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CUEAPTER I

INTRODUCTICN

Manv, perhaps most, of the coumunication systems in use tcday
contain nonlinear elements. Unfortunately most of the techniques for
solving linear systems are not applicable to nonlinear systems. 1If a
iinear approximation of a noulincar systew does not vield satisfactory
resulis, a designer is faced with tnree possible alternatives. The
engineer can actually construct the system and then measure its perfox-
manca. Aside from the financial cost, tie designer can easily find
himsalf sgending more time and enzrzy on the "auts and bolts" uspects
without ever addressing the centrzl design problem. An attractive
alcernative to prototyping an uncroven design i3 simulation., Simulation
is relatively =asy and straightforward o implement. Due to the phvsical
limitarivas of simulation hardware, high speed communication channels
are aften medeled 2£ a fracrion of the da2sired rate. A disadvantage of
simulation then hezomes the vary long time intervals that may he required
to chkiain a confident esrimate of the performance of a system. The
anaily:zic appueacn offzrs the advantage that the designer can descrihe
the svstaw more precisely. Unfortunately, masny systews are eicher

impesgible to descrite anslytically, or the resulting descripcion way be

o

S0 eumpiex as Lo bhe uomanagesahle.

.

{ne auproacit which can be vsed for a large class of nonlinear

1

systems Invoalves the use of Volterra series [1,2.37. An overdrivean
y b -



i~

transistor amplifier is one examgle 0f a physical system having suffi-
ciently well behaved nonlinearities with memory which can be analytically
described in terms of a Volterra seriss. This paper will consider the
model of the nonlinear digital communication channel saown in Figure 1.
The basic mathematical model of the Volterra series approach to
calculating probability of error is developed in Chapter II. The compu-
ter algorithms used to implement the mathematical model are described in
Chapter IIL. Results for two channels, one having Gaussian filcers
and the other having casual filters, are presented in Chapter IV, The
results from the channel having Gaussian filters are esgeuntially that of

Benedetto, Biglieri, and Daffara [4].
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CHAPTER 1I

BASIC MATHEMATICAL MODEL

Validity of the Volterra Series Approach

A sufficiently well behaved nonlinear system with memory caun he

represented as a Volterra series [3] of the form
fe ) a0
y(t) =k£lff---£mnk('cl,1:2,...,Tk) x(e-1y )x(E=7,) 2 2x(t-7,) drydT,eedTy (1)

where the Volterra kernels, hk(Tl,Tz,...,Tk) , tescribe the behavior of
the system. 7o show how one would go about solving for the Volterra
kernels consider the expanded Volterra system shown in Figure 2. This
model describes a nonlinear channel which has linear filters on either
side of a msmcryless nonlinearity. TIf sufficiently well behaved, the

nonlinearity can be zxpanded in form of the power series

k

£(r) = Y LT - (2)

hi~138

k=1

Analyvsis of the model begins by observing that the output of the
first filter in the chanmnel is
o

r(e) = [ n,(p) x(e-p) dp . (3)

0

The curput of the memoryless nonlinear device is then

o0

[ ong () x(e-p) dp] . (4)

L

sty = £f
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A second convolution will yield the channel output

-]

/ hy o () s(t=1) dr

-_—Cn

il

y(t)

=-] co

[ b £, (8) x(e-t-p) dp] dr

-0 - O

]

Making the change of wvariables 1 + p = u will yield

w0

y(0) = [ b () £[f by (u-1) x(t-u) du] dt (5)

-— D -— 0

which after cthe substitution for E( ) using (2) will give

o =y o 1
y(t) = f hout(r){ ) E%-[J hin(u-r) x(t-u) dh}ﬁ} dr . (8}
- k=1 e

Interchanging the order of rhe first integral and summation vyields

w o0

S

5 k k .

y(e) = 1 prb (0 Ru=1) x(e-u) dul” dr . (7
k=1 -= ) -0

Expanding (7) on a tern by term besis obtains

0 ‘\," o o]
Py Y N 5
() = [ T B (O [ By x(emuy) dugde
om "[ 2 . o fes )
+ f ET—hout(T) ] hin(ul—T) x(t“ul} dul f hin(uz—r) x(t—uz) duzdt
+ e (8)

wnich caa be rearranged as

oy, o

I'd 2 ‘ %,
v(t) = | E?'f ncut(T) hin(ulhfj d= X(t-ul) dul

-1) hin(uz—t) dt x(t-ul) x(tmuz) dulduz

x
oot o] T g () “i By (ug=m) dt

=1 -0 =

. xat-ul) x(t-u2) ca x(t-uk) dulduz...duk o ; (9)



Comparison of (1) with (9) shows that if

¥ i k
ko v TT &
hk(ul’uZ""’uk) 0 {m nout(f; Z;{ hin(ul-r) dr , (10)

HI

where hk(Tl,rz,...,zk) hk(ul,uz,...,uk) .

then (1) and (9) are equivalent., Figure 2 thus describes a nonlinear
communication channel which can be expressed in terms of a Volterra

series,

Error Calculations

Returning to Figure 1, an expression will now be formulated for
¢alculating the error probability for a channel where zero mean Gaussian
noise is added after the nonlinearity. The development presented here
parallels the one used by Benedetto et al. [4].

The input is specified as
x(t) = a  §(t-nT) (11)

n:—ﬁ

where {an} is a sequense of randew data sympools which are statistically

independent for different values of n. BSubstitution of (1l) into (1)

yvields
s ® @ ]
}’(t) = 2. f"‘_‘r hk(Tl,szlochk) 2 an 6(t—an)
k=1 - 1] =0 l
1
W & E_w ank é(t—nkT)J dtlde...di e
i
L

which due to the presence of the impulse functions can be easily

integrated to get

o3 = o
y(t) = ) J e+« 7 a_ a ...a_ h (t-n.T,t-n.T,e..,t-n, T) . (12)
o o Sow Py Dy . 3 I

1 2
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Although choosing =z series of impulses as our input simplified (1) to
(12), one might argue that an impulse generator does not exist in the
real world. It turns out that using a series of impluses for an input
does mnot constrain the model. Referring to Figure 2, the first device the
input encounzers in the channel mecdel is a linear filter. When specifying
the impulse response, hin(t}, any pulse shaping characteristics desired
can be included. An example of adding a pulse shaping filter to hin(t)
will be presented in Chapter IV.

The output of the nonlinezr cuannel is

z(t) = yic; +vie) , (13)

where the noise, v(t), is a zero mean Gaussian random proczss. The pro-
cess is assumed tec be stationary with the variance of its samples equal
to o, - At the £ instant during the current signal interval, the receiver
decides which symbol a, represents.

What (13) implies is more meaningful if written in an expanded form

at the iastanc to' That is

o 1 i 2y
n1#0
fo.n =]
o .
toLL e e hz(c —an,tO—nzT,
ny=-e 1 72
n2=—m
+ higher order terms + v(tg) . (14)

The output z(to) has parts which can be interpreted as

. _ desired , linear intersymbol square law
Z(t. ) = 5 = + .. .
c signal interference distortion terms

higher order

- i + noise .
distortion terms



A more compact representation for (14) :an be obtained if the random

variable E(ao) is defined which includes all the system distortion terms.

That is
Ea) = 1 a hy (e -2 T)
ny=-= 1
nl#o
+ E g vas z a a, ...a hk(to—an,to-nzT,...,to—nkT) . (15)

o, 172 k
Then (14) can be restated

= + Z . '
z(to) a, hl(to) (ao) + v(to) (16)
Given (16) as the output the probability of error in correctly interpreting

the symbcl a  can now be determined. The overall probability of error is

Ps P[elsi} ; (17)

P
error .
i=1 1.

Ervﬂr

where L is the number of symbols; P5 is the probability thatr a given

i
symbol will be transmitted; P[e!si1 is the probability that Sy will be
incorrectly interpreted if transmitted. Note that
P +PF 4+ ...+F =1 (18)
S L

ig always true,
For the remainder of this report the signal se- will be restricted
to an even number of equally likely symbols defined by

Si=-L"‘l+2i fOl‘ i': 1,2,001,14 . (19)

It can be shown for the signal set chcsen that the lowest probability of
error will occur when the decision boundaries are equally spaced between

the symbols. A signal set containing four symbols and the associated
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decision boundaries are shown in Figure 3. For example, a received sig-

nal falling into the R

region would be interpreted as the S, symbol.

2 2

The extreme lower symbol will be incorrectly interpreted when the

noise and channel distortion are sufficiently large to place the symbol

in any other region. More specifically, when

v(to) + E-'.(aO =L +1) > 1 (20)

then the probability of error for the lower symbol will be

Ple

Thus, if v(tﬂ) is greater than 1 - E(aO

lslower

P{v(to) + S(ao =-L+ 1) > l}

[
it

P{v(to) > 1 - E(ao -L + l)} . {21)

-L + 1) an error will be made

in interpreting the symbol. Previously it was stated that v(t) is a zero

mean Gaussian process. This means that P[e[slower] can be determined by

integrating over the shaded region shown in Figure 4. Iutegrating one

gets

P

[

el

s
‘T lower

= E{ J £ (v) dv}
1 -1+ ¥

-v2 /202
v
e

= B ) ~—— dv} . (22)
{] }

|
[11]
—~
w

]

1-8(a_ = -1+1) V27 7
%— enables (22} to be written as
(o]
o -B2/2
= g & 48
IrEia,, = =1#l) Y2n
J
A'4
1-2{a = ~-L+1) %
= E{Q[ = g} ; (23)

v
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The same procedure applied to the extreme upper symbol vields

1+ E(ao = L-1)
Ple|s ] = E{q[ ]} ; (24)

upper 9,

If the signal set contains any intermediate symbols, incorrect inter-
pretation can occur 1f they fall into decision regions either above or
below their own. For example, refarring again to Figure 3, S, would not
be received correctly if

[v(t ) + 2@, = -1)| > 1 .

Consequently the probability an intermediate symbol will be jncorrectly

interpreted is

1+Z(a =s_ ) ] 1-E(a =s,)q}
_ o 1 o i o
P[elsintermediate] - E{Q[ T, }f * E{Q[ a, Jj ) e

For L symbols we can state the general result as

L=1 ¢ rl-Z(a_=-L-1+21)7) L 1+2(a_=-L-1+21i)4
ooz * £ LM} #} L]} - o=
i=1 v 4 i=2 v
If o > 2.0, a good approximation for Q(a) is
,-0%/2
Q(a) = — for wx2 , (27)
V2T W

Evaluation of (26) can be performed by using the fundamental theorem of

expectation [6] which states

o

Elg(x)} = [ g(x) £(x) dx (28)

whare fx{x) is the probability density function {(pdf) for the random
variable x.
Fortunately an analytic description of Ex(x) is not needed. If the

first 2N moments cf fx(x) are known, then a Gauss Quadrature Rule (GQR)
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consisting of N abscissa/weight values can be calculated using a procedure
outlined by Golub and Welsch [7]. Using the GQR obtained, (28) can be

evaluated as
N

[ 800 £,00 = jzl wi g(A) . (29)

Using (27), (28) and (29) the overall expression for error proba—

bility becomes

) I—Al 2 1+Ai. 2
_( a /2 _( Q } /2
-1 N W., e v L N W,.e v
l - 1 i
error = T _Z f L P + Z _E - 144,
FLI gy ) g )
n oo
1+,
Por [———lg J >2 . (30)

v

All that remains is to develop a method for obtaining the 2N moments of

4

E{ao; to be used in calculating the GQR.

