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Abstract

Marginal analysis evaluates changes in an objective function associated with a unit change in a
relevant variable. The primary statistic of marginal analysis is the marginal effect (ME). The
ME facilitates the examination of outcomes for defined patient profiles while measuring the
change in original units (e.g., costs, probabilities). The ME has a long history in economics;
however, it is not widely used in health services research despite its flexibility and ability to
provide unique insights. This paper, the first in a two-part series, introduces and illustrates the
calculation of the ME for a variety of regression models often used in health services research.
Part One includes a review of prior studies discussing MEs followed by derivation of ME
formulas for various regression models including: linear, logistic, multinomial logit model
(MLM), generalized linear model (GLM) for continuous data, GLM for count data, two-part
model, sample selection (two-stage) model and parametric survival model. Prior theoretical
papers in health services research reported the derivation and interpretation of ME primarily for
the linear and logistic models, with less emphasis on count models, survival models, MLM, two-
part model, and sample selection models. These additional models are relevant for health
services research studies examining costs and utilization. Part Two of the series focuses on the
methods for estimating and interpreting the ME in applied research. The illustration, discussion,
and application of ME in this two-part series support the conduct of future studies applying the

marginal concept.
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Key points for decision makers

The marginal effect (ME) measures change using the original units of the outcome
measure and is applicable to decision making focused on the consequences of a unit (i.e.,
marginal) change in a variable or combination of variables.

Despite its historical availability, flexibility, and ability to yield useful insights, the ME is
not widely reported in health services research studies investigating, for example,
medication use, hospital stays, utilization of other health services, and survival.

This two-part study reviews prior literature regarding the use and reporting of ME (Part I)
as well as provides ME formulas (Part I), statistical code (Part II) and empirical examples
(Part IT) to support its use and interpretation across a variety of models commonly used in

health services research.



Section I. Introduction

Decisions made ‘at the margin’ compare the additional benefit with the additional cost of
the decision and in doing so can lead to optimal allocation of scarce resources. Decision-making
at the margin is applicable to decisions made by patients, providers, policy makers and payers.
From a patient’s perspective, the marginal concept can be applied at baseline (e.g., what is the
additional benefit of initiating androgen deprivation therapy compared to opting for radiation
treatment compared to the additional cost?) or sequentially in real time (e.g., what is the
additional benefit of continuing chemotherapy for one more month compared to the additional
cost?). From a provider’s perspective, the benefits of decision making using the marginal
concept may accrue in communicating with the patients about the treatment options [1] (e.g.,
cost versus benefit of active treatment compared to palliative treatment) or while deciding the
optimal size of their practice (e.g., cost versus benefit of adding a new patient). From a policy
maker’s point of view, the marginal concept can be applied in identifying program size (e.g., the
optimal size of a transitional care program based on the cost and benefit of adding a new client)
or how far to extend a health benefit (e.g., the cost and benefit of formulary tier placements).

The primary statistic of marginal analysis is the marginal effect (ME). The ME facilitates
the examination of various outcomes for defined patient profiles while measuring the change in
original units (e.g., costs, probabilities). Marginal analysis can be investigated within the
framework of a regression model that represents some outcome or decision process. This is
accomplished by the estimation of the ME or the impact on the outcome of interest (dependent
variable) from an incremental increase in a given factor (independent variable). The ME also
forms the basis for examining heterogeneity in effect, or the difference in estimated effects

across patients or groups of patients. Heterogeneity in effect is examined by calculating the



interaction ME. The interaction ME measures changes in the ME associated with unit changes in
a given factor (continuous) or across groups (categories).

Prior work has illustrated differences between linear models and the binary regression
models with respect to the derivation and interpretation of the ME[2] and has provided formulas
and LIMDEP programs[3] to facilitate the use and interpretation of the ME and interaction
effect[4, 5]. The estimation and interpretation of interaction effects also has been studied for
generalized linear and two-stage models[3, 6-8] but have not been adopted into health services
research. While the derivation of the ME is illustrated in textbooks[9, 10] and in the literature
for a subset of models, it remains relatively underused in health services research examining cost
and utilization patterns. Increased use of the ME provides opportunities for gaining insight into
cost and utilization patterns across specific patient profiles. These insights are unique to MEs
because, unlike hazard ratios, odds ratios, relative risks, or other similarly-transformed model
parameter estimates, the ME is provided in absolute, not relative terms, and measured in natural
units of the dependent variable, facilitating interpretation and translation for decision making.

