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Abstract

Given a quiver Q with/without potential, one can construct an algebra structure on the
cohomology of the moduli stacks of representations of Q. The algebra is called Cohomolog-
ical Hall algebra (COHA for short). One can also add a framed structure to quiver Q, and
discuss the moduli space of the stable framed representations of Q. Through these geomet-
ric constructions, one can construct two representations of Cohomological Hall algebra of Q
over the cohomology of moduli spaces of stable framed representations. One would get the
double of the representations of Cohomological Hall algebras by putting these two repre-
sentations together. This double construction implies that there are some relations between
Cohomological Hall algebras and some other algebras.

In this dissertation, we focus on the quiver without potential case. We first define Coho-
mological Hall algebras, and then the above construction is stated under some assumptions.
We computed two examples in detail: A;-quiver and Jordan quiver. It turns out that A;-
COHA and its double representations are related to the half infinite Clifford algebra, and
Jordan-COHA and its double representations are related to the infinite Heisenberg algebra.
Then by the fact that the underlying vector spaces of these two COHAs are isomorphic to

each other, we get a COHA version of Boson-Fermion correspondence.



THE DOUBLE OF REPRESENTATIONS
OF COHOMOLOGICAL HALL ALGEBRAS

by
Xinli Xiao
B.S., Wuhan University, Wuhan, China, 2007

M.S., Nankai University, Tianjin, China, 2010

A DISSERTATION

submitted in partial fulfillment of the
requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Mathematics
College of Arts and Sciences

KANSAS STATE UNIVERSITY
Manhattan, Kansas

2016

Approved by:

Major Professor
Yan Soibelman



Copyright

Xinli Xiao

2016



Abstract

Given a quiver Q with/without potential, one can construct an algebra structure on the
cohomology of the moduli stacks of representations of Q. The algebra is called Cohomolog-
ical Hall algebra (COHA for short). One can also add a framed structure to quiver Q, and
discuss the moduli space of the stable framed representations of Q. Through these geomet-
ric constructions, one can construct two representations of Cohomological Hall algebra of Q
over the cohomology of moduli spaces of stable framed representations. One would get the
double of the representations of Cohomological Hall algebras by putting these two repre-
sentations together. This double construction implies that there are some relations between
Cohomological Hall algebras and some other algebras.

In this dissertation, we focus on the quiver without potential case. We first define Coho-
mological Hall algebras, and then the above construction is stated under some assumptions.
We computed two examples in detail: A;-quiver and Jordan quiver. It turns out that A;-
COHA and its double representations are related to the half infinite Clifford algebra, and
Jordan-COHA and its double representations are related to the infinite Heisenberg algebra.
Then by the fact that the underlying vector spaces of these two COHAs are isomorphic to

each other, we get a COHA version of Boson-Fermion correspondence.



Table of Contents

Acknowledgements . . . . . . ... ix
1 Imtroduction . . . . . . . . . 1
2 Smooth models of quiver moduli. . . . . . . ... ... ... 7
2.1 Moduli of quiver representations . . . . . . ... .. ... 7
2.1.1  Quivers and the stack of representations . . . . .. .. .. ... ... 7

2.1.2 Stability conditions from Geometric invariant theory . . . . . .. .. 10

2.1.3 Stability conditions of quiver representations . . . . . . . .. ... .. 11

2.1.4 Moduli of quiver representations . . . . . . . . ... ... ... .. .. 12

2.2 Stable framed representations . . . . . .. ... L. 14
2.2.1 The extended quiver O, and the extended stability condition . . . . . 14

2.2.2  Example: Grassmannians . . . . . . . . .. .. ... 16

2.2.3 Example: Noncommutative Hilbert schemes . . . . . . .. .. .. .. 17

3 Cohomological Hall algebra, . . . . . . ... .. ... ... ... ... ... .. 18
3.1 Cohomological Hall algebras . . . . . . . ... ... ... ... ... ..... 18
3.1.1 Stacks of representations and their cohomologies . . . . . . . . . . .. 18

3.1.2  Multiplication . . . . . . . ... 19

3.2 Examples: Aj-quiver . . . ... 20
3.3 Examples: Jordan-quiver . . . . . . ... 24

4 A COHA module structure over the smooth model of quivers. . . . . . . ... .. 26
4.1 Correspondences . . . . . . . ... e 26

vi



4.1.1 Lusztig’'s model . . . . . . . ..o 26

4.1.2 Correspondences for stable framed representations . . . . . . . . . .. 28
4.2 Increasing operators . . . . . ... ... 31
4.3 Decreasing operators . . . . . . .. ..o oo 33
Ap-QUIVET CASE . . . . . o e 37
5.1 Grassmannians . . . . . .. ... 37
5.2 Correspondence . . . . . . . . ... 41
5.3 Increasing and decreasing operators . . . . . . . .. ... 44
5.3.1 Two representations of A;-COHA . . . . .. ... ... ... ..... 44
5.3.2 Increasing operators . . . . . . . . ... ..o 45
5.3.3 Two presentations of classes in the cohomology of Grassmannian . . . 46
5.3.4 Decreasing operators . . . . . . ... 46
5.4 The double of representations . . . . . . ... .. ... L. 51
Jordan quiver case . . . .. ... 54
6.1 Noncommutative Hilbert schemes . . . . . . . ... .. .. ... ... .. .. 54
6.1.1 Cellular decompositions and cohomology . . . . . . ... .. ... .. 5Y)
6.1.2 Representations in matrices . . . . . . . . .. ... ... 56
6.2 Correspondences . . . . . . ... o7
6.2.1 Extensionsin N =1case. . . . . .. . ... ... ... ... d7
6.2.2 Relations with Hilbert schemes . . . . . .. ... ... ... ... .. 59
6.2.3 Extensions in general case . . . . . . .. .. ... 59
6.3 The construction of increasing operators . . . . . . .. ... ... ... ... 65
6.3.1 The cohomology of [M;/G1] . . . . . . . .. . 65
6.3.2 The cohomology of ’HSJ)\, and 7—[&217 N o« o mm v e 65
6.3.3 The cohomology of Hign . . . . . . . . .. ... L 66
6.3.4 The construction of increasing operators . . . . . .. . ... ... .. 66

vil



6.4 The construction of decreasing operators . . . . . . .. ... ... ... ... 67

6.5 The combination of the increasing and decreasing operators. . . . . . . . .. 70
Application and future discussion . . . . . . .. ... 72
7.1 Boson-Fermion correspondence: classic version . . . . . . .. ... ... ... 72

7.1.1 Fermionic Fock spaces . . . . . .. .. ... ... 73

7.1.2 Bosonic Fock spaces . . . . .. ... ... L 74

7.1.3 Boson-Fermion correspondence . . . .. . ... ... ... ... ... 75
7.2 Boson-Fermion correspondence: COHA version . . ... .. ... ... ... 75
7.3 Generalization . . . . . . ... 75
Review of Intersection Theory . . . . . . . . . . . . ... Lo 76
A1l Chowring . . . . . . . . e 76

A.1.1 Definitions . . . . . . ..o 76

A.1.2 Functorial properties . . . . . . . .. ... 76

A.1.3 Cellular decomposition . . . . . . . . . ... 7
A.2 Borel-Moore homology . . . . . . . .. ... ... 78
Equivariant Cohomology . . . . . . . . . . . .. .. 80
B.1 Classifying spaces . . . . . . . . . . . 80
B.2 Equivariant cohomology . . . . . . . .. ... oo 81
B.3 Approximation . . . . ... 82
B.4 Some bundle structure . . . .. ..o 83
Cohomology of Categories Fibred in Groupoids . . . . . . ... .. ... .. ... 84
C.1 Category fibred in groupoids . . . . . . .. .. .. ... oL 84
C.2 Quotient CFGs . . . . . . . . . . . 85
C.3 Cohomology of CFGs . . . . . . . . . . . .. . . 86

viii



D Hilbert Schemes . . . . . . . . . s, 89

D.1 General concepts . . . . . . .. 89
D.1.1 Definitions . . . . . . . ..o 89

D.1.2 Hilbert-Chow morphism . . . . . ... .. .. ... ... ....... 90

D2 X =Alcase. ... ... . ... 91
D.2.1 Alternative description . . . . . . . . .. ... 92
Bibliography . . . . . . . . 94

X



Acknowledgments

I would like to express my sincere appreciation to my advisor Professor Yan Soibelman
first. He introduced me to the subject, taught me the related mathematics and made multiple
comments on this dissertation. I learned a lot of things from him. I would never have been
able to finish my dissertation without his guidance.

To Professor Zongzhu Lin, I appreciate his help in my doctoral studies. To Professor
Gabriel Kerr, I enjoyed the conversations with him which inspired me a lot. 1 would also like
to thank my other committee members: Professor Roman Fedorov, Professor Larry Weaver,
Professor Mitchell Neilsen and the outside chairperson Professor Gary Gadbury.

I would like to thank the department of mathematics of Kansas State University for
its hospitality when I was undertaking the doctoral researches and writing the disserta-
tion. I also appreciate Professor Ilia Zharkov, Professor David Yetter, Professor Natalia
Rojkovskaia, Professor Gerald Hoehn and Professor Ricardo Castano-Bernard for their ex-

cellent courses and seminar talks. I learned many interesting subjects from them.



Chapter 1

Introduction

Cohomological Hall algebra (COHA for short) was first introduced in [38]. There are at
least two motivations for Cohomological Hall algebra: one from mathematics and one from
physics.

The Donaldson-Thomas invariants were introduced by R. Thomas in [68]. K. Behrend
later in [1] constructed the same invariants via integrating the Behrend function with respect
to a measure given by the Euler characteristic. The new point of view revealed the “motivic
nature” of the invariants, and many efforts are made to construct generalized Donaldson-
Thomas invariants in a more general setting.

There were several attempts made. One is due to D. Joyce and Y. Song, who developed a
framework to give a rigorous definition of Z-valued Donaldson-Thomas invariants in the case
of abelian category of coherent sheaves on CY 3-fold. See e.g. [28-33]. M. Kontsevich and
Y. Soibelman established two theories to produce Donaldson-Thomas invariants with values
in “motives” in the case of triangulated categories. One is stating in [36], and the other is
using Cohomological Hall algebra stated in [38]. Both theories produce Z-invariants as limits
of motivic Donaldson-Thomas invariants, and they are connected in the case of quivers with
potential. The theory of Donaldson-Thomas invariants for quivers with potential has also

been studied extensively recently due to B. Davison, S. Meinhardt and M. Reineke. See e.g.
[10, 11, 44, 46]. See also [45] for a review.



It was conjectured that the generating series for Donaldson-Thomas invariants takes the
form of certain infinite products with exponents Q(«) with values in Z or in a certain Motivic
ring ([36]). This conjecture is called the Integrality Conjecture. Although it is still open
in the most general case, it is proved in many speical cases. In fact, M. Kontsecvich and
Y. Soibelman proved it for an arbitrary Quillen-smooth algebra with potential which covers
most of 3CY categories. See e.g. [38], [36].

It would be nice if one can construct the categorification of the Donaldson-Thomas in-
variants. In other words, one can construct an algebraic structure on some space closely
related to the Donaldson-Thomas invariants. Once we have such an algebraic structure,
the Integrality conjecture is automatically true, as well as a bunch of other good proper-
ties. The algebra rising here is the Cohomological Hall algebra. Therefore it can be treated
as the categorification of the Donaldson-Thomas invariants from this point of view. This
direction is studied extensively for the categories coming from quiver with potentials. See
e.g. [57], [13], [8]. There are other attempts to categorify Donaldson-Thomas invariants. D.
Joyce with several collaborators proposed an approach to the categorification of Donaldson-
Thomas invariants based on the ideas of derived algebraic geometry. See [2] and references
within.

Another motivation is from Physics. In supersymmetric field theories and string theories,
there are special states called BPS states. These states are the states conserved by (some)
supercharges. For that reason (Hilbert) spaces of BPS states appear mathematically as
cohomology spaces of moduli spaces of geometrically defined objects (which correspond to
certain fields in physics). Spaces of BPS states are stable under deformations of QFTs which
connect mutually dual theories. For that reason physicists often check various dualities by
comparing spaces of BPS states for dual theories. See e.g. [25, 26, 47].

In the study of certain models, G. Moore and J. Harvey computed certain one-loop
integrals and found two interesting facts. First, these integrals were determined purely by
the spectrum of BPS states, and second that the answers involved denominator formulae for
Generalized Kac-Moody algebras of the type studied previously by R. Borcherds. Therefore

it was natural to think that there was an algebraic structure that one could define on the



BPS states that would be related to the denominator formulae for a Generalized Kac-Moody
algebra. See e.g. [25, 26]. See also [15] for work in the same direction.

Although physicists think of BPS states as single-particle states, it is convenient math-
ematically to consider the space of multi-particle BPS states. It was a suggestion of M.
Kontsevich and Y. Soibelman to introduce an algebra structure on the latter space and
call it COHA. Single particle states correspond to a certain set of generators of COHA.
From this perspective Cohomological Hall algebras can be thought of as a mathematical
implementation of the idea of BPS algebra, or more precisely, algebra of closed BPS states.

However, as stated by G. Moore in [48], current methods and results have not been
carefully related to the actual properties of BPS wave functions of quiver quantum mechanics.
Thus, to explain in detail the relation of Cohomological Hall algebras to the BPS states of
quiver quantum mechanics is a very interesting question.

Besides the closed BPS states, there are also open BPS states. Conjecturally (see e.g.
[65] and [24]) this algebra acts on the “space of open BPS states” which are often described
in terms of cohomology of schemes. This is related to many physics models as well as
mathematical models. Hence representation theory of Cohomological Hall algebras (BPS
algebras) should lead to new results as well as new connections with geometric representation

theory. There are some work in this direction. see e.g. [67] and references within.

Previous work

As mentioned in the previous section, COHA coming from quivers with/without potentials
is of great interests. We would like to quickly go over the work on this topic.

Fix a quiver Q = (I, H). One considers the moduli stack [Mq/G4] of all the representa-
tions of O of a fixed dimension vector d for all dimension vectors d & Zglo. M. Kontsevich
and Y. Soibelman defines an associative algebraic structure on @&qH*([Mq/G4l) and call it
the Cohomological Hall algebra associated to the quiver Q. See Chapter 2 for details. It can

be generalized to the smooth algebra with potential case. See [38].

Starting from a quiver Q, one can construct another quiver Q by adding the reverse arrow



for each arrow of Q. There is an algebra called the preprojective algebra Ilo associated
to the new quiver Q. It is interesting because the moduli stack of the representations
of Ily is equal to the cotangent bundle of the moduli stack of the representations of Q.
On the cohomology of the moduli stack of representations of Ilg, one can construct an
associated algebra structure in a same manner of Cohomological Hall algebra. The resulted
algebra is called the preprojective COHA in [70] or just Cohomological Hall algebra in
[64]. For preprojective COHA, see also [71, 72|. Using the similar construction, but with
K-Theory instead of equivariant cohomology, Schiffmann and Vasserot defined K-theoretic
Hall algebras. See e.g. [63] for details.

One can add a loop to each vertex of Q, and get a “triple” quiver Q of the original
quiver Q. There is a canonical way to define a potential W on Q, and there is an algebra
J (Q, W) associated to the pair (Q, W). Using the similar idea to define the multiplication,
one can construct an associated algebra called the critical Cohomological Hall algebra. It
is originally defined in [38]. The algebra itself as well as its relations to the preprojective
COHA is studied extensively. See e.g. [8-11, 59].

Following the above construction, some extra structures can be added to the quiver as
well as its representations, and some modified moduli stacks are obtained in this way. In
fact, these modified stacks are usually moduli spaces. Thus we are able to construct a
representations of COHA on the cohomology of these moduli spaces. Two types of the
constructions are generally studied. One is the Nakajima’s quiver varieties. The other one
is the moduli space of stable framed representations.

M. Reineke did a lot of work on the moduli space of stable framed representations. See
e.g. [14, 52, 54, 56-58]. Based on his work, H. Franzen studied the COHA module structures

on some of the moduli spaces. See [17, 18].

Current work

The focus of this dissertation is quivers without potential case. By analogy with conventional

Hall algebra of a quiver, which gives the “positive” part of a quantization of the corresponding



Lie algebra, one may want to define the “double” COHA, for which the one defined in [38]
would be a “positive part”. See [65] for detailed discussions.

The aim of this dissertation is to define and study two representations of Cohomological
Hall algebras over some moduli spaces, and combine them into a single representation of
some algebra. The relation of this algebra to the “full” (or “double”) COHA in is discussed.

We focus on the Aj-quiver case and the Jordan quiver case in this dissertation.

Contents of chapters

The dissertation is organized as below.

Chapter 2 is a brief introduction to quiver, representations and the smooth models of
quiver moduli.

Chapter 3 is the introduction to Cohomological Hall algebra. Two examples are computed
at the end. They are the main topics in this dissertation: A;-COHA and Jordan-COHA.

Chapter 4 is the general construction of the increasing operators and decreasing opera-
tors of COHA. Our construction is similar to Nakajima’s construction of representations of
Heisenberg algebras on the homology of Hilbert schemes.

Chapter 5 is the detailed computations in the case of A; quiver. The main tool is Schubert
calculus of Grassmannians.

Chapter 6 consists of the detailed computations in the case of Jordan quiver. The com-
putation is based on the cellular decompositions of non-commutative Hilbert schemes.

Chapter 7 contains a version of Boson-Fermion correspondence which is a direct corollary
of the previous chapters, and some discussions about future work.

There are four appendices at the back of the dissertation.

Appendix A is about Chow ring, Borel-Moore homology and Poincaré duality. The result
would be used mainly in Chapter 6.

Appendix B is a review of equivariant cohomology.

Appendix C is a review of cohomology of quotient stacks. The aim of this appendix is

to provide background for a pullback formula when we compute the COHA action in both



Chapter 5 and 6.
Appendix D contains some results of Hilbert schemes. The results are mainly used in
Chapter 6 when we compare the non-commutative Hilbert schemes to the Hilbert schemes

in the N =1 case.



