
Understanding galaxy-halo connection using machine learning

by

Abhishek Jana

M.S., Indian Institutes of Science Education and Research Kolkata, India,

2016

AN ABSTRACT OF A DISSERTATION

submitted in partial fulfillment of the
requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Physics
College of Arts and Sciences

KANSAS STATE UNIVERSITY
Manhattan, Kansas

2024



Abstract

In this dissertation, we explore the galaxy-halo connection using advanced machine learn-

ing techniques to improve the accuracy and efficiency of modeling small-scale galaxy clus-

tering and constraining Halo Occupation Distribution (HOD) parameters. The galaxy-halo

connection, which describes how galaxies are distributed within dark matter halos, is a crit-

ical aspect of understanding cosmic structure formation. Traditional methods for studying

this connection rely heavily on statistical models like HOD, but these approaches are compu-

tationally expensive and often lead to biased parameter estimates due to the complex nature

of galaxy formation.

To address these challenges, we leverage a range of machine learning algorithms, including

artificial neural networks (ANNs), random forests, and Bayesian regression models. Our

analysis reveals that while many machine learning algorithms report good statistical fits, they

can yield biased likelihood contours in both mean values and variances relative to the true

model parameters. This underscores the importance of careful data processing, algorithm

selection, and the transformation of training data to achieve unbiased and robust predictions.

Among the methods tested, ANNs outperform random forests and ridge regression when

the HOD parameter space is appropriately restricted. These machine-learning tools offer

a promising approach to exploring the HOD parameter space with significantly reduced

computational costs compared to traditional brute-force methods. Using our ANN-based

pipeline, we successfully recreate standard results from the literature by analyzing key metrics

such as the projected two-point correlation function (wp(rp)), angular multipoles of the

correlation function (ξℓ(r)), and the void probability function (VPF). We show that while

combining wp(rp) and VPF improves parameter constraints, adding the multipoles ξ0, ξ2,

and ξ4 to wp(rp) does not significantly enhance these constraints.



Additionally, we explore two auxiliary projects that use deep learning in fields outside of

cosmology: a deep learning-based fingerprint verification system and a zero-shot classification

framework for bioacoustics, specifically bird call recognition. Although these projects are not

directly related to galaxy-halo studies, they demonstrate the adaptability of machine-learning

techniques across diverse fields. The methods developed for biometric verification and species

classification could inspire similar approaches in cosmology, particularly for handling sparse

data and complex classification problems.

In summary, this dissertation advances the field of cosmology by integrating modern

machine-learning approaches into the study of the galaxy-halo connection. Our results not

only improve the efficiency and accuracy of modeling galaxy clustering but also highlight

the broader applicability of machine learning techniques, offering new directions for future

research in both cosmology and other scientific domains.
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Additionally, we explore two auxiliary projects that use deep learning in fields outside of

cosmology: a deep learning-based fingerprint verification system and a zero-shot classification

framework for bioacoustics, specifically bird call recognition. Although these projects are not

directly related to galaxy-halo studies, they demonstrate the adaptability of machine-learning

techniques across diverse fields. The methods developed for biometric verification and species

classification could inspire similar approaches in cosmology, particularly for handling sparse

data and complex classification problems.

In summary, this dissertation advances the field of cosmology by integrating modern

machine-learning approaches into the study of the galaxy-halo connection. Our results not

only improve the efficiency and accuracy of modeling galaxy clustering but also highlight

the broader applicability of machine learning techniques, offering new directions for future

research in both cosmology and other scientific domains.
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Chapter 1

Introduction

1.1 Background and Motivation

In contemporary cosmological theories, approximately 83% of the universe’s mass is thought

to be composed of dark matter.3 This dark matter forms the essential framework or skeleton

upon which galaxies form, evolve, and interact. Supported by a wide range of observational

evidence, these well-established models suggest that small fluctuations in the matter distri-

bution were generated in the universe’s earliest moments during a rapid inflationary period.

Over time, these initial perturbations were amplified by gravitational instability. At first,

gas and dark matter were evenly mixed, but as the universe continued to evolve, gas cooled

and began to accumulate at the centers of dark matter halos. In sufficiently massive halos,

this gas could cool rapidly, leading to the formation of stars and the emergence of proto-

galaxies. The power spectrum of matter indicates that smaller structures formed first, which

then merged to create more massive ones. As dark matter halos merged, the galaxies within

them grew through both internal star formation (in situ) and mergers with other galaxies

(ex-situ). Processes such as star formation and feedback from supernovae within galaxies

further influence their surroundings, affecting future gas accretion and star formation rates.

Within this theoretical framework, it becomes evident that the formation, internal prop-

erties, and spatial distribution of galaxies are intimately linked to the properties of their
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host dark matter halos. In the cold dark matter (CDM) model, dark matter organizes itself

into halos, while luminous matter forms galaxies. The relationship between the properties

of galaxies and halos—both in terms of their physical characteristics and their statistical

distributions—is referred to as the galaxy-halo connection. This concept encompasses the

full range of properties of both dark matter halos and the galaxies that form within them.

Understanding this connection is fundamental to addressing key questions in astrophysics

and cosmology, such as:

Understanding the Physics of Galaxy Formation: What mechanisms control gas

cooling, star formation, and feedback within galaxies? How can we leverage observational

data, such as the spatial distribution of galaxies based on their characteristics, to infer

these underlying physical processes? Statistical analyses of the galaxy-halo connection can

integrate diverse datasets to answer these fundamental questions.

Constraining Cosmological Parameters: The latest generation of expansive imaging

and spectroscopic surveys provides new opportunities to constrain cosmological models more

tightly. These surveys can differentiate between models that involve a cosmological constant,

dark energy, or modified gravity, estimate the mass of neutrinos, and place constraints on

the inflationary potential. To fully utilize these measurements across different scales, it is

crucial to robustly account for uncertainties in the galaxy-halo connection.

Exploring Dark Matter Properties and Distribution: How can galaxy surveys

be employed to deduce the evolution of matter distribution and the characteristics of dark

matter halos? Observations of galaxies and their spatial patterns can potentially map the

distribution of dark matter and differentiate between various dark matter models. These

observations typically depend on both the properties of dark matter particles and the galaxy-

halo connection.

The concept of the galaxy-halo connection was first proposed based on early models of

galaxy formation within the CDM framework, recognizing that the spatial distribution of

galaxies could provide insights into their formation processes. For example, Peebles 4 inves-

tigated galaxy clustering statistics, and early studies noted that massive galaxies and clus-

ters exhibited different clustering properties compared to smaller, more typical galaxies.5–8
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These differences in clustering behavior offer clues about the masses of the dark matter halos

hosting these galaxies, as halo clustering is heavily influenced by halo mass.9;10 Addition-

ally, researchers recognized early on that this relationship could be complex and vary with

scale.11;12

However, it was not until the late 1990s that cosmological simulations had the resolution

needed to identify substructures within larger dark matter halos. Concurrently, large-scale

galaxy surveys began. The APM survey13 was among the first to measure the galaxy corre-

lation function for a large sample. Around the same time, Kravtsov and Klypin 14 and Coĺın

et al. 15 analyzed substructures within cosmological simulations, finding power-law corre-

lation functions consistent with the APM measurements. Major progress in the field was

marked by the Two-degree Field Galaxy Redshift Survey (2dFGRS; Colless et al. 16) and the

Sloan Digital Sky Survey (SDSS; York et al. 17), which provided groundbreaking measure-

ments of the spatial clustering properties of large galaxy samples, allowing for separation

based on properties like luminosity, color, stellar mass, and star formation rate (SFR). Ob-

servations of galaxies at high redshifts18 further enabled the first studies of galaxy clustering

at earlier epochs.

Building upon prior initiatives, the Dark Energy Spectroscopic Instrument (DESI)19 is

currently the largest ongoing spectroscopic survey targeting galaxies. DESI’s primary aim

is to unravel the mysteries of dark energy and achieve highly accurate measurements of

essential cosmological parameters. Over the next five years, DESI plans to obtain spectra

for about 40 million galaxies and quasars, covering over 14,000 square degrees of the sky.