The current paper represents Part One of a two-part series. The paper provides the theory
and the derivation of marginal and interaction effects across an expanded set of models relevant
for health services research. Part Two of the series provides specific empirical examples and
programming code illustrating the use and interpretation of the ME. The goal is that the practical
review, derivation and implementation of MEs will support its wider use in cost and utilization
studies to inform decision making at the margin (e.g., the additional benefit of chemotherapy),
heterogeneity in outcomes (e.g., race differences in outcomes) or heterogeneity in effects (e.g.,

race differences in treatment effects).



Section II. Marginal Effect Formulas for Health Services Research

The ME is useful for numerous applications relevant to health services research. For
example, the ME can quantify changes in terms of dollars, probability of readmission, number of
prescriptions, number of hospital admission days, number of physician office visits, and days of
survival (waiting time) due to changes in independent variables of interest. The logit or probit
model is typically estimated when the dependent variable is a binary measure representing the
occurrence of an event within a given interval of time (e.g., treatment receipt, hospital
readmission, mortality). Generalized linear models (GLM) are often used to model continuous
(e.g., costs) and count measures (e.g., physician office visits, hospital length of stay) while
survival (duration) models are often utilized when the waiting time is of interest (e.g., survival
analysis). Two-stage models are less common but can be usefully applied to cost and utilization
studies when sample selection bias is of concern or the data generating process regarding cost or
utilization patterns is best captured by modeling two independent processes. The next section
provides ME formulas for models relevant to health services research including models for

continuous, categorical, count, and survival data.

II.A. Marginal and interaction effect functions

Let the regression function be given by y = f(x; f8), where Yy is the dependent variable;
f(.) is a well-defined continuously differentiable function; x = (xy, ..., X, ..., Xk ) is a vector of K
independent variables (indexed by k), and B is a vector of parameters to be estimated. Then
mathematically, the ME for the k™ independent variable (i.e., MEx) is the partial derivative of

f(x; B), with respect to x;, presented as g(.), i.e:



MEx = ZEB) = gx; B) (1)
axk

If x, is patient age measured in years, then the interpretations of MEx for the case of
binary, cost, and survival regression models possibly include 1) the change in the probability of
30-day in-hospital mortality associated with a 1 year increase in the age at admission among
stroke-related admissions; 2) the change in hospitalization costs associated with a 1 year increase
in the age at admission; 3) the change in survival months associated with a 1 year increase in the
age at diagnosis, respectively. The ME given by equation (1) is a constant only when it is the
linear regression model without nonlinear transformations of the variables. Of note, linear in the
linear regression model refers to linearity of the functional form with respect to §. For a linear
regression model without non-linear transformations of variables (e.g. x2), the ME for a given
independent variable x;, is a constant equal to ). Suppose the linear regression equation
includes both x, and x2. Then the ME of x, is neither constant nor independent of the starting
value of x;. In fact, the value of the ME changes as the value of x;, changes. In nonlinear
regression functions the ME are potentially functions of all the explanatory variables and
estimated parameters, even when there are no interaction terms. The ME changes as the values of
the independent variables change. This provides the ability to estimate ME for different values of
the independent variables or, for more practical purposes, particular subgroups of the patient
population of interest.

The interaction effect or interaction ME is the change in a ME given a change in another
independent variable of interest. That is, the interaction effect is the change in the ME for the
independent variable Xk of a regression model given a change in another independent variable X;.
Mathematically, the interaction effect for any well-defined twice continuously differentiable

function of X, f(.), is the partial derivative of MEk with respect to xj and presented as h(.):
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2 .
MEy; = 2Bk — OTCB) _ oy, ), )

ox; dx 0
Thus, the interaction effect is potentially also a function of all the independent variables and the
estimated parameters. Building on the example involving 30-day mortality among stroke-related
admissions, suppose x; is an indicator for hemorrhagic stroke. The ‘age effect’, MEx, represents
the change in the probability of 30-day mortality associated with a one year increase in age at
admission and thus MEyj represents the difference in the age effect comparing patients with

hemorrhagic stroke to patients who did not have hemorrhagic stroke.