Calculation of the Moments of E{a }
U0

The first moment of E{ao} is obtained by taking the expected value

of (15). That results in

E{E(ao)} = E ir E‘ an Hl(nl)

[n1=-w 1

ny#0
oo l }

+ E JoY e z &, 8. w8, Hoslseeassi. J| 8 (31)
oy o R [ k120 Tk ol ?
k=2 n; o, n, i e %

4

whers for brevity Hk(nl,nz,...,nk) = hk(to-an,tG-nzT,...,to-nkT) 3
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The kernels Hk(nl,nz,...,nk) in (31) are known quantities. Only the

Ela sa_ s.se9a Iao} needs to bte evaluated. As ni can range in value

o, n
1 72
from minus infinity to plus infinity, each an can take on any value from
i
the set {. .} . For example if k = 8, one term of

"8_538_ 358 581485500

E{ao} might have a subscript distribution which results in

E{a a.a a

X 1aa

48 8,la b = a’ Elal} E{a3} . (32)

Recall that the an s not having the same subscript ni are statistically
i
independent. Since each of the possible svmbols are equally likely,

E{ai} = %[(-Lﬂ)2 $omet (BT DI 4 LT % 155 4. b G0 . O

With the aid of (32) and (33), it is relatively easy to evaluate (31) for
a specific subscript distribution. Note that if 2 is odd then E{ai} =0 .
Now is needed a method for obtaining the higher moments of E(ao) .

When two Volterra series

VF = Z anl Fl(nl) + z z an an Fz(nl,nz) i R

ng n, o, 12
and -
VG = z a Gl(ml) + I 1 a a, Gz(ml,mz) + e {(34)
m 1 m, m 1 =2
1 172
are multipled together the result is
Vo = Vg Vg = bl a a  Fi(a) 6 (m)

1M

+ E g é an am am Fl(nl) Gz(ml,mz)

[
o

+1 11 aga 2 F(a,m,) 6 (n)
n, n, m

+ e " (35)
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Regrouping and renumbering the gubscripts will yield

VQ =1 1 anlanz Qp(ny5my) + DLl anjanzan3 Qrpomgony) +eee s (36)
n; o, nga, n, 1
where
k-1
Qk(nl,nz,...,nk) = A Fi(nl,nz,...,ni) Gk-i(ni+l""’nk) for k > 2
=0 fork<2 . (37)

Thus the product of two Volterra series can also be expressed as a

Volterra series. Taking this one step further, specify

_ NCM-1
Fi(nl,nz,-.-,ni) - Hi (nl,ﬂz,.-.,ni) »
G.(R, 4Dnseseyn,) = Hl (n, ,n n,)
jrirTee ' | R S i
_ _NCM
and Qk(nlsnzs""nk) - Hk (nlinzl---rnk) > (38)

where the superscripts indicate the moment. Substitution of (38) into

{37) vields

L}

NCM v NCM-1 1
Hk (nl,nz,...,nk) E Hi (nl,nz,...,ni) Hk—i(ni+l""’nk)

for k> &

]

and 0 for k < 2 {39)
which is the product of the kernel terms used to calculate the previous

and first moments, The next higher moment of E{ao} is just the expected

value of (39).
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CHAPTER III

COMPUTER ALGORITHM IMPLEMENTATION

In Chapter II procedures were developed for calculating the error
probability using the Volterra series to represent a nonlinear system.
The sequence of computations is summed up in Figure 5. This chapter
will discuss the implementation of these procedures on the computer.
Listings of the Fortran programs described in this chapter have been

included in the Appendix.

Subrocutine Kernel

The first step in arriving at an analytical result is to specify the
impulse responses of the channel filters, hin(t) and hout(t), along with
the order and severity of the channel nonlinearities. Subroutine Kernel
outlined in Figure 6 can then be programmed to calculate the kernel terms
of the first moment.

The highest nonlinearity used to describe the channel dafines the
value of k in (1). The infinite summations for the subscripts n ;8 are
also reduced to some finite value -NA to +NB, which has the effect of
limiting the channel impulse rasponse to some multiple of the bit rate.

A negative n, references a signal interval which has already occurred,
A zero value for ng gspecifies the current signal interval while a posi-
tive value for n, gpecifies a future signal interval. Note that for
causal filters n,; would not take on positive values,

A combination of subscripts is selected and the corresponding kernel
magnitude calculated., To reduce the number of terms required without

significantly affecting the accuracy of the final result, only those
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Calculate the kernel

terms for the first moment

N

Calculate for each symbol
the 2N moments of the

distortion term E(ao)

7

Calculate an N value
Gauss Quadrature Rule

for each symbol

A d

Calculate the error

probability wvs. SNR

T
Cm )

Figure 5. Overall Information Flow
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(: ENTER :)

Select a subscript
combination

{

Evaluate the magnitude
of the kernel

l

Absolute value
of kernel
above threshold?

ifYES

Has this subscript
combination

NO

13

already occurred

l YES

N

Sum kernel magnitude
to existing list entry

Append to the list
the kernel magnitude
and subscript distribution

NO

y

All subscript
combinations tried

YES

Cor D

Figure 6. Subroutine Kernel
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kernel terms whose absolutermagnitude is above a specified threshold are
retained. Even with the use of a threshold it is easy to visualize that
the calculation of the higher order kernels will yield a very large number
of terms. The number of kernel terms that must be saved can be reduced
by exploiting their inherent symmetry. Examination of (1) implies that

h he same contributi as
a 4.a,a Hh(no’nl’HBno) as t ution a

0 173% aoaoalﬂé(nl’:’no’no’nl)'

3
Therefore the previously calculated kernel terms are searched for a match
in subscript distribution. If a match is found then the newly calculated
kernel magnitude is added to the existing kernel magnitude. If no match
is found, new entriles are made to store the kernel magnitude and subscript
distribution.

Both the magnitude and subscript distribution are raquired to describe
a kernel term. Thus, for each kernel magnitude there is an associated
vector containing the subseript description., When the magnitude terms are
collected into a vector, the corresponding subscript distribution vectors
are merged inte a two dimensional array. To reduce the amount of storage
required, the two dimensional array can be reduced to a vector. This can
be accomplished by using a suitable base to enable the count for each g

to be interpreted as a digit of an integer number. The integer number

containing the subscript information 1s constructed by calculating
N

£ (1-1)
I = Z {number of a occurring) Base s

i=1 i

where NT is the number of different values ni can have. More specifically,

consider the example where the suiltable base is 10 and n, can have a value

of -1, 0, or 1. Then the ones digit would be the number of n,s which have
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a value of -1, the tens digit would be the number of n,s having a value

i

of 0, and so on. The number 13110 would say that omne n, = -1, three

n, = 0, and one n; = 1. It is straightforward to extend this example

to an arbitrary base and number of n,s. However to represent numbers

exactly on the computer, & base which is a multiple of 2 is required.

One word of caution, the base chose must be of sufficient size to enable

the largest number of times that any n, can occur to be representad as a

single digit. Returning to the earlier example cf using 10 as a base,

if n, = 0 occurred ten times it would be incorrectly stored, as one ni = 1.
The discussion of Subroutine Kernel so far is independent of any

channel characteristics. Two specific examples of calculating the kermel

terms are presented in Chapter IV.

Expected Value Program

The next step 1s to take the terms supplied by Stbroutine Kernel and
calculate the desired number of moments of the distortion terms. The
Expected Value Program performs this function in a manner shown in Figure
7. Referring to Figure 8, the discussion begins with how the current
moment of the distortion term for each symbol is calculated.

In order to calculate the distortion terms, the expected value of the
random data samples, anlanq...a ,» needs to be evaluated. Recall that (33)
showed that for odd values‘of %, the E{ai'} = 0, This fact is used to
save a considerable amount of computer'ti;e. If any of the subscripts
occurs an odd number of times, then the corresponding kernel magnitude
does not contribute to the E{Ei(ao)}. Note that E{ai} = ai since the

current symbol Leing regeived is known. Therefore the n, = 0 subscript

is not checked.
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L

Input the kernel
terms for the
first moment

Calculate for each
symbol the 2-th moment
of Z(ag)

\

Output E{Ei(ao)}
for each symbol

}

All desired
moments calculated

JLNO

Calculate the kermnel
terms for the next
higher noment

Figure 7. Expected Value Program

YES

FINISH )
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(: ENTER -j)

v

YES j//,Odd subscript count?

\\\\ (exclude ni=0)

NO

Find expected value
of subscript distribution
(exclude ni=0)

!

Multiply in the
magnitude of kernel term

For each symbol update
the expected value of
the distortion term

examined?

T
=

Figure 8. Calculating the Expected Value
of the Distortion Terms

All kernel terms \\\\ NO
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After checking for subscript having odd occurences, the expected
value of the random data samples, anlanz...ank, is evaluated. Except
for n, = 0, each subscript count is used to evaluate (33). A close look
at (33) shows that as the signal set grows so does the computation.

Ncte however that for the same value of %, (33) will yield the same
result regardless of the data sample being considered. To eliminate

this redundant computation, an upsilon table is calculated which contains
all the needed values of (33). The cou't of how often a subscript, n,,
occurred is then used as an inrdex to locate in the upsilon table the
expected value of that data sample. The magnitude of the kernel term
along with the results of calculating (33) for each subscript count are
multiplied together.

As each symbol in the signal set is equally likely to occur at n;
= 0, the current signal interval, an expected value of the distortion is

maintained for each symbol. Each kernel term which passes the subscript

test is used to update all these expected values. That is

[ y
E{ENCM(si)} - E{:NCM(si)} % (2.3 o{karnel term s} ) (40)

new Told i contribution
Note that each symbol 8y is exponentiated using the n, = 0 count for a
given kernel term.

After all the kernel terms have been examined, the Jistortion term
for each symbol for the current moment is printed out. If all the
desired moments have not been considered, the kernel terms for the next
higher moment are calculated.

4s indicated in Figure %, calculating the kernel terms for the next
higher moment is very similar to the method used by Subroutine Kernel,

First, the threshold delta is reduced by a factor of ten to increase
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for the Next Higher Moment
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accuracy. Next, the absolute value of each of all the possible products

between the kernel terms of the first and previous moment are compared
against the threshold. Terms falling below the threshold are discarded.
Terms above the threshold are added to the new list of kernmel terms in

the same manner as described in Subroutine Kernel.

Gauss Quadrature Program

The Gauss Quadratrue Program uses the results from the Expectaed

Value Program to obtain a GQR of N weights and abscissas for each symbol.
The Fortran version appearing in the Appendix is a translation of an Algol
program published by Golub and Welsh [7]. The Algol program utilizes the
rocedures GAUSSQUADRULE and GENORTHOPOLY, The Algol procedure GAUSSQUAD-
RULE was found to contain an error which if not corrected always resulted
in the weight vector equaling zero.+ Alsc the Algol procedure GENORTHOPOLY
was modified to indicate if the input moment vector failed the required

positive definite condition.

