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Abstract

In 2019, Osamu Saeki showed that for two homotopic generic fold maps f,g : S* — S?
with respective singular sets X(f) and X(g) whose respective images f(3) and ¢(X) are
smoothly embedded, the number of components of the singular sets, respectively denoted
#|%(f)] and #|X(g)|, need not have the same parity. From Saeki’s result, a natural question
arises: For generic fold maps f : M — N of a smooth manifold M of dimension m > 2 to
an oriented surface N of finite genus with f(X) smoothly embedded, under what conditions
(if any) is #[2(f)| a Z/2-homotopy invariant? The goal of this dissertation is to explore
this question. Namely, we show that for smooth generic fold maps f : M — N of a smooth
closed oriented manifold M of dimension m > 2 to an oriented surface N of finite genus
with f(X) smoothly embedded, #|[3(f)| is a modulo two homotopy invariant provided one
of the following conditions is satisfied: (a) dim(M) = 2q for ¢ > 1, (b) the singular set of
the homotopy is an orientable manifold, or (¢) the image of the singular set of the homotopy
does not have triple self-intersection points. Finally, we conclude with a few low-dimensional

applications of the main results.
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Chapter 1

Introduction

1.1 History

Some of the earliest consideration of singularities of maps was the work of Whitney and
Thom in 1955-1958. Whitney considered the singular set of maps of R? to itself?® and Thom
proved results in a more general setting, involving singularities of maps between smooth
manifolds?®. Not long after, mathematicians such as Morin'®, Arnold?, and Boardman?
all considered maps between smooth manifolds and the singularities of such maps. Their
publications are a significant part of the foundation for modern singularity theory. Nearing
the 1970’s, Levine constructed a method of eliminating cusp singular points!®, which quickly
became a fundamental concept and tool in the theory of singularities. Another important
technique in singularity theory is the process of ”"wrinkling” or ”adding wrinkles to” the
set of singular points. This technique was constructed by Eliashberg and Mishachev® prior
to the turn of the 21st century, and is, to this day, used commonly by those researching
singularity theory. The aforementioned ideas and results (and many, many others!) serve as
foundation and motivation for current studies in singularity theory and differential topology.

Many modern discoveries have inspired the author of this dissertation to conduct research

in singularity theory. Studying singular sets of maps, Gay and Kirby’” proved that any

Part of the text in this chapter is reprinted with permission from A Homotopy Invariant of Image
Simple Fold Maps to Oriented Surfaces, by Rustam Sadykov and Liam Kahmeyer!!.



smooth closed oriented connected 4-manifold admits a trisecting map to R?, in analogy to
the existence of Heegaard splittings for oriented connected closed 3-manifolds, see also the
paper? by Baykur and Saeki for the existence of a simplified trisection. Kalmar and Stipsicz '
obtained upper bounds on the complexity of the singular set of maps from 3-manifolds to
the plane. These upper bounds are expressed in terms of certain properties of the link
L < S3, where the 3-manifold is obtained via integral surgery along L. Ryabichev'® gave
precise conditions for the existence of maps of surfaces with prescribed loci of singularities.
Kitazawa'? studied simple stable maps (of non-negative dimension) of smooth manifolds
to Euclidean target spaces, (R?, in particular) whose singular sets are concentric spheres.
Saeki?! ?? showed that every closed connected oriented 3-manifold admits a stable map to
a sphere without definite fold points. Many Zs-homotopy invariants of stable maps of 3-
manifolds into the plane were found by M. Yamamoto?’. Also, Saeki?® constructed an

integral invariant of stable maps of oriented closed 3-manifolds into R?. The results of this

thesis are heavily consequential of superlative results such as these.

1.2 Main Results

To state the main results, we first need the notion of a so-called image simple map: A
smooth map f : M — N between manifolds M and N is image simple if its restriction
to the singular set is a topological embedding. Let us denote the singular set of a map f
by X(f) and the image of the singular set by f(X). We study under what conditions the
numbers #[3(f)] and #|%(g)| of components of singular sets of two homotopic image simple
fold maps f,g : M — F of manifolds M of dimension m > 2 to surfaces F' are congruent
modulo two.

This question has been solved in the case m = 2, and it is partially answered in the
case m = 3. Namely, M. Yamamoto®® showed that if f : F, — F}, is a map of degree d
between oriented closed surfaces F, and F}, of genera g and h respectively, then the parity
of #|X(f)| is the same as that of d(h — 1) — (¢ — 1). On the other hand, Saeki?® studied

maps of 3-manifolds into surfaces, and, in particular, gave an example of two image simple



fold maps f, g : S* — R? such that the parities of the number of components of the singular
sets of f and g are different.

The main result is split into three cases; the first being the case when the source mani-
fold is of even dimension, and the remaining two cases consider an odd-dimensional source
manifold. The following theorem is the main result in the case where the source manifold

M 1is of even dimension.

Theorem 1.2.1. Let f and g be two homotopic image simple fold maps from a closed oriented
manifold M of even dimension m = 2 to an oriented surface F of finite genus. Then, the

number of components of X(f) is congruent modulo two to the number of components of

¥(g)-

To prove Theorem 1.2.1 we define the cumulative winding number w(f) € $7Z for generic
maps to surfaces. In general, w is not a homotopy invariant. However, for image simple
fold maps f,g: M™ — R? the parities of w(f) and w(g) agree. Thus, for image simple fold
maps, w € Z is a Zs-homotopy invariant. We note that the cumulative winding number
we introduced is different from the rotation numbers considered by Levine!®, Chess®, and
Yonebayashi?’.

For odd-dimensional source manifolds we state and prove two theorems; the first theorem
requires that 3(f) does not undergo any Rs moves (see Fig. 2.2) during homotopy, while the

second requires that the singular set of the homotopy is orientable.

Theorem 1.2.2. Let f and g be two homotopic image simple fold maps from a closed oriented
manifold M of odd dimension m = 2 to an oriented surface F of finite genus. Suppose that
F is R? or S? if m > 3. Suppose that no Rs moves occur during the homotopy from f
to g. Then, the number of components of X(f) is congruent modulo two to the number of

components of (g).

We note that R3; moves are closely related to triple points of the singular sets 3(h) of
maps h to R3. These are studied by Saeki and T. Yamamoto?*.

The proof of Theorem 1.2.2 also utilizes the cumulative winding number w(f).



Theorem 1.2.3. Let f and g be two homotopic image simple fold maps from a closed ori-
entable manifold M of dimension m = 2 to an orientable surface F' of finite genus. Suppose
the surface X(H) of singular points of the homotopy H between f and g is orientable. Then,

the number of components of X(f) is congruent modulo two to the number of components of

¥(g)-

Let #|As(f)| be the number of cusps of the map f, A(f) the number of self-intersection
points of f(X), and #|[3(f)| the number of connected components of f(3). To prove Theo-

rem 1.2.3, we introduce a Z4-valued function

I(f) = #|A2(f)] + 2A0f) + 2#[2(f)| (mod 4),

and show that it is invariant under generic homotopy whose singular set is orientable. In
particular, the function I(f) is a homotopy invariant provided that the dimension of the
manifold M is even. In?, Gromov introduced and more deeply studied I(f) as an integer-
valued function.

This dissertation is structured as follows. In chapter 2 we review the notions of generic
maps, stable maps, and generic families of maps. We note that there are several conflicting
definitions of a generic family of maps in the literature and chose one which is the most
convenient for the present paper. We also review singularities A;(f) of Morin maps and
introduce the manifolds A;(f) < M related to multi-singularities of smooth maps, as well
as list all moves of singularities which occur under a generic homotopy of maps to R2.
For completeness, we give a proof that no other moves are possible. Chapter 3 serves to
introduce the notions of abstract singular set diagrams and chessboard functions. We also
look at examples of chessboard functions. In chapter 4 we define the cumulative winding
number and record how homotopy affects the cumulative winding number. In chapter 5
we prove Theorems 1.2.1 and 1.2.2; as well as prove that I(f) is indeed invariant under
homotopy with orientable singular set, and use it to prove Theorem 1.2.3. We finish our

discussion in chapter 6 by exploring a few low-dimensional applications of our results.



Chapter 2

Background Information

In this chapter we provide the definition of Thom-Boardman maps, generic maps, stable

maps, singularities of maps, Morin maps, generic families of maps, and n-functions.

2.0.1 Thom-Boardman Maps

The dimension of a smooth map f : M — N of an m-dimensional manifold M to an n-
dimensional manifold N is the integer m — n. Let f be a smooth map of a non-negative
dimension m — n. In the following paragraphs, we adopt the notation used by Golubitsky
and Guillemin?®.

We define S,.(f) as the submanifold of M consisting of points x such f drops rank by r at
x, i.e. points such that the map (df), : T,M — Ty, N drops rank by r at z. Equivalently,
Sy(f) consists of points = € M such that rank((df),) = min{m,n} — r. Since we are
interested in maps of non-negative dimension (m > n), we may say S,(f) consists of points
x such that rank((df),) = n —r. We say the point = € M is regular if the map f does not
drop rank at z, i.e. = € Sp(f). Otherwise, the point z is said to be singular. Similarly,
we can define the submanifold S,, ,,(f) < M, for r; = ry, to be the set of points where

f S, (f) = N drops ranks by r,. We continue in a similar manner to define S;(f) for

multi-index I = (ry,ro,...,7%), r1 = -+ = 1. We will refer to the (smooth) submanifolds

Part of the text in this chapter is reprinted with permission from A Homotopy Invariant of Image
Simple Fold Maps to Oriented Surfaces, by Rustam Sadykov and Liam Kahmeyer!!.



S1(f) as Thom-Boardman submanifolds and the multi-indices I as Thom-Boardman symbols.
By Theorem 5.1 in Golubitsky and Guillemin’s book®, we may also define Thom-Boardman
submanifolds S; of the k-jet space J*(M, N), where j*f(x) € S; if and only if = € S;(f).
Here j*f € J*(M, N) denotes the k-jet extension of f.

Definition 2.0.1. A smooth map f: M — N is a Thom-Boardman map if for every k, the

The set of singular points X(f) of a Thom-Boardman map f : M — N is stratified by

smooth submanifolds S;(f) € M parametrized by Thom-Boardman symbols I.

2.0.2 Generic maps

Let f: M — N be a Thom-Boardman map and let x; € S;,(f) be distinct singular points in
M, with j = 1,..., k, such that

f(x) = flwo) = -+ = flan) =y,

We say that f satisfies the normal crossing condition if for each tuple of points x1, ..., x; as

above, the vector spaces
Aoy f(TSL(f)), ooy day f(TS1(f))
are in general position in the vector space T, N.

Definition 2.0.2. We say that a smooth map f : M — N is generic if it is a Thom-

Boardman map satisfying the normal crossing condition.

It is worth noting that by Theorem 5.2 in Golubitsky and Guillemin’s book®, we have the

result that generic maps are residual in C*(M, N).

2.0.3 Stable maps

There are various equivalent definitions of stability of smooth maps f: M — N of a closed

manifold M to an arbitrary manifold N, e.g., see® Theorem 7.1. Below we provide a definition

6



of stability of smooth maps that best fits within the context of this dissertation. We note
that the following definitions of deformations, k-deformations, and stable maps provided
were described prior by Golubitsky and Guillemin®.
First, we must define a deformation of a smooth map. Let f: M — N and F': M x(—¢,¢e) —
N x (—¢,¢) be smooth maps. The map F is a deformation of f if the following two conditions
hold:

(i) For every p € (—¢,¢), the image F(M x {p}) is in N x {p}.

