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Abstract

Kernel based non-parametric regression is a popular statistical tool to identify the re-
lationship between response and predictor variables when standard parametric regression
models are not appropriate. The efficacy of kernel based methods depend both on the kernel
choice and the smoothing parameter. With insufficient smoothing, the resulting regression
estimate is too rough and with excessive smoothing, important features of the underlying
relationship is lost. While the choice of the kernel has been shown to have less of an ef-
fect on the quality of regression estimate, it is important to choose kernels to best match
the support set of the underlying predictor variables. In the past few decades, there have
been multiple efforts to quantify the properties of asymmetric kernel density and regression
estimators. Unlike classic symmetric kernel based estimators, asymmetric kernels do not
suffer from boundary problems. For example, Beta kernel estimates are especially suitable
for investigating the distribution structure of predictor variables with compact support. In
this dissertation, two types of Beta kernel based non parametric regression estimators are
proposed and analyzed. First, a Nadaraya-Watson type Beta kernel estimator is introduced
within the regression setup followed by a local linear regression estimator based on Beta
kernels. For both these regression estimators, a comprehensive analysis of its large sample
properties is presented. Specifically, for the first time, the asymptotic normality and the uni-
form almost sure convergence results for the new estimators are established. Additionally,
general guidelines for bandwidth selection is provided. The finite sample performance of the
proposed estimator is evaluated via both a simulation study and a real data application.
The results presented and validated in this dissertation help advance the understanding and

use of Beta kernel based methods in other non-parametric regression applications.
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Chapter 1

Introduction

A regression function or regression curve describes the general relationship between predictor
variable X and response variable Y. It is very useful to know this relationship as it enables
us to infer /predict trends and uncover special features such as monotonicity etc. If n i.i.d

samples {(X;, Y;)}, are collected, the regression relationship can be captured via the model,

Yz:m(XZ)—l—el, Z:1,2,,7’L (11)

Here, m is the unknown regresion function, and ¢; are the observation errors typically

modeled as random with zero mean and finite variance o2

> (0. The aim of regression
analysis is to produce a reasonable approximation of the function m by reducing the effect
of observational errors. This curve approximation, commonly referred to as “smoothing” ,
allows us to focus on the mean dependence of Y on X.

The mean function approximation can be done essentially in two ways. The most popular
parametric approach assumes that the mean curve m has a predefined functional form that
is fully described via a finite set of parameters. A classic example is that of a polynomial
regression model where the parameters are the coefficients of the predictor variables. In

contrast, a non parametric approach does not make any prior assumptions on the specific

functional form of m and lets the data drive the approximation of the regression function.



In many applications, a preselected parametric model might be too restrictive and one has
to rely on a non parametric smoothing approach. As non parametric regression is the focus

of this dissertation, we introduce the underlying concepts in the next section.

1.1 Non-Parametric Regression

Nonparametric regression is studied in both fized design and random design contexts. For
the univariate fixed design case, the design consists of x1, 2, - - - , x,, which are fixed inputs.

The general heteroscedastic model in this case corresponds to,
Y = m(x;) + o(x;)e, i=1,2,...,n, (1.2)

where g; are independent random variables with mean 0 and variance 1. Here, E(Y;) = m(z;)
and Var(Y;) = o(x;). In the case of random design, we are given random bivariate samples

(X1,Y1), -+, (X,,Y,) with the corresponding model as,

Here, (X;,&;),i = 1,2,--- ,n are independent and identically distributed random variables
with F(e|X) = 0 and Var(¢|X) = 1. In this case, m(z) = E(Y|X = x) and o%(x) =
Var(Y|X = x).

There are several approaches to approximating the regression function m in the non
parametric framework. The most popular methods are the ones based on kernel functions,
spline functions and wavelets with each one having its unique strengths and drawbacks. In
this dissertation, our analysis is focused on kernel regression as it offers both mathematical

and intuitive simplicity as discussed next.



1.2 Kernel Regression

As stated in the previous section, kernel smoothing techniques are powerful tools to estimate
m(z) in a non parametric framework. The theoretical and empirical properties of kernel
estimators are well-known in the classical fixed design and random design frameworks (see,
e.g., [Wand and Jones(1995)], p. 115). In this section, we present a brief overview of the
kernel regression approach.

For the regression model introduced in (1.3) , our goal is to find the regression function
m(z) = E(Y|X = z). If X takes on only a finite set of values, then a simple strategy would
be to use the conditional sample means and by invoking the law of large numbers we can
be confident that m(xz) — E(Y|X = z). This approach will not work if X is continuous as
the probability of getting a sample at any particular value is 0! That is, the function to be
estimated will always be undersampled and we need to fill in or “smooth” between the values
that we observe. Linear smoothers [Buja(1989)] represent a class of popular smoothers that

exploit a weighted linear combination of the responses taking the form
m(r) =Y Yib(X;, ) (1.4)

The sample mean is a special case with w(X;,z) = 1/n and ordinary least squares lin-

ear regression (without intercept) [Weisberg(2005)] is w(X;,z) = ZX

1- XQ:E These simple
smoothers ignore the distance of X; from z. k-Nearest neighbor regression [Altman(1992)]
involves setting the w(X;,z) = 1/k if z; is one of the k neighbors of x and w(X;,z) = 0
otherwise. Changing £ in this setup allows us to change the amount of smoothing we are
doing on the data. In 1964, [Nadaraya(1964)] proposed an elegant way to use the data in

a location sensitive manner using a Kernel function K,(x — X;) that is a function of both

X;, the location z and a smoothing parameter /bandwidth h. The Nadaraya Watson (NW)



estimator corresponds to [Nadaraya(1964)]

_ E?:l K (X — x)Y;
Z?:l Kh(Xz' - x) '

That is, the NW estimator is a linear smoother with w(X;, x) = ZK;((# The Kernel
i h(Xz x)

function has to satisfy some basic properties that enable its use in this set up as discussed in

[Wand and Jones(1995)]. Following the work of Nadaraya and Watson, Priestley and Chao

proposed an alternative smoother in 1972 specifically for the fixed design case. The PC

estimator [Priestley and Chao(1972)] corresponds to

n

ipc() = ) (Xo — Xon)Kn(Xa) — 7)Y (1.6)

i=1
where, (X(;),Y};) denote the (X;,Y;) ordered with respect to X; values. Another popular
estimator for fixed design is the Gasser Miiller Estimator that was proposed in 1979. This

estimator corresponds to [Gasser and Miiller(1979)]
fpe(@) =Y / Kp(u — 2)duY, (1.7)
i=1 v si-1

where, s; = %(X(i) + X@+1)); 50 = 1,5, = 1. In addition to these classic smoothers, there
have been many modified versions of regression estimators that researchers have introduced
over the last few decades. The choice of kernel function and the bandwidth are critical in
the kernel regression process as discussed in the next section. While a single universal choice
of kernel and bandwidth may not be optimal for all practical problems, the quality of the
resulting estimate is expected to improve with more data. The rate at which the estimate
quality as measured in terms of bias, MSE and or other measures improve with increasing
data is important to study. Therefore, asymptotic properties of these kernel regression

estimators is a field of research that has attracted a lot of interest in the past few decades.



1.3 Kernel Density Estimation

Kernel regression is closely related to kernel based density estimation. Since m(x) =
EY|X =2) = /M)}’Y—((gj)’y)dy, using a product kernel estimator for fxy(z,y) and a
x\T

kernel density estimator for fx(z) yields the NW estimator myw (x) in (1.5). Kernel den-

sity estimate of f(z) with Kernel K and bandwidth A is [Silverman(1986)],
R 1 —
= — Kp(x — X; 1.
)= DKt =) (18)

where, K is typically chosen as a unimodal symmetric density (e.g., normal, uniform,
Epanechnikov etc.) with h as the bandwidth parameter. A large value of bandwidth h
leads to oversmoothing of the density function while a small value of h leads to under
smoothing. As in regression function estimation, asymptotic mean squared error properties
of these density estimators and its dependence on both the choice of the kernel function
and bandwidth have been well investigated. Performance of kernels is usually measured in
terms of mean integrated squared error (MISE) or asymptotic MISE (AMISE). Epanech-
nikov kernel has been shown to minimize AMISE and with the optimal bandwidth choice,

4 .
5. A common measure used to compare different

the rate of convergence is of the order n™
kernels is efficiency. Efficiency of kernel K relative to kernel K* represents the ratio of
sample sizes necessary to obtain the same minimum AMISE (for a given f) when using
K* as when using K. Table 1.1 illustrates the impact of kernel choices on the efficiency

[Wand and Jones(1995)].

Epanechnikov | 1.000
Biweight 0.994
Triangular 0.986
Normal 0.951
Uniform 0.930

Table 1.1: Comparison of efficiency of Kernels [Wand and Jones(1995)]

It has been widely acknowledged that the choice of kernel in both kernel density and re-

5



1.2

0.8

Density
0.6

0.4

=

2 0 2

6

Figure 1.1: Kernel estimate of exponential density based on a sample of n = 1000. Solid
curve is the estimate and dashed curve is the true density [Wand and Jones(1995)]

gression estimation problems is not as important as the choice of bandwidth [Turlach et al.(1993)].
However, the kernel choice has a significant impact on the quality of approximation and
convergence rate at the boundary of the support set of X. Using symmetric kernels for
approximating densities defined only on a subset of the real line leads to poor estimates
around the boundaries as shown in figure 1.1. Typical AMISE analysis assumes that f(x)
satisfies some smoothness conditions over the entire real line. In the case of densities defined
on a subset of the real line, the optimal choice of bandwidth at the boundaries and interior
are different. One approach to address this boundary effect is to transform the data so that
the support set is transformed to the entire real line or use a boundary kernel. A more
effective approach to deal with this issue is to use asymmetric kernels for density and re-
gression function estimation. For example, it is prudent to choose a kernel function that has
the same support as that of the predictor variable X. Methods to overcome the boundary
issues and the use of asymmetric kernels such as a Gamma and Beta kernels for both density
and regression estimation has attracted significant research interest as discussed in the next

section.



1.4 Asymmetric Kernel Estimation

As discussed in the previous section, one key drawback of classic kernel density estimators is
the undesirable boundary issues. These boundary issues arise due to the fact that symmetric
kernel functions assign positive weights outside the density support. This boundary problem
is also carried over to the Nadaraya-Watson (N-W) estimators in a regression setup. Many
approaches have been proposed to address the boundary problem. In the context of density
estimation, see [Schuster(1985)] for a “tiedown” technique, [Marron and Ruppert(1994)] for
a data transformation method, [Fan and Gijbels(1992)] for a variable bandwidth modifi-
cation, [Cowling and Hall(1996)] for a pseudo-data method. In the regression set up, see
[Gasser and Miiller(1979)] for an asymptotic solution; [Miiller(1991)] for some boundary
kernels which are the solutions of a variational problem; [Miiller and Wang(2007)] for a
varying kernel and bandwidth method for estimating the hazard rate under random cen-
soring; [John(1984)] for a boundary modification of the N-W kernel regression, and the
references therein. However, there is continuing interest among statisticians to develop
kernel-based methods for estimating the density functions or regression functions without
data transformation and changing the density support.

As part of one such endeavor, there have been recent efforts on exploring the use of asym-
metric kernels to estimate density functions and regression functions not supported on the
entire real line. When density functions are supported on (0, c0), [Chen(2000b)] constructed
a Gamma kernel density estimator and [Scaillet(2004)] proposed an inverse Gaussian kernel
and a reciprocal inverse Gaussian kernel density estimator. [Mnatsakanov and Sarkisian(2012)]
proposed an asymmetric kernel density estimator based on a Chen’s Gamma kernel density
estimator. Both estimators from Scaillet and Sarkisian suffer from inconsistency around
x = 0 which is dealt by excluding that point from the support of the underlying dis-
tribution. [Chaubey(2012)] proposed a density estimator for non-negative random vari-
ables relying on two smoothing parameters based on a generalization of Hille’s lemma

[Hille and Phillips(1996)]. Recently, [Koul and Song(2013)][Shi and Song(2015)] established



asymptotic normality and uniform almost sure convergence results for the varying kernel
density and regression functions estimators when the underlying random variable is positive.

While there are many discussions on the density and regression estimation procedures
using asymmetrical kernels when data are supported on (0,00), the work on asymmetric
kernel density and regression estimation with compact support has been limited. When a
density has a compact support, motivated by the Bernstein polynomial approximation the-
orem [Karlin and Studden(1966)] in functional analysis, Chen proposed Beta kernel density
estimators [Chen(1999)] and Beta kernel local smoothers for regression curves [Chen(2002)].
Beta kernels, like other asymmetric kernels, offer some unique benefits with regard to esti-
mating densities with compact support. First, the beta kernel shape varies naturally based
on the position where the density estimation is performed leading to an adaptive change
in the amount of smoothing. This adaptivity does not require any explicit change in the
smoothing bandwidth. Secondly, the fact that the Beta kernels share the same support as
the density to be estimated ensures that no weight is allocated outside the data range. How-
ever, the focus of these initial works in the density estimation context were limited to the
analysis of the biases, variances and mean squared errors of these estimators. To the best
of our knowledge, there has been no investigations related to the almost sure consistency
and asymptotic distribution of Beta kernel density estimators. Similarly, while the asymp-
totic bias and variance of a Beta kernel based regression function estimator was presented
in [Chen(2000a), Chen(2002)], there have been no published results related to their almost
sure consistency and asymptotic distributions.