Chapter 2

Smooth models of quiver moduli

In the case of quivers without potential, when one studies representations of quivers, it
is useful to consider varieties or other geometric objects corresponding to representations.
Among all these different constructions, one can consider the stable framed moduli space
of quivers. We follow the definition given by Reineke to discuss the moduli space of stable
framed representations of quivers. See e.g. [14]. For stable framed objects in triangulated

categories, see [37] and [65]. For comparison to other constructions, see e.g. [50].

2.1 Moduli of quiver representations

The idea of stability conditions comes from the geometric invariant theory. A. King in [35] ap-
plied the geometric invariant theory to the quiver moduli problem, and defined (semi)stability
conditions purely algebraically. Our current form of stability conditions is due to A. Rudakov
which is just a reformulation of that of A. King. See [60]. The stability conditions can be
generalized to triangulated category. See [3] for details. In this dissertation, we would focus

on the stability conditions of the category of quiver representations.

2.1.1 Quivers and the stack of representations

We follow [6] in this section. See also [55] and [35].



Definition 2.1.1. A quiver is a quadruple Q = (I, H, s,t), where I and H are finite sets
(called the set of vertices, resp. arrows) and s,t : H — I are maps assigning to each arrow

its source, resp. target.

Remark 2.1.2. We shall denote the vertices by 4, j,.... An arrow with source i and target j
will be denoted by « : i — j. In the rest of this dissertation, s and ¢ would be omitted if

there are no confusions.

Definition 2.1.3. A representation (V,T) of a quiver Q over field K consists of a family of
K-vector spaces {V;}er, together with a family of K-linear maps T,,.;—,; : Vi — V; indexed
by the arrows o € H. If there are no confusions it would be denoted by V or T" or (7,,), for

simplicity.
Remark 2.1.4. We will focus on the complex field C in the dissertation.

Definition 2.1.5. A representation V' of Q is finite-dimensional if all the vector spaces
{Vi}ier are finite-dimensional. In this case, the family dimV := (dim V});c; is called the

dimension vector of V.

For a quiver Q@ = (I, H), denote each vertex by e; for i € I and consider it as an edge

from vertex i to ¢. Define product of two arrows a: ¢ — j and §: k — [ for o, 8 € H by

aﬂ? l = Z”
af = (2.1.1)
0, otherwise,
and
e = e, ept = 0p 0, e, = Op Q. (2.1.2)

Then there is an algebra KQ generated by {e;}icr, {@}acy using the product defined above
over field K. The algebra is called the path algebra of Q. KQ is an associative algebra.

Theorem 2.1.6. Fiz an arbitrary quiver Q. The category of all representations of Q 1is
equivalent to the category of all left modules of KQ. Furthermore, the category of all repre-

sentations of Q is an abelian category.



Proof. This is a classical result. See e.g. [6] and the references within for details. [

Fix a finite quiver @ and a dimension vector d = (d');c;. Fix the complex coordinate
vector spaces Vg := C¥ for all i € I. Let a;; denote the number of arrows of quiver Q from

vertex ¢ to j. Define

Mg = Mg(Q) = €P Home(C, C¥) ~ [ o (2.1.3)

at—j 2,]

There is a reductive linear algebraic group

Gq =[] GL(d',C) (2.1.4)

i€l

acting on Mg via the base change action

(90)i - (To)a = (95T0g; asis- (2.1.5)

Definition 2.1.7. Mg defined above is called the space of representations of Q of dimen-
sion d. Gy is called the gauge group of Mg. The quotient stack [Mq/Gq] is the stack of

representations of @ with dimension vector d.

Example 2.1.8. The A;-quiver is the quiver with one vertex 1 and no loops. Since there
is only one vertex, the dimension lattice is just Z. The path algebra is K since there are
no nontrivial paths of A;-quiver. Thus the category of all representations of A;-quiver is
equivalent to the category of K-modules, which is the category of all vector spaces. When
d=deZ, Myof Aj-quiver is isomorphic to pt, since the only linear map T : V4 — Vg is
trivial. We still have the gauge group GG; action given by base change. The resulted stack is

the quotient stack [pt/Gg].

Example 2.1.9. The Jordan quiver is the quiver with one vertex 1 and one loop [ : 1 — 1.
The dimension lattice is Z. The path algebra is K[z]|, the polynomial algebra with one

generator x. Thus the category of representations of Jordan quiver is the category of K[z|-



modules. Whend =d =1 € Z, M; ~ C. In fact, a representation of Jordan quiver of
dimension 1 is a linear map from C to C. If we choose a basis vy € C, we can get a 1 x 1
matrix representation of the map, which can be identified with a number A : vy — Avg where
A€ C. G = C* acts on M, via the formula p- A = pApu~t = X for all u € C*. Therefore the

gauge group action in this case (d = 1) is trivial.

2.1.2 Stability conditions from Geometric invariant theory

Let V be a finite dimensional vector space with a linear action of a reductive algebraic group
G. Our goal is define a “good” quotient of this action. If the action is not free, we cannot
have a natural geometric quotient. That is why we need Geometric invariant theory to help
us construct different versions of the quotient.

A regular function f : V' — K on V is called an invariant if f(gv) = f(v) for all ¢ € G
and v € V. We denote by K[V] the ring of rational functions on V, and by K[V]“ the
subring of invariant functions of the ring K[V]. It’s obvious that Spec(K[V]) = V. K[V] has

a natural N-graded ring structure.

Definition 2.1.10. A character of G is a morphism of algebraic groups xy : G — K*. A
regular function f is called x-semi-invariant if f(gv) = x(¢)f(v) for all g € G and v € V.
We denote by K[V]%X the subspace of x-semi-invariants, and by K[V]$ := @, K[V]X"
the subring of semi-invariants for all powers of the character y.

Remark 2.1.11. 1t is obvious that K[V]S is a N-graded ring. In fact it is a N-graded subring
of K[V] with K[V]% as the subring of degree 0 elements.

Definition 2.1.12. A vector v € V is called x-semistable if there exists a function f €
K[V]¥X for some n > 1 such that f(v) # 0. Denote by VX! the subset of y-semistable
points. A vector v € V is called y-stable if v is y-semistable, its orbit Gv is closed in VX755

and its stabilizer in G is zero-dimensional. Denote by VX! the subset of stable points.

Definition 2.1.13. VX~*//G := Proj(K[V]). There is a natural morphism 7 : VX755 —
Vx—sst] /G,

10



The importance of the moduli space of stable points or semistable points lie in the

following propositions.

Theorem 2.1.14 ([55]). The variety VX=55//G parametrizes the closed orbits of G in
VX=sst - The restriction of © to VX5 has as fibres precisely the G-orbits in VX5t [f the
G-action on VX5 s free, the morphism VX=5t — VX5 /G s a G-principal bundle. And we

have the following diagram:

(e —e S (2.1.6)

| Lw

Vx—st/G( Vx—sst//G
2.1.3 Stability conditions of quiver representations
Fix a quiver Q = (I, H).

Definition 2.1.15. A Z-linear form © : Z! — 7 over the dimension lattice is called a

stability condition.

Definition 2.1.16. The slope of a dimension vector d = (d*);c;s is

o(d)

12 (d) = S @ (2.1.7)

The slope of a representation V is defined to be pu® (V) := u®(dim(V)).

Definition 2.1.17. A representation V is called ©-semistable if u®(V) > pu® (V') for all
subrepresentation V' C V. It is called ©-stable if u® (V) > u®(V’) for all nontrivial subrep-

resentation V' C V.
Remark 2.1.18. We usually drop © from the notation p® if there is no confusion.

Lemma 2.1.19 (The seesaw property). Let0 — W — V — U — 0 be a short exact sequence
of representations of a quiver Q. Fix a stability condition ©. Then either w(W) > p(V') >
w(U), or u(W) < w(V) < u(U). Furthermore, considering the three equalities (W) = u(V),
u(W) = pu(V/W) and u(V') = n(V/W), any one implies the other two.

11



Proof. Since the representations of quiver Q form an abelian group, and both © and dim are
linear forms over the dimension lattice, for a short exact sequence 0 - W —V — U — 0,
we have O(W) + ©(U) = O(V), and dim(W) + dim(U) = dim(V). The results follow

immediately from an algebraic computation. O

Remark 2.1.20. This seesaw property is the core feature of the theory the stability of abelian
category. In fact, this is the definition property of A. Rudakov’s stability condition. See [60]

for details.

Proposition 2.1.21. Let © be a stability condition. Let Q) = kO+a fora € Z and k € N be
another stability condition defined in the obvious way. A representation V' is ©-stable (resp.
©-semistable) if and only if V' is Q-stable (resp. Q-semistable). In this case we call © and

Q are equivalent.

Proof. For an arbitrary dimension vector d = (d%);cs, we have

KO(d) +a S, d

S d = kp®(d) + a. (2.1.8)

p(d) =

Then for any two dimension vectors d and n, and a € Z and k € N, y°(d) > x®(n) implies
42(d) > 5%(n). a

The following Corollary follows immediately from Proposition 2.1.21.

Corollary 2.1.22. If |I| = 1, all stability conditions are equivalent to 0.

2.1.4 Moduli of quiver representations

Fix a quiver @ = (I, H) and a dimension vector d. Then we have a vector space Mg
with a reductive algebraic group Gg-action. Recall that My = @, ; Hom@(Cdi,Cdj), and
Ga =L, GL(d',C). Now let us apply the construction from Section 2.1.2.

The characters of the general linear group are just integer powers of the determinant
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map. Thus for each character x of Gq there exists a tuple of integers 6 = (6°);cs, such that

gz zGI Hdet gz ) (gi)iEI S Gd- (219)

el

Note that since the gauge group acts by conjugation, the diagonally embedded scalar matrices
in Gq act trivially on My. Therefore the action of the group factor through PGq = Gq/K*.

Then the character should satisfy that = 0.

zGI

Now starting from a stability condition © : d — Y _._, d'0® where 6" € Z for i € I, we can

el
construct a character

((9i)icr) == Hdet (g:) 0D~ ier e (2.1.10)

el
On the other hand, if there is a character x((gi)ier) = [[;e; det(g;)?" for a tuple of integers
(0");e7 which satisfy Y il 0" = 0, we can construct a stability condition © such that x = ye
by solving a linear system.

The key is the following theorem by A. King.

Theorem 2.1.23 ([35]). A point in My corresponding to a representation M is xo-semistable
(resp. xeo-stable) in the sense of Geometric invariant theory if and only if M is ©-semistable

(resp. ©-stable) in the sense of quiver representations.

Then it is possible to construct the moduli space of stable representations or semistable
representations of a quiver Q. Denote by M35 = M9 (Q) (resp. M5 = MP7(Q)) the
subset of the variety Mq(Q) corresponding to ©-semistable (resp. ©O-stable) representations.

Applying the construction in Section 2.1.2 and we have the following definitions.

Definition 2.1.24. The moduli space MF*(Q) (resp. M (Q)) is defined to be Mj*//Gq
(resp. M§/Gq).

Remark 2.1.25. Following Proposition 2.1.14, M3 (Q) parametrizes isomorphism classes of
O-stable representations of Q of dimension vector d. MZ?*(Q) parametrizes isomorphism

classes of p-polystable representations of Q of dimension vector d.
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2.2 Stable framed representations

2.2.1 The extended quiver Qn and the extended stability condition

We follow [14] in this section.

Definition 2.2.1. Let Q = (I, H) be a quiver with r vertices. Fix a dimension vector d
and a stability condition ©. Fix a non-trivial dimension vector n = (nf);c; € Z called the
framed structure. The extended quiver O, and the extended stability condition © are defined

by the following data:
1. A quiver Qn whose vertices are those of Q, together with one additional vertex oo,
2. The arrows of Qn are those of Q, together with n’ arrows from oo to i for i € I,
3. An extended dimension vector 61, with d' = di and d> = 1,
4. A new O, with 6° = 0" Vi € I and 0 = u(d) + € for some sufficiently small € € Q.

The new slope /i is defined through © and d. The representation space of Q,, of dimension
Ei, the moduli space of semistable framed representations and of stable framed representations

can be defined using the extended stability condition for the extended quiver.

Notation 2.2.2. We use ((V,T), f) to denote a representation of O, of dimension d, where
T is a representation of Q of dimension d on V, and f = (f;; : C = V})1<j<piser gives all

the information about new arrows coming from the oo vertex.

Notation 2.2.3. For two dimension vectors e = (¢');c; and d = (d%);er, we say e < d (resp.

e<d)ife <d (resp, e < d') for all 1 € I.

Remark 2.2.4. We consider d as a dimension vector of the extended quiver by setting d*° = 0.
Lemma 2.2.5 ([14]). For a quiver Q,

1. For all 0 # e < d, we have ji(e) < ji(d) < j(e) < i(d) < ple) < pu(d).

2. For all e < d, we have ji(e) < fi(d) < j(e) < i(d) < p(e) < pu(d).

14



Proof. Denote u(d) by pg and p(e) by pe.

o 2 d0 A pate QOO d)patpate €
fi(d) = Se+l . Sd+1 MTSTarr (22.1)
. e'f’
f(e) = ZZGZ' = [le. (2.2.2)
Then
X LA €
fie) < (d) & pe < pa + SdTl (2:2.3)

Since € is a sufficiently small constant, p, < ,ud—l—z o7 implies pe < pig. Then pe < /”Ld+2 P}
because s~ > 0. fi(e) < (d) = fi(e) < fi(d) is obvious. Thus the first statement is
proved.

For the second statement,

n(e) = 0 tpate (Dt pet (pampe) b e €
Yei41 Yet41 Zel—l—l dSel+1
(2.2.4)
Then
A N A € Hd — He €
d) > & = .
f(d) = ju(e) “d+2dl+1— Zez+1+261+1
(2.2.5)
Y (LT B b P
— lle > € . . :
Hd 2 Eel Zdl_’_l
Choose € as small as possible. Since e < d, we have
— > = g — Me > 0. 2.2.6
id “—E(Zei)( St ) = Ha = (2.2.6)
Similarly we have (d) > (&) < fg — pe > E(Z%)(szd%) If pe < pg, choose a
sufficiently small € > 0, we have pg — p > e(zlei)(%). Thus /i(d) > j(é). Since

i(d) > () = a(d) > (@) is obvious, the second statement is proved.
[

Proposition 2.2.6 ([14]). For a representation (V,T), f) of Qn of dimension vector d, the
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following are equivalent:
1. (V,T), f) is ji-semistable;
2. (V,T), f) is ju-stable;

3. (V,T) is a p-semistable representation of Q, and p(U) < u(V') for all proper subrep-

resentations U containing the image of f.

Proof. Let ((U,T), f) be a subrepresentation of ((V,T), f) as representations of On. Let
d := dimV. Then dim((V,T), f) = d. There are two types of (U, T), f). Either U contains
the 1-dimensional space associated to oo, or not.

In the first case, denote by W the subspace of U by removing the 1-dimensional space
associated to oo. Then W is a subrepresentation of V' as a representation of the original
quiver @ who contains the image of f. Let e := dimW. Then dim((U,T), f) = €. Since
dimW < dim((U,T), f), e < d. Therefore, by Lemma 2.2.5, i(d) > ji(é) < f(d) > (&) <
u(d) > p(e). This implies the equivalence we need.

In the second case, U can be directly viewed as a representation of Q. Let e :=

dim((U,T), f). Then e < d. By Lemma 2.2.5, i(d) > ji(e) < i(d) > a(e) < u(d) > ule).

This also implies the equivalence we need. O

Definition 2.2.7. We denote Mgt(Qn) by M ,(Q) and call this variety a smooth model
for M5*(Q).

2.2.2 Example: Grassmannians

Consider the quvier A; with one vertex and no arrows. By Corollary 2.1.22; we only need

to consider the trivial stability condition. The extended quiver is as below:

T e, (2.2.7)

Fix a dimension d and a framed structure N. A framed representation (Vg f) is a family
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of maps {f; : C — Vy}¥,. It is equivalent to one map f : CV — V. By abusing notations,

we don’t distinguish the two meanings of f.

Proposition 2.2.8. The moduli space ./\/lflfN of stable framed representations of Ai-quiver is
a quotient space [Epi(CY,C%)/ GL4(C)] where Epi(CN, C?) is the space of all epimorphisms

from CN to C4. This quotient space is isomorphic to the Grassmannian Gr(N — d, N).

Proof. By Proposition 2.2.6, a framed representation (V) f) is stable if each proper subspace
which contains Im(f) has a smaller slope than V. Since the stability condition is trivial, it
implies that a framed representation (V, f) is stable if and only if f : CV — V is surjective.

The gauge group in this case the GL4(C) which acts on V' by the natural action. O]

Notation 2.2.9. In the rest of the dissertation, by abusing notations, we would use Gr(d, n) to
denote the Grassmannian Gr(n—d, n). In other words, all Grassmannians in this dissertation

refer to the “quotient” type Grassmannians.

2.2.3 Example: Noncommutative Hilbert schemes

Consider the quiver Q™ with one vertex and m > 0 loops. Fix a dimension d and a framed

structure N. We have the extended quiver:

f
Ty, (e . o™, (2.2.8)

A framed representation of Q™ is a pair ((V,T), f), where (V,T) = (V,T;)™, is the
representation of Q™ and {f; : CN — V}¥ | represents the framed structure. Since there is
only one vertex in the original quiver Q™ by Corollary 2.1.22, the only stability condition
is the trivial one. Then ((V,T), f) is stable if and only if Im(f) can generate the whole V'
under the actions of {7;}*,. We denote the variety of all stable framed representations by
H 577\2 GL(d, C) acts freely on it. The quotient gives the smooth model, which is denoted by
Hi.

Definition 2.2.10. The variety ’Hgﬁ\), is called the noncommutative Hilbert schemes.
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Chapter 3

Cohomological Hall algebra

The definition of Cohomological Hall algebra is similar to the definition of conventional (con-
structible) Hall algebra (see e.g. [62]) or its motivic version (see e.g. [36]). The cohomology
of the moduli spaces provided by representations of quivers is studied at first. It is the
underlying vector space of the Cohomological Hall algebra. Then, the pullback-pushforward
construction is used to define the multiplication. Two examples are computed in details:

one for Aj-quiver, the other for Jordan quiver. This chapter mainly follows [38].

