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Abstract

We consider iteration of an analytic self-map f of the unit ball in the N-dimensional
complex space CV. Many facts were established about such maps and their dynamics in the
1-dimensional case (i.e. for self-maps of the unit disk), and we generalize some of them in
higher dimensions.

In one dimension, the classical Denjoy-Wolff theorem states the convergence of forward
iterates to a unique attracting fixed point, while backward iterates have much more compli-
cated nature. However, under additional conditions (when the hyperbolic distance between
two consecutive points stays bounded), backward iteration sequence converges to a point
on the boundary of the unit disk, which happens to be a fixed point with multiplier greater
than or equal to 1.

In this paper, we explore backward-iteration sequences in higher dimension. Our main
result shows that in the case when f is hyperbolic or elliptic, such sequences with bounded
hyperbolic step converge to a point on the boundary, other than the Denjoy-Wolff (attract-
ing) point. These points are called boundary repelling fixed points (BRFPs) and possess
several nice properties.

In particular, in the case when such points are isolated from other BRFPs, they are
completely characterized as limits of backward iteration sequences. Similarly to classical
results, it is also possible to construct a (semi) conjugation to an automorphism of the unit
ball. However, unlike in the 1-dimensional case, not all BRFPs are isolated, and we present

several counterexamples to show that. We conclude with some results in the parabolic case.
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Chapter 1

Introduction

1.1 1-dimensional case: forward iteration

Let f be an analytic self-map of the open unit disk ID in the complex plane. The classical

Schwarz’s lemma says, that if f(0) = 0, then
[f(2)] < || and FO) <1,

and if equality holds for a point z # 0, then f(z) = cz with |¢| = 1 (rotation around the
center). In other words, unless f is a rotation, the (Euclidean) distance between images of
z and 0 is smaller then the distance between z and 0.

To have a similar statement about any two points in the unit disk, we need to replace

Fuclidean distance by pseudo-hyperbolic distance:

Theorem 1.1 (Point-invariant form of Schwarz’s lemma). For any analytic self-map f of

the unit disk and any z,w € D,

f(2) = f(w)
1= /()] w)

and equality holds for some distinct pair iff f is an automorphism of D; i.e. f is contraction

< —
1—zw

z—w’
)

z—w |.
1—zw |~

in the pseudo-hyperbolic metric d(z,w) := ‘

d(f(2), f(w)) < d(z,w).



Denote f,, = f°" the n'* iterate of f and consider the sequence of forward iterates z, =
fn(20), which is also called an f-orbit of z5. By Schwarz’s lemma, the sequence d(z,, z,+1) is
decreasing; moreover, as the following theorem states, all forward iteration sequences must

converge to the same point in the closed disk:

Theorem 1.2 (Denjoy-Wolff). If f is not an elliptic automorphism, then there exists a
unique point p € D (called the Dengjoy- Wolff point of f) such that the sequence of iterates

{fn} converges to p uniformly on compact subsets of D.

Based on the dynamical behavior, we can divide self-maps of the disk into three classes:

If the Denjoy-Wolff point p is inside of the unit disk, then f is called elliptic. In this case
p is a fixed point of f (i.e. f(p) = p) and |f'(p)| < 1. When |f'(p)|] = 1, f is an elliptic
automorphism (up to change of variables, rotation around the center).

If the Denjoy-Wolff point p is on the boundary of the unit disk and f’(p) < 1 (in the
sense of non-tangential limits), then f is called hyperbolic. p is again a fixed point of f, now
in the sense of non-tangential limits. Forward iterates tend to the Denjoy-Wolf point along
non-tangential directions.

If the Denjoy-Wolff point p is on the boundary of the unit disk and f’(p) = 1 (in the
sense of non-tangential limits), then f is called parabolic. Similarly to the hyperbolic case,
p is a fixed point of f; but now forward iterates can converge tangentially to the boundary.
For more details on the parabolic case, see Chapter 8.

For examples of orbits in each case, refer to Figure 1.1.

Since in every case |f'(p)| < 1, the point p can thus be called ”attracting”. When, in
the hyperbolic and parabolic cases, p € D, a more geometrical property (Julia’s lemma for

the point p) holds:
VR>0 f(H(p,R)) C H(p,cR), (1.1.1)
where H(p, R) is a horocycle at p € 9D of radius R (see Figure 1.2),

lp— 2
H = D:— )
(p, R) {ze P <R
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Elliptic Hyperbolic Parabolic

Figure 1.1: Denjoy- Wolff point p and typical orbits in the elliptic, hyperbolic and parabolic
cases.

Figure 1.2: Julia’s lemma at the Denjoy- Wolff point p € OD.

Here ¢ = f’(p) is the smallest ¢ such that (1.1.1) holds. We will call it the multiplier or
the dilatation coefficient of f at p.

A natural way to describe the dynamics of the function is to conjugate it to a simpler
function with well-known behavior, usually to an automorphism. The problem can be

formulated as follows: given a map f, find an intertwining map (change of variable) ),



which solves the equation:
Yo f=npor
where 7y is a simple map (e.g. an automorphism) of a complex manifold  (usually, a

half-plane or a disk). In other words, the following diagram (Figure 1.3) commutes.

f

nf

Figure 1.3: (Semi-)conjugation for the map f.

In the hyperbolic case, Valiron [34] showed that there is an analytic map ¢ : D — H
(where H is the right half-plane) with some regularity properties, which solves the Schroder

equation:
1
Yof=4, (11.2)

and so 1 conjugates f to a multiplication in H.

In the parabolic case, f can be conjugated to a translation in a half-plane or in the whole
plane, as proved by Pommerenke [30], and Baker and Pommerenke [2].

Conjugations for elliptic maps with f’(p) # 0 were found by Koenigs [20]; such maps are

conjugated to a multiplication by f’(p) in the plane:
Yof=/f(p) -

with ¢ : D — C.



The elliptic case with f'(p) = 0 was considered by Bottcher in [6], and the following

conjugation was found:
Yolf=y"
where 1 defined in a neighborhood of p, and n is the smallest integer such that £ (p) # 0.

Conjugation to a linear-fractional transformation in all cases simultaneously was shown
by Cowen in [13].

The question of uniqueness of the intertwining map has also been explored and answered;
in the elliptic case in [20], in the hyperbolic case by Bracci and Poggi-Corradini in [9], in the
parabolic case by Poggi-Corradini in [29] and by Contreras, Diaz-Madrigal and Pommerenke
in [12].

1.2 1-dimensional case: backward iteration

Definition 1.3. We will call a sequence of points {z,}2°, a backward-iteration sequence for

fif f(znp1) =2, forn=0,1,2,....

In general, such sequences may not exist. (For example, f(z) = cz with |¢| < 1 has
none). Note that in the backward iteration case the sequence d(z,, z,+1) is increasing, so

we will impose an upper bound on the pseudo-hyperbolic step:
d(zn, 2nt1) < a, Vn, (1.2.1)

for some fixed a < 1.

This condition is nontrivial, for an example of a map that admits a backward-iteration
sequence with unbounded steps, see section 2 of [28].

A backward-iteration sequence satisfying (1.2.1) must converge to a point on the bound-

ary of ID:

Theorem 1.4 (Poggi-Corradini, [26]). Suppose f is an analytic map with f(D) C D (and
not an elliptic automorphism). Let {z,}5°, be a backward-iteration sequence for the function

f with bounded pseudo-hyperbolic steps d,, = d(zy,, zn41) T a < 1. Then the following hold:

5



1. There is a point ¢ € 0D such that z, — q as n tends to infinity, and q is a fived point

for f with a well-defined multiplier f'(q) = a < co.

2. When q # p, where p is the Denjoy-Wolff point, then o > 1, so we can call q a
boundary repelling fixed point. If g = p, then [ is necessarily of parabolic type.

3. When q # p, the sequence z, tends to q along a non-tangential direction.
4. When q = p, z, tends to q tangentially.

In this case Julia’s lemma holds for the point ¢ with multiplier o > 1:
VR>0 f(H(gR))C H(g,aR), (1.2.2)

where oo = f’(q) is the smallest number such that this holds.

For backward iteration, the following conjugation result was obtained in [27]:

Theorem 1.5 (Poggi-Corradini). Suppose f is an analytic self-map of the unit disc D and 1
is a boundary repelling fixved point for f with multiplier 1 < a < oo. Leta = (a—1)/(a+1)
and n(z) = (z —a)/(1 — az). Then there is an analytic map ¥ of D with (D) C D, which

has non-tangential limit 1 at 1, such that
on(z) = foi(z), (1.2.3)
for all z € D.

Note that the order of the functions in (1.2.3) is different than in classical conjugation

results.

1.3 Unit ball in CV.

Consider a self-map of the N-dimensional unit ball

BY ={ZeC":|Zz| <1},



In the unit ball, we have generalizations for the (pseudo-)hyperbolic distance, Schwarz’s
lemma, horocycles and Julia’s lemma; see Chapter 2.

And a version of the Denjoy-Wolff theorem also holds:

Theorem 1.6 (Hervé [16], MacCluer [24]). Let f : BY — BY be a holomorphic map
without fized points in BY. Then the sequence of iterates {f,} converges uniformly on
compact subsets of BN to the constant map Z — p for a (unique) point p € OBY (called the
Dengoy-Wolff point of f); and the number

e el
=1 f—— 1 1.3.1
¢:=lipinf === € (0, 1] (13.1)

1s called the multiplier or the boundary dilatation coefficient of f at p.

The map f is called hyperbolic if ¢ < 1 and parabolic if ¢ = 1.

Unlike in the one-dimensional case, there may be many fixed points inside the unit ball
BY. Even if the fixed point is unique, forward iterates need not converge to it (consider
rotations). We will call a function f unitary on a slice if there exist ¢ and n in OBY with
f(AC) = An for all A € D. Functions that are not unitary on any slice are precisely those for
which strict inequality occurs in the multidimensional Schwarz lemma and for them forward
iterates converge to the (unique) point 0 (see [14]). Note that even if the function f has

more than one fixed point, the sequence of forward iterates may still converge, see [1].

Definition 1.7. We will call a self-map of the unit ball f attracting-elliptic, if it has a unique
fixed point inside BY and it is conjugate via an automorphism to a self-map which fixes zero

and is not unitary on any slice.

