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Abstract

This master’s report presents a proof of the Riesz Representation Theorem for Hilbert
spaces. The proof is developed from the basic geometry of inner product spaces, beginning
with the Cauchy-Bunyakowski-Schwartz Inequality, the norm induced by an inner product,
and the Parallelogram Law, and then using the Closest Point Theorem and the Orthogonal
Projection Theorem. The report also discusses two applications of the Riesz Representation
Theorem: the existence and basic properties of adjoint operators, and a special case of the
Radon-Nikodym Theorem for finite measure spaces in which one measure is bounded above

by a constant multiple of another.
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1 Inner Product Spaces

Let V' be a vector space over K =R or C. An inner product on V is a map
<’>VXV—>K7 (an)'_><v‘w>a

satisfying the following properties:

(i) Positive Definiteness:

VoeV, (v|v)>0, and (v]v)=0<+=v=0;

(ii) Linearity (Additivity and Conjugate Homogeneity):

Vo eV, themap V3w (v|w) e K is K-linear;

(iii) Conjugate Symmetry:

Yo,w eV, (v]|w)= (w]|v).

Whenever (- | -) is an inner product on V', we call the pair (V, (- | -)) an inner product

space.

Here, for K = C, we use the convention that the inner product is linear in the second

argument and conjugate-linear in the first argument (that is, it is sesquilinear). For K = R,

the inner product is bilinear (linear in both arguments) and conjugate symmetry is ordinary

symmetry.

The first fundamental result in an inner product space is the Cauchy-Bunyakowski-

Schwartz Inequality. Its statement and proof are as follows.



Theorem 1 (Cauchy-Bunyakowski-Schwartz Inequality). If (- | -) is an inner product on a

vector space V (over K=R,C ), then |[(v|w)]* < {v]|v) - (w]w), Vv,weV.

Proof. Consider the function f : R — C, defined by f(t) = (tv + w | tv + w).
On the one hand, we have f(t) >0 V¢ e R by Property (i).

On the other hand, we have

f(t) = (tv+w | tv+ w)
= (tv | tv +w) + (w | tv + w)
= (tv [ tv) + (tv [ w) + (w | tv) + (w | w)
=t*{(v | v) + t{v | w) + t{w [ v) + (w | w)

by conjugate linearity and the fact that t € R = ¢ = t.

=t*(v | v) +t{v | w) +t{v | w) + (w | w)

since (w | v) = (v | w) by conjugate symmetry.
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= at® + bt + ¢,

wherea = (v |v) > 0and b= (v | w)+{v | w) = 2Re ({(v | w)) € R. Hence, f(t) = at®>+bt+c
with real coefficients.

Since f(t) > 0 for all ¢t € R, one of the following must happen
(a) a =0, in which case f is linear and non-negative, which forces b = 0; or

(b) a > 0, in which case f is quadratic and non-negative, which forces

b? — dac < 0. (1.1)

Note that (1.1) also holds true in case (a).



Substituting a, b, and ¢, we get (2Re ((v | w)))* < 4(v | v) - (w | w), which implies
(Re ((v | w)))* < (v [ v) - (w | w). (1.2)

Now,
e If K=R, then (v | w) € R, and so Re ((v | w)) = (v | w). Hence (Re ((v | w)))* = (v |
w)? = [(v | w)].

Therefore, (1.2) becomes
(o [ w)* < (v]v) - (w]w).
o If K = C, since (1.2) holds for all vectors, we have
(Re ((v | Mw)))” < (v] v)-(hw [ dw) = [A* v | v)-(w | w), Yo,weV, AeC. (13)

If we fix for the moment v, w € V, using trigonometric form, we can find # € R such
that (v | w) = [{(v | w)|e?, so if we let A\ = e~ in (1.3), the left-hand side of (1.3)
is (Re ((v] ew)))* = (Re (e7(v | w)))* = (Re ([(v | w)]))* = |(v | w)|?, while the
right-hand side is (v | v) - (w | w). O

The following result shows that the Cauchy-Bunyakowski-Schwartz Inequality allows us
to endow an inner product space with a normed vector space structure. Recall that a norm
on a vector space V over Kisamap || ] : V — [0,00), v+ |v]], satisfying the following

properties:

(i) Positive Definiteness:

YVoeV, |v||>0, and|v]|=0+<=v=0;

(ii) Absolute Homogeneity:

VaeK, veV, |av]=lal|vl|;



(iii) Triangle Inequality:

Vo,weV, v+ wl <ol + [wll.
A vector space equipped with a norm is called a normed vector space.