3.1 Cohomological Hall algebras

3.1.1 Stacks of representations and their cohomologies

Fix a quiver @ = (I, H) and a dimension vector d = (d*);c;. We have the stack [Mg/G4]
of representations of Q with dimension vector d. We will consider the cohomology of this
stack. By Appendix C.3, H*([Ma/Gq]) ~ H (Ma). Denote Hq := HE (Ma).

Since My is a vector space, and Gg-action is linear, it is equivariantly homotopicly equiv-
alent to pt with Gg-action trivially. Then Hf (Mg) ~ Hg (pt). According to Example
B.4.3, Hf,(Ma) is the algebra of polynomials of Y el d’ variables, where each group of d

variables are symmetric.
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We introduce a leo—graded abelian group
H = PaHa. (3.1.1)

This is the underlying space of Cohomological Hall algebra.

3.1.2 Multiplication

Fix any d;, d2 two dimension vectors and denote d = d; +dj. Denote by Mg, 4 the space of
representations of Q in coordinate spaces of dimensions (d} + d3);c; such that the standard
coordinate subspaces of dimensions (d});c; form a subrepresentation. The group Ga,.a C Gq
consisting of transformations preserving subspaces (Cdli - Cdi)ieb acts on My, 4.

Consider the following diagram:
[Ma, /Ga,] X [Ma,/Ga,] == [Ma, a/Gay.a] 2 [Ma/Ga). (3.1.2)
Construct a morphism maq, 4, : Ha, ® Ha, = Ha by

p.(pi(a) Ups(8)), for a € Hy, (Ma,), B € Hy, (Ma,). (3.13)

Define m : H® H — H by
m = Z Md, ds- (3.1.4)

d;,d2

Theorem 3.1.1 ([38]). The product m on H is associative.

Remark 3.1.2. Note that the natural morphism of stacks p : [Mqa, a/Ga,a] — [Ma/Gdl
is a proper morphism of smooth Artin stacks. Hence it induces the pushforward map on

cohomology. Therefore the above formula makes sense.

Theorem 3.1.3 ([38]). The product fy - fo of elements f; € Haq,, i = 1,2 is given by the

-----
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function in variables (27 ,)icraeq1,..aty and (27 4)ieraeq, .. di}-

f1(($§,a))f2(($§/,a)) H i,jET Ha1 1 Haz 1( Tjas — $i,a1)aij | (315)

Hze[ Ha1 1 Ha2 1( Za2 - x’li,al)

by taking the sum over all shuffles for any given i € I of the variables xw, ia (the sum is

over [ [,e; (di) shuffles).

Let @ = Q™ be a quiver with just one vertex and m > 0 loops. The product formula

(3.1.5) specializes to

(fl : f2)($1, . ,mp+q) p—
Z fl(xila Iz,,)fz Tjyy-- qu HH(% _ xik))m_l (3.1.6)

i1<...<ip k=11=1
) o <<Jg
{117---71737]17---7Jq}:{17---7p+q}

for symmetric polynomials, where f; has p variables and f5 has ¢ variables. The product

f1 - fo is a symmetric polynomial in p 4 ¢ variables.

3.2 Examples: Ai;-quiver

If m = 0, the quiver Q© is actually A;-quiver. In this case, the product formula is

fl(xila s g )f?(leﬂ AR )
(fi-f2) (@1, Tprg) = > - . (3.2.0)
o i1<...<ip Zzl H?:l (ajjz - xlk)
J1<...<Jq

{ilr"?ip?jl7---7jq}:{17“'7p+q}

Notice that H, = H¢, (M) ~ Q[z1], where z; is the first Chern class of the tautological
line bundle of the classifying space of G;. Denote x! by ¢;. Then H; is the Q-span of
{0, ¢1, ...} as a vector space.

We want to make a connection between the A;-COHA and the Schur polynomials. We

define partitions first.
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Definition 3.2.1. An partition A of n € N is a sequence of integers (A, Ag,...) such that
Zi Ai =nand A\ > Ay > ... > 0. The maximal index k such that A\ # 0 is called the length
of the partition. An d-partition of n € Nis a d-tuple (\y,...,\y) satisfying Ay > ... > X \; >0
and Y0\ =n.

Notation 3.2.2. Let k; = \j+d—ifori=1,...,d. k(A\) = (k1,...,kq) is an index associated
to .

Define a polynomial related to k(\) by

xlfl x’gl a:fll
ok ok x’f
ax(n) (ZL‘l, Ce ,:L‘d) = det . (3.2.2)
x]fd xgd xsd
A special case is when Ay = (0,0,...,0) and in this case the polynomial is known for the
Vandermonde determinant:
x‘li ! xg’l xj’l
d—2 d—2 d—2
xg x5 Xy
ax(ro) (71, - . ., 1q) = det = H (; — xp). (3.2.3)
..................... 1<j<k<d
1 1 1

It is obvious that ay(y) is alternating. Therefore ay(y) is divisible by Ak(Ng)-

Definition 3.2.3. The Schur polynomial for X is defined as the ratio:

(lko\)(l’l, e ,J/’d)
sx(xy,...,2q) = . 3.2.4
/\( ! d) ak(ﬁ)(:cl,...,xd) ( )
Proposition 3.2.4. For a partition A = (A1,...,Ag), A1 > ... > A\g >0,
5A2¢k1'---'¢kda (325)
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where sy denotes the Schur symmetric function of X = (k1 —d+ 1, kg —d+2,...,kg).

Proof. Use induction on the length of A. It is obvious when the length of the partition is
0. Now let us consider a length d + 1 partition 7 = (71,79, ...,74+1). The associated index
k(1) = (k1,ka, ... kgy1). Let 1o = (0,...,0) be the trivial (d 4 1)-partition. Let A be the
length d partition which satisfies A = (72,...,7441), and Ag be the trivial length d partition.
It is easy to see k(A) = (ko, ..., kqr1). Then we have

k k k
R
xlfz -73]52 wfli—l
a(ry (21, ..., Tgq1) = det
kqy1 kat1 kata
K Lo Tat1
xlgz x§i1 foQ Igz xgj—l
=xitdet | —ahtdet | +
kat1 kat1 kat1 kat1 ka1
T T T T T
d+1 1 d+1
h? zh?

:Cllﬁdﬂ x§d+1
:x’flakp\)(@, cey Tgr) — x;“ako\)(xl, T3y ..., Tay1) + .-

. (—1)dmsﬁrlak(>\)(a:1, Cey ),

(3.2.6)
and for any s =1,...,d+ 1,
iy = [ @-2)=C0""C [ @-z) [ (@)
1<j<k<d+1 1<j<ksdtl 1<i<d+1
Ihs 7 (3.2.7)
=(—1)5_1ak(/\o)($1> cey Ty ey Tar)( H (xs — 7).
1§§d+1
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By definition, and the product formula (3.2.1),

Ak (r) (‘7:17 cee 7xd+1)
Se(T1, . Tay1) =
ak(@)(l‘la s ,I’d+1)
ﬂflflak(x) (T2, ., Tds1)
Ax(ro) (25 - -+, Tag1) ([ Loy g (1 — 1))
(1) o5 axny (T, T3, - -+ Tag)
(= Daxg) (1, 23, - - - 733d+1)(H1§§g+1(332 — 7))
L+ (_1)d xldfii-lak(A)(xh e >xd)
(—=1)ax(rg) (21, - - - Jd)(nggd(de — 1))
_x’flsA($2,---a$d+1) $§13A($1,$3,---7$d+1)
= + ...
[Tocicap (@1 — 1) H1s§g+1(332 — 1)
'CEZ}FlSA(x].? s ,.Td)
nglgd(xd+1 — 1)
=(Pk, - $x3) (15, Tat)-
By induction, sy = ¢, ... ¢,,,. Therefore we have
ST('T]J s 7xd+1) :<¢k’1 : S/\)(xb s 7:Ed+1)

=Pk Ohy -+ Dhogyr ) (X1, -+ Tag)-

Proposition 3.2.5. H ~ A\"(H,) as algebras.

+ ...

(3.2.8)

(3.2.9)

Proof. Since Hq = HE (M) ~ Qlzy, ..., 24, Ha (as vector spaces) is the algebra of

symmetric polynomials with d variables. Since Schur polynomials form a basis of algebra of

symmetric polynomials, (see e.g. [43]), by Proposition 3.2.4, Hq ~ A\“(H;) as vector spaces.

The proposition follows immediately.

]

Remark 3.2.6. By the proposition, in A;-COHA case, we would also use wedge A to denote

the COHA multiplication.
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3.3 Examples: Jordan-quiver

If m = 1, the quiver QW is called the Jordan quiver. In this case, the product formula is

(f1- fo)(@r, ..., Tprq) i= h;ip Fi@ins o) (@0, o 2,)- (3.3.1)

J1<...<Jgq
{21, eslpyd1seendg y={1,-..,p+q}

Using the notations introduced in the previous example. For a partition A = (kq,. .., kq),

ki > ... > kg >0, define m, to be the polynomial:

~ Ao(1) Ao Ao
ma(xy,. .., 2q) = Z zy7 Wy a . (3.3.2)

oESy

Remark 3.3.1. Let m) denote the monomial symmetric function of A\. Then m, = cym, for
some positive integer c¢y. The number comes from the duplicate terms when permuting the

powers in the definition of m in (3.3.2). See e.g. [43] for details.

Proposition 3.3.2. For a partition A = (A1,...,A\g), Ay > ... > A\g >0,

Ty = O, - - .- Da,e (3.3.3)

Proof. Use inductions on the length of A. Length 0 case is obvious. Now let 7 = (71, ..., T4:1)

be a length d + 1 partition, and A = (A1,...,\y) be a length d partition where \; = 7; for
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i1=1,...,d. Then

- As(1) _Ac(2) Ao (d41)
m(T1,. .., Tar1) = g R P

O'ESCH_l

. Ad+1 /\0(2) Ag(d41) Ao (1) Ad+1 Ao (d+1)
= E Ty Ty Tapr + E: Ty Ty T

O'GSd+1 UESd+1
o(1)=d+1 o(2)=d+1

Ait1, Ao(2) Ad+1
-+ E R A

O'Esd+1
o(d+1)=d+1

_ o (1) Ao(d)y, Ad+1 As(1), Ao(2) Ao(d) ), Ad+1
E:xz STt )T "‘(E oy )e T 4

ocESy oESy

As(1) Ao(d)\ - Ad+1
+<§ R

7€S,
=MA(T2s - - - Tag1)Pagys (1) + Mn(T1, 23, .o, Tag1)Oag,, (T2) + .0
(@, 2q)Oxg (Tag)
=(mx - Orga ) (@1, -, Tagr).
(3.3.4)
By induction, my = ¢y, - ... ¢x,. Therefore m, = ¢, -... o7, - br,.,. O

Proposition 3.3.3. H ~ Sym*(H;) as algebras.

Proof. Similar to Proposition 3.2.5, the result follows immediately from the fact that the

monomial symmetric polynomials form a basis of the algebra of symmetric polynomials (see

e.g. [43]). O
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Chapter 4

A COHA module structure over the

smooth model of quivers

4.1 Correspondences

4.1.1 Lusztig’s model

Lusztig gives a model to describe the correspondence (3.1.2) of quiver representations. We
would give a quick review about this model in this subsection. For details, see e.g. [40-42].

Ford =d; +dy, let Vq = @V, Vg, = @ingi and Vg, = @ielvdé be the standard
coordinate spaces which serve as the standard underlying vector spaces of representations of
quiver Q. Let M, be the variety of all pairs (W, (Vq,T)) where (V4,T) € Mg and W C Vqis
a I-graded subspace of dimension d; which is invariant under the action of T'. Let M; be the
variety of the quadruples (W, (Vq,T), f1, fo) where (W, (Vq,T)) € Ms, f; is an isomorphism
fi1:Vq, ~ W, and f; is an isomorphism f5 : Vg, >~ Vgq/W.

For each (W, (Vq,T), f1, f2), let T1 == fi'T|wfi and Ty := f;'Tfo, where Ty is the
map 7 restricted on W and T is the endomorphism on Vg4 /W induced from T : Vq — Vgq.

Then Ty : Vg, — Vg, (resp. 15 : Vg, — Vg,) is a point in Mg, (resp. Mag,).
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Both M; and M, carries G4 X G4, X Gg,-action by

(gaglaQQ) ’ (VV7 (VdaT)7fla f2) = (gVVv (Vd)ng_l)ugflgl_lugf2g2_l)’ (411)

and

(9,91, 92) - (W, (Va, 1)) = (gW, (Va,9Tg™")). (4.1.2)

Here g is the action on V4q/W induced by g € G4 on Vg4. Equip Mg and Mg, x Mg, with
Ga X Gq, X G4,-action structure by setting the other groups act on non-correspondent pieces
trivially.

Define q; : My — Ma, x Ma, by i(W, (Va,T), f1, f2) = (Va,, T1), (Va,, T2)). Define g :
My — My by ¢2(W, (Va, T), f1, f2) = (W, (Vq,T)). Define g3 : My — Ma by g3(W, (Va,T)) =

(V4,T). Then we have a G4 x Gq, X Gg,-equivariant diagram:
Mg, x Mg, <& My 2 My 5 My. (4.1.3)

Theorem 4.1.1 ([40]). ¢1 is a locally trivial fibration with smooth connected fibres, qs is a

Ga, X Gg,-principal bundle and qs is proper.

There is another way to talk about these spaces. Consider the space indicated by the
first dy coordinates of the standard coordinate space V4. We denote it by Vq,. Let Ggq, 4 be
the stabilizer of V4, C V4 in G4. Denote by Uq, 4 the unipotent radical of G4, 4. We have
canonically Gq, a/Ud,a = Ga, X Ga,. Let Mg, a be the closed subvariety of My consisting
of all (Vq,T) such that the standard coordinate subspace Vg4, C Vq is invariant under 7.
Denote the natural embedding Mg, a4 < Mg by 2. Consider the Gq, g-equivariant map
K: Mg, a — Ma, X Mg,. We have the diagram:

q1 q2 q3
Mg, X Md2 +— Gq XUdl,d Mdl,d — G4 XGdl,d Mdl,d = My, (414)

1

where ql(g7 (VdvT)) = K<Vd7T)7 Q2(g, (Vda T)) = (gv (Vd7T))7 and Q3(gv (Vda T)) = g(l((VCbT)))
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Theorem 4.1.2 ([42]). k : Mg, 4 — Ma, X My, is a vector bundle, g is a G4, X G a,-principal

bundle and q3 s proper.
This two descriptions are equivalent to each other by the following proposition.

Proposition 4.1.3. Gd><Ud1 Ma, a4 15 Gax G g, X G gy, -equivariant isomorphic to M. degdl .

Ma, a4 s G g-equivariant isomorphic to My.

Proof. Recall that Mg, q is the variety of all representations of Q on V4 which keep the
standard coordinate subspace Wq, C Vg4 invariant. Let i : Wy, — V4 be the canonical
embedding. Let &k : Vg, — Vq/Wy, be the canonical isomorphism. Define ¢ : Gq X Mg, 4 —
M; by

¢:(9,T) v (gWaq,,gTg ™", gi, gk), (4.1.5)

where g is the action on V4 /Wy, induced by g on Vg. This is a Gq X Gq, X Gq,-map, and the
kernel is Ugq, 4. Thus we get the isomorphism we want. The other follows from the similar

argument. O
Proposition 4.1.4. [Gq Xp, , Ma,,a/Gd] is isomorphic to [Ma, a/ Pa,.a) as CFGs.

This proposition let us to use Mg, g acted by Py, 4 as models to talk about correspon-

dences.

4.1.2 Correspondences for stable framed representations

Fix a quiver @ = (I, H). Fix a framed structure n = (n');c; and a stability condition
O. Following Section 2.2, let M d@;“ be the variety of all stable framed representations of
dimension d on the standard coordinate space V4 with the framed structure n under the
stability condition ©. We use Mg, for short. G4 acts on Mg, naturally. Then there exists
a moduli space My, = M, /Ga.

Let ((V,T), f) be a stable framed representation of dimension d = (d*);c;. Assume that
we have a d;-dimensional subrepresentation W C V of Q. That is, W = (W;);er, W; C V;,
dimW = d; and @®;c;W; is invariant under the action of 7. Then there is a natural framed

representation structure on V/W. We denote it by ((V/W,T), f).
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Theorem 4.1.5. Assume the slopes of V., W and V/W are the same. If (V,T), f) is a
stable framed representation, so is (V/W,T), f).

Proof. Take any subspace U/W C V/W which contains Im(f). Denote the preimage of
U/W in V under the natural projection by U. Then U C V contains Im(f), and we have

the following diagram.

0 T V- V/W——0. (4.1.6)
0 U U/W ——0
By Proposition 2.2.6, since ((V,T), f) is stable, u(U) < u(V'). Due to the fact that u(V) =

u(W), by Lemma 2.1.19, u(W) > pw(U) > p(U/W). Thus by u(W) = w(V/W), we have
pU/W) < (VW) O

This Theorem enables us to define the correspondence for smooth models in the following
way. Fix a slope u € Q. Fix two dimension vectors d; and dy such that z®(d;) = x®(ds) = p
and set d = d; + dy. Then p®(d) = p. We apply the Lusztig’s model to describe the
correspondences here. Recall that V4 is the standard coordinate space, and Vg4, C Vg4 is
the subspace consisting of the first d; coordinates. Let My 4, be the subvariety of MJ',
which keeps Vg4, C Vg4 invariant, and the subgroup of the automorphism group of V4 which
preserves Vg, is denoted by Py, 4. By the construction similar to diagram (4.1.4), we have
the following diagram

x M3t

q1 st 92 st a3 st
Mdl d27n <— Gd XUdl,d Mdl,d,l’l — Gd XPdl,d Mdl,d,l’l — Md,l'l' (41.7)

After taking quotient by Gq x Gq, x G4,, we have
[Ma,/Ga,] X M, 0 & M, an/Pav.a)l = M3 an/Pasal = M. (4.1.8)

da,n

Proposition 4.1.6. [M ;. /Pa, 4 can be represented by a scheme. The scheme is denoted

by ijﬁ,d,n'
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Proof. Let (W, ((Va,T), f)) be a point in My 4. Let g € P, a. The action is

g-W,((Va,T), f)) = (gW.((Va,gTg™"), gf)). (4.1.9)

Now let g - (W, (Va, 7). f)) = (W, ((Va, T), f)). That i,

(9W.((Va,9Tg™"),9f)) = (W.((Va, T), f)). (4.1.10)

Since W is invariant under the action of Py, 4, we have
gl =Tg, gfi=fi, i=1,...,N. (4.1.11)

Fix a basis vector v € W, and let v; = f;(v). Consider the subspace U generated by v;,
1t =1,... N under the action of T'. It is possible to choose a basis vé-“ := T*v; of U for some

k€ Zspand j=1,...,N. Then we have
g'z);-C = ng’Uj = Tkgfj(v) = kaj(v) = 'Uf. (4.1.12)

Therefore g = Id when restricting on U.