In the rest of this work we will consider only self-maps of the ball that are attracting-
elliptic, hyperbolic or parabolic.

Forward iteration in the unit ball of C in the hyperbolic case was studied in [7], [§]
and [17]. In [8] the Schréder equation (1.1.2) was solved with ¢ being holomorphic map

¢ : BY — H given some additional conditions. In [17], a similar result was obtained for

7



Schur-class maps. In [7], f was conjugated to its linear part, assuming some regularity at
the Denjoy-Wolff point. Linearization results for the large class of hyperbolic and parabolic
maps of B? were proved in [3]. Conjugations for elliptic maps were given in [14]; and they

also follow by the classical Poincaré-Dulac theory, see [33].



Chapter 2

Unit ball: preliminaries

In this chapter we will state various results about analytic functions in the unit ball that we
are going to use later in this work. Many of them are generalizations of classical theorems
for the unit disk.

Consider the N-dimensional unit ball
BY ={ZeC":|Zz| <1},
where the inner product and the norm are defined as

N
(ZW)=>"Z;W; and |Z|*=(Z 2).
j=1

In order to describe the group of all automorphisms of BY (denoted by Aut(BY)), we

will need the following functions. Let a € BY, a # 0 and define

(Z,a)
(a,a)

i,e. P, is a projection on the subspace generated by a, and @), is a projection on the

Fu(Z) =

a, Qa(Z):Z_Pa<Z)7

orthogonal complement. Then define

a—Py(Z) — (1 — [|al*)!"*Qu(2)
1—(Z a) '

Ya(Z) =

When N =1, P,(Z) = Z, Qu(Z) = 0, and v,(Z) is clearly an automorphism of the unit
disk.



v, is an automorphism of the ball that maps 0 to a and a to 0 and possesses several

other nice properties, see [31] or [1]. It is also the main building block for Aut(B"):
Claim 2.1 (Theorem 2.2.5, [31]). Every v € Aut(BY) is of the form

T=Uo%,
where a = v~1(0) and U is a unitary transformation (rotation,).

Next, we will need a multi-dimensional version of Schwarz’s lemma:

Theorem 2.2 (Theorem(2.2.12), [1]). Let f be an analytic self-map of BY such that f(0) =
0. Then
vZ € BY 1A < 121,

and

vV ech ldfo (VI < IVl

where dfy is the derivative of f at 0.

Note that, unlike in the one-dimensional case, the equality at one point does not imply

linearity of f. However, the following statement holds:

Lemma 2.3 (Hervé, [16]). Let f be an analytic self-map of BY such that f(0) = 0, and
take Z € BN, Z # 0. Then

() 1F2)N| = 121l i ldfo(2) ] = 12];
(i) £(Z) = Z iff dfo(Z) = 7.

Corollary 2.4. The fized-point set of an analytic self-map of BN is either empty or an
affine subset of BY.

And also we can get a point-invariant version of Schwarz’s lemma:

10



Theorem 2.5 (Proposition(2.2.17), [1]). Let f be an analytic self-map of BY. Then for
every Z,W € BN

L= @) ) L-Zwr
(L= IADNIF) = 1FOMI7) — @ = 12]°) (1= WIF)

In particular, if f is an automorphism of BN, then (2.1) is always an equality.

(2.1)

If we define the pseudo-hyperbolic distance in B as

) 1/2
1—(zw)
dgn (Z, W) = 5 5 , .

2.W) ((1—qu>(l—uwu>) 22

then (2.1) can be restated as
dgn (f(2), f(W)) < dgn (2, W), (2.3)

and every automorphism of BY is an isometry in the pseudo-hyperbolic metric.
We will use the pseudo-hyperbolic metric only as a matter of convenience; in fact, ev-
erything may be reformulated using the Bergmann metric kg~v, which is related to the

pseudo-hyperbolic metric by
dgn (Z,W) = tanh(kgn (Z,W)) VZ,W € B".

The Bergmann metric (introduced by Bergmann in [4] and [5]) is the natural generalization
of the Poincaré metric in the unit disk and coincides with the Poincaré metric when N = 1.
It is also a special case of the Carathéodory ([10]) and Kobayashi metrics ([18], [19]).

The pseudo-hyperbolic ball centered at Zj of radius R, i.e., the set
By(Zo,R) :={Z € BY |dgn (Z, Zo) < R}
has the form

(2.4)

{zen|1aD —al? | Qa2 _ 3

R2p? R2p

11



where

1 - R?
=——7
BT A
and
1z
ST AR
. . . 1 - R? : .
Hence By(Zy, R) is an Euclidean ellipsoid centered at ——————7, with radius r; =
1= R?||Zo|]?
1 —|2Z|? 1— | Z]|?
#Q\OZIOPR in the subspace generated by Zj, and larger radius r, = R % in

the dimensions orthogonal to Zj.

In order to formulate a multi-dimensional Julia’s lemma, we will need notion of a horo-
sphere, a natural generalization of a horocycle, introduced by Hervé in [16]. The horosphere
H(X,R) of center X € OB and radius R > 0 is

L ZXF )

H(X =7 cBY
(X.R) { S ey

Horospheres are also Euclidean ellipsoids with smaller radius in the subspace generated
by X and larger radius in the dimensions orthogonal to X:

1Px(2) —al®  @x(2)IF <1}

72 r

(2.5)

H(X,R) = {Z cBY

where r = R/(1 + R) and a = (1 — r)X. They possess properties similar to those of
horocycles, see [1], with the most important one being the following generalization of Julia’s

lemma:
Theorem 2.6 (Hervé [16], see also [25]). Let f : BY — BY be a holomorphic map and
suppose X € OBY satisfies

N e 2 .
llgl_)l)lclf =izl a < 00. (2.6)

Then there exists a unique Y € OB such that

VR>0 f(H(X,R)C H(,aR).

12



In one dimension, the notion of non-tangential limit is important for the study of the
boundary behavior of analytic functions in the disk. In several variables, the non-tangential

limits can be replaced by a more general approach (introduced by Koranyi and Stein in [22],

[21]):

Definition 2.7. The Koranyi region K (X, M) of vertex X € OBY and amplitude M > 1

is the set

K(X,M)= {Z cBY

[1—(Z,X)|
1_—”ZH<M}. (2.7)

When N = 1, it is the usual Stolz angle in the disk; but for N > 1 the region is tangent
to the boundary of the ball along some directions. To illustrate this, consider K(ej, M),
where e; = (1,0,...,0). The intersection of K(e;, M) with the one-dimensional complex

subspace generated by e; is

11— 7
Z1 €D <M ;,
{ 1 '1 — 12|
which is the usual Stolz region, while its intersection with the (2n — 1)-dimensional real
subspace defined by setting Im Z; = 0 contains the ball

1\? 1\°
(ReZ1—M) +\Z2\2+...+\ZN\2<(1——) :

which is tangent to OBV at e;.
Similarly to the one-dimensional case, Koranyi regions can be used to define a limit at

the boundary of the ball:

Definition 2.8. We will say that the function f has K-limit A at X € 0B" if for any M > 1
f(Z) - Xas Z — X within K (X, M).

Recall that the classical Lindelof theorem ([23]) states that, for any analytic self-map
of the unit disk, a limit along a curve ending at a boundary point determines the non-
tangential limit at that point. In order to obtain its multi-dimensional version, we will need

a geometric notion slightly different from Koranyi regions:

13



Definition 2.9. For X € 0B, a curve o : [0,1) — B”" such that o(t) - X ast — 1is

called special if

o) o) _
R N P 2

and restricted if it is special and its orthogonal projection ox := (o, X) X is non-tangential.

Definition 2.10. We will say that f : BY — BY has restricted K-limit Y at X € 9B if

f(o(t)) = Y as t — 1 for any restricted curve o.

The connection between non-tangential, Koranyi and restricted approaches is described

by the following

Lemma 2.11 (Lemma (2.2.24), [1]). Let o : [0,1) — BY be a curve such that o(t) — X €
OBY ast— 1. Then

(i) if o is non-tangential, then it is restricted;

(i1) assume o is special. If o is restricted, then it lies eventually in a Koranyi region with

vertex X. Conversely, if o lies in a Koranyi region, it is restricted.

Therefore, restricted K-limit is a weaker notion than K-limit: a function having a K-
limit has a restricted K-limit, and a function having a restricted K-limit has a non-tangential
limit. For more properties and examples, see [1].

In the N-dimensional case, we need a limit along a special curve to imply restricted

K-limit (and, consequently, non-tangential limit):

Theorem 2.12 (Cirka, [11]). Let f : BN — C be a bounded holomorphic function such that

there is a special curve o :[0,1) — BN with o(t) — X € OBY ast — 1 such that
lim f(o(t)) =X e C.

t—1

Then f has restricted K-limit X at X.

14



The last theorem will be the generalization of Julia-Wolff-Carathéodory theorem. The
main difference with the one-dimensional case is that the behavior of the radial component

is quite different from the behavior of the tangential component of f.

Theorem 2.13 (Rudin, [31]). Let f be an analytic self-map of BY and X € OBY be such
that
1—|f(2)]

hén_}l)r(lfl_—”Z” =a < 0.

Then f has K-limit Y € OBY, and the following functions are bounded in every Koranyi

TEGION.:

1-{f(2),Y)
() = Z.X)

Qy (f(2))
(1—(Z,x))"?
Moreover, the function (i) has restricted K-limit o at X, and the function (ii) has K-limit
0 at X.

(i)

In some cases it will be more convenient to use the Siegel domain (or Siegel half-space,

introduce by Siegel, [32]):
HY := {(z,w) e Cx C""': Rez > |w|*},

which is biholomorphic to BY via the Cayley transform C : BY — H":

14+2 w _ z—1 2w
C(Z,U)) = (:, 1 —Z> and C 1<Z,’UJ) = <ﬁ, i 1> . (29)

The Siegel domain relates to the unit ball in the same way as (right) half-plane relates
to the unit disk; all results can be formulated for either BY or H".