II.B. Marginal Effect Formulas for Common Regression Models

Marginal and interaction effects are discussed for a number of regression models relevant
for health services research. The text contains some ME formulas and the Technical Appendix
includes a more complete listing of ME formulas for various cases. For simplicity and without
loss of generality we will assume that the regression functions examined are functions of only
two independent variables, x; and x,. Thatis, E(y|x) = f(x; B) = f(x1, x2; B).

The independent variables being examined may be continuous or discrete. This
distinction is important, as the marginal or interaction effect involving a discrete random variable
utilizes discrete differences. That is, for an independent binary variable, say x,, that takes two
values (0 or 1), the ME for x, is

ME2=f(x1,x2;B)|x2=1 —f(x1'xziﬁ)|x2=o . (3)
For an interaction effect, if the other independent variable of interest (i.e., x;) is also discrete
then the formula involves taking a discrete difference as in equation (3) and the interaction effect

on the ME for x, given a change in x; is:



ME21 = IV[Ez|x1=1 - ME2|x1=O- 4)

The independent variable x, in equation (4) can be either continuous or discrete, as well.

Given these potential changes in the nature of independent variables, a number of cases
of the derivation of ME for each regression model are examined. These cases deal with the
functional form of the regression or predictor function being examined. They include:

Case 1: Linearity in the covariates with a continuous covariate.

Case 2: Inclusion of nonlinear transformations of continuous covariates.

Case 3: Inclusion of an interaction term between continuous covariates.

Case 4: Linearity in the covariates with a discrete covariate.

Case 5: Inclusion of an interaction term with a discrete covariate.

Case 6: Interaction effects when both covariates are continuous.

Case 7: Interaction effects with a continuous and discrete covariate.

Case 8: Interaction effects for a predictor linear in the coefficients and covariates.
For cases 1 to 3, we are interested in the ME of a continuous covariate, while for cases 4 and 5
we are interested in the ME for a discrete covariate. For the last three cases, 6 to 8, we are
interested in the interaction effects between both covariates. Note that the terms independent
variable and covariates are synonymous and are used interchangeably. The regression model and
associated ME formula for Case 1 are described below. The ME formulas for the rest of the

cases are available in the Technical Appendix.

IL.B.1. Linear Regression Model

A typical linear regression equation with two independent variables takes the form:

E(ylxy,x2) = f(x1,%2) = Bo + B1x1 + P,



The ME for Case 1 takes the form:

910 _
MEZ. ax2 —_— ﬁz

This regression may include nonlinear transformations of the independent variable, such as x3,
In (x,), and/or an interaction term between two variables, x; - x,. This regression model would
still be a linear function of the coefficients even with the inclusion of these nonlinear
transformations. In a linear regression with only linear transformations of variables, the ME is

constant.

I1.B.2. Logistic Regression Model (or Logit Model)

The logistic regression model is useful for investigating an event occurring over a fixed
interval of time (e.g., 30-day readmission). The model assumes that the regression function is
nonlinear and bounded between 0 and 1, allowing E (y|x) to capture the probability of obtaining
the outcome of interest (i.e. y = 1) (with the other outcome serving as the reference outcome. Let
the predictor (or index) function of the model be given by n(x;, x,; ), then the Logit model

takes the form:

1
1+ e—(ﬂ(xbxziﬁ))

E(y = 1lx1,x5) = A(n(xy, x5 B)) =

where, A(*) is the cumulative distribution function of the standard logistic distribution. The use
of n(xy, x5; B) signifies that i) is a function of independent variables. It is important to note that
E(y = 1|x4, x,) is non-linear in the coefficients, B. Let n(xq, x5; 8) = Bo + L1X1 + L2X2,

consistent with Case 1. Then ME: for Case 1 is given by:

9A() _ 0A()  9n

ME;: %7 Zw*a = A(x1:x2)(1_/1(x1’x2))ﬁ2
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II1.B.3. Multinomial Logistic Regression Model

The Logit model is a special case of a more general model known as the multinomial
logistic regression model. The multinomial model can accommodate multiple nominal outcomes
such as hospital discharge categories (e.g. home, skilled nursing facility, against medical advice)
or patient groupings based on utilization (e.g., classes of medication). The conditional mean
function is of interest here and includes a set of probability functions. Let the predictor for

outcome j be n;(xy, x,; B) for j = 0,1,...,J outcomes. Then:

exp (Uj(xpxzi B))
1+ Zi:l €xp (77] (xli X2; B)),

E(y = jlx1,x2,x3) = Prob(y = j|x;,%5,%x3) = h(-) =

where j = 0 is the reference outcome such that B, = 0, making n,(xy, x2; B) = 1, resulting in the
denominator in the above function. Letn;(xy,x5; ) = Boj + f1,jX1 + Pajxz forj=1,....3,

consistent with Case 1. Then ME: for Case 1 is given by:

H o = e x2) B2 - Yheo M, x2)Bc] -

I1.B.4 Generalized Linear Model (GLM) with Log Link Function
The conditional mean for the GLM model with log link takes the form:
E(ylxy, x2) = exp(n(xy, 23 B)),
where n(xq, x,; B) is the predictor function. This regression allows for the estimation of a model
where the dependent variable has a skewed distribution (e.g. cost data, length of hospital stay).

Letn(xy,x5; 8) = Bo + B1x1 + Byx,, consistent with Case 1. Then ME: for Case 1 is given by:

ME;: 220 = exp(n) B,
2

I1.B.5 Count Data Models
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When the dependent variable (y) involves counts of events (e.g. number of visits by a
patient to a physician or days of stay during a hospital admission), the underlying regression

model may be modeled using a Poisson or a negative binomial distribution.

Poisson Model: The Poisson regression model is modeled using the Poisson distribution:
P(ylxy, x;) = [e74A7]/y!, where ; = E(ylxy, %) = Var(ylxy, x;) = exp(n(xy, x2; 8)) and
n(xy, x5; B) is the predictor function. The regression model assumes equidispersion (i.e., the
conditional mean is equal to the conditional variance) which may be too restrictive[9]. Let

n(xy,x5; B) = Bo + B1xy + Box,, consistent with Case 1. Then ME: for Case 1 is given by:

dex

ME;: —azz(") = exp(n) B;

Additional details and derivations for the negative binomial model are available in the Technical

Appendix.

II.B.6 Survival Models

Following Wooldridge[10], we specify a survival model using the hazard function:

At; x) = f(elx)/S(t]x),

where t is a duration of time; f(t|x) is the conditional probability that the event of interest will
occur at time t; S(t|x) is the conditional survival function and describes the proportion of
individuals at risk of the event of interest; and X is a vector of explanatory variables. The
conditional hazard function A(t; x) (sometimes shown as h(t; x)) examines how the risk of an
event changes over time [11]. A common approach for incorporating independent variables is to
use proportional hazards models.

The proportional hazards model takes the form:

12



A(t; x) = Kk(x) Ao (8),
where A, (t) is the baseline hazard. A common parameterization is to let k(x) =
exp (n(x1, x5; B)), where n(x,, x,; B) is a predictor function. The ME associated with a given

continuous covariate is given by:

OA(t;x) on(x1,%2;8)
= = exp ((xg, %3 B)) T2 X A ().

II.B.7 Two-Part Regression Model

Two-part models can be useful for investigating continuously measured outcomes (e.g.
cost, utilization) where a significant proportion of individuals report zero costs while others
report positive costs. The process generating the zeroes is considered independent of the process
generating continuous values.[12]. Consider a two part model that consists of a probability and

distribution involving strictly positive values, i.e.

