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Abstract

The main focus of this work is to study the classical Calderén-Zygmund theory and
its recent developments. An attempt has been made to study some of its theory in more
generality in the context of a nonhomogeneous space equipped with a measure which is not
necessarily doubling.

We establish a Hedberg type inequality associated to a non-doubling measure which
connects two famous theorems of Harmonic Analysis-the Hardy-Littlewood-Weiner maxi-
mal theorem and the Hardy-Sobolev integral theorem. Hedberg inequalities give pointwise
estimates of the Riesz potentials in terms of an appropriate maximal function. We also
establish a good lambda inequality relating the distribution function of the Riesz potential
and the fractional maximal function in (R™, du), where p is a positive Radon measure which

is not necessarily doubling. Finally, we also derive potential inequalities as an application.
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Preface

The area of this work falls in Harmonic Analysis. The space of homogeneous type has
been one of the most important tools of Harmonic Analysis for more than last three decades.
These spaces were formally introduced in [15] by R. Coifmann and G. Weiss. The space
of homogeneous type is a metric space equipped with a measure u satisfying the so-called
“doubling condition”, which means that there exists a constant C' = C'(u) > 1, such that,

for every ball B(z,r) of center z and radius r

p(B(z,2r)) < Cu(B(z,r)). (1)

It was believed that space of homogeneous type was the base for the optimal level of general-
ity to study harmonic analysis. The reason for its success is that E. M. Stein chose space of
homogeneous type to develop the basic fundamental theory of harmonic analysis ([43], [42]).
In recent years it has been ascertained that central results of classical Calderén-Zygmund
Theory hold true in a very general situation in which the underlying measure is not neces-
sarily doubling but only satisfies a mild condition, known as the growth condition. It came
as surprise to many when F. Nazarov, S. Treil and A. Volberg announced that “The doubling
condition is superfluous for most of the classical theory of harmonic analysis” ([50]). They
meant that a rather complete theory of Calderén-Zygmund operators could be developed if,
in some sense, condition (1) is replaced by the following condition: A Borel measure p on a

measure metric space (X, d) is said to satisfy the growth condition if
p(B(x,r) <O (2)

where the constant C' is independent of x and r. This allows, in particular, non-doubling
measures. Sometimes we shall refer to condition (2) by saying that the measure p is N-

dimensional. Some other prominent mathematician working on this area are X. Tolsa ([47]),

X



J. Verdera ([54]), C. Peréz ([39]) J. Mateu, P. Matila, A. Nicolau , J. Orobitg ([38]), Y.
Sawano, H. Tanaka ([40] and José Garcia-Cuerva, A. Eduardo Gatto ([23]).

The list of results that one can establish without resorting to the doubling condition is
quite amazing and encouraging for further research in this area. For example, the T(b)-
Theorem ([17] and [49]), the Calderén-Zygmund decomposition and the derivative of weak
L' and L? bounds, 1 < p < oo, from L? bounds ([50], [46], and [48]), Cotlar’s inequality for
the maximal singular integral ([50], and [45]) and many others ([38], [39], and [24]). This is
the motivating factor of this work.

The first chapter deals with some basics of our work. We discuss maximal functions with
their variations and introduce non-doubling measures with examples.

Chapter 2 deals with the Riesz potentials and its estimates by maximal functions. In
the sequel, we generalize the well known Hedberg inequality associated to non-doubling
measures. Finally, we give an application of this deriving an exponential inequality.

In Chapter 3, we review the well known good-lambda inequalities and its variations. We
generalize this associated to a non-doubling measure with applications.

In Chapter 4, we conclude our work with motivation to future work.



Chapter 1

Maximal Function in Non-doubling
Metric Measure Space.

1.1 Introduction.

In this chapter, we will review the history of the Hardy-Littlewood maximal operator. It
was first introduced in 1930 by G. H. Hardy and J. E. Littlewood [27] in R in order to apply
this as a tool in the theory of Complex analysis. Then N. Weiner [55] in 1939 introduced
this operator in higher dimensions R"(n > 1). The purpose was to apply this in Ergodic
theory. Since then the operator has been widely studied and used. One of its applications
is Lebesgue’s differentiation theorem which can be deduced from the boundedness of the
maximal operator. The generalization of the differentiation theorem to averages over a va-
riety of families of sets leads to the definition of several variants of the Hardy-Littlewood
maximal operator ([20]). Important cases are averages over balls or cubes (the usual Hardy-
Littlewood maximal function), averages over rectangles with sides parallel to the coordi-
nate axes, and averages over arbitrary rectangles. In 1971, R. Coifman and G. Weiss [15]
introduced the maximal operator on a quasi-metric measure space satisfying the doubling
condition which we call homogeneous space. It was in 1998, F. Nazarov, S. Treil and A. Vol-
berg [50] introduced modified Hardy-Littlewood maximal operators on quasi-metric spaces

possessing a Radon measure that do not necessarily satisfy a doubling condition which we



call nonhomogeneous spaces.

In recent years it has been ascertained that the central results of classical Calderdn-
Zygmund Theory hold true in very general situations in which the standard doubling
condition on the underlying measure is not satisfied. This came as great surprise to the
authors who felt that homogeneous spaces were not only a convenient setting for devel-
oping Calderon-Zygmund Theory, but that they were essentially the right context. The
T(b)-theorem ([17]), the Calderén-Zygmund decomposition and the derivation of L' and L?
bounds, 1 < p < oo, from L? bounds ([50], [46], [48] ), Cotlar’s inequality for the maximal
singular integral ([50], [45]) and many others ([38], [39], [24]) are among those theorems

which hold without resorting to the doubling condition.

1.2 Some Useful Definitions

Definition 1. Let (X, ) and (Y,v) be measure spaces, and let T be an operator from
LP(X, ) into the space of measurable functions from Y to C. We say that T is weak (p,q),

q < oo, if there exists a constant C' such that for every A > 0,

v o) > ap < (k)

and we say that it is weak (p,00) if it is bounded operator from LP(X,u) to L>(Y,v). We
say that T is strong (p,q) if it is bounded from LP(X,u) to LI(Y,v).

Remark 2. If T is strong (p,q) then it is weak (p,q).

Proof. Let Ex ={y €Y :|T'f(y)| > A}. Then

V() = / 0 </ Tf HTfH _<O||f||p>q'
Ey Ey

A




If (X,u) = (Y,v) and T is the identity operator then the weak (p,p) inequality is the

classical Chebyshev inequality.

Definition 3. A measure p in a metric space is called doubling if balls have finite and

positive measure and there is a constant C' = C'(u) > 1 such that
W(2B) < Cu(B) (1.1)

for all balls B. The constant C' is independent of the center and radius of the balls in X. We
also call a metric space (X, ) doubling or homogeneous if u is a doubling measure. Note

that if u is a doubling measure then
1(AB) < C(p, A)u(B)
for all X > 1.

Example 4. Lebesque measure in R™ is doubling. In general du(x) = |z|*dx,a > —n is a

doubling measure in R™.

Proof. The condition a > —n ensures that the measure under consideration is finite in R".
Let v, denote the volume of the unit ball in R". We divide the balls B(x¢, R) in R™ into

two categories as follows:

Ty = {B(xo, R) : |zo| > 3R}, and

T = {B(J?O,R) : ’l’0| < ?)R} .

For balls in T} we have |zo| > 3R. It follows that

1
|zo| + 2R < 4(Jzg| — R), and |z —2R > Z(]:co| + R). (1.2)
For balls in T} and a > 0,
1 (B(zo,2R)) = / |2|"dz < (|xo| + 2R)* |B(wo, 2R)| = v (2R)" (|zo| + 2R)", (1.3)
B(z0,2R)



and
w(B(zo, R)) = / |z|*dx > (|zo| — R)" v, R". (1.4)
B(zo,R)

Combining the inequalities (1.2),(1.3), and (1.4) we obtain
4 (B(x0,2R)) < Cpi (B(zo, R)) (1.5)
where C' = 2%74lel Similarly, for the balls in 7} and a < 0, we obtain the following inequalities
p (B(wo,2R)) < (|zo| = 2R)" va(2R)",

and

w(B(zo, R)) > (Jzo| + R) v R".

Combining the above two inequalities with (1.2) we obtain the same (1.5) inequality.

Note that B(xg,2R) C B(0,5R) for |xo| < 3R. So, for the balls in T we

(Bl 2) = |

2| d < / 2|°dz < (5R)"wn(5R)" = CR™e.

B(z0,2R) |z|<5R

Also note that the function |z|* is radially increasing for @ > 0 and radially decreasing for
a < 0. So, we have

/ |z|*dx > Joo.m 121de, when a > 0, 1.6
B(o,R) B fB(:sRLgl,R) |z|°dz  when a < 0. :

|z

For x € B <3Rli—g|, R> we must have |z| > 2R. Thus both integrals in the inequality (1.6)
are at least a multiple of R"*®. This establishes the doubling condition (1.5) for the balls

in T5. This completes the proof.
m

Definition 5. Let (X, ) be a metric measure space. The Hardy-Littlewood Maximal func-

tion of a locally integrable function f on X is defined by

1
M) =sp s [ S wldnty)



Theorem 6. let u be a Lebesque measure in R™. If f € LY(R™, p) and is not identically 0,
then M f ¢ L*(R™, p).

This is true in any Euclidean space R™. But it is not true in arbitrary metric spaces.

We can see this by the following example:

Example 7. Let X = [0,1] and let u be a Lebesque measure on X. Then M f € Li (X, u)
for any f € Li,.(X, p).

The integrability of M f in the above remark fails at infinity, and does not exclude local

integrability. However, the following example shows that even local integrability can fail.

Example 8. Let

Fa) = W if 0 <z <1/2
0, otherwise

The local integrability of M f fails for this function.

The following theorem provides a partial converse of the Theorem 6 that characterizes

when M f is locally integrable.

Theorem 9. ([19]) If f is an integrable function supported on a compact set B, then
M f e LY B) if and only if flog™ f € LY(B).

In a metric measure space (X, d, u) with u (X) < oo we can find an integrable function
such that its maximal function is also integrable. For example, any constant function defined
on X has this property. It is remarkable to find such a function when p (X) = co. Consider

the following example:
Example 10. Let du(z) = el*ldz, f(z) = x1(z), z€R.

Clearly, 1 (R) = oo and f € L'(u). Let z ¢ (—1,1). We may take z > 1 and let
B = B(z, R) be a ball with center at x and radius R. For x — R > 0,
z+R z+R
u(m) = [ ey = [ ey = e o
z—R z—R

5



For x — R <0,
z+R 0 z+R
u(B) = / elldy = / e Ydy + / eVdye = 77 4 BT 2,
z—R r—R 0

Next we compute [, X(-1.1)(y)edy. For x — R > 0,

1
/ X(-1,1)(y)edy = / evdy = e — ek,
B r—R

Forx — R <0,

0 1
/ X1 (e dy = / ¢ty + / eldy = e e -2,
B z—R 0

Let

1
g(R :—/X, y)elYldy.
(1) = 5 [ 3w
Note that M f(x) = supg.og(R). We also note that z — 1 < R < z + 1. So, M f(z) =

max,_1<p<s+1 ¢(R). From the above computation, we see that

e — et Rt .
(R)— | T o R ifz—R=0,
gut) = el e —2 )
ifz—R<O.

eR—z + €R+m -9
Note that e — ¥ F ettR o= oB=2 1 ¢ 9 and ef~* +ef+* —2 are all increasing functions

of R. Because of the inequality r — 1 < R <z + 1,

e — 6z—R <e— ex—(x—i—l) —e— 6_1,

ez+R _ e:rfR > 629371 .

e?
ef'™ 4 ¢ — 2 < 2¢ —2,and
eRfm + €R+x —9 Z 623:71 — 24 671.

Thus

g(R) = < : for *x— R >0,



and
e +e—2 2e(e — 1)
g<R> - R—x Rtz _ < 2 __
e +e 2 e 2e +1

for z — R < 0. We also note that
1—e?2<2(e—1)
and
e —2e4+1<e*—1.