We will use the same notations for the points in BY and their images in H", when this is
not likely to cause confusion. We will also denote by (z,w) an N-dimensional vector either

in BY or HY with z € C being the first component and w € CN¥~! being the last N — 1

15



components. Using (2.2) and (2.9), we can derive the pseudo-hyperbolic distance in H”:

d]IQ-]IN((Zaw)v(g’w» = dIQB%N(C_l(va)vc_l(ng))
A(Rez — |w[*)(Re 2 — [[@]]?)

=1 —
etz —2(wa) P

Y(z,w), (2,w) € HY. (2.10)

Using Claim 2.1 and Cayley transform (2.9), it is not difficult to show that all automor-
phisms of HY are of the form
¥ =0 hg 0 pu,
where h, (a = (ay,a) € OHY) is translation (fixes infinity):
ho(z,w) :== (z 4+ a1 + 2 (w,a) ,w + a);
o (t > 0) is dilatation (fixes 0 and infinity):

5i(z,w) := (Fz, tw);

and py(z,w) := C(U(C7!(z,w))) is an automorphism of H” fixing (1,0) (recall that U is a
rotation of BY).
These automorphisms will be extensively used in this work in order to map a generic

point on the boundary of HY either to 0 or infinity and a point inside of HY to (1,0).

16



Chapter 3

Main results

The main goal of this thesis is to study backward iterates in the unit ball BY. The following

results are generalizations of Theorem 1.4 and Theorem 1.5 to higher dimensions.

Theorem 3.1. Let f be a holomorphic self-map of BY of hyperbolic or attracting-elliptic type
with Dengjoy-Wolff point p. Let {Z,} be a backward-iteration sequence for f with bounded

pseudo-hyperbolic step dgn (Zy, Zni1) < a < 1. Then:
1. There exists a point ¢ € OBY, q # p, such that Z, — q as n tends to infinity,

2. {Z,} stays in a Koranyi region with vertex q,
3. Julia’s lemma (1.2.2) holds for q with a finite multiplier o > %, where ¢ < 1 15 a
constant that depends on f.
Remark 3.2. In the hyperbolic case, ¢ is the multiplier at p; see (1.3.1).
Because of the last statement of Theorem (3.1), the multiplier & > 1, and thus we can

introduce the following

Definition 3.3. The point ¢ € 9BY is called a boundary repelling fixed point (BRFP) for
f,if (1.2.2) holds for some a > 1.

Remark 3.4. Tt follows from Julia’s lemma (Theorem 2.6) that the above definition of mul-

tiplier is equivalent to (2.6).
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Remark 3.5. Tt follows from (1.2.2) that ¢ is also a boundary fixed point with respect to
K-limits and, consequently, non-tangential limits (see the proof of Theorem 2.13 in [1]

p.176).

Theorem 3.6. Suppose f is an analytic function on HY with f(HY) C HY and 0 is a
boundary repelling fixed point for f with multiplier 1 < o < o0, isolated from other boundary
repelling fized points with multipliers less or equal to . Consider the automorphism of HY :
n(z,w) = (az,/aw). Then there is an analytic map ¢ of HY with »(HY) C HY and
¥(z,w) = 1(z,0), which has restricted K-limit 0 at 0, such that

von(Z) = fouv(Z), (3.1)
for every Z € HY.

It follows from the proof of Theorem 3.6 (see Lemma 5.1), that every isolated boundary
repelling fixed point is a limit of some backward-iteration sequence with bounded hyperbolic
step. Thus in the hyperbolic and attracting-elliptic cases we have the following characteriza-
tion of BRFP in terms of backward-iteration sequences: Every backward-iteration sequence
with bounded hyperbolic step converges to a BRFP; and if a BRFP is isolated, then we can
construct a backward-iteration sequence with bounded hyperbolic step that converges to it.

The intertwining map v in Theorem 3.6 satisfies ¢(z,w) = ¥(z,0) and essentially is a
map from a one-dimensional subspace of HY to HY; therefore that conjugation does not
provide information about the behavior of f outside of the one-dimensional image of . It
then is natural to identify situations in which we can find a conjugation where the image of

the intertwining map v has larger dimension.

Theorem 3.7. Let f : HY — HY be analytic and expandable at 0 (see Definition 7.1)
and 0 be a boundary repelling fixed point with multiplier 1 < a < oo. Assume further that
the matriz A in the definition of expandable is diagonal, and without loss of generality let
its eigenvalues be a;; = Jae for j = 1,...,L (L is an integer, 0 < L < N — 1) and
la;j|> < a forj =L+1,...,N —1. Define Q as a diagonal matriz with Q;; = €“% for

18



j=1,...,Land Q;; =1 for j=L+1,...,N—1. Then the conjugation (5.1) holds for
n(z,w) = (az, Qa'?w) and intertwining map ¥ such that Y(z,w) = Y(pri1(z,w)), where

Pr+1 S a projection on the first L + 1 dimensions.

In the last chapter we will provide some new examples, in particular, functions in the two-
dimensional Siegel domain that have non-isolated BRFPs, a phenomenon that never occurs
in one dimension. In Example 9.3, we will show that the quadratic function f(z,w) :=
(22 + w?,w) is of hyperbolic type with the Denjoy-Wolff point infinity and has a curve
{(r?,ir)|r € R} of boundary repelling fixed points, all of them having the same multiplier
o =2

In Example 9.5 we will describe a non-trivial way to construct a function f of the two-
dimensional Siegel domain based on a function ¢ of a one-dimensional half-plane. f will
behave very similarly to ¢ and will inherit many properties, however, it may have non-

isolated BRFPs.
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Chapter 4

Convergence of backward-iteration
sequences

Proof of Theorem 3.1 (hyperbolic case). We will move to the Siegel domain HY. Without
loss of generality we can assume that the Denjoy-Wolff point is infinity. Also denote the
backward-iteration sequence as Z, = (z,,w,) € C x CN~! and define ¢, = Re z, — ||w,|*.
The image of the horosphere centered at (1,0) of radius R under the Cayley transform will
be

{(w) gy | L= (€7 ) (LO)P R} _

L — et (z,w)|?

} _z—1)2
z+1
1 |1 - <R
z+1 |2+1]2

(z,w) € HY

and after some computations this is seen to equal

{(z,w) c HY

1
Rez — 25— %
ez — [Jw]| R}’

i.e., any horosphere centered at the Denjoy-Wolff point co will have the form

H(t)={(z,w) e HY |Rez — ||w|]* > t},

for some ¢t > 0, and the Siegel domain version of the multi-dimensional Julia’s lemma

(Theorem 2.6) at infinity will be

o) en()



YVt >0 f(H(ct)) C H(t). (4.1)

Since f(Zn11) = Zn ¢ H(t,), by (4.1) Z,1 ¢ H(ct,), and, by induction, Z, . ¢
H(c*t,), k=1,2,.... Thus we have

Re An+k — ||U}n+k||2 = tn+k S thn, k= 1, 2, c (42)

Since the dilatation coefficient at the Denjoy-Wolff point ¢ < 1, the sequence Z,, must
tend to the boundary of the Siegel domain as n tends to infinity. All we need to show now
is that the limiting set on the boundary is just one point.

Define a Euclidean projection on the boundary of the Siegel domain as
pr(z,w) = (ilmz + ||w]|*, w).

It will be enough to show that pr(Z,) has a limit.

Lemma 4.1. The Euclidean distance between projections of consecutive points of the backward-

iteration sequence is bounded by

lpr(Z0) = pr(Zp)|| < CVE,

for some finite constant C independent of n.

Assuming the lemma and using (4.2), we have

k—1
||pr(Z ) pT(Z’I’L-f—kJ S Z ||pT n—}—]) p’f‘( n+]+1 || < CZ \/ ’Vl-f—j

IN

=0
k—1 00
O Vet < OVES V= f_@ —0. @3
=0

=0
Thus {pr(Z,)} is a Cauchy sequence and must have a limit ¢ € OH”, which is also the limit

for {Z,}. Since ¢ is within a finite Euclidean distance from pr(Z;), it is finite and cannot

coincide with the Denjoy-Wolff point infinity.
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Proof of Lemma /.1. Consider the images of Z,, and Z,,; under the automorphism in H¥
defined by

ho(z,w) i= (z —iIm 2, + ||wy|* — 2 (w, w,) , w — w,),
which maps Z,, to (t,,0). Denote h,(Z,41) = Zy = (Zn, W) = (T + 1Yp, Wy). hy, are called
translations and they do not change the horoshperes H(t) centered at infinity. We check

this for the reader’s convenience:

Re(z —ilm z, + ||w,]|? — 2 (w, w,)) — [Jw — w,]?
=Rez + |[|wn|* = 2Re (w, w,) — [Jw — w,|?
=Rez + ||wn|* = 2Re (w,w,) — ||w||* +2Re (w, wy,) — [Jw,]||?

=Rez — ||w|*.

The point (Z,,w,) must satisfy two conditions (see Figure 4.1). First, the pseudo-

hyperbolic step is bounded: dy~ (Z,, Z,11) < a, which will take form

~ 2 ~
Zy —tn Aty || o, ]? (4.4)
ntitn| B+t T '
Second, by Julia’s lemma (4.1)
tni1 = Re Z, — ||, || < ctp. (4.5)

Using (4.4) and (4.5) we obtain

|20 — ta]? +4t, Re 2, < a®|Z, + to|* — 4t || ||* + 4, (ctn + ||Wal]?),
|20 — ta]? +4t, Re 2, < a?|Z, + L] + 4ct?,

|20 4 ta]? < a®|Z, + to|* + 4ct?,
4et?

120 + ta]? <

|y + tal® + [T < —2.
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Figure 4.1: The restriction on the point Z, = hn(Zns1) and its projection on the boundary
of the Siegel domain. The shaded area represents the intersection of the solutions of (4.4)

and (4.5).

Thus

o 2nye

Ty < Vi —t, = City, (4.6)
. 2t,+/C
|Wn]|? < & < Ot (4.8)

with C7 and Cy independent of n. Note that we must have dyn (ct,,, t,) < dg~(Z,, (t,,0)) <
a, otherwise the backward-iteration sequence will not exist. It follows that 4c > 1 — a? and
Cy > 0.

