Design-based efficiency for analyzing cluster-randomized experiments

by

Yeng Xiong

B.S., University of Tennessee at Martin, 2013

AN ABSTRACT OF A DISSERTATION

submitted in partial fulfillment of the
requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Statistics
College of Arts and Sciences

KANSAS STATE UNIVERSITY

Manhattan, Kansas

2020



Abstract

Cluster randomized experiments (CREs) have three defining features: (i) treatments
are randomized to clusters, or groups of units, rather than units themselves, (ii) clusters
are formed a priori to experimentation and without researcher intervention, and (iii) the
research objective and analysis is still centered on units. CREs are common, particularly
for intervention studies in public health and political science. Yet, despite their growing
popularity, there is still ongoing debate, even among the experts, on their analysis and design
methodologies. We focus on design-based estimators for measuring both the population
average treatment effect (PATE) and the standard error (SE) under the Neyman-Rubin
potential outcomes framework.

The inherent disparity between the experimental and observational units in CREs can
lead to some analytical and design challenges—for example, bias, large variability, and/or
lack of location invariance. Moreover, randomizing treatments to clusters is known to be less
efficient than randomizing to individual units. Conventionally, clusters in CREs are sampled
using simple random sampling. Stratifying or pair-matching clusters based on important
covariates can improve precision on estimation.

We instead propose a different sampling scheme: sampling with probability proportional
to size without replacement. This modification leads to a Horvitz-Thompson estimator (HT-
PPS) of PATE that can accommodate the clustering structure in CREs without having to
compromise on desirable statistical properties. We then derive a conservative estimator for
the variance of our HT-PPS estimator. We also synthesize the myriad perspectives on design-
ing CREs and produce recommendations on the best design practices. Finally, we introduce
our R package analyzeCRE that implements the theoretical work in this dissertation and

provide a guide on how to execute the functions for analyzing and designing CREs.
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Abstract

Cluster randomized experiments (CREs) have three defining features: (i) treatments
are randomized to clusters, or groups of units, rather than units themselves, (ii) clusters
are formed a priori to experimentation and without researcher intervention, and (iii) the
research objective and analysis is still centered on units. CREs are common, particularly
for intervention studies in public health and political science. Yet, despite their growing
popularity, there is still ongoing debate, even among the experts, on their analysis and design
methodologies. We focus on design-based estimators for measuring both the population
average treatment effect (PATE) and the standard error (SE) under the Neyman-Rubin
potential outcomes framework.

The inherent disparity between the experimental and observational units in CREs can
lead to some analytical and design challenges—for example, bias, large variability, and/or
lack of location invariance. Moreover, randomizing treatments to clusters is known to be less
efficient than randomizing to individual units. Conventionally, clusters in CREs are sampled
using simple random sampling. Stratifying or pair-matching clusters based on important
covariates can improve precision on estimation.

We instead propose a different sampling scheme: sampling with probability proportional
to size without replacement. This modification leads to a Horvitz-Thompson estimator (HT-
PPS) of PATE that can accommodate the clustering structure in CREs without having to
compromise on desirable statistical properties. We then derive a conservative estimator for
the variance of our HT-PPS estimator. We also synthesize the myriad perspectives on design-
ing CREs and produce recommendations on the best design practices. Finally, we introduce
our R package analyzeCRE that implements the theoretical work in this dissertation and

provide a guide on how to execute the functions for analyzing and designing CREs.
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Chapter 1

Introduction and Overview

1.1 Research thesis

Cluster-randomized experiments (CREs), in which groups of individuals are randomized to
treatments, are becoming a common choice, particularly for intervention studies in areas such
as public health and political science. Yet, despite their growing popularity, there is still
ongoing debate on how to analyze and design them. Even among experts in the field, there is
no consensus on the best approaches; the advice of one expert often runs counter to another.
Worse still, the different techniques can lead to conflicting inferential interpretations. The
purpose of this dissertation then is to investigate the current methodologies of CRE analysis
and design and to propose a new, competitive design-based estimator for the population
average treatment effect (PATE).

Randomized experiments are essential to scientific progression because they have the
ability to unbiasedly recover the average treatment effect (ATE) free from making distri-
butional assumptions. Staying true to this tradition, we work under Neyman’s potential
outcomes framework for causal inference (Splawa-Neyman et al., 1923). This framework
bases inference solely on the randomization pattern developed naturally from sampling and
treatment assignment so it is considered design-based. Conventionally, clusters in CREs

are sampled using simple random sample without replacement (SRSWOR), and treatments



are assigned completely at random to clusters. Units within clusters may also be sampled
using SRSWOR, and so estimators of PATE needs to account for all the different stages
of randomization. It should also be noted that the experimental units are not necessarily
the observational units. This can cause estimators to have undesirable properties such as
bias, large variability, or not being location-invariant. Taking advantage that bigger clusters
yield larger cluster totals, we suggest that clusters be sampled without replacement but with
probability proportional to (cluster) size (PPSWOR). This modification leads to a Horvitz-
Thompson estimator (HT-PPS) that is unbiased and location-invariant and has comparable
variability to its SRSWOR counterparts. We also derive two conservative estimates of the
variance for our HT-PPS estimator.

Randomizing treatments to clusters is known to have greater estimation variability than
randomizing to individual units. Stratifying on or pairing up clusters based on important
covariates can improve estimation precision, but it is unclear on which is better. Martin et al.
(1993) cautions against using matched pairs, advising that it should only be used when there
are more than 10 pairs of clusters, whereas Imai et al. (2009) vehemently advocate matching,
declaring that it should always be used when possible. Matched pairs generally provide
greater efficiency than stratification, but those against it are concerned about its drawbacks.
Among them are the possible loss of degrees of freedom and limitation in estimating both the
within-pair treatment variability and the intracluster correlation (ICC), a numeric summary
of the clustering effect. The ICC plays a vital part in efficiency assessment, and so, is
important in power calculations and sample size determination. Clearly, there is a need to
synthesis the myriad perspectives on designing CREs and produce a guideline on the best
practices.

In summary, our intent is to survey the current strategies in analyzing and designing
CREs. From this, we will offer a new estimator of the PATE and establish its statistical
properties, including a conservative estimation of its variance. We will also give recommen-
dations on designing CREs to improve efficiency. The rest of this chapter will review some
critical concepts that will aid in this purpose. The concepts are on CREs, causal inference

under potential outcomes, and statistical properties of estimators.



1.2 Cluster-randomized experiments

Cluster-randomized experiments have three defining features: (i) treatments are randomized
to clusters, or groups of units, rather than units themselves, (ii) known clusters are formed a
priori to experimentation and without researcher intervention, and (iii) the research objective
and analysis are still centered on units. Choices of units and clusters may include people in
villages, students in classrooms, and family members in households. Due to the disparity
between the treatment and analysis entities in CRESs, they are known to be less precise than
other experimental designs. Nonetheless, they are gaining prevalence, particularly among
political studies [Gerber and Green (2000), Gerber and Green (2001), Green et al. (2003),
Wantchekon (2003), Imai (2005), Gerber and Green (2005), King et al. (2007), Hansen and
Bowers (2009), Beath et al. (2013), Avdeenko and Gilligan (2015)], public health [Donner
(1998), Donner and Klar (2004), Kerry et al. (2005), Hayes and Moulton (2009)), psychology
(Bruce et al. (2004), Small et al. (2008), Paluck (2009), Raver et al. (2009), Cilliers et al.
(2016)], education [Springer et al. (2010), Carlson et al. (2017)], economic studies [Manning
et al. (1987), Hidrobo et al. (2014)] and medical trials [Kramer et al. (2008), Grandes et al.
(2009)]. This section sought to explain why CREs are an attractive alternative to other

designs despite their deficiency and to clarify the possible estimands of interest.

1.2.1 Reasons for clustering

Common experimental schemes, such as completely randomized and blocked designs, ran-
domly allocate treatments to individuals, but for certain fields, this may not be easy or even
feasible to implement. For example, suppose we want to compare the efficacy of different
teaching methods. Randomization to individuals requires that each student is randomly as-
signed to a teaching method. A more intuitive design choice would be to apply the treatments
at the class level instead. Thus, CREs are often used for logistical efficiency.

CREs are also appealing as they deter interference (also known as contamination or
treatment spillover) between units. Unit interference occurs when the altercation with a

treated unit influences a control unit’s response. Estimation of treatment effect will then



be biased towards a smaller size. Since units in a cluster are given the same treatment in
CREs, unit interference is not a concern. On the other hand, cluster interference—units
in a control cluster may be exposed to the treatment through relationships with units in a
treated cluster—is a problematic possibility. Consider the teaching example: if a student
in the treated classroom tutors a student from the control classroom, there is interference.
Choosing clusters that are geographically far apart can abate this complication.

On the contrary, allowing unit interference in CREs is a great setting for measuring
indirect treatment effects (Hayes and Moulton, 2009; Hitchings et al., 2018). To do so, the
treated clusters would be further randomly divided in which some of the units will receive
the treatment and some will not. Since these units are in the same cluster, interference is
likely to happen. The difference between the untreated units in the treated clusters and the
control units measures the indirect treatment effect. Areas like public health are interested
in this quantity because the units exposed but not given treatment can still be beneficial
in preventing the spread of diseases. Our focus, though, as are most researchers, is on the

direct treatment effect measured through the average treatment effect.

1.2.2 Estimands

Average treatment effects can generically be expressed as average differences between the

outcomes under treatment minus those under control:

5§ =E(Y(1) — Y(0)) (1.1)

where Y'(1) and Y'(0) are the outcomes for treated and control, respectively. Since CREs may
include up to two stages of sampling—sampling clusters and sampling units within clusters,
there are four causal quantities of interest: sample average treatment effect (SATE), cluster
average treatment effect (CATE), unit average treatment effect (UATE), and population
average treatment effect (PATE).

The defining differences between these four estimands are whether or not the clusters



Quantities  Clusters Units within clusters Inferential target
SATE Observed Observed Observed sample
CATE Observed Sampled Population within

observed clusters
UATE Sampled Observed Observed units within
the population of clusters

PATE Sampled Sampled Population

Table 1.1: CREs have four possible estimands, which determines the body of units to whom
the results can be generalized. This table is a replica from Imai et al. (2009).

are randomly sampled from a population of clusters and if the units within the clusters are
randomly sampled. In other words, these estimands depend on the units over which the
expectation in eq. (1.1) is taken. For SATE, it is over the observed sample of clusters and
units in those clusters. CATE looks at a random sample of units from the observed clusters
whereas UATE is for the observed units within sampled clusters. The last estimand, PATE,
is over the population of units as the clusters and units within clusters are both sampled, and
hence, the most generalizable estimand. The external validity of the result highly depends
on these estimands, and thus, stating them is critical to analyzing CREs. This discussion is
outlined in Table 1.1. In our setup, we assume that researchers are able to sample from a
population of clusters and sample units within the chosen clusters so PATE is the appropriate
estimand. We will use the Neyman potential outcomes framework, elaborated in the next

section, to analyze and estimate PATE.

1.3 Causal inference under potential outcomes

For research studies that center on questions of a causal nature, Fisher demonstrated that
conducting a statistical experiment is undoubtedly the simplest and best approach. In his
pivotal treatise on experimental design, he proclaimed that the treatment randomization

present in experiments is the foundational premise for causal inference (Box, 1980; Fisher,



1926; Rubin, 2005). Thus, experiments are often hailed as the “gold standard.” Like Fisher,
Neyman also recognized the important relationship between randomizing treatments and
causal inference. From it, he developed the potential outcomes framework and the Neyman-
Rubin Causal Model (NRCM). They serve as a perceptive paradigm to study causality and
the role that randomized experiments play in it. In this section, we start with a description
of the potential outcomes framework and the NRCM. We will then state the necessary
assumptions required for causal inference and explain how experiments can help achieve

those assumptions.

1.3.1 Neyman-Rubin causal model

Suppose there are two treatment conditions: treatment and control, denoted ¢t = 1 and ¢ = 0,
respectively. For a finite population of n units, define a treatment indicator, T}, such that
T; = 1 if unit ¢ received the treatment and 7; = 0 if unit ¢ received the control. Let y;; be
the potential outcome of the ith unit exposed to treatment and ;o be the potential outcome
of the same unit exposed to control. Neyman’s structure of potential outcomes is acutely

intuitive for studying causal effects because:

The values of post-exposure variables are potentially affected by the particular cause,
t or ¢, to which the unit is exposed. This is nothing less than the statement that
causes have effects, which is the very heart of the notion of causation. For the model
to represent faithfully this state of affairs we need not a single variable, Y, to represent
a response, but two variables, Y; and Y, to represent two potential outcomes (Holland,
1986).

Hence, in this framework, the effect of the treatment on unit ¢ is characterized as
0i = Yi1 — Yio (1-2)

and the average unit treatment effect (ATE) as

5=i%:iw. (1.3)

i=1



Unfortunately, as a unit can only be treated or control, only one potential outcome is ever
truly observed, a fact famously formalized as the fundamental problem of causal inference
(Holland, 1986). The unobserved potential outcome for a unit is sometimes referred to as a
counterfactual. The observed response of the ith unit can then be modeled by the Neyman-

Rubin Causal Model (NRCM)

Yi =yaT; + vio(1 — T;), (1.4)

where the potential outcomes y;; and y;, are nonrandom. The response Y; is y;; if unit
1 received the treatment and vy, if given control. The model inherently recognizes that
randomness in the responses is a reflection of the design structure. There is no need for any
distributional assumption.

To bypass the missing outcome problem, we shift the attention from unit treatment effect

to the ATE:

6 = E(yi — vio) (1.5)

= E(yi1) — E(yio)- (1.6)

First, note that eq. (1.5) is equivalent to the algebraic form in eq. (1.3). Second, though
the change in the two expectations seem negligible, the second indicates that the observed
responses for different units can be used to find the ATE. Table 1.2 provides a summary of
this discussion for n = 4. To determine the ATE for the four units:

6 = —[(y11 — y10) + -+ (Ya1 — Yao)] (1.7)

I N A

(Y11 + - +ya) — (yio+ - +ya0)] . (1.8)

From the observed side of the table, we can see that this cannot be calculated due to the



Potential Observed
Unit | Trt Cont 0; T, Y 0;
1 Yii Yo Y11 — Yo I yn y1i—7?
2 Y21 Y20 Y21 — Y20 I yn Ya1—"
3 Y31 Yso Y31 — Yso 0 a0 7 —ys0
4 Ya1 Y40 Y41 — Y40 0 wao 7 — Yao
ATE o= i[(yn —y10) + -+ (Ya1 — Yao)] o = %(yn + Yo1) — %(930 + Ya0)

Table 1.2: A unit’s treatment effect, ¢;, is the difference between a unit’s potential outcomes
under treatment and control. Since a unit can only receive one treatment condition, 9; is
not estimable, but the average treatment effect, 9, is.

missing potential outcomes, but eq. (1.6) and (1.8) provides insight on how to estimate it:

| 1
0= 5(911 + Y21) — §(y30 + Ya0)- (1.9)

1.3.2 Assumptions

Causal inference is unattainable without assumptions, but it is crucial that they be clearly
stated and justified (Rubin, 2005). In lieu of this, we proffer the assumptions needed for the
NRCM and estimation of the ATE. Chief among them is the stable unit treatment value
affect (SUTVA).

Assumption 1.3.1 (SUTVA). SUTVA stipulates that (i) each treatment level has only one

form, and (i1) a unit’s response is only affected by its own treatment allocation.

The first part implies that regardless of how a unit is given treatment ¢, the response will be
yir and likewise for control. In other words, the study design does not influence the potential
outcomes or the causal effect. The second specifies that there is no interference between
units. This is clearly apparent in model 1.4 because a unit’s response is a function of only
its treatment indicator and not of any other unit’s.

No interference is a strong condition that may be difficult to meet, even in an experimental



setting. Randomization alone cannot guarantee it since individuals undergoing different
treatments may interact. Relaxing this assumption is a new developing research area [see
Hudgens and Halloran (2008), Eckles et al. (2016), Aronow and Samii (2017), Jagadeesan
et al. (2017), and Sussman and Airoldi (2017)]. As mentioned in Section 1.2.1, conducting
a CRE, in which a group of units that are close together (and so susceptible to interference)
is given the same treatment, is another viable solution.

In addition, the following two assumptions are needed:

Assumption 1.3.2 (Ignorability). For all covariates X, P(T;|yi1,yi0, X) = P(T;]Y;, X).

That is, treatment assignment is independent of potential outcomes.

Assumption 1.3.3 (Common support). For all covariates X, 0 < P(T;|Y;, X) < 1.

Specifically, each unit has some probability of getting treatment or control.

Together, ignorability and common support constitute the property of strong ignorability or
unconfoundedness. Ultimately, they ensure the formation of comparable treatment groups

and unbiased estimation of the ATE. To illustrate:

E(E(ya|T; = 1,X) - E(yal|T; = 0,X)) = E(E(ya|T; = 1, X)) — E(E(yo|T; = 0, X))
— E(E(y: |X)) — E(E(yi0|X))

= E(yi1) — E(yio)

= .

