OPTIMIZATION OF MANAGEMENT SYSTEMS
USING THE TWO-PHASE METHOD OF
QUASILINEARIZATION

by §?d?31;?

PRAMOD KUMAR MEHROTRA

B.Tech, (Hons), Indian Institute of Technology, Bombay, India, 1968

A MASTER'S THESIS

submitted in partial fulfillment of the
requirements for the degree

MASTER OF SCIENCE
Department of Industrial Engineering

KANSAS STATE UNIVERSITY
Manhattan, Kansas
1970

Approved by:

G She ol

Major Professor’



LD
2Ll
74

/77

s

ACKNOWLEDGEMENT

The author acknowledges his debt to his major professor, Dr, E, 8,
Lee for guidance, constructive criticism and keen interest taken in
preparing this thesis, and to Mrs., Beverly Clark for the commendable

job done in typing.



ACKNOWLEDGEMENT ., . . . . . . . . .

LIST OF

LIST OF

CHAPTER

CHAPTER

CHAPTER

CHAPTER

CHAPTER

TABLE

TABLES. . o v o s s o % & » o

FIGURES . . & = ¢ o o o« s « » &

1.

2,

(%]
.

W www

=

FEFFrEFFPFEEFE
0O ~NOWNF W~

w

.

[, IV, VLIV V.V, T,
P 3
OOV E N~

INTRODUCTION. . . . . . . .

LITERATURE REVIEW . . . . .

Introduction , . . . . . .
Indirect Methods ., . :
Quasilinearization

QUASILINEARIZATION, . . .

Introduction . , . . . . .
Numerical Solution
Numerical Solution
Numerical Solution

Value Problems , . . .

PROBLEM. . . . . . . .

Introduetion . . . . ., . .
Development of the Model .,
Definition of the Problem,

Formulation of the Problem

Quasilinearization . . .

APPLICATION TO AN INVENTORY AND

OF CONTENTS

of Initial-Value Problems . . . . . .
of Linear Boundary-Value Problems . .
of Non-Linear Two-Point Boundary-

ADVERTISING SCHEDULING

- - . - . a . L] . e = e .

- - - s . - - e e . - . -

Numerical and Computational Aspects. . . . . . . . . . .

Results., . . . ., . . . . .
Discussion ., . ., . . . . .

PROBLEM. . ., . . . . .

Introduction . ., . . , . .
Development of the Model
Definition of the Problem,

Formulation of the Problem .

Quasilinearization . , ., .

Numerical and Computational Aspects. . . . . . . .

Results, . 4+ o ¢ « o 2 & .

Diseussion , , . ., . . . .

APPLICATION TO AN ADVERTISEMENT

. - = e « e . . e - « & e

- . . . - - e e o a a = .

. . - . - . . « e s s .

. . - - - - . . a - . . .

- . . . o« . a . . - . a e

Page

ii

vii

w W

10

10
11
1

12

15

15
15
17
18
20
21
23
25

Sh

54
54
57
58
61
63
64
68



iv

TABLE OF CONTENTS (CONT.)
Page
CHAPTER 6. CONCLUSION., . . & & & « o« & o s o s o o s s s« o = » » = o 118
REFERENCES, . . . & & & v o = 4 « 4 « 4 o o o o « o « « « o « « « « . 120
APPENDICES
1. Computer Program for Tnventory and Advertising
Scheduling Problem ., . . . <« . & « ¢« v « « « « o . . 123
2, Computer Program for Advertisement and Production
Scheduling Problem . . . . . . . . + « & « « « &« « . 129

3. Subroutine SIMQ to Seolve for the Integration
ConstantsS, « 4« ¢ ¢ » » ¢« = v v s s & % & v» » » = s 1l



TABLE

4.1

b2

4.3

.4

5.2

5.3

5.4

54

5.6

5.7

LIST OF TABLES

Sets of Initial Profile for Phase 1, in Inventory and
Advertising Scheduling Problem, . . . . . . . . + . .

Convergence Rates with Set 8 as the Initial Approximation
(1 Iteration in Phase 1). . . . . v v & & « & o o o &

Convergence Rate of $(1.0) in Phase 2 (1 Iteration in
Pha8g 1), o o 5 v s & % % s & 5§ @ o« w 6 % & o o 9 » &

Convergence Rate of I(1,0) in Phase 2 (1 Iteration in
Phiase L1): & w o ¢ o 5 @ s« & & @ § & % 8 8 & 5 & »

The Effect of the Number of Iterations in Phase 1 on
the Convergence Rate in Phase 2 ., . . . . . . . . . .

Convergence for Different Time Periods in Phase 1 . . . .
Convergence Rate of S(,1) in Phase 1. , ., . . . . . . . .
Convergence Rate of I(.1) in Phase 1. . . . . . . . . . .
Convergence Rate of A(o) in Phase 1 , ., . . . . . . . . .
Convergence Rate of J(.1) in Phase 1. . . . . . . . . . .
Convergence Rate in Phase 2 (9 Iterations in Phase 1) ., .,

Parameters for the Advertising and Production Scheduling
Problem o & o 4 o & ¢ s @ & « & 9 & » o & @ ¢ = » = »

Boundary Conditions for the Advertising and Production
Scheduling Problem, . . o o ¢ s v o & 5 = & s 5 5 & »

Initial Profiles for Phase 1 of the Advertising and
Production Scheduling Problem . . . . . . . . . . . .

Initial Conditions used for the Particular and the
Homogeneous Solutions . . . . . . . . . . . . . ...

Comparison of One-Phase Method with Two-Phase Method, . .
Convergemee: Rate of T1(0) . 4 v o & & + 5 4 s 5 w o & » =

Convergence Rate of To(0) . . . . . . . . . . . . .. ..

Page

27

28

29

30

31
32
33
34
35
36

37

71

72

73

4
75
76

77



vi

LIST OF TABLES (CONT,)

TABLE Page
5.8 Convergence Rate of A(e). . . . . . + « ¢ ¢« v o o« o« o o o 78
5,9 Convergence Rate of Total Profit, J(1.0). . . . . . . . . . . 79
5.10 Convergence Rate of 3ales, S(1.0) . . . . « . « « « « « « « & 80

5,11 Convergence ZRates of the State Variables for Set 3A,
Phase 2 |, , . . v v v v 4 v e e h e e e e e e e e e e 81

5.12 Convergence Rates of the Control Variables for Set 3A,
Phage 2 ; o o o & w 0 @ 4 & & @ § £ % % & 3 » & % & ¥ ® 83

5,13 The Effect of the Number of Iterations in Phase 1 on
the Convergence Rate in Phase 2 ., . . . . . . . . . . . . 85



FIGURE

k.1

b,k 2

4.3

4.4

4,10

4.11

4.12

4.13

4,15

Convergence Rate of
in Phase 1, . .

Convergence Rate of
in Phase 1. . .

Convergence Rate of
in Phase 1, . .

Convergence Rate of
in Phase 1. . .

Convergence Rate of
in Phase 1. . .

Convergence Rate of
in Phase 1., . .

Convergence Rate of
in Phase 1., ., .

Convergence Rate of
in Phase 1. .

Convergence Rate of
in Phase 1. . .

Convergence Rate of
in Phase 1. . .

Convergence Rate of
in Phase 1, . .

Convergence Rate of
in Phase 1. . .

Convergence Rate of
in Phase 1, . ,

Convergence Rate of
in Phase 1, . .

Convergence Rate of
in_Phase 1, . .,

LIST OF FIGURES

Sales, Set 8,

a » . - LI -

Sales, Set 3,

Sales, Set 11,

. . e e @ @+ 8

Inventory, Set 8.

¢ 4 . - - L] -

Inventory,

* - - . - .

Inventory, Set 11,

- . . . L] - 2

Advertisement, Set 8.

- * . . - . -

Advertisement, -Set 3,

L] . e 0 L

Advertisement, Set 11,

. e . . . - -

Profit, Set B,

- . . . . L] -

Profit, Set 3,

Set 3,

.

Profit, Set 11.

Sales, Set 11,

- . . - . - .

Inventory, Set 11,

. - L3 . . . -

Advertisement, Set 11,

-

-

1 Iteration

1 Iteration

1 Iteration

1 Iteration

L] - LI ) .« a L L]

1 Iteration

1 Iteration

. . . L] . - . - @ -

1 Iteration

- . . * e & @ . -

1 Iteration

a + » . e . . . -

1 Iteration

1 Iteration

L] s e . s - . -

1 Iteration

1 Iteration

. s . L] . . . . . 0

9 Iterations

. . - . - . 5 e s

9 Iterations

. e . . - L] . 3 +

9 Iterations

Page

38

39

40

41

42

L3

b

L5

Le

L7

4g

49

50

51

52



FIGURE

4.16

554
5.2
5.3
5.4
5.5
5.6
5.7
5.8
5.9
5,10
5.11
5.12

5.13

5.15

5.16

5,17

5.23

LIST OF FIGURES (CONT,)

Convergence Rate of Profit Function, Set 11. 9
Tterations in Phase 1 . . . . . . . . . . . .

Advertisement and Production Scheduling Model . .

Convergence Rate

of

Initial and Optimal

Convergence Rate
Convergence Rate
Convergence Rate
Convergence Rate
Convergence Rate

Convergence Rate

of

of

of

of

of

of

Temperature, Problem 34 . . .

viii

Page

.« 53

¥ o o 86
« o s 87

Profile of Temperature TZ' Problem 3A ., . 88

Advertisement A, Problem 3A .
Concentration x;, Problem 3A.
Concentration Xy, Problem 3A.
Concentration yy, Problem 3A.
Concentration Voo Problem 3A.

Inventory I, Problem 3A . . .

N R 89
. - g0
. . . 91
o o e 92
. § % 93
§ o ow 94

Convergence Rate of Sales S, Problem 3A , . . . . . . & 3 95
Optimal Total Profit Curve, Problem 3A. . ., . . . . . . 96
Optimal Profiles of ’Xl through >‘6' Problem 3A . ., “ B o & 97
Optimal Solutions of X1, X2, Y1» Y2, and I, Problem - . 98
Optimal Profiles of T, T,, and A, Problem B, . . . s % oE @ 99
Optimal Profile of 8 and J, Problem B . . . . . . .« . 5 100
Convergence Rate of Temperature, Ty, ?roblem 2C . . . .o. . 101
Initial and Optimum Profiles of Temperature, Ty,

BEAETEIE 20 o o « 5 mowow « mopow v o gomw ¥ P& s 5om s 102
Optimum Profile of Advertisement, A, Problem 2C . . .« .+« . 103
Optimal Profiles of X1+ X3, ¥1» ¥2, and 1, Problem 2C ., . . . 104
Optimal Profile of S and J, Problem 2C. . . . . . . .« « . 105
Convergence Rate of Temperature Ty, Problem 1D, . . . . 1086
Initial and Optimal Profile of Temperature Ty, Probleﬁ Ip . . 107
Convergence Rate of Advertisement A, Problem 1D ., .« . . 108



FIGURE
5.24
5.25
5.26
5.27
5.28
5.29
5.30
5.31

5.32

Convergence
Convergence
Convergence
Convergence
Convergence

Convergence

Rate

Rate

Rate

Rate

Rate

Rate

LIST OF FIGURES (CONT.)

of Concentration x;, Problem 1D.
of Concentration Xy, Problem 1D.
of Concentration yj, Problem 1D.
of Concentration Yo, Problem 1D.
of Inventory I, Problem 1D . . .

of Sales S, Problem 1D . . . . .

Optimal Total Profit Curve, Problem 1D. . . . . .

Optimal Solution of X1s X2, ¥1: ¥2, I and S, Problem E,

Optimal Profiles of A, T, Tp, Problem E. , . . .

ik

Page
109
110
111
112
113
114
115
116

117



CHAPTER 1

INTRODUCTION

This thesis is concerned with the optimization of deterministic,
non-linear management models, The basic approach to solve such models
is to determine the decision variables so that the performance criteria
is optimized and the performance equations of the system are also satlis-
fied, Quasilinearization technique has been used to solve these manage-
ment models.

In the past, much work has been done to apply quasilinearization
combined with the calculus of variation to trajectory optimization prob-
lems. The biggest drawback in the whole procedure is to guess the unknown
profiles to start the process, If the initial guess is far from the
exact profile, the procedure might not produce any solution. This diffi-
culty occurs frequently in very unstable problems. Recent studies on
this procedure are concentrated on increasing the range in which success-
ful initial guess can be made, This work is devoted to enhance the
chances of getting optimal solution to the complex industrial management
problems even in the case of bad initial guess.

A brief review of the various methods is given in Chapter 2, Emphasis
is placed on the modifications in and applications of quasilinearization.
The procedure generally used to solve the non-linecar boundary-value prob-
lems is described in Chapter 3. Chapters 4 and 5 deal with two different
industrial management systems. The first management system is a four

dimensional inventory and advertising scheduling problem. The second



management system is a twelve dimensional advertising and production
scheduling problem, The effectivencss of the approach is summarized

in the concluding chapter of this work,



CHAPTER 2

LITERATURE REVIEW

2.1 Introduction

The theory of ordinary differential equations of the initial-value
type is an extensively developed branch of mathematical analysis. How-
ever, for two-point boundary-value preoblems, analytical and computational
difficulties are present, There are two general numerical approaches for
the optimal control problem: direct methods and indirect methods. The
direct methods proceeded by solving a sequence of non-optimal problems
with the property that each successive set of solution functions yields
an improved value for the functional being optimized. An example of such
a procedure is the method of gradients which has been applied with con-
siderable success to a variety of problems, The direct numerical optimi-
zaticn method was first suggested in 1960 by Kelleylz. The direct methods
have the inherent disadvantage of slow convergence in the neighborhood of
the optimal solution. In this chapter, only indirect methods will be

reviewed since this work is primarily concerned with one of such methods.

2.2 Indirect Methods
The indirect methods are concerned with finding, by numerical means,
a set of functions which satisfy the necessary conditions for an extremal.

Tapley et al.3]

mentioned that indirect methods were suggested as early
as 1949 by Hestenes10 who applied a calculus of variations approach to

the study of time-optimal solutions to a fixed end point problem,



The indirect numerical methods can be divided into two groups, The
main difference is in the way the reference trajectory is generated. In
the perturbation methods, the reference trajectory is generated by inte-
grating the non-linear differential equatiens. In the quasilinearation
methods the same is achieved by integration of the linearized differential
equations,

The perturbation methods are divided into two classes: the methods
that use perturbation equation; and the methods that use adjoint equations.
Breakwell et al.5 described a scheme using perturbation equations for
solving the non-linear two-point boundary-value problems. The scheme is
based on a linear perturbation from a nominal optimum path and involves
the second variation of the calculus of variations, Tapley et 31.31
mentioned that Goodman and Lance7 vsed the method of adjoint systems for
solving a non-linear, two-point boundary-value problem with fixed terminal
time, and Juroviecs and McIntyre11 extended the method to handle variable
terminal time problems. Roberts and Shipman25 described a continuation
procedure which, when applied to the method of adjoints can solve problems

normally beyond the capacity of the method of adjoints.

The quasilinearization methods are reviewed in the next section.

2.3 Quasilinearization Method
The Newton-Raphson Method as an algorithm for solving boundary-value

problems was first suggested by Hestenes !0

, who called it "differential
variations." It was developed further by Bellman and Kalaba3, who refer
to the technique as "quasilinearization." One of the problems discussed

by Bellman et a1.3 is the non-linear second-order differential equation

with two-point boundary-conditions:



X = g(x,t) (o=t=Db) (2.1)
x(0) = ¢ and x(b) = o
The quasilinearization schewme consists in producing a sequence of
approximating functions x,, n = 0,1,2,...., which converge rapidly to the
solution of the original problem., Assuming that the nth approximation
is known, we find the (n+1)th approximation as the solution of the linear
two-point boundary-value problem

San*-l = glxy) + (xp+1 - xp) g (xy)

X471 (0) = ¢ and in+1 (b) =0
where the right hand side of the equation is obtained by taking the first
two terms in the Taylor series expansion of the function g(x,.;) about
the point x .

The following generalized Newton-Raphson Method has been extensively

. . o ; 2 .
applied to various optimization problems3' 3. The system of non-linear
differential equation is

X « F(X,t) =0 (f5= t =tp) (2.2)

where X and F are N dimensional vectors,

The following sequence of linear problems is obtained

Xnap = T, t)  (Kpyp - X))+ F (X, t) (n=1,2,....)
where J(X,t) is the Jacobian matrix of partial derivates of F with respect
to X.

Thus the method is different from the usual indirect procedure of
successively integrating the non-lincar equations and adjusting arbitrary

initial conditions until the remaining boundary conditions are satisfied,

?eharmack27,

y -

McGill and Kenneth23 suggested to refer Breakwell et al.s

1 ; .
and Kelley et al, 3.Eor comparison with other methods for solving the

L



non-linear boundary-value problem., Kopp et 31,15 made a direct comparison
of gradient, second variation, and generalized Newton-Raphson techniques,
Tabak30 made a comparative study of various mathematical programming
techniques and found the quasilinearization technique to be most efficient
in terms of the number of iterations and the computing time required,

In 1965, Long21 used a simpler procedure to solve problems having
undetermined end point. He replaced the independent variable © with a
new independent variable S = t/a, where the constant 'a' is adjusted so
that 0 =8 =1,

Now one can write

X

F(X,t) (2.3)

as

X = aF(X,a$) (2.4)
The constant 'a' is considered as a new state variable, The value
of 'a' is assumed initially and corrected on each iteration. The value
of tg is given by tf = a,
In 1966, Kenneth and MCGilllu dealt with the convergence theorems
and applied the generalized Newton-Raphson Method to
i) the boundary-value problems resulting from the
application of the Pontryagin maximum principle.
1i) the problems having inequality constraints on
the state space.
iii) the problems with bounded control variables.
In 1967, Lewallen20 extended the method to handle terminal conditions
which are general functions of the problem variables rather than just

specific values of the variables, and it also had variable final time,

The choice of initial profile for the quasilinearization method is



often difficult, 1In many cases, bad guess poses convergence difficulties,
Recent studies are oriented téwards extending the range of convergence in
quasilinearization method. 7The range of convergence is the interval within
which the initial guess should be in order for the solution to converge,
In 1968, Leondes and Painelg gave a method which increases the range of
convergence but the rate of cenvergence is reduced., 1In this method

Kl zezk*l 4 ey xf 0=t =1 k=1,...,P

XK+l o k+1 k=P+1,...,N (2.5)

Where xK is the ktP profile, 5*1 ig the (k+1)th profile as computed
in the usual quasilinearization manner, x¥*1 is the (k+1)th profile
stored and used for computing the (k+2)th profile. P is chosen on dis-
cretion and it shows the stage up to which quadratic convergence is lost,
Obviously it is kept as swmall as possible, For the theoretical proof
that this method extends the range of convergence, the reader should refer
to Leondes et al.lg.

