001) is dised, and the backward path generation
adaptation as introduced by Chan, et al. (2004d)sis presetned. Finally, the section includes
computational results from different input sets.

The finite difference method is presented in ChapteAfter presenting the formal
algorithm, the method of simulating the stochastaock prices is explained. The Front-Tracking
Algorithm from Achdou and Pironneau (2005) is usedalculate the exercise boundaries. The
different stochastic stock prices are generataagusie simulation model, in which their exercise
times were determined based on the pre-calculadeddaries. The average returns from the
finite difference approach are then presentedallina comparison of average returns for the
least-squares model and the finite difference ntetb@resented in Chapter 5. The methods are
compared on computation results, observations dumplementation, and speed and efficiency
of memory storage.



CHAPTER 2 - LITERATURE REVIEW

This chapter highlights some of the past and ctimegearch efforts for simulations and
financial engineering in stock options. Sectichig.an overview of pricing options and how
simulations can contribute. Section 2.2 examihesAmerican call option, while Section 2.3
describes the American put option. Section 2.4yaea the literature related to stochastic
meshes, finite difference methods, and finite el@maealysis. Finally, Section 2.5 presents the

least-squares method.

2.1 - Simulation for Pricing Options
This section discusses the pricing of options, wéienulation techniques are appropriate
and when they are unnecessary. In the early 18l@sk and Scholes (1973) conducted
fundamental work regarding the mathematics behiigiing options. Merton (1973) expanded
their work and coined the phrase ‘Black-Scholeseqaresent the model of the market for an
equity in which the equity’s price is a stochastiocess. According to this model, the price of
the underlying stock is given by the following dtastic differential equation:
% =rdt + oW(t), (2.1)
with r as the drift parametes,as the stock volatility, and/ following a standard Brownian

motion. The solution to Eq. (2.1) is given by:
S(T) = Sy exp(lr - % 0°IT +oW(T)), (2.2)
with & as the initial stock price. Since standard nomimsttibutions are more common than

Brownian motion, the Black-Scholes solution candwritten to transform the distribution as

follows:

S(T) =S, exp(fr - %o2IT +aTZ), (2.3)
whereZ is taken from the Standard Normal distributionhwitean O and variance 1. The stock
price can also be computed using the previous pien®d’s price, instead of a function of the

initial stock price. The following equation givége stock price dependent on the previous

period:

10



S(t+1) = S exp([ - %02t +o/AtZ) . (2.4)
Using the Black-Scholes model, the option price lmamwomputed if the stock is traded.

Using the Black-Scholes model, plain or vanillaiops can be directly calculated. This
holds particularly true for European and Asian @psi. These options generally do not have path
dependent exercise prices, but have well-definegeties. Once path-dependent options or
many stochastic variables are introduced, the nptoannot be calculated using exact formulas.
This occurs when techniques such as binomial tMeste Carlo simulations, and finite
difference methods are used.

Although Monte Carlo simulations are simply basédandom number generation, it
has many practicalities in statistical, mathemétaad physical fields. Tilley (1993) was the
first to propose a solution of using Monte Carlmglations for pricing American options.

Jackel (2002), Glasserman (2003), and Hull (20Qysest using simulations when exact
formulas are not available. Since American optioase the added complexity of continuous
exercise period, simulations can be used to gem#ratmultiple exercise period. Simulation
also allows for experimenting or “what if” questgnn addition to investigating different
parameter values without physically buying the apti European, and other simple type options,
do not require complex Monte Carlo simulations étedmine if the option will be exercised,

since they can be implicitly calculated using tHadR-Scholes formula.

2.2 - American Call Non-existent
With any style of option, the investor has a chdieeveen a call and a put. Hull (2006)

determined that an American call option will nelserexercised early. He presents this
argument with the following example.

» American call option, non-dividend paying stock

* Expiration time: 1 month

« Current stock price: $50

» Strike price: $40
Since the option is currently in the money, theegter might consider exercising the option
immediately. If the option is immediately exerdséhen the investor can either hold the stock
until after the expiration date or sell it immeeigt The investor will lose the interest on th® $4

if the stock is held until after the expiration €afThe second option is to sell the stock directly
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but it is actually better if the investor sells thgtion instead of the stock. Other investors db n
wish to hold the stock — otherwise the currentlstarice would not be at $50 —therefore, the
investor can sell the option for more than themsic value of $10.
To formalize the argument, consider the followiraggmeters:

S = Current stock price

K = Strike price

T = Time to expiration

r = Risk-free interest rate

C = Value of the American call option

¢ = Value of the European call option
Since the investor has a right not to exercisefgt®n, the following must hold

c = max{S, -Ke™ 0} .
Because an investor holding an American optionth@sight to exercise over a continuous time
period, the American call option value is requitedbe greater than the European call option, or
C =c. Therefore,
C>S,-Ke.

Sincer >0, thenC > S, - K must also be true. If it was advantageous foirttaestor to
exercise the option early, th&éh= S, - K ; therefore Hull shows that it will never be prabte
for an investor to exercise an American optionyeawith Hull's conclusion, the American call

option becomes of little interest to investorstlsare is no reason for practical simulation models
to assess the American call options.

2.3 - American Put Early Exercise
In contrast to Section 2.2 regarding American options, it can be optimal for American
put options to be exercised early. Hull (2006)estahat once an American put option is in the
money it should always be exercised early. He ssigghat not exercising the option early once
the option is in the money results in one of twétcomes: less gain or less value. If the stock
price rises, then the investor will have a lowangmce the option is exercised since the payoff

is the strike price minus the current market valGenversely, if the current market price
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remains the same or slightly lower, then considgtite time value of money it is better for the
investor to have the value in today’s dollars iadtef the same value in future dollars.
Consider the same parameter definitions as Se2tiband the additional:

P = Value of the American put option

p = Value of the European put option
The optional exercise of an American put optiorate the following

p=max{Ke"" -S,0}.
An American put option is worth more than a Eurappat option, because there are times when
the put option can be exercised for a profit. 8iearly exercise is a possibility, the stronger
condition below must also hold
P>K-S,.

While r >0, an American put option can be equal to its istdrvalueK - S;; therefore, there

exist times when a European put option is worth tean its intrinsic value. Therefore, it is
beneficial for the investor to exercise the Amamipait option once it is in the money.

The rule of immediately exercising the American pption when it is in the money is
utilized in Glasserman (2003), Achdou and Pironn@@05), and others. The point at which the
option becomes in the money is called the exetmsmdary. An American put option price,

given by the red line, and the corresponding egerbbundary is illustrated below.

rT

Figure 2.1 - Exercise Boundary for American Put Options
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In Figure 2.1, the American put option would bereised atr since it is the first time the
price of the underlying asset hits the exercisendaty. The area under the curve represents the
exercise region, or where the option is in the ngoriEhe upward curvature of the exercise
boundary in Figure 2.1 is typical of American pptions; therefore, the exercise boundary
approaches the strike price as the time approdbkesxpiration date.

2.4 - Stochastic M eshes

Generally, a Monte Carlo simulation will genera¢eeral paths based on different
random numbers. The paths are discretized as filweatime periods used, and as the time
period length decreases the paths approach thal @ontinuous exercise time.

The price of an option is given by the solutioratpartial differential equation. For
certain types of options a closed-form solutiopassible, and for European options the solution
is given by the Black-Scholes model, see Sectitra@d Eq. (2.1) and (2.2). For option types
that do have a closed-form solution, several appration techniques can be employed. The
methods of stochastic mesh, finite differences,famte element analysis will be explored in the
remaining parts of this section.

2.4.1 - Mesh Method

As an extension of using stochastic meshes to pmeerican options, mesh methods
were developed. Broadie and Glasserman (2004)duates a stochastic mesh method for
pricing high-dimensional American options when ¢hisra finite — possibly large — number of
exercise dates. Their method requires knowleddleeofransition density of the underlying
process of the asset prices and other state vasialblowever, Broadie, et al (2000) extend the
original stochastic mesh method to applicationsrevtiiee transition density is either unknown or
fails to exist. They choose mesh weights througbrestrained optimization problem, so the
transition density is unneeded. They also usemnmition regarding the movements of the
underlying state variables or the prices of easilyputed European options to prevent the use
of a transition density. Finally, Achdou and Pmmeau (2005) propose a method of adaptive
mesh refinement that is faster because it has famkarowns for a given accuracy than a given

uniform mesh.
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2.4.2 - Finite Difference Method

For option types that do have a closed-form sahjt@otechnique from numerical analysis
called finite difference method can be used. Tihigefdifference method is based on the
mathematical expression of the form:

f(x+b)-f(x+a). (2.5)
Finite differences and the finite difference metland one of the simplest ways to approximate a
differential operator; therefore, they are veryplgl for solving differential equations.