This effort will significantly expand the scope of data collection, offering a 20-fold increase

compared to earlier surveys such as the Baryon Oscillation Spectroscopic Survey (BOSS)

and its extension, eBOSS, both conducted under the Sloan Digital Sky Survey (SDSS).17

The data collected by DESI are expected to provide valuable insights into the relationship

between galaxies and their dark matter halos, as well as improve our broader understanding

of the universe’s structure and evolution.

These advancements—the ability of numerical simulations to resolve dark matter sub-

structures and the development of extensive galaxy surveys—have facilitated new methods
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for statistically connecting galaxies and halos over the last 15 years. This review focuses on

the statistical inference of the galaxy-halo connection made possible by these developments.

We will highlight (a) theoretical methods to understand this connection, (b) key insights

gained from studying the galaxy-halo connection, and (c) unresolved issues. The galaxy-halo

connection is also intricately related to the halo model20–23, an analytical framework for cal-

culating non-linear dark matter clustering using halo properties (e.g., abundance and spatial

clustering). The halo model can be integrated with galaxy-halo connection models to predict

galaxy clustering behaviors.

The statistical relationship between galaxies and halos also benefits from another key

development: the establishment of the standard cosmological model, ΛCDM, which suggests

that the universe is composed of 5% baryonic matter, 25% dark matter, and 70% dark

energy. The parameters of this model are now determined with high precision3;24–26, allowing

for robust predictions of cosmic structure growth and the formation and evolution of dark

matter halos using numerical simulations. Although this review relies heavily on predictions

from the ΛCDM model and the properties of dark matter halos, these topics have been

comprehensively reviewed elsewhere.27 The cosmological simulations that underpin many

of the predictions discussed here were reviewed by Kuhlen et al. 28 The current status of

physical models of galaxy formation is reviewed by Somerville and Davé 29 , while unresolved

theoretical issues are discussed by Naab and Ostriker 30 ; galaxy cluster formation is reviewed

by Kravtsov and Borgani 31 . Modern cosmological probes using galaxy surveys were reviewed

in Weinberg et al. 32 ; our focus here is on studies requiring a deep understanding of the

galaxy-halo connection. The interaction between the galaxy-halo connection and small-scale

dark matter models is thoroughly covered by Bullock and Boylan-Kolchin 33 , so we will only

briefly address these topics.

1.2 Galaxy-Halo Connection Models

To describe the connection between galaxies and halo mass, we explore various models, which

can be broadly categorized into two main types: empirical models and physical models.
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Figure 1.1: Figure from Wechsler and Tinker 1 shows approaches to modeling the galaxy-halo
connection. The left panel shows the dark matter distribution in a 90 × 90 × 30h−1 Mpc
slice from a cosmological simulation, illustrating the cosmic web structure. The right panel
presents the corresponding galaxy distribution using an abundance matching model, tuned
to match the observed galaxy clustering properties. The table below categorizes different
modeling techniques on a spectrum from physical models, which rely on direct simulations
and detailed physical prescriptions (left), to empirical models, which use flexible parameter-
izations constrained by observational data (right).

5



Empirical models use observational data to derive parameters that describe the relation-

ship between galaxies and dark matter halos, either at a specific epoch or over time. In

contrast, physical models focus on simulating or parameterizing the physical processes that

drive galaxy formation, such as gas cooling, star formation, and feedback mechanisms.

Figure 1.1 provides a schematic overview of these modeling techniques, showing an ex-

ample of galaxy and dark matter distributions for one model and highlighting the key com-

ponents of each approach.

It is important to understand that these modeling approaches lie on a continuum. As

one moves to the right in the figure, there is a transition from models heavily grounded in

physical theory to those more reliant on empirical data. Data-driven models are typically less

predictive since they do not directly simulate fundamental physics but offer greater flexibility

in adjusting parameters to fit observational data. These models are also less computationally

demanding than those that attempt to directly model detailed physical processes.

Understanding the relationship between galaxies and their dark matter halos is crucial

for developing a complete theory of galaxy formation and evolution. Several modeling ap-

proaches have been developed to connect observable galaxy properties to the underlying

dark matter distribution predicted by cosmological simulations. We will discuss some of the

popular models here and encourage readers to refer to Wechsler and Tinker 1 for a deeper

understanding of the models.

1. Hydrodynamical Simulations: Hydrodynamical simulations are designed to di-

rectly simulate galaxy formation by solving the equations governing gravity and fluid dy-

namics within a cosmological framework. These simulations incorporate essential physical

mechanisms such as gas cooling, star formation, feedback from stars, and feedback from

active galactic nuclei (AGN). Although they require significant computational resources, hy-

drodynamical simulations like EAGLE34, IllustrisTNG35, and FIRE36 have advanced con-

siderably in generating realistic representations of galaxy populations. They provide detailed

predictions about the baryonic content within halos and enable an in-depth examination of

the physical processes that drive the galaxy-halo connection.

Some key advantages of hydrodynamical simulations include:
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• Self-consistent modeling of baryonic physics and its impact on the structure of dark

matter.

• The ability to track detailed gas dynamics and thermodynamic properties.

• Providing predictions for a range of observable galaxy properties, such as stellar mass,

gas content, and metallicity.

• Sufficient resolution to examine internal structures within galaxies.

Initial research into halo occupation in hydrodynamical simulations occurred before em-

pirical models had thoroughly constrained this aspect37–39, building on earlier work that ex-

amined halo occupation in a semi-analytic framework, as seen in Benson et al. 40 These studies

provided valuable early insights into modeling the halo occupation distribution (HOD). For

instance, Zheng et al. 41 employed smoothed particle hydrodynamics (SPH) simulations and

semi-analytic models to propose initial forms for the HOD and the conditional luminosity

function (CLF). These models were later refined using precise clustering data from the Sloan

Digital Sky Survey. More recently, studies by Simha et al. 42 and Chaves-Montero et al. 43

have used modern cosmological hydrodynamical simulations to test critical assumptions un-

derlying the subhalo abundance matching technique.

While hydrodynamical simulations provide significant insights into the physical processes

of galaxy formation, uncertainties remain due to the use of subgrid models for unresolved

physics. It is essential to carefully compare these simulations to observational data to vali-

date and refine the physical models they employ. The relationship between hydrodynamical

simulations and empirical models is mutually beneficial: simulations can help shape empir-

ical parameterizations, while empirical constraints can guide improvements in the subgrid

physics used in simulations.

2. Semi-analytic Models (SAMs): Semi-analytic models (SAMs) offer a computation-

ally efficient approach to studying galaxy formation by applying analytic formulas to dark

matter-only N-body simulations. These models trace the formation and merging history of

dark matter halos and use parameterized equations to represent key physical processes like
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gas cooling, star formation, feedback from stars and active galactic nuclei (AGN), and other

baryonic physics. Because SAMs are less computationally demanding than hydrodynamical

simulations, they allow for extensive exploration of parameter space and the creation of large

statistical samples.

Historically, the earliest SAMs were developed in the 1990s44–49, and they have since been

refined to include more detailed treatments of processes such as gas cooling, star formation,

feedback mechanisms, chemical enrichment, and morphological evolution. Modern SAMs

have achieved success in replicating a broad spectrum of observed galaxy properties and

scaling relations over cosmic time.

Some key advantages of SAMs include:

• Efficiency allows the exploration of parameter space and large statistical samples.

• Modular nature facilitates testing different physical prescriptions.

• Capability to run on large cosmological volumes.

Semi-analytic models offer computational efficiency but face limitations compared to hy-

drodynamical simulations. They lack self-consistent modeling of baryonic effects on dark

matter structure and often use simplified assumptions for complex baryonic processes. With

10 to 30 parameters, SAMs are challenging to constrain fully using observations. Recent

efforts employ Monte Carlo Markov chains50–52 to better align parameters with data, but

reconciling models with clustering and spatial statistics remains difficult. Notable SAMs in-

clude that of Somerville et al. 53 , focusing on cosmic star formation and the stellar mass

function; Henriques et al. 54 , using MCMC to fit multiple observables; and SAGE55, em-

phasizing modularity and efficiency. These models have provided insights into quenching

mechanisms, merger impacts, and environmental effects on galaxy evolution over cosmic

time.