Assume ¢ is not trivial. Then there is a one parameter subgroup g, C (Ggq such that
gx fix (W, ((Va,T), f)). Then we can decompose V4 into the direct sum of weight space
Va = ®n>0V (n) where t € g, acts on V(n) as ¢". It is obvious that U C V(0). Thus V(0)
is not trivial.

Furthermore, since g7 = Tg for any g € g,, V(i) is invariant under the action of T
for any i € Zso. Therefore, each V(i) is a submodule of the original quiver Q. Since
Im(f) c U C V(0), Im(f) is not in V(i) for ¢ > 0. Let Vg := @;50V (7). Vsp is a submodule

of the original quiver which doesn’t contain the image of f. Then we have

Va = V(0) & Vao. (4.1.13)
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By Proposition 2.2.6, u(Vsg) < u(Va), and p(V(0)) < u(Vq). By Lemma 2.1.19,
w(V(0)) < pu(Va) < pu(Vsp). This a contradiction. Then g = Id on the whole V4. This

shows that Py, g acts on My, an freely.

O
Then we build up the following correspondence diagram:
(sitg,n e (sitl,d,n — (Sit,n : (4114)
[Mdl /Gdl]
Here
pW,((Va,T), f)) = (Va, T), f),
(W, ((Va,T), f)) = W, T|w),
p2(W.((Va, T), f)) = (Va/W. T), f).
4.2 Increasing operators
The map
o7 (f) =p(pi () Ups(f)), for ¢ € Ha,, f € H' (Mg, ,) (4.2.1)

defines a morphism from H*(Mg, ) to H*(MY,). Since p is proper, the operator is well-
defined.

Theorem 4.2.1. ¢ (65 (f)) = (¢1 - ¢2)T(f) for ¢1 € Ha,, ¢o € Ha, and f € M}

d3,n’

Proof. Consider the correspondence C consisting of diagrams

Fd1+d2+d3 (422)
Fd1+d3
Eq, Eq, Fa,
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C5 consisting of diagrams

Fd1+d2+d3 (423)

7

Ea, 14,

N

Ed2 Ed F. d

1 3

and C' consisting of all the pieces {(E,, Eq,, Fa,+d,, Fas, Fa,+ds, Fd,+d,+as) - Here Eq € Mg
and Fy € Mf{n for any dimension vector d. The natural projections to each components

give the following diagram which is commutative.

1 2,123
q1 P2,123 st Pia3 st
C Cl Mdg,d1+d2+d3,n ) 123 d;+da+ds,n (424>
l 1 L 2,123 Py’
P13 P13
phl3
st 13 st
d;,d;+ds,n d;+d3,n Md2
1,13
l 5 \
p3
st
ds,n Mdl

In the diagram, p}élg and p§7123 are proper, and pim and piq,ug are flat. Then by Proposition

A.1.8, we have

O3 (67 (1) = Py, (0™ (@2) Upts ™ (3™ (0™ (@1) Upy ™ (1))

= pu(p5(02) U pi (1) Ups(f)),

(4.2.5)

I 113 1 2123 1 113 1 dp = p22 ool
where py = P ©0P1,13°491, P2 = P2 ©P3123°¢1; P3 = P3 ©Py13°¢1 and P = Pig3 OPj 123°41-

Similarly, for C5 and related correspondences and moduli spaces, we have the following
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diagram
3,123

2
q2 P3,123 st D123 st
¢ Cs Md3,d1+d2+d371‘1 Md1+d2+d37n )

3,123
2 3,123 P3
Pi12 P12
1,12
p

12 st
Md17d1+d2 Md1+d2 ds,n
1,12
l 1’12\
Py
My, Mag,

and

(62 - 61)"(f)) =P (1'2(62) UP'1(1) UP'5(1)),

where p!, ph, py and p’ are the natural projections from C through Cs to Mg,, Mq,,

st
ds,n

(4.2.6)

(4.2.7)

and

M L4, +dyn- Since in C7 and Cy, by the universal properties of embeddings and projections,

cL C) and C LN Cy are isomorphisms. Therefore we arrive at the desired result.

]

The Theorem shows that Formula (4.2.1) defines a representation of H = @4 Ha on

Dy H*(MZ,). Tt is called the increasing representation of COHA of the quiver Q. The

operators related to the generators of the COHA are called the increasing operators.

4.3 Decreasing operators

Recall the diagram of correspondence

st P2 st p st
da,n [Mdl,d,n/Pdhd,n] Md,n .

lpl

[Mdl /Gdl]

Choose an approximation U, /Gq, of [Mg,/Gq,]. We have the diagram

st P st P1,nXP2 st
Md,n — Md1,d,n e ]\4—(;]1 XGdl Un X M

da,n*

To construct decreasing operators, we introduce the following conditions.
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Condition A. p; xpy : MY, 4, — Mg, x M, , is a fibre bundle with fibers being projective
schemes. The fiber can be embedded into the classifying space BGg,. Furthermore all pieces

has a cellular decomposition.

Assume the condition holds. Since all pieces has a cellular decomposition, the cohomology
of MY 4, is generated by the basis of the cohomology of the fibres as H* (Mg, x M, ,)-
modules. Since the fibre can be embedded into BGy,, there is a projection from H*(BGy, )
to the cohomology of the fibre. This implies that we can use COHA generators from
H*([Ma,/Ga,]) to denote the elements in the cohomology of fibres under the projection.

Choose the H*(Mg, x MY, )-basis of H*(MY 4,) which are of forms pj(¢;) where

do,n

¢ € He,, (Mq,) are COHA generators. We can define a H*(Mq, x MY, ,)-pairing

(, B) == (p1 X p2)(@ U B) (4.3.2)

for a, B € H* (M, 4,)- Define the dual D(pi(¢:)) of pj(#;) by the formula

(D(pi(ei)), pi(95)) = i (4.3.3)

By Pioncaré duality, and the fact that the fibre is projective, the pairing is non-degenerate.
Then the dual exists for any pj(¢;) € H*(MY 4,). Again, since the basis elements in
H*(MY, 4,) are pullbacks from H*([Mg,/Ga,]), there exists ¢ € H*([Maq,/Gaq,]) for ¢; €
H*([Mg, /Gay]) such that D(p;(1)) = p(6P)

The next piece we need is the pullback 75 : H*(Mg, ) — H*(Mg, x MY ). It is
an isomorphism due to the fact that the natural projection to the second component ms :
Mg, x M, , — MY, , is a vector bundle of rank dim My, .

We need another condition to proceed.

Condition B. Let gbz € H*([Mdl/Gdl])a ¢2 S H*([Mdg/GdQ]) Then gbZngjD = (¢j¢i)D,

where the multiplication is the COHA multiplication.

Finally we come to the definition of decreasing operator. For f € H*(MYF,), ¢ €
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H*([Mdl/Gdl])7

¢ (f) = (m3) " (o1 % p2) (P} (67) Up™(f)) € H" (MG, )- (4.3.4)

The isomorphism (73) ! is omitted from the formula for simplicity when there is no confusion.

Remark 4.3.1. Note that the decreasing operator constructed above depends on the choices
of basis. However, in the cases of Aj-quiver and Jordan quiver and d; = 1, the cohomology

of each degree is of dimension 1. Therefore there are no choices of basis in this dissertation.

Theorem 4.3.2. If both Condition A and Condition B hold, ¢1 (¢35 (f)) = (¢1-¢2)~(f), for
any f S H*( d3 n) ¢1 S H*([Mdl/Gdl]) and ¢2 S H*<[Md2/Gd2])'

Proof. Consider the same correspondence C7, C5 and C' in Theorem 4.2.1. We have the

following diagram.

1 2,123
q P2,123 st P13 st
O Cl da,d;+da+ds,n d;+do+ds,n - (435)
2,123
P2
lp},w lpi;us
pl 13
_Pis
Mdl d;+ds,n 13 Md1+d3 n Md2
l 5 K
b3
st
ds,n Mg,

By the diagram and the projection formula, we have

o1 (¢2 (f)) ;, *( (¢1 ) U 1313*(]7%%123*@3’123*((?2 ) U p§21323 (f))))
= ps. (P} (1) Ups(93) Up*(f)),

(4.3.6)

h 1,13 1 2,123 1 1,13 1 d 2,123
where p1 = p;” 0P 139q1, P2 = Py’ OP3123°41, P3 = P3’ OPi13°¢1 and p = Piy3 Op2 123°41;

¢1 € H*([Mqa,/Gq,]), o2 € H ([Ma,/Ga,)), f € H* (MY a,1q,n)- Similarly, for C; and
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related correspondences and moduli spaces, we have the following diagram

2 3,123
q2 P3,123 st P123 st
C 02 ds,d1+d2+d3,n - d;+da+ds,n * (437)

3,123
2 3,123 Ps3
P112 P15
1,12
P12

Mdlyd1+d2 Md1+d2

1,12
l 1»12\
Py

My, Mag,

st
ds,n

and
(¢1-¢2)~(f) = ph, (012 ((61¢02) ") U™ (), (4.3.8)

;o112 9 ;3123 9 ;3123 9 - i
where phy = P13~ 0P1 1202, Py = P37 0P35 1930 G2 and p' = piaz 0 P5 1930 ¢2. Since Condition

B holds, we have
(61~ ¢2)~(f)) = P (01 (¢7) UP'5(62) U™ (), (4.3.9)

where p)| = p%’lQ o pilg oo and p) = p;,m opim o @2. Then by the same argument as that in

the case of increasing operators, we prove the associativity. O
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Chapter 5

Ai-quiver case

In Section 2.2.2, the smooth models of A;-quiver is proved to be Grassmannians. Therefore
if we apply the constructions from Chapter 4, we would arrive at an A;-COHA module
structure on the cohomology of Grassmannians.

In this chapter, we are going to take these computations in details. We start from a
review on Grassmannians with an emphasis on the cohomology of Grassmannians. Then
we are going to show how A;-COHA acts, with both increasing operators and decreasing
operators. Finally we will show that these two operators can be combined to give a finite

Clifford algebra module structure.

5.1 Grassmannians

In this section, we mainly follow [21] and [5].

Definition 5.1.1. The Grassmannian Gr(d,n) is the variety of d-dimensional linear sub-

spaces of C™.

Definition 5.1.2. Given a sequence (dy, ..., d,,) of positive integers with sum n, a flag of
type (dy,...,dy) in C™ is an increasing sequence of linear subspaces
o=WwcWclVc...cV,=C" (5.1.1)
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such that dim(V;/V;_1) = d; for j =1, ..., m. The variety of all flags of type (dy,...,d) is
called the partial flag variety of type (d1, ..., dy). The partial flag variety of type (1,1,...,1)
is called the full flag variety (or flag variety for short), and is denoted by Fl(n).

Remark 5.1.3. From the definition, it is not hard to see that Grassmannian Gr(d,n) is the

partial flag variety of type (d,n — d).

Theorem 5.1.4 ([21], p.161). The cohomology of full flag variety Fl(n) is isomorphic to
R(n) = Q[xy,...,zy)/(e1(x1, ..., &n)y ..oy en(T1, ... ), where e;(xq, ..., x,) represents the

i-th elementary symmetric polynomaual.

There is a natural projection 7 : Fl(n) — Gr(d,n). By abuse of notations, we use the
same symbol z; to denote the classes in Gr(d,n) whose pullback 7*(z;) is x; € H*(Fl(n)).

Recall the definition of partitions and Schur polynomials from Section 3.2.

Corollary 5.1.5 ([21]). The cohomology of Grassmannian Gr(d,n) is a subalgebra of R(n)
which is generated by Schur polynomials in variables x1,...,x4 indered by d-partitions.

Therefore we can use sy(z1,...,xq) to represent classes in H*(Gr(d,n)).

Remark 5.1.6. The partition A = (Aq,...,\q) representing a class in H*(Gr(d,n)) has a

restriction: A\ <n —d. See e.g. [5] for details.

Definition 5.1.7. For a d-partition A = (Ay, ..., \g) of n with \; < n — d, the transpose of
Ais a (n — d)-partition X' defined by \; = #{\i >n —d+1—j} for 1 <j<n—d.

Let h, (resp. e,) stand for the r-th complete symmetric polynomial (resp. elementary

symmetric polynomial). Let A and X are two partitions which are transpose to each other.

Theorem 5.1.8 (Jacobi-Trudi identity. See e.g. [43]).

Sy — det(h,\i_,;ﬂ-) = det(eA;,iﬂ-).

Based on Jacobi-Trudi identity, classes in H*(Gr(d,n)) have an alternative presentation.
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Lemma 5.1.9. In H*(Gr(d,n)), sx(z1,...,2q) = (=1)Psy(2gy1,...,7,), where N is the

transpose partition of \.

Proof. We start from the identity in the ring R(n)[t]. (see e.g. [21], p.163.)

1. _1xit = [T a-aa. (5.1.2)

Since

11 : = he(a,. )t (5.1.3)

and

[T @=at) => el@wapr, ... xa) (1) (5.1.4)

i=d+1 >0
where h, (resp. e,) stands for the r-th complete symmetric polynomial (resp. elementary

symmetric polynomial), we have
hT(Q31,...,LEd) = (—1)Ter(xd+1,...,xn), r> 0. (515)
By Jacobi-Trudi identity,

sx(z1,...,2q) = det(ex_itj(x1,...,2q)) = det((—l))‘i’”jmi,”j(de, )

(—1)»\' det(h)\i,i+j($d+1, Ce ,.’L’n)) = (—1>|)\|8)\($d+1, Ce ,.CL'n).

The third identity comes from the fact that

- Z tzy i) Z h/\ —i+w()
Z t|/\| Z h/\ —i4w(i)

t‘)\| det(h,\i,iﬂ).
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In this section, we would also meet Grassmann bundle.

Definition 5.1.10. Let E be a vector bundle of rank n on a scheme X, and let d be a

positive integer less than n. The Grassmann bundle of d-plane in E is a scheme over X
p:Grg(E) - X (5.1.6)

such that the fiber p~*(z) = Gr(d, E,) is the Grassmannian of the d-dimensional subspaces
of E,. p*E is a trivial bundle of rank n on Gr(d, E'). There would be a tautological vector
bundle S on Gr(d, F). It is a subbundle of p*E. Denote by @ the quotient bundle p*E/S
on Gr(d, E).

Theorem 5.1.11 ([20], Example 14.6.6). If X is non-singular, E a vector bundle of rank n
on X, then A*(Gr(d, E)) is the algebra over A*X generated by elements ay, ..., aq, by, ...,

by—aq, modulo the relations
k

> aiby—; = cx(E) (5.1.7)

=0

fork=1,...,n. (Take a; = ¢;(5), b; = ¢;(Q).)

When d = 1, Gr(1, E) is called the projective bundle of F, and is denoted by P(FE). Let
the first Chern class of the tautological line bundle over P(F) be denoted by £. In this case,

the above theorem is called the Projective bundle theorem.

Corollary 5.1.12 (Projective bundle theorem). H*(P(E)) is generated by 1, &, ..., €1 as
H*(X)-modules.

Then the cohomology of Grassmann Bundle can be described by Schur polynomials, in
which the generators are the Chern roots, and the coefficients are in H*(X). The following

theorem is cited from [20, Proposition 14.6.3].
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Proposition 5.1.13 (Duality theorem). Let sy and s, be two Schur polynomials with respect

to partitions A = (A1,...,Aq) and = (p1, ..., 1), then

1, f N+ pg—iv1=n—d for1 <i<d,
pe(sxUs,) = (5.1.8)

0, otherwise.

5.2 Correspondence

In Section 4.1.1 we use Lusztig’s model to describe correspondences. In the case of stable
framed representations of Aj-quiver, the model is stated in the following way.

Recall from Section 2.2.2, a stable framed representation ((Vy4,T), f) of Aj-quiver with
framed structure n satisfies T' = Idy, and f € Epi(C", C?). Since both V,; and T are fixed,
we could write the representation f for short.

From linear algebra, if we fix an epimorphism 7 : C* — C¢ it is known that any
epimorphism can be written in terms of 7g~ where ¢ € GL(n,C). Two epimorphisms

1

7g7" and 7g,' are the same if and only if g;g;' acts on kerr trivially, or equivalently

9195 " € Up_gn % Gg,. Define a map from G,, to Epi(C", C?) by o : g+ 797 L.
Lemma 5.2.1. v : G, xp,_, Gq — Epi(C", C%) is a Gg-equivariant isomorphism.

Let M3, be the variety of all d-dimensional stable framed representations of A;-quiver
with n-framed structure. Then G4 = GL(d,C) acts on M’ freely. The quotient is the
smooth model M¥, = M /Gg. It is obviously that M/, is Gr(d,n).

Fix three dimensions d; + do = d. Consider the standard coordinate space V,; and the
standard coordinate subspace V;, C V; consisting of the first d; coordinates. Let Py, 4 be
the parabolic subgroup of G4 which acts on V4, C V. Let Uy, 4 be the subgroup of Py, 4
whose action on V, and induced action on V;/V, are both trivial. It is not hard to see
that Uy, 4 is the unipotent radical of Py, 4. We have Py, 4 >~ Uy, a ¥ (Gay X Gay).