Probability of Error Program

The results from the GQR program are used by the Probability of Error
Program to calculate the probability of error vs. signal to noiss ratio
(S8R). The program implements (30) directly. WNote that (27) is used as
an approximation for the Q function. If the argument of the Q function
falls below two in value then the algoriihm outputs a warning indicating
the approximation is no longer valid. The warning did not occur for any

of the results presented in this report.

+
w{l) was not set equal to one in the block labeled SETUP.
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CHAPTER IV

EXPERIMENTAL RESULTS

The results documented in this report fall into two areas. First, a
communication channel having filters with Gaussian impulse responses was
used to validate the results published by Benedetto et al. [4]. The second
area applied the Volterra approach to a channel characterized by causal

impulse response filters.

Channel Filters Having Gaussian Impulse Respouses

Previously it was shown that the Volterra kernels for the system
depicted in Figure 2 can be analytically described by (10). In order to

compare results with Benedetto, Biglieri, and Daffara [4],

_ 282
_ R 174 7% .
hia(®) = By () = [=5) e (41)

were used as the impulse responses of the Gaussian filters. For a linear

channel with unity gain, Yy = 1, substitution of (41) inte {(10) yields
Z

287 2 2
_ 1/2 = —EE—- - -% (Tl - 2111 + 17)
h (1)) = [«iﬁg] e T o T it (42)
T -
which can be written as
QTZ T.82
_T a8 [r - ‘_1]
1/2 2 ™ \ 2
hl(rl) = [ 462] e 2 f e k dt . (43)
mT G

Examinatlon of (43) reveals that the quantityv inside the integral camn be
put in the form of a Gaussian distribution function which when integrated

between plus and minus infinity will equal one. That is
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i
4]
=]
—
m
(=9
—

hl('rl) =
orxr

hl(tl) = e . (44)

Similarly, considering a third order nonlinearity, substitution of

(41) into {(10) yields

ZBTZ
Y 1/4 2
] 48 T
hy(ty,Tyoty) = 37 ) LTz] e
28 2
3 (4 Y114 20T
. l fwmi} e dr {(43)
r=1 ‘rT
which can be rewritten as
Y
_ _3(48
fig by Tp 1Ty 3'[ 2]
T
- 281 =t ~T) gé{T )2 gﬁ{r T)z
co TZ me L TZ TZ 3
. f e e 2 e dr . {46)
This can be simplified to
- g§{12+rz+12) m—— 1FT,FT )
¥ 1 273 2 3
Mo (T, 4Tn,T,) = AR e T e -
3~"1*727 3 3.\TT2
2
82 { (rl+r +T )} S
S e T
. f T
e

As with the linear case, the quantity under the integral sign can be

expressed as a Gaussian distribution function. After a suitable
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rzarrangement of terms the preceding expression can be integrated to

yield the result

2,2 2 1 2
-8 +T0) = (T +T,+
b e gl md 2R, PHTRT " glepingiegh ] 1)
e G R 3t 2 '
mT
Recall that T, = tO - niT where T 1g the sizaal interval and to is the

sampling instant. For the results presented, T and tO were set equal to
one. The subscripts n,s which in (12) are rum from minus to plus infinity
would be impossible to implement. A truncated sequence from minus two to
plus two was therefore used. The resulting impulse responses for two
values of beta are shown in Figure 10. Visual observation confirms that
the impulse responses have decayed sufficiently that the loss of terms
caused by truncation does not affect the result.

The multiple summations appearing in (12) suggest that a large
number of terms might be needed for an adequate channel description.
Experimentation with the threshold showed that after a critical number
2f terms were retained, subsequent lowering of the threshold yielded no
visual improvement of the error curve. Although varying from rum to
run, the number of terms retained for the last momenit calculated was
usually less than 300. On an Ttel ASS Madel 3 computer, the runtinme of
the Expected Value Program was 5 minutes or less. Fach application of
the GQR and Probability of Error programs required less than a minute on
a4 Data General Nova 1200 computer.

The results for three runs are presented in Pigure 11. The error
probability for each run is plotted versus the signal~to-noise ratio (SNR)

dzfined as

: (48)
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The lowest probability of error occurred for the linear case B = 40.
This result would be expected as a linear channel with wide band filters
would add little distortion. Error probability for the linear channel
cases were also calculated by direct enumeration. The results between
the direct and the Volterra series approaches coincided to two or three
decimal places.

The remaining two curves in Figure 11 closely match curves presented
by Benedetto, Biglieri, and Daffara [4]. The linear case with 8 = 2.56
has a higher probability of error than the linear case with g = 40.0.
This is as expected since decreasing the bandwidth of the chanmnel filters
causes intersymbol interference to increase. The negative nonlinear
case with £ = 2.55 had the surprising result of improving the performance
of the channel. A positive nonlinearity, however, does degrade the

channel performance.

Channel Filters with Causal Impulse Responses

While Gaussian filters and impulsive inputs are convenient to work
with mathematically, they suffer from the disadvantage that they cannot
be physically constructed. Therefore the Volterra approach was applied
next to a communication channel having causal filters. By including a
rectangular pulse shaping filter as part of hin(t) in Figure 2, a multi-
level rectangular pulse input signal can be described. Although the
mathematrics becomes a bit more messy, the basic approach of calculating
tne probability of error remains unchanged.

The first step in calculating the first moment kernel terms is to

specify the impulse responses hin{t) and hout(t) which characterize the



Volterra system. For example, consider a communication channel having
single pole low-pass filters on either side of a non memory nonlinearity.
As mentioned previously hin(t) will include the response of a pulse
shaping filter to convert the input sequence of impulses to a sequence

of rectangular pulses. Thus hin(t) can be considered to be two distinct
filters connected in cascade as shown in Figure 12. The impulse response
of hin(t) is the convolution of the impulse responses of pulse shaping

filter with that of the low-pass filter. That is

hy () = [ h(1) ple-1) dv (49)
where
1 for 0<t=<T
p(t) =
0 elsewhere
ae %" for 0 <t
h{t) =
0 elsewherse . (50)

Due to the discontinuity in p(t), hin(t) must be integrated in two parts

to yield the result

i -8 for 0 <t < T
- ot _ -at
hin(t) = {e 1) e for T <t
0 elsewhere . {51)

The second single pole low-pass filter of arbitrary bandwidth is

-8T

B e for 0 <t

h (t) =
DwE 0 elsewhere . (52)
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Two facts emerge when examining hin(t) and hcut(t) shown in Figure
13, VFirst the causal impulse responses limit the integration of (1)

(t)

from zero to some value T, . Second, due to the discontinuilty in h

; in
min

there are two cases, T, < T and T, > T, to consider. Figure 14
min min

shows a graphical presentation of these two cases. Since the sampling
instant £ is set equal to T in the results which follow, the second case
will be presented., Substitution of the impulse responses (31} and (50)

into (10) yields

v.8 1 7T k
By (E3TguseaTy) = i [ min o TRTTT (T L1y T g
0 =0
fT . -y ™
+ J min “87|1-a min
T -T
min
k-m o (T _~T)
* ! (EOLT -1) e P dt (53)
p=1
p#rmin

where the index m indicates the number of T subscripts coinciding with

i
e . Let each of the two integrals in (53) be considered separately.
min
That is, let
Y, B
k
by (s visa® ) Spme 4L & L1 (54)

The integral Il is
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T ~T

T . _ k -a(T,-1)

I1 = f & e B T_T- (eaT -1 e x dt
0 i=l
k
-q Tj Tr -T
aT k i=1 mi ko=
= (e - 1) e f i g BE)T dt ,

0
which after integration yields

k
-0 ) T,

o .k =1 3{ Cha=p)t,
(=}

-1)" e
(ko - B)

N C
L

min -(ka-8)T _ %} )

Note that Il is part of the fimal result omly if T, > T,
min
The second integral 12 is

e -a(T =-T)m
r ., _ r . k-m - (T ~T)
12 - J min e Br[l_e min } (eaT s 1) & P dt
T -T

r . P
min P
In order to proceed further, it is convenient to make use of the

Binomial Theorem which states

m mam?lb m(m-l)am_?“b2 P (-l)m_lmabm'1

m
(a-b)" = a" - B2 ¢ e . x + (=1)" p"
_ ? -1 at a7 Y
ol vl @)
~a(rr -T)
min

By letting a = 1 and b = -e observe that

38

(55)

(56)

(57)

(58)
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-a(rr . =-T) H " v, -va(tr ' -T)
1-e min - E (-1)" m! o min

(59)
1 1
veo V! (m=v)!
By making use of (59), (57) can be restated to give
k-m
-
L
P;l .
- p#r r - _
I = (euT —l)k a min { min % 87 e(k m)drt
2
T ~T
r_,
min
—vrx('rr -T)
T DV ml e R g
’ z 1 {60)
v! {(m~v)!
v=0
Interchanging the order of the summation and integration yields
k-m
-a Z T
p=1 P -varr
p¥r_, m v min
= (9T _ ; k-m min {~1) m! e
I, (e 1) € z vl (m=v)!
v=0
Ty
. f min e[u(k-—m-l-V) - Bit I (61)
T -T
r
min
Carrying out the integration yields
k-m
=g § 3
p=1 P
- PFT
12 - (euT _ l)k mo min
[ - )=
[a(k-m)-BlT, [ —[a(k-m—h:)-—ﬁ]T]
m v min (1 - e
4 ¥ (-1)" m! e (62)
v! {m~v)! [a(k-mtv)-B] :

V=0
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Substitution for I, and I, inte (54) vields the final result

1 2
j
-2} T,
Y8 | (T qyk . =17 (ka=fi, -
(Ty 3 ToyeeeyT, ) = AWt O M e min -1
B (T Tyseeen) = 47 tka = B)
L g J
term present only if T > T
rmin
k-m
—-a z
p=l
ok [o(k-m)-B)T
+ (eaT _ l)k-m & min @ min

[1 - e—[a(k-m+V)-B]T]

. { ‘f 1" m! .
veo vl (m=v)! {a(k-mtv)=-38] }
for the case T > T.
min
Presented for completeness is
k=-m
- T
) L
v 8 p=1 [a(k-m)-B]T_
B (TysTnsTa) = “E"-(eaT - ].)k_m e p#rmin min
k*"1*°2°°3 k! e
—{a(k-m+v)-5]rr
m v [l - e min1
v (1) m! d (64)
L v! (@v)! [a(k-m+v) - 8]
v=0
for the case T < T. Note there are combinations of wvalues which
min

sometimes yield the indeterminate result of zero over zero. The correct
result is obtained by invoking 1'Hopital's Rule.