One of the first finite difference algorithms faiiggng American put options comes from
Brennan and Schwartz (1977). They propose anitdigothat discretizes the Black-Scholes
model using finite differences. Achdou and Piraaun€005) give the formal mathematical
definitions of finite differences method used imdncial engineering. Others, including Hull and
White (1990), Wilmott (1998), and Hull (2006), diss the use of finite differences to convert
the underlying differential equation into a diffece equation, either by explicit or implicit
methods.

Shu, et al. (2005) propose a modification to thédidifference method by combining
the advantages of a semi-analytical method witrsliced-fixed boundary finite difference
method. Oosterlee, et al. (2004) aim to decrdasaumber of grid points by using fourth order
finite differences, instead of the general quadnatodel. They also employ grid stretching in
space by means of an analytic coordinate transtosman order to decrease the number of grid
points required to obtain the same accuracy. Asosson (2006) discusses the space-adaptive
and time-adaptive finite difference methods. Hinathao, et al. (2007) propose a compact
finite difference method to convert the Black-Sdsopartial differential equation into an
ordinary differential equation.

2.4.3 - Finite Element Method
Similar to finite difference method discused in 8@t 2.4.2, the finite element method
approximates a partial differential equation whearosed form solution is not possible. Where a
finite difference method approximates the actudiedkntial equation, the finite element method
approximates its solution. The finite element rodthare based on either eliminating the

differential equation completely or rendering tleet@l differential equation into an equivalent
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ordinary differential equation. If the later apach is used, then the ordinary differential
eguation can be solved using standard techniqueBi,as finite differences.

The general finite element method is to create shnoe grid. This grid can consist of
triangles, squares, or curvilinear polygons thactuitize the infinite dimensional surface. Then a
basis is chosen to complete the discretizatiorsisanctions can be either linear or piecewise
polynomial.

The first person attributed with applying the fenglement method to the financial sector
was Courant (1943). Achdou and Pironneau (200&)gee methods employing finite element
analysis to a parabolic boundary value problemm@leith the Black-Scholes equation in one
and two dimensions. Allegretto, et al. (2001) msga new finite element method, but then
show that the method presented in Allegretto, .e28103) actually produces more accurate
results. Finally, Zhang (2005) proposes an adaptiesh refinement to the finite element

analysis approach to help reduce the size of tigatisystems.

2.5 - Least-Squares Approach

When assessing an American option it is neceseaydluate the value of exercising
and continuing at the early exercise points. Camguhe value of exercising the option is
relatively simple, and generally the Black-Schdtasula is used. However, computing the
value of continuing to hold the option until a latiene period can be tricky. Tsitsiklis and Van
Roy (2001) proposed a method for evaluating compimerican options using simulation and
dynamic programming. Here simulation is used &at¥ each successor state. The recursive
function of the dynamic programming is used backitardetermine if the American option
should be exercised or held at each time period.

Broadie, et al. (2000) also use dynamic programnmirtgeir model, but also include
weights involved in the American option prices.eTldonditional expectation of the dynamic
programming recursion is estimated from the weiglateerages of the simulated future values.
Haugh (2004) discusses using approximate dynarogramming and simulation to compute the
upper and lower bounds on the true option price.

Longstaff and Schwartz (2001) propose an approatiguleast-squares to estimate the
value of continuation. This method entails finstglating the paths. Then, starting at the final

time period, each path is evaluated to see if gi®o would be exercised, and the associate cash
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flows are recorded. The algorithm then backs uptone period, and the paths are examined to
see which are in the money. For each path thdtldmuexercised, the algorithm performs a
linear regression. The least-squares approadhddmear regression results in a function that
relates the current option value to the value otiooing. Longstaff and Schwartz use a simple

guadratic regression function contained below:
Continuing= B, + B, Oexerciser 3, Oexercisé. (2.6)

The function is then evaluated for each path that the money, and compared with the value of
immediate exercising. The cash flow matrix is thedated to reflect the which paths would be
exercised in the current time period, and the #lgor proceeds to the next previous time period.
Once all time periods have been examined, the stgpple or location of each path can be
compiled and the cash flow matrix will contain tens realized by the American option.

Unlike previous algorithms, Longstaff and Schweartaiethod only performs the regression
when the option is in the money; therefore, the@llgm is more efficient.

Glasserman and Yu (2004) also discuss a weightettéM©arlo technique that is the
same as the least-squares method performed a&rditaé. This method still requires a
regression, but since the regression is done keestimates produced are less dispersed and an
upper bound on the option price can be provided.

Chan, et al. (2004) also discuss using Monte Ganhulations for pricing American
options. Instead of generating the paths and plegiorming the optimal exercising problem
backwards, they propose a simulation method thatrgees the paths backward. Given a
particular initial stock pric&, the solution Eqg. (2.2) is modified for each patid defined as:

S = Syexp(fr - %0°]0t +oVAtey)
S =S, exp([r - »o’]1At +0'\/E(£N +E Lt Ey) (2.7)

S, =S, exp(N[r - %o2|At + oAt (6, + £, +...+ &)
where
£~ N(0,1).
Chan, et al.’s backward generation method genetla¢esandom numbers for each path at every
time period using only an initial seed value. Tdlisws the random numbers to be regenerated

from the seed value as the algorithm is progredsaniward through time. This means the
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random numbers must be generated twice, but saweguter memory by not storing each
value. Similar methods to reduce the amount of orgmeeded in the path generation are
proposed in Chan, et al. (2002, 2006).

One of the simulated models contained in this wads the backward path generation of
Chan, et al. (2004) and the relatively simple leagtares regression found in Longstaff and
Schwartz (2001).
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CHAPTER 3 - LEAST-SQUARESMETHOD

As seen is Section 2.5, American options can bmatdd using least-squares approach
with a backward path generation. Chan et al. (2p0dsented a simulation method in which the
paths are generated in a backward time sequertus.sdves computer storage by only
simulating the paths when they are needed; howdwegrice of generating the path is that each
random number must be generated twice. In thg@empahan et al. (2004) approximated the
value of continuing using the least-squares scharmieh was originally presented in Longstaff
and Schwartz (2001). In this chapter, the methsdgieast-squares scheme is proposed using a
discrete simulation implementation. First, theoaltnm from Chan et al. (2004) with a slight
modification is presented along with a run timelgsia for the least-squares algorithm. This
method uses the least-squares approach of LongsiafSchwartz (2001), but the adaptation of
the backward path generation allows for less merstuyage required to complete the algorithm.
The further modification from the algorithm presshby Chan et a. (2004) entails using the next
time periods cash flow in the least-squares regresomputations, instead of the maximum
cash flow over all future time periods. Next, thgplementation of the least-squares algorithm
using discrete simulation is discussed. Finalyesal different inputs are used to show the
outputs of the least-squares simulation model,caleith results of using two variance reduction

techniques.

3.1 - Notation
The following notation will be used for the remaigiportions of the thesis:
S = Initial stock price
r = Risk-free interest rate
K = Strike price
o = Stock volatility
N = Number of time periods
At = Length of each time period (in years)

M = Number of paths
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T = Expiration time
Z ~ Independently identically distributed fras{0, 1)

W=2Zy+Zy *t. .ty

3.2 - Algorithm
An adaptation of the algorithm given in Chan e{2004) is implemented for one of the
models of this research. The least-squares appafdoongstaff and Schwartz (2001) is used
with the addition of backwardly generating patkowever, in the linear regression portion, the
previous period’s cash flows are used insteade@hthximum cash flow from all future time

periods. The algorithm is now presented as follows

Step 0.System Inputs:
(a) Initial stock price &)
(b) Risk-free interest rate’
(c) Strike price K)
(d) Stock volatility (0)
(e) Number of time periodsN)
() Length of each time period in year (
(9) Call or put option

Step llnitialization:
(a) Set the seed for the initial path to any positivieger.
(b) Generate the random numbgdor each path=1, 2, ...M and

compute their sur.