As observational data sets become more precise, there is an increasing need for galaxy-

halo models to evolve and incorporate more sophisticated physics to fully leverage the avail-

able data for both understanding galaxy formation processes and constraining cosmological
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parameters. SAMs, when used in conjunction with hydrodynamical simulations and em-

pirical models, provide a comprehensive toolkit for advancing our understanding of galaxy

formation and the galaxy-halo connection in a cosmological context.

3. Subhalo Abundance Matching (SHAM): Subhalo Abundance Matching (SHAM)

is an empirical method used to associate galaxies with dark matter halos and subhalos in N-

body simulations by assuming a monotonic relationship between galaxy properties (such as

stellar mass or luminosity) and halo properties (like mass or maximum circular velocity).56;57

This approach maintains the observed number density of galaxies by matching them to halos

and subhalos ranked by their respective properties.

Key features of SHAM:

• Provides a straightforward method to link galaxies to both halos and subhalos with

minimal assumptions.

• Effectively reproduces observed galaxy clustering across different scales and epochs.58

• Efficient method for populating large cosmological simulations with galaxies.

SHAM typically ranks halos or subhalos by mass or Vmax and matches them to galaxies

ranked by stellar mass or luminosity, either at a single epoch or across time.59 While SHAM

is less physically detailed than hydrodynamical simulations or semi-analytic models, it is

highly effective in replicating observed galaxy distributions and clustering patterns.60 It is

especially useful for creating mock galaxy catalogs for surveys. However, it makes simplifying

assumptions, such as ignoring scatter between galaxy and halo properties and assuming the

same relations for central and satellite galaxies.

Despite these simplifications, SHAM remains a valuable tool for studying the galaxy-

halo connection and complements more detailed physical models. As models become more

sophisticated and data more precise, SHAM continues to play a crucial role in testing and

refining our understanding of galaxy formation and cosmology.

4. Halo Occupation Distribution (HOD) Models: Halo Occupation Distribution

models specify the probability P (N |M) for a halo of mass M to host N galaxies of a given
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type. The HOD is typically parameterized separately for central and satellite galaxies. For

central galaxies, a step-like function is usually assumed, while for satellites, a power-law is

common. Under these assumptions, the HOD is fully characterized by its mean occupation

number ⟨N |M⟩.22;61

Some key features of HOD models include:

• Efficiency in exploring parameter space and generating large statistical samples.

• Flexibility to be constrained directly by clustering measurements.

• Ability to make predictions analytically when combined with the halo model.

The connection between modern HOD models and galaxy clustering measurements began

to be explored in the early 2000s.21;22;40;41;61–64 The functional form of the HOD for mass-

or luminosity-selected galaxies is generally assumed to be similar to that of dark matter

subhalos within their hosts. Kravtsov et al. 56 found that the HOD for subhalo samples is

well described by a power law N ∼ M for satellites, including the presence of a central

galaxy.

HOD models have been widely used to interpret galaxy clustering measurements and con-

strain the galaxy-halo connection. Zheng et al. 41 used both hydrodynamic simulations and

semi-analytic models to propose functional forms for the HOD that were later constrained

with clustering data from the Sloan Digital Sky Survey. More recent work has extended HOD

modeling to incorporate assembly bias65 and to jointly model multiple galaxy properties.66–68

While less physically motivated than hydrodynamical simulations or semi-analytic mod-

els, HOD models provide a flexible framework for empirically connecting galaxies to halos.

They serve as an important complement to more physical approaches and play a key role in

cosmological analyses that aim to marginalize uncertainties in the galaxy-halo connection.

This thesis will primarily explore the relationships between galaxies and their dark matter

halos using the Halo Occupation Distribution (HOD) framework. A comprehensive overview

of the HOD approach will be provided in the next section.
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1.3 Halo Occupation Distribution (HOD) Model

The Halo Occupation Distribution (HOD) model is a statistical framework used to describe

how galaxies populate dark matter halos. It defines the probability P (N |M) that a halo of

mass M contains N galaxies of a particular type. The HOD model distinguishes between

central galaxies, which reside at the centers of halos, and satellite galaxies, which orbit within

halos.

1.3.1 Baseline HOD

Given a halo mass (Mhalo), the model specifies the expected number of central (Ncen) and

satellite (Nsat) galaxies. We consider central and satellite galaxies separately, as central

galaxies reside at the potential well of the host halo, while satellite galaxies follow different

formation physics. For Luminous Red Galaxies (LRGs), the HOD model is defined as a

five-parameter model.69

The average number of galaxies ⟨N(Mhalo)⟩ in a halo of mass Mhalo is given by

⟨N(Mhalo)⟩ = ⟨Ncen(Mhalo)⟩+ ⟨Nsat(Mhalo)⟩. (1.1)

Central Galaxies:

The mean occupation function of central galaxies, ⟨Ncen(Mhalo)⟩, is a step-like function

with a characteristic minimum halo mass Mcut. It is given by

⟨Ncen(Mhalo)⟩ =
1

2
pmax

[
1 + erf

(
log10Mhalo − log10Mcut√

2σM

)]
, (1.2)

where pmax is the saturation level that controls the probability of hosting a central galaxy.

For LRG-only samples, pmax is set to 1, meaning that most massive halos are guaranteed to

possess a central galaxy. Mcut is the characteristic minimum mass of halos to host a central

galaxy, and the parameter σM adjusts the shape of the central galaxy probability function by

controlling the sharpness of the transition around Mcut. A higher σM results in a smoother
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transition between 0 and 1 occupation probabilities.

Satellite Galaxies:

The mean occupation function of satellite galaxies, ⟨Nsat(Mhalo)⟩, follows a power law

with index α and characteristic satellite mass M1. It is given by

⟨Nsat(Mhalo)⟩ = ⟨Ncen(Mhalo)⟩
(
Mhalo − κMcut

M1

)α

, (1.3)

for Mhalo > κMcut, and zero otherwise. Here, κ determines the cut-off mass in units of Mcut.

Three additional parameters κ, α, and M1 are used to determine the satellite probability:

• M1 is the characteristic satellite mass.

• α is the power-law index of the satellite distribution.

• κ determines the cut-off mass relative to Mcut.

The baseline HOD model has been extensively utilized in numerous galaxy surveys to

explore the galaxy-halo connection and interpret clustering measurements. In the Sloan Dig-

ital Sky Survey (SDSS), the HOD model was employed to analyze galaxy clustering across

various environments.70–75 In the Baryon Oscillation Spectroscopic Survey (BOSS), it was

used to model the distribution of Luminous Red Galaxies (LRGs), providing insights into

the large-scale structure of the universe.71 The Dark Energy Survey (DES) applied the HOD

framework to constrain cosmological models based on galaxy clustering data.76 Similarly,

the Kilo-Degree Survey (KiDS) utilized the HOD model for galaxy-galaxy lensing studies,

helping to map the distribution of dark matter.77 In the Hyper Suprime-Cam (HSC) Sur-

vey, the model was implemented to gain a deeper understanding of galaxy formation and

evolution through clustering analysis.78

The HOD model has proven particularly effective in characterizing the clustering proper-

ties of Luminous Red Galaxies (LRGs) in both the BOSS and eBOSS surveys. Beyond LRGs,

it has also been applied to other cosmic tracers such as Bright Galaxy Samples (BGS), Emis-

sion Line Galaxies (ELGs)79, and Quasi-Stellar Objects (QSOs).80;81 These applications have
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successfully modeled the clustering behavior of diverse galaxy populations across multiple

surveys, enhancing our understanding of the large-scale structure and the underlying dark

matter distribution.

1.3.2 Decorated Halo Occupation Distribution Models

While the standard HOD model is successful at reproducing many observed galaxy clustering

statistics, it makes simplifying assumptions that may not fully capture the complexity of

galaxy formation physics. Decorated HOD models aim to extend the standard HOD by

incorporating additional dependencies on halo properties beyond just mass.