Theorem 2 (Norm Induced by an Inner Product). If (- | -} is an inner product on a vector

space V' (over K =R, C ), then the function || -] : V — [0, 00) given by

[o]l = V(v [ )

defines a norm on V.

Proof. To prove the positive definiteness property, we notice that since ||v|| = /(v | v) and
(v|v) >0 with (v|v) =0<= v =0, it follows that ||v|]| > 0 and ||v|| =0 <= v =0.

To prove the absolute homogeneity property, let a € K. Then we have

law||® = (av | av) = @afv [ v) = [af*(v ] v) = |af* - |jv]*.

Thus (by taking square roots),

lacw]| = la - [Jo]]-

Finally, to prove the triangle inequality property, we first note that for ||v]| = /(v | v)
and ||w|| = /(w | w), the Cauchy-Bunyakowski-Schwartz Inequality becomes |(v | w)| <
o] - ||w]|. We have

lv+wl?* = (v+w|v+w)
=@ lv+w) +(w|v+w)
=@ |v)+ (v |w)+ (w]v)+ (w|w)
= [[ol* + [[w]]? + (v | w) + (v [ w)

= [[v]I* + [lwl* + 2Re((v | w)).



Now, Re((v | w)) < |{v | w)| since Re(z) < |z| Vz e C.
Hence, we get Re((v [ w)) < [(v | w)| < [Jv]] - [Jw]]

Therefore,

lv +wl* < Jol* + [lwl|* + 2[[oll - [[wl]] = (o] + [lw]])*

= v+l < o]l + [lwl] 0

The norm induced by an inner product satisfies the following property.

Theorem 3 (Parallelogram Law). If (V, (- | -)) is an inner product space, then the induced

norm satisfies the equality:

Il +wlf* + o — wl* = 2([Jo[* + [w]?), Vv,we V.

Proof. Using the definition of the norm, all we have to do is add the identities:

lv+wl* = [vll* + [lwl* + (v | w) + (w [ v} and

lv = wl* = ol* + [lw]* = (v [ w) = (w [ v). 0



2 Hilbert Spaces and the Closest

Point Theorem

A normed vector space (V| - ||) carries a natural distance function
dist(v,w) = ||lv — wl|.
More generally, for a subset S C V', and v € V', one defines
dist(v,S) = inf{||v —w|| : w € S}.

As usual (when working in a metric space), a sequence (a,,), is declared to be conver-

gent to a € V if, for all ¢ > 0, there exists N = N(g) € N such that
n>N=|a, —al <e.

With this notation in mind, the norm topology on (V|| - ||) is built by declaring S C V'
closed if whenever (a,) C S converges to a, it follows that a € S. Equivalently, whenever
dist(a,S) = 0, it follows that a € S.

As in the case of general metric spaces, given normed vector spaces (V, [|-]|) and (W, ||-|]),

amap F: (V)] -]) = (W,||-|]) is continuous at a € V if whenever a, — a, it follows

that f(a,) — f(a).



A Banach space is a normed vector space (V, || - ||) in which every Cauchy sequence
is convergent. Recall that (a,), is a Cauchy sequence in (V|| -||) if, for all € > 0, there exists
N = N(e) € N such that

m,n > N = ||a, — anl| <e.

A Hilbert space is an inner product vector space (V, (- |-)) over R or C, which is a
Banach space when equipped with the norm induced by (- | -).

A subset C' C V is called convex if, for all v,w € C and all ¢ € [0, 1], we have

tv+ (1 —t)w € C.

That is, the straight line segment connecting any two points in C' stays entirely inside C'.

Theorem 4 (Closest Point Theorem). Suppose V' is a Hilbert space over K =R or C and
() £ C CV is a closed convex set. Then for every v € V, there exists a unique vy € C' such
that

|lv —wl|| > ||[v— w0l Yw € C. (2.1)

Proof. Existence:

Fixve V. Ifve C, welet vy = v and so for all w € C, ||[v —w|| > 0= ||[v — vy
If v ¢ C,let § =dist(v,C) = inf{|jv —w| : w € C'} > 0. Then, by the definition of infimum,
there exists a sequence (w,,)>2; C C such that ||v — w,|| — 0. We claim that (w,)>2 is a

Cauchy sequence. Indeed, since C' is convex, we have

Wy, + Wy,

5 e C, Vm,n € N.