Now

pr(Z,) = (i1lm z, + ||wy |, w,)

and

pr(Zng1) = pr<h;1(5na Wy))

= (iIm(Z, + z,) + 2Im (W, wp) + || Wy + wy||?, @y + wy) -
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pr(Znsr) — pr(Z,) = (iIm Z, + 2Im (@, w,) + ||0n + wa||* — [Jw, ||, @5)

= (iIm 2, + 2 (W, w,) + ||, ||*, @n) - (4.9)

. ~ ~ ~ 2 ~

|pr(Zny1) _pr(Zn)||2 = ‘Zlm Zn 4 2 (W, wy) + ||wn||2‘ + ”wnH2
~ ~ ~ 2 ~

< (1G] + 20l @ llwnll + [@a]1?)” + [[0n]*

S (CQtn + 201tn||wn|| + Oltn)2 + Oltn S é2tn7

using (4.7), (4.8) and the fact that ¢, — 0, and assuming that [|w,]|| is bounded.
Thus it is enough to show now that ||w,| < Cs, for a finite C3 independent of n. Note

that w11 = w, + W, ¥Yn and thus

[wnll < [l + [|@n-all + - .. + [0l + [[wol
VO (Vi + Vi + o+ Vi) + o
< VCiWt <\/c”_1 +Ver24 L+ 1) + ||lwo|

VCivi
e

S + ||w0|| =: 03.

O

Now we want to show that {Z,} stays in the Koranyi region with vertex ¢q. Without loss
of generality, take ¢ = 0. A Koranyi region with vertex 0 in HY must be the image under
the Cayley transform of a Koranyi region with vertex (—1,0) in BY, i.e., a set of the form

|1 - <C_1(Zaw)’ (_1’0» ‘
T T TEw M}‘

{(z,w) e HY

Since 1 < 1+ ||C7!(z,w)]|| < 2, membership in this set is implied by

|1_ <C_1(Z7w)7(_1a0)>| M

- [ (zwE 2

The left-hand side is

11+ = e laz—1lz+1 2zflz+ 1]
1—|=t 2 _ Al Tz 412 — |z — 12— 4|lw||? 4Rez — 4|wl|]?’
z+1 |z+1]2
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thus we need to find M independent of n such that for 7, = (z,,w,) € HY

|2nll2zn + 1]

< M.
(Re zy, — [Jwa][?)

Since |z, + 1] is greater than 1 and is bounded near 0, and Re z,, — ||w,||* = t,, it is sufficient
to show that |z,| < Ct, for some constant C' independent of n. Using Lemma 4.1, similarly

to (4.3) we have

lpr(Zn)|| = llpr(Zn) —ql| = Jim lpr(Zn) — pr(Znsr)||

oo > CVi
< S 0 Zsy) — r(Zassi)| < O3 iy < SV
=0 :

) ||p'r’(Zn)H2 =|Imz, + ||wn||2]2+ |w,||* < (kcﬁ)ztn = Cyt,,. Tt follows that ||w,||* < Cyt,.

If there is a bound
’Im Zn + ||wn||2‘ = |z, — ta] < Csty, (4.10)

then

‘Zn‘ < |Zn - tnl +1t, < (05 + 1)tn,

and Z, must stay in the appropriate Koranyi region. It is therefore enough to show (4.10).

Denote pri(Z,) = Im z, + ||w,]||?, which is the first component of pr(Z,). As in (4.9)
pTI(Zn—H) - prl(Zn) = ign + ||wn||2 +2 <U~)n7 wn>
and thus

pr1(Zos1) = pri(Za)| < |l + [[@l|* + 2[|0n | wa

S Cztn -+ Cltn + 2\/ Cltn\/ C4tn = C6tn

[pri(Zy) — 0] = Jim lpri(Zn) — pri(Znx)| < Z [pr1(Znsk) — pri(Zngrs))|

k=0
oo oo

S C16 Ztn—l—k S 06 Z thn S CBt’m
k=0 k=0
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which proves (4.10).

Now we will show that Julia’s lemma (Theorem 2.6) is applicable to the point g. Once
again, assume that ¢ = (—1,0) in BY or ¢ = 0 in H".

1—|f(Z 1—11Z,|°
timinf SO gy e L 12l
z—(-10) 1 —|[Z]| n—=oo 1 — || Zyp||

The latter liminf in HY will take the form

tn

= lim inf

o Rez fwl? [ 1P
im inf 5 5
n—oo Rezny1 — lwppall? |20 + 1

It is enough to show that ¢,.; > Kt, for some constant K. Since d(Z,,Z,+1) < a,

H(t,+1) must intersect the pseudo-hyperbolic sphere (4.4), and thus

tn - thrl S a,
tn + tn—‘rl

and it follows that
1-— at

bosr > ,
n+1_1+an

so (1.2.2) holds with finite multiplier

|
ta (4.11)

a < .
~—1—-a

Remark 4.2. There is another way to show that ¢ is a BRFP with finite multiplier a < }f—g:

the boundary dilatation coefficient o at ¢ € B can be written as

1
5 loga = liminf [ksx (0, 2) — kg (0, £(2))]
—q
< liminf [kgn (0, Zny1) — kin (0, Z,)]

n—o0

and
[kIB%N (07 Zm—l) - kIBN (07 Zn)] < kIB%N (Zna Zn—i-l) < a/>
where o’ = 1 log 1%, and (4.11) follows.
Now we will show that there is also a lower bound on «:

a> (4.12)

ol
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where ¢ < 1.

Consider the image of 0 in BY and denote f(0) = (2, wp). Since 0 € dH((1,0),1) (here
H((1,0),1) is a horosphere centered at the Denjoy-Wolff point (1,0) of radius 1), by Julia’s
lemma applied to (1,0), f£(0) € H((1,0),c), where ¢ < 1. This horosphere is a Euclidean

1

ellipsoid, centered at (1=,

0), whose intersection with the 1-dimensional subspace, generated

by e; = (1,0) is a disk of radius % (see (2.5)). Thus
1-c¢c

14+c¢

Rezg >

In a similar way, by Julia’s lemma applied to ¢ = (—1,0), f(0) € H((—1,0),a) and

a—1
Re 2z <
=T
so we have
a—1_1-c
> )
a+1l " 1+c
which is equivalent to ca > 1 and (4.12) follows. O

Proof of Theorem 3.1 (attracting-elliptic case). Without loss of generality assume 0 is the
Denjoy-Wolff point. We will need the following result on the growth of function f near the
boundary of the ball:

Lemma 4.3. Let f be a self-map of the unit ball BY fizing 0 and not unitary on any slice.
Fiz ry > 0 and define M(r) := max | f(rBY)||, r € [ro,1). Then there exists ¢ = c(ry) < 1

such that
L= Wre ) (4.13)
———<c¢ VYreln .
1—M(r) = o
Proof. Assume the opposite: Ve < 1 3z = z(c¢) with ||z]| > ry such that
S
L=/l

Construct the sequence z, := z(“=1). Let z be a partial limit of {z,}. If zp € BY, then

f(2) € BY and

e TS IR B S S 1SS TR VS TR B
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which is a contradiction, since ||zq|| > ro > 0 by construction. Thus z; € dB" and we pick

a subsequence z,, — zp. Then

1_ n 1-— n

<1
koo L= [l f (2 )l koo 1 — ||z, |

Applying Julia’s lemma to the point z, € OB”, we obtain that Jw, € OB such that VR > 0
f(H (20, R)) C H(wy, R), where H(z, R) is a horosphere centered at z of radius R.

Pick R small enough such that 0 ¢ H(z, R). Let & be a point in H(zg, R), closest to
the origin. Since f(&) € H(wo, R), we have |[f(€)|| > ||€|| (the horospheres have the same

radius). Contradiction. O

Denote the distance to the boundary by ¢, := 1 —||Z,||. By Lemma (4.3) we have
tosr <t W,k >0, (4.14)

where ¢ := ¢(||Zy]|) is as in Lemma 4.3.

Thus ¢, < ¢"to — 0 as n tends to infinity and the sequence {Z,} -, must tend to the
boundary of the ball. Now denote by ¢,, the angle between Z,, and Z,,  seen from the origin
(which is also the arc-length between radial projections of Z,, and Z,; on the boundary of
the ball - see Figure 4.2).

Because dgn (Z,,, Znt1) < a, by (2.4) Z,,1 must be inside of the pseudo-hyperbolic ball

of radius a centered at Z,, which is the Euclidean ellipsoid centered at ; Z, and

1—a?
—a?||Zn?

.. 1— | Zn|? .
largest semiaxis a/ %, so as Z, tends to the boundary, for some finite constant C%,

bn < Co(1 = || Za|)Y? = Cov/tn. (4.15)
Then the arc-length between 22 and Znth - Joes not exceed
[1Znll 1Zn4kll

k k k

1
. . k/2
;20 Gnvj < C7 ;:0 Vi < Civty jEZO c’* < 071 — \/E\/tna

which tends to 0 when n tends to infinity, so the sequence of projections must converge to

some point on the boundary; denote it q. Thus the sequence Z,, must tend to q.
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Znit1
| Zn+1]l

Figure 4.2: Two consecutive points Z,, and Z, 1 and their radial projections on the bound-
ary of the ball.

The next step is to show that Z, stays in a Koranyi region centered at q. Without loss
of generality assume ¢ = (1,0) and denote Z, = (z,,w,) € C x CN~1. We need to show

that

|1 — 2

<M (4.16)
L= [|Z.]

for some M > 1. By (4.14) and (4.15), The arc-length between (1,0) and the projection of

Z, on the boundary is bounded by
Z¢j < C?Z \/E < Csv/ty. (4.17)
j=n j=n

Let 6,, be the angle between Z,, and z, (i.e., the angle between Z,, and the plane spanned
by (1,0)). By (4.17), 0,, < Cg+/t,,. Then

1 —|zn| =1—|Z,]| cos b, =1 — cosb,, + cos b, — || Z,]| cos b,

<1—cosb,+1—|Z,| < Coty,

. 2
since 1 — cos 6, = % + 0(63) as n — c.
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Since dp(zn, 2nt1) < dgn(Zn, Znt1) < a and the pseudo-hyperbolic disk centered at z,

of radius a is a Euclidean disk with center w = %zn and radius r = %a,
r a 1—|z,]?
|Arg z, — Arg 2,1 | & sin|Arg z, — Arg 2z, 1| < — = —J < Choty
jwl Jza| 1—a?
Now
oo o0
| Arg z,| = | Argz, — Arg 1] < Z | Arg 2z — Arg 21| < chotk < Chity
k=n k=n
and

11— z,* = (Im2,)* + (1 — Re 2,)? = |2,|*sin® Arg z,, + (1 — |2,| cos Arg 2,,)* <

sin? Arg 2, + (1 — cos Arg 2, + 1 — |z,|)? < Cpot?,

and (4.16) follows.