The key idea behind decorated HOD models is to allow galaxy occupation to depend on

secondary halo properties in addition to mass. This is typically implemented by modifying

the standard HOD functions for central and satellite galaxies based on a secondary halo

property S:

P (N |M,S) = P (N |M) [1 + δ(S)] , (1.4)

where δ(S) represents the adjustment that modulates the occupation based on S. Common

choices for S include halo concentration, formation time, or local environment.

Assembly Bias

One of the primary motivations for decorated HOD models is to account for assembly

bias—the phenomenon where halo clustering depends on properties other than mass. In

a decorated HOD framework, assembly bias can be incorporated by allowing the central

galaxy occupation to depend on halo concentration c:

⟨Ncen|M, c⟩ = ⟨Ncen|M⟩ [1 + Acen(c− c̄)] , (1.5)

where c̄ is the mean concentration at mass M , and Acen controls the strength of the assembly

bias effect. Similar adjustments can be applied to the satellite occupation.
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Several studies have utilized decorated HOD models to search for evidence of assembly

bias in observed galaxy clustering. For example, Zentner et al. 82 applied a decorated HOD to

SDSS clustering measurements and found that some luminosity-threshold samples preferred

models with nonzero assembly bias. However, the strength and even the direction of the

effect varied with the galaxy sample. More recently, Zehavi et al. 83 used SDSS DR7 data

to constrain decorated HOD models, finding only weak evidence for assembly bias in most

galaxy samples.

On the simulation side, Wechsler et al. 84 used N-body simulations to show that halo

clustering depends on formation time at fixed mass, supporting the inclusion of assembly

bias in HOD models. The IllustrisTNG hydrodynamical simulations have also been used

to study galaxy assembly bias, with Bose et al. 85 finding significant assembly bias effects,

especially for low-mass halos.

Velocity Bias

Standard HOD models typically assume that satellite galaxies trace the velocity distribution

of dark matter within halos. However, evidence suggests that galaxies may be biased tracers

of the underlying velocity field. Decorated HODs can account for velocity bias by modifying

the velocity distribution of satellites:

σsat = σDM [1 + Bvel(M)] , (1.6)

where σDM is the velocity dispersion of dark matter, and Bvel(M) introduces a mass-dependent

velocity bias. This modification allows satellites to have systematically higher or lower ve-

locities compared to dark matter.

Guo et al. 86 used SDSS redshift-space clustering measurements to constrain HOD models

with velocity bias, finding evidence for nonzero velocity bias that varies with galaxy lumi-

nosity. The EAGLE hydrodynamical simulations have also been used to study velocity bias,

with Armitage et al. 87 finding that satellite galaxies have lower velocity dispersions than

dark matter, especially in massive clusters.
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Conformity Bias

Galactic conformity refers to correlations between central and satellite galaxy properties

beyond what would be expected from halo mass alone. Decorated HOD models can capture

conformity effects by introducing correlations between central and satellite occupations:

P (Nsat|M,Ncen) = P (Nsat|M) [1 + Aconf(Ncen − ⟨Ncen⟩)] , (1.7)

where Aconf controls the strength of the conformity signal. This allows the number of satellites

to depend on whether a central galaxy is present, in addition to halo mass.

Kauffmann et al. 88 found evidence for large-scale conformity in SDSS galaxies, motivating

the inclusion of conformity in HOD models. However, Tinker et al. 89 showed that much of

this signal was due to selection effects. More recently, Calderon et al. 90 used SDSS DR7

data to constrain decorated HOD models with conformity, finding only weak evidence for

conformity on small scales.

In summary, decorated HOD models provide a flexible framework for extending the stan-

dard HOD approach to capture more complex galaxy-halo relationships. By incorporating

effects like assembly bias, velocity bias, and conformity, these models aim to offer a more

comprehensive description of how galaxies populate dark matter halos. As observational

constraints on galaxy clustering continue to improve, decorated HODs may become increas-

ingly important tools for interpreting data and connecting observations to models of galaxy

formation.

1.4 Measurements in the Galaxy-Halo Connection

Clustering statistics play a crucial role in analyzing galaxy distributions and constraining

the galaxy-halo connection. Key statistics include:

• Two-point projected correlation function wp(rp): Measures the excess probability

of finding galaxy pairs at a given projected separation, integrating along the line of

sight to mitigate redshift-space distortions.
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• Multipoles of the redshift-space correlation function ξℓ(s): Characterize aniso-

tropies in clustering due to peculiar velocities.

• Void probability function (VPF): Quantifies the probability of finding regions

devoid of galaxies.

• Counts-in-cylinders (CIC) and counts-in-annuli (CIA): Measure galaxy density

in cylindrical or annular volumes around other galaxies.

These statistics probe different aspects of the galaxy distribution on various scales. The

two-point functions are most commonly used to constrain halo occupation models. Higher-

order statistics like the three-point function provide additional information on galaxy-halo

relations, while void statistics are sensitive to low-density regions.

By comparing observed clustering to predictions from galaxy-halo models, these statistics

constrain how galaxies populate dark matter halos of different masses. This enables inferring

the statistical relationship between galaxy and halo properties.

More details on clustering statistics and their application to the galaxy-halo connection

will be provided in Chapter 2.

1.5 Application of Machine Learning in the Galaxy-

Halo Connection

Machine learning (ML) is increasingly applied to study the galaxy-halo connection, offering

powerful tools for uncovering complex relationships between galaxy properties and their

host dark matter halos. Traditionally, models like the Halo Occupation Distribution (HOD)

describe how galaxies populate halos based primarily on mass. However, ML techniques

can go beyond this by considering a multitude of halo properties—such as concentration,

velocity dispersion, or formation history—thus enabling more accurate predictions of galaxy

clustering and formation patterns.
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Random forest regressions and neural networks have been particularly effective in iden-

tifying secondary halo properties that correlate with galaxy features like stellar mass or star

formation rates. These ML models have been trained on large cosmological simulations like

IllustrisTNG and AbacusSummit to improve the accuracy of mock galaxy catalogs by better

predicting the halo-galaxy occupation at different redshifts and halo masses. Moreover, ML-

based approaches allow for flexible modeling of the stochastic scatter between galaxy and

halo properties, capturing subtleties that traditional models might miss. This is especially

valuable for next-generation galaxy surveys, such as those conducted by DESI and LSST,

where the precision required for interpreting large datasets is paramount.

In short, machine learning offers an efficient and scalable method to constrain galaxy-

halo connections, advancing beyond conventional models by integrating complex, high-

dimensional data from simulations and observations.

1.6 Mock Catalog Generation

The HOD model is a fundamental tool, based on a probabilistic framework, for generating

mock galaxy catalogs by populating dark matter halos from N-body simulations. Applying

the HOD to halo catalogs enables the creation of mock galaxy catalogs that accurately

reproduce observed galaxy clustering statistics. These catalogs are essential for estimating

covariance matrices, testing analysis pipelines, and assessing systematic errors in large-scale

structure studies. The HOD model’s flexibility allows it to be calibrated to match a wide

range of galaxy properties and clustering measurements, making it an indispensable tool for

interpreting galaxy surveys and constraining cosmological parameters.

1.7 Dissertation Structure

This dissertation is organized into eight chapters, each addressing different aspects of machine

learning applications in both the galaxy-halo connection and other interdisciplinary projects.

Below is an outline of each chapter:
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Chapter 2: Clustering Statistics in the Galaxy-Halo Connection This chapter

introduces key statistical tools used to examine the clustering of galaxies within the cos-

mic structure. It covers methods such as the two-point correlation function, void probability

function (VPF), and counts-in-cylinders (CiC), which are used to measure galaxy cluster-

ing at various scales. These tools provide the statistical foundation for understanding how

galaxies populate dark matter halos, which is crucial for connecting galaxy formation to the

larger cosmic web.

Chapter 3: Machine Learning Approaches in Galaxy-Halo Connection Chapter 3

explores the application of ML techniques to study the galaxy-halo connection. Various

machine learning algorithms, such as artificial neural networks (ANN), random forests, and

supervised learning methods, are discussed. The chapter examines how these approaches are

used to model the relationship between galaxy properties and their host dark matter halos,

improving upon traditional models in terms of accuracy and computational efficiency.