Therefore, for every R € [z — 1,z + 1]

2e —1 <2e(e—1)
e2r —2e+1 " e -5

9(R) <

This means that

Mf(z) < %

By symmetry
2 —1
/ M f(z)du(z) < 2/ 5 e’dr < oo.
2¢(=1,1) 1 € =0
For x € (—1,1), let B be a ball with center at € (—1,1). Then,

5 [ xcrnute) = HLEOCLD) <

Therefore, we conclude that M f € L'(u).

1.3 Covering and Interpolation Theorems
Dyadic Cubes in R":

Definition 11. (Dyadic Cubes in R™) The unit cube in R™, open on the right, is defined to

be [0,1)". Let Qg be the collection of cubes in R™ which are congruent to [0,1)" and whose

7



vertices lie in Z". Let Qp = {27%Q : Q € Qu},k € Z. That is, Qy, is the family of cubes,
open on the right, whose vertices are adjacent points of the lattice (2"“2)”. The cubes in

Q := U, Qy are called the dyadic cubes.
We get the following properties of the dyadic cubes from this construction:

(a) For every x € R" there exists a unique cube in Q) which contains it;
(b) Any two dyadic cubes are either disjoint or one is wholly contained in the other;

(c) A dyadic cube in Qj, is contained in a unique cube of each family Q;, j < k, and contains

2™ dyadic cubes of Q.

The covering lemmas provide the standard approach to prove that the Hardy-Littlewood
maximal function in R" is weak type (1,1). We state here very useful covering lemmas due to
Whitney, N. Weiner, A. Besicovitch and A. P. Morse. Note that for any ball B = B(x,r),t >
0 we mean by ¢B the ball concentric to B with radius tr. That is, tB = B(z,tr).

An arbitrary open set in R™ can be decomposed as a union of disjoint cubes whose
lengths are proportional to their distance from the boundary of the open set. For a given

@ in R", we will denote by ¢(Q) its length and by diam/(Q) its diameter.
Whitney Decomposition:

Theorem 12. (Whitney Decomposition) Let §) be an open nonempty proper open subset of
R™. Then there ezists a family of dyadic cubes {Q;}; such that

(a) Q= ; Q; where Q;’s have disjoint interiors.
(b) diam(Q;) < dist(Q;, Q) < 4diam(Q);), for every j. That is,
VAl(Q) < dist(@;, ) < 1y/Al(Q)

(¢) If the boundaries of two cubes QQ; and Qy touch, then

Q)
R

<

1=
~

0]



(d) For a given Q);, there exists at most 12" Q) ’s that touch it.

The family of dyadic cubes {Q;}; as in the above theorem is known as a Whitney Decom-

position of Q. ([25])

Remark 13. Let F = {Q;}; be a Whitney decomposition of a proper open subset 2 of

R™. Fiz 0 < € < 7 and denote by @)} the cube with the same center as Qy but with side

i
length (1 4 €) times that of Qi.Then Q) and Q; touch if and only if Qy and Q); intersect.

Consequently, every point of €1 is contained in at most 12" cubes Q)y. That is ,
> Xarae(®) < 12"xa(w)
k

([25])

Theorem 14. (Vitali Covering Lemma:)([20]) Let {B;}je- be a collection of balls in R™.

Then there exists an at most countable sub-collection of disjoint balls { By} such that

UB; <l 5B
k

The next covering theorem is due independently to A. Besicovitch and A.P. Morse.
Besicovitch Covering Lemma:

Theorem 15. (Besicovitch Covering Lemma:)([20]) Let A be a bounded set in R™, and
suppose that {By}rea is a collection of balls such that B, = B(x,r,), 7, > 0. Then there
exists an at most countable sub-collection of balls {B;} and a constant C,,, depending only

on the dimension, such that
AcC UBj and Z)(Bj(x) < C,.
J J
The following theorem is a version of classical Besicovitch Covering Therem.

Theorem 16. (/30]) Let A be a bounded set in a metric space X and F be a collection of
balls centered at points of A. Then, there is a sub-collection G C F such that
Ac|JB
Beg

9



and that

5

1s a disjointed family of balls. Moreover, if X carries a doubling measure, then G is countable,

%Q—{EB:BGQ}

and if X = R"™, then one can choose G such that
ZXB(QJ) < C(n) < o
J

for some dimensional constant C(n), where xg denotes the characteristic function of a set

E.

Next we state interpolation theorems. They are useful tools in proving the L” bounded-

ness of maximal functions for 1 < p < oco.
Interpolation:

Theorem 17. (Riesz-Thorin Interpolation, [19]). Let 1 < po,p1,qo, @1 < 00, and for 0 <
0 <1 define p and q by
1 1-46 0 1 1—-6 0
+—, +—.
p Po P1 q 4q0 0

If T s a linear operator from LP° + LP* to L% + L9 such that

1T fllg < Mol fllpy for fe€ L

and

1T fllgy < Ml fllpy for | e L™,

then
ITfllg < My M| fll, for feLP.

Definition 18. Let (X, ) be a measure space and let f : X — C be a measurable function.

We call the function ay : (0,00) — [0, 00], given by
ar(A) = p({z e X: f(z) > A}),
the distribution function of f associated with p.

10



Note that the weak inequalities measure the size of the distribution function. The following
interpolation theorem which is due to Marcinkiewicz helps to deduce LP boundedness from
weak inequalities. It applies to larger class of operators than linear ones. Note that maximal

functions are not linear but sublinear.

Definition 19. An operator T' from a vector space of measurable functions to measurable

functions is sublinear if for every pair of measurable functions f and g and for every A € C

T(f +9)(@)] < |Tf(@)] +[Tg(x)],
TN = INITFI-

Theorem 20. (Marcinkiewicz Interpolation, [19]) Let (X, ) and (Y,v) be measure spaces,
1 <py <p1 < o0 and let T be a sublinear operator from LPo(X, ) + LPY(X, ) to the
measurable functions on Y that is weak (po,po) and weak (p1,p1). Then T is strong (p,p)

for po < p < p.

Definition 21. (Central and noncentral mazimal function:) Let p be a non-negative Borel

measure in R, n > 1. If f € L},.(1), we define the mazimal function

M, fa) = sup /m e

where supremum is taken over all balls B containing x. Here B may be assumed open, closed,
or containing any p-measurable part of its boundary. In this definition, x is not necessarily
at the center of the ball B. This is called noncentral maximal function of f. The mazximal
function defined above is called a central maximal function if the supremum is taken over

only to the balls with center at x. It is denoted by My.

A natural question to ask is: For which y is M a bounded operator on LP(R™,du)? It
follows from the Besicovitch Covering lemma and Marcinkiewicz interpolation theorem that

Mﬁ is L” bounded where 1 < p < oc.

Theorem 22. ([21], [22], [18]) Let jv be a nonnegative Borel measure in R™*,n > 1. Then

11



(a) Mg is weak type (1,1). That is

p({z eR": M f(x) > A}) < <|fller YA>O0.

> Q

(b) Mg is strong type (p,p) for 1 < p < oo.
Proof. (a) Let f € Lj,.(R™) and A > 0 be arbitrarily chosen, and let
Ey={xeR": Mf(x)> A}

Let K be a bounded measurable set of R™. For every x € E)[] K there exists an open

ball B, = B(z,r,) centered at = and radius r, such that

1

0B L |f(y)]du(y) > M.

Then the collection {B;}.cp,nk is an open covering of the set Ey (K. Using the
Besicovitch Covering Lemma, there exists a sub-collection {B;}32, of { B, }sep, nx, and

a constant C,, depending only on the dimension n, such that
E,\ﬂKQUBj and ZXBj(x) < C,.
J J

Hence,
% (EAHK) <u <UBj> < Zu(3j> <
3%;/3 f(y)lduly) <
1
5 [ el Y s

= / D) )ldnty) <

IA

Ch
§7||f||L1(u)-

Since this estimate is independent of K, we obtain

C
n(Ey) < X|f”L1(p,)

for every A > 0.

12



(b) It is clear that
[ME S| < ([ fllzoe

for every f € L°°(u). This implies that

1M fll ooy < NIl -

Thus the centered Hardy-Littlewood maximal operator M} is both weak type (1,1)
and strong type (00,00). Therefore, by the Marcinkiewicz interpolation theorem, it
follows that the centered Hardy-Littlewood maximal operator My is strong type (p,p)
for 1 < p < o0.

]

Remark 23. The above theorem is not necessarily true for noncentral maximal function

M,,.The following theorem reveals this fact:
Theorem 24. ([/1])Let i be a nonnegative Borel measure in R™ n > 1.

(a) Forn =1,M, is weak type (1,1) and strong type (p,p) for 1 < p < 0.

(b) Forn =2, there is a measure p for which M, doesn’t map L*(p) into weak L'(u). The
situation is the same if the balls in the definition of M, are replaced by squares parallel

to the axes.

Proof. (a) Without loss of generality, we may assume that 0 < f € L'(u) and let A > 0.
Let E\ = {z : M, f(x) > A}. Then for every x € E) there exists an interval I, > x such
that

1
0<plle) <+ | fy)duly).
I
Let F be the set of these intervals. Clearly p(I) < 1 [, f(y)du(y) for every I € F.
That is p(I) is bounded for every I € F. Next we extract a family of disjoint intervals

from F in the following way: Having chosen Iy,...,I;_1,7 > 1 let I; be an interval in

JF disjoint from Iy, ..., I;_y, if any, such that
2u(L;) >sup{p(l): I € F,I disjoint from Ir,...,I;_1}.

13



The disjoint condition is void for j = 1. This selection either stops at some j or gives
an infinite sequence. Note that the collection {1y, I5, 15, ...,1;,...} doesn’t necessarily

cover E/y. Then
Zu(fj) < %Z/j fW)du(y) < % . f(y)du(y) < oo. (1.7)

So pu(I;) — 0 as n — oo in the case when there are infinitely many disjoint intervals
I;’s. Now we enlarge each I;. Let a; and b; denote the left and right end points of [;

respectively. Define,

a; =inf{z:x<a; and p((v,a5]) < 2p(l;)}

and
b;‘ = sup{y 7 > bj and ,Uz([ijy)) < 2:“(]]')}

and let IF = (aj,b5). Then I7 D I; and pu(l;) < 5u(l;). Let I € F and I # I; for
every j. Then I must intersect some ;. If I; is the first one which intersects / then
p(I) < 2u(l;) because of the selection process of I;’s. But then I C I3, and therefore

Ey C U, I;. this implies that
1
p(Ey) <5 p(l;) <55 | T@)dn).
j n

Clearly ||Mfllzeo(uw) < | fllzoo(u). Therefore, part (a) follows from Marcinkiewicz inter-

polation theorem.

(Two-dimensional counter example:) Consider the standard Gaussian measure p where
du(z,y) = e~ @ 19)/2d5dy. Let the maximal function M,, be defined with disks. Then
M, is not weak (1,1).( See [41], [5])

Proof. Here we take as u the standard Gaussian measure du(z,y) = e~ @ *)/2dzdy. Con-

sider that the non-centered maximal functions M, are defined with disks. By a simple

limiting argument, a weak type (1,1) estimate for M, would imply a weak L' estimate
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for the maximal function M\ of a finite measure A, which it is enough to disprove. Let
us take A\ as a unit mass at (0,a + 1),a > 0 large. Consider a unit disk By centered at

(s,a+1),|s] < 1. Observe that
(-8 +y—(a+1)P =1
implies that

(o)
2

So, the ball By C {(z,y) :y > a+ @} Using also the fact that

> 1
/ e At~ =2 (1.8)
» T

y>a+

for large x, we obtain

/ dl’/ e~ Y /Qdy < _/ —(a+22/2)?2 /de
-1 +x2/2

< —6 —a /2/ e—ax2/2dx < _e—a2/2.
a . av/a

Here the constant C' denote various positive constants. Hence, M, A > Ca\/aeaz/ 2 in the set
{(x,y) : |z| <1,a <y < a+ 2}. This set has p-measure at least Ca~'e /2 because of the

relation (1.8). As a — oo, this disproves the weak (1,1) estimate. ]
]

Remark 25. If i satisfies the doubling condition, then M, is always of weak type (1,1).