The results which follow are for linear and third order nonlinear
channels. OSNR is defined by (48). The bit time T and the sampling

instant to were set equal to one to give the receiver the waximum amount
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of time to make the decision which symbol is present. The linear channel

with no intersymbol interference was adjusted for unity gain. To make
the computation of (12) possible, the n, subscripts were truncated to a
finite set. With causal filters 1t is not necessary to consider sampling
intervals which have vet to occur. Therefore depending upon the threshold
chosen, the present and up to four previous signal intervals were taken
into account.
The threshold was adjusted to keep a sufficient number of terms for
accuracy without requiring excessive computer time. Experimentation
with the threshold yielded results behaving like those obtained for a
channel having Gaussian filters. For example, varying the threshold
from 10”2 to 10710 for the run a = & = 27 and ¥4 = =5 showed no -
significant change in the final error probability. For all the realizable
filter runs, the highest moment calculated required that less than 300
terms be retained. The runtime for all programs was under a minute,.
Figure 15 shows the results of varying the bandwidth cf a linear
channel. The best performance was obtained using the wideband filter
case of 2 = 8 = 20. Decreasing the bandwidth of the filters had the
aeffect of progressively degrading performance at high SNR. This would
be expected because at high SNR the distortion caused by additive noise
is small in relation to the distortion caused by intersymbol interference.
If a constant nonlinearity is added to the channel, the narrower bandwidths
show a loss in performance as shown in Figure 16. Varying the amount of
third order nonlinearity with a constant bandwidth yields the curves in
Figure 17. It is interesting to note that, like the Gaussian results
for the case of Gaussian filters obtained previously, a positive third

order nonlinearity improves performance.
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CHAPTER V

CONCLUSTIONS

The principal effort of this report was the development of the
Volterra series approach for calculating the error probability in non-
linear communication channels. The use of the Volterra model was shown
to have a firm mathematical foundation. A series of computer programs
implementing the analytical analysis were then presented. The algorithms
implemented were validated against work by Benedetto, Biglieri, and
Daffara {4] in modeling a channel having filters with Gaussian impulse
responses. Subsequent work applied the Volterra appreoach to practical
channels by modeling filters having causal impulse responses. To enable
the system model to accept real world inputs, pulse shaping character-
istics were added to the first channel filter.

The Volterra series method of modeling nonlinear channels can be
extended in many directions. Moving the noise source before the non-
linearity is one example. Other areas include introducing correlation
between signaling intervals and the ability to express the impulse
responses of the channel filters in terms of their power densiiy

spectrums.
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¥ K K X X X ¥ K X X X X ¥ R K ¥ ¥ X X X X %k K K X X ¥ & ¥ ¥ ¥ ¥
FRELé4,FR EXPECTEL VALUE FROGRAM

KANSAS STATE UNVERSITY

F W RATCLIFFE FER 27, 79 REV: AFR 22, 79

X ok %k %k %k ok Kk K K X ¥ X X K Xk ¥ ok X X K K K k K ¥k K K % X ¥ X %
THIS FROGAM CALCULATES THE EXFECTED VALUES FOR THE MOMENT(S)

OF THE VOLTERRA KERNEL (S} USED TO DESCRIRE A NONLINEAR

DIGITAL COMMUNICATION CHANNEL

FROGRAM REQUIRES SURRQUTINE(S)
KERNEL

NOTE! FOR GAUSSIAN FILTERS ACTIVATE LINES HAVING & GAUSS ID
FOR REALIZAEBLE FILTERS ACTIVATE LINES HAVING A REAL IL

X ok X K X % XK ¥ X X ¥ X ¥ ¥ X X X X ¥ X X X X X X ¥k ¥ X X X ¥ X

DIMENSION E(B)s H1(100)» HA(LOOQO0)» HE(1000)» S(B)r U(bd4)
INTEGER IS(B)» LI(100)>s LA(LI000), LE{10003

FDRMAT (*1EXPECTED VALUE FROGRAM®)

FORMAT (F30.20)

FORMAT (*0 DELTA = *y G15.6)

FORMAT (°* MAIN ROUTINE ERRQR =:x DELTA NOT GREATER THAN':
* OR EQUAL TO ZERO")

FORMAT (122

FORMAT (*0 DESIRED NUMBER OF MOMENTS = *» I3)

FORMAT (°* MAIN ROUTINE ERROR => NM OUT OF THE RANGE (1-9)")
FORMAT (*0 THE CHANNEL RANGES FROM *» I2, * TO *» Il) GALSS
FORMAT 7°*0 THE CHANNEL RANGES FROM "» I2, * TO ZERD") REAL
FORMaT . ° MAIN ROUTINE ERROR => N DUT OF THE RANGE (1-2)":BGAUES
FORMAT MAIN ROUTINE ERROR =: N QUT OF THE RANBE (1~3)*)REAL
FORMAT (* MAIN RQUTINE ERRDOR =3 NE QUT OF THE RAMNGE (2-8)":
FORMAT (* MAIN ROUTINE ERROR =3 NS NOT EVEN®>

FORMAT ("OEXPECTEL VALUES")

FORMAT (*OMOMENT & "¢ I3D

FORM&T (%0 HA HAS *» ISy * TERME'» /)
FORMAT (" EC"y I3 ") = "y G15.6)

SET UFP KNOWN FARAMETER(S) AND OQUTPUT PROGRAM TITLE

DIVIDE = 10.0
IBASE = 2 %% J
ITHAX = &4
ITI: =
ITTC =
MAXN =
MAXN =
NCM = 1
NMMAX = @

NSMAX = B
WRITE (ITTDs 1)

[LE SRR

INPUT THE VALUE FOR DELTA

REAL {ITTI: 2) DELTA

GaUSS
REAL
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WRITE (ITTO., 3 DELTA
IF (DELTA.LT.0.0) WRITE (ITTO. 47
IF (DELTA.LT.0.0) STOF

INFUT THE DESIRED NUMEER OF MOMENT(S)

READ  (ITTI» S5) NM

WRITE (ITTOs &3 NM

IF (NMLLT.L1.0R.NM.GT.NMMAX) WRITE (ITTD, 27
IF (NM+LT.1.0R.NH.GT.NHMMAX) STOF

INFUT THE NUMBER OF CHANNEL SAMFLE(S)

READ ¢(ITTIr 5) N

MN = = N

WRITE (ITTOr B) HMNs N

MNF1 = - N ¢+ 31

WRITE (ITTOs, 8) MNF1

IF (N.LT.1i.OR.N.S5T.MAXN) WRITE (ITTQs %
IF (NLT.1.0R.N.GT.MAXN) STOF

NF1 = N + 1
NP2 = N + 2
NTZF1 = N X%

L8]

+ 1
INFUT THE NUMEBER OF SYMBOLS

READ (ITTI, 5) NS

IF (NS.LT.2.0R.NS.GT.NSMAX) WRITE (ITTO0,» 10)
IF (NS.LT.2.0R.NS.BT.NSMAX) STOF

NSTEST = NS / 2 % 2

IF (NS.NE.NBTEST) WRITE (ITTO» 11)

IF (NS.NE.NSTES5T) STOF

FMS = FLOAT(NS?

CALCULATE THE SYMEBDL TAELES

DO 128 1 = 1, NS

IS(IY = - N8 ~ 1 4+ 2 %1
§(I) = FLOAT(IS(I))
CONTINUE

CALCULATE THE UFSILON TARLE

DO 175 I = 1r ITHAXs 2

SUM = 0.0
D0 150 J = 1r NS
SUM = SUM + B(J) %xx (I - 1)
CONTINUE

U{I) = SUM / FNS
Ul + 15 = 0.0
CONTINUE
CALCULATE THE FIRST MOMEMT KERMNEL TERM(S)

CALL KERNEL (Hi. L1r DELTA» IRASE, ITTI, ITTO» N» Mi)
WRITE (ITTO, 12

COPY THE FIRST MOMENT KERNEL TERM(S.! INTD THE A ARRAYS

MA = nl

50
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D0 225 I = 1r MA
HA{I) = Hi(I)
LALTY = L1(I
CONTINUE

CONTINUE

ZERD OUT THE EXPECTED VALUE ARRAY

DO 250 I = 1s NS
E(I) = 0.0
CONTINUE

MAJOR LOOF ENTEREID DNCE FOR EACH TERM IN THE HA ARRaY
IO 33¢ I = 1» MA
EXCLUDING AQ: CHECK FOR AN OID NUMBER OF SURSCRIFTS

LTEMF = LACI)
LTEMF = LA(I) / IBASE
LO 273 J = i N
DO 273 4 = 2 N
ICK = LTEMF - LTEMF / IBASE » IBASE
JCK = ICK 7 2 x 2
IF (ICK.NE.JCK) G0 TD 350
LTEMF = LTEMFP - IBASE
CONTINUE

LTEMF = LTEMF / IBASE
0 280 J = NFZs NT2F1
ICK = LTEMF - LTEMF - IBASE % IBASE
JCK = ICK #» 2 x 2
IF (ICK.NE.JCK) GO TO 350
LTEMF = LTEMFP / IRASE
CONTINUE

EXCLUDING ACQs CALCULATE EACH SUBSCRIFT'S CONTRIBUTION

LTEMF = LA(ID)
LRC = LTEMP - LTEMF / IBASE % IBASE
LTEMF = LTEMF / IBASE
TIMES = 1.0
DO 300 J = 1r N
DO 300 J = 2» N
ICK = LTEMF - LTEMF / IBASE % IRASE + 1
TIMES = TIMES % U(ICK)
LTEMF = LTEMF / IHASE
CONTINUE

La0d = LTEMF ~ LTEMP ~ IRBASE % IBASE
LTEMP = LTEMFP / IBASE
00 310 J = NP2s NT2ZF
ICK = LTEMF =~ LTEMF / IBASE % IBASE + 1
TIMES = TIMES % UCICK)
LTEMF = LTEMP / IBASE
CONTINUE

ADD THE EFFECT OF THE KERNEL MAGNITUDE
TIMEE = TIMES % HA(I)

31
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GALSBS
GAUSS
GAUSS
GAUSS
GAUSS
GAUSS
GauUss



agoOon

Ot O00

475
500

350

0
S
(3L ]

(oMo Nyl Wi

&50

CALCULATE THE CONTRIBURION TO EACH SYMEQL'S
EXFECTEDR WALUE &Y CURRENT Ha TERM

D0 328 J = 1s NS
E(J) = EfJ) + TIMES k S(J) %% LAC
CONTINUE

CONTINUE

QUTPUT EXPECTED YALUE ARRAY TQ THE LINE FRINTER

WRITE (ITTOr 13) NCHM

WRITE (ITTOs 14) HA
DO 273 1 = 1» NS
WRITE (ITTO:r 15 IS(I)e ECI)
CONTINUE

CHECK TGO SEE IF WE ARE LONE

NCM = NCM + 1
IF (NCH.GT.NM) STOF

DECREASE DELTA TO INCREASE ACCURALY
DELTA = DELTA / DIVILE
CALCULATE CROSS FROLUCT TERM(S) BETWEEN Hl1 ANI HA ARRAYS

MB = O
0 600 I = 1r ML

e S?5% J = 1r HMA

HTEMF = H1(I) X HA(J;

IF (ARB(HTEMF).LT.DELTA) GO TD 575

LTEMF = L1(I) + LAC(J)

IF (ME.LT.1) GO TG 500
L0 475 K = 1» ME
IF (LTEMP.EQ.LR(K)} GO TO 550
CONTINUE

CONTINUE

ME = ME + 1
HE(ME) = HTEMF
LE(MB) = LTEMF
GD TG 575
CONTINUE

HE(K)> = HE(K) + HTEMF
CONTINUE
CONTINUE

COFY THE & ARRAYS INTO THE A ARRAYS

HA = ME
oD &850 I = is ME
HO(I) = HB(I)
LACI) = LE(I)
CONTINUE

RETURN FOR NEXT THE MOMENT

GO TO 235
END
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THIS VERSION OF KERNEL IMFLEMENTS A GAUSSIAN COMMUNICATION
CHANNEL HAVING A THIRD DRODER HONLINEARITY

