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Abstract

We start with linear single variable conservation laws and examine the conditions un-
der which a local extrapolation method (LEM) with upwinding underlying scheme is total
variation diminishing TVD. The results are then extended to non-linear conservation laws.
For this later case, we restrict ourselves to convex flux functions f, whose derivatives are
positive, that is, f” >0 and f’>0. We next show that the Goodman-LeVeque flux satisfies
the conditions for the LEM to be applied to it. We make heavy use of the CFL conditions,
the geometric properties of convex functions apart from the martingle type properties of

functions which are increasing, continuous, and differentiable.
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variation diminishing TVD. The results are then extended to non-linear conservation laws.
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Preface

In Chapter 1, we give a background of hyperbolic conservation laws and the problems
faced in solving them both analytically and numerically. We also discuss some traditional
numerical methods used.

In computing solutions to equations of the form w(z,t) + f(u(z,t)), = 0 numerically,
many difficulties do arise. Using Godunov’s method, which is first order accurate, the nu-
merical results are very smeared in regions near the discontinuities. The first order accurate
method has a large amount of “numerical viscosity” that smoothes the solution just as
physical viscosity would, but to an unrealistic extent by several orders of magnitude. The
numerical viscosity may be eliminated by using some standard second order methods but
dispersive effects leading to large oscillations in the numerical solution are introduced. A
solution to the discontinuity problem, is to use “shock tracking”, whereby some explicit pro-
cedure for tracking the location of discontinuities is incorporated into the standard numerical
methods.

Ideally it is preferable to have schemes that produce sharp approximations to discontin-
uous solutions automatically, without explicit tracking and use of jump conditions. These
are the so called “shock capturing” schemes. Various approaches have been used to develop
these high resolution schemes. Examples include essentially non-oscillatory schemes (ENO)
due to Harten, Engquist, Osher and Chakravarthy [4]; Total Variation Diminishing schemes
(TVD) due to Harten [3] , Goodman and LeVeque [2], Van Leer [7].

In Chapter 2, we discuss the ENO schemes due to Osher, et al and the scheme due
to Goodman and LeVeque. These are methods that are at least second order accurate on
smooth solutions and yet give well resolved, non oscillatory solutions.

Yang [18] developed a local extrapolation method (LEM) that increases the order of
an " order scheme by one, using ENO underlying schemes. We restate the LEM and

then examine the conditions under which the LEM with the upwinding underlying scheme



is TVD under the more general assumptions that the problem has convex, positive flux,
that is, the flux function f has f”(u) >0 and f’(u) > 0. The main tool used is the CFL
condition (named for Courant, Friedrichs and Lewy). It states that a numerical scheme
can be convergent only if its numerical domain of dependence contains the true domain of
dependence of the PDE, at least in the limit as At and Ax go to zero. It is a necessary
condition for stability which in turn is sufficient for convergence. The CFL condition is set
up so that the flux across any cell interface does not depend on flux emanating from any
neighboring cells. In addition to the general properties of continuous, differentiable and
increasing functions, geometric properties of convex functions are also used.

We then show that the flux of Goodman and LeVeque’s scheme, satisfies the conditions
required by the LEM in [18]. Goodman-LeVeque’s scheme is a second order method and
TVD. The geometric nature of Goodman and LeVeque’s scheme makes its implementation
relatively easy, and computation-wise it is less expensive compared to the ENO schemes of
the same order. The LEM is desirable because it is less expensive to implement than to use
for example the ENO schemes of equivalent order.

In Chapter 3, we discuss some general stability and entropy conditions. Various forms
are introduced and we then make a connections between the entropy conditions and the
discussions on the Riemann problem in Chapter 1.3. We state the Lax-Wendroff theorem
- if the numerical solution of a conservative scheme converges, it converges towards a weak
solution - which is a useful tool towards determining whether numerical solutions obtained
satisfy the entropy conditions or not.

In Chapter 4, we give some numerical examples for both the linear and non-linear con-
servation laws. A few spatial step lengths h are considered whereas the parameter \ for the
LEM is fixed at 0.8. The ENO schemes, both second and third order, Goodman-LeVeque
scheme and LEM are considered in various cases. We also compute the mean computation

times for the various schemes in solving a linear conservation law.
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Chapter 1

Introduction

The initial value problem of hyperbolic systems of conservation laws is given by

s (W),
u(x,0)

0

uy(x), (1.0.1)

where u € R™ is an m-dimensional vector of conserved quantities, x € R¢ and f; : R™ — R™,

The hyperbolicity of system means that
e (2%
&'\ ou
has m real eigenvalues and a complete set of eigenvectors for all collections of real numbers

{&}4,. Conservation laws arise in fields like physics and engineering. Some examples are

e Euler equations of gas dynamics
e Aerodynamics

— modeling of wing flutter
— modeling flow patterns around rotating helicopter blades

— modeling flow patterns around the blades of a turbine

e Meteorology and weather predictions: the weather fronts are just a shock waves, i.e.

discontinuities in pressure and temperature.

e study of explosions and blast waves



1.1 Conservation Laws in 1-D
In one space dimension the conservation laws are of the form
w(z,t) + f(u(x,t)), =0. (1.1.1)

Note that the mxm Jacobian matrix f’(u) is diagonalizable - since we have a complete set of
m linearly independent eigenvectors - and all its eigenvalues are real. u is an m—dimensional
vector of conserved quantities so that u; is the density function for the jth state variable (con-
served quantity). The total quantity of this state variable in the interval [z, 1, x| at time
t is given by [ wu;(x,t)dz. Conservation of the state variables means that [ u;(x,t)dx
is constant with respect to t. f is called the flux function.

Note that if f/(u) e R™™ then we can write
f'(u) =RAR™ (1.1.2)

where R is the matrix of right eigenvectors. Letting @ = R~'u the system (1.1.1) is reduced
to

G, + A, =0 (1.1.3)

which is just a set of m decoupled advection equations. If f/(u) is not a constant then both
R and A may depend on z and/or t and (1.1.3) does not hold.

A well known fact is that the solution of (1.1.1) may develop discontinuities in itself or its
derivatives in a finite time no matter how smooth the initial function ug(x) is (see examples
A.1, A2 and A.3 in Appendix A). A typical solution of (1.1.1) is a piecewise smooth function
whose domain consists of regions where the solution is smooth, separated by discontinuities,
for example, shocks, contact discontinuities and the wave fronts of rarefaction waves.

The shock tube problem is an example that illustrates a solution of the form described
above. In this case consider a tube filled with gas, initially divided by a membrane into
two sections. The gas has higher density and pressure in one half of the tube than in the

other half, with zero velocity everywhere. At initial time (¢ = 0), the membrane is suddenly

2



removed and the gas allowed to flow. A net motion in the direction of lower pressure is

expected and a uniform flow across the tube may be assumed.

The flow has three distinct waves separating regions in which the state variables are

constant.

e A shock wave propagates into the region of lower pressure, across which the density

and pressure jump to higher values and all of the state variables are discontinuous.

e A contact discontinuity follows the shock wave. Across it the density is discontinuous

but the velocity and pressure are constant.

e A rarefaction wave moves in the opposite direction. All state variables are continuous

and there is a smooth transition. As this wave passes through, the gas is rarefied (the

density of the gas decreases).

1.2 Low Order Numerical Schemes

The hyperbolic problem (1.1.1) is discretized by space-time finite differences. The half plane

{(z,t) : —o0 <& < 00, t >0} is discretized by choosing a spatial grid size h := Az and a

temporal step k:= At. The grid points (x;,t") are then given by
x;=7jh, jeZ, t"=nk, neN.

For subsequent discussions in this dissertation we set

k
Ai=—
h
and define
h
ZL‘]-+% ZZL‘]‘ + 5

(1.2.1)

We look for discrete solutions U}" which approximate the values u(z;,t") of the exact solution

for any j, n. Any explicit finite-difference method can be written in the form

U;7,+1 — U]TL -\ (ngr% - gj*%) ’

3

(1.2.2)



where g;,1 = g(U7,U7,) for every j and g(-,-) is some function called the numerical fluz.

Some examples of explicit finite difference schemes are

1. Upwinding
Ut =UM = ML f(U]), (1.2.3)

where

A f(U}) = f(UL) - f(U}) and A f(U}) = f(U}) - f(Uy).

Backward differences, that is A_, f(U7'), are used if f'(U') > 0 while forward differ-
ences, that is A, f(U}'), are used if f'(U}') <0.

2. Forward Euler/centered
A
Ut =7 - S [FU) - FU)] (1.2.4)
3. Lax-Friedrichs
1 A
Ut = S U+ U = 5 [F(UR) - FU7)] (1.2.5)

4. Lax-Wendroff

vt = 0 2[R+ [Lead, L | W) - 1p))

Up 2 [0 - F(U)]

0 (A [ - P - Ay [FW7) - O] (1.2.6)

where
! 1 n n
Ajj:% =f (i[Uj + Uj:l:l]) .

Definition 1.1. Let u be the exact solution of the conservation law (1.1.1). The local

truncation error L(u;k,h) of the numerical scheme (1.2.2) is given by

L(usk.h) = u(a:j,tnﬂ)k— u(x;, t) . g(u(zj, tm),u(x i, ")) ;g(u(xj_l, "), u(z;,t"))
(1.2.7)



We say the scheme is of order p in time and of order q in space (for suitable integers p and

q), if for a sufficiently smooth solution of the exact problem, we have that
L(u; k,h) = O(k? + h9).

Both Upwinding and Lax-Friedrichs schemes are of first order whereas the Lax-Wendroff
scheme is of second order. A drawback to using Lax-Wendroff scheme in the above form
is that evaluation of the Jacobian is needed. So it is more expensive to use than the other
forms that only use the flux function. Ways to avoid using the Jacobian include using
two step procedures (see [8]). The Lax-Wendroff scheme may also produce oscillations in
the solution. The Upwinding and Lax-Friedrichs schemes have smearing effects around the
discontinuities. Hence they do not capture the true profiles of the solution around the dis-
continuity. Generally the low order schemes are not adapted to handling the discontinuities

effectively.

Definition 1.2. A finite difference scheme is said to be consistent if the local truncation

error L(u; k,h) goes to zero at k and h tend to zero independently.