The first equality holds from common support, and the second from ignorability.
Randomized experiments guarantee both ignorability and common support since random
allocation of treatments is done without knowledge of any information on the units, including
the potential responses. Moreover, it assures all covariates, observed and unobserved, are
balanced between the two treatment groups so common support is achieved. This does not
necessarily mean that the groups are equal. They can differ, but the key is that this differ-
ence is due to chance, and statistics is well-equipped to quantify the uncertainty inherently

present.



Lastly, we suppose that treatment randomization is assignment symmetric (Miratrix

et al., 2013).

Assumption 1.3.4 (Assignment Symmetry). Let s be the sample size and #T; be the number

of treated entities. Conditional on #1y, all ( #STt) treatment assignments are equally likely.

Common experimental designs such as complete randomization satisfies assignment sym-
metry. Block designs does too if randomization is independent across blocks. However,
randomization that results in unequal treatment probabilities for units is not, generally, as-
signment symmetric. Since we suppose a complete randomization of treatments to clusters
in CREs, this assumption is met for clusters, though, not for units, i.e., all combinations of

treated clusters are equally likely but not for all combinations of treated units.

1.3.3 Estimation error in experiments

Error is an intrinsic truth in estimating the ATE, and so understanding what can lead
to estimation error is an important task to undertake. The estimation error, €, can be

decomposed into four components:
e=06—0=cg +eg, +er +er,, (1.10)

where €g, and eg, are the errors from the sampling selection due to observed and unobserved
covariates, respectively, and er, and e, are the errors from treatment imbalance, also, due
to observed and unobserved covariates (Imai et al., 2007). Observed covariates are easily
measurable (e.g., income, education level, severity of illness) whereas unobserved covariates
are not as naked (e.g., job satisfaction, motivation, mental health). The sample selection
error refers to these differences between the population and sample, and treatment imbalance
error refers to these differences between the treated and control groups in the sample. Since
experiments are able to satisfy the strong ignorability assumption, both ez and ep, are, on
average, negated. This is the strength and beauty behind experiments.

Eliminating, on average, €g, and €g, allows researchers to extend the result from the

10



sample to the general population. One way to achieve this is to use a probability-based
sampling method to select individuals from the population. Traditional experimental analysis
assumes that the sample is randomly selected from an infinitely large population. Under this
assumption, units can be treated as mutually independent. However, since we are working
with a finite population, sampling one unit will directly affect another unit. Therefore, our
research consists of a combination of methodologies from sampling and experimental design

pedagogies.

1.4 Desirable statistical properties of estimators

In choosing the best estimator, we will judge based on the statistical properties bias, variance,
and location-invariance. We will now define these terms. Suppose there is an estimator p of

parameter p.

Definition 1 (Bias). The bias of an estimator p is

bias(p) = E(p) — p. (1.11)

If bias(p) = 0, we say, the estimator p is unbiased for p.

Definition 2 (Variance). The variance of an estimator p is
var(p) = E ([p = EG)I") - (1.12)

Taking a square root of var(p) gives the standard error for p.

Definition 3 (Mean squared error). The mean squared error of an estimator p is
MSE(p) = E[(p — p)*] = var(p) + bias(p)>. (1.13)

Unbiasedness ensures that the estimator is measuring what it purports to, namely, the

parameter, and the variance determines the precision of the estimator. The mean squared

11



error, accounting for both bias and variability, is often used as a comparison measurement.

Definition 4 (Location transformation). A location transformation of outcomes, y;, occurs

when
yi =a+by;, foral i=1,...,n, (1.14)

where a is a constant and b = 1.

Definition 5 (Location-invariant). An estimator, p, is location-invariant if it does not

change despite a location shift in the potential outcomes:

pla+vy) =pyi), foralli=1,...,n. (1.15)

Intuitively, any conversion involving a linear shift should not affect the PATE estimation.

Location-invariance will guarantee this.

1.5 Organization of dissertation

We have thus far surveyed important assumptions and theories that are constructive to our
goal of estimating PATE for CREs. Chapter 2 presents our proposed estimator, Horvitz-
Thompson under probability-proportional-to-size sampling and investigates its statistical
properties. We also examine variance estimation, providing two different conservative vari-
ance estimators. Then we extend our estimator to the case in which clusters may also be
stratified at either the cluster-level, unit-level, or both. Using simulated data from the Na-
tional Solidarity Programme (NSP) (Beath et al., 2013), we compare the HT-PPS estimator
to its simple random sampling counterparts, validating it as a worthy contender for esti-
mating PATE in CREs. Chapter 3 presents a discussion on which CRE estimation method
is the best at efficiently using covariate information, either in the analysis or the design,
for estimating both PATE and the standard error. From this and simulation based on the

NSP data, we give recommendations on the best practices of designing and analyzing CREs.

12



Chapter 4 introduces our R package analyzeCRE and gives a guide on how to use it. The

dissertation ends with concluding remarks and future work in Chapter 5.
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Chapter 2

The Benefits of
Probability-Proportional-to-Size
Sampling in Cluster-Randomized

Experiments

2.1 Introduction

Frequently in experiments, treatment is randomized across clusters, or groups, of units of
interest instead of the units themselves. These are referred to as cluster-randomized experi-
ments (CREs). Clusters of units are often formed a priori to the design of the experiment
and without researcher intervention. Estimation of treatment effects is more precise when
treatment is randomized across units (Cornfield, 1978); hence, logistical issues (rather than
increased precision of treatment effect estimates) motivate the randomization of treatment
across clusters. Reasons for such randomization include addressing issues with the ethicality;,
legality, or feasibility of randomizing treatment across units, reducing risk of treatment con-

tamination, and mimicking the implementation of a proposed program (e.g. an educational
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intervention) (Donner, 1998; Donner and Klar, 2004; Hayes and Moulton, 2009). Common
settings for cluster-randomized experiments include: testing an educational intervention that
is implemented within classrooms (Raver et al., 2009); evaluating efficacy of a health inter-
vention that is implemented within clinics or medical practices (Bruce et al., 2004; Imai
et al., 2009; King et al., 2007; Small et al., 2008); measuring increases in compliance and
turnout from mailers sent to households (Gerber and Green, 2000); and identifying effects
of interventions implemented within villages or other geographic regions (Beath et al., 2013;
Paluck, 2009; Wantchekon, 2003).

To estimate and perform inference on the population average treatment effect (PATE), a
CRE will require at least two stages of sampling: sampling clusters from a larger population
of clusters (e.g. a sample of villages within a country) and sampling individual units from
each of the sampled clusters—samples may be comprised of the entire sampling frame. After
a sample of clusters is obtained, but before units are sampled within each cluster, treatment
is allocated across sampled clusters. Researchers often improve the precision of treatment
effect estimates by drawing a stratified sample of clusters and/or blocking sampled clusters
before treatment assignment (Gail et al., 1996; Hansen et al., 2014; Hayes and Moulton,
2009; Imai et al., 2009; Imbens, 2011; Lewsey, 2004). When researchers are interested in
heterogeneous treatment effects across subpopulations of interest, within-cluster samples
may also be stratified (for an example, see Kerry et al. (2005)).

When clusters are sampled using simple random sampling (SRS) or stratified random
sampling (StRS), current estimators of the PATE have undesirable properties. The unbiased
Horvitz-Thompson (HT-SRS) estimator (Horvitz and Thompson, 1952) is not invariant to
location shifts of responses, which inflates its variance. The location-invariant difference-
in-means (DIM) estimator will be biased when treatment effects are correlated with cluster
sizes—the number of units contained within each cluster (Middleton and Aronow, 2015).
Thus, this estimator is only unbiased in special cases such as under sharp null of no unit-

level treatment effect (Hansen et al., 2014) or when clusters are blocked or stratified exactly
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on cluster sizes (Donner and Klar, 2004; Imai et al., 2009). Moreover, as we will show, when
within-cluster samples are not drawn proportional to the cluster size, DIM may estimate a
quantity different from the PATE. In fact, the only current estimator of the PATE that is
both unbiased and location-invariant is the DesR estimator (DR) (Middleton and Aronow,
2015), which requires the introduction of an additional parameter; however, estimating this
parameter will induce bias in the estimator.

We propose an adjustment in the design of the experiment—as opposed to adjusting
weights of estimators after the experiment— for differences in cluster sizes: to sample clusters
with probability proportional to size (PPS) (Cochran, 1977; Hansen and Hurwitz, 1943; Lohr,
2010). We show that, under this sampling scheme, the Horvitz-Thompson estimator (HT-
PPS) is both unbiased and location invariant.

The paper is organized as follows: Section 2.2 introduces notation. Section 2.2.7 demon-
strates problems with HT-SRS, DIM, and DR estimators of PATE under SRS of clusters.
Section 2.3 demonstrates that the HT-PPS estimator is both unbiased and location-invariant
under PPS-without-replacement sampling of clusters, gives standard errors and estimates of
standard errors for HT-PPS, and shows equivalence of HT-PPS and DIM (under PPS) es-
timators when within-cluster sample sizes are the same across clusters. Section 2.4 extends
results to the case where the sample of clusters and the within-cluster sample of units are
stratified. Section 2.5 gives simulations on a data example, which shows that the HT-PPS
estimator has the smallest mean squared error compared to the other estimators. This is due
to the HT-PPS estimator being as efficient as the DIM estimator and being unbiased. It also

shows that the estimated variance is conservative for the variability of HT-PPS estimator.

2.2 Notation, assumptions, and preliminaries

We consider a finite population of n units partitioned into ¢ clusters. Clusters are numbered

1 through /. Let n. denote the number of units within cluster c¢. Suppose units are ordered
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in some way within each cluster; let (k,c) denote the k™ unit in cluster c. We now introduce

sampling and treatment assignment notation in the order in which they are performed in a

CRE.

2.2.1 Sampling clusters

A total of s clusters are sampled; we assume s is fixed and chosen by the researcher. Let S,

denote a cluster sampling indicator; S, = 1 if and only if cluster ¢ is contained in the sample.

1, cluster ¢ is sampled,
S, = (2.1)

0, otherwise.
By definition, Zizl S.=s.

2.2.2 Treatment assignment

Each of the s sampled clusters is assigned to either treatment or control. Let T, denote a

treatment indicator; T,, = 1 if and only if cluster ¢ receives treatment ¢ € {0, 1}.

1, cluster c receives treatment ¢,

0, otherwise.

We define T,; = 0 when S. = 0. Let #7; denote the number of clusters that receive treatment
t.

We suppose that treatment assignment is symmetric across sampled clusters (Miratrix
et al., 2013). That is, conditioned on the number of treated clusters #7;, each of the ( #sn)

possible treatment assignments is equally likely. Symmetric treatment assignment implies
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that, for any treatment ¢ € {0, 1} and distinct clusters ¢, ¢

#T;

E(Tu|8) = T (2.3
#L(#1, — 1)

E(T Tw|S) = ——F——=. 2.4

( t t’ ) S(S _ 1) ( )

where S = (51,55, ...,S,) denote a random set of cluster sampling indicator variables un-

der a sampling design. Complete randomization is a special case of symmetric treatment
assignment. When the sample of clusters is stratified, symmetric treatment assignment
also requires independence of treatment assignment across strata, which is discussed in Sec-

tion 2.4.

2.2.3 Within-cluster sampling

After treatment is assigned across clusters, a SRS of s. units is drawn within each sampled
cluster ¢. This sample is drawn independently of treatment assignment and independently
across clusters. We assume that these sample sizes are non-random and do not depend on
the set of clusters sampled. Let Si. denote unit sampling indicator; Sg. = 1 if and only if

the k™ unit in cluster ¢ is sampled.

1, unit (k,c) is sampled,
She = (2.5)

0, otherwise.

We define Si. = 0 when S. = 0. By definition, ZZ; Ske = Se.

2.2.4 Model of response: Neyman-Rubin Causal Model

Let yye+ denote the potential outcome of unit (k, ¢) given treatment t—the value of unit (&, c)
we would have observed had that unit received treatment ¢. Note that gy is known if and

only if that unit is sampled and receives treatment ¢ (i.e., S.T.Sk. = 1). Potential outcomes
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14

C=1,1=0 denote the vector of potential

are assumed to be nonrandom. Let y = (Yret)p,
outcomes.

Let Y. denote the observed response of unit (k,c¢) had that unit been sampled. We
assume responses follow the Neyman-Rubin Causal Model (NRCM) (Holland, 1986; Rubin,

1974; Splawa-Neyman et al., 1923):

ch = ykcchl + kaOTCO

= ykcchl + ykc()(l - Tcl>~ (26)

Inherent in this model is the stable-unit treatment value assumption (SUTVA), which is often
referred to as the no-interference assumption; the value of Y. only depends on the treatment
assigned to cluster ¢ and is not affected by the treatment assignment of any other cluster
c’. Observe that, since each cluster receives a single treatment condition, this assumption

only needs to hold across sampled clusters and does not need to hold for units within each

cluster.

2.2.5 Parameter of interest
Our quantity of interest is the population average treatment effect (PATE):

L ne

b=0o(y)= 3 HATID (2.7)

n
c=1 k=1

where

Ne

pe= pu(y) = 3 D22 (2.8)

n
c=1 k=1

denotes the population mean for treatment t. Let

ot = Z Yket (2.9)
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denote the population mean of cluster c for treatment t. We can write the population mean

as:
V4 Ne l Ne

l
1y = Z y?k;t _ Z % y;zd _ Z %Mct- (2.10)

c=1 k=1 c=1 k=1 c=1

We then define

Ne

ol = Z (ykct - Mct)Q7 (2.11>

ct —

—  MNe— 1
‘n
O ber = Z ﬁ(,uct — )’ (2.12)
c=1

respectively, as the variance of potential outcomes within cluster ¢ under treatment ¢ and as

the weighted across-cluster variance for treatment ¢.

2.2.6 Properties of estimators

A function of potential outcomes f is monotonically increasing if f(y*) > f(y) whenever

Yret = Yret, forall ke {l,... ;n.}, ce{l,...,¢}, t €{0,1}. (2.13)

A transformation of potential outcomes y — y* is linear if, for constants a, b:

Ypet = @+ by, forall ke {l,....,n.}, ce{l,..., ¢}, t €{0,1}. (2.14)

For simplicity, we may write this as y* = a 4+ by. A location transformation or shift is a
linear transformation in which b = 1.
Observe that the population mean is a monotone increasing function that is linear in

potential outcomes,

p(a+by) = a+bu(y), (2.15)

whereas the PATE is location-invariant—that is, the value does not change given a location

20



shift of potential outcomes,

Sa+y)=d(y). (2.16)

2.2.7 Methods for estimating PATE under SRS of clusters

In CREs, clusters are typically sampled using SRS, and the common estimators under
this sampling procedure include the Horvitz-Thompson (HT-SRS), the difference-in-means
(DIM), and the Des-Raj (DR) estimators. The HT-SRS estimator weights each unit’s out-
come with the inverse of the probability that the unit is treated and selected. Therefore, it is
unbiased, which recommends it as an appropriate estimator of PATE, but Imai et al. (2009)
shows that it can be criticized on two counts. The first is that the estimator is known to
have huge variability since it does not account for varying cluster size. Larger clusters will
have greater sums of responses whereas smaller clusters will have smaller sums. The second
being that it is not location-invariant. This poses a dilemma for variance calculation since
the variance will change as a changes. The HT-SRS estimator will only be location-invariant
when the number of treated units (not clusters) is equal to the number of units assigned to
control, something of which researchers cannot control.

The DIM estimator is the difference between the sample means for treated and control
units. The estimator, being elegantly simple, is favored among many researchers. Fur-
thermore, contrary to the HT-SRS estimator, it is efficient and invariant to location shifts.
However, Middleton and Aronow (2015) shows that it is biased in CREs. In actuality, the
DIM estimator will be unbiased only when treatment effects are not correlated with cluster
sizes and when within-cluster sample sizes are proportional to cluster sizes.

Middleton and Aronow (2015) instead advocates the DR estimator, which adds a re-
gression component on cluster size to the HT-SRS estimator. This helps alleviate the two
criticisms on HT-SRS, but unfortunately, the solution itself poses a problem. Estimating the
regression coefficient will biased the estimator. Having an estimate of the coefficient prior to

the experiment will eliminate the bias, but this is often not feasible. Aronow and Middleton
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(2013) expands the DR estimator to allow for additional covariates, but the same issue still

persists. In Appendices B-E, we prove the discussed shortcomings of these estimators.

2.3 Estimation of PATE under PPS sampling

Cluster size plays an important role in efficiently estimating the PATE in CREs. Both the
DIM and DR estimators give each cluster an equal chance of being selected, regardless of
cluster size, but account for it during the estimation stage. Staying true to the design-based
philosophy of the Neyman-Rubin model, we advise instead to change the cluster sampling
scheme to probability-proportional-to-size sampling (PPS), which can accommodate varying
cluster sizes when sampling. Under PPS, we derive the HT estimator, which is unbiased,

location-invariant, and efficient.

