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Abstract 

Quantum circuit synthesis is one of the major areas of current research in the field of quantum 

computing. Analogous to its Boolean counterpart, the task involves constructing arbitrary quantum 

gates using only those available within a small set of universal gates that can be realized physically. 

However, unlike the latter, there are an infinite number of single qubit quantum gates, all of which 

constitute the special unitary group SU(2).   

 

Realizing any given single qubit gate using a given universal gate family is a complex task. Although 

gates can be synthesized to arbitrary degree of precision as long as the set of finite strings of the gate 

family is a dense subset of SU(2), it is desirable to accomplish the highest level of precision using only 

the minimum number of universal gates within the string approximation.  

 

Almost all algorithms that have been proposed for this purpose are based on the Solovay-Kitaev 

algorithm. The crux of the Solovay-Kitaev algorithm is the use of a procedure to decompose a given 

quantum gate into a pair of group commutators with the pair being synthesized separately. The 

Solovay-Kitaev algorithm involves group commutator decomposition in a recursive manner, with a 

direct approximation of a gate into a string of universal gates being performed only at the last level, 

i.e. in the leaf nodes of the search tree representing the execution of the Solovay-Kitaev algorithm.  

 

The main contribution of this research is in integrating conventional optimization procedures within 

the Solovay-Kitaev algorithm. Two specific directions of research have been studied. Firstly, 

optimization is incorporated within the group commutator decomposition, so that a more optimal 

pair of group commutators are obtained. As the degree of precision of the synthesized gate is 

explicitly minimized by means of this optimization procedure, the enhanced algorithm allows for 

more accurate quantum gates to be synthesized than what the original Solovay-Kitaev algorithm 

achieves. Simulation results with random gates indicate that the obtained accuracy is an order of 

magnitude better than before.  

 

Two versions of the new algorithm are examined, with the optimization in the first version being 

invoked only at the bottom level of Solovay-Kitaev algorithm and when carried out across all levels 

of the search tree in the next. Extensive simulations show that the second version yields better results 

despite equivalent computation times. Theoretical analysis of the proposed algorithm is able to 



  

provide a more formal, quantitative explanation underlying the experimentally observed 

phenomena. 

 

The other direction of investigation of this research involves formulating the group commutator 

decomposition in the form of bi-criteria optimization. This phase of research relaxed the equality 

constraint in the previous approach and with relaxation, a bi-criteria optimization is proposed. This 

optimization algorithm is new and has been devised primarily when the objective needs to be relaxed 

in different stages. This bi-criteria approach is able to provide comparably accurate synthesis as the 

previous approach. 
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Chapter 1 - Introduction 

In this chapter, we provide a brief overview of quantum circuit synthesis - the primary topic of 

interest in this dissertation. In section 1.1, quantum circuit model and the challenges associated with 

synthesizing quantum circuits are introduced. Prior efforts related to synthesizing quantum circuits 

are reviewed in section 1.2. Also, the drawbacks and limitations in this area are briefly discussed. 

Finally, in section 1.4, contributions to the area of quantum computer synthesis are outlined. 

 1.1 Background  

Quantum computers upon realization can be able to perform large scale of computation several order 

of magnitude faster than their classical counterparts [Simon 1997, Knill 2010]. An example is the 

integer factorization problem [Shor 1994]. Quantum computers that would be able to solve in 

polynomial time several problems known to be NP- hard are currently being investigated [Nielsen 

and Chuang 2010, Hsieh and Le Gall 2011]. Several models of quantum computing have been 

proposed to implement such tasks with quantum circuits perhaps being the most widely studied one. 

 

Unlike digital circuit where each operation carried out is typically accompanied by a loss of 

information, quantum circuits are logically reversible in the sense that it is possible to infer the exact 

inputs merely by observing the outputs [Bennett 2003]. As a direct implication of logical reversibility, 

the number of outputs in any quantum circuit should be equal to the number of inputs. Hence, 

numerous amounts of number-crunching can be accomplished theoretically with zero power 

consumption [Landauer 1992, De Vos 2011, Saeedi and Markov 2013]. 

 

The fundamental unit of information in quantum circuits is the qubit (Quantum bit). Quantum 

circuits are built using quantum gates as their building blocks. The operations performed on qubits 

by quantum gates must be unitary and hence quantum gates have same number of inputs and outputs 

[Barenco et al. 1995]. The simplest quantum gates are single qubit gates with one quantum input and 

one quantum output. In contrast of classical Boolean logic case where we have only one single logic 

gate (NOT gate), in quantum we have infinite number of single quantum gates [Nielsen and Chuang 

2010].  
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Unfortunately, processing data at the quantum level cannot be easily obtained at the desired level of 

precision. In other words, quantum computing tends to be noisy [Ladd et al. 2010, Jones et al. 2012]. 

In order to overcome this limitation, fault tolerant quantum computing is required [Ladd et al. 2010, 

Van Meter 2010, Dyakonov 2012]. Quantum circuits must exhibit a high level of fault tolerance. This 

restricts the feasibility of physically realizing quantum gates [Lin et al. 2013]. There exit universal 

gate families which serve as the basic components upon which to build other quantum gates [Nielson 

and Chuang 2010]. This situation is analogous to classical Boolean logic where {AND, OR, NOT} is a 

universal gate set and {NAND} is another set. There exist universal gate setss even for single qubit 

gates. The simplest one is perhaps the set of Hadamard and T gates [Nielson and Chuang 2010].  

 

Quantum algorithms are realized by quantum circuits [Pittenger 1999]. The design of quantum 

algorithms requires synthesizing quantum circuits. In other words, decomposing quantum gates into 

a sequence of gates taken from a universal gate set. In this context, a universal gate set is a small set 

of gates, an arbitrary sequence of which can generate a dense subset of all gates [Chow et al. 2012, 

Van den Nest 2013]. Hence, synthesizing quantum circuits efficiently is of crucial importance in the 

design of quantum algorithms [Pérez-Delgado 2011]. But it is more complicated than the classical 

case since the set of all quantum gates that can be used to realize a certain circuit fault tolerantly is 

infinite [Shor 1996]. Though, decomposing an arbitrary quantum gate into an exact sequence of fault 

tolerant quantum operations is hard to obtain but succeeded in some cases [Amy et al. 2013, Fowler 

2011]. More often, finding approximation to the highest level of precision is considered when exact 

equivalence is not possible.  

 

There are many contributions in this direction [Han and Kim 2000, Dawson and Nielsen 2005, 

Kliuchnikov et al. 2013]. All approaches proposed try to approximate a desired gate as a sequence of 

a few directly realizable ones belong to any given universal gate set such that the distance between 

the desired gate and its approximation is the minimum. The notion of distance determines the error 

in approximation and quantifies the effectiveness of the approach used in approximation.  

 1.2 Prior Efforts and Motivation  

While many methods proposed in the literature focus on single or multi qubit approximations, few 

are developed to carry optimal synthesis of quantum circuits [Aliferis 2006]. Optimal synthesis 

means exact decomposition of a target unitary with optimizing some particular cost [Hayes and 

Markov 2006]. In particular, circuit depth is defined here as the maximum length path in the circuit. 
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The depth of a circuit reflects the running time efficiency and error rates and hence is used as the 

main optimization cost [Arabzadeh et al. 2013]. Most of the methods proposed in the quantum circuit 

synthesis field usually target the universal gate set of Clifford gates combined with any single qubit 

gate [Jozsa 2006]. A common choice for this additional gate is the 𝐓 gate or 𝜋/8-gate (see chapter 4). 

Implementing the non-Clifford gates in the universal gate set is considered the most expensive one. 

Hence, the number of non-Clifford gates in the approximated circuit is considered as another 

optimizing cost. 

 

One of the algorithms proposed to find depth-optimal circuits is the meet-in-the-middle (MITM) 

algorithm [Amy et al. 2013]. It computes an exact circuit that implements a given quantum gate. The 

MITM algorithm applies to multiple-qubit circuits over a specific universal gate set. It can also be 

modified to other optimization costs such as the number of non-Clifford group gates. However, it is 

only applicable for small numbers of qubits.  Another algorithm that implements only single-qubit 

gates optimally with respect to the number of 𝐓 gates is presented [Bocharov 2012].  In this 

algorithm, a canonical form for single-qubit circuits is proposed to reduce any arbitrary single-qubit 

circuit into this form. As a consequence, the algorithm provides a speed up over brute force searching 

method. However, it applies only over the universal set consisting of the Hadamard and 𝐓 gates. 

 

In some cases exact decomposition of a unitary does not exist and hence optimal approximation is 

employed [ Jaeger 2007]. A simple depth-optimal algorithm that handles the optimal approximation 

of arbitrary single qubit gates over any universal set is developed [Fowler 2011]. Instead of 

exhaustively search over sequences, a mechanism is obtained to skip over equivalent ones. However, 

searching over unique sequences still scales exponentially with the length of sequences. Another 

method for single qubit decomposition has been proposed [Bocharov et al. 2013]. However, it is only 

practical over the universal V set. Approximating arbitrary multi qubit unitaries has been studied as 

well [Kliuchnikov 2013]. This particular approach shows that any 𝑛 qubit unitary can be 

approximated to arbitrary precision using Clifford and 𝐓 gates by using two additional ancillae 

qubits.  

 

Another direction of research concentrates on approximating single-qubit gates without 

incorporating ancillary qubits [Dawson and Nielsen 2006, Nagy 2006]. The Solovay-Kitaev algorithm 

is perhaps the standard method used for generating sufficiently good approximations of any desired 

unitary [Dawson and Nielsen 2006].  The original Solovay-Kitaev algorithm is a recursive algorithm 
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that decompose any quantum gate to an arbitrary degree of accuracy as a sequence of gates belong 

to any given universal gate set. While the algorithm gives efficient approximation sequences, it 

performs exhaustive search which increases the run time of the algorithm. As an attempt to go 

around this problem, a technique called geometric nearest-neighbor access trees (GNATs) is 

incorporated to replace exhaustive search [Brin 1995]. More recently, subsequent work to the 

Solovay-Kitaev algorithm uses GNAT recursively in the search space expansion (SSE) approach 

[Pham 2013]. These investigations have reduced the computation time significantly but increased 

the length of the possible approximation sequences. 

  

Several attempts to apply genetic algorithms to synthesize quantum circuits have been investigated 

in the literature [Lukac and Perkowski 2002, Ruican et al. 2008, Zhang 2011, and Lukac et al. 2013]. 

This interest is motivated by the ability of genetic algorithms to evolve circuit approximation towards 

the best among all potential approximations. For instance, an algorithm that applies the genetic 

operators: mutation, crossover, and reproduction to the quantum circuit is presented [Han and Kim 

2000]. The genetic algorithm searches for the best quantum gate composition. Then the developed 

circuit is evaluated based on a fitness function until the desired accuracy is obtained. 

 

Although the Solovay-Kitaev algorithm is the mainstay of almost all quantum circuit synthesis 

algorithms, they share a few limitations. These limitations serve as the motivating factors behind the 

proposed research as outlined below:  

 

 At each stage of recursion, the length of the approximating sequence grows exponentially 

with the stage of recursion. Although this intrinsic limitation will not be directly addressed 

by the proposed approach, due to the above two, the proposed algorithm reduces the 

precision error by a larger factor per recursive stage. 

 Multiple factors contribute in reducing the error of approximation. However, they are not 

simultaneously considered for minimization. In the proposed approach, bi-criteria 

minimization method is applied to simultaneously minimize the factors considered. 

 The tree-based search is too sparse, hence good solutions are not often considered. The 

proposed bi-criteria method would consider multiple approximations for the desired gate to 

be approximated instead of single one leading to a more thorough search algorithm.  
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 1.3 Contributions  

In this dissertation, conventional optimization procedures are integrated within the Solovay-Kitaev 

algorithm. As the degree of precision of the synthesized gate is explicitly minimized by means of this 

optimization procedure, the proposed algorithms allow for more accurate quantum gates to be 

synthesized than what the original Solovay-Kitaev algorithm achieves. Two specific directions of 

research have been studied, 

 In the first phase, optimization has been modeled as a constraint optimization problem with 

equality constraints. Two versions of the new algorithm are proposed, with the optimization 

in the first version being invoked only at the bottom level of Solovay-Kitaev algorithm 

(Single-level enhancement algorithm) and when carried out across all levels of the search 

tree (Multi-level enhancement algorithm) in the other.  

 

 In the second phase of research, the equality constraint in the previous approach is relaxed 

and with relaxation, a bi-criteria optimization is proposed. This optimization algorithm is 

new and has been devised primarily when the objective needs to be relaxed in different 

stages.  

 

The rest of this thesis is organized as follows, chapter 2 outlines the basic concepts required to 

understand this work. This chapter begins with an introduction to quntum bits (qubits). Unlike a bit, 

which is its classical counterpart, a qubit displays quantum characteristics that are exploited to 

devise clever quantum circuits, some of whose classical counterparts do not exist. All the tools 

needed to study this behavior, are also introduced. Chapter 3 provides mathematical foundations on 

the graphical representation of qubits and their transformations.  In chapter 4, the fundamental 

definitions necessary to understand the Solovay-Kitaev algorithm is presented along with a detailed 

description of the original algorithm. Another search method called geometric nearest-neighbor 

access trees that is incorporated in the proposed algorithms instead of the existing linear search 

method is also presented. Chapter 5 introduces the first of the two approaches proposed in this 

research. All algorithms and subroutines involved in this part of the study are detailed here, while 

the simulation results and theoretical analysis are addressed in chapter 6. The second approach is 

represented in chapter 7. The bi-criteria optimization formulation and algorithm are discussed 

thoroughly here. The simulation results are presented in chapter 8. Finally, a summary of 

contributions of this dissertation and future research directions are presented in chapter 9. 
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Chapter 2 - Physical Foundations 

The basic unit of information in quantum circuits is the qubit (quantum bit). This chapter begins in 

section 2.1 with an introduction to qubits. Unlike a bit, which is its classical counterpart, a qubit 

displays quantum characteristics that are exploited to devise clever quantum circuits, some of whose 

classical counterparts do not exist. All the tools needed to study this behavior, are also introduced. In 

section 2.2, the operations conducted on quantum bits are represented by quantum gates. 

Generalization into multiple qubits is shown in section 2.3. The postulates of quantum mechanics are 

listed in section 2.4. 

 2.1 Quantum Bits 

The fundamental unit of information in classical computations is the bit, which is binary valued, with 

the values being OFF and ON, FALSE and TRUE, or 0 and 1. Fortunately, subatomic particles too can 

take on two discrete states, allowing one to devise quantum counterparts of digital circuits. An 

electron’s spin can be either UP or DOWN; the polarization of a single photon can be either horizontal 

or vertical. Using the Dirac notation that is commonly used in quantum literature, these two states 

are denoted as |0〉 and |1〉 (the operator |∙〉 is read as ket). The states |0〉 and |1〉 are called pure states. 

The quantum analogue of the bit is a qubit (quantum bit), which can acquire the two states, |0〉 and 

|1〉. However, unlike their classical counterparts, qubits can also acquire states that are linear 

combinations of the pure states. A qubit in such a combination of pure states is said to be in a state of 

superposition.  

 

In general, a qubit |𝛗〉 in an arbitrary state of superposition can be expressed as the linear 

combination of |0〉 and |1〉, as |𝛗〉 = 𝑎|0〉 + 𝑏|1〉. Here 𝑎 and 𝑏 are complex quantities, with 𝑎, 𝑏 ∈ ℂ, 

where ℂ is the set of complex numbers. The pure states |0〉 and |1〉 are treated as basis vectors. 

 

Sometimes it is convenient to express a qubit as a 2 × 1 column vector. In such a case the two pure 

states are represented in vector form in the following manner, 

|0〉 = [
1
0
],  |1〉 = [

0
1
]. 

 

This allows one to express the qubit |𝛗〉 as follows, 

|𝛗〉 = 𝑎|0〉 + 𝑏|1〉 = [
𝑎
𝑏
]. 
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Using Dirac’s notation, the conjugate transpose of |𝛗〉, which is a row vector, is denoted as 〈𝛗| (〈.| is 

read as bra). Thus: 

〈𝛗| = 𝑎∗〈0| + 𝑏∗〈1|  = [𝑎∗ 𝑏∗]. 

 

The quantities 𝑎 and 𝑏 in |𝛗〉 = 𝑎|0〉 + 𝑏|1〉 are the amplitudes of |𝛗〉. The amplitudes of a qubit have 

a physical interpretation that has to do with the act of observation. When any quantum particle that 

exists as a superposition of the basis states, is observed by an external observer, or recorded by an 

instrument, its state collapses into one of the two basis states. Thus the act of observation causes the 

qubit |𝛗〉 to collapse into either a |0〉 or a |1〉. Here 𝑎∗𝑎 = |𝑎|2 and 𝑏∗𝑏 = |𝑏|2 are the probabilities of 

observing the qubit |𝛗〉 to be |0〉 or |1〉: 

P(|𝛗〉 = |0〉) = |𝑎|2,  

P(|𝛗〉 = |1〉) = |𝑏|2. 