Definition 1.3. A numerical scheme is said to be convergent if

kl’}LIllOH]l%X|u(.Tj,t )-Uj[=0. (1.2.8)

Definition 1.4. A numerical method for a hyperbolic problem is said to be stable if, for any

time T, there exists two positive constants Cr and , such that
1U"|a < Cr[[U|a, (1.2.9)

for any n such that nk <T and for any k,h such that 0 <k <9, 0<h<¢. Note that ||-||a is

a suitable discrete norm.

An example of a suitable discrete norm is

IVils, = (h 5 |vj|p) for p=1,2 (12.10)

j=—o0



or
Vlla.eo = sup[Vi.
j
Definition 1.5. Let a = f'(u) = const. Courant, Friedrichs and Lewy showed that a neces-

sary and sufficient condition for any explicit finite difference scheme to be stable is that

<1

— I

jaAl =

aﬁ
h

which s known as the CFL condition. The quantity aX is referred to as the CFL number.

In the case when f’(u) is not constant the CFL condition is given by

h
k< .
SupxeR,t>0 |f’(u(:13, t))'

For the hyperbolic system where f’(u) € R™*™ the stability condition becomes

k
APESL p=1--m

where {\,} are the eigenvalues of f'(u).

Definition 1.6. The total variation of a solution U is defined to be
TV(U) = Z |Uj1 = Uj).
j=—o00
The numerical method U™ = E,U is called total variation diminishing (TVD) if

TV (U™ < TV(U™)

for all grid functions U™.

1.3 The Riemann Problem

The Riemann problem is the conservation equation together with a piecewise constant initial

condition having a single jump discontinuity,

u +f(u), = 0, u,feR”
_ _ u; if x<0
u(z,0) = ug(z)= { w ifrs0. (1.3.1)

6



As the solution evolves the shock propagates with some speed, s(t). The Rankine-Hugoniot
Jump condition is

s(u, —w) =f(u,) - f(uw). (1.3.2)

This can be written in the form s[u] = [f] where [-] represents the jump across the shock.

For a scalar conservation law the shock speed is

o Fur) = flw) (1.3.3)

Upr — Uy

that is, for the Riemann problem, the constant number s is the speed of the resulting shock.
For a better understanding of solutions to the Riemann problems, we shall look at some

examples.

Definition 1.7. For the scalar case (m =1), the function u(x,t) is a weak solution of the

conservation law (1.1.1) if for all test functions ¢(x,t) € Cy(R,R) we have that

[ o+ swysddade =~ [ " u(e,0)6(x,0)dr. (1.3.4)

Example 1.1. Consider Burgers’ equation

u2

ut+(—) =0 (1.3.5)
2 /s
with piecewise constant initial data

u(m,O):{ u  if v <0

u, if x>0.

The solution depends on whether w; > w, or u; < u,.

Case 1.1. u; > u,

Using (1.3.3), the shock speed is

ui _uf 1

2~ 2
S22 Sy vy, 1.3.6
s — 2(u + ) ( )



The unique weak solution is

B w  if x—st<0
u(z,t) = { u, if v —st>0.
3 w  if x<st
a { w, if x> st. (1.3.7)

Note that the characteristic speed to the left of the shock is f'(u) = u; and to the right it is
f'(u) = u,. We have that u% < u—lT Hence the characteristics in each of the regions where u

s constant go into the shock x = st as time advances.

Case 1.2. u; <u,

This case has infinitely many solutions, one of them being (1.3.7) but with characteristics
now going out of the shock. This solution is not stable to perturbations.

A weak solution that is stable to perturbations is the rarefaction wave, namely,

w if x <t

u(z,t) =1 ¢ ifwt<r<ut (1.3.8)

U, if x> u,t.
Consider a Riemann problem where we assume the flux is convex i.e. f” >0, and u; < u,.

Then the rarefaction wave is given by

wif < f(w)t
uw(z,t) =13 v(f) if ff(w)t << f'(u)t (1.3.9)
w, if x> f(u,)t
where v(§) is the solution to f/(v(&)) =¢&.

Lemma 1.1. For non convex fluzx, the solution to the IVP for nonlinear hyperbolic systems

of conservation laws

Ut(xv t) + f(u):v 07
u(z,0) =up(z) = {

t>0, —co<xr<o00

u;, =<0
Up, >0
18
A
u(x,t)=u(¥) _u(9), (1.3.10)

8



where u(§) satisfies

minycwsu, [f(W) - Ew],  w <u,
f(u(§)) —&w(§) = (1.3.11)

MmaXey, cws<uy [f(w) - fw], Upr < U

Theorem 1.1.

_d% (miHUZSwSur [f(w) - 510]) y o U < Uy
w(€) = (1.3.12)

_dig (maxuréwéuz [f(w) - SUJ]) y Uy <.

For a more detailed discussion and proofs of Lemma 1.1 and Theorem 1.1 see [11].

1.4 Conservative methods

Definition 1.8. A numerical scheme is said to be in conservative form if it can be written
in the form

Uit =U7 = Ng(U - Ul y) = 9(Us oy, Ulga) ] (1.4.1)
for some function g called the numerical flux function and where \ = % with k the temporal

step and h the spatial grid size.

The simplest case is when p=0 and ¢ =1 so that
Upt = U7 - Mg(U. ULy - (U U (1.4.2)
For brevity, we shall use the notation
97,1 =951 [U"] = 9(Ufys - Ufiy)- (1.4.3)

and so

g

1= 951U = g(U s Ufgn)- (1.4.4)

1
2

Example 1.2.

e Forward Euler/Centered is conservative with numerical fluz

9y = LU + U] (1.45)

NI



e Lax-Friedrichs Scheme is conservative with numerical fluz

1

1
iz = 5 [ + F(U7) = S (Ufa - UF) |-

e Lax-Wendroff is conservative with numerical flux

n
gz,

=

where

/ 1 n
Aj_'_l:f (i[U] +

2

The method (1.4.1) simulates the exact relation

of the conservation law, where,

x. 1
—n _ 1 ]+§ .
© U=y )ay u(x,t™)dx is the cell-average

ﬁ;lé 2 tinﬂ f(u(xj+%,t))dt is the average flux

1 1
= §[f(U]n+1) + f(U]n)] - 5)‘Aj+

7).

PO - FUD)).

(1.4.6)

(1.4.7)

(1.4.8)

Definition 1.9. The method (1.4.1) is consistent with the conservative law (1.1.1) if

g(u,~~-,u) :f(u)

for all w in the domain of f.

(1.4.9)

A sufficient condition for consistency is for ¢ to be a Lipschitz continuous function in each

variable (see for example [8, 9]).

10



Chapter 2
High Resolution TVD Schemes

We define a high resolution scheme to be one which
e achieves high order accuracy in the regions where the true solution is smooth
e produces sharp profiles for the shocks and contact discontinuities
e avoids superfluous oscillations around the discontinuities
e gets the correct positions and speeds of the discontinuities
We first describe Godunov’s scheme on which many high resolution schemes are based.

e Define a piecewise constant function w(x,t") which takes on the value U; on I; =
(xjfé 5 xj+% )
e Solve the conservation law exactly up to time ¢t"*! with initial data w(x,#") to obtain

w(x,t"*1) [for k sufficiently small we have a sequence of Riemann problems].

Then
1 ZTipl
Ut = 7 / 2 w(z, t")du.

J
i3

11



2.1 Essentially Non-Oscillatory Schemes (ENO)

The ENO schemes were originally developed by Chakravarthy, Engquist, Harten and Osher.

We define the so called sliding average as

1 Tipl %
ﬂ(mj,t”)zﬁfx 2u(5,7¢")dg:[l wl(; +nh, t)dn. (2.1.1)

n

Now given the cell average values, {u} : j € Z} we want an approximate q(x) to u(x,t"). The

process of finding ¢(x) is called reconstruction and the most efficient way is via primitive
functions. ¢(x) should be as simple as possible, say, piecewise polynomial.
Now fix a jy € Z* and consider
J S+l
pm:hzw:hzh/‘ e mydg = [ uge e (2.1.2)
k=jo k=30 jo %
Hence
pj+% = p($j+%)
where

pa)= [7 u( s

.1
Jo— 3

is an antiderivative of u, that is, p’(z) = u(x,t"). Thus, we may first obtain an approximation
P(x) to p(z). Then

q(x) = P'(x). (2.1.3)
P(x) is obtained by interpolation. If we want,say, ¢(x) to be a polynomial of degree r — 1
on (z;_ 1, +1) then degP(x) =r and so r + 1 interpolation points are required. These must

T, 3,%; --. The schemes are named so,

bechosenfromamong-~-,x._g,xj_%,x LT, Ts, Ty

j
because small oscillations on the scale of the interpolation error are still possible.
For consistency we require
Py -ple ) = [ = [P g@)de = Play.y) - Py,
J= % T %
This can be achieved if Tj 1 and Tj,1 are among the interpolation points, that is, P(mji%) =

p(:vj i%). The choice of the collection of r+1 interpolation points is not unique. For example,

12



if 7 = 2 the choice is {xj_%,xj_%,:cj%} or {xj_%,xj+%,xj+%}. The ENO approach is to choose

the collection so that the function p is the smoothest i.e., it has the least oscillation, on
the chosen stencil - namely grid points. If you want to approximate the function outside
an interval containing a discontinuity then the discontinuous part should not be used to
compute the approximation. For complete details and several variations see [4]. One way

of computing the smoothest p is to note that

e if u is smooth

AU];% Uj% - Ujfé =O0(h)
AQUJ% = O(h?)
ATUJ_% = O(h")
e if the difference crosses a discontinuity

Therefore

|AkUj|disc > |AkUj|smooth-
Hence to determine the smoothest p

Procedure 2.1. Let I(j) be the starting (left most) point on the stencil for the interpolation

on [z, 1,:1cj+%].

73
I(j)=j-35
Dok=2---r

if |A*p(x ] > |1 AFp(21¢)-1]

then I1(7)=1(5) -1

13



otherwise

1(5)=I(j)
endif

enddo.

2.2 A Local Extrapolation Method

Lemma 2.1. The scheme (1.4.1) is accurate of order r if, for all sufficiently smooth solu-

tions w, the numerical flur can be written as
Gyer[@"] = Flos +a(ay, 1, iR+ O(h™) (2.2.1)
where a(x,t) is Lipschitz continuous for x and t with
w; = 5 / *w(z,t")dx and fﬁf =z f w(xrr 1, t))dt.