During the same time, Roberts et a1.26 described a continuation
method for quasilinearization to solve unstable two-point boundary-value
problems which cannot be solved directly over the specified interval
(to, tf), because of instability. He observed that the two-point boundary-
value problem over the smaller interval (tgy, t1), where the boundary con-
ditions at t; have been assigned to ty, is easier to solve, A brief
description of this procedure is given below

1. Use the solution of the non-linear, two-point boundary-value
problem over (t,, t)) as the nominal profile for an application of
quasilinearization over (t,, tj). The solution is obtained by the

perturbation method,



2. Solve the resulting linear two-point boundary-value problem
over the interval (tg, ty).

3, Apply the continuation idea as follows: To form the nominal
profiles over the extended interval (ty, tz), where t3 = t7 + A t1,
use the solution of the linearized problem over (to' ty1). The value
of the variables at t; are used for the interval (tp, tz).

L, Repeat step (2) for the extended interval (tg, t2).

5. Repeat steps (2) through (4} until t; = tg, at which time the
original problem is solved,

In the same year, Heidman9 combined two mathematical techniques,
quasilinearization and the method of particular solutions to solve the
non-linear, two-point boundary-value prcblems. Specifically, the non-
lipearity of problem is removed by guasilinearization, and the resulting
linear, two-point boundary-value problem is solved by the method of
particular solutions, Then, the procedure is applied iteratively until
convergence to the desired solution is obtained,.

Leel7 has givern a detailed description of the application of quasi-
linearization technique to the non-linear boundary-value problems under
various types of constraints. He has alse explored the possibility of
combining maximum principle with quasilinearization., Mich work has been
done in the application of quasilinearization to the problems of chemical
engineering and control engineering. He has combined the concept of
invariant imbedding with quasilinearization to form some useful predictor-
corrector formulas., Various efficient algorithms are produced which are
suited for different types of boundary-value problems.

Quasilinearization technique has been successfully used in the par-

ameter estimation problems. Those interested in such application can



refer Lo Leel7, Scbu]zzS, Lee]S, and Ramaker et

al’ZM.

Shahgg, apparently for the first time applied quasilinearization to
the industrial management systems, A diffusion model for the advertise-
ment problem developed by Taichroew32, and a twelve dimensional model of
advertisement and production have been successfully solved by the quasi-
linearization technique,

Reviewing the literature it is observed that the difficult part in
solving an unstable problem is to choose the initial prefile to start

the quasilinearization process. 1In this work, a recent version of the

quasilinearization technique is applied to industrial management systems,



CHAPTER 3

QUASILINEARIZATION

3.1 Introduction

Engineering problems which ultimately lead to boundary-value problems
afe numerous, In optimal-control studies, one invariably faces two-point
boundary-value problem, whether one attacks the problem from the point of
view of the classical variaticnal calculus or by the application of the
Pontryagin's maximum principle. Since these problems are, in general,
non-linear, one faces analytical and numerical difficulties. Analytically,
the proof for the existence and uniqueness of the solution is missing.
Numerically, since all the conditions are not given at one point, one
has to apply a trial and error procedure, This is done by a systematic
variation of arbitrarily chosen initial conditions until the remaining
boundary conditions are met. This technique has proved unsuccessful on
high-speed digital computers. 1In many problems if the guessed value is
not close enough to the exact solution, the procedure does not converge,
To overcome these difficulties an algorithm has been developed which pro-
ceeds by converting a non-linear boundary-value problem into a sequence
of linear boundary-value problems, These linear boundary-value problems
are solved by Runge-Kutta integration scheme with the help of the super-
position principle,.

This chapter is devoted to the whole pracedure of solving a two-
point non-linear boundary-value problem. First, the initial-value prob-

lem and its solution will be described, Then the superposition principle
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will be explained which deals with the linear two-point boundary-value

problems., In the end quasilinearization method will be explained.

3.2 Numerical Solution of Initial-Value Problems

In general, the melhods can be grouped into two: the single-step
methods and the multiple-step methods,

The single-step methods need only one known point to start the process,
Runge-Kutta method is perhaps the best known and most frequently used.
Antosiewicz et a].1 deal in detail with the Runge-Kutta formulas of dif-
ferent orders, Another popular single-step method is the Euler's formula,
McCormick et al.22 deal with the theory involved and the variations de-
veloped in the Euler's formula., Babuska et al.z, Antosiewicz et al,1
deal with the error analysis, convergence and stability of the single-
step methods,

The multiple-step methods need more than one known pcint to start
the process. Milne's predictor-corrector formula is the one most popul-
arly used, Weeg et al.34, Tompkins et a1.33, Babuska et 31.2 have dis-
cussed the predictor-corrector formulas of Milne and of Adam-Bashforth,
McCormick et a1.22 has given a computer program for a first-order ordinary
differential equation. Stability of such methods is discussed by Antosie-
wicz et al_l, and HammingB,

In this work the fourth-order Runge-Kutta method is used. It gives
fairly accurate results. Moreover, in using the multiple-step methods

the starting valuves must be calculated by a single-step method, but no

such calculations are necessary in the fourth-order Runge-Kutta method.

3.3 Numerical Solution of Linear Boundary-Value Problems

The methods deseribed in the last section cannot be applied directly
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to boundary-value problems, One approach is to find the particular
solution and all the homogeneous solutions of the systems, Then, by
virtue of the linearity of the differential equation, the superposition
principle can be used. Lee17 has discussed this procedure in detail,
The general solution for a system of n simultaneous first order linear
differential equations with m initial conditions, where m=n, can be
represented by

n-m

xi(t) = x5 p(t) + ) Ap xi kn(t)
k=1

1,2,...,n (3.1)

=N
1]

3.4 Numerical Solution of Non-linear Twe-Point Boundary-Value Problem

by Quasilinearization

In the last section, a brief description is given of the procedure
to numerically solve the linear two-point boundary-value problem, In
order to use the superposition principle the non-linear differential
equations must be linearized., Quasilinearization is the procedure which
serves the purpose of linearizing. Besides this, the quasilinearization
technique provides a sequence of functions which in general converges
quadratically to the solution of the original non-linear equations,

Consider a set of non-linear differential equations

dx

(]_:\-;z f(X,y) (3-2)
B i) Gtz G.3)
dt g Y 1= S ] .

with boundary conditions
x(ty) = x@ and y(tg) =y (3.4)

llere x and y are functions of t,

The first two terms of the Taylor series expansion of functions
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f(x,v) and g(x,v) about x = a and y = b lead to

%E = f(a,b) + (x-a) fx (a,t) + (y-b) fy (b,t) (3.5)
g% = g(a,b) + (x-a) g, (a,t) + (y-b) By (b,t) (3.6)

The symbol £, (a,t) means the partial derivative of f with respect to x

at x=a, In Equations (3.5) and (3.6), since a and b are known profiles,
all the terms except x and y on the right hand side are known, [Equations
(3.5) and (3.6) are two linear differential equations with boundary con-
ditions given by Equation (3.4). Equations (3,5) and (3.6) can be written

in the following recurrence form,

dx

d?+1 = £(xn,¥n) * Oqer-xp) £x (qa¥pd * (yp+1-vyd £y (xp,,yn? (3.7)
AYn+1

dt = g(xn’Yn) + (xn"l‘xn) Ex (xn:."n) + (¥p+1-¥Yn} fy (xq ,yn) (3.8)

where n = [ L
In spite of the advantages already mentioned, the whole procedure
involves a few drawbacks. First is the ill conditioning phenomena which
may take place in solving a set of linear algebraic equations to get the
integration constants. Second is the problem of convergence. If the
initial profile is too approximate the solution may not converge at all,
The whole period of time will be divided into a number of phases
for the sole purpose of reducing the occurrence of convergence problem,
For illustration let the whole period t, to ty be divided into two parts,
to to t1 and t) to tg, Phase 1 consists of solving the same problem in
the period t_  to t; with the condition at tg to be taken as the condition
at t,. Some initial profile is chosen for this phase, Now quasilineari-

zation is applied. The problem is solved and an optimum profile is



obtained for all the variables, This optimum profile is taken as the

initial profile for phase 2 for the interval (to, tgd.

14



CHAPTER 4
APPLICATION TO AN INVENTORY AND ADVERTISING
SCHEDULING PROBLEM

4,1 TIntroduction

In this chapter, the quasilinearization technique is applied to an
inventory and advertising scheduling problem, The optimal advertising
rate is obtained for the well known diffusion model32. In Section 2 of
this chapter, the diffusion model is developed. Sections 3 and 4 deal
with the definition and the formulation of the problem., Section 5
illustrates the quasilinearization procedure for this problem. Numeri-
cal and computational aspects of this problem are mentioned in Section

6; Sections 7 and 8 deal with results and discussion, respectively.

4.2 Development of the Model

The diffusion model developed by Teichroew32 is used for this prob-
" lem, Consider a group of people having a constant number of persons of
which only certain members possess a piece of information about a firm's
product, Suppose that the diffusion of information occurs only through
personal contact. 1In a contact, the contactee receives information only
if he does not have it; if he already has it, the contact is wasted, this
means that the number of informed people remains the same. The number of
contacts made by an average informed person in an arbitrary unit of time
is given by a contact coefficient. let N represent the total number of
persons in the group and ¢, represent the contact coefficient, which is

the number of contacts made by one informed person per unit time, Let
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K(t) represent the number of informed person at time t. Then

E&El = proportion of the informed persons at time t,
N-K(t) ; : 3

N = proportion of the uninformed persons at time t.
e Kt} 4t = contacts made during the time interval At.

The increase in total number of informed persons during time At is given
as  K(t) = K(t+At) - K(t) = the contacts made with the uninformed per-
sons,

So,

AK(t) = (ch(t)At)(IiLE_(..E_).) (t.1)

For a very short interval of time d{t), Equation (4.1) can be written
in differential form

di(t)
dt

= c K(t) (1 - Eéil (4.2)

Suppose next that the firm can increase the contact coefficient by
spending money on advertising. This will result in an increase in the
number of contacts made with the uninformed people, Let the increase

in the contact coefficient be represented by A(t). Thus,

dK '
“3%51 = (e, + A()) KR(r) (1 - E%El) (4.3)

If each informed person buys one unit of the firm's product per unit
time, the sales rate S(t) can be represented by the following equation,
S8(t) = K(t) 4.n)
On substituting S(t) for K(t) in Equation (4.,3), the following
differential equation is obtained,

ds(t) ’
gt TS (e + ACt)) (1 - §§El; (4.5)

The rate of change of the inventory level I{t} can be represented by
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di(t)
dt

= P(t) - S(t) (4.6)

where P(t) is the production rate at time t, For simplicity the produc-
tion rate is assumed to be a linear‘function given by
P(t) = a + bt “.7)

where a and b are known constants,

For such a system, the management has to select an optimal policy
so that the profit function is maximized.

i I 2 2

e f (egS(t) - e (I -I(t))" - ¢,S(t) A"(t)) dt (4.8)
where J is the net profit, cg is the revenue from the sale of one unit of
the product, cr is the inventory carrying cost, L, is the capacity for

the storage of inventory and ¢, is the cost of advertising,

A

4.3 Definition of the Problem
The problem is to find the advertising rate A(t) such that the
following net profit is maximized

t

3(A) = to/ T oegS(t) - e (1 T(en? - e,8(0) A2 at (4.9)
sub ject to
P(t) = a + bt (4.10)
) = ey - st) (5.11)
BL) < 5e8) (e + AE)) - (4.12)

with boundary conditions
= 70 - :
I(ty) =1 and S(t,) = s° (4.13)
The system is represented by two differential equations with two

initial conditions.
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4.4 Formulation of the Problem

When calculus of variations is used, the above optimization problem
is converted into a two-point boundary-value problem. For detailed dis-
cussion of the calculus of variations, the reader is referred to Blissh
and Elsgolcﬁ. The resulting non-linear equations are solved with the

help of the quasilinearization technique.

Equations (4,10) through (4.12) can be rewritten as

%&—) - (at+bt) + S(t) =0 (4, 14)
das(t) S(t), _
e E S(t) (e *A(t)) (1 - = g (4.15)

The above problem has two state variables, S and I, and one control
variable A, To solve this problem, introduce the Lagrange multipliers
xl(t) and Az(t) and the constant multipliers €;(t) and B(t). Then

define the following functions.
Sc

F= A - (a*bt) + 8) + Ay (§ -8 (c +a - _C - Shy)
c N N
+ css = cICIm-I)2 - CASAE (4.16)
and
G = ) (1(0) - 1°) + 85(S(0) - 8°) | (4.17)

where the notation I represents the first derivative with respect to time,

dI

t, T

Now consider maximization of the following function

Lf

Ja) = Z (FCICE), S(t), A1), N (£), A, (t),t) dt (4.18)
The Euler-Lagrange equations can be written as

d @f _9F .4 9 - g

dt 3%;  9x; ’ OA; (4.19)

where x;_, and x;., correspond to I and § in Equation (4,18), Since there

is only one control variable, the subscript j = 1.
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To obtain the relations for Lagrange multipliers >\1 and >\2, Equation

(4.19) is applied to Equation (4,16)

a A
b 20
—a—EH- = 2(‘1 (Im—l) (4. )
d>\2 P T A2 X\ | 2e 8 >\2
= N reg m AT — gy Ny - DA F —5—
2AS >\2
2 4,21
)\ £ 5 ( )
. S _ 4,22
A EX— (N 1) (4,22)

Since A is an explicit function of S, the control variable is elimi-
nated from Equations (4,15), (4.16), and (&4.21) by using Equation (4,22),

The four performance equations can be written as

aI - 4 + bt - S : (4,23)
at
2 .2 3

gs_=cs_°cs+°)\2_s>\2_5)\2
dt c N cAN 2c, QCANZ (4.24)
d)\l
= 2c1 (Ip-1) (4.25)
d>\2 )\ 2 352 /\g )\gs Ay 2 SA,

~ = + ¢ - C + - + +
dt 1 s e’ 2 he,n? | cal By N (4.26)

There are four equations but only two boundary conditions given by
Equation (4,13). The other two boundary conditions are obtained by

applying the transversaliiy conditions.

oG _ JF . G
or aG ’ _ Jr =0 (4. 27

Applying this condition to Equations (4,16) and (4.17), we obtain

Al(tf) = 0; Az(tf) =0 (4.28)
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Now we have four different equations (4,23) through (&4,26), with
two initial conditions, Equation (4.13), and two final conditions, Equa-
tion (4.28), The solution of these differential equations will give the
stationary point of the problem., Whether this stationary point is a

maximum or not can be determined from physical considerations,

4,5 Quasilinearization

As discussed in Chapter 3, by the use of quasilinearization the
non-linear differential equations can be represented by a set of linear
differential equations, Once the system is represented by a set of
linear differential equations, it can be solved by the combined use of
the single-step method and the superposition principle, Eguations (&4.24)
and (4.26) can be linearized by the use of Taylor series expansion, The

linearized equations can be developed according to Equations (3.7) and

(3.8)
dIn+1 )
dt - a+bt Ll Sn+1 (u.zg)
2 2 2 3
dSp 41 = Bl - CcSn . Sn)\z’n Sn /\2,n Sn )\2’1,1
dt CC n N CAN - ZCA - 2C N2 )
A
2
2¢ S
+ (S 41-8,) (e.- ‘e’n + ESn‘AE’ _ AZ.n _ 3Sn'A2,n
n+l7n c N cAN 2CA 2CAN2
. S, S
+ ( Az.n+f_'x2,n) (CAN - 55 - . Nz) (4.30)
c
A
dAl,n+1

———'-—-'—dt = 2CIIm-—2CIIn+1 (4.31)



2]

2 2 2
S
: )\2,1\4-1 ( A 1 + eg-c )\ + 38n>\2'" + ')\2.n 2 >\2,n
———— T 1' + _ 2’ -
at n c n ucANZ ucA cAN 7
2 2
2¢ S A 38 A M 2c A
5 cn 2,r1)+_(S 3.y ( 2,n 2,n 5 2, ;
— a4 _
N n+l1->n 2¢ N2 ¢ N N
A A 352 A 25\ 2¢ S
&0 % ) € 2,n N n 2,n n'2, 2 €e n)
- - C -
2,n+l Z,n 2¢, c 2cAN2 c N N
(4.32)
The boundary ccnditions are
I(ty) = 19 S(tg) = 8%  A(tg) = 05 Ay(tg) = 0 (4.33)

Equations (4.29) through (4.32) are ordinary first order linear
differential equations, The boundary conditions are given by Equation
(4.33). As discussed in Chapter 3, this problem will be solved by using

the superposition principle. The general solution can be written as

1]

I(t) Ip(t)_+ Alllh(t) + AzIzh(t)

S(t) Sp(t) * AIS () + AZSZh(t)

1h
1(8) = ’\1.p(t) + AL AL () * Ay A ()
5(t) = Ag,p(t) s a1 Mg n(t) * Ay Ay op(o) (4.34)
These equations are derived according to Equation (3.1). The initial
values chosen for the particular and the homogeneous solutions are explained
in the next section. Runge-Kutta method of integration is used to get
the solution for each set of initial conditions.
For each iteration, the integration constants are determined by
applying the final conditions of Equation (4.33) to the last two equa-

tions of Equation (4,34). The profit and the advertisement is calculated

using Equations (4,18) and (4.22), réspectively.