Chapter 4: Constraining the HOD Model Using Machine Learning This chapter

focuses on the HOD model, which is used to statistically connect galaxies to dark matter

halos. The use of machine learning to constrain HOD parameters is examined, providing more

efficient ways to model small-scale galaxy clustering. The chapter discusses the creation of

mock galaxy catalogs and the use of different machine-learning methods to predict clustering

statistics and derive cosmological constraints.

Chapter 5: Extended Analysis of Galaxy-Halo Connection with Machine Learn-

ing Chapter 5 expands upon the previous chapters by presenting additional results from

applying machine learning techniques to large-scale cosmological simulations. It provides an

in-depth analysis of the AbacusSummit simulations and evaluates the performance of dif-

ferent machine learning models in predicting HOD parameters. This chapter highlights the

strengths and limitations of using machine learning for large-scale galaxy-halo studies.

18



Chapter 6: Other Project I - Using Deep Learning in Fingerprint Verification

This chapter explores an application of deep learning techniques in biometric security, specif-

ically fingerprint verification. It introduces the architecture of a neural fuzzy extractor and

evaluates its performance on various fingerprint datasets. The chapter demonstrates how

deep learning models can be adapted for secure and efficient fingerprint verification.

Chapter 7: Other Project II - Zero-Shot Classification in Bioacoustics Chapter 7

presents a project focused on the zero-shot classification of bird calls in bioacoustics. The

challenges of training machine learning models for species detection with limited or no labeled

data are addressed. The chapter showcases how clustering methods and machine learning

models are applied to bioacoustic data to classify bird species based on their vocalizations,

even in the absence of large training datasets.

Chapter 8: Conclusion The final chapter summarizes the key findings and contributions

made throughout the dissertation. It emphasizes the role of machine learning in improving

the understanding of the galaxy-halo connection and highlights its potential applications in

ongoing and future cosmological surveys. The chapter concludes by discussing the broader

implications of this research for the field of cosmology and outlines potential future research

directions.
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Chapter 2

Clustering Statistics in the

Galaxy-Halo Connection

2.1 Two-Point Correlation Function

The two-point correlation function is a powerful statistical tool used to study the clustering

and distribution of galaxies in the universe. It measures the excess probability of finding a

pair of galaxies separated by a given distance compared to a random distribution. Estimating

the two-point correlation function accurately is crucial for constraining cosmological models

and understanding the dynamics of our universe.

The two-point correlation function (2PCF), denoted ξ(r), quantifies the excess probabil-

ity, compared to a random distribution, of finding a pair of galaxies separated by a distance

r. Mathematically, the probability dP of finding two galaxies within volumes dV1 and dV2,

separated by r, can be written as:

dP = n2 [1 + ξ(r)] dV1dV2, (2.1)

where dP is the probability of finding a galaxy in a volume element dV1 and another galaxy

in a volume element dV2, separated by a distance r, and n is the mean number density of
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galaxies. When ξ(r) > 0, there is a higher likelihood of finding galaxy pairs at that separation

compared to a random distribution. When ξ(r) < 0, the pairs are less likely to be found.

Various estimators have been proposed to calculate the two-point correlation function

from galaxy catalogs. A study by Kerscher et al. 91 compared nine of the most important

estimators using a rigorous criterion based on subsamples of the Virgo Hubble Volume Simu-

lation cluster catalog. The estimators were ranked by their ability to return a value within a

certain tolerance of the “real” correlation function determined from the full survey. Some of

the estimators compared in the study include the Davis & Peebles estimator92, the Hewett

estimator93, the Hamilton estimator94, and the Landy & Szalay estimator (original95 and

grid version96).

The comparison revealed that the Landy & Szalay estimator, in its original or grid version

(Szapudi & Szalay), outperformed most of the other estimators and had a performance almost

indistinguishable from the Hamilton estimator.

The Landy & Szalay estimator has emerged as the preferred choice for estimating the

two-point correlation function in astrophysical applications. It is defined as:

ξ(r) =
DD(r)− 2DR(r) + RR(r)

RR(r)
, (2.2)

where DD(r) is the number of data-data pairs, DR(r) is the number of data-random pairs,

and RR(r) is the number of random-random pairs at separation r. This form effectively

corrects for edge effects and minimizes variance. The factor of 2 in front of the DR(r) term

accounts for the reduction of bias associated with random pairings. The Landy & Szalay

estimator has become the standard for most modern cosmological surveys due to its accuracy

and robustness, especially in cases where survey volumes are not simple geometrical shapes

and where the selection function is nontrivial.

Recent work by Keihänen et al. 97 presents a method called Linear Construction (LC)

for fast evaluation of the covariance matrix for the Landy & Szalay estimator. The LC

method estimates the covariance for small random catalogs and constructs the covariance

for arbitrary random catalog sizes as a linear combination, providing a significant speedup
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compared to the standard method.

2.1.1 Two-point Projected Correlation Function (wp(rp))

The two-point projected correlation function, denoted as wp(rp), is a fundamental tool in

cosmology for studying the large-scale structure of the universe. It plays a crucial role in

investigating the galaxy-halo connection within the Halo Occupation Distribution (HOD)

framework.5

The 2PCF gives the excess probability, compared to a random distribution, of finding

two galaxies separated by a distance r. In redshift surveys, galaxies’ positions are measured

in redshift space, which introduces distortions along the line of sight due to their peculiar

velocities.

To correct for this, the correlation function is first expressed as ξ(rp, π), where rp is the

separation of galaxy pairs projected onto the plane of the sky, and π is the separation along

the line of sight. This separates the total distance r into:

r2 = r2p + π2. (2.3)

The projected correlation function wp(rp) is calculated by integrating the two-point corre-

lation function ξ(rp, π) along the line-of-sight direction π, up to some maximum separation

πmax. This removes the distortions caused by galaxy velocities along the line of sight, focusing

on the clustering signal in the plane of the sky:

wp(rp) = 2

∫ πmax

0

ξ(rp, π) dπ. (2.4)

In this equation, the factor of 2 accounts for integrating along both positive and negative

π values, and πmax is the maximum line-of-sight distance considered for the integration,

typically chosen based on the dataset (e.g., πmax ∼ 40 − 60 Mpc/h). The choice of πmax is

important: too large a value introduces noise, while too small a value might exclude true

correlations.98 This projection effectively minimizes the impact of peculiar velocities, making
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wp(rp) a cleaner measure of real-space clustering.

Role of wp(rp) in the HOD

The connection between galaxies and their host dark matter halos is a central focus in cos-

mology. The projected correlation function wp(rp) serves as a powerful tool for constraining

the parameters of the HOD model by capturing the clustering of galaxies at different scales.

The clustering of galaxies on small and large scales reflects two distinct physical processes:

One-Halo Term: This term describes galaxy pairs within the same dark matter halo and

dominates at small separations (rp ≲ 1 Mpc/h).99 It is primarily sensitive to the number and

distribution of satellite galaxies in a halo. The one-halo term helps constrain key parameters

such as the mean number of satellites per halo and the distribution of halo sizes.

Two-Halo Term: At larger scales (rp ≳ 1 Mpc/h), the clustering is dominated by galaxy

pairs residing in different halos.100 This term provides insights into how the overall galaxy

population traces the large-scale distribution of dark matter and informs the bias of dark

matter halos.

By fitting the observed wp(rp) from galaxy surveys to HOD-based theoretical models, we

can infer key parameters about the galaxy-halo connection101;102, such as:

• The minimum halo mass required to host central galaxies.

• The fraction of halos that contain satellite galaxies and the average number of satellites

as a function of halo mass.

• The scatter in the luminosity of central galaxies relative to halo mass.