Step 2ComputeS, for the expiry datd@ using:
S =S, expl[r - %ot + ov/Atw) . (3.1)
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Step 3Compute the cash flows for each path using onkeofdllowing:
_ max{K - S (t), 0} givenputoption
P(j) = { ‘ (3:2)

max{S, (t) - K, 0} givencalloption

Step 4Backup one time period; seti —1.
(a) Using the same seed sequence, ex#agt and compute
W =W =Ly
(b) ComputeS.; by using (3.1).

(c) Extract the next seed value.

Step 5Compute if the option is in the money for each patRor each path:
(a) Let X be the vector containing asset pri€eandY be the vector
containing the corresponding cash flows receivadhtime period,
which have been discounted backward toithéme period.
(b) Regress using least-squares approach to estineatalile of

continuing using the Eq. (2.6). This will resuitthe conditional
expectation functiorE[Y|X].

(c) Compute the value of continuing usiE£Y|X] and the value of

immediately exercising using Eq. (3.2).
(d) Determine whether to exercise the option immedyaiehold the
option until the next time period, based on whicreg the higher
expected value. Establish the current cash flawslitional on not
exercising prior to time periadusing:
c (i) = {cashflow if CaSITTfIOW > E[Y|X] (3.3
0 otherwise

(e) Compute the present value of the cash fleyi3 given by:
R(j)=maxC (i), ™R(j)}- (3.4)

Step 6If at time period one terminate, else go back &pSt
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There are two main contributors to the computatieffart required for the least-squares
algorithm, which are computing the stock price aal¥ing the least-squares regression
equations. For the stock price computation of 2tegstock price must be computed for every
pathM and every time periol, so the running time is @M). To solve the least-squares
regression equation of Step 5*%83matrix must be solved, and the least-squaregssign
equation might potentially be solved a totaNofimes, i.e. 3. Therefore, the running time for
the least-squares regression equation portionNg,@ad the running time for the entire least-

squares algorithm is QM).

3.3 - Implementation and Computational Experiments
While Section 3.2 presented the least-squaresiddgowith backwardly generated paths,
this section discusses the implementation and ctatiponal experiments associated with this
algorithm. Unlike most financial engineering algoms, the program created here was using
discrete event-based simulation software, ArenteierAhe model was created, multiple sets of
inputs are explored to show the performance ofrtbdel.

3.3.1 - Least-Squares Simulation Model

Traditionally, financial engineering problems wemulated using math software, such
as MATLAB, general purple programming language sashC or C++; however, in this
research a discrete event simulator software caélteda, from the Rockwell Automation, Inc
(Rockwell Automation) is used to greatly simplifyetprogramming efforts and complexity. The
following parts will describe how the algorithmlefst-squares is simulated.

The first step from the algorithm given in Sect@ (Step 0) is to enter the system
inputs. These inputs need to be stored manuathtive variables by assigning each variable an
initial condition. Also, each entity in the modeglsimulating a unique path; e.g. 50 entities will
create 50 sequences of possible stock prices bggrlanned horizon referred as the “paths”.
The program was designed to simulate 200 pathssdvube easily modified to create fewer or
more paths by changing the number of entitiesdh@asent into the simulation system.

Next, a loop is created to complete Step 1. Eatiyas given a number that represents
the path number, so that each path can be dissihgdiin future computations. Then the random
numbers from a normal distribution are generatdt specific seed values. Two hundred pairs
of seed values were used to initialize in the satoih system. The following equations give the
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general form for normal distributions in Arena, dhdn the specific form used to generate the
random number in the model.
Z; = Norm(mean,standardieviation, seedvalug (3.5)
= Norm (0, 1, pathnumbej.
Since the seed value specified as the path nuraael, entity has a unique random number
sequence. Each entity will then add the geneftedlue towand continue to loop until all
time periods have been completed.

To complete Step 2 and Step 3, the model then ctasplie stock prices for each time
period according to the formula given in Eq. (3.Then, the associated payoff is determined
using Eg. (3.2) based on whether an American calneerican put was specified initially.

Next, the model creates another loop for Stepdutin Step 6. Since this loop simulates
the backing up of time periods, the next valuenefdeed sequence needs to be extracted.
Remembering that the seeds are inputted into theehiio pairs, the entity needs to call up the
corresponding pair value for the second generatidhe standard normal distribution. Since
both the value of seed number 1 and number 20thareame value, the second time generating
the standard normal needs to call up the 201 valile modified form of Eq. (3.5) is given
below:

Z; =Norm(0, 1, pathnumber+200) . (3.6)

For computing the least-squares estimators, tlaredem Visual Basic for Applications
(VBA) subroutines were used within the Arena sintinlamodel. The first subroutine read and
stored all input data into the variables or vagadnirays. Then, all entities wait until each path
has completed the first subroutine before allovihreysecond subroutine to fire once. The
second subroutine calculates the estimate of tjression coefficients &, £, andf; from Eq.
(2.3) — and then, the value of continuation. Thiba,decision on exercise the option
immediately or hold until a later time period isaéyated by Eq. (3.4) and the present value of
the cash flows is computed by Eq. (3.4). Finah third subroutine is used to store all
necessary values back to the simulation modelderater in the program or for outputs of the
program.

Since the loop simulates Step 4 through Step & tmefirst time period is completed
the loop is completed. Therefore, the simulatiaa started with the final time period, evaluated
each time period in a backward fashion, and end#dthe first time period. Since there is no

23



termination condition — for example, simulation éiror number of paths that have been
exercised — the simulation is considered non-teaitmg. Hence, the simulation stops when all
paths have executed through the logic.

Once the simulation is completed, the outputs eftiodel are collected and written to
output files, although this is not necessary ugingna. The user could decide to use Arena
internally to compute required statistics — sucharages, minimum, or maximum — for the
users, but here the raw data was written to fdesie in graphs and tables. Figure ?? contains
the simulation model used for the least-squarefiodet The discussions on the computational
results generated from the proposed discrete eumotation model are presented in Section
3.3.2.

Regress using Least-5quares

Elements

Sesds
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Evaluate Time Period
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Figure 3.1 - L east-Squar es Simulation M odel
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3.3.2 - Computational Results

Using the least-squares simulation model sevetaladenputs were tested to show the
performance of the model. As explained in Sec®@) American call options will rarely be
exercised early without dividends, therefore onipigkican put options were considered when
testing the simulation models. This does not inthéymodel cannot accommodate an American
call option, the American put was simply chosenge for the computational tests. The first
section gives four examples and their correspondiaghs to show the influence of inputs on
the stock prices that are generated by the mobie. next section gives the resulting cash flows
and optimal exercise time that are generated bynibdel. Finally, Example 6 and Example 7
show how antithetic variate and control variatdtegues can be used to reduce the variability

in the model.

3.3.2.1 - Example 1 to Example 4

Example 1 through Example 4 has two different pganputs and two different time
period inputs. The two pricing inputs were choaéh a small verses large difference in price.
The small difference is only $2, while the relatiarge difference is $10. The stock volatility
also is given either a high value of 0.20 or a i@le of 0.05, corresponding to 20% and 5%
variability, respectively. Similar to the pricimgputs, the time period inputs were given a wide
range for the two inputs chosen. One set of inpsésl a large planning horizon of a year and a
small number of time period, resulting in a longipe length of 73 days. Conversely, the
second set of time period inputs use a moderateplg horizon of a quarter of a year, along
with a modest time period length of a week. THWing table gives the input combinations

for each run of the model for the first four exaesl

Table3.1- Least-Squares Model Inputsfor Four Test Cases

Parameter Symbol Inputl Input2 Input3 Input4
Initial Stock Price S $100 $100 $125 $125
Strike Price K $112 $112 $135 $135
Stock Volatility o 0.20 0.20 0.05 0.05
Interest Rate r 0.08 0.08 0.08 0.08
Length of Each Time Period At 0.2000 0.0192 0.2000 0.0192
Number of Time Periods N 5 13 5 13
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Each set of inputs from Table 3.1 were run usimgléast-squares simulation model.
Each set of inputs was run using 200 paths to sitedhe behavior of the real stock prices. Note
all models used the risk-free interest rate of 8 the length of the time periods are reported in
years. Therefore, Input 1 and Input 3 are simdl&e one year, while Input 2 and Input 4 are
simulated for a quarter of a year and each timeg@eorresponds to a week. The stock prices
generated from each path were then graphed vensesand the resulting four graphs are

following.
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Figure 3.2 - Stock Priceswith Input 1 Figure 3.4 - Stock Priceswith Input 3
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Figure 3.3 - Stock Priceswith Input 2 Figure 3.5 - Stock Priceswith Input 4