We prove the above Lemma which is stated without proof in [18].

Proof. Let \ = % and consider the local truncation error, L(wf;\), in the conservative

scheme,
L@ ) =0 - + A(gﬁ [w"] - gj,,rﬂ]). (2.2.2)
On applying the assumption (2.2.1) we get

VR

LwA) = wt - +)\(f —f?_%)+)\[a(xj+%,t”)—a(azj_%,t”)]h’"+0(h”1)

)\[04 t") a(:cj_%,t”)]hT+O(hr+l),

Zivds

since W satisfies the conservation law (see (1.4.8)). Now

L@V = ozt - ale, s, )] -O(h7)
< K |$j+ 1= -O(h") since « is Lipschitz continuous
= O(h™). (2.2.3)

]

14



In Yang [18] the following LEM which raises the order of accuracy of the underlying
scheme by one is introduced. The only assumption is that for all sufficiently smooth solutions

w the numerical flux function of the underlying scheme satisfies
il [w"] = fjJr% + a(xﬁé,tn)hr + ﬂ(xﬁ%,tn)hﬂl + O(h”2) (2.2.4)

where g; 41 [v] and « have Lipschitz continuous first derivative and (3 is Lipschitz continuous.
The LEM algorithm extrapolates the numerical fluxes of the underlying scheme between a

fine grid with step sizes h and 7 and a coarse grid with step sizes H =2h and T = 27.

Algorithm 2.1. [18, Yang 2000] (The linear LEM for an r th order underlying

scheme)

(i) Set up the initial condition on the fine grid numerically.
For j=0,+1,+2,---

U9 =4 [T 00 (z)dx.

J j-1/2

(ii) Forn=0,1,2,---

1. Determine \ according to the mazimum wave speed and the CFL number.

2. Compute the numerical solution at t* =nT on the coarse grid:
For j=0,+1,+2,---, set
Vir=(Usg; +Ug5)[2 and Wi = (Ug; + Ug; 1) /2.

3. Advance one step on the fine grid with the underlying scheme:

For j=0,+1,+£2,---,

U =Up = My [U"] - g,

J

[UM]),

2
1

Save g;,1[U"] as well as U;HE
. nad
4. For j=0,+1,+2,---, evaluate gj%[U 7]
5. Ewvaluate the numerical flux on the coarse grid:

15



(a) For j=2i+1,i=0,+1,£2 .- evaluate G’]?Jr% = gj+%[W”].
(b) For j=2i,i=0,+1,+2 - evaluate G;?Jr% :gj%[V”].

6. FEvaluate the flux increment for local extrapolation:
For j=0,+1,£2,--+

~ 1 n n+i n 1
G = {5 (00 g0 ) -G s 2)

2

7. Completion of one time step of the algorithm.

For j=0,+1,£2,---,
Upt = U A (s [0+ 25,01 ) - (g, [U75] +25,1)].

J

Definition 2.1. The minmod function is defined to be

minmod(xy,xs) = sign(1) ; sign(zs) min(|z|,|x2|) (2.2.6)
and in general
minmod(xy, xs, - -, xx) = minmod(minmod(xy, T, Tp_1), Tk)- (2.2.7)

To turn off spurious oscillations, the minmod function is used. The following modifica-

tions are made to Algorithm 2.1

Algorithm 2.2. [18, Yang 2000] (Componentwise LEM)

(i) The same as the step (i) in Algorithm 2.1.

(ii) Forn=0,1,2,---, the steps 1-6 are the same as the corresponding steps in Algorithm
2.1.
7. For 3=0,+1,£2,---,
g’,‘_f“:mmmod(ﬁg- 3,0:,1,037; 1) (2.2.8)
t3 Ity dtgr =g

J
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8. Forj=0,£1,+2,---

n+

1
U}Hl — Uj 2 _\ [<gj+ [Un+ ] + 2971 ext) (g]—— [UnJr ] ¥ 29n e:pt)] . (229)
Theorem 2.1. Consider the linear advection equation
U+ auy =0, a = const.

If the underlying scheme is the upwinding scheme, (1.2.3) and (3 <2, then Algorithm 2.2 is
TVD for 0<Aa<1.

Proof. Note that 9jet [u] = au; and the order of underlying scheme is 7 =1. So

n n+i " n
_ aUl'+al; ? _an +alUl,
i 2 2
= g{U;ZJFUf—)\[GU"—(IU"l]}— (U} + U], on using (1.2.3)

a 2 Un Unr Ur 4+ Jn
2 {( )\CI/) 7 Aa jfl} 2 [ i jfl]
that is

i, = 9(1 ~\a)U? + g(Aa -1)Ur,

= —(1 Aa)[UF = UL ].

Letting AU” ', =U - U, we get
2

= (1 )\CL)AU 1.

J+ T2

(2.2.10)
The scheme becomes

Ul - AUy —aU?,]

-M(aU7 - Aalaly - aU}, ] + 297757
- (et = AalaU}, - aly,] + 2977 ) |
= {1-Xa-Xa+(Xa)*}U} +{Aa— (Aa)?+ Aa— (Aa)*}UT,

+(Aa)? Uy = 2X (g7 - g7

J=3

2

= (1-2a)UP +2Xa(1 - Aa)UT, + (A\a)2U. 2/\( n- ewt—g;—fwt).

j+

17



Hence

n+1 n+1
Ut - U

J+1

(1= AU = U]+ 22a(l - Aa) (U~ UP ] + (Aa) (U7 — U]

_2)\( n 2ext 2gn ext | ggz:%ewt)

which can be written in the more compact form

AU]T;1 = (1- )\CL)QAU’."”Jrl +2Xa(1 - )\CL)AU;L_l + ()\a)ZAU;L_g
2 2

2
n— ext n— ext n—ext

—2)\( - 2975 4 g ). (2.2.11)
Assume that \a < %

Now by definition and using (2.2.10)

}

2

n—ext ; an a” q"
g s mmmod{ﬁgﬁ%, 951, Bg

i-3 i-3

Njco

minmod{ﬂg(l—)\a)AU;l_l, —(1- )\a)AU"J,ﬁ (1- /\a)AU”5}

(2.2.12)
Using the definition of minmod function and (2.2.12), we observe that
(2Agg_-§wt) (22a(1 - Aa)AU;_%) >0, (2.2.13)

that is, g?:f“ and the second term on right of (2.2.11) have the same sign. We also have

2

that
20|gis| < zwgu ~Xa)|AU; 1| < 22a(1 - 2a) |AU, | since B<2. (2.2.14)
Similarly
g = minmod {835, 7.3, 63, }
— minmod {53(1 - A)AU, 3(1 R OINGANE S(1-Ma)AU" %}
(2.2.15)
so that
(2Agg;§$t) (271 - ra)2A07 %) >0, (2.2.16)

18



and

—ex a : 1
2 ‘g;:% | <2251~ a) AU, | < (1-2a)? AU, | since A< 5 (2.2.17)
Lastly
gt = minmod (B3, 3., B, |
. a n a n a n
= minmod {65(1 - )\a)AUj+%, 5(1 - AG)AUj,%a 55(1 - /\a)AUjg} :
(2.2.18)

This implies that either 4)\g;f:f’”t = 0 or the first three terms on the right of (2.2.11) and
2

4)\g;b;f“"t have the same sign.
2

In view of the above observations, we rewrite (2.2.11) as

AU = [(1 - \a)? AU, - zAgy;%ewt] + [2)@(1 —\a)AU™

1
J=3

_ QAQ;L:%en:I
+[Qay2aur , +angr]

and on taking absolute values yields

n+1
AU

< |@-2a)2aur, - 2297

+[2a(1 - \a)AUT, - 2) g7

i-3 i-3

+ |(Aa)2AU;?_% +AAgT T

and since the paired terms have the same sign

= (1-\a)? |AUJZ% —2A

n—ext

9;

915"+ 2Xa(1 - Aa) avn

i3

-2\

_1
2

+(Aa)? [AUT | + 4
J=3

n—ext
gJJr%

We rearrange the above to get

{AU@*} < (1—)\a)2’AU’?1 +2)\a(1—)\a)‘AU’?1 +(Aa)2]AU@3
Jt3 J+35 ) J=3
n—ext n—ext n—ext

We now assume that % <Aa<l.

19



By definition of minmod function and (2.2.15) we have

(2/\g;‘+_§xt) (22a(1 - )\a)AU]’?_%) >0, (2.2.20)
and
20|t < 2A82(1- Aa) [AU; 1| < 22a(1 - Aa) [AU, | since B<2. (2.2.21)
J+s 2 J=3 I3
Similarly
n—ext 2 n
(2)\gj7% ) (22(a) AU]%) >0, (2.2.22)
and
1
22 [greet) < 2)\%(1 - Xa) [AUs| < (Aa)?|AU, | since S<Aa=1-Ma<ha. (2223)

Finally, as in the previous case, either 4/\9” ¢t = ( or the first three terms on the right of

2

(2.2.11) and 4)\9;15“ have the same sign.
2

So we write
AU™L = [(1 - Aa)? AU, + 4Agff-§$t] [2/\a(1 \a)AU™ , - zAg’%-gﬂ]
]+2 J+ ]+2 3 j+2
[()\a)ZAU” . Ag’f‘_‘f“]
2 J=3

and on taking absolute values

IN

n+1
AU

‘(1 - /\a)QAU” L 4)\g” et

‘2m(1 Na)AUT | - 229" 5

J*3

+|(ay?aur, - 2)\97?‘5”
J—3 )

and since the paired terms have the same sign

n—ext n— ext
. 1

-2\ |g

(1-Aa)? |AU;+l +4A g

+2Xa(1 - \a) |AUJ’?_

n-— ext

+(\a)? |AU;.1 —2A|g

which is just inequality (2.2.19).
Hence (2.2.19) holds for 0 < Aa < 1. Now summing (2.2.19) over all j