 

In the above, P(. ) is the probability of the occurrence of its input argument. We will often express the 

probabilities more succinctly by dropping the left side of the argument when the meaning is implicit 

from the context of the discussion. Thus P(|𝛗〉 = |0〉) = P(|0〉), whereas P(|𝛗〉) would be interpreted 

to mean either P(|0〉) or P(|1〉). 

 

There are only two possible outcomes of observing the qubit |𝛗〉; either the latter is observed as a 

|0〉 or as a |1〉. Hence, the sum of their probabilities must add up to unity. In other words, |𝑎|2 + |𝑏|2 =

1. Noting that the inner product of the row and column vectors 〈𝛗||𝛗〉, which we denote simply as 

〈𝛗|𝛗〉 is a scalar quantity, it is seen that: 

〈𝛗||𝛗〉 = 〈𝛗|𝛗〉 = [𝑎∗ 𝑏∗] [
𝑎
𝑏
] = 𝑎∗𝑎 + 𝑏∗𝑏 = |𝑎|2 + |𝑏|2 = 1. 

 

We formalize the above discussion below. 

Definition 2.1: (qubit) The state of a quantum particle can be represented as a single qubit |𝛗〉, as, 

|𝛗〉 = 𝑎|0〉 + 𝑏|1〉 = [
𝑎
𝑏
], 

where, 

𝑎, 𝑏 ∈ ℂ, 

〈𝛗|𝛗〉 = |𝑎|2 + |𝑏|2 = 1. 
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 2.2 Quantum Gates 

Qubits can evolve dynamically from one state to another. The evolution of a quantum state of a closed 

quantum system can be described by Schrodinger’s equation [Bohm and Loewe 1986]: 

𝑖ħ
𝑑

𝑑𝑡
|𝛗𝑡〉 = 𝐇|𝛗𝑡〉, 

where ħ is Planck’s constant and 𝐇 is a 2 × 2  Hermitian operator (𝐇 = 𝐇†), called the Hamiltonian. 

The solution of the above differential equation is of the form, 

|𝛗𝑡〉 = 𝑒−𝑖ħ𝐇𝑡|𝛗0〉. 

 

These transformations on quantum states can be performed by quantum gates. Suppose the time is 

discretized into fixed intervals of 𝜏, the transformation can be regarded as a linear operator applied 

to the qubit |𝛗0〉 to obtain |𝛗𝜏〉 as shown, 

|𝛗𝜏〉 = 𝑒−𝑖ħ𝐇𝜏|𝛗0〉. 

 

The linear operator𝑒−𝑖ħ𝐇𝜏  is a 2 × 2  matrix that is equivalent to the quantum gate 𝐔. In other words,  

𝐔 = 𝑒−𝑖ħ𝐇𝜏 .  

 

Using the fact that 𝐇 is Hermitian, it can be seen that 𝐔 is a unitary matrix, since, 

𝐔† = 𝑒𝑖ħ𝐇
†𝑡 , 

      = 𝑒𝑖ħ𝐇𝑡 . 

 

Post-multiplying the above with 𝐔, we get, 

𝐔†𝐔 = (𝑒−𝑖ħ𝐇𝜏)(𝑒𝑖ħ𝐇𝑡)  = 𝐈.         

Hence, 𝐔 is a unitary matrix.  

 

Definition 2.2: (gate) A quantum gate 𝐔 is a linear operator acting upon a qubit that can be 

represented as a 2 × 2  unitary matrix.  

 

There are several examples of quantum gates that are commonly used. For instance, the quantum 

NOT gate denoted as 𝐔𝐍𝐎𝐓  is analogous to the classical NOT gate as it takes state |0〉 to state|1〉, and 

vice versa. It acts linearly on the superposition state, meaning that,  

𝐔𝐍𝐎𝐓(𝑎|0〉 + 𝑏|1〉) = 𝑏|0〉 + 𝑎|1〉. 
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The quantum gate U𝐍𝐎𝐓 is represented in matrix form in the following manner, 

𝐔𝐍𝐎𝐓 = [
0 1
1 0

]. 

 

Another important single qubit gate is the Hadamard gate denoted as 𝐔𝐇.  It creates an equal 

superposition of the pure states as shown below, 

𝐔𝐇|0〉 =
1

√2
(|0〉 + |1〉), 

𝐔𝐇|1〉 =
1

√2
(|0〉 − |1〉). 

 

More succinctly, we can rewrite the above as, 

𝐔𝐇|𝑖〉 =
1

√2
(|0〉 + (−1)𝑖|1〉),    𝑖 ∈ {0,1}. 

 

The Hadamard gates can be represented in matrix form in the following manner,  

𝐔𝐇 =
1

√2
[
1 1
1 −1

]. 

 

If 𝐔1 and 𝐔2 are two different quantum gates that are cascaded in series (with 𝐔1 applied first), then 

they can be represented as a single gate 𝐔 (see figure 2.1). The net transformation that the cascaded 

gates perform on a qubit |𝛗〉 is expressed by the dot product shown, 

𝐔 = 𝐔2𝐔1. 

 

 

Figure 2.1 Quantum gates in series 

 

This fact can be generalized to an arbitrary sequence 𝐔𝑖, 𝑖 = 1…N of N gates, 

 

Observation 2.1: (Series combination of gates) 

𝐔 = ∏𝐔𝑖

N

𝑖=1

. 

UNUN-1…U1| ⟩ U| ⟩

U1 UN
| ⟩ U| ⟩UN-1
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 2.3 Multiple Qubits 

As a first step we first consider the case of a 2-qubit register that consists of a pair of qubits. Just as a 

qubit can be observed in one of its two possible basis states |0〉 and |1〉, similarly a 2-qubit register 

can be observed in any of its own four possible basis states, |00〉, |01〉, |10〉, and |11〉, where the left 

and right binary values represent the states of the pair of qubits that make up the register. Thus the 

register’s state |00〉 corresponds to the situation when both the qubits are |0〉. The 2-qubit register’s 

basis states can also be expressed as 4×1 column vectors: 

|00〉 = [

1
0
0
0

],   |01〉 = [

0
1
0
0

],   |10〉 = [

0
0
1
0

],   |11〉 = [

0
0
0
1

]. 

 

We saw previously that a qubit’s quantum state prior to observation may be a superposition of the 

two basis states. Likewise, a 2-qubit register can also be in a quantum state of superposition of the 

four basis states, as shown: 

|𝛗〉 = 𝑎|00〉 + 𝑏|01〉 + 𝑐|10〉 + 𝑑|11〉 = [

𝑎
𝑏
𝑐
𝑑

]. 

The four amplitudes, 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℂ and define the probabilities of observing the quantum register in 

each basis state. That is: 

P(|𝛗〉 = |00〉) = |𝑎|2,   P(|𝛗〉 = |01〉) = |𝑏|2,   P(|𝛗〉 = |01〉) = |𝑐|2,   P(|𝛗〉 = |01〉)

= |𝑑|2. 

The law of total probability now warrants that the sum of all four probabilities must add up to unity 

such that, 

|𝑎|2 + |𝑏|2 + |𝑐|2 + |𝑑|2 = 1. 

 

Definition 2.3: (Quantum register) The quantum mechanical analogue of the digital register is the 

quantum register, which is simply an ordered sequence of qubits.  

 

Systems with two qubits can be formed merely by arranging two separate qubits into a sequence. 

Consider two arbitrary qubits |𝛂〉 and |𝛃〉.  

|𝛂〉 = 𝑎0|0〉 + 𝑎1|1〉 = [
𝑎0
𝑎1
], 

|𝛃〉 = 𝑏0|0〉 + 𝑏1|1〉 = [
𝑏0
𝑏1
]. 
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When they are paired up into a 2-qubit system, the latter is denoted as |𝛂𝛃〉 and is obtained as the 

tensor product of |𝛂〉 and |𝛃〉, which we denote as |𝛂〉⨂|𝛃〉. The operator ⨂ is used to indicate tensor 

multiplication. The product is computed in the following manner: 

      |𝛂𝛃〉 = |𝛂〉⨂|𝛃〉  = [
𝑎0
𝑎1
]⨂ [

𝑏0
𝑏1
] = [

𝑎0𝑏0
𝑎0𝑏1
𝑎1𝑏0
𝑎1𝑏1

]. 

In terms of Dirac notation this translates to:  

|𝛂𝛃〉 = |𝛂〉⨂|𝛃〉 

        = (𝑎0|0〉 + 𝑎1|1〉)⨂(𝑏0|0〉 + 𝑏1|1〉) 

        = 𝑎0𝑏0|00〉 + 𝑎0𝑏1|01〉 + 𝑎1𝑏0|10〉 + 𝑎1𝑏1|11〉. 

 

In the previouse section, we saw that when quantum gates are connected in series, dot product of the 

matrix representations of the corresponding gates is evaluated in reverse order. On the other hand, 

the net effect of quantum gates connected in parallel (see figure 2.2) is computed by tensor product 

of their matrix representations.  

 

 

Figure 2.2 Quantum gates in parallel 

 

Suppose |𝛂〉 and |𝛃〉 are two qubits. Let us apply the 1-qubit gates 𝐔𝐏 and 𝐔𝐐 separately to |𝛂〉 and |𝛃〉 

(cascaded in parallel). We obtain 𝐔𝐏|𝛂〉 and 𝐔𝐐|𝛃〉 at the output.  

 

Equivalently, given the 2-qubit input |𝛗〉 = |𝛂〉⨂|𝛃〉, we obtain the 2-qubit output |𝛙〉 =

𝐔𝐏|𝐚〉⨂𝐔𝐐|𝛃〉. This is equivalent to saying that the input |𝛗〉 to a 2-qubit gate 𝐔𝐏⨂𝐔𝐐 produces a 2-

qubit output |𝛙〉.   

U1⨂U2…⨂UN
| ⟩⨂| ⟩⨂ …| ⟩

U1⨂U2…⨂UN

| ⟩⨂| ⟩⨂ …| ⟩

U1 U1| ⟩

U2 U2| ⟩

UN UN | ⟩
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Observation 2.2: (Parallel combination of gates) 

𝐔𝐏|𝛂〉⨂𝐔𝐐|𝛃〉 = 𝐔𝐏⨂𝐔𝐐(|𝛂〉⨂|𝛃〉). 

Check: 

𝐔𝐏⨂𝐔𝐐  = [
𝑝11 𝑝12
𝑝21 𝑝22

]⨂𝐔𝐐 = [
𝑝11𝐔𝐐 𝑝12𝐔𝐐

𝑝21𝐔𝐐 𝑝22𝐔𝐐
]. 

|𝛂〉⨂|𝛃〉 = [
𝑎1
𝑎2
]⨂|𝛃〉 = [

𝑎1|𝛃〉

𝑎2|𝛃〉
]. 

Thus, 

𝐔𝐏⨂𝐔𝐐(|𝛂〉⨂|𝛃〉) 

= [
𝑝11𝐔𝐐 𝑝12𝐔𝐐

𝑝21𝐔𝐐 𝑝22𝐔𝐐
] [
𝑎1|𝛃〉

𝑎2|𝛃〉
] 

= [
𝑝11𝑎1𝐔𝐐|𝛃〉 + 𝑝12𝑎2𝐔𝐐|𝛃〉

𝑝21𝑎1𝐔𝐐|𝛃〉 + 𝑝22𝑎2𝐔𝐐|𝛃〉
] 

= [
𝑝11𝑎1 + 𝑝12𝑎2
𝑝21𝑎1 + 𝑝22𝑎2

]⨂𝐔𝐐|𝛃〉 

= [
𝑝11𝑎1 + 𝑝12𝑎2
𝑝21𝑎1 + 𝑝22𝑎2

]⨂𝐔𝐐|𝛃〉 

= [
𝑝11 𝑝12
𝑝21 𝑝22

] [
𝑎1
𝑎2
]⨂𝐔𝐐|𝛃〉 

= 𝐔𝐏|𝛂〉⨂𝐔𝐐|𝛃〉. 

 

We saw that two qubits can readily be combined as a 2-qubit quantum register using tensor products. 

The natural question that arises is whether the converse of that statement necessarily holds, that is, 

can any 2-qubit register in a state of superposition always be expressed as the tensor product of two 

qubits? The surprising answer is in the negative!  

 

When a 2-qubit register cannot be expressed as the tensor product of two qubits, the associated 

particles are said to be in a state of entanglement. Two particles are entangled thus, exhibit a curious 

phenomenon in that the outcome of observing any one of them influences the observation 

probabilities of the other. That is, their observations are not statistically independent events. 

P(|𝛃〉||𝛂〉) ≠ P(|𝛃〉),   P(|𝛂〉||𝛃〉) ≠ P(|𝛂〉). 

 

As a matter of fact, the conditional dependences of observation probabilities is one way to define 

entanglement. 
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Entanglement is a surprising phenomenon that is not observed in the macroscopic world. Two 

particles that are in an entangled state can in fact influence each other instantaneously, no matter 

how large the spatial distance between them may be. Even when the entangled particles are many 

light years apart, the act of observing one particle of in an entangled pair in any basis state 

instantaneously alters the state of the unobserved one. This apparent departure from special 

relativity has given rise to much metaphysical speculations regarding the nature of space-time. From 

our standpoint of quantum computing quantum entanglement can be exploited in quantum 

teleportation and quantum communication. While these topics will be addressed in subsequent 

chapters, the remainder of this chapter is used to introduce qantum registers with over two qubits. 

 

Definition 2.4: (Entanglement) When a 2-qubit register cannot be expressed as the tensor product of 

two qubits |𝛂〉 and |𝛃〉, the associated particles are said to be in a state of entanglement. That is, 

P(|𝛃〉||𝛂〉) ≠ P(|𝛃〉),   P(|𝛂〉||𝛃〉) ≠ P(|𝛂〉). 

 

As we saw that a sequence of two qubits constitutes a 2-qubit quantum register. By extension, we can 

treat an ordered sequence of 𝑛 qubits as an 𝑛-qubit quantum register. Since each of the 𝑛 qubits of 

the quantum register have two basis states |0〉 and |1〉, the 𝑛-qubit register can be observed in any of 

𝑁 = 2𝑛  possible basis states, |00…0〉, |00… 1〉, until |11,…1〉. The situation is analogous to an n-bit 

classical system being able to store all possible binary numbers between 0 and 2n − 1. The difference 

between the two lies in the fact that quantum systems can exist in a mixed states as well, which are 

the superposition of its basis states. In general, a state of 𝑛-qubits can be expressed in the following 

manner, 

 |𝛗〉 = ∑ 𝑐𝑖|𝑖〉

𝑁−1

𝑖=0

. 

In the above equation, each quantity 𝑐𝑖 ∈ ℂ is an amplitude. Where, 

∑|𝑐𝑖|
2

𝑁−1

𝑖=0

= 1. 

The probability of observing the 𝑛 particles in a given state |𝑘〉 is, 

 

P(|𝛗〉 = |𝑘〉) = |𝑐𝑘|
2. 

 

Definition 2.5: (𝑛-qubit quantum register) Any arbitrary 𝑛-qubit quantum register can be expressed 

as, 
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 |𝛗〉 = ∑ 𝑐𝑖|𝑖〉

𝑁−1

𝑖=0

, 

where, 

∑|𝑐𝑖|
2

𝑁−1

𝑖=0

= 1. 

 2.4 The Postulates of Quantum Mechanics 

Quantum mechanics is the physics underlying quantum computing [Sakurai & Napolitano 2011]. 

Quantum computing uses quantum mechanical properties to efficiently perform computations. In 

order to overview the basics of quantum computing, a brief listing of the important properties of 

quantum mechanics is presented in this section. Quantum mechanics is characterized by four 

fundamental principles or so-called postulates,  

Postulate 1: (The state space postulate) A closed quantum system is described by a unit vector in a 

complex inner product space in a Hilbert space. 

 

Postulate 2: (The measurement postulate) After a system is measured from outside, its state appears 

to collapse to exactly match the measured outcome. 

 

Postulate 3: (The time evolution postulate) The evolution of a closed quantum system is described 

by unitary transformation. 

 

Postulate 4: (Composite systems) The state space of a composite system is the tensor product of the 

individual state spaces of the component systems. 
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Chapter 3– Mathematical Foundations 

This chapter describes the relevant characteristics of a qubit using Bloch sphere representation in 

section 3.1. Any transformation performed on a qubit can be represented as a rotation on the Bloch 

sphere. The graphical representation of quantum states and their transformations is very important 

in order to understand quantum operations. In section 3.2, the Pauli and the standard rotation 

matrices are introduced. Arbitrary rotations are discussed in section 3.3. Section 3.4 represent 

important definitions of the special unitary group and the special orthogonal group. 

3.1 Bloch Sphere 

Any arbitrary single-qubit can be expressed geometrically in the following manner: 

|𝛗〉 = 𝑒𝑖𝜔 (cos
𝜃

2
|0〉 + 𝑒𝑖𝜙 sin

𝜃

2
|1〉), 

 

where 𝜔, 𝜃, 𝜙 are real numbers. In the factor 𝑒𝑖𝜔 , the quantity 𝜔 is referred to as the global phase of 

the qubit. As the probabilities of observing |𝛗〉 in the basis states, P(|0〉) = cos2
𝜃

2
 , P(|1〉) = sin2

𝜃

2
, do 

not incorporate the quantity 𝜔, the global state has no observable effect. In other words, the overall 

phase of the state has no physical meaning ( |𝛗〉 and 𝑒𝑖𝜔|𝛗〉 represent the same physical state). 