One might consider the possibility of developing a similar “relative efficiency” notion for
the asymmetric kernel smoothing, similar to the one defined for the classical kernel case.
However, this possibility is discouraged by the very different smoothing nature of symmetric
kernels and asymmetric kernels. In symmetric kernel smoothing, the bandwidth can be
viewed as the scale parameter of the kernel density, that is, the smoothness is controlled by

the scale parameter. However, in asymmetric kernel smoothing, the bandwidth plays the



same role as the shape parameter of the kernel density. We cannot separate the bandwidth
and the asymmetric kernel function in asymmetric smoothing. Therefore, comparison of
different kernel smoothing can only be made by direct comparison of their MSEs or MISEs
using their own optimal bandwidths, calculated based on a data-driven or a theoretical

approach.

1.5 Objective and Contributions

The aim of this dissertation is to address two fundamental questions related to the use of
asymmetric kernels in kernel based nonparametric methods.

Question 1: What are the large sample properties (including consistency and asymptotic
distribution) of Beta kernel methods for both density and regression function estimation?
How do these properties compare with other symmetric and asymmetric kernels? How can
we implement bandwidth selection within this methodology?

Question 2: What are the large sample properties (including consistency and asymptotic
distribution) of local linear regression with Beta kernels? How do these properties compare
with other kernel based local linear regression function estimates? How can we implement
bandwidth selection within this methodology?

In Chapter 2, we attempt to address Question 1 by exploring the large sample proper-
ties of the Beta kernel density and regression function estimators. For the first time, the
asymptotic conditional bias and variance are derived, as well as its uniform almost sure
consistency and asymptotic normality. Finally, some implementable bandwidth selection
methodologies based on least square cross validation (LSCV) and generalized cross valida-
tion (GCV) are provided and tested using both simulation studies and a real data example.
The usefulness of the Beta kernel estimation procedure is illustrated by comparing it with
the Nadaraya-Watson (N-W)estimator and the local linear smoother. Results indicate that

the Beta kernel estimator consistently outperforms the N-W estimator for all sample sizes



and in most cases, is comparable to the local linear estimator with normal kernel.

In Chapter 3, we address Question 2. Here, the asymptotic conditional bias and variance
are derived for local linear regression with Beta kernels. Then, we prove the almost sure
consistency and asymptotic normality of the Beta kernel based local linear smoother. The
chapter concludes with numerical results based on a simulation study as well as real data.
Once again, least squares cross validation and generalized cross validation methods are used
to compute the optimal bandwidths. As expected, the N-W regression estimator shows
more variability relative to the other schemes considered in this work. Both the Beta kernel
and Normal kernel based local linear regression estimators behave similarly with the Beta
kernel based local linear regression estimator able to better capture the data structure at

the boundaries.
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Chapter 2

Beta Kernel Regression

Suppose X1, Xs,..., X, is a random sample from a population X with compact support.
Without loss of generality, the compact support is assumed to be [0,1]. Let K,, be the
density function of a Beta(p, ¢) random variable. For any fixed = € [0, 1], the Beta kernel
estimator for the density function f of X proposed by [Chen(1999)] is defined as

1 n Zn_ Xﬂf/hn(l . Xi)(l—x)/hn
n = - E Kx —x XZ - =11 )
f(z) n ot 1) 1 (Xi) nB(x/h, +1,(1 —x)/h, + 1)

A~

(2.1)

where, h, is a sequence smoothing parameters satisfying the conditions that h,, — 0, nh, —
oo as n — 00; B(p,q) is the Beta function. For the sake of simplicity, the subscript n will

be suppressed from h,, in the following discussion. [Chen(1999)] showed that
Efu(w) = f(x) + h[f'(2)(1 = 22) + 2(1 — 2) f"(x) /2] + o(h). (2:2)

Here and in the sequel, for any function g(z), ¢'(z), ¢"(x) denote the first and second
derivatives of g(z) with respect to x, respectively. So the bias of f,(z) is O(h) for all
x € [0, 1], and moreover, the density estimator does not suffer from the boundary problem.

A less desirable feature of the above defined fn(x) is the presence of f’ in the bias. This is

11



due to the fact that x is the mode and not the mean of the Beta(z/h + 1,(1 —x)/h + 1)
distribution. [Chen(1999)] proposed the use of a modified Beta kernel density estimator
that eliminates the f’ term from the bias in the interior. While the f’ term still forms
a part of the bias in small areas near the boundaries, the f” terms disappear at these
areas. More properties of fn(ilf) and its modified version, including the expressions of their
variances, mean squared errors (MSE) and mean integrated squared errors, can also be
found in [Chen(1999)]. In this paper, we focus our attention on the Beta kernel density
estimator defined in (2.1). Although the presence of f’ in the bias will be carried over to the
regression estimation, the derivation of theoretical properties of the proposed estimation
procedure will be much easier and concise. Moreover, the arguments we develop for the
regression estimator based on K, n41,(1—z)/n+1 can be easily adapted to accommodate the
one constructed from the modified Beta kernel in [Chen(1999)].

It is very interesting to uncover the close relationship between the Beta kernel and the
normal kernel used in the classical kernel density estimation as follows. For fixed x € (0, 1),
if we let Ry, denote the random variable following a Beta distribution, i.e., Beta(xz/h+1, (1—
x)/h+1), then we can show that (hx(1—x))"Y23(R,—z) => N(0,1) as h — 0. This implies
that asymptotically, the Beta kernel behaves like the normal kernel in which z-dependent
bandwidth is used for each point x at which f(z) is estimated.

To usher in the Beta kernel regression estimator, we assume a scalar response Y and a
one-dimensional covariate X obeys the regression model Y = m(X) + ¢, where € accounts
for the random error with usual assumptions E(¢|X = z) = 0 and o?(z) := F(£?|X =
x) > 0, for almost all . Analogous to the N-W kernel regression estimator, the Beta kernel

regression estimator of m(z) when the covariate X has compact support is defined as

m (ZU) _ Z?:l Ka:/h—l—l,(l—x)/h—i—l(Xi)}/i
" > i Ko jngt,(1—a) /nen (Xi)

(2.3)

From the definition of K}, , one can easily derive a much simpler expression for m,(x) as
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follows

_ Z?:l Xzz/hn(]- - XZ)(lfx)/hn}/;

My, () :
S X (1 X))

This formula is mainly useful for the computation of 7, while (3.2) is more convenient for

theoretical development.

2.1 Large Sample Results of m,(x)

We start with the asymptotic expansions of the conditional bias, variance, hence the MSE of
my,(z) defined in (3.2). Then a direct application of Lindeberg-Feller central limit theorem
will lead to the asymptotic normality of 7, (x). The asymptotic normality of fn(x) is also
derived. Finally, uniform almost sure convergence results of f, () and 7, (z) over [0,1] are
developed by using the Borel-Cantelli lemma after verifying the Cramér condition for the
Beta kernel function. The following is a list of technical assumptions used for deriving these

results.

(A1). The second order derivatives of f(x) is continuous and bounded on [0, 1].

(A2). E(e|X) = 0, and the second order derivatives of f(x)m(z), f(z)m?(z) are

continuous and bounded on [0, 1].

(A3). The second order derivative of 0?(x) = E(*|X = z) and f(z)o?(x) with respect

to x € [0, 1] are continuous and bounded.

(A4). For some § > 0, the second order derivative of E(|e|**°|X = z) is continuous

and bounded in z € [0, 1].

(A5). h — 0, nv/h — 00 as n — oo.

Condition (A1) on f(x) is also adopted by [Chen(1999)] implicitly when deriving MSE
of fu(x). Similar to (A1), condition (A2) is needed to control the higher order term in the

asymptotic expansions of MSE for 7, (z). Condition (A3) is required for dealing with the
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large sample argument pertaining to the random error, and is not needed if one is willing to
assume the homoscedasticity. Condition (A4) is needed in proving the asymptotic normality
of the proposed estimators, while (A5), similar to its classical kernel context, is a minimal
condition needed for the smoothing parameter. Additional assumptions on h as needed are

stated in various theorems presented below.

2.1.1 Bias and Variance

Let

v(x) = (2.4)

and X := {X1, Xs,..., X,,}. The following theorem presents the conditional biases and

variances of m,,(z) defined in (3.2).

Theorem 2.1.1 Suppose the assumptions (A1),(A2),(A3),and (A5) hold. Then, for any
x € [0,1] with f(z) >0,

(i). For x/h and (1 —z)/h — oo (i.e., x is in the interior),

Bias (1 (2)|X) = hb(x) + 0,(h) + O, ;ﬂ), (2.5)
Var (1, ()| X) = ;’L(—j% + op(ﬁ). (2.6)

(ii). For x/h or (1 —x)/h — K, a positive constant (i.e., x is in the boundary),

Bias(1it, (2)[X) = hb(z) + op(h) + op<%>, (2.7)
Var(i, (£)}X) = o0 ;Fig}’{ (f)n or() (2.8)
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Thus the conditional MSE of m,(x) has the asymptotic expansion

MSE (i, (2)[X) = thQ(x) + % + op(hQ) + Op(ﬁ) + 0p (h\—/?:)

when x/h and (1 — z)/h — oo, and

T(2K + 1)o*(x)

1
A _ 1272 2 _
MSE(m,(z)|X) = h*b"(z) + Wh2IRT (R 1 1) + 0,(h*) + 0, (nh)

when x/h or (1 —x)/h — K, a positive constant.

Theorem 2.1.1 indicates that both the conditional biases and variances of 1, (x) have
a higher order at boundary points than at interior points. This is in contrast to Gamma
kernel regression, see [Shi and Song(2015)], where the conditional biases are the same within
the interior and at the boundary point (z = 0). Similar to the N-W kernel regression case,
one can choose the optimal smoothing parameter A by minimizing the leading term in the

conditional MSE of m,, with respect to h.

2.1.2 Asymptotic Normality

In order to prove to the asymptotic normality of 7, (z), we first establish the asymptotic

normality of f,(z) along with its proof in Section 4.

Theorem 2.1.2 Suppose the assumptions (A1) and (A5) hold. Then for any x € (0,1)
with f(x) >0,

f(l‘) —2rs / 1 "
w(x) — f(x) —h[(1 —22)f (x) + =x(1 —x x)|+o(h)| —4 N(0,1).
r7mn=) @ /@) = Al =20/ @)+ 5a( =) @]+ ofh)| a N(0.1)
The asymptotic normality of f,(z) implies that f,(z) converges to f(x) in probability.
Hence 1/f,(x) converges to 1/f(z) in probability, whenever f(x) > 0. This result is used

in the proof of the asymptotic normality of 7, (x), which is stated in the next theorem.
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Theorem 2.1.3 Suppose the assumptions in Theorem 2.1.1 hold. Then, for any x € (0,1)
with f(x) >0,

(Z(_\j%>1/2 [mn(x) —m(z) — hb(x) + 0p(h)| =4 N(0,1),

where, b(z) and v(zx) are defined in (2.4).

It is noted that there is a non-negligible asymptotic bias appearing in the above results,
a characteristic shared with the N-W kernel density and regression estimators. These biases
can be eliminated by under-smoothing which, in the current set up, is to select a proper h
such that nh%? — 0 for 0 < z < 1, without violating conditions h — 0,nvVh — oo . The
large sample confidence intervals for m(x) thus can be constructed with the help of Theorem

2.1.3.

2.1.3 Uniform Almost Sure Consistency

In this section we develop a uniform almost sure convergence result for 7, (z) over an
arbitrary closed sub-interval of (0,1). To do this we apply Borel-Cantelli lemma and the
Bernstein inequality, after verifying the Cramér condition: for some k > 2, ¢ > 0, and A

small enough,

c
nvh

k-2
E| K s, (-2 (X)) < kf!( ) EKi/h—i—l,(l—x)/h—&-l(X)v 0<z <L (2.9)

The following two theorems give the uniform almost sure convergence of fn to f and m, to

m over bounded sub-intervals of (0,1).

Theorem 2.1.4 In addition to (A1) and (A5), assume that logn/n\/h — 0. Then for any

constants a and b such that 0 < a <b< 1,

~

sup | fu(w) = f(@)| = O(h) + of

z€[a,b]




Theorem 2.1.5 In addition to (A1) to (A5), assume that logn/nvh — 0. Then for any

constants a and b such that 0 < a <b< 1,

sup | () — m(x)‘ =O(h) + 0(

z€[a,b]

2.2 Selection of Smoothing Parameter

In this section, we propose several smoothing parameter selection procedures for implement-
ing the Beta kernel technique. We seek to employ a data driven selection strategy which
balances the bias and variance. We start with the least square cross validation (LSCV)
procedure, and its extension, k-fold LSCV for the density estimation problem. Secondly,
we propose the smoothing parameter selection procedures in the nonparametric regression
setup. Finally, we present the generalized cross validation (GCV) method and its applica-
tion to Beta kernel regression problem. These procedures are analogous to the commonly
used data-driven procedures used in the N-W kernel regression estimation context. The
theoretical properties, such as the consistency of these smoothing parameter selectors to

some “optimal” smoothing parameter deserves an independent in-depth study.