For the conclusion of Julia’s lemma to hold we need to prove that

)
lim inf —— 2 <
zoa0 1-)z] ~ 7

Since {Z,},-, is a backward-iteration sequence tending to (1,0),

1—f(l1Z 1—1%,
tim inf LI UZD g L= 1200
A R P R A
and it is enough to show that the latter liminf is finite. Note that Z,.; must be in the

1 7 ith radius r = —=Znl
a2 2,7 4 = TP

=] Zn |2
1=a?(|Zn

(Euclidean) ellipsoid centered at a in the subspace

generated by Z,, and R =a in the dimensions orthogonal to Z,,, by (2.4). Thus

the point W, closest to the boundary, must have norm

|- a? L NZ? (120l + @)1 = allZal)
Wil=——2% )z, —
W= 1—z1z.p %+ =2z, I
_ |’ZnH+a
LT alZ]

and

[Znll +a _ (1=a)(1 = [|Za])

1— |2, >1—||W]=1-— =
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Thus

1=zl _1+alZ _1+a
1—Zpall = 1—=a ~1-a

1+a

. The lower bound on the multiplier

and Julia’s lemma holds with multiplier a@ <
o > 1 is a direct consequence of Lemma (4.3).
Note that the above results will hold when c¢ is replaced with ¢(]|Z,]||) (as in Lemma 4.3)

Vn > 0, and since || Z,] — 1, for

c:= lim ¢(rp).
ro—1
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Chapter 5

Construction of a special
backward-iteration sequence

It was shown in the previous chapter that any backward-iteration sequence with bounded
hyperbolic step tends to a BRFP. Now we will show that any isolated BRFP is a limit of
a special backward-iteration sequence. This special backward-iteration sequence will be a
cornerstone in the construction of the conjugation near a BRFP.

We will follow an idea similar to the one in the 1-dimensional case outlined in [27]. Note
that in one dimension BRFPs with multipliers bounded by a given constant are isolated, as
follows from a theorem of Cowen and Pommerenke [15]. Here we will have to impose this

as a hypothesis, since not all BRFPs are isolated in higher dimensions (see Example 9.3).

Lemma 5.1. Let f be an analytic self-map of BY and (1,0) be a BRFP for f with multiplier
1 < a < o0, isolated from all those BRFP’s whose multipliers are less than or equal to a.

Then there ezists a backward-iteration sequence {Z,}2, tending to (1,0) such that

a—1

A(Zp, Zny1) < a:= .
( 1) <a o1

We will need the following result on the behavior of the radial and tangential components

of f near the BRFP (1,0):

Lemma 5.2. Let f : BY — BY be analytic and (1,0) be a fized point for f with multiplier o
(in the sense of Julia’s lemma). Then the following functions are bounded in every Koranyi

TeGION.:
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1 -m(f(2))

VT

f(2) —m(£(2))(1,0)
2 )
v 1-m(2)]"

where m(Z) = (Z, (1,0)). Moreover, the function (1) has restricted K-limit o at (1,0), and
the function (2) has restricted K-limit 0 at (1,0).

Proof. Apply theorem 2.13 (i) and (ii) to the boundary fixed point (1,0). O

Proof of Lemma 5.1. Let D be a small enough (Euclidean) closed ball centered at (1,0)
that does not contain the Denjoy-Wolff point of f or any other BRFP of f. Let ap =
(a* —1)/(a* +1) and

H(a) = {ZGIB%N: 1= Ze) P (1= o) :a_k},

1-[z|> — 1-q

i.e., a horosphere whose intersection with the 1-dimensional subspace generated by e; =
(1,0) is a disk with diameter with endpoints (ay, 0) and (1,0). Let ng be the smallest integer
such that H(a,,) C D and rj, = a,,.. (We will identify 7 with (rg,0) € BY; that should
cause no confusion). Also let Hy, = H(ry), J = D NBY and 1, be the line segment
connecting ry and f(ry).

For each k, the sequence {f,(rx)}, converges to the Denjoy-Wolff point of f, hence
eventually leaves D. So there exists a smallest integer ny such that f,, (7x) intersects J.
By Julia’s lemma (Theorem 2.6), f(Hyt+1) € Hy, so f;(y%) cannot intersect J for j =
1,2,...,k—1 and thus ny > k.

Claim. d(rg, f(rx)) ——a

—00

By Lemma 5.2,
1 —m(f(rs))

lim ——————* = q,
k—o00 1—Tk

and by the definition of multiplier

1—
tim inf L TR S (5.1)
k—o00 1-— Tk
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By (2.2), the pseudo-hyperbolic distance d in BY must satisfy the relation:

L— |l f(r)l
1— d2(7,k f(rk)) _ (1 - 7’;%)(1 - ||f<7”k)||2) _ (1 + Tk)(l * Hf(rk)H) 1-— Tk
7 11— rm (f(re))[? 1—rm (f(r) [*
1 — Tk
Now
L —remi(f(re)) I — 7 (f (7)) _q +7’k1 —m(f(ry)) v i+ta
1—Tk 1_Tk 1_Tk
and so
. 9 4o
h;?i}g)lf (1= d(ri, f(r3))) > 1+ay
or
. a—1
lfggdemfﬁw)SC%+1=

We will need the following inequality for dj, := d(ry, f(rx)):

L= If ol _ 1+ dy
1—7”k _1—7’kdk‘

In fact, this is an instance of a more general inequality:

Claim 5.3. For all Z,W € BY and d := dg~ (Z, W)

- W) _ 1+d
L=zl = 1-d||Z]]

Proof. Let A be a closed hyperbolic ball centered at Z of (pseudo-hyperbolic) radius d =
1—d?
dgn (Z,W). By (2.4) this is a Euclidean ellipsoid, centered at T EIZIE Z17Z] 57 and a disk of
1—|Z]?
1— || Z|]?
which is closest to the origin must be in the subspace generated by Z, and have modulus
1—d Hﬂk—l_“mp _ Uzl =a)a +djiz])) _ 112l —d
1—d*||Z|]? 1 —d*||Z]]? 1 —d*||Z]]? 1—d|z|

Since W € A,

radius d, when intersected with the subspace generated by Z. Thus the point

zZl-d 144
1—d|z]  1-4d||Z|

L— W _ _1+d

1=z = 1-=d|Z||

L[] <1 (=121,
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By taking limsup of both sides of (5.2),

L= ()l _ 1+a

lim sup < = qa,
k—o0 11— Tk I—-a
. . e GO - _
so this together with (5.1) shows that lim —————= = o and lim d(ry, f(rx)) = a.
k—o00 1—ryg k—o0

The final steps in the construction are exactly the same as in the proof of lemma 1.4 in

27]. O

Lemma 5.4. If {Z,}5°, is a backward-iteration sequence which tends to e; = (1,0) (BRFP

with multiplier o« > 1) and d(Z,,, Zpy1) < a = 3_4:7 then its image in the Siegel domain HY

must possess the following properties:

lim % _ (5.3)

n—oo  t,

Im 2,
lim ———" =, (5.4)
n—oo  t,
2
lim 190l _ (5.5)

=aq, (5.6)

where t,, := Re z, — ||w,||?. In particular, the sequence {Z,} is special, i.e.,

10 = Zneber

lim
n—oo 1 —|[(Z, e1) e1]]?

Proof. By definition of multiplier

1-2, 1
liminf =120l 1a
w5 1~ || Zooa] I—a

Applying Claim 5.3 to Z,, Z,41 and r, = d(Z,, Zn+1), we have

L Z _ tr _ lta
L= Znall = L= ral Zngall = 1 = af| Zna|
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Taking lim sup of both sides,
1= [[Za
1= [Zn sl
or, in the Siegel domain,
tn

tn—‘rl

— Q,

so (5.6) is proved. Here we are going to use a slightly different version of the Cayley

Cl@w%_(yﬁ m0>

1+2" 142

transform:

so that the BRFP (1,0) will be mapped to C(1,0) = (0, 0).

Consider the images of two consecutive points Z,, and 7,1 under the automorphism h,, :
(z,w) := (z—iIm z,+||w,||* =2 (w, w,) , w—w,), s.t. h,(Z,) = (t,,0) and denote (Z,, w,) :=
hu(Zpi1). hyn does not change the pseudo-hyperbolic distance in HY, so d ((t,, 0), (Z,, 0,)) =
d(Zy, Zpi1) < a, which is

IE thz + 4tn||wn||2 < a2||2n + thz»

120 — thQ + 4t (Re 2, — thy1) < &2H5n + thza

(1 —a?)||Z, + to|* < 4tptpi,

? 4tn—i—l

— 41 < —
L B gy

tn

Taking limsup of both sides and using (5.6),

2 Rez, | |Imz,
= lim sup ; +1| + ;

n—o0 n n

>

n

lim sup
n—oo

)e6)

Since Re Z,, = ty11 + ||Wn|* > tnia,

lim sup
n—oo

tn—i—l

+1'2+'

n
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So,

Im z,
Htlz 0, (5.7)
which implies
Rez 1
SN (5.8)
tn Q
and
a|> Rez, t
[@al” _ ReZy _twn (5.9)
ln ln ln
k—1
Now w11 = Wy, + Wy, Wyig = Wy + Z Wn+j; Vk > 1. Consequently,
=0

sl 2 llwall =D 1@l
o
02 flwall = > sl
j=0

oo
lwall < sl
j=0

Since ttﬁ — a > 1, we can pick € such that o — ¢ > 1; then for large enough n,

tn tn
toy1 < a—z and bty < a—e)y

Now by (5.9), V6 > 0 3N = N(0) s.t. [|w,| < d+/t, for n > N. Then

[ wy|| <Zaw/nﬂ <5Z m =051,

where S is the finite value of the infinite sum. So

[ I*
tn

and

eZn _ + ||wa|| Y

tn tn
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Similarly, because Im 2,11 = Im z,, + Im Z,, + 2 Im (0, w,,), we have
12 Im (@, wa)| < 2[|@n]|]wnl],

and using (5.7), (5.9) and (5.5),

Im z,

— 0.

n

The condition (2.8) for (z,,w,) — (1,0) to be special in BY is that

tim 2l
n—oo 1 — |z, |?
or, in HY that
4|wn |2 9
N 78
im ——————— = lim =0
n—00 1 1—2, n—oo Re Zn
- 142y
But )
H H2 ”u;n“
. n n
nhaoo Re Zn o nlﬁoo REZ" o O
n
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Chapter 6

Conjugation at a boundary repelling
fixed point

The aim of this chapter is to solve equation (3.1) in BY, where 7 is an automorphism of
BY with the same dilatation coefficient o at BRFP as f and ¢ : BY — B is an analytic
map with some regularity at the BRFP. As in [27], the conjugating map will be obtained
via the sequence of iterates f,, composed with appropriate automorphisms of BY. It will be
convenient to build almost the entire construction in HY with BRFP 0.