Therefore, we can drop the factor involving global phase 𝜔 and further simplify it to the form: 

|𝛗〉 = cos
𝜃

2
|0〉 + 𝑒𝑖𝜙 sin

𝜃

2
|1〉. 

In vector form, 

|𝛗〉=[
cos

𝜃

2

𝑒𝑖𝜙 sin
𝜃

2

]. 

 

Observation 3.1: Any qubit gate has a unique Bloch sphere representation, 

|𝛗〉 = cos
𝜃

2
|0〉 + 𝑒𝑖𝜙 sin

𝜃

2
|1〉 

        = [
cos

𝜃

2

𝑒𝑖𝜙 sin
𝜃

2

]. 

 

Expressing |φ〉 in the above manner allows us to visualize it as a point on the unit three-dimensional 

sphere as shown in figure 3.1. This is called the Bloch sphere representation with 𝜃 ∈ [0, 𝜋] being the 
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polar angle, i.e. the angle that the vector |𝛗〉 forms with the z-axis, while 𝜙 ∈ [0,2𝜋], the azimuthal 

angle, i.e. that between |𝛗〉 and the xy-plane. A unit vector in spherical coordinates (called the Bloch 

vector) is, 

𝛗 = [
 sin 𝜃 cos𝜙 
sin 𝜃 sin𝜙
cos 𝜃

]. 

 

Figure 3.1 A qubit state |𝛗〉 represented on the Bloch sphere 

 

Bloch sphere representation is a very handy visualization tool in investigating the role of the 

quantum equivalents of Boolean gates. The vectors |0〉 and |1〉 are directed towards and against the 

z-axis, and can be regarded as the north and south poles of the Bloch sphere. Similarly, those of the 

form 
1

√2
(|0〉 + 𝑒𝑖𝜙|1〉) lie on the xy-plane and define its equator (see figure 3.2).  

 

Figure 3.2 Examples of states on the Bloch sphere 

x

y

z

x

)

)

)

)

y

z
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3.2 Pauli Matrices 

Any transformation performed on a qubit can be represented as a rotation on the Bloch sphere. This 

transformation can be obtained by a combination of one or more rotations around the 𝑥, 𝑦, and 𝑧 

axes. The rotations around these axes are the rotation matrices. These matrices can be represented 

in terms of a special set of matrices called the Pauli matrices. 

 

Definition 3.2: (Pauli matrices) Pauli matrices are 2 × 2 matrices  

𝛔X = [
0 1
1 0

], 𝛔Y = [
0 −𝑖
𝑖 0

], 𝛔Z = [
1 0
0 −1

]. 

 

Rotation operators rely on the properties of matrix exponentiation. For instance, rotation around the 

𝑥 axis by angle 𝜓, represented by 𝐔𝐑𝐎𝐓𝐗(𝜓) matrix, can be expressed in terms of Pauli matrix 𝛔X in 

the following manner, 

𝐔𝐑𝐎𝐓𝐗(𝜓) = 𝑒−𝑖
𝜓
2
𝛔X  

 

where 𝜓 is the angle of rotation. 

 In general, the exponential 𝑒−𝑖
𝜓

2
𝛔 of a matrix 𝛔 can be written as, 

𝑒−𝑖
𝜓
2
𝛔 = cos

𝜓

2
𝐈 − 𝑖 sin

𝜓

2
𝛔, 

 

where 𝐈 is the identity matrix, 

𝐈 = [
1 0
0 1

]. 

 

Then the corresponding rotation matrix is, 

𝐔𝐑𝐎𝐓𝐗(𝜓)= cos
𝜓

2
𝐈 − 𝑖 sin

𝜓

2
𝛔X, 

                   = cos
𝜓

2
[
1 0
0 1

] − 𝑖 sin
𝜓

2
[
0 1
1 0

], 

                   = [
cos

𝜓

2
−𝑖sin

𝜓

2

−𝑖sin
𝜓

2
cos

𝜓

2

]. 

 

Similarly, rotations around the 𝑦 and 𝑧 axes can be represented in the following manner, 
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𝐔𝐑𝐎𝐓𝐘(𝜓) = 𝑒−𝑖
𝜓
2
𝛔Y = [

cos
𝜓

2
sin

𝜓

2

−sin
𝜓

2
cos

𝜓

2

]. 

𝐔𝐑𝐎𝐓𝐙(𝜓) = 𝑒−𝑖
𝜓
2
𝛔Z = [e

𝑖
𝜓
2 0

0 e−𝑖
𝜓
2

]. 

 

Definition 3.3: (Rotations) Rotations around the 𝑥, 𝑦, and 𝑧 axes can be represented by 2 × 2 unitary 

matrices,  

 𝐔𝐑𝐎𝐓𝐗(𝜓) = [
cos

𝜓

2
−𝑖sin

𝜓

2

−𝑖sin
𝜓

2
cos

𝜓

2

],      𝐔𝐑𝐎𝐓𝐘(𝜓) = [
cos

𝜓

2
sin

𝜓

2

−sin
𝜓

2
cos

𝜓

2

],   𝐔𝐑𝐎𝐓𝐙(𝜓) = [e
𝑖
𝜓

2 0

0 e−𝑖
𝜓

2

]. 

 

Figure 3.3 Geometrical representation of the 𝐔𝐑𝐎𝐓𝐙 operator 

3.3 Arbitrary Rotations  

In the previous section, we showed that any transformation can be seen as a combination of rotations 

about the 𝑥, 𝑦, or 𝑧 axes. More generally, any quantum gate acting on single qubit unitary matrix can 

expressed as a rotation about any arbitrary real unit vector axis 𝐧, 

𝐧 = [

𝑛𝑥
𝑛𝑦
𝑛𝑧
]. 

 

Any rotation of a qubit by angle 𝜓 about the axis 𝐧 can be represented by the following matrix, 

𝑅𝐧(𝜓) = 𝑒−𝑖
𝜓
2
𝐧∙ 

 

where the matrix  is defined as,   

x

y

z
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 = [

𝛔X
𝛔y
𝛔Z
], 

so that, 

𝐧 ∙  = 𝐧T = 𝑛𝑥𝛔X + 𝑛𝑦𝛔Y + 𝑛𝑧𝛔Z. 

 

Then the corresponding rotation matrix is, 

𝑅𝐧(𝜓) = cos
𝜓

2
𝐈 − 𝑖 sin

𝜓

2
(𝑛𝑥𝛔X + 𝑛𝑦𝛔Y + 𝑛𝑧𝛔Z). 

 

Observation 3.3: (General representation of any unitary matrix) For any single-qubit unitary matrix 

𝐔, there exist real numbers 𝜔, 𝛼, 𝛽, and 𝛾 such that, 

𝐔 = [
e𝑖(𝜔−

𝛼
2
−
𝛾
2
)cos

𝛽

2
−e𝑖(𝜔−

𝛼
2
+
𝛾
2
)sin

𝛽

2

e𝑖(𝜔+
𝛼
2
−
𝛾
2
)sin

𝛽

2
e𝑖(𝜔+

𝛼
2
+
𝛾
2
)cos

𝛽

2

]. 

 

In general, any unitary gate on a single qubit can be represented as a combination of rotations, along 

with global phase shift. In particular, any 2 × 2 unitary matrix  𝐔 can be implemented using only z 

and 𝑦 rotations 𝐔𝐑𝐎𝐓𝐙 and 𝐔𝐑𝐎𝐓𝐘 as shown below, 

 

Observation-3.4: (zy-decomposition) Any 2 × 2  unitary matrix 𝐔 can be expressed as, 

𝐔 = e𝑖𝜔𝐔𝐑𝐎𝐓𝐙(𝛼)𝐔𝐑𝐎𝐓𝐘(𝛽)𝐔𝐑𝐎𝐓𝐙(𝛾). 

 

Using Observation 3.3, any unitary matrix can be expressed in the form, 

 𝐔 = [
e𝑖(𝜔−

𝛼

2
−
𝛾

2
)cos

𝛽

2
−e𝑖(𝜔−

𝛼

2
+
𝛾

2
)sin

𝛽

2

e𝑖(𝜔+
𝛼

2
−
𝛾

2
)sin

𝛽

2
e𝑖(𝜔+

𝛼

2
+
𝛾

2
)cos

𝛽

2

] 

this yields to, 

    = e𝑖𝜔 [e
𝑖
𝛼
2 0

0 e−𝑖
𝛼
2

] [
cos

𝛽

2
sin

𝛽

2

−sin
𝛽

2
cos

𝛽

2

] [e
𝑖
𝛾
2 0

0 e−𝑖
𝛾
2

] 

    = e𝑖𝜔𝐔𝐑𝐎𝐓𝐙(𝛼)𝐔𝐑𝐎𝐓𝐘(𝛽)𝐔𝐑𝐎𝐓𝐙(𝛾). 
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3.4 Groups 𝐒𝐔(𝟐) and 𝐒𝐎(𝟑) 

Definition 3.5: (Group) A group is a set of elements 𝐺 under a composition operator ‘∘’ with the 

following properties.  

Closure,  

𝑎, 𝑏 ∈ 𝐺 ⇒ 𝑎 ∘ 𝑏 ∈ 𝐺. 

Existence of identity element 𝐼, 

∃𝐼 ∈ 𝐺 such that 𝐼 ∘ 𝑎 = 𝑎 ∘ 𝐼 = 𝑎. 

Inversion,  

𝑎 ∈ 𝐺 ⇒ 𝑎−1 ∈ 𝐺, 𝑎 ∘ 𝑎−1 = 𝑎−1 ∘ 𝑎 = 𝐼. 

Associativity,  

𝑎, 𝑏, 𝑐 ∈ 𝐺 ⇒ (𝑎 ∘ 𝑏) ∘ 𝑐 = 𝑎 ∘ (𝑏 ∘ 𝑐) 

 

Additionally, if the operator ∘ obeys the commutative property, ∀𝑎, 𝑏 ∈ 𝐺, 𝑎 ∘ 𝑏 = 𝑏 ∘ 𝑎, the group 𝐺 

is an Abelian group, otherwise non-Abelian.  

 

Definition 3.6: (Non-Abelian group) If group 𝐺 under a composition operator ‘∘’ is non-Abelian if and 

only if, 

∃𝑎, 𝑏 ∈ 𝐺, 𝑎 ∘ 𝑏 ≠ 𝑏 ∘ 𝑎. 

 

Definition 3.7: (Group SU(2)) The special unitary group SU(2) consists of all 2 × 2 complex, unitary 

matrices with unit determinants. Hence the following properties hold, 

SU(2) ⊂ ℂ2×2 

∀𝐔 ∈ SU(2), 𝐔† = 𝐔−1. 

∀𝐔 ∈ SU(2), |𝐔| = 1. 

 

Observation 3.4: Such matrices can be expressed in the form, 

𝐔 = [ 𝑎 𝑏
−𝑏∗ 𝑎∗

] ,   𝑎, 𝑏 ∈  ℂ. 

 

Since det(𝐔) = 1, clearly  

|𝑎|2 + |𝑏|2 = 1.  

 

Observation 3.5: Another convenient way of representing any such matrix is in terms of angles, 𝜔,  𝜙, 

and 𝜃, 
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𝐔 = [ e𝑖𝜔 cos 𝜃 e𝑖𝜙 sin 𝜃
−e−𝑖𝜙 sin 𝜃 e−𝑖𝜔 cos 𝜃

]. 

 

It can easily be seen that the two representations are equivalent. 

 

In general, each rotation matrix can be written explicitly in terms of the rotation angle 𝜓 and the 

rotation axis 𝐧 which is defined by the unit vector: 

𝐧 = [

𝑛𝑥
𝑛𝑦
𝑛𝑧
]. 

 

The corresponding rotation matrix 𝐑𝐧(𝜓) can be represented as 3 × 3 real matrix in the following 

manner: 

𝐑𝐧(𝜓)

= [

𝑛𝑥
2(1 − cos(𝜓)) + cos (𝜓) 𝑛𝑥𝑛𝑦(1 − cos(𝜓))−𝑛𝑧sin (𝜓) 𝑛𝑥𝑛𝑧(1 − cos(𝜓)) + 𝑛𝑦sin (𝜓)

𝑛𝑥𝑛𝑦(1 − cos(𝜓)) + 𝑛𝑧sin (𝜓) 𝑛𝑦
2(1 − cos(𝜓)) + cos (𝜓) 𝑛𝑦𝑛𝑧(1 − cos(𝜓)) − 𝑛𝑥sin (𝜓)

𝑛𝑥𝑛𝑧(1 − cos(𝜓)) − 𝑛𝑦sin (𝜓) 𝑛𝑦𝑛𝑧(1 − cos(𝜓)) + 𝑛𝑥sin (𝜓) 𝑛𝑧
2(1 − cos(𝜓)) + cos (𝜓)

]. 

 

Rotations around the x, y, and z axes by an arbitrary angle 𝜓 can be represented as the following 

matrices: 

𝐑𝐱(𝜓) = [
1 0 0
0 cos𝜓 − sin𝜓
0 sin𝜓 cos 𝜓

], 

𝐑𝐲(𝜓) = [
cos 𝜓 0 sin𝜓
0 1 0

− sin𝜓 0 cos 𝜓
], 

𝐑𝐳(𝜓) = [
cos 𝜓 − sin𝜓 0
sin𝜓 cos 𝜓 0
0 0 1

]. 

 

Definition 3.8: (Group SO(3)) The group SO(3) ⊂ ℝ3×3 is the set of all possible such rotations 𝑅𝐧(𝜓) 

under matrix product.  Since rotations in 3-dimensions do not commute, SO(3) is a non-Abelian 

group. Note that rotations preserve length, implying that the matrix determinants det (𝐎) of all 𝐎 ∈

SO(3) are unity. Reflections are excluded from SO(3) disallowing matrices with determinants of −1. 

The inverse 𝐎−𝟏 of each rotation 𝐎 is simply a rotation in the opposite direction by the same angle 

and around the same axis and is simply the transposed matrix 𝐎T, so that 𝐎T𝐎 = 𝐈. 
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Chapter 4 - Synthesis of Quantum Gates 

Synthesizing any arbitrary single qubit quantum gate involves constructing the gate using only those 

available within a small set of universal gates that can be realized physically. However, there are an 

infinite number of single qubit quantum gates. Hence, synthesizing quantum gates to arbitrary 

degree of precision is considered. Solovay-Kitaev algorithm has been introduced to progressively 

enhance the accuracy of any arbitrary matrix approximation. In this chapter, the fundamental 

definitions necessary to understand the Solovay-Kitaev algorithm is presented. In section 4.1, the 

definition of universal gate set which is used to realize any quantum gate is shown. The error in 

approximation is discussed in section 4.2. In section 4.3, the naïve linear search method used in the 

Solovay-Kitaev algorithm is discussed. A detailed description of the original Solovay-Kitaev algorithm 

is thoroughly discussed in section 4.4. Finally, another search method proved to outperform the 

linear search method called geometric nearest-neighbor access trees (GNAT) is presented in section 

4.5.  

 4.1 Universal Gate set 

The set of gates from which any classical operation may be built is called the universal gate set 

[Barenco et al. 1995]. It is well known in the classical Boolean that the set of AND and NOT gates form 

a universal one [Deutsch et al. 1995]. Such a set of gates can be used to perform any classical 

operation. This situation is analogous to the quantum circuit model where unitary operations need 

to be realized. A universal quantum set exist and can be used to implement any arbitrary unitary 

operation with a circuit exclusively made of gates belongs to the set. A set of quantum gates is called 

universal if an arbitrary sequence of which can generate a dense subset of all gates. In other words, 

 

Definition 4.1: (Universal gate set in SU(2) ) 𝚪 is a universal gate set  

iff   𝚪∗ ⊂𝐷 SU(2), 

where 𝚪∗ is the set of all possible finite strings of the elements of  𝚪.  

 

Definition 4.2: (Dense subset) For every 𝐔 ∈ SU(2), either  

(i) 𝐔 ∈ 𝚪∗ or  

(ii) ∃ 𝐔̃ ∈ 𝚪∗ such that, 

‖𝐔̃ − 𝐔‖ ≤ 𝜀, 
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here ‖𝐔̃ − 𝐔‖ is a measure of distance between 𝐔 and its approximation 𝐔̃ that is introduced in the 

next section. 

 

The simplest univesral quantum set consists of the two single qubit gates, Hadamard and T gate 

(which is a 𝑧-rotation of 
𝜋

8
 ) [Nielsen 2010]. The Two gates can be represented in matrix form as 

follows, 

𝐇 = 1

√2
[
1 1
1 −1

],  𝐓 = [
1 0

0 𝑒𝑖
𝜋

4
]. 

 

There exist uncountably many unitary operations that cannot be all implemented using a universal 

set of finite quantum gates [Mermin 2007]. This means that a desired unitary operation can generally 

only be approximated up to arbitrary accuracy using gates taken only from a universal set.  In order 

to quantify this accuracy, a notion of distance between operators is defined in the following section.  

 4.2 Error in quantum gate approximations  

Error in approximation can be defined as the distance between an exact value and some 

approximation to it. In other words, it quantifies how far the approximate value from the original one 

is. When dealing with quantum gates, a function of distance between unitary matrices is needed. 