The following theorem reveals this fact:

Theorem 26. Let p be nonnegative Borel measure in R™ satisfying the doubling condition

1.1. Then the noncentral mazimal function M, satisfies the weak (1,1) inequality.

Proof. Let E\ = {x € R" : M, f(x) > A}, A > 0. Then for every x € E) there exists a ball

B, containing x such that

u(B.) <5 [ 11 wuty).

15



Let F be the collection of such balls B,’s. Then by the Vitali-type covering lemma due to
N. Wiener (Theorem 14), there exists an at most countable sub-collection of disjoint balls

{Bg} such that

E, C UBCU5Bk

BeF
Then

C C
) < S 6B < Z [, 1w =5 [ 60 <
O

We saw that, for n = 1, M,, always maps L'(dp) into L' (dp), no matter what g is. In
R", and if p is a doubling measure, then M, is of weak type (1,1). For n = 2, we saw that
the maximal operator associated with the measure du(z) = e~17°/2dz does not have the

same boundedness property. So, there are two questions that arise from these observations:

(1) Is there any non-doubling measure x4 in R"™, n > 1, such that M, is weak (1,1) ?

(2) How can we know whether or not a measure p provides a weak type (1, 1) operator 7

For certain kinds of measures, a weaker hypothesis than doubling implies that M, is
weak (1,1). The following theorem characterizes the measures p for which M, is bounded

from L'(dp) to LY*°(du). This answers the second question.

Theorem 27. ([53]) Let p be a rotation invariant and strictly increasing measure on R"

which 1s finite on compact sets. The following assertions are equivalent:
(a) M,, : L'(dp) — L*>°(du) is bounded.
(b) There exists a constant C such that for all r < 10a,

p{a<l|z|<a+3r/2}) <Cu({a+r/2<|z|<a+2r}).
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(c) w is a doubling measure away from the origin, that is,
p (B(xo,25)) < Cp(B(xo, )
for all s < |zo|/4, with C independent of s and xy.

Example 28. du(z) = (1+ |z|*) " dz is doubling away from the origin. So, M, is of weak
type (1,1). Butif a > n, du is not a doubling measure. This example provides an affirmative

answer to the first question.

For the case of a measure du(z) = g(|z|)dz with g monotonic, (b) has even simpler

statement:

Corollary 29. (A. M. Vargas [53]) Let du(x) = g(|x|)dz be a measure in R™ with g mono-
tonic and strictly positive on (0,00). Then M, is of weak type (1,1) if and only if there are

some constants ¢, > 0,k € Z and C > 0 such that
cx < g(r) < Coy

for 2k=1 < p < 2R

1.4 Non-doubling Measures

We are interested in measures weaker than doubling measures. In this section, we introduce

non-doubling measures with some examples.

Definition 30. We say that a Borel measure v on a metric space (X, d) satisfies a growth

condition if there exists a constant C' > 0 and N > 0 such that
p(Blx,r)<Crh, zeX, r>0. (1.9)
This inequality is known as a growth condition for p.

Example 31. The following are some examples of non-doubling measures:

17



(i) The Lebesgue measure in R™.
(ii) The gaussian measure du(z) = e~ dz in R".
(i1i) In general, du(x) = w(x)dz in R™ with a bounded density w.

(iv) Let Q = [-1,1] x [-1,1] CR? and I = Q NR. Then du = xq(z,y)dxdy + xr(z)dz is
a non-doubling measure in R2. In fact, if B is the disk centered at (x,y) € Q,y > 0,

of radius y, then u(B) = wy? while u(2B) ~ y.

Note that some doubling measures are non-doubling as well. For example, the Lebesgue
measure in R" is doubling and non-doubling as well. But every doubling measure is not

necessarily non-doubling. The following examples reveals this fact:

Example 32. Consider the doubling measure du(x) = 2zdz in (R, |.|). Let B be a ball with

center y > 0 and radius v in R. Then

y+r
w(B) = / 2xdr = 4yr.
v

Clearly p1(B) < COr¥ s false for any pair of constants C' and N because pu(B) can be made
as large as possible by taking y > 0 sufficiently large.

In this sense, the non-doubling measures are weaker than the doubling measure.

18



Chapter 2

Estimates for Riesz Potentials by
Maximal Function

2.1 Introduction

In this chapter we generalize the Hedberg type inequalities to a metric apace (X, d, u)
endowed with a Radon measure p satisfying the following growth condition: For every ball

B(z,r) there exists a constant C' independent of x and r such that
w(Bla,r) < Cr™, 2.1)

This allows, in particular, non-doubling measures. Sometimes we shall refer to condition
(2.1) by saying that the measure p is N-dimensional.

Hedberg inequalities are point-wise estimates of potentials in terms of maximal functions.
In the sequel, we will define modified maximal functions which are bounded operators on
LP(X, ) for 1 < p < oo and apply these maximal functions to obtain exponential inequalities
involving Riesz potentials. It was V. I. Yudovich [56] in 1961 who first announced these
estimate. N. S. Trudinger [51] in 1967, J. A. Hempel, G. R. Morris and N. S. Trudinger
[34] in 1970, and R.S. Strichartz [44] in 1972 provide generalization and extension of such
inequality. The latest known development with correct limiting exponent is due to L. .

Hedberg [28] in 1972.
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2.2  Generalization of the Hedberg Inequalities

Definition 33. Let (X,d, u) be a metric measure space, and let 0 < o < N. The fractional
integral 1, associated to the measure p satisfying the growth condition (2.1) is defined, for

appropriate function f on X as

I.f(x) :Lc&%dﬂ(m-

This definition makes sense when f is bounded and has bounded support because the

function f — 18 locally integrable. This follows from the lemmas that follow the

d(z,y)N-
next definition.

Definition 34. Let (X,d) be a metric space, j1 be a Borel measure on X and f be a locally
integrable function on X. The maximal function of f, M(f), is defined by

1
M(f)e) =swp i) /B@,r)

The fractional mazimal function of f is defined for 0 < a < N by

|f(y)]du(y).

1

M, ) =sup ———— d ,
(Hi) 7'>IO) u(B(x,r))~ /B(J:,r)lf(y)| a2

Theorem 35. In an Euclidean space R™ there exists a constant C' such that

Mo(f) < Cla(f)

for all f >0 where

— y)d

Then, M, maps LP to LY whenever I, does.

Proof. Without loss of generality, we may assume that f > 0. For |y| <tand 0 < a <n it

t n—«
1 S <_> — tnfa’y|afn.
]
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Therefore,

]' 1 —NnrTaon—«a
[ el < e [l il ey
(Uptm) ™ Jlyl<t (vptn) ™ i<t
1
= n—a ‘[Oé(f) (I’)
Up"
Now taking supremum over all ¢ > 0 yields
Mo (f)(z) < CL(f)(x)

for every x and for every f > 0. Therefore,
Mo(f) < CLa(f)
for every f > 0. Next, suppose that I, maps L” to L9. This means that
Ha()llpe S Cllfllr feLP.

Then for any f € L?,
[Mo(f)llr = ( 5 !Ma(f)(a:)|pdx)p

< ([ lenin@pa)’
~ Ll
S C~’||f||L4;{

Therefore, M, maps LP to LY whenever I, does.
Now we state the following two classical theorems from Harmonic Analysis:
Theorem 36 (Hardy-Littlewood-Weiner Maximal Theorem). For every 1 < p < oo
M : [’(R",R) — LP(R™,R)
1s continuous. That s
IM [l @y < CllFllr@n )

For p =1 the Hardy-Littlewood mazximal operator M is weak type (1,1).
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Theorem 37 ( Hardy-Littlewood-Sobolev Fractional Integral Theorem ). If 1 < p < ¢ <

1 1
oo,—:——gand0<a<nthen

g p n

I, : IP(R",R) — LYR",R)
is continuous. That is, there exists a constant C' > 0 such that for every f € LP(R", R)

o f |l Lo@r ) < C||fllLr@n r)-

These two classical theorems stated above are linked by an inequality due to L. R.

Hedberg [28] which states that
af (@) < Apo( @M@V I f | r@ny' ™7, xR (2.2)

1 1

for every f € LP(R",R) where 1 <p < g<oo, —=-— 2 and the constant A, (a) is
q p n

independent of f. This was first introduced by L. R. Hedberg in 1972. D. R. Adams in 1975

2] extends the Hedberg inequality for a fractional maximal operator. This is summarized

in the following theorem:

1 1
Theorem 38. [2/ Let « > 0,1 < p < ﬁ,a < g < o0 be such that — = __g+%.
« r p n  ng

Then there exists a constant C' > 0 (depending on the previous parameters) such that for all

positive functions f we have

ap 1_ap

Lf (@) < Moy (@)™ Mo(f) ()

This yields

TP < ClMayp (O L1 (2.3)

Proof. For f #£ 0, set

L(f)(x) = Rnf(w—y)lyl‘"+ady

= f)|z —y|"dy
Rn

= [+1I,
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where,

I = / L)_dyv
|lx—y|<é |I - y|n “

I - / f(y)_ dy
I e

For every k € Z define
ap(r) = {y : 26 < |z — y| < 2F*16}.

Then,

1l =

Z/ F)le —y| " dy
k=1 a_(z)

Z/ F@)lz =y dy
1 v 27 Fo<|z—y|<27kFLS

IN

o0

S (2 kg) e / F(w)dy.

1 jo—y|<2k+16

IN

[e.e]

> @7 Fa) 2 ) MO f(x).

= Co"My(f)(2),

IN

since 0 < v < n. Similarly,

23



S| Wz =yl dy

k=0 v %k (=)

= Z/ F)le —yl " dy

o J 2RO |z —y|<2kt1s

(11 <

o0

g}]%w*/ F@)ldy
Pt |lz—y|<2k+15
- §£j<2k5>a—"<2k+15>"—2<2k+15>—<"-?>U/" F)ldy
k=0 |z—y|<2k+16
— 236 S 2D M ()(w)
k=0
< Oy Ma(f)().

Thus,

I(f)(@) < C (8°M(f)(x) + 6™ 3 M (f)(x))

To minimize this expression, we choose

5 [M;;(f)]".

Mo(f)

Then we obtain,

We have

which yields

ng n
ng n
rap’ r(n — ap)
conjugate pair, we get

This means that ( > is a conjugate pair. Using Holder’s inequality for this
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rap

oD < O [ ME(f)5 (@) Mo(f)" ) (2)dr

Rn
1*%“

ClMe(f) =l | Mo(f)”

Lrap

N

Lr(n ap)

ClIMa (Dl IMo(HI ™

Therefore,
Sk (1-2)
o (e < CIUM= ()| Lo [1MoC) e ™

We note that M, is the classical maximal function M which maps LP to itself. Hence,

()l < CIMa (I 1715 ™.
O
Note that since M, ,f < C(M,|f[")'/? the inequality (2.3) becomes the familiar Sobolev
inequality when ¢ = co. M. Martin and P. Szeptycky in 1997 [32] give a generalization of
the Hedberg inequality. We summarize this in the following theorem. Let k : R®™ — R
be defined by k(tz) = t""k(x),x € R*\ {0},0 < k < 1 and t € (0,00). The convolution
operator T associated with k is defined as

Tfx) = ks f@) = | k) - g)dy, x € R

The maximal function associated to k is defined as

M) =sup e [ 17—l € R

where
X ={z e R"\ {0} : [k(z)| = 1}|_J{0}
tX ={tx:z € X}, t e (0,00).
It is assumed that vol.(tX) # 0. We observe that T and M become the classical Riesz

potential I, and the classical maximal function M respectively by taking k(z) = |z|*™"

where 0 < o < n. The following theorem is the generalization of the Hedberg inequality:
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Theorem 39. [32] Suppose that 1 < p < (1 —k)~'. Then
T f ()] < AMf (@) =775, (2.4)

for every f € LP(R™) and almost all x € R™, with

K

! P vol(X)| . (2.5)

A:Mhmzl_ﬁ1_ﬂ—@p

Moreover the inequality (2.4) is sharp.