; avz " ;()\a)z jaur,

]2(1 - ha)2|AuT,

+322a(1 - a) ’AU]’?_%
J

_zA(Z IR EEINUNEEDY g;“g”) (2.2.24)
J J J

20



that is,

Z jauz,

> |AUJT%1 + S (<2Xa +a2)?) |AU” +3222a(1-Aa) |AUT
J J J

1
2

+Z(Aa)2‘AU;_ 2)\(2 ;g’xt —22 g?;%ext +Z g;?_gﬂ).
J J J J

(2.2.25)

Since AUJ’?+l = AU}?; = AUJ’? =0 for sufficiently large j and in turn 97s ert = g” ert = 97 ert =
2

2 2 2

0, with the exception of the first term on the right of (2.2.25), the rest of the terms cancel

out to yield

; |AU]."++%1

< ZJ: jauz,

[]

Theorem 2.2. Consider the conservation law (1.1.1) under the assumption that f' >0 and
f"">0. If the underlying scheme is the upwinding scheme, (1.2.3), 0 < pu < % and 3 <2 (;:—Z),
then Algorithm 2.2 is TVD for 0 < A||f'||e < f-

Proof. Note that 9je L [u] = f(u;) and 7 =1. Since f is smooth, use the mean value theorem

to write

FUP) - fUL) = f1(EHIUF - U]

F(EHAUT, (2.2.26)
for some &} between U7, and U} (see Figure 2.2). So
FUF =ALFUF) = FUEDD = F(UF = A (E)AULL)
= FU-APDFEAUT,  (2227)

for some o between U} = A f (5")AU ", and U, on using Taylors’ theorem. Similarly
2

FCor, o ﬂW—ﬁW—Wm>

2
(2.2.28)

2

= JU7) -5 F () AU,
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for some 7 between 3[UT, + U?] and U?.

But note that f’(£}) is the slope of the line segment joining the points (U7, f(U},))
and (U7, f(U})) where as f'(n}) is the slope of the line segment joining the points (5 (U7, +
url, f(5[U, +Ur)) and (U7, f(U1)). Convexity of f yields, (see Figure 2.1)

(&) < f'(n}). (2.2.29)

Lemma B.2 gives us that
fr(ni) <2f'(&7)- (2.2.30)
Let 77 be a point between U, and %[U”_l + U] such that f'(7}) is the slope of the
line segment joining the points ( 1,f(U *,)) and ( [ o+ U"] f( [ L+ U"])) (see

Figure 2.2). Then by Lemma B.3

)+ (77])

f(&) = 5 (2.2.31)

The underlying scheme is given by

U = Up = A7) - F(UFY)]
= U= M\/(E)AUT . (2.2.32)
So the algorithm becomes
UJnJrl — anJri —)\{(gﬁ%[Um%] +2g]n;le:pt) (g] %[Un+2] +2gn ewt)}
= UP = M(E)AUT, =M S (U] - Af()AUT ) + 2975
- (FU = apgryaur ) +207 t)} (2.2.33)
that is,
Up = U= A (§)AUT = MU = Af (@) f(§)AUT, +2g7 75"

- (FWU) = A (@) 1) AU, + 29775 )| (2:2:34)
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f'(5,q)

| |
U_ {42} U_{i-1} 0.5%U_{-11+U_j) U

Figure 2.1: Convezity of the flur function f and slopes of secant lines
which simplifies to

Upt = U =20 ()AL, + N (a}) [(§)AUT,

N f(Q) (L) AUy =2 (g2 - 925 (2.2.35)
Similarly
]n++11 = Jn+1 - 2)‘]”( ;1+1)AU;1+% + )\Qf’(Oz?H)fl(f?H)AUﬁr%
210 n\ f£I(¢en n n—ext n—ext
N2 f(af) () AU, - 2) (gj+% g ). (2.2.36)
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|
U_{i-2} U_{i-1} U

Figure 2.2: Convezity of the flux function f and the mean value theorem

Hence subtracting (2.2.35) from (2.2.36) yields

AU = {1=20f/(§h) + X1 () S (€L }AUT,
AP (E{L=AF () AUT, + X2/ (o) f (€ AUT
2\ (g5t - 207 4 g ). (2.2.37)

. .1
]+2 j+§

To show the TVD property we need to take absolute values in (2.2.37). At this point we do

not know the signs of the terms in the equation neither do we know how they compare to

24



each other in magnitude. We rewrite (2.2.37) as

AU = [{L=220(§) + X2 F () F () AU, - 2297757
n ! n n n—ext
2= A (@ATE, - 20977
N [)\2 P ) (€ )AUT 5 + 4Ag;;§rt] . (2.2.38)
2 2
With this grouping, if we can show that the three groups have the same sign and for each
group the g"¢*" has the same sign as the rest of the terms and less than the terms in
magnitude, then we can take absolute values simplify to get an inequality.

We now determine an expression for 9% by substituting (2.2.27) and (2.2.28) into
2
(2.2.5).

N VGO RS AT

Jt3 2
{1y - rapreavy, ) - Gy + v
{

G-

FUP) = M@ ISV = {0 = 5 0AUL, |

Hence
Ty = 5L O = AP ) (€AY (2239

So by definition and (2.2.39)

gt = minmod (B3, 7 1. Bi s
1

minmod{ 35 (£ () = M (@)1 (§)}AU. .
1
S G = A (@) F(E)IAUT .

BT O) - A (@) (E)IAUT . (2240)

Examining terms of (2.2.38), first we show that g;‘:f”“t has the same sign as the term that

has AU;?

', and it is less than the same in magnitude. Now for all j
2

F'7) = Af' (@) (&) > F(&) = Af'(f)f'(&f)  since 0< f(&F) < f'(n})
FIENL=Af(a])} >0, (2.2.41)
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since by assumption, we have the CFL condition 0 < X||f"||e < 3.

The definition of g]’f_f“ includes AU]TL_1 whose coefficient is positive from (2.2.41). So
2

2

g]’f_‘f“ must have the same sign as AU” , or is zero and thus

1
2 J=3

(2207757) (2A£ (€)1 = A (a)}AU;, ) 2 0

and
1 / n / n I(¢n n
Algr5| < 2857 - AL @) () AT .
We want
2A|grs| <20 ()1 - A ()} AT .

(2.2.44) is true if
BP0 = A @S} < FEN - AT ()}

that is, if
(1-5)Ar@pr@) e - 51,
But (2.2.46) holds if

g

(1-5)urE) < -5 since0<A|f]e <

92 9

Substituting (2.2.31) into the above and simplifying we get

Ea-D) e < ren +(5-2) o,
Now (2.2.48) is true if
(Db e 30D

that is, if

(2.2.42)

(2.2.43)

(2.2.44)

(2.2.45)

(2.2.46)

(2.2.47)

(2.2.48)

(2.2.49)

(2.2.50)



Similarly
minmod {83, s, 3,1 B3, |
mz‘nmod{ﬁl{f'(%) A (0f0) () YATT .
S O0) = AP (03 F (G} ATT
GO - A @) ENAry, | (2251)

<=
3
|
I

Using (2.2.41) and the definition (2.2.51) , we have that gﬁgu has the same sign as AU;‘+l

2 2

or is zero and thus considering (2.2.37) and the CFL condition, we have

(2007757 ) ({1 -22/(&) + N F/ (0} £ ()} AU,y ) 2 0 (2.2.52)

and

—ex 1 r(.n I(.mn n
2)\g;1+% t < 2)\§{f (7]]'+1) - )\f (aj+1)f g+1)} |AU

We need to show that

2AGITE™ < {1 =20 (§) + N2F (@) £ ]’-Ll)}‘AU]ﬁ% (2.2.53)
Now (2.2.53) is true if
M) = A (@) (&)} <1 =2Mf' (&) + X f (@) f(60)
which is equivalent to showing that
0 <1=Af/(mjhe) = 20" (&) + 202 f" (@) f(6)- (2.2.54)

Noting that

1
T AU” since A||f']|eo < =

fa =AU, 5

\Y

bAoA

we have that the slope of the secant line joining U7\, — Af (& )AUJ’?+l and U7 is greater than
2
the slope of the secant line joining 1[U", + U] and U} by the convexity of f, that is,

J+1

Fl03)2 f'()  for 0 <N <5 (2:2.55)
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So if
0<1- )‘f’(ayﬂ) 2)‘f ( +1) + 2)‘2f (Oz]+1)f ( +1) (2'2'56)
is true then (2.2.54) would be implied, that is, if subtracting a larger positive quantity yields

a non negative number then certainly it must be true for a smaller positive quantity. We

rewrite (2.2.56) as

L= Af'(afr) =22 f' ({1 = Af'(ef) = {1-Af(af ) H1=2Af(&)}
0 since 0< \|f']l < % (2.2.57)

\Y

Hence (2.2.54) holds and in turn (2.2.53) is true.
Finally note that the definition g” ¢t includes AU n 1 AU " and AU TL g So either

2

4)\gJ"+ ¢t = () or the first term in each grouping of (2.2.38) and 4/\9” ¢t have the same sign.