We will start with several technical statements.

Using the backward-iteration sequence (z,,w,) — 0 as in Lemma 5.4 with ¢, = Re z,, —

|wy,||?, define a sequence of automorphisms 7,, of HY as 7, := h,' 0 4.1, where
ho(z,w) = (2 + [|[wal]? — iy — 2 (W, wy) , w — wy,),
h'(z,0) = (2 + [Jwal* + iy + 2 (w, wa) , w + wy),
z

6n(Z,U)) - (t_a _)7

(5;1(2’,@0) = (th, \/Ew)a

and, as usual, y, := Im z,,. Then 7,,(1,0) = (2, w,).

Lemma 6.1. Let n;(z, w) := (*z, o*/?w) and 7, be defined as above. (Note thatn, coincides

with m in (3.1).) Then for each k
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(1) Toy

k o T, — M, uniformly on compact subsets of HY, as n tends to infinity, and
(2) Tt ot oTu(z,w) = (2,w), uniformly on compact sets of HY, as n tends to infinity

Proof. Using the definition of 7,, and properties (5.3), (5.4), (5.5) and (5.6)

Tn_-l}k ° Tn(za w) = Ontk © My © h;I © 5;1(2’7“0) =

ln W, 2 . Yn tn W, 2 .Yn
(g Bl o Dl s
thrk thrk tn+k tn+k tn+k thrk

. <\/_'I,U + wn,wn+k> \/Ew _‘\_/_Z_Ulk_ wn+k> R ? (Oé z ak/Qw)
by n+ n—0oo

= nx(z,w).

Top1 0N 0 Tu(2,w) = py1 0 hyyy o oyt 06, (2, w) =

tn nll? n Tn w2 Un
( o ol +2\/_(w,wn>+uw“H Sytas
tn-l—la lnt1cx lnt100 (2R b1 tn+1

\/_w + wn Wp+1 ) (Z w)
V n+1\/_ V tn+1 n—o0 7 '

wn+1>

m
Claim 6.2. 7,,(z,w) —— 0 and stays in a Koranyi region uniformly on compact ubsets of
n—oo
HY .
Proof.

Tu(z,w) = (tnz + [wal? + iy + 2 (VEaw, wp ) , Viaw + wy,) .

The condition for (z,w) to be in a Koranyi region with vertex 0 in H” is that a bound
M < oo exist such that

||

—_— < M.
Rez — ||w||?

For 7(z, w):
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|tnz + [Jwn]]? + iy + 2 (V/Eaw, wy)|
tn Re z + ||wal|? + 2V, Re (w, wy,) — ||VEtaw + w2

o 2 (o ) B

" Rez 4 Ll +2Re (w, o) — [l + |2 oo Rez = ful

The limit is bounded on compact subsets of HY, so 7,(z,w) belong to some Koranyi

region. 0
Claim 6.3. Let ¢ := fon~! in BY. Then

N el

=1
(1,00 1 —||z]]

and Lemma 5.2 is applicable.

Proof.
1-— 1 — —1 1 — -1
i ing IOy LU o1 Gy, Ll Gl
=10 -z =00 1|7t =—ao  1-|z|
1— 1—|n~t 1
B e 1 I o Ul B S
=10 11—z ==@0 1—|z a

since 7! is an automorphism that fixes (1,0) and

N el /e €1 I el U 1 e N tvols

lim ——————— = lim ——————— =i
=10 11—z =10 1 —]z|? (zw)—(0,0) 1 —[|C1(z,w)]?

2
1—z/«a 4)|lw|)? .
. L - 1+z/a| — afl+z/al? . ReTHwHZ |1 + Z|2 1

= LT hm00 Rez — w[? |1+ 2 T a

(z0)=(00) 1 — 12| - e (z)=00) Rez — [Jw[]> |1+ 2]  «

Now consider the normal family {f, o 7,, o p1}, where p;(z,w) := (z,0).

Claim 6.4. The sequence T, o p1(z,w) — 0 is restricted uniformly on compact subsets of

HN.
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Proof. Note that 7, 0 p1(2,w) = (t,2 + |[|[wn||* + Y, wy).

Following Definition 2.9, we need to show that 7, o p;(z,w) is special in H":
[[wn 2

= lim — &  _ —
n—oo Re(tnz + [Jwyl|? + iyn) v Re » + IIH;th2 :

and that the projection on the first component is non-tangential, i.e., that

|th + ||wn||2 + iyn|
Re(tnz + ||wal]? + iyn)

is bounded from above. But

lwall® | yn
oz + lwall? iy . FT T
we Re(fyz + wnl? +ig)  no% Rzt 1P Rez
so it is bounded uniformly on compact subsets of H'. O]

1

By applying Lemma 5.2 to the function ¢ = f on~' and the sequence 7, o p;(z,w), we

obtain the following

Lemma 6.5.

lim d (7, (p1 (2, w)), ¢(7a(p1(2,w)))) = 0.

n—oo
Proof. Denote (un,v,) := 7,(2,0) and (@, 0,) := ¢(7n(2,0)). Then the restricted K-limits

(1) and (2) in Lemma 5.2 when translated to HY become

~ ~ 12
lim Un _ 1 and | [7nl =0.
n—00 Uy, n—00  Up
Since lim Un _ z,
n—oo n
~ ~ 112
lim Un _ z and lim 1wl =0.
n—0o0 tn n—oo tn

~ AReun — [|va|*) (Re tin — [|5a]1%)
|, + T, — 2 (O, ) |2
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4 _ 2 ~ sy 112
i B2 — o) (Re, — |15,
n—00 [Ty, + Uy — 2 (0, V)|

4(Re e — Lo2l0)(Re 2o — Ll

;

= lim

n—oo 2

B =2 (e
_4(Rez—0)(Rez—0)
|24 240

T
k)
5
S
3

that is,
lim d(7,(z,0), ¢(7.(2,0))) = 0.

n—o0

]

Proof of Theorem 3.6. Consider the normal family {f, o7, op;} and let ¥ be one of its

normal limits. Then, by Schwarz’s lemma (2.3)

d(fn ° Tn(Z,O), fng10 Tn+1(2,0)) < d(Tn(Z’O)a fo Tn+1(270))

< d(1,(2,0), fon L or,(2,0)) +d(n o 7u(2,0), Tny1(2,0)). (6.1)

The first summand in (6.1) tends to zero by lemma 6.5, and the second does by part (2) of

lemma 6.1, so

d(fn © Tn(Z,O), fn+1 o Tn+1(z70)> — 0

as n tends to infinity. It follows that if a subsequence {f,, o 7, opi} converges uniformly
on compact subsets of HY to 1, then so does the subsequence {f,, 110 7n,+10p1}. By
construction

Jog+1© Tagp10p1 = [0 fn, © Tnyi1 01,
where the left hand-side tends to v, and it is enough to show that f,, o7, 110p1 — Yon~! to
prove (3.1). Note that ! and p; are linear functions with diagonal matrices and therefore

commute, 80 f,, 07, o1 ' op; — Yon ! and it is enough to show that

d (fnk O Tny, 077_1 opl(Z)afnk © Tnj+1 Opl(Z)) — 0.
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Applying Schwarz’s lemma again,

d (fnk O Thp, © 77_1 Opl(Z), fnk O Tny+1 Opl(Z)> S d (Tnk © 77_1(270)77'nk+1(270))

=d (7‘_1_5_1 0 Tn, 01 (2,0), (2, 0)) —0

ng

by statement (1) of Lemma 6.1, so we have

v =foyon

which is equivalent to (3.1).
All we are left to show is that ¢ fixes 0. Define a; := (oz_k,O) € HY, and note that

p1(ax) = ag. Then by definition of the sequence Z,, and 7, and Schwarz’s lemma

d (fnomnlar), Zk) = d (fn o Tular), fa(Znix)) < d (ar, 7, ' 0 Taik(1,0))
=d (nk_l(l, 0), 7, o Tper(l, 0)) — 0,
for any £k =1,2,..., as n tends to infinity, by (1) of Lemma 6.1. Thus we have
Y(ag) = Z.

Define the sequence
gn(Z2) =1,  orpon 1 (Z). (6.2)

Then g,((1,0)) = (1,0) and g, (a1) = 7, *(Tn41(1,0)) = n71(1,0) = a4, as n tends to infinity,
by part (1) of Lemma 6.1. Hence any normal limit of g,, fixes (1,0) and a;, and, by Corollary
2.4, must fix the entire subspace, containing (1,0) and ay, i.e., the set {(z, 0) € ]HIN}. Note
that ¢ (z,w) = 9 (z,0) and by (6.2) g,(z,w) = gn(2,0), so g, — p1, since each g, fixes a;.
Consider a straight line segment connecting (1,0) and (0, 0). Obviously it is special curve

and, by Theorem 2.12; ) will have restricted K-limit 0 at 0 if
15% ¥(t,0) = 0. (6.3)

44



By (6.2), ¥ = 7, 0 gn 0 71,. Consider a straight line segment connecting (a1 0) to
(a@™™,0). It will be mapped by 7, to a segment [(a™!,0),(1,0)]. Pick a point (¢,0) on this

segment. Then

172t DI < 17290 (8, 0)) = 7 2, O + 78, 0)] — 0,
since g, (t,0) = (¢,0), 7,(t,0) — 0 uniformly in ¢ and %> is bounded, and (6.3) follows. [J

Now we can show that {f, o 7,, o p1} actually converges to 1. By Schwarz’s lemma, (3.1)

and (6.2)

d(fnomnopi(z,w),Y(z,w)) =d (fn o T, opi(z,w), Y on, ongl(z,w))
=d (fn o opi(2,w), fu o on (z,w)) < d (1,0 pr(z,w), ¢ 0n, " (2,w))

=d (p1(z,w), gn(z,w)) — 0.

n—0o0
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Chapter 7

Conjugation for expandable maps

In this chapter we will provide conjugation for the maps with some regularity at the BRFP.