Now consider M, who is the variety of all pairs (W, f) where f € M3’ and W C Vg is a
d;-dimensional subspace who is invariant under the action of T'. Since T' = Id, W can be any

subspace. Using the above notation, f can be written in terms of 7¢g~! for some g € GL(n, C).
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W C V, is one-to-one correspondent to Vg — V;/W by letting W = ker(Vy; — Vg,). Then

by Lemma 5.2.1 the variety of subspaces W C Vg is Gy Xp, , Ga,-

Lemma 5.2.2. The variety Ms is G4, X G, X Gg4-equivariantly isomorphic to

Gn XPn_d,n Gd XPdl,d Gd27

where G4 acts naturally and Gy X Go acts trivially. Furthermore, [My/Gga,] is isomorphic to

the variety Fy, 4 of two-step flags V,, = Vg — V.

Similarly, recall that M is the variety of all tuples (T, V, f1, f2) where all notations are
defined in Section 4.1.1.

Lemma 5.2.3. The variety My is G4, X G, X Gg4-equivariantly isomorphic to

G X Po—an Ga XUdl,d (Gdl X Gd2)'

To sum up, we have the following description of the correspondence as well as the relations

on the cohomology. Recall the diagram of correspondences in A;-quiver case:

o = (M 4/ Py a] = M, (4.1.14)
Lpl
[Mdl /Gd1]

Proposition 5.2.4. The scheme M3, ;. = [M! ;../ P, d] in Ai-quiver case is isomorphic as
varieties to the two-step flag variety Fy, 4., which is variety of the flags {C" — C% — C%}.
p is the obvious projection from Fy, 4, to Gr(d,n) and py is the obvious projection from
Fyyan to Gr(da,n). p1 as a morphism of quotient stacks is described as following: For any
Py g-bundle E — B and f : E — M, a Py g-equivariant map, p1(B < E EN M3 ) is
B+ FE f—l> My, , where E — B is treated as a Gg,-bundle by the embedding G4, C Py, 4 and
fr=moqof, where q : Gaxu, , Mjl 4, — Ma, x M3, , is defined in the diagram ({.1.7),

and 1 s the natural projection.
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pi + H*([My,/Ga]) — H*(M ;) is defined in the following way. Choose a class
x € H*([My /Gay]). There is a correspondent Line bundle £, whose first Chern class is
x. Gg, acts on M jf’d’n defined by the embedding G4, C Py, 4. Then we have the following

lemma.

Corollary 5.2.5. pi(L;) ~ Mj! ,, Xg,, Lo, and thus pi(z) = e (M) 4, Xa,, La)-
Theorem 5.2.6. In Ai-quiver case, Condition A holds.

Proof. 1t is obvious from the above descriptions about the correspondences. O

Theorem 5.2.7. For fized framed structure N, ¢; = 2' € H*([M1/G4]), then ¢P = ¢n_1-;
fori=0,...,N — 1. In addition, Condition B holds.

Proof. For general di, M ;  — M;x M  is a Grassmann bundle over the Grassmannian
Gr(dy, n), and the fibre is Grassmannian Gr(dy, N). By the Duality theorem of Grassmannian
bundles 5.1.13, the pairing (4.3.2) is computed. If d; = 1, then s, = ¢y, s, = ¢, for A and

1 are two intergers. The pairing in this case is

(P, D) = Orpp=n—1- (5.2.1)

Thus ¢ = ¢n_;1. If di = 2, X = (A, A0) and pu = (p1, 42). The associated index
k(A) = (k1,k2) = (M + 1, X9) and L) = (I1,12) = (1 + 1, u2). The pairing in this case is

(Pr(n), Pig)) = (Pry A Phys D1y A Dly) = Ok 41o=N—-10ko 1 =N—1- (5.2.2)

Then (¢; A ¢;)P = dn_j1 N dN_i1 = Cb]D A¢P. U

Note that both p and p, are proper morphisms of stacks (which are in fact schemes). Then
the increasing representation introduced in Section 4.2 is well-defined, and the definition of

the decreasing representations introduced in Section 4.3 can be simplified.

Corollary 5.2.8. Since py is proper, and M, is this case is just a point,

o7 (f) = pa.((01(67) Up*(f)),  for ¢ € Hay, f € H*(Gr(d,n)). (5.2.3)
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5.3 Increasing and decreasing operators

5.3.1 Two representations of A;-COHA

Now we want to compute the increasing representation by the formula p.(pi(¢;) U p5(sa))-
Note that in this case, d; = 1. Recall that ¢; represents the polynomial ¢;(z) = z’. Using
the geometric interpretation, x' is treated as the first Chern class of the tautological line
bundle over the classifying space of (G;. By Corollary 5.2.5, the line bundle will be pulled
back through p; to the line bundle over Fy, 4, associated to the corresponding character of
Gg4, when treating G, as a subquotient of Py, 4,,. Hence pi(¢;) will be the first Chern class
of the line bundle described above, which is ¢;(2a,+1) = %, 4.

By the description in the last section, as homogeneous spaces, we have the follow-
ing isomorphisms: Gr(d,n) ~ GL,(C)/Py,, Gr(ds,n) ~ GL,(C)/P4, ., and F(dy,d,n) ~
GL,,(C)/ Py, an- We use the formula in [4] to compute the pushforward.

Theorem 5.3.1 ([4]). Let G be a connected reductive algebraic group over C and B a Borel
subgroup. Choose a mazimal torus T' C B with Weyl group W. The set of all positive roots of
the root system of (G,T) is denoted by AT. Let P D B be a parabolic subgroup of G, with the
set of positive roots AT (P) and Weyl group Wp. Let L, be the complex line bundle over G/B
which is associated to the root . The Gysin homomorphism f. : H*(G/B) — H*(G/P) is

given by

fp= > w- . b . (5.3.1)

weW/Wp aeat\a+(p) 1(La)

Applying Theorem 5.3.1, for s, € H*(Gr(ds,n)),

(&F - sx)(T1y .o Tape1) = Z o Ty )pl(@(xidﬁl)).

d
i1 <. iy szzl(‘rij - xid2+1)

(5.3.2)
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Similarly, the formula of the decreasing actions is

Z SX (xin cee Lig, )pf (gbZD(l‘ldz))

(¢z_ ’ S)‘)(xb s 7xd2—1) =

1< < H?=d2+1(xid2 o xj)

e . (5.3.3)
B Z sa(iy, - - - s Lig, )p1(¢n—1—i($id2))

i< <ia, Hj:d2+1(13id2 — ;)

Remark 5.3.2. In Formula (5.3.3), variables x; for ¢ > dy — 1 appear on the right side,
which do not belong to the variables on the left side. This is not a contradiction because of
the formula sy(z1,...,24) = (—1)"\‘3)\/(:@“, ...,x,) by Lemma 5.1.9. More details will be

discussed in the following section.

Remark 5.3.3. The construction above actually only defines an incrasing operator gb;fd from
H*(Gr(d,n)) to H*(Gr(d + 1,n)) and an decreasing operator ¢;, from H*(Gr(d,n)) to
H*(Gr(d — 1,n)). The increasing operator we need is ¢ = > 1, gb;fd. The decreasing

operator we need is ¢; = >0 ((—=1)" "7,

5.3.2 Increasing operators

The key result is a generalization of a result from [17].

Proposition 5.3.4. The increasing representation structure is induced by the open embed-
ding 7 - thn — My x C". The induced map j* : H — R is H-linear and surjective. The

kernel of j* equals 3 - <o Hp A (eg UH,), where e, = T, .

Proof. In [17], the similar result for n = 1 is proved. It can be easily generalized to n > 1

case for Ai-quiver. m
The next lemma follows immediately from the definition of Schur polynomials.

S d
Lemma 5.3.5. 50y, 11, 141, 0+1) = €d5x for sy € Qlay, ..., x4)>* and eq = [[;_, ;. Thus

ey Py = Py, for O € Hy, andn = (n,n,...,n).

Finally, we come to the result, whose proof is straightforward.
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Proposition 5.3.6. The increasing representation R} is a quotient of H = N\"(Hy) whose
kernel is the submodule generated by {¢;}tisn. Thus R} is isomorphic to \"(V(n)) where
V(n) is the linear space spanned by ¢y, ..., ¢n,—1 and the action is given by wedge product

from left. Then {¢g, N ...\ G, }ry>. 5k, 0 < d < n—1 form a basis of R .

5.3.3 Two presentations of classes in the cohomology of Grass-
mannian

Proposition 5.3.6 implies that we can use the notations introduced in section 5.1 to represent
cohomology classes of Grassmannians, as well as those in COHA, since they share the same
product structure. Thus in H*(Gr(d,n)), Px = ¢, A ... A ¢p,(21,...,24) with index k =
(k1,...,kq) can represent the Schur polynomial sxyu)(z14;...,%q4), where 0 < kg < ... <
ki<n—land A= (\,...,\g) = (k1 —d+1,ks —d+2,...,kg) is a d-partition.

Let X' be the transpose partition of A\, and k" = k(\'). By Lemma 5.1.9, &y (xy,...,24) =
(—D)MN®y (2441, ..., 2,). Py is called the ordinary presentation of the correspondent class

sx, and (—1)Mdy, is called the transpose presentation.

5.3.4 Decreasing operators

Our goal is to understand the decreasing representation using the basis {®y }x of R;". From

Section 5.3.3, the equation (5.3.3) can be rewritten as

Z ®k($il7 s >xid2)¢n71—i (xidz)

((b; .(I)k)(l'l,...,.’ﬂd?,l) = Hn . (I —ZE)
J=da+1\"dy J

i1<.‘.<id2

— (_1)\)\(k)| Z (I)k/(xidZ:ll, . ,xin>¢n,1,i(1}id2> (534>
g +1<...<in Hj:dz-i-l(l‘idQ - :L‘ij)

= (_1>\)\|+n—d2( + . (I)k/)(ZL‘dQ, .. ,$n).

n—1—1

This formula suggests an algorithm. Start from an ordinary presentation of a class &y =
Gk, Ao N ¢, in H*(Gr(d,n)), where k = (ky,...,kq), and 0 < kg < ... < ky < n—1.

First we change ®y(z1,...,2q) to (=1)P®Idy(2401,...,2,) by Lemma 5.1.9. Then apply
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¢; to ®ys using formula (5.3.4) and Proposition 5.3.6. Finally change the result back to the

ordinary presentation.

Definition 5.3.7. The partial derivative operator 9; : N*(V(n)) — A" (V(n)) is defined by

(=15 g, AL A i AN ¢k, if ¢; appears in @y such that i = k;,

0; (D) =

0, if ¢; does not appear in ®y.

We need the following lemma to help us to do these transformations.

(5.3.5)

Lemma 5.3.8. If ¢, appears in Py, ¢,_._1 will not appear in ®. On the other hand, if ¢,

doesn’t appear in Py, ¢n_r_1 will appear in Py.

Proof. From Section 5.3.6, A\ = (A1,...,Aq) is a d-partition. The transpose partition is

defined by X = #{\; > j} for 1 < j <n —d. Thus we have

(

n—d,  if1<i<N, g
A= An—d—j, ifXN_, ., n—d—j
0, if M +1<i<d.

\

From \; = k; —d+ i and X, = ki — (n — d) + 4, it immediately implies

(
n—i, if1<i<N_,
ki=qn—i—j, ifX_, .,

d—i, it X, +1<i<d

\

f1<j<n—-d-1,k=n—i—jfor X , , +1<i<\_, ;. Thus

n—j- A;L—d—j
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1+1§i§)\;_d_jfor1gjgn—d—l,

(5.3.6)

(5.3.7)

(5.3.8)



and we immediately have

n—rky, 4 <ki<n—k, 4 ;.2 for A 4, +1<i<N (5.3.9)
Similarly,
n—ky <k <n—-1if1<i<\_, (5.3.10)
and
0<k<n—K —2 ifXN+1<i<d (5.3.11)

Therefore k; would run over all integers between 0 and n — &} — 2, or between n—k; _, ; and
n—ky,_ 4 ;i1 — 2, or between n — k;_; and n — 1. In other words, the only indexes appear
in k(A) would be in these ranges.

If ¢, doesn’t appear in ®y(y), there are three cases. Assume k., <r <k, for 1 <s <

n—d—1 Thenn—k,-1<n—r—1<n—k,,; —1, and it implies

n—ki<n—-r—1<n-—£ki -2 (5.3.12)
Similarly, we have
0<n—r—1<n—-Fk -2 ifki<r<n-1, (5.3.13)
and
n—k _,<n—r—1<n—-1i#0<r<k,_, (5.3.14)

In either case there exists some 1 < ¢ < d such that k; =n —r — 1.

On the other hand, assume ¢, appear in @) = o A . Ay . Let r = k.. Using the

/

range introduced above, there is always a gap between n — &, _ d—ji1 — 2 and n — ned—jt1)

which is n — k], _, ,.; — 1. This means that n —r — 1 =n — k{ — 1 would never appear in

k().
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Proposition 5.3.9. The decreasing operators are the partial derivative operators:
¢, - Py = 0, (Py). (5.3.15)
Proof. What we want is to compute ¢, - ®y. Based on formula (5.3.4), we have

(gb;,d ’ q)k>(x17 s ,,’L‘d,l) = (_1)‘)\|+nid( 7J1r—1—7"7d : q)k/)(ﬂfd, . ,;E‘n)

= ()G g Ay A A (T,

(5.3.16)

To simplify the computation, we now first compute (¢, A dp; A ... A g )(Ta, - .., Tn).

By Lemma 5.3.8, if ¢,,_1_, is not in the ®y, ¢, will appear in ®y,. Thus

(b A A Abr A A N(Tay .y n) = 0, (5.3.17)

If ¢n—1-, appears in @ = @, A ... A Pr,, & won't be in P = @y AL A @y . Assume

k.. <r <k, We have

Or N\ ¢k"1 VANV ¢k;—d = (—1)8¢k/1 VANRIRAN ¢kls A ¢ N\ (ﬁkgﬂ VAN ¢k%—d' (5318)

We have to change this back to the ordinary presentation. First, let’s find the partition

associated to this polynomial. The index I = (I3, ...,l;,_;,,) is given by

;

ki, s+2<i<n—d+1,

L=Sr,  i=s+1, (5.3.19)

k., 1<i<s.
\
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Then the new partition p' = (¢}, ..., 1, _4y1) is given by

/

Aiots s+2<i<n—d+1,
pi=Sr+s—n+d i=s+1, (5.3.20)
N —1, 1<i<s.

Next step is to recover the partition g from its transpose p/. From the definition of

transpose partition, p; = #{u; > j} for 1 <j <n —d+ 1. Then

(

n—d+1, F1<i<N_,
n—d+1—yj, ifXN _, , +1<i<N, _,,and1<j<n—-d-s-1,
s+1, f N +1<i<r+s—n+d,

" s, ifr+s—n+d+1<i< N, -1,

n—d+1—j, ifXN 4, <i<N 4 ;—landn—d—-s+2<j<n—d,

0, if M <i<d-1.
(5.3.21)
By comparing it with
(
n—d, if1<i<M_,
N=Sn—d-j X, g g+ 1<i<N_, forl<j<n—d-—1, (5.3.22)
0, if N +1<i<d.

\

we notice that p; = \;+1for 1 <i <r+4s—n+dand p; = A\jyq forr+s—n+d+1 <i < d—1.
Therefore, since [; = p;+(d—1) —ifor 1 <i<d—1land k; =\j+d—jfor 1 <j<d, itis

easy to see that [; = k;y g forr+s—n+d+1<i<d—-1landl;=k;for1 <i:<r+4+s—n+d.
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Thus the resulted presentation is
(=1)P st Ml g A A G A A, = (—1) Tk A A1 A Ay, (5.3.23)

which is @y applied by the partial derivative of ¢,,_,_; from the right hand side. If r > kj
or r < k/,_,, the similar process will lead to the same result.

Then go back to the operator ¢, ;, it is obvious that it acts on @k by taking the partial
derivative of ¢, from the right hand side.

Finally, by definition ¢, = Y77 _((=1)%""¢; . Tt can be realized as the partial derivative

operators O,. O

5.4 The double of representations

Use the notations from the previous subsection. Let {¢;}!-} be the creation operators
and {¢; }1=) be the annihilation operators. These two set of operators satisfy the following

relations.

Theorem 5.4.1. Operators {¢; }1=) and {¢; Y15 satisfy the following relations:
1 66T + 10T =0,
2. ¢ 05 + 9507 =0,
3. ¢ o5 + &5 ¢ = iy

Proof. The proof is straightforward by applying the formula in the definitions of the operators
to the basis vectors of \"(V(n)). O

Definition 5.4.2. The finite Clifford algebra denoted by Cl,, is the C-algebra with generators

{¢7, ;7 }1=) with a central element ¢ modulo relations for all 4, j = 0,...,n — 1:
OF 05 + 05 0F = iye, O Of + ol =0, 670 + ¢, =0. (5.4.1)
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From Theorem 5.4.1, it is clear that A\"(V(n)) carries a Cl,-module structure.

Lemma 5.4.3. There is a canonical projection from N\*(V(n + 1)) to N"(V(n)) as CI,-

modules forr =1,... n.

Proof. Recall that A" (V(n)) = @_ H*(Gr(d,n)) as A;-COHA modules. There is a canon-
ical morphism from Gr(d,n) to Gr(d,n + 1) by embedding into the subspace of the first d
coordinates. Then there is a canonical projection h, : H*(Gr(d,n + 1)) — H*(Gr(d,n)).

Furthermore, the diagram commutes:

hun

H*(Gr(d,n + 1)) H*(Gr(d,n)) . (5.4.2)

ﬁl j«sﬁ

H*(Gr(d+1,n+1)) TH*(Gr(d:I: 1,n))

Thus the canonical projection h = 3" h,, is a COHA module morphism. O

The lemma enables us to consider lim N (V(n)) as Cl,-modules. Denote by A the
subspace of lim A*(V(n)) which consists of finite sum of wedge monomials. Recall that H
denotes the underlying vector space of A;-COHA.

Lemma 5.4.4. H is isomorphic to \ as vector spaces.