2.2.1 Density Estimation: k-fold LSCV

The motivation of the LSCV comes from expanding the MISE of f . Define
N 2 O .
L h) = 2(2)de — = _i(Xh),
SOV = [ Pt 321X

where f_;(X;) is the leave-one-out Gamma kernel density estimator for f(X;) without us-

ing the i-th observation. Then the LSCV smoothing parameter is defined by hisov =
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argmin, LSCV (h). For the beta kernel density estimator (2.1),

1 . (1-2)/h
LSCV(h) = 25 ZZ/B2x/h+1(1—m)/h+1)(XX)x/ (1-xp0-2))" o

1 Xi/h 1-X;)/h
E:E: X1 = X)X/,
n(n—1) ~ = B(X;/h+1,(1—-X;)/h+1)"

The integration of the first term of LSCV is not trivial due to the presence of the square
of the beta function in the denominator that depends on x. One approach is to use a brute
force method where LSCV is calculated via numerical integration for a range of h values and
the minimum is identified. However, by using Theorem 7 in Cerone(2007), we can upper
bound the inverse of the square of the beta function by a constant K. This allows us to

upper bound LSCV as follows:

n B (X X) = (1= X)(1 = X))

LSCV (h) < % SN —

2 - 1 X;/h _x
= XN x ) A=Xa) /e
n(n—l);; B(X;/h+1,(1 - X;)/h+1)"" ( s)

(2

In essence, instead of minimizing LSCV directly, one can determine the h that minimizes
the upper bound of LSCV. This approach, while sub optimal, provides computational com-
plexity reduction compared to a brute force search method.

An extension of the above leave-one-out LSCV is the k-fold LSCV procedure. Here, the
data is first split into k£ roughly equal-sized parts; then for the [-th part, the Beta kernel
density estimator and its associated error is calculated based on the other £ — 1 parts of the
data. This procedure is repeated for [ = 1,2, ...,k and the combination of the k estimation

errors is minimized. In particular, for our current setup, the k-fold LSCV has a similar
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structure as the leave-one-out LSCV except for the second term now defined as

2 1 1 Xu/h _x,
z - - X — X=Xk
Y ey P S S N AT

where, D(1) is the set of indices of the data part including X;, and n; is the size of D(7).
The k-fold LSCV will reduce to the leave-one-out LSCV when k = n.

2.2.2 Beta Kernel Regression: k-fold LSCV

The basic idea of LSCV in regression setup is to select the smoothing parameter by min-
imizing prediction error. For this purpose, let mp,p@)(X;) be the Beta kernel estimator
of m(x) at x = X; of the same type as m,(x) except that it is computed without using
the data parts including the i-th observation (X;,Y;), where D = {1,2,...,n}. The LSCV
smoothing parameter ﬁLSCV is the value of h that minimizes the LSCV criterion

n n Xi/h _X,
>_i¢pG) X, / (1= X)Xy

LSCV(h) = 3_IY: = sinym (X)) = 3 Vi - R0
=1 i=1 [ > senw X (1= X)X/

The independence between (X;,Y;) and 7mp,p)(X;) indicates that LSCV (h) will give an

accurate assessment of how well the estimator m,(x) will predict future observations.

2.2.3 Beta Kernel Regression: Generalized Cross Validation (GCV)

The GCV procedure from the N-W kernel regression can also be adapted to the Beta kernel

regression setup. Define

XXi/hﬂ — X;)=Xo/h

J J

DY P (R eI

Wij 1,7=12,...,n.
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Then the GCV smoothing parameter EGCV is the value of h that minimizes the GCV criterion
defined as

n

GCV(h) = n[n — an] ~ Zn: [Yi - Zwinj]Q.

i=1 i=1 j=1

In addition to the methods described above, there are many other approaches (e.g.,
AIC or BIC type criteria-based) that can be used to select the smoothing parameter. It is
important to remember that there is no one smoothing parameter selection approach that is
uniformly superior to others in the sense of resulting in always the smallest MSE. A certain
level of experimentation to identify the best smoothing parameter for a given problem is
usually recommended. In the next section, we illustrate this point through a simulation

study.

2.3 Numerical Study

In this section, we evaluate the finite sample performance of the proposed beta kernel

regression estimator using both simulation and real data analysis.

2.3.1 Simulation Study

For the simulated data, the underlying density function of the design variable is chosen to
be uniform between 0 and 1. A quadratic regression function is selected for generating the
response variable. That is, we set m(x) = 10(z —0.5)? and the response Y = m(z) +¢ where
e values are drawn from a N (0, 1) distribution. For one set of random data, Figure 1 presents
the estimated m(x) based on bandwidth selected using 5-fold LSCV. For comparison, along
with beta kernel regression estimator, we present the N-W estimator, and the local linear
estimator with the normal kernel. The true regression curve is also plotted for reference.
Results based on sample sizes of 100 and 200 are presented in Figure 2.1, respectively.

For the same data set, the regression estimate based on bandwidth derived from the GCV
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procedure is similar to the result using LSCV criterion and are presented in Figure 2.2. The
optimal bandwidth values and the resulting LSCV and GCV metrics for the analyzed data
set are provided in Table 1.

From Figures 2.1 and 2.2 and Table 2.1, it is evident that the Beta kernel estimator
consistently outperforms the N-W estimator for all sample sizes and in most cases, is com-
parable to the local linear estimator with normal kernel. Of course, the performance gain
offered by the local method is obtained at the cost of increased computational complexity.
Due to the randomness of generated data, we also observe occasional cases where the Beta

kernel regression outperforms the local linear method.

LSCV (5-fold) GCV
Kernel Type hLSCV LSOV(hLSC\/) hG’CV GOV(hgcv)
Beta Kernel 0.06472 0.02944 0.05477 0.02600

n =100 | Nadaraya-Watson | 0.11447 0.04032 0.10452 0.04231
Normal Local Linear | 0.14432 0.03775 0.12940 0.03260

Beta Kernel 0.02990 0.03750 0.02990 0.03750
n =200 | Nadaraya-Watson | 0.06970 0.05365 0.06970 0.05365
Normal Local Linear | 0.09955 0.03721 0.09457 0.03630

Table 2.1: LSCV and GCV values with optimal bandwidths

In Figure 2.3, we plot the mean squared errors (MSE) as a function of o2, the variance
of the noise term e. From the figure it is clear that as the noise variance increases, the
noisy measurements reduce the estimator performance. For low variance values (below 3
in this case), the N-W estimator has the worst performance relative to the beta kernel and
local linear estimate. Beyond a certain noise variance level (above 3.5 in this case), the
local linear estimate tends to perform worse. This could be attributed to the significant
variability of measured response relative to the true regression function. The tendency of
the local methods to accommodate all local variations in data even though they are noise

induced, result in a poor overall performance at these high noise levels.
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Figure 2.1: Comparison of Various Kernel Regression Estimators (5-fold LSCV)
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Figure 2.3: MSEs as a function of noise variance

2.3.2 Real Data Example

We now apply the Beta kernel regression estimation procedure for the data set from Azzalini
and Bowman (1990) on the Old Faithful geyser in Yellowstone National Park, Wyoming,
USA. The data consist of 299 pairs of measurements on the waiting time X to the next
eruption, and the eruption time Y in minutes, which were collected continuously from
August 1st until August 15th, 1985. We shall use the nonparametric regression procedure
developed in this paper to investigate the relationship between Y and X. To prevent the
computation of the Beta kernel regression estimator from explosion, the waiting time X is
transformed to 7' = (X — min(X) + 1)/(max(X) — min(X) + 2). This transformation also
ensures that the range of 7" is between 0 and 1.

The scatter plot in Figures 2.4 and 2.5 shows the data structure of Y against T. The
bandwidth h is chosen based on GCV and 5-fold LSCV criterion for all kernel regression
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estimation techniques. The Beta kernel regression curve is imposed on the scatter plot in
Figures 2.4 and 2.5 with solid line. For comparison purpose, the N-W kernel and local linear
regression curves are also plotted. All three estimators capture the main characteristic of
the data structure, but the Beta kernel regression estimate appears less variable than the
other two. Additionally the local linear method offers comparable regression fits as seen in

Figures 2.4 and 2.5.

2.4 Proofs of the Main Results

This section contains the proofs of all the large sample results presented in Section 3. Beta
density function and its moments will be repeatedly referred to in the following proofs. For
convenience, we list all the needed results here. Density function of a Beta distribution with

shape parameters p and ¢ is

F(p + Q) -1 -1
g(u;p,q) = =——=—u" (1 —w)" welo,1].
I'(p)I'(q)
Its mean p and variance 72 are p = z%q’ and 72 = m.

Let p=x/h+1,q=(1—2x)/h+ 1,2 €[0,1]. The following lemma on the inverse beta

distribution is crucial for the subsequent arguments.

Lemma 2.4.1 Let l(u) be a function such that the second order derivative of l(u) is con-

tinuous and bounded on [0,1]. Then, for all x € [0, 1],

/0 g(u;p, @)l (w)du = 1(z) + | (1 —22)l'(x) + %:17(1 —)l"(x))| h+ o(h). (2.10)

Proor. Fix an z € (0,1). Note that u = (x/h+ 1)/(1/h 4 2). Taylor expansion of I(u)

around z up to second order yields

(1) = I(2) + (1 — 22)h0' () + %(1 ) (2.11)
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where ¢ is some value between x + p and z. Recall p is the mean of g(u;p,q). The proof
follows the classic procedure involving Taylor expansion of [(u) around p up to the second

order followed by taking expectation. That is,

| st p i = 160+ 500 [ (= pfausp.ade
" / (u—pPglup, (@) —"(ldu (2.12)

for some @ between u and p. From (2.11) and the continuity of {”, we can verify that the two
leading terms on the right hand side of (2.12) match the expansion in the lemma. Specifically,
the first term follows from (2.11) and the second term corresponds to the variance of the
beta distribution. So it suffices to show that the third term on the right hand side of (2.12)
is of the order o(h). This can be shown by using the boundedness of I”, replacing g(u, p, q)

by its modal value, and using Stirling approximation to bound the third term. 0

The following decomposition of m,,(x) will be used repeatedly in the following proofs

below.

. B(z) 4+ Vi (x) [ 1

M (z) —m(z) = @) [Bn(x) 4+ Vi (x)], (2.13)

where
1 < 1«
By (z) = - Z Ko 1,12y /n1 (Xo) [m(X5) — m()],  Vi(z) = - Z Ko jhi1,(1—2) /41 (Xi)es,
i=1 i=1
with Ky /pt1,(1-2)/h+1(X;) defined in (2.1). Now we are ready to prove Theorem 2.1.1.

PROOF OF THEOREM 2.1.1 From the assumption (A2), the conditional bias of m,,(x)
equals E[m,(2)|X] — m(z) = By(x)/fu(z). From [Chen(1999)], it is known that f,(z) =
f(x) + 0,(1). In the following, we shall develop asymptotic expansions of the expectation

and variance of B, (z).
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First, let’s consider the expectation of B, (z) which can be written as
EB () = EKypni1,0-a)m1(X)m(X) = m(2) EKy i, 1-a) /1 (X))
Applying Lemma 3.3.1 with [ = H = mf and [ = f, by assumption (Al) and (A2),

ER s 1oy (X)m(X) = () + (1~ 20)H'(x) + 51— 2)H'(2))h + o(h)

1
() ER s oaynen(X) = m(e) | (@) + (1= 200 (@) + (1 = 2)f"(@))h+ o(h)] .
After a few simplification steps, we have

EB,(z) = |(1 —2x)m/(z)f(x) + %x(l —x)(m"(x) f(x) + 2m’(:v)f’(x))} h+o(h) (2.14)

Direct calculation shows that (1 — 2z)m/(z)f(z) + 2z(1 — z)(m"(z) f(z) + 2m’(z) f'(z)) =
b(x)f(x), where b(x) is defined in (2.4).
Now consider the variance of B, (z). Since the variance of a random variable is bounded

above by its second moment, so

Var(Bu(x)) <~ B [Kupor sy (X)m(X) = m(@)]]” (2.15)

The second moment can be broken down into three parts namely,

E [Kopnir, ey (X)[m(X) — m()]]”

1 1
:/0 Ki/h-i-l,(l—x)/h-&-l(X)mQ(u)f(u)du+m2($)/0 Kz/h+1,(1—a:)/h+1(X)f<“>d“

—2m(o) [ K g (Om(u) ) (216)

By substituting the exact expression for the beta kernel and performing a simple algebraic
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trick to isolate the constant terms, we can rewrite the integrals as

1 1
/0Kﬁ/hﬂ,uz)/h+1(X)m2(U)f(u)dU+m2(37)/0 Kg/hﬂ,(px)/hﬂ(X)f(u)du
1
~2m(o) [ Kooy (Om(a )

= An(@) [BE(m* (7). (12)) + m* (@) E(f (7)) — 2m(z) E(m(72) f (72))] (2.17)

where, 7, is a Beta(2x/h + 1,2(1 — z)/h + 1) random variable and

B2z/h+1,2(1 —z)/h+1)
B2(x/h+ 1, (1—2)/h+ 1

Ap(x) = (2.18)
Applying a slightly modified version of Lemma 3.3.1 to reflect the difference in the underlying
Beta distribution shape parameters and using [ = m2f,l = f and [ = mf for the three terms
in the second moment, respectively, we can write down the complete expression for the right
hand side of (2.17). The tedious algebra leads to the conclusion that the asymptotics of the

second moment depends on Ap(x). From [Chen(1999)], we know that

() ~ #(:c(l —x))"V2pY2 ) if 2/h and (1 — 2)/h — oo (interior); (2.19)
21+2E<2++K1+1h ! if z/h — K or (1 —xz)/h — K (boundary).