There are several distance measures for matrices, but for our purposes the trace distance will suffice. 

In more details, if 𝐔1, 𝐔2 ∈ SU(2), then the  distance between 𝐔1 and 𝐔2, denoted as ‖𝐔1 − 𝐔2‖ 

operator, is defined as follows: 

‖𝐔1 − 𝐔𝟐‖ =
1

2
 Tr (√(𝐔1 − 𝐔2)

ϯ(𝐔1 −𝐔2)). 

 

Where for any 𝑛 × 𝑛 matrix 𝐀, the trace of 𝐀 is defined by, 

  Tr(𝐀) = ∑ 𝐀𝑗,𝑗
2𝑛

𝑗=1 . 

Definition 4.3 : (Distance) The distance between any 𝐔1, 𝐔2 ∈ SU(2) is given by, 

‖𝐔1 − 𝐔2‖ =
1

2
 Tr (√(𝐔1 −𝐔2)ϯ(𝐔1 − 𝐔2)). 
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4.3 Linear Search 

The simplest and most straightforward search method for finding approximation to any arbitrary 

quantum gate is the linear search method. It is based on finding the closest candidate among all 

possible strings of gates taken from a universal set of finite number of gates. This collection of all 

possible gate strings is called the net (i.e. 𝚪∗). It can be constructed by recursively walking the entire 

tree of matrix products of the universal gate set. If the tree generated has 𝑙 levels, then the candidate 

strings will involve at most 𝑙 elements of 𝚪. The number of gates in the candidate string is referred to 

as the length of the string (i.e. 𝑙)  

 

Definition 4.4: (Net 𝚪∗ ) The representation of all possible finite strings of the elements of a universal 

gate set  𝚪 arranged in a form of a tree is called the net (i.e. 𝚪∗). 

 

 

Figure 4.1 Example of search tree of 𝒍 = 𝟑 

 

The advantage of arranging the strings as a tree is to enable the linear search to proceed in a 

systematic manner starting from a root node. For example (see figure 4.1), if 𝚪 is the set of the gates 

{𝐇, 𝐓} then the first level of the tree consists of {𝐇, 𝐓}. On the second level, the strings of  

{𝐇𝐇,𝐇𝐓, 𝐓𝐇, 𝐓𝐓} are obtained. This proceeds in a recursive manner such that on level 𝑙, strings of 

length 𝑙 are achieved. In the example provided where the number of level 𝑙 = 3, 𝚪∗ is the set of the 

strings {𝐇,𝐓, 𝐇𝐇,… , 𝐓𝐓,𝐇𝐇𝐇,𝐇𝐓𝐇,… , 𝐓𝐓𝐓}.  

 

The actual linear search subroutine takes a target gate to be approximated as an input, in addition to 

the pre-generated net 𝚪∗. The subroutine evaluates the distance between the target gate and all 

possible strings in 𝚪∗. The string with the minimum distance to the target gate is chosen. However, 
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searching among all strings for the best approximation is an exhaustive procedure and quickly 

becomes infeasible if 𝚪∗ is large.  

 4.4 The Solovay-Kitaev algorithm 

The Solovay-Kitaev algorithm is perhaps the best known method for generating sufficiently good 

approximations. The Solovay-Kitaev algorithm is a recursive procedure that decomposes any 

arbitrary single qubit gate 𝐔 ∈ SU(2) into a sequence of gates from a universal gate family 𝚪 ⊆

SU(2) [Dawson & Nielsen 2005], such that, 

𝐔̃ ≡ 𝐔1𝐔2…  𝐔𝑙 ∈ 𝚪. 

 

The effectiveness of the algorithm is quantified in terms of the error ∆ which is also the distance 

between the desired unitary matrix 𝐔 and the approximation, 𝐔̃ that the algorithm yields, i.e. ∆ =

‖𝐔 − 𝐔̃‖. Since this physically realizable matrix 𝐔̃ is representative of 𝐔 only up to a maximum 

accuracy of ∆, it will be referred to hereafter, as the ∆-approximation of 𝐔. 

 

A corresponding Solovay-Kitaev theorem provides the necessary theoretical underpinnings behind 

this algorithm. This theorem states that, given any quantum gate 𝐔 ∈ SU(2)  there exists a product 

𝐔̃ ≡ 𝐔1𝐔2…  𝐔𝑙  of gates from any universal set 𝚪 which is a ∆-approximation to 𝐔, for any desired 

accuracy  ∆ > 0,  no matter how small. However the tradeoff is that the length of the string 𝑙 grows 

rapidly with decreasing ∆.  

Observation 4.1: Given any universal gate family 𝚪, a unitary matrix 𝐔 in group SU(2), the length 𝑙 of 

the approximating sequence 𝐔̃ in 𝚪∗ increases, such that 𝑙 = 𝑂(log𝑐 ∆). The value of the quantity 𝑐 is 

around 4.  

Mathematically speaking, 

∀ 𝐔 ∈ SU(2) and ∆ >  0,   

∃ 𝐔̃ =∏ 𝐔𝑘

𝑙

𝑘=1

, 𝐔𝑘 ∈ 𝚪 (𝑙 = 1,2, … , 𝑙), 

such that, 

‖𝐔 − 𝐔̃‖ ≤ ∆, 

𝑙 = 𝑂(log𝑐 ∆), 

where 𝑐 ≈ 4. 

 



26 

The length of the initial approximated gate (𝐔̃) is denoted as follows, 

𝑙 = |𝐔̃|. 

 

The Solovay-Kitaev algorithm is a tree-based search process. It performs a recursive search over a 

binary tree such that each level of recursion results in the bifurcation of node into two child nodes. 

Note that this tree is different from the net (Definition 4.4) which also has a similar tree structure. 

Each recursive instance of the Solovay-Kitaev algorithm terminates at the level 𝑛 = 0, i.e. at the leaf 

nodes. Due to the one-to-one correspondence between the depth of the algorithm with the level of 

this tree, the terms ‘level’ and ‘depth’ will be used interchangeably throughout this dissertation.  

 

The basic Solovay-Kitaev algorithm is as follows:  

function  Ũ𝑛= Solovay-Kitaev (𝐔,𝑛) 

if (𝑛 = 0) 

 Ũ0=approx(U) 

 return Ũ0 

else 

 𝐔̃𝑛−1= Solovay-Kitaev (𝐔, 𝑛 − 1) 

 𝐕𝑛−1,𝐖𝑛−1 =  GC-Decomp (𝐔, 𝐔̃𝑛−1) 

 𝐕̃𝑛−1= Solovay-Kitaev (𝐕𝑛−1, 𝑛 − 1) 

 𝐖̃𝑛−1= Solovay-Kitaev (𝐖𝑛−1, 𝑛 − 1) 

  𝐔̃𝑛 = 𝐕̃𝑛−1𝐖̃𝑛−1𝐕̃𝑛−1
† 𝐖̃𝑛−1

† 𝐔̃𝑛−1 

 return 𝐔̃𝑛 

end 

 

The Solovay-Kitaev algorithm procedure accepts as its input the target gate 𝐔, which is the gate 

needed to be approximated, as well as the desired depth 𝑛 such that 𝑛 ≥ 0 . The function returns an 

approximate gate 𝐔̃𝑛 that lies within a distance ∆ of the target gate 𝐔, 

‖𝐔 − 𝐔̃𝑛‖ = ∆, 

such that 𝐔̃𝑛 is a sequence of gates taken from a universal gate set. 

  

At each recursive level 𝑛, the algorithm calls itself to obtain a coarser stage 𝑛 − 1 

approximation 𝐔̃𝑛−1. Then, a group decomposition subroutine is invoked to obtain 𝐕𝑛−1, 𝐖𝑛−1 such 

that, 

 𝐔𝐔̃𝑛−1
ϯ

= 𝐕𝑛−1𝐖𝑛−1𝐕𝑛−1
ϯ

𝐖𝑛−1
ϯ

, 

where 𝐕𝑛−1,𝐖𝑛−1 ∈ SU(2). 
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The outputs of decomposing 𝐔𝐔̃𝑛−1
ϯ

 are called group commutators 𝐕𝑛−1 and 𝐖𝑛−1 which are unitary 

matrices that are close to the identity matrix 𝐈, such that, 

δ = max{‖𝐈 − 𝐕𝑛‖, ‖𝐈 −𝐖𝑛‖},  

 

Subsequently, the group commutators themselves are approximated further by calling the same 

algorithm with 𝑛 − 1 level. The approximate values are denoted as 𝐕̃𝑛−1and 𝐖̃𝑛−1 and they are of 

∆ distance of  𝐕𝑛−1 and 𝐖𝑛−1, such that, 

∆ = max{‖𝐕̃𝑛−1 − 𝐕𝑛‖, ‖𝐖̃𝑛−1 −𝐖𝑛‖}. 

 

 

Figure 4.2 The binary tree bifurcates into two child nodes (𝐕 and 𝐖) at each level of recursion. 

 

The algorithm performs a recursive search over the binary  tree shown in figure 4.2.There is a 

preprocessing step needed in order to implement the first stage of the algorithm (𝑛 = 0) when no 

recursion is involved. The preprocessing step involves generating a net of all possible sequences up 

to a certain length 𝑙0. This step can be implemented offline and then used within the algorithm, 

specifically when (𝑛 = 0), to determine the best approximation of 𝐔0 as a sequence 𝐔̃0. The 

subroutine for the basic approximation is described in further details in the next chapter. 

 

The Solovay Kitaev function returns the strings approximating the group commutator  𝐔̃𝑛 such that, 

 𝐔̃𝑛 = 𝐕̃𝑛−1𝐖̃𝑛−1𝐕̃𝑛−1
† 𝐖̃𝑛−1

† 𝐔̃𝑛−1 

 

level

level

level
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At each stage of recursion, the length of the approximating string grows exponentially with the stage 

of recursion. Specifically, the length of the approximating string grows by a factor of 5 with every 

stage. Thus, 

 

Observation 4.2: If 𝑙0 is the length of the initial approximate sequence 𝐔̃0, 

𝑙0 = | 𝐔̃0|. 

 Then the length of the approximating string at stage 𝑛 is given by, 

| 𝐔̃𝑛| = 5 × 𝑛 × 𝑙0.  

 

The power of the Solovay-Kitaev algorithm lies in the fact that with each increasing stage, the 𝐔̃𝑛 of 

𝐔 is a better approximation than those obtained from the previous stage. This can be expressed as 

the following relationship:  

 ‖𝐕̃𝑛−1𝐖̃𝑛−1𝐕̃𝑛−1
ϯ

𝐖̃𝑛−1
ϯ

− 𝐕𝑛𝐖𝑛𝐕𝑛
ϯ𝐖𝑛

ϯ‖ = 𝑂(δ2 + ∆δ).   

 4.5 GNAT Search 

In the original Solovay-Kitaev algorithm, an exhaustive search over all possible approximations is 

performed in the initial approximation stage (𝑛 =  0) in order to obtain 𝐔̃0. The naïve linear search 

requires finding all the distances between the desired gate to be approximated and every possible 

approximation in the search net 𝚪∗. Hence, looking for the best approximation in the whole search 

space significantly increases the algorithm run time. Therefore, obtaining the initial approximation 

more efficiently can significantly speed up the algorithm. In order to accomplish this, a technique that 

doesn’t require exhaustive search over all possible approximations is implemented. This search 

technique is called the geometric nearest-neighbor access tree search (GNAT) [Brin 1995]. It is a 

powerful technique which significantly reduces the search space to the point that naïve linear search 

can be feasibly performed.  

 

The GNAT search technique (figure 4.3) starts with the net of all possible strings of matrix products 

with matrices only taken from a universal gate family 𝚪∗. A fixed number of elements in the net 

(called root nodes) are picked randomly. Initially, the distances between each root node and every 

other remaining element in 𝚪∗ are evaluated. Consequently, each element is assigned to its closest 
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root node. This procedure is applied recursively until the size of the node collection is small enough 

that a linear search is feasible.  

 

 

Figure 4.3 A diagram of a simple GNAT with 5 root nodes. 

 

This whole procedure can be performed offline before the actual GNAT search subroutine proceeds 

as follows. It takes the target gate to be approximated as an input and instead of comparing it with 

the whole net 𝚪∗ as in the linear search, the GNAT subroutine compares it with the root nodes only. 

Then it recursively searches within the closest node collection. The GNAT search ends with the naïve 

linear search among the collection of the last sub-node. This technique implements the search 

method more efficiently by drastically reducing the search space. Hence, significant speed up over 

the original Solovay-Kitaev algorithm is achieved. 
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Chapter 5- Stochastic Group Commutator Enhancement 

 

This chapter introduces the first of the two approaches proposed in this research. All algorithms and 

subroutines involved in this part of the study are detailed here, while the simulation results and 

theoretical analysis has been postponed until the next chapter. In this aspect of the research, the 

group commutator decomposition is subject to explicit optimization in order to enhance the accuracy 

of the synthesized quantum gates. This task has been modeled as a constraint optimization problem 

with equality constraints. Since there is a pair of matrices acting as the group commutators, a 

separate procedure is invoked for each, which is done in a stochastic manner. The framework of the 

proposed approach is discussed in section 5.1. Two versions of the new approach have been 

addressed, the difference being in the level within the search tree where this optimization is invoked. 

In section 5.2, the first version of single-level group commutator enhancement is introduced. The 

second is presented in section 5.3 with enhancement applied to all levels of the algorithm. 

 5.1 Framework 

There is no group commutators involved at the lowest level (𝑛 = 0), because at the leaf node of the 

search tree, the actual sequences of the physically realizable quantum gates in 𝚪 are obtained. The 

implication of this observation is that the proposed algorithm which focuses in retuning the group 

commutators to lower the error, does not differ from the original Solovay-Kitaev algorithm (chapter 

4). Consequently, the skeleton of the new algorithm which is now described, does not consider 𝑛 =

0. It is formulated to work for higher depths, so that the subroutine for group commutator 

decomposition is always called. The new version of the Solovay-Kitaev algorithm is presented below. 

[𝐔̃𝑛] = SolovayKitaev2(𝐔,𝑛) 

 if 𝑛 == 1 

[𝐔̃0] = basicApprox(𝐔) 

[𝐕0,𝐖0] = GCDecompose(𝐔𝐔̃0
ϯ
) 

[𝐕̃0] = basicApprox(𝐕0) 

  [𝐖̃0] = basicApprox(𝐖0) 

 else  

[𝐔̃𝑛−1] = SolovayKitaev2(𝐔, 𝑛 − 1) 

[𝐕𝑛−1,𝐖𝑛−1] = GCDecompose(𝐔𝐔̃𝑛−1
ϯ

) 

[𝐕̃𝑛−1] = SolovayKitaev2(𝐕𝑛−1, 𝑛 − 1) 
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[𝐖̃𝑛−1] = SolovayKitaev2(𝐖𝑛−1, 𝑛 − 1) 

end 

𝐔̃𝑛 = 𝐕̃𝑛−1𝐖̃𝑛−1𝐕̃𝑛−1
ϯ

𝐖̃𝑛−1
ϯ

𝐔̃𝑛−1 

This algorithm involves two main subroutines with one of them being the basic approximation 

(basicApprox()) subroutine and the other is the group commutator decomposition 

(GCDecompose()) subroutine.  The (basicApprox()) subroutine is called only at the lowest 

level of the search tree. It returns basic 𝜖0 −approximation to a given gate 𝐔  denoted as 𝐔̃0.  A lookup 

routine is performed to find the closest approximation among all strings of gates in 𝚪∗, such that, 

‖𝐔 − 𝐔̃0‖ = 𝜖0 . 

 

The lookup routine used in the standard Solovay-Kitaev algorithm is linear search (addressed in 

chapter 4). However, the GNAT search (discussed in chapter 4) notably outperforms the naïve linear 

version. Although one drawback of the GNAT search is the time needed to construct node collections, 

this procedure is performed offline and simply called during the implementation of the subroutine. 

Hence, it is the search method used in this basic approximation subroutine to lookup the 

𝜖0 −approximation to a given gate 𝐔. Subsequently, it is the method adopted in the new proposed 

algorithms. 

[𝐔̃0] = basicApprox(𝐔) 

Find 

𝐔̃0  
To minimize 

𝜖0 = ‖𝐔 − 𝐔̃0‖ 

Subject to 

𝐔̃0 ∈ 𝚪∗  

 

 The other subroutine is the group commutator decomposition (GCDecompose()) which is called 

in all levels of the new version of the algorithm. This subroutine is  shown below, 

[𝐕𝑛−1,𝐖𝑛−1] = GCDecompose(𝐔𝐔̃𝑛−1
ϯ

) 

Find 

𝐕𝑛−1, 𝐖𝑛−1  
Subject to 

‖𝐈 − 𝐕𝑛−1‖, ‖𝐈 −𝐖𝑛−1‖ ≤ 𝛿𝑛−1 

𝐔𝐔̃𝑛−1
ϯ

= 𝐕𝑛−1𝐖𝑛−1𝐕𝑛−1
ϯ

𝐖𝑛−1
ϯ

  

‖𝐔̃𝑛−1 −𝐔‖ = 𝜖𝑛−1   

basic-

Approx

GC-

Decompose
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The  approximation matrix 𝐔̃𝑛−1 is imployed in the (GCDecompose()) subroutine to find the 

product 𝐔𝐔̃𝑛−1
ϯ

. Since both 𝐔 and 𝐔̃𝑛−1
ϯ

 are unitaries, the product matrix is close to the identity. 