H()=Pr(y=1)X E(yly > 0)

exp(n)

Fp—— and E(y|y > 0) = exp (1). The regression function is then given

where Pr(y = 1) =

exp(n) exp(n) . .
by: f(x1,%x2; B) = Trexp(m) > exp(n) = Fr—a— where n = n(xy, x5; B) is the predictor

function. To the extent that there is overlap between variables included in the first and second
parts, the ME function will consist of two parts: 1) the ME associated with binary regression
models such as the logit model and; 2) the ME associated with the GLM model. Let

n(xy, x5; B) = Bo + P1x, + Box,, consistent with Case 1, then MEz for Case 1 is given by:

. (O _ _exp@m) __ exp(m) _
MEa: (Oxz) - 1+exp(-1) (ﬁZ) [1+exp(-n)]? exp( 77) (32)

1
= f(x1,x2; B) B [1+m-
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I1.B.8 Sample Selection Model

Sample selection models are useful for investigating continuously measured outcomes
(e.g. cost, utilization) in a subsample of patients where the subgroup with zero values are not
necessarily ‘true zeroes’ but may result from non-observable responses. A ‘selectivity
correction’ known as the inverse mills ratio (IMR) is included in the primary outcome equation.
When the outcome measure follows a lognormal distribution (e.g., cost data, length of hospital
stay), the conditional mean is log linear. The illustration is developed for the log linear case and
can be simplified to the linear case. The Heckman model with a log linear dependent

variable[13, 14] is specified below:
Iny=X'B+piW'y) +¢
gi~distr. (iid), E(g;) = 0,var(g;) = o2

The expression A(W'y) has associated coefficient, 83, and represents the IMR. The IMR is an
estimated function of a set of independent variables, W, and associated coefficients, y. As with
the two-part model, the ME function may consist of two parts. In general form for a given
continuous variable, x;, the MEk [7, 9]is given by:

0E(y) d(eX'PePr OE (ef|x))
axk B axk

6E(e£|x)>

= ¥ B0 (B E(e°l) + yia(—A0)? ~ ymAQE 1) + 5
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II.C. Standard Errors for Statistical Inference

To estimate confidence intervals or conduct significance testing using the marginal
effects, standard errors must be estimated. These standard errors will be asymptotic. The
estimation of standard errors for marginal effects begins with estimation of the asymptotic
covariance matrix for the marginal effects, which requires the (asymptotic) covariance matrix of
the coefficient estimates, (). There are several methods for estimating asymptotic standard
errors[15]. These include:

(1) The delta method[9], which assumes coefficient estimates from the model are asymptotically
multivariate normal. The delta method uses the derivatives of the marginal effects with respect to
the estimated coefficients to estimate the asymptotic covariance matrix of the marginal effects
as: Var(ME;) = VMET (Q)VME;, where VME; is the gradient of the ME with respect to the
coefficients being estimated.;

(i1) The method of Krinsky and Robb[9, 16], which ia a Monte Carlo method for estimating
Var(ME) that invokes the law of large numbers. It is usually assumed that the coefficient
estimates from the estimated regression model are asymptotically multivariate normal.;

(ii1) The bootstrap method[17, 18], which utilizes pseudo-random samples (by sampling with
replacement) to estimate the parameters of interest, assuming the original data set used to
estimate the model is an estimate of the population or the pseudo-population.; and

(iv) The delete-d Jackknife method[17], which uses pseudo-random samples to estimate the
parameters of interest. The pseudo-random samples are generated from the original dataset by
randomly removing a specified percentage or fraction of the data (i.e. sampling without

replacement).
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Section III. Conclusion

The marginal effect facilitates the examination of changes in clinical and cost outcomes
for defined patient profiles while measuring changes in the same units (e.g., costs, probability) as
the objective function. Part One of the two-part series provides an overview of the theory
supporting marginal effect derivations and illustrates the derivation of the marginal effect for
various models applicable to health services research. Part Two of the two-part series discusses
confidence interval estimation, interprets the average marginal effect and marginal effect at the
mean, as well as provides SAS and STATA programming code associated with the empirical
examples presented. The goal is to encourage broader application and accurate interpretation of
the marginal effect concept and measures in situations where information regarding movement

along a primary objective function is of interest.
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