These constraints allow us to probe how galaxies populate dark matter halos based on

properties like mass, luminosity, and color.103 For instance, studies show that the amplitude

of wp(rp) increases with galaxy luminosity and stellar mass, indicating that more luminous

and massive galaxies reside in more massive halos.104 Moreover, the shape of wp(rp) can

reveal additional details about the satellite fraction and the spatial distribution of galaxies

within halos.105
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The HOD modeling of wp(rp) has been applied across multiple galaxy surveys, including

the Sloan Digital Sky Survey (SDSS)106, the VIMOS Public Extragalactic Redshift Survey

(VIPERS)104, and the PRIsm MUlti-object Survey (PRIMUS)103. These surveys span dif-

ferent redshift ranges and galaxy populations, providing diverse insights into the galaxy-halo

connection. These studies underscore the versatility of wp(rp) in connecting galaxy popula-

tions to their dark matter halos, offering invaluable insights into the evolution of large-scale

structures in the universe.

2.1.2 Multipoles of the Redshift-space Correlation Function (ξℓ(s))

In redshift space, the 2PCF becomes anisotropic due to the peculiar velocities of galaxies,

which cause redshift-space distortions (RSD). To describe this anisotropy, the 2PCF is often

expanded into multipole moments using Legendre polynomials. This decomposition enables

cosmologists to separate the isotropic and anisotropic components of galaxy clustering.

The 2PCF in redshift space, ξ(s, µ), depends not only on the separation s between galaxy

pairs but also on µ = cos(θ), where θ is the angle between the line of sight and the separation

vector. The anisotropic 2PCF can be expanded into a series of Legendre polynomials Pℓ(µ),

yielding the multipole moments ξℓ(s):

ξ(s, µ) =
∑

ℓ=0,2,4,...

ξℓ(s)Pℓ(µ). (2.5)

Here, ℓ represents the order of the multipole moment, typically taking even values (0, 2, 4,

. . . ) because the correlation function must remain symmetric about the line of sight.

The multipole moments ξℓ(s) can be obtained by projecting ξ(s, µ) onto Legendre poly-

nomials using an integration over µ. The formula for the multipole moments is:

ξℓ(s) =
2ℓ + 1

2

∫ 1

−1

ξ(s, µ)Pℓ(µ) dµ. (2.6)

In this expression, ξ(s, µ) is the anisotropic 2PCF; Pℓ(µ) is the Legendre polynomial of order

ℓ; µ = cos(θ); and ℓ is typically even (0, 2, 4, . . . ) due to symmetry.
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Each ξℓ(s) corresponds to a specific angular component of the 2PCF:

• ξ0(s) is the monopole, representing the isotropic component of the clustering signal.

• ξ2(s) is the quadrupole, capturing the leading-order anisotropy due to redshift-space

distortions.

• ξ4(s) is the hexadecapole, providing further detail on the anisotropic structure of the

galaxy distribution.

The multipole moments of the 2PCF have been widely used in the analysis of galaxy sur-

veys, such as the extended Baryon Oscillation Spectroscopic Survey (eBOSS). In a study

by Bautista et al. 107 , the authors used the multipole moments ξℓ(s) with ℓ = 0, 2, 4 to

measure the clustering of the eBOSS quasar sample and constrain cosmological parameters.

Application of ξℓ(s) in HOD

The 2PCF is widely used in conjunction with the HOD model to study the anisotropic

clustering of galaxies and constrain cosmological parameters. Here are some key applications

of the 2PCF multipoles in the context of HOD modeling:

Small-Scale Clustering: One-Halo Term: At small separations (s ≲ 1 Mpc/h), the one-

halo term dominates, corresponding to galaxies residing within the same halo. The random

motions of satellite galaxies within halos, particularly those with large velocity dispersions,

produce Finger-of-God distortions. These distortions are reflected in the quadrupole ξ2(s)

and, to a lesser extent, the hexadecapole ξ4(s).

By fitting the small-scale quadrupole to observations, we can infer the velocity dispersion

of satellites within halos, which is directly related to the halo mass. In this way, the multipole

expansion helps constrain the satellite occupation and the dynamical structure of dark matter

halos.

Large-Scale Clustering: Two-Halo Term: At large separations (s ≳ 10 Mpc/h), the two-

halo term dominates, describing galaxy pairs residing in different halos. The Kaiser effect,

which enhances clustering along the line of sight due to coherent infall toward overdense
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regions, primarily affects the quadrupole ξ2(s). By analyzing this effect, we can measure

the linear galaxy bias bg, which connects the galaxy distribution to the underlying matter

distribution. This bias is a key parameter in the HOD model, determining how galaxies trace

the dark matter distribution.

In the Baryon Oscillation Spectroscopic Survey (BOSS), researchers analyzed the mono-

pole and quadrupole moments of the redshift-space correlation function to fit the HOD

model. By fitting ξ0(s) and ξ2(s), they constrained the bias of luminous red galaxies (LRGs),

finding that these galaxies are hosted in halos with masses Mmin ∼ 1013M⊙ and exhibit

significant velocity dispersions that affect the small-scale quadrupole.108

Constraining HOD Parameters: The measured multipoles, particularly the monopole ξ0

and quadrupole ξ2, can be used to constrain the HOD parameters. By comparing the observed

multipoles with theoretical predictions from the HOD model, one can infer key parameters

such as the mean occupation number of central and satellite galaxies as a function of halo

mass.109

For example, Zhai et al. 72 used the monopole and quadrupole of the 2PCF measured

from the SDSS-IV eBOSS LRG sample to constrain the HOD parameters. They found that

the combination of ξ0 and ξ2 effectively breaks the degeneracy between the satellite fraction

and the galaxy bias, allowing for robust constraints on the HOD.

Measuring the Growth Rate of Structure: The quadrupole moment of the 2PCF, ξ2, is

sensitive to the redshift-space distortions caused by the peculiar velocities of galaxies. By

modeling the RSD effect within the HOD framework, one can measure the growth rate of

structure, fσ8, which quantifies the rate at which cosmic structures grow due to gravitational

instability.109

In a study by Alam et al. 74 , the authors used the multipole moments of the 2PCF

measured from the SDSS-IV eBOSS LRG sample to constrain the growth rate of structure.

They modeled the multipoles using the HOD approach, accounting for the RSD effect, and

obtained precise measurements of fσ8 at the effective redshift of the sample.

Testing Gravity Models: The 2PCF multipoles can also be used to test alternative gravity

models within the HOD framework. By comparing the observed multipoles with predictions
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from different gravity models, one can constrain deviations from general relativity.110

For instance, Armijo et al. 111 proposed a test of gravity using the marked correlation

function, which assigns a density-dependent weight to galaxies in the estimation of the

2PCF. They applied this test to SDSS-III LRG samples, building mock catalogs using the

HOD model for both general relativity and f(R) gravity. Although the current data were

insufficient to distinguish between the models, the authors demonstrated the potential of the

method for future surveys.

2.2 Void Probability Function (VPF)

The Void Probability Function (VPF), P0(r), is a key statistical tool for studying the clus-

tering properties of galaxies and the distribution of voids in the universe. It measures the

probability of finding empty regions (voids) of a given radius r in a galaxy distribution. As a

higher-order clustering statistic, it is sensitive to non-Gaussian features of large-scale struc-

tures and provides insights into galaxy formation and evolution, particularly in the context

of Halo Occupation Distribution (HOD) models.

The VPF P0(r) is defined as the probability that a randomly placed spherical region of

radius r contains no galaxies. For a Poisson-distributed random field of galaxies, this can be

written as:

P0(r) = exp(−n̄V ), (2.7)

where n̄ is the mean number density of galaxies, and V = 4
3
πr3 is the volume of the sphere.

For a clustered galaxy distribution, P0(r) is modified by galaxy correlations. In terms of

the two-point correlation function ξ2(r12), it can be expressed as:

P0(r) = exp

(
−n̄V

[
1 +

1

V

∫
V

d3r1

∫
V

d3r2 ξ2(|r1 − r2|)
])

. (2.8)

Here, the integral accounts for galaxy clustering within the spherical region, with ξ2(r12)

representing the excess probability of finding galaxy pairs separated by r12. As clustering
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increases, the VPF decreases, reflecting the reduced likelihood of finding voids in the distri-

bution.112

Application of VPF in HOD

The VPF is widely used in HOD models to constrain the galaxy-halo connection by probing

underdense regions of the universe. In the HOD framework, galaxy populations within halos

are modeled as a function of halo mass, describing both central and satellite galaxies. The

VPF is sensitive to several HOD parameters, including:

• Halo mass threshold (Mmin): The minimum mass for halos to host galaxies. A

higher Mmin leads to a higher VPF, as fewer halos are populated by galaxies, increasing

the number of voids.