This class of maps was introduced in [7]:

Definition 7.1. Let f : HY — H” be holomorphic. We will call the map f expandable at

0 (write f € Egv(0)), if f has the following expansion near 0:
f(z,w) = (az + o|z]), Aw + o(|2]/?)).
In particular, 0 is a fixed point of f.

By definition, the multiplier of f at 0 is

_ 1/2y (|2 _ 1/24 12
lim inf Re(@z +o(z) = [[Aw + o[z D)7 _ ;- azn + Re (0(za)) — flo(@ I _
(2,w)—0 Re z — ||w||? 2 —0 T,

«,

for any (x,,0) — 0 with z,, € R; thus the multiplier is finite and does not exceed a.. On the

other hand, by part (1) of Lemma 5.2 the multiplier must be equal to

lim oz, + 0(|zn|)7

n—o0 Zn
for any restricted sequence (z,,w,) — 0, i.e., the multiplier of f at 0 is indeed a.

Remark 7.2. Note that A cannot have eigenvalues |a; ;|*> > «, because otherwise f(HY) ¢

HN.
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Proof of Theorem 5.7. The construction is essentially the same as in chapter 6. We modify
the definition of 7, as follows: 7, ;== Q™o h ! 0§ 1 where Q is as in the statement of

n

Theorem 3.7. The following two limits are a generalization of lemma 6.1:

Tn_—i}k 0 T (2, W) = Gpik © My 0 Q0 bt 0 6,7 (2,w0) =
tn n 2 n tTL n 2 UYn
—< Z—I—Hw H —|-zy _}_2\/_<w’wn>_|_Hw il _Zerk
Zfn—i—k tn—i—k tn-‘,—k tn—‘rk tn-l—k Zfn—i—k

2 QF (VEaw + wy,) — Wk
— QF (Vw4 wy), Wnak ) - - nt ) >
an+k < ( ) +k> \/tn+k n—00

(aFz, Q%" ?w) =: ny (2, w).

(Here 1, differs from previous 7, by rotation by QF.)

Toon tor(z,w) =610 b 0 Q" ot o QT o byt 06, (2, w) =
t 2 I 2
( "Ly [|wal 1 Yn F 2 VI )+ Wit _ Z.yn—irl
tn—i—la tn—l—la tn—l—la tn—l—la tn+1 tn—i—l

\/ nW + wn Wn+1
VI W+ Wy, Wy Z,W) .
n+1 < +1> V n+1\/_ V tn-‘,—l n—00 ( )

Now (z,w) i= f o' (z,w) = fla~'z, Q" a2w) = (= + of|2]), 2 (I21/2)).

Let pri1(z,w) = (2,wy,...,wr,0,...,0), i.e., projection on the ﬁrst 1 + L dimensions.

Denote (uy,,v,) := To(prs1(z,w)) and (U, 0,) = ¢(7Tn(pre1(z,w))). Then w, = t,z +
lwnll? + iyn + 2 <\/ﬂpL(w), wn> and v, = Q7" (\/t,pr(w) + w,). Since

Up, tnz + Hwn”2+iyn+2<\/apL(w)awn>
lim — = lim =z,

o(|un|) = o(t,) and o(|u,|*?) = o(v/f,), and, consequently, @, = u, + o(t,) and

(n+1)A

Uy = ——v, +0o(\/t,) = nH)A\/_ pr(w) + 7a

———w, + oV/1,)
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The pseudo-hyperbolic distance in HY is

4(Reun — [[oa]l*) (Re i — ||5a]1%)

[+ Ty — 2 (T, 0) 2

& ((tn, V), (i, B)) = 1 —

b
and because

ARe un — [[on]]*) (Re dn — [[5,]1%)

n—ro0 |ty + Ty — 2 (B, 0n)|

L (Rege — P (Re te 4 o) — 0 ps ) + )
= Jim 2

- Re 2 4 2a) — (Qnp (w) + 24, 2

_(Rez — [lpr(w)[*)(Re 2 — [lpr(w)|I*) _
[Rez — (2 "pr(w), @ "pr(w))[’

d*((tn, vn), (Un, 0p)) — 0, i.e., a conclusion analogous to the statement of lemma 6.5

holds.

9

Now let ¢ be any of the normal limits of {f,, o 7, o pr+1}. The above computations show
that if f,, o7, o pr+1 converges to 1, then f,, +1 0 7, +1 © pry1 also converges to 9. It is

-1

enough to show that f,, o7, +1 0 pr+1 converges to ¢ on~" uniformly on compact subsets

of HY. Note that n=' o pr11 = pry1 o~ L. Because

d (fnk O Tpy © 77_1 OpL+1(z7 w)7 .fnk O Tnp+1 OpL+1(Z7 w))

_d< n +107—nko77 opL+1(zaw)apL+1(va)) —>07

n—oo

nh_{n fnk O Thpyp+1 OpL+1(’Z U)) - hm fnk O Ty, © 77 OpL+1(Z7w) = w 077_1(27w>7

and (3.1) holds.
By the same reasoning as in proof of Theorem (3.6), ¢ fixes 0 in the sense of restricted

K-limits. [l

Remark 7.3. Note that in the case when the eigenvalues of A are equal to /a, f will be
conjugated to the same automorphism 7 as in Theorem 3.6, but the intertwining map v will

be different (its image need not be one-dimensional).
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Remark 7.4. Consider the hyperbolic map f : HY — HY with the Denjoy-Wolff point
infinity and BRFP 0 with multiplier 1 < o« < 00 : f(z,w) = (z,0). Clearly, the image of
f is one-dimensional and from (3.1) we have that the image of ¢ must be one-dimensional,
so the result of Theorem 3.6 cannot be improved in general. For a less trivial example, one
may consider f(z,w) = (az, Bw) with 0 < |3|> < a. Now the image of f has dimension N,

but
M fa(EY)
n=1

is a one-dimensional section of H" and the range of the intertwining map ) is also one-

dimensional.
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Chapter 8

Parabolic case

Recall that a self-map f of either the unit disk ID or the unit ball BY is called parabolic, if
the Denjoy-Wolff point p is on the boundary and the multiplier at p is equal to 1.

Note that by Schwarz lemma, the pseudo-hyperbolic distance between two consecutive
forward iterates d(z,, z,11) is decreasing and thus has a limit d.,. Whether this limit is

positive or zero defines the behavior of the sequence and the function.

Definition 8.1. We will call a sequence {z,} a zero-step (respectively, non-zero-step) se-

quence, if do, = limd(z,, z,+1) = 0 (respectively, d, > 0).

In the one-dimensional case, as a consequence of the theorem of Pommerenke [30], zero-
step and non-zero-step properties of a sequence of forward iterates do not depend on the
choice of the starting point but depend on the function only, so we can call functions
parabolic zero-step and parabolic non-zero step, respectively. It is still not known if the

same is true in several variables.

Remark 8.2. Here we follow the terminology introduced in [26]; Pommerenke in [30] and
[2] used the term ”parabolic” for the parabolic non-zero-step case and ”identity” for the

parabolic zero-step case.

More about the parabolic non-zero-step and zero-step cases in one dimension, including

backward iteration and examples, can be found in [26].
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The crucial difference between parabolic non-zero-step and zero-step functions in the
unit disk is that the former are conjugated to a translation in the half-plane (Pommerenke,

[30]):
Yo f(z) =¥(z) +ib, Vz € Hi;

while the latter are conjugated to a translation in the whole plane ([2]).
In the unit disk, forward iterates of a parabolic non-zero-step function converge to the

Denjoy-Wolff point tangentially (Remark 1, [30]), see Figure 8.1. In the parabolic zero-step

Figure 8.1: Orbits converge tangentially to the Denjoy- Wolff point in the parabolic non-
zero-step case.

case, forward iterates may converge radially (Figure 8.2), but a complete classification of
their behavior has still not been achieved.

We obtained the following result for the forward iteration sequences in the unit ball:

Claim 8.3. Let f be a parabolic self-map of the unit ball BN with the Denjoy- Wolff point
(1,0). If the sequence of forward iterates {Z,} ", is restricted, then it must have zero step,

1.e., d]BN(Zn, Zn+1) — 0.
Proof. Denote Z,, = (z,,w,) € C x CN~1. Since Z, is restricted, it is special, i.e.,

L1 (8.1)



Figure 8.2: In some cases, orbits converge radially to the Denjoy-Wolff point in the
parabolic zero-step case.

and projections on the first dimension z, tend to 1 non-tangentially. Moreover, by Lemma
5.2

. 1 —2zph
lim ———
n—oo 1 — 2,

=1. (8.2)

By (2.2), the pseudo-hyperbolic distance satisfies

(L= 1 Zall?) (1 = 1 Zn3a]1*)
|1 - <Znazn+1>|2
_ @ =zl = wal ) = [z = [wasa |P)
1= 207t — (w0, )
(1- [[wn |1 ) (1 — w1l )

1—[za? 1 Tzn1 2

1— d[%;N(Zna ZnJrl) =

2
1—2nZnt1

_ Wn, Wn4+1
VI P/ T P <\/1—|zn2’ \/1—|zn+1|2>
By (8.1), it is enough to show that

1 _an
V1=V = [zl

which is equivalent to dp(zp, 2,+1) — 0.