Therefore, the Var(B,(z)) = O(#ﬁ) if # is an interior point and is O(-%) if z is in the

boundary. Since, B,(x) = EB,(z) + O,(\/Var(B,(x))), we can write down B,(z) =

1 . . . . . — 1
b(x)f(x)h + Op(—m) if x is an 1nteAr10r point and B,,(z) = b(z)f(z)h + O ( 7) iz is in
the boundary. Combining this with f,(z) = f(x) + 0,(1) implies (3.5) and (3.7).

Next, consider the conditional variance Var|[m,,(z)|X]. It is easily seen that

n

1
Var(m, ()| X] = — K? 733 o?(X;).
in(o)IX] = e 3 K 1m0 (X)

Applying Lemma, 3.3.1 with [ = fo? with a modification to reflect the change in underlying
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Beta distribution and by (A3), one can show that, for x € [0, 1]

%2+ 1/h)
nl?(x/h+ 1)I2((1 —2)/h+1)

E (X1 — X)) 0*(X) = = Ap(z) (0*(2) f(z) + O(h)) .

Therefore, from the approximation of A(z) in (3.9) along with f,(z) = f(x) + 0,(1), one
can obtain (3.6) and (3.7). O

PRrROOF OF THEOREM 2.1.2. Let fm(l') = n_l[Km/h_H (1— w)/h+1<X) EKm/h—H (1— x)/h—l—l(X)]
Then

Z ézn _'_ EKm/h+1 (1- x)/h—i—l(X)

Since EKx/h+1,(1—x)/h+1(X) = f(I) + (1 - 2[E)f/( )h + ZL’( )f”( )h + O(h),
) = 7(@) = (1 = 200 (2)h = (1 = )" (@) + ol Zsm

Lindeberg-Feller CLT will be used to show the asymptotic normality of Y . ; &, (x). For
any a > 0,b > 0 and r > 1, using the well known inequality (a + b)" < 2" 1(a" + b"), we

have
B ()P < nmCF2 M B(K, it (1—ay /et (X)) 4 (B K, (1) n (X)),

Let § = 2+ 4. Then we can show that E(K,/p+1,(1-2)/+1(X))? equals

%2+ 1/h) v o
Fe(x/h+1)re((1—x>/h+1)/o w1 — )" () du. (2.21)

The integral in (2.21) is equal to f(x) 4 o(1). The preceding term corresponds to,

%2+ 1/h) _ B(0x/h+1,0(1 —x)/h+1)
[9(z/h+ 1)1 —2)/h+1)  Bl(x/h+1,(1—xz)/h+1)
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1 1
V2ma® " 26072

Using Stirling approximation for B(a,b) ~ T

followed by some routine calcula-

tions, we can show that

EKz/h+1,(1—m)/h+1(X) _ O<h—(1—0)/2> _ O(h_(1+5)/2>,
Let v = Var(zzlzl fm(m)) = Var(f,(z)). From [Chen(1999)], we can write down the
expression for v2 for any x in the interior of (0,1) as

1 1
vp = f(@) + o
2\/7rn\/ﬁx(1 — ) nvh

) (2.22)

This fact together with EKy/pi1,1-2)/m+1(X) = f(x) + o(1), imply

" 1 \6/2
—(249) 24T (N o —(240) 248
v, g E¢, ™ (x) = no, B —O(( ) ),
i=1 5 ( ) 51 n\/ﬁ
which converges to 0, by assumption (A4). Hence the Lindeberg-Feller condition holds.
This completes the proof of the Theorem 2.1.2. O

PROOF OF THEOREM 2.1.3. Fixan x € (0,1). To show the asymptotic normality of 1, (x),
again we use the decomposition (2.13). We shall first show that V,,(x) is asymptotically
normal. For this purpose, let 7, = n 'K, /ni1,0-2)/n+1(X;)e; so that Vi, (z) = Y00, Nin.
Clearly, En;, = 0. Assumption (A3) on ¢%(z) and results from (2.20) leads to En?, =
(f(x)o?(x)/(2n*\/x(1 — x)h7)[1 + o(1)]. Therefore,

52 = Var(an> =nEn?, = ™ f(z)o(2) [1+o(1)].

— Va(l —z)hr

Using a similar argument as in dealing with E|&;,(2)|?>*° in the proof of Theorem 2.1.2,
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verify that for any ¢ > 0,

Bl = 0 COBR2 o ( X)E(PP|X = ) = O(n GO 09072,

Hence

5=24) zn: Bl = o((%\/ﬁyw) = o(1).

Hence, by the Lindeberg-Feller CLT, s,'V,,(z) —4 N(0,1).
From the asymptotic results on f,(z) and V() in Theorem 2.1.2 and that of B, ()

discussed in proof of Theorem 2.1.1, we obtain

e ) B + @) = o),

This, together with the result that v/nv/h - Op<1/, /\%) = 0,(1), implies

F(@)s; (@) = m(x) = b(x)h + o(h)) = s, Va(w) —a N(0,1).

1/2
The proof is completed by noticing that f(z)s, ' = ( (z)/nvh ) O

ProoOr orF THEOREM 2.1.4. Recall that Efn fo u;p,q) f(u)du. By applying
Lemma 3.3.1 with I(u) = f(u), k = 1, and the boundedness of :Uf”(x) on [a, b], we obtain

Efu(z) — f(z) = O(h), for any = € [a, b].

Hence sup, <, |Ef,(x) — f(z)| = O(h). So, we only need to show that f,(z) — Ef,(z) =
o(h='/4\/Togn/\/n). For this purpose, let

Einx) = n_l[Kz/h+1,(1—m)/h+1(Xi) — EKyjhi1,(1—2)/m1(X5)]-
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Hence f,(z) — Ef,(z) = Y1, &n(x). In order to apply Bernstein inequality, we have
to verify the Cramér condition for &,, that is, we need to show that, for k > 3, E|&,|F <

2RI EE? for some ¢, only depending on n.

Note that K, /p11,(1-2)/n+1(X) attains its maximum at the mode of the beta distribution,

le., X = %ZL:; Therefore, Ky /n41,(1—2)/n+1(X) is bounded above by:

(x/m)x/h(l B x/m)(l—x)/h
1/h—2 1/h—2

B(x/h+1,(1—2)/h+1)

Kx/h+1,(1—x)/h+1(X) <

(2.23)

Once again using the Stirling approximation for the Beta function and some simple algebraic

computations, we can simplify the upper bound as follows:

(1/h+2)*? e 1
@/h s DA — ) )2 Vht(l—2) (2.24)

for some positive constant C*. Therefore, for any £ > 3, and A small enough,
El&n|F = Tka|Kx/h+1,(1—x)/h+1(Xi) — EKz/h+1,(1—x)/h+1(Xz‘)\k
k—2
C* _
< (m) n 2Bl Ky phi1,(1-)/m1 (Xi) = EKa i, (1—a) e (Xi) 2
k—2
(L) ke
ny/hx(l —x)
1/2
With v, := (Z?:l Effn> , this immediately implies,

* k—2
E|&n|* < k'<c—> E& . V1<i<n,

ny/hz(l — x) "

or

E(g_">k§k'<n ¢ )HE[@]Q V1<i<n.

Un
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2 _ 1 1 .. .
By (A), v = QWf(x) + 0<n\/ﬁ)' This implies

BE]" < m(CH) )’ 2.2

Then, by (2.25) and the Bernstein inequality, for any positive number c,

noe 2
P()Zlv—f ZC@) SQeXp<_4<1+chi/lf\g/z>W/\/ﬁ)>'

Since h~'/2logn/n — 0, so for n large enough,

p (‘ > e Sin N
Un, - 8

2]
c\/logn) < 2exp<— ¢ ogn)'

Upon taking ¢ = 8, we have

P(’ Zfin > c\/logm}n) < nz
i=1

Since > >7 n~® < oo, so by the Borel-Cantelli Lemma and by the fact v2 = O(—=), we

n

obtain
h=1/%/Togn
Z gm = (—\/ﬁ >

To bound the > 7 | &, uniformly for all x € [a, b], we partition the interval [a,b] by the

ful@) = Efy(2

equally spaced points x;, © = 0,1,2,...,N,, such that a = 2o < 21 < 22 < --- < xp, = D,

N, = n?. It is easily seen that
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Borel-Cantelli Lemma implies that

—1/4/Togn
:0(%)

max (2.26)

0<j<Nnp

For any = € [z}, z;41],

fm(x) - fin(%‘) = n_l[Kx/h—f—l,(l—:{:)/h—i-l(Xi) - EKx/h—i—l,(l—:c)/h-i—l(Xi)]

= Ko, sht, (- hi1 (X)) = EKg, hat,(1—a) /e (X5)]-

For ease in discussion, we will denote Ky /py1,(1-2)/n+1(X) as K(z, X) understanding the
dependance on h is implicit. A Taylor expansion of K (x, X;) at x = x; up to the first order

leads to the following expression for the difference Ko, jni1,(1—a;)/n+1(Xs) =K 1 (1—a;)/n1 (Xo):
| Ko i1, (1) /1 (Xi) — Koy 1)1 (X0)| & (2 — 25) KU (2, X) (2.27)

for & € [, z;41]. We will bound the difference in (3.32) by evaluating K'(z, X) as follows:

K'(z,X) = = + X1 - x)U-2/hp

(x/h+1,(1—2x)/h+1)

where, A and B correspond to the derivative of X*/"(1 — X)3=#)/" and 1/B(z/h + 1, (1 —
x)/h + 1), respectively. We can show that,

A= [1ogX ~log(1 — X)]Xm/m _ X))k (2.28)

SIS

and
g W —2)/h+1) - ¢ x/h+1)
hB(z/h+1,(1 —z)/h+ 1)

(2.29)

where, ¥°(x) represents the digamma function. Exploiting the properties of the digamma
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function and some straightforward algebra, we can upper bound the numerator of (3.34) as

wo((l —l')/h—i— 1) —wo(x/h+1) < ﬂ

Substituting the expressions for A and B in (3.32) we have,

X/ — X)-a)/h

S Ba/h+L(—2)/h+ 1)
X1 — x)d=2)/h 1 2z +h
BehrLa-oh+l) @

K'(z,X) log X —log(1 — X)

Xz/h(lix)(lfz)/h
B(z/h+1,(1—x)/h+1)

Observing that corresponds to the beta density, we can bound it based on
its value at its mode similar to the derivation in (2.23). Returning to the notation in (3.32),

this bound can be written as,

h—3/2
K'(#,X) < 2 (2.30)
(1l —x)
for some positive constant p. Since 0 <z —x; < (b —a)/N,, and T > 1/a,
ph—3/2
’Km/h+1,(lf:p)/h+1<Xi> - Kxj/h+1,(17mj)/h+l(Xi)‘ < N
which implies that when n is large enough, for some constant p,
ph—3/2
Ein(2) — Ein(x5)] < AN, I<i<n. (2.31)
These bounds imply that for all x € [z}, 2,41] and 0 < 7 < N,, — 1,
- - ph=3/2 <h_1/4\/logn>
);s () =3 gulm)| < e =o(F— (2.32)

37



Finally, from (2.26) and (2.32), we obtain

sup |fu(z) = Efa(2)| = sup

a<z<b a<z<b !~ 1
< E , , E . _ E . .
= 02N, — in(3) +o§§2%}§—1me[iﬁg+ﬂ p inl) — Sinls)
(h_l/“\/logn)
of ——————).
Vn

This, together with the result sup,.,«, |Ef,(x) — f(z)| = O(h), completes the proof of
Theorem 2.1.4. O

PROOF OF THEOREM 2.1.5. Given that m,(x) —m(z) = (Bn(x)+Vn($)> / fu(z), it suffices

to prove the following two facts:

B(z)| h=1/4/logn
2wl =0 () .
" (x —1/4 /logn
xsel[lal?b] ‘ffnéxi‘ = O(h) +O<th> (234)

We shall prove (2.34) only, the proof of (2.33) being similar.
Let 3,71 be such that 3 < 2/5, 8(2+n) > 1 and B(1+n) > 2/5 and define d,, = n®. For

each i, write g; = efr + % + pdn | with
eit = cil(leil > dn), e = el (el < du) — p, i = Eleil (|si] < da)|X].

Denoting Ky /h+1,(1—2)/n+1(X) as K p(X), we can express

Vi(x) S Ko p(Xoel | S0 Kon(Xi)ely | S0 Ko n(Xo)pd

fn(l’) a Z?:l K:c,h<Xz) + Z?:I Kx,h(Xz) Z?:l Ka:,h(Xz) (235)

We will prove (2.34) by considering the three terms on the right hand side of (2.35). The

38



first term involving €% can be bounded via Markov Inequality as

n

- 1
> Pllen| > dn) < B[ 7 < .

n

Borel-Cantelli Lemma implies that

P{3N,|e,| <d, forn >N} =1
= P{3N,|g| < d,,i=1,2,...,n, forn >N} =1

= P{3N,efr =0,i=1,2,...,n, forn> N} =1.

]

Hence,

sup Z?:1 Kw,h(Xi>5§l3
z€|a,b| Z?:l Kx,h(Xl)

Now consider the third term in (2.35). Since E(g;|X;) = 0, so u;® = —Ele;I(|e;| >

=0om™*), V>0

d,)|X,], then from assumption (A4), we have |uf"| < cdy, () Hence

n dn —1/4
z€[a,b] Zi:l Kﬂi,h(Xl) \/ﬁ

For the second term z—:ﬁg in (2.35), we have E[5?3|Xz‘] — 0, and it is easy to show that
Var(szyXi) = 0%(X;) + O[d;" + d; 2+

and for k > 2, E(|€Z’§|k|Xi) < 2k*2dﬁ*2E(|ef’§|2|Xi). Then from (2.24) and the boundedness

of o?(z) over (0,1), we have

Eln™ K, p(X))els|* < n " EKE L (X) E(|e3 /"1 X))]
< enFMPAETPEKRY L (X)o?(X)

k—2
g(cdn/n\/ﬁ) Eln~' Ko, (z, X;)eh .