2
Therefore, we can take absolute values in (2.2.38) to get

AU < [{L=200(§) + N2 () [ (€0 JAUT, , - 22g55
A (G- A (@)YAUT, - 2097
) (G AT +argr s
and since the pairwise terms have the same sign and the
coefficients of the AU™’s are nonnegative
= {120 1(E) + VP () S (E)} ]AUﬁ - oA g
+2Af’(5;%){1—Af’(agl)}]AU;_ — 2\ |gneat
N () F(E) [T | + 47 g
that is,
AUJT%l < {L=20 (&) + N () F1 (&)} AU
LM (L= Af ()} AU, | + AZf'(a?_1>f'<§y_1) aur
n— ext n—ext n—ext
—2)\( - 2|gr|+ g ) (2.2.58)
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Now summing over all integers j,

> [arm| < 3 - 2af(g) + X ) r (G AT,

j=—co j=eo

3 AFEI-Af D} arr,
J=—o0

RTINS
J:*DO

—2)\( > gttt -2 Z SR \gf_f“). (2.2.59)
J=—00

j=—co

Keeping the first term on the right hand side of the above inequality as it is but re-indexing

the rest yields

3 | < 5 aur,|+

j==00 j==00

+ Z 20/ (§){1= A (af)} [AUT, | +

z (=20 /(60) + X2 F () (1)} AU,

IR RACHICRIAG

Mz

—QA('Z g1 =2 ) j”:” g" eﬂ) (2.2.60)
J=—0o0 J=—0o0

which simplifies to the desired inequality, namely

i |AUml (2.2.61)

Z|A

]

Theorem 2.3. Assume that f' >0 and f"” > 0. Furthermore, for 1 < c¢ <2 let f’(n;"‘) <
cf'(§}) where f'(£}) and f'(n}) are as defined on page 22. Then for the conservation law

(1.1.1), if the underlying scheme is the upwinding scheme (1.2.3), 5§ <s<1 and 3 < 2(61_;8),
then Algorithm 2.2 is TVD for § < \f' <s.
The upper bound for ¢ in the above theorem is given by Lemma B.2, that is
fi(ni) <2f'(§7)- (2.2.62)
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Figure 2.3: T'VD Regions for Theorem 2.3

Proof. As in the previous theorem (2.2.37) holds. By definition we have

(220575) (”%U’(n?l) - f’(@?l)f’(fﬁl)}AU”_g) >0

J

and

n—ext

2)\ gj,l

< DO - ML) PG AT,

In (2.2.37) we want

n—ext

2\ 971
2

<N (a5 f(E)IAUT 5.

j-
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Boe=2"1-5)(c-5) c=1.75
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Figure 2.4: TVD Regions for Theorem 2.3

(2.2.65) is true if
F(j=1) = Af" (@) f1(§50) < Af () f1(€50)
that is, if

S (nj=1) < 2Af () f1(€50)-

On using the given assumptions, (2.2.67) is true if
Cf’(f_]n—l) < QAf’(a?—l)f,(S;LA%

31
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(2.2.66)

(2.2.67)
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Surface plot of g, s and ¢

140

Figure 2.5: T'VD regions surface plot for Theorem 2.3

that is, if
c<2Mf'(af ;).

This holds by the given CFL condition. Hence (2.2.65) holds.

Similarly
—ext 1 I (T / n I(¢n n
(2205) (20950 - A @ £1EIATL ) 20
and
1
Algrs| < 2B () - AF @) () AT .
In (2.2.37) we want
2A|grs | <20 (€)1 - A (@)} AT .
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(2.2.72) is true if

G705 = A @) (€)) < FET - A ()}, (22.73)
that is, if
(1-5) @@y < ey -Srap. (2:2.74)
But (2.2.74) holds if
( 6)3]‘ (5”)<f(§”)—5 "(n3) since §</\f’£s (2.2.75)
which is true if
(1-5) s <r@)-Serg)  since ) < s (&), (2276
Now (2.2.76) is true if
(1—§)s£ (1—§c) (2.2.77)
that is, if
< 2(0_ S) (2.2.78)

Hence (2.2.72) holds since the above equation is true by assumption.
Finally either 4)\9" ¢t = () or the first three terms on the right of (2.2.37) and 4)\9" cat

have the same sign. Therefore

AU < {L=20F(&) + X (af) S ()} [ATT
M (L= A (@) AT | + 22 RN aur
—2)\( not| —g|gn-cot] 4 g;?:f”). (2.2.79)

Now summing over all integers j and using similar arguments to the proof of Theorem
2.2.37, we get the desired inequality, namely

j:oo

j=00
n+1 n

avmt| < 3 jaur,
=—00 2 j:—oo 2

(2.2.80)
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2.3 Goodman-Leveque Geometric Approach

We give an overview of the geometric approach (see Goodman and Leveque [2]). To obtain
second order accuracy, the solution is reconstructed from the cell averages using a piecewise

linear function v(z,t"),

o(x,t") = Ul + s5(x - ;) fora:e(xj_%,:cﬁ%) (2.3.1)
where
0 if (Uj+1—Uj)(Uj—Uj_1)§0,
5; = (2.3.2)
sgn(Uj 1 - Uj)min{ Uj*}l_Uj , Uj_hUj’l } otherwise .

To obtain the numerical flux at the cell edges, the true flux f is approximated by a piecewise

linear function ¢ such that
FU)-f(U;)

Ur-u; if 85 F 0,
g = Y (2.3.3)
f'(U;) if s; =0,
where
. h
Up=U;+ §sj. (2.3.4)

Note that Uy, Uy, U;,,,US,, are monotonically ordered (by (2.3.2)) and g interpolates f at

g
these points.
Consider the problem u; + g(u), =0, that is, u, + ¢’(u)u, = 0. Note that g’(u(xj+%,t)) is
constant for ¢" <t <"1 and so the solution here is
U; = (t-1")s;g; if f>0,

u(®,4,1) = o
Uy (t=t")sj1g),, i f<0.

Hence the numerical flux due to Goodman and LeVeque is

tn+l

G = 1+ [ o)

(2.3.5)
f(U}) = 3ks;(g5)? if f'>0,

f(Uj_+1) - %ksj+1(gg,'+1)2 if f'<0.

(2.3.6)
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Theorem 2.4. The LEM raises the order of the Goodman-LeVeque scheme by 1.

By the theorem of Yang [18], it suffices to prove that the Goodman-LeVeque flux satisfies
(2.2.4), that is, for all sufficiently smooth solutions w, the numerical flux function of the

underlying scheme satisfies
Gy [T = Ty + g B + By )1+ O(72)

where g; 41 [v] and « have Lipschitz continuous first derivative and (3 is Lipschitz continuous.
We have two cases, s;_1 # 0 # s; and s; = 0. In the second case, the Goodman-LeVeque

method reduces to the first order Godunov method. W.l.o.g assume that f’> 0.

Case 2.1.
Sj-1 iO:#Sj. (237)

Let w be a sufficiently smooth solution. Firstly, we note that

C(|wt, -t | |w -w?
= sgn(wj,, - j)mln{ ﬁh =, A ’ } (2.3.8)
Now
1 T .1
o = —/]%w(x,t")dx
h 3?]._%
]. x]’+%
_ Efx P (g ) gy ) - )
i3
1 5 1
+§wxﬂc($]+ >t )[Qf € 1] +6wxoc:c($]+ 7t )[l' Ly ] +oee dJT,
that is,
L T
oy = h[w(:vj+ " )a:+wx(:cj+%,t )TQ
T q
1 n [x_x]q.l]g 1 . [LC Z; 1]4 T3
+§wm(a:j+%,t )TQ+6wxxx(xj+%yt )T+
IJ—%
1 h? 1 BA
_ E(w(xj+1,t”)h w2, ,t")—+2wm(x]+1,t")—— wzm(mj+ L)

+O(h?))
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which simplifies to

w; = w(z Tj 1 1, 17) —we (7, 1,0 )§+wm(xj+ ,t) wzm(xj+ 1t )—
+O(h*). (2.3.9)
Similarly
Wiy = h[ P w(z, t")dx
| n N,
= ﬁ[w(acﬁé,t )x+wx(x]+1,t ) ————
1 P ENEETINYE %je}
+§wm(a:ﬁ ,t )T"I'wazx(v%jJr%,t )T2+
that is,
. 1 " W hE o1 W h1 N
wh, = h(w(x]+1,t )h+wx(x]+1,t )?+§wm(xj+1,t )3 +6wxm(3vj+ 1t )Z
+ O(h?))
h h h?
- w(xj+%,t”)+wx(:cﬁ1,t”) +wm(xj+%,t")g+wmx(xj+%,t")ﬁ
+O(h*). (2.3.10)
and
wy, = h./ ; w(z, t")dx
! ERE
= h[w(xj+ 1" ):z:+wm(x]+ 1, t") 2j+2
! o-z, ]t EEETT TR
+2wxm(x]+ 7tn)TJ+2+6wmmm($]‘+ s H)T]H"'
x]i%
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that is,

h? 1 3 1 h*
[(w($J+ ,t”)h+w$(x]+ ,t”)——me( jod ) — 3 +6w75m(:vj+ L") — )

SRS

(2h)? 1 )(Zh)

_(wz( ]+1,t”) 5 5l (j+ ’ (2h)4)

Wrrx 4= 7tn
6 (J ) 4

+O(h%)]
n 3 n 7 n\12 5 n\73
= w(xj+ 1t )—§wx(xj+1,t )h+6wm(x]+1,t )h —wawz($j+l,t )h
+O(hY). (2.3.11)

We examine the two cases in (2.3.8).

L If s; = sgn(wj,, —wy) ‘(E}"ﬁrl —W;)/h|, then using (2.3.9) and (2.3.10), we have

Wy — W, 1

%:wx(% ") + (2,1, "B + O(RY) (2.3.12)
IL. If s; = sgn(wy,, —wy) ‘(E;” —E;L_l)/h|, then using (2.3.9) and (2.3.11) we have

wr -w"

j—1 n 19 n
%wa(iﬁj+ 7t ) wmz(x]+17t )h+ 4w€mw(xg+ 7t )h2+0(h3) (2313>

The true flux at the cell interface x = x; +1 can be written in the form

flw(a;,1,t)) = f(w(fvj+1 )+ [ (w (g, ))wi (g, 1, 1) [E -1

th (f (UJ(ZE]+ ’ ))wt(xﬁ_ , )) [t_tn]Q
6 dt2 (f (w( J+ ﬂf))wt(:ﬁﬁ ) )) t=t" [t - tn]S
ol (2.3.14)
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So the average flux over the time interval [¢7,¢"*!] is

o = 2 [ ptes
= [t D e e
ey (P oyutey0)| S
L ey )| ] o (k5)}
= @y, 8)) P gy, P (s, )
(P Dnan)|
e (g neyn))| -0 (). (2:3.15)
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We now find an expression for the constant slope g}, in (2.3.6)

b - b))

g )+ £y ) [+ S5y - w0

J

1 144 n N h
e Wy D [T+ 5= (g, )]

g D [+ s -t )]
+0([w—g+gsj—w(mj+;,tn)r)

- (f<w<x]+1,t”>> ) [ - 5wy )]
Pty ) [ sy s,
e, ) [ sy ey |

col[ vt ] )

h
\Ifi:@?igsj w(xj+ 1, ")

Let

g; = %{f,(w(xﬁ ,t"))hs; + [ w(x]+1,t")]f”(w( J+17tn))h8j

1
S (Shsj[w_"j]Z—Ghsj@?w(x 1 t”)+4h353+3hs] w? (w1 t”))f’”(w(a: 1, t")

J+7 ]+7 j+7

= [(wag g, ) + |7 w(xﬁl,t")]f"(w(xﬁl,m)