4.6 Numerical and Computational Aspects

The above problem was solved with the following numerical constants.
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a =70 ey = 1.5 I,+1(0) = I° = 20

b = 100 cy = 0.15 Sp+1(0) = 8° = 20

ce = 2 N = 150 t; =0

cg = 10 I, = 50 At = 0.01 (4.35)

This problem is solved in two phases, The duration of time in phase
1 is O to 0.1 and in phase 2 is 0 to 1.0. A; is the step size for
integration, To obtain the particular solution, the following initial

values were used, for all the iterations.

n
(&]

20 . )\l,p(O)

20 A, (o) =
2,p

For the homogeneous solutions, the following initial values were used for

Ip(o)

I
o

(4.36)

SP(O)

all the iterations.

I;jpe) =0 i Siple) =0 s Al,lh(o) =1 i }2,1h(°) =
IZh(O) =0 ; SZh(O) =0 g )\1,2h(°) =0 ' >\2,2h(°) =
(4.37)

This selection of initial values for the particular and homogeneous solu-
tions keeps the computation of the number of homogeneous solutions needed
to the minimum. In this case it is two.

In order to start the iteration initial profiles for S and )2 must
be assumed. The various initial profiles used for S and Az are listed in
Table 4.1, These are used only for phase 1 calculation.

This problem was solved on an IBM 360/50 computer. To obtain the
homogeneous solutions the constant terms in fiquations (4.,29) through
(4.32) were set to zero and the resulting homogeneous equations were
solved, The computer program is given in Appendix (1).

The control variable A and the objective function, J, were deter-

mined using Equations (4,22) and (4.18) respectively. The following
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approximation was used to calculate the total profit on the digital com-
puter,
e 2 2
J =), (egS(t) - c (I-I(t)) - (c,S(t) A (£)) At

ty
In phase 1, only one iteration was allowed and the problem was solved
for the period O to 0.1. The optimal profile obtained for this short period
is used as the initial profile for phase 2, The initial profile for phase
2 for the period 0.1 to 1.0 was assumed to be a constant and is equal to

the value of the variable at t = 0,1,

|:5‘~1(t):’2 = [So(t)jl for 0<=e= .1
|:)\2,i_(t):|2 = ]_Xz,omjl for 0=t =.1
[5i) ], = [SoC.1] ,  for = =1

1

or 1=t

IN

l:}‘z,i(t)]z = E’z,o('li—ll !

The subscript outside the bracket represents the phase, 'i' represents
the initial profile and 'o' represents the optimal profile., Using this
initial profile the problem was solved over the whole period in phase 2.

Nine iterations were allowed in this phase, It is expected that conver-

gence should be obtained within 9 iterations.

4,7 Results

. The results are shown in Tables 4.2 through 4,11 and Figs. 4.1 through
4.16, The iteration which gives the optimal profile is the one at which
it becomes difficult to differentiate between this profile and that of
the next iteration,

No convergence was obtained when Set 1 of Table 4.1 is used as the

initial profile and the following results were obtained in the first

iteration of phase 1,
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~3.36 x 107

1.47 x 107 2o, 1)

11

I(o.1)
4.9 x 1029

ACo.1) = -9.9 x 10° 3(o.1)
The computer experienced overflow while caleculating the particular solution
in the second iteration of phase 1.

Set 2 did not produce convergence when only one iteration was allowed
in phase 1, and overflow was experienced in iteration seven of phase 2,
However, convergence waé obtained when two iterations were allowed in
phase 1.

The remaining sets converged to the optimal solution with one itera-

tion in phase 1. 1In general, five digit accuracy was obtained within six

iterations in phase 2. The optimal results are given below,

3.98

I(o) = 20.0 S(o) = 20.0 Ao)

]

0.00

it
n

I(1) = 66,15 S(1) 115,69 A(L)
Profit = 587.80

The convergence rates of sales, inventory, and the advertisement

are shown in Figs, 4.1 through 4.9 for the sets 3, 8, and 11. The con-
vergence rate of profit function for these sets is shown in Figs, 10,
11, and 12, The convergence rates of all the three variables is shown
in Table 4,2 for the set 8, The convergence rates of the final values
of the state variables in phase 2 are drawn in Tables 4,3 and 4.4 for
sets 2 through 11,

To study the effect of the number of iterations in phase 1, all the
sets were again solved with nine iterations in phase 1. All the variables
converged in five iterations to five digit accuracy in phase 1. 1In general,
five digit accuracy is obtained with five iterations in phase 2, Table

4.7 through 4,10 summarize the convergence rates of the variables with

nine iterations in phase 1, Table 4.11 shows the convergence rate of the
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variables and the objective function in phase 2, The same values are
obtained for all the sets because the initial profile for phase 2 is
the same for all the sets. Figs, 4,13 through 4.16 show the profiles
of the variables and the profit function for Set 11.

This problem took 2.1 minutes in Fortran 4, G level for one itera-

tion in phase 1 and nine iterations in phase 2.

4.8 Discussion

This problem converged with ten sets of different and far from
optimal initial profiles, The same problem was solved by Shah29 using
the one-phase quasilinearization technique. On comparing the results,
it is observed that the range of convergence is doubled by using the

two-phase method. Shah found that the problem converged for the set

with S (t) = 250 and kz’o(t) = 10 but it failed to converge for the set

with S (t) 275 and kz'o(t) = 10, With the two-phase method, it is
found that the problem converged for the set with So(t) = 500 and
).2’0(t) = 20 but it failed to converge for the set with So(t) = 550
and >‘2,o(t) = .30,

The data given in Tables 4.3 and 4.4 show that only one iteration
is suffiéient in phase 1, for most of the problems., Five digit accuracy
was obtained with six iterations in phase 2 for all the sets. It is
found that the convergence rate is nearly independent of the initial
approximation,

Table 4.5 illustrates the effect of the number of iterations in
phase 1 on the convergence rate in phase 2, It is found that if the
initial guess is not too far from the correct value, only one iteration

in phase 1 is needed.
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To study the influence of the length of the period on convergence,
some computation was carried out over longer periods in phase 1., Table
4.6 shows that shorter periods in phase 1 are very helpful for cases
where the initial guess is very far from the correct value, It was found
that with fairly good initial guess such as Sets 7 through 11, convergence

was obtained with all the time periods listed in Table 4.6,
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TABLE 4.1, Sets of Initial Profile for Phase 1,
in Inventory and Advertising Scheduling

Problem.

Set - So(t) " N2,0()
1 550 30
2 500 20
3 450 20
4 400 | 20
5 350 .15
6 350 10
7 150 5
8 ' 20 0
9 0 -5

10 0 =15

11 0 -25
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TABLE 4.5, The Effect of the Number of Iterations
in Phase 1.on the Convergence Rate in
Phase 2,

Set Number of Iterations required in Phase 2
for 5 Digit Accuracy.

1 Iteration in 9 Iterations in
Phase 1 Phase 1
2 6* 5
3 6 5
4 6 5
5 5 5
6 5 5
7 4 5
8 3 5
9 L 5
10 _ L 5
11 L 5

* Two iterations were allowed in Phase 1 for Set 2,

31
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TABLE 4.6, Convergence for Different Time
Periods in Phase 1.
t

Sp(t) Mg ,o(t) 1, 0%* 0.5 0.2 0.1
275 10 not converge converged converged converged
300 10 not converge converged converged converged
300 12,5 not converge converged converged converged
350 15.0 not converge not converge converged converged
450 20.0 not converge not converge not converge converged

29

** This column is obtained from Shah™ ,
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TABLE 4,11. Convergence Rate in Phase 2 with 9 iterations in

Phase 1,
Iteration S(1.0) I(1.0) A(0,0) J
0 24,021
1 208,79 38,025 5.4996 720,80
2 127.81 63,208 4.0913 611.40
3 115,86 66,131 3.9804 588.04
4 115.69 66.154 3.9816 587.80

5 115,69 66,154 3.9816 587.80
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CHAPTER 5
APPLICATION TO AN ADVERTISEMENT AND
PRODUCTION SCHEDULING PROBLEM

5.1 Introduction

To show the effectiveness of the two-phase method in solving unstable
boundary-value problems with large dimension, an advertisement and produc-
tion scheduling problem will be solved. This problem has six state vari-
ables and three control variables. The object is to determine the control
variables so that the profit function is maximized. 1In section‘2, the
model will be developed. The problem will be defined in section 3, and
then formulated into a two-poiﬁt boundary-value problem in section 4,
The non-linear differential equations will be linearized in section 5,
Numerical and computational aspects will be treated in section 6, Results

and discussion are given in sections 7 and 8, respectively.

5.2 Development of the Model

A firm making two products A and C, has decided to produce and to
market a new product B. Manufacturing process of all the three products
is shown in Fig. 5.1. The following consecutive reaction takes place in
two chemical reactors

A —— B _— C

Both are first order reactions. The component B is the desired product
and C is a waste product. It is'assuméd that raw material containing
A, B and C is available in unlimited quantity from another part of the

manufacturing process. Production of B is the most desirable reaction
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and production of C is the most undesirable one.

Since B is a new product, advertisement is needed, Again a diffusion
model is used for the sales rate of product B, Furthermore, to protect
against fluctuations in demand, an inventory will be assumed for B.
Products A and C are assumed to have unlimited market at fixed price and
are sold as soon as manufactured. Thus no inventory for the raw material
and produects A and C will be considered,

The problem is to determine the advertising rate and the production
rate such that the profit is maximized. A non-linear chemical process
will be used for the production of B. This will test the new approach
vigorously., The amount of B produced and the amount decomposed can be
controlled by the reaction temperature.

The performance of the system is determined by the following'equa—
tions.

Material balance equations:

(Amount of) _(Amount ofJ i (Amount of A )
A in A out Transformed to B (5.1)
(Amount of . _ (Amount of) " (Amount of B ) ( Amount of B )
B in B out Transformed to C° ~ ‘Transformed from A
(5.2)
Inventory balance equation:
Rate of change) - (Production) (Sales)
of inventory Rate Rate (5.3)

The performance equation for sales and advertisement is the same as
Equation (4,12).

The management wishes to maximize
te
profit = // (revenue of B + revenue of A + revenue of C - inventory
t; .
cost - advertisement cost - manufacturing cost) dt

(5.4)
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To express the model mathematically, let

x], X = concentration of A in reactors 1 and 2, respectively,

i

Yis ¥2 concentration of B in reactors 1 and 2, respectively.

Vi, Vg = volume of reactors 1 and 2, respectively,

kal' ka2 = reaction rate constants for the production of B in reactors
1 and 2, respectively.
kyy e k,, = reaction rate constants for the decomposition of B in reactors

1 and 2, respectively,
qg = flow rate,
Xo» Yo = raw material concentrations of A and B, respectively.

G,,

Ea, Bp
R = gas constant,
Ty T2 = temperature in reactors 1 and 2, respectively,

Equation (5.1) gives, under unsteady state conditions

Similarly, Equation (5.2) gives

dy,
Vi e ™ (Yo-¥1) - Viky ¥y *+ Vik, 1% (5.6)

With similar arguments, the kinetics of the reactions in the second
reactor can be written as

dx2

2 gt

<
n

q (xl-xz) - VZkaZXZ (5.7)

and
dyz
.b — = - -

The reaction rate constants are expressed as

G, = frequency constants of the first and second reactions, respectively.

activation energies of the first and second reactions, respectively,
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E E
= _a = _b
ka1 = Gaoxp ( R_Tl)' kpy = G800 X E)
E Ep
= -_4a = e 5.0
ko = Ggexp ( i ), kb2 G, exP ( b ) (5.9)
2 2
Equation (5.3) leads to
a1 - (5.10)
- 172 S .

where I is the inventory, S is the sales rate, and q y; is the production
rate of B,
According to Equation (4.12), the performance equation for advertise-

ment can be written as
as - S
= = 8(c_ + A 1 - = 5.11
5 ” ) ( N) ( )

where c. is the constant coefficient, A is the advertisement, and N

represents the total number of people in the group,
The ﬁrofit function is obtained from Eguation (5.4),

tf 2
J = )/' (clch+c2qx2+c3q (1-x2-y2) - cI(Im-I)

ty

- e, A% - ep (ry o+ et at (5.12)

Equations (5.5) through (5.8), (5.10) and (5.11) represent the system.
There are six state variables, X1, X9, ¥3» ¥2. I, and S, and three control

variables, Ty, Ty, and A,

5.3 Definition of the Problem
Maximize the functional
t
s F 2
J = _// (clch+c2qx2+c3q (l—xz-yz) - cI(Im-I)

ty

2 2 2 : 2
-c,AS - Cp ((Tlm-Tl) + (TI-TZ) )) dt (5.13)
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subject to the constraints
dx

v, EE'I' = qx,-x)) - Vik, X, (5.14)
d
v._Y_1_=(-y)-ka+ka {5.15)
P et ™ 1% * Vi%a*
dx
v, dt_z = q(x;-x,) - V,k_x, (5.16)
dy
2 _
v, ¢ T q(yl-yz) - Vzkbzyz * Vok 0¥, (5.17)
a1
a?.. — qyz_ S (5.18)
S = S(e, +4) (1 -5 (5.19)
dt N

with boundary conditions

o (o]
- (o] — o] — 1
yl(ti) = ¥ I(ti) =1 I(tf) =1
o - a0
xz(ti) = X2 S(ti) =8 (5-20)

5.4 Formulation of the Problem

The problem defined above, becomes a two-point boundary-value type
when calculus of wvariation is applied. Once formulated, the non-linear
equations are converted into a set of linear equations by using the

quasilinearization method. Lagrange Multipliers Xi i=1,2,..., are

introduced to define the following functions

= v - 9 -
F >‘1("‘1 (x -x)) + k_

. - q _
2 X100 Ay Gy - = Gy kY

1 bl™1

- kX)) ¢ Ay Gy - %; (ep=x) * k%)) + X, ()

. - - -
v, (yi-y,) + KooV, = K pxp) X 5 (I-qy,*S)
A : 82 ﬁSz
+ S~ - AS + C__ + + +
¢ S-Cs 5 = ) clcqs ¢,qx,
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2

2 2 2
* c.q (l“xz'yz) - cI(Im-I) - cAA S - cT((Tlm-Tl)

2
+ (T-T,D7) | _ (5.21)
and

G = 8 (x(ty) - X))+ By (v (t;) -y * Bylx,(;) - x3)

n

(o] s ]
+ ﬁu (Vz(ti> - yz) + 95 (ICt;) - 1)
1 o
* 8 (I(tg) - 1) + & (8(t;) - 87) (5.22)

where (") represents (%E)'
The Euler-Lagrange equations, Equation (4.19) with i=1,2,...,6 and

j=1,2,3, can be applied to Equation (5.21) to obtain the following adjoint

equations,

d)\1=q(>\l - A3’)+( M- Ak
dat vy v, 1 27 ¥a1 (5.23)
a A ) A
_—2...= q (—2._ b4 ) + >\ .
dat v, v, 2bl (5.24)
dAB - X3q i A )\ K + o
a v, C Az = Ay) by +aley - ¢3) (5.25)
d\ Aud

4 - 747 . - + 5.26
at v, * )\f-l-ka q (e, )‘5) (3.26)
dAs
—32 = I - 2.1
s T (5.27)
d
—-—A—‘:’—=c+)\ P Y +ZCSA6+2AS,\6 do A 8
a1 5 6 6 N N “Ca

(5.28)
and the equations for the control variables are

A= 26 L_ L (5.29)

2CA N S
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(A= AR Ky B x) . Mo Kp1 EpYy

5 2 - 2cq (2T -T,-T ) = 0 (5.30)
&1 1
Ag= A kagBaxy Ay kB
. =0 .31
. e 2¢,(T ~T,) (5.31)
5 2

Equation (5:29) gives explicit relation oErthe control variable A
in terms of the adjoint variables and the sales. Using this relation, A
can be eliminated from all the performance equations. A appears only in
Equations (5.19) and (5.28), After eliminating A, these two equations

can be rewritten as

2
2 S
dS _ g _cS LS A As
= = - - 32
dt N CAN 2cA 2CAN2 (5.32)
) 2
d A M2l sl
=°1+>‘5"’)\6"2 AR T 5.33)
dt CA 2CAN (5.
7
The control variables T1 and T2 cannot be eliminated from the perfor-

mance equations becguse these appear implicitly in Equations (5.30) and
(5.31).

Equation (5.14) through (5.18), (5.23) through (5.27), (5.32) and
(5.33) represent the system, Of these, only Equations (5,32) and (5,33)
are non-linear., For the 12 differential equations, only seven boundary
conditions are known, The remaining five boundary conditions are obtained
by applying the transversality condition as given in Equation (4.27).