Specifically, 𝐔𝐔̃𝑛−1
ϯ

is  of distance 𝜖𝑛−1 of the identity,  

‖𝐈 − 𝐔𝐔̃𝑛−1
ϯ

‖ = 𝜖𝑛−1. 

 

Consequently, this product 𝐔𝐔̃𝑛−1
ϯ

 is decomposed in terms of two matricies 𝐕,𝐖 ∈ SU(2)called the 

group commutators in the following manner, 

𝐔𝐔̃𝑛−1
ϯ

= 𝐕𝑛−1𝐖𝑛−1𝐕𝑛−1
ϯ

𝐖𝑛−1
ϯ

. 

 

Both matrices are of distance 𝛿𝑛−1 of the identity, 

‖𝐈 − 𝐕𝑛−1‖, ‖𝐈 −𝐖𝑛−1‖ ≤ 𝛿𝑛−1. 

 

The GCDecompose subroutine is invoked when 𝑛 = 1 as well as heighr levels. The outputs 

themselves 𝐕𝑛−1 and 𝐖𝑛−1 are then being approximated using the (SolovayKitaev2()) 

algorithm to get 𝐕̃𝑛−1and 𝐖̃𝑛−1 . After 𝑛 recursions, the final approximation of the target gate 𝐔 is 

obtained as follows, 

𝐔̃𝑛 = 𝐕̃𝑛−1𝐖̃𝑛−1𝐕̃𝑛−1
ϯ

𝐖̃𝑛−1
ϯ

𝐔̃𝑛−1. 

 5.2 Solovay Kitaev Approximation with Single-Level Group Commutator 

Enhancement 

In the first version of the enhanced Solovay-Kitaev algorithm (SolovayKitaev3()), optimization 

is incorporated within the group commutator decomposition only at the bottom level (𝑛 = 1) of 

Solovay-Kitaev algorithm. The enhanced version of the original Solovay-Kitaev algorithm is 

presented below, 

[𝐔̃𝑛] = SolovayKitaev3(𝐔,𝑛) 

 if 𝑛 == 1  

[𝐔̃0] = basicApprox(𝐔) 

[𝐕0,𝐖0] = GCDecompose(𝐔𝐔̃0
ϯ
) 

% Simulate Markov Chain 

 repeat 

  either 
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  [𝐕̃0] = basicApprox(𝐕0) 

  [𝐖0] = GCEnhance(𝐔𝐔̃0
ϯ
, 𝐕̃0) 

  [𝐖̃0] = basicApprox(𝐖0) 

  or 

  [𝐖̃0] = basicApprox(𝐖0) 

  [𝐕0] = GCEnhance(𝐔𝐔̃0
ϯ
, 𝐖̃0) 

  [𝐕̃0] = basicApprox(𝐕0) 

until (condition satisfied) 

 else 

[𝐔̃𝑛−1] = SolovayKitaev3(𝐔, 𝑛 − 1) 

[𝐕𝑛−1,𝐖𝑛−1] = GCDecompose(𝐔𝐔̃𝑛−1
ϯ

) 

[𝐕̃𝑛−1] = SolovayKitaev3(𝐕𝑛−1, 𝑛 − 1) 

[𝐖̃𝑛−1] = SolovayKitaev3(𝐖𝑛−1, 𝑛 − 1) 

end 

𝐔̃𝑛 = 𝐕̃𝑛−1𝐖̃𝑛−1𝐕̃𝑛−1
ϯ

𝐖̃𝑛−1
ϯ

𝐔̃𝑛−1 

The new Solovay-Kitaev algorithm shown above accepts as input arguments, a target unitary gate 𝐔 

that is to be approximated. The initial approximation of 𝐔 is evaluated 𝐔̃0 using the basic 

approximation (basicApprox()) subroutine. Then, the group commutators decomposition 

(GCDecompose()) subroutine is invoked to decompose the product 𝐔𝐔̃0
ϯ
 into the group 

commutater pair 𝐕0,𝐖0 such that 𝐔𝐔̃0
ϯ
= 𝐕0𝐖0𝐕0

ϯ
𝐖0

ϯ
. The optimization step is applied next either to 

enhance 𝐕 or 𝐖 by invoking the group commutator enhancement subroutines for 𝐕 and 𝐖. 

Transitioning between the two subroutines of enhancing 𝐕 and 𝐖 is stochasticaly modeled as a 

Markov chain with two states. The first of the two states is where 𝐕 is enhanced and its second, where 

𝐖 is enhanced. The transition probability 𝑝, which is predetermined to any value, refers to the 

probability of the algorithm switching from enhancing one of the group commutators to the other. 

When no such transition occurs, the algorithm tries to re-enhance the group commutator for higher 

accuracy.  The Markov model is shown in the figure below. 

 

Figure 5.1 The standard Markov model 
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It must be noted that the enhancement of one of them may ocassionally fail. This event automatically 

triggers a transition from one state to the other, regardless of the value of 𝑝. Three Markov models, 

each with its own 𝑝 are investigated. 

 Model 1:  (𝑝 =  1) 

Here, the transition probability is set at a value of unity. In other words, the algorithm 

alternately switches between enhancing 𝐕 and 𝐖.  

 

 

Figure 5.2 Model 1 with transitioning probability 𝒑 = 𝟏 

 

 Model 2:  (𝑝 =  0)  

In this model, the algorithm switches into enhancing the other group commutator just if the 

the first one failed to enhance or the number of iterations predetermined for the 

corresponding subroutine is 0. 

 

Figure 5.3 Model 2 with transitioning probability 𝒑 = 𝟎 

 Model 3:  (𝑝 =  0.5) 

Here, the steps of enhancement don’t follow a certain pattern. Transitioning between the two 

subroutines of 𝐕 and 𝐖  is totally random with 𝑝 = 0.5. 

             

                 Figure 5.4 Model 3 with transitioning probability 𝒑 = 𝟎. 𝟓 
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GCEnhance,

GCEnhance,

In order to implement the optimization step, two separate subroutines for the group commutator 

enhancement are presented. For porposes of consinessness, both are called the same name but one 

for 𝐕 and the other for 𝐖,  

[𝐕0] = GCEnhance(𝐔𝐔̃𝑛−1
ϯ

, 𝐖̃𝑛−1) 

 Find 

𝐕𝑛−1 

To minimize 

𝛿𝑛−1
𝑣 = ‖𝐈 − 𝐕𝑛−1‖ 

Subject to 

𝐔𝐔̃𝑛−1
ϯ

= 𝐕𝑛−1𝐖̃𝑛−1𝐕𝑛−1
ϯ

𝐖̃𝑛−1
ϯ

  

 

[𝐖0] = GCEnhance(𝐔𝐔̃𝑛−1
ϯ

, 𝐕̃𝑛−1) 

 Find 

𝐖𝑛−1 

To minimize 

𝛿𝑛−1
𝑤 = ‖𝐖𝑛−1 − 𝐈‖ 

Subject to 

𝐔𝐔̃𝑛−1
ϯ

= 𝐕̃𝑛−1𝐖𝑛−1𝐕̃𝑛−1
ϯ

𝐖𝑛−1
ϯ

 

Although (GCEnhance()) subroutine in the SLE algorithm is only invoked when 𝑛 = 1, It is been 

written  in terms of 𝑛. The reason is that the same (GCEnhance()) subroutine is going to be used in 

the multi-level enhancement algorithm discussed in the next section. The following description is 

applied only to 𝑛 = 1 where this subroutine is called to either enhance 𝐕0 or 𝐖0. Initially, the 

algorithm starts as usual by decomposing the product 𝐔𝐔̃0
ϯ
 to its group commutators. The 

approximation of only one of the group commutators is evaluated. In the proposed enhacement 

algorithm, the product 𝐔𝐔̃0
ϯ
 is decomposed using the matrix of the group commutator being 

approximated to bring the other matrix of the group commutators closer to the identity 𝐈. In other 

words, one of the group commutators is fixed and the other is tuned using the corresponding 

enhancement subroutine (GCEnhance()). For instance, if the subroutine being invoked is to 

enhance 𝐕0 , the approximation of the other group commutators 𝐖̃0 is fixed. The product 𝐔𝐔̃0
ϯ
 is 

decomposed in the following manner, 

𝐔𝐔̃0
ϯ
= 𝐕0𝐖̃0𝐕0

ϯ
𝐖̃0

ϯ
. 
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Subsequently,  𝐕0  is enhanced if the distance of the identity 𝛿0
𝑣 is minimized, where, 

𝛿0
𝑣 = ‖𝐈 − 𝐕0‖. 

 

This mechanism is proposed since 𝐕̃0𝐖̃0𝐕̃0
ϯ
𝐖̃0

ϯ
 𝐔̃0 deviates further from the desired gate 𝐔 than 

𝐕0𝐖̃0𝐕0
ϯ
W̃0

ϯ
 Ũ0. The implication of this corrective step is that the quantity ∆n−1

w  is ideally reduced to 

zero so that, 

∆𝑛−1
𝑤 = ‖𝐖̃𝑛−1 −𝐖𝑛−1‖ = 0. 

 

When either one of the subroutines fail to meet the condition given, or in other words fails to produce 

a more accurate version of the input, any future enhancement using this specific subroutine is 

redundant. Hence, a mechanism that switches immediately to the other subroutine is applied such 

that unnecessary computations are avoided. 

 5.3 Solovay Kitaev Approximation with Multi-Level Group Commutator   

Enhancement 

Another proposed algorithm is called multi-level group commutator enhancement (MLE) algorithm. 

In this algorithm, the optimization is not only invoked at the bottom level but carried out across all 

levels of the search tree 𝑛 ≥ 1. This allows multiple enhancements to be applied on the group 

commutators 𝐕 and 𝐖. Hence yields better results than the single level enhancement. The algorithm 

is presented below, 

[𝐔̃𝑛] = SolovayKitaev4(𝐔,𝑛) 

 if 𝑛 == 1 

[𝐔̃0] = basicApprox(𝐔) 

 else 

[𝐔̃𝑛−1] = SolovayKitaev4(𝐔, 𝑛 − 1) 

[𝐕𝑛−1,𝐖𝑛−1] = GCDecompose(𝐔𝐔̃𝑛−1
ϯ

) 

% Simulate Markov Chain 

 repeat 

  either 

  [𝐕̃𝑛−1] = SolovayKitaev4(𝐕𝑛−1) 

  [𝐖𝑛−1] = GCEnhance(𝐔𝐔̃𝑛−1
ϯ

, 𝐕̃𝑛−1) 
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  [𝐖̃𝑛−1] = SolovayKitaev4(𝐖𝑛−1) 

  or 

  [𝐖̃𝑛−1] = SolovayKitaev4(𝐖𝑛−1) 

  [𝐕𝑛−1] = GCEnhance(𝐔𝐔̃𝑛−1
ϯ

, 𝐖̃𝑛−1) 

  [𝐕̃𝑛−1] = SolovayKitaev4(𝐕𝑛−1) 

until (condition satisfied) 

𝐔̃𝑛 = 𝐕̃𝑛−1𝐖̃𝑛−1𝐕̃𝑛−1
ϯ

𝐖̃𝑛−1
ϯ

𝐔̃𝑛−1 

end 

This new algorithm shown above takes a target unitary gate 𝐔 that is to be approximated as an input. 

The basic approximation (basicApprox()) subroutine (discussed in the previous section) is 

invoked to obtain 𝐔̃0 at the level 𝑛 = 1. In higher levels, the group commutators 𝐕𝑛−1 ,𝐖𝑛−1are 

evaluated for the product 𝐔𝐔̃0
ϯ
 by calling the group commutators decomposition (GCDecompose()) 

subroutine. Subsequently, the optimization step is applied either to enhance 𝐕 or 𝐖 by invoking the 

group commutator enhancement subroutines (GCEnhance()) for 𝐕 and 𝐖. Transitioning between 

the two subroutines of enhancing 𝐕 and 𝐖 is stochasticaly modeled in the same manner as mentioned 

in the previous section.  
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Chapter-6 Stochastic Group Commutators Enhancement: Results & 

Analysis 

As part of this research, extensive computational and theoretical analyses are performed. A detailed 

overlook on the tools created for the implementation of the Solovay-Kitaev algorithm, single-level 

enhancement algorithm and multi-level enhancement algorithm are covered in this chapter. The 

original Solovay-Kitaev algorithm is compared with the two proposed algorithms for a set of 23 single 

qubit gates randomly chosen. Multiple sets of simulations are conducted and the results of 

computational analysis are presented in section 6.1. In section 6.2, theoretical analysis is discussed 

in details. 

 6.1 Results of Computational Analysis 

All implementations are in MATLAB programming language. MATLAB is specifically suitable for 

simulation of this nature, as the software has been specifically designed for numerical processes 

involves extensive use of matrices. In order to test the proposed approach presented in chapter 5, 

the original Solovay-Kitaev algorithm, the single-level (SLE) and multi-level enhancement (MLE) 

algorithms are implemented. A set of 23 different randomly generated matrices in SU(2) is generated. 

Each matrix is approximated using the three different algorithms. The universal gate set used is the 

set 𝚪 = {𝐇, 𝐓, 𝐓′} and it is used to generate strings up to lengths 𝑙0 = 16, 17, 18, or 19 separately. 

 

The entire simulations are implemented using each of the three different Markov models (see chapter 

5) with transitioning probability of (𝑝 =  1) in model 1, (𝑝 =  0) in model 2 and (𝑝 =  0.5) in model 

3. While finding approximation for each generated single qubit gate 𝐔 ∈ SU(2), multiple factors are 

taken under consideration, 

 The error in approximation evaluated as, 𝜖 = ‖𝐔 − 𝐔̃‖. 

 The length of the approximation string 𝐔̃ evaluated by the number of 𝐓 gates in 𝐔̃. The reason 

behind specifically choosing gate 𝐓 is that it has the largest cost while implementation 

[Kliuchnikov et al. 2012]. 

 The number of iterations (𝑀) defined as the number of a specific enhanced group 

commutator subroutine (GCEnhance()) is invoked within the SLE or MLE algorithms. 

Multiple values are considered (𝑀 =  1, 5, 10, 24).  
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Multiple set of simulations are performed. The objective of the first set of simulations is to compare 

the performance of the proposed algorithm (SLE) for different Markov models (p =  1, 0, 0.5). In the 

second set of simulations, the effect of increasing the total number of enhancement steps M in 

investigated. Finally, the third set compares the performance of the two proposed algorithms (SLE) 

and (MLE).  

 

In the first set of simulations, the proposed single-level enhancement algorithm (SLE) is 

implemented over the three Markov models (𝑝 =  1, 0, 0.5). For each of the randomly generated 

gates, the error in approximation at each level (𝑛 =  2,3, and 4) of SLE algorithm is recorded 

separately along with number of 𝐓 gates in the approximated string 𝐔̃. The following table shows the 

first, second (median), and third quartiles of errors in approximations for each depth, using 

sequences in the search tree of lengths up to 16, 17, 18, or 19.  

Table 6.1 Table listing the error in approximation using the SLE algorithm for depth 𝒏, initial length 𝒍𝟎 applied 

to three Markov models. The first, second (median), and third quartiles are recorded. 

 𝑝 0 0.5 1 

𝑛 𝑙0 Q1 Med Q3 Q1 Med Q3 Q1 Med Q3 

2 

16 0.0031 0.0044 0.0071 0.0031 0.0045 0.0071 0.0021 0.0041 0.0074 

17 0.0026 0.0039 0.0050 0.0026 0.0039 0.0054 0.0031 0.0039 0.0049 

18 0.0022 0.0031 0.0041 0.0020 0.0032 0.0044 0.0024 0.0036 0.0054 

19 0.0016 0.0028 0.0038 0.0020 0.0030 0.0039 0.0022 0.0033 0.0039 

3 

16 
0.3105

× 10−3 

0.5096

× 10−3 

0.7779

× 10−3 

0.3941×

10−3 

0.5024×

10−3 

0.7711×

10−3 

0.3720×

10−3 

0.6002×

10−3 

0.9857×

10−3 

17 
0.2909

× 10−3 

0.4299

× 10−3 

0.6565

× 10−3 

0.2644×

10−3 

0.3909×

10−3 

0.5442×

10−3 

0.3571×

10−3 

0.4918×

10−3 

0.6065×

10−3 

18 
0.2341

× 10−3 

0.3083

× 10−3 

0.4937

× 10−3 

0.2367×

10−3 

0.3809×

10−3 

0.5497×

10−3 

0.3886×

10−3 

0.4776×

10−3 

0.6019×

10−3 

19 
0.1276

× 10−3 

0.1686

× 10−3 

0.2418

× 10−3 

0.1456×

10−3 

0.2296×

10−3 

0.2974×

10−3 

0.1703×

10−3 

0.2296×

10−3 

0.2890×

10−3 

4 

16 
0.0722

× 10−4 

0.1356

× 10−4 

0.2432

× 10−4 

0.1232×

10−4 

0.1614×

10−4 

0.2282×

10−4 

0.1535×

10−4 

0.2122×

10−4 

0.3313×

10−4 

17 
0.0717

× 10−4 

0.1610

× 10−4 

0.1867

× 10−4 

0.0901×

10−4 

0.1498×

10−4 

0.2461×

10−4 

0.0684×

10−4 

0.1093×

10−4 

0.1871×

10−4 

18 
0.0738

× 10−4 

0.1394

× 10−4 

0.1896

× 10−4 

0.0964×

10−4 

0.1403×

10−4 

0.1862×

10−4 

0.0822×

10−4 

0.1251×

10−4 

0.1742×

10−4 

19 
0.0253

× 10−4 

0.0546

× 10−4 

0.0840

× 10−4 

0.0387×

10−4 

0.0473×

10−4 

0.0898×

10−4 

0.0376×

10−4 

0.0538×

10−4 

0.1157×

10−4 
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The results shown in table 6.3 are very similar. It is hypothesized that the output when enhancing 

one matrix of the group commutators is not influenced by the extent to which the other matrix was 

enhanced. The next figure (figure 6.1) summarizes the results for the three Morkov models and 

compares them with the original Solovay-Kitaev algorithm. 