Proof. By Proposition 5.3.6, lim N (V(n)) ~ Im &y H*(Gr(d,n)) = 112, H*(Gr(d, 00)).
Thus A\ ~ &3 H*(Gr(d,00)). Then the theorem follows from the fact that the classifying
space of GL(d, C) is Gr(d, c0). O

Definition 5.4.5. The half infinite Clifford algebra denoted by Cls is the C-algebra with

generators {¢;, ¢; }iezs, and a central element ¢ modulo relations for all i, j € Zo:

OF b7 + 05 6F = dye, dFOT F 5o =0, @7 d; + ;¢ =0. (5.4.3)

Theorem 5.4.6. H carries a Cl% -module structure.
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Proof. By Lemma 5.4.3 and Lemma 5.4.4, H carries a Cl,-module structure for any n. The
natural embedding CL, — Cl,,;; makes {Cl, },cz., a direct system. The limit is Cle. Then

the limit induces a Cl%—module structure on H. O

Remark 5.4.7. This corollary nearly shows that there is a Clifford module structure on H.
However, we still miss half of the operators since in the definition of infinite Clifford algebra,
we need operators ¢; and ¢; for all i € Z while we only construct operators ¢; and ¢; for

1 € Z>¢. See Section 7.3 for more discussions.

Note that Clee does not act on A*(V(n)). The reason is that when r > n, ¢f ¢, +¢, ¢ =
0, instead of a nontrivial c. Therefore the double of A;-COHA cannot be Cl=. A possible
solution is to add a series of central elements {cl-}iezzo, and introduce an algebra Cl‘%

generated by {¢;, ¢;, i }icz., With relations:

OF b5 + 070 =0y, ST OF 05 0F =0, b7 o) + ;b =0, (5.4.4)

This algebra acts on A*(V(n)) by ¢; =1fori=0,...,n—1 and ¢; = 0 for i > n. Following

[65], we have the following conjecture.

Conjecture 5.4.8. Cl% is the double of A;-COHA.

53



Chapter 6

Jordan quiver case

6.1 Noncommutative Hilbert schemes

Recall the definition of noncommutative Hilbert schemes from Section 2.2.3.

Definition 6.1.1. The smooth model ng}\), of 9™ with framed structure N is called the

non-commutative Hilbert scheme.

In this section we will focus on the Jordan quiver case, which means m = 1. To proceed

we need the concept of compositions.

Definition 6.1.2. A composition of d is a sequence m = (d*,d?...) with finite many nonzero
terms whose sum Y, d* = d. The maximal index k such that d* # 0 is called the length of the

composition. An N-composition of d is a N-tuple 7 = (d*,...,d") such that 3V d' = d.

Remark 6.1.3. In the rest part of this dissertation we make a shift on the index of N-
compositions and denote it by 7 = (d° d*,...,d"~1). This is for the convenience of some

statements.

Remark 6.1.4. In the cellular decomposition in [53], the cell of Hgn;\), is indexed by m-ary
forests with N roots. In the case of Jordan quiver, m = 1. A l-ary forest with N roots and
d nodes is the same thing as an N-composition of d. We are going to use the language of

N-compositions instead of forests for simplicity.
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6.1.1 Cellular decompositions and cohomology

Reineke found a cellular decomposition of noncommutative Hilbert schemes in [53]. The

extended quiver of the Jordan quiver is pictured here.

TCoéom (6.1.1)

Following [53], we can describe the moduli space of stable framed representations of

Jordan quiver with framed structure N in the following way. Let V; be the standard d-

dimensional vector space C? and W be the standard 1-dimensional vector space C. Denote

a stable framed representation of dimension d and framed structure N by ((V4, 1), f) where

T : V4 — V, is the map associated to the loop of Jordan quiver and f = (f;)Y, with
fi:W—=V,fori=1,..., N are the maps associated to the framed structure.

Fix a basis vector v.e W. Let v} = fi(v) € Vg for i =0,..., N — 1 and vf = T7~ "o} for

j € Zsp and k € Zzo. Then we have a set of vectors Sy y = {v}}i . We call v < o} if either

k <1, or k=1and i < j. Then we have an order structure on Sr ;.

Definition 6.1.5. For each N-composition 7 = (d°,d*,...,d¥ 1) of d, define Z, as the set
of all points ((V4,7T), f) € ’H&l])\, such that Tw%, is contained in the span of the vectors v’

Wherev§-<v§k forany k=0,...,N — 1.

Theorem 6.1.6 ([53]). {Z,} for m running over all N-compositions of d gives a cellular
decomposition of 7—[&1])\, that

HiN = 2. (6.1.2)

Notation 6.1.7. For a stable framed representation ((Vy4,T), f) € H, élj)v of dimension d, there
exists a unique composition 7 = (d°, ..., d¥"1) of d such that ((Vy4,T),f) € Z,. This

composition 7 is called the type of ((V4, 1), f).

%)



6.1.2 Representations in matrices

A representation in Z, where 7 = (d°,...,d"¥ 1) can be written in terms of matrices in the
following way. Let vf = T i fori=1,...,d" for k=0,..., N—1. Since Tvé?lc is contained
in the span of the vectors Ué where Ué < USk forany k =0,..., N — 1, we have

Tok, = ZZak i (6.1.3)

=0 j=1

where {a?’k} are coefficients in C.
Since the representation is stable, all these vectors {vk}k 0’ ’éz ' can generate the whole
space V4. Thus {vk}k 0 ’N ' form a basis of V4. Under this basis, the action T can be

written as a matrix. In the case of N = 1, the only parition is 7 = (d), and the matrix is

0 0 al’

1 0 ag’o
(6.1.4)

0,0

_O .o 1 oay |

In the case of N > 1, the matrix is block diagonalized and the diagonal blocks should be

the same as the matrix (6.1.4). The following is an example for N = 2.

0 ... 0 a0 ... 0 o
1 ... 0a® 0 ... 0 ayf
0 ... 1 a% 0 ... 0 a%
do do
e (6.1.5)
0 0 ay
1 0 aé’l
_ 0 1l
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6.2 Correspondences

The construction in Section 4.1.2 is applied to the Jordan quiver case in this section. Recall
from Corollary 2.1.22 that if there is only one vertex, all stability conditions are equiva-
lent to the trivial stability 0. Denote by Hj 4y the set of (A, ((Vag1, Tus1), far1)) where
((Vas1, Tysr), far1) € H (&)L v is a stable framed representations in the standard coordinate
space Vg1 ~ C4! of dimension d 4 1 such that the first coordinate subspace V; C V4,1 of
dimension 1 is invariant under the action of Ty, by A : v +— Av for some A € C. Note that
Hy 4 is the same as MY,  introduced in Section 4.1.2. By Proposition 4.1.6, [H}4n/P}.d]

can be represented by a scheme. Denote it by H; 4 n.

The following theorem is the rephrase of Theorem 4.1.5.
Proposition 6.2.1. The quotient framed representation ((Vai1/Vi,Tas1), far1) is stable.

Before looking into the general case, we consider N = 1 case first to get some basic

knowledge of the correspondences.

6.2.1 Extensions in N =1 case

IfN=1, Hgi ~ C¢ by Theorem 6.1.6. By the celluar decomposition introduced in Section
6.1.1, for a point ((Vg,Ty), fa) € H&% Ty could be written in the form

0 0 Qo
1 0 aq

(6.2.1)
0 ... 1 Ag—1

Proposition 6.2.2. There is a 1-1 bijection of sets between the set of monic polynomials of

degree d and Hc(l,ll) .

Proof. The character polynomial of the matrix (6.2.1) is

2 —ag 2%V —ag 0z — . — ayx — ao. (6.2.2)
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Since ((Vg,Ty), fa) has a cyclic vector, the character polynomial is minimal. Then the

character polynomial can determine ((Vg4, Ty), f4) uniquely. ]

Proposition 6.2.3. H, 41 = [Hi41/P14] is the set of pairs (A, mpgi1) where mpgyy is a

monic polynomials of degree d + 1 and (x — \) is a factor of mpgiq.

Proof. For (A, (Vas1,Tus1), far1)) € Hiaq, the quotient framed representation is stable.
Assume the character polynomial of the quotient representation is as (6.2.2). Then the

character polynomial of ((Vay1, Tys1), far1) should be
(z — N (2% — ag_ 127" — ag_02? — ... — a17 — ag). (6.2.3)

Since in V;,; there exists a cyclic vector, the character polynomial is minimal. Then the

extension is unique. O

The proposition suggests the following description of H; 41 = [H141/P1.4)- Recall the

correspondence diagram (4.1.14) in N = 1 case is as follows.
[M/Gh) < HYY &2 4y 0y B HYY, (6.2.4)

It follows from Proposition 6.2.3 immediately that the maps in diagram (6.2.4) are de-
scribed by

p :(Av mpd-i—l) = MPd+1,

p1 (A, mpar1) = A, (6.2.5)

D2 I()\, mpd+1) = mderl/(x - )\)-

It shows that the map M; x Héli < Hi,4.1 is an isomorphism, and the fiber of p is generically
d+ 1 isolated points since generically there are d + 1 different factors of a d 4 1-degree monic

polynomial.
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6.2.2 Relations with Hilbert schemes

To compute the pushforward of the Chow ring/cohomolgy/Borel-Moore homolgy, we need

some results from Hilbert schemes. We start from the following observation.
Proposition 6.2.4. ng is the Hilbert scheme of points on X = Al

Proof. By Theorem D.2.6 the Hilbert scheme of points on A! has a description that is exact

the same as the definition of ’Hﬁ O]

Then we apply the Hilbert-Chow morphisms and the related stratification. For the fiber
of p, let us pick a composition v = (v1,15,...) of d + 1. Composing with the Hilbert-

d+1

Chow morphism p, po p maps H; 41 to Sym®" C. Since the extension is determined by the

characteristic polynomial, the fiber of points in S?C is I(v) isolated points. We have
A(HE, ) = A€ = Q). (6.2.6)

Thus p, restricted on Ul(y)<d+1S§+1(C would not contribute in the pushforward A,(Hi41) —

A*(HSJZM). The same argument applies to (p; X pa)..

6.2.3 Extensions in general case

The goal of this section is to study diagram (4.1.14) in details.
[Ml/Gl} X H((i%])\/ M Hl,d,N £> /HEQI,N' (627)

Pick a stable framed representation ((Vg,Ty), fa) € 7-[;1])\, and a representation A\ € M,
by A : v — Av. Then we can construct an extension (A, (Vai1,Tus1), far1)) € Hian
who has a subrepresentation on V; C Vg, is A and the associated quotient representation
(Va1 /Vi, Tara), fasr) = ((Va, Ta), fa)-

Without loss of generosity, we assume the type of ((Vy, Ty), fa) is ™ = (d°,...,d 1), Let

v¥ be the image in V, of the k-th arrow. Using the method from Section 6.1.1, we get a base
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N-1

of V4 by generating under the action of T;. Denote it by {vF }f;o C V4. Assume

JdF
Ty = of,, fori=1,...,d" -1, (6.2.8)
E o dF o
Toh = D> al™vl, (6.2.9)

j=1 i=1

for k=0,...,N —1 and some coefficients {a’*} € C.
Take an identification of V4., /V; >~ V,; C V4,4 as vector spaces. Then all these vectors
{vf}f::f’.‘.‘."jz_l can also be treated as vectors in Vgy;. Use the same method to get the set

{6F} of vectors generated by {o%}A=0-N=1

under 7Ty, who are the images of the arrows in
V4+1. Choose a basis vector of Vi C V;,; and denote it by vy.

Since Ty, 1 =Ty, for k=0,..., N — 1, we have

T A (6.2.10)
Topvf = v + bk, fori=1,...,d" -1, (6.2.11)
ko dF ‘ ‘
Toavle = > Y al™vl + b, (6.2.12)
j=1 i=1

for some coefficients {bF} € C.

We can then write down the matrix of T;.; under the base of V; and vg. The following

60



is an example in N = 2 case:

D A U A

0 0 0 a 0 0 ad'

0 1 0 a0 0 ay'

00 ... 1 ayp 0 ... 0 ay]- (6.2.13)
0 0 a'
1 0 ay'
0 ... 1 ay

Denote by H; . C H;4n the set of all pairs whose quotient representation is of type
7=(d’...,d""1). Recall P4 denote the subgroup of GL(d + 1) which keeps V; invariant.
H, , carries a P 4-action automatically since the gauge group action comes from basis change
and it does not change the type of a stable framed representation. The action is free. Then

the quotient is a scheme. We denote it by Z; .

Proposition 6.2.5. H; 4n can be decomposed into the union of Z, », for ™ running through

all N -compositions of d.

To find the canonical form of the matrix under the automorphism group P, 4 is the same
thing as to find a good basis for the matrix the first basis vector of which has to be the basis

of W. Let 09 = pvg. Since g should be a basis vector of Vy, u € C*.

Lemma 6.2.6. If a 1-dimensional representation A on Vi and a d-dimensional stable framed
representation ((Vq, Ty), fa) of type @ = (d°,...,dN~Y) are fived, the extension can be de-

scribed by [ho, ..., hy_1] € CPN7L.

Proof. Set 0 =T, ;ﬁ@’f . By induction, we have

0 = of + by (N)do/ p, (6.2.14)
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where bF(\) = bF +bF A+ ...+ bEN. Then

ko dF
Toertle = > Y al™o! + Wito/pn + by, (\) Mo/

j=1 i=1

kE dF k dF

=YD at ol + b (Ndo/n =D D el (Vio/p (6.2.15)

j=1 i=1 =1 i=1

E o dF
= Z Z afkﬁf + hito/ 1,

j=1 i=1

where hy = bk, (\) — Z?Zl Zfil a?*b_ () is a number algebraically depending on a’*, b%
and A, and is not affected by pu. Then the extension can be described by (hq,...,hn_1) €
CYN. There is a C* action on it induced from the group action on M;. It is defined by

The next proposition follows immediately from Lemma 6.2.6.

Proposition 6.2.7. Z, . — M; x Z. is the projective bundle of the trivial vector bundle
My X Zy x CN, ie., Zyn~ My X Zy x CPN7L,

Corollary 6.2.8. Z; . has a cellular decomposition ]_[kN;Dl M, x Z; x X}, where X}, is the
N — k — 1-dimensional cell of CPN~L,

Proof. By Lemma 6.2.6, the fiber at point A x ((Vy4,T}), f4) can be described by a point
[h07---7hN71] < (CPN_I. Let Xk = {[ho,...,h]\[,l], ho = ... = hk,1 = O,hk 7£ O} Then

Xj, o AN"*1and [ Xy gives a cellular decomposition of CPN=1. O

Notation 6.2.9. Denote the cell M; x Z; x X by Fy ;. Denote the restriction of p; and ps

to Zl,ﬂ' by Pix and P2,

Corollary 6.2.10. Consider the case when the subrepresentation is of dimension 2 (dy = 2).

The fiber of Zar — My x Zy is generically CPN=! x CPN-1,

Proof. Using notations introduced in the case of d; = 1. In the case of arbitrary dy, in the

k-th block, we can apply Ty, to 9f. The sequence 9%, . .. ,f)sk are linear independent and the
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subspace spanned by these vectors intersects with Vg, only at {0}. However, T, d+1@§k would
have a component in V,, and the component is denoted by uy. The extension is stable if and
only if {uy}2 - can generate V4, under the action of 7. Note that in d; = 1 case, choosing
a basis 1y in Vi, up, = hi0g for some coefficient hy and h; is computed in Lemma 6.2.6.

In dy = 2 case, generically Ty, restricting on V, has a weight decomposition V, =
Cwy & Cwsy, where Ty 1w; = aw; gives the weight vector. Then we can choose w; and wy as
basis of Vy, and denote uy = hjw; + hiwy. Then an extension can be denoted by a pair of

N-tuples ({hi}r', {R23"). Tt is stable if and only if both N-tuples {h}}2 ' and {h2}, '
are non-zero. Similar to d; = 1 case, rescaling w; (resp. wy) is the same as rescaling {h}}n '
(resp. {h2}.°,"). This shows that the equivalent classes of {hi}; ' form CPY~! for both

t=1and 2. [l

Remark 6.2.11. Here we didn’t consider the non-generic case. However, those parts form a
subscheme of M, with lower dimension. Since A,(Ms;) contains only dimension 2 cycles, the

non-generic parts won’t contribute to the pushforward.

Now we want to consider the map Z; , — Hc(ll+)1 ~- Let e, :=(0,...,0,1,0,...,0) denote
the composition of 1 whose only nontrivial component is the k-th entry for K =0,... N —1.
The set of all N-compositions carries a natural semigroup structure. It is obvious that the

image of p: Z1 » — Higi)l’N has to be contained in ]_[?:01 Lrte,
Lemma 6.2.12. The representation in the cell .\ is mapped into Z ., .

Proof. Let (A, (Vgi1,Tys1), far1) be a representation in Z; , indexed by [hy,...,hn]). As-
sume that it is in the cell My x Z, x X;. Then hg = ... = hy_; = 0 and hy # 0. Then
Td+1@§k is not in the span of {0},... ,@sk}. In addition, if we set ﬁskﬂ = T@gk, we have
Tﬁng is in the span of {91, ... ’@dk—i-l}' Therefore it is a representation of type m +e;,. [
Notation 6.2.13. Denote the restriction of p to Fy i by pr k.

Lemma 6.2.14. p.;(p1 + (M) N pyn(Zz) N (Fri)) = Zrie,.-

Proof. By Corollary 6.2.8, py »(My) Npyx(Zz) C 112 Frx. Then this corollary follows from
Lemma 6.2.12. O
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Proposition 6.2.15. The fiber of Frj — Zpie, 15 generically the set of d* + 1 isolated

points.

Proof. Choose the first k& where h; # 0. Choose an appropriate vy to change hy to be 1.

k,l

%

~k
Now let Vg

are determined for any [ > k. Thus the fiber is determined by the k-th block. Using the

_ ~k ~k ~k . i,k .
= Ta410g. Use 0F,..., 05, as a basis. Once A and ;™ are determined, a

result from N = 1 case, the fiber is d* + 1 isolated points generically. O]

Remark 6.2.16. It is similar to Section 6.2.2 that it is only necessary to consider the open
dense subset consisting of representations with different eigenvalues in the block considered

when computing the pushforward p, and (p1 X pz).. The complement don’t contribute.

The above propositions can be summarised into the following theorem.