(ii) Fo = f, where F), is the mapping of M — N given by F(z,p) = (F,(x),p).
Next, we need to define a k-deformation of a smooth map f : M — N. Let U < R¥ be a
neighborhood of the origin. Consider a smooth map F': M x U — N x U. We say F'is a
k-deformation of f if both of the following hold:

(i) For every p € U, the image F(M x {p}) is in N x {p}.

(ii) Fy = f, where F, is the mapping of M — N given by F(z,p) = (F,(x),p).
A k-deformation F of f is trivial if there exist diffeomorphisms G : M x V — M x V and
H:NxV —- N xV, where V < U 3 0 such that G and H are deformations of ¢d;; and

1dy, respectively, and such that the diagram

MxV L3 NxV

o| |n

MxV 2 N v

commutes.

Definition 2.0.3. A smooth map f: M — N is stable if all k-deformations of f are trivial
for all k.

In general, stable maps are generic, but the converse is not true. For example, there are
no stable maps RP¥ — R while the majority of the maps RP!¥ — R are generic, see

Section 6.6 of Golubitsky and Guillemin®.



2.0.4 Generic families of maps

Let f;: M — N be a parametric family of maps parametrized by a smooth manifold T'. It
defines amap F: M x T — N x T by F(z,t) = (fi(z),t), and a stratification of M x T by
submanifolds S;(F'), where I ranges over Thom-Boardman symbols. It is common to define
a generic homotopy f; by requiring that the associated map F' is generic, e.g., see Hatcher

and Wagoner'°. However, we will need a more restrictive definition.

Definition 2.0.4. Let 7w denote the projection of M x T onto the second factor.

(i) We say that a parametric family {f;} is a generic parametric family if the associated
map F' is generic, and the restrictions 7p|s,(#) are generic for each Thom-Boardman symbol
I.

(ii) A parametric family f; is a stable parametric family if any k- deformation f; s of f; is

trivial.

2.0.5 n-functions

In some cases it is helpful to study maps to manifolds of dimension n by means of (n — 1)-
parametric families of functions, or, n-functions. More precisely, given a manifold X of
dimension m, and a manifold Y of dimension n < m, a smooth proper map f: X — Y is an
n-function if for each g € Y, there is a compact neighborhood U of ¢ with a diffeomorphism

¥: U — [0,1]", and a diffeomorphism

pr [THU) = [0,1]" x M

for an (m — n + 1)-manifold M, such that

Yofop t:[0,1]" x M — [0,1]" x [0,1]

is of the form (¢, p) — (¢, g:(p)), for some parametric family g, of functions on M. A generic

2-function is also called a Morse 2-function, see Golubitsky and Guillemin®.



For smooth manifolds X,Y and a map f € C'(X,Y), the corank of f at point x € X is
corank(df), = min{dim(X), dim(Y")} — rank(df)..

Lemma 2.0.5. Let f: X — Y be a generic smooth proper map of corank 1 to a manifold of

dimension n. Then f is an n-function.

Proof. Let ¢ be a point in Y. Since f is of corank 1, there is a diffeomorphism ¢: U — [0, 1]
of a neighborhood U of ¢ such that the composition m; o ¢ o f|;-1) : X — [0,1]" ' is a
submersion, where m1: [0,1]" — [0,1]""! is the projection (1, ...,x,) — (z1,...,2n_1). We
may choose U so that the resulting proper submersion to a disc is a trivial fiber bundle.
Then, there is a diffeomorphism ¢: f~1(U) — [0,1]""! x [0,1]™ ! such that the map
o foeis of the form (t,p) — (¢, 9:(p)), for a parametric family g; of functions on the
fiber M = [0, 1]™ "+, O

2.0.6 Singularities of maps

We now review the definition of generic singularities of smooth maps. In particular, we
consider smooth maps to surfaces and manifolds of dimension 3.

Let f be a smooth map f: M — N of non-negative dimension m — n of a manifold M
of dimension m to a manifold N of dimension n. The set Ag(f) of regular points of f is an
open submanifold of M of codimension 0. We now review the definition of singularity types
A, for r = 1 with Thom-Boardman symbol I, = (m —n+ 1,1,...,1,0) of length r + 1.

We say that a point x € M is a fold point if there is a neighborhood U =~ R"~1 x Rm—"+1
about z, with coordinates (z1, ..., Z,,) in M, and a coordinate neighborhood V' =~ R"™! x R
about f(z) in N such that f(U) < V and f|y is given by a product of the identity map
idgn—1: R"1 — R" ! and a standard Morse function R "*! — R with a unique critical
point, i.e.,

f(r1, @9y ey @) = (T4, oy Ty, 22 £ 22 £ £ 22). (2.1)

L =

The set of fold points of f is denoted by A;(f). The number i of terms in (2.1) among

Ty, --vy Ty, With positive signs is called a relative index of f. We may always choose coordinate



neighborhoods so that ¢ < m —1—4. The number ¢ with respect to such a coordinate system
is said to be the (absolute) index of the fold point. If the index of the critical point is 0,

then z is said to be a definite fold point. Otherwise, the fold point z is indefinite.

Definition 2.0.6. We say that the map f is a fold map if every singular point x is a fold

point. Furthermore, a fold map f is an indefinite fold map if every fold point is indefinite.

It immediately follows that if f is a fold map, then the set of singular points X(f) of f is a

closed submanifold of M of dimension n — 1, and f|sy) is an immersion.

Definition 2.0.7. We say that a point x € M is an A,-singular point for r > 1, if there
is a neighborhood U < M of z, with coordinates (t1, ..., tn—r, €2y . bpy T1,y ooy Tin—py1), and a
neighborhood V' < N of f(x), with coordinates (11, ..., T, Lo, ..., L., Z), such that f(U) <

V" and the restriction f|; is given by

2 2 2 2 r—1 r+1
Z = trytay £k T T EQmm—’rH-l + €3xm—n+1 +ot ETmm—n-‘rl * Lim—n+1-

Given a map f, the sets A,(f) of its singular points of type A, are submanifolds of M of

dimension n — 7.
Definition 2.0.8. Singular points of types A, and Aj are called cusp and swallowtail singular
points, respectively.

Definition 2.0.9. We say that a stable map f : M — N of a smooth manifold M into a
surface N is simple if Ao(f) = &, and for every singular value y, every connected component
of the singular fiber f~1(y) contains at most one singular point. Also, a generic map f: M —
N is said to be image simple if its restriction to the singular set f|ss) is a topological

embedding.

We note that the term ’'image simple map’ is introduced by Saeki in his forthcoming
paper.

10



2.0.7 Morin Maps

Definition 2.0.10. We say that a smooth map f is a Morin map if all its singular points

are of type A, for r > 1.

It is known that for n < 3, all generic maps M™ — R" of non-negative dimension m —n
are Morin. The singular set X(f) of a Morin map is a closed smooth submanifold of M
of dimension n — 1. Given a Morin map f, for each i, the closure Cl(A;(f)) is a smooth
submanifold of M possibly with boundary. Furthermore, for each ¢ and j such that i < j,
the manifold C1(A4;(f)) is a submanifold of CI(A,(f)). For a generic Morin map f, we denote
by A;;(f) the set of points x € A;(f) for which there is a distinct point y € A;(f) such that
f(x) = f(y). Similarly, we denote by A;;x(f) the subset of points x € A; for which there
are distinct points y € A; and z € Ay, such that f(z) = f(y) = f(2). We will denote the
restriction of f to A;(f) by f|a,, for short, where I is either a single index i, or a multi-index
17 or ijk.

When the non-negative dimension m — n of a map f : M — N is even, we have the

following theorem.

Theorem 2.0.11. Let f: M — N be a Morin map of non-negative even dimension m —n
into an oriented manifold N. Then, the set X(f) is a canonically oriented submanifold of

M.
We emphasize that the manifold M in Theorem 2.0.11 is not necessarily orientable.

Proof. Since Cl(As(f)) is a proper submanifold of ¥(f) of codimension 2, it suffices to
introduce an orientation of ¥(f) in the complement to Cl(As(f)), i.e., only over the union
of A;1(f) and As(f).

We note that the index of a fold point x depends on the choice of coorientation of the
immersed submanifold f(A;) at the point f(z). If a fold point z is of index i for one choice
of coorientation, then x is of index m — i — n + 1 for the other choice of coorientation. Since

the (non-negative) dimension m — n of the map f is even, it follows that the parity of the
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index is changed when the coorientation is changed. Consequently, the immersed manifold
of fold points f(A;) admits a unique coorientation at each point f(z), such that the index of
the fold point x with respect to the coorientation is odd. We say that such a coorientation
is canonical.

We orient the immersed manifold f(A;) so that the orientation of f(A;) followed by
the coorientation of f(A;) agrees with the orientation of N. In turn, the orientation of
f(A;) defines an orientation of A;(f). We claim that the so-defined orientation of A;(f)
extends to an orientation of A;(f) u A2(f). Indeed, in a coordinate neighborhood U about

an As-singular point = and a coordinate neighborhood about f(z), the map f is given by:

L2 = 627

2 2 2
Z = ¢(t1,--~,tn—2752)(xm—n-i-l) + Ty + T9 t--- £ T—n»

where (t1,..,tn_2,lo, 21, .o, Typ—n, Tm_nt1) are local coordinates about z in M and (T}, Lo, Z)

are local coordinates about f(x) in N, and for each parameter (t1,..,t,_2,ls),

3
Sp(tlrn,tn—%ZQ)(xm*n+1> = €2xmfn+1 + T a1

is either a regular function, a Morse function with a cancelling pair of critical points, or a
function with a unique birth-death singularity. For each fold critical value in f(¥X n U), the
direction aiz defines a coorientation of f(X) at the corresponding critical value. It follows
that for each Morse function ¢, . 1. ,.¢,), the parities of the indices of the two cancelling
Morse critical points are different. Therefore, the canonical coorientation of one critical point
of V(1. tn_s.05) 18 given by aizv while the canonical coorientation for the other critical point is
_a%' Thus, the coorientation of f(A;) extends to a coorientation of an immersed smoothing

of f(A; U Ay). This implies that ¥(f) is orientable. O
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2.0.8 Singularities of generic maps to 2-manifolds

Let f: M — N be a generic smooth map of a manifold of dimension m > 2 to a manifold N
of dimension 2. The map f may only have regular, fold, and cusp points. The set of regular
points forms an open submanifold Ay(f) of M. The complement to the submanifold Ag(f)
in M is the submanifold of singular points ¥(f) of dimension 1. It contains a discrete set
of cusp singular points As(f). The rest of 3(f) is a disjoint union of arcs and circles of fold
points A;(f). The restriction of f to Ag(f) is a submersion. The restriction of f to A;(f) is
a self-transverse immersion with 0-dimensional self-crossings. In general, the images of f|4,

and f|4, are disjoint.

2.0.9 Singularities of generic maps to 3-manifolds

Let I': M — N be a generic smooth map of a manifold of dimension m > 3 to a manifold of
dimension 3. The map F' may only have regular, fold, cusp, and swallowtail map germs. Since
F satisfies the normal crossing condition, the set A1 (F') is a submanifold which consists of
open arcs and circles. We note that the image of Aq;(F) is the self-crossing of the immersion
F4,, while the image of Ajp(F) = As (F) is the set of intersections of folds with cusps.
The image of the set Aj11(F') is the set of triple self-intersections of folds. The submanifolds
Ap(F) < A)(F), A1 (F) < As(F) and Ay11(F) are of dimension 0, while all other manifolds

A;; and A;j; (except for the aforementioned manifold A;;) are empty.