• Satellite fraction: A higher number of satellite galaxies decreases the VPF because

voids are less likely to occur in galaxy-rich environments.

In a seminal study, Tinker et al. 113 used the VPF and the projected correlation function

from the Sloan Digital Sky Survey (SDSS) to test whether galaxy occupation depends on

the local environment. Their results showed that the standard HOD model, where galaxy

occupation depends only on halo mass, provides a good fit for the observed VPF. This

ruled out alternative models in which galaxy formation efficiency is significantly reduced in

low-density environments.

Another application comes from Croton et al. 114 , who measured the VPF for red and blue

galaxies in the 2dF Galaxy Redshift Survey (2dFGRS). They found that faint red galaxies

significantly deviate from the “universal” negative binomial void probabilities followed by

other populations, suggesting that the spatial distribution of galaxies depends on their color

and luminosity. This study demonstrated that different galaxy populations create distinct

void statistics, which can be linked to their formation histories and environments.

The evolution of the VPF with cosmic time provides insights into the growth of structure

and the evolution of galaxy clustering. Conroy et al. 115 measured the VPF at z ∼ 1 using data
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from the DEEP2 Redshift Survey and compared it to the VPF at z ∼ 0 from the SDSS.

They found that voids become larger at lower redshifts, consistent with predictions from

ΛCDM simulations. This evolution in void size reflects the hierarchical growth of structure,

where smaller voids at early times merge into larger voids as cosmic structures evolve.

The VPF provides a complementary statistic to the two-point correlation function ξ(r),

which focuses on galaxy-rich regions. Since the VPF probes voids, it is sensitive to higher-

order correlation functions and non-Gaussian features of the large-scale structure. The VPF

thus captures information about the three-point correlation function (3PCF) and higher

moments of the galaxy distribution, making it a powerful tool for testing models of galaxy

formation and evolution that rely on the large-scale distribution of dark matter and galaxies.

2.3 Counts-in-Cylinders (CiC)

The Counts-in-Cylinders (CiC) method, introduced by Reid et al. 116 , measures the prob-

ability distribution of the number of galaxies within a cylinder of fixed radius and height

centered on a galaxy. The cylinder is oriented along the line of sight to minimize the impact

of redshift-space distortions. The CiC statistic is defined as:

P (N |r, h) =
1

Ngal

Ngal∑
i=1

δN,Ni(r,h), (2.9)

where Ngal is the total number of galaxies, Ni(r, h) is the number of galaxies within a cylinder

of radius r and height h centered on the i-th galaxy, and δ is the Kronecker delta function.

The CiC statistic is sensitive to higher-order moments of the galaxy density field and

can be used to constrain the HOD model. By comparing the observed CiC distribution with

predictions from HOD models, one can infer the occupation number of galaxies as a function

of halo mass.117
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Application of CiC in HOD

The CiC method has been used to constrain HOD models and study the galaxy-halo con-

nection. For example, Reid and Spergel 118 used the CiC statistic measured from the SDSS

to constrain the HOD of luminous red galaxies (LRGs). They modeled the CiC using a com-

bination of the Navarro-Frenk-White (NFW) halo profile and the HOD framework, finding

that the CiC provides strong constraints on the satellite fraction and the concentration of

the satellite galaxy distribution within halos.

Similarly, Berrier et al. 119 employed the CiC method to study the small-scale clustering

of galaxies in the SDSS. They used a halo-based model with a simple HOD prescription to

interpret the CiC measurements, demonstrating that the CiC can be used to constrain the

HOD and probe the galaxy-halo connection at small scales.

Guo et al. 86 applied the CiC method to the SDSS Main Galaxy Sample and found that

the satellite fraction decreases with increasing galaxy luminosity, consistent with predictions

of the HOD model.

2.4 Counts-in-Annuli (CiA)

The Counts-in-Annuli (CiA) method is an extension of the CiC method that counts galaxies

within annular regions instead of cylinders. The annuli are defined by a set of radial bins,

allowing the measurement of the galaxy density field on different scales. The CiA statistic is

defined as:

P (N |rmin, rmax, h) =
1

Ngal

Ngal∑
i=1

δN,Ni(rmin,rmax,h), (2.10)

where rmin and rmax are the inner and outer radii of the annulus, respectively.

The CiA method provides a more detailed characterization of the galaxy density field com-

pared to the CiC method. It can be used to study the scale dependence of galaxy clustering

and to constrain HOD model parameters, such as the satellite fraction and the concentration

of satellite galaxies within halos.
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Application of CiA in HOD

The CiA method has been applied to study the galaxy-halo connection and constrain HOD

models. Watson et al. 120 used the CiA statistic to measure the clustering of galaxies in the

SDSS as a function of luminosity and color. They modeled the CiA using a halo model ap-

proach with a luminosity-dependent HOD, finding that the CiA provides valuable constraints

on HOD parameters and the satellite fraction as a function of galaxy luminosity.

Guo et al. 121 measured the projected two-point correlation function and the CiA statis-

tic for galaxy samples from the SDSS and the CMASS sample of the Baryon Oscillation

Spectroscopic Survey (BOSS). They constructed mock galaxy catalogs using both the HOD

and Subhalo Abundance Matching (SHAM) approaches and compared the model predictions

with the observed clustering measurements.
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Chapter 3

Machine Learning Approaches in

Galaxy-Halo Connection

3.1 Introduction

Machine learning has emerged as a powerful tool for exploring the galaxy-halo connection,

a fundamental aspect of modern cosmology and galaxy formation theory. These algorithms

excel at identifying patterns and relationships in large, high-dimensional datasets, making

them well-suited for studying the complex, nonlinear relationships between galaxy properties

and their host dark matter halos.

Machine learning techniques can predict galaxy properties based on halo properties, clas-

sify galaxies and halos, and identify new features and correlations that may not be apparent

through traditional methods such as the Halo Occupation Distribution (HOD) and the Con-

ditional Luminosity Function (CLF).122 By training models on simulations and applying

them to observational data, machine learning enables more direct comparisons between the-

ory and observations.123

In this chapter, we provide an overview of machine learning techniques relevant to the

study of the galaxy-halo connection, discuss their applications in supervised learning for

galaxy clustering, and explore how these methods are advancing our understanding of the
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relationship between galaxies and their dark matter halos.

3.2 Overview of Machine Learning Techniques

Machine learning (ML) is a rapidly advancing field focused on developing algorithms that

learn from data to make predictions or decisions autonomously. In astrophysics, particularly

in the study of the galaxy-halo connection, ML techniques are increasingly employed to ex-

tract insights from large, complex datasets. These methods offer the ability to model the

intricate relationships between galaxies and their host dark matter halos, a task tradition-

ally performed through time-consuming simulations. Below is an overview of the primary

categories of ML techniques and their relevance to the study of the galaxy-halo connection.

3.2.1 Supervised Learning

Supervised learning is a fundamental approach in ML where algorithms are trained using

labeled datasets, meaning the input features (e.g., halo mass, galaxy luminosity) are paired

with known output labels (e.g., galaxy type, halo occupation). The goal is to train a model

that can generalize to unseen data by learning the mapping between inputs and outputs.

Classification

In classification tasks, the model predicts discrete output labels, such as identifying galaxy

types (elliptical, spiral, etc.) or determining halo membership based on galaxy properties.

Algorithms such as decision trees, random forests, support vector machines (SVMs), and

neural networks are commonly used for classification tasks. For example, random forests

have been applied to classify galaxies based on photometric features124, and SVMs have

been effective in differentiating between central and satellite galaxies125.
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Regression

Regression is used for predicting continuous values, such as estimating halo masses or galaxy

luminosities. Techniques such as linear regression, polynomial regression, and more sophis-

ticated models like neural networks can be applied to these tasks. In galaxy-halo studies,

regression models can be trained to predict properties like star formation rates or halo masses

from observational data126.