In comparison of the graphs, the vertical axisell ftonstant from $50 to $200, while the
horizontal axis depends on the length of time bsingulated. The stock prices follow the
general shape of increasing variability with insiag time, and the variability is symmetric
about the initial stock price. This confirmed ttea that patterns of the stock prices
approximate the Brownian motion. The input of $hack price volatility determines the amount

of variability that is prescribed in the simulatiorodel. In these examples, the graphs
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corresponding to the stock volatility of 0.20 — g 3.1 and Figure 3.2 — have noticeably wider
spreads at the final time period than the grappscti in Figure 3.3 and 3.4 with the stock
volatility of 0.05. In contrast to the variabiljtthe shape of the graph is not dependent on the
input of initial stock price (another input paraerein the simulations). If the stock price in
Input 1 was lowered from $100 to $80, the graphld:simply shift down in the vertical axis,

but the general shape would not change since dqeesk dedicated by the stock volatility.

3.3.2.2 - Cash Flow and Optimal Exercise Times (Example 5)

Example 5 gives the present value cash flows asaocgged optimal exercise times that
are generated by the least-squares model. Usinigploits from Example 4 — which are given
under Input 4 in Table 3.1 — ten paths were simedlatTable 3.2 gives the cash flows for each
path of the American put option. The current valagthe cash flowB;(j) are calculated by Eg.
(3.2) or Eq.(3.4) depending on the time perioder€fore, it is either the value of the cash flows
conditional on not exercising prior to time perigdr the previous cash flow valig1 (j)

discounted back to the current time period

Table 3.2 - Present Value Cash Flowsfor Example 5

Path j  Po(j)  Pi(j) Po())  Pa()  Pa()  Ps()
1 291 2.96 3.00 3.05 0.00 0.00

2 454 462 469 477 484 391

3 3.49 3.54 3.60 3.66 3.72 5.79
4 0.00 0.00 0.00 0.00 0.00 0.00

5 11.73 1192 1211 1231 1251 1437
6 3.55 361 3.67 3.73 3.79 5.79

7 0.00 0.00 0.00 0.00 0.00 0.00
8 6.70 6.81 6.92 0.00 0.00 0.00

9 5.07 5.16 5.24 5.32 541 448
10 1446 14.70 1493 15.18 1542 17.23

Average 5.25

As Table 3.2 shows, the American put option is navéhe money for Path 4 and Path 7,
while it is in the money for at least one time pdrfor all other simulated paths. Since the
present value of the cash flows is either the timmé period’s payoff discounted back to the

current time period or the value of exercisingha turrent time period, a non-zero value does
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not specify which of these scenarios exist for éank period along the path. Therefore, the
program also reports the time period when the vafusmmediately exercising is greater than the

value of continuation. The exercise points foripée 5 are given in Table 3.3 below.

Table 3.3 - Exercise Period for Example5

Path j T1 T2 T3 T4 TS5

1 0 0 X 0 0
2 0 0 0 X 0
3 0 0 0 X 0
4 0 0 0 0 0
5 0 0 0 X 0
6 0 0 0 X 0
7 0 0 0 0 0
8 0 X 0 0 0
9 0 0 0 X 0
10 0 0 0 X 0

Using the information about when each period ig@ged and the cash flow value at the
point of exercising, the value of an option carcbmputed. The value of an American put
option is given by:

> e cashflow,

vV =- :
Numberof paths

(3.7)

Regardless of the exercise time, the cash flowsliam®unted back to period zero and then
averaged to obtain the value of the option. Tlsealint factor for the cash flows is dependent
on which time period the put option is exercis@@ble 3.2 also gives the discounted cash flow
values for each path and the associated valuesdAiinerican option is $5.25. The value (or the
price) of the option allows users to estimate houcimthey should be willing to pay upfront to
buy the option. Since the initial price of mostiops is relatively small compared to the price
and high volume of trading, the mathematical maldels not include this initial cost. The
computed value of Example 5 tells a user thataf/ttound an American put option with the
specified inputs and the underwriters were offethgoption for $3.50, the user should buy the
option since the average value of the option i2%5However, if the underwriters were offering

the option for $6.00, the user would know thatdkierage value of the option is below the initial
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price; therefore, it is not advantageous to buyoibton or the user themselves can offer

(underwrite) another put option with lower than®bBprice to guarantee a profit.

3.3.2.3 - Antithetic Variate Variance Reduction Technique (Example 6)

Antithetic variate technique is a variance reductechnique that can reduce the
variability of the simulation outputs. A summaigalssion of the antithetic variate method was
presented in Section 1.1.3. In general, the aitdlvariate technique can be used for any model
output that is dependent on a random number gemerBor Example 6, the variance in cash
flow of the American put option is reduced. Howetbke variance could have also been
reduced in other outputs that were dependent oF; threcwvalues, the average stock price for
example.

The inputs for Example 6 are given in Table 3.1ardput 3, and 10 paths were used to
generate the example. The model was run for 2 atjpns for each system. The resulting
cash flow payoffs are given in Table 3.4 below.
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Table 3.4 - Antithetic Variate on L east-Squar es M odel

Antithetic Variate Payoff = Base System

Replication

Raw Data @ Paired Data Payoff

4 5.79 4.90 315
6 7.19 5.81 542
8 6.20 4.67 273
10 5.96 5.07 451
12 8.00 6.71 7.00
14 9.77 7.34 473
16 10.06 6.39 734
18 6.88 6.81 8.76
20 658 5.54 4.56
Average over Replications 5.99 5.19
Variancein Replications 0.853 2.664
F-statistic 0.3201
Reject? Yes

According to Eq. (1.2), the payoffs from each paithe antithetic variate technique are
averaged together. The average over the 10 réphsas then computed and compared to the
straight average cash flow payoff from the baséesys The sample variance is also computed
for each system. As Table 3.4 reports, the average flow for the antithetic variate method is
$5.99, and the average cash flow for the basemyist85.19; therefore, both systems produced
similar average cash flow values. In contrastyvémgance in the replications between the
systems is considerably different. The varianchébase system is 2.664, while the variance in
the antithetic variate system is 0.853, a 68% redinic
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A formal hypothesis test was conducted to teseikthere was a difference in the

variances between the two systems. The null hgsihs that the variances are equal,
o,° =0, verses the alternative of unequal varianggsz ¢,°. TheF-test determined the

variance in the replications between the antitheaitate and base system is significant at a 95%
confidence level. Also, the corresponding confmiemterval on the difference in system means
is (—0.16, 1.76) at 95% confidence level; theretbeesimulated average stock prices are not
significantly different at a 95% confidence level.

Since the number of paths in the above exampldasively small, Example 6 was
repeated using an increasing number of paths.rdhdting average stock prices and variance in
stock prices, along with results from thdest at 95% confidence level are reported in T&tbe
below. The degrees of freedom for test are reported for the numerator (antitheticate

system) then the denominator (base system).

Table 3.5 - Antithetic Variate Results Varying the Number of Paths

# of Antithetic Variate System Base System Deg. of o
Paths - : F Reject?
Average Variance Average Variance Freedom
10 5.99 0.853 5.19 2.66 0.3201 9,19 Yes
15 5.72 0.699 5.09 1.631 0.4285 9,19 No
25 5.50 0.501 5.15 0.945 0.5303 9,19 No
50 5.31 0.241 5.14 0.436 0.5533 9,19 No
200 5.40 0.083 5.43 0.112 0.7370 9,19 No

As Table 3.5 shows, the number of paths does fettahe average stock price greatly,
while higher number of paths affects the varianevben the replications. Even increasing the
number of paths by five causes the F-test to daieject the null hypothesis. Therefore, there is
no proof that the antithetic variate technique picas significantly lower variances when the

number of paths is above 10.