 

Figure 6.1 The error of the proposed algorithm for different values of the transition probability, which are 

𝒑 = 𝟏,  𝟎,  𝟎. 𝟓  and the original Solovay-Kitaev algorithm. 

All Markov models show better results than the original Solovay-Kitaev algorithm. However, there is 

no significant difference between their performances.   

 
Another set of simulations is conducted to investigate the relationship between the length of the 

approximated string (The number of T gate) and the error in approximation in the different Markov 

models (𝑝 =  1,0, and 0.5) (shown in figures 6.2, 6.3, 6.4 respectively).  
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Figure 6.2 Number of T gates versus error in approximation using SLE algorithm of depth 𝒏 = 𝟏, 𝟐, 𝟑, 𝟒  and 
initial lengths 𝒍𝟎 = 𝟏𝟔, 𝟏𝟕, 𝟏𝟖, 𝟏𝟗 in Markov model (𝒑 =  𝟏) 

 

 

Figure 6.3 Number of T gates versus error in approximation using SLE algorithm of depth 𝒏 = 𝟏, 𝟐, 𝟑, 𝟒  and 
initial lengths 𝒍𝟎 = 𝟏𝟔, 𝟏𝟕, 𝟏𝟖, 𝟏𝟗 in Markov model (𝒑 =  𝟎) 

10
1

10
2

10
3

10
-6

10
-4

10
-2

10
0


 

Number of T gates 

l
o
 = 16

 

 

depth = 1

depth = 2
depth = 3

depth = 4

Original

Proposed

10
1

10
2

10
3

10
-6

10
-4

10
-2

10
0


 

Number of T gates 

l
o
 = 17

 

 

depth = 1

depth = 2
depth = 3

depth = 4

Original

Proposed

10
1

10
2

10
3

10
-6

10
-4

10
-2

10
0


 

Number of T gates 

l
o
= 18

 

 

depth = 1

depth = 2
depth = 3

depth = 4

Original

Proposed

10
1

10
2

10
3

10
-6

10
-4

10
-2

10
0


 

Number of T gates 

l
o
 = 19

 

 

depth = 1

depth = 2

depth = 3

depth = 4

Original

Proposed

10
1

10
2

10
3

10
-6

10
-4

10
-2

10
0


 

Number of T gates 

l
o
 = 16

 

 

depth = 1

depth = 2

depth = 3

depth = 4

Original

Proposed

10
1

10
2

10
3

10
-6

10
-4

10
-2

10
0


 

Number of T gates 

l
o
 = 17

 

 

depth = 1

depth = 2

depth = 3

depth = 4

Original

Proposed

10
1

10
2

10
3

10
-6

10
-4

10
-2

10
0


 

Number of T gates 

l
o
= 18

 

 

depth = 1

depth = 2

depth = 3

depth = 4

Original

Proposed

10
1

10
2

10
3

10
-6

10
-4

10
-2

10
0


 

Number of T gates 

l
o
 = 19

 

 

depth = 1

depth = 2

depth = 3

depth = 4

Original

Proposed



42 

 

 

Figure 6.4 Number of T gates versus error in approximation using SLE algorithm of depth 𝒏 = 𝟏, 𝟐, 𝟑, 𝟒  and 
initial lengths 𝒍𝟎 = 𝟏𝟔, 𝟏𝟕, 𝟏𝟖, 𝟏𝟗 in Markov model (𝒑 =  𝟎. 𝟓) 

 

 

The optimization step in the SLE algorithm is performed for a certain number of iterations denoted 

as 𝑀. In the second set of simulations, the relationship between the number of iterations 𝑀 and the 

error in approximation is investigated (see table 6.2).  

 

Table 6.2 Table listing the error in approximation using the SLE algorithm of depth 𝒏, initial length 𝒍𝟎 = 𝟏𝟕 

and number of iteration 𝑴 applied to the Markov model 𝒑 = 𝟎. 𝟓 

M M = 1 M = 5 M = 10 M = 24 

n Q1 Med Q3 Q1 Med Q3 Q1 Med Q3 Q1 Med Q3 

1 0.0118     0.0176     0.0243 0.0136     0.0193     0.0259 0.0129     0.0191     0.0241 0.0129     0.0191     0.0262 

2 0.0030     0.0039     0.0059 0.0031     0.0039     0.0049 0.0030     0.0037     0.0052 0.0030     0.0035     0.0052 
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Figure 6.5 Number of iterations versus error in approximation of the SLE algorithm of depth 𝒏 = 𝟒, initial 
length 𝒍𝟎 = 𝟏𝟕 using the Markov model 𝒑 = 𝟎. 𝟓. 

It can be seen from this figure that although an increase in the number of enhancement steps is 

accompanied by a corresponding decrease in the error, an onset of saturation is seen. This is because 

𝑀 = 10 and 𝑀 = 24 show very similar errors despite the extra computational overhead associated 

with the latter. In contrast increasing 𝑀 from unity to 𝑀 = 5 yields a significant drop in the error. 

The third set of simulations are implemented to study the relationship between the two proposed 

algorithms, with the optimization in the first one being invoked only at the bottom level of Solovay-

Kitaev algorithm (SLE) and when carried out across all levels of the search tree in the other (MLE).  

The figure 6.6 show that the second version (MLE) yields better results with respect to the accuracy 

of approximation (𝜖).  

 

Figure 6.6 Initial length versus error in approximation for depth 𝒏 = 𝟒 using the Markov model (𝒑 =  𝟎. 𝟓) 
and 𝐌 =  𝟐𝟒. 

1 5 10 24
0.5

1

1.5

2

2.5

3
x 10

-5

 M  
  


18 19
0

0.5

1

1.5
x 10

-3 depth = 3

 l
o
  

  


 

 

Original

SLE

MLE

18 19
0

0.2

0.4

0.6

0.8

1
x 10

-4 depth = 4

 l
o
  

  


 

 

Original

SLE

MLE



44 

 6.1 Theoretical Analysis 

The purpose of this analysis is to provide a quantitative framework for the performance of our 

algorithm, establishing a theoretical basis for the observations made, as well as justifying the use of 

the multi-level enhancement algorithm that is addressed in chapter 5.  Before proceeding with the 

theoretical analysis, the assumptions made are first outlined, which are listed below.  

 

Assumption-1: The errors ∆𝑛−1
𝑣 , ∆𝑛−1

𝑤  are constant. These errors are determined by the basic 

approximation subroutine (basicApprox()) and follow an unknown random distribution around 

a mean value. To simplify the derivation, we simply consider the means.  

 

Assumption-2: The errors 𝛿𝑛−1
𝑣  and 𝛿𝑛−1

𝑤 , prior to enhancement, are equal to those of the original 

Solovay-Kitaev algorithm. This is trivially justified since if the group commutator pair is not subject 

to any enhancement, the algorithm is identical to the original method. 

 

Assumption-3:  Expected improvement is invariant with respect to the order in which the 

enhancement operations are applied. This assumption is based on our earlier observation that the 

Markov model with different transition probability have no significant difference in performances. 

Before outlining the next assumption, it should be noted that a matrix of the group commutator pair 

is enhanced in the subroutine (GCEnhance()), which has been formulated as a constraint 

optimization problem with a maximum allowable limit being placed on the number of optimization 

iterations. When this underlying optimization is unable to meet the constraint requirements or fails 

to converge for other extraneous reasons within the stipulated iterations, we term the invocation a 

failure; otherwise the optimization task is deemed a success. 

 

Assumption-4:  The probability of success 𝜌 of the group commutator enhancement subroutine is 

independent of the step 𝑚. Thus we assume that the optimization algorithm’s behavior is not 

dependent on how many times the group commutator matrices have been enhanced before. Although 

results have not been provided, it should be mentioned that this phenomenon has been supported 

experimentally. Moreover, although we choose to retain 𝜌, as our simulations use a sufficiently large 

number of optimization steps, 𝜌 is very close to unity, and a simpler approach would be to simply let 

𝜌 = 1 in our calculations. 
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Let the distance between 𝐖𝑚−1
(𝑚)

 and the identity matrix after 𝑚 steps be denoted as 𝛿𝑛−1
(𝑚)

 so that, 

𝛿𝑛−1
(𝑚)

= ‖𝐖𝑛−1
(𝑚)

− 𝐈‖.  

 

Assumption-5:  The distance 𝛿𝑛−1
(𝑚)

 decreases asymptotically with increasing 𝑚. For simplicity we 

further assume that the drop is exponential, i.e. 

𝛿𝑛−1
𝑤 (𝑚)

= 𝑒−𝛼𝑚𝛿𝑛−1
𝑤 . 

 

Assumption-6:  The probability 𝜌′ of success for a single application of the GC enhancement in 𝐕𝑛−1 

is identical to that while enhancing 𝐖𝑛−1, 𝜌′ = 𝜌.  

 

Assumption-7:  At the end of 𝑀 steps of enhancements, either ∆𝑛−1
𝑣 or ∆𝑛−1

𝑤  is zero, but not both. If the 

enhancement process ends with the unitary matrix 𝐖𝑛−1 being enhanced last, then ∆𝑛−1
𝑣  is not to be 

considered in the approximation error. Conversely if 𝐕𝑛−1 is the last one to be enhanced, then 

∆𝑛−1
𝑤 can be dropped. 

 

The above seven assumptions greatly simplify the derivation of the upper bound on the 

approximation error εn. For simplicity, the subscripts indicating the depth 𝑛 of the recursion of all 

quantities have been dropped in the derivations, except when necessary.  

 

In the group commutators, we are given two matrices 𝐕,𝐖 ∈ SU(2) such that, 

𝐕 = 𝐈 + 𝛿𝑣 , 

𝐖 = 𝐈 + 𝛿𝑤 . 

 

Let the approximations of 𝐕,𝐖 be 𝐕̃, 𝐖̃, such that,  

𝐕̃, 𝐖̃ ∈ Γ∗ ⊂𝐷 SU(2), 

𝐕̃ = 𝐕 + ∆𝑣 , 

𝐖̃ = 𝐖+ ∆𝑤 . 

 

Since 𝐕̃ ∈ SU(2), 

𝐈 = 𝐕̃𝐕̃ϯ 

   = (𝐕 + ∆𝑣)(𝐕 + ∆𝑣)ϯ 

   = 𝐈 + ∆𝑣𝐕ϯ + 𝐕∆𝑣ϯ + ∆𝑣∆𝑣ϯ. 
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Hence, 

∆𝑣𝐕ϯ + 𝐕∆𝑣
ϯ
= −∆𝑣∆𝑣

ϯ
.                                      

 

Likewise, 

∆𝑤𝐖ϯ +𝐖∆𝑤ϯ= −∆𝑤∆𝑤ϯ.                                   

 

Consider the term 𝐕̃𝐖̃𝐕̃ϯ𝐖̃ϯ which is product of the group commutators and their Hermitians in 

correct order, 

𝐕̃𝐖̃𝐕̃ϯ𝐖̃ϯ = (𝐕 + ∆𝑣)(𝐖 + ∆𝑤)(𝐕 + ∆𝑣)ϯ(𝐖 + ∆𝑤)ϯ.     

 

From direct expansion and neglecting third and fourth order terms, we get the following, 

 𝐕̃𝐖̃𝐕̃ϯ𝐖̃ϯ = 𝐕𝐖𝐕ϯ𝐖ϯ + ∆𝑣𝐖𝐕ϯ𝐖ϯ + 𝐕∆𝑤𝐕ϯ𝐖ϯ + 𝐕𝐖∆𝑣
ϯ
𝐖ϯ + 𝐕𝐖𝐕ϯ∆𝑤

ϯ
+

                ∆𝑣∆𝑤𝐕ϯ𝐖ϯ + ∆𝑣𝐖∆𝑣ϯ𝐖ϯ + ∆𝑣𝐖𝐕ϯ(∆𝑤)ϯ + 𝐕∆𝑤∆𝑣ϯ𝐖ϯ + 𝐕∆𝑤𝐕ϯ∆𝑤ϯ + 𝐕𝐖∆𝑣ϯ∆𝑤ϯ. 

 

Subtracting 𝐕𝐖𝐕ϯ𝐖ϯ from both sides are rearranging terms we get, 

𝐕̃𝐖̃𝐕̃ϯ𝐖̃ϯ − 𝐕𝐖𝐕ϯ𝐖ϯ = {∆𝑣𝐖𝐕ϯ𝐖ϯ + 𝐕𝐖∆𝑣ϯ𝐖ϯ} + {𝐕∆𝑤𝐕ϯ𝐖ϯ + 𝐕𝐖𝐕ϯ∆𝑤ϯ} +

          ∆𝑣∆𝑤𝐕ϯ𝐖ϯ + ∆𝑣𝐖∆𝑣
ϯ
𝐖ϯ + ∆𝑣𝐖𝐕ϯ∆𝑤

ϯ
+ 𝐕∆𝑤∆𝑣

ϯ
𝐖ϯ + 𝐕∆𝑤𝐕ϯ∆𝑤

ϯ
+ 𝐕𝐖∆𝑣

ϯ
∆𝑤

ϯ
.     (1) 

 

Since both 𝐕 and 𝐖 are close to the identity matrix we let 𝐕 = 𝐈 + 𝛅𝑣 and 𝐖 = 𝐈 + 𝛅𝑤 . Now consider 

the first two terms enclosed with parenthesis in the right hand side of the above Eqn. (1), 

∆𝑣𝐖𝐕ϯ𝐖ϯ + 𝐕𝐖∆𝑣ϯ𝐖ϯ = ∆𝑣(𝐈 + 𝛅𝑤)𝐕ϯ(𝐈 + 𝛅𝑤)ϯ 

= ∆𝑣(𝐈 + 𝛅𝑤)𝐕ϯ(𝐈 + 𝛅𝑤
ϯ
) + 𝐕(𝐈 + 𝛅𝑤)∆𝑣

ϯ
(𝐈 + 𝛅𝑤

ϯ
) 

   = −∆𝑣(∆𝑣)ϯ + ∆𝑣𝛅𝑤𝐕ϯ + ∆𝑣𝐕ϯ𝛅𝑤ϯ + ∆𝑣𝛅𝑤𝐕ϯ𝛅𝑤ϯ 

       +𝐕𝛅𝑤∆𝑣ϯ + 𝐕∆𝑣ϯ𝛅𝑤ϯ + 𝐕𝛿𝑤∆𝑣ϯ𝛅𝑤ϯ.     

 

Under Assumption 1,  and taking the norms on both sides and applying the triangle inequality yields, 

‖∆𝑣𝐖𝐕ϯ𝐖ϯ + 𝐕𝐖∆𝑣ϯ𝐖ϯ‖ ≤ (∆𝑣)2 + 4𝛿𝑤∆𝑣 + 4𝛿𝑣𝛿𝑤∆𝑣 + 2(𝛿𝑤)2∆𝑣 + 2𝛿𝑣(𝛿𝑤)2∆𝑣 . 

 

Dropping the third and fourth order terms, 

‖∆𝑣𝐖𝐕ϯ𝐖ϯ + 𝐕𝐖∆𝑣ϯ𝐖ϯ‖ ≤ (∆𝑣)2 + 4𝛿𝑤∆𝑣.        (2) 

 

Similarly, from the third and fourth terms of Eqn. (1)  we obain upon dropping higher order terms, 
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‖𝐕∆𝑤𝐕ϯ𝐖ϯ + 𝐕𝐖𝐕ϯ∆𝑤
ϯ‖ ≤ (∆𝑤)2 + 4𝛿𝑣∆𝑤 .         (3) 

 

Terms in Eqn. (1) involving two ∆s can be simplified easily. For example, 

‖∆𝑣∆𝑤𝐕ϯ𝐖ϯ‖ = ‖∆𝑣∆𝑤(𝐈 + 𝛅𝑣)ϯ(𝐈 + 𝛅𝑤)ϯ‖. 

Dropping higher order terms, 

‖∆𝑣∆𝑤𝐕ϯ𝐖ϯ‖ = ∆𝑣∆𝑤 .                       (4) 

 

This treatment can be extended readily to the remaining terms of Eqn. (1).  