2.3.1 PPS sampling of clusters

To be precise, we define a PPS sample with s draws as any sample in which the probability
of any cluster ¢ of being sampled is n.s/n. While, generally, PPS samples can be drawn with
or without replacement, we focus exclusively on PPS samples drawn without replacement
(PPSWOR), where the number of unique clusters sampled are fixed. This allows researchers
to have greater control in designing a CRE under a budget constraint. A PPSWOR sampling
scheme requires each cluster to contain no more than n/s units.

Drawing a PPSWOR sample is a deceptively unintuitive task and quite a bit of work
has been devoted to efficient and/or exact selection of PPSWOR samples (Berger and Till,
2009; Brewer and Hanif, 1982; Hanurav, 1967; Sinha, 1973; Vijayan, 1968). Unlike SRS
or sampling with replacement, PPSWOR sampling schemes are not uniquely defined solely
by the property that the marginal probability of sampling a cluster is n.s/n. Instead, for
each pair of unique clusters ¢,¢ a PPSWOR sampling scheme requires knowing the joint

probability 7. of having both of these clusters included in the sample. To reduce variance
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in estimators, it is useful to choose a sampling scheme such that

NN S°

P(S. =1)P(Sy = 1) =

C > > 0. (2.17)
n

Sunter (1986, 1977) provides list-sequential methods for drawing a PPSWOR sample of

general size n satisfying (2.17).

2.3.2 Horvitz-Thompson estimator under PPS sampling

We define the Horvitz- Thompson estimator under PPS sampling (HT-PPS) for the popula-

tion mean under treatment t as:

ScTct = ykctSkc
#T, Se

k=1

fur.pps = funrpps(y) = Y (2.18)

c=1

In words, this estimate is obtained by finding each cluster ¢ that receives treatment ¢, com-
puting the average response within each of these clusters, and then taking the average of
these within-cluster averages. The HT-PPS estimator for the PATE is the difference of the

HT-PPS estimator for the population mean under treatment and under control:

SHT—PPS = ﬂl,HT-PPS - ﬂO,HT—PPS- (219)

Note that if a mean estimator is linear in potential outcomes, then the PATE estimator
consisting of the mean estimators will be location-invariant. The HT-PPS estimator for the
population mean is linear in potential outcomes, which is formally stated in the following

lemma:
Lemma 6. Suppose that clusters are sampled according to PPSWOR sampling, and suppose

that treatment is symmetric across clusters. Then:

fieir, prs(a +y) = a+ figarprs(y). (2.20)
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The location invariance, unbiasedness, and variance of the HT-PPS estimator for PATE

is then provided in the following theorem:

Theorem 7. Suppose that clusters are sampled according to PPSWOR sampling, and sup-

pose that treatment s symmetric across clusters. Then:

SHT,PPS(CL +y)= SHT,PPS(Y) (2.21)
E (8HT,PPS> — 5 (2.22)
! 1 - s
V(S ): E 2 4E(1-— iy — 12
ar\ OHT,PPS ; <#Tt> Oipet + < #Tt) (;;3(5_1)'“ thlert — Hy
t=0 #1i = " Ne/ Se
: 77 nen £on?
. 2 cc! _ clte! . y 2 e . 0. 2'23
;;[5(5—1) nQ]uluo+ ;n2u1uo (2.23)

The standard error for the HT-PPS estimator of PATE is then the square root of
eq. (2.23). A proof of the lemma and theorem is given in Appendix A.

A PPS sample naturally gives larger clusters a greater probability of being selected.
Hence, the sample will be biased towards larger clusters. However, the HT-PPS estimator
takes this into consideration as weights when estimating the PATE, thereby, eliminating
the bias. Moreover, if the same number of units are sampled from each cluster (say, #u),
this will give each treated (controlled) unit in the population an equal probability of being

sampled, which does not hold for a SRS of clusters:

P(S.TuSe = 1|PPS) = #T;#“ (2.24)
P(S.T0Se = 1|SRS) = #f;#“. (2.25)

Under this condition, then, the HT-PPS estimator and the DIM estimator (given a PPS

sample of clusters) will be the same.

24



2.3.3 Variance estimator for HT-PPS estimator

Since

Var(8) = Var(ji,) + Var(fig) — 2Cov(ji1, fio), (2.26)

estimating each of the three components will give an estimator for the variance of the HT-PPS
estimator for the PATE. The Sen-Yates-Grundy (SYG) variance estimator is an unbiased
estimator for the first two parts involving the sampling variance of fi; (Lohr, 2010). On the
contrary, since the last term of eq. (2.23) requires clusters being both treated and controlled,
there is no unbiased estimator for the covariance between ji; and fiy. Consequently, the
variance of the HT-PPS estimator cannot be unbiasedly estimated, but a conservative bound

is instead provided:

1 ¢
. 1 s(s—1) NN 1 . N
Varc(5HT,PPs) = B E E {ch’#ﬂ(#ﬂ ) 2 - #th} ST eiSeTey (frer — foert)

|: Tee! ncnc’:| 5(8 - 1) SCSC’Tcch’O A A
s

- 2 cl Ml
czl c#c s—1) n? Tee! #11#1y ferfeo
1 J4
ScTct 7’L2 2
en 2.27
+;; T, i (2.27)

where [ = ZZC:l YketSke/ Se 18 the within-cluster sample mean for t. Note that the first term
is SYG variance estimator for yu;, and the last two terms make up the covariance bound. In
Appendix A.5.2, eq. (2.27) is shown to be positively biased for eq. (2.23). Taking the square
root of eq. (2.27) will give the estimated standard error of the PATE estimator.

Estimating the variance requires knowledge about the 7. under the specific sampling
procedure used to obtain a PPS of clusters, but this is rarely given in practice. Therefore,
the 7. needs to be estimated too. This can be achieved using analytical approximations
(Berger and Till, 2009; Lohr, 2010) or Monte Carlo simulations (Fattorini, 2009). These

approximations, though, could further bias the variance estimator. Thus, we proffer another
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estimator that does not depend on the m..:

1

. S.T. o s ST e
Varwg (duT,pps) = Z ( #Tt> Z #T; fhet — Nt>2 + ZZ #T:Eui' (2.28)

t=0

This is the PPS with-replacement variance estimator if clusters are independently sampled
and treated. So long as the PPSWOR sampling scheme meets condition 2.17, the WR
variance estimator will be larger than the estimator in eq. (2.27) assuming the 7. are

known.

2.4 Allowing for stratification

Current literature recommends stratifying and/or blocking on cluster size to further reduce
sampling variability. Since PPS sampling already incorporate size variation, stratifying on
other prognostic cluster covariates, rather than cluster size, can drastically improve estima-
tion. For example, villages may be stratified based on whether they are in a rural/urban
environment or based on the villages’ geographic region. Suppose that the population of
¢ clusters are partitioned into m strata based on a categorical cluster characteristic (or a
discretized numerical one). Cluster sampling and treatment assignment is done within each
stratum and independently across strata. The cluster-stratified HT-PPS estimator is then

defined (without the use of indicator variables) as

m #T1 Se #To

Q o Ty 1 Ykcul Yk*c'uo
5CS7HT7PPS - uz; F ;w ﬁ kz:; Se - Z #TO I; (229)
t=1 t 0
g % w,HT,PPS (2.30)

where n,, is the population of units in stratum wu. The statistical properties for the cluster-

stratified HT-PPS estimator can be easily derived from Theorem 7.
Theorem 8. Suppose clusters are first stratified. Suppose also that clusters are sampled with
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PPSWOR and treatments are randomized within stratum and independently across strata.

Then:
E (8CS,HT,PPS) =0 (2.31)
m_ 9
A nu
Var (5cs,HT,PPs> uz:l n_ ( wHT PPS) (2.32)
dcs.urpps(a+y) = dcsurpes(y)- (2.33)

Plugging eq. (2.27) or (2.28) into eq. (2.32) will give a conservative estimate of the
sampling variability for the cluster-stratified HT-PPS estimator.

Stratification may be applied to units within clusters instead of on clusters. In this
setting, the n. units in cluster ¢ are divided into ¢, strata with n, units in each stratum. A

SRS sample of s, units is taken. The unit-stratified HT-PPS estimator is

#T #To
OuUs.HT,PPS = Z #T1 Z ZZ Z ykid Z #To Z ZZ Z yl;ico (2.34)
vee
Pty

Since the stratification is on the units within a cluster, we need to only adjust the within-
cluster variance in Theorem 7 to get the statistical properties for the unit-stratified HT-PPS

estimator. Hence,

l
1 C C 2
Var(fie) = Y % (1 - 8—) et (2.35)

A2 ") s
will instead be
1 o= e & 2 s, \ 02
Var(fle) = 7T, Z; - ze: E (1 - n—> S—t (2.36)
Similarly, eq. (2.27) and (2.28) are still conservative estimates of the sampling variability,
but fi; will instead be the stratified estimator of the within-cluster sample mean for t.

Naturally, if stratification is desired at both the cluster- and unit-levels, combining eq. (2.29)

and eq. (2.34) will give an unbiased estimator for the PATE.

27



2.5 Data example

Beath et al. (2013) perform an experiment in Afghanistan to investigate whether development
programs with mandatory women contribution can change villagers’ perspectives on women'’s
political participation. Five hundred villages, ranging from sizes 60 to 9000, were sampled
and matched into pairs. Within each pair, one village is randomly assigned to receive the
National Solidarity Programme (NSP), and the other village serves as a control to receive the
NSP after the experiment. The NSP creates a community development council and provides
grants for village development projects. The council is then responsible for distributing the
grants among the projects. However, the NSP stipulates that half of the council must be
women and at least one of the projects must be a priority for the women. After two years,
ten head-of-household men and ten head-of-household women from each village are selected
for a follow-up survey. Respondents are asked whether women should have equal decision
making in the village council.

We perform Monte Carlo simulations to compare the HT-PPS estimator to its SRS
counterparts. We generate the potential outcomes from a fitted LOWESS line of the NSP
data and then mimic a simplified experiment in which clusters are randomly sampled using
either PPS or SRS. The R package TeachingSampling is used to perform Sunter’s PPSWOR
sampling. We vary the number of sampled clusters from 20 to 200. Treatments are assigned
completely at random to the sampled clusters. For ease, we fix the number of treated clusters
to be half of the sampled clusters, but this will not drastically change the theoretical results.

The PATE is then estimated with the HT-PPS, DIM, HT-SRS, biased DR, and Hajek
estimators. For the DR estimator, # is optimally estimated as described in Middleton and
Aronow (2015) using the simulated sample data. The Hajek (HJ) estimator (see (Hajek,
1971)) is a ratio estimator similar to the DIM. It estimates the population mean for treatment
t as a ratio of the estimated treated (controlled) cluster total over the total number of
treated (controlled) units in the sampled clusters. The other estimators are as described in

Section 2.2.7.
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Figure 2.1: The number of sampled clusters are 20, 40, 60, 80, 100, and 200. Results are
based on 10,000 simulations. Our estimator, HT-PPS (red and solid), performs better than
the SRS estimators.
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Figure 2.2: Results based on 10,000 simulations of sampling 40 clusters. The solid vertical
line is the PATE (-0.0302 for male, -0.0448 for female). Our estimator, HT-PPS (red and

solid), is unbiased and as efficient as the DIM.
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Male responses

SYG SE est WR SE est
No. sampled clusters || Est. var. | Samp. var. || Est. var. | Samp. var.
20 1.626 0.066 0.063 2.57TE-4
40 1.749 0.021 0.048 5.77E-H
60 - - 0.041 241E-5
80 - - 0.036 1.29E-5
100 - - 0.033 8.43E-6
200 - - 0.025 2.14E-6
Female responses
SYG SE est WR SE est
No. sampled clusters || Est. var. | Samp. var. || Est. var. | Samp. var.
20 2.046 0.035 0.045 3.28E-4
40 2.096 0.013 0.032 1.13E-4
60 - - 0.030 5.29E-4
80 - - 0.029 2.82E-5
100 - - 0.028 1.57E-5
200 - - 0.025 2.32E-6

Table 2.1: Results based on 10,000 simulations.
PPSWOR samples, but even for exact PPSWOR, the SYG WOR SE estimates are larger

than the WR SE estimates, possibly from the increased bias in estimating the joint cluster

inclusion probabilites ...

Figure 2.1 compares the MSE of the estimators as the number of sampled clusters are
varied. To get an exact PPSWOR sample of the NSP data, the number of sampled clusters
can be at most 45, and thus, the samples of sizes 60 and up are only approximately PPS. Even
so, the HT-PPS estimator performs best out of all the estimators, including the omnipresent

DIM, across all sample sizes of clusters. Figure 2.2 gives a more thorough comparison of the

SE cannot be estimated for approximate

sampling distributions for the PATE estimators when 40 clusters are sampled.

In addition, Monte Carlo simulations are done to examine the performance of estimating
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the sampling variance of the HT-PPS estimator. The 7.~ are estimated using analytical ap-
proximations. Table 2.1 provides statistics (estimated variance and true sampling variability)

on the variance estimation as the number of sampled clusters are varied .

2.6 Conclusion

Experiments are the “gold standard” for investigating causal relationships, but tradition-
ally, the causal inference is limited to the convenience sample recruited for the experiment.
Often, though, researchers prefer to generalize to individuals beyond those in the sample.
This then requires a random sample from the population of interest. Since populations are
naturally structured in groups, it is easier to sampled groups, rather than individuals, to be
in experiments; thus, cluster-randomized experiments are a fitting design choice.

On the other hand, the multi-level constitution of CREs poses analytical adversities.
Much of the difficulties arises from unequal cluster sizes. If clusters contain the same number
of units, all estimators discussed would be the same, and the idea of choosing the “best”
estimator would be nonexistent. However, varying cluster sizes are intrinsic to CREs. Hence,
in this paper, we account for cluster sizes by sampling clusters with probability proportional
to size. Estimating PATE can then be done with the HT-PPS estimator. The HT-PPS
estimator is an attractive alternative to SRS-based estimators since it is intuitive, unbiased,
efficient, and location-invariant. We also derive two conservative variance estimators for the
sampling variability of the HT-PPS estimator.

Stratification and blocking can still be used to further reduce the sampling variability,
but with PPS sampling, other more important covariates can be used instead of cluster size.
We have done some work on how stratification may affect the HT-PPS estimator, but we

plan to expand on it to include blocking.

'Some of the estimated SEs for the PPSWOR designs are negative, but performance analysis is based
only on the positive values.
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Chapter 3

Best Practices for

Cluster-Randomized Experiments

3.1 Introduction

The primary objective of a randomized experiment is to estimate the average causal effect of
a treatment, but an equally important secondary objective is to estimate the standard error.
The standard error gives an efficiency measure on how well the treatment effect was estimated
and is pivotal in the planning and inferential stages. Hence, the goal, if possible, should be to
simultaneously estimate both the treatment effect and the standard error efficiently. While
most methodologists agree that use of prognostically important covariates will help minimize
the standard error, there is no consensus on which method will be the most reductive. This
is especially true in the case of cluster-randomized experiments (CREs), in which treatments
are randomized to group of units instead of straight to individual units. These kind of
experiments are commonly implemented when treatment randomization is more practical or
cost-effective at the cluster level (e.g., teaching methods are randomized to classes instead
of individual students). However, having a cluster as the experimental entity leads to a

significant loss in efficiency as compared to unit randomized experiments. This increase
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in estimation variability comes from responses being considerably more different between
clusters, particularly when cluster size—number of individuals in a cluster—varies greatly.

Under the Neyman-Rubin model of potential outcomes, both treatment and standard
error estimation are affected by choice of estimator and experimental design. Some authors
may choose to keep the design simple and incorporate covariate information directly into the
estimator instead. These include the Hajék (HJ), difference-in-means (DIM), and Des-Raj
(DR) estimators. Both the HJ and DIM utilize covariate information as ratio estimators,
and the DR as a regression estimator. On the design side, CRE experts generally recom-
mends stratification, blocking, or pair matching to improve treatment estimation. Xiong
and Higgins (2020) also showed that sampling clusters proportional to cluster size is an-
other attractive design alternative. These design methods use a covariate to group similar
clusters for either sampling or treatment randomization. The Horvitz-Thompson estimator,
which integrates the design into the estimator, is then typically used to estimate the average
treatment effect.

Previous design-based research treated these two aspects separately, either comparing
the benefits of the different designs (see, Donner (1998); Donner and Klar (2004); Imai et al.
(2009); Imbens (2011)) or the estimators (see, Middleton and Aronow (2015); Xiong and
Higgins (2020)). Moreover, while some of these works do discuss standard error estimation,
it is usually in terms of the highlighted method only. In general, exploring how these various
methods may affect their standard error estimation is understudied. Seeing how all of them
serve the same purpose, we now synthesize them into one comparison to see if there is a best
method for both treatment estimation and standard error estimation.