Theorem 6.2.17. The diagram
[My/Gh] % Hg])v L9 an B HE{IJZLN- (6.2.7)

can be decomposed into the following pieces

N—-1
My x Zp &5 70 = T Fe (6.2.16)
k=0
and
Frop Z5% Zore, (6.2.17)

where m runs through all N-compositions of d and k = 0,...,N — 1. Here, (6.2.16) is the
projective bundle of the rank N trivial vector bundle over My x Z,, and the fiber of (6.2.17)

is is generically d* + 1 isolated points.
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6.3 The construction of increasing operators

Now we are going to compute the cohomology of each piece of

(M /Gh] x HE N 52 Hy g B M), v (6.2.7)

6.3.1 The cohomology of [M;/G4]

By Example 2.1.9, the stack of [M;/G4] is defined by a trivial G; = C*-action on M; = C.
The cohomology of [M;/G1] is the equivariant cohomology H¢, (M;). Since the action is

trivial,

Let = denote the generator of H*(BG,) and [M;] the fundamental class of M;. Then the
generator of the cohomology (6.3.1) is x ® [M;]. Since H*(M;) ~ Q[M,], we also denoted
x ® [M;] by x for simplicity.

H*([M;/G4]) can be considered as H; of the Jordan-COHA. Using notations introduced
in Section 3.3, ¢y, = 2 for k = 0,1,2,.... The degree of ¢y, is 2k.

6.3.2 The cohomology of 7—[;1])\, and H((lezlvN

The cellular decomposition of 7-[&1])\, and ’HEIBL y are stated in Theorem 6.1.6. By Theorem

A.1.10 we have the following theorem.

Theorem 6.3.1 ([53]). The Borel-Moore homology HEM(H&)V) is a Q-vector space with a

basis given by the classes of the closures Z. for m running through N -compositions of d.

— (0 N-1 7z BM (94(1) o8 o ol
Letﬂ—(d ,...,d ) Denote [Zﬂ-] GH* (Hd,N) by Ol aN—11

Proposition 6.3.2. HfM(HSJ)V) ~ Q[po, - .., dn—-1]a as vector spaces.
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6.3.3 The cohomology of H; 4 n

By Proposition 6.2.5, HPM(H, 4 ) is determined by classes [Z,,]. By Corollary 6.2.8
and Theorem A.1.10, HBM(Z, ) is generated by classes {[Fr ]} . On the other hand,
by Proposition 6.2.7 and the Projective Bundle Theorem (Corollary 5.1.12), H*(Z,,) =~
Ql&:]/(€Y), where &, is the first Chern class of the tautological line bundle on Z;, =~
M, x Z. x CPN=1. The two presentations are connected by the Poincaré duality (see e.g.

Theorem A.2.3): [Fy.] = &8N [Z, ).

6.3.4 The construction of increasing operators

Recall from Section 4.1.2, the increasing operator is defined by

&7 (f) = p(pi(e) Ups(f)) (6.3.2)

for f € H*(Hélj)v)
Lemma 6.3.3. p;  (z*) = &

Proof. C* C Py 4 acts on H; . The action is induced from the C*-action on M;. Since C*
acts on M trivially, and Z;, = M; x Z, x CPY~!, the result follows immediately from

Proposition C.3.8. O]
Lemma 6.3.4. ¢; ([Z;]) = (d* + 1)[Zryc,]-
Proof. 1t follows from the description of the correspondence in Theorem 6.2.17:

Of ([Z2]) = pu (05 1 (0n) N D5 2 ([Z2)) = P (0] 2 (D) N [Por(Z)] NV [Z1.])

(6.3.3)
= pu(& N [Z14]) = po([Frpl) = (d" +1)[Zrve)-
O
Proposition 6.3.5. ¢/ (¢2 ... - ¢% ... oL ) =o¢d - ... Zk“ gl
Proof. 1t is a translation of Lemma 6.3.4 to the notation introduced in Section 6.3.2. O
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Theorem 6.3.6. eBdH*(ng)V) ~ Qlpo, ¢1, ..., dn_1] as a Jordan-COHA left module.

Proof. Tt follows immediately from Proposition 6.3.2 and Proposition 6.3.5. O

6.4 The construction of decreasing operators

The construction from Section 4.3 is applied here. First, we need to check Condition A. For
the same reason as Remark D.2.5, Section 6.2.2 and Remark 6.2.16, we can only focus on

the part where all points are distinct.
Proposition 6.4.1. In Jordan-quiver case, Condition A holds.

Proof. The base has a cell decomposition. On each piece the projection is a fibre bundle
with the fibre CPY~! due to Proposition 6.2.7. Therefore if you put all pieces together you
would get a fibre bundle with fibres CPY 1. O

Recall that diagram (4.1.14) can be decomposed into pieces

N—-1
My x Zg &5 7= T Fr (6.2.16)
k=0
and
FTr,k pﬁ—,k> Z7r+ek- (6217)

Lemma 6.4.2. Let 7 be a composition of d + 1. Then p*([Z:]) = S ory [Fr—eoi)-
Lemma 6.4.3. ¢ = ¢n_1_;.

Proof. 1t follows from the fact that the fibre is CPY~! and Proposition 5.1.13 (Duality

theorem). O
Corollary 6.4.4. In Jordan-quiver case, Condition B holds.

Proof. We need to study extension by 2-dimensional subrepresentations, following Corollary

6.2.10. The fibre is generically CPY~! x CPN~!. The it carries a cellular decomposition
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based on the cellular decomposition of CPY~!. Let X} denote the cell whose codimension
is k. Then the cell of CPY~! x CPN~! is of the form X; x X for 0 < k,l < N — 1. The

pairing is
([ > [X], [X) x [X0]) = ([, IXRDAXG] (X)) = ik 10510 n-1- (6.4.1)

Let & (resp. &) be the first Chern class of the tautological bundle with respect to the first

copy (resp. the second copy) of CPY~! of the fibre. By Poincaré duality, £en [CPN-1 x

CPY~1] = [X;] x [X}]. Then we have

(616, €465) = Oiprmn—10j01=n-1. (6.4.2)

Thus D(&€3) = &'
Similarly to dim W = 1 case, the COHA generators from H*([My/G5]) can be pullbacked
to the Chern class of the line bundle on the fibres. In H*([My/G5]) the class ¢;¢; represents

the class

¢i - Oj(x1,22) = 56113% + :c{:z:; (6.4.3)
It would be pullbacked to £i&) + &/¢i. Then

D(pi(¢i- ¢;)) = D(&1& + &¢]) = &g 7 4 gy g
= pi(dN—i-1 - </5ij—1) = pT<¢ZD : ¢§)>

(6.4.4)

Here all the product £}&] is the cup product. Then (¢; - ¢;)P = ¢P - ¢P. O

Lemma 6.4.5. ¢, ([Z,]) = [Z;_.,]-

Proof. Take a generator z* = ¢, € H*(M;/G;). Recall that x can be represented by the
first Chern class of tautological line bundle £ over the classifying space BG;. We can

construct a line bundle £, on BG; whose first Chern class is 2 = ¢;,. Then we have

Pix(ah) = pi L (er(Ly)) = er(piL(Ly)).
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Recall that Z; , is generically a fibre bundle whose fibre is CPY~!, and the fibre can be
realized as CV\{0} quotient by G; = C*. Thus Z, , is generically isomorphic to M; x Z, x
(CN¥\{0})/G;. By the Projection bundle theorem (Corollary 5.1.12), H*(Z; ) is generated
by 1,&, ..., 6Nt as H*(M; x Z,)-modules, where £ is the first Chern class of the tautological
line bundle on the fibres. Furthermore, this suggests that pj (L) = My x Zx x (CY\{0}) x¢,
L. Thus p’{m(xk) = ¢F. Since the fibre is a projective space, DEF = ¢N-1-F,

Now consider the pushforward. Since Z; . is a fibre bundle over M, x Z, the pushforward

(p1 X pa)« is integration over fibres, and only the top classes can be mapped to non-trivial

classes. Thus, we have

(p1 X P2) (€Y TP U [Fry]) = 01 y[Mi X Zs]. (6.4.5)
It implies that
N-1
(m3) ' (p1 X pa).(DEF U Z[FT—ej,jD = (m) My X Zr ) = [Zr—c,). (6.4.6)
=0
O

Proposition 6.4.6. ¢, (f) = 0x(f) for f € H*(?—[((jlj)v)

Proof. The formula follow from Lemma 6.4.5 and Proposition 6.4.6, and then translate it to

the notations introduced in Section 6.3.2. We have

_ 0 k N-1 1 0 k_ N-1
Geof o o) = el el (6.4.7)

69



6.5 The combination of the increasing and decreasing

operators

Finally, we come to the main result of this chapter. This section is parallel to Section 5.4.

Definition 6.5.1. The finite Heisenberg algebra Heis,, is an associative unital algebra over

C generated by {z;", z; }12) with a central element ¢ modulo relations

- + — e
) G Tixp =xjrg,  xpr —xpr =0 (6.5.1)

L J

+

+
Zj

X

Definition 6.5.2. The infinite Heisenberg algebra Heis is an associative unital algebra over

4
7

C generated by {z;", z; }icz., With a central element ¢ modulo relations

tot ot o T
il =ajal, xpay =xjrg, wpai —aia; =0 c (6.5.2)

Theorem 6.5.3. The two set of operators of the Jordan-COHA defines a representation of
He’isN on @dZOH*(Hg])V) >~ Q[¢Q, e 7¢N—1]-

Proof. 1t follows immediately from Proposition 6.3.5 and Proposition 6.4.6. O
Notation 6.5.4. Let Hy := @dZOH*(Hgg\,).
Lemma 6.5.5. There is a canonical projection from Hy.1 to Hy.

Proof. Let ((V4,7T),f) € 7—[&1])\, Let the type of it be 7 = (d°,...,d¥~1). We can add one
more framed arrow by setting f = (f;)Y, where f; = f; for i = 0,...,N — 1 and fy = 0.
Then we get a new representation ((Vg, 7)), f). It is obvious that (Vg T), f) € HC(;])VH
and the type of it is @ = (d° ...,d¥~1,0). This map induces an embedding ”Hc(llj)v —
HSJ)\,, and the embedding induces a projection H*(HSJ)VH) — H* ('HSJ)V) The projection is
Q[0 -, Onla = Qloo, ..., dn—1]a Via ¢; — ¢; for i =0,..., N —1 and ¢x — 0. Then after

taking direct sum over d, we have Hy,; — Hy. O
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The lemma enables us to consider the @ N Hpy. Denote by H the subspace of the limit
which consists of finite sum. By the same construction as Section 5.4, we have the following

theorem.

Theorem 6.5.6. H is isomorphic to H as vector spaces. Thus H carries a Hets-module

structure.
Proof. The proof is parallel to the proof of Theorem 5.4.6. m

Similar to the A;-case, we can define the modified infinite Heisenberg algebra Heis® by

generators {z}, z; }iezs, and a series of central elements {c;}icz., modulo relations
= 04,5C;. (653)

Conjecture 6.5.7. Heis® is the double of the Jordan-COHA

See [65] for more discussions.
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Chapter 7

Application and future discussion

In this chapter, we first review the simplest version of the classic Boson-Fermion correspon-
dence. Then we states the main theorem of this dissertation which is a similar relation
between our constructions of A;-quiver and Jordan quiver. Finally we give a conjectures

regarding these relations which shows some future directions of this topic.

7.1 Boson-Fermion correspondence: classic version

The origin of the Boson-Fermion correspondence can be traced back to the Jacobi triple

product identiy

St ==+t 51+, (7.1.1)

ne’ n>1

which one should consider as an equality of two generating functions

Y bt = D famt"e® (7.1.2)

nEZ,mGZzO TLEZ,mGZzO
with nonnegative integral coefficients. The boson-fermion correspondence can be viewed as
a cateogrification of this identity. It is an isomorphism of two double graded vector spaces,
bosonic Fock space and fermionic Fock space. For classical references on this topic, see [34].

See also [19, 61].
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7.1.1 Fermionic Fock spaces

Definition 7.1.1. An infinite expression of the form

A IWARE
is called semi-infinite monomial if iy, i1, ... are integers and
1o > 101> ooy Uy =11 — 1 for n > 0. (7.1.3)

Let F' be the complex vector space with a basis consisting of all semi-infinite monomials.

This F'is called the full fermionic Fock space.

Define the charge decomposition

F=Frm™ (7.1.4)

meZ

by letting
Im)=mAm—-—1Am-—2A... (7.1.5)

denote the vacuum vector of charge m and F™ denote the linear span of all semi-infinite
monomials of charge m. It is not hard to see that, for a monomial ig Ai; A ... € Fm,
i, =m — k for k> 0.

For j € Z define the wedging and contracting operators 1; and ¢F on I’ by:

0, if 7 =i, for some s,
Yillg Nig A . ..) = (7.1.6)
(1) g Ao N NG Niga Ay i i > 5 >,
0, if 7 # i, for all s,
Yilig Ny A .. .) = (7.1.7)
(—1)%ig AiL Ao Adg Nigga Aeeny if =i,
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Note that
U (F™) c POty (Fm) ¢ Flm=h, (7.1.8)

These operators ¢; and ] are called free fermions. They satisty the following relations:
Vi + i = 0y, iy +Pibs = 0, YT + i = 0. (7.1.9)

Definition 7.1.2. The infinite Clifford algebra denoted by Cl,, is the C-algebra with basis
{1, 1F }icz and relations for all i, j € Z.

Vil + i = 0ij, Uiy + b =0, YiY; + iy = 0. (7.1.10)

Therefore the operators ¢; and ¢} generate the infinite Clifford algebra Cl. It is obvious
that F'is a Cl,-module.

7.1.2 Bosonic Fock spaces

Definition 7.1.3. Define the full bosonic Fock space to be the polynomial algebra on inde-

terminates py, po, ... and ¢, ¢~ L.

B =Clp1,pa,-- 50,47 (7.1.11)

The full bosonic Fock space carries a natural representation of the oscillator algebra by

the following formula

rP(s,,) = map%, r(5_1) = ppm for m > 0,
rP(s0) = g-, TP(K) =1
0 aqa

B has a charge decomposition

B=pB™, (7.1.12)

meZ
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where B := ¢"Clpy,pa, .. .].

7.1.3 Boson-Fermion correspondence

Theorem 7.1.4 ([34]). There is an isomorphism of vector spaces o : F' — B. Furthermore,
the isomorphism induces isomorphisms on each charge subspaces: o, : F™ — B for all

m € 7.

7.2 Boson-Fermion correspondence: COHA version

Theorem 7.2.1. There is an isomorphism of vector spaces o : /\ — H.

Proof. By Theorem 5.4.6, the underlying vector space H of A;-COHA carries a Cl=-module
structure. By Theorem 6.5.6, the underlying vector space H of Jordan-COHA carries a Heis-
module structure. However, by Section 3.1.1 both A;-COHA and Jordan-COHA share the
same underlying vector spaces, which is ©qH¢ (Mg) ~ ©qH¢ (pt). Then we can immedi-

ately get a correspondence between these two representations. O

7.3 Generalization

The A;-COHA is related to the infinite Clifford algebra since it contains free fermions with
positive energies. The Jordan-COHA is related to the infinite Heisenberg algebra, and thus it
is related to the oscillator algebras. Therefore, there should be a relation between the COHA
version Boson-Fermion correspondence (Theorem 7.2.1) and the classic Boson-Fermion cor-

respondence (Theorem 7.1.4).

Conjecture 7.3.1. There is a construction to double the double of A1-COHA and realize it
as the infinite Clifford algebra Cl.

In other words, we want to construct the Fermion Fock space geometrically. There
are some other work in this direction. See e.g. [19, 61]. We would like to find a COHA

construction.
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Appendix A

Review of Intersection Theory

A.1 Chow ring

A.1.1 Definitions

Definition A.1.1. Let X be an algebraic scheme. A k-cycle on X is a finite formal sum
> n;[V;] where V; are k-dimensional subvarieties of X and n; are integers. The group
of k-cycles modulo rational equivalence is denoted by Ag(X). The direct sum A,(X) =
Drez-, Ar(X) is called the Chow group.

Definition A.1.2. Let X be an n-dimensional non-singular variety. Set AP(X) := A,_,(X),
and A*(X) = @y A*(X). There is a ring structure on A*(X) which represents the intersection

of two cycles. The group with the ring structure is called the Chow ring.

Remark A.1.3. See [20] for more details about the definitions of the product.

A.1.2 Functorial properties

Definition A.1.4. Let f : X — Y be a proper morphism of varieties. Let V' be a subvariety
of X of dimension k. Set W = f(V). The rational functions over V' (resp. W) is denoted
by R(V) (resp. R(W)). f induce an embedding of R(W) into R(V') and we can compute
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[R(V') : R(W)] if W has the same dimension as V. Define

R(V): ROW)[W], if dim(W) = dim(V),
£V] = [R(V) = ROW)][W] (W) (V) (AL1)

0, if dim(W) < dim(V).

Proposition A.1.5 (See e.g.[20]). The push-forward map f. is a morphism of abelian groups

A X — ALY . It makes A, a covariant functor for proper morphisms.

Definition A.1.6. Let f : X — Y be a flat morphism of varieties. Let V' be a k-dimensional

subvariety of X. Define the map by

Fvi=m) (A.1.2)

Proposition A.1.7 (See e.g.[20]). The pull-back map f* is a morphism of abelian groups
ALY — Apin X where n = dim(Y) — dim(X). It makes A* a contravariant functor for flat

morphisms.

Proposition A.1.8 ([20]). Let
b 'd 9 X (A.1.3)

Y

Y/T)Y

be a fibre square, with g flat and [ proper. Then ¢ is flat, f' is proper, and f.g" = g* f..

A.1.3 Cellular decomposition

Definition A.1.9. X is a scheme with a cellular decomposition if X has a filtration X =
X, D X1 D ... DXy D X_1 = 0 by closed subschemes, with each X; — X,;_; a disjoint

union of schemes U;; isomorphic to affine spaces A" .

Theorem A.1.10 ([20]). Let X be a scheme with a cellular decomposition with notations

described above. Then A.(X) is Q-span of {[U;;|}.
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A.2 Borel-Moore homology

Let X be a complex scheme.