B OK K K X & X X ¥ ok X X ¥ X X ok X % ¥ k %X x X K Kk ¥ K X X kK ¥ n
SURRQUTIMNE KERNEL (H1:. L1s DELTAr IEASE, ITTI» ITTOr Ny M1)
DIMENSIDN Hi(1)r L1CL)

FORMAT (*OFIRST KERNEL FARAMETERS")
FORMAT (F30.20

FORMAT ("0 BETA = *» G13.6)

FORMAT (" SURROUTINE KERNEL ERROR =3 BETA NOT GREATER THAN"»
" OR EQUAL TO ZERO"»

FORMAT ("0 GAMMA = "» G15.6)

FORMAT ("0 T = "y G15.8)

FORMAT (" SUBROUTINE KERNEL ERROR =3 T NOT GREATER THAN®:»
* ZERO")

SET UP KNOWN PARAMETER(S) AND DUTPUT SUBROUTINE TITLE

Ml = O

MNM1 = = N =
NT2F1 = N % 2 + 1
FI = 3.1415%26
WRITE (ITTOs 13

INFUT THE YALUE FOR BETA

READ <¢ITTI,» 2} BRETA
WRITE (ITTOs 3) BETA
IF (BETA.LT.0,0) WRITE (ITTOs 4)
IF (BETA.LT.0.0) BSTOP

INPUT THE VALUE FOR GAMMA

READ (ITTI, 2) GAMMA
WRITE (ITTOr 5) GaAMMA

INFUT THE VALUE FOR T
READ (ITTI» 2} T

WRITE (ITTO» &) T
IF (T.LE.0.0) WRITE (ITTO. 73
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IF (T.LE.0.0) BTOF

CALCULATE THE FIRST KERNEL TERHM(E)

OO0

00 300 I = 1» NTZ2FL
N1l = MNM1 + I
IF (N1.EG.0Q) GO TO 300
HTEMP = EXF(- BRETA % FLOAT(N1 %X 2))
IF (ABS(HTEMF).L,T.DELTA) GG TO 300
Mi = M1 + 1
HiiMl) = HTEMF
L1(M1) = IBASE xx (I -« 1)
300 “ONTINUE

c CALCULATE THE THIRD KERNEL TERM(S)

BETAT2 = BETA x 2.0
C3 = GAMMA ¥ SQRT(BETAT2 / PI} 7/ (6.0 x T)
DD 800 I = 1r NT2FL
LI = IBASE *x (] - 1)
N1 = MMl + T
NiS = NI %% 2
DO 750 J = 1+ NT2FL
LIJ = LI + IBRASE %% (J - 1)
N2 = MNML + J
N12 = N1 + N2
N128 = NIS 4+ N2 %% 2
DD 700 K = 1, NT2F1
N3 = MNMI + K
NT = N12 + N3
NST = N12S5 4 N3 xx% 2
VALUE = FLOATI(NST) -~ Q.25 % FLOATINT #x 2!
HTEMP = C3 % EXF{(- BETATI % VALUE>
IF (ABS(HTEMF».LT.DELTA) G0 TC 700
LTEMF = LIJ + IBASE *x (K - 1)
IF (M1.LT.1> GO TO S50
DO 500 L = 1, M1
IF (LTEMF.EG.L1C(L)) GO TO &350
I00 CONTINUE
350 CONTINUE

ML = M1 + 1
H1(H1) = HTEMP
L1(M1) = LTEMF
GO T0 700

450 CONTINUE

Hi(L} = Hi(L) + HTEMP -

700 CONTINUE
750 CONTINUE
=[ols) CONTINUE

RETURN
END
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ASUB.FR SURROUTINE KERNEL

KANSAS STATE UNIVEREITY

F W RATCLIFFE FEE 27, 79

REV

APR 22»

79

XK XK K % ¥ K X X X X k X ¥ kK % & % X X X X ¥k %k ¥ k x ¥ ¥ ¥ kK ¥ X

THIS VERSION OF KERNEL IMFLEMENTS & REALIZARLE COMMUNICATION
CHANNEL HAVING SECOND AND THIRD ORIER NONLINEARITIES

¥ oA R X ¥ X X X % ¥ X K X XK X ¥ X ¥ X ¥X ¥ X

SUBRDUTINE KERNEL (Hls L1r DELTA»

DIMENSION CRK3(3)y HiC(1)y L1(1)

FORMAT (*OSUBROUTINE KERNEL FARAMETERS®)

FORMAT (F30.20)

FORMAT ('O ALFHA = *» G1S.4&)

FORMAT (° SUBRDUTINE KERNEL ERROR
* DR EGUAL TO ZERO")

FORMAT ("0 BETA = 'y B15.6)

FORMAT (* SUBRDUTINE KERNEL ERROR

* OR EQUAL TO ZEROG®:

FORMAT ("0 GAMMALl = "y §15.461
FORMAT ("0 GAMMAZ = *» BiT.s)
FORMAT (*0 GAMMAS = "» B15.6)
FORMAT ("0 T = "y B15.6)
FORMAT (" SUBROUTINE KERNEL ERRCOR
* ZERO")
FORMAT ('O TZERD = *» G135.4»
FDRMAT (" SUBROUTINE KERNEL ERROR

QR EQUAL TO T
OQUTPUT SUEBRDUTINE TITLE
WRITE CITTO,» 1)
INFUT THE VALUE FOR ALFHA

READ (ITTI+ 2) ALPHA
WRITE (ITTO0s 33 ALFHA
IF (ALFHA.LT.0.0) WRITE (ITTO., 4)
IF (ALPHA..T.0.0) BSTOP

INPUT THE VALUE FOR BETA

REA’ (ITTI» 2) BETA
WRITE <(ITTO:. 53 BETA
IF (BETA.LT.0.0) WRITE (ITTO» &2
IF (RETA.LT.0.0) STOF

INFUT THE VALUES FOR THE GaAMMAS

READ (ITTIs 23 G1
WRITE (ITTO» 7> @Gl
REAL <(ITTI,» 2) &2
WRITE (ITTO, B G2
READl (ITTI, 2) @3
WRITE (ITTO, %) B3

-

ITTI,

- ALFHA

- BETA

- TZERD

NOT

NOT

NOT

NOT

ITTO. Ny M1

GREATER

GREATER

GREATER

GREATER

¥ oK K K X X ¥ X X %k ¥

THAN" »

THAN" +

THAN" »

THANT »
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INFUT THE VALUE FOR T

REAIN (ITTI« 20 T

WRITE (ITTO», 10> T

IF (TW.LE.OC.0) WRITE {(ITTO» 11)
IF (T.LE.0.0) STOF

INFUT THE VALUE FOR TZERD

READ (ITTI. 2) TZERD

WRITE (ITTO», 120 TZERD

IF {TZERC.LT.T) MWRITE (ITTD» 13>
IF (TZERQO.LT.T) S&TOF

CALCULATE THE KERNEL CONSTANTS

AME = ALFHA - BETA
ATZ = ALPHA % 2,0
ATIME = AT2 - BETA
AT3 = ALFHA x 3.0
ATIME = ATS - EBETA
ATT = ALFHA % T

BTT = BETA x T

Cl = G1 % EETA

C2 = G2 % BETA / 2.0

C3 = B2 % BETA / 6.0

ECA = EXF(ATT: - 1.0

ECAL = ECA

IF (ALFHA.NE.REZETA) ECAl = ECA / AME

ECA2 = ECA %% 2 / AT2ME

ECAS = ECA xx 2 / ATIME

ECE = (EXF(BTT) - 1.0} / BETA

TERM1 = T

IF (ALPHA.NE.RETA) TERM1 = (1.0 - EXP(- AME % T)) / AME
TERM2 = (1.0 - EXP{(- AT2HE % T)) / AT2ME
TERM3I = (1.0 = EXFP(~ AT3ME % T)) / AT3IME

CKi = ECP - TERML

CKZ2M1 = ECA x (TERM1 - TERM2)

CK2M2 = ECBR - 2.0 * TERM1I + TERMZ

CK3(1) = ECA %% 2 ¥ (TERMZ - TERM3)

CK3(2) = ECA % (TERMLI ~ 2.0 % TERM2 + TERM3)
CK3¢2) = ECB - 3.0 % (TERHI - TERMZ) - TERM3

CALCULATE H1(AD) AND NORMALIZE CONSTANTS

HTEMF = C1 % CK1 x EXF¢(- EBETA x TZERD)
Ci = C1l /7 KTENF

C2 = L2 / HTEMF

£2 = £3 / HTEMF

M1 =0

CALCULATE THE REMAIMDER OF THE FIRST KERNEL TERM(S) IF NECESSARY

IF {G1.EQ.0.0) GO TC 420
00 300 I = Z» N
HTEMF = 0.0
Nl =1 -1
TR1 = TZERG - FLOATIN1) % T
IF (TR1.LE.T) GO TO 240
ETA = EXP(- ALFHA % TR1i)
ETB = TR1 - T
IF (ALPHA.NE.BEETA) ZTE = ZXF(AME % (TR1 - TJ)) = 1.0
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HTEMF = ECAl ¥ ETA X ETE
CONTINUE

ETA = EXF{= BETA % TR1)

HTEMP = Cl1 % (HTEMF + ETA % CK1)

IF (ABRS(HTEMF).LT.DELTA> GO0 TO 300
M1 = M1 + 1

H1{M1) = HTEMF

L1¢HM1) = IBASE %% (I - 1»

CONTINUE

CONTINUE
CALCULATE THE SECONDIN KERNEL TERM(S) IF NECESSARY

(G2.EQ.0.0> GO TO 720
00 7200 I = 1+ N
LI = IRASE %x» (I - 1)
Nl =1 -
TR1 = TZERD - FLDATI{N1) %X T
IID 680 J = 1s N
N2 = 1 - J
TRE = TZERO - FLOATI(NZ) % T
HTEMF = 0.0
TRM = TR1
TF = TR2
IF (N1.BE.N2) GO TO 440
TRM = TR2
TF = TR1
CONTINUE

IF (TRM.LE.T) GO TO 440

ETA = EXP(- ALPHA X (TRl + TR2))
ETE = EXF(ATZME % (TRM - T))
HTEMF = ECA2 % ETA % (ETE - 1.00
CONTINUE

IF (N1.NE.N2> GO TO 480

ETA = EXF(- BETA x TRM)

HTEMF = C2 % (HTEMF + ETA % CK2M2)
GO TO S00

CONTINUE

ETA = EXF(- ALFHA X TF)

ETE = EXP(AME x TRM)

HTEMF = C2 % (HTEMF + E7A x ETE % CK2M1)
CONTINUE

IF (ABS(HTEMF).LT.DELTA) GO TD 680
LTEMF = LI + IBASE *xXx (J - 1)
IF (M1.EGQ.0) GO TO 580
DO 560 K = 1» M1
IF (LTEMF.EQ.L1(K>)> GO 70 820
CONTINUE
CONTINUE