2.1 Generic homotopies of maps to R?

In this section we study how the singular set of a map to R? is modified under generic
homotopy.
Let F': M x [0,1] — R? x [0,1] be a homotopy between two generic maps, and let

m: M x [0,1] — [0, 1] denote the projection onto the second factor.

Definition 2.1.1. The homotopy F'is a generic homotopy if F is a generic map and 7|4,

is a generic function for each I € {{1}, {2}, {11}}.
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Lemma 2.1.2. The set of generic homotopies is open and dense in the space of all homo-

topies.

Proof. Any homotopy sufficiently close to a generic homotopy is also generic. Consequently,
the set of generic homotopies is open. Let F: M x [0,1] — R? x [0,1] be an arbitrary
homotopy. To show that there exists a generic homotopy close to F', we may assume that
F is a generic map. Choose a diffeomorphism ¢ € C*(M x [0,1], M x [0,1]) arbitrarily
close to the identity map tarx[o1] such that m: M x [0,1] — [0, 1] restricted to the curve
As(F o p) U Aj1(F o @) is a generic function. Since ¢ is arbitrarily close to tarxfo], we
deduce that F o ¢ is also a homotopy. To simplify notation, in what follows we will replace
F with F o ¢ and write F' for the new homotopy F o ¢. Suppose that 7|4, and m|a,, ()
are generic functions. Then there is a diffeomorphism ¢ of M x [0, 1] arbitrarily close to
Lax[o,] such that m o4, (p) is a generic function. If the diffeomorphism 1 is sufficiently
close to tprx[o,1], then 7o Y| Aq(F) and o 0l An(F) are still generic functions. This completes

the proof of Lemma 2.1.2. O

We note that members f; of a generic family F' = {f;} may not be generic maps. We will
next list several instances when a member f; of a generic homotopy of maps to R? is not

generic. This list is exhaustive when F' is a generic homotopy, see Theorem 2.1.3.

2.1.1 List of generic moves

Reidemeister-1II fold crossing

The restriction fi|4, may not be a self-transverse immersion for a discrete set of moments
t € [0,1]. If f; is a generic homotopy, and f;|4, is not self-transverse at ¢t = ty, then as ¢
ranges in the interval (to —e,t + ¢), the map f;|4, undergoes a Reidemeister-II fold crossing,

see Fig. 2.1.

Reidemeister-111 fold crossing

Similarly, the map f;|4, may undergo a Reidemeister-III fold crossing, see Fig. 2.2

14
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o~ )X

Figure 2.1: Reidemeister-II fold crossing

=X

Figure 2.2: Reidemeister-111 fold crossing

<=3

Figure 2.3: A cusp passing through a fold curve
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1+ 1
e ——
D —

Figure 2.4: Wrinkle singularity

Cusp-fold crossing

A cusp-fold crossing occurs when f;(x) = f;(y), for a cusp point x € Ay(f;) and a fold point
y € A1(fy), see Fig. 2.3.
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1+ 1

Figure 2.6: Introduction of a swallowtail

In Figures 2.4, 2.5, and 2.6, the numbers ¢ and 7+ 1 indicate the relative index of each fold
curve. The relative index for each curve is considered in the direction of the corresponding
blue arrow.

Wrinkle singularity

Under a generic homotopy, a new path component of singular points may appear in the form
of a wrinkle, see Fig. 2.4.

Merge singularity

Under a merge singularity move, a canceling pair of cusp points disappear while the singular
set changes by a surgery of index 1 along the canceling pair of cusp points, see Fig. 2.5.
Swallowtail singularity

Under a swallowtail singularity move, two cusp points and a self-intersection point of the

singular set appear, see Fig. 2.6.
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Theorem 2.1.3. Under a generic homotopy F = {f;} of maps to R?, the singular set X(F)

1s modified by isotopy, as well as the above listed moves.

Proof. Let
F: M x[0,1] - R* x [0,1]

be a generic homotopy, and let 7: M x [0,1] — [0, 1] denote the projection to the second
factor. If 7| 4, (r) does not have critical points on the level M x {¢}, then for sufficiently small
e > 0, the singular set A;(f;), parametrized by ¢ € [ty — &, to + €], is modified by an ambient
isotopy. Thus, it remains to study modifications of the singular set of f; corresponding to

critical points of the generic functions 7T|AI(F). We claim that 7T|AI(F) has no critical points

when [ = {1}.

Lemma 2.1.4. The map 7|a,(r) is a submersion.

Proof. Over the set A;(F) of critical points, there is a well-defined kernel bundle K (F') of
dF. In fact, over A;(F") there is a splitting

T(M X [O, 1])|A1(F) = Kl(F)‘AI(F)@TAl(F)

Assume that there is a critical point p € A;(F) of the function 7|4, (). Then T,(A;(F)) is

in the kernel of d,m. On the other hand, the projection d,m coincides with the composition
T,(M x [0,1]) — T (R* x [0, 1]) — Trg ([0, 1])

of d,F and the differential of the projection R? x [0, 1] — [0, 1] onto the second factor. Since
K, (F)|, is in the kernel of d, F, it follows that K;(F)|, is in the kernel of d,7. To summarize,
we have shown that 7,,(M x [0, 1]) is in the kernel of d,m, which contradicts the fact that 7

is a submersion. O

Let us now consider critical points of the function 7| 4,r).
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Lemma 2.1.5. Let p € Ay(F) be a critical point of w|a,ry. Then p is a critical point of

Tls(F)-

Proof. As above, over As(F), there is a well-defined kernel bundle K;(F) and cokernel
bundle Q(F) of dF|a,py. Let L denote the vector subbundle of T'(AM x [0, 1])|a,(r) given
by Ki(F) nT(3(F)). It follows that dim L = 1, and there is a splitting

TEE) axr) = Ly @ T(A2(F).)

The argument of Lemma 2.1.4 shows that L, belongs to the kernel of d,m. In particular, it
belongs to the kernel of d,m|a,(r). On the other hand, if p is a critical point of 7| 4,(r), then

T,(A2(F)) is also in the kernel of d,m|4,(r). Thus, the point p is a critical point of 7|s ). O

By Lemma 2.1.5, if p is a critical point of m|,(), then p is also a critical point of the
function 7|xp). If the index of the critical point p is 0, then p corresponds to the appearance
(birth) of a wrinkle singularity in 3(f;). A critical point of index 1 corresponds to the cusp
merge move or its inverse, while a critical point of index 2 corresponds to the disappearance
(death) of a wrinkle singularity.

The critical points of 7 restricted to the submanifold of double points of Aj;(F") corre-
spond to Reidemeister-1I fold crossings. All points of A15(F'), A111(F), and Az(F) are critical
in the sense that the differential of 7|4 ,(F) in these cases vanishes. It remains to observe that
points of Aj5(F") correspond to cusp-fold crossings, Ajq1(F) correspond to Reidemeister-111

fold crossings, and A3(F) correspond to swallowtail singularities. ]

Remark 2.1.6. The counterpart of Lemma 2.1.4 for a generic concordance

F: M x[0,1] - R* x [0,1]

of smooth maps is not valid. There are moves of generic concordances that do not occur
under a generic homotopy. Specifically, under a generic concordance, an embedded circle

of fold points may appear or disappear, and the curves of fold points may be modified by

19



embedded surgery of index 1.
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Chapter 3

Diagrams and Chessboard Functions

3.1 Oriented abstract singular set diagrams

The proofs of the main results rely on so-called abstract singular set diagrams, which we
introduce now.

Let S denote a closed (possibly not path-connected) manifold of dimension 1 together
with two disjoint families P < S and () < S, of finitely many distinguished points. We require
that the number of points in () is even, and that the points in ) are paired. We denote
the distinguished points in the family P by pi, pa, ..., and the points in @ by ¢1, 4}, q2, @5, - .-,
where the points ¢; and ¢; are paired. We say that a compact subset of S is an arc if its
interior contains no distinguished points, and its boundary is either empty or consists of

distinguished points.

Definition 3.1.1. An oriented abstract singular set diagram consists of the manifold S, the

families P and @), and an orientation of all arcs on S such that

e if two arcs a and [ share a common point p; € P, then the orientations of a and

agree

e if ¢; € Q is a common point of arcs v and 3, while ¢; € ) is a common point of arcs

Part of the text in this chapter is reprinted with permission from A Homotopy Invariant of Image
Simple Fold Maps to Oriented Surfaces, by Rustam Sadykov and Liam Kahmeyer!!.
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o/ and (', then the orientations on « and [ agree if and only if the orientations on o’

and ' agree.

In the stated requirements, we allow that some of the arcs «, 3, o’ and ' may coincide.
We note that as a point = traverses a path component of S, the orientation of S at =,
that agrees with the orientation of an arc containing x, may change only at a point in Q.
Furthermore, at a point in ) the orientation of S may or may not change. For the sake of

convenience, we will simply refer to an oriented abstract singular set diagram as a diagram.

3.2 Chessboard functions

In order to properly equip a singular set diagram with a so-called canonical local orientation
and coorientation, we first need to introduce the concept of a chessboard function. Let
f: M — R" be a generic smooth map of a closed manifold. We say that a curve v in R" is a
generic curve with respect to f(X) if it intersects each Thom-Boardman stratum f(S7(f))
of the singular set transversely. In particular, we have v n f(X) = v n f(Sa410(f)), where
d = m — n is the dimension of the map f.

Any curve arbitrarily close to a generic curve is also generic, and any curve in R™ can be
approximated by generic curves. Indeed, a generic map f has only finitely many different
non-empty Thom-Boardman submanifolds S;(f), and the image of each Thom-Boardman
submanifold f(S;(f)) is immersed in R™. Therefore, any curve  can be perturbed slightly so
that it is transverse to each immersed Thom-Boardman submanifold f(S;(f)). We claim that
the perturbed curve 7 intersects the singular set f(3) only at fold singular points. Indeed,
we have that the codimension of S;(f) < M is i(n —m + i). Therefore, the codimension of

f(Si(f)) € N is (n —m) + i(n —m + 1) In particular, for ¢ = d + 2, we have

(n—m)+iln—m+i)=—-d+2(d+2)=d+4 =>4

Consequently, dim N — dim f(S;(f)) = 4, for I > (d + 2,0), and dim N — dim f(S;(f)) = 2,

for I = (d+1,1,0). Thus, a generic curve v c N intersects the singular set f(X) only at fold
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Figure 3.1: Schematic of a chessboard function.

c(z) =0\ cly)=1
x® Y

— T~

Figure 3.2: Schematic of a Z/2-valued chessboard function.

singular points. If necessary, we can further perturb the generic curve v, so that it avoids

self-intersection points of the immersed fold surface f(A;), i.e. v f(A11) = &.

Definition 3.2.1. We say that a locally constant function ¢ : R™\ f(¥X) — Z (respectively,
c: RN f(X) — Zy) is an integral chessboard function (respectively, a Zs-valued chessboard
function) if the values ¢(v(—1)) and ¢(v(1)) differ by +1 for each generic curve v: [-1,1] —
R™ intersecting f(X) at a unique point v(0). See Figures 3.1 and 3.2.