Note that the Hedberg inequality (2.2) follows from (2.4) by taking ¢=' = p~! — (1 — k).
The best value of A, in (2.2) follows from (2.5) which is
17p—1+q—1

q pPqg—q+p
A, = vol.(B" . 2.6
v =, p (B™) (2.6)

Theorem 39 thus provides an improvement and generalization of the Hedberg inequality
(2.2). The improvement amounts to determining the best value of the constant A, ,(«),
and the generalization is achieved by replacing the kernel function k, with a broader class
of homogeneous kernels, and providing the sharp form of the inequalities derived for these
kernels. M. Martin and P. Szeptycki [33] in 2004 completely characterize the kernel function
on R™ with the property that the associated convolution operators are controlled by certain
maximal operators, in a way similar to Hedberg’s inequality (2.2). Let X and Y be two
metric measure spaces equipped with positive Borel measure. Let K : X X Y — [—00, 0]
be a measurable function on X x Y. Let Tk denote the integral operator associated to K
given by
Tef(@) = [ Ko fidy. o e %

and defined for measurable function f : Y — R such that the integral above exists for
almost all x € X. Let

Y= A{(z,y) e XXV : [K(z,y)| = oo}

and assume that ¥ has measure 0 with respect to the product measure on the product

measure space X X Y. Now for x € X and 0 < t < oo define the set Q[z,t] = {y € Y :
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|K(z,y)| >t} and let w : (0,00) :— [0, 00] be the function defined by w(z,t) = measure
Q[z,t]. That is w(z,.) : (0,00) — [0, 0] is the distribution function corresponding to the
measurable function K(z,.) : Y — R. We always assume that w(z,t) < oco. For every

measurable function f:Y — R we associate its maximal function mg on X by setting

(x) !
m ) = su
K t>103 w(a:,t)

/ F)dy, © € X,
Q[z,t]

1
We set o) fQ[x q |f(y)|dy = 0 if Q[z,t] = 0. Now we state the theorem due to M. Martin
w(z, 7

and P. Szeptycki [33] which provides Hedberg’s inequality in its most general form.
Theorem 40. [33] Suppose 1 < k < 0o. The following two statements are equivalent:

(i) If1 <p<ooand ¢! =p ' — 1+ k™', then for every x € X there exists a positive

constant A, ,(K,x) such that

1
1——
(T f ()] < Apg (B, ) [muc (@)1 f [l (2.7)
for every f € LP(Y,R).
(i) There exists a measurable function \ :— [0, 00| such that
wr(z,t) < XMzt ™", zeX, 0<t < oo (2.8)
Whenever (i) or (ii) is true, and \(x) in (2.8) is defined as
AMz) = Stl>lg t"w(z,t), v € X, (2.9)
a possible value of A, (K, x) in (2.7) is given by
1_p71+q71
—q+
Ay (K 0) = fp {pq pq P .A(x)] (2.10)

Moreover, at points x € X where (2.8) is an equality for allt € (0, 00), the value of A, 4(K, x)

in (2.10) is the best constant in inequality (2.7).
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The above discussion is a short description of the improvement and generalization of Hed-
berg’s inequality. Next follows the generalization of the Hedberg type inequalities presented
in Chapter 3 of [4] to a metric measure space endowed with a Radon measure satisfying the

growth condition (2.1). For this we start with the following two useful lemmas.

Lemma 41. For every v > 0

1
——— s duly) < Cr7,
/B(x,r) d(l‘a y)N_7 ( )

where C is a constant.

Proof. Suppose N < «. Then d(z,y) < r implies that < 7N, Using the

d(z,y)N =
condition (2.1) we obtain

1
————du(y) < NerN = o,
/B(:I: T) d(ZE, y)N_’Y ( )

Next suppose that v < N and let
Bp(z) ={y: 27" <d(x,y) <27}, k=1,2,3,...

Then B(z,r) = Upey Br() a disjoint union. Also note that B, C B(z,27%r) for every

k =0,1,2... Now using these remarks and the condition (2.1), we obtain

[e.e]

! 1
/B(x,r) Wdu(y) = / Wdu(y)

k=0
e

<D = —p(B(x,27"r))

k_

0 2<k+1><N 0o
<Y et

k=0

We also have
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Lemma 42. For every v > 0

1
——— v duly) < Cr77,
/X\B(m,r) d(x, y)N*+ )

where C is a constant.

Proof. Let By(z) = {y : 2"r < d(z,y) < 2*"'r},k =0,1,2,.... Then B(z,r) = U, Br(x).
Then

1 - 1
——— N ) = / ——— N dnly
L\B(z,r) d(QZ, y)N+7 ( ) Z By(x) d(ﬂ?, y)N—PY ( )

k=0

= p (B, 28r)
< Z (2k7) Ny
k=0

oo (2k+17")N

“ 2 e

i

IN

=C Z 27 k=Y = O

k=0

]

Lemma 43. Let u be a measure on a metric space (X, d) which satisfies the growth condition

(2.1) and let f be a function on X which is either a nonnegative measurable function or

feLL.(X). Let 0 < o < N. Then,

0) Sienr<s TP ils) = (V=) f} (S FO0)) et s i £

) Sipres198 s S0 =} (e S@10)) T+ (S f @) 08(5)

(c) fd(:v,y)zé d(xjjggv—a du(y) = (N—a) [ (fB(x,r) f(y)dﬂ(y)> TN_laHdr— (;Nl_a fB(x,é) fy)du(y).
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Proof. (a) Using Fubini, we get

- [ ([ )
=(N-a) /B ) f(y) ( /d ;y) %) du(y)
= /B . f(y) ( d(x’yl)N_a - 5N1_a) du(y)

B fy)duly) 1
N /B(a:,é) d(z,y)N-o  oN-« /B(w,é) F@)du)

(b) Using Fubini, we get

/05 (/B(x’r)f(y)du(y)> %
- /B@:,é) (/d:m,y) %) Fy)dpy)

1 1
_/B(M) (log i) log 5) fy)du(y)
— / log ! f(y)du(y) —logl / f(y)dp(y)
Bas) A,y 0 JBx.) '

(¢) Using Fubini, we get

W= [T ([ i) st

v [ ([ ) s oo [ (7 ) i
1

=(N —a) /B(w) {—N 1_ a-TN_arf(y)du(y) + (N —a) /B(M)C {—N 1_ a-,{,Nl_ar fy)du(y)

) d(z,y)

B 1 fy)du(y)
N /B(:(:,&) 5N_af(y)du(y) " /B(x,J)C d(z, y)N-o

[]

Proposition 44. Let p be a measure on a metric space (X, d) which satisfies the growth
condition (2.1). For 0 < a < N,1 < p < oo, there exists a constant A = A(a,p, N) such
that for any measurable function f >0 and x € X

(0) Lf@) < ANfIS"Mf@) =% 1<p<.

«
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(b) Toof(2) < Alaf(@)" Mf(2)'7 0<0<1.
(c) Lof(x) < AM, f(x)? M f(z)'~* 0<60<1.

Proof. (a) We claim that

D) fopres LD < A5 f().

fd (z,y)>6 % > A5a_N/prHLp-

Proof of (1). Using the part (a) of Lemma 43, we obtain

[t =oce [ ([ s s g [ s

J X, T
< - apatfo) [ DM (B 0)

erN 1

5
<(N — oz)Mf(x)/O g + 5N*aMf($)C5N

§
=(N — a)M f(z) /0 r*~tdr + Co“M f (z)

— M f(2)6™ + C5*M f(x)

—COM f(2)5° (N; 5 1>
— A§° M f ().

:C(N

N

Proof of (2). We observe that (N — a)—— = N + (— — a) Ll Now, using Hoélder’s
p p—=

inequality and Lemma 42, we obtain

[
d(zy)>s AT, y) N~

du(y) B
<|If / .
s < da)>s d(a,y) N Ve

d y
<iflh ( [ o
d(zy)>6 d(x,y)" T r VT
=||£[l,C5~
= AN £l
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Now, using the claims (1) and (2) we obtain
T ) duly)
x d(z, )N
_ / f(y) du(y) +/ f(y) du(y)
d(z,y)<é d(l’, y)Nia d(z,y)>8 d(l‘, y)Nia
< AS*M(f)(x) + AF* NP ]l

Iof(z) =

p
Then by taking 6 = §(z) = ( 171l ) we obtain,

M
N

Ly < a (s YT LUl N

J@ <4 () 4 (ae) b

=A|FlgPN MF) ) =P 4 A5 M) () o

=C|| fIISP/N M (f) ()N

Proof of (b):
Note that 0 < @ < N for 0 < o < N and 0 < # < 1. So we can replace a by af in claim
(1) of part (a) in Proposition 44 and get
oays g < 4PN 1)
Note that
N—af=(N—a)+ (a—ab).

) < (%)a_ag = 50, (2.12)

Now, using the inequalities (2. 1) d (2.12), we obtain

rette) - [ 2000,

f(y)du(y) f(y)du(y)
/d(x,y)>6 d(ZL‘, y>N_a9 " /d(x,y)<6 d(l‘, y)N—aG
ab—a fy)du(y) fy)du(y)
N ’ /d(x,y)>6 d(xv y>N_a * /d(:c,y)<6 d(l’, y)N—a9
< A(6 I f(x) + 0 M f(x))

So, d(x,y) > ¢ implies that

d(z
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Lo f(x)
Mf(x)

Lofla) = [ S0

() s (f)

< A(Lof(2)" M(f)(x)*

1/a
Now we choose § = < ) and obtain,

Proof of (¢): We claim that

/( . dfz(y)du(y) < A5, (2).

T, y)N—aQ

Proof of the Claim:

/ f(y)du(y)

(2,y)>0 d(l‘, y)
= / f(y)duly)
d(z,y)>0 d(l‘, y) (N—a)+(a—ab)

< gfmageN / fy)du(y)
d(z,y)>6

- N—a 1
— §et=age=N(B(z, 5)) "~ _ d
B s /d(w)>5f<y> u(y)

< ASY M (f) ().

We also have,

/ JOAY) 500 pr () ).
(

d(z,y)<d d(l‘, y)N—a9
Now taking

- (ﬁ(f))(%) ) :

we obtain the desired inequality.
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2.3 Modified Centered Maximal Function

Definition 45. Set (X,d) be a metric space endowed with a Radon measure pn such that
w(B) > 0 for all ball B with positive radius. Such balls are called non-degenerate. We

define the k times modified centered Hardy-Littlewood maximal operator as follows:

1
My f(z) = sup W (Blo k) /B(m) |f(y)ldu(y).

Lemma 46. Let p be a Radon measure which satisfies the growth condition (2.1). Then for
any measurable function f on X
J)dply)
< A0 My f(x).
/ y)<d d(:U yyNoe of(@)
Proof. Without loss of generality, we may assume that f > 0. By part (a) of lemma 43,

/ f(y)du(y)

(z,y)<0 d(ZL‘, y>N—a

o [ ([ ) st s [ )

) 1 1
:(N—a)/o p (B, k) Mif (@) 5= dr + symq (B, ko)) Micf(z).

1 1

5
< (N—a)C’k:NMkf(a:)/ rNN dr +

e LU g CENON My f ().

— kNS M, f(x) (N; G 1) .
= AéaMkf(x)

Lemma 47. Let p be a Radon measure which satisfies the growth condition (2.1). Then

Sy)duly) N
< AN Il o
/d(xy > d(z y)N o [AIFZe )
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N
Proof. Note that (N — &)Ll =N+ (— - a) Ll Using the Holder’s inequality and
p— p p—
Lemma 41, we get

/ M < Hf”LP(X ) / du(y) B
d(z,y)>6 d(l', y)Nia B * d(z,y)>6 d(l‘,y)(Nia)(P?%l)

<l | [ )
= (X, o) P :
Y \Jazs d(a,y) NP

<1l epC
= Lr(X,p)

= A8 N fll o -
]

Proposition 48. For 0 < a < N,1 < p < oo, there exists a constant A = A(a,p, N) such

that for any measurable function f >0 and x € X
Lo f(x) < A FIGP™ My f () =oP™

N
where 1 < p < —.
o

11l >”/N_

Proof. The proof follows from the above two lemmas and by taking 6 = §(z) = <M ()
k] (T

O

Lemma 49. Let (X, d, u) be a metric measure space and let W C \JN | B(x;, ;). Then there
exists a set S C{1,2,3,..., N} such that

(a) the balls {B(z;,r;): i € S} are disjoint, and
(b) w Q UieS B(J}Z, 37“,)

Proof. Without loss of generality, we can reorder the balls B; = B(x;,7;) in such a way that
71 >7T9>13> ... >ry. Let i3 = 1 and consider the ball B(x;,,7;,). We discard all B; that
intersect B;,. Let iy be the smallest index among the remaining balls. That is B(x;,, ;) is

the largest ball disjoint from B(x;,,r;,). Now we discard all B; with j > iy that intersect
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B;,. Let B;, be the first of the remaining balls. We proceed as long as possible. The process
stops after a finite number of steps, say ¢, and gives S = {iy,1s,...,4}. Part (a) follows
from the way the balls have been constructed.