M1 = M1 + 1
HI(M1) = HTEMF
Lic(M1) = LTEMF
G0 TO &80
CONTINUE

H1(K) = H1(K) + HTEMF
CONTINUE



700 CONTINUE

720 CONTINUE

C

c CALCULATE THE THIRD KERNEL TERM(S) IF NECESSARY
c

IF (G3.ER.0.0) GO TO 940
DO §20 I = iy N
LI = IBASE %X (I - 1)
N1 =1 =1
TR1 = TZERO - FLOAT(N1) ¥ T
D0 900 J = 1) N
LIJ = LI + IBASE %% (J - 1)
N2 = & = J
TR2 = TZERQD - FLOAT(N2) X T
DO 880 K = 1s N
NZ =1 - K
TR3 = TZERO - FLOAT(N3> x T
HTEMF = 0.0
TRM = TR1
IF (TR2.LT.TRM) TRM = TR2
IF (TR3.LT.TRM) TRM = TR3
IF (TRM.LE.T> GO TD 740
ETA = EXF(- ALFHA % (TR1 + TR2 + TR3))
ETE = EXF(ATIME k (TRM = T))
HTEMF = ECA3 » ETA % (ETE - 1.0)
740 CONT INUE

ETA = EXF(- BETA % TRM)
M =20

IF (TR1.EG.TRM) M = 1
IF (TR2.EQ.TRM) M =M + 1
IF (TR3.EG.TRM) M = M + 1

TF = 0.0
IF (TR1.NE.TRM) TF = TR1
IF (TRZ.NE.TRM} TF = TF + TR2
IF (TR3I.NE,TRM) TF = TF + TR
ETE = EXF(- ALFHA % TP
ETC = EXF(ALPHA % FLOAT(Z - M) % TRM)
HTEMF = C3 % (HTEMF + ETA % ETE % ETC % CKI{(M)»
IF (ARS(HTEMF).LT.DELTA) GO TO BBO
LTEMF = LIJ + IBASE xx%x (K - 1)
IF (M1.EQ.0Q0) GO TO B20
DO 800 L = 1, M1
IF (LTEMP.EQ.L1(L)) &0 TOD B&Q

800 CONTINUE
820 CONTINUE
c

Ml = M1 + 1
H1(Ml) = HTEMF
Li{Ml) = LTEMF

GC TO 88O
B&O CONTINUE
c
Hi¢L) = Hi{L) + HTENWF
880 CONTINUE
P00 CONTINUE
g20 CONTINUE
240 CONTINUE
c

RETURN
END
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THIS PROGRAM CALCULATES A SET OF N ABSCISBA/WEIGHT VALUE(S)
FROM THE FIRST 2N MOMENTE OF A& WEIGHT FUNCTION.

PROGRAM REQUIRES SUBROGUITNE(S?
BLKIOD
CKVEC
FLCK
GFOLY
GQRULE

NOTE : TWO SUBRQUTINES (GFOLY ANI GRRULE} USED BY THIES
PROGRAM ARE FORTRAN VERSIONS OF ALGOL FROCEDURES
SUPFLIED kY GOLUE AND WELSCH IN THIER FAFER
"BENERATION DF BAUSE QUADRATURE RULES®.

Xk X X X X X X ¥ X X ¥ X K XK X X X ¥ X X K X ¥ Kk ¥ X X Xk ¥

DIMENSION A¢20), ER{(Z1)s INFO(3)s NAME(L1Z2)s T(20)s W(20)
LoOGICAL LECOUT. DISKOUT
REAL HMU(41)» MUZERD

FORMAT ("OGAUSE QUADRATURE FPROGRAM®» 10X» I2s 2(*/%s I2))
FORMAT (*ONUMBER OF ABSCISSA/WEIGHT VALUE(E) DESIREL (1-20)
FORMAT (*QOUTPUT DATA TO A DISK FILE (YES/ND)Y 7 *» Z0
FORMAT (S1)

FORMAT ¢"QOUTPUT DATA TO THE DECWRITER (YES/NOY 7 *» 2D

59

7 s Z)

FORMAT (//» "OARSCISSA/WEIGHT LATA STORED IN DISK FILE! '» S23;

FORMAT (*OINPUT MOMENT VECTOR®?
FORMAT (°* MUC®y I2e *) 7 " 0
FORMAT (//+« "OMDMENT VALUES®, 14X, "ARSCIESA VALUE(S)'s
Xy "WEIGHT VALUE(S)")
FDRMAT (" HUC*y I2y ")} = "9 G1l3.69 SXv "T(®y I2e ") = "y
SXr "Wy I2y ") = "y

FORMAT (°* MUC's I2s *) = "y G13.6)
FORMAT ("0% % WARNING =~ ONLY " I2y * ARSCISSA/WEIGHT'»

" VALUE(S) DEFINEL % %)
FORMAT ("ORUN PROGRAM AGAIN (YES/ND) 7 *"r Z)
FORMAT (°"OCREATE NEW RECDRIXr OR MODIFY OLD! RECORD (C OR M) 7

SET UF KNOWN PARAMETER(S) AND OUTPUT PROGRAM TITLE

ITTI = 11

ITTO = 10

NR1 = 0O

NuWMax = 20

CaLL DATE (INFO, IERROR)

IF (IERROR.NE.1l) BSTOF => ERROR LETERMINING DATE
WRITE (ITTO, 1) INFO(1)» INFQ(2)s INFOC(3)
CONTINUE

Gl3-én
G13.6

“y 2}
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[0 5S40 I = NF1, NU
T(Iy = 0.0
WiIy) = ¢.0
CONTINUE
CONTINUE

QUTPUT DATA TO A LISK FILE IF NECESSARY

IF (JNOT.DISKOUTY GO TO &20

CALL EBLKID (T» 1, 3+ NAMEs NR1,» N4
NR1 = NR1 + 1

Call BLKIO (Wr 1» 3» NAME» NRL1» NW)
NR1 = NRL + 1

CONTINUE

DUTPUT DATA EITHER TD THE DECWRITER OR TO THE TELETYPE

WRITE (ICHAN: 9
D0 640 I = 1r N
IMl1 =1 -1

WRITE (ICHAN, 10> IM1, MU(CI)s I TCIde I» W(ID

CONTINUE

NWF1 = NW + 1
DO 660 I = NWFls NM
IMi =1 -1}
WRITE (ICHAN» 11) IM1, MUC(I)
CONTINUE
CONTINUE

QUTFUT WARNING IF UNDEFINED ABSCISSA/WEIGHT
VALUE (8> OCCURRELD

IF (N.NE.NW) WRITE (ICHANs 12} N

ASK IF PROGRAM IS TD BE RUN AGAIN

WRITE (ITTO» 13)
READ (ITTI, 4) 1ANE
IF (IANS.NE,*Y<0x") GO TO 720

ASK IF OLD MOMENT VECTOR IS 70 BE MODIFIED
DR IS AN ENTIRELY NEW MOMENT VECTOR TO BE WRITTEN

WRITE (ITTO» 14

READN {ITTI+ 4) IANS

IF (IANS.NE."M<0>'") GO TO ECO
GO TO S54¢

CONTINUE

CLOSE THE DECWRITER IF NECESSARY

IF (.NOT.DECOUT> GO TO 760

CALL CLOSE (ICHANy» IERRZ)
IF {IERR2,NE.1) GSTOF = ERROR CLOSE DECWRITER
CONTINUE

STOP = FREL&S
END

60
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INFUT THE NUMEBER OF ABSCISBA/WEIGHT VALUES DESIRED

WRITE (ITTD,» 2}

READ (ITTI)} NW

IF (NW.LT.1.0R.NW.GT.NWMAX) GO TO 200
NM = NW % 2

ASK IF A DISK FILE IS TO BE USED FOR OQUTPUT

WRITE (ITTO» 3)

REAL (ITTI» &) IANS

DISKOUT = .FALSE.

IF (IANS.NE.'Y<0r*) GO TO 420

DISKOUT = ,TRUE.

CaLL FLCK (*CUTFUT FILENAME 7°» 3» NAME)
CONTINUE

ASK IF DATA IS TO BE SAVED ON THE DECWRITER

WRITE (ITTO,» S0

READI (ITTIs 4) IANS

DECOUT = ,FALSE.

ICHAN = ITTO

IF (IANS,NE.*Y<0>') GO TO S00

DECOUT = ,TRUE.

ICHAN = 2

CALL OFEN (ICHAN» *$TTO1', 3» IERRZ)

IF (IERRZ.NE.1) ETOF => ERROR OPEN DECWRITER
WRITE (ICHANr 1) INFOC(1)» INFOC2)» INFO(3)
IF (DISKOUT)> MWRITE (ICHAN» &) NAME(1l)
CONTINUE

INPUT THE MOMENT WECTOR

WRITE (ITTOs 7}
DO S20 I = 15 NM
IMl1=1-1
WRITE (ITTO. 8) IM1
READ (ITTI) MUCI)
CONTINUE

CONTINUE

CORRECT ANY DESIRED VALUE(S)

CalLL CKVEC (Qs NMe» MUD

HERE TO RUN THE GAUSS QUADRATURE PROCEDURE
N = N

CALL GPOLY (Ns MU: A R)

IF (N.LT.1) B0 TD 700

MUZERDO = MUCL)
CalLlL GGRULE ¢(Nr A» Ey» MUZERG, T» W)

ZERO OUT UNDEFINED ARSCISSA/WEIGHT VALUE(S) IF NECESSARY

NF1l = N + 1
IF (NF1.GT.NW) GO TCO SBO

61



W{I) = 0.0
200 CONTINUE
220 CONTINUE

0

NORM = AMAX1 (NORM, ABS(R(N)) + ABS(A(N)))

RELATIVE ZERD TOLERANCE

NOTE ! THE EXFPONENT IS THE NEGATIVE OF THE NUMEBER OF
HEXADECIMAL DIGITS IN THE FRACTION OF A
FLOATING FOINT NUMBER

O0O0OoO00n

ZERD = 14,0 %% {~ &)
EFE = NORM x ZERD
W1y = 1,0
WIN) = 0.0
M= N
LAMBIA = NDRM
LAMEI!L = NORM
LAMEDNZ = NDRM
RHO = NORM

00 CONTINUE

LOOK FOR CONVERGENCE OF LOWER DIAGONAL ELEMENT

OO0 W

IF (M.EQ.0) GO TO BOO
I=sM -1
K =1
Mi = I
IF (ABRS(E(M1 + 1)>.BT7.EFS) GO TO 490
T{(M) = A(M
WiM) = MUZERC * W{(M) x%x 2
RMD = AMIN1(LAMEDL,» LAMERD2)
M o= M1
G0 7O 300

400 CONTINUE

c SMALL OFF DIAGONAL ELEMENT MEANS MATRIX CAN BE SFLIT

I=1+~1
IF (ABS(B(I + 1)).LE.EFS) GG TD 440
N=1
GO TO 400
440 CONTINUE

c FIND EIGENVALUES OF LOWER 2X2 AND SELECT ACCELERATING SHIFT

B2 = R(M1 + 1) xx 2

DET = SQERT((A(ML) - A{M)) XX 2 4+ 4.0 %x B2}
AA = A(M1) + A(M)

LAMBIZ = AA - DET

IF (AA.BE.0.0) LAMBIZ = AA + DET

LAMED2 = 0.5 x LAMBLOZ

LAMBRDL = (A(M1) % A(M) - B2) / LAMBLZ2
EIGMAX = AMAX1 (LAMBI'l: LAMRD2)

RHO = EIGMAX
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SURROUTINE GP
GIVEN THE 2N

aOO0onon

DIMENSION A¢
REAL MUC1)

D00

NFl1 = N + 1
E(NF1) = 0.0

SURRQUTINE GPOLY
UNIVERSITY
MAR 31 79

NE IMPLEMENTS IN FDRTRAN THE ALGOL
ORTHOFOLY SUFPFLIED RBRY GOLUE ANL WELSH
R "GENERATION OF GAUSS QUADRATURE RULES"

QUIRES

=> VECTOR CONTAINING THE 2N MOMENTS OF THE
WEIGHT FUNCTION

=> NUMBER OF ABSCISSA/WEIGHT VALUES DNESIRELD
(N MUST HAVE A VALUE OF ONE DR GREATER?