Using simulated data based on the National Solidarity Programme (Beath et al., 2013),
we find that HT under PPSWOR sampling is the best at estimating both the average treat-
ment effect and the standard error, even with a small number of sampled clusters. This is
only method that seems to simultaneously minimize the variance for both the PATE and SE

estimation. The other methods tend to have an opposing effect. Those methods (e.g., strati-
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fication, matched-pairs, DIM, HJ and OLS with clustered SE) that are helpful in estimating
PATE tend to have more error in estimating the SE.

This paper is organized as follows. Section 3.2 explains the potential outcome framework
under which we are working and defines the specific average treatment effect we are measur-
ing. Section 3.3 expresses the design-based estimators in general form and provides a short
comparison, and section 3.4 describes the different designs common for CREs . Section 3.5
addresses the challenges of standard error estimations. Section 3.6 presents the simulation

results, leading us to our conclusions on designing and analyzing CREs in Section 3.7.

3.2 Potential outcomes framework

Suppose there is a finite population of n units grouped into ¢ clusters. This partition of
units is done without researcher intervention. Allowing cluster size, the number of units in
a cluster, to vary, let n, be the number of units in cluster c. Denote the k"™ unit in cluster
c then as (k,c). Each unit (k,c) has a potential outcome for treatment ¢, representing the
value of the unit if it receives treatment t, designated as yi. Here, t = 1 for treated and
t = 0 for controlled. We use “treatment” or “treated” to sometimes refer to t = 1 specifically
and sometimes in general to t € {0, 1}, but the case should be clear contextually.

To assess the efficacy of a treatment, researchers are often interested in the population

average treatment effect (PATE),

Ne

5= Z Ykc1 ; Ykco — 11 — g, (3.1)

c=1 k=1

where

¢
1y = Z Yket (3.2)

However, as a unit is either given treatment or control and not both, only yr.; or yr.o can

be known for each unit. In CREs, this is entirely dependent on the treatment assignment of
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the unit’s cluster, which is formally summarized in the Neyman-Rubin model of responses.
Let T,; be the cluster treatment indicator variable—that is, T.;, = 1 if cluster ¢ is assigned
treatment ¢ and T,; = 0 if not. A unit’s response, following the Neyman-Rubin model, can

then be written as:

ch - ykcchl + kaOTCO (33)

- ykcchl + ykc()(l - Tc ) (34)

The model is nonparametric as responses do not have any distributional assumptions. Vari-
ations in responses instead are assumed to arise from the experimental design. However,
within the model is the stable unit treatment value assumption (SUTVA), which necessi-
tates that a unit’s response is not affected by another unit’s treatment assignment. This
assumption needs only hold for units across clusters and not within clusters in CREs since
all units within the same cluster are given the same treatment.

We also assume that treatments are symmetrically assigned (Miratrix et al., 2013). That
is, every combination of assigning the #7; treated clusters is equally likely. Completely
randomizing treatments to clusters satisfies the treatment symmetry assumption. If clusters
are stratified, randomizing treatment within stratum but independently across strata also

satisfies this assumption.

3.3 Estimation of PATE

Since the PATE requires that both potential outcomes be known for each unit, the PATE
is not observable and must be estimated. Estimating it with a CRE involves at least three
stages of randomization: sampling clusters, assigning treatments, and sampling units within
clusters. To represent each of the randomization stage, we define three indicator variables.
Let S. be the cluster sampling indicator, T,; be the cluster treatment indicator, and Sk.

be the unit sampling indicator. A unit’s response is then only observed if it is sampled
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from a treated cluster (i.e., S.7.:Sk. = 1), and the probability of this occurring, denoted as
ket = P(S:TeSke = 1), plays an important role in estimating the PATE efficiently. Here,
we list the most common estimators used to analyze CREs and provide a summary of their

merits.

3.3.1 Horvitz-Thompson estimator

The Horvitz-Thompson (HT) estimator of the PATE uses 7y to inversely weight each unit’s

response (Horvitz and Thompson, 1952). The HT estimator can be written as

bur = Zn: > kaIikijSkc ~ Z 3 peeoSe TS, (3.5)

(g c*=1k*=1 0
From eq. (3.5), it is clear to see that the HT estimator is unbiased for any design in which
the inclusion probabilities are known, but it can be very imprecise under simple random
sampling (SRS). Thus, it is most commonly used in more economic designs to offset the
inefficiency in this estimator. The HT estimator is also, surprisingly, not location-invariant
under SRS, and so, any transformation with a constant shift in potential outcomes will affect

the PATE estimation.

3.3.2 Ratio estimators

A ratio estimator has the form

Z M %
5 ZC_ Dy WrerUket SelerSke Dy Dopiey WheeoYhr 0S¢ Tero Skeer
)
Q= _
Zczl Zkzl wk’clScTclSkc Z *—1 Zk* 1 Wi e *OSC*TC*OSk*c*

(3.6)

where wy is the weight for each response. Defining wye = 1/mke will give the Hajék (HJ)
estimator (Hajek, 1971) and wye = 1 will give the difference-in-means (DIM) estimator.
Both estimators are biased, but they tend to vary less, even with as simple a design as SRS.

Ratio estimators are particularly useful when the population size n is not a known quantity.
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3.3.3 Des-Raj estimator

The Des-Raj (DR) estimator adds a regression component to support the design-based esti-

mation in the HT estimator (Middleton and Aronow, 2015):

5DR _ ZZ Yke1 SeTe1 Ske _ gi TSl

c_l ) Tkel 1 Tel
. (1 Z Z yk*c*OSC*TC*OSk*C* _ Q Z xc*tScTcO> (3 7)
e TTh*c*0 Moo Teo

where 6 is a regression coefficient of the cluster covariate x. and m is the inclusion proba-
bility of cluster given treatment ¢. The DR estimator is then able to discharge some of the
inefficiency from the HT estimator and still retain its unbiasedness if 6 is known or has been
previously estimated. Unfortunately, this is rarely the case, particularly since estimation of
the regression coefficients require knowledge about treatment assignment. Estimating 6 with

the sample data, though, will biased the estimator. The trade-off then may be insignificant.

3.4 CRE designs

Implementing a CRE design equates to specifying a method for each randomization stage:
sampling clusters, assigning treatment, and sampling units within clusters. While the last
two stages can affect estimation of PATE, especially the second stage, our focus is on the first
stage. The most common approach is to sample clusters via simple random sampling with-
out replacement (SRSWOR), but sampling schemes such as stratified sampling, match-paired
sampling, or probability-proportional-to-size without replacement sampling (PPSWOR), in-
corporate covariates that can improve estimation of PATE. Here, we explicitly describe these
different designs and present the inclusion probabilities under each of them. Plugging in 7.

into the estimators in Section 3.3 will give the specific form.
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3.4.1 Simple random sample of clusters

From the population of ¢ clusters, a SRSWOR of fixed size s is taken. The sample of clusters
are then randomly divided into two treatment groups. Let #7T; represent the number of
clusters given treatment ¢. From a total of n. units in a treated cluster ¢, a SRSWOR of s,
units is taken. It is possible to have this sample of units consists of all units in the cluster,
but since units are more similar within clusters, it is more cost effective to sample units from
different clusters. Therefore, under a SRSWOR of clusters,

#Tt Se

‘ n.

(3.8)

Thet =

A SRSWOR of clusters will randomly select a cluster, irrespective of how large or small
it is, with equal probability. As such, the HT estimator under this design tends to suffer
from large variability. Often, alternative estimators (e.g., DIM, HJ, and DR) are preferred
under this design since they can alleviate these issues, but they are not without their own

complications.

3.4.2 PPS sample of clusters

If the unit inclusion probability 7. are proportional to the outcomes yi., there will be
no variability between the cluster means. With no knowledge of the outcomes though, the
probability are instead chosen to be proportional to a covariate closely related to outcomes
for a similar effect. Cluster size is known to be a crucial covariate to consider and include
when analyzing CREs as it frequently serves as a substitute for other more predictive, al-
beit unknown, covariates. Therefore, accounting for varying cluster size when sampling
them will help to improve estimation efficiency. A probability-proportional-to-size without-
replacement (PPSWOR) sample will select a cluster with a probability of n.s/n, where s is
a fixed sample size of clusters. Once clusters are sampled, treatments are then completely

randomized to them, and within-cluster units can be sampled with SRSWOR. The inclusion
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probabilities for this design are

Tise
Tlet — # L . (39)
n

Sunter (1977) and Sunter (1986) outline two procedures to get a PPSWOR sample of
a general fixed size. The Sunter sampling methods will give exact PPSWOR sample if all
clusters have no more than n/s units; otherwise, the methods will give an approximate
sample that can incur estimation bias. While there are other possible methods, the sample

size is either random or limited to two; both of which are impractical for planning purposes.

3.4.3 Stratified random sample of clusters

Rather than use cluster size to directly sample clusters, stratified random sampling uses the
information to group clusters of similar size into strata. Suppose there are m strata with
¢, clusters and n, units in stratum u. In a stratified CRE, all three randomization stages
occur within each stratum and independently across strata. Within each stratum, clusters
are sampled with SRSWOR, treatments are completely randomized to sampled clusters,
and units are randomly sampled from sampled clusters. In other words, a CRE with a
SRSWOR of clusters are independently conducted in each stratum. Therefore, the inclusion

probabilities needs to be defined within each stratum wu as

T’LL cu
Theut = #g t e, (3.10)

ncu

where each notation is as noted in Section 3.4.1 but adjusted to be within each stratum.

The HT estimator is then given by
~ m Nt
dsT = — 0y 3.11
ST UZ:; - (3.11)

where the stratum HT estimator, 4, is of the form in eq. (3.5) but weighted by the stratum

inclusion probabilities in eq. (3.10).



3.4.4 Matched-pair random sample of clusters

A match-paired sample of clusters is structured similar to a stratified random sample. Using
a covariate like cluster size, pairs of clusters with the most similar covariate values are
grouped together. Define m as the number of pairs and n, as the number of units in pair
u. However, unlike in stratified random sample, clusters are not randomly sampled from
each stratum. Instead, pairs of clusters are randomly sampled together. Assume the #m
selected pairs are chosen with SRSWOR. Then treatments are randomized within pair such
that one of the clusters is given treatment and the other is given control, and lastly, units
are randomly sample within clusters. Thus, we need both the inclusion probability for a pair

u and the inclusion probabilities for units in the selected pair, which are respectively

w=—, 3.12
=1 (3.12)
1 Sey

ut = ———. 3.13
Tkcut 2 Mo ( )

Adjusting for the two-step sampling, the HT estimator for the matched-pair case is

N = U 5uSu
Sap = 3 (3.14)
—~nomy

where S, is the sampling indicator for pair u, 5u is the HT estimator in eq. (3.5) for pair u,

weighted by eq. (3.13).

3.4.5 Note on treatment randomization and unit sampling

The previous designs only alter the cluster sampling scheme to allow for inclusion of covari-
ate information while the cluster treatment randomization and unit sampling methods are
kept simple throughout. It is possible to also change them so that they may account for
covariate information too. For the treatment randomization stage, blocking is often used

in such situations. To be clear, blocking is distinguished from stratified sampling in that
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blocking is done on a sample, not on the population. In actuality, in both the stratified
and matched-pair sampling, since treatments are randomized within each stratum/pair, this
would be considered blocking. While this is not necessary and treatments can be randomized
completely at random to clusters sampled from either stratified or matched-pair sampling, it
seems silly to not also utilize this available information to balance treatment randomization.

Traditional design theory usually makes some existential assumption about blocks, either
that they are sample from a population of blocks (i.e., blocks are random) or that they
are a census of this block population (i.e., blocks are fixed). The stratified sampling in
Section 3.4.3 falls in the latter case whereas the matched-pair sampling in Section 3.4.4 is
of the former. In practice, though, it may be more reasonable to randomly sample with
SRSWOR and then perform blocking or matching on the sample units. For example, with
increased computation power, optimal blocks can be formed with distance metrics rather
than categorical factors. However, analyzing the PATE in this case is more challenging since
the blocks depend on which clusters are sampled. Conditioning on the sample of clusters
may help ease the analysis, though this requires more in-depth research.

If there are covariates taken at the unit level, they can be used to stratified the units for
more precise estimation of responses within clusters. Estimation can easily be modified to
integrate this additional intricacy [see (Xiong and Higgins, 2020)]. On the contrary, this will

not help improve estimation of responses between clusters, which is often more problematic.

3.4.6 Debates about design

Known to have larger variability than with unclustered data, CREs in practice frequently
implement blocking to eliminate some inefficiency. In general, CRE methodologists agree
that some form of blocking does help but dispute about the best form: blocking with more
than two clusters per block or blocking with just two clusters per block. The second one is
better referred to as matched-pair, which is similar in nature to the matched-pair sampling

described in Section 3.4.4. The precision gain in blocking comes from the increased treatment
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balance of similar clusters, and so logically, the matched-pair blocking would produce the
most balance and thus the greatest gain. Imai et al. (2009) vehemently advocates that

7 Nonetheless, there are some estimation

“pair matching should be used whenever feasible.
constraint on the SE that led authors, most notably Donner (1998); Donner and Klar (2004);
Martin et al. (1993) and Imbens (2011), to advise against the matched-pairs design and

instead endorse the general blocked design.

3.5 Estimation of SE

Estimation of SE in CREs must take care to capture the clustered nature of responses.
Otherwise, the estimated SE will be negatively biased, invalidating any inferential conclusions
drawn. Under the design paradigm, variances of estimators are derived directly from the
design so SE estimation naturally accounts for clustering and does not need to rely on
modeling assumptions or external adjustments. The general variance for any estimator in

Section 3.4 is

Var (5) = {Var (f11) + Var(fig) — 2Cov (i1, fio) | - (3.15)

Taking the square root of this expression will yield the true SE of an estimator. Estimation of
this quantity is based on a method-of-moments approach, in which each term in the variance
is estimated with its sample counterpart. The first two terms can usually be estimated,
though they have their challenges too, but the last term is not estimable. We first start
with a discussion of these issues under SRSWOR and PPSWOR and then broaden it to
the stratified and matched-pair cases. Because these formulae are rather lengthy, we do not
list them here but instead give their equation reference number. Full form of the variance

estimators are provided in the Appendices.
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3.5.1 Challenges with estimating the variance of /i,

The Var(ji;) terms for the HT estimator can be written in a closed form and estimated with
the Sen-Yates-Grundy (SYG) variance estimator. The SYG variance estimator is unbiased
under both SRSWOR [eq. (B.28)] and PPSWOR [eq. (A.33)] if the joint cluster inclusion
probabilities, 7., are known. The 7 . are easily calculated under SRSWOR but calculating
them exactly under PPSWOR, if at all possible, can be computationally cumbersome since
they depend on the specific PPSWOR sampling algorithm. Certainly, the 7. can either be
estimated with analytical approximations (Berger and Till, 2009; Lohr, 2010) or Monte Carlo
simulations (Fattorini, 2009), but they tend to work only when an exact PPSWOR sample is
collected. Even then, the approximation will bias the estimation, and without knowledge of
the m.v, it may be hard to say in which the direction the bias is. To work around the 7., the
with-replacement (WR) variance estimator [eq. (A.34)] can be used instead as conservative
estimates.

Both the DIM and HJ estimators (under SRSWOR) contain random quantities in their
denominator, so writing the Var(ji;) terms in a closed form is not easily possible. Instead,
the two estimators are linearized using the Taylor series, and the variance estimators are
derived based on this approximation [eq. (C.19) for DIM and eq. (D.13) for HJ]. As for the
DR estimator, since it is a variant of the HT estimator, the SYG variance estimator will also

be unbiased under SRSWOR [eq. (E.12)].

3.5.2 Covariance bound

To show why the covariance term is not estimable,

Cov(fi, fio) = E(fl1fio) — ppto (3.16)
1 V4 ne Mgt 1 {  ne
= E(fi1f10) — 2 ; C/Z#C ; ;;:—1 Yke1Yk*c'o — n2 ; ; Yke1Ykco- (3.17)
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Note that the last component of the covariance requires that cluster ¢ receive both treat-

ments, which is not observable. Using Young’s inequality, we can bound it with

ne Mt

¢
COVC(I&M [LU) :]E([I’ll&o) - % Z Z Z Z Yke1Yk=c'o

c=1 c'#c k=1 k*=1

L nc £ ne

e=1 k=1 =1 k=1

This covariance bound can be unbiasedly estimated with sample statistics, and using it in

the SE estimation provides a conservative estimate. This bound is used in all SE estimation.

3.5.3 Extension to stratified and matched-pair

All of the previous discourse on variance estimation still pertains to the stratified and
matched-pair cases but now the estimation is completed within stratum/pair. Both the
stratified and matched-pair sampling consists of an additional grouping level above cluster-
ing that needs to also be accounted for in the variance estimation. As all strata are observed
and all randomization is conducted within each stratum, the variance for stratification is

simply

Var <SST> - Em: Z—Zjvar (%) (3.19)

u=1
where Var (&L) would be the same as in eq. (3.15). Thus, all the components can be
estimated as mentioned in Sections 3.5.1 and 3.5.2. The matched-pair variance, on the other
hand, is not as straight-forward.