Hence, Vm,n € N,

Wy, + W,

>
5 0

v —

|50 - () 25

—
— |20 — (W, + wy)|| > 20

= [|(v — wm) + (v —wy,)| > 26
—

(v — W) + (v —w,)||” > 46, (2.2)
Now, by the Parallelogram Law,

(v = wm) + (0 = wa) I* + (v = win) = (v = wa)[I” = 2 (o = wpa|* + [[v — wn]?)
= [[(v = wi) + (v = w)|” + [Jw = wal* = 2 (0 = wia|* + [|lv = wn]?)
= [lwn — winll = 2 (0 = wiall® + o = wal|?) = (v = wp) + (v —wa) ||
Thus, by (2.2),

Hwn - wm||2 <2 (”U - wm||2 + ”U - wn||2) — 40°.

As m,n — oo, ||v — wy|* = 6% and ||v — w,||* — §%. Hence, ||w, — wy,]|> — 0. Therefore,
|wn, — W || = 0 as m,n — oco. Thus, (w,)2, is Cauchy.

Since V is a Hilbert space, it is complete. Thus, every Cauchy sequence converges, and
so ||wy, — vo|| = 0 for some vy € V.

Since C' is closed and w,, € C for every n, we get that vy € C.

Since w,, — vg, we have v — w, — v — vg. Hence, by continuity of the norm, ||v — v|| =
lim,, o0 ||v — wy|| = 6.

Therefore, ||[v — w| > § = ||v — vo||. Thus, proving existence.

Uniqueness:

Let ug € C be another point satisfying (2.1). Then ||v — ug|| = 9.



Since C' is convex, “OTJF”O € (. Therefore,

U (Y

— [|2v — (up + vo)|| > 26
— ||(v —up) + (v —vg)|| > 26

— ||(v —up) + (v — )| > 462 (2.3)
Now, by the Parallelogram Law,

2 2
[(v = o) + (v —vo)||” + [[(v = ug) — (v —vp)[|” = 2 (||U —wo* + [lv — Uo||2)
= [[(v—u0) + (v —0)|I* + [lvo — uoll* = 2 (lv — wol|* + [|v — wo||?)

= [[vo — uoll® = 2 (lv — uoll® + [lv — wo[|*) — [I(v = uo) + (v = wo) ||
Hence, by (2.3),
lvo — uol|* < 2 (lv — wol|” + [Jv — vo|?) — 46% = 2 (6% + §%) — 46 = 0.

Since ||vg — ug||* > 0, the reverse inequality above forces ||vg — ug||*> = 0, which by the

definition of the norm yields vy = . O

As an application of the Closest Point Theorem, we obtain the Orthogonal Projection
Theorem. Recall that if X C V is a linear subspace, then a vector y € V is said to be

orthogonal to X, written y L X, if (y | x) =0, Vze X.



Theorem 5 (Orthogonal Projection Theorem). Suppose V' is a Hilbert space over K = R
or C and X C V is a closed linear subspace. Then for every v € V', there exists a unique
vg € X such that

v—1vy L X.

Proof. Existence:
Since X is a linear subspace, it is convex.
Since X is closed and convex, we can apply the Closest Point Theorem with C' = X.

Hence for all v € V, there exists a unique vy € X such that

|l —wl|| > ||v— ol Yw € X. (2.4)

We claim that v — vy L X.

Indeed, for fixed 0 # x € X and for all t € R, consider the function defined by

g:R =R, g(t) = Hv—(vo—m)HQ: ||U—U0+tl’“2.

On the one hand, (2.4) implies that V¢t € R,

lo = (vo — L) || = o —wol|

= [lv = (vo — tz)|I* > [lv — wol|*.

Hence, g(t) > ¢(0), V¢ € R. That is, g(t) attains its global minimum value at ¢ = 0.
On the other hand, exactly as in the proof of the Cauchy-Bunyakowski-Schwartz Inequality,
we have

g(t) = |[v —vo + tz||* = (v — vy + tx | v — vy + tx) = at® + bt + c,

where a = ||z||?, b = 2Re ((v — vy | )) € R, and ¢ = ||v — vo]|*. Hence, g(t) = at®> + bt + ¢

with real coefficients.
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Since ¢(t) attains its global minimum at ¢ = 0, it follows that ¢’(0) = 0. That is,

2Re ((v — vo | x)) = 0, which implies that

Re ((v —wvg | z)) = 0. (2.5)

Now,
o If K=TR, then Re ({(v —vg | ) = (v — g | x). Hence, (v —1vy | z) =0, Vze X.

e If K = C, since (2.5) holds for all z € X, it holds for iz € X. Hence, Re ((v — vy | —ix)) =
0, Vx € X. Thus, 0 = Re((v—wg | —iz)) = Re(—i(v —vg | x)) = Im ((v — vy | )).
Therefore, we have Im ((v — vy | )) = 0 and Re ((v — vy | x)) = 0 for all z € X. Hence,

(v—vy|z)=0, VzelX.