( [wn]2_w1j1w(x]+ :t )+ﬂh23 +%w2(x]+ 7tn))f”/(w( J+ 7t ))+O(\IJ4)
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Hence

S
QL.;\
N—
[N}

I

(7wl ) + [~y )] (0l 1)
g [ 0 )]ty 7))+ g oy ) o
= [f'(w(xﬁl,tn))]?+2[w;%—w(xj+;,t”)]f’(w(xﬁl,t”))f”(w(xﬁ%,t”))
[0 oy ] £ (g ) w(ay087)
@7~ wlagy )| [ (ol t)P
o GO I CH O WA CICONRD)
+}1 [~ w(ays.m)] [f"'(w(xﬁl,t"))]?
fiw(g, ") + 5 [w —w(x]+1,t")]f"(w(xj+;7t"))
+% [wy—w(:cﬁl,t")] f”’(w(:cﬁl,t”))] f”'(w($j+1,tn))h28§

hAsiLf (w(zy, 1,t))]24-()(qzi). (2.3.16)

—_
w|"
| —— |

(24)2

I). If we use (2.3.9) and (2.3.12) we get

(g9 = [f'(wla. "))

h h
+2[ wgc(xfr 1, " ) +wm(:p]+ ,t")g

~Wiza(Tj,1,t" ) 7| f @@ ) f (w(z. 1))
JrU)gc(x]Jr 1, " )wm(x]Jr 1, t" )—]

Pl DI 0l )
+[—wx(xﬁ " )h+wm(9c]+ " ) ~ Wage (.1, 1" )—]
[f”(w(xﬁl,m)]?
2 [y V] £y, ) )
1

ol [KCLCOR R R R COR L] FECHEOR )] P
7wy M)W (1, 67) + O(hY). (2.3.07)

]+’

h
+[wz(x]+1,t”) :
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that is
() = [f'(w(jy )P
(g ) (g, ) (g 1)
U )Py, ) )

+C¢%w@ﬁuw»f%wuﬁ,t»wmmﬁuﬂ)
S ) 0y, )0 (1)

+5U%wuﬁuw»])h

+(_%f'(w(:vﬁ;,t”))f”(w(a:j+ " ))wxm(xﬁ ’tn)
+éf’(w(x]+1’t”))f’”(w(xjﬂ7t"))wx(1}]+ 7t )wm(xﬁl’tn)
_2_14[f”(w( J+1’tn))]2w$$$(xj+%’tn)
Py ) P08

1 I n " n 3 "
e W ) (Wi, 1) wa (g, t ))
o (2.3.18)

We also have that

f (Eg‘ + gsj)

f(w(x]+1,t”))
0y 0) [0 = 0y 0 + 5]
ey N [ -t 1)+ ]

1 ho 71
+6f”’(w(xj+1,t")) [Ej—w(xﬁ " )+§SJ]

+O(UY). (2.3.19)

But
)R+ O(h4)

h 1
" )+_S] 6w:cx( J+so

w; —w(w; 5

.7+’
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so that

£ 55) = F@ )+ 5 g ) g R
+O(hY). (2.3.20)

Hence the numerical flux can be expressed as
1
5)- §ksj<g;-)2
—_n _TL h —_n 1 "2

which on using (2.3.12), (2.3.15), (2.3.18) and (2.3.20) yields

—n

G[ij] = fj+%
(1) + éf’(w(xﬁ%,t"))wm(xﬁl,t”)hz Lo

[y )+ PGy e )

ey 0)wlay.y.0)

_tTL

k32

24dt2 (f (w(xﬁ;’t))wt( j+l ,t))

+O(k4)]

—tn
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—lk (wx(:p]+1 AN+ — wxmm(x]+l7tn)h2 + O(h4)) %

{[f’( w(ej,p "))

(Pl y ) F 0l s s 87)
AU D Py ) )

1 1 n 124 n
+(§f (w(xﬁlvt ))f (w(xﬁ Lt ))wmr(ijrl’t )
o () 0y 0y, )

e[ ge] )

(g g D 0y ) 517)
T CLCORRD VL CTEIRND IR W TN R
_i[f"(w(xﬁlvtn))]waxx(Ij+;>tn)
P O 0 ) 1)

1 " n " n 3 n
T DS Py 09
+O(h")}. (2.3.22)

43



Simplyfying we get

—n

GII™ 3] = Ty + 57 w(yep, )y, 02 + O(Y)

1
2

B [f'(w(xﬁé’tn))wt(xﬁ%’tn)g

(7 ey Dn(y5.)

_tn

];jl:;; (f (w( J+ ’t))wt(mﬁ >t))

—lk(wx(xJ+ " )+ ! w;,,,m(xyr ,t”)h2+0(h4))

{17 (i, )]
—(f'(w(xﬁl,t">>f"<w<xj+1,t”>>wm<x3+ ")

+§[f"(w(x]+1,tn))]wa(Iﬁ_l ’ t”)) h

+O(k4)]

=tn

(510 D03 )0 ,87)
YL CLCORRD VL CTERN DI I N

e[ en] w0} (2:3.23)

Now note that

f,(w(xg#;7tn))wt(xj+;7tn)§ + lkwx(a:j+1 7tn)[f/(w(x]+l ’ tn))]2

= g {f,(w(l']+1,tn))[_f,(w(xJJrl ) t"))wx(xj+1,tn)]

+wx(xj+1,t”)[f (w(xj+1,t”))] } using conservation law

=§[f’(w($]+ Jt"M)]? {wm($]+l,tn) wx(x]+1,t")}=0. (2.3.24)
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In view of (2.3.24), the numerical flux (2.3.23) becomes

G[wnaj] = %"‘ f(w( ]+ 1, " ))wzz(xff ! )h2+0(h4)
) [%dﬂ (7wl )ity 0)|
+ l;_zj_;(f/(w( Tjvd ’t))wt(xﬁ ’ )) —t"+0(k4)]

2
{17 (w(a;,s, )]

= (/g 09 (g, ) (1, 17)
1 " n 2 n
L (g ) Py ) )
(510 D03 )0 17)
o (0 )y )2y, )

% [fu(w(xﬁl,t"))r) h? + 0(h3)}.

1 (1 .
—-k(ﬁwm( Tt )h2+0(h4))

The numerical flux can then be written in the form

Gl@";j] = fiu1 + @, t”)h2+ﬂ(xj+%,t”)h3+0(h4)

J+30

where
. 1, n n
Oz(:EjJr%,t ) = éf (w(ﬁﬁé,t ))wm‘( J+17t )
k2 d g,
- 6h2dt (f (w(mﬁ%’t))wt(%%’t)) t=tn
and
L3
Byt = - (f (wrgoy Dwnry.0)|
k
_%wxmz(‘xﬁ.%?tn)[f,(w(xj+l 7tn))]2
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(2.3.26)

(2.3.27)

(2.3.28)



IT For the other case (see page 37), we use (2.3.9) and (2.3.13) in (2.3.16)

(g9 = [f'(w(z.y.t")]

h
+2 —wx(xﬁl,t") 5 ¥ wm(xﬁ%,t”)g

Wi (T )1 ,t”)— f(w(@y, s, ) " (wlag, 1, "))

h2
Ly

3017 +wx(:vj+ Lt )wm(:zc]+ 1, " )—]

£,y ) (w0, 1)
ey 9 by ) sy 1
£, )]
22 [y, V] £ ) )
ol LA | B ER O ] PR
g, )R {w? (@0, 07) = 20 (25,0, 8w (2,0, )

19
ey )+ Gy )0, 7

+|w3(z,

19 n n
W (L5010 W (25,1, 8 )hs}

+O(h%) (2.3.29)
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that is

()7 = Lf'(way s, t™))
(g ) F (g ) e (s )

s, )P )

(510 D03 )0 ,17)
e g O S (g, )0y, )
1

vz [f"(w(:tﬁl,t"))r) B2

(g g D g ) 3. 17)
1 144 n
Bl Py
e IO VLI CTE D
o P ) ) ,t”))
FO(h). (2.3.30)

In this case

W} (g, 1) + 0y = e (2 0O+ Ty, £ + O(Y)
so that (2.3.19) becomes
—n D 1
f(”?*gsj) = f(w(wj%at”))—gf’(w(xﬁ%,t”))wm(xﬁ%,t”)hQ
+O(h%). (2.3.31)

Hence using (2.3.13), (2.3.15), (2.3.30) and (2.3.31) in the spirit of previous arguments

yields the required result.
Gl@";j] = fi+ a(xﬁl (YR + 5(%1 MR+ O(hY) (2.3.32)
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where

1, " .
oz(a?ﬁ 1L, t") = —§f (w(xj%,t ))wm(mﬁ%,t )

(2.3.33)

_6k_;%(f’(w(xj+é,t))wt( Tjpl ,t))

and
5($j+%7tn) = _f (w(xj+ 7t ))wﬂ?%ﬂf( ]+17tn)

B g Oy ).

k N nY)]2
_%wmm(l‘ﬁ%’t S (w(xﬁl’t NI

(2.3.34)

Case 2.2.
s;=0. (2.3.35)
Recall that the method is just the first order Godunov’s scheme. So rewrite

Glw";j] = f (@)) = Fren + £ (@) - (2.3.36)

[SIE

But
F@) = fg, )+ (w(z,,t) [@ - wiz,,., )]
1 144 n —’n n
o (w(agyt ))[ —w(wj,,t )]
1 n n n 4
oWy t) [ - ey )]+ ([ - wlepg)] ).
Using
—n n 1 n 1 n 2
w; —w(:cj%,t ) = _—wx($]+l,t )h+6wm(xj+1,t )h
1
_ﬂwazxm(xﬁ. 7t )w:m:(x]+ 7tn)h3+0(h4)
and
w" " _ t")h? L t" h3 + O(h*
(@ —wlegan )| = qwaeg A = cwn(eg g w0+ O(hY)
3
(@7 - w(ay,, t)] = ~gWalay, 3 1+ O(Y)

48



we get

f(@;) = flw(e,,t")- f'(w(%+ A7) )we (21,7 )R
+ [éf’(w(xj+é,t"))wxx(:v]+1,t") + gf"(w(xﬁ;,t"))wx(xﬁl,t”)] B2
R ) U PR B (T CPR ) R ED T E )