Note that in Figures 3.1 and 3.2, we set z = y(—1) and y = y(1)).
We say that a singular value y of a map f is a simple singular value if the fiber f~!(y)

contains a unique critical point. We note that for a generic smooth map, the submanifold of
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Figure 3.3: Canonical local coorientation and orientation defined by an integral chessboard
function.

R™ of simple fold values is dense in f(X). A local orientation of f(X) is an orientation of the
submanifold of simple fold values. Similarly, a local coorientation of f(3) is a coorientation
in R"™ of the submanifold of simple fold values. We say that a local orientation of f(X)
agrees with the local coorientation of f(X) if the local orientation of f(3) followed by the

local coorientation of f(3) agrees with the standard orientation of R™.

Definition 3.2.2. An integral (respectively, Zs-valued) chessboard function ¢ defines a
canonical local coorientation on f(3) in the direction of the region over which ¢ assumes
the smaller value (respectively, the even value). The local orientation that agrees with the
canonical local coorientation is said to be the canonical local orientation. See Figures 3.3

and 3.4.

Let f: M — R? be a stable map of a manifold of dimension m > 2, and ¢ a chess-
board function, either integral or Zs-valued. Then, the pair (f,c) gives rise to a diagram
(3(f); P,Q), where X(f) is the singular set of the map f, and the subsets P and @ of dis-
tinguished points are the sets Ay(f) and A11(f), respectively. The pairs (g;, ¢}) of points in
Q are the fold points with the same image in R?, i.e. f(¢;) = f(q}). Finally, the orientation

of the arcs of 3(f) is the canonical local orientation of 3(f).

Proposition 3.2.3. Let f: M — R? be a generic map of non-negative dimension, and c
an integral or Zo-valued chessboard function on R*\f(3). Then (X(f); Aa(f), A (f)) is an

oriented singular set diagram, where X(f) is equipped with the canonical local orientation.
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Figure 3.4: Canonical local coorientation and orientation defined by a Z/2-valued chessboard
function.

Proof. Given a generic map f: M — R? of a manifold M, we have defined a manifold
X(f), together with two families of points P = As(f) and Q = Aj(f) that break f(X)
into canonically oriented arcs. By Lemma 3.2.4 below, the orientations of arcs that share a
common point in P agree. By Lemma 3.2.7 below, if ¢; is a common point of arcs o and f3,
and q} is a common point of arcs o’ and ', then the orientations on the arcs o and [ agree
if and only if the same is true for the arcs o’ and ’. Thus, indeed, each generic map f of
non-negative dimension, together with a chessboard function, defines an oriented singular
set diagram. To complete the proof of Proposition 3.2.3, it remains to provide proofs of

Lemma 3.2.4 and Lemma 3.2.7.

Lemma 3.2.4. Let a and (8 be two arcs in 3(f) that share a common endpoint p € P. Then,

the canonical orientations of arcs o and B agree.

Notice that in the statement of Lemma 3.2.4, we do not require that o and 3 are distinct.

Proof. Consider a neighborhood W of a cusp point p € P. We may assume that the curve
(f(a)u f(B)) n W splits W into two regions. The coorientation of f(a) and f(/3) are in the
direction of the region where the chessboard function assumes the smaller value for integer
chessboard functions, and an even value for Z,-valued chessboard functions. In particular,

these coorientations agree. Thus, the orientations of o and 3 agree. O]

Suppose now that «, o/, 3, 5" are four arcs in X(f), such that « and 8 share a common
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a— 1 a—+ 1 a-+ 1 a—+ 1

/ /

Figure 3.5: Coorientation of arcs near self-intersection points of types (a —1,a,a+1,a) on
the left, and (a + 1,a,a + 1,a) on the right.

endpoint ¢ € ), while o and ' share a common endpoint ¢’ € ), where ¢ and ¢’ are paired
points, i.e. f(q) = f(¢'). Then, the curve f(X) n U breaks a neighborhood U of y in R? into
four regions. We call these regions L, T, R, B for left, top, right, and bottom, respectively.
Let (a, b, c,d) be the values of the chessboard function ¢ at four points that are pairwise in

different regions L, T, R, B, e.g., see Fig. 3.5.
Definition 3.2.5. We say that (a, b, ¢, d) is the type of the self-intersection point.

We note that the order of entries (a, b, ¢,d) depends on the choice of, say, the left region

L. However, the cyclic order of entries (a, b, ¢,d) is an invariant of the self-intersection point.

Lemma 3.2.6. Up to a cyclic permutation, every type of self-intersection points is either of
the form (a,a+1,a,a—1) or (a,a+1,a,a+ 1) for some a, where a is a non-negative integer
iof the chessboard function is integral, and it is an element of Zo if the chessboard function is

Zo-valued.

Proof. Without loss of generality, we may assume that ¢ is maximal over the region R, say
c=a+ 1 over R. Then, the value of ¢ over the adjacent regions T and B must be a. There
are only two values that the function ¢ may take over the remaining region L, namely a — 1
or a + 1. These cases correspond to self-intersection points of type (a,a + 1,a,a — 1) and

(a,a + 1,a,a + 1), respectively. O

We note that if the chessboard function is Zs-valued, then the two types of double points

in Lemma 3.2.6 are the same.
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Lemma 3.2.7. The canonical orientations of o and 8 agree if and only if the canonical

orientations of o and B’ agree.

Proof. We start with the argument for an integral chessboard function. Without loss of
generality, we may assume that the arcs are labeled «, 3, o/, f" as in Fig. 3.5. By Lemma 3.2.6,
up to a cyclic permutation, the type of the self-intersection point is either of the form (a, a+
l,a,a—1) or (a,a+1,a,a+1). If the self-intersection point is of the form (a,a+ 1,a,a—1),
then up to a cyclic permutation, the values of ¢ are as shown on the left schematic of
Fig. 3.5. Therefore, the coorientations, and hence orientations, of o and [ agree. Similarly,
the orientations of o’ and 5’ agree. If the self-intersection point is of the form (a,a+1, a,a+1),
then the values of ¢ are as on the right schematic of Fig. 3.5, and therefore, the coorientations,
and hence orientations, of o and 8 do not agree. Similarly, the orientations of o/ and [’
disagree, as well.

The argument for Zs- valued chessboard functions follows from the argument for integral
valued chessboard functions, since every self-intersection point in this case is of type (a,a +

1,a,a + 1) and these points again correspond to the right schematic of Fig. 3.5.

This completes the proof of Proposition 3.2.3.

3.3 Examples of Chessboard functions

In this section we give several examples of integral chessboard functions. We note that
the reduction modulo 2 turns any integral chessboard function into a Zs-valued chessboard

function.
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3.3.1 The chessboard function for maps of dimension 0 counting
path components of the fiber.

Let f: M — R"™ be a proper generic map of a manifold of dimension n. We say that the
map f is of odd degree if the number of points in the inverse image of any regular value of
f is odd. Otherwise, we say that f is of even degree. For a regular value y € R™ of f, let
|/~!(y)| denote the number of path-connected components in the fiber f~*(y). Consider the

following integer-valued function:

w if f is of even degree,

c(y) =

—|f_1(23/)|+1 if f is of odd degree.

It immediately follows that c is an integral chessboard function.

3.3.2 The chessboard function for maps of dimension 1 counting
path components of the fiber.

Let f: M — R"™ be a generic map of a closed oriented manifold of dimension n 4+ 1. For a
regular value y € R™ of f, let ¢(y) denote the number of path components in the fiber f~!(y),

1.e.

We claim that ¢(y) is a chessboard function on R™\ f(3). Indeed, let z be a fold singular
value of f that is not a self-intersection point of f(3). Then there is a disc neighborhood
U 3 z such that U\(U n f(X)) consists of two open discs U; and Us.

Lemma 3.3.1. Suppose that f : M — R"™ is a generic proper map of an oriented manifold
of dimension n + 1 to R". Let y; € Uy and ys € Uy be two points. Then, the number of
path components in the fiber f~1(yy) differs from the number of path components in the fiber
f~Yys) precisely by 1, i.e.

[ )l = [f 7 ()] £ 1
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Proof. Without loss of generality, we may assume that U =~ (—1,1) x (=1, 1), while f(X)nU
coincides with (—1,1) x {0}. Let v denote the embedded curve {0} x (—1,1). We may assume
that y; and yo are points on . Now, let m; : U — (—1, 1) denote the projection of U onto
the first factor. Then the composition 71 o f|y,: fH(U) — (—1,1) is a proper submersion

of the manifold M, := f~*(U), since

Imd(my o flagy) = dmi(Im d(f|as))-

Consequently, the map m o f|y is a trivial fiber bundle with fiber diffeomorphic to V' :=
f7H(v), i.e. My =V x[0,1]. In view of the inherited orientation on My, we deduce that the
manifold V' is also orientable.

Now, we examine the number of components of the preimages f~!(y1), f~!(y2) which are
subsets of the surface V. Since the restriction f|y: V' — 7 is a Morse function, the manifold
f7Y(ys2) is obtained from f~!(y;) by an elementary oriented surgery. We conclude that the

numbers of path components in f~!(y;) and f~(ys) differ by exactly 1. O

Lemma 3.3.1 shows that the function ¢ counting the number of path components in the
regular fibers of f is an integral chessboard function. In particular, the image of the singular

set f(X) carries a canonical local coorientation.

3.3.3 The Euler chessboard function
Lef f: M — R"™ be a proper generic map of a manifold of dimension n + 2¢ for some ¢ = 0.
Let ¢ be the following continuous integer valued function on R™\ f(3):

M if x(f~'(y)) is even,

c(y) =

—X(f_léy))ﬂ if x(f~X(y)) is odd.

Recall that under elementary surgery, the Euler characteristic of fibers in adjacent regions

is changed by +2. From this fact, it follows that ¢ is in integral chessboard function.
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3.3.4 The depth chessboard function

Let f: M — R"™ be a generic smooth map, where n > 1. Given a point y € R™\ f(3), we say
that a path v is a path to infinity if one endpoint of v is contained in the unbounded region
of R™\ f(X). We note that since n > 1, the unbounded region is unique. Also, we say that a
path £, from y to infinity is a generic path if it intersects the image of each stratum f(S;(f))
of the singular set transversely, and the intersection ¢, n f(A;;) is empty. We note that a
generic curve ¢, is disjoint from the strata f(S;(f)) of dimension < n — 1. Consequently,
the curve /, only intersects the singular set f(X) at fold critical values, i.e., the intersection
l, N f(X) is a subset of f(A4;).

The depth function d: R™\ f(X) — Z associates with each point y the minimal number
of intersection points ¢, N f(X), where £, ranges over all generic paths from y to infinity. For

estimates of the invariant

dep(X) = min{d(y) |y € R"\f(X)}

we refer the reader to”.
Now, let R, < R™\ f(X) denote the region containing the regular value y. We define the
depth of the region R, as
dep(R,) = min{d(y) |y € Ry}

We note that for any other point y; in the region R,, we have that R,, = R, and thus
dep(Ry,) = dep(R,). From this, it is clear that in the above definition, the value of dep(R,)
does not depend on choice of y € R,. The following lemma proves that the function defined
by

c(y) = dep(R,)

is a chessboard function on R™\ f(X2).

Lemma 3.3.2. Let f: M — R" be a smooth generic map of a closed manifold of dimension

m = n. Suppose that n > 1. Let v: [-1,1] — R™ be a smooth embedded curve with image
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in f(Aog) U f(A1). Suppose that ~ intersects f(Ay) transversely at a unique point v(0), and
define y = v(1) and z = y(—1). Then d(y) = d(z) £+ 1.