 

Applying the norm to both sides of Eqn. (1) and using the triangle inequality, 

‖𝐕̃𝐖̃𝐕̃ϯ𝐖̃ϯ − 𝐕𝐖𝐕ϯ𝐖ϯ‖ ≤ ‖∆𝑣𝐖𝐕ϯ𝐖ϯ + 𝐕𝐖∆𝑣
ϯ
𝐖ϯ‖ + ‖𝐕∆𝑤𝐕ϯ𝐖ϯ + 𝐕𝐖𝐕ϯ∆𝑤

ϯ‖ 

+‖∆𝑣∆𝑤𝐕ϯ𝐖ϯ‖+ ‖∆𝑣𝐖∆𝑣ϯ𝐖ϯ‖+ ‖∆𝑣𝐖𝐕ϯ∆𝑤ϯ‖ + ‖𝐕∆𝑤∆𝑣ϯ𝐖ϯ‖ 

   +‖𝐕∆𝑤𝐕ϯ∆𝑤ϯ + 𝐕𝐖∆𝑣ϯ∆𝑤ϯ‖.  

 

Using Eqns. (2) – (4) and replacing all other terms in Eqn. (1) with ones analogous to Eqn. (4), we 

get, 

‖𝐕̃𝐖̃𝐕̃ϯ𝐖̃ϯ − 𝐕𝐖𝐕ϯ𝐖ϯ‖ ≤ 2(∆𝑣)2 + 2(∆𝑤)2 + 4∆𝑣∆𝑤 + 4𝛿𝑣∆𝑤 + 4𝛿𝑤∆𝑣.          

 

This yields to the approximation error, 

𝜀𝑛  ≤ 2(∆𝑣 + ∆𝑤)2 + 4𝛿𝑣∆𝑤 + 4𝛿𝑤∆𝑣.               (5)       

 

The upper bound established upon 𝜀𝑛 is significant because it contains terms that are quadratic in ∆ 

and 𝛿, which being small quantities themselves show that 𝜀𝑛 is even smaller, by an order of 

magnitude.  

 

In the Solovay-Kitaev algorithm, the group commutators are simultaneously replaced with their 

approximations, which then is used to approximate the given unitary matrix, yielding the 

approximation error in Eqn. (5). Suppose instead that the above operation is carried out in two 

stages. At first the 𝐕𝑛−1 and 𝐖𝑛−1 are obtained. Only the approximation of one of the pair, say 𝐕̃𝑛−1, 

is obtained while that of the other deferred until after enhancement. This enhancement step re-

establishes the equality 𝐔𝐔̃𝑛−1
ϯ

= 𝐕𝑛−1𝐖𝑛−1𝐕𝑛−1
ϯ

𝐖𝑛−1
ϯ

 once again, 

𝐔𝐔̃𝑛−1
ϯ

= 𝐕̃𝑛−1𝐖𝑛−1𝐕̃𝑛−1
ϯ

𝐖𝑛−1
ϯ

.   
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For simplicity, we overload the notation so that the unitary matrix 𝐖𝑛−1 now refers to the enhanced 

one, which is then approximated as 𝐖̃𝑛−1 leading to the approximation of 𝐔̃𝑛. The implication of this 

corrective step is that the quantity ∆𝑣  no longer plays a role in the approximation error as 𝐖𝑛−1 is 

determined using the approximation 𝐕̃𝑛−1 instead of 𝐕𝑛−1. Hence it can be replaced with zero in Eqn. 

(5). The new 𝐖𝑛−1 is then approximated to give a new approximate sequence 𝐖̃𝑛−1, providing the 

normed difference, ∆𝑛−1
𝑤 = ‖𝐖̃𝑛−1 −𝐖𝑛−1‖. With these, the approximation error now is, 

𝜀𝑛 ≤ 2(∆𝑛−1
𝑤 )2 +  4𝛿𝑛−1

𝑣 ∆𝑛−1
𝑤 .                                      (6) 

 

If the quantity ∆𝑛−1
𝑤  appearing in Eqns. (5) and (6) are treated as (approximately) equal it is 

immediately seen that the new approximation error above is significantly lower than that in Eqn. (5). 

Additionally, note that 𝛿𝑛−1
𝑤  is now lowered from the earlier value in Eqn. (5) because the 

optimization algorithm explicitly minimizes it. Suppose this minimization causes 𝛿𝑤 to drop by a 

fraction 𝛾 ∈ (0,1) of that in Eqn. (5).  

 

Next, we apply the enhancement on the other group commutator matrix 𝐕𝑛−1. The condition that is 

now satisfied can be seen to be equal to, 

𝐔𝐔̃𝑛−1
ϯ

= 𝐕𝑛−1𝐖̃𝑛−1𝐕𝑛−1
ϯ

𝐖̃𝑛−1
ϯ

.    

 

The new 𝐕𝑛−1 is now subject to basic approximation to yield a new 𝐕̃𝑛−1, with  

∆𝑛−1
𝑣 = ‖𝐕̃𝑛−1 − 𝐕𝑛−1‖.  

 

The approximation error at this stage is,  

𝜀𝑛 ≤ 2(∆𝑛−1
𝑣 )2 +  4𝛾𝛿𝑛−1

𝑤 ∆𝑛−1
𝑣 .                                      (7) 

 

Note the presence of the factor 𝛾𝛿𝑛−1
𝑤  in the second term to the right. This is because of the earlier 

enhancement of 𝐖𝑛−1. The effect of the minimization shows up. Since 𝛾 < 1, this represents a further 

reduction in 𝜀𝑛 than that in Eqn. (6), albeit not as much as earlier. 

 

Assumptions 3, 4, and 5 are used next to establish upper bounds on the approximation error 𝜀𝑛 for 

multiple enhancement steps, instead of a single application to each group commutator matrix that 

Eqns. (6) and (7) are able to provide. The error after 𝑀𝑣  applications of group commutator 

enhancement on 𝐕0, with 𝑚 successes and 𝑀𝑣 −𝑚 failures is given by the following expression, 

𝜀(𝑚) ≤ 2(∆𝑣)2 + 2(∆𝑤)2 + 4∆𝑣∆𝑤 + 4𝛿𝑣∆𝑤 + 4𝑒−𝛼𝑚𝛿𝑤∆𝑣 . 
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The error after 𝑀𝑤 = 𝑀 −𝑀𝑣  applications of group commutator enhancement on 𝐖, with 𝑚′ 

successes and 𝑀𝑤 −𝑚′ = 𝑀 − (𝑀𝑣 +𝑚′) failures is given by the following expression, 

𝜀(𝑚,𝑚′) ≤ 2(∆𝑣)2 + 2(∆𝑤)2 + 4∆𝑣∆𝑤 + 4𝑒−𝛼𝑚
′
𝛿𝑣∆𝑤 + 4𝑒−𝛼𝑚𝛿𝑤∆𝑣 . 

 

Using Assumption 6, from the multinomial theorem after 𝑀𝑣  applications of GC enhancement to 𝐕 

the expected error is, 

𝜀 ≤ ∑ ∑
𝑀𝑣! 𝑀𝑤 ! 𝜌𝑚+𝑚′

(1 − 𝜌)𝑀−(𝑚+𝑚′)

𝑚!𝑚′! (𝑀𝑣 −𝑚)! (𝑀𝑤 −𝑚′)!
𝜀(𝑚,𝑚′)

𝑀𝑣

𝑚=0

𝑀𝑤

𝑚′=0

 

  = ∑ ∑
𝑀𝑣!  𝑀𝑤 ! 𝜌𝑚+𝑚′

(1 − 𝜌)𝑀−(𝑚+𝑚′)

𝑚!𝑚′! (𝑀𝑣 −𝑚)! (𝑀𝑤 −𝑚′)!
[2(∆𝑣)2 + 2(∆𝑤)2 + 4∆𝑣∆𝑤 + 4𝑒−𝛼𝑚

′
𝛿𝑣∆𝑤

𝑀𝑣

𝑚=0

𝑀𝑤

𝑚′=0

+ 4𝑒−𝛼𝑚𝛿𝑤∆𝑣] 

 

 = 2(∆𝑣)2 + 2(∆𝑤)2 + 4∆𝑣∆𝑤

+ ∑ ∑
𝑀𝑣!  𝑀𝑤! 𝜌𝑚+𝑚′

(1 − 𝜌)𝑀−(𝑚+𝑚′)

𝑚!𝑚′! (𝑀𝑣 −𝑚)! (𝑀𝑤 −𝑚′)!
[4𝑒−𝛼𝑚

′
𝛿𝑣∆𝑤  + 4𝑒−𝛼𝑚𝛿𝑤∆𝑣]

𝑀𝑣

𝑚=0

𝑀𝑤

𝑚′=0

 

 = [2(∆𝑣)2 + 2(∆𝑤)2 + 4∆𝑣∆𝑤] + [ ∑
 𝑀𝑤 ! 𝑝

𝑚′
𝑞𝑀𝑤−𝑚

′

𝑚′! (𝑀𝑤 −𝑚′)!

𝑀𝑤

𝑚′=0

[4𝑒−𝛼𝑚′𝛿𝑣∆𝑤]] 

+ [∑
𝑀𝑣!  𝑝

𝑚𝑞𝑀𝑣−𝑚

𝑚! (𝑀𝑣 −𝑚)!

𝑀𝑣

𝑚=0

[4𝑒−𝛼𝑚𝛿𝑤∆𝑣]] 

 = [2(∆𝑣)2 + 2(∆𝑤)2 + 4∆𝑣∆𝑤] + [4𝛿𝑣∆𝑤 ∑
 𝑀𝑤! (𝑝𝑒

−𝛼)𝑚
′
𝑞𝑀𝑤−𝑚

′

𝑚′! (𝑀𝑤 −𝑚′)!

𝑀𝑤

𝑚′=0

]  

+ [4𝛿𝑤∆𝑣 ∑
𝑀𝑣!  (𝑝𝑒

−𝛼)𝑚𝑞𝑀𝑣−𝑚

𝑚! (𝑀𝑣 −𝑚)!

𝑀𝑣

𝑚=0

] 

 = [2(∆𝑣)2 + 2(∆𝑤)2 + 4∆𝑣∆𝑤] + [4𝛿𝑣∆𝑤(𝜌𝑒−𝛼 + 1− 𝜌)𝑀
𝑤
] + [4𝛿𝑤∆𝑣(𝜌𝑒−𝛼 + 1− 𝜌)𝑀

𝑣
]. 

 = 2[(∆𝑣)2 + (∆𝑤)2] + 4[∆𝑣∆𝑤 + 𝛿𝑣∆𝑤𝛾𝑀
𝑤
+ 𝛿𝑤∆𝑣𝛾𝑀

𝑣
].                                                       (8) 

 

In the last equation 𝛾 = 1 − 𝜌(1 − 𝑒−𝛼). Since 𝛼 > 0 and 𝜌 > 0 it can be seen that 0 < 𝛾 < 1.  
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Assumption 7 leads us to drop either ∆𝑣  or ∆𝑤 from Eqn. (8). Moreover, both cases enable us to drop 

their product term. Since we are considering an upper bound on the approximation error, we arrive 

at the following, 

𝜀 ≤ 2(max(∆𝑣 , ∆𝑤))2 + 4max(𝛿𝑣∆𝑤𝛾𝑀
𝑤
, 𝛿𝑤∆𝑣𝛾𝑀

𝑣
).                      (9) 

 

The multi-level enhancement can be better illustrated if we simplify Eqn. (9) by letting,   

∆𝑛−1= max(∆𝑣 , ∆𝑤),  

𝛿𝑛−1 = max(𝛿𝑣 , 𝛿𝑤). 

 

This yields to, 

𝜀𝑛 ≤ 2∆2 + 4𝛾𝑀𝛿∆.                                   (10) 

 

Note that the quantity 𝛾 in Eqn. (10) is actually equal to 𝛾
1

𝑀
min(𝑀𝑣 ,𝑀𝑤) ≈ √𝛾 of Eqn. (9), since 

enhancements are applied with equal probabilities to each matrix. Eqn. (10) provides a more 

compact expression for the approximation error. For the sake of comparison, the equivalent 

expression for that of the original Solovay-Kitaev algorithm is given below, 

𝜀𝑛 ≤ 8∆𝑛−1
2 + 8𝛿𝑛−1∆𝑛−1.                         (11) 

 

Consider the situation when enhancements are being performed two levels below 𝑛, i.e. at 𝑛 − 2 in 

Eqn. (10). At level 𝑛 − 1 the algorithm approximation is carried out separately for the two group 

commutators for a total of 𝑀 times. The approximation errors 𝜀𝑛−1 of this level are the normed 

difference between each group commutator and its approximation. Hence, during the approximation 

of 𝐕𝑛−1, the approximation error  𝜀𝑛−1 is identical to ∆𝑛−1
𝑣 = ‖𝐕̃𝑛−1 − 𝐕𝑛−1‖. In a similar manner, 

when approximating 𝐖𝑛−1, the approximation error 𝜀𝑛−1 becomes ∆𝑛−1
𝑤 = ‖𝐖̃𝑛−1 −𝐖𝑛−1‖. Using 

Eqn. (10), we get, 

∆𝑛−1
𝑣 ≤ 2∆𝑛−2

2 + 4𝛾𝑀𝛿𝑛−2∆𝑛−2,                         (12) 

and,  

∆𝑛−1
𝑤 ≤ 2∆𝑛−2

2 + 4𝛾𝑀𝛿𝑛−2∆𝑛−2.                         (13) 

 

Letting ∆𝑛−1
𝑣 = ∆𝑛−1

𝑤 = ∆𝑛−1, if we only use the Solovay-Kitaev algorithm at level 𝑛, then from Eqn. 

(11) we get, 

𝜀𝑛 ≤ 8∆𝑛−1
2 + 8𝛿𝑛−1∆𝑛−1 

      ≤ 8(2∆𝑛−2
2 + 4𝛾𝑀𝛿𝑛−2∆𝑛−2)

2 + 8𝛿𝑛−1(2∆𝑛−2
2 + 4𝛾𝑀𝛿𝑛−2∆𝑛−2). 



51 

Retaining only cubic terms, 

𝜀𝑛 ≤ 16𝛿𝑛−1∆𝑛−2
2 + 32𝛾𝑀𝛿𝑛−1𝛿𝑛−2∆𝑛−2 .                   (14) 

 

Next consider another situation where a smaller number 𝑀𝑛−1 < 𝑀 of enhancement steps are 

applied to level 𝑛 − 1 and the remaining 𝑀𝑛 = 𝑀 −𝑀𝑛−1 are used above, at level 𝑛. In this case, the 

approximation error can be obtained by using the value of ∆𝑛−1 obtained through Eqns. (12) and 

(13), with 𝑀𝑛−1 in place of 𝑀, in Eqn. (10), 

𝜀𝑛 ≤ 2(2∆𝑛−2
2 + 4𝛾𝑀𝑛−1𝛿𝑛−2∆𝑛−2)

2 + 4𝛾𝑀𝑛𝛿𝑛−1(2∆𝑛−2
2 + 4𝛾𝑀𝑛−1𝛿𝑛−2∆𝑛−2).      

 

As before, discarding all but the lowest order terms,                             

𝜀𝑛 ≤ 8𝛾𝑀𝑛𝛿𝑛−1∆𝑛−2
2 + 16𝛾𝑀𝑛−1𝛾𝑀𝑛𝛿𝑛−1𝛿𝑛−2∆𝑛−2.                    (15) 

 

It is immediately seen that the earlier strategy of distributing the enhancement steps across multiple 

levels as is done in the second version of the proposed algorithm, produces a lower approximation 

error. 
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Chapter 7 - Bi-Criteria Group Commutator Enhancement 

In this chapter bi-criteria group commutator optimization is presented. The proposed Incremental 

Constraint Relaxation method improves the precision of the original Solovay-Kitaev algorithm by 

subjecting the pair of group commutators provided by the decomposition subroutine, to one or more 

rounds of explicit optimization. In section 7.1, introduction about bi-criteria optimization is 

discussed along with the primarily used methods in this area, the normalized boundary intersection 

and the normalized normal constraint methods. In section 7.2, the bi-criteria optimization of the 

group commutators is presented. Finally, the proposed Incremental Constraint Relaxation approach 

is discussed in section 7.3. 

 7.1 Bi-Criteria Optimization 

Bi-objective optimization problem is an optimization problem that involves two objective functions 

[Das el al. 2010]. Optimal solutions in the trade-off surface are referred to as Pareto optimal solutions. 

All Pareto optimal solutions are considered equally good. In other words, if a solution is better than 

another in terms of one of the two objectives, it must necessarily be worse in comparison to the latter 

in terms of the other objective. The optimal solution with respect to each objective is obtained when 

each is minimized independently (called anchor points). The line joining them is called the Utopia 

line (see fig 7.1). Several approaches for generating sets of Pareto solutions are addressed in the 

literature with the normalized boundary intersection (NBI) and the normalized normal constraint 

(NC) method being the primarily used methods. 

 

Figure 7.1 Bi criteria optimization  
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The normalized boundary intersection (NBI) imposes additional constraints (equality constraints) 

in the objective space [Das and Dennis 1998]. In addition to existing design variable, a new variable  

λ is added (figure 7.2) which denotes the distance away from the Utopia line toward the Utopia point. 