These boundary conditions are

)\l(tf) =0 Aq(tf) =0
Ay(tg) = 0 Aglte) = 0
x3(tf) = 0 (5.34)

The original problem has been formulated into a 12 dimensional

boundary-value type,
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The linearization procedure described in Chapter 3 is used to lin-

earize the Equations (5.32) and (5.33),

dXI’n+1 _ S__ ( ( Ea
—at V] X5=X1,n+1) - Gy €XP _ﬁTI) X1,n+1
dy E
l,n+l _ q_ _ b
dt v, Fo¥1,n41) - Gy ©XP R V1,041
Ep
+ G, exp (”QTT) % i
dx E
2,n+1 _q a
dt - V2 (xl,n+1 B xz'n+1) ~ iy, EXp (-RTZ) *2,n+1
- dy E
2,n+l _ g b
a0 v, Yol T V2,0e1) - Gp exP ("f{rg) Y2,n+1
Ea
+ G, exp (-ﬁTI) X3 n+l
dl
n+l _
T~ Y2,0+1 - Snsl
2 2
ds cS S A >\ S
n*l - g _ n , n 6,n _ 6,n _ n 6,n
dt - n N TN 2c 20 N2
' A
2¢S
¥ _ _ n Aﬁ,n Sn Aﬁ,n
(s S.) (c * - )
n+l n N ¢, N 2
A cAN
2
S S
n 1 n
* ()‘6,n+1 - )\6 n) ¢ B o 2)
A A ZCAN
d A A A
1,n+1 _ 1,n+1 3,n+1
= q ( ’ - ) o _x _ a
dt Vi Vs (%I,n"-l 2;“*'1) Gaexp ( RTI)
d
’\2,n+1 - q (/\2,n+1 >\l+,n+1) 6. exp (D
dt v v, 2,041 %6 P (o)

1

E

The linearized equations are

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)
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d ) q) - E
3,n+1 - 3,n+l _a_
dt TV, *( XB.n+l - >\'-t-,n’rlw" B, %R ("RTl)
+q (c, - cq) (5.43)

dxu,nf}, _ q}‘ll-,n*'l 4.

Eb
Aot O P Cpd - 0390 As i (5.

dt - v,
d>\5 +1 '
i = Wy, ~ Blphua (5.45)
2
d>‘45,n+1 P | ¢ X 6,0 , %4 >\6,n
dt ©1 5,n+1 6,n 2e N N
2
n >\6,n 2e >\6, )\%,n
(Spe1 = Sn) N 2
ZCAN ZCAN
2cS S A
+(>\6n+'1 >\6n) no_ oo _ >\6,n+ n 6,n
* ’ N CAN ¢ N2

(5.46)
The boundary conditions are given- by Equations (5.20) and (5.34).
This linear boundary-value problem can be solved fairly routinely on

digital computers. The general solution can be written as

6
x(£) = %) (£) + ) ° Ay g (1) (5.47)
k=1
6
() =y () + ) Ay (0 (5.48)
k=1 ! ,
6
xp(t) = xp,(t) + ) | Ax, () (5.49)
k=1 !
6
ya(t) = yo (£ + ) T Apy, 1, (8D (5.50)
. k=1 ’
6
I(t) = I(t) + k;; AT (D) (5.51)
' 6
S(e) =5 () + kzﬂ AS L (8) {5,,52)
6
Ase) = A(0) + Y7 A AL (8)  i=1,...,6 (5.53)

k=1
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Runge-Kutta method is used to obtain the solution for each set of
initial conditions., The integration constant is determined by applying
the final conditions to the Equations (5.51) and (5.53). Equation (5.53)

for i=5 is not considered,

5.6 Numerical and Computational Aspects

The model discussed above has a condition on inventory at the final
point, Henceforth, this model will be called Model A, Four other models
without final point condition on inventory will also be discussed. These
are models B, C, D and E, 1In these models, function F, Equation (5.21),
rewmains the same, but the function G is modified to:

G = 810 (t1) = x]) + By(y1(ty) - ¥]) + O5(xp(t;) - x3)

o o 0
+ O (yy(ty) = yp) *+ B(T(ty) - T) + 95(S(t;) - S ) (5.54)
The only change is in the conditions obtained by applying the trans-
versality relations to Equation (5.54). Now the remaining six boundary

conditions are:

n
[}

Altg) = 0 Aytg) = 0 As(tp) = 0

0 >\5(tf)

0 (+55)

0 Aq(tf)

Xz(tf)
Proper modifications were made in the computer program to solve
models B, C, D, and E. The values of the various parameters for each
model are given in Table 5.1, The boundary conditions for each model
are given in Table 5.2,
There were only two non-linear differential equations, hence only

two initial approximations, So(t) and )\ (t), were required, Initial

6,0
approximations for T1 and T, are needed, because the equations for these

two control variables are implicit. The various sels of initial approxi-

mations used for each model are given in Table 5.3. The initial values
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used for the particular and the homogeneous solutions are given in Table
5.4,

To solve for six integration constants, the matrix inversion sub-
routine SIMQ supplied by IBM was used., Appendix (3) gives the print out
of this subroutine. Using these integration constants, Equations (5.47)
through (5.53) gave the final solution, The following approximation was

used to calculate the total profit.

= 2 2.2
J =§; [}lcqs + cyqxy + c3q (1-x5-y,) - cI(Im_I) - CpA"S

-cT((Tlm-T1)2 + (Tl-Tz)zj:l 2% (5.56)

To compute T; and T,, the Newton-Raphson root finding method was

eel7

used, L and Bellman et al.3 have discussed this.method. In the first
iteration, at all the grid points the initial approximations for T, and T,
were taken as given in Table 5.3. For other iterations, solutions of T1
and Ty at the same grid point of previous iteration were used as the
initial approximationé. The accuracy for this foot finding method was
kept as 0,1,

The above computations were used in both phases, The length of the

period used in each phase is given with the results. The computer program

is given in Appendix (2).

5.7 Results

The fesults will be discussed separately for each model, Tables
5.5 through 5.13 and Figures 5.2 through 5,32 show some of the results.
The iteration which gives the optimal profile is the one at which it
becomes difficult to differentiate between this profile and that of

the next iteration,
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For each model, different initial profiles are used, All the sets
are solved with two-phase method, In general, only one iteration is
allowed in phase 1,

Model A

The period in phase 1 used was O to 0.5 and in phase 2 was 0 to 1.0,
Seven sets of initial profiles were used. These are listed in Table 5.3.
The first six sets converged to the solution of the problem. Set 7A
faced difficulty in the first iteration of phase 2, because of overflow
in computer calculations. By giving 2 iterations in phase 1, it was
found that overflow occurred in the second iteration of phase 1. It
was tried to solve the problem by taking the duration of phase 1 as 0.1,
0.2, 0.3, 0.4, and 0.5. For each duration 2 iterations were allowed in
phase 1., But overflow occurred in iteration 2 of phase 1 for all the
durations and no convergence was obtained. Set 2A did not converge with
1 iteration in phase 1, However it converged with 2 iterations in phase 1,

The convergence rate of the variables and the profit function is
shown in Figs., 5.2 through 5.12 for Set 3A. The profiles for T; and T
are very similar in nature. Therefore the profiles for Ty are shown in
detail, and only the initial and optimal profiles are shown for Ty,
Tables 5.11, and 5,12 show the convergence rate for Set 3A. The optimal

results of this model can be summarized as

x1(1.0) = 0,47 x,(1.0) = 0.41 y,(1.0) = 0,46 ¥o(1.0) = 0.48
1(1.0) = 10.0 S(1.0) = 34.78 A(o) = 371,0 T,(0) = 362.4
T,(1.0) = 3401 To(0) = 365.6 Tp(1.0) = 340.1 J = 79.78

In phase 2, 10 iterations were allowed. In general, six iterations

were sufficient to give optimal profiles with 3 digit accuracy,
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Model B

The optimal results are summarized in the following,

x1(1.0) = 0.49 x5(1.0) = 0.43 yl(l.O) = 0.45 y2(1.0) = 0.48
I(1.0) = 2.46 S(1.0) = 48.4L A(o) = 481.5 Tl(o) = 362,79
Tl(l.O) = 339.9 Tp(0) = 365.7 T,(1.0) = 339.9 J = 95,83

Three different sets of initial profiles were used. These are listed
in Table 5.3. All the sets converged to the optimal sclution of the prob-
lem with duration 0,5 in phase 1, The optimal profiles for the six state
variables, the three control variables and total profit are given in
Figs, 5.13 through 5,15, Here, in general, five iterations in phase two
are sufficient to give optimal results with 3 digit accuracy.

Model C

The optimal results are summarized in the following.

x3(1.0) = 0.48 x3(1,0) = 0.42 y1(1.0) = 0,45 y(1.0) = 0.48
I(1.0) = 3,77 S(1.0) = 82,68 A(o) = -5637 Tl(o) = 362.4
T,(1.0) = 339.9 Tp(0) = 365.5 T7(1.0) = 339.9 J = 113.85

Two different sets of initial profiles were used., These are listed
in Table 5.3, According to Shahzg, both the problems of this model did
not converge. He observed that in problem 1C the computer experienced
exponential overflow in the first iteration, and in problem 2C the com-
putation stopped in iteration 5., According to Shah the reason of such
behaviour is the Newton-Raphson convergence problem,

Using the 2-phase method both the problems converged to the optimal
solution, Problem 2C was found easier to solve., Phase 1 had period 0
to 0.5 and phase 2 had period 0 to 1,0, Problem 1C was difficult to
solve, It did not converge when phase 1 had a period of 0 to 0.5 or of

0 to 0.2, However, the convergence was obtained with the two-phase
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method and with phase 1 having a period of 0 to 0.3,

Another peculiarity of both of the problems was the discontinuity
of the advertisement curve as shown in Fig., 5.18. During the initial
stages advertisement goes negative besides showing discontinuity. Both
the temperature profilés shown in Figs. 5.16 and 5.17 are similar to
Models A and B, Other optimal results are shown in Figs. 5.19 and 5,20,
The strange behaviour of advertisement and sales can be due to a very
small value of Ch which comes in the denominator of Equations (5.40) and
(5.46),

At the most 6 iterations are sufficient to obtain a 3 digit accuracy.

Model D

The optimal results are summarized in the following.

x1(1.0) = 0.48 x,(1.0) = 0,42 y1(1.0) = 0.45 y5(1.0) = 0,48
1(1.0) = 12,9 S(1.0) = 44,87 A(0) = 11,69 T,(0) = 363.3
T{(1.0) = 340.5 T,(0) = 365.8 To(1.0) = 340.5 J = 66,32

Three diffﬁrent sets of initial profiles were used. These are given
in Table 5.3, All the sets converged with duration 0.5 in phase 1. Figs.
21 through 30 show the convergence rate and the optimal profiles of prob-
lem 1D. All the problems converged to the optimal solution with the two-
phase method. According to Shah2? problem 1D did not converge when solved
in one phase only. All the variables behaved in a manner similar to those
in models A and B. One exception was the inventory profile because in
model A there was a final condition on inventory whereas in the other
models there was no final condition on inventory,

In general, 5 iterations in phase 2 give optimal results with 3 digit

accuracy,
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Model E

The optimal results are summarized in the following.

xl(l.O) = 0,48 xz(l.O) = 0,42 y1(1.0) = 0.45 yo(1.0) = 0,48
I(1.,0) = 13.0 S(1.0) = 45,02 A(o) = 164.8 T,(0) = 363.3
T,(1.0) = 339.6 T,(0) = 365.8 T,(1.0) = 339.6 J = 66,04

Only one set of initial_profiles was used., It converged to the
optimal solution with duration 0.5 in phase 1. Figs. 31 and 32 show the
optimal profiles of all the variables and the total profit. Only 5 itera-
tions in phase 2 are enough to give optimal result with 3 digit accuracy.

On the average, for 1 iteration in phase 1 and 10 iterations in phase

2, 1IBM 360/50 computer took 16 minutes with FORTRAN 4, G LEVEL compiler.

5.8 Discussion

The 2-phase method of quasilinearization appears to be more effective
than the l-phase method, Table 5,5 gives a comparison of the two methods
in solving 13 problems. It can be seen that 4 of these 13 problems did
not converge to the optimal solution by the one-phase method. All the
problems converged to the optimal solution by the 2-phase method. It is
found that in most of the problems only 1 iteration in phase 1 and only 6
iterations in phase 2 are enough to give optimal results. Only problem
2A required two iterations in phase 1.

The results show that only problem 1C gave trouble when solved with
period 0 to 0.5 in phase 1. Moreover, it did not give results when the
period in phase 1 was reduced to 0.2, This shows that for very unstable
problem, there is an optimal range for the period in phase 1., The period
above or below this range will not give convergence,

Now the influence of the number of iterations in phase 1 on the
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speed of convergence will be discussed. For this purpose all the models
were again solved with 5 iterations in phase 1, The set 3A was solved
with 1 through 5 iterations in phase 1, Table 5.13 shows that it is
advantageous to allow less number of iterations in phase 1. It may so
happen, as in set 2A, that by giving 1 iteration in phase 1, the problem
may not converge at all in phase 2, In such cases more iterations are
given in phase 1. The results clearly show that the number of iterations
in phase 1 should be small to save computation time. Briefly it will
suffice to say that there is no advantage in getting the optimal profile
in phase 1, when 1 or 2 iterations are enough,

Models 1A, 2A and 3A were also solved by using the backward phasing
scheme. 1In this scheme phase 1 consists of period 0.5 to 1.0. The initial
profile given in Table 5,3 is used to start the process, The first pro-
file is computed for this perioa. This profile is used as an initial
profile in phase 2, 1In the period 0 to 0.5 of phase 2, the initial pro-
file is constant and is equal to the value of the variable in first pro-
file at time 0.5 in phase 1, 1In the period .5 to 1.0 of phase 2, the
initial profile is the first profile found in phase 1. Thus the initial
profile for the whole period is determined in phase 2, The setting of
initial profile in phase 2 is the only difference between the forward
phasing and the backward phasing., For Model 1A, 7 iterations were re-
quired in backward phasing, and 8 iterations were required in forward
phasing, to achieve convergence up to 3 decimal phases, For Model 24,
the forward phasing method failed with 1 iteration in phase 1, but back-
ward phasing method worked successfully, For model 3A, 8 iterations were
required in backward phasing, and 7 iterations were required in forward

phasing to achieve convergence. At times, backward phasing method turns
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out to be better,

Tables 5.6 through 5,10 show the effect of initial profile on con-
vergence rate, It is found that for the given parameters, the convergence
rate is independent of the initial profiles,

In studying the optimal profile it can be said that for the six state
variables and the two control variables, the profiles do not show great
slopes in the initial stages; Only the advertisement A decreases very
fast in the initial stages. In model C, it shows a peculiar tendency of
being discontinuous on two occassions in the initial stages. Survival
of the 2-phase method in such peculiar conditions is the point worth
noting,

Detailed analysis of the models shows that thelinfluence of the
various parameters on the optimal profiles of the concentrations and the
temperatures is insignificant, The advertisement rate, sales rate, and
the inventory were significantly different for the models, The manage-
ment can study in advance, the different situations arising by changing
the parameters,

It was thought to use the 3-phase method for the problems which do
not converge in phase 2. To find such a problem, the initial temperature
profiles of set 3A were increased 5°F at a time until 370°F. With this
change the probleﬁ did not give any trouble in the 2-phase method. Then
keeping the initial profiles for the temperatures at 370°F, the initial
profile for sales rate was taken as 50, 70, and 90 in the sets 5A, 6A,
and 7A, respectively, The sets 5A and 6A did not give any trouble in the
2-phase method. The set 7A did not converge in phase 1. No problem could
be found which faced difficulty in phase 2, Thus, the 3-phase method could

not be applied to determine if it works effectively,



TABLE 5.1 PARAMETERS FOR THE ADVERTISING AND
PRODUCTION SCHEDULING PROBLEM.