Proof. Let X denote the set of singular points x € S;(f) of types [ = (m —n +1,1), (m —
n+1,1,1). Then f(X) is a submanifold of R” of codimension 1 and f(X\X) is a finite union
of submanifolds of R™ of codimension at least 3. Indeed, the set ¥(f) is the union of sets
S;(f), which consist of points x at which rank(ker(df)) = ¢, where i =m —n+1,....m. If f
is generic, then each S;(f) < M is a submanifold of codimension i(n —m + 7). In particular,
if i = m —n + 2, then the codimension of S;(f) is at least 4. Similarly, by the Boardman

formula, the codimension v;, . ;, (m,n) of Si, 4y, i) 1S

.....

Viy,in(myn) = (n—m + i) ulin, ooy in) — (41 — i2)pu(ly ooy i) — oo — (ig—1 — i) (i),

where pu(iy, ...,7) is the number of sequences ji, .., jr of non-negative integers such that
J1 = J2 = .. = gk, and 44 = j1 > 0, 49 = Jo, ..., i = Jg. Thus, the codimension of
f(S1(f)) € R™is at most 2 if and only if I is (m —n), (m—n+1,1), or (m —n+1,1,1).
Now, let 7 < R™ be a closed curve intersecting f(X) transversely at a unique point.
Assume, contrary to the conclusion of Lemma 3.3.2, that y = d(y(—1)) does not differ from
z =d(y(1)) by 1. Let £, and £, be respective paths from y and z to infinity that intersect
f(X) transversely precisely d(y) and d(z) times. Without loss of generality, we may assume
that the path £ Vs« (. is closed, where * is path concatenation. It is important to note that
this closed path is null-homotopic. Furthermore, without loss of generality, we may assume
that £,' + v« £, avoids f(X\X) for all moments of time during the homotopy to a point.
Thus, under the specified generic regular homotopy of £, Ly~ s« f,, the number of intersection
points of £, Vs~ 0, with the stratified manifold f(X) changes by an even number. Therefore,
the number d(y) + d(z) + 1 of intersection points of £, ' = v « £, with f(¥) is even. On the
other hand, by definition of the depth function, it is clear that d(y) differs from d(z) by at
most 1. Thus, d(y) differs from d(z) precisely by 1. O

The depth function can also be defined for any smooth generic map f: M — N of a
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Figure 3.6: Non-separating singular set in T2.

closed manifold of dimension m to a pointed manifold of dimension n < m. In this case, a

path to infinity is a path v with an endpoint at the distinguished point of N.

Remark 3.3.3. The proof of Lemma 3.3.2 remains valid for maps to simply connected
manifolds N. However, when N is not simply connected, the depth function is not necessarily
a chessboard function.

For example, let f : M — T? be a map of an odd-dimensional manifold M, of dimension
at least 5, to the torus T? = S! x S* such that f(X) is a closed and smoothly embedded
non-separating curve, see Figure 3.6. In this example, we see that the depth function is

well-defined, however, it does not define a chessboard function.
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Chapter 4

The Cumulative Winding Number

To complete preparations for proving the main results, we introduce the cumulative winding
number of a diagram and record how the cumulative winding number is affected under

homotopy.

4.1 The cumulative winding number

We first recall the definition of the Gauss map. Given an immersion 7: [a,b] — R? of a
segment, the Gauss map G: [a,b] — S' associates with a point ¢ € [a,b] the unit vector
(t)/|7|, see Figure 4.1.

Let R — S' = [0,1]/~, where {0} ~ {1}, be the universal covering that takes a point

v(b) Y(t)
. [y ()]

(1) "

Figure 4.1: The Gauss map.

Part of the text in this chapter is reprinted with permission from A Homotopy Invariant of Image
Simple Fold Maps to Oriented Surfaces, by Rustam Sadykov and Liam Kahmeyer!!.
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= to its congruence class modulo 1. Let G denote a lift of G with respect to the universal
covering. We define the winding number of 4 by G(b) — G(a). Given two parametrizations
~" and 7 of the same immersed curve, it follows that the winding numbers of 7/ and ~ are
the same if and only if the orientations of the curve induced by v and 7' agree.

Let a be an arc of the diagram (X(f); P = As(f),Q = A11(f)) associated with a map
f: M — R?, for an m-manifold M. It corresponds to an arc & = f(«) contained in the set
f(2). The curve @ is an immersed curve in R?  with possible self-intersection points only on
the boundary. By definition, the winding function ¢ is a function on the set of arcs of f(X)

that associates with an arc o the winding number p(a) of the curve a.

Definition 4.1.1. Suppose that at every self-intersection point of f(X) the two intersecting

segments are perpendicular. Then the real number

w(f) = Y (@)

is the cumulative winding number of f(3), where o ranges over all arcs of X(f).

Proposition 4.1.2. For a generic smooth map f : M — R?, we have
w(f) e =Z.

To prove Proposition 4.1.2 we introduce the notion of a regularization of the singular set.
The reqularization of the singular set f(X) is a smooth embedded closed curve Rf(3) <
R? obtained from f(¥) by smoothing the curve f(X) near the cusp points as in Fig. 4.2, and
modifying f(3) near its self-intersection points. Namely, let y be a self-intersection point of
f(X). Then near y, the curve f(3) consists of two arcs a and 3. We remove the two arcs «
and f from f(3) and attach two new arcs so that the orientation on f(X)\{a U 8} extends

over the new attached arcs, see Fig. 4.3, 4.4, and 4.5.

Lemma 4.1.3. The regularization of a cusp decreases the cumulative winding number by %

if the coorientations of o and 8 are as indicated in Fig. .12, and increases the cumulative
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Figure 4.2: Regularization of a cusp

~ ~

Figure 4.3: Negative regularization of a self-intersection point of the form (a,a+1,a,a+1)

£ 8

o a aup Bua’

Figure 4.4: Positive reqularization of a self-intersection point of the form (a,a+1,a,a+1)

“)(

Q aups BU o

6/

Figure 4.5: Regularization of a self-intersection point of the form (a,a + 1,a,a — 1)
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winding number by %, otherwise.

Proof. Let p € P be a cusp point of f(3). Denote the two sub-arcs of f(X) that share p
as a common endpoint by o and §. We will denote the regularized curve by & u 3. To
calculate the cumulative winding number, we first need to choose orientations of all arcs. By

Lemma 3.2.4, the canonical orientations of « and [ agree. Thus, there are two cases:

Case I: Suppose that the coorientations of @ and 3 are as indicated in Figure 4.12. Then
¢(a) = ¢(B) = 1, and therefore, p(a) + ¢(B) = 3. On the other hand, (& u 3) = 0. Thus,

in this case the cumulative winding number is decreased by %

Case II: Suppose that the orientations of o and [ are in the opposite directions to the
orientations in Case I. Then p(a) = ¢(3) = —1, and therefore ¢(a) + ¢(8) = —3. Again

olau B) = 0. Thus, in this case the cumulative winding number increased by % O

Lemma 4.1.4. For a self-intersection point of f(X) of the form (a,a+1,a,a+ 1), there are
two reqularizations that preserve the orientation of the diagram: R_ and R.. The reqular-
izations ®_ and R, decrease and increase the cumulative winding number by %, respectively.
For a self-intersection point of the form (a,a + 1,a,a — 1), the only possible regularization

does not change the cumulative winding number.

Proof. For a self-intersection point of the form (a,a + 1,a,a — 1), the only possible regular-
ization does not change the cumulative winding number, see Fig. 4.5. If a self-intersection
point is of the form (a,a + 1,a,a + 1) there are two possible regularizations that preserve
orientation.

One regularization is to combine « with o and 8 with 5’. We denote a regularization of
this type by R_ (see Figure 4.3). The other possible regularization combines o with 3" and
o/ with 3, which we denote by R, (see Figure 4.4). Let us first calculate how the cumulative

winding number changes under R_:
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Before regularization, we calculate that

which implies that the cumulative winding number before regularization is 0. After ®_,
there are two arcs, & U o and B U 3. Notice the orientations of these two arcs do not agree,

and p(a U /) = —1, and e(Bup) = —1. Therefore,

o) +pfuf)=—3 -1 =3

Next, under R, there are two arcs, & U 3’ and 8 U . Again, the orientations of these

arcs disagree, so we calculate:

plav ) +e(fua) =

e~ =
e~ =
N | —

Lastly, let us compute how the cumulative winding number is changed by regularization
of a self-intersection point of the form (a,a + 1,a,a — 1):

For double points of this form, there is only one possible regularization that preserves
orientation (see Figure 4.5). As above, the cumulative winding number before regularization
is 0. After regularization, there are two arcs: & u ' and 8 U . Calculating the winding

numbers of the two arcs yields

e~ =

plau ) +eBua)=

]

Proof of Proposition 4.1.2. We note that R f(3) consists of embedded curves, and therefore
its cumulative winding number is an integer. On the other hand, under the regularization,
the cumulative winding number is changed by i% for each regularization of a cusp, and i%

or 0 for each regularization of a self-crossing. m
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4.2 Changes of the cumulative winding number under

homotopy

We now observe and record how the cumulative winding number is changed under generic ho-
motopy. We will denote an Ry move by Ry(ay, as, ag, ays), where the quadruple (aq, as, as, as)
encodes the type of the two self-intersection points that are either being created or re-
moved as a result of the Ry move. We note that the types (ay,as,as,as) of the two
self-intersection points are the same up to permutation and a reflection. For example,
(a1, a9, a3, aq) — (as,as, ar, ay) does not change the type of the double point. For the remain-
der of our discussion, we adopt the convention that a; corresponds to the bounded region.
In Fig. 4.6, this is the region bounded by as U fs.

We warn the reader that it is possible that (aq,as,as, as) and (by, b, bs, by) are double

points of the same type, but Rs(ay,as, as,as) and Ra(by, be, b3, by) are different.

Lemma 4.2.1. Let f: M — R? be a generic map of a smooth manifold M of dimension
> 2. For any integral chessboard function, there are at most five possible types of Ry moves:
Ry(a,a—1,a—2,a—1), Ry(a,a+1,a+2,a+1), Ry(a,a+1,a,a—1), Re(a,a+1,a,a+1),
and Ry(a,a —1,a,a —1). The moves Ry(a,a—1,a—2,a—1), Ry(a,a+ 1,a+ 2,a+ 1) and
Ry(a,a+1,a,a—1) do not change w. The moves Ry(a,a+1,a,a+1) and Ry(a,a—1,a,a—1)

change the cumulative winding number by 1 and —1 respectively.

Proof. Consider an Ry-move of type Rs(ay,as,as,ays). Since the numbers a; represent the
values of an integral chessboard function, we have a;;1 = a; £ 1, for ¢ = 1,...,4, and
ay = a; =+ 1. Without loss of generality, we may assume that a; = a. We then have two
cases, either ap =a+ 1 or as = a — 1:

Case I: In the case where ay = a + 1, we have either a3 = a or a3 = a + 2. If a3 = a, then
we get the moves Ry(a,a + 1,a,a + 1) and Ry(a,a + 1,a,a — 1). If a3 = a + 2, we get the
move Ry(a,a+ 1,a+ 2,a + 1).