3.3.2.4 - Control Variate Variance Reduction Technique (Example 7)
The final example for the least-squares model tieesontrol variate technique to reduce
the variability in the stock price. For an ovewief the control variate method please see

Section 1.1.4. In particular, the control varitgehnique uses two simulated prices and one
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theoretical value to remove the unnecessary vagigre Monte Carlo simulation produces. The
formula for the adjusted American stock price &egi by Eq. (1.6) in Section 1.1.4, and states
the simulated European option price and the theattedr Black-Scholes value can be combined
to contribute nothing to the expected value ofAngerican option pric&(fa), but reduce the
variability, see Eq. (1.4) and (1.5). The valuehaf parametea that minimized the variability in
the adjusted value is given in Eqg. (1.3). It desdhe covariance between the original option and
the control variate, with the variance of the cohtiariate. In this case, the original optionhie t
simulated American option and the control variatéthe simulated European option.

The inputs for Example 7 are given in Table 3.1aridput 3 and the simulation was run
using 200 paths. The first ten paths are giverainle 3.6; however, all paths are used to

calculate the summary statistics given at the botdthe table.

Table 3.6 - Control Variate on L east-Squares Model

Sim. American Sim. European Black-Scholes Adjusted American

Rep. fa fe fes fc
1 131.95 139.27 135.54 129.63
2 130.16 131.09 135.54 132.93
3 131.28 129.21 135.54 135.22
4 122.49 120.63 135.54 131.77
5 131.21 129.21 135.54 135.15
6 129.59 13.052 135.54 132.72
7 119.58 117.77 135.54 130.64
8 123.72 123.18 135.54 131.41
9 131.43 130.89 135.54 134.32
10 124.25 124.11 135.54 131.36
Average 129.87 132.02
Variance 13.630 3.687
F-statistic 3.696
Reject? Yes

The covariance between the simulated American pgiice and the simulated European
option prices is 15.774, and the variance for thefgean option prices is $25.345. Based on the
covariance and variance, the paramateras computed as 0.622. As Table 3.6 shows, the
variance difference is large between the originalefican option and the adjusted American

option value. Again, aR-test was conducted to test if there was a difieean the variances
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between the two systems. The null hypothesisaisttte variances are equal’ = ¢,”, verses

the alternative of unequal varianceg # o,”. The resulting=-statisticsis 3.696, so the
variances are significantly different at 95% coafide level. Therefore, the control variate

technique significantly reduces the variance inAheerican options for Example 7.
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CHAPTER 4 - FINITE DIFFERENCE METHOD

Section 2.4 introduces another method of evalugiimgrican options using a stochastic
mesh and either finite differences or finite eletrtechniques. Achdou and Pironneau (2005)
propose an algorithm that creates the exercisedaoyiby finite difference method. They also
provide a C++ code to compute their Front-Traclkatgprithm. In this chapter, the finite
difference method is first discussed. Then, théhotusing the Front-Tracking algorithm from
Achdou and Pironneau (2005) to create the exebcigadary and the simulation model is
presented, along with a running time analysislieralgorithm. Finally, the outputs of both the
Front-Tracking algorithm and the simulation mod& presented.

4.1 - Background
Regardless of which solution procedure is usedlgtirithms of this type require a
stochastic mesh. A stochastic mesh is a grid iichwvpoints correspond to a time period and a
stock price. Generally, the time and stock pniterivals are equally spaced,/sto= T/N andAS
= Sna!Q; therefore, there are a totalld#1 time periods an@+1 stock prices. The time points
and stock price points create a grid consisting wftal of N+1)(Q+1) points, and an example is
given in Figure 4.1 below.
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P Time, t
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Figure4.1 - Stochastic Mesh

34



For a given pointi(,j), the corresponding time periodifsT and the stock price JAS
and then the value of the option at the same gpiptwould bef;;.

After the grid or stochastic mesh is created, thiéef difference method can be
preformed to determine the exercise boundary. éraer two forms of the finite difference
method, which are distinguished by whether theasre generated forward or backward in
time. A graphical depiction of the difference beém the two methods is given in Figure 4.2

below.

f .
L f.l'+‘.f, )
Fo
e fivt, | fii ® fig )
f .
i1 f,-+m-.1

Figure 4.2 - Difference Between Implicit (left) and Explicit (right) Methods

As the figure shows, the implicit finite differenogethod is the forward approximation and
explicit is the backward method. For a symmetraggdroximation, an average of the high and

low point are used to obtain the next value inithglicit method, the expression is as follows:

ﬂ - fi,j+l - fi,j—l ' (4'1)
0S 2AS
Similarly, the equation relating the next value/dtand the previous valuer( )At:
fo.—f.
UL (4.2)
ot At

This leads to a finite difference approximation &6rf /0S? at the pointi, j) as follows:

0°f _ fi,j+1+ fi,j—1_2fi,j
0s? AS? | “9

These values can then be plugged into the diffedesuation that the American put option

must satisfy, Eq. (4.4), and be simplified into &5).
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2
ﬂ+ Sﬂ+0502826 ]; =rf (4.4)
ot 0S 0S
a;fi o +bf +cf =1, (4.5)

where
a; = 0514t - 0507 j4t,
b, =1+0?%j*At +r4t, and
c, =-05rdt-050%jAt.
Eq. (4.5) defines all interior points for the gri@lhe points along the edges of the grid are

defined by the following boundary conditions:

+ The value at tim& (ie. Upon expiration), f, ; = max(K - JAS,0)
» The value when the stock price is zer, =K

* The put option being worth zero wh8n= Snax
From Eg. (4.5)Q-1 simultaneous equations must be solved in omlealculate the poirft; asj
=1,2,..Q-1foralli=1, 2, ...N. Therefore, the simultaneous equations will nedake solved
a total ofN times. Since solving a system of linear equatisisg LU decomposition has a
running time of O 3), the running time for solving the system of lineguations is Q"™ 3).

For the explicit finite difference method, the asgtion thatdf /0S andd?f /dS*are
the same at point, () as at pointi¢ 1, j). Then Eqg. (4.1) and (4.3) can be simplified esgllts
in the following modification of Eq. (4.5):

fii=alfiga+tb iy ¢/ i n (4.6)

where

x| ~0.5(At + 0.5 °At |

1+ r At

b= [1 o’ jZAt} , and

THrit At

J

¢) =z 0.5jAt + 0.5 °At |

Upon examining the implicit method, Eq. (4.5) rek&three different values at tindg and one

value at timeif 1)At. Conversely, the explicit method given in (4 &ptes one value &t and
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three different values at timer(L)At. The advantage of the implicit finite differenoethod is
that it is very robust and always converges tosthiation of the differential equation AS and
At approach zero. As stated above, the implicit oektlequires solviniyl-1 simultaneous
equations, but the additional assumptions for #pdi@t method allows for computational
simplification.

In Achdou and Pironneau’s (2005) Front-Trackingoaltym, the explicit finite
difference method described above is used. Therdifce between the generic explicit finite
difference method and their Front-Tracking algamtis the method to solve the simultaneous

eqguations.

4.2 - Algorithm

The algorithm for the second model of this reseaisd#s a stochastic mesh and finite
difference method to determine the optimal exertise for American put options. It first
calculates the exercise boundary, then simulategiherican option price to see if the current
price in the exercise region. The same notatiesgmted in Section 3.1 is used here, with the
addition of the following:

P = American option payoff

y= Function leading to the exercise boundary

n = Partition on interval [OT] into subintervalst].s, t)] wherel< n< N

h = Maximum size of the subintervals &n

(O, 5) = localized interval for the problem

The algorithm is as follows:

Step 0.System Inputs:
(@) Initial stock price &)
(b) Risk-free interest rate’
(c) Strike price K)
(d) Stock volatility (©)
(e) Number of time periodsN)
(N Length of each time periodi)
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Step 1Create exercise boundary using Front-Tracking Allgor (Achdou and
Pironneau, 2005)
(@) Choosek such thaty! ™ = S, .
(b) Solve discrete finite difference problem correspogdo:
PT =P _ o (S4,)S" aZP; _rsap” +rP" =0 for y! <S<S
At 2 0S 0S

n

P"=P, for0O<S<y,
and P"(S) = 0.
(c) Stop ifP" satisfiesP" > P, and the following:
Ov, (P"-P™v-P")+ata (P",v-P")20
else, shift the poiny; to the next node on the mesh left/right

according to which of the constraints is violatedP.