Uniqueness:
Let ug € X be another element that satisfies (v —ug | ) = 0, Vz € X. Since X is a

linear subspace, vg — ug € X. Now, for all z € X,

(vo—up | ) =((v—up) —(v—wo) |2) =(v—up|x)—(v—1y | 2) =0—0=0.

Using © = vg — ug € X, we get ||[vg — ug|| = (vo — ug | vo — up) = 0. Therefore, vg — ug =0

by positive definiteness of the norm. Hence, vy = ug. O

11



3 The Riesz Representation

Theorem

Let V and W be vector spaces over K =R or C. A map A:V — W is called a linear

operator if

A(aw + pw) = aAv + fAw, Va,p e K, Yo,w e V.

Proposition 1. Given normed vector spaces (V.| - [|v) and (W, || - ||w) over K =R or C,
a linear operator A : V. — W 1is continuous on V if and only if there exists a constant
M > 0 such that

|Av||w < M||v]v, Vv e V. (3.1)

Proof. For the 7if” implication, we observe that if M > 0 satisfies (3.1) and (v,,),, converges

tov € V, then
|Av, — Avllw = [[A(vs — 0)[lw < M||v, — vl — 0.

Thus, Av,, — Av, and so A is continuous at v.
For the ”only if” implication, we argue that the continuity of A implies that A is
bounded, that is

sup{||Av||lw v eV, |v|ly <1} < 0. (3.2)

Indeed, if the above supremum were infinite, we could find a sequence (v,), in V such

12



that ||v,|ly < 1 while ||Av,|lw — oo, in which case the vectors u, = Ty will form

l[vn]lv 1
[Avnllw = [[Avnllw

a sequence convergent to 0 (since llun|lv = ‘ — 0) while also satisfying

| Auy, ||w = 1, which will make it impossible for A to be continuous at 0.
Now, we are done by letting M be the left-hand side of (3.2), because every v € V' can

be presented as v = ||v||yvy with ||vglly < 1. So
[Av[lw = [lvllv - [ Avollw < Mjvlly-. 0

For the normed vector spaces (V, || - ||v/) and (W, ]| - ||w), denote the space of all con-

tinuous linear operators from V to W by
LV,W)={A:V — W : Ais linear and continuous}.
Then, for A € L(V, W), the operator norm is defined by
[A]] = sup{||Av[lw : v € V, [lv]ly <1}

It is easy to see that || Al is the smallest constant M that satisfies (3.1).

A particularly important case of linear operators occurs when W = K. A linear map
¢V — K is called a linear functional. If ¢ is continuous on V', then ¢ € L(V,K), and
the space V* = L(V,K) is called the continuous dual space of V. The norm of ¢ is given
by

lell = sup{le(v)] : v €V, [lofly <1}

Thus, for every v € V,

()] < llell - flvflv-

We now state and prove the main theorem of this report.

13



Theorem 6 (Riesz Representation Theorem). Suppose V' is a Hilbert space over K =R or
C and
p: V=K

18 linear and continuous. Then there exists a unique vector v € V' such that

o(w) = (v | w), Yw e V. (3.3)

Furthermore, ||| = ||v].

Proof. Existence:
If ¢ =0, then take v = 0.

Now assume that ¢ # 0. Then there exists v; € V such that ¢(v1) = 1. Let

X =kerp={weV:pw)=0}=p'{0}).

Since ¢ is linear, X is a linear subspace of V. Since ¢ is continuous, X is closed, being the
pre-image of the closed subset {0} C K.

Since X is a closed linear subspace of the Hilbert space V', the Orthogonal Projection
Theorem applies. Hence, there exists a unique vy € X such that v; —vg L X. Set 2z = vy —vg

so by linearity we have ¢(2) = p(v1) — ¢(vo) = ¢(v1) = 1. In particular, z # 0.

We now show that the vector v = 5z does satisfy (3.3).
Fix w € V and observe that the vector w = w — p(w)z satisfies p(w) = 0. So w belongs to
X.

Since z L X, it follows that

0=(z | @) = (z | w) —p(w)(z | 2) = (z | w) — [Iz]|*p(w).