Maximizing λ causes movement towards the Pareto optimal surface.    

 

Figure 7.2 Normalized boundary intersection for bi-objective case  

The normalized normal constraint (NC) approach reformulates a bi-criteria optimization problem 

into a single criterion optimization so that it can make use of any known optimization algorithm 

[Messac et al. 2003 and Messac, A., & Mattson, C. A. 2004]. An inequality constraint is applied 

perpendicular to the Utopia line in the normalized space. One of the two objective functions is then 

optimized, depending on the direction of the inequality constraint; this limits the feasible domain. A 

general graphical perspective of the normal constraint method for a three objective case is shown in 

figure 7.3. 

 

Figure 7.3 Normalized normal constraint method for a three-objective case 
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 7.2 Bi-Criteria Optimization of Group Commutators 

The proposed method improves the precision of the original Solovay-Kitaev algorithm discussed 

earlier by subjecting the pair of group commutators provided by the decomposition subroutine, to 

one or more rounds of explicit optimization. In this version of the new approach, this optimization 

takes place at 𝑛 = 1, the calling level for basic approximation. The purpose of optimizing a group 

commutator is to enhance it so that the error 𝜀1 can be reduced. Although some of the results 

shown later pertain to the group commutators optimized only at 𝑛 = 1, the following description 

holds for any level 𝑛. The bi-criteria optimization algorithm which is discussed next is similar to the 

Normalized Boundary Intersection (NBI) and more so to the Normalized Normal Constraint (NC) 

approaches and for vector optimization [Messac et al. 2003]. 

 

The objective of the algorithm is to reduce the error in approximation 𝜀𝑛  which is evaluated by the 

distance between the desired gate 𝐔 and its approximation 𝐔̃𝑛 such that, 

𝜀𝑛 = ‖𝐔̃𝑛 − 𝐔𝑛‖. 

The error 𝜀𝑛 depends on the two quantities ∆𝑛−1 and 𝛿𝑛−1 associated with the group commutator 

pairs 𝐕𝑛−1 and 𝐖𝑛−1, such that, 

∆𝑛−1= ‖𝐕̃𝑛−1 − 𝐕𝑛−1‖ = ‖𝐖̃𝑛−1 −𝐖𝑛−1‖, 

𝛿𝑛−1 = ‖𝐈 − 𝐕𝑛−1‖ = ‖𝐈 −𝐖𝑛−1‖. 

 

The algorithm optimizes the group commutator pair in order to enhance it so that it gets closer to the 

identity matrix 𝐈. In other words, the bi-criteria optimization aims to reduce 𝛿𝑛−1 and subsequently, 

reduces the error in approximation 𝜀𝑛 so that 𝛿𝑛−1
𝑣 = ‖𝐕𝑛−1 − 𝐈‖ and 𝛿𝑛−1

𝑤 = ‖𝐖𝑛−1 − 𝐈‖ together, 

form one of the two criteria for optimization. Instead of being treated separately, 𝛿𝑛−1
𝑣  and 𝛿𝑛−1

𝑤  will be 

subject to alternate optimizations as will be described shortly. Under the assumption that lower level 

calls to either the Solovay-Kitaev algorithm or to the basic approximation subroutine yield 

approximate matrices that are independent of any procedures that the group commutators may 

subject to prior to the subroutine call, the quantity ∆𝑛−1 remains outside the scope of the bi-criteria 

optimization. 

 

The other criterion that is considered during the bi-criteria optimization algorithm is the 

approximation error 𝜀𝑛 itself. However, this criterion is formulated as a constraint within the new bi-
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criteria optimization framework proposed in this research. This is a major difference from NBI and 

NC which are initialized simultaneously with several points that usually lie on a certain hyperplane 

located at a distance away from the origin. The optimization algorithm then proceeds to move the 

initial points towards the origin, until the Pareto set is reached. The points can be updated either in 

parallel or sequentially within NNC and NBI.  In contrast, the proposed Incremental Constraint 

Relaxation (ICR) is initialized with the group commutators obtained from the decomposition 

subroutine (GCDecomposition()) and initial approximation (basicApprox()). 

This initial point is shown (red square) in Figure 7.4 which illustrates how the first increment of the 

proposed ICR approach is done. For the purpose of this explanation, assume that the calling program 

is at depth 𝑛 = 1. The group commutators are 𝐕0 and 𝐖0 and the approximation error ε0 is, 

ε0 = ‖𝐔𝐔̃ϯ − 𝐕̃0𝐖̃0𝐕̃0
ϯ
𝐖̃0

ϯ‖. 

This is also the approximation error that the Solovay-Kitaev method would provide. Here the 

matrices 𝐕̃0 and 𝐖̃0 are approximating sequences in Γ∗ that are closest to 𝐕0 and 𝐖0, the group 

commutators of the decomposition 𝐔𝐔̃ϯ = 𝐕0𝐖0𝐕0
ϯ
𝐖0

ϯ
. 

 

Figure 7.4 Problem formulation of a single increment of Incremental Constraint Relaxation optimization. 

Next, ICR proceeds to fine tune the group commutators in increments, with 𝐕 and 𝐖 being refined 

alternately. Suppose 𝐕 is the first one of the pair that is refined first. The proposed ICR method fixes 

the other with the approximate sequence 𝐖̃0 and optimizes 𝐕 so that it is brought as close as possible 

to the identity matrix, while simultaneously ensuring that the resulting error does not exceed a 

fraction 𝛽 ∈ (0,1) of ε0 . The optimization problem is formulated as shown below, 

Pareto set

constrained

infeasible region

optimum

initial point
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 Minimize, 

𝛿(𝐕) ≜ ‖𝐕 − 𝐈‖. 

Subject to, 

ε(𝐕) ≜ ‖𝐔𝐔̃ϯ − 𝐕𝐖̃0𝐕
ϯ𝐖̃0

ϯ
‖ ≤ 𝛽ε0, 

𝐕 ∈ SU(2).             

As a result of the optimization, the new value of 𝐕 that is obtained lies in the Pareto set (green triangle 

in Figure 7.4). This is the first increment of ICR. How the solution is alternately incremented by the 

proposed ICR algorithm is described in the next section. 

 7.3 Incremental Relaxation 

The Incremental relaxation algorithm is shown below, 

[𝐔̃𝑛] = SolovayKitaev2(𝐔,  𝑛) 

if 𝑛 == 1 

[𝐔̃0] = basicApprox(𝐔) 

[𝐕0,𝐖0] = GCDecompose(𝐔𝐔̃0
ϯ
) 

[𝐕̃0] = basicApprox(𝐕0) 

[𝐖̃0] = basicApprox(𝐖0) 

Repeat 

%Optimize W 

 [𝐖0] = ICR(𝐔𝐔̃0
ϯ
, 𝐕̃0) 

[𝐖̃0] = basicApprox(𝐖0) 

%Optimize V 

 [𝐕0] = ICR(𝑈𝑈0
ϯ
, 𝐖̃0) 

[𝐕̃0] = basicApprox(𝐕0) 

until (condition satisfied) 

else  

[𝐔̃𝑛−1] = SolovayKitaev2(𝐔,  𝑛 − 1) 

[𝐕𝑛−1,𝐖𝑛−1] = GCDecompose(𝐔𝐔̃0
ϯ
) 

[𝐕̃𝑛−1] = SolovayKitaev2(𝐕𝑛−1,  𝑛 − 1) 

[𝐖̃𝑛−1] = SolovayKitaev2(𝐖𝑛−1,  𝑛 − 1) 

end 

𝐔̃𝑛 = 𝐕̃𝑛−1𝐖̃𝑛−1𝐕̃𝑛−1
ϯ

𝐖̃𝑛−1
ϯ

𝐔̃𝑛−1 
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Figure 7.5 Schematic of the proposed Incremental Constraint Relaxation optimization showing the first four 
steps. The points shown as green circles are those in the Pareto set, while those not in the Pareto set are 

colored red. 

 

Optimizing group commutator 𝐕 while the other is replaced with its approximation 𝐖̃0 as has been 

detailed earlier, results in the point labeled ‘1’ in Figure 7.5 (green triangle in Figure 7.4). The new 

error is 𝛽ε0 (or 𝛽𝑣ε0 in Figure 7.5 where 𝛽𝑣 and 𝛽𝑤 are the earlier fraction 𝛽, with subscripts used 

for clarity). The optimized 𝐕 is next approximated with the new sequence 𝐕̃0 resulting in the 

approximation error ε1. Since ε1 is more than 𝛽𝑣ε0 due to the approximation the new point, labeled 

‘2’ is not in the Pareto set.  

Next, the other group commutator 𝐖 is subject to optimization to minimize its deviation away from 

𝐈. The constraint being imposed ensures that following this increment, the error does not exceed a 

fraction 𝛽𝑤 of ε1 which was previously obtained. This yields the point labeled ‘2’ in figure 7.5, which 

is in the Pareto set. Replacement of the new value of 𝐖 with its approximation 𝐖̃0 moves the 

solution away from the Pareto set, to the new location labeled ‘4’ in the figure 7.5. In this manner, 

the ICR approach alternately minimizes the errors 𝛿(𝐕) and 𝛿(𝐖) with each optimization followed 

by an approximation step for several iterations 𝑀. 
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Chapter 8 - Bi-Criteria Group Commutators Enhancement: Results 

& Analysis 

As part of this research, extensive computational analysis is performed using MATLAB programming 

language to study the behavior of the incremental constraint relaxation approach proposed in 

chapter 7. Multiple sets of simulations are conducted and the results of computational analysis are 

presented in this chapter. 

 8.1 Results of Computational Analysis 

Multiple sets of simulations are performed here which follow similar scenario to that presented in 

chapter 6.  In order to study the performance of the new bi-criteria optimization approach, 

incremental constraint relaxation (ICR), a set of 23 different randomly generated matrices in SU(2) 

is generated. The universal gate set used is the set 𝚪 = {𝐇,𝐓, 𝐓′} and it is used to generate strings up 

to lengths 𝑙0 = 16, 17, 18, or 19 separately. 

 

The entire simulations are implemented using ICR. While finding approximation for each generated 

single qubit gate 𝐔 ∈ SU(2), multiple factors are taken under consideration, 

 The error in approximation evaluated as, 

𝜖 = ‖𝐔 − 𝐔̃‖. 

 The number of iterations 𝑀𝑣(𝑀𝑤) defined as the number of a specific enhanced group 

commutator (𝐕 or 𝐖) is enhanced. Multiple values are considered (𝑀 =  1,2, 3,4, 8, 16).  

 The fractions 𝛽𝑣 and 𝛽𝑤 are the fraction 𝛽 defined in the optimization constraint, 

‖𝐔𝐔̃ϯ − 𝐕𝐖̃0𝐕
ϯ𝐖̃0

ϯ‖ ≤ 𝛽ε0. 

Different scenarios of 𝛽 are considered, 

o Linearly spaced values between 0 and 1 of lengths 𝑀𝑣(𝑀𝑤). 

o Several Beta-binomial distributions with different values of 𝛼 and 𝛽 in the probability 

mass function of the Beta-binomial distribution are considered.  

In general, if X~𝐁𝐢𝐧(𝑛, 𝑝), and 𝑝~𝐁𝐞𝐭𝐚(𝛼, 𝛽), then, 

𝑃(X = 𝑘) = (
𝑛
𝑘
)
𝐁𝐞𝐭𝐚(𝑘 + 𝛼, 𝑛 − 𝑘 + 𝛽)

𝐁𝐞𝐭𝐚(𝛼, 𝛽)
. 
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The following figure shows the different Beta-binomial distribution distributions tested. 

 

Figure 8.1 The probability mass function of the Beta-binomial distribution 

 

Multiple set of simulations are performed. In the first set of simulations, the performance of the 

proposed approach under different distributions is studied. The objective of the second set of 

simulations is to compare the performance of the bi-criteria optimization proposed algorithm (ICR) 

with the previous approaches presented in chapter 5 (Single level enhancement (SLE) algorithm for 

the different Markov models (𝑝 =  1, 0, 0.5)) as well as the original Solovay-Kitaev algorithm.  

In the first set of simulations, linearly spaced values of  𝛽 ∈ [0,1] are tested. For different number of 

iteration to enhance the group commutators 𝐕 and 𝐖 (denoted as 𝑀𝑣  and 𝑀𝑤) which can be also 

seen as the step size of 𝛽. The ICR algorithm is performed with different cases of   𝑀𝑣 , 𝑀𝑤 . The cases 

considered and shown in figure 8.3 are (4 × 4, 8 × 2, 16 × 1) 
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Figure 8.2 The performance of ICR optimization with linearly spaced values of  𝜷 ∈ [𝟎, 𝟏]. Different number of 
iteration to enhance the group commutators 𝑽 and 𝑾 (𝑴𝒗 × 𝑴𝒘) are tested. 

 

The proposed ICR algorithm is also implemented when 𝛽 follows different Beta-binomial 

distributions. The following figures show a comparison between ICR with different distributions and 

a comparison between ICR and the originalSolovay-Kitaev algorithm (figure 8.3 and 8.4 

respectively). It can be seen that the ICR algorithm gives better accuracy in approximation than the 

original Solovay-Kitaev algorithm. 

 

Figure 8.3 The performance of ICR optimization under different Beta-binomial distributions. 
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Figure 8.4 The performance of ICR optimization when 𝜷 follows different Beta-binomial distributions and 
when linearly spaced. The original Solovay-Kitaev algorithm performance is also provided. 

 

 

In the second set of simulations, the proposed incremental constraint relaxation approach (ICR) is 

implemented over the randomly generated matrices in SU(2). For each gates, the error in 

approximation at each level (𝑛 =  3, and 4) of ICR algorithm is recorded separately. Figure 8.2 shows 

the comparison between the proposed ICR algorithm with different Markov models (𝑝 =  1, 0, 0.5) 

implemented by the SLE algorithm. The proposed Incremental Constraint Relaxation method yields 

better results with respect to the accuracy of approximation than the other Markov models.  

 

Figure 8.5 The performance of ICR compared to Single level enhancement (SLE) algorithm for the different 

Markov models (𝒑 = 𝟏,  𝟎,  𝟎. 𝟓) 
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Chapter 9 - Conclusion and Future Work 

In this chapter, we summarize the contributions of this dissertation and discuss future research 

directions. 

 9.1 Summary of Key Contributions 

The main contribution of this research is in integrating conventional optimization procedures within 

the Solovay-Kitaev algorithm. Specifically, optimization is incorporated within the group 

commutator decomposition, so that a more optimal pair of group commutators is obtained. As the 

degree of precision of the synthesized gate is explicitly minimized by means of this optimization 

procedure, the proposed algorithms allow for more accurate quantum gates to be synthesized than 

what the original Solovay-Kitaev algorithm achieves.  

 

Two specific directions of research have been studied. Firstly, optimization of the group commutator 

decomposition has been modeled as a constraint optimization problem with equality constraints. 

Since there is a pair of matrices acting as the group commutators, a separate procedure is invoked 

for each, which is done in a stochastic manner. Two versions of the new algorithm are examined, with 

the optimization in the first version being invoked only at the bottom level of Solovay-Kitaev 

algorithm (Single-level enhancement algorithm) and when carried out across all levels of the search 

tree (Multi-level enhancement algorithm) in the next.  

 

Extensive simulations show that the multi-level enhancement version yields better approximations 

than the single-level version, even when the net amount of computation involved is limited to that of 

the other version. The theoretical analysis of the proposed algorithm is able to provide a more formal, 

quantitative explanation of why the proposed method is able to improve over the original Solovay-

Kitaev algorithm. It also is able to explain the saturation observed in figure 6. And why the multi-level 

enhancement (MLE) algorithm provides better results than the single-level enhancement (SLE) 

algorithm despite equivalent computation times. 

 

The next phase of research relaxed the equality constraint in the previous approach and with 

relaxation, a bi-criteria optimization is proposed. This optimization algorithm is new and has been 
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devised primarily when the objective needs to be relaxed in different stages. This bi-criteria approach 

is able to provide more accurate synthesis than the previous approach. 

 9.2 Future Work 

Some possible future research directions are provided in this section. Extensions to our work 

proposed in chapters 5 and 7 are mentioned next, 

 The algorithms proposed are implemented only to synthesis single-qubit gates. A 

generalization into multiple qubits can be investigated. (𝐔 ∈ SU(2𝑛)). 

 

 All group commutators can go through enhancement depending on who gives better errors 

using some heuristic method [Nilsson 2014]. This procedure creates an unbalanced tree 

instead of the currently used tree. It can also take under account the number of T gates. Best 

first search, branch and bound and heuristic deepening can be used here. 

 

 Integration of the recursive search space expansion technique (SSE) into the proposed 

algorithms [Pham et al. 2013]. The SSE method increases the space that is searched at the 

initial level of recursion in the original algorithm, and consequently, reduces the number of 

levels of recursion required by the modified algorithm to reach a given level of accuracy. 

 

 Other optimization algorithms are fine tuned for this application including evolutionary 

algorithms and other stochastic optimization techniques [Zhou et al. 2011]. 

 

 Application of the proposed algorithms to topological quantum computing. It essentially 

encodes qubit states in topological properties of a system, which are much more robust 

[Pachos 2012].  
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