. @f'"(w(xﬁ%,t”))wx(xﬁ;,t”)] 1+ 0 (hY). (2.3.37)

Hence substituting (2.3.37) and (2.3.15) into (2.3.36) gives
G[wn7j] = ]+l + f(w(.l’]+1 7tn)) - f (w('r]-Fl 7tn))wﬂc($]+1vtn)h
|67 0 )0yt 0y )y ) 12

-5 (w(xﬁ ) (2,1, 87)

»

+
—_ O =

+12 ”(w(xﬁf ’tn))wm(xj+ ’t )wxﬂ?(x]+17tn)
1 " n n
tgd g, t))wa(w;,, ¢ )]h3+0(h4)

k

[Py ) Py e

2

e (g )il )

t=tn

(5 (ulayy D)y .1)

+O(k4)]

t=tm
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which can be simplified to

G[En7j] = j+%__f (w(x_]+ 7t ))wx(xﬁ 7tn)h

o

| g Dty 17)

P ) a3 ) + gf"(w(;nﬁl,tn))wm(;pﬁl,tn)] 0

@I»—

+Ef”(w($j+%7tn))w$(‘rg+ 1, 1" )wxaf(x]+ 1,1")

+ %fﬂl(w(xﬁ " ))wx(ijrl?tn)] h+0 (h4)
ottt

+ E% (f,(w(x]+ ’t))wt(xﬁé’t))

t=tn

k3 d? / 4
+ sr (P e, o) +o )]. (2.3.38)
We can write (2.3.38) as
Glw";j] = 1+a(:1: 1 t")h+ﬁ(xj+%,t”)h2+0(h3) (2.3.39)
where
n 1 ! n
a($j+%>t ) = _§f (w(x]Jr 1, " ))wl‘( j+§’t )
k ! n n
_ﬁf (w(:zcﬁ%,t ))wt(zﬁ%,t ) (2.3.40)
and

L R D B YL (T CONN R )

ktht(f (w(z, 1, ))wt($3+;,t))

ﬂ(xﬁ-%’tn)

(2.3.41)

t=tn
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Chapter 3

Entropy

3.1 General

It was observed in Chapter 1.3 that weak solutions of (1.1.1) may not be unique in general.
An additional condition is required to pick out the physically relevant vanishing viscosity
solution. Geometrically, this requires the characteristics to propagate toward the shocks.
Note that

classical solution c entropy solution c weak solution. (3.1.1)
The first form is due to Oleinik. Assume f” > 0.

Definition 3.1. u(x,t) is the entropy solution to (1.1.1) if

- E

a

where E is independent of x, t and a.

Implications of the the condition are that for fixed ¢t and letting x range from —oo to
oo, one can only jump down, that is, in one direction across a discontinuity. Intuitively, a

solution should satisfy (3.1.2) because from example A.1, we have that for smooth solutions

uy >0 and
Uy

=Y 3.1.3
Y 1+ tul f"(u) ( )

If u >0 then

u 1 E

L < - <=, 3.1.4
e S )~ ) < (814)

o1



where
1
E = )
inf f"

Recall the jump condition

T = ()

Uy — Uy

= f(9), (3.1.5)

where £ is between u; and w,. An entropy condition, also due to Oleinik, for an arbitrary
scalar flux function f is given by the following definition.
Definition 3.2. u(x,t) is the entropy solution if all discontinuities have the property that
u - U — Uy
for all u between w; and wu,.
Hence for f” >0 we have the entropy condition

frw) > s> f'(u). (3.1.7)

Across shock discontinuities we must have vu; > u,.

3.2 Entropy/Entropy-flux pairs

Definition 3.3. Two smooth functions &,V : R - R comprise an entropy/entropy-fluz pair

for the conservation law u; + f(u), =0 provided
D 1s conver

and
'(y)f'(y)=Y'(y), yeR

For each entropy/entropy-flux pair ®, ¥ the entropy condition for u(z,t) is
D(u)+V(u), <0 on R x (0, 00).
This means that for each non-negative test function ¢ € C5°(R x (0, 00))

/Ow[:[é(u)qbt+\If(u)¢x]dxdt20. (3.2.1)
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Definition 3.4. ue C([0,00), L}(R))NL>(R x (0,00)) is called an entropy solution of

Uy + f(u)z
u(z,0)

Il
=

(z,t) e R x (0,00) (3.2.2)

() (3.2.3)

if it satisfies (3.2.1) for each entropy/entropy-fluz pair (®,V), and u(-,t) - uo(z) in L' as
t—0.

Example 3.1. For any convexr ® we can find a corresponding flur function ¥, namely

w(y)= [ ®(w)f(w)dw,  yeR.

Yo

Theorem 3.1. For the single conservation law (3.2.2), there exists - up to a set of measure

zero - a unique entropy solution.

For a proof of the above theorem and general entropy definitions for systems of conser-
vation laws see for example [1] (proof due to Kruzkov).

We state a theorem due to Lax and Wendroff on convergence to a weak solution.

Theorem 3.2. Consider a sequence of grids indexed by [ = 1,2,-- -, with mesh parameters
ki,hy = 0 as | - oo. Let Uy(x,t) denote the numerical approzimation computed with a
consistent (definition 1.9) and conservative (definition 1.8) method on the I*" grid. Suppose

U, converges to a function u as | — oo, in the sense:

e Quer every bounded set Q= [a,b] x [0,T] in x—t space
T b
[ [ |Ui(z,t) —u(x,t)|dedt -0 asl— oo. (3.2.4)
0 a

e also assume that for each T there is an R > 0 such that the total variation (defini-
tion 1.6)
TV(U(-t)) <R forallO<t<T, [=1,2,--- (3.2.5)

Then u(x,t) is a weak solution of the conservative law.
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For a proof to Theorem 3.2 see [8, 9].

Now in order to show that the weak solution u(z,t) obtained as a limit of our numerical
solutions U;(z,t) satisfies (3.2.1), it suffices to show that a discrete entropy inequality holds,
of the form

DU < BUY) - N[O ) - O™ - 1)] (3.2.6)

where © is some numerical entropy flux function that must be consistent with ¥ in the same
manner that the numerical flux is required to be consistent with the true flux. So provided
it can be shown that (3.2.6) holds for a suitable O, then following the lines of the proof of
the Lax-Wendroff Theorem, one can show that the limiting weak solution u(x,t) obtained

as the grid is refined satisfies the entropy inequality (3.2.1).
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Chapter 4

Numerical Results

4.1 Linear Conservation Laws

Example 4.1.
U+ Uy =0 reR, t>0 (4.1.1)

with initial value

1-(222)" 0.35<2<0.65
up(x) = (4.1.2)

0 otherwise

assumed to be periodic with period one.

The problem is solved using the second and third order ENO schemes, Goodman-LeVeque
scheme and lastly the LEM applied to the Goodman-LeVeque scheme. For the LEM, the

parameter A is fixed at 0.8. Numerical solutions were obtained for time 7" = 0.96.

From Figure 4.1 where the spatial step-size used was h = 0.05, it is not easy to see the
improvements to the computed solution obtained by applying the LEM. In fact, the third
order ENO scheme is much more accurate than the LEM applied to Goodman-LeVeque
scheme. Decreasing the spatial step-length to h = 0.02 we get the results given in Figure 4.2.

In this case the improvements achieved by applying the LEM to the Goodman-LeVeque
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T T T

+ ENO
—— exact

A= 08 h=005 p=2 A= 08, h=0.05
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T
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Figure 4.1: Numerical results for ezample 4.1 with h = 0.05

scheme are noticeable. The LEM applied to Goodman-LeVeque scheme captures the solution
profile about the discontinuities much better than the second order ENO scheme or just the
Goodman-LeVeque scheme. In fact it seems to be better than the third order ENO scheme
in this respect. Note that the wave head seems to travel faster than the tail when the LEM
is applied to the Goodman-LeVeque scheme. Numerical examples for the conservation law
u + u, = 0 show that the diffusion/compression effect on the head of the wave is different
from that on the tail. The wave pattern may be distorted by this. To compensate for this,
see solution in [18].

Further more, mean computation times were obtained by executing each scheme 500
times. The results are given in Table 4.1. Comparing the computational time for the

Goodman-LeVeque method and the second order ENO scheme we observe that the com-
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Figure 4.2: Numerical results for ezample 4.1 with h = 0.02

putation time in the former case is smaller. Given its smaller computational time and the
ease with which it is implemented, the Goodman-LeVeque scheme is preferable over the
ENO scheme. Now comparing third order ENO scheme and the Goodman-LeVeque scheme
with LEM, we observe that the computational time of the latter is smaller. The second
order ENO scheme with LEM has a better computational time but does not compare fa-
vorably to the computation time of the Goodman-LeVeque scheme with LEM. Hence the
Goodman-LeVeque scheme with LEM is computation-wise less expensive compared to the
ENO scheme of the same order (r = 3). The ENO scheme has a high computational time
arising from determining the collection of interpolation points for which the interpolating
polynomial is smoothest, as described on page 13.

Note that the standard deviations are small meaning that the actual computation times
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H scheme \ A \ h \ cpu time \ standard deviation H

ENO 274 order 0.8 0.5 0.7673 0.0460
0.2 |4.1973 0.2404
ENO 27 order + LEM 0.8 | 0.5 | 0.5556 0.0460
0.2 | 2.3310 0.1126
ENO 374 order 0.8 0.5 | 0.8884 0.0497
0.2 | 4.9126 0.2342
Goodman-LeVeque 0.8 [ 0.5 | 0.1508 0.0247
0.2 | 0.3809 0.0280
Goodman-LeVeque + LEM | 0.8 | 0.5 | 0.1955 0.0245
0.2 | 0.6641 0.0302

Table 4.1: mean cpu times for example 4.1

are close to the mean.

4.2 Nonlinear Conservation Laws

Example 4.2.
2
ut+(“—) =0  zeR, t>0 (4.2.1)

with initial value

1-(222)" 0.35<2<0.65
uo(x) = (4.2.2)

0 otherwise

assumed to be periodic with period one.