39



Since

ElnT Kon(Xo)els? = —E[KZ,(X)o*(X)][1 + o(1)]

the random variable n_le,h(Xi)el‘fg satisfies the Cramér condition. So, using the Bernstein

inequality as in proving Theorem 2.1.4, one establishes the fact that for all ¢ > 0,

n n ;
P(’ Z Kz,h(Xi)aSZg > cy/logn E E[Kx,h<Xi)5§l3:| )
= i=1

< 2exp(—c®logn/8).

Take ¢ =4 and C(x) = c\/f(a:)az(x)/(Q mx(1 — z)) in the above inequality to obtain

> C(x)\/h=1/2 logn/n) < %,

by Borel-Cantelli Lemma and the boundedness of f(x)o?(z)/\/z(1 — z) over x € [a,b], this

1 n
(|23 Ken(Xels
ni:1 7h( )51,2

implies, for each z € [a, b],

—1/4,/Togn
:0(%)_

1 n
= Kan(Xp)et (2.36)
=

To show the above bound is indeed uniform, we can use the same technique that was
used to demonstrate the uniform convergence of fn(m) in the proof of Theorem 2.1.4. In

fact, the only major difference is that, instead of using (2.31), we should use the inequality

4| < ch=3/%d,

K%h(Xi)ef’g — Koy n(Xo)eis| < N 7 € [rj,2j41), 1 <i<n.
n
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The above result, together with the facts that f(z) is bounded below from 0 on [a, b], and

Supxe[a,b] |fn(x) - f(ZL‘)| = 0(1)a iInphes

“up Sy Kan(Xi)ely
z€la,b] Z?:l szh(XJ

_hVaTogn
_0< NG >, a.s.

This concludes the proof of Theorem 2.1.5. O
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Chapter 3

Beta Kernel based Local Linear

Regression

As seen in the previous chapter, kernel regression estimators could suffer from design bias
(a bias that depends on the distribution of X') and/or boundary bias (a bias near the end
points of X). These biases can be reduced by using local polynomial regression estimators
which is the focus of this chapter.

The relationship between a scalar response Y and a one-dimensional covariate X is often
investigated through the regression model Y = m(X) + ¢, where € accounts for the random
error with usual assumptions E(¢|X = z) = 0 and o%(z) := E(£*|X = z) > 0, for almost
all z. Local polynomial regression is based on the idea that we can improve the estimator
of m by using a higher order polynomial as a local approximation to m. Taylor’s theorem
suggests that this is a reasonable approach as m(z) can be represented based on some z in

the neighborhood of x as,

m® | @) (5
m(z) = m(z) + mW(2)(z — x) + 2!( )(z —x)? 4+ p!( )(Z —x)P
= Bo+ Bi(z —x) + Balz — ) + -+ + Bz — 2)P
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Here m® denotes the pth derivative of m. The underlying idea in local polynomial kernel
regression is to estimate the regression function at a point x by “locally” fitting a pth degree
polynomial to the data such that a weighted least squares error metric is minimized. That

is, local polynomial regression of order p minimizes
> wi(x)(Y; — M,(x, 8))? (3.1)
i=1

The weights w;(x) are chosen according to the height of the kernel function centered about
the point x. Given the usual symmetric kernel function choices, observations close to x have
more influence on the regression estimate at x than those that are far away. The actual
amount of influence of distant observations is controlled by the bandwidth parameter h that
goes along with the Kernel choice (i.e., K(z; — x)). As discussed before, if h is small the
local fitting depends strongly on observations in the vicinity of x leading to wiggly estimates.
In the extreme case, when h gets closer to 0, we end up with interpolation of data. When h
gets larger, the estimate tends towards the weighted least squares polynomial that fits the
data.

It is straightforward to see that the traditional Nadaraya Watson estimator corresponds
to the case of p = 0 as it corresponds to fitting local constants. In this chapter, we are
particularly interested in local linear kernel regression estimators corresponding to p =
1. This is motivated by the fact that local linear kernel estimators while providing much
more favorable asymptotic properties and boundary behaviors (relative to traditional kernel
estimators), also allow for mathematical analysis with reasonable tractability. [Fan(1992),
Fan(1993)] proved that the leading bias term in the case of a local linear regression estimate
with a symmetric kernel depends on z only through m”(z) (hereon, we will use m”(z) to
indicate m(®(x)) which effectively captures the error in the linear approximation of m(z).
That if m is close to being linear, the local linear fit is more accurate resulting in lower

bias. If m has larger curvature at z, then a linear fit will result in a more biased estimate.
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[Fan(1992)] also demonstrated that the bias increases with more smoothing. When p = 1,
these properties were shown to hold for both interior and boundary points with minor
differences in constants associated with the leading bias terms. In general, [Fan(1992),
Hastie and Loader(1993), Fan(1993)] have demonstrated the favourable properties of local
polynomial kernel estimators of odd degree. For even p, there is discrepancy between the
orders of magnitude of bias in the interior and boundary (usually referred to as the boundary
bias). For example, it has been shown that for even p, the minimum MSE is of the order of

_(2p+4) —(2p+2) . . .
n~ 9 at the interior and n~ G»® at the boundaries. For the NW estimator with p =0,

4/5 2/3

we already know that the optimal interior MSE order of n=*° is inflated to n™*/° near the
boundaries.

In this chapter, our objective is to investigate the impact of transitioning from using
symmetric kernel functions in local linear regression estimators to asymmetric kernel func-
tions. Specifically, our interest is in quantifying the performance of Beta kernel based local
linear regression and comparing its performance to a traditional normal kernel based local
linear regression estimator.

Analogous to the local linear estimator with classical symmetric kernel functions, for a

sample (X;,Y;) from the regression model, at any fixed z > 0, we define a function L(3) of

/6 = (/60751)/ as

L(B) = Z Ko jni1, (-2 1 (X)) [Y: = Bo — Bu(X; — 2)]%.

i=1

Then the local linear estimator of m(z) and m/(x) with Beta kernel function is simply the
minimizer of L((), where m’(x) is the first derivative of m(x) with respect to z. In matrix

form, the minimizer has the form of

B =XTwx) ' xTwy, (3.2)
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where

X = : : , W= % x/h+1,(1—r)/h+1(Xi) , Y =

1 X,—x Yo

Under some regularity conditions on the underlying density function f(x) and the regression
function m(x), our goal is to prove the asymptotic normality of B, as well as its uniform
consistency. As a first step towards that goal, we aim to uncover the large sample properties

of the conditional bias and variance in the next section.

3.1 Large Sample Results of m(x) and m/(x)

In this section, we discuss the large sample properties of the proposed estimator B defined
in (3.2). To be specific, the asymptotic expressions of the conditional bias, variance, hence
the MSE of m(z) will be established.

We start with a list of technical assumptions needed for developing the asymptotic

theories.

(C1). The third order derivatives of f is continuous and bounded on [0, 1].

(C2). E(¢]X) = 0, and the second order derivative of m is continuous and bounded
on [0, 1].

(C3). The second order derivative of 0%(z) = E(£?|X = z), f(x)o*(z) and f(z)o*(z)
are continuous and bounded on [0, 1].

(C4). For some § > 0, the second order derivative of E(|e[**°|X = z) is continuous

and bounded in z € (0, 00).

(C5). h — 0, nv/h — 00 as n — o0.
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These conditions are similar to those assumed in deriving the MSE properties of Beta

kernel regression estimates in the previous chapter.
3.1.1 Conditional Bias and Variance
For the sake of simplicity, denote X = { X1, Xo,..., X,,},

f@)+ 1 =22)f'(@)h+ 52(1 — 2) f"(2)h (1 = 2z) f(2)h + (1 — 2) f'(x)h
(1 =2z)f(x)h+ (1 —z)f'(z)h z(1—xz)f(x)h

S:

g _ [ f@)0P @) + B 4 MR (o)
x(l—x z)o2(z)h
ks(x) %

)

where ki(z) = f'(z)o?(x) + f(2)0? (v),

ka(x) = f"(x)o?(x) + 2f' ()0 (x) + f(z)0™ (x),
—22)f(x)o?(x z(1—2)(f/(x)o?(x 2)o? (z
k3(x):(1 2)f(Q) ()h_|_ (A—=z)(f'(z) (2)+f() @)h

The following theorem presents the conditional biases and variances of m(z) and m/(x).

Theorem 1 Suppose the assumptions (C1), (C2), (C3), and (C5) hold. Then, for any
x € (0,1) with f(z) >0,

bias(in ()| X) = S8~ x;m"( 4 o),
bias(oi (x) ) = 20— ol x);(g’)f R 4 oy,

Var(m(z)|X) =

o’(x)

1
B 2nf(x)\/mx(l —z)h o (n_\/ﬁ) ’
Var(m/(2)| X) = znmefS_lS*S_lel + o0, (
_ o*(x) to (L)
2ny/mf(z)(@(l—2)h)*2 " P \nhvh)

i)
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where, eg = (1,0)7, e, = (0,1)T.

Thus, when z € (0,1), the conditional MSE of 7(x) has the asymptotic expansion

(z(1 = 2)m"(2))" b o’(x)

MSE(m(z)|X) = 4 - 2nf(x)y/mx(l —x)h o)+ oy (n—\l/ﬁ) '

It is important to note that unlike the Beta kernel regression estimator discussed in
Chapter 2, the Beta kernel based local linear regression estimator has a conditional bias
that is not dependent on f(z). This “design adaptivity” is a desirable property that does
not translate to the conditional bias of the derivative of the regression function.

Similar to the N-W kernel regression case, one can choose the optimal smoothing pa-
rameter h by minimizing the leading term in the conditional MSE of m, with respect to
h. For z € (0,1), we can verify that h has the order of n=2/%, with the corresponding MSE
having the order of n=%°. Recall the same order is obtained for the Beta kernel regression
estimate based on the same criterion. Additionally, the bias of m(x) is free of the term
f'(x)/f(z), indicating the proposed estimator has design adaptivity, a desired property in-
herited directly from the local linear smoothing. Understanding the behavior around the
boundaries (i.e., z = 0 and x = 1) will be part of our future work.

To conclude this section, we would like to discuss the notion of an “equivalent kernel”.
In standard local linear estimation, it is finally the “equivalent kernel” that matters rather
than the kernel which is used in the minimization process, see Fan and Gijbels (1992). We
might wonder if this notion of ”equivalent kernel” can be extended to local linear estimation
with the Beta kernel. Unfortunately, due to the inherently different nature of the Beta
kernel in contrast to the traditional kernel (which is a member of location family), the form
of this “equivalent kernel” is relatively complicated. While we hardly see the usefulness
of an "equivalent kernel” in developing any of the following theoretical results, we hope to
pursue this as part of our future work.

To see this, let e, be a 2-dimensional vector whose v + 1-th element is 1, and the other
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one is 0. Define S,, = X'W X, and
wy (X, @) = €,8, (1, X = ) Kot (1-ayna (X).
Then we can rewrite /(") (z) as a weighted sum of Y;’s,

) (z) = e, (X'WX) ' X'WY =) wp(X;, 2)Yi.
=1

It is easy to see that the weights w!" (X, z) also satisfies the discrete moment conditions

n

Z<Xi —x)wy, (X;,x) = 0pq, v,q=0,1

i=1
Define
10 1 1 2z 4 S0/
H = ; Sh: , 3
0 h 1—2$+% z(l—2z)/h

then from the proof of Theorem 1 in the paper, we have
Sn=nf(x)HSRH(1+ 0y(1)).
Thus, we can rewrite w' (X, z) as the following

wy (X, z) = e’ S (X — ) " Ky/hi1,(1—a) 1 (X) (1 4 0,(1)),

nf(x)h?

and, accordingly,

) (z) = W > (X o)¥i(1 +0,(1),

where

LZ(X, 1’) = ev/Sh_l(X - $)UKx/h+1,(1fx)/h+1 (X)
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Different from the equivalent kernel in Fan and Gijbels, this “equivalent kernel” L?(X, x)
can not be written as some function evaluated at (X — z)/h, and such a function is free

from data and sample size!

3.1.2 Asymptotic Normality

The asymptotic normality m(x) is summarized in the following theorem, which can be used

for constructing confidence intervals and hypothesis testing.