Since pairs of clusters are the sampling units rather than individual clusters, there is an

additional variance term to reflect this:

uzln um
T n2 62 - NNy Oy
LM (] —, C T (Myw — TuTw) 3.20
+;n2m( w)+;% T (T = Tum) (3.20)
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where 7, is the probability that any two pairs are sampled together. The first term measures
the within-pair variability while the last two terms correspond to the across-pair variability.
From eq. (3.15), estimating Var <5u> involves estimating the mean treatment variability,
which is not possible with the matched-pair design since the mean cannot be determined
from just one treated cluster. This is the main concern that critics of the matched-pairs
design cautioned against. Since there are multiple treated clusters within a stratum/block,
this is not a problem that the stratified /blocked design have. To circumvent this problem,
(Imai et al., 2009) changes the treatment randomization from occurring within pairs to
directly on the pairs. Note that the matched-pair sampling method in Section 3.4.4 does not

include this adaptation.

3.6 Simulation results

The National Solidarity Programme (NSP) is a community program to promote develop-
ment in rural Afghanistan villages and part of a political experiment to gauge its effect on
democratic processes. Among the objectives of this study is evaluating how the NSP may
change perspective on women’s political participation. Five hundred villages, ranging from
sizes 60 to 9000, were sampled and matched into pairs. Within each pair, one village is
randomly assigned to enroll into the NSP, and the other village serves as a control to enroll
after the experiment. As part of the program, a community council is elected to oversee and
budget projects. However, half of the council must be women and at least one of the projects
must be a priority for the women. After two years, ten head-of-household men and ten head-
of-household women from each village are selected for a follow-up survey. Respondents are
asked whether women should have equal decision making in the village council.

We conduct Monte Carlo simulations to compare the performance of each design. Poten-
tial outcomes are generated from a fitted LOWESS line of the NSP data before we run the

simulated experiments as outlined in Section 3.4. For PPSWOR sampling, the R package
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TeachingSampling is used to perform Sunter’s PPSWOR sampling. For stratified sampling,
the villages are divided into three different groups depending on cluster size (i.e., < 500,
500 — 1500, > 1500); the number of sampled clusters from each stratum is chosen to be as
close to the Neyman allocation as possible. For matched-pair sampling, clusters are also
paired based on the Euclidean distance of cluster size. For the male data, the average dis-
tance between clusters in a pair is 20.51 and for the female data, it is 15.86. We vary the
number of sampled clusters from 20 to 200. For ease, the number of treated clusters are
fixed to be half of the sampled clusters, but this will not drastically change the theoretical
results. The HT estimator is then used to estimate the PATE under SRSWOR, PPSWOR,
stratified, and matched-pair sampling. We also include the other estimators, DIM, HJ, and
DR, under SRSWOR of clusters. Adhering to realistic practices, the regression coefficient
for the DR estimator is estimated with the sample data, thereby biasing the estimator for
PATE. The OLS estimator with clustered SE, which is a popular choice in political studies
and is used in (Beath et al., 2013), is also considered.

Figure 3.1 presents the simulation results for estimating the PATE among male and
female responses. Across the sample sizes considered, the PPSWOR design performs the
best, having the lowest MSE. Therefore, PPSWOR sampling is significantly beneficial in
CREs, even more so than the standard design methods, especially when the number of
clusters available for experimentation is small. Note also that after sampling 45 clusters,
the PPSWOR samples are no longer exact, and yet, the bias accrued from approximating
the PPSWOR sample does not negatively impact performance. This is likely because the
largest cluster is only of 9000 units. A main hindrance of PPSWOR is the calculation of the
joint cluster inclusion probability needed for SE estimation. In our simulation, we were not
able to calculate the estimated PPSWOR SE for sizes greater than 40, even with analytical
approximation to the joint inclusion probability. However, with the WR variance estimator,
this is no longer a deterrent. Figure 3.2 shows that, with the use of the with-replacement

variance estimator, the PPSWOR design gives the smallest variance for a conservative SE
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Figure 3.1: The number of sampled clusters are 20, 40, 60, 80, 100, and 200. Results are
based on 10,000 simulations. The PPSWOR estimator have the lowest MSE for estimating
PATE, despite the bias from being approximately PPS after sampling 40 clusters.
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based on 10,000 simulations. Note that the OLS SE estimates are based on the robust
clustered SE estimator. Despite being based on with-replacement sampling, the PPSWOR
SE estimator is the most efficient, ensuring valid and more precise inferences.
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estimation '. This ensures valid and more precise inferences compared to all other methods
considered. The DIM and OLS estimators are also effective for PATE estimation albeit
biased. On the contrary, the estimated SE for these estimators are more varied than for
PPSWOR. Hence, while they are able to estimate the PATE efficiently (almost as good as

PPSWOR), being able to get a good measure of that efficiency is lost.

3.7 Conclusion

For its logistical ease, CREs suffer from statistical inefficiency as compared to traditional
unit-randomized experiments. To combat this, covariate information is employed to refine
treatment estimation, and there has been numerous approaches proposed to use it produc-
tively. These approaches can be either implemented in the design (stratification, matched-
pairs, or PPSWOR) or in the estimator (DIM, HJ, DR, or OLS). In our study, we evaluate
these methods for estimating the PATE and the SE in CREs under the Neyman-Rubin model
of potential outcomes. Based on our simulation results, we give these recommendations for

designing and analyzing CREs.

e With a smaller number of clusters recruited for experimentation, choosing the best
approach for effectively using covariate information is more imminent. With a larger
number of clusters, the differential gain among the approaches are less pronounced
when estimating PATE but not so for SE estimation. Hence, even with a large sam-
ple size of clusters, there are still reasons to carefully choose the design and analysis

methods.

e Given the covariate information of cluster size, PPSWOR is the most efficient among
all the included methods at estimating the PATE and SE. Therefore, it can guarantee

the smallest error in estimating the PATE and be able to give a good measure of that

!Some of the estimated SEs for the PPSWOR designs are negative, but performance analysis is based
only on the positive values.
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error. However, this only holds if the sample is close to being exactly PPS. The less
exact the sample is, the more bias the method will gain. In such cases, though, it
is recommended that clusters be stratified first based on another covariate and then

PPSWOR sampling may be conducted within strata.

e The OLS estimator is still a popular choice amongst researchers, despite its well-
known drawbacks such as biased treatment estimates and negatively biased estimated
SE. Clustered SEs are then often used to avoid giving under-estimated SE. While it

certainly does give conservative estimates, it may be sacrificing too much precision.

e To fully answer the question of stratification/block versus matched-pair, there still

needs to be more in depth research.

CREs have grown in popularity, and so the need for a guide on the best methods for designing
and analyzing these experiments is more necessary. We certainly do not claim to have

achieved this endeavor, but this paper strives to further advance it.
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Chapter 4

analyzeCRE: an R package for
analyzing cluster-randomized

experiments using potential outcomes

4.1 Introduction

Cluster-randomized experiments (CRE) are gaining prevalence, particularly among political
studies [Hansen and Bowers (2009), Beath et al. (2013), Avdeenko and Gilligan (2015)],
public health [Hayes and Moulton (2009)), psychology (Paluck (2009), Raver et al. (2009),
Cilliers et al. (2016)], education [Springer et al. (2010), Carlson et al. (2017)], economic
studies [Hidrobo et al. (2014)] and medical trials [ Grandes et al. (2009)]. With such a
growth in popularity, there is a need to create a tool to aid in analyzing these type of
experiments. To this end, the R package analyze CRFE is developed to analyze the population
average treatment effect (PATE) for CREs under the Neyman-Rubin model of potential
outcomes. To our knowledge, there are currently only two packages, estimatr (Blair et al.,
2020) and experiment (Imai et al., 2019), that provides CRE analysis from a non-parametric,

design-based framework.
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Under a non-parametric framework, randomness in responses are assumed due to the ex-
perimental design. Therefore, analysis of the PATE requires that clusters be sampled from
a population of clusters, treatment are assigned at random to sampled clusters, and units
are sampled from the population of units within sampled clusters. Typically, clusters are
randomly chosen with simple random sampling (SRS) to be in the CRE and then estimated
with either the Horvitz-Thompson (HT) estimator or the difference-in-means (DIM) estima-
tor. However, these estimators are less than ideal since they either are significantly inefficient
(i.e., HT) or biased (i.e., DIM). Alternatively, Xiong and Higgins (2020) demonstrates that
sampling the clusters with probability proportional to (cluster) size can lead to efficient and
unbiased estimation of the PATE. The proposed package analyzeCRE is an analytic com-
panion to this body of theoretical research. It also include the standard estimators of HT,
DIM, Hajék (HJ) and Des-Raj (DR) under a SRS or stratified sampling of clusters. As such
it is is a more comprehensive estimation tool compared to the other two available packages.
The estimatr package only have the HT and DIM estimators, and the experiment package
is limited to the matched-pairs design of CREs.

This chapter aims to showcase the functionality of the analyze CRE package for estimating
the PATE in CREs and to promote the applicability of the PPSWOR sampling scheme in
CREs. This paper is organized as follows: in Section 4.2, a review of the the Neyman-
Rubin causal model and a summary of the different estimators are given. In Section 4.3,
the functions under the package are specified with a description of how to implement them.
Finally, in Section 4.4, a simulation example about teachers workload is provided to illustrate

the ease and capability of the analyze CRE package.

4.2 Theoretical framework

Suppose there is a finite population of n units grouped into ¢ clusters. This partition of

units is done without researcher intervention. Allowing cluster size, the number of units in
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a cluster, to vary, let n. be the number of units in cluster c. Denote the £ unit in cluster
c then as (k,c). Each unit (k,c) has a potential outcome for treatment ¢, representing the
value of the unit if it receives treatment ¢, designated as yi.. Here, t = 1 for treated and
t = 0 for controlled. We use “treatment” or “treated” to sometimes refer to ¢t = 1 specifically
and sometimes in general to ¢ € {0, 1}, but the case should be clear contextually.

To assess the efficacy of a treatment, researchers are often interested in the population

average treatment effect (PATE),

where

¢
1y = Z ykct. (4.2)

However, as a unit is either given treatment or control and not both, only yg.1 or yr.o can
be known for each unit. In CREs, this is entirely dependent on the treatment assignment of
the unit’s cluster, which is formally summarized in the Neyman-Rubin model of responses.
Let T,.; be the cluster treatment indicator variable—that is, T,; = 1 if cluster c is assigned
treatment ¢t and T,; = 0 if not. A unit’s response, following the Neyman-Rubin model, can

then be written as:

ch - ykcchl + ychTCO (43)

= ykcchl + ykc()(l - Tcl)- (44)

Since the PATE requires that both potential outcomes be known for each unit, the PATE
is not observable and must be estimated. Estimating it with a CRE involves at least three
stages of randomization: sampling clusters, assigning treatments, and sampling units within
clusters. To represent each of the randomization stage, we define three indicator variables.

Let S. be the cluster sampling indicator, T, be the cluster treatment indicator, and Sy. be the
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unit sampling indicator. Estimation of the PATE then depends on how the randomization
is specified in each stage. We primarily allow the cluster sampling scheme to change and
assume that treatments are randomized completely at random to sampled clusters (except
for stratified sampling, in which treatments are assigned within stratum) and that units
are sampled within sampled clusters via SRS. Denote #7; as the number of clusters given

treatment ¢ and s. as the number of units sampled from cluster c.

HT estimator under PPSWOR

Cluster size is known to be a crucial covariate to consider and include when analyzing CREs
as it frequently serves as a substitute for other more predictive, albeit unknown, covariates.
Therefore, accounting for varying cluster size when sampling them will help to improve
estimation efficiency. A probability-proportional-to-size without-replacement (PPSWOR)
sample will select a cluster with a probability of n.s/n, where s is a fixed sample size of
clusters. The HT estimator under PPSWOR sampling, referred to as HT-PPS, for PATE is

then

l Ure

n l

e ScTcl - ykclskc SC*TC*O yk*c*OSk*c*

OHT,PPS = Z o, Z o 7T, Z .. (4.5)
k=1 ¢ cr=1 k=1 ¢

The HT-PPS estimator is unbiased and precise in estimating PATE.

c=1

However, it is usually criticized for two things: (i) there is not an approach that can get
an exact PPSWOR sample of clusters, and (ii) the variance estimation depends on the joint
cluster inclusion probabilities 7. for ¢ # ¢, which are not always readily available. For the
first criticism, Sunter (1977) and Sunter (1986) outline two procedures to get a PPSWOR
sample of a general fixed size. The Sunter sampling methods will give exact PPSWOR
sample if all clusters have no more than n/s units; otherwise, the methods will give an
approximate sample that can incur estimation bias. For the second, the with-replacement
(WR) is supplied, which do not need the 7. The SYG PPSWOR variance estimator is also
given, though this will require the .. Exact formulation of these variance estimators are

given in Appendix A.
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HT estimator under SRSWOR

The HT estimator assuming clusters are sampled with SRSWOR (HT-SRS) for PATE is

defined as:
l n 0 N %
e ScTcl Ne - Yke1 Skc Sc* TC*O Tex - yk*c*OSk*c*
1) =/ — e _— - 4.6

Unbiasedness of the HT-SRS estimator surely recommends it as an appropriate estimator of
PATE, but it can be criticized on two counts. The first is that the estimator is known to
have huge variability since it does not account for varying cluster size. Larger clusters will
have greater sums of responses whereas smaller clusters will have smaller sums. The second
is that it is not location-invariant. The HT-SRS estimator will only be location-invariant
when the number of treated wunits (not clusters) is equal to the number of units assigned to
control, something of which researchers cannot control. Lack of location-invariance will not
affect the unbiasedness of the estimator, even for linearly transformed outcomes, but this
problem presents itself in the variance calculation. The variance will change as a changes.

The conservative SYG variance estimator for the HT-SRS estimator is given in Appendix B.

Des-Raj estimator under SRSWOR

The DR estimator under a SRSWOR of clusters for PATE can be written as (Middleton and
Aronow, 2015):

14

e ScTcl Ne
) =/ —
DR,SRS 2 T

Ne

]

k=1
N Yprer0Skeer 0 ( n)
Yrrerodkrer Lo 4,
Z SC* nc* " g ( 7)

k*=1

L

y Z SC*TC*O T
c*=1 #TO n

where 6 is a regression coefficient. Note that the first part of the DR estimator is the HT-
SRS estimator. To alleviate the faults of the HT-SRS esimator but retain unbiasedness,

the DR estimator includes a regression component on cluster size. The DR estimator is
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also generally less varied than the HT-SRS as the cluster size covariate directly explains for
the variability intrinsic to the HT-SRS estimator. Unfortunately, the solution itself poses
a problem. Estimating the regression coefficient # will biased the estimator. Having an
estimate of 0 prior to the experiment will eliminate the bias, but this is often not feasible.

The conservative SYG variance estimator for the DR estimator is given in Appendix E.

Difference-in-means estimator under SRSWOR

The DIM estimator under SRSWOR sampling of clusters for PATE is:

Z n, K N e*
20:1 ScTn chzl ydekc B Zc*zl SC*TC*O Zk*:l yk*c*OSk*c*
¢ [ :
ZC:l SCTClSC Zc*:l SC* TCOSC*

3D1M,SRS = (4.8)

The DIM estimator, being elegantly simple, is favored among many CRE experiments. Fur-
thermore, contrary to the HT-SRS estimator, it is efficient and invariant to location shifts.
However, it is biased, i.e., it does not estimate the PATE. The variance for the DIM estima-
tor is also difficult to write in a closed form. Therefore, a Taylor series linear approximation
is applied and the variance estimator is based on that approximation. The conservative

variance estimator for the DIM estimator is given in Appendix C.

Hajék estimator under SRSWOR

The HJ estimator under SRSWOR sampling of clusters for PATE is (Hajek, 1971):

. ¢ -
5 SRS — Z£:1 SCTClZ_Z ZZ:1 yk’clskc Zc*:l SC*TC*OZ? ZZ*:l yk*c*osk*c* (4 9)
DIM,SRS = — . )
Zi:l ScTclnc Zi*zl Sc* Teones

Similar to the DIM estimator, the HJ estimator is also biased for PATE, and the variance
estimation is also based on Taylor series approximation. The conservative variance estimator

for the HJ estimator is given in Appendix D.
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Estimation under stratification

Suppose there are m strata with ¢, clusters and n, units in stratum wu. Stratum can be
defined based on a categorical or discretized numeric variable. In a stratified CRE, all three
randomization stages occur within each stratum and independently across strata. In other
words, a CRE is independently conducted in each stratum. Estimation of the PATE under

stratification is then a straight-forward application of the above methods and is given by

Ssr = i %Su (4.10)
u=1

Var (SST> - i Z—%\//a\r <5u) (4.11)
u=1

~

where the stratum estimator, 9, can take on any of the forms we already mentioned above,
depending on the design used and estimator chosen. Currently, only the HT-SRS is supported

with stratification.