Parameters common to all the models:

G, = 0.335 x 1011 per min, N =100

G, = 0.461 x 10'® per min. c =1

E = 18,000 cal/mole t; = 0.0

E, = 3,000 cal/mole ey = 1.0%/gal

R = 2 cal/mole °K ¢y * 5.0

q = 60 gal/min, cp = c3 = 0,0%

Vi =¥y = 12 gal cq = 1.0

Ty, = 340°K At = 0,01

xo(t) = 0,53 L yg(t) = 0.43
Other Parameters: i e c

in gallons in $ in $/°K

Model A and B 10 0.01 0.001
Model C 20 0, 0002 0. 0005

Model D and E 20 0.01 0. 0005




TABLE 5.2 BOUNDARY CONDITIONS FOR THE ADVERTISING
AND PRODUCTION SCHEDULING PROBLEM

Conditions common to all the models:

x1(0) = 0.53 y1(o) = 0.43

xg(0) = 0.53 yp(0) = 0.43
Other Conditions: 1(o) S(o) (1)
Model A 1.0 0.1 10.0
Model B 1.0 0.1 ———
Model C 8.0 0.1 ———
Model D 8.0 1,0 S

Model E 8.0 0.1 ——
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TABLE 5.3 INITIAL PROFILES FOR PHASE 1 OF THE
ADVERTISING AND PRODUCTION SCHEDULING
PROBLEM,
Set Ty 00 Ty o(t) So(t) NG, olt)
Model A -
1A 345 345 1 0
2A 345 345 50 -0.5
3A 345 345 30 -1.0
4a 330 330 1 0
5A 370 370 50 -1.0
6A 370 370 70 -1.0
7A 370 370 90 -1.0
Model B
1B 330 330 1 0
2B 340 340 1 0
3B 345 345 1 0
Model C
1C 330 330 1 0
2C 345 345 1 0
Model D
1D 355 355 20 -0.5
2D 345 345 50 0.0
3D 350 350 25 -0.25
Model E
1E 345 345 50 0




TABLE 5.4

INITIAL CONDITIONS USED FOR THE PARTICULAR
AND THE HOMOGENEOUS SOLUTIONS,

Particular Solution for

Homogeneous Solutions, Set

A,B C,E D 2 3 4 5
x1 (o) 0.53 0.53 0.53 0 0 0 0
x,(0) 0.53 0.53 0.53 0 0 0 0
yq(0) 0.43 0.43 0.43 0 0 0 0
¥, (0) 0.43 0.43 0.43 0 0 0 0
(o) 1.0 8.0 8.0 0 0 0 0
S(o) 0.1 0.1 1.0 0 0 0 0
A () 0 0 0 0 0 0 0
Ay (0) 0 0 0 1 0 0 0
A3(0) 0 0 0 0 1 0 0
Ay (o) 0 0 0 0 0 1 0
A5(0) 0 0 0 0 0 0 1
Ag(0) 0 0 0 0 0 0 0

74



TABLE 5.5 COMPARISON OF ONE-PHASE METHOD

WITH TWO-PHASE METHOD,

Problem One Phase Method Two Phase Method
1A Converged Converged
2A Converged Converged
3A Not Converge Converged
LA Converged Converged
1B Converged Converged
2B Converged Converged
3B Converged Converged
1C Not Converge Converged*
2C Not Converge Converged
1D Not Converge Converged
2D Converged Converged
3D Converged Converged
1E Converged Converged

*The duration of phase 1 is 0 to 0.3.
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TABLE 5.6 CONVERGENCE RATE OF T, (o)
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Problem* 1A 3A 4A 5A 6A 1B 2B
Iteration
0 345,0 345.0 330.0 370.0 370.0 330.0 340.0
1 (PH.1) 366.5 366.7 367.5 359.8 359.7 367.1 366.,6
1 (PH.2) 366.3 360.4 367.6 364,0 363.7 360.9 361.3
2 360,0 362.9 358.9 361.6 361.6 363.2 363.0
3 363.3 362.2 363.7 362,7 362.8 362.6 362,7
4 361,9 362.4 361.7 362,2 362.1 362.8 362.7
5 362.6 362.4 362,7 362.5 362.5 362.7
6 362.3 362.2 362.3 362.3 362.7
7 362.4 362.4 362.4 362.4
3B 1C 2C 1D 2D 3D 1E
0 345,0 330.0 345.0 355.0 345,0 350.,0 345.0
1 (PH.1) 366,2 367.9 367.2 366.0 367.1 366.6 367.1
1 (PH.2) 361.6 361,7 360,7 362.,6 361.8 362.1 361.8
2 362.9 362.,1 362,9 363.4 363.6 363,5 363,6
3 362,7 362.7 362.3 363.3 363.2 363.2 363,2
4 362,7 362.3 362.,5 363.3 363.3 363.3 363.3
5 362.5 362.,4 363.3 363.3 363.3 363.3
6 362.4 362.4

*Tterations for set 2A are not shown,
phase 1 to solve this problem,.

Two iterations were required in
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TABLE 5.7 CONVERGENCE RATE OF T2(O)
Problem 1A 3A 4A 5A 6A 1B 2B
Iteration
0 345,0 345.,0 330,0 370,0 370.0 330.0 340,0
1 (PH.1) 368,0 367.9 368.5 364.0 364.3 368.5 368.3
1 (PH.2) 367.8 364.8 368.4 366,0 366,1 364,7 364.8
2 364.8 365.9 3644 365.4 365.4 366.0 365.9
3 365.9 365.6 366.1 365.7 365,7 365.6 365.6
4 365.5 365.7 365.4 365.6 365.6 365.7 365.7
5 365,7 365.6 365,7 365,7 365,7 365.7 365.7
6 365.6 365.6 365,6 365.6 365.6 365.7
3B 1C 2C 1D 2D 3D 1E
0 345,0 330.0 345.0 355.0 345.0 350.0 345.0
1 (PH.1) 368.1 368.6 368.0 367.5 368.1 367.9 368.1
1 (PH.2) 365.,0 364,8 364,9 365.4 365.1 365.2 365.1
2 365.9 365.6 365,7 365.9 366.0 366,0 366,0
3 365,7 365.5 365.5 365.8 365.8 365.8 365.8
4 365,7 365.,5 365,5 365.,8 365.9 365.8 365,9
5 365.5 365.5 365.8 365.8 365.8 365.8
6 365.8 365.8




TABLE 5.8 CONVERGENCE RATE OF A(o)
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Problem 1A 3A ha SA 6A 1B 2B
Iteration
1 (PH.1) 346,8 107.9 305.3 -4767.0 -704.,7 838.7 849,7
1 (PH.2) 260,7 348.9 228.8 2342,0 448.8 466,5 470,2
2 359.4 368.8 345,2 618.7 369.8 480,3 480.6
3 366.9 370.8 363.5 370.,9 369.5 481.1 481.1
L 371.2 371.0 371.0 371.2 371.3 481,5 481.6
5 370.,5 370.9 370.1 370.7 370,7 481.4 481.4
6 370.1 371.0 371.2 371.1 371.1 481.5 481.5
7 370.9 371.0 370.8 370,09 370.9 481.5
8 371.0 371.0 371.0 371.0

3B 1C 2C 1D 2D 3D 1E

1 (PH.1) 857.7 -242.:3 -7342,0 54,81 51,98 56,97 557,49

"1 (PH,2) 472.5 -6586,0 -5230.0 8.00 6.36 7.46 107.5
2 480,8 -5206,0 -5978.0 11,61 11,57 11.60 163.6
3 481,0 -5685,0 -5643.0 11.66 11,67 11.66 164.,5
4 481.6 ~-5634,0 -5637.0 11,70 11,70 11.70 164,9
5 481.4 -5638,0 -5637.0 11.69 11,69 11.69 i64.8
6 481.5 -5637.0 11,69 164.8
7 481.4 -5637.0




TABLE 5.9 CONVERGENCE RATE OF TOTAL PROFIT, J (1.0)
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Problem 1A 3A LA S5A 6A 1B 2B
Iteration
1 (PH,2) 77.87 77.80 72,81 45,50 78.51 93,40 93.54
2 78.44 79.56 76,51 73.74 79.31 895,67 95,67
3 79.50 79.73 79.20 79.79 79,67 95.80 895,80
4 79.72 79.78 79,63 79.77 79.76 95,84 95,84
5 79.76 79.78 79.74 79.77 79,77 95.83 95,83
6 79,78 79.77 79.78 79.78 95,83 95.83
7 79.78 79.78 79,78
3B 1C 2C 1D 2D 3p 1E
1 (PH.2) 93,60 129,67 136,15 68,81 70.29 69,42 70.67
2 95.67 108,31 105,40 66,17 66,18 66,18 65.91
3 95,80 113.56 113.74 66,29 66,29 66,29 66,01
4 95.83 113.84 113,87 66,32 66,32 66.32 66,04
5 95,83 113.85 113.86 66,32 66.32 66,32 66.04
6 95,83 113.86 113,86
7 113,86
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TABLE 5,10 CONVERGENCE RATE OF SALES, S5(1.0)

Problem 1A 3A LA 5A 6A 1B 2B
Iteration
1 (PH.2) 36,08 34.43 34.18 22,34 33.61 L9,37 49,33
2 34,27 34,72 33.56 34,46 34.62 48,42 48,42
3 34,66 34,75 34,54 34,69 34,72 48.43 48.43
4 34,76 34.79 34,74 34,78 34,78 48.45 48.45
5 34,77 34,78 34,76 34,78 34,77 48,45 48,44
6 34,78 34,78 34,78 34,78 48,45
7 34,78 34.78 34,78
3B 1C 2C 1D 2D 3D 1E
1 (PH.2) 49,30 145.8 208.35 50,02 51,68 50.71 52,39
2 48.42 67.26 49,70 hh 87 44,89 44,88 45,05
3 48,43 82.10 81.61 Luy, 86 L4, 86 4b 86 45,00
4 48,45 82,66 82.67 Ly, 87 a4.,87 L4y,87 45,02
5 48,44 82,68 82,67 L4 87 Ly, 87 by, 87 45.01
6 48,45 82.67 ' 45,02
7 45,02
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TABLE 5.11 CONVERGENCE RATES OF THE STATE VARIABLES
FOR SET 3A, (PHASE 2)
ty xq (tye) X5 (ty) vy (tg) yo(ti) I(ty) S(ty)
Iteration
0,0 0.530 0.530 0.430 0.430 1,00 0.10
0,2 0.462 0.430 0.456 0.465 5.79 8,82
0.4 0.451 0,389 0.461 0.476 8.74 16,60
0.6 0.483 0.417 0.453 0.473 10.43 23.40
0.8 0.502 0.457 0.447 0.466 10.80 29,18
1.0 0.508 0.478 0.445 0.461 10,00 34.43
Iteration
0.0 0.530 0,530 0.430 0.430 1,00 0.10
0.2 0.488 0.462 Q.454 0,466 5,55 8.78
0.4 0.473 0.436 0.461 0,480 8.61 17.32
0.6 0.458 0.415 0,464 0.486 10.20 24,29
0.8 0.448 0.393 0.464 0.487 10.63 30.17
1.0 0.462 0.386 0.461 0.484 10.00 34,73
Iteration
0.0 0.530 0.530 0.430 0.430 1,00 0.10
0.2 0,480 0.452 0.456 0.467 5,55 8.81
0.4 0.471 0.424 0.461 0.481 8.62 17.36
0.6 0.471 0.418 0.462 0,485 10.23 24,32
0.8 0.471 0,418 0.462 0.487 10.63 29,94
1.0 0,482 0.423 0.459 0.486 10.00 34,75
Iteration
0.0 0,530 0.530 0.430 0.430 1.00 0.10
0.2 0.482 0.455 0,455 0.466 5.55 8.82
0.4 0.470 0.427 0.462 0.481 8.61 17.37
0.6 0.465 0.416 0.463 0.486 10,23 24,35
0.8 0.463 0.409 0.u64 0.488 10,62 29,98
1.0 0.475 0.411 0.460 0.487 10, 00 34,79
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TABLE 5.11 (CONT.)

Iteration 5
0.0 0,530 0.530 0.430 0.430 1,00 0,10
0.2 0.u82 0.454 0.456 0.467 5.55 8.81
0.4 0.471 0.427 0.461 0.481 8.61 17.37
0.6 0.468 0.417 0,463 0.486 10,23 24 .34
0.8 0.466 0.413 0.463 0.488 10.62 29,97
1.0 0.477 0.416 0.460 0.487 10,00 34,78

Iteration 6
0.0 0.530 0,530 0.430 0.430 1.00 0.10
0.2 0.482 0.454 0.456 0.467 5.55 8.81
0.4 0.471 0.427 0.461 0.481 8,61 17.37
0.6 0.467 0.417 0.463 0.486 10,23 24,35
0.8 0.465 0.411 0.464 0.488 10.62 29,97
1.0 0.477 0.414 0.460 0.487 10,00 34,78

Iteration 7
0.0 0.530 0.530 0.430 0.430 1.00 0.10
0.2 0.482 0.454 0,455 0.467 5,55 8.81
0.4 0.471 0.427 0.461 0.481 8.61 17.37
0.6 0,467 0.417 0,463 0.486 10,23 24,35
0.8 0.465 0,412 0.463 0.488 10.62 29,97
1.0 0.477 0.414 0.460 0.487 10.00

34,78




TABLE 5,12 CONVERGENCE RATES OF THE CONTROL
VARIABLES FOR SET 3A, (PUASE 2)

ty Ty (ty ) Ty (ty) Alty) J(ty)
Iteration 1
0.0 360.4 364.8 348.,9 -0.93
0.2 357.6 358.8 4.6 -8.56
0.4 360.2 357.8 1.6 0,35
0.6 363.3 360.8 0.6 19.68
0.8 363.5 363.3 0.1 45,91
1.0 340,0 340.0 0.0 77.80
Iteration 2
0.0 362.9 365.9 368.8 -0.9%4
0.2 359.5 361.3 4.6 -8.71
0.4 357.9 359.3 1.7 0.41
0.6 357.3 358.0 0.6 20,32
0.8 357.0 357.6 0.2 47.24
1.0 340.1 340.0 0.0 79.76
Iteration 3
0.0 362,2 365.6 370.8 -0.94
0,2 359.2 360.6 4.6 -8,73
0.4 359.,1 358.9 1.7 0.40
0.6 3590,7 358.9 0.6 20.35
0.8 359.5 359.5 0.2 47,33
1.0 340.0 340,0 0.0 79.73
Iteration 4
0.0 362.4 365.7 371.0 ~0.94
0,2 359,2 360.8 4,6 -8.73
0.4 358.6 359.0 1.7 0.41
0.6 358.9 358.6 0.6 20,36
0.8 358.6 358,9 0.2 47.36
1.0 340.0 340,0 0.0 79.78



TABLE 5.12 (CONT,)

Ty () Ta(tk)  ACt) It

SO ENO

:""OOOOO

O F MO

_'—'O.ODIOO
SO oFEFENO

Iteration 5

362.4 365.6 370.9 -0.94
359.2 360,7 4.6 -8.73
358.8 359.0 1.7 0.41
359.,2 358.7 0.6 20.36
358.9 359.1 0.2 47.36
340,0 340.0 0.0 .79.78
Iteration 6
3624 365.,6 371.0 -0.94
359.2 360,7 4.6 -8,73
358,7 359.0 1.7 0.41
359.1 358.6 0.6 20,36
358.8 359,0 0.2 L7.36
340,0 340,0 0.0 79,78
Iteration 7
362.4 365.6 371.0 -0.94
359,2 360,8 4.6 -8.73
358.7 359.0 1.7 0.41
359,1 358.7 0.6 20.36
358.8 359.1 0.2 47,36
340,0 340.0 0.0 79.78




TABLE 5.13 THE EFFECT OF THE NUMBER OF ITERATIONS
IN PHASE 1 ON THE CONVERGENCE RATE IN

PHASE 2.

Number of Iterations required in
Phase 2 for 3 Digit Accuracy.

Set 1 Iteration in 5 Iterations in Phase 1.
Phase 1,
1A 7 7
2A 6% 6
3A 6 6
4A ' 8 6
1B 5 6
2B 5 6
3B 6 6
1C 6 6
2C 5 6
1D 6 6
2D 5 6
3D 5 5
1E 5 6

*Two iterations were used in phase 1,
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Fig. 5.2 Convergence Rate of Temperature T, Problem 3A,
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CHAPTER 6

CONCLUS ION

The 2-phase method of quasilinearization has proved to be better
than l-phase method of quasilinearization used by Shahzg. It is clear
that the range of convergence increases tremendously by using this
method. 1In the inventory and advertising scheduling problem discussed
in Chapter 4, the range of convergence is doubled with the 2-phase
method. 1In the advertising and production scheduling problem discussed
in Chapter 5, the range of convergence increases for all the models,
Few of these models are quite unstable and did not converge to the solu-
tion by l-phase method, Shah29 observed that, at times, the Newton-
Raphson root finding method also failed. The 2-phase method works
extremely well even when the control variables cannot be eliminated
completely from the performance equations.

It is found that there is no use in getting optimal solution in
phase 1. 1In general, only one iteration in phase 1 is sufficient to
bring the profiles within the convergence range of phase 2. For the two
examples discussed in this work, it has been found that the convergence
range is not decreased if one iteration is used in phase 1. Besides
this, the computation time of phase 1 is very small compared to the
total computation time. Thus the net increase in computational cost
is very small when one iteration is used in phase 1,

Even in the two-phase method of quasilinearizaticn the convergence

is obtained in almost a fixed number of iterations, irrespective of the
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initial profile chosen, This is one of the advantages of the quasilin-
earization method,

Backward phasing was compared with forward phasing. Sets 1A, 24
and 3A of the production and advertisement scheduling problem were used
to test which one is faster in convergence, Backward phasing appeared
to be slightly better, at times,.

Generally, in quasilinearization method, the control variables are
eliminated when formulating the probiem_ This makes the method superior
to other techniques such as dynamic programming and the gradient techni-
ques. Besides, it is found that the two-phase method of quasilineariza-
tion works effectively even if the control wvariables are not eliminated,

The two-phase method of quasilinearization is better than the
differential sensitivity analysis, Kumar16 solved Model B of advertise-
ment and production scheduling problem using differential sensitivity
analysis, 1t is found that the convergence range is larger, and the
computer time taken is less for the two-phase method.

The problems converged to the optimal solution by using two phases.
More phases were not required. In the two management systems discussed
in this work, in cases of very crude initial approximations, the method
failed in phase 1 itself, So there was no opportunity to introduce a
third phase, Phase 3 could have been introduced only if the problem
fails to converge in phase 2, The author feels that in such cases, the

three-phase method will be helpful,



10,

11,

12,

13,

REFERENCES

Antosiewicz, H. A., and Gautschi, W., Survey of Numerical Analysis,
Ed., Todd, MeGraw Hill, 1962,

Babuska, I., Prager, M., and Vitasek, E., Numerical Processes in
Differential Equations, Prague Interscience Miblishers, 1966,

Bellman, R. and Kalaba, R, E,, Quasilinearization and Boundary
Value Problems, American Elsevier Publishing Company, New York,
1965.