Theorem 2 Suppose the assumptions C1-C5 hold. Then for any = € (0,1) with f(z) > 0,

as nh*? — oo and nh®? — 0,

diag(1,Vh) - So - || ——— -

f(:c)02(:c) m/<x> _ m’(m) 2 0
1
0
i}N 0 , 24/ mx(1—x)
z(l—x)
0 0 e
where

o [ f@+ =20+ R (1= 22)f(@)Vh+ (1 —2) f (e)Vh

(1 - 22)f(2)Vh + 2(1 - 2)f'(z)Vh w(1 =) f(x) + f(x)h

It is noted that there is a non-negligible asymptotic bias appearing in the above results,
a characteristic shared with the Beta kernel regression estimates. These biases can be
eliminated by under-smoothing which, in the current set up, is to select a proper h such

that nh?? — 0 for x € (0,1) without violating conditions h — 0, nh*? — oo,
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3.1.3 Uniform Almost Sure Consistency

In this section, we develop an almost sure uniform convergence result for m(x) over an
arbitrary closed sub-interval in (0,1). As was done for the Beta kernel regression estimator,
we will apply the Borel-Cantelli lemma and the Bernstein inequality, after verifying the

Cramér condition: for some k > 2, ¢ > 0, and h small enough,

C

nvh

k—2
E’Kx/h+17(1—:v)/h+1<X)|k < k!( > EKg/h+1,(1fx)/h+l<X)7 z > 0. (3.3)

The following theorem gives the almost sure uniform convergence of m(x) to m(z) over
bounded sub-intervals of (0, 1).
Theorem 3 In addition to (C1)-(C5), further assume that logn/nyv/h — 0. Then for any

constants @ and b such that 0 < a < b < 1,

J@)
Vi

sup |m(z) — m(x)‘ =O(h) + 0(

z€[a,b]

By assuming some stronger conditions on the tails of f and m at the boundaries, the above
uniform almost sure convergence results can be extended to be over some suitable intervals
increasing to (0,1). However, we do not pursue it here simply because of the involved

technical details and lack of a useful application.

3.2 Numerical Results

Once again, to evaluate the finite sample performance of the proposed local linear regression
estimator based on the Beta kernel, a simulation and comparison study will be conducted
in this section, together with an application to a real data set. The selection of smoothing
parameters will follow the approach discussed in the previous chapter, i.e., least squares

cross validation (LSCV) and generalized cross validation (GCV).
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Stmulation Study: We retain the simulation setup used to evaluate the Beta kernel regres-
sion estimator discussed in the previous chapter. Specifically, the underlying density function
of the design variable is chosen to be uniform between 0 and 1. A quadratic regression func-
tion is selected for generating the response variable. That is, we set m(z) = 10(x—0.5)? and
the response Y = m(x) + ¢ where ¢ values are drawn from a N(0, 1) distribution. For one
set of random data, Figure 3.1 presents the estimated 7 (z) based on bandwidth selected
using 5H-fold GCV. For comparison, along with beta kernel based local linear regression es-
timator, we present the N-W estimator, Beta kernel estimator from the previous chapter
and the local linear estimator with the normal kernel. The true regression curve is also
plotted for reference. Results based on sample sizes of 100 and 300 are presented in Figure
3.1 and Figure 3.2, respectively. For the same data set, the regression estimate based on
bandwidth derived from the LSCV procedure is similar to the result using GCV criterion
and is presented in Figures 3.3 and 3.4. The optimal bandwidth values and the resulting
mean squared error (MSE) values (defined as the average of squared differences between the
estimated and true values of the regression functions at n equally spaced x-values) for the
analyzed data set are provided in Table 3.1. From these simulation results, it is interesting
to notice that the two local linear estimators perform almost equally well. As discussed in
the previous chapter, the Beta kernel estimator offers a better MSE performance relative to
the NW estimator. However, the Beta and Normal local linear regression estimators perform
the best as expected. These observations, together with the relative ease in deriving the bias
and other properties of Beta local linear regression estimator, make it a strong candidate in

the field of kernel regression estimators.

Real Data Example: Finally, we apply the Beta kernel based local linear regression esti-
mation procedure to the data set from Azzalini and Bowman (1990) on the Old Faithful
geyser in Yellowstone National Park, Wyoming, USA. The data consist of 299 pairs of mea-
surements on the waiting time X to the next eruption, and the eruption time Y in minutes,

which were collected continuously from August 1st until August 15th, 1985. The nonpara-
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Figure 3.1: Comparison of Local linear Kernel Regression Estimators - f(z) ~ UJ0,1],
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m(z) = 10(z — 0.5)2, ¢ values are drawn from a N (0, 1), GCV, sample size = 100

LSCV (5-fold) GCV
Kernel Type hLSCV MSE(thcv) hGCV MSE(hgcv)
Beta Kernel 0.0249 0.0310 0.0199 0.0314
n =300 | Nadaraya-Watson | 0.0547 0.0578 0.0448 0.0682
Beta Local Linear | 0.0497 0.0125 0.0398 0.0146
Normal Local Linear | 0.0945 0.0122 0.0796 0.0146
Beta Kernel 0.0398 0.0617 0.0298 0.0604
n =100 | Nadaraya-Watson | 0.0796 0.0847 0.0647 0.1030
Beta Local Linear | 0.0647 0.0178 0.0647 0.0178
Normal Local Linear | 0.1045 0.0161 0.0945 0.0212

Table 3.1: MSE associated with different regression estimators with optimal bandwidths

metric regression procedure developed in this dissertation will be used to investigate the
relationship between Y and X. Similar to the setup in the previous chapter, the waiting

time X will be transformed to T' = (X —43)/30 first. As a result, the range of T" is between

0 and 2.17. Here 43 is the minimum value of X.
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Figure 3.2: Comparison of Local linear Kernel Regression Estimators - f(z) ~ UJ0, 1],
m(x) = 10(z — 0.5)%, € values are drawn from a N(0,1), GCV, sample size = 300

The scatter plot in Figures 3.5 and 3.6 shows the data structure with Y against 7'. The
estimated regression curves are imposed on the scatter plot in Figures 3.5 and 3.6 with
solid lines. For comparison purposes, the normal kernel, the local linear with normal kernel
and the Beta kernel regression curves are also provided. All four estimation procedures use
bandwidths chosen based on 5-fold LSCV criteria in Figure 3.5. It is important to note that
using the GCV criterion also results in similar performance as presented in Figure 3.6. For
the proposed local linear estimator with Beta kernel, the optimal bandwidth with 5-fold
LSCV is 0.01497, for local linear with normal kernel, the optimal bandwidth equals 0.05974,
and for the Normal and Beta kernel estimator, it is 0.07467 and 0.01994, respectively.
Clearly, all four estimation procedures capture the structure of the data set. However,
the normal kernel based regression estimator shows more variability relative to the other

schemes. Both the local linear regression estimators behave similarly with the Beta kernel
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Figure 3.3: Comparison of Local linear Kernel Regression Estimators - f(z) ~ UJ0,1],
m(x) = 10(z — 0.5)%, € values are drawn from a N(0,1), 5 fold LSCV, sample size = 100

based local linear regression estimator able to better capture the data structure at the

boundaries.

3.3 Proof of the Main Results

This section contains the proof of the large sample results presented in previous sections.
Since Beta density function and its moments will be repeatedly referred to in the following
proofs, so for the sake of convenience, we list all the needed results here. Density function
of a Beta distribution with shape parameters p and ¢ is

9(u;p,q) = %M’l(l —u)?t welo,1].
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Figure 3.4: Comparison of Local linear Kernel Regression Estimators - f(z) ~ UJ0, 1],
m(x) = 10(z — 0.5)%, € values are drawn from a N (0, 1), 5-fold LSCV, sample size = 300

Its mean u and variance 72 are y = £, and 72 = —2L——.
© K= e (p+a)?(p+q+1)

Let p=x/h+1,g=(1—2x)/h+ 1,2 € [0,1]. The following lemma on the inverse beta

distribution is crucial for the subsequent arguments.

Lemma 3.3.1 Let l(u) be a function such that the second order derivative of [(u) is con-

tinuous and bounded on [0,1]. Then, for all x € [0, 1],

/0 g p, )l (w)du = 1(z) + (1—2x)l'(x)+%x(l—x)l"(x)) hto(h).  (3.4)

Lemma 3.2.1 is the same as Lemma 2.4.1 in Chapter 2. It is reproduced here for the sake

of completeness and ease of referencing.
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Figure 3.5: Comparison of Local linear Kernel Regression Estimators on Old Faithful geyser
data (5-fold LSCV)

The following decomposition of B will be also used in the proofs below.

EBX)=(X"WX)'X"WE(Y|X)

= (X"WX)'XTW(m - XB+ XB) =8+ (X"WX)"'XTWr,  (3.5)

Var(3)X) = (XTWX) ' XTW Var(Y | X)W X (XTW X) ™!

= (XTWX) " XTeX (XTWX) ™, (3:6)

where m = (m(X1), -+ ,m(X,)), r = m — X, Var(Y|X) = diag{c*(X;)}, and ¥ =
WVar(Y[X)W = diag{ K2 ), ;1 (1) /ps1 (Xi)o*(Xi)} fori =1, ny Koppar 1m0y nan (Xo) =
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Figure 3.6: Comparison of Local linear Kernel Regression Estimators on Old Faithful geyser

data (GCV)

Xf/h(lfxl)(l_z)/h
B(z/h+1,(1—z)/h+1)’

with X, W defined in the previous section. Now we are ready to prove

Theorem 1

Proof of Theorem 1: Consider the conditional variance Var(3|X). Note that

iy Ko, 1y (X5) 2 i (Xi = ) Ko, (1) (XG)
I3 (X — ) Kypni1,a—ayn1(Xa) 2300 (Ko — 2)2 Koy nit,(1—a) 1 (X3)

XWX =

Denote X"WX = (237" (X; — 2)/ Kyjni1,(1—ayn+1(Xi)) . § = 0,1,2. Applying Lemma
3.3.1 with I(u) = (u — )’ f(u), u = X;, and k = 1, by assumption (C.1),

n <
=1

E (l Z<Xi — iﬂ)ij/h-H,h(Xi)) =I(z) + {(1 —22)l'(x) + %x(l —D)"(@))| b+ o(h),

27



then

E(XTWX) =
flx)+[(1 = 2x)f(z) + %az(l —z)f"(x)]h+o(h) (1 —2z)f(x)h+x(1—2x)f (x)h+ o(h) _
(1—2z)f(x)h+2(1 —z)f'(x)h + o(h) z(1—2x)f(x)h+ o(h)

Fo) + 0 =2 @h e Je =0 @h (1 =20f@h (=S @h)
(1 —2x)f(x)h + 2(1 — z) f'(x)h oL = z)f(@)h

Denote the matrix on the right as S.

Now consider the variance of XTW X.

BN ‘ 1 | |
Var (ﬁ Z(Xi - x)]Kx/h+1,(1m)/h+1(Xi)) < EE (X; — x)JKx/hH,(l,z)/hH(Xi))Q . j=0,1,2

i=1
which can be written as

1 - 2
ﬁE (X — ) Kyjni1,0—ayns1(X3))

1 1 ['(2+1/h) N . 2 y
_ﬁ/o [r<x/h+1>r(<1_x)/h+1)u/h(l—u>‘ I (= )2 f(u)du

_ I2(2+1/h)(h/2)
ol (e/h+ D0 ((1 =) /h+1
— Ap(z) s 2(1—=)/h 2j
_nB(Qx/iH—l,Q(l—:c)/h—i—l)/o w1 = u)* M0 — 2)¥ f(u)du

= 28 g,

' 2z/h (1 _  N\2(1—x)/h(,, _ \2]
)/0 w1 —u) (u—x)¥ f(u)du

Here, v, is a Beta(2z/h + 1,2(1 — x)/h + 1) random variable, [(u) = (u — x)¥ f(u) and

A _ B(2xz/h+1,2(1 —2x)/h+1)
- Py W s y

(3.7)
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By the continuity of f, f/, f”, one can show that E[l(~,)] = l(x)+ [G;—Qﬂl’(:p) + #l”(m) h+

o(h). Then the variance of XTW X

(1—2x) z(1—x) z(1—2)f(z)h
Var(XTWX) = lAh(x) flz) + 5@ T 4f"(x)] h+o(h) =—===+o(h)
b 2U=IER 4 o(h) o(h)
= 0(1/nVh). (3.8)

The last result directly follows after substituting the approximation of Ap(z) derived in

Chen(1999). That is,

S=(z(1 —2))"Y2h=12 if 2/h and (1 — x)/h — oo (interior);
Ap(z) = { 27 (3.9)

%hil, if t/h — K or (1 —x)/h — K (boundary).