14



Dividing everything by ||z||? yields

z

1
o) = e L) = (g L0 = 0 ),

and we are done.
Uniqueness:

Suppose u € V is another element that satisfies (3.3). Then
(v—u|w)=0, Yw e V.

Taking w = v — u, we get ||[v — u|*> = (v —u | v — u) = 0. Hence, by positive definiteness,
v —u = 0. That is, v = u.

We now check that ||¢]| = ||v]|. Indeed, the Cauchy-Bunyakowski-Schwartz Inequality
gives

[o(w)] = (v [ w)| < ol - lwl]l,  VweV.

Hence, taking the supremum over all w with |Jw|| < 1, we obtain ||| < ||v]|.

If v # 0, take w = 7. Then |w|| =1, and

o) = (o175 )| = o o) = ol

o]

Thus, ||¢|| > ||v||, and therefore, ||¢|| = ||v]|. If v = 0, then ¢ = 0, and the equality is

immediate. O

15



4 Applications of the Riesz

Representation Theorem

The Riesz Representation Theorem is of fundamental importance because it completely
characterizes the continuous dual of a Hilbert space in terms of the space itself. More specif-
ically, it associates each continuous linear functional with a unique vector while preserving
norms. This correspondence transforms questions about functionals into questions about
vectors and inner products, making the theorem a powerful tool in Hilbert space theory.
We now illustrate its usefulness through adjoint operators and a special case of the Radon-

Nikodym Theorem.

Theorem 7 (Existence and Properties of the Adjoint Operator). Let Hy; and Hy be Hilbert
spaces over K =R or C and let A € L(Hy, Hy). Then there ezists a unique linear operator

A* € L(Hy, Hy) such that
(A*y | )y, = (y | Ax) g, Vr € Hy, Yy € H,. (4.1)

The operator A* is called the adjoint operator of A. Moreover, ||A*|| = ||A|| and (A*)* = A.

Proof. Fix for the moment y € Hy. Define ¢, : H; — K by

oy(7) = (y | Az) .

Since A is linear and the inner product is linear in the second argument, ¢, is linear. Also,

16



by the Cauchy-Bunyakowski-Schwartz Inequality,

oy (@) = [{y | Ax) | <[yl m, - [|A]| -

Since A is bounded,

1Az, < AN - [l 1,

Therefore,

oy (@) < Myl 1AL - Nl -

Thus, ¢, is a continuous linear functional on Hj;.

By the Riesz Representation Theorem, there exists a unique vector z, € H; such that

oy(x) = (2y | ) my s Vo € H;.

Doing this for every y € H,, we can define the map A* : Hy, > y — 2, € H;, which

satisfies (4.1).
Also, by the Riesz Representation Theorem, A* is the unique map satisfying (4.1).

We now show that A* is linear. Fix y;,y, € Hy and «, f € K. For every x € Hy,

<A*(Oéy1 + ByQ) | x>H1 = <04y1 + ﬁy2 | Am)Hz
= oy | Ax)m, + By | Ax)p,

=a(Ay | 2)m, + B{A Y | 2)m,.

Since the inner product is conjugate-linear in the first argument,

a(A%yr | 2, + B{A Y2 | 2)m, = (@A"y1 + BA Y | 2)p,.

Hence,

(A" (ayr + Bye) | )i, = (@A"Y + BA w2 | ) m,, Vo € Hy.

17



Using the uniqueness part in the Riesz Representation Theorem, applied to the continuous
linear functional ¥(z) = (A*(ayy + By2) | )y, = (@A™ + Ay | 2)y,, Vx € Hy, we
obtain

A (ayr + By2) = a A"y + A s,

thus proving the linearity of A*.
Next, we prove that A* is bounded. By the norm identity in the Riesz Representation
Theorem, ||A*y||lm, = |yl But for every x € Hy, y € Ha, |p,(z)| < ||All - |ylle, - ] my s

and therefore, ||¢,| < Al - ||yl #,, which yields,

Ayl < NAN- Nlyllee, Yy € Ha.

This proves that A* is bounded, and [|A*|| < ||A]|.
It remains to show that (A*)* = A and ||A*|| = ||A||. By definition of the adjoint, for all
x € Hy and y € Hy, (A*y | 2)g, = (y | Ax)g,. By conjugate symmetry, (x | A*y)p, = (Azx |

y) 1,- Now, the adjoint of A* is the unique operator (A*)* € L(Hy, Hs) such that

(A)w |y, = (2| AY)m, Vo€ Hy, Vy € Hs.