Bliss, G, A,, Lectures on the Calculus of Variations, University of
Chicago Press, Chicago, 1946,

Breakwell, J, V,, Speyer, J. L, and Bryson, A, E,, Optimization and
Control of Nonlinear Systems using the Second Variations,
J.85.I1.A.M. Control, pp. 193, Ser. A, V.1, No, 2, 1963,

Elsgole, L., E,, Calculus of Variations, Addison-Wesley Publishing
Company Inc., Reading, Massachussets, 1961,

Goodman, T, R, and Lance, G. N., The Numerical Integration of Two-
Point Boundary Value Preblems, Mathematical Tables and Other
Aids to Computation, V,10, No. 54, 1956,

Hammings, R. W., Numerical Methods for Scientists and Engineers,
Chapters 14, 15, and 16, McGraw Hill, 1962,

Heidman, J. C., Use of the Method of Particular Solutions in Non-
linear, Two-point Boundary-Value Problems, J, of Optimization
Theory and Applications, V.2, No, 6, 1968,

Hestenes, M, R,, Numerical Methods of Obtaining Solutions of Fixed
End Point Problems in the Calculus of Variations, The Rand
Corporaticn Memorandum, No, RM-102, 1949,

Jurovies, 5. A., and M Intyre, J, E,, The Adjoint Method and Its
Application to Trajectory Optimization, ARS Journal, V,32,
No, 9, 1962,

Kelley, H. J., Method of Gradients, Optimization Techniques, Chap-
ter 6, Academic Press, New York, 1962,

Kelley, H. J., Kopp, R. E., and Moyer, H. G., A Trajectory Optimiza-
tion Technique based upon the Theory of the Second Variation,
ATAA, Preprint 63-415, Aug, 1963,



14,

15.

16

17.

18.

19,

20,

21.

22,

23,

24,

25,

26,

27.

121

Kenneth, P, and McGill, R,, Two-point Boundary Value Problem Techni-
ques, Advances in Control Systems Theory and Applications, Ed.
by Leondes, C. T., V.3, Academic Press, New York, 1966,

Kopp, R. E., MeGill, R,, Moyer, H. G., and Pinkham, G., Several
Trajectory Optimization Techniques, Proceedings of the Computing
Methods in Optimization Problems, Academic Press, New York, 1964.

Kumar, R,, Optimization of Management Systems using Sensitivity
Analysis, A Master's Thesis, K, S. U., 1970,

Lee, E. S., Quasilinearization and Invariant Imbedding, Academic
Press, New York, 1968,

Lee, E, S., Quasilinearization and the Estimation of Parameters in
Differential Equations, I & EC Fundamentals, pp. 132, V.7, No.
1, Feb., 1968,

Leondes, C, T., and Paine, G., Extensions in Quasilinearization
Techniques for Optimal Contreol, J. of Optimization Theory and
Applications, V.2, No. 5, 1968.

lewallen, J, M,, A Modified Quasilinearization Method for Solving
Trajectory Optimization Problems, AIAA, J., V.5, No., 5, 1967.

Long, R, S., Newton-Raphson Operator; Problems with Undetermined
End Points, AIAA, J., V.3, No., 7, 1965,

McCormick, J. M., and Salvadori, M. G., Numerical Methods in Fortran,
Prentice-Hall, Inc,, New Jersey, Chapter 7, 1964,

McGill, R. and Kenneth, P., Solution of Variational Problems by Means
of a Generalized Newton-Raphson Operator, AIAA, J., pp. 1761-1766,
V.2, 1964,

Ramaker, B. L., Smith, C. L., and Murrill, P, W., Determination of
Dynamic Model Parameters Using Quasilinearization, 1 & EC
Fundamentals, pp. 28, V.9, No. 1, Feb. 1970,

Roberts, S. M., and Shipman, J. S.,, Continuation in Shooting Methods
for Two-point Boundary-Value Problems, J. of Mathematical Analy-
sis and Applications, pp. 45-48, V.18, 1967,

Roberts, S. M,, Shipman, J. S., and Roth, C. V., Continuation in
Quasilinearization, J. of Optimization Theory and Applications,
V.2, No. 3, 1968,

Scharmack, D. K., A Modified Newton-Raphson Method for the Control
Optimization Problem, SIAM/AIAA/IMS Conference on Control
System Optimization, Monterey, Calif,, Jan. 1964,



28,

29,

30.

31.

32,

33.

34,

122

Schulz, E, R,, Estimation of Pulse Transfer Function Parameters by
Quasilinearization, IEEE Transactions on Autcomatic Control,
pp. 424, V,13, Aug., 1968,

Shah, P, D., Application of Quasilinearization to Industrial Manage-
ment Systems, A Master's Thesis, K. S. U., 1969,

Tabak, D., Comparative Study of Various Minimization Techniques used
in Mathematical Programming, IEEE Transactions on Automatic
Control, pp. 572, V.14, Oct. 1969,

Tapley, B. D., and Lewallen, J. M., Comparison of Several Numerical
Optimization Methods, J. of Optimization Theory and Applications,
V.1, No. 1, 1967.

Teichroew, D., An Introduction to Management Science - Deterministic
Models, John Wiley, New York, 1964,

Tompkins, C, B., and Wilson, W. L., Elementary Numerical Analysis,
Chapter 12, Prentice-Hall, N, J., 1969,

Weeg, G. P., and Reed, G. B., Introduction to Numerical Analysis,
Chapter 5, Blaisdell Publishing Company, 1966.



APPENDIX 1

COMPUTER PROGRAM FOR INVENTORY AND ADVERTISING
SCHEDULING PROBLEM,
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ADVERTISIMNG AND INVENTORY SCHEDULING PRCELEM.

COMMEN SX243SX44PyDTyAsByCCyCAyAMNyCIsAIMyCod s XLy X294 X34 X4, ITF
DIMENSINN XL{105)4X20105)4X3(105),X4(105),4SX1(10,102),
1SX2(1C5102),SX3110,1C2),SX4(10,102),PX1L(1C2),PX2(102),
2PX3(1C2) 4 PX4(102),HIX1(102),HLX2(102),HLX3(102),H1X4(102),
3H2X1(102),H2X2(102),H2X3(102),H2X4(102),PRI(L05),PR2{LIOS]),
4PR3(1CS5)4,PRFT{105),ADVT(105)

RZADING IN DATA

 READ 1004A4,P4C4CCsCA,AN,CI,AIM

130

400

410

500

READ 1C1,DT,Wl,W2
PRINTING OUT DATA

PRINT 110
PRINT 120444ByCyCC1CAsANyCIyATMy WL 4W2,40T

INITIAL PROFILE PRODUCED IN PJASE ONE

ITF=11

KAT=2

DN 130 I=1,1ITF
SX2(1,1)=W1

SX4(l,I)=W2

CONTINUE

READ 1504 XRA,XS5A, XRB,XSB

THESE FOUR VALUES ARE TODO B USED FOR THE INITIAL CONDITIONS
WHEN FIMDING PARTICULAR AND HOMOGENEQOUS SOLUTION

DO 600 TJUK=1,2
IF(IJK-1) 400,500,400
IPK=ITF

INITIAL PROFILE PRODUCED IN PHASE TwWO

DO 410 I=1,1IPK
SX2(1,1)1=5X2(KAT,1)
SX4(1,1)=SXK&(KAT,1)
ITF=101

DO 420 T=IPK,ITF
SX2(1,1)1=8SX2(KAT,1PK)
SX4 (1 T)=5SX4(KAT,IPK)

QUASTLINFARTZATION ITERATIOUNS START

KAT=15
00 30C J=2,KAT



g B o B e

OO0

170

190

125

PARTICULAR SCLUTION

PRINT 160

P=1lse

X1{1)=XRA

X2(1)}=XSA

X3(1)=XSE

X4(1)=X58

PRINT 140,X1(1)4X2{1)yX3(1),X4(1)
CALL RKT

DO 170 I=1,1TF

PX1{I)=X11(1)

PX2({I)=x2(1)

PX3{I)1=X3(1)

PX4(1)=X4(1)

CONTINUE

PRINT 141y (I4X10T)4X2(T)4X3(T)yX4(1)yI=1,41ITF,10)

HOMOGENEOUS SOLUTICN FIRST SET

P=0e

PRINT 180
X1{1)=XSB
X2(1)=XSB
X3{1)=XRE

X4 (1})=XSB
PRINT 1404X1(1)4X2(1),X3(1),X4(1)
CALL RKT

DO 190 I=1,ITF
HIX1(I)=X1(1)
H1X2(I)=Xx2(T1)
HIX3(I)=X3(1)

CHIX4 (T )=X4(1)

CONTINUE - i
PRINT 141 (T 4X10I)4X2(1)4X3(1)3X4{1),1=1,17TF,10)

HOMOGENEDUS SOLUTION SECOND SET

P=0,

PRINT 200
X1(1)=XSB
X2{1)=XSB
X3({1)=XSB
X4(1)=XRB
PRINT 1404 X1{114X2(L)4X3(1),4X&(1)
CALL RKT

DO 210 I=1,1TF
HZX1(I)=X1(1)}
H2x2(1)=X2(1)
H2X3(T)=X3(1])



OO0

OO0

210

250

280

300
600
100
1u1l
110

126

H2X4{I)1=X41(1)

CONTINUE

PRINT 141, (ToXLU0I) X201 )9 X3(T)yX4(I)4I=1,1TF,10C)
SOLUTION OF INTEGRATION CONSTANTS

BB1=XSB

BB2=XSE

B8l=BB1-PX3(ITF)

B2=BB2-PX&4(1TF)
DET=HIX3{ITFIRH2ZX4(ITE)I=-HLX4(ITF)*HZX3(1TF)
Al=(BL+H2X4 (ITF)-B2*H2X3(ITF)}/DET
A2=(B2%HIX3(ITF}=RL*HIX4(ITFY)}/DET

PRINT 230,A14A2

RECOVERY OF SDLUTION SUPERPOSITION PRINCIPLE-
DO 250 1I=1,ITF
SX1UJyI)=PX1(I)+AL*HIX1(T)+A2%HZ2X1(])
SX2(Je I)=PX2(I ) +ALFHIXZ (T} +A2%H2XZ(T)
SX3(JyI)=PX3(IV+ALI*HIX3(I)+A2%H2X3(T)
SX4(JyIN=PX&{I ) +ALFHIX4 () +A2%H2X4 (1)
CONTINUE

Jd=J-1

PRINT 260, JJ

PRINT 265

CALCULATION OF CONTROL VARIABLE AND PROFIT

P1R=0,

P2R=0,

P3R=0.

DO 280 I=1,1ITF
ADVT(I)I=(SX&(J, 1)/ (2:%CA) ) =(SX2(J, T}/ AN=-1,)
PRI(I)=PIR+DT*{CHRSX2(J,y11}))}

PLR=PRI1I(I) :

PRZITII=P2R+DT* (CI*=({AIM=SX1(Jdy 1)) *x2))
P2R=PR2(T1)

PR3(I)=P3R+DTH(CA®SK2(Jy [)X{ADVT(I)*%2))
P3R=PR3(T)

PRET(I}=PRL(I)=-PR2(I)=-PR3(I)

CONTINUE

PRINT 270, {TSXLUJyT)4SX20d9 1) SX3(Js1),SX4(JyI),ADVT(I),

IPRFT(I}!I=1!ITF}

PRINT 29C+PRFT{ITF}sPRLICITF)PR2(IITF)PR3I(ITF)
CONTINUF
CONTINUE

FORMAT(8F 94 4)
FORMAT(3FQs4)
FORMAT('1VALUE OF THE CONSTANTS?*)
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L4U
141
150
1ol
140
200
230
260
265

279
290

127

FD'{MAT(‘ L\:"FR.B! 'B='|F8131'C='1F8131'C—C*',FH—¢.3|'C[\='|

LF 730 AN JFR, 3,3 ' CI=yFTob s "ATM='3F a4, '5,0(T)="3F% 4,
2ULE,0(T =9, F9a4,'DT="4Fb6s3)

FORMAT (LI 420X, % X1{C)="4FlOa4,! X2{0)="F1Ua%ys ' X3(U)=',F10
1" X4(0)=',F10,4)

FORMAT (IH 49Xy [442Xe4E2067)

FORMATI4F 1M 4)

FORMAT('=PARTICULAR SOLUTION')

FORMAT (' -HOMOGENZOUS SOLUTION FIRST SET?)

FORMAT ('~BOMOGENEUUS SULUTION SECUND SET")
FORMAT(LIH 4 'Al="4FTa4," A2= ',F3.4)

FORMAT (Y FINAL SOLUTION ITERATION NOD "W 14477

FORMAT (' STAGE® 93X, " INVENTURY',1UX,"SALES" 14X, '"LAGRANGC
IMULTIPLTIFRSY 49X, "ADVERTISEMcNT ' y 9X+"PROFITY)

FORMAT(*-TOTAL PROFIT o Y4 F15%a3,15X+3F1063)
STOP
END

SUBROUTINE RKT

COMMON SX245X4,PyDTsAsByCCoCA3ANGyCI AIMyCpda X1y X2y X3 9Ky ITF

DIMENSION X1(195)4X2(1C5)3X3(105)+X4(105),AL(105),
1A2(105),A3(105),A4(1C5),BL(105),082(1205),B83(105),B4(105),C1(10
2C2(105),C3(105),C4(1051,D1(105),02(105),D3(105),D4(105),
35X2(10,102),SX4(1G,102)

DO 50C I=1,1TF

V=5X2(J=-1,T1)

W=SX4(J4-1,1)

TA=1-1

T=TA*CT

ALIT)I=DTH(PRA+PEPET=-X2(]) )

BIA=CCHV4+Wk (V%2 )/ (CARAN) =W¥V/ (2 FCA)—COR{VF*%2) /A=
Iz (VFN3) /{2 AR ANER2))

B2ZA=CC+2e =V=W/ (CA¥AN =W/ 2,%CA) =2, ¥CCHRV/AN=T Flyk (V&% 2)
17( 26 *CA%(ANTRD))

B3A=VH =2/ (CAFAN )=V /{2 *CA)—V*ES/ (2, CAx[AER2))
BLET)=DT R [PRRLA-PaVEB2 AP 2B 3A4X2 (T )®=B2A+ X4 () *B3A)
CLOTI=0T(Px2, *CIHATM=2oCIRX1 (1))

DIA=C-WHCO+34 % (WHRR2) R (VX2 ) [ (4, ¥CAR(ANFX2) Y+ Wk 2/ (4, %CA)
1=(WxH2 ) AW/ (CARAN Y+ 25 RCCRVn /AN
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D2A=3 kYA (ks ) /(2% CARLANEEZ ) )= WEE2/ (CARAN) 42, FCORW/ AN
DIA=W/ (2o CAV-CO+35xWE{VER2) /(2,5 CA%R (ANTEL ) ) =2, %Wk /
L{CARAN) 424 %CCRV /AN
DIC(I)=CTHR(XAI(I ) +PXDLA-PRVEOZA=PERFOZA4X2 (T ) *D2A+X4( ) *
1D3A)

A2 (T )=DT#(PEA+PHRE(T4NT/2, )= (X2 (I V+E1(]1)/2:))
B2(I)=DTH{P*XDLA=PAVER2A-PENEBIA+ (K2([)+NLLTI) /L ) 2B 2A+
L{X4(I)+D1( 1)1 /2. )%23A)
C2(I)=DT(P%2, %CI*AIM~2 % C I (XL (I )+AL(I)/2s))
D2(I1)=DT*((X3(IVI4+CLUI)/ 26 V4PROLA=PRYED2A=P*W*UBA+({ X2( i)
L4BL(1) /26 )%D2A+ (X4 (I )401 (1) /2501 %D3A)
AB(I)=DTH(PEA+PEBR%X(T+0T/2 ) ={X21)+02(1) /2
B3(I)=DT*(P*BLA-P:VER2A-Pxu%eB3A+(X2(1)+82(
LIX4(I)+D2 (1) /25 )%B3A)
CI3(I)=DTX(P*2, *CI*AT M=o #CI%H(X1(I)+A2(1)/2a))
D3(I)=DT*((X3(T)4C2{I)/2+)+P%XD1IA=-P*VSD2A-PEKEDIA+(X2(])
L4B2(1)/26 )%D2A+ (X4 (1)+D2(1)/2,)%D3A) :
A4l T)=DTH(PXA+PERX(T4+DT)=(X2(1)+033(1)))

B4 (I )=DT*(PHRLA-PEVER2A-PHw®B3A+(X2(1)+023(1) ) %B2A+
LIX4(I)+D3 (1) )1%33A)

CH(I)=DTH(P%2, %CIHAIN=2,%CI%(XL(I)+A3(1)))
D4(I)=DTH((X3(I)+C3( 1) ) +P*DiA-PHVED2A-PHWHD3A+{X2( 1)+
1B3(I))%D2A+(X&(1)403(1))%D3A)
XLOI+1)=XI(I)+ (ALCIV 42, %A2( 1) +2.%A3( 11 +A4(1))/6,
X20I41)=X2( 1)+ (BIII) 42, %B2( 1) +2. %021 )+R4 (1)) /6.
X3(T+41)=X3(I1)+(CLET)42.%C2(1)+2.%C3(I1)1+C4())/0,
Xe(T41)=X4 (D)4 (DL(I)+2,.%¥D2 (1) +2.%0U3(1)+D4(1)) /6.