Therefore, when z € (0, 1), together with (3.7) and (3.8), we get

1
0(1) = § + —

XTWX = S[1+o(1)] +
nvh nvh

O1) = S[1+0(1)]. (3.10)

For the matrix X7¥.X, a similar approach can be followed. That is,

XTEX =
# Z?:l Kg/h+1,(1—z)/h+1(Xi)UQ(Xi> # Z?:1(Xi - $)Kg/h+1,(1—m)/h+1(Xi>‘72<Xi)
# > i (X — x)KQQ:/h+1,(1fm)/h+1(Xi)gz(Xi) # > i (Xi — x)ng/hH,(kx)/hH(Xi)UQ(Xi)

n

1 .
- (ﬁ Z(XZ N x)JKi/hH,(lx)/h+1<Xi)U2(Xi)>
i—1

(3.11)
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where j = 0,1,2. Using Lemma 3.1 with I(u) = (u — 2)? f(u)o*(u), v = X;, and k = 2 ,

n

E (% Z(Xi - x)ng/h+1,(1x)/h+1<Xi)a2(Xi))
- /0 9°(u, p, q)o*(u) (u — ) f(u)du

n

=~ Au@) Bl

where, v, is a Beta(2z/h + 1,2(1 — 2)/h + 1) random variable. Using the approximation

for Ap(x), we can further simplify the previous result as,

n

1 .
E <—2 Z(Xz‘ - x>]K§/h+1,(1—x)/h+1(Xi)UQ(Xi)>

B 11:1 (1—2x), z(1—2x),
= 2n\/m[1 +o()](I(x) + | 5 I'(x) + —1 I"(x)]h + o(h)).
Therefore,
E(XTLX)
_ 1 pi(z) pa()
2ny/mx(1 —z)h po(2) $(1;1)f(x)02(x>h
1 1 x
+2n\/7m(1 - x)ho(l) - 2n\/mx(l — a:)hS 1+ o(b)] (3.12)

where, pi () = f ()0 () + 12 [f (2)0? (x) +02 f'(2)] it 2T [ f (2) 0" () + 0% (2) f' () +
() f"(w) + f'(x)o¥ (x)]h and ps(z) = 52 f(2)o?(@)h + ZUFL(f (2)o? () + f(w)o? ())h.
Next, the variance of X7X X is evaluated. Var (# Yo (X — x)jKi/hH,(l,z)/hH(Xi)UQ(Xi))

corresponds to
. 2
k (# i (X - x)jKg/hﬂ,(kz)/hﬂ(Xi)UQ(Xi)> -
j 2 . .
[E (# S (X, —3:)3Ki/hﬂ’(l_x)/hﬂ(Xi)a2(Xi)>] ,with j = 0, 1, 2, for z € (0,1), as
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h — 0, the leading term in the previous equation can be written as

1

ﬁE ((Xz - w)jKi/hH,(lfx)/hH(Xi)‘72(Xi))2
B % o g*(u,p,q)(u — ) f(u)o* (u)du
_ %Ai(x)E[l(%(l‘)]

where, v,z is a Beta(4z/h+1,4(1 — z)/h + 1) random variable, I(u) = (u — 2)% f(u)o*(u).
Using the approximation for A,(x) and the continuity of fo?, fo?c?, f'o*, and (C3), we

can show that

Var(XTYX) = 1 ps(x) + o(h) 2 f(x)o*h + o(h)
8nd/mod (1 —w)3h® \ 202 ¢35t + o(h) o(h)
1
=i o

where, py(z) = f ()0 (2)+ 222 [ f/(2)o" (x)+ f (2)o" ()|t D52 f ()0 () 420" (2) f'(2) +
o*(x) f"(z)]h. Therefore, together with (3.12) and (3.13), XT¥X corresponds to

XTyx = \/%S*[l +o(1)] + m O(1)
_ 2n\/7m:117)5 1+ o(1)]. (3.14)
Combined with (3.10) and (3.14), we have
Var(61X) = (XTWX) ' XTo X (XTWX)™
_ S—l%ms*s 14 0,(1)] = 2nms—ls*s—l[1 +0,(1)
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Therefore,

Var(m(z)|X) = ea STES*S e + o, (

1
) (3.15)

el S71S*S ey + o,(

1
2ny/mx(1 —z)h
1
2ny/mx(1 — z)h

Var(m/(2)| X) = ). (3.16)

1
nhv/h
where ey = (1,0)7,e; = (0,1)7.

The expressions for conditional variance can be further simplified by carefully considering

the matrix products in (3.15). We know that,

o f(z)+ah bh (3.17)
bh ch

where, @ = (1 — 2z)f'(z) + 32(1 — 2)f"(z), b = (1 — 22)f(z) + (1 — ) f'(z), and ¢ =

(1 — ) f(x). Similarly, S* can be written as,

o f(z)o*(x) +dh eh (3.18)
eh gh

)andg:

where, d = (7200 | s=ua@)  _ (-20){()o’@) 4 -2} @)’ +f(e)o? (o)

w. With the modified representation of S, S~! corresponds to

1 ch —bh

St =
cf(x)h + ach? — b2h?

(3.19)
—bh  f(x) + ah
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Therefore,

e | ch  —bh f@)o2(x)+dh eh\ [ b —bh
STISTST = 2V52)2
(cf(@)h+(ac =22\ ) 4 an ch gh ] \ =bh f(@)+ah
(3.20)

Using this result, we can simplify,

retenat.  CHOIE) +olh) | o’@
WSSO = X o () (3:21)

and

Tatarat,. _ JAx)g/h+2agf(x) — f(x)be +O(h)  f*(x)g 9
s TS e = A2 f%(x) N 2 f?(x)h +0(1) = hc?
sl af@et) o) o

"2l —a)f(x))?h  2f(z)e(l—2)h

Substituting back in the conditional variance results provides the expressions in Theorem 1.

Next, consider the conditional bias in (3.2), that is (XTW X )" !XTWr. It is straightforward
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to arrive at the following result,

XTWr = XT"W(m — Xp)
m(Xy) = (m(x) +m'(z)(Xy — z))
= XTW

m(X,) — (m(z) +m/(2)(Xn — )

(X, - 2)? + o (X, — z)?)

m(z) | £ i (Xi — 2)* Kaynir,(1—a)na (X3)
IS (X = 2 Ko, (1—a)ns1 (X5)

=1

m’(z) [ 1 — -
= # (ﬁ Z(Xz - x>]Kz/h+1,(1—x)/h+1<Xi)> )

with j = 2,3, the the expectation of the right hand side of X?Wr can be showed that,

mHQ(x) E ((X7, — Jﬁ)jKr/thl,(l—r)/h"‘l(Xi))
=) ) o o

_m(@) (z(g;) + [(1 —2z)l'(z) + %x(l - x)l"(x))} h+ O(h))

Based on assumptions (C.1), (C.2),

E(X"Wr) =

(3.23)
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The variance of 7 Wr can be written as,

15 m” x) .
Var (52 : <Xz-—as)ﬂKx/hH,a—xvhH(Xﬁ)

- % <#> E((X; - x)ij/h+1,(1—m)/h+1(Xi))2
L () (08— e Koo )T

The leading term can be rewritten as

1 /m/(x) 2 j 2
~ = E((Xi — ) Ky/hir,(1-2)/h+1 (X))

_ % m"z(‘”) o) (1) + [0 - 2000) + %x(l — (@) | h+ olh)
(

where, [(u) = (u — z)% f(u). Based on the approximation of A, (z), by the continuity of
f, f and (C.1), (C.2),

Var (XTWr) = (m'(z))” ) = O(h? /n). (3.24)
8ny/mx(l —xz)h O(h?)

Together with (3.23) and (3.24), we have

XTyy = T = o)m" (@) f(@)h (1 * 0<h)> + (O(’“/\/ﬁ))

2 o(h) O(h' //n)
xm” (z) f(z)h (1 + O(h)) (O( iﬁ>) ]
- 2 + 1
o(h) O(7=)
_ w 1+o(l) (3.25)
o(1)
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Combined with (3.10) and (3.25), we have

bias(3]X) = (XTW X)L XTWr

_ z(1 — x)m”(a:)f(x)hsfl 1+o(1) A xm”(x)f(x)hsflcj

2 2h + o(1)

Therefore,

+ 0,(h), (3.26)

(2z — )m"(x)h  z(1 —z)m"(2) f'(x)h )
5 2 ) + 0,(h). (3.27)

Proof of Theorem 2
Fix an z € (0,1). To show the asymptotic normality of rm(x), we use a convenient

decomposition corresponding to,

m(z) —m(z) = el (XTWX)'XTW [Y — m(z)Xe] —m'(z)Xei],

=ep (X"WX)'XTW [m — m(2)Xej —m/(z)Xer] + el (XTWX) ' X TWe
Similarly,

m/(z) —m/(z) = e (X" WX)'XTW [Y — m(z)Xej —m/(z)Xei] ,

= e (XTWX)'X"W [m — m(z)Xef —m/(z)Xer] +ef (XTWX) ' XTWe

So, to consider the asymptotics of above differences, we need to study the behavior of the

following three matrices
XWX, X'WIY —m(z)Xel —m/(x)Xer], X"We
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First, we analyze a slightly modified version of the first matrix
XWX
. We can easily show that diag(1,1/v/h) - XTWX - diag(1,1/v/h) by (3.7) is equal to

Ly K1, (1—a) 1 (X3) \/Lg IS (X = 2) Ko, (1—a) e (XG)
Tr o it (X = D) Ko, amaymn (X)) 5w i (X = ) Ko, -0y (X0)

)

Similar to the discussion in the proof of Theorem 1, one can obtain that under condition

(C.1),

diag(1,1/vVh) - XTWX - diag(1,1/Vh)

Fla) + (1= 2a) f()h + =200 (1= 20) f(o)Vh + 2(1 — 2) f'(2)VD A
- +0,(1) = Sy + 0,(1).
(1= 22)f(x)Vh + z(1 — 2) f (x)Vh w(l—x)f(x) + f(x)h

Hence,
(XTWX)™" = diag(1,1/Vh) - (Sy* + 0,(1)) - diag(1, 1/Vh). (3.28)
Next, let us look at the second matrix of interest,
XTWe
. Once again, considering a slightly modified form of this matrix, we obtain

1 7‘1 Kx —x Xz & 1
diag(1,1/vVR) - XTWe = n 2uict Ko a-aman (X) — 0,

LY (X = ) Ko a(X0)e, n/h
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Combining this result with (3.28), we have

(XTWX) ' XTWe = diag(1,1/Vh) - (Sg* + 0,(1)) - diag(1,1/vVh) X We

>y Kajnr, oy mir (Xa)es + 0p(—A—=)

n

S

= diag(1,1/Vh) - Sy !

\/Lg LS (X — @) Ko, (1—a)n (XG)Ei + 0p(——=)

nvh
— Ol i\/ﬁ>
Op(7m573)
Therefore,
diag(1, V'h) - Sy - %(XTWX)lXTMk
_ V Wﬁ(w% Yot Kanar, oy (Xi)ei +0p(1) N Vi(z) + 0,(1)
W@(z)\%ﬁ IS (X = @) Ko, (1) n1 (X5)Es 4 0p(1) Va(z) + 0,(1)

We will first show that Vj(x) is asymptotically normal. For this purpose, let 7;, =
f(czz)\g/zfz(x) : n_le/h+1,(1—a:)/h+1(Xi)gi so that Vi(l’) = Z?:l Nin - Clearlya E77m = 0. By
assumption (C.3) on o?(z), a routine argument leads to En2, = [1/(2ny/mx(1 — x))[1+0(1)].

Therefore,

- 1
32:Var< m):nE?:—l—l—ol.
. ;n o = 5 ey o)
for any 6 > 0,
Bl = (n/m)* P COBRES 1 (X)B(el7°1X = ) = O~ @R 701),
Then

5 +0) Zn: Elyon* = o((%fm) = o(1).

=1
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Hence, by the Lyapunov central limit theorem, s, Vi (z) N N(0,1), that is Vi (z) N

N0, ——~—).
( 72\/7{'{2(1—36))
d

Also, as nh? — oo, using a similar argument as in dealing with Vi(z), we have Vo(z) —

N(0, Y Zf;z)), and the covariance Cov (V;(z), Va(z)) = 0

By Cramér-Wald’s device,

. nvh -
dlag(l, \/E) : So : W(XTWX) IXTWéf
0 —— 0
i> N ’ 24/ mx(l—1x)
0 0 v/ z(1—x)

4/

Next, together with (3.28), it is easy to see that our third matrix of interest, namely,

(XTWX)'XTW [m — m(z)Xel —m/(z)Xe;] equals to

diag(1,1/Vh) - (Sg™ + 0,(1)) - diag(1, 1/VA) XTW [m — m(z) Xel —m/(z)Xe]
= diag(1,1/V'h) - (S5 + 0,(1)) -
LS Koo oy () | 242X, = )2 + 0, (X, = 2)?)|

\/Lg : %Z?:l(Xi — @)Ky jhy1,(-a) 1 (Xi) [m 2(93) (Xi—x)* + 0, ((X; — x)Q)]

= diag(1,1/Vh) - (Sg* + 0,(1)) - m//z("”) _ z(1 —z)f(z)h + op(h)
2(1 - 2z)x(1 — x) f(2)h? + 0, (h?)
— diag(1,1/Vh) - Sg*- m/;(x) z(1 — ) f(z)h + op(h)

2(1 —2z)z(1 — ) f(x)h* + 0,(h?)
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Then, we have

nvh
f(z)o?(z)

_ n\/ﬁ ‘ m//<x) x(l — x)f(x)h + Op(h)
V f(z)o(z) 2 2(1 — 2z)x(1 — 2) f(x)h? + 0,(h?)

\/nh3/2f(x
m//(x) .1'(1 — 33)% + OP(‘/TL]”LE’/Q)
20\ 201 - 20)2(1 — 2)V2EI@) | (VnhdTR)

o(x)

diag(1,Vh) - Sp - (X"WX)'XTW [m — m(z)Xel —m/(z)Xe]

Putting all the results together along with the assumption nh%? — 0, we can show that

Giag(L VA -y 1| B | [ @ = m@) | ma) @0 =2 @

f(l‘)O'g(I) m/(w) _ m’(x) 2 0
0 0
i> N 7 24/ mx(l—1x)
z(1—2x)
0 0 VG

Proof of Theorem 3
Recall that m(z)—m(z) = el (XTWX) ' XTW [m — m(z)Xel — m/(z)Xe | +el (XTW
X)"'XT"We £ B(z)+ V(x). To show the uniform convergence of 7(z) over [a, b], it suffices

to show that

Vviogn
s |B(x)] = O(h) + o( n\/ﬁ)’ (3.29)
logn
2 ar= o)

We shall prove (3.30) as (3.29) can be proved using a similar approach.
Let «,n be such that a < 2/5, «(24n) > 1 and a(1 +1n) > 2/5 and define d,, = n*. For
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each i, write ¢; = 8 T+ 5 %+ ,u;-i”, with

eii = el (leil > dn), eip = el (Jeol < dn) — ", " = Eleil (|ei] < dn)|X3).