Case II: In the case where a; = a — 1, we have either a3 = a or a3 = a — 2. If ag = a, then

we get the moves Ry(a,a — 1,a,a + 1) and Ry(a,a — 1,a,a — 1). If a3 = a — 2, then we get
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Figure 4.6: Labeled arcs before and after an Ry move

the move Ry(a,a —1,a —2,a —1).

Up to rotation, the move Ry(a,a — 1,a,a + 1) is the same as Rs(a,a + 1,a,a — 1), thus,
the list of Ry moves in the statement of Lemma 4.2.1 exhausts all possibilities of different
types of Ry moves.

It remains to compute the changes of the cumulative winding number w under each
Ry type move. Denote the two arcs undergoing an Ry move by a and g. Without loss
of generality, we assume that 3 is straight and fixed, so that only a moves under homo-
topy. After the Ry move, the two new double points partition the diagram into six arcs:
aq, g, as, 1, B2, and B3 (see Fig 4.6). We notice that for any type of Rs move, the winding
numbers of £, aq, as, b1, B2, and (B3 are trivial. Thus, the change in the cumulative winding
number w is the same as the difference of the winding numbers of o and «s. For the move
Ry(a,a—1,a —2,a — 1), we calculate

pla) = plon) =

and observe that the winding number is unchanged. For the moves Ry(a,a + 1,a +2,a + 1)

and Ry(a,a + 1,a,a — 1), the winding number is again unchanged, since

Next, let us determine the change in w under Ry(a,a+1,a,a+ 1): Before the move, we have
ola) = —%. Notice that the orientations of a and as do not agree. Because of this, we get

olag) = % Thus, the winding number is increased by 1.
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To compute the change in the cumulative winding number for Ry(a,a — 1,a,a — 1), we

again compare the winding numbers of o and «ay. Before homotopy, we have ¢(«a) = %
After an Ry move of this type, the orientations of & and a disagree, thus () = —%, which
results in the winding number being changed by —1.

]

Denote the swallowtail move that creates a self-intersection point of type (aq, as, as, as)
by ST(ai,as,as,as), where a; corresponds to the bounded region. In Fig. 4.7, this is the
region entrapped by a; U as U as.

For a Zs-valued chessboard function, we say that an R, move or an ST move is even if
the value of the chessboard function over the bounded region is 0. Otherwise, we say that

the Ry move or ST move is odd.

Lemma 4.2.2. For any Zs-valued chessboard function, there are at most two Ry moves:
even and odd. An even Ry move increases the winding number by 1, while an odd Ry move

decreases the winding number by 1.

Proof. The proofs for even and odd Ry moves are the same as those for Ry(a,a+1,a,a+ 1)

and Ry(a,a —1,a,a — 1) in Lemma 4.2.1. ]

Next we turn to observing how the cumulative winding number changes under swallowtail

moves.

Lemma 4.2.3. Let f: M — R? be a generic map of a smooth manifold of dimension > 2.
For any integral chessboard function there are at most four possible types of swallowtail
moves, namely, ST(a,a + 1,a+2,a+ 1), ST(a,a + 1,a,a+ 1), ST(a,a — 1,a,a — 1), and
ST(a,a — 1,a — 2,a — 1). Moreover, the moves ST (a,a + 1,a + 2,a + 1) and ST(a,a —
1,a — 2,a — 1) do not change the winding number. The moves ST (a,a + 1,a,a + 1) and

ST (a,a —1,a,a — 1) respectively decrease and increase the winding number by %

Proof. We first prove that ST (a,a+1,a+2,a+1), ST(a,a+1,a,a+1), ST(a,a—1,a,a—1),

and ST (a,a — 1,a — 2,a — 1) are the only possible types of swallowtail moves. Set a; = a
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Figure 4.7: Labeled arcs before and after a swallowtail move

and recall that, by convention, ay = a4. Since the a;’s are values of a prescribed chessboard
function, there are two cases: as = a4 = a+1oray = ay = a—1. In the case as = a4 = a+1,
either ag = a or az = a + 2, corresponding to ST(a,a + 1,a,a+ 1) and ST(a,a + 1,a,a + 1),
respectively. When ay = a4 = a — 1, we see that ag = a or a3 = a — 2, corresponding to the
respective cases ST(a,a — 1,a,a — 1) and ST(a,a — 1,a — 2,a — 1). We now calculate how
the winding number is affected by a move of every type.

Under a swallowtail move, an arc a of the singular set diagram f(X) is homotoped into
five sub-arcs: aq, g, as, ay, and as (see Figure 4.7). Without loss of generality, we may
assume that «; corresponds to the arc whose endpoints are both cusps. We may assume
a is straight, thus ¢(a) = 0. First, we calculate how the winding number is changed by
ST(a,a+1,a+2,a+1).

First, we note that ¢(a;) = 0. After a move of this type, it is calculated that p(ag) =

p(az) = —% and p(ay) = p(as) = %. Therefore,

pla) + (as) + plou) + plas) = 5+ 3 — 5 — 5 =0,

Next, let us compute how ST'(a,a — 1,a — 2,a — 1) changes the winding number. Again, we

have ¢(cy) = 0 and observe that p(az) = ¢(as) = 5, and p(ay) = ¢(as) = —3. Therefore,

p(aa) + p(as) + pag) + p(as) = % -5 50

Now, we determine how the winding number is changed by the move ST'(a,a+1,a,a+1).

(1) = 0 and the remaining four arcs each contribute —% to the winding number. Therefore,
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w is changed by —%:

o(az) + p(as) + plag) + o(as) = 3 85 53 = ——.

Lastly, we calculate the winding number after the move ST(a,a — 1,a,a — 1). As in the
previous cases, p(a;) = 0. Next, the remaining four arcs each contribute % to the winding

number. Therefore, w is changed by %:

1

1 1 1 1
o(az) + o(as) + plag) + (as) = 3 + 3 + 3 + S 9

]

Lemma 4.2.4. For any Zs-valued chessboard function, there are at most two ST mowves:
even and odd. An even ST move decreases the winding number by 1/2, while an odd ST

move increases the winding number by 1/2.

Proof. The proofs for even and odd ST moves are the same, respectively, as those for

ST(a,a+ 1,a,a+ 1) and ST (a,a — 1,a,a — 1), in Lemma 4.2.3. O

It remains to examine how the cumulative winding number w(f) is changed under wrin-

kles, R3 moves, cusp-fold moves, and cusp merges.

Lemma 4.2.5. Let f: M — R? be a generic map of a smooth manifold of dimension > 2.
For any integral chessboard function, the wrinkle, cusp merge, and cusp-fold moves do not

change the cumulative winding number associated with the diagram (3(f); P, Q).

Proof. First, we examine w under wrinkle moves. Before a wrinkle move occurs, there are
no arcs contributing to the cumulative winding number. After a wrinkle move, two arcs a;
and ay are introduced, see Figure 4.8. We calculate that ¢(a;) = —p(az) and conclude that
the winding number is unchanged under wrinkles.

Next, we examine the cumulative winding number under cusp merge moves. Before the

cusp merge move, we have two components, each with one cusp and two arcs sharing the
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Figure 4.8: Labeling of arcs involved in a wrinkle move
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Figure 4.9: Labeling of arcs involved in a cusp merge move

cusp as an endpoint. For one component, denote the two arcs by a; and (; and for the
other component, denote the two arcs by as and (5. After a cusp merge, the arcs a; and
«ip are combined into one arc as, and the arcs 5; and 5 are combined into one arc f3, see
Figure 4.9. We calculate that ¢(as) = ¢(aq) + ¢(ae) and ¢(B3) = ¢(B1) + ©(B2). These
calculations show that w is unchanged under cusp merge moves.

Lastly, we examine how cusp-fold moves affect w. Label the arcs before and after a cusp-
fold move as in Fig. 4.10. Then the contribution of p(«) is replaced with p(aq) + ¢(as),
the contribution of ¢(f) is replaced with ¢(f1) + ¢(f2), and the contribution of ¢(7) is
replaced with ¢(71) + ¢@(72) + ¢(73). Consequently, under a cusp-fold move the winding
number is modified continuously. Since the cumulative winding number is an element of %Z,

we conclude that w is unchanged under cusp-fold moves. O]

Similarly, we can determine changes of cumulative winding number for Z,-valued chess-

board functions.

Lemma 4.2.6. For Zs-valued chessboard functions, the cusp merge, cusp-fold, and wrinkle

moves do not change the cumulative winding number.
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Figure 4.10: Labeling of arcs involved in a cusp-fold move

Proof. The argument is identical to the one provided in the proof of 4.2.5. m

For completeness sake, we state the following lemma pertaining to how R3 moves change
the cumulative winding number. However, the list of possible R3 moves is extremely exten-

sive, so, we forgo the calculations.

Lemma 4.2.7. For any integral chessboard function, Rs moves change the cumulative wind-
ing number by £1/2 or £1 or 0. For any Zs-valued chessboard function, Rz-moves change

the cumulative winding number by +1.

The following proposition summarizes the above calculations for Zs-valued chessboard

functions.

Proposition 4.2.8. Let f: M — R? be a generic map of a smooth manifold of dimension
> 2. For any Zs-valued chessboard function, under generic homotopy of a stable map f, the
cumulative winding number w(f) may change only under an ST, Ry or R3 move. Under an
ST move, the cumulative winding number changes by J_r%. Under an Ry or R3 move, the

cumulative winding number changes by +1.

In the rest of the section we prove Lemmas 4.2.11 and 4.2.13. To prove Lemmas 4.2.11

and 4.2.13, we will need Lemmas 4.2.9 and 4.2.10.

Lemma 4.2.9. Let f: M — R? be a smooth map of a manifold of dimension 3. Then for
the integral chessboard function of §3.3.2, the coorientation of arcs in (X(f); P, Q) that have

a cusp endpoint 1s as on Fig. 4.12. The opposite coorientation is not possible.
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Figure 4.11: The neighborhood V of a cusp point.

Figure 4.12: Coorientations of singular arcs near a cusp when M is 3-dimensional

Proof. Recall that locally a generic map f : M3 — F? is a Morse 2-function. In particular,
for a cusp point p € As(f), we may identify a neighborhood V' of f(p) with [0,1] x [0, 1],
and the inverse image f~'(V) with [0,1] x M, in such a way that f|;-1() is given by
(t,z) — (t,g:(x)), where g; is a family of generalized Morse functions such that g, has no
critical points for ¢ € [0,1/2), g1/ has a unique critical point, and g; has two canceling Morse
critical points for ¢t € (1/2, 1], see Fig. 4.11.

Let a and § be two arcs in f(3) NV that share the common cusp endpoint p € Ay(f).
Then the indices i, and ig of the two critical points of g3/, on the arcs o and /3 satisfy the
relation ig = i, + 1. The arcs a and J split V into two regions A and B containing the

points (0,1/2) and (1, 1/2) respectively. Both in the case (iy,i5) = (0,1) and (i4,i5) = (1,2)
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the number of path-connected components in the inverse image of any point in B is one less
than that of any point in A. Therefore, the coorientations of the arcs a and g are as on

Fig. 4.12. O

Lemma 4.2.10. Consider a smooth generic map f : M — R? of a manifold M of even
dimension m > 2. When c is the integral Euler chessboard function, ¥(f) does not have

self-intersection points of type (a,a — 1,a,a —1).
We note that the statement of Lemma 4.2.10 is not true for the depth chessboard function.