Step 2Generate simulated stock prices using Black-Schede$2.4), which uses
the standard normal parameter adaptation of thevi@ies motion
distribution.

Step 3.Compare the current stock price with the exercaedary. If the stock
price is in the exercise region, then discontirfeefath generation since
the American option would be exercised. Else,ioometto the next time
stept+1 and go back to Step 2.

For the running time analysis of the entire aldont consider two portions individually

first. For the Front-Tracking algorithm (Step f¢all that solving a system of linear equations

using LU decomposition has a running time oNG), the running time for solving the system of

linear equations is (01“3). When analyzing the simulation portion (Stepd 8), the stock

prices might be searché&ttimes for each path, resulting inKINl). This loop would need to be

completed a maximum of times, so the running time for the simulation jworis ON *M).

For the entire finite difference algorithm, the mimg time is OQN3 + N 2M).
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4.3 - Implementation and Computational Experiments
This section presents the implementation of a ststehmesh and implicit finite
difference method, along with experimental resa#tsociated with the simulation model. As
with the previous chapter, the discrete event-bagadlation software, Arena, was used to
create the simulated model; however, the FrontkingcAlgorithm from Achdou and Pironneau
(2005) was written in C++ code. The Front-Track#igorithm was used to calculate the
exercise boundary, and then used in the simulatiotel. The rest of this section shows the

experimental results of the model.

4.3.1 - Finite Difference Model

Unlike the previous least-square model, therevaceseparate programs that need to be
run to complete the mesh and finite difference rho&est, the Front-Tracking Algorithm from
Achdou and Pironneau (2005) needs to be run us@gtacode complier, and then the created
discrete event simulation in Arena can simulateAheerican option. The following paragraphs
will describe both the C++ code and simulation magenponents.

Although the Front-Tracking Algorithm of Achdou aRi&tonneau (2005) is not used
until Step 1 of the mesh method, the code mustibédefore the simulation model can be
started. Since Achdou and Pironneau (2005) provadlecoding components for their Front-
Tracking Algorithm, the program simply needs tocbenpiled and ran. The interest rate, stock
volatility, and the strike price are the inputsitihe code, while the maximum stock price is
defined as $200 and the time to expiration is @efiaver one year. The maximum stock price
and time to expiration can also be changed if 8er would like. However, the parameters only
effect how big of a mesh is created. The maximtouksprice needs to be sufficiently above the
simulated values to ensure the mesh is large enaumghfor the examples it remained at $200.
The program is also specifies the time period & wear is broken down into 400 interval§ (
and the stock price is into 200 intervai$)( These parameters can also be modified in tbe co
if the user feels that they cause intervals toobentide, but for all examples in this section the
intervals were kept as the default values.

The first routine of the code creates the stocbasésh, and then the value of the option
is evaluated at each point. The code only allawdA\imerican put options to be considered since

the payoff value is always equal to the strike @pnuinus the stock price on the grid. Once the
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payoff for each point is calculated, the secondauiine determines if the stock price would be
exercised at the corresponding time period anckgidce. Step 1(c) determines if the American
put option would be evaluated, and shifts the fimmcparametey to the next grid point

according to which constraint is violated. Once ¢ixercise boundary subroutine is finished, the
code creates two output files: stochastic mesheaedcise boundary. The Front-Tracking
Algorithm is now complete and preparations for Anena model can then be preformed.

The exercise boundary output from the Front-Tragldigorithm is saved as a text file,
but Arena primarily uses VBA code to interact witlicrosoft Excel, not plain text files.
Therefore, the input file for the Arena code isExel file with the exercise boundary points and
corresponding stock prices imported into the fingi columns. With the input file completed,
the Arena model can be executed.

The first step of the Arena model is to input sigestem parameters into the appropriate
variables. Next, Step 2 is completed for the firse period using either (2.3) or (2.4), since Eq.
(2.4) reduces to (2.3) wheiris equal to zero. The simulated American optinogs were then
checked to see if it has reached the exercise laoyrygt. The VBA code looks up the exercise
boundary price at the current time period, and thetermines if the simulated price is above or
below exercise boundary price. If the simulatadepis less than or equal too the exercise
boundary price, then the value of the option iswalted and the path is discontinued.
Conversely, if the simulated price is above the@ge boundary price, then the time period is
incremented by one and the next stock price isutatied back in Step 2. The loop stops when
either the American put option is exercised or lheadhe expiration time. Similar to the least-
squares Arena model, the value of the option ift@vrito an output file for reporting purposes.

4.3.2 - Computational Results
Using similar inputs as the least-squares Arenaamalde Front-Tracking Algorithm
followed by the mesh Arena model were tested tavsthe performance of the method. As
Section 4.3.1 explains, only American put optioas be tested, since the Front-Tracking
Algorithm only computes the payoff for put option®nly evaluating put options is also
consistent with the discussion found in Section Z:Be experiment is given by Example 8, and

entails the basic outputs from the method.
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4.3.2.1- Example 8

For the first example using the mesh method, thputs from the Front-Tracking
Algorithm are presented. The American put optias & strike price of $112 and a stock
volatility of 0.20, while the risk-free interestteas 8%. The stock price maximum was kept at
$200, and the grid was kept at 200 divisions fergtock price and 400 intervals for the one year
time period. After the stochastic mesh is createg payoff at each point is also computed.
Since the option is a put, the payoff is the ddfeze between the strike price and the stock price.
Therefore, as the stock price increases, the ftag&ff decreases. A portion of the stock payoff

grid that is created from the inputs is contaimethe figure below.
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Figure 4.3 - Portion of the Payoff Grid for Example 8

The grid that is generated from the Front-Trackihgprithm has equally spaced
intervals for the stock prices and the time perjadthough the length of each interval is
different for each axis. With 400 intervals ovesree year time period, each interval is 0.0025
years in length, while 200 intervals for $200 gieesh interval a length of $1. In Figure 4.3, a
portion of the grid from Example 8 is given. Thedgs shown for the time period O to time
period 0.02 and the stock payoff of $102 to $1The stock payoff axis might appear reversed;
however, a $111 payoff value corresponds to $lkgtdce value on the grid. Therefore, the
lowest stock price value would be $1 and the lodiest period value would be 0, so the payoff

of the option at this point (0, 1) would be the $khown in Figure 4.3.
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In addition to creating the stochastic mesh, tlentmTracking Algorithm also determines
the exercise boundary for the given American ptibop The exercise boundary that is created
from the inputs for Example 8 is given in Figurd Below. The strike price is the constant red
line at $112, while the exercise boundary is gilgrthe blue line. The general shape of the
exercise boundary is the same as in Figure 2.1ehemthe lowest exercise price is much higher
than the general picture. The higher exercisee@idime zero creates a larger exercise region;

therefore, the option in Example 8 would have déidikelihood of exercising.
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Figure4.4 - Exercise Boundary for Example 8

Finally, the simulation model can be executed &edcbrresponding cash flows and
value of the American option can be computed. &ltih 200 paths were simulated using this
model, the output for the first 15 paths are giwethe following table. Table 4.1 below gives

the cash flow value and the exercise time periodhii® American put option.
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Table 4.1 - Finite Difference M ethod Payoffs

Exercise

Path # Cash Flow Time Period

1 17.54 2

2 17.08 1

3 24.04 1

4 20.44 1

5 21.00 1

6 0.00 N/A

7 0.00 N/A

8 21.77 2

9 18.72 1

10 0.00 N/A

11 19.74 5

12 17.31 1

13 0.49 5

14 0.00 N/A

15 20.06 4
Overall 12.14
Average

The cash flow for each path is equal to the pawbién the option is exercised or zero if
the option is never exercised. If the option isreised the period number is listed in the table,
else the exercise time period is not applicablee dverall average in Table 4.1 is the value of
the American put option using all 200 paths. Udtag (3.7), the value of the option in Example
8is $12.14.