500 CONTINUE
RETURN
END

s 1)
1V/72.)1*BZA+



APPENDIX 2

COMPUTER PROGRAM FOR ADVERTISEMENT AND PRODUCTION
SCHEDULING PROBLEM,
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190

130

PRCCUCTION AND ADVERTISEMENT SCHEDULING PROBLEM,

MAIN PROGRAM

COMMEN X1aY1eX2,Y29A140Q09214+22523324+4Z5,26+CT4X0,.Y0,
1TPy TQyGASGR4EA,EByRyAQy V143 V2,ANsCA,CIAIM,CB,CCyCU+C,y
2ACsCT 4Py TEMY g TEM2 W1l s W2 e W3 gWheoJySAQySZ6,ITF

DIMENSION X1{105):X2{105),Y1(105}),¥2{105),A1(105),Q(105),
121(108)422(105),2Z301C5)424(105),25(105)426(105),
2SX1(1C,102),45X2(10,102),SY1(10,1G2),5Y2(105102),
3SAT(1C,102),SA0(1064+102),SZ1(10,102),S5221{105102},
45723{10,102)1,524{10,102),525{10,102)+5S26{10,102)+
SPX1(1C2)4PX2(102),PY1(102),PY2{1C2),PI(102),PQ(102}),
6PZ111021,PZ2(102)4,P23(102),P24(102),P25{102),PZ6{102},
7XD(105),Y0(105)4TEML(10,102),TEM2({10,102)3HX1{6,1C2),
BHX2 (641023 HYL{641C2)4HYZ2(6,102},HATI[6,102),HQ(6,102),
9HZ1(64102),HZ2(64102),HZ3({6,102)+sHZ4(645,102),HZ5(6,102],
2HZGE(64102),TML[202),TM2(202),ADV{LC5),,PRFT{105),
5PR3(1C5),PR4{1051,PR5{105)+PR6E(1C5)PR1I105}),PR2(105),
1B{s),8(36),BB(6)

REACING IN DATA
REAC 1COsGA+GB,EA,EBsTP9TQsRpAQsV1V2,AIM,AN,C
REAC 110+CTsDT3CAyAC,CBCCsCQyCT oWl oW2oWI4Wa,TIM,TF

THESE ARE SIX INITIAL CONDITIONS GIVEN IN THE PROBLEM
TO BE USED FOR GETTING PARTICULARSCOLUTION

REAC 410,S0L1,SCL2,S0OL3,50L4,50L5,S0Lé
REAC 4104(BB{I)s1=1,46)

THESE ARE SIX FINAL CONDITIONS OBTAINED FOR LAGRANGE
MULTIFLIERS BY APPLYING TRANSVERSALITY CONCITION AND WILL
BE USED TO DETERMINE INTEGRATION CONSTANTS

PRINTING OUT THE CATA USED

PRINT 120

PRINT 130,GA+GB,EALEBsR

PRINT 1354AQ4sV14VZsAIM,TIM

PRINT 1404ANsC+CT DT sCAACCBsCCHCQyCIsWLl,U2
PRINT 145,TP,TQsW3,k4

INPUTING INITIAL PRCFILE

DO 90C TJK=1,2
IF(TJK-2) 190,200,2C0
ITF=51

DO 21C I=1,ITF
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TEM1(1,T)=TP
TEM2(1,11}=TQ
SAG(Ll,I)=W3
SZ6(1sI)=W4
KAT=2
NAT=KAT

GO TC 300
IPK=ITF

DD 22C I'—=1| IPK
TEM1(1,I)=TEML{KAT,I)
TEMZ2(1,T)=TEM2(KAT,I)
SAQULl,I1=SAQ(KAT, )
SZ6(14,1V=5SZ6(KAT,I)}

ITF=1Cl

DO 24C I=IPK,ITF
TEML{1,I)=TEML (KAT,IPK])
TEM2(1,1)=TEM2 (KAT,IPK)
SAQ(1,I)1=SAQ{KAT,IPK]}
SZ6(1+1)=5SZ6(KAT,IPK}

KAT=11

START OF QUASILINEARIZATION ITERATIONS
0O 8CC J=2,KAT

FINDING PARTICULAR SGLUTION

PRINT 310
P=1e
X1(1)=s0L1
X2(1)=50L2
Y1{1)=50L3
Y2{1)=S0L4
AI{1)=50LS
Q{1)=S0Lé
21(11=0.
22{1)=0.
231{11=0.
24(11=0.
Z5(11=0.
Z26(1)1=0.

PRINT 150+X1(1)eX2(1)sY1(1)pY2(1)sAI(1)},Q(1)yZ1(1),
12201)+23(1),24(1),25(1),26(1)

CALL RKT
PRINT 160

DO 320 I=1,ITF

PX1UI}=X1(T1)
PX2{I)1=X21{1}
PYL(II)}=Y1(T)
PY2(I)=Y2(1]}

131
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330
340

350
351

352

353
354

355
360
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PItI)=AT(T)
PQIT)=Q(T1)
PZLIT)=Z1(T1)
PZ2(T11=22(1)
PZ3(I1=23(1)
PZ4(1)=241(1)
PZS(1)=25(1})

PZ6(II=16(1) _
PRINT 1704 (T oX1{T1oX20T)sYLUT)pY2UI)oAT(T)},Q(L)}oZ1(T},
112([).ZB(I}.Z4(Il.ZS(I!,lélIl'IflsITF'10)

SIX SETS OF HDMOGENEOUS SOLLTIONS
NSET=C :
CO 4CC IHCM=1,6

NSET=NSET+1

PRINKT 1BO,NSET

XL(1)=0.

X211)=0.

¥2{1)=0a

Y1(1}=0.

AI(1)=04

Q{1}=Ce

Z1{1}=0,

22{1)=0.

23(11=0,

Z2401)=0,

Z5(11=0,

26(1)=0,

IF(IHCM-2) 330,340,350
Z1(1)=1.

GO TC 360

Z2(1)=1,

GO TC 340

IF{IHCM=-4) 351,352,353
I3{1l)=1.

GO TC 360

24(1)=1,

GO TC 360

IF{IHOM-6) 354,355,355
I5(1)=1.

GO TC 360

26(l)=1,

P=0e

PRINT 150sX1{1},X2(1)eY1(1)yY2(1)AT{L1),Q(1),21(1),
122(1)423(1),24(1)425(1)4261(1)
CALL RKT

DO 37C I=1,1IT7F

HXL(IFOM, I)=X1(1}

HX2{IFOM, T)=X2(1)

HY2(IFOM, I)=Y2 (1)
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laleNe

370

400

425

HYL(IFOM, T1=¥Y1(
HAT(IFOM, T1=AI(
HQUIHCM, 1)=0Q(1)
HZ1(IFOM, 1)=211(
(
{
(

T

I
I

HZ2 (IFOM, 1)1=22
HZ3(IFOM, I)=23
HZ4(IHCM 1) =24
HZS(IFOM, 11=2511)
HZ6(IFDOM, I}¥=261(1)
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PRINT 170, (I,Kl(l];XZ(II'Yl{I)fYE{Il,AI(I},Q(I)'lltll,

LZ2(T1 142301 424(1)425(1),26(1)41I=1,1TF,10)

CONTINUE
VALUE OF INTEGRATION CONSTANTS

N=6

PRINT 420, (BB{I)sI=1,06)
Bl1)=BB(1)-PZL{ITF)
BI{2)=BB(2)-PI2({ITF)
B(3)=BB(3)-PZ3{ITF)
Bl4)=BB(4)-PZ&4{ITF}
B(5)=BB{(S)-PI({ITF)
B{6)=RBRB(6)-PZ6{ITF)
KM=1

DO 425 I=1,36,46
A(I)=FZ1{KM, ITF)
A(T+1)=HZI2(KM, ITF)
AlI+2)=HZ3{KM, ITF)
A(T+3)=HZ4(KM; ITF)
AfI+4)=HATI(KM, ITF)
A(I+5)=HZ6(KM, ITF)
KM=KM+1

KS=0

CALL SIMQUA:ByNsKSI}
PRINT 426

PRINT 430,(B{I),I=1,6)

APPLICATION OF SUPERPOSITION PRINCIPLE

DO 44C I=1,ITF
SHX1=Ce
SHX2=Ce
SHY2=0.
SHY1=C.
SHAI=C,
SHAGC=C.
SHZ1=C.
SH22=Ca
SHZI3=Ce.
SHZ4=Ce
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SHZ5=Ca

SHZ6=C,

DO 435 KM=1,6
SHX1=SHX1+B(KM)®HXL{KM,1)
SHXZ=5HX2+B(KM)*¥HX2(KMs 1)
SHY2=SHY2+B (KM )*HY2 (KM, 1)
SHY1=SHYL4B(KM)¥HYL(KM, )
SHAI=SHAT+B (KMI*HAT (KM, I)
SHZ1=SHZ1+B(KM)*HZ1 (KM, 1)
SHZ2=SHZ2+4B(KMI*HZI2(KM, 1}
SHZ3=SHZI3+B(KM}%XHZ3{KM, 1)
SHZ4=5HZ4+B(KM)*HZ4 (KM, 1)
SHZS5=SHIS+B(KM}EHIS5 (KM, 1}
SHZ6=SHI6+B(KMI¥HZBE(KM5T)
SHAQ=SHAQ+B (KM ) *¥HQ(KM, I}
CONTINUE
SXL{JyI1=PX1(I)4+SHX1
SX2(Js11=PX2(1)#SHX2
SY2(JeI)=PY2{T)4+5HY2
SYL1(JsI)=PYL{I)+SHY1
SAT(J,I)=PI{I)+SHAI
SAQ(J»T)=PQII}+SHAQ
SZ1(JyI)=PZ1(T)4SHZ1
SZ2{J,1}=P22(1)+SHZ2
SZ31{J,1)=PZ3(1)+SHZ3
SZ4(J,1)=P724(]1)+SH14
SI5(JyI)=PZ5(1)+SHI5
SZ6(J+1)=PZ6(1)+SHZ6
CONTINUE

FINAL SOLUTICN

Jd=J-1

PRINT 450,44

PRINT 460

PRINT 470, {T1,SXLtJsI14SX20JyT),SYL(Jy1),SY2(Js1),
L1SAT(Js 1) SAQUIs T}, I=1,1ITF)

PRINT 480

PRINT 470, (1,SZ10JeT1)sSZ2(Js1)9SZ3(Js1),SZ4(Jy1),
1S25(Js 1045760351 ),I=1,1TF)

CALCULATION OF CONTROL VARIABLES AND TOTAL PROFIT

Pl1R=C.
P2R=(.,
P3R=0e
P4R=0,
P5R=(Ca
P6R=0e
DO 500 I=1,1ITF

134
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500

525

530
535

545
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ADVIT)=(SZ6(Je IV /(2.%CA))*((1le/AN)-(1s /SAQ(J'IJ})
PRL(I)=PLR+AC*CQ*SAC(J, [)*0T

PIR=PR1(1)

PR2(I1=P2R+CB*AQ*SX2(J, 1) *DT

P2R=PR2(1)
PRI(IV)=P3R+CCxAQ*(Le-SX2(JsI)=-5Y2(J,1))*DT
P3R=PR3(T}

PR4 (I )=P4R+CI*( (AIM=-SAT(Js1})¥%2)*0T

P4R=PR&( 1)
PRE(T)=P5R+CA* (ADV(] ) *%2)*(SAQ(J,1)%%2)*DT
P5R=PRS(I}

PRE(T)=P6R4CT* ({TIM-TEM2(J=1,T) 1**2+(TEMI{J-1,41)
1-TEM2(J=1, 1) )%%2)%DT

P6R=PR6(T}
PRET{I}=PRI(CIV+PR2(II+PR3(I}-PR4(II-PRS(I}-PROE(I)
CONTINUE

PRINT S104PRFT(ITF)4PRIIITF)sPRZUITF),PRI{ITF}PR4(ITF),
1PREUITF}PRELITF)

PRINKT 520

NEWTCN RAPHSON METHOD FOR CALCULATING TEMP 1 AND TEMP 2

IF{IJK=-2} 525,530,530

TMI{1}=TEM1(J-1,1)

TM2(1)=TEM2(J-1,1)

GO TC 545

IF(J-2) 535,535,525

TML{1)=TEM1{(NAT, 1)

TM2(1)=TEM2(NAT,1)

CO 80C I=1,1ITF

CO 550 N=1,201

DATAA=({SZL(Js I)=-522(Js 1) }*GA%SXLI(JyIIXEA)/(RE(TML(N)*%*4))
DATAB={EA/R=2*TML{N)I*EXP{-EA/ (R¥TML1{(N)))
DATAC=(SZ2(JeI)%GB%SYL{JoI)*EB} /{R*(TML(N)%%4))
DATAC=(EB/R=24 *TML(N}I*EXP(~EB/ (R¥*TML(N}))
OATA=CATAA*DATAB+DATACH*DATAL -4 *CT

DATB=2e¢*CT

DBTA=2*CT
CBTBA={(SZ3(Jy1)=SZ4(J, 1)) *GARSX2(IoIVXEA}/(RE(TM2(N)*%4))
DBTBB=(EA/R=2e*TM2 (N) ) *EXP{~-EA/ (RETM2{(N}))
CBTBC={SZ41Jy I ) %GB%SY2(Jy 1) *EB}/(R*(TM2(N)**4))
DBTBLC=(EB/R=2*¥TM2(N) )*EXP (-EB/(R*TM2(N}))
CBTB=DBTBA*DBTBB+DBTBC*DBTBLC—-24 *CT

FUNLA=((SZ1(Js I1=SZ2(Js I} ) *GAXSXL(JoI}REAI/(RE{TMLIN}*%2))
FUN1B=EXP{-EA/ (R*TM1(N)))

FUNLC=(SZ2 (ST 1*=GB%SYL [Jo T)*EB)/ (R¥(TML(N)%%2))
FUNID=EXP(-ER/ (R®*TML(N))}

FUNLIE=2 #CT*{2 ¥TMLI{NI=TMZ2{N)=TIM)
FUNL=FUN1A*FUNLR+FUNLIC*FUNLC-FUNI1E

FUNZ2A=((SZ3(Jy I)1-SZ4(Jy 1) IRCAXSX2(J I V¥EA)Z(RE(TM2(N}X%2))
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FUNZB=EXP(-EA/{R*TM2(N]}))
FUNZ2C=(SZ4 (ST )%GBESY2(Jy II*EB)/ (RE(TM2(N)%%2))
FUN2D=EXP(-EB/ (R*TM2(NI))
FUNZ2E=24%CT*(TML(N)=TM2{N))
FUN2=FUN2A*FUN2B+FUNZ2C*FUN2C+FUN2E
RHSI=TML{N}*DATA+TMZ(N)*DATE-FUN1
RHS2=TM1{N)*DBTA+TM2 (N} *DBTB-FUN2
DETR=CATA*DBTR-CATBE*CBTA
TM1(N+1)=(RHS1*DBTB-RHS2*DATB}/DETR
TM2{N+1)=(RHS2*DATA-RHS1%*DBTA) /DETR
DEL1=TM1(N+1)-TM1{(N)
CEL2=TM2{N+1)-TM2 (N}
TMNWI=TM1{N+1)
TMNWZ2=TM2{N+1)
IF(ABSICEL1)aGTe0s1) GO TO 550
IF(ABSIDEL2)eLEeOel) GO TO 560

550 CONTINUE
PRINT 5704N,DEL1,DEL2

560 TEML(JyI)=TMNW1
TEM2(Jy I}=TMNW2
IF(Je.CE.3) GO TO 580
TMI{L}=TEMI(J, 1)
TM2(1)=TEM2(J,s 1)
GO TO 600

580 IF(I-ITF) 590,6C0,6C0

590 TM1(1)=TEM1(J-1,1+1)
TM2(1)=TEM2{J-1,1+1)

600 CONTINUE
PRINT 62041 ADVII}oTEMI{Jy 1) TEM2(J,1),PRFT(I)

BCO CONTINUE

ENC CF ONE ITERATION
900 CONTIMNUE

100 FORMAT(2E10s342FTel42F5e145F4el,F5,1,F301)

110 FORMAT(FTe54F4023FTe515F5a344F663,2F5.1)

410 FORFMAT(6FS542) '

120 FORMAT(* VALUE CF THE CONSTANTS USED')

130 FORMAT(' GA=',E10e3s' GB=',E1Cs3," EA=',F7,1,' EB=',
1F7el4®' R=",F4,e1)

135 FORMAT{' FLOW RATE="4F5.1,' V1=',F4,1,
2' V2=',F4,1,s" MEAN INVENTORY=',F4,1,* MEAN TEMP='",F6.2)

140 FORMAT(® N="F5011' C='|F5.11' CT= 'QFQQSf' DT='1F6.2’
L1'CA="4F9e¢54'Cl="4F7a3/" C2='4FT7e3,'C3=",FT7e3,
2'CC=',F7.3"CI=',F7.3.'XD(T)=',F8.3,'YO(T!=',F8.3I

145 FDSNAT(' Tl="yEl2e44'T2="4E1l2644'CCITI=",E1062,'L6(T)=",
1E10.2)

150 FORMATL® X1{0)='3F6e24"X2(0)="4F6e2,"'Y1(0)=%,Fbe2,
1'Y2(0)="4yF6e2+'1(0)="3F662y'QI0)=",F642/" L1{0O)=",Fbe2,
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2'L2(0)="3F6e29 "L3(0) =%, Fbe2,'L4{0)="3Fbe2:'L5{0)=",
4F6e2,'L6(01="4Fb6e2)

160 FORMAT(//" STAGF' 2X*CONCENTRATION CGF At',2X,
L*CCNCENTRATION OF B' 23X, *INVENTCRY " ,2X, *SALES'y 3X,
3'LAGRANGE MULTIPLIERS'//)