Proof. The intersecting strands of f(X) break a neighborhood of a self-intersection point
into four regions, which we denote by R,T,L and B, for the right, top, left, and bottom
regions, respectively. Note that the diffeomorphism types of the fibers Mg, My, My, and Mp
over points in the four respective regions do not depend on the choice of regular values. If
the manifold My is obtained from Mp by a surgery of index i, then M, is obtained from

Mpg by a surgery of the same index ¢. Since M is of even dimension, we conclude

X(Mr) — x(Mg) = x(M) — x(Mp) = £2.

This rules out the existence of double points of type (a,a — 1,a,a — 1). O

Recall that a cusp-fold move creates or eliminates two double points of the same type.
We will henceforth denote cusp-fold moves creating or eliminating double points of type
(a1, a9,as3,a4) by CF(ay,as,as,aq), and practice the convention that a; corresponds to the
value of a prescribed chessboard function in the bounded region (in Figure 4.10 this is the
region with boundary ay U 1 U 72). In particular, there are at most two types of cusp-fold
moves involving self-intersection points of type (a,a—1,a,a—1), namely, CF(a,a—1,a,a—1)

and CF(a,a+ 1,a,a +1).

Lemma 4.2.11. Let f,g : M — R? be two homotopic image simple maps, where M has
odd dimension m = 3. For the integral or Zs-valued depth chessboard function, the number

of cusp-fold moves involving self-intersection points of type (a,a — 1,a,a — 1) is even. If
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the dimension of M 1is 3, the same is true for the integral or Zs-valued chessboard function
counting path-connected components of fibers. If the dimension m = 2 of M is even, then for
the integral Fuler chessboard function there are no cusp-fold moves involving self-intersection

points of type (a,a —1,a,a —1).

Proof. Suppose the dimension of M is 3. Then we claim that the only possible cusp-fold
moves involving self-intersection points of type (a,a — 1,a,a — 1) are CF(a,a — 1,a,a — 1).

Indeed, if the chessboard function is Zs-valued, then there are no cusp-fold moves except
for CF(a,a — 1,a,a — 1). Suppose now that the chessboard function is integral. Equip
(3(f); P,Q) with the chessboard function counting the number of path-connected compo-
nents of regular fibers. By Lemma 4.2.9, all cusps are cooriented as in Fig. 4.12, and therefore,
the value of the chessboard function over the bounded region is maximal. Thus, indeed, the
only possible cusp-fold move involving self-intersection points of type (a,a — 1,a,a — 1) is
CF(a,a—1,a,a—1).

Every cusp-fold move changes the parity of self-intersection points of the fold curve where
one intersecting segment of the fold curve has an odd index while the other one has an even
index. No other moves change the parity of the number of such self-intersection points. Since
f(X) and g(X) are embedded, we conclude that the number of CF(a,a — 1,a,a — 1) moves
must be even.

The same argument holds for maps f : M — R? of a manifold M of an arbitrary odd
dimension m > 3 equipped with the integral depth chessboard function. Indeed, in the
integral case the value of the integral depth chessboard function over the bounded region on
Fig. 4.12 is greater than or equal to its values over the other regions. Therefore, in this case
CF(a,a—1,a,a—1) is the only cusp-fold type move that involves self-intersection points of
type (a,a — 1,a,a —1).

Now, let f : M — R? be a generic map of a manifold M of arbitrary even dimension
m > 2. By Lemma 4.2.10, there are no self-intersection points of type (a,a — 1,a,a — 1)
with respect to the Euler chessboard function, and therefore, there are no cusp-fold moves

involving self-intersection points of this type at all. m

47



Remark 4.2.12. We note that for an arbitrary chessboard function, its value need not be
maximal over the bounded region created by a cusp-fold move. In general, there may possibly
be six different types of cusp-fold moves: CF(a,a—1,a,a—1),CF(a,a—1,a,a+1),CF(a,a—
l,a—2,a—1),CF(a,a+ 1,a,a+1),CF(a,a+ 1,a,a — 1), and CF(a,a + 1,a + 2,a + 1).

Lemma 4.2.13. Suppose that f: M — R? is a stable map of a manifold of even dimen-
ston. Then for the integral Euler chessboard function, the cumulative winding number does
not change under homotopy of f. The same is true for stable maps of manifolds of even

dimension to F, where F' is the complement to a point in a closed oriented surface.

Proof. Consider a map f to R?. By Lemma 4.2.10, no double points of type (a,a—1,a,a—1)
may occur for the Euler chessboard function. Consequently, the local coorientation of fold
arcs defines a global orientation of the curve of fold points as the coorientations of arcs with
common endpoints agree, see Fig. 3.5. Therefore, R3 moves do not change the cumulative
winding number. The cumulative winding number is preserved by R, and ST moves by
Lemma 4.2.1 and Lemma 4.2.3.

In the case where the target space is a punctured surface, we note that the tangent
bundle T'F' is trivial, and therefore the winding number associated with the integral Euler
chessboard function is well-defined. The rest of the proof in this case is similar to one in the

case where the target space is R2. O
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Chapter 5

Main Results

5.1 Proof of Theorem 1.2.1 and Theorem 1.2.2

Theorem 1.2.1. Let f and g be two homotopic image simple fold maps from a closed
oriented manifold M of even dimension m = 2 to an oriented surface F' of finite genus. Then,

the number of components of 3(f) is congruent modulo two to the number of components of

X(g)-

Proof. To begin with let us assume that the target surface is R?. Recall that #[3(f)]
denotes the number of components of ¥(f). Let ¢ be the integral Euler chessboard function
as described in §7.3.

By Lemma 4.2.13,

w(f) = w(g) (mod 2).

Next, utilizing the hypothesis that f(X) and g(X) are embedded, we deduce

w(f) = #[E(f)] (mod 2).

Part of the text in this chapter is reprinted with permission from A Homotopy Invariant of Image
Simple Fold Maps to Oriented Surfaces, by Rustam Sadykov and Liam Kahmeyer!!.
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Combining the previous congruences yields the desired result

#X(f) = w(f) = wlg) = #[E(g)| (mod 2).

This concludes the proof of Theorem 1.2.1 in the case of maps to R2.

Now, let p be a point in the closed surface F', away from f(3). Then the tangent bundle
of F\{p} is trivial, and therefore the winding number w(f) is well-defined. Under a generic
homotopy of f, the curve f(X) may slide through the point p. As the curve f(X) slides
through the point p, the winding number changes by +x(F'), where x(F) denotes the Euler
characteristic of the surface F. Since the surface F' is closed and oriented of genus g, we
have x(F') = 2 — 2g. Thus, the parity of the winding number is well-defined. Consequently,

as in the case when the target surface is R?, we have

w(f) =w(g) (mod 2).

This also shows that for every embedded closed curve « on an oriented closed surface
F, there is a well-defined winding number p(7) € Zs. The winding number p(y) does not

depend on the orientation of ~.

Lemma 5.1.1. Let v; and 7, be two embedded closed curves on an oriented closed surface

F. Suppose that v1 and 7y, represent the same homology class in Hy(F;Zs). Then

p(m1) — #lnl = p(72) — #lel| (mod 2),

where #|v;| denotes the number of components of ~;, fori = 1,2.

Proof. We may assume that the surface F' is connected.

Recall that an oriented surgery of an embedded closed curve v is embedded if the base of
surgery is an embedded strip whose interior is disjoint from the curve v, see Fig. 5.1 and 5.2.
We note that under each oriented embedded surgery the value p(), as well as the modulo

two residue class of #|v|, is changed by 1. Thus, the value p(7y) — #|v| remains the same.
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Figure 5.1: Elementary surgery increasing the number of connected components.

By performing an appropriate number of elementary surgeries, we may assume ~; and 7,
are path-connected closed embedded curves. Since v; and v represent the same homology
class in Hq(F';Zs), they are either both separating or non-separating.

If the curves are non-separating, then there is a diffeomorphism ¢ of the target surface
F to itself that takes 71 to v2. Thus, the parity of p(71) — #|7| is the same as the parity of
p(v2) — #|el-

Next, suppose that the curves v, and ~, are separating. Without loss of generality, we
may assume that v; and v, are disjoint, since there is a diffeomorphism ¢ of F' such that v,
and ¢(72) are disjoint. We may always construct a Morse function h on F' such that ~; and
72 are two regular level sets of F', say h™1(0) = v, and h™1(1) = ¢(72). Each critical point
of h in h™1[0, 1] corresponds to an elementary oriented embedded surgery. The composition
of these elementary oriented embedded surgeries takes 7, to a curve isotopic to vs. As
mentioned above, the value of p(7;) and the modulo two residue class #|v;| are changed
under each elementary oriented embedded surgery. Therefore, the value p(y1) — #|n| is
preserved.

In both cases, we have deduced the desired result. O

In view of Lemma 5.1.1, we conclude that

#E(N] = #[2(g)] (mod 2).

If F is not a closed surface, then it admits an embedding j into a closed surface F’.
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Figure 5.2: Elementary surgery decreasing the number of connected components.

Then the numbers of path components of 3(f) and ¥(g) are the same as the numbers of
components of ¥(j o f) and X(j o g), respectively. Therefore, the case where F' is an open

surface of finite genus follows from the case where F' is a closed surface. O]

Theorem 1.2.2. Let f and g be two homotopic image simple fold maps from a closed
oriented manifold M of odd dimension m > 2 to an oriented surface F'. Suppose that F' is
R? or S? if m > 3. Suppose that no Rs moves occur during the homotopy from f to g. Then,

the number of components of X(f) is congruent modulo two to the number of components of

X(g)-

Proof. We will work with the Zs-valued depth chessboard function if m > 3. If m = 3, then
we will work with the Zs-valued chessboard function that counts the number modulo 2 of
path components in the preimage of a regular value.

Since f and g are odd dimensional image simple fold maps to a surface, the homology
class of swallowtail singularities of a homotopy of f to g is trivial. Therefore, by the argument
in Sadykov?’, there is a formal homotopy of f to g with no swallowtail singularities. By
the relative h-principle for swallowtail singular points®, we may assume that the (genuine)
homotopy of f to g does not have swallowtail singular points.

By Lemma 4.2.11, the number of cusp-fold moves is even since for Zs-valued chessboard
functions all cusp-fold moves are of type CF(a,a — 1,a,a — 1).

On the other hand, since there are no swallowtail singular points, the number of pairs of
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self-intersection points changes under homotopy by
#|CF| + #|R2| =0 (mod 2).

Consequently, the number of Ry moves is also even.

Suppose now that the surface F' is R?. By Proposition 4.2.8, only swallowtail, R, and Rs
moves may change the cumulative winding number. We have assumed that the homotopy
of f to g does not involve swallowtail and R3 moves. Therefore, since each Ry move changes
the cumulative winding number by +1, and the number of Ry, moves is even, we conclude
that the parity of the cumulative winding numbers for f and g are the same. Consequently,
the number of components of ¥(f) is congruent modulo two to the number of components
of X(g).

The argument in the proof of Theorem 1.2.1 shows that the same conclusion is true in
the case where the target surface F' is a sphere if m > 3, and where F' is an oriented surface

of finite genus when m = 3. O

Since the depth function is not a chessboard function for non-simply connected target
surfaces (see Remark 3.3.3, We do not know if the statement of Theorem 1.2.2 is true for

arbitrary closed oriented surfaces F' when m > 3.