PPLIES

As B => ALFHA ANL RETA VECTORS TO BRE USED BY GGRULE
= THE ACTUAL NUMBER OF ABSCISSA/WEIGHT VALUES THAT
CAN BE OBTAINED FROM THE MOMENT VECTOR SURFPLIED

OWING DIFFERENCES BETWEEN THIE FORTRAN
ON AND THE DRIGINAL ALGOL FROCEDURE

E B VECTOR SUBRSCRIFPT IS SHIFTED FLUS ONE

TH RESPECT TO THE aALGOL PROCEDURE
IMINATION OF THE IF STATEMENT

E FIRST COLUMN, FIRST ROW: AND LAST ROW
THE R ARRAY ARE NOT CALCULATED

4) ONLY 2N MOMENTS OF THE WEIGHT FUNCTION ARE
USEDL IN THE CALCULATIONS
3) THE MATRIX R MUST DIMENSIONED R(Ns N + 1)

THE SUBROUTINE
E CALCULATION OF THE R ARRAY TERMINATES
A NEGATIVE DIAGONAL TERM IS ENCOUNTERED

OLY (Ns MUs A» B
MOMENTS (MU) OF THE WEIGHT FUNCTION»

GENERATE THE RECURSION COEFFICIENTS (As R) OF THE
NORMALIZED ORTHOGONAL POLYNOMIALS.

1)y B{1}» R(20, 21)

INITIALIZE THE ALPHA VECTOR:, BETA VECTOR: AND R ARRAY

DO 160 I = 1s N
A(I) = ¢.0
B(I) = 0.0

140

DO i40 J = 1, NF1
R(I,» J) = 0.0
CONTINUE
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c

IF (ABRSTEIGMAX - RHO).LE.0.125 % ABS(EIGMAX’>) LAMEDA = EIGMAX

TRAHSFORM BLOCK FROM K TO M

CJ = B(K + 1
B(K) = A{K}) - LAMBDA
IF (K.GT.HM1)> GO TD &40
DD 600 J = K» M1
JF1 = U+
P2 = J + 2
R = SQRT(CJ %% 2 4 E(J) %% 2)
87T = Cd / R
CT = RB(J) / R
AJ = AL
EC(J) = R
Cu = B(JF2) » 8T
B(JP2) = = B(OJFPZ) % CT
F = aJ x CT + B(JPL) * ST
Q@ = B(JPL) x L7 + A(JFPL) X% ST
AlJ) = F x CT + 0 % 8T
B(JF1}) = F x 8T - G % CT
Wd = W
AlJFLY = AJ + ACJPLY - ald)
WiJd) = WJ % CT + W(JP1) % ST
W(JFL1) = WJ % 8T ~ W(JFL) % C7T
CONTINUE
CONTINUE

B(K) = 0.0
G0 TS 300
CONTINUE

ARRANGE ABRSCISSAE IN ASCENDING ORDER

IF (N,LT.2) RETURN
IEND = N
DO 880 M = 25 N
EX = FALSE.
DO B40 I = 2 IEND
IF (T(1 = 13.LE.T(I)? GO TO BaC
Wd = T(I - 13
T(I = 13 = T(DD
TLIY = WJ
WJ = W(I - 13
Wil - 1) = WD
Wir) = WJ
EX = .TRUE.
CONTINUE

IF (.NOT.EX) RETURN
IEND = IEND - 1
CONTINUE

RETURN
END
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THIS SUBROUTINE IMFLEMENTS IN FORTRAN THE ALGOL
FROCEDURE GAUSSQUADRULE SUFFLIED BY GOLUER AND WELSCH
IN THIER PAFER "GENERATIDN OF GAUSS QUADRATURE RULES®.

SUFROUTINE RERUIRES
Ar B = ALPHA ANL BETA VECTORS QBTAINEL
FROM GPOLY
N =>» NUMBER OF AKSCISSA/WEIGHT VALUES
MUZERD =>» ZERO ORDER MOMENT OF WEIGHT FUNCTION

SUBROUTINE SUPPLIES
T => ARSCISSA VECTOR
W = WEIGHT VECTOR

NOTE THE FOLLOWING DIFFERENCES BETWEEN THIS FORTRAN

VERSION AND THE ORIGINAL ALGOL PROCEDURE

1) THE B VECTOR SUBRBCRIFTS ARE SHIFTELD FLUS ONE
WITH RESFECT TC THE ALGOL PROCEDURE

2) THE SECTION FOR SYMMETERIZING THE MATRIX
HAS BEEN OMITTEL

3) THE C VECTOR ANDII THE SYMM FARAMETER
HAVE BEEN OMITTELD

¥ K Xk Xk ¥ Xk X X %X % K ¥k Xk X X K X ¥k %X X ¥ k ¥ X X ¥ X ¥x ¥ ¥
SUBROUTINE GORULE (Ns As By MUZERO» T» W)

GIVEN THE COEFFICIENTE <(Ar B) OF THE TWO TERM

RECURRENCE RELATIGON: F(K) = (ACKIX + B(KIIPL(K - 1)

THIS PROCEDURE COMPUTES THE ABSCISSAS T AND THE WEIGHTS W

OF THE GAUSSIAN TYPE QUADRATURE RULE ASSOCIATED WITH THE ORTHO-
GONAL FOLYNOMIAL BY QR TYPE ITERATION WITH DRIGIN SHIFTING.

DIMENSION A(l)e EBC(L)y T{1)s W(i)
LOGICAL EX
REAL LAMBDA, LAMEDN1, LAMBIZ: MUZEROs NORM

FINDI THE MAXIMUM ROW SUM NORM AND INITIALIZE W( ).

B(1) = 0.0
NORM = 0.0
IF {(N.LT.2) GO TD 220
NMLI = N - 1
ng 200 I = 1» NMI
NORM = AMAX1(NORM» ABS(B(I)) + ABS(A(I)) + ABS(E(I+1)))
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300
c

240

800
B20

CONTINUE

PLACE THE PARTIAL CHOLESKY DECOMFOSITION OF THE
MOMENT MATRIX IN R().

IF (MU(1).GE.Q.0) GO TO 22¢
N =0

RETURN

CONTINUE

LIAG = SQART(MUCL))
R{lr 1) = DIAG
D 240 I = 2» NP1
R{1» I3 = MUCI) / LIAG
CONTINUE
IF (N.LT.2) GO TO 420
KEND = 1
DO 830 I = 2» N
SUm = MU(I % 2 - 1)
DO 300 K = Lls KEND
SUM = SUM ~ R(Ky I %xx 2

CONTINUE
IF (SUM.GE.0.0) GO TO 340
N =1
NFL = N + 1
GO TO 620
CONTINUE

UIiais = SERT(SUM)
R{I» I) = DIAG
IP1 = I + 1
D0 500 J = IFls NP}
SUM = MU(I + J - 1)
D0 400 K = 1» KEND
SUM = SUM ~ R(Kr I) %X R(Kr J?
CONTINUE
R(Ir J) = BUM / DIAG
CONTINUE
KENDt = KEND + 1
CONTINUE
CONTINUE

COMFUTE THE RECURSION COQEFFICIENTS FROM THE PARTIAL
DECOMFPOSITION RO).,

Al1) = R(1s 20 / R(1y 1)

IF (N.LT.2) GO TO 820
DO BOO I = 25 N
IMI=1-1
IPL =1 + 1
CDIAG = R{I, IV
PRIAG = R(IMir IM1D
ACI) = R(Iy IPL1) /7 EDIAG - R(OIMI, I) / PDIAG
B(I) = ChIAG / PDIAG
CONTINUE

CONTINUE

RETURN
ENI
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THIS FROGRAM CALCULATES THE PROBARILITY OF ERROR VS SNR
USING DATA ORBRTAINED FROM THE VOLTERRA SERIES APFRDOACH

FROGRAM REQUIRES SUBROUTINE(S)
ELKIO
FLEK
FERROR
STATUS

ok ok K kK X K X K K Kk &k Kk K K X K K K X K X Kk K K X KX XX X

DIMENSION AW(40)s E(128), SD(128), TEMP(10)
INTEGER INFQ{(3)» NAME(1Z)

LOGICAL DRs DECOUT, FLAB, PLDT

FORMAT ("OFROBABILITY OF ERROR®", 10Xr I2s /% I2, '/ I2)

FORMAT ('Q NUMBER OF SYMBOLS (2r 4y == &) 7* *» IO
FORMAT (*0Q NUMBER OF ABSCISSAS/WEIGHTS (i-10) ? *s 20
FORMAT (" ERROR =: DISK FILE NOT THE CORRECT SIZE"?
FORMAT (0 SNR START VaALUE ¢DBY 7 *» 20

FORMAT (" SNR  END VALUE (DBY 7 *» 2D

FGRMAT {0 NUMBER OF STEPS (1-127) 7 *» I}

FORMAT ("QCONVERT FPROEBABILITY OF ERROR INTC DB (YES/NO) 7
FORMAT (51)
FORMAT ("0SAVE DATA ON THE DECWRITER (YES/NQY 7 *» I}

FORMAT (//r "CABSCISSA/WEIGHT LATA OBTAINED FROM DISK FILE!