Definition A.2.1. Let X be an arbitrary compactification of X such that (X, X\X) is a
CW-pair. The Borel-Moore homology is defined as HEM(X) := H,(X, X\X), where H, is

ordinary relative homology of the pair (X, X\X).
We need Borel-Moore homology because we need fundamental classes.

Proposition A.2.2 ([7]). For any complez algebraic variety X, there exists a fundamental

class [X]. If X is irreducible of real dimension m, [X] € HBM(X).
The relation of Borel-Moore homology and cohomology is stated in the following theorem.

Theorem A.2.3 (Poincaré duality, see e.g. [7]). Let M be a smooth algebraic variety of

R-dimension 2n. Then

PD: H*(M) — HZM (M)

2n—x*

(A.2.1)
U0 [M]
s an isomorphism.
Theorem A.2.4 ([20]). If X has a cellular decomposition, then the cycle map
cl: A(X) = HEM(X) (A.2.2)

15 an isomorphism which doubles the degree.

Corollary A.2.5. If X has a cellular decomposition, using the notations introduced in the

previous section, HZM (X)) is Q-span of {[U; ;]}. Here by abuse of notations, we use [U; ;] to

denote the Borel-Moore homology class which is correspondent to the cycle [W]]

Remark A.2.6. We would use the notations of cohomology, Borel-Moore homology and al-

gebraic cycles freely.
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Remark A.2.7. For any complex algebraic variety X, there exists a fundamental class 1x] €

H°(X) by Proposition A.2.2 and Theorem A.2.3.

Example A.2.8. HM(R?") ~ Q[R?"], where [R?"] is the fundamental class in HZM (R?") ~
HO(R2").
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Appendix B

Equivariant Cohomology

B.1 Classifying spaces

Definition B.1.1. Let G be a topological group. Let EG be a contractible space on which
G acts freely. FG is called the universal bundle of G, and the quotient space BG := EG/G

is called the classifying space of G.
The importance of EG — BG lays in the following theorem.

Theorem B.1.2 (Classification Theorem, see e.g.[66]). Let 7 : E — B be a principal
G-bundle. There exists a map f : B — BG and an isomorphism of principal G-bundles
¢ F~ f*(EG). Moreover, The map f and ® are unique up to homotopy.

Example B.1.3. Let T" = C* be a 1-dimensional torus. Then BT = CP* and ET =
C>\{0}. ET — BT is the tautological bundle on CP*.

Example B.1.4. Let T = (C*)" be a n-dimensional torus. BT = (CP>)", and ET =
mO(-1) ® ... @ mO(—1), where m; : BT — CP* is the i-th projection and O(—1) is the

tautological bundle on CP*°.
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B.2 Equivariant cohomology

Definition B.2.1. Let G be a complex linear algebraic group, and let X be a complex
algebraic variety with a left G-action. Find a contractible space EG with a free right G-

action. Now form the quotient space
EG xqg X :=EGx X/(e-g,x) ~ (e,g-x). (B.2.1)

Then the equivariant cohomology ring H(X) is defined to be the cohomology of the quotient

space

H{(X) = H(EG xg X) (B.2.2)
where the cohomology on the right hand side is the singular cohomology with Q coefficients.

Remark B.2.2. Equivariant cohomology is a generalized cohomology theories. Thus for each
G-space X, since each projection map X — pt is G-equivariant, there is a natural map
H{(pt) — HE(X) which equips HE(X) a HE(pt)-module structure. Denote EG X pt by
BG. Then each H}(X) is a H*(BG)-module.

Remark B.2.3. The space EG in the Borel construction is actually the universal bundle
of G due to the uniqueness of the universal bundle. Similarly, the space BG in the Borel

construction is the classifying space of G.

Example B.2.4. Let T := C*. Then as stated in Example B.1.3, BC* = CP*°. Then
H{.(pt) = H*(EC* x¢+- pt) = H*(BC*) = Q[t], (B.2.3)

where t is the first Chern class of the tautological line bundle on BC*.

Example B.2.5. Let "= (C*)". As stated in Example B.1.4, BT = (CP*)". Then

Hizeyn (pt) = H*(B(C*)" gy pt) = H (B(C)") = Q... 1], (B2.4)
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where ¢; is the first Chern class of pullback of the tautological line bundle on CP* corre-

sponding to the i-th projection ;.

B.3 Approximation

The spaces EG and BG are typically infinite-dimensional, so they are not algebraic varieties.
However there are finite-dimensional, non-singular algebraic varieties E,, — B,, which serve
as “approximations” to FG — BG. The approximation we use here was introduced by
Totaro in [69)].

Let G be a linear algebraic group and let n be a non negative integer. Choose a G-module

V,, and a G-invariant open subset U,, C V,, satisfying the following conditions:
1. The quotient U,, — U, /G exists and is a principal G-bundle.
2. The codimension of V,,\U, in V,, is larger than n.

U, — U,/G is an approximation of the universal G-bundle EG — BG in the sense of

the following proposition.

Proposition B.3.1 ([12]). Let X be a complex variety and G be an algebraic group acting
on X. U, is constructed as above. Then H*(X xq EG) ~ H*(X x¢ U,) for k < 2n.

Example B.3.2. Let T := C* be the 1-dimensional torus. We can take V,, := C"*! to be
the natural T-module via multiplication, and U,, := V,,\{0}. U, /T is CP". {CP"}, is an
approximation of BC*. H*(CP") = Q[t]/(t"™). Thus when k < 2n, H*(BC*) ~ H*(CP").
Furthermore, we have

H*(BC*) ~ lim H*(CP"). (B.3.1)

n

Using these approximation, we are able to put everything in the context of algebraic

geometry.
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B.4 Some bundle structure

Let G be a compact, connected Lie group, 7' a maximal torus, and W := Ng(T)/T the Weyl
group of T"in GG. Suppose G acts on X freely on the right such that X — X/G is a principal
G-bundle. Then the natural projection X/T"— X/G is a fiber bundle with fiber G/T.

Lemma B.4.1 ([27]). The cohomology of X /G is the subspace of W -invariants of the coho-
mology of X/T: H*(X/G) ~ H*(X/T)W.

Example B.4.2. Let G = GL(n,C) and T be the maximal torus which consists of all
diagonal matrices. Then T' ~ (C*)". The Weyl group W in this case is the symmetric group
of n elements. By Example B.2.5, Hf.). (pt) = Q[t1,...,t,]. The Weyl group acts on the

space by permuting ¢;’s. Then by Lemma B.4.1, we have

HaL(n,(C*)(pt) = @[tla B 7tn]W7 (B41)

which is the space of all symmetric polynomials with n variables.

Example B.4.3. Let G = [],.; GL(d",C). Let T be the maximal torus which consists of

icl

all diagonal matrices of each piece. Then H}(pt) is the polynomial algebra generated by

-----

W = X;crSq and it acts on Hj.(pt) by permuting variables in each group. Thus H/(pt) is

the algebra of polynomials of )., d’ variables, where each group of variables are symmetric.
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Appendix C

Cohomology of Categories Fibred in

Groupoids

This appendix follows [12]. See also e.g. [22].

C.1 Category fibred in groupoids

Fix a base scheme S. Let S be the category of S-schemes.

Definition C.1.1. A category fibred in groupoids (CFG) over S is a category X together

with a functor p: X — § satisfying the following conditions.

1. Given an object b € X, let B = p(b). If f: B’ — B in S there exists a pullback object
f*b and a morphism f*b — b in X whose image under the functor p is the morphism

B’ — B. Moreover, f*b is unique up to canonical isomorphism.

2. If a: by — by is a map in & such that p(a) = B 1, B for some S-scheme B then «a is

an isomorphism.

Remark C.1.2. Given a CFG X and a scheme B, denote by X'(B) the subcategory consisting

of objects mapping to B and morphisms mapping to the identity.
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Remark C.1.3. The category satisfying the first condition is called a fibred category. The
second condition implies that X'(B) is a groupoid, that is, a category whose all morphisms

are isomorphismes.

Example C.1.4. Let X be a S-scheme. We can associate to its functor of points a CFG X.
It is the category of X-schemes viewed as fibred category over the category of S-schemes,
that is, a category whose objects are S-morphisms B — X for B € § and morphisms are

the natural morphisms.

Definition C.1.5. A CFG X is representable if X is equivalent to a CFG X for some
S-scheme X.

C.2 Quotient CFGs

Definition C.2.1. Let B be a scheme. A G-torsor over B is a smooth morphism p: £ — B
where G acts freely on F, p is G-invariant and there is an isomorphism of G-spaces E X g FE —

GxFE.

Definition C.2.2. If X is a scheme and G is an algebraic group acting on X. Define a
CFG [X/G] to be the category whose objects are pairs (E — B, F EN X) where £ — B is
a G-torsor and f : E — X is a G-equivariant map. A morphism (£ — B’ F’ ER X —
(E— B,E ERN X) in [X/G] is a Cartesian diagram of G-torsors

El-E (C.2.1)

|

B'——B
such that f' = f o h.

Definition C.2.3. A CFG X is a quotient CFG if X is equivalent to a CFG [X/G] for some

scheme X with G-actions.
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Example C.2.4. Let U, := C""'\{0}. C* acts on U, by left multiplication. The action is
free. Then we can have the geometric quotient CP™ as well as the quotient CFG [U,,/C*].
It’s not hard to see [U,,/C*] ~ CP".

Example C.2.5. Let G be a linear algebraic group over C. Let BG be the CFG whose

objects are G-torsors 2 — T" and whose morphism are cartesian diagrams

E—>E (C.2.2)

|

T ——T

with the added condition that the map £’ — FE is G-invariant. The definition above implies
that BG is the quotient stack [pt/G]. When talking about objects in [pt/G], we usually

omit the morphism from E to the point pt from the pair (£ — B, E — pt) .

C.3 Cohomology of CFGs

Definition C.3.1. Let X be a CFG defined over C. A cohomology class ¢ on X is the
data of a cohomology class ¢(b) € H*(B) for every scheme B and every object b of X (B),
with the following compatibility condition: Given schemes B’ and B and objects b’ € X (B’),
b € X(B) and a morphism ¥ — b whose image in S is a morphism f : B’ — B then
fre(b) =c(b') € H(B').

Definition C.3.2. The cup product on cohomology of spaces guarantees that the collection

of all cohomology classes on X forms a graded skew-commutative ring. We denote this ring
by H*(X)
Definition C.3.3. If f : Y — X is a map of CFGs over § then there is a pullback homo-
morphism f*: H*(X) — H*()). For ¢ € H*(X), f*cis defined by f*c(b) = ¢(f (b)) for any
be Y(B).

The main results about the cohomology of quotient stacks is the relations to the equiv-

ariant cohomology stated below.
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Theorem C.3.4 ([12].). Using the approzimation introduced in Section B.1. Let X be a
complex variety and G an algebraic group acting on X. Then the pullback map H*(X) —

HY(X xg U,) is an isomorphism for k < 2n.

Corollary C.3.5 ([12]). The cohomology of quotient CFGs H*([X/G]) is isomorphic to the

equivariant cohomology H(X).

Let X be a scheme, and X = X. Fix ¢ € H*(X). A correspondent ¢ € H*(X) is

constructed as follows. Let ¢(X M x ) = c. For each object B b X , we have the diagram

B

(C.3.1)

b X .
N
X
Id

Then ¢(B AN X) =0"(¢(X — X)) = b*(c) € H*(B). This implies that ¢ encodes all the
data needed for ¢. On the other side, fix ¢ € H*(X'), we have H*(X) 3 ¢ = Id"(¢(X H, X)).
This correspondence suggests that H*(X') ~ H*(X).

Example C.3.6. Following Example C.2.4, H*([U,/C*]) = H*(CP") ~ H*(CP"). It is
well known that H*(CP") ~ Z[¢]/{¢"T!) where £ € H?(CP™) is the first Chern class of the
tautological line bundle £ on CP™. As a class of stack [U,,/C*], it is correspondent to the
class b*¢ € H?(B) of the pullback bundle b*£L for any diagram

E—-U,. (C.3.2)

Example C.3.7. Let G = C*. Consider H*([pt/C*]) = H*(BC*) ~ H*(BC*). H*(BC*) ~
Z|x] where x € H*(BC*) is the first Chern class of the tautological line bundle £ on BC*.
For each C*-torsor £ — B, by the universal property, there is a map b : B — BC* such that
E — B is the pullback of EC* — BC*. Then as a class of stack BC*, z is correspondent to
c1(b*(L)) € H*(B) for E — B.
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Finally we want to compute the pullback in a special case. Let G acts on X freely. Then
B = X/G is a scheme. Let f: [X/G] — [pt/G] defined by the natural projection X — pt.

For any ¢t = (E — T, E = X), there exist a commutative diagram

T—t>)f—>ElG : (C.3.3)
T—> B—"> BG

For any ¢ € H*([pt/G]), f*c(t) € H*(T) is gotten from the pullback following the above
diagram. This implies that f*c can be gotten by b*c where ¢ € H*(BG) correspondent to c.

It is also true for the approximations of EG — BG' in the following sense.

Proposition C.3.8. Let {U,/G}, be an approximation of EG — BG. Let f : [X/G] —
[pt/G] be the map induced from the projection X — pt. For c € H*(BG), f*c € H*([X/G])

consists of data coming from the diagram

E—1sX U, (C.3.4)
L]
T—=B—%1U,/G

for k < 2n.
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Appendix D

Hilbert Schemes

The standard reference is [51]. We follow the presentation of [39].

D.1 (General concepts

D.1.1 Definitions

Let X be a quasiprojective scheme over C.

Definition D.1.1. Let S be a scheme. A flat family of proper subschemes in X over S is a
closed subscheme Z C S x X such that the projection Z — S is flat and proper. If s € S is

a closed point, we denote the fibre of Z over s by Z,.

Lemma D.1.2. Let S and S" be two schemes. Given a flat family Z C S x X of proper
subschemes in X and a morphism f: S — S, the family Z' .= (f x Idx)™"(Z) € ' x X is

again flat and proper over S’.

Let Z C X be a zero-dimensional subscheme. H°(Z, Oy) is an artinian C-algebra. Define
the length 1(Z) of Z by 1(Z) = dim¢ H*(Oy).

We are able to define a contravariant functor for each n € N as follows:
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Z C S x X :Zisproper and flat over S, and
Hilb = S +— . (D.1.1)

Z4 is a zero-dimensional subscheme of length n, for all s € S

Theorem D.1.3 ([23]). The functor Hilb% is represented by a quasiprojective scheme XM,
If X is projective then X™ is also projective.

Note that the set of closed points of X™ is
XM (SpecC) = {Z C X : Z is a zero-dimensional subscheme with [(Z) =n}. (D.1.2)

This is our usual understanding of Hilbert scheme of points on X.

D.1.2 Hilbert-Chow morphism

Assume X is reduced. If x € Z is a closed point, the multiplicity of x in Z is defined as
Z(Z$> = dim(c(OZ@).

Proposition D.1.4 ([49], Section 5.4). There exists a morphism called Hilbert-Chow mor-
phism
pr XM g x (D.1.3)

red

defined by
0(2) = S UZ)lal. (D.1.4)

reX
Let v = (v, 1, . ..) be a composition of d. Recall that a composition is a tuple of integers
V1 > Ve > ... with > v; = d. Then maximal number k such that v # 0 is called the length

for the composition, and is denoted by I(r). For each composition v of d, we define

k
SnX = {Z vilr:] € S"X

i=1

x; # x; for i # j} . (D.1.5)
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Then S} X has dimension [(v) dim¢ X. Note that S, is an open dense subset. It is

the nonsingular locus of S™(X).

Proposition D.1.5 ([51]). We have the stratification of S™(X)
"X = JspX. (D.1.6)
Corollary D.1.6. We have a stratification of X™
Xt = Jp ' (SpX). (D.1.7)

14

The dimension of p~1(S"X) = I(v) dim¢ X .

D.2 X = Al-case

We would go through the case X = A! in this section. In this case, the set of closed points

of X" is
Z C X : Z is a zero-dimensional I C Clx]: I is an ideal of C[z]
= . (D.2.1)
subscheme with I(Z) =n and dimClz]/I =n

Since C[z] is a prime ideal domain, each idea is generated by a polynomial in C[z]. Then

the above set is the same as

{monic polynomials in C[z] whose degree is n} . (D.2.2)

To justify these statements, any O-dimensional subscheme in A! can be described by
a monic polynomial f(T) = T™ + a, 1T" ' + ... + ag of degree n. The coefficients a =
(ag,ai, . ..,a, 1) define a point a € C" and conversely any point a defines a polynomial and

thus a subscheme.
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Now consider Hilbert-Chow morphism. We start from a general statement.

Proposition D.2.1. Let X be an irreducible, smooth, quasiprojective curve. Then for all

n >0, X" is smooth and irreducible of dimension n

Proof. There is a version of this proposition for dim¢ X = 2 case. The proof can be found

in [16]. The proof of this proposition is similar. ]

Lemma D.2.2. Hilbert-Chow morphism p induces an isomorphism

X([)n] = S0, X (D.2.3)

Proposition D.2.3. Let X be a nonsingular quasiprojective curve, the Hilbert-Chow mor-

phism p: XM — S X is an isomorphism.
Proposition D.2.4. X[ = §"(C!) ~ C".

Proof. The first is by Proposition D.2.3. The second can be seen from the following formulas:
S™(X) = Spec(Clxy, ..., 1,]°") ~ Spec(Cley, . . ., e,]) = A", (D.2.4)

where e; is the i-th elementary polynomial for each . O

Remark D.2.5. Note that dimc S]'X = [(v), and [(v) < n for any v other than (1,1,...,1).

.....

.....

D.2.1 Alternative description

There is an alternate way to talk about X ™.
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Theorem D.2.6. Let X = A,

(B, 1) : There exists no subspace S C C"
X~ GL(n, C), (D.2.5)
such that B(S) C S and Im(i) C S
where B € End(C") and i € Hom(C, C") with the action given by
g9-(B,i) = (9Bg ', gi), for g € GL(d,C). (D.2.6)

By Proposition D.1.5 and its corollary, we know that X has a stratification. The open

stratum S7; ; )X is the nonsingular locus of S"(X).

-----
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