4.3 analyzeCRFE functions

The analyzeCRE R package contains the most common design-based estimators for analyzing
CREs as outlined in Section 4.2. Table 4.1 list the functions available in the package and
provides a simple description of each. We will then explain in more detail how to implement
these functions.

The first group in Table 4.1 are the estimation functions. Based on how clusters are
sampled and treatments are randomized to clusters, one of these functions can be selected to
provide estimates of the PATE and the variance. Note that for STRTHTvar (), treatment must
be randomized within the defined strata/pairs. If units are sampled within clusters, they
must be sampled with SRSWOR for all functions. The functions require that the observed
data be summarized already by clusters. Then the input data for the estimation functions

are:
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Function Description

PPSest () Calculates the estimated PATE and variance using the HT estimator
assuming that clusters are sampled via PPSWOR

HTest () Calculates the estimated PATE and variance using the HT estimator
assuming that clusters are sampled via SRSWOR

STRTHTest () Calculates the estimated PATE and variance using the HT estima-
tor assuming that clusters are sampled via SRSWOR within defined
strata and treatments are assigned within strata/block

MPHTest Calculates the estimated PATE and variance using the HT estima-
tor assuming that pairs of clusters are sampled via SRSWOR and
treatments are assigned within pairs

HJest () Calculates the estimated PATE and variance using the Hajék estima-
tor assuming that clusters are sampled via SRSWOR

DIMest () Calculates the estimated PATE and variance using the DIM estimator
assuming that clusters are sampled via SRSWOR

DRest () Calculates the estimated PATE and variance using the DR estimator
assuming that clusters are sampled via SRSWOR

getSampleClust () Samples clusters via Sunter’s PPSWOR, SRSWOR, or stratified sam-
pling

getTrtClust () Conducts treatment randomization completely-at-random, within de-

fined blocks, within pairs, or on pairs
getWithinSample () Conducts within cluster sampling of units via SRSWOR

getSampleData() Combines  the  getSampleClust(), getTrtClust (), and
getWithinSample() to get sample data

Table 4.1: Summary of functions in the analyzeCRE package
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n.clust: number of clusters in the population

e n.units: number of units in the population; not necessary for DIMvar () and HJvar ()
e clustersum: sum of responses for each sampled cluster

e clustervar: variance of responses within each sampled cluster

e trtindex: treatment indicator for each sampled cluster; t=1 for treated, t=0 for control
e clustersize: number of units in each sampled cluster

e withinsampsize: number of sampled units from each sampled cluster

e ppsvartype: indication of which variance estimator should be used when estimating

«.

the HT-PPS variance; choose from “wor” (SYG without-replacement) or the default

14

wr” (with-replacement); only need for PPSvar ()

e jointprob: an {x{ matrix of joint cluster inclusion probabilities; only need if ppsvartype

is selected as “wor”

e opt.theta: optimum theta for the DR estimator if known; defaults to NULL and will

be estimated with sample data; only need for DRvar ().

The estimation functions will output a labeled vector of size 2, in which the first entry is the
PATE estimate and the second is the SE estimate.

Unlike other packages, this package provides two different variance estimators for the
HT-PPS estimator. The WR variance estimators do not require the joint cluster inclusion
probabilities. Therefore, users can still get an estimate for the variance even if they do not
have the joint probabilities, which is the more realistic case. However, users can still opt to
use the SYG without-replacement variance estimator if they are fortunate enough to have
the joint probabilities or wish to approximate them. R packages such as jipApproz (Sichera,

2019) can be used to approximate the joint probabilities analytically or through simulations.
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While the focus of the package are the analysis functions, we also include functions
that help with the design side. After all, successful analysis is a reflection of designing
proficiently. These functions are in the second group of Table 4.1. The getSampleClust(),
getTrtClust (), and getWithinSample () functions constitutes the randomization stages of
a CRE. They can be employed individually or together in the getSampleData() function.

The inputs for the latter function (the previous ones have the same inputs) are:
e clusterid: an ¢ x 1 vector labeling each cluster
e clustsize: an £ x 1 vector indicating the number of units in each cluster

e samp.method: choose between “SRS,” “PPS” (using Sunter’s algorithm), or “STRTSRS-

BLK” (SRSWOR of clusters within strata); default is “SRS.”

e stratum: name of categorical variable used for stratification; only needed if samp.method

is selected as “STRTSRS-BLK”

e c.stratsize: an m X 1 vector indicating the number of clusters in each stratum; only

needed if samp.method selected as “STRTSRS-BLK”

e strat.sampsize: an m X 1 vector indicating the number of clusters to be sampled

from each stratum; only needed if samp.method selected as “STRTSRS-BLK”
e no.sampclust: number of clusters to be sampled
e no.trtclust: number of treated clusters; defaults to half of no.sampclust

e perc: a proportion indicating what percentage of the cluster units should be sample;

default is perc=1 in which all units are sampled from a cluster

e withinsampsize: (optional) an ¢ x 1 vector indicating how many units to sample from

each cluster; alternative to perc

e unitid: (optional) an n x 1 vector labeling units in the population
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The function(s) will randomly select clusters based on the method specified in samp.method,
randomly assign treatment to the sampled clusters, and randomly select units from each
sampled clusters. It will then output a data frame of sampled units designating their cluster,

the treatment assignment of cluster, and the cluster size.

4.4 Example

The database teachers contains information about the workload of teachers in the Maricopa
County, AZ public schools in 1994. These databases are available in the R package SDaA
(Verbeke, 2014). In this example, the 310 teachers are the units of interest and the 31 schools
serve as the clusters. Suppose that a PPSWOR sample of 26 schools, with half to receive
a treatment, is desired for a cluster-randomized experiment. The function getSampleData

can help with setting up this design:

> teachers = SDaA::teachers

> clustersize = table(teachers$school)

> schoollab = sort(unique(teachers$school))

> sampledata = getSampleData(clusterid = schoollab,
+ clustsize = clustersize, no.sampclust = 26,

+ samp.method = "PPS")

> sampledatal[1:6,]

clusterid.unit unitid clustsize sampclustindex trtclustindex

2 2 4 1 0
2 3 4 1 0
2 4 4 1 0
2 5 4 1 0
3 6 7 1 1
3 7 7 1 1
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This output excerpt informs the user that schools 2 and 3 are sampled, and that school 2
is control while school 3 is treated. In this case, all units were sampled from each treated
cluster, so all four teachers (unitid 2-5) from school 2 are included.

Suppose that the treatment is expected to reduce the number of hours teachers are

working at school. To represent this, we simulate the potential outcomes as

\4

set.seed(838996)

> rows.na = which(is.na(teachers$hrwork))

> teachers = teachers[-rows.na,]

> schoollab = sort(unique(teachers$school))

> clustersize = as.numeric(table(teachers$school))

> trtresp = 0.894*teachers$hrwork - 3 + rnorm(n = 307)
> contresp = teachers$hrwork + rnorm(307)

> pate = mean(trtresp - contresp)

> pate

[1] -6.505042

The first two lines eliminates teachers who did not report the number of hours they worked,
leaving 307 teachers in our supposed population. Assuming that there is treatment hetero-
geneity, the simulated average treatment effect for the population is -6.51. It is reasonable
to think that the response of hours worked might be correlated to the number of teachers
at a school, and so doing a CRE with PPSWOR sampling of clusters can produce a more

efficient estimate. Running the code

> ppsest = PPSvar(n.clust = 31, n.units = 307,

+ clustersum = sampledata$clustsum,

+ clustervar = sampledata$clustvar, trtindex = sampledata$trtindex,
+ clustersize = sampledata$clustersize,

+ withinsampsize = sampledata$withinsampsize)
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> ppsest
PATE.EST SE.EST

-7.078663  2.379460

gives a PATE estimate of -7.1 with an estimated standard error of 2.38. This estimate is

comparable to the true simulated PATE of -6.51.

4.5 Conclusion

Cluster-randomized experiments, though logistically easier to implement and more cost-
effective, are challenging analytically. Standard methods available are either biased or dras-
tically inefficient. On the other hand, sampling clusters with probability-proportional-to-size
can alleviate these undesirable properties. The HT estimator of PATE under PPSWOR
sampling has been proven to be unbiased and as efficient as the favored difference-in-means
estimator. It has also been shown that the WR variance estimator, while conservative, will
give more precise standard error estimates without the need for the joint cluster inclusion
probabilities.

The few existing R packages that focus on analyzing CREs do not have the HT-PPS
as an option to estimate PATE, or if they do, they do not provide an alternative variance
estimator. Either the user must specify the joint probabilities or the variance will be cal-
culated under strong assumptions such as the constant treatment effect assumption. The
package analyzeCRE is created to fill this gap. The package also include many of the stan-
dard design-based methods, but it is the authors’ hope that with the analyze CRE package,

researchers will be more inclined to implement PPSWOR sampling in CREs.
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Chapter 5

Concluding Remarks

5.1 Summary of dissertation

Experiments, in the traditional sense, usually involve a limited number of experimental units
in a strictly controlled environment. However, with advances in technology and, we hope,
increased understanding in causal inference, researchers are constantly pushing these limita-
tions further back. In one such area is social science and public health, where experiments
can be widely conducted, even at a national level. Such experiments, referred to as ei-
ther field or social experiments, typically require the use of cluster-randomized experiments
(CREs), in which the treatments are randomized not to individual units but to a community
(commonly called cluster) of units. This not only help with logistic but also with budgeting.
Certainly, CREs do not fit the traditional definition of statistical experiments, and thus,
conventional methodologies will not be appropriate for analyzing them. For example, ordi-
nary least squares (OLS) is established with the supposition that treatments are assigned to
units. Using these methods will seriously underestimate the standard error, leading to spu-
rious inferences, since CREs are known to be less efficient. Consequently, analyzing CREs
are not as forthright.

Many methodologists have addressed this problem, using tools from both the parametric
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and non-parametric sides. In this dissertation, we favor the non-parametric approach and
work under the Neyman-Rubin causal model of potential outcomes. Under this model,
randomness in responses are a direct result of experimental design, which is felicitous for
estimating the population average treatment effect in CREs. Being able to quantify the
average causal effect of a treatment from a sample and then projecting it to the population
involves the use of randomization in the CRE design. Explicitly, it entails randomly sampling
clusters from a population of clusters, randomly assigning treatments to sampled clusters,
and randomly selecting units from the within cluster population of units.

The standard CRE design would choose clusters randomly with a simple random sample
(SRS) scheme, assign treatments completely at random to sampled clusters, and sample units
via SRS within sampled clusters. Then either a Horvitz-Thompson (HT-SRS) estimator or a
difference-in-means (DIM) estimator, incorporating the SRS design, is used to estimate the
PATE. However, these methods are less than ideal as the HT-SRS estimator is significantly
inefficient and the DIM estimator is biased. Other approaches have also been suggested
to help alleviate the large variability in the unbiased HT-SRS estimator. These include
design changes such as stratifying/blocking clusters and pair matching clusters or analytical
alterations such as the Des-Raj estimator.

The purpose of this dissertation is to render a thorough discourse on the design and
analysis of CREs and to proffer an alternative sampling design. In Chapter 2, we propose
that clusters be sampled with the probability-proportional-to-size (PPS) procedure instead
of SRS. The HT estimator under this design, referred to as HT-PPS, maintains the un-
biasedness of the estimator while decreasing the inefficiency that it suffers under SRS, all
while staying genuine to the design-based framework. That being said, the HT-PPS esti-
mator comes with its own challenges. The first being that getting an exact PPS without-
replacement sample of clusters is difficult when some clusters dominate cluster sizes (e.g.,
large metropolises). The second being that variance estimation depends on knowledge of

the joint cluster inclusion probabilities, which is frequently not possible. Confronting these
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two issues, we advocate using Sunter’s list-sequential algorithm to get a PPSWOR sample
of clusters and present a variance estimators for the HT-PPS estimator that is free from the
joint inclusion probabilities.

Chapter 2 serves as an introduction to the HT-PPS estimator, but in Chapter 3 we place
the HT-PPS estimator in scrutiny, juxtaposing it with the other favored design methods:
stratification and pair matching. There is an ongoing, and somewhat heated, debate about
the merits of stratifying/blocking versus pair matching. A secondary goal is to get some
insight on this question while the overall objective is to compare choices of designs and
estimators to see which is the most effective at incorporating covariate information. While
we did not get any additional intuition on which is the best between stratifying/blocking
and pair matching, we may have settled the question by proclaiming that PPSWOR is the
best, outperforming both in terms of having the lowest MSE when estimating PATE and the
lowest variance when estimating the SE. As a matter of fact, the DIM is the only estimator
that responds similarly to the HT-PPS for PATE estimation, but it is not as proficient in
estimating its SE.

Finally, in Chapter 4, we present a guide to our R package analyze CRE. This package is a
complementary companion to the theoretical work completed in this dissertation. It contains
functions that will execute estimation of both the PATE and variance for the HT-PPS, HT-
SRS, DIM, HJ, and DR and stratified estimators. With this freely available software and a
vignette on how to utilize it, the HT-PPS will hopefully be more tractable, and researchers
will be more persuaded to adopt the HT-PPS estimator in place of the DIM and OLS (with

clustered SE) estimators.

5.2 Future Research

Blocking is a common approach to improve estimation of treatment effects. In fact, it

may be the most common since hardly any experiment is ever conducted without some
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form of blocking, especially in CREs with its given lack of efficiency. However, the theory
of blocking always supposes this existential population of blocks, from which a sample of
blocks are taken. In practice, though, researchers do not sample blocks, and yet, they are
interested in generalizing results beyond the blocks they do have. It would make more sense
for researchers to sample clusters and then grouped similar clusters into a block based on a
covariate. With the growth in computation power, it is becoming the norm to optimally form
blocks using a distance metric on multiple covariates. Therefore, analysis of this design needs
to account for the increased error in sampling clusters instead of blocks and the increased
precision of optimal blocking. Besides blocking, one can also apply Neyman’s allocation to
the within-cluster sample size to minimize the total variability.

Even with the SYG and with-replacement SE estimators for the PPSWOR design, it is
possible to get undefined SE estimates (from negative variance estimates). Further adjust-
ments are needed then to prevent frequent undefined SE estimates.

Lastly, the work in this dissertation focuses solely on estimation, but the natural next
step would be inferential analysis. This includes hypothesis testing, power calculations, and
sample size computations. Central to all of these areas is the intracluster correlation (ICC),
which measures how similar responses are within cluster. Unfortunately, the ICC is difficult
to calculate when cluster size varies. There is still much research that needs to be done in

these areas, particularly when applied to CREs.
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Appendix A

Properties of HT-PPS estimator

Let S. be the indicator variable for sampling clusters, T,; be the assignment indicator for
treatment ¢, and Si. be the indicator for sampling units. We begin by computing expecta-
tions, variances, and covariances of these indicators under PPSWOR sampling of clusters.

These will be helpful in examining the properties of the HT-PPS estimator for PATE.

A.1 Indicator properties under PPS

Define m.» = E(S.S+) = P(S. = 1,S» = 1) as the probability of sampling both cluster ¢

and ¢.
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Conditional on the sampled clusters, units are sampled within a cluster using simple

random sampling, and this secondary sampling stage is independent of cluster treatment

assignment. Thus, the expectation of within-cluster sampling indicators are independent of

the cluster treatment indicators. Moreover, within-cluster samples are drawn independently

across clusters, and so for distinct units & and &’ in the same cluster ¢ or distinct units &

and k* in different clusters ¢ and ¢’
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E (SpeSie|S) = %
E (SkeSper|S) = ;Z
Var(Si|S) = -2 (1 B %)

COV(SkC, Sk/C’S) = E(SkCSkIC’S) — E(SkC|S)E(Sk/C‘S)

1
_ 5 (1_i>
NeNe — 1 Ne

78

(A.12)



A.2 Location invariance of HT-PPS estimator for PATE

Since,
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the HT-PPS estimator for PATE is location-invariant:
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A.3 Expectation of HT-PPS estimator for PATE
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A.4 Variance of HT-PPS estimator for PATE

From the property

Var(0) = Var(fi, — fig) = Var(ji) + Var(jio) — 2Cov(fiy, fio) (A.16)

each term is expanded upon to derive the variance of the HT-PPS estimator for PATE and

obtain a variance estimator.

A.4.1 Variance of HT-PPS estimator for population mean

Using the law of total variance,
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where 07,,, is the weighted variance of cluster means. Simplifying the second term:
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where 02 is the within-cluster population variance of potential outcomes under treatment t.