—1

1_Z'n+1
Ay (2, 2nin) = |20 | l—za—l4zn || 175
D\<ny An+1) — J— — J— — — - — — 1=
7 1— Znln+l 11— Zn + 2Zn — Znin+1 i_in + anlz—ZH
—cn —cn
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By (8.2), it is enough to show that the denominator is bounded away from 0, which is

indeed the case when tj” is bounded away from —1.

| =
Arg ( Z”) =—2Arg(1—2z,) > —7+e¢,

1—2,

1-Zn

=2 stays away from —1. O

for some € > 0, because z, — 1 non-tangentially, and thus

Remark 8.4. Since any non-tangential approach must be restricted (Lemma 2.11), it follows
that every non-zero-step sequence must converge tangentially, and Claim 8.3 is a general-

ization of the classical one-dimensional result.
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Chapter 9

Examples

In the beginning of this chapter we will describe all quadratic polynomials that map the

two-dimensional Siegel domain
H? := {(z,w) € C*|Rez > |w|*}

into itself while fixing 0, and we will completely characterize their dynamics. Some of these

polynomials happen to have non-isolated BRFPs (see Example 9.3).

Claim 9.1. A quadratic polynomial f : C* — C? that fizes 0 maps H? into H? if and only
if it is of the form f(z,w) = (Az + Bw? Cw) with A — |B| > |C|*.

Proof. Consider the general form f(z,w) = (fi(z,w), fa(z,w)) = (az + bw + cz* + dzw +
ew?, Az + Bw + C2? + Dzw + Ew?). First we will show that most coefficients must be 0.

Since Re f1(z,w) > |fa(z,w)|? > 0, then Re fi(z,0) = Re(az + c¢2?) > 0 Vz such that
Rez > 0. When 2z — 0, az + ¢z? ~ az, so a > 0. Now Re f1(z,0) = |z|(acos(Arg z) +
le||z| cos(2 Arg z + Argc)), we can choose Arg z such that cos(2 Argz + Argce) < 0 and |z|
large enough that Re fi(z,0) < 0, unless |¢| = 0, when ¢ must be 0.

Thus f(2,0) = (az, Az + Cz?), and we must have a|z|cos(Argz) > |z|*|A + Cz]* or
acos(Arg z) > |z||A + Cz|®. The right hand side goes to oo as |z| — oo unless C = A = 0.

Thus f must be of the form f(z,w) = (az + bw + dzw + ew?, Bw + Dzw + Fw?).
Consider the set {(¢t,1) € C*|t > 1} Cc H?. f(¢t,1) = (at +dt + b+ e, B + E + Dt) and
Re(at 4+ dt + b+ e) < |B + E 4 Dt|* for large enough t unless D = 0.
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Now consider the set {(t* +¢,t) € C*| ¢t > 0} C H% Re f1(* +¢,t) < a(t® + ) + |t +
|d|(t* + €)t + |e|t* < | Bt + Et*|? for large enough ¢ unless FE = 0.

To show that d = 0, consider {(z,w) € C?| z = ¢*™ |w| = ¢,t > 1} C H2 On this set
Re f1(z,w) < at®>T +|b|t+ |e|t? + |d|t>T¢ cos (Arg d + Arg w). We can choose Argw such that
cos (Argd + Argw) < 0 and choose t large enough to make Re fi(z,w) < 0, unless d = 0.

The last step is to show that b = 0. Consider

{(z,w) eC*| 2z =t*",Jw| =t,1>t >0} C H”.

On this set Re fi(z, w) < at*= + |b|t cos (Arg b + Argw) + |e[t?. We can choose Argw such
that cos (Argb+ Argw) < 0 and choose t close enough to 0 that Re fi(z,w) < 0, unless
b=0.

Thus f has only three nonzero terms, and (by changing notations) the function must
have the form f(z,w) = (Az + Bw? Cw). If A— |B| > |C|?, then Re(Az + Bw?*) >
ARez—|B|lw* > (A—|B|)|w|* > |C|*|w|? on H? and hence f(H?) C H?. If A—|B| < |C?,
we can choose Argw such that cos (Arg B+ 2Argw) = —1 and Re z = |w|* 4+ §|w|?, where
e =|C|*— A+|B| > 0, and then Re(Az + Bw?) = ARe z + | B||w|? cos (Arg B + 2 Arg w) =
ARez — |Bl|w]* = (A — |B| + ¢)|w|? = |C|*|w|? thus f(H?) € H. O

Claim 9.2. 1. Aside from the trivial cases A =0 (f must then be the zero map, because
A =0 forces B=C =0) and C = 0 (f is then a one-dimensional projection)
f(z,w) = (Az + Bw? Cw) has a well-defined inverse on H?

(though part of its image may be outside of the Siegel domain).

2. The n' iterate of f has the form

AP — 2n
fon(Z, w) = (AnZ + A——gQBw27 me) .
Proof. (1) is obvious. (2) can be shown by induction. O
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Now we will find the fixed points and classify the dynamical behavior of polynomials
based on them.

Cases C' = 0 (f a projection on the first dimension) and B = 0 (f a linear map) are
trivial. So assume B # 0 and C' # 0. To find the set of finite fixed points (either interior or

on the boundary) we need to solve

Az + Bw? =2
Cw=w

If C' =1, we can assume A > 1 (otherwise B = 0 and f is the identity). Then there are

luti Bu? Si
SO ons — . ce
ution 1Y in
Bu? |B|[w]? Bl+1-A
Ro [ _BY"\ _ 2 < Bl08 e BT =A o
(=)~ < EIE = L= R <

any solution must be on the boundary of H? and nonzero solutions exist iff A = |B|+ 1. In
this case, there are infinitely many fixed points on the boundary (see Example (9.3) below).

If C' # 1, then nonzero solutions exist iff A = 1 and they have form (z,0). Thus we have
interior fixed points.

If C # 1 and A # 1, then there are no fixed points inside of the domain and only two
fixed points on the boundary (zero and infinity). One of them must be the Denjoy-Wolff
point and the other a BRFP.

The dilatation coefficient at (0,0) is

.. . Re(Az + Bw?) — |C)*|w|?
¢ = liminf
(z,w)—(0,0) Re z — |w|?
o ARez — |B||lw]* — |C]P|w/?
> liminf

(2,w)—(0,0) Re z — |w|?

A — Alwl|?
Rez |w _ 4

> liminf
= (can=(00) Rez— lw|?

and value A is attained for z = ¢ — 0 and w = 0. Consequently, ¢ = A.
Thus if A < 1, then zero is the Denjoy-Wolff point of f and this is the hyperbolic case
c=A<1. If A>1, then (0,0) is the BRFP with dilatation coefficient A > 1 and infinity
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must be the Denjoy-Wolff point. The dilatation coefficient at infinity is

.. . Re(Az + Bw?) — |C]*|w|? |z +1)?
¢ = liminf
(z,w)—00 Rez — |w|? |Az + Bw? + 1/
A 12 1
< lim Ret |t + 1] _L
tooo t AL+ 12 A

thus ¢ < % < 1 and this is also the hyperbolic case.

Example 9.3 (Example of a quadratic function with non-isolated BRFP). Consider the
function f(z,w) := (22 + w?, w). Then f"(z,w) = (2"z + (2" — 1)w?, w), the Denjoy-Wolff
point is infinity and this is the hyperbolic case. The curve {(r?,ir)|r € R} is clearly the set

of fixed points on the boundary. Any of those points can be mapped to (0,0) by translation
he(z,w) := (z +r* + 2irw, w — ir)

with
hot(z,w) = (z +r® — 2irw, w + ir)

Then

h.o foh '(z,w)=h,o f(z+7r®— 2irw,w+ir)

= h, (22 + 7% = 2irw + w?, w +ir) = (22 + w?, w),

i.e., the behavior of the function in any of those points is the same as in (0, 0).

The dilatation coefficient at zero is

2 2) — |wl|? 9
c= liminf Re(22 +w) — Ju =14 liminf Rez + Re(uw’)

= 2.
(2,w)—(0,0) Rez — |w|? (zw)—=(0,0) Rez — |wl|?

Thus we have a set of BRFP’s on the boundary with the same dilatation coefficient, none

of them is isolated.

Remark 9.4. Though (0,0) is a non-isolated BRFP for f(z,w) := (22 + w? w), the state-
ment of Lemma (5.1) still holds in this case. Z, = (55,0) is clearly an example of a

backward-iteration sequence with step d = % Consequently, it is still possible to construct

a conjugation as in Theorem 3.6.

27



Now we will describe another class of self-maps of H?; the construction of these will be

based on a function on the one-dimensional half-plane H.

Example 9.5. Let ¢ : H — H be a holomorphic function of the right half-plane, of hy-
perbolic or parabolic type, with the Denjoy-Wolff point at infinity. Define a function f
on H? as f(z,w) := (¢(z — w?) + w? w). This function is well-defined since V(z,w) € H?
Re(z —w?) > Rez — |w|? > 0. Moreover, by Julia’s lemma in H, Re ¢(z — w?) > Re(z — w?)

and thus Re(4(z — w?) + w?) > Rez > |w|?, and the function f maps H? into itself.

Claim 9.6. Infinity is the Denjoy- Wolff point for f and f has the same type and same
multiplier at infinity as ¢. Moreover, if ¢ has a BRFP yyi € OH, then f has a 1-dimensional
real submanifold {(yoi + t?,t)|t € R} of BRFPs.

Proof. Tterates of f have a form f°"(z,w) = (¢°"(z — w?) + w?, w) and clearly the Denjoy-

Wolff point is infinity. Assume ¢ has multiplier ¢; < 1 at infinity; then f has multiplier

2

.. . Re(é(z —w?) + w?) — |w|? z4+1
¢ = liminf
(2,w)—00 Rez — |w]? oz —w?)+w?+1
.. .Re¢(2)| z+1 |
<1 f =cy.
=10 TRes d(z) +1 “
Using Julia’s lemma (4.1) and the fact that f(z,0) = (¢(z),0), we have
1 R 1
Re¢(z) > —,Rez  thatis, e 9(2) > -  VzeH,
c Rez c
and, taking limits of both sides,
1 1
- >,
(5] C

Thus ¢; = ¢, the multipliers coincide and therefore the functions f and ¢ are of the same
type (either both hyperbolic or both parabolic).

Now f(yoi + t3,t) = (P(yoi) + t%,1) = (yoi + t,t) and (yoi + t*,t) is a BRFP for f
vt € R. O
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