Problem 5.1.2. Let f and g be two homotopic image simple fold maps from a closed oriented
manifold M of odd dimension m = 5 to an oriented surface Fy of finite genus g > 0. Is
it true that the number of components of 3(f) is congruent modulo two to the number of

components of ¥(g)?

5.2 The invariant [ and proof of Theorem 1.2.3

In this section we prove Theorem 1.2.3. The main ingredient of the proof is the Z,-valued
homotopy invariant I(f) defined in the introduction. We will recall the precise definition of

the function I(f) in the statement of Lemma 5.2.1.
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Let M be a connected closed orientable manifold of dimension m > 3, and f: M — F
a smooth stable map to an orientable surface F'. Then, the singular set 3(f) is a closed
1-dimensional submanifold of M, which consists of fold points A;(f), and finitely many cusp
points As(f). Recall, the number of components of the singular set Y(f) is denoted by
#|%(f)], while the number of cusp points is denoted by #|As(f)|. We will also consider the
number of self-intersection points A(f) of f(X). We note that if f is generic, then the image

of cusp points is not at the self-intersection points of f(X%).

Lemma 5.2.1. Let f,g: M — F be two generic maps of a closed orientable manifold of
dimension m > 3 into an orientable surface. Suppose that there exists a generic homotopy
H: M x[0,1] > F x[0,1] between f and g such that the singular set X(H) is an orientable
submanifold of M x [0,1]. Then I(f) = I(g) where

I = #|As| + 2A 4 2#|3| (mod 4).

Proof. Let F': M x [0,1] — N x [0, 1] be a generic homotopy such that F(x,0) = f(z) and
F(z,1) = g(z). Under the homotopy H, the singular set of f may be modified by any of
the six allowable homotopy moves. Let s denote the number of swallowtail moves and their
inverses, and m the number of wrinkles, cusp merges, and the inverses of these moves. Rj
moves do not change the number of self-intersection points. Under Ry and cusp-fold moves
the number of self-intersection points may change, but the congruence class of 2A(f) does

not change modulo 4. Therefore,

2A(g) = 2A(f) + 2s (mod 4),

since every swallowtail move and their inverse changes the number of self-intersection points

of the image of the singular set by 1. On the other hand, we have

#lA2(g)] = #[A2(f)] + 25 + 2m (mod 4),
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since every swallowtail move, wrinkle, cusp merge and their inverse changes the number of
cusps by two. Next, since the singular set of the homotopy H is orientable, every wrinkle,
cusp merge and their inverse changes the parity of #|%(f)|. Consequently, we also have the
congruence

293(g)| = 2#2()| + 2m (mod 4).

To summarize,

2#[3%(g)| + 2A(g) + #[A2(g)| = 2#|2(f)| + 2A(f) + #[A2(f)] + 45 + 4m (mod 4),

which simplifies to

245(g)| + 2A(g) + #|A2(g)| = 2#[E(f)] + 2A(f) + #|A2(f)| (mod 4),

yielding

]

Remark 5.2.2. When the closed orientable source manifold M is even dimensional, the
singular set 3(f) is necessarily orientable, by Theorem 2.0.11. Thus, the function I(f) is a
Z,-homotopy invariant for generic maps f : M — F' of an orientable closed manifold of even

dimension into an orientable surface.

Corollary 5.2.3. The function

I(f) = #|A2(f)] + 27 [5(f)] (mod 4)

s a homotopy invariant of image simple maps f : M — F, where M is an even dimensional

closed orientable manifold and F' is an orientable surface.

Proof. Recall that image simple maps have topologically embedded singular sets, i.e. A(f) =
0. This fact, combined with Lemma 5.2.1, yields the desired result. O
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Corollary 5.2.4. The function

I(f) = 2A(f) + 2#[2(f)| (mod 4)

1s a homotopy invariant of simple stable maps f : M — F', where M s an even dimensional
closed orientable manifold and F is an orientable surface. Moreover, if g is a simple stable

map obtained from f via generic homotopy, then

A(f) + #1201 = Alg) + #[X(g)| (mod 2).

Proof. Recall that if f : M — F is a simple stable map, then #|Ay(f)| = 0. Applying

Lemma 5.2.1 we see

I(f) = 2A(f) + 2#[X(f)] (mod 4)

is a homotopy invariant of simple stable maps.

Next, for a simple stable map ¢g : M — F homotopic to f, we have

20(f) + 2#[E(f) = 2A(g) + 2#[%(g)[ (mod 4)

which simplifies to

A(f) + #12()] = Alg) + #[X(g)| (mod 2).

Theorem 1.2.3 essentially follows from the existence of the invariant I(f).

Theorem 1.2.3. Let f and g be two homotopic image simple maps from a closed orientable
manifold M of dimension m = 2 to an orientable surface F' of finite genus. Suppose the
surface X(H) of singular points of the homotopy H between f and g is orientable. Then,

the number of components of X(f) is congruent modulo two to the number of components of

¥(g)-
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Proof. Consider the homotopy invariant

I(f) = #|A2(f)] + 2A(f) + 2#[2(f)| (mod 4).

By assumption, the maps f and g have no cusps and are embedded, therefore #|As(f)| =
A(f) =0 and #|As(g9)| = A(g) = 0. Therefore,

I(f) = 2#|%(f)| (mod 4) and I(g) = 2#[%(g)| (mod 4).

By Lemma 5.2.1, we have I(f) = I(g). Thus,

24 |2(f)| = 2#(X(g)| (mod 4)

which results in

#X(H)] = #%(9)] (mod 2).
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Chapter 6

Low-Dimensional Applications

In this chapter we consider examples and applications in the cases of maps to surfaces of

manifolds of dimension m = 2,3, and 4.

6.1 Maps of Surfaces to Surfaces

Let f : F; — F}, be a simple stable map of oriented surfaces of genera g and h, respectively.
By Theorem 1.2.1, the number of path components in ¥(f) depends only on the homotopy

class of f. In fact, a stronger statement is true.

Proposition 6.1.1 (M.Yamamoto?®).

#X()] = deg(f)(h = 1) = (g = 1) (mod 2).

The above proposition holds for arbitrary g, h > 0 and even for non-embedded singular
sets of fold maps. For example, for every fold map f of a 2-sphere into itself (possibly with

self-intersecting fold curve f(X)), we have

#1X(f) = deg(f) =1 (mod 2).

Part of the text in this chapter is reprinted with permission from A Homotopy Invariant of Image
Simple Fold Maps to Oriented Surfaces, by Rustam Sadykov and Liam Kahmeyer!!.
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6.2 Maps of the 3-sphere to the 2-sphere

Saeki?? has studied fold maps of 3-dimensional manifolds into surfaces and showed that every
closed connected oriented 3-manifold admits a stable map to the 2-sphere without definite
fold points. In particular, for maps of the 3-sphere into the 2-sphere, Saeki constructed an
image simple indefinite fold map f : S® — S? such that X(f) = n + 1, where n € Z is the

Hopf invariant H(f) of f. Saeki posed the following question.

Problem 6.2.1. For an integer n € Z ~ m3S?, let us consider stable maps f: S® — S?
without definite fold which represent the associated homotopy class and which satisfies that
X(f) # I and fls(p) is an embedding, where X(f) is the set of singular points of f. Then,

is the number of components of X(f) congruent modulo two ton + 17

Saeki solved Problem 6.2.1 in the negative?®. The following corollary shows under what
conditions Saeki’s problem can be answered in the positive. As a corollary of Theorems 1.2.2

and 1.2.3, we prove the following statement related to Saeki’s question.

Corollary 6.2.2. Let f : S® — S? be an image simple indefinite fold map with Hopf invariant
H(f) =n constructed by Saeki®*. If g : S* — S? is obtained from f by a homotopy

F: 5% x[0,1] — 5% x [0,1]
such that X(F) is orientable or F(X) has no triple self-intersection points, then

#1X(g)| = #[E(f)l =n + 1 (mod 2).

6.3 Maps of the 4-sphere to the 2-sphere

As a consequence of Theorem 1.2.1, we obtain a result on the 4-dimensional analog of

Problem 6.2.1.
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Corollary 6.3.1. Let f : S* — S? be an image simple fold map of the 4-sphere into the

2-sphere. Then
#|3(f)| =1 (mod 2).

Proof. Let us examine an image simple fold map representative of both the trivial and non-
trivial elements of 74(S?) =~ Z,. We respectively denote the equivalence classes of the trivial
and non-trivial elements of m;(5?) by [0] and [1]. The trivial element is constructed via the
standard projection to R?, followed by the inclusion into S?, i.e. fro : S* — R?* — S? where
fi01(2) consists of one closed embedded definite fold curve. Therefore, by Theorem 1.2.1,

any image simple fold map g € [0] has a singular set such that #|%(g)| is odd.

= >

Figure 6.1: Replacing Lefschetz critical points with cusp and indefinite fold points.

Figure 6.2: Three cusp merges.

Next, we examine the non-trivial element of 74(5?). Consider the suspension of the Hopf
fibration H : S® — S?, defined as ¥H : ©5% — 352, which is equivalent to ¥H : $* — S3.
Composition of the suspended Hopf fibration with the Hopf fibration itself results in the
map friy: H o XH : S* — 5% The singular set of fjj consists of a pair of Lefschetz critical
points, see Matsumoto!” for a detailed explanation. Each Lefschetz critical point can be

deformed into a component consisting of three cusps and indefinite folds as in Figure 6.1.
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For an explicit description of the move in Figure 6.1, we refer the reader to the third section
of Lekili'®.

We then obtain an embedding of three indefinite fold components after thrice merging
pairs of the recently created cusps, see Figure 6.2. Now, the singular set of the image simple
fold map f[;; has an odd number of components and thus, by Theorem 1.2.1, the singular
set of any image simple fold map h € [1] must also have an odd number of connected
components.

Up to homotopy, we have examined the singular set of all image simple fold maps from
the 4-sphere to the 2-sphere. In all cases, the singular set has an odd number of connected

components. O

Remark 6.3.2. We note that through steps described in Saeki??, every image simple fold

map is homotopic to an image simple indefinite fold map.

Combining the statement of Remark 5.2.2 with Corollary 6.3.1, we obtain the following

corollary:.

Corollary 6.3.3. For every smooth stable map f : S* — S?, we have

I(f) =2 (mod 4).

Proof. Recall that the invariant I(f) is given by

I(f) = #|A2(f)] + 2A0f) + 2#[2(f)| (mod 4).

For an image simple fold map g : S* — S?, we have #|As(g)] = A(g) = 0. Also, by
Corollary 6.3.1 we have that #|%(g)| = 1 (mod 2). Therefore, we get I(g) = 2 (mod 4) for
image simple fold maps. However, since both elements in 74(S?) can be represented by an
image simple fold map, we conclude that for any smooth stable map f : S* — S? we have

I(f) =2 (mod 4). O
We may also combine Corollary 5.2.4 and Corollary 6.3.3 to get the following result.
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Corollary 6.3.4. For every simple stable map f : S* — S?, we have

A(f) = #2(f)] + 1 (mod 2).

Proof. By Corollary 5.2.4, we have

I(f) = 2A(f) + 2#[2(f)| (mod 4)

is a homotopy invariant of simple stable maps. Also, by Corollary 6.3.3 we have

I(f) =2 (mod 4).

Combining these congruences yields

2A(f) + 2#[E(f) = 2 (mod 4)

which simplifies to

A(f) + #2(f) =1 (mod 2).

Therefore,

A(f) = #2(f)] + 1 (mod 2).
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