Next we show that part (b) holds. For this let + € W. Then = € B(xj,r;) for some
Jj€{1,2,3,....,N}. If v € B(xj,r;) is one of B(x;,,r;, ) for some i), € S then we are done.
Suppose B(z;,r;) # B(z;,,r;,) for every i, € S. Then B(x;,7;) is one of the balls B,

discarded at some stage. That is
B(zj,r;) N B(x,, 1) # ¢ for some i, €S

with r;, > r;. Then B(z;,r;) C B(x;,,3r;,). That is z € B(x;,, 3r;,) for some i, € S. This

proves part (b). O

Theorem 50. Let (X,d) be a metric space endowed with a Radon measure p. Then the

modified 3-times Hardy Littlewood maximal operator Ms defined by

My f(x) = sup ———

DB o, O

is weak-(1,1). Namely,

plfe Mf@ > <5 [ 1rwlduy)

B(z,r)

for every f € LY (X, u).

Proof. Let Ex = {x : M3f(xz) > \}. We first prove that the set E) is open. Choose xy € E.

Then there exists » > 0 such that

1

O] o ) >

By the absolute continuity of the integral, there exists a compact set K C B(xg,r) such

that
1
m/}{ﬁ(y)ldu(y) >\
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If we take § > 0 sufficiently small, then for any y satisfying |y — zo| < ¢, it holds that
K C B(y,r) and that

1 1
A< m/;( |f(y)|du(y) < m /B(y’r) |f(y)|du(y).

Therefore the set F) is an open set.
Let K be a compact set and K C B(x,r) such that u (B(z,r) \ K) < ¢. On the other

hand, given € > 0 there exists 0 > 0 such that for every measurable set

w(E) < § implies that /Ef(y)d,u(y) < €.

Therefore,
/ fy)du(y) <e. (2.13)
B(z,r)\K

Since K C B(x,r) there exists n > 0 such that d (K, B(x,r)¢) > n. Pick a z € X such that

d(z,x) < g Now we claim that

K C B(z,r — g) C B(x,r).

1
Note that K C |J>-, B(z,r — —) and K is compact. So there exists a natural number N
n
1
such that K C B(z,r — N) Without loss of generality, we may choose n sufficiently small

1 1
so that N < —. Thus, K C B(z,r — N) C B(z,r — g) and therefore our claim follows.
n

Now, using these inclusions and the inequality (2.13), it follows that

1
Msf(z) > [f()ldp(y)
u (B30 - 1)) /Bw-g) P

2

1
> | = [ 1w+ [ i)
1

1
W10+ gy o V@

S o
@By T

This is true for every € > 0. Therefore M;f(z) > A. This proves that M; is lower semi-

continuous and therefore the set F) is open. Finally, we prove that u is weak-(1,1). Because
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1 is Radon measure and E) is open
u(Ey) =sup{u(K) : K C E, Kis compact}.

Let K C F) and K be compact. Then for every x € K there exists r, > 0 such that

1
B ) o T >

Then the collection {B(z,r,) : + € K} is an open covering of K. So there exists a finite
subcover

B(l’j,Tj) j:1,2,3N
which also cover K. That is K C U§:1 B(zj,r;). By above lemma there exists S C
{1,2,3,..., N} such that the collection of the ball {B(z,r;) : t € S} is disjoint and
K C U,cg B(w,3ry). Then

<Zu (x¢,31))

tesS

ST @i

tes (@e,re)

1
XHfHLl (X,p) -
O

With stronger hypothesis on the metric measure space (X, i) a little more can be said.

The following theorem on nonhomogeneous space is due to Y. Terasawa.

Theorem 51. Let X be a metric space possessing a non-degenerate Radon measure i such

that w(B(z,r)) is continuous in the variable r > 0 when x € X is fivzed. Then M f(x) =
1

SUD,~q (B k) fB(az,r) |f(y)|du(y) is weak-(1,1) bounded with constant 1 when k > 2.

Namely,
pl{e s Mf@) > ) < 5 [ 1£)ldn(y

for any f € LY (X, u) when k > 2.
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Remark 52. Obviously, My : L>®(X,u) — L>*(X, ). We know from above theorem that
My.(k > 2) is weak-(1,1). Therefore by the Marcinkiewicz interpolation theorem it follows
that My, : LP(X, u) — LP(X, p) is continuous for k > 2 and 1 < p < oo, that is, there exists
a constant C' = C(p, k) such that

[ M ()l regpy < Cllfllrep-

Theorem 53. Let X be a metric space , 0 <a < N,1 <p<qg<oo,and1l/q=1/p—a/N
where N is the dimension of the growth condition (2.1). Then there exists a constant A =

A(p, k) such that
Ha (A [eacen < Allfllzrec-

Proof. We observe that ¢ (1 — %) = p. Then by using Proposition 48 and the Remark 52

we obtain,

1o = [ Vol ) o)
< [ 1AV M ) ()
X
—Aq/ ||f||q°‘p/NMkf(x)‘I(l_ap/N)du(x)
A1 | M) duta)

=A%\ fI| 5 1M f 2

<CAYFIR I,
=CAY AL N IL
=CA|fIL

Therefore the theorem follows. O]

Proposition 54. Let (X,d) be a metric space and p be a Radon measure on X with

p(B(z,r) <CrY, forevery r>0,xcX, 1<p<oo, ap=N.
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Then there exists a constant A = A(«a,p) such that for every e > 0 and any nonnegative

function f € LP(X, u) with support in the ball B(xo, R) and || f| rru) = 1,

ARY M (f)(x)?

24

(Iaf(x)—e)’iSC(l—i-long ), x € B(xo, R).

1 1
Proof. Let x € B(0, R) and 0 < 2R. For — 4+ — =1 and ap =N it follows that (N — a)p’
p p

=N. Now using this and Holder’s inequality we get

/ SWduly) - _ / F)duy)
ez da g}V s<diayy<an d(z, y)N =2
du(y) )Up/( , )1/:0

(/6<d (y)<2r A(@,y) N /5<d($,y)<2R | fIPdu(y)
du(y) )1
: (/§<d (@a)<2r AT, y)N £l

uy) "
/§<d (z,y)<2R d xuy)N>

IA

7)

2R 1 2R
_ o)t + ([ i) auty
/B(x,é) /5 riH Bz, 2R\B(@6) \Jd(gy) T

(
-/ (v~ ) ) + [ ¥ (a4
)

d(z,
_u(B(x,9)) (M(B($,5)) + u(B(x,2R) \ B(x,d)) ) l du(y)
NoN NQ@2R)N N JB@er\B@s) A, y)Y
_u(B(x,9))  p(B(X,2R)) L 1 du(y)
NN NQ2R)N N Jp@2r)\Bs) Az, y)N
Therefore,
du(y) o [ (B, r)dr  w(B(z,0))  u(B(X,2R))
/(ac 2R)\B(z,5) d(z,y)N a N/5 rN r oN " (2R)N
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Because p(B(z,r)) < CRY, it follows that

d(z,y)N

From Lemma 46 we know that if £k > 2 then

[ J0) i

d(z,y)<d d(x y)N

2
/ W) oy oniog 2,
B(z,2R)\B(z,9) 0

Let
504 = min{m, (QR)Q}
Suppose 6% = W Then,
fy)duly) f(y)du(y) fy)du(y)
/B(xo,R) d(z,y)N-o /d(:zz,y)<6 d(x, y)N -« " /d(x s d(x, y)N—e
1/p
< A SOMi(f)(x) + (C+0N10g(7))
= e O (1 + log, AU (@) )“p
Therefore,

(Iof(x) — o) <c(1+1og+

Next suppose 6% = (2R)* < m Then § = 2R. This yields,
/ f(y)du(y) et O
Blao,r) (T, y)N =
This implies that
(Iaf(x) =€)
Therefore the desired inequality follows because log (ARNMk > > 0.

Theorem 55. (a) Let f € L'(X), and 0 < o < N. Then

p({x: | Iuf(zx)) > A} < A ()\—1||f||L1)N/N_a
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(b) Let f € LP(X),0 < < N,1 <p < N/a,. Set p* = Np/(N — ap). Then
oSl < Allfllp-

Theorem 56. Let f € LP(RY, u),0 < o < N,p = N/a where the measure y is non-doubling
satisfying the growth condition (2.1). Assume that supp(f) € B(0, R), and || f||r( = 1.
Then

[ PGS @) d(@) < AR

o
Yo" N
WN-1

whenever 3 < [y = where wy_1 1s the area of (N — 1)-dimensional unit sphere.

Proof. We know that for any ¢ < 1 and € > 0 there is a constant A such that
¥ <(z—eP +A forallz>e (2.14)

First, assume that [, f(z) > e. Then from the inequality (2.14) for given ¢ = ﬁﬁ < 1 and
0

€ > 0 there exists a constant A such that

cLaf(@) < (Inf(z) — )Y + A
BlLaf(@)[P < Bo (I f(x) — €/ + ABy

< a (1 +log, ARNM;(f)(x)p) L Af

N )P Bo
= log, <AR Mi(f) (=) ) + (A+1)5.

b

Therefore,

/ e (ALS@F ) duto) < / oy P40 [ARNAi’;(f Wﬂ du(z)

< ARNHinp(H) = ARY.

Finally, assume that I, f(z) < e. Then

[ ew (s@P ) < [ o ata) < AR,
B(0,R) B(0,R)
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Chapter 3

Good Lambda Inequality

3.1 Introduction

A good A inequality is a principle which allows us to derive a local or pointwise estimate
of one operator in terms of another provided they satisfy an a priori relation of measure
theoretic nature. In this chapter, we establish a good lambda inequality relating the dis-
tribution functions of Riesz potential and the fractional maximal function on R", du, where
1 is a positive Radon measure which doesn’t necessarily satisfy a doubling condition. This
is extended to weights w in A, (1) associated to the measure u. We also derive potential

inequalities as an application.

Definition 57. Let p be a positive, reqular Borel measure on R™ and let Ty and Ty be
positive sublinear operators on R™. We say that T1 and Ty satisfy the good X\ inequality if

the following two conditions hold:
(1) {T1f >t} is an open set of finite Lebesque measure for each f in C§(R™) and t > 0.

(11) If a ball B contains a set {x : Ty f(x) < A}, then to each 0 < v < 1 there exists
e = y(T1, Ty, €) independent of \, B and f so that u({y € B : Thf > N\ Tof(y) <
eA}) < yu(B).

The so called ”good-\ inequality” was first used by D. L. Burkholder and R. F. Gundy in

1970 ([12]). Let X be a continuous martingale starting at 0 and set X; = supg. o, | Xs|, X* =
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supyo | Xe|, Si(X) = /(X), and S(X) = /(X)_, where (X), is the quadratic vari-

t t

ation process of X; at time ¢. In their ground-breaking paper ([12]), D. L. Burkholder
and R. F. Gundy showed that the random variables X* and S(X) satisfy certain in-
equalities relating their distributions. These are now commonly called good-\ inequali-
ties. In the harmonic function setting the first good-A inequalities were also proved by
Burkholder and Gundy [13]. They were subsequently improved and refined by, among
others, Burkholder [11], Dahlberg [16], Fefferman, Gundy, Silverstein and Stein [26]. The
variations of good-\ inequalities and their applications can be found in the work of B. Muck-
enhoupt and R. L. Wheeden ([37]), S. D. Jaka ([31]), D. L. Burkholder ([10]), R. Banuelos
([7]), and R. F. Bass ([6]). A fair amount of deal about such inequalities is found in the book
by Rodrigo Bafiuelos and Charles N. Moore ([8]). Let us recall the classical good lambda

inequalities of Burkholder and Gundy [12] for continuous time martingales.