Combining the previous identities gives

(A2 [ y)u, = (A | Y)u, = @y(x), Vo€ Hy, Vy € Hs.

If we fix x € Hy, then using the uniqueness part in the Riesz Representation Theorem applied

to the functional y — ¢, (z), we get (A*)*x = Ax. Since x € H; was arbitrary, (A*)* = A.

Finally, since ||A*|| < ||A]|, applying the same inequality to A* gives

[ = 1[AD" < 1[4,

18



which together with || A*[| < ||A||, yields ||A*|| = ||A]|. O

As a second application of the Riesz Representation Theorem, we prove a special case of

the Radon-Nikodym Theorem in which the measure v is dominated by the measure p.

Theorem 8 ("Easy” Radon-Nikodym Theorem). Let (X,.A, p) be a finite measure space.

Assume M > 0 is some constant and v is another measure on A such that
v(A) < Mu(A), VAe A

Then there ezists a measurable function h : X — [0,00) such that
v(A) = /Ahd,u, VA e A.

Moreover, h is unique p-a.e. and satisfies 0 < h < M p-a.e.

Proof. Note that by the finiteness of p and the Cauchy-Bunyakowski-Schwartz Inequality,

we have

/X [Fldi = (LT poxag < Ilzzoxan - 1 lreeanm < oo, Vf € LAX, A, p),

which gives the inclusion

L*(X, A, 1) € LY(X, A, ).

We now justify that the given assumption also yields the inclusion
Ll(X7 A? /"I/) C Ll(X7 A? V)?

for which it suffices to show that, for every non-negative measurable function g, we have the

inequality

/gdugM/gd,u. (4.2)
X X

19



If

N
SIZCL]'%Ej, CLjZO, EjEA,
j=1

is a non-negative simple function, then by the assumption v(A) < Mu(A), for all A € A,

we have

Now let g : X — [0, 00] be measurable. Choose a sequence (s,)%°; of non-negative simple

functions such that
0<s1<s3<---<g and s,(x)—>g(z), VrelX.
By the Monotone Convergence Theorem,

/ gdv = lim Spdv < M lim Spdp = M/ gd.
X X

Using the inclusion L*(X, A, u) € LY(X, A, u) C L' (X, A,v), we can now define the linear

map ¢ : L*(X, A, ) — R by o(f) = [ fdv.
In fact, by (4.2), we have

/deu < [ 171w <31 [ 171dw

= M- (LD e < M- IU2ecam - 1 ll2ecam:

()l =

Therefore, ¢ is continuous. The linearity of ¢ follows from the linearity of the integral. So
¢ is a continuous linear functional on L*(X, A, u).

Now, by the Riesz Representation Theorem, 3'h € L*(X, A, i) such that

o) = (| Fiexam = / hfdp, Vf € DX, A ).
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Choose a measurable representative of h, still denoted by h.

Specializing to f = 54, which belongs to L*(X, A, i) since y is finite, yields

V(A):/ %Adyzw(%A):/ h%Adu:/hd,u,
X b A

and hence

V(A) = / hdu, VA€ A
A

To show that 0 < h < M p-a.e., consider the sets A, = h~! ([—oo,—ﬂ) and B, =
h~t ([M + %, oo]), which satisfy |-, A, = h™1([—00,0)) and U2, B, = h™}((M, x]), and
note that

0<v(A,) < _%M (A).

(Indeed, since h < —% on A, we have v(4,) = Ju, hdp < —211(Ay). And because v is a
measure, v(A,) > 0.)

Then

Mis(B) 2 v (B) = (M3 ) nB)

because the first inequality follows from the assumption v(A) < Mu(A) and the second from

v(B,) = / hdp > (M + %) 1(Bn),

as h > M + % on B,,. These inequalities force

So by o-subadditivity, we obtain

(00) o (0)
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meaning precisely that

h>0 pu—ae. and

h<M u—a.e.

We now prove uniqueness. Suppose p : X — [0, 00) is another measurable function such

that
v(A) = /pd,u, VA€ A,
A

and consider the partition X = D U EF'U N, where

D={ze€ X :h(x)>p)},
E={ze X :h(x) <p(z)}, and

N={xe X :h(x)=p(z)}.

Applying (4.3) to A= D and A = E, we have
| (b= p)d = (D) (D) 0.
D

/E (h— p)dp = v(E) — v(E) =0,

and therefore,

[ in=sldn= [ t=pida= [ n =i+ [ n=pau=o.

which forces the non-negative function |h — p| to vanish u-a.e.
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