The variance for the HT-PPS mean estimator is then

¢
1 n 1 et
Var ([ :E—E—C2]E1——§:§:—“ tllery — 12
ar(fie,ur, SrS) ( Tt) 2 n,uct—i— ( Tt) > 2 s(s—l)ﬂt’ut T

1 c=1
1 : n
+E (ﬁ) > ~Var(ji) (A.20)
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l
1 Ne se\ 0%
A.4.2 Covariance of HT-PPS estimator for population means

Note that:
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The last equality comes from the fact that a cluster can only be given one treatment. There-

fore,

Cov(fi1,ur.pps, flo,urprs) = E(f1,u1 prsfiont,prs) — E(f1 ur,pes)E(fo ar,prs)

2(LE L3 ettt ),
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I T 3 s
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‘ 7r nen Lon?
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A.5 SYG variance estimator for HT-PPS

To get a variance estimator of &, we need to obtain estimators for each term in eq. (A.16).

A.5.1 SYG variance estimator for population mean

The SYG variance estimator is

(s—1) NN 1
V = =L S(:Tc SC’TC’ Ac - AC’ 2
() z; e | SIS T — o

S Tct Ner—
—I—Z T, EVar (ftct) (A.24)
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where

ol ) c 6@
Var(fiet) = (1 - —) —=. (A.25)

Ne /) Sc

The 62 is the sample variance of outcomes, which is unbiased for the population variance

02,. We will now show that the SYG variance is unbiased for Var(j;). This requires the

following;:
¢
Z Ne =N — N (A.26)
c#c
and
¢ ¢ " s
Zﬂ-cc’ = ZE<SCSC/> = E[Sc(s - Sc)] = ; (5 - 1) <A27)
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Therefore, the expectation is
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This is equal to eq. (A.20).
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A.5.2 Covariance bound

The covariance term in eq. (A.16) is not estimable because it requires that a cluster is given
treatment and control [note the last term in eq. (A.23)]. Therefore, the covariance needs to

be bounded. An estimator of this bound is given by

¢
— nene s(s — 1) | ST 4SoToy . .
COVC(/Ll’/JJO) - z :: : |:1 o 2 ( >:| : t,uclluc’(]

=1 ¢'#c n Tee! #TI#TO
1 < = 1. S.T,
cPclct | A2 X7 /A
_ - fle — Var(ji, } . A.29
P [, — Var(j) (A.20)

Taking expectation of the estimated covariance bound, we get:
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: 7TCC NNy 1 : n? 9 1 : n? 9
We next show that eq. (A.30) is no larger than eq. (A.23), using Young’s inequality.

Lemma 9 (Young’s Inequality). If a,b are nonnegative real numbers and p,q are positive

real numbers such that ]% + é =1, then

p q
< Y (A.31)
p q

Take p = ¢ = 2, then

‘ T Nen ton2
Cov(fi1,u1-PPS; floHT-PPS) = Z ( ( C_c 1) < 2C ) et e — Z —2 HelHeo
po S n —n
‘ s nen
> 33 (e
c=1 c#c
¢ ¢
1 nz , 1 n? ,
DI DB 1
c=1 c=1
= Cove(fi1,1r-PPS;s o, HT-PPS)- (A.32)

A.5.3 SYG variance estimator of HT-PPS for PATE

From eq. (A.28) and eq. (A.32), we see that

1 ¢
— 1 s(s—1) NeNes 1 . 9
Var(éurpps) = 5 [ - } ST SerTers (fler — flert)
32 2 O | ) e g ST T e — e
+ : ‘ Ne ScTct ~9
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t=0 c=1 n #T;f
¢
el nene | $(s —1) SeSeTaTwo . .
-2 — el fle A.33
;; |:S(s o 1) n? ] Tee! #Tl#TO fetfleo ( )

is a conservative bound for Var(dpr pps).
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A.6 With-replacement variance estimator of HT-PPS

for PATE

Since the variance estimator in eq. (A.33) requires 7., we also give an alternative estimator
that do not need the m... We use the same covariance bound as in the SYG variance

estimator but assume that the clusters are independently sampled and treated.

_ R L n. ST,
Varwr <5HT, PPS) = Z Z i (ﬂct - ﬂt)z

=0 =1 #1
l 1 l
2 ScSc’Tcch’O Uz ScTct ~92 N
_ _ ———————— U1 Mo + — |: c — Var c
S;d# T, Meheo ;2 ot ol (fice)

(A.34)
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Appendix B

Properties of the HT-SRS estimator

Let S. be the indicator variable for sampling clusters, T,; be the assignment indicator for
treatment ¢, and Si. be the indicator for sampling units. We begin by computing expecta-
tions, variances, and covariances of these indicators under SRSWOR sampling of clusters.

These will be helpful in examining the properties of the SRSWOR estimators for PATE.

B.1 Useful indicator expectations under SRS

Let S = (51, 5,...,5,) denote a random set of cluster sampling indicator variables under
SRS. For any distinct clusters ¢ and ¢’ and distinct treatments ¢ = 1 and ¢ = 0, the following
expectations hold under complete randomization of treatment to units, provided that S, =1

(and when applicable, So = 1):

E(S.|#T) = (B.1)
E(S.Su|#T)) = %% (B.2)
E (S2T2I4T) = B (S.Tul#T;) = E (S.E (Tl S) |#T))
_ Tlig (s,141)
_ # (B.3)
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]E(SCSC/TCtTC/t|#E) - E(SCSC’E(TctTc’tls) |#E)

= ﬂ#ﬂ — 1E<SCSCI|#E)
s s—1
 H#T(#T, - 1)
_ =T (B.4)
]E(SCSC’Tcch’Ol#Tla #TO) = E(SCSC/E(TCITC/O|S)|#TI7 #TO)
T, #T,
_ ?S#_Ol E(S.Su|#T}, #Tb)
_HT#T
_ T (B.5)
S2T2\ 1 272 _in( 2
() e i) () o
Var (S Tw|#T;) = # (1 - #) (B.7)
ScTct 1 1
Var ( T, ) = Var (ﬁE<SCTct’#E)> +E (#—Y?Var(ScTct\#ﬂ))
1 1 1
STt SeTe _ L L /T
Cos (S ST _ o (L BSTLHT), Bl Tl
1
+E (#,I? COV(ScTcta SC’TC’t|#,-Tt>>
=K #17-12 E(SCSC’TctTc’t|#E) - E(SCTCt|#E)E(SCITC/t|#E) )
£
1 1 1
-w2(-9m) - # .
ScTcch’O o 1 2
var (#Tl#TO) - (#Tl#ToE(SCTdT“'#T“ #T°))
1 1
~E (ﬁE(SCTcﬂ#TD) E (mE(ScTcOI#TO))
1
- -5 (B.10)
ScTcl Sc’Tc’O o 1
cov ( BT AT, ) - (#Tl#TOE<S€S€'T01Tc’°|#ﬂ’ #T°>>
1 1
—E (EE(SCTC”#Tl)) E (EE(SC/TC/0|#TO))
_ 1 1 B.11
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Conditional on the sampled clusters, units are sampled within a cluster using simple

random sampling, and this secondary sampling stage is independent of cluster treatment

assignment. Thus, the expectation of within-cluster sampling indicators are independent of

the cluster treatment indicators. Moreover, within-cluster samples are drawn independently

across clusters, and so for distinct units k& and k' in the same cluster ¢ or distinct units &

and k* in different clusters ¢ and ¢’

E (Sk:c|S) = Z_CC
B(S1cS0.l$) = 20
E (SkcSieo|8) = 757
Var(S[8) = (1 - Z—)

COV(SkC, Sk/c’S) = E(SkCSk/C|S) — E(Skc|S)E(Sk/C‘S)

1
_ 5 (1_2>
NeNe — 1 Ne

B.2 Expectation of HT estimator for PATE

For any treatment ¢,

S Tc Ne - c S c
E(fi, 1T sRS) ( Z #T: o Zyk;—k>
Uz ykct S Tctskc
_Ec_l Z Sc ( #T, )
. N Yket ScTctSkc
_e; - Z SC]E(E( T, s))
SE S ) E(Sk|S
( (#Tt ) (S ))
1
== Z = Z yeet (S
§ c=1 n k=1

_E;"cz

ykct
Sc
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Then 5HT7SRS is unbiased for ¢:

E( <5HT,SRS) = E(/11,51,8r8) — E(ft0,u7,5RS)

B.3 Variance of HT-SRS for PATE

B.3.1 Variance of HT-SRS for population mean

s,T>
S,T>

Let’s focus on deriving and simplifying each term separately. The first term:
S Tct nc - ykctSkc
l
( Z #1 Z; Se

s T>
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fz #Tt n :uct]

2 Nl ScTct Sc’Tc’t
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£ 9
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1 ! n? NN
:E F—— K <2 E 1— — c ct e’
(#Tt> ;ngﬂct‘i‘ < #T)ﬂ—lzz T Hethet

c=1 c'#c

By the law of total variance,

Var(fi; nr,srs) = Var .
C

STtnc - ykctSkc
(gz W1, n 2

+E (B.19)
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Vi 14
ar( Z #T, n &= s,

Var = Var

ST, e N Yhet Ske
gz #1; n (; Se

S,T)

= Var
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Since units are sampled independently across clusters, the second term is:

s,T>

2T2
E | Z LS?;ZTC; — Var (i S, T)

S Tct nc “ yk;ctSkc
V 12
ar( Z #1, n ,; Se
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Thus, the variance of the HT estimator for p; is

Var (/i )= |E 1yt Var(ﬁ >—|—E R gin_i | Be Var(ypet)
Mt HT,SRS) = T, 7 " Let o > ~ - !

(B.22)
where Var (% uct) is the population variance of weighted cluster means and Var(yx) is the

population variance of outcomes in a cluster.

B.3.2 Covariance of HT-SRS for population means

We derive the covariance term through the property:

Cov(fiur, srs) = E(fi1mr, srsflont, srs) — E(fuat, srs)E(four, srs)- (B.23)
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Note that:

STcnc - CSC ST/?”LC */Sc
A SRS_(ez #T;nzyk;—k>(z Tone zyk oSk )

ncnc Ykc1Yk=c'o S S TclT’OSk:cSk c
B 62 Z Z Z Z SeSe/ #Tl#TO

c=1 k=1 c'=1k*=1

ncnc Ykc1Yk*c'o S S TclT’OSchk c
B €2 Z Z Z Z SeScr #TI#TO ' <B24)

c=1 k=1 c'#ck*=1

The last equality comes from the fact that a cluster can only be given one treatment. Then:

ncnc c * o S S TC T/ S CS *
B rn, ssfosen s (ﬁzzz 3 e e SIS T TS )
coc 1 0

c=1 k=1 c’;éck*—l

ncnc Ykc1Yk=c'0o SCSC’Tcch’OSchk:*c’
SPRET Y s (S
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B £2 n nc Ykc1Yk=c OE e’ 2cl CO]E k¢! S.T
EEE e

nc C 1
= (2 Z Z = = 11 oo E (ME (SeSeTe Tuo|#T7, #To))

=1 c 750
- Z; e Hetiteo. (B.25)
Therefore: ,
Cov(fi1,ur, srs) EL Z Z nczc Hetfbero — fhafho- (B.26)
=1 ce!

B.3.3 Variance of HT-SRS estimator for PATE

From (B.22) and (B.26), the variance of the Horvitz-Thompson estimator of PATE is

Var <5HT,SRS> = Var (1 ur,srs) + Var (fionrsrs) — 2Cov(f ur.SrS, fo,HT,SRS)
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B.5 Linear transforms on HT-SRS estimator

Observe that, for any constants a, b:

S Tct nc (CZ + bykct)skc

fieserses(a -+ by) —EZ T
t

s
k=1 ¢

o S, Tct nc aSkc S, Tct nc S bykctSk:c
EZ ¥, n 2 s, T Z ) D

C

. STct nc - Skc STct nc > ykctSkc
aéz #T, n MZ #1i n ;

ST n,
= aéz #T: — + bty ur srs(y)

(4N,
_ a;j;]{ + b sas(y). (B.29)

Hence, the estimated PATE for linearly transformed outcomes via HT-SRS is

3HT,SRS(G +y) = finarsrs(a +y) — floarsrs(a+y)

(4N R {# N, .
= (QT;ZTI + ,Ul,HT,SRS(Y>) - (GHZTZ + b,UO,HT,SRS(Y))
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n

l N N A
_ (iTll — ?;T((:) + 5HT,SRS(Y)- <B30)

B.5.1 Variance of HT-SRS estimator for transformed outcomes

For linearly transformed potential outcomes, the variance will then be

. V4 N N, A
Var(dursrs(a +y)) = Var {a— <# L _ ¥ O) + 5HT,SRS]

n \#I1  #1o
P (5 58]
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Appendix C

Properties of the DIM estimator

Let S. be the indicator variable for sampling clusters, T,; be the assignment indicator for
treatment ¢, and S, be the indicator for sampling units. Suppose that #K = Zizl Sc 18
the number of sampled units and that #K; = Zizl Sc 1. is the number of sampled units

given treatment ¢. This section uses the indicator properties calculated in section B.1.

C.1 Linear transformation on DIM estimator for PATE
For any constants a, b,

A Sect SeTer onty (@ + byeer) Sie
fie,piv,srs (@ + by) = e
_ Zi:l SeTe Zgil ASke i Zi:1 ST Z?il bYpct Ske
#K, #K;
_ G#Kt i bZi:1 SeT 2221 Ynet ke
#K, #K,

= a+ by, pivsrs(Y) (C.1)

Since fi; prv,srs 1s linear,

5D1M,SRS(CZ +y) = pmvsrs(a +y) — flopivsrs(a +y) = SDIM,SRS- (C.2)
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C.2 Expectation of DIM estimator for PATE

Since the DIM estimator of p; is a ratio estimator, following Lohr (2010) and Middleton
and Aronow (2015), we can use the following relationship to calculate the expectation of the

DIM estimator. When both v and v > 0 are random, it can be shown that

E <%) - E(lv) [E(u) — Cov (%vﬂ . (C.3)

Given that,

l Ne
E (2 S.Tu kz katSkc) = Z Z ﬂiym (C.4)
c= =1

c=1 k=1

l 1
4T,
E (Z SCTCtsC> => Ttsc, (C.5)
c=1 c=1

the expectation of the DIM estimator for the population mean is

et SeTer 3ty ymSkc>

E(ﬂt,DIM, SRS) =E ( Zﬁ_ S.T..s.

[Z Z 2 et COV (fit,p1M, SRS, #Kt)] (C.6)

c=1 k=1 Me

Thus, the DIM estimator is biased for PATE:

E(SDIM,SRS) E(fi1,pmv,8rs) — E(fo,piv,srs)

{ nc
1 N Se l N
_ [ Z ~ ket - — Cov ({11,017, sk, #Kl)]

#K =1 k=1 € #Tl
1 Z nc* SC* C K
- #_K Cz_l kzﬂ n_c*yk*c*o - #_T ov (Ho DIM, SRS # o)
1 ¢ S
Ly, y>]
c=1 k= 1
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14 1
~ UK {ECOV (fu1,p10m, SRS, #K1) + %COV (f10,01, SRS, #Ko)}
¢

:Z#K(

Mc())

¢ 71 1
— #_K [ﬁCOV (,u1 DIM, SRS?#Kl) + mCOV (MO DIM, SRS;#KO):| : (C7>

The bias of the DIM estimator for PATE is

bi(ls(gD[M’SRs) E( DIM SRS)

n) (11— )

1 1
K {ﬁCOV (fi1,p1M, srs; # K1) + ECOV (fto,p1m, srs; #Ko) | -
(C.8)
C.3 Variance of DIM estimator for PATE
C.3.1 Variance of DIM estimator for population mean
Let
72;& = Zykctskca (Cg)
k=1
* - SC
Tet = Z n_cykct (ClO)
k=1
and
¢
Using Taylor series expansion, the DIM estimator can be approximated by
. ST (#
ft,DIM, SRS ~ #T: — 15 Se) - (C.12)
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Then

Var(fi: pim, srs)

14 L
1 ScTc ~ % * SC*TC* Ak *
~ #KQ Z Z €2COV |: #T; (Tct — My SC> ) #T;: : (Tc*t — My SC*):|

c=1 c*=1

ScTc A% * SC*TC* A %
#KZZZEQCOV< |: #Tt (Tct_lut80> S7T:|7E|:#—Ttt( Text lutsc) S,T:|)
c=1 c*=1
clc Ak * SC*TC* A*
Yy (cov |2t - wiso) B0 s ) ) (cay
c=1 c*=1

Focusing on the first term of (C.13):

L 14
ZZ£2COV( [?;Td(w 1ig Sc)