Theorem 58. Let X, be a continuous time martingale with mazimal function X* and square

function S(X). Then for all0 <e <1, >0 and A > 0,

62

(0 —1)?

P{X* > 6\ S(X) < e\} < P{X* > \} (3.1)

and

62

PLS(X) > 00 X" S A} £ g PUS(O) > ) (3.2)

The most commonly used form of the good lambda inequality is stated below:

Definition 59. A pair of nonnegative measurable functions f and g defined on R are said
to satisfy a good-\ inequality if there exists constants 6 > 1, 0 < eg < 1 such that for every

A>0,0 < e <€, we have
Hx e R: f(z) > oA\ g(x) < e} <ble)[{x e R: f(z) > A}, (3.3)
where b(e) — 0 as € — 0.

As they are expressed here, these are actually a refinement, due to Burkholder (]9]), of

the inequalities of [12]. The usefulness of such inequalities is already amply demonstrated by
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the following lemma, which is but one of the many applications of these type of inequalities.
For this lemma we consider a non-decreasing function ® defined on [0, oo] with ®(0) = 0,
is not identically 0, and which satisfies the condition ®(2)\) < ¢®(\) for every A > 0, where

c is a fixed constant. This lemma is from [9].

Lemma 60. Suppose that f and g are nonnegative measurable functions on a measurable

space (Y, A, ), and § >1,0<e <1, and 0 <~y < 1 are real numbers such that

p{g > 0N, f < eA} <yu{g > A} (3.4)

for every A > 0. Let p and v be real numbers which satisfy
D(ON) < p®(A),  P(e'N) <wd(N) (3.5)

for every X > 0. Finally, suppose py <1 and [ ®(min{l, g})du < oo. Then

[ e@ans 2 [ atran (3.6)

1—py
Proof. We first claim that we may assume that [, ®(g)du < co. In order to establish this
claim, consider

hn(x) = min{n, g(x)} for every n €N,

If A > n then
p{r € R: h,(xz) > A} =0,

and

p{r € R: hy(x) > 0N, f(z) <eA} =0

for 6 > 1. Next, let 0 < A < n. Then g(z) > A if and only if h,(z) > A. So,
p{r € R:hy(x) >0\, f(z) <ed} =p{z € R:g(x) > I\ f(z) < er}

and

p{r e R:g(z) > A} = p{z € R: h,(z) > A}
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Also note that [, ® (min{n,g})du < oo for every n € N since [, ® (min{l, g})dpu < oc.
Using the fact that lim, .. h,(z) = g(z) and an application of Fatou’s lemma it follows
that the inequality (3.6) is true for f and g whenever it holds for h, and f.

Let d® denote the Lebesgue-Stieltjes measure satisfying f[a’b] d®(\) = &(b) — P(a) when-
ever 0 < a < b < oo. This is a positive o- finite Borel measure on [0, 00). Furthermore, an

elementary Fubini theorem argument shows that if h > 0 is measurable function on Y then

/ch(h)du - /OOO u{h > A}dD(N).

From inequality (3.4) we get

p{g > oA} = p{g > 0N, f < eA} + p{g > 0N, f > e}

<u{g > At +p{f > er}.

Consequently,

But using the inequality (3.5) we have

/ch(g)dﬂ - /ch (5 (%)) dy < p/ch (%) dy. (3.8)

Combining the inequalities (3.5), (3.7) and (3.8) we obtain

/Y@(g)du < p/YﬂD (%) dp < m/Y<I>(g)du+pV/Y<I>(f)du-

Now subtracting the finite quantity py fY ®(g)du from both sides and dividing by 1 — py we

obtain the desired inequality (3.6). This proves the lemma. O
Next, we look at some examples:
Example 61. Let Y = R, u = Lebesque measure in R and ®(\) = I for 0 < p < oo.

Then & satisfies all the condition of the Lemma 60. From the conditions in inequality
Co

(3.5) we may choose C' = 2P p = §” where 0 > 1. We usually obtain v = ~y(e) = cie €
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for some positive constants ¢; and ¢;. We may choose € small enough so that vp < 1. A

straightforward computation with § = 2¢; yields e = where the constant C' depends

C
vp+1

on ¢1, ¢ and 0. For,

c 1
p’yz&pe*e% §§<1
implies that
e_:% < L .
- 251)01

Taking natural log on both sides and § = 2¢;, we obtain,

2 o C2
~ (p+1)Iné

Therefore,
C
N Ea%

Thus if f and g satisfy the good lambda inequality (3.4) then the Lemma 60 yields

gl < ClIflp-

Definition 62. The cone of aperture o > 0 and vertex at v € R" is defined by
Lo(2) ={(y,t) e RT : |z — y| < at}.
Let u be a harmonic function defined on R We set

Nou(x) = sup{|u(t,y)| : (,y) € Ta(2)}.

If u is of the form u(x,t) = ¢ * f(z) for some p € L*(R™) and f € LP(R™),1 < p < oo, we
will often write N, f instead of Nou. This is called the non-tangential maximal function of

u (or f).

Definition 63. Let o > 0 and u be a harmonic function on ]RTFI. For x € R™ we define

1

Agu(z) = ( /F . | vu(s,t)|2t1_"dsdt) 2.

The function A.f is called the Lusin area function of f, or the square function of f.
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Example 64. D. L. Burkholder and R. F. Gundy in [13] proved that there exists a good-\

inequality between Nou(z) and Aqu(zx). Consequently,
|| Noullp < Cl[Aqul |y,

and

[ Aqul| < C[Naul]p.

Definition 65. A function u(z,t) defined on R"™ is said to be caloric function if it satisfies
the heat equation u; = Au. Caloric functions are also sometimes called parabolic functions.

For x € R™ we define the parabolic cone in R’ffl with vertex at x and aperture o > 0 by
Palz) ={(y,s) e RY™ : [z —y|* < a’s}

and for a caloric function u its parabolic Lusin area function and parabolic non-tangential

mazimal functions are respectively given by

n
PAu(z) = (/ s_ivyu(y, s)|2dyds>
o ()

PNyu(z) = sup{|u(x,s)| : (y,s) € Pa(x)}.

N | —

and

Example 66. A. P. Calderon and A. Torchinsky in [14] proved that good-\ inequalities
exist between PNyu(x) and PAyu(z).

Good ) inequality and Potentials in R":

Theorem 67. Let yu be a positive Radon measure on R™ and Iopu(z) = [, z |) Then
I y n— O{
there exists a > 1 and b > 0 such that for every A > 0 and for every e,0 < e <1,

{ax: Ly(z) > aX}| < b : Iy(z) > A} + [{z : Map(z) > eX}].

Equivalently,
N
o Inf > aX\ Myf < e} < CeN —a|{z: I,f(z) > A}
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Proof. Let E\ = {x: I, *p(z) > A} and observe that this set is open. So, there exists a
family of dyadic cubes {Q,;}{°, called Whitney cubes such that

E\= U Qj,
j=1
and
diam(Q;) < dist(Qj, EY) < 4diam(Q);) (3.9)

for every j. This means that for every j there exists z € EY such that
d(z,Q;) < 4diam(Q);) and I, * p(xr) < A

Fix a cube @ € {Q;} and @ > 1. Consider the set {x € @ : I,u(xz) > ar}, A > 0. Let
M = {z: Myu(x) < e} and let 2y € QM. Let P be the ball concentric to the cube
@ with radius 6diam(Q). Let uy be the restriction of y on P, and ps = p — py. Note that
Myp(z) < Ipu(z). Therefore by the Theorem 55, we obtain

{x o (2) > %H < (% /R czm)"za. (3.10)

Let 2o € QM. Let B denote the ball with center at =y and radius 8diam(Q). Then

P C B,and
/ Ay = / iy < / dp < AM,p(wo)| Bl™s < AeA|B|i (3.11)
R® P B

Combining the above two inequalities we see that there exists a constant b such that

A n—«
Hx o (x) > %}’ <ben . (3.12)

The inequality 3.10 and the construction of the ball P allows us to choose a point x; in P

with d(z1, @) < 4diam(Q). The for every x € ) and y € P°

21 =yl < |z — 2| + |z —y| < Cdiam(Q) + [v —y| < Llx —y|. (3.13)
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If, in addition, I,u(x;) < A, then

Lpin(zr) = / S S

nx—y|ne

o 1
<L" / —Hdu(y)
Rn ’551 - yl

<L opia(y)

<L

Thus, if a is chosen so that a > 21", then [ us(z) < % Hence if I,pu(z) > al, it follows

that
A A
Lapis () = Lap(x) = Lapia(w) > ah = 52 = -
This implies that
A
{r e : Iyu(x) >ar} C {x Lo (z) > %} : (3.14)

Thus either
Q C{z: Mop(z) > eX}

or,

{r e Iyu(x) >ar} C {x () > %} :

This implies that

{z € Q: Iypu(z) > ar}| <

{x : Lo(z) > %}' +{z s Map(z) > eM}].

That is,
{z e Q: Iyu(x) > ar}| < bera|Q| + |{z : Mau(z) > €A} . (3.15)

The desired inequality follows by summing the above inequality over all @ € {Q;}°. n

Note that in the above theorem we do not require that the Radon measure p satisfy the
doubling condition or the growth condition (2.1). It is also noteworthy that the same
inequality is true if du(y) is replaced by f(y)dm(y) where m is a Lebesgue measure. We

formulate this fact in the following theorem:
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Theorem 68. Let 0 < o < N. For measurable function f on R™ define I, f(x) = [, Jw)dy

e —y[N -«

and M, f(z) = S.up,,>0| . )|7 fB () |f )|dy. Then there exists constants a > 1 and b

such that for every A >0 and 0 < e <1,
{z: Iof(z) > aX, Mof(z) < XY < bev=a [{z : [.f(z) > A}.

In general the inequality is true for any doubling Radon measure g in R™. This is

established in the following theorem.
Some Notations:

By a “cube” () C R™ we mean a closed cube having sides parallel to the axes. Its side length
will be denoted by ¢(Q). By @, we also denote the cube centered at x and side length ¢(Q)

unless otherwise specified. For p > 0, pQQ means a cube concentric to ) with side length
pl(Q).

Theorem 69. Let p be a positive Radon measure satisfying the doubling condition (1.1)

1
and 0 < a < N,—=1-— %. For measurable function f on R™ define
q

I f(x) = / f)du(y)

g |2 —y|N

Then there exists constants a > 1,b > 0 (independent of f) such that whenever 0 < e <1

and A > 0 we have

p{z: Laf(a) > ar}) < b ({a: Lo f(x) > M) + p({z s Maf(2) > €A}).

Proof. We first observe that I, f is lower semi-continuous whenever f > 0. Indeed, if z; — z,

then |z; — y|* VN f(y) — |z — y|* N f(y) for every y € R™. Then by Fatou’s lemma

hm I, f(x;) > hmmf/ M

N A e

2/ liminfM

L y|N—a

n jHOO |ZE]

_ [ f@duly) _
B /R |z —y[N-o fof (@)
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Therefore, £ := {z : I,f(x) > A} is open. Then by Whitney Decomposition (Theorem 12)
there exists a countable collection of dyadic cubes {Qj}jo with disjoint interiors, such that
Ey=,Q; and
diam(Q);) < dist (Q;, E) < 4diam/(Q);) (3.16)

for every j.

Fix a Whitney cube @ € {Q;}5° and a constant a > 1. Consider the set {z € Q :
I,.f(x) > aA}. Suppose that Q({z : M.(f)(z) < €A} is nonempty. Let P be a ball
concentric to the cube @) with radius 6diam/(Q).

Now we decompose f as f = f1 + fo where f; = xpf. Then I, f; is weak type (1,1) and

w(fer > 21 < (5 [ nwme)” @)

Next we estimate the integral on the right side of the inequality (3.17). For this, choose a
point xg € Q ({z : Ma(f)(x) < eA}. Consider a ball B center at xy and radius 8diam(Q).
Then B O P and P O ). We observe that there exists a constant C' depending on n such
that CQ D B D Q. It suffices to take C' > 17\/n + 1. Then by monotonicity and the
doubling condition (1.1) we get u(B) < Cu(Q). Now,

dp( )| dp(
[ 1wldut) < [ 170l

/ ()l dp(y)

)N/N * Mo f (o)

< u (B (zo, 8diam(Q)))N N e

Applying the above inequality to (3.17) yields

w({oi i > 21 < (iA [ 1Aty >)N/Na

(1 (B (:vo,8dzam( Q))) ex) N/

| AN




On the other hand, let x; € P () Ef such that

d(z1,Q) < 4diam(Q).