170 FORMAT(I4,2%X,12E10.2)

180 FORMAT(* HOMOGENEQOUS SOLUTICN SET #',14)

310 FORMAT(®* PARTICULAR SOLUTION")

420 FORMAT(* FINAL CONDITIONS FCR LAGRANGE MULTIPLIERS?®,
15X/6F10.6)

426 FORMAT(* INTEGRATION CONSTANTS-')

430 FORMAT(?' Al=",F15.5,"A2=",F15.54"A3=",F15,5,
1VA4=",F1545,/" AS=P,4F15a5:"A6="4F15.5)

450 FORMAT{' FINAL SOLUTION TITERATION #',1I5)

460 FORMAT(/" STAGE'y11X,*CONCENTRATICN OF A®*,18X,
1*CCNCENTRATION OF B®* 416X, *INVENTORY "y 11 X, *SALES*/}

470 FORMAT{T14+3X,6E1B.5)

480 FORMAT(' LAGRANGE MULTIPLIERS LAMCA 1 TO LAMDA 61')

510 FORMAT(' TOTAL PROFIT=",Fl5.79,10X,6F15.5)

520 FORMAT(* ADVERT FOR PREVIOUS ITERATION®21X,'TEMP 41X,
1* FOR CURRENT ITERATION®'412X,*PROFIT FOR CURRENT ITERATION')

570 FORMAT(T70X,*TEMP DID NOT CONVERGE"+2X,134' DELL1="'4,FS9.3,
1' DELZ2='"4F9e3)

620 FUR”&T(IH .I4,5X,'ADVT=',E12.4.1?X.'T1:',E14.6,3X,'T2=',
1El4e6,12Xs "TOTAL PRCFIT'3F1Cs5)

STCP
END

SUBROLTINE RKT

RUNGE KUTTA METHOD HAS BEEN USEC TG INTEGRATE 12 LINEAR
EQUATIONS

COMMCN X1gY1eX29Y2sAl9Qe21472423424925,2640T3X04Y0,
LTP+sTQyGAyGBYyEALEB,RyAQyV1,4V2yANyCAyCI4AIM,CB,CCyCQ,4Cy
2ACsCT Py TEML TEM2 s WLy W2 4 W34 & e JySAC,ST6,ITF

CIMENSION X1{(105),X2(105),Y1(105),Y2(105),A1(105),Q(105),
121(105),221105),23(105),241(105),25(105),76(105),
2A1(105),B1(105),C1(105}),4D1(105)4+EL(105),4F1(105),G61(105),
3A2(1C51,B2(1051,C2(105}),D2(105}+c2(105),F2(105),62(105},
4A3(105)4B3(105),C3(105)4D3(105)4E3(105)+F3(1051,G3(105),
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SA4(1CE)4B4(105)4C4(105),D4(105),E4(105)F4({105},G4(105),
6H1(1CS),R1{105})451(205),T1(1205),Ul{105),XC(105},
TH2(105),R2(1051,52(105),T2(105),U2{105)1,Y0(105),
BH3(105)4R3(105),S3{1C5),T3(105),U3(105),TEMLI(10,102},
9H4(105) sR4(105)454(105)sT4{105),U4(105),TEMZ2{10,102),
1SAC(1C,+102)+526{104102)

SP=AC/V]

SQ=AC/V2

CO 13C I=1,ITF

TTL=R*TEM1(J-1,1}

TT2=R*TEMZ2(J-1,1)

X0(I)=wWl

YO(I)=W2

V=SAQ(J-1,1)

W=SZE(J-1,1)
ALUT)=DT*(P*SP%X0{I)-SP*X1(I)-GA%EXP(-EA/TTL)*X1(I})
BL(I)=DT*(PxSP*YOD(I)}=-SP*Y1(I)- GB*EXP(*EB!TTI}*YI(I)+
1GA*EXP(-EA/TT1)%*X1(1)}
CLII)=DT*(SQ*(X1(I)=-X2(I1))-GA*EXP{-EA/TT2)*%X2(1))
DLOT}=DT*(SQ*{YLII)-Y2(I))-GB*EXP(-EB/TT2)1%Y2(I)+
LGA*EXP(-EA/TT21%X2(1}}

EL(T}=DT*(AQ*Y2(T)-CQ*Q(1})

F1A=(CEV=CH (V%2 ) /ANSVEW/ (CAXAN) W/ (26 *CA)=U*(V*%2)/
L{2*CAX(AN*%2}))
F2A=(C-2*CAV/AN+W/ (CAXAN) —W*V/ (CAX(AN*%2)))
F3A=(V/(CA®AN)~1a/(2e*CA)=V*%2/ (2. *CA*{AN*%2]) ) )
FL{T)=DT*(PXFlA-P¥*VXF2A-PXWAF3A+Q(I)*F2A+Z6(1)*F34)
GLIIN=DT*{SP*Z1(1)-SQ*Z3(I)+{Z21(1)-22(1))*GAREXP(-EA/TT1))
HI(T)=DT*(SP*Z2(1)-SQ*24([)+22{1)*EXP{-EB/TT1)*GB)
RLII)=DT*(SQ*23(I}1+(23([)-Z4(1))*GAXEXP(-EA/TT2)+P%AQ*{CB-CC)
SL{I})=DT*(SQ*Z4(1)+Z4 ([} *GB*EXP{-EB/TT2)-Z5(I11%AQ-P*CC*AQ)
TL{I)}=DT*(P*2, *CI¥AIM-2*%CI*AI(I))
ULA=[AC*CQ-CHW+2 ¥ CHVEW/ AN+ (WE%2 )2V / (2 kCAX(AN®®2) )
1-W**2/(26 *CA*AN) )

UZA=(2e ¥CXW/ AN+ WA ¥2/ (2 ¥CA% (AN%%2) })

UBA= (2 *CEXV/AN-C+UW*V/ (CAX(ANX%2) )-W/(CA%AN]))
UL(I)=DT*(CQ*ZS (1 1+P*ULA-PHVXU2ZA-PEWHUIA+Q(I)}*U2A+26(1)
1*U3A)

A2(1)=DT*(P*SP*XO(1)-SP*(X1(T)1+AL(I)/2: })~GA*EXP(-EA/TT1)
I*(XL{I)+AL(L)/72.))
B2(I1)=DT*(P*SP*YO(I)-SP*(Y1(I)14B1l{I)/2e)-GB*EXP(-EB/TTL)
1#(YL(IV4BLII)/ 26 V+GAXEXPI-EA/TTL)®*(X1(I)1+AL{I)/2.)}
C2(I)=DT*{SQ*((X1(II+AL{I)/2e}-(X2({TI)+CL(I)/2a))~
IGAEXP(-EA/TT2 1% (X2(1}+CL(1)/2:))
D2(I)=DT*(SQ*((YL(I)+4BLUT)/26)-(Y2(I)+D1(I)/26})-GB*EXP(—~EB
L/TT21%(Y2(T4BL(1} /2 V+GAXEXP(=EA/TT2)%(X2{1)+CL(1)/24))
E2(I)=DT* (AQ*{(Y2{(I)+BL(I}4D1(I)/2.)-CQ*{QUII+FL(I)/2e))}
F2(I)}=DT*{P*FLA-P*V*F2A-PX*W*F3A+(C(I)+FL{I) /2. ) %XF2A+
LIZ6(T)+ULI)/2.)%F3A)
G2(I1)=DT*(SP*(ZI{I)4GL(I)/24)=SQ*(Z3{I)+RL(T}/2 )+
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1ZLC(I)4GI{IN /2 ) ={22(1)+HLILI) /24 ) ) *GAREXPI-EA/TT1)}
H2{T)=DT*(SP*{Z2(T)4H1(1)/2.1-5Q%(Z4(11+S1(I}/2.)+
L(ZZ2(I)Y+HI(I /2 VXEXP(-EB/TTL)*GB)
R2(I)=DT*{SQ*(Z3(IV+RI{I) /24 141 (Z3(T)+R1(TI}/2.)-(2Z4(T)
14S1(1)/2¢ ) V*GAXEXP{-EA/TT2)+P*AQ*(CB~CC)}
S2(I)=DT*(SQ*(Z4(1)+S1{1)/2e)+(Z4(T)4S1(1)/24)%GB*
LEXP(=EB/TT21=(Z5¢11+TL(1} /2, Y ¥AQ-PXCC*AQ)
T2(1)=DTH*(P*2e *CI*AIM=-2,%CI*(AI(I)+EL1(I)/2.))
U201 )=DT*(CQ*{ Z5(T1}+T1(1) /2 ) 4P*ULA-PXVXUZ2A-PHW*U3A+
LIQUI)HFL(I) /2 Y *UZA+{ZO6(TI+UL(TI D/ 2. )%U3A)
AZ(I)=DT*(P*SP%XO(I1)=SP*{X1{I)+A2(1}/2.)-GA*EXP(—-EA/TTL1)
LA(X1(I)+A2(1)/2.)) .
B3(1)=DT*{P*SP*YO(I)-SP*{Y1(I}+B2([)/2,)-GB*EXP{-EB/TTL)
1#(YL(I)+B2(11/2s ) +GA*XEXP{-EA/TTLI*{X1(I)+A2(I)/241))
C3(I)=DT*(SQ*¥{(XLII1+A2(1)/2)=(X2([)+C2(1}/2.))}-GA*EXP(-EA/
ITT2)*(X2(11+C2(1)/2.))
D3(I)= DT*(SQ*((YI(I!+BZ(II/Z.)—(YZ(I)+DZ([I/2.}I*GB*EXP( -EB/
LTT2 % (Y201 )4B2(1) /2. V4GAXEXP(-EA/TT21%{X2(T}+C2(11/24))
E3(I)=DT*(AQ*(Y2(114D2(1)/2.)-CA*(Q(TI}+F2(I[)/2s))
F3I(I)=DT*(P*FLA-P*V*F2A-P*W*F3A+(Q(I)+F2(1)/2,)%F2A+
LIZ6(T)I+U2(1) /24 ) %F3A)
G3(I)=DT*{SP*{Z1(1)4G2(1}/2)1-5Q*(Z3(TI)}+R2(1)/2.)+{(
1Z1(I)4G2(1) /2 )= (Z211)+H2(1)/2+ ) )*GA*EXP(-EA/TT1))
H3{I)=DT*{SP*(Z2(1)+H2(I)/2.)~SQ*(Z4{(T)+S2(1}/2.1)+
1(Z2(1)+H2{T) /2. )*EXP(-EB/TT1)*GB)
RI(I)I=DT*(SQ*(Z3(I1+R2(T)/2 1+ (1Z3(I)4R2(1)/26)~(24 (1)
14S2(1)/2 ) 1 #¥GA*EXP(-EA/TT2)+P*AQ*(CB-CC))
S3(I)=DT*(SQ*(Z4(I1+S2{1)/2)+(Z4(1)452(1)/2)%GB*
LEXP(-EB/TT21-(Z5(T11+T2(11/2.}*%AQ-P*CC*AQ)
T3(I)=DT*{P*2e ¥*CI*AIM-2¢*CI*(AI(I}4E2(1}/24))
UB(T)=DT*(CQ*(Z5( 1)1 +T2(1)/2¢)+PXULA-P*VHU2A-PEW*U3A+
LIQUIN4F2(1)/72. ) *%U2A+ (2611 )+L2(1)/241%U3A)
A4(T)=DT*(P%SPXXO(I)-SP*(X1(T)+A3{I))-GA*EXP(-EA/TTL)*
LIXL(OII+A3LIN))
B4l 1)=DT*{(P*SP*YO(1)-SP%*{YL(I)+B3([)}-GB*EXP(-EB/TT1)*
L(VI(I)}+B3(I))+GA*EXP(~-EA/TTL)*(XL(I)+A3(1)))
C4lI}=DT*{SQ*C(IXI{I)+A3(I))=(X2{L)4C3 (1)} )-GA*EXP(-EA/
LTT2)*(X201)¥+C3(T}})
DA(I)=DT*(SQ*{(YLII}+B3{I))~-(Y2(I)+D3(T)))-GB*EXP{-EB/
LTIT21 % (Y201 1+4B3 (1) I4GA*EXP(=EA/TT21(X2(1¥+C3 (1 )
E4{I)=DT*{AQ*(Y2(1)+D3(1))-CQ*{Q{I)+F3(I11}})
F&lI)=CT*(P*FLA-P*V*F2A~ P*H*F3A+[G(I)+F3¢Il)*F2A+(16lIJ
1+U3 (1) )*F3A)
GA4{I)=DT*(SP*{Z1(I)+G3({I))-SQ*(Z3(T}I4R3(I)I+((Z1(I)+
LG3(I)}=(Z2(T)+H3(I)))I*GA*EXP(-EA/TT1))
Ha[1)=DT*{(SP*{Z2(1)+H3(I))-SQx{Z4{T)+S3(I)}+(22(}+
TH3(I ) ) *EXP(-EB/TTL1)*GB)
RA(I)=DT*{SQ*{Z3{I}+RI(I))I+((Z3 (I +R3(EII=(Z4(I)+S3(1)
1) 1*GA*EXP(-EA/TT2) +P*xAQ*(CB-CC) )
S4UT)=DT*(SQ*(Z4(1)+S3(I) I +(Z4(T1}+S3(1))*GB*EXP(-EB/
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LTT2)=-(Z5(1)+T3{1)) *AQ-P*CC*AQ)
Ta4lT)=DT*{P*2  *LI*AIM=-2.%CI*(AI(I)+E3{L)))
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U {T)=DT*[CQ*{Z5(I)+T30 L} +P*ULA-PHVEUZA-P*WkUIA+(Q(]])

L+F3 (I ¥UZA+(Z6(TI+UB (1)) *J34A)
XLOI41)=XLUI 4+ (ALITI)42.%A2(1)+2.%A3(1)+A4(1))/5.
YLOI+1)=YL (D) +({BLlI)#2.%B2(1)+2.%33([)+B4(I1))}/5.
YZUI+1)=Y2(I) 4+ (D11 +2.%¥02 (1) +2.%D3(1)1+04( 1)) /6.
X2 UI41)=XZ I +(CLUI)#2.%C2(1J+2.%C3(1)+C4(I))/5.
ALCI+L)=AT(I)+(EL(IY+2.%E2(I)+2.%E3([)+E4(1)) /5.
ZI(I+D)=Z1 (1) +(GL(I)4#2.%G21I)+2.&G3(114G4(1)) /5.
221411 =Z2 (1) +(HLOI)+2.%H2(I)+2.%H3(I)+H4( 1)) /5.
Z30I+1)=Z3{1)+(RLUI)+2.%R2(1)+2.%R3([}+R&4(1))/5.
ZGUI+1)=Z4 00 +{SLL)+#2.%S2(1)+2.%S3(I)+S411))/5.
Z5(141)=25 () +(TLUI)+2.*%T2 (1) +2.%T3([)+T4(1))/5.
260141 )=Z6{1 )+ (ULLI}+2.%U2 (1) 42.%U3(1)+U4(1))/5.
QUEI+1)=QUIN+(FLIL)+2.*%F2({I )42 %¥F3(1)+F4l(l)) /6.
CONTINUE
RETURN
END



APPENDIX 3

SUBROUTINE SIMQ TO SOLVE FOR THE
INTEGRATION CONSTANTS,



I o

OO0

OO0

OO

35

40
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SURROULTINE STYMO{A,DyNsKS)
DIMENSINN A(L)B({1)

FORWARD SOLUTION

TOL=0.0
K5=0

JJ==N

DO 65 J=1,N
JY=J+1
Jd=JJ+M+1
BIGA=Q
[T=4J-J

DO 30 I=JsN

SEARCH FNR MAXIMUM COEFFICIENT IN COLUMN

Td=1T+1

IF{ABSIBIGA)-ABS{ALTI))) 20,30,30
BIGA=A(T1J)

IMAX=1

CONTINU=

TEST FGR-PIVDT LESS THAN TUOLERANCE (SINGULAR MATRIX]}

IF(ABS(BIGAY-TOL) 35,35,40
KS=1 - '
RETURN

INTERCHANGE ROwS IF NECESSARY

[1=J+N={J=-2)
IT=IMAX=-J

DO 50 K=J,N
I1=T1+N
12=11+1IT7
SAVE=A(T1)
Al(ILl)=A(12)
AlT2)=5SAVE

DIVIDE CQUATION BY LEADING COZFFICIENT
SAVE=B{ IMAX)

ACTL)=A{T1)/RIGA
BIIMAXYI=R(J)
BUII=SAVE/BIGA

ELIMINATEZ NEXT VARTABLE

IF{J-N) 55,470,455



55

60
65

70

80

IQS=N%{J=-1)

DO 65 IX=JdYN

IXd=1Q5+1X

IT=J-1X

DO 60 JX=JY,N

IXIX=N*(JX-1}+IX

JIX=IXIXHTT
ALIXIXI=A(TIXIX)I-(ACTIXI)*A(IIX))
BOIX)=B01X)=(B(J)*RALIXJ))

BACK SOLUTINN

NY=MN-1
[T=N*N

DO 80 J=1,NY
[A=1T-J
IB=N=-J

IC=N

DO 80 K=1,J
BIIB)}=BUIB)-A(IA)*B(IC)
[IA=TA-N
IC=IC-1
RETURN

END
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Past studies have shown the effectiveness of quasilinearization in
dealing with large dimensional problems and in overcoming the two-point
boundary-value difficulty. For unstable problems, the quasilinearization
method fails if the initial guess is not a good one. Recent studies are
oriented towards increasing the range of convergence for the quasilineari-
zation method. The two-phase method of quasilinearization helps in serving
this purpose.

This work investigates the computational features of the two-phase
method of quasilinearization in solving two complex managementi problems.
First, the two-phase method is described. Then it is applied to an in-
ventory and advertising scheduling problem having two state wariables
and one control variable, Finally, it is applied to an advertisement
and production scheduling problem having six state variables and three
control variables,

The number of iterations in phase 1, the period of phase 1, the
phasing scheme are a few of the items discussed in this work. It was
concluded that:

1) The range of convergence increases tremendously in both

of the problems studied.

2) There is no advantage in obtaining the optimum profile

in phase 1, In general, no more than one iteration is
_needed.

3) Shorter periods in phase 1 are helpful,

4) Backward phasing might be helpful in cases where the

profiles have large slopes in the final stages.

5) In gemeral, convergence is achieved in the same number

of iterations for all the initial approximations.



Based on these two problems, it can be said that the two-phase method
of quasilinearization is more effective than both, the ordinary quasilineari-

zation method and the differential sensitivity analysis,