2y

Note that,

% Z?:l Km/h+1,(1—x)/h+1(Xi)€i
% Z?:ﬂXz‘ - J")Kx/thl,(lfa:)/thl(Xi)gi

(XTWX) ' XTWe = (XTWX)™!

2 (XTWX) Viol)
Vao(z)
For Vip(z), it can be decomposed as
1 1
Vio(x Z Kojnt1,0- z)/h—l—l(Xz’)E?ﬁ—i_ﬁ > Kx/h—i—l,(l—w)/h-ﬁ-l(Xi)ggg_'_ﬁ > Koy (Xa)
= =1 =1

Let us first look at the third term in Vig(z). Since E(g;|X;) = 0, so ui» = —Ele;I(|e;| >
d,)|X;], then from assumption (C.4), the result in Chapter 2 with EK,/p41,1-2)/n11(X) =
f(x) + o(1), we have |pd"| < edn "™ Hence

1
sup —ZKx/hHh(X Y| < ed, WD = 0( )

z€[a,b] \/ 77,\/5

Next, consider the first term in Vio(z) involving 5?3. Using Markov inequality we can write,

n

> 1
> P(len| > dy) S Ele™) < o0

n=1 n=1 "
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Borel-Cantelli Lemma implies that

P{3N,|e,| <d, forn >N} =1= P{3IN, || <dn,i=1,2,...,n, forn >N} =1

:>P{3N,511—0,i:1,2,...,n, forn> N} = 1.

Hence,

sup} = ZKz/hH n(X; )6d =0(n™), Vk>o.

z€lab

For the second term 5?3, we have E[5Z3|Xi] = 0, and it is easy to show that

Var(efa|X;) = o*(X;) + O[d,," + d,, >0 7]

and for k > 2, E(|efn |F|X;) < 28-2dE2E(|e{" || X;). From the proof of uniform convergence

of Beta kernel estimator in Chapter 2, |K, e X)| < —— holds. Furthermore,
P | /h+1,(1 )/h—i—l( )| < Ve(_oh

the boundedness of o?(x) over (0,1) implies that

Eln™ Kot oy (X" = 0 BIKG 1 (1may i (Xo) E(Jef5 71 X0)]

< n R Rdl- ZEKk/h-i-l (1—ayni (X))o (X5)

cd,,
< <n\/ﬁ> E\n YKot (1—ayne (Xo)ed[*. (3.31)

Since,

_ 1
Eln 1Km/h+1,(17x)/h+1(Xz‘)5?3|2 = EE[Ki/hH,u—x)/hH(Xi)ffz(Xi)][1 + o(1)]

o)
o2 mx(l — as)h[l oLl

the random variable n 'K, Jh1,(1—-2) 1 (X )e ) 05 satisfies the Cramér condition. So, invoking

72



the Bernstein inequality, we can state that for all ¢ > 0,

n 1 2
> cy/logn ZE[ﬁKx/h—&-l,(l—ax)/h—i—l(X’i)gg,%} )

i=1

1 n
(|53 Kapirmmpmen (Xl
=1

< 2exp(—c?logn/8).

_ /i@ @

2+/mx(l—1x)

Take ¢ = 4 and C(z) in the above inequality to obtain

> C’(m)\/logn/n\/ﬁ> < %7

Using the Borel-Cantelli Lemma and the boundedness of f(z)o?(z)/+/z(1 —x) over x €

1 n
P 7 Kaorn(Xi)els
3 sha1n(Xo)E7

la, b], it is easy to show that for each z € [a, b],

1 — v1ogn
‘—ZKz/hﬂ,(kx)/hﬂ(Xi)fZ’é :O< & >
N n\/ﬁ

To bound the sum %Z?:l Kr/h+17(1_x)/h+1(Xi)€Z§ uniformly for z € [a, b], we partition the
closed interval [a,b] by the equally spaced points z;, i = 0,1,...,N,, such that a = xy <

Ty <---<zp, =band N, =n®. It is easily seen that

1 n
=~ Koy sy e (Xi)els

=1
1 & 0
- Z Kffj/h‘f'lv(l—xj)/h‘*‘l(Xi)gi,Q

i=1 e
_o<m>.

sup
a<x<b

= max  sup
0SSN0 pefn),mj41]

In the following, we will prove

1 & 1 & Vlogn
max  sup ’— Z Kx/h+1,(lfx)/h+l(Xi)glig__ Z K:L‘j/h+l,(lij)/h+1(Xi)gzg = 0( )

0SI<Nn pelzmiia] ' M S N4 nvVh
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For ease in discussion, from this point onwards, we will denote K /pi1,(1—q) /h+1(X ) as
K(z, X) understanding the dependance on h is implicit. For any = € [z, 2;4+1], a Tay-
lor expansion of K /p1,(1-2) /h+1(XZ-)8?3 at x = x; up to the first order leads to the following

expression for the difference Kx/h+l,(l—x)/h+l<Xi)5Zg — Kxj/h+17(1_xj)/h+1(Xi)sf-l,’é:
|Kx/h+1,(1—x)/h+1(Xi)€?,% - xj/h+1,(1—xj)/h+1(Xi)5;‘i,"2| ~ (v — xj)K/(f7X)5ZE (3.32)

for & € [, z;41]. We will bound the difference in (3.32) by evaluating K'(z, X) as follows:

K'(z,X) = + X1 = X))/

B(z/h+1,(1 —2)/h+1)

where, A and B correspond to the derivative of X*/*(1 — X)3=2)/" and 1/B(z/h + 1, (1 —

x)/h + 1), respectively. We can show that,

A= [MgX—mgl—XﬂXWW1—XMP@M (3.33)

SHES

and
YL —2)/h+1) = x/h + 1)

5= B+ L0 =)k +1) (3:34)

where, ¥°(x) represents the digamma function. Exploiting the properties of the digamma

function and some straightforward algebra, we can upper bound the numerator of (3.34) as

W1 =2 1) = 9o 1) <

Substituting the expressions for A and B in (3.32) we have,

Xa:/h(l _ X)(l—x)/h
S Ba/htLO—2)/h+ 1)
N X#h(1 - Xx)d=/h 1 —2x +h
B(z/h+1,(1—2)/h+1) x '

K'(xz,X)

log X — log(1 — X)
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/h(l X)(l x)/h
@/ L,(1—2) /i 1)

Observing that & corresponds to the beta density, we can bound it based on
its value at its mode similar to the derivation in (2.23). Returning to the notation in (3.32),

this bound can be written as,

ph73/2
(1 —x)

IN

K'(%, X) (3.35)

for some positive constant p. Since 0 <z —z; < (b—a)/N,, and T > 1/a,

K X))eh — K Xyt < PR
‘ z/h+17(1—$)/h+1( i)gzﬂ_ ﬂﬁj/h-i-l,(l—ﬂfj)/h-*-l( i)gi,2 = N.

This, together with the choice N,, = n®, implies that

c Vlogn
D A ( : ﬂ>

Therefore, we obtain

1 n .
< — . Al

asgligb‘ g Kz/h+1 (1— :v)/thl(X) 1,2 Ogg}]%n n E Kx/h+1,(17w)/h+1(Xz)5l,2
OS]I'ISl?V}n( " sup E lix/h+1 (1— :E)/thl E xj/thl (1- z])h+1(;<)

ffe[xw%+1] i=1
_O<\/1ogn)

%
(&)
3

|
)
S
ﬁ
S
—

VRS
e
.

This, implies sup, <, |Vio(z)] . For Vyo(x), the similar technique can be used

to obtain that sup,,<,|Vao(7)| ) In fact, the only major difference is that,

5



instead of using (3.31), we should use the inequality

Bl Kooy (X (Xo = )5l = n B (X0 (X0 — ) B(|ef5/H|X0)

T

< 22K ey e (X)(XG — )] 0% (XG)

cd,, \ k-2 _
< <n\/ﬁ> Eln™ Kooy man (Xi) (Xi — 2) .

This is based on [Ky/ny1,(z—1)/m+1(X)(X — 2)| <X — 2[|Kojnir,@-1)ma (X)] < \/ﬁ

Thus, we have

_ 1
EIn™" Kynan,(1—aym1 (X)) (X — x)es]? = ﬁE[Ki/hH,u_m)/hH(Xi)(Xi — x)0*(X;)][1 + o(1)]

_ V(L= 1) f(@)o’()
_ ey 1+ o(1)].

Together with x € [a,b], condition (C.1) and (3.10), it is easily show that the first row
elements of (XTWX)™! all bounded, hence

Vdiogn
sup |V ()] :O< & >
z€[a,b] n\/ﬁ

76



Chapter 4

Conclusions

Non parametric statistical learning methods and, in general, unsupervised machine learning
methods are becoming increasingly popular in a world where data has become a powerful
currency. With the growth in volume, velocity and variety of data, standard parametric
regression models may not be always appropriate for inferencing. In many cases, the under-
lying relationships may be complicated and it may not be feasible or practical to hypothesize
parametric forms to capture those relationships. Kernel based non parametric regression es-
timators present a useful alternative and are an important statistical tool that help identify
the relationships between response and predictor variables in a general setup.

The efficacy of kernel based methods depend both on the kernel choice and the smoothing
parameter. With insufficient smoothing, the resulting regression estimate is too rough and
with excessive smoothing, important features of the underlying relationship is lost. While
the choice of the kernel has been shown to have less of an effect on the quality of regression
estimate, it is important to choose kernels to best match the support set of the underlying
predictor variables. In the past few decades, there have been multiple efforts to quantify the
properties of asymmetric kernel density and regression estimators. Unlike classic symmetric
kernel based estimators, asymmetric kernels do not suffer from boundary problems.

In this dissertation, a comprehensive analysis of one such asymmetric kernel, namely

7



the Beta kernel based regression function estimation strategies and their asymptotic per-
formance was characterized. Beta kernel estimates are especially suitable for investigating
the distribution structure of predictor variables with compact support. In this dissertation,
two types of Beta kernel based non parametric regression estimators were proposed and
analyzed. First, in Chapter 2, a Nadaraya-Watson type Beta kernel estimator was intro-
duced within the regression setup. For the first time, the asymptotic conditional bias and
variance of the Beta kernel estimator were derived. Additionally, the uniform almost sure
consistency and asymptotic normality of the regression estimator was proven. Some imple-
mentable bandwidth selection methodologies based on least square cross validation (LSCV)
and generalized cross validation (GCV) were provided and tested using both simulation
studies and a real data example. The usefulness of the Beta kernel estimation procedure
was illustrated by comparing it with the Nadaraya-Watson estimator and the local linear
smoother.

In Chapter 3, the focus shifted towards the study of local linear regression estimators.
Specifically, the impact of transitioning from using symmetric kernel functions in local linear
regression estimators to asymmetric kernel functions was quantified using the Beta kernel
based local linear regression estimator as an example. Once again, the asymptotic condi-
tional bias and variance were derived for local linear regression with Beta kernels. This
was followed by a rigorous analysis of the asymptotic distribution and uniform almost sure
consistency of the estimator. A comparison with the traditional normal kernel based local
linear regression estimator using simulated and real life data examples demonstrated the
value of employing asymmetric kernels in local linear regression.

Although the proposed Beta kernel and Beta local linear estimators have certain merits,
we are not expecting that they can be superior to other competitors in all aspects, such
as the classic Nadaraya-Watson type estimators, local linear estimators and Gamma kernel
estimators. The significance of the proposed methods in this dissertation is to provide

another alternative to estimate regression functions which are supported on an interval. In
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real application, collectively using all the available kernel estimators might provide more
insight on the structures of the data. For the sake of completeness, the following table

summarizes the asymptotic biases and variances of some commonly used nonparametric

estimators, as well as the Beta kernel and the Beta local linear estimators.

Estimator Bias Variance
m (@) f' () p2 (K) +m" (z) p2 (K) f(x) \ 7,2 o*(x)R(K)
e e yp— i
. m' (x 2 o(z
Local Linear (#)h S— T((?
/ xm (T xm (x X g (x
Gamma Kernel m (:L‘)h + 5 + 7(2) W
B / z(1—x)m' (x)h z(1—z)m/(z) f'(z)h o?(x)
Beta Kernel (1 —2x)m/(z)h + 5 + ) N
Beta Local Linear x(l_x);”"(w)h ()
2nf(m)\/7r:p(1fx)h

In summary, the fundamental results and the associated numerical simulations shed light,
for the first time, on the use of Beta kernel based methods in non-parametric regression
applications. While this dissertation takes the first and necessary steps in this direction,

there are many follow on efforts that can feed off this work:

e While we have provided some easily implementable bandwidth selection procedures in
Chapter 2 and have used them in Chapter 3 as well, it would be useful to analytically
evaluate optimal bandwidth choices for Beta kernel based regression strategies. Theo-
retical derivation of the optimal bandwidth based on minimizing the asymptotic MSE
has been done for traditional kernel estimators and similar approaches can be used to

accomplish this task.

e Since we are studying the impact of using asymmetric kernels within the regression
setup, it would be helpful to define and evaluate a new metric to measure efficiency.
Traditionally, for kernel based density estimation, efficiency of a kernel K relative to
K™ represents the ratio of sample sizes necessary to obtain the same minimum AMISE
for a given density f. For example, if K has an efficiency of 0.90 - this indicates that

the density estimate with an optimal (with respect to AMISE) kernel K* can achieve
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the same minimum AMISE using 90% of the data used by kernel K. Within the family
of asymmetric kernels, defining a similar measure of efficiency along with an elegant

method to compute it will be helpful in comparing asymmetric kernels.
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