4.4 - Conclusion
The finite difference method approximates the ddalifferential equation, compared to
finite element which approximates the differenéglation’s solution. There are two
implementations of the finite difference method jehhdiffer by whether the values are
generated forwards (implicit) or backwards (expjiciThe Front-Tracking algorithm from
Achdou and Pironneau (2005) uses the implicitdiiifference method to calculate the exercise
boundary. The advantage of the implicit methoitha it is very robust and always converges to

the solution of the differential equation&aS andAt approach zero. The tradeoff for this robust
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method is the large memory requirements and extercsimputational efforts in solving a
system of linear equations in each time periochc&a complete stochastic mesh must be
created before the finite difference method cam@pmate the differential equation, the
(N+1)(Q+1) grid must be stored into the computer memdnyaddition to the large memory

requirements, the finite difference method hasrestt® computational efforts. The running time

analysis resulted in @' + N ?M) for the entire finite difference algorithm. Iprlusion, the
implicit finite difference method might be robubyt the computer memory required to store the

grid and the computational efforts are large obsgifor the algorithm.
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CHAPTER 5- COMPARISON OF COMPUTATIONAL RESULTS

Simulating American options is relatively easy witle current computing power, but
determining when to exercise the option can be caatipnally difficult. In current financial
modeling, two theoretical methods of determiningewho exercise American options are used,;
however, a previous comparison has not been coetpldoth methods have been theoretically
proven by Broadie and Glasserman (2004), AchdouParmhneau (2005), Longstaff and
Schwartz (2001), Chan, et al. (2004), and otherd,raumerical results are provided in some
instances.

In this section, both the least-squares methodlaadinite difference method programs
are run using the same inputs, and the outputs thensystem are compared. The first section
describes the formal comparison test methods. nEketwo sections detail two specific
comparisons, while the third section reports tlseilts of all ten comparison tests. Finally, the
conclusions of comparing between the systems willliscussed.

5.1 - Formal Comparison Tests
For each of the ten comparisons, the least-squaoegl and the finite difference method
model were each run for 30 replications with 20thgaimulated per replication. The value of
the American put option given by Eq. (3.7) wasectkd and averaged over each replication.
The first step of the analysis was to determintkaftwo systems had equal variances.

The null hypothesis is that,.> = g.,° verses the alternative hypothesis” # g, where the

legend LS in the depicted tables denotes the Bpsires algorithm and the FD represents the
finite difference method. The correspondiest statistic ang-value are then calculated. The
formal test is then evaluated at 95% confidencellevdetermine if the variances are
significantly different or not.

The second stage compares the means of the twansysising the pairetitests. The
null hypothesis is that/ ¢ — 1/, = @erses the alternative hypothesisiof — 1, # . Dhe

calculatedT-test statistic and the 95% confidence intervakherdifference in means are then

reported. As a result of the pairédest, it can be determined if the two methodssgastically
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different at a 95% confidence level. If the congbiainal results of the two methods are
statistically different, then the higher value loé tAmerican put option results represent the
better system, since an owner would like to maxentieir profits (present values of the payoffs)
on the stock market.

5.2 - Comparison with Input 3

The first comparison of the two methods uses tpatidata from Input 3 in Table 3.1
both models. The average value of the Americaroptibns for 30 replications of simulation
runs with 200 simulated paths in each replicati@used to compare the least-squares method
and the finite difference method. The resultintadar each model is given in Table 5.1 at the
end of the section.

The first step of the analysis was to determirikaftwo systems had similar variances.
Using the null hypothesis of equal variances vetiseslternative of unequal variances, the
resultingF-statisticwas calculated to be 0.72 witlpavalue of 0.381; therefore, the test fails to
reject the null hypothesis that the variances atesignificantly different at 95% confidence
level.

The second stage compares the means for the rsuftshe two methods via a paired
T-test. The null hypothesis is the difference iraneeis equal to zero verses the alternative
hypothesis of not equal to zero. The calculdtesfatisticwas calculated to be 2.48 and the 95%
confidence interval for the difference in meanfi®215, 0.2014). As a result, the results from
the two methods are statistically different at &Q&onfidence level, and thetest shows that
the average payoff from the least-squares methsigimgficantly higher than that from the finite

difference method.
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Table5.1 - Average Option Valuefor Comparison 1

Replication Least-Squares  Finite Difference

1 6.6973 7.0871
3 6.6285 6.4787
5 6.6806 6.6245
7 6.6486 6.6148
9 6.5334 6.6855
11 6.7195 6.5700
13 6.8778 6.4425
15 6.5787 6.6239
17 6.7823 6.5663
19 6.3965 6.5496
21 6.6681 6.4136
23 6.8022 6.1518
25 6.3455 6.8641 }
27 6.7649 6.4124 }
29 6.6329 6.7104 }
Average 6.6804 6.5689

Reject F-Test? No

Reject T-Test? Yes
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5.3 - Comparison with New Parameter Set

The second comparison example uses a new dats &t sputs into the models. The

new inputs for the American put option are thedwihg:

¢« §=9%95

« K=8%100

« 0=0.10

« r=0.08

e At=0.00274 year 1 days
* N=30

Again, both the least-squares model and the fdifterence model were simulated for 30
replications with 200 randomly generated pathsetarh replication. Also, the values (present
value of the payoffs) of the American put optiorrevaveraged over each replication for
comparison purposes. The resulting simulationutstpre contained in Table 5.2 at the end of
this section.

Similar to the previous section, the variancesaahesystem were tested first. The null
hypothesis is the variances are equal versestémmative not equal, just as in Section 5.1. The
resultingF-test statistic is 4.48 and tpevalue is less than 0.001. Consequently, therégstts
the null hypothesis concluding that the variancessgynificantly different at 99% confidence
level.

With unequal variances, the pairédest can be preformed to determine if the average
payoffs generated form the two models are staikyiclifferent. Again, the null hypothesis is
the means are equal verses the alternative hypsibiasot equal. The computddstatisticis
69.64 and the correspondipgyalue is less than 0.001. The 95% confidencevatdor the
differences in means is (1.1545, 1.2235). Theegfar 95% confidence level, the two methods
are statistically different and the mean (averam@fis) for the finite difference method is

significantly lower than the mean from the leastaags method.
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Table5.2 - Average Option Value for Comparison 2

Replication Least-Squares  Finite Difference

1 6.2320 5.0805

23 6.1156 4.8836
25 5.9997 5.0354
6.2414 4.9371

6.0870 5.0034
Average 6.1610 4.9720
Reject F-Test? Yes
Reject T-Test? Yes
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5.4 - Results of the Ten Comparisons
Following the same procedure presented in Sect@aid Section 5.3, the remaining ten
comparison tests were preformed. Each test cedststrunning both the least-squares method
and finite difference method for 30 replication260 paths each. As stated in Section 5.1, an
F-test is first preformed to compare the varianees|, then a paire@-test is conducted to test

the difference in means. The null hypothesesdchdest are given below.

F-Test T-Test
Ho: ULSZ = UFDZ Ho: ts = Hepp =0
vs.Hy 0, #0° VS.Ha o= Hep 20

Each of the ten pairs of comparisons has a diffesenof inputs, corresponding to the six
parameters required for each method. Table 5@xbslimmarizes the six input parameters, the
T-statistic and the conclusion on whether there exists armiffce in means at a 95% confidence
level. If the paired-test rejects the null hypothesis at 95% confiddecel, then the system

which produced the higher average value for the Waae put option is also reported.

Table 5.3 - Results of All 10 Comparisons

Input 1 2 3 4 5 6 7 8 9 10
So $100 $100 $125 $125 $95 $173 $173 $158 $125 $95
K $112 $112 $135 $135 $100 $180 $165 $170 $175 $80

o .20 .20 .05 .05 .10 .30 .30 .35 15 .25
At .2000 .0192 .2000 .0192 .00274 .0025 .0025 .015 .01 .01
N 5 13 5 13 30 30 14 20 85 85
r .08 .08 .08 .08 .08 .05 .05 .05 .05 .10

T-stat. 11.54 49.52 2.48 15.20 69.64 139.19 8.90 69.47 24.14 19.09
Reject? Yes Yes Yes Yes Yes Yes Yes Yes Yes Yes
Higher LS LS LS LS LS LS LS LS LS LS

5.5 - Comparison Summary

Following the formal tests given in Section 5.1¢leaf the ten comparison test runs were

first tested for equal variances and then a pairtebt was preformed to test for the difference in
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means between the least-squares and finite ditfererethods. As the formal comparisons
show, all ten comparisons result in a significaffedence in means at 95% confidence. For zero
out of the ten test comparisons, the least-squmaetisod produces higher American option value.
For an owner, a higher option value relates taghdti cash flow payoff. Even though none of
the ten comparison cases proved the finite difieenethod produces higher values, the least-
squares is not guaranteed to produce a bettemoypdioe. However, in general the least-squares

method produces a higher average American putmopttie than the finite difference method.
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CHAPTER 6 - COMPARISON OF MODELS

Presently, two theoretical methods for solvingapémal exercise problem of American
options exist, but a numerical comparison betwbeemtodels has previously not been
preformed. In this section, several factors wallused to compare the two methods. First, the
results from the ten comparison tests will be axedy Next, the ease of implementation and the
degree each system is streamlined are evaluaiedllyi-how fast each program executes and

the efficiency of memory storage for each systenormpared.