This is possible by the choice of P. Then for every x € @) and y € P° and using the

inequality (3.16) there exists a constant L depending on the dimension n such
21 —y| < Lz —yl.

Therefore,

1 L
<

[z —y| = |z -yl
Note that I, f(z1) < A because z; € E. Then

I fa(z) :/]R Mdu(y)

o |z —y|Ne

_ f(y)
<N / A
< T =y 1(y)
:LN_aIaf<wl)

<IN-e),

A
Now, choose a so that a > 2N~ Then I, fy(z) < %. Hence if I, f(z) > al, it follows

A
that I, fi(z) > %. This implies that

{re@:I,f(x) >a\} C {x:]afl(x) > %}

whenever Q ({z : M,(f)(z) > e\} is nonempty. Thus either
Q C{x: My(f)(x) > e},
or,

{re@:I,f(x) >a\} C {x:]afl(x) > %}

This implies that
p({z € Q:Inf(z) > al}) <p ({:v €Q: Ifi(x) > %})
+pu({z: Mo(f)(x) > €A})

<be™w Q) + i ({o: Ma(f) (@) > eX}).
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That is,
p({a € Q: Iaf(x) > aX, Ma(f)(2) > eA}) < bV u(Q)

for every @) € {Q]};’O Finally, the desired inequality follows from summing over all ) €

{Qs35- =

Definition 70. (X. Tolsa [48]) Let Q(n) = {Q C R™ : u(Q) > 0}. Given o > 1 and
B> o, we say that some Q C R™ is (a, 3)-doubling if u(aQ) < Bu(Q). If a and B are not

specified then by a doubling cube we mean a (2,2N1)-doubling cube.
Here we state some remarks about the existence of doubling cubes. (X. Tolsa [48], [47])

Remark 71. Due to the fact that u satisfies the growth condition (2.1), there are lots of
"big” doubling cubes. Precisely speaking, given any point x € supp (u) and ¢ > 0, there
exists some («, 3)-doubling cube Q centered at x with (Q) > c. This follows from (2.1) and
the fact that 8 > oN. Indeed, if there are no doubling cubes centered at x with ((Q) > ¢, then

wa™Q) > Bmu(Q) for every m, and letting m — oo it follows that the growth condition
(2.1) can not hold.

Remark 72. There are a lot of "small” doubling cubes too. Precisely speaking, if 3 > oV,
then for p-a.e x € R™ there exists a sequence of (a, 3)-doubling cubes {Qg}r centered at x
with £(Qx) — 0 as k — oo. This is a property that any Radon measure on R™ satisfies (the

growth condition (2.1) is not necessary in this argument).
The next theorem extends the above with non-doubling measure p.

Theorem 73. Let p be a positive measure on R™ which satisfies the growth condition (2.1).

Then there exist constants k,C" such that for every A >0 and 0 < e < 1,
p{z: Inf(z) > kXN, Mo f(z) < eA}) < C’eﬁu({x L f(x) > A}).

Proof. Note that the set 2\ = {x € R" : I,f(z) > kA} is open because of the lower semi-

continuity of the Riesz potential I, f. Then it has a Whitney decomposition into a family
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of dyadic cubes {Qj};";l with disjoint interiors such that for every j
diam(Q);) < dist(Q;, Q) < 4diam(Q);).

1
For such a Whitney cube @ let £(Q) denote its side length. Fix 0 < 6 < T In particular,
we may choose § = %. Then (14 §)Q = %Q C Q,, and

> xzg(r) <120, (@)
Q
for every x € ). This implies that
9 n
> (§Q> < 12"u(S2)). (3.18)
Q

Fix a dyadic cube Q). Suppose = € @) and that M, f(x) < eX. Let @, be the cube with side

length 64(Q) centered at . Then @, C (140)Q and 16Q, 2 2Q. Let k = 2,5 = 2" ¢ > 0.
1 1 1

Consider §Qx, 2—2Qw, ﬁQx, .... Take first which is doubling. Let the first doubling cube in

~ ~ 1
the sequence be @), := WQz where m depends on z. So (), C §Qw and

u(20,) = (z%czx) < oy (%%) — 5u(@.)

whereas

1 (2.%62%) > Ou <2j1+1Q$> for every j < m.
Thus,
U @xQ{xEQ:]af(x)>k)\,Maf(x)<e/\}

z€{Mqy f<e\}

The Besicovitch Covering Lemma implies that there exists @xj, Jj=1,2,3,... such that
Qs 2{2 € Q1 Inf > kA M.f < X}
J
and ZX@% < 4"uq. Let f = fi + fo where fi = x20f and fo = f — fi. Then
{r e@:I,fi(x) > kN M,f(x) < e} C U{x € @x]- DI fi(x) > BN M, f(x) < e}
J
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Fix a Q. Write f; = X2Q., Ji+ le(Q@mj)c = f11 + f12. Then,

N 1 N/N—«
L ({a: €2Qq; : Infu1 > k)\}) < (a“fnﬂl)

N/N—«
1
- (a / . Ifl(x)ldu(w)>

1 ~ N—-—«a 1
- /"L(2Qx]) N -~ N—-—a /A |
(k‘A /"L(ZQCEJ> N QQI]'

= (k_l)\) n /’L(2@Ij)Mafl (xj)N/N_a

< CNNU(Q.,).

N—a

Now since for any cube Q, u(Q) < cf(Q)Y, then (ﬁ)

1(Qq;) > B (%%) >...> 0 (%%)
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where ¢ < m. This follows by the choice of our Q.;’s. So, if z € @xj

Lo fuolz) — /( | L)

d
S AL ) [ 0
= 10\ 0., AT Y) 20\@., A(T,Y)
m—1
C C
< 1—/1 1 |1 (W)ldply) + W/ Sily)dp(y)
k=0 g(ﬂQm].)N_o‘ ?QZJ\WQIJ Tj QQ\Qx]-
P @) ldny) ¢ Ai()du(y)
S PR - — +
< — |1 1 \y)japly a / 1\y)aply
k=0 E(QxJ)N @QZJ\WQIJ /'1/<8QIJ)(N N QQ\QIJ
m—1
w1
<y oo [ AWldet) + CMafi(ay)
k=0 (Qz,) ™ Q%sz\Wsz
m—1 1
<) P 1 1A@)dp(y) + CA
k=0 5’%(%@%) N ?sz\Wsz
m—1 2k(N—a)
< Cﬁ%(N )Maf1($])+o)\
k=0
m—1 2N—a k
= M, A
¢ k=0 (QN_OCQE(N a)) i)+ €
m—1

Note that the constant C in different occurrences above are not necessarily the same. We

also have

This implies that

o (U @%) = /QZX@%_ (x)dp < 4”/Q>@Qdu = 4"1(Q).

Take a point = € (). Consider the ball B = B(x,6diam(Q)) which contains 2Q). Let xy be
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a point in B N Q) such that
diam(Q) < dist(Q, zo) < 4diam(Q).
Then for any y € (2Q)°
d(zo,y) < d(z,20) + d(z,y) < Cdiam(Q) +d(z,y) < Cd(z,y) + d(z,y).
That is , for some constant C|,
d(xo, y) < Cd(z,y).
So,

B f(y)du(y) f(y)du(y) .
) = [ T 5 5 gy g S Clof ) <O

Now choose k such that & — 2C' > k. Then, summing over all Whitney cubes we obtain

p{a s Lo f(x) > kA, Mo f(2) < eA})
=Y iz € Q: Luf(x) > kA Mo f(2) < €A})
Q

= Z ILL({.IGQIaf1+Iaf2>k)\7Maf<€)\})
Jx
af

< p{z e :Ifi > (k—C)\ Myf < e\})

<)
AM
LO

20
N
m
Q

(] ¢
o
>

EVIRVRC R

" <{x €Qu, : Infir > (k— C)X\, Mo f < 6)\})

" <{$ € Qu, t Infir + Infi > (k— C)N\, Mo f < e)\}>

MQ.MQ

" ({x € Qu, t Infir > (k — 20\, M, f < eA})

M,M <

S CGN/N?QN(@:BJ')
N/N—a n 9
<) Ce 4 M(g@)

=

= AN CENN Ty ({ILf > A)).
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Finally,

p{z:Iof > EA}) < p({Laf > kX Mo f < €A}) + p({Mof > €A})

< CNTOU({Iaf > A} + n({Maf > eX}).
0

Remark 74. We observe From the proof of the above theorem that for every Whitney cube

Q, we have

p({x e Q: I f(z) > kXN Myf(z) < eX}) < CeVN=), (§Q> .

Potentials and Maximal functions:
Note that for 0 < a < N, f >0 and r > 0

fy)du(y) f(y)du(y) 1
/Xd(a;,y)N—a - /d(x,y><r d(z, )= Z N a /B . |f(y)]du(y)

Theorem 75. Let 1 < p < oo and 0 < a« < N. Then there is a constant A such that for

any Lebesgue measurable function f on X and any non-doubling measure p
AT Mafllp < IHafllp < AlMafllp-

Proof. We assume that p has compact support. The right hand inequality is a consequence
of "good lambda inequality”. Multiplying the good lambda inequality by A?~!, we obtain

for any positive R,
R
/ u({z <L f(z) > kADAPLdA
" R R
< beN/N"‘/ p({z : Luf(x) > AHANTdA +/ p({z s My(f)(x) > eA})AP 1A
0 0

After changing variables we obtain,

kR
= / W({Laf(x) > AN 1A
kR

/ p({laf () > A})Ap_ldwre_p/ p{Ma(f)(@) > APAPHA.

0

<

l\DIH
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That is,

I /0 WL F(2) > AP)APLdA < 26 /0 WML (F) () > DA,

Letting R — oo and using the definition [, |f[Pdp = p [[7 " u({z : f(x) > t})dt we
obtain,
e [ af(@)Pdu(e) <267 [ 100,50
X X
This yields the right hand inequality. If u doesn’t have compact support, we let u, be the
restriction of p to the ball B(xg,n) for n = 1,2,3,... where ¢ is some point in X. Then

| Zaf e (x m) < Al Maf|lLe(x pn) for all n, where A is independent of n. The theorem then

follows by the Monotone Convergence theorem. n

3.2 The A, Weights

A weight is a nonnegative locally integrable function w on R™ such that w(z) € (0, 00) a.e.
x € R". Every weight w gives rise to a measure on the measurable subsets of R™ through
integration. This measure will also be denoted by w. Thus, w(E) = [, w(x)dx for every

measurable subset of R™.

Definition 76. Let w be a weight, and let 2 be an open subset of R™. For 0 < p < 0o, we
define LP (Q)) as the set of measurable functions f on 0 such that

1/p
@) = (/ !flpwdiv) < o0.
Q

We also define weak-L! () as the set of all measurable functions f on ) satisfying

1]

[ fwk—r1 ) = iugAw {xeQ:|f(x)] > A}) < 0.
>

The class of A, weights was introduced by B. Muckenhoupt in [35], where it is shown that the
A, weights are precisely those weights w for which the Hardy-Littlewood maximal operator
is bounded from L (R") to L2 (R"), when 1 < p < oo, and from L. (R") to wk — LL(R™),

when p = 1.
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Definition 77. Let 1 < p < co. A weight w s said to be an A, weight, if there exists a

positive constant A such that, for every ball B C R",

(L/ wdx) (L/wl/@n)p_l <A
1Bl Js 1Bl /s -

1 1
— | wdx ) ess.su < A,
(\Br /B ) ven w() =

if p=1. The infimum over all such constants A is called the A, constant of w. We denote

ifp>1, or

by A,,1 < oo, the set of all A, weights.