*T*
SJT:| 7E|: M (%:*t - M:SC*>

S

c=1 c*=1 #T%
4
ST, Sox T
DRIt | S = i) S e |
c=1 c*=1 #T;:
ScTct Sc*Tc*t)
= (78 — pise) (Toy — 1 Se Cov( :
;; ( t /J’t )( t ut ) #Tt #E

l
ST,
_ 2 * ok 2 ctct
= ;16 (T2 — 5 se) Var( Tt)

l
* * * * SCTC SC’TC’
T Z 262 (Tct — My 30) (Tc’t — My 30’) Cov ( #ﬂta #ﬂt)

c=1 cd'#c

Sl )e ] ey

c=1

IS [ ) a1 G s

c=1 c'#c
1 ¢ ‘
=E l o My Se)” — Tc*—,u*sc2
() 120 i = 3 = s
1\ ¢ <
+E(l1-— ] —— Toy — Wi Se) (Toay — 1y Se
< #Tt)g_lcg;;(t fi Se) (Toy — pySer)
¢
_ZZ(T:t i Se) ( i Ser)
c=1 #c
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61:1 0 1 < i
* * * * 2 * *
+E (1 - ﬁ) 71— 1 CZ:; e (7o — HiSe) (Toy — pise) — 4L [Z ; (75 — 1t Sc)]
_E(-L ei(f A li:( )2
- #T;f — ct i Se £ g Ky
1 -
+E(1_ﬁ) (g_lcz;c/z# ct — HtSc 1 Ser)
1 i
— [Z;(T; Htsc)])
- r (1 ’
=5 () 100 | 7y X - s g—lzcy utsa]
0 ¢ ¢
+E<1_ﬁ> (2_1;; Ter — M Sc 1 Ser)
¢ 1 < ’
e S r — ps — [ZZ@; ms»])
c=1 c=1

E(l#}t)é(jli(f;u:scfg% EZ(u)D
_p [E (ﬁ) g}var[( 5] (C.14)

The second term of (C.13):

STy . ST oy
KQZZ]E( { ( Mt50)7 4T, (T :utSC*>

c=1 c*=1
SeSexToyTr e
- 42 Z Z E |: #T; tCOV (Tct7 Tc*t>:|
c=1 c*=1

S2T2
2 1/ cct
=t Z ar ( (#T2>
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( #ﬂ) ¢ Z Var (Z ykctSkc>

c=1

_E ( #%) zcz 5 <1 _ n—) Var(yer) (C.15)

C

The variance of [i; prv srs is then

#1;
4t E(L)is (1_ﬁ)var< ) (C.16)
#I2\#T,) &= T n) T '

Vo, sus) = -1 [B () — 1] Varl(rs = i)

C.3.2 Covariance of DIM estimator for the population means

Based on the Taylor expansion in eq. (C.12),

Cov(fi1,p1Mm, SRS f0,D1M, SRS)

52 ¢ STcl A* ‘ Sc*Tc*O A% *
N#KZ Z #T, 13(;),; 4T, (7o — HoSe+)
l
Tc A c*tc
#KQZZCW( {S - (75— ise) S>T},E[S#?OO(T — [gScr) S,TD
c=1 c¢*=1
l
STt o _ ey ST
#K2ZZ ( [ - — 1iSe) s #TO(T — HoSe+) S,T})
c=1 c*=1

ScTcl SC*TC*O
c c* — 15 c* CO )
Y (s (i) oS o)

c=1 c*=1

0? ST 1T )
= E 7'* — *Sc TC* — *SC Var | ——
#K2 ( cl Hq ) ( 0 luO ) (#Tl#TO

s * ) C (ScTcl SC’TC’(])
Te c - Se¢/ ov ,
Lyly 1= Ho T
¢
1
c / c = U c = c 017
#K25_1;CZ¢C o — HiSe) (Too — HoSer) — #KQ;(TC]_ pse) (Té — Hose) )
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The third equality occurs because units are sampled independently across clusters and that
units in the same cluster are given the same treatments (i. e., Cov(Ske, Sk+e) = Cov(Ske, Skre) =
0).

C.3.3 Variance of DIM estimator for PATE

From eq. (C.16) and eq. (C.17), the variance of the DIM estimator can be approximated by

2 > 1 1
Var(dpmsrs) ~ nye Z {E (ﬁ) - ﬂ Var (77, — p5s¢)
=0

1

¢ 1\ <
t g L E (#_T) 25 (1 - n_> Var(yi)
#K2£—1ZZ (a0 = tase)

c=1 c'#c

+ 558 — i) (7 ). (1)

c=1

C.4 Variance estimator of DIM estimator for PATE

1 ¢
? T\ SeTo ——
Var <5DIM SRS) :Z #K2 Z < i t> #Ttv r (7o — Ay se)]
t=0 c=1 t
0 = S.Su T T )
- 2 o Tc*’ — A*SC/
#KQ;; AT #T, (T4 — fi1s )( ) )
1 ¢
‘e ScTct A~
+ (Fo — i se)” (C.19)
2 0 2 4,
where
¢
1
Var [( lu’t )] - #T;: 1 Z ScTct ( Mtsc)z . (020)
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Appendix D

Properties of Hajék estimator

Let S. be the indicator variable for sampling clusters, T,; be the assignment indicator for
treatment ¢, and Si. be the indicator for sampling units. Suppose that #N = Zi:1 ne is
the total number of units in sampled clusters and that #N; = Zﬁzl S.T.in. is the number
of units given treatment ¢. This section uses the indicator properties calculated in section

B.1.

D.1 Linear transformation on the HJ estimator for
PATE

For any constants a, b,

Eﬁ:l ScTct(Z_Z> Zil<a + WYket) Ske

fu i srs(a+by) = N
t
- Zi:1 SeTe(%2) D k1 @Sk n Zﬁ:l SeTe(%2) D et DYreet Ske
#N; #N;
S STa() S Ske |, M SeTua(3) Y03 e i
# Ny # Ny
N, .
= GiNz + bfitnysrs(y)
= a+ b srs(y) (D.1)
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Since [y srs is linear,

SHJ,SRS(G +y) = fumisrs(a +y) — floussrs(a+y)

— OHJsRs- (D.2)

D.2 Expectation of HJ estimator for PATE

The expectation of a ratio estimator is

B (%) = E(lv) [B(u) — Cov (%,0)] (D.3)

We first need to find the expectations of the numerator and denominator of the HJ estimator:

l e
E (; ScTct:_: ; ykctSkC> Z Z yk:ct_]E S TctSkC>

c=1 k=1

ne #1Sc
= Z Z Yket— 5, gnc

c=1 k=1

-7 3 (D.4)

c=1 k=1

(D.5)

Therefore,

4
]E (,[//t,HJ) #Nt E (Z ScTct fe Z ykctSkc> - COV (/lb #Nt)]
c=1
0 #LC i
= 4T A ; ; Yret — Cov (ﬂt; #Nt)]

106



Cov (fig, #N,) . (D.6)

o l
= Mt ATom

D.3 Variance of HJ estimator for PATE

D.3.1 Variance of HJ estimator for population mean

Since the numerator and denominator of the HJ estimator are random, finding the exact

variance can be difficult. We can use Taylor series linearization to approximate it:

y4
l
,ut HJ ~ ,ut + Zl Tct ,utnc #T;} ScTcta (D7)

where 7, = ZZ; et Ske. The variance of the HJ estimator is then

¢
4 14
Var (fit,my) #N2 Z Z Cov [#Tt (Tet — pene) Selet, ——= T, (Tert — pmer ) SexTeng | . (D.8)

c=1 c*=1

By the law of total (co)variance,

Var (,at,HJ) ~

¢
1 I
N E g Cov (E {ﬁ (Tet — pene) Sl

)
S

l
T E e A* — * *T*
87 :| 9 [#Tt (Tct ,utnc )Sc c*t

1 14 14
+ #N2 Z Z E (COV |:#T}/ (Tct ,Utnc) S Tcta #Tt (Tc*t - /I'tnc*t) Sc*Tc*t

c=1 c*=1
¢

1 / Y
- #N2 Z Z Cov (#,—Tt <TCt utnc)S TCt? #jvt (TC*t - ,utnc*)Sc*Tc*t>

c=1 c*=1

#N2 Z Z <#T2 COV (Tct — ,utnc), (7A'c*t — utnc*) S, T] ScSc*TctTc*t)

c=1 c*=1

52 ScTct Sc*Tc*t
- #N2 Z Z(Tct - :U/tnc)(Tc*t - Mtnc*)COV < #T;t ; #T;f )

c=1 c*=1
ScSc*TctTc*t
#N2 Z Z COV Tcta Tc*t S T) (#—T?)

c=1 c*=1
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¢

62 S Tct
= N Z(Tct — pyne)*Var ( T, )

STy STy
# Z Z Tet — /lftnc) (Tc’t thc’)COV < t, t)

=1 e #1,  #1,
I (82T S, T Tt
+ N2 ;V&r(Tct)]E ( 4T ) N Z Z Cov(Tet, Tert) ( 477 ) ,

c=1 c'#c

(D.9)

Since the cluster totals are independent across clusters, the last term of D.9 will be 0, and

SO
)4

2 1 1 1
Var (fin,ny) = W Z(Tct — pune)? {ZE (ﬁ) - 6_2}

1 1 1
- 2 D = e ()

c=1 cd'#c #,I;f

1 1
#N2 Z\/ar Tet)= (#Tt>

L

_ #}w ; [Eﬂ ( #1Tt> (- 1} (7ot — peme)?
0 2 = (- ) e e

c=1 c’;ﬁ
: 1
Var(74)E | —
+#N2; ar(7.) (#Tt)
l 4
1 1 1 )
5% () 030 (= = i 3 =)
1 1
+#N2E 1— 4T, ) 7 ;; Tet — i) (Tery — fgMer)
1
N2 ; Zﬁ:c Tet — lutnc Tc/t lutnc N2 ZV&I‘ (#E)
2
1 l

TN \#T et TS T g

c=1
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E(1l—-— B o /
iz ( #Tt>£—12 (Tet = puene) (Ten — pne)

= #}VQ ( T ) (ﬁi Tet — ane)” — O [2 i(m —umc)] 2)

1 c=1

1
pen (i L) <£_1;§ o ) (e — )
1 o :
_f2 [z;(ﬂ:t —Mtnc)] )

A ) 1
+ g 2 Varia)E (#_T)
i ’ 1L 2
Z Tet — ,Utnc) - g— [z Z (Tct - Mtnc)] )
o—1 —1

1 1
= (#n) 41

1 1 R
) (e

c=1 /=1

/—\

14

l 2 1 ¢ 2
-1 Z (Tet = pune)” — 2 [Z ; (et — “tnc)]

=1

1
#N2 Z\/ar Te)E (#Tt)
1 1
= #NQE (#Tt> (0 —1)Var [(Ter — pune)]
1 1 1 < ¢t |1 i
-t (17 ) ¢ (g—l D (= pune)* = 7= [z D (= Ww] )
¢ c=1 =
1
#N2 Z\/ar Tet) (#Tt)

1 1
= ¢ []E (ﬁ) — Z] Var [(7e — pune)] #N2 ZV& Tet) (#Tt> (D.10)
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D.3.2 Covariance of HJ estimator for population mean

COV(:&LHJa ﬂo,HJ)

NiCOV Z STl
N#Nz cl#

. SeTeo
Tel — HAM c Z TC*O — HoTex )]
c*=1 #To

14

T,
. S.T.
#NQ Z Cov ( |: #Tll T ;ulnc)

SC*TC*O ~
S, T|,E 0 — HoTer
| } { FT, o Honer)

)

c=1 c*=1
/l

#N2ZZ

c=1 c*=1

S TC Sc*Tc* ~
[ 1 (Ter — pane) #—TOO (Tero — HoNer) ‘S, T})

l

ScTcl SC* TC*O >
7-C nc Tc* Tlc COV 5
#W;; L ) (Teto = bter) (#T1 4T,

2 &

— SCTclTCO
 #N? Z (Ter — pane) (Teo — pone) Var <#T1#To)

S, S.Ty
QZZ (Ter — pane) (Teo — ,uonc)Cov( L 0)

c=1 d;ﬁc #Tl #TO

¢
1 1
#N? g -1 Z Z Tel — ﬂ’lnc) (7—0/0 — HoTe ) #N2 Z (7—01 — //Llnc) (TCO — Iuonc)

c=1 c'#c c=1

(D.11)

D.3.3 Variance of HJ estimator for PATE

From eq. (D.10) and eq. (D.11), the variance of the DIM estimator can be approximated by

A ! 1
Var(dnysrs) & { ( ) — —} Var (7e — pune)
) = 43" [2 () -

() B o)

2

#Nz /-1 Z Z Tel — H1Ne) (Teo — HoTe)
c=1 c'#c
9 !
e > (T — pune) (oo — pone) (D.12)

c=1
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D.4 Variance estimator of HJ estimator for PATE

1 ¢
= (3 ? T\ S.T. o
Var <5HJ, SRS> = Z #NQ Z ( # t) #T:V [(Tct - ,utsc)]
t=0 c=1
¢
l S.S. TlT,O . . .
TC — Se Tl — Se!
#NQZ;; LT #T, 1— M )( 0 — Mo )
1 ¢
ST, R
Z e Z (et — fuuse)” (D.13)
=0
where
¢
— 1 R R
Var [(7 — puse)] = o Z STt (Tt — fir5e)” - (D.14)
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Appendix E

Properties of the DR estimator

Let S. be the indicator variable for sampling clusters, T,; be the assignment indicator for
treatment ¢, and Si. be the indicator for sampling units. This section uses the indicator

properties calculated in section B.1.

E.1 Linear transforms on DR estimator for PATE

For any constants a, b,

/ [ n

R ST ne |~ (a4 OYret)Ske  (a + bby) n
by) =/ E — — c— —

fir.pr sms(a + by) — #T, n Se Ne (n £>

Te

Sy Sl (n, ) S, )

L

ST .
= E +b
ac:1 4T, ¢ DR,SRS

=a+ bl prsrs(y) (E.1)
Since ji; is linear, 4 is location-invariant:
SDR,SRS(@ +y) = iprsrs(a+y)— floprsrs(a+y) = SDR,SRS- (E.2)
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E.2 Expectation of DR estimator for population mean

Zykctskc__t<n _E) >
— ‘ g
e Cox 1)

From eq. (B.17),

ST ne
E(MtDRSRs ( Z #Tt
t

=y — ezet( 2)E (i?;)

:Mt—z%(nc—%) = (ES)

c=1

Then SDRSRS is unbiased for J:

E(<3DR,SRS> = E(fu1,pr.srs) — E(fo.pr sRS)

= p — po = 0. (E.4)

E.3 Expectation of DR estimator with estimated 6

If 0 is unknown and needs to be estimated with the data,

E A~
. 1 n S.1..0
E(Mt,DR = py — L Z n Ne — Z ( #Ti )
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Therefore, the DR estimator will no longer be unbiased:

: Sc c0 A
+ ﬁ;% (nc — %) Cov ( #§OO,Q> : (E.6)

E.4 Variance of DR estimator for PATE

E.4.1 Variance of DR estimator for population mean

Note that
y4 n
~ ScTct Uz - ykctskc et n
_ oy SeTane S paShe o, my B
Ht,DR,SRS - 4T, n 2o, . n / ( )
0
ScTctncﬁ
-y 2 et E.8
N )

which has the same form as the HT estimator. Hence, based on eq. (B.22), the variance of

flt,DR,SRS 18

Var( 1 DR SRS) = €2 FE —— 1 Var (nc ~ ) E 1 / Z n. Se \/ar(yk t)
,Ut, y “Tt ? n ,uct UTt — n2 Ne Se

where Var (%ﬂct) is the population variance of the weighted transformed treatment means

fhet = Jhet — z—(nc — %) and Var(yxe) is the population variance of within-cluster outcomes

t
c

under treatment ¢.
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E.4.2 Covariance of DR estimator for the population means

From eq. (B.26),

¢
. ) 14 NeNer -
Cov(fi1,DR,SRS; [10,DR,SRS) = -1 E gﬁ 2 Hetlleo = papho. (E.10)

E.4.3 Variance of DR estimator for PATE

From eq. (E.9) and eq. (E.10),

J4
. 1 1 Ne - 1 n Var(yge1)
__ p2 = )Y = e = E :_c _ Ze ) T \IRel)
Var((SDR,SRS) =/ |:]E (#T1> 61 Var ( n Hcl) +E (#T1> l = n2 (1 nc) 5

, 1 1 Ne 1Y " se\ Var(ygeo)
+ B (m)‘ﬂ v (i) 48 (g ) 2 (1) T

NeMer . L
— ZE Z Z 2 —— M1 0 + 2,U/1,U/0 (E].l)

c=1 c#c

E.5 SYG variance estimator of DR estimator for PATE

. P AT S.5.TuTor (nefia nefior
Var <(5DR,SRS) :EZZZC<1_ €t> #th(#Tz_tl) ( n - n t

t=0 c=1 c/#
1 L 2
nz S, Tct 2 NeNe SCSC’Tcch/O 22
+¢ 2 i E.12
22 g 2; o afieo (E12)

~ [
where Met = Het — n_tc(nc - %)
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Appendix F

Simulation Results

Simulation results comparing PATE and SE estimations of HT-PPS, DIM, HT-MP, HT-
STR, OLS, HT-SRS, HJ, and DR estimators. Note that for sizes 60+, the samples are
approximately PPSWOR, (hence, the increased bias) and that the SE estimations for the

HT-PPS is based on the WR SE estimators.
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