6.1 - Formal Statistical Tests

As Chapter 5 shows, the least-squares programhanfthite difference method produce
significantly different average value of the Amancput option. From all ten comparisons, the
least-squares method was found to have a higheagee@alue for an American put option value
than the finite difference method. Therefore,rarestor would be willing to pay a higher initial
price to buy the option from using the least-sgsanethod program. Although, the least-
squares method is not guaranteed to produce a bptten value. Thus, the two methods
produce statistically different American put optiadues; however, in general the least-squares

method produces better values for American pubopti

6.2 - Ease of | mplementation

In addition, the two methods of determining theropt exercise time also differ in ease
of implementation. Since both programs were createng the discrete simulation software
Arena, neither program involved low and complicdaakls programming to simulate the stock.
However, the finite difference method program ceddbr this research did not require low
levels of programming since the exercise bounday already created by the program
published in Achdou and Pironneau (2005). To moygthe entire finite difference method
algorithm would require solving th@-1 simultaneous equations by L U decompositionyimat
inversion, or other means. These methods areamdrglly accomplished using a higher levels
of programming; therefore, to create a self comtimplementation that simulates the entire

algorithm would require a much lower level of pragyming.
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Compared to the finite difference method, the lsgstares model requires a higher level
of programming to complete the entire algorithmhe Tost complex programming component
of the least-squares method is solving the leasttss$ equation, found in Step 5 of the algorithm
(Section 3.2). The regression coefficients areesbfrom matrix computations: multiplication,
inversion, and transpose. These matrix computatienrequire some higher knowledge of any
programming language, but solving a system of lieg@ations requires an even higher level of
programming. Hence, the finite difference methodasier to implement than the finite
difference method.

6.3 - Degree Streamlined

After the algorithms are implemented, the degreehizh each program is streamlined
can be examined. In the least-squares model, g@rameter inputs need to be inserted into the
model, along with the number of paths to be sin@alatThen the model can run to completion.

Conversely, the finite difference method prograrms tveo sets of inputs, three for the
Front-Tracking Algorithm and six for the simulatiomodel. After the inputs are placed into the
programs, the exercise boundary program runs t@kimn. The resulting exercise boundary is
then also an input into the simulation model, drelsecond program can finally be run to
completion.

Since the least-squares model requires fewer irgdonly executes a single program,
the least-squares program is more streamlinechéuser than the finite difference method

double programs.

6.4 - Running Time Analysis
Another difference between the models is the amofitime to execute each program.
A running time analysis for the least-squares netibaliscussed in Section 3.2, while the
presentation of the running time analysis for ihéd difference method is found in Section 4.2.

The running time for the entire least-squares neth@(NM), and the running time for the

finite difference method is (QX\'3 + N 2M), whereN denotes the number of time periohfsis the
number of paths simulated, a@depresents the number of stock price intervals.

Comparing the running times for the two proposethods, the worse case scenario for
the finite difference method grows much faster ttte@nworse case for the least-squares method.
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For an investor who is looking for real-time infation, the least-squares model has the
potential to provide more timely information whére thumber of time periods, or the number

of paths simulateM is large.

6.5 - Efficiency of Memory Storage

Lastly, the efficiency of memory storage for eachdel can be explored. For this
discussion, only the required storage will be dssedl. The storage used to collect statistics and
information not vital for the program to run to cpl@tion not will examined. Many approaches
for simulating American options are very costlyt@énms of computer memory requirements
since the entire path needs to be generated aratidiefore the optimal exercise point can be
determined. Hence, the memory storage is the nuofligne periods times the number of
paths, oN xM.

However, the least-squares model generates the patkwards. It does require the seed
values for the random number streams to be storeédhee standard normal random numbers to
be generated twice, but the backward generatiomredites the need to generate and store all the
simulated paths. The memory required for the {egatires model is the number of paththat
are going to be simulated. Also, the least-squaagession requires both the current stock price
and the next period’s cash flows to be stored,ltieagun 2M computer memory. All other
calculated values can be replaced when the protyearsitions between time periods. The total
computer memory required for the least-squares odathdVl. Therefore, the least-squares
method requires far less memory storage than otletinods with forward generated paths to
simulate American options.

Unlike the least-squares model, the finite diffeemethod requires the entire stochastic
mesh to be stored into memory for the calculatmiithe exercise boundary. So, the computer
memory used to store the stochastic mesh is equlaétnumber of time periods poiMs 1
multiplied by the number of stock price poiQs1, i.e. N+1)(Q+1). Although the simulation
does not require the entire path to be storedetiiee mesh used to create the exercise boundary
still requires a considerable amount of memorysoAthe exercise boundary must be stored in
order to use it as an input into the simulatioeréfiore, anotheN+1) of computer memory is

required. The total memory required for the firdtference method isN+1)(Q+2).
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Even when the number of paths is moderately lahgeleast-squares method generally
requires less memory than the finite differencehmét In the examples presented here, the
number of time periods and stock prices that ddfthe grid was constant, 200 and 400
respectively. So, the memory required for thetdinlifference method is (201)(402) = 80,802
double precision floating point variables. The noeyirequired for the least-squares method was
generally 200 paths which transpires to 200 integeables. The total computer memory
required for the least-squares method is 3(200)G: & herefore, the least-squares model
requires far less memory (0.74%) to execute thariitite difference method.
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CHAPTER 7 - CONCLUSION

In conclusion, the results of comparing the proddeast-squares algorithm and the

finite difference method are summarized, along wetimarks regarding future research.

7.1 - Final Remarks

From Chapter 5, there are significant differencethe value of the American put options
produced by each method. Using the ten compaagamples, the proposed least-squares
method generally produced a higher value for theeAoan put option. Hence, the least-squares
method produced a better estimate for the Amenicaroption value than the finite difference
method for most cases.

In addition to producing a better estimate forthkie of American put options, there are
several other factors to consider. The least-sguarethod is easier to implement and is a more
streamlined process than the finite difference wkthAlso, the least-squares algorithm running
time is generally much faster than the finite digfgce method. Finally, the least-squares method
only requiredM amount of memory storage, compared to Nel((Q+1) memory required for
the finite difference method. Overall, the leagtrares method is faster, more concise, easier to
implement, and requires less computer memory tharinite difference method.

In conclusion, the proposed least-squares methmalipes a better estimate of the
American put option value at a faster speed, witeasier implementation, and requiring less
computer memory. Therefore, the least-squaresadashsuperior to the finite difference

method for solving the optimal exercise problemAanerican put options.

7.2 - Future Research
There are two areas in which the research presantad paper can be extended. The
first involves the relationship equation used ia last-squares regression. Currently, a
guadratic relationship is used; however, a higihderorelationship or linear combination
relationship might be more appropriate. Also,ghgposed least-squares algorithm includes all
paths, including the paths in which the cash flswero. Including these paths results in the

regression equation depended on the zero valuethdactual relationship might be better
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represented if these paths were not included itiriear regression computations. The second
area of extension involves the parameters usdtkicdlculations for the value of continuing.
The next time period’s cash flow is used in theppised least-squares algorithm, and the
maximum of all future cash flows is used in theoalitym presented in Chan et al. (2004). A
better estimation of the value of an American pattam might be obtained using a combination
of the two values or even the stock prices, instddtle cash flows. Therefore, the relationship
equation and the parameters used in the leastesjabgorithm are possible future research

areas.
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