FORMAT (*QCINPUT DATA FOR SYMBOL ¢ *r I4)

FORMaAT (* ABSCISSA VALUES®, 18X: *WEIGHT VALUES"!
FORMAT (* "» 2010Xs "V(*r 12, *) = *y G15.6))

FORMAT (/7 "OPROBARILITY QF ERROR®)

FORMAT (//» "OPROBARILITY OF ERROR (DRJ")

FORMAT (* E(SNR = *» G10.4, *DE) = '» G15.4)

FORMAT (0% % WARNING => ALPHA LESS THAN 2.0 % %x*)
FORMAT ("OPLOT THE PROBABILITY OF ERROR (YES/NOQ) 7 "» 20
FORMAT ("ONOTE: PROBABILITY OF ERROR EXPRESSED IN DR™)
FORMAT ("OQOQUTFUT PROBABILITY QF ERROR TO DISN (YES/NO) 7P
FORMAT ("ORUN PROGRAM AGAIN (YES/NO) T *» 2)

SET UFP KNOWN FARAMETER(S) AND QUTPUT FROGRAM TITLE

ITTI = 1t
iTT0 = 10
MSTEF = 127
NWMax = 10
NR = O

r

13

Z)

'y S23

)
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320
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380
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NSMAX = &

CalLL DATE (INFO» IERROR)

IF (IERROR.NE.1) STOF ERROR =i DETERMINING DATE
WRITE (ITTOr» 1) INFO(1)r INFO(Z)» INFO(3)
CONTINUE

INFUT THE NUMBER OF SYMBOLS

WRITE (ITTOs 2}

READ (ITTI) NS

IF (NS.LT.2.0R.NS.GT.NSMAX}) GO 7O 200
NETEST = NS / 2 % 2

IF (NS.NE.NSTEST) GO TO 200

CONTINUE

INFUT THE NUMRER OF ARSCISSA/WEIGHT VALUES

WRITE (ITTO,» 3

REALl (ITTI)> N

IF (NW.LT.1.0R.NW.GT.NWMAX) GO TO 220
NWTZ = NW % 2

NMOVE = NS % NUWTZ

CONTINUE

INPUT THE ARSCISS5A/MEIGHT VALUES FROM DISK

CALL FLCK (*ABRSCISSA/WEIGHT FILENAME 7 'r 1ls NAME)
CALL STATUS (IERROR» 1» NAMEr NEYTE)

IF (NBYTE.EQ.NMOVE x 4) GO TQ 330

WRITE (ITTOD» 4)

G0 TO 300

CONTINUE

CALL EBLKIO (AlW» O» 1y NAME,» O+ NMOVE)
INPUT SNR PARAMETERS

WRITE (ITTD, 5
READ (ITTI) START
WRITE (ITTO:» &)
REAIl (ITTI)» FINAL
CONTINUE

RETERMINE CURVE RESOLUTION

WRITE (ITTO» 7)

READl ({ITTI) NSTEF

IF (NSTEF.LT.1.0R.NSTEP.GT.MSTEFP) GO TO 380
NSP1 = NSTEF + 1

CALCULATE THE PROBAERILITY OF ERROR VECTOR

CALL PERRDR (AWs Es FINAL» FLAGr NSF1; NS» NWs, Sy START)

ASK IF PROBARILITY OF ERROR VECTOR IS5 TO BE CONVERTED INTO DR

68



400
420

o000

o0

560
5890
400

anon

700

WRITE (ITTO» B8)

READ (ITTI+ %) IANS

IE = .FALSE.

IF (IANS.NE.*Y<0>*) GO TO 420

DR = ,TRUE.
D0 400 I = 1» NSF1
E(I) = ALOGIOCE(I))
CONTINUE

CONTINUE

ASK IF DATA IS TO BE SAVED ON THE DECWRITER

WRITE ¢(ITTOr, 1O

READIl {(ITTIs, ®) 1IANS

ICHAN = ITTO

IF (IANS.NE."'Y<Qx>*) GO TD 400

HERE TC OPEN THE DECWRITER

DECQUT = .TRUE.

ICHAN = 1

CALL OFEN (ICHAN, *$TTO1"», 3+ IERRI1)

IF (IERR1.NE.1) STOF => ERROR DPEN DECWRITER

SAVE THE INPUT DATA IF THE DECWRITER IS OPEN

WRITE (ICHANs 1) INFO(1>» INFO(2)s INFO(3>
WRITE (ICHANs 11} NAME(1)
DO 560 I = 1y NS
IOFF = NWT2 * (1 = 1)
IS = ~N§E -1 4 I x 2
WRITE (ICHAN» 12) IS
WRITE {(ICHaAN» 13}
0 560 J = 15 NUW
JOFF = J + IDFF
JOPMNW = JOFF + NW
WRITE (ICHAN, 14) Jr AWCIOFFY» J»
CONTINUE
CONTINUE
CONTINUE

HERE TO QUTPUT THE PROBARILITY OF ERROR VECTOR
EITHER TD THE DECWRITER OR TQ THE TELETYPE

IF (.NOT.DR) MWRITE (ICHANr 135)
IF (DE) WRITE (ICHAN, 16}
S8IZE = (FINAL - START) / FLOAT(NSTEF)
SNR = ETART
0 700 I = 1» NSP1
WRITE (ICHAN: 17) SNRs» E(I)
SNR = SNR + SSIZE
CONTINUE

AW C JOPNWD
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OUTPUT ALPHA WARNING IF NEEDED
IF {.NOT.FLAG) WRITE (ICHAN:» 18)
CLOSE THE DECWRITER IF OPEN

IF (.NOT.DECOUT)> GO TO 720

CALL CLOSE (ICHAN» IERR1)

IF (IERR1.NE.1) STOP =+ ERROR CLDSE THE DECWRITER
CONTINUE

PLOT THE PROBARILITY OF ERROR VECTOR IF DESIRED

WRITE (ITTO» 1%
READ (ITTI. 9) 1IANS
PLOT = .FALSE.
IF (IANS.NE.*Y=0:") G0 TO 800
PLOT = L.TRUE.
CalLl PAGE (3>
CALL STATXY (IDUMMYr KWNXs KWNY?
CALL GRAPH (Es 1s FINAL, 3r "SNR',
NSP1s 1s START» 10r *ERROR FPROE")
CaLl. INITXY (1, KUWMXs KWNY)

OUTPUT ALPHA WARNING IF NEEDED

IF (.NOT.FLAG) WRITE (ITTO., 18)

QUTFUT NOTE IF PROBABILITY OF ERROR VECTOR IS EXPRESSED IN DR
IF (DB) WRITE (ITTOs 20)

WAIT FOR OPERATOR RESFONSE

READ (ITTIs 9) IANS
CONTINUE

CUTPUT PROBARILITY OF ERROR VECTOR TO DISK IF DESIRED

WRITE (ITTOs 21)

READ <(ITTI. ¥ IanNsS

IF (IANS.NE.*Y<0>*> GO TO B4

CALL FLCK (°*QUTPUT FILENAME 7 ", 3+ NAME)
CALL BLKIOD (E» 2» 3» NAME» Or NSPL)
CONTINUE

ASK IF THE PROGRAM IS TO BE RUN AGAIN

WRITE (ITTO» 22)

READ (ITTI, @) IANS

IF (IANS.EQ.'Y«<Q»*,AND.PLOT) CaALL PAGE (3}
IF (IANS,EQ.°Y<Q»") GO 7O 200

STOF = FRED?2

END
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THIS SUBROUTINE CALCULATES THE FROBABILITY OF ERROR
VERSUS SNR FDR A NONLINEAR CDMMUNICATIONS CHANNEL

SUBROUTINE REGUIRES
Al = ABSCISSA/WEIGHT VECTOR
FINAL =1 FINAL SNR VALUE (DE)
NPGINT => NUMBER OF FOINTS LESIRED IN
PRORAERILITY OF ERROR VECTOR

NS = NUMBER OF SYMBOLS

NK =» NUMHER OF ARSCISSA/WEIGHT VALUES
FER SYMEOL

sh = WORKING VECTOR USEI' BY SUEBRCUTINE

START = STARTING SNR VALUE (DE)

SUBRDUTINE SUFPLIES
E =+ PROBABILITY OF ERROR VECTOR
FLAG =+ WHEN FALSE. THE APPROXMATION FOR THE
@ FUNCTION IS NOT VaALID

NOTES: 1) THE aw VECTOR MUST BE DIMENSIONED AW(NS % NW % 2) RY THE
CALLING ROUTINE. THAT IS THE ABSCISSA/WEIGHT
INFORMATION FOR A SYMBOL IS STORED TOGETHER FOLLOWED BY
THE ABSCISSA/WEIGHT INFORMATION FOR THE NEXT SYMEQOL.

FOR & GIVEN SYMEOL THE ABSCISSA VALUES ARE STOREL FIRST
FOLLOWEL EY THE WEIGHT VALUES.

2) THE E AND SI VECTORS MUST BE DIMENSIONEL
THE SAME ERY THE CALLING ROUTINE.

X K K X X X ¥ ¥ ¥ K % X K &k ¥ X ¥ X K X ¥ k K K ¥ X K K ¥ ¥ Xk X X X%
SUBRODUTINE PERROR (AWs Er FINAL. FLAG» NFOINT» NS» NW» SDr START)

DIMENSION AW(1)y E(1)» SDI(1)
LOGICAL FLAG

SET UF KNOWN PARAMETER(S)

C = SART(2.,0 % J.1415%24}

FLAG = .TRUE.

S8IZE = (FINAL = START) / FLOAT{(NPOINT - 1>
TESET = 2.0

UMaAX = 150.0

VMIN = -150.0

CALCULATE THE STAMDARLI DEVIATION VECTOR

SNR = START
D0 200 I = 1» NPOINT



SO(I) = 1,0 / SORT(10.0 %% (SNR / 10.0)
SNR = SWNR + SBIZE

200 CONTINUE
c
c CALCULATE THE PRORABILITY OF ERROR VECTOR
c LOOF ENTERED ONCE FOR EACH FOINT IN THE
c PRORABILITY OF ERROR VECTOR
c
DO 400 I = 1, NFOINT
E(I) = 0.0
c
¢ LOOF ENTEREL ONCE FOR EACH SYMBOL
D0 500 J = 1s NS
SUM = 0.0
JOFF = NW % 2 % (J = 1)
IF (J.EG.N8) GO TO 320
DO 300 K = 1r N
KOFF = K + JOFF
IF (AW(KOFF + NW).EG.0.0) GO TO 300
ALFHA = (1.0 - AW(KOFF)) / SL(I)
IF (ALFHA.LT.TEST) FLAG = .FALSE.
VALUE = - ALPHA XX 2 / 2,0
IF (VALUE.GT.UMAX) UALUE = UMAY
IF (VALUE,LT.UMIN)> VALUE = UMIN
ETA = EXP(VALUE)
SUM = SUM + (AW(KOFF + NW) x ETA) /
300 CONTINUE
320 CONTINUE
c
IF (J.ER.1> GO TO 420
IO 400 K = 1s NU
KOFF = K + JOFF
IF (AW(KOFF + NW).EQR.0.0) GO TO 400
ALPHA = (1.0 + AWCKOFF)) / SD(I)
IF (ALPHA.LT.TEST) FLAG = .FALSE,
VALUE = ~ ALPHA %X 2 / 2,0
IF (VALUE.GT.UMAX) VALUE = UMAX
IF (VALUE.LT.VMIN) VALUE = UHIN
ETA = EXP(VALUE)
SUM = SUM + (AW(KDFF + NW) x ETA) /
400 CONTINUE
420  CONTINUE
€
E(I) = E(I) + SUN
500 CONTINUE
600 CONTINUE
C
c ALJUST THE PROBABILITY OF ERROR VECTDR HBASED
c ON THE NUMBER OF SYMBOLS
€
FNS = FLDAT(NS)
DO 700 I = 1» NPOINT
E(I) = E(I) / FNS
700 CONT INUE
;.

RETURN
END

(C % ALFHA)

(C ¥ ALFHA)
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ABSTRACT

The principal effort of this report was the development of the
Volterra series approach for calculating the error probability in non-
linear communication channels. The use of the Volterra model was shown
to have a firm mathematical foundation. A series of computer programs
implementing the analytical analysis were then presented. The algorithms
.implemented were validated against work by Benedetto, Biglieri, and
Daffara [4] in modeling a channel having filters with Gaussian impulse
responses. Subsequent work applied the Volterra approach to practical
channels by modeling filters having causal impulse responses. To enable
the system model to accept real world inputs, pulse shaping character-

istics were added to the first channel filter.