Definition 78. ([19]) We say that a weight w is an A weight if there ezists two positive

for every cube QQ and every measurable subset E of QQ. The constants C' and § are called

constants C' and 0 such that

Ao constants of w and the set A, weights is denoted by Ao

The relationship between A, and A is given by ([35] and [36])
U 4.
1<p<oo
Thus, if w satisfies the A, condition then W satisfies the A, condition. As an application

of the Theorem 68, we prove the following theorem:

Theorem 79. Let du(z) = w(x)dx satisfies the A condition Let 0 <a <N, % =

dp(y)
yIN

constants a > 1,b > 0 (independent of f) such that whenever 0 <e<1and XA >0 we have

1 —£&. For measurable function f on R™ define I, f(x fRn . Then there exists

p({z: If(z) > a)}) < bWV ({z: I f(z) > a\}) + p({z: Myf(z) > eX}).

Proof. From the inequality 3.15 , it follows that

[{r € Qy: [f|>(T>‘Mf<€>‘}|<bN/(N )
oy
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where the @);’s are the dyadic cubes from the proof of the theorem 73. From the definition

78 of A, weight, it follows that there exists two constants C' and ¢ such that

p{xr € Qj:Inf >al Myf <el}) N/ (N—a)))
1 (Q;) <ol )

The desired inequality follows by taking the sum over all ); € {Q;}° in the above inequality.
m

Next we discuss A, weights adapted to more general measure p ([39]). We denote by
@ a dyadic cube sides parallel to the coordinate axes such that p(9Q) = 0 where p is a

non-doubling measure that satisfies a Calderén-Zygmund decomposition. (Lemma 2.1 in

39]).

1 1
Definition 80. Let 1 < p < oo and — + — = 1. We say that a weight w satisfies the Ap(u)
p D

condition if there exists a constant K such that for all cubes Q)

Gt ) Gt 7o) 25

We define the Ax(p) class as A(p) = U, =1 Ap(p). We also say that w satisfies Ai(p)

condition if there exists a constant K such that such that for all cubes @,

@ /Q wdp < Kes:.es;p w(zx).
Finally, we define the Ax(1t) = U, Ap(1)-
Remark 81. Ay(u) C A,(n) for every p > 1 and A,(p) C Ay(p) for every p < q.

Note that we use the standard notation w(E) = [, wdp, for every measurable set .
Lemma 82. ([39]) For a weight w the following conditions are equivalent:

(a) w e Ax(p).

(b) For every cube Q



(c) There are constants 0 < o, f < 1 such that for every cube Q)
i ({r € Q: wiw) < Bug)) < ap(Q).
(d) There are positive constants C and (3 such that for every cube Q and for every A\ > wq

w{re@:wx)>A) <Clu({re@:wlx)>pA}).

(e) w satisfies a reverse Holder inequality. Namely, there are positive constants ¢ and §

such that for every cube QQ and measurable set E contained in Q,

(f) There are positive constants ¢ and p such that, for any cube Q@ and any measurable set

w0 = (i)

(9) w satisfies the following condition: there exists positive constants «, 3,1 such that when-

E contained in Q),

ever E is a measurable set of a cube Q)

E
—= <« implies M < 0.

w(Q)

The following theorem is an extension of the good lambda inequality adapted to weight

w to a more general measure discussed in this section.

Theorem 83. Let w € A(1), and let a > 0. Then there exists a positive constant a > 1

such that for every 0 < e < 1, there exists n > 0 such that the inequality
w{zx eR": I,f(z) >ar}) <nuw({x e R": I,f(x) > A\}) +w ({z € R" : M,f(z) > eA})

holds for every A > 0.
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Proof. Let E) = {z € R" : I,f(z) > A}, A > 0. Then E) is open because I,f is lower
semi-continuous. Then there exists a family of dyadic cubes {Q;}, called Whitney cubes,

such that Ey = Uj Q; and
diam(Qj) < diSt(Qj, E)\) < 4dZ@m(QJ)

Because w € Ay (n), it follows that, for every n > 0, there is a § such that if @) is a cube

and F is a measurable subset of () then there is a constant C' such that

o < (1ia) -

That is for every @) € {Q;}, using the Remark 74, we get

(uerQ:LJu»>kxwuuxm<uAD>5
Q)

w{zx e Q: Lnf(x) > kA My(f)(x) < er})
w(@)

IA

< (CEN/N_Q)(S.
This implies that
w({z € Q: Lof(z) > kA Ma(f)(2) < eA}) < CeVN=Pu(Q).
It then follows that
w({z € Q: Luf(x) > kA}) < CeMMPu(Q) +w ({2 € Q: Ma(f)(x) > e)}).
The theorem now follows from summing over all @ € {Q;}. O

Next we establish a norm inequality for fractional integrals and maximal function.

Theorem 84. Let w € Ay (1),0 < a < N, and let 0 < p < co. Then there exists a positive

constant C, that only depends on N,p, and A (i) constants of w, such that

MJWMNSO/<MuﬁVwm

n

R"

for every measurable function f.
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Proof. Without loss of generality, we may assume that f > 0. From theorem 83 we have

weighted good lambda inequality given by
w{x eR": I,f(z) >a\}) <nuw({x e R": I,f(x) > A\}) +w ({z € R": Myf(x) > eA})

We multiply this inequality by pAP~! and integrate from 0 to R (R > 0) with respect to

a to obtain
R
/ w({z € R™: I,f(z) > ar}) p\P~rdA
0
R R
§77/ w({x € R": I,f(z) > A}) pAP~tdA +/ w({x € R™: Myf(z) > eA}) pAP~LdA.
0 0
Applying change of variable and a > 1 yields
aR
a_p/ w({z € RY : I, f(z) > A})AP~HdA
0
aR
< 77/ w({z €R": I,f(z) > \}) AP~ LdA
0
eR
+ e_p/ w({x € R™: Myf(x) > A}) WA
0
1 _ o
Now we choose 1 < 5@ P. This yields
aR
a_p/ w({z € R™: I,f(z) > A})AP"TdA
0
eR
§2e_p/ w({x € R™: Myf(z) > A}) W1\, (3.19)
0

Now let
, if Inf(x) > A > 0;
(@) = )
0, otherwise

Then,

aR aR
/ w{z € R : I,f(z) > AP N1\ = / (/ w(a:)d,u(x)) NPLAN.
0 0 {zeR™: 1, f(z)>A}

_ /O " ( / e )\)w(x)d,u(:v)) N,

— / ) (min{aR, I, f(z)})" w(x)du(z).
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Similarly,

n

/06 w({x €R™: My(f)(z) > AN N1\ = / (min{eR, M, (f)(x)})" w(z)du(z).

Therefore,

aR
/0 w{z €R": I,f(z) > A\}) N ld\ < C’/ (min{aR, I, f(x)})’ w(z)du(z).

n

Using Fatou’s lemma,

/n (Inf(x)’ w(z)du(zr) = /n liminf (min{aR, I, f(z)})” w(x)du(x)

R—o0

< lim inf/n (min{aR, I,.f(x)})’ w(z)du(x)

R—o0

< Climinf / (minfeR, M, (7))} () ()

R—o00

| OL(7)(@) ww)duo),

IN

This completes the proof.
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Chapter 4

Future Motivation

In this chapter we indicate some application and future motivation of our work.

Generalization of the Sobolev Imbedding Theorem:

Definition 85. Suppose f and g are two locally integrable functions on R™. Then we say

that % = g in the weak sense if

(:p)g(;f(x)dx = (=1)l /n g(x)p(x)dx, forall ¢ €D

R

(67

where D denote the space of indefinitely differentiable functions with compact support, Fpo =
:CCY

aa1+a2+-~-+06n

al a2 )
Ox{" + 0x5* ... 0xon

and |of = oq +as + ... + ay.

Definition 86. For any non-negative integer k, the Sobolev space L} (R™), is defined as the

space of functions f, with f € L} (R™) and where where all g;—f exists and % € LP(R™) in

the weak sense whenever |a| < k.
The usual version of the Sobolev Imbedding theorem is:
Theorem 87. ([/2]) Suppose « is a positive integer, and 1/qg = 1/p — a/n. Then

(i) If ¢ < o0 (i.e. p < n/a), then LY(R™) C LY(R™) and the natural inclusion map is

continuous.
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(it) If ¢ = oo (i.e. p=n/a ), then the restriction of an f € L} (R™) to a compact subset

of R™ belongs to L"(R™), for every r < oo.

(iii) If p > n/a, then every f € LY (R™)can be modified on a set of zero measure so that the

resulting function is continuous.

B. Muckenhoupt and R. L. Wheeden [37] establish a good-A inequality associated to
Lebesgue measure and prove as an application a weighted version of a part of the Sobolev

Imbedding theorem stated below:

Theorem 88. If1 <p<n,1/g=1/p—1/n and V(z) is a nonnegative function satisfying

@%éwumf”@%éwumWUMYAMSK

where C' is independent of f and 0f(x)/0x; is taken in the sense of distributions.

then

nﬂwwwmsoomwwwm+§j

of (x)
G V@)

Following their footprints, it is expected to obtain the Sobolev imbedding theorem in
the more general context associated to a Radon measure which satisfies either the growth
condition (2) or the doubling condition (1). This will open a wide range of spectrum for the

future research on this line.

Wolff Type Inequality

Definition 89. Let 0 < a < n, u be a measure on R", and 0 < p < oo. Then the

inhomogeneous Riesz potential of p, denoted by I, is given by

_ _duly)
Lospis(z) = /B( y[N-e

and the inhomogeneous mazimal function, denoted by M, ,u, is defined by

1
Mg pp(r) = sup —— / du(y).
O<r<p ™ B(z,r)
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If du = fdx where f is a measurable function on R", then the inhomogeneous Riesz potential

of i and the inhomogeneous mazimal function of p are respectively denoted by I, f and M, f.

There is a good-A inequality associated to inhomogeneous Riesz potential ([52]). The
proof is a modification of the proof of the Theorem 67. The Riesz potential of a function
is controlled in norm by the corresponding fractional maximal function. The corresponding
inequality between inhomogeneous Riesz potential and inhomogeneous maximal function is

the main ingredient in the proof of the following Wolff type inequality ([52]).

¢ [®vpdn< [ wrawzc [ vyd
R7 R™

where C; and C5 are constants,

Vi) = L (L) 0 0070)

is the nonlinear potential of measure px on R", and
)= [/ (EBED) N g
o \ w(Bi(z)) t

It can be expected to extend the good-A inequality relating the inhomogeneous Riesz
potential and inhomogeneous maximal function associated to a measure doubling or non-
doubling. This will lead to the potential inequalities between inhomogeneous Riesz potential
and the inhomogeneous maximal function. This, in turn, can be applied to extend the Wolff
type inequality for such measures. See, for example, D. R. Adams ([1], [3]), and L. L
Hedberg and T. H. Wolff (]29]).

Riesz and Bessel Capacities

Definition 90. Let 0 < a < n,1 <p <00, and 0 < p < o0, and let E C R". We define
the Riesz capacity of E, denoted by Ry p.,(E), by

Ropp(E) = inf {||f||’£p(Rn) cf>0 and I,,(x) >1 forevery x€ E}
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and the Bessel capacity of E, denoted by B, ,(E), is defined by
B, p(E) = inf {||f|]72,,(Rn) cfe PR and Gof(x) >1 forevery z€ E’}

If we replace LP(R™) by LP (R™) (w being a weight function on R™) in the above definitions
then these are respectively known as the weighted Riesz capacity and the weighted Bessel

capacity and are denoted by RY . and BY  respectively.

a,p;p a,p

It is well known that Bessel and Riesz capacities occur naturally in the study of deeper
properties of Sobolev space WP(R") for 1 < p < oco. In the case of Lebesgue measure, it has
been shown that that the Bessel and Riesz capacities are equivalent (B. O. Turesson [52]).
We can expect to establish Riesz potential type inequalities between Bessel potentials and
inhomogeneous maximal functions. We may go further to establish that the Bessel capacity

and the inhomogeneous Riesz capacity are equivalent.
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Appendix A

Notations

N: Natural Numbers
Z: Integers

RealNumbers
RY:  Euclidean N-space
|E|,dm,dx: Lebesgue measure
Xg: Characteristic function of E

wn_1: area of (N — 1)-dimensional unit sphere.
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