In this example, we consider Burgers’ equation, the initial value being a semi-ellipse.
Figures 4.3 and 4.4 give us the solutions at time 7" =0.16 when Goodman-LeVeque scheme
and Goodman-LeVeque scheme with LEM respectively are used. The spatial step size in
this case is h = 0.05. The Goodman-LeVeque scheme approximates relatively well the part

of the wave that moves with positive speed (the part moving to the right).
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Figure 4.3: Numerical results for example 4.2 with h = 0.05 - GL scheme
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Figure 4.4: Numerical results for example 4.2 with h = 0.05, 3 = 0.2 - GL + LEM scheme

We use a smaller spatial step size, h = 0.2 and compute the numerical solution at time
T = 0.096. The results are given in Figures 4.5 and 4.6. The numerical solution by the
Goodman-LeVeque scheme approximates the exact solution very well as can be seen from
Figure 4.5. From the plots, the improvements as a result of applying the LEM to the
Goodman-LeVeque scheme are not pronounced.

We also observe that it does not take long for a discontinuity to form on the right side

of the wave.
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Figure 4.5: Numerical results for

0.5 0.6 0.7 0.8

example 4.2 with h = 0.02 - GL scheme
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Figure 4.6: Numerical results for example 4.2 with h = 0.02, 3 = 0.2 - GL + LEM scheme

Example 4.3.
2
ut+(“—) =0  zeR, t>0 (4.2.3)

with initial value

0.5, 7€ (0,0.5)U(1.5,2)
up(x) = (4.2.4)
0.2+0.7cos(2mx), x€(0.5,1.5)

assumed periodic with period two.

In the last example, we once more consider Burgers’ equation but with the initial condi-
tion being a cosine wave. First, the solution is computed at time 7' = 0.24 with a spatial step

size of h =0.05. Comparing Figures 4.7 and 4.8, representing the Goodman-LeVeque scheme
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and the Goodman-LeVeque scheme with LEM respectively, we can atleast find points of im-
provement when the LEM is applied to the Goodman-LeVeque scheme. This was not the

case for this spatial step size when the semi-elliptical initial condition was used.

A= 08 h=0.05

+ GL

U(x,0.24)

0 0.5

Figure 4.7: Numerical results for example /.3 with h = 0.05 - GL scheme
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0 05

Figure 4.8: Numerical results for example 4.5 with h = 0.05, 3 = 0.2 - GL + LEM scheme
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The step size is decreased to A = 0.02. The numerical solution using the Goodman-
LeVeque scheme was computed at time 7" = 0.24 whereas the solution using the Goodman-
LeVeque scheme with LEM was computed at T = 0.224, less than the former. The results
are given in Figures 4.9 and 4.10. Applying the LEM yielded more noticeable improvements
in this case. This is especially true around the peak of the wave.

A discontinuity forms on the right side of the wave at a very small value T'. Of course

this forms when the peak is directly opposite the part of the wave with value —0.5.

a= 08 h=0.02

1 T
+ G-L
— exact
05 -
=
N
[en]
k3
=
0 [ |
-0.54
| |
0 05 1 15

Figure 4.9: Numerical results for example /.3 with h = 0.02 - GL scheme
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1 T T
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U(x0.224)

Figure 4.10: Numerical results for example 4.5 with h = 0.02, 3 = 0.2 - GL + LEM
scheme
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Appendix A

Discontinuous Solutions of 1D
Conservation Laws

Example A.1. [13] Consider using the method of characteristics to solve (1.1.1). The
characteristics are straight lines and since the solution u s constant along characteristics,

it 1s implicitly given by
u(z,t) =up(x —tf'(u(zx,t)), t>0. (A.0.1)

Suppose ug is a differentiable function and taking t sufficiently small, then from (A.0.1) we
get
w = ug[=f(u) —tf"(w)u] and uy=uy[l-tf"(u)u,], (A.0.2)

so that
f(uw)ug

!
up = ——2 0 g =0
1+ tuf f"(u) L+ tul f"(u)

Now assume that f" > 0. If ui(x) >0 for all x then by (A.0.3) we have Vu is bounded for

(A.0.3)

all t >0 and the solution u exists for all time. If uj <0 at some point, both u; and u, are

unbounded for some finite value of t.

Example A.2. Consider the Burger’s equation, that is, f(u) = tu® in (1.1.1). Let the
wnitial condition be ug =sinxz, 0<x<2mw. Since solution is constant along characteristics,
the mazima of the sine wave travels to the right with speed 1 and the minima to the left with

speed -1. The wave breaks into discontinuities at some finite time when the two fronts meet.
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Example A.3. [12] Another example is to consider the Burgers’ equation but with initial

condition

<0
u(z,0)=up(z)=4 1-2, 0<x<]1, (A.0.4)
x>1

The characteristic line emanating from the point (xq,0) is given by

To+ 1T, ZE()SO,
$(t) =$0+tU0($0)= $0+t(1—l‘0), 0<zp<1, (A05)
X0 To > 1.

The characteristic lines do not intersect only if t <1. The solution cannot be continuous at

the intersection and in this case a classical solution does not exist.
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Appendix B

TVD Schemes

Lemma B.1. Consider a scheme of the form

Ut =U} - G (U - Uy ) - Dy(UF - Uy).

Sufficient conditions for the scheme to be TVD are

0

IN

Cj + Dj+1

IN

0

IN

1

Vi

Vi

Cj—l —Dj+1 V]

The proof is similar to the argument of Harten (see page 178 [8] or 116 [9]).

Proof.

that is

n+1
j+1

U'(L+l

j+1

_ 77N+l
Uj

SURt = (1= C)(UR = Up) + Cima(UF = U

-Dj (U4

= (1-C; - D;u)(Uf,

-ur

-Ujth) + D;(Uf = Uj),

)+ Ci(Uf = Ufy)

~Djn(Uf -Ujy) + D (U} = Ufly)

= (1-Cj-Dj1) (U4

+D; (U} = UL y).
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J

)+ (Cj1 =D )(UF - ULLy)

(B.0.1)

(B.0.2)

(B.0.3)

(B.0.4)



On taking absolute value of both sides and using (B.0.2) we get
Ui U < (1= C5 = D) |Ufy = UPl+ (Gt = Dyun)|US = Uy
+D;(|UF = Uty | + Uy = Uly)). (B.0.5)

Now summing over all j

Z |UJn++11 an-'—l' s Z (1 C D]+1)| J+1 ]|
j=—o00

j=—o0

+ 2. (Ci = Dy)IUF = U

+§:®Dj(|U;1—U;L1| U~ UT)). (B.0.6)
After re-indexing the last three summations on the right hand side of the equation above,
we get
P e I Y R
+j;m(cj - Dj.o)| - U]n|
* 3 (Dl U+ Dyl ~U5) (807
that is
i Uit -Uptt < i (1-Cj=Djs1 +Cj = Djia+ Djy + Djio)|US, = UJ|
je—oo j=—oo
- ]_Z_:oo| L, =Upl. (B.0.8)

]

Note that the coefficients C;_; and D, in (B.0.1) depend on {U;}s and a convenient form
may not be easy to obtain. For example, from (2.2.35), the resulting scheme when the LEM

is applied to the upwinding method is

Ut = U7 =20 ()AUT, + N2/ (a}) [ (§)AUT,
(0 (€ ) AU

_3
2

-2 (gr - gn ) (B.0.9)
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which we can write as

Upth = U7 = {20(6) = XL (@) ()} (U - U]
N (@)U = Uia] =20 (9757 - ). (B.0.10)

J=3

Now note that

Uy = Uty = (U = U) + (U = Up) = =(U = Uy) + (U = ULy).

-

So (B.0.10) becomes

Urt = U= {20 /(M) = A2 /(o) fF(€8) = N F () F1(ER) } U = Uja]

=N () [ ) U = Ujza] = 2 (Q;L;g"‘“t - g”‘f“) . (B.0.11)

J=3

One may consider writing

Ut = UP = {20 (&) = N F (@) (&) = N (@) f (€50} U = U
=N f (@) f(ERDNU; = Uja] - Uf—)(\]_g (Qﬁgm - gng"’“"t) [U; - U]
(B.0.12)

so that

U = U2 = (A€ - M (@) f(E0) - N (0 ) F (€D} U - U]

/ n !/ mn 2)\ n—exr n—exr
—{)\2f () f/(&1) + U -U (gj% t—gj_% t)} [U;-U;—]. (B.0.13)
J J-

Hence in this case we have that

Ci =20 (&) = X' () F1(&) = N f' (e ) 1 (€])

and

2\
= \2 £ (AT I(¢en n—ext _ n-ext
D; = L (@) () + 5 (97557 = 0y75).
To show that the scheme (B.0.10) is TVD one would have to show that the conditions

(B.0.2) are satisfied and this may not be easy.
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Lemma B.2. Let g be continuous, differentiable and increasing on an interval [a,b]. Let
€ (a,b) andn e (%2,b) such that g'(£) is the slope of the secant line from the point (a, g(a))
to the point (b,g(b)) and g'(n) is the slope of the secant from the point (%2, g (“7”’)) to the
point (b, g(b)). Then

9'(n) <24'(€). (B.0.14)

Proof. We note that

b) = g (b
gy = 9T) l_gaéz)

90) — 9\) (Z)__ ib(“), (B.0.15)

on using the assumption that g is increasing and therefore g(a) < g (“7”’) Hence

9(b) —g(a)

B - 29'(9). (B.0.16)

]

g'(n)<2

Lemma B.3. Let g be continuous, differentiable and increasing on an interval [a,b]. Let
£e(a,b), ve(a, %) andne (%L,b) such that g'(€) is the slope of the secant from the point
(a,g(a)) to the point (b,g(b)), g'(7y) is the slope of the secant from the point (a,g(a)) to
the point (“T”’,g(‘%b)) and g'(n) is the slope of the secant from the point (“T”’,g(c%b)) to

the point (b, g(b)). Then

§(E) = 9'(7) ;g’(n)' (B.0.17)

Proof. We have

5 a+b a+b
2 7 —a b-%5

(\V]

g +gm) _ 1 {9(“7”’) -9(@) 9(®) —9(“7”’)}

9(%2) - g(a) L 9®) -g(%?)
b-a b-a
g() - g(a)
b-a

= ¢(&). (B.0.18)
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