3.2.2 Unsupervised Learning

Unsupervised learning algorithms work on datasets without labeled outputs. These methods

seek to uncover hidden patterns, structures, or groupings within the data. In the galaxy-halo

context, unsupervised learning can identify clusters of similar galaxies or halos based on

intrinsic properties.

Clustering

Clustering algorithms group similar data points based on their features. Techniques like k-

means, hierarchical clustering, and Gaussian mixture models (GMMs) are popular for this

task. Clustering methods are valuable in large-scale structure studies, where galaxies or

halos are grouped based on shared properties like mass or environment.127 For example,

hierarchical clustering can help identify galaxy clusters based on their spatial distribution.

Dimensionality Reduction

Dimensionality reduction techniques like Principal Component Analysis (PCA) and t-distri-

buted Stochastic Neighbor Embedding (t-SNE) reduce the number of features in a dataset

while preserving important patterns. These methods are crucial when working with high-

dimensional dataset, such as galaxy catalogs with many features. PCA has been employed to

simplify galaxy clustering datasets, reducing computational load while retaining the essential

structure of the data128.
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3.2.3 Semi-Supervised Learning

Semi-supervised learning combines both labeled and unlabeled data, making it especially

useful when labeled data is scarce or expensive to obtain. In astrophysics, where obtain-

ing precise labels (e.g., galaxy masses) from observations is often difficult, semi-supervised

learning leverages a small set of labeled galaxies and a larger set of unlabeled galaxies to im-

prove prediction accuracy. For instance, semi-supervised techniques can enhance galaxy-halo

modeling by using simulation data (labeled) alongside real observational data (unlabeled)129.

3.2.4 Deep Learning

Deep learning, a subset of machine learning, focuses on neural networks with many layers

that automatically learn hierarchical representations of data. These models are particularly

well-suited for large, high-dimensional datasets such as those found in galaxy surveys.

In galaxy-halo connection studies, convolutional neural networks (CNNs) have been used

to predict galaxy properties directly from dark matter density fields, leveraging spatial pat-

terns in cosmological simulations.130 Recurrent neural networks (RNNs) and other deep

architectures have also been explored for time-series data, such as tracking the evolution of

galaxy properties over cosmic time.131

Deep learning models excel at modeling complex, nonlinear relationships between galaxies

and their halos, making them increasingly popular for high-precision predictions in astro-

physical research.132

3.2.5 Transfer Learning

Transfer learning allows knowledge gained from one domain to be applied to another, which

is particularly useful in astrophysics. For example, models trained on cosmological simula-

tions can be adapted to work with observational data or knowledge from one galaxy survey

can be transferred to another with minimal retraining. In the context of the galaxy-halo con-

nection, transfer learning has been used to adapt simulation-trained models for predicting
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galaxy clustering in observational datasets like SDSS or DESI.133 This technique significantly

reduces training time while still providing accurate predictions for new datasets.

As the size and complexity of astronomical datasets continue to grow, the application

of ML methods will become increasingly critical for extracting meaningful insights into the

galaxy-halo connection and for making rapid, accurate predictions based on observational

data.

3.3 Supervised Learning Overview

Supervised learning is a machine learning paradigm where a model learns to map input data

to corresponding output labels using a labeled training dataset. The objective is to learn a

function f : X → Y that can predict the correct output y ∈ Y for a given input x ∈ X.

3.3.1 Key Concepts of Supervised Learning

Below, we discuss some essential concepts for solving a supervised machine learning problem.

Loss Function

A loss function L(y, ŷ) quantifies the discrepancy between the predicted output ŷ and the

true output y. The objective of supervised learning is to minimize the expected loss of the

training dataset:

min
θ

E(x,y)∼D[L(y, fθ(x))] (3.1)

where θ represents the model parameters and D is the data distribution. Different loss

functions are used for different tasks:

• Mean Squared Error (MSE) for regression tasks, where L(y, ŷ) = (y − ŷ)2.

• Cross-Entropy Loss for classification tasks, especially in multi-class classification prob-

lems.
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Model Optimization

Model parameters θ are optimized using gradient-based methods, such as stochastic gradi-

ent descent (SGD). The gradients of the loss function with respect to the parameters are

computed using backpropagation:

θ ← θ − α∇θL(y, fθ(x)) (3.2)

where α is the learning rate, controlling the step size during each update. Other optimization

methods include Adam and RMSProp, which adaptively adjust the learning rate based on

gradients.

Generalization

In supervised learning, generalization refers to the model’s ability to perform well on unseen

data, not just the specific training dataset it was trained on. A model with good gener-

alization learns patterns that are robust across different datasets. Ensuring generalization

is critical to avoid overfitting, where the model performs well on the training dataset but

poorly on new data.

Overfitting and Regularization

Overfitting occurs when a model learns to fit the training dataset too closely, capturing

noise and irrelevant patterns. This results in poor performance on new data. Regularization

techniques are employed to reduce overfitting by adding constraints to the model. Some

common regularization techniques include:

• L1 Regularization (Lasso): Adds the sum of the absolute values of the model parame-

ters to the loss function, encouraging sparsity in the learned weights.

Lreg(y, ŷ) = L(y, ŷ) + λ
∑
i

|θi| (3.3)
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• L2 Regularization (Ridge): Adds the sum of the squares of the parameters to the loss

function, preventing large parameter values.

Lreg(y, ŷ) = L(y, ŷ) + λ
∑
i

θ2i (3.4)

• Dropout: Randomly drops out neurons during training, forcing the network to become

more robust by not relying too heavily on any one neuron.

• Early Stopping: Stops training when performance on a validation set starts to degrade,

preventing the model from overfitting to the training dataset.

Figure 3.1: The tradeoff between training error and validation error as model complexity
increases, highlighting the risk of overfitting
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Bias-Variance Tradeoff

The bias-variance tradeoff is a fundamental concept in supervised learning. Bias refers to the

error introduced by approximating real-world data with a simplified model, while variance

refers to the model’s sensitivity to fluctuations in the training dataset.

• High-bias models (e.g., linear models) are often too simple and may underfit the data.

• High-variance models (e.g., deep neural networks) can overfit the training dataset and

perform poorly on new data.

Balancing bias and variance is key to building models that generalize well. Figure 3.1

demonstrates how the training error (green curve) and validation error (red curve) behave

as model complexity increases. Initially, both errors decrease, but after a certain point, the

validation error starts to rise even as the training error continues to fall. This increase in

validation error indicates overfitting, where the model becomes too specialized to the training

dataset and loses its ability to generalize to unseen data. The shaded region represents the

point of optimal model complexity, where both training and validation errors are reasonably

low, indicating the best tradeoff between underfitting (when the model is too simple, like a

linear fit) and overfitting (when the model is too complex, like a high-degree polynomial fit).

Cross-Validation

Cross-validation is a technique used to assess how well a model generalizes to unseen data.

The dataset is split into multiple parts (or “folds”), and the model is trained on some folds

while tested on others. K-fold cross-validation is a common method where the dataset is split

into k parts, and the model is trained and tested k times, each time using a different fold

for testing and the remaining k− 1 folds for training. This helps in tuning hyperparameters

and avoiding overfitting.

As shown in Figure 3.2, in this example k-fold cross-validation divides the dataset into

5 equally sized folds. In each iteration, one fold is set aside as the validation set, and the

model is trained on the remaining 4 folds. This process is repeated 5 times, ensuring that
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Figure 3.2: Illustration of k-fold cross-validation, where the dataset is split into k equal folds.
Each fold is used as the validation set exactly once, while the remaining k− 1 folds are used
for training. This technique ensures a robust evaluation of the model’s performance. Image
sourced from the Scikit-learn documentation.

every fold is used for validation exactly once. The final performance is averaged across all 5

runs, providing a more accurate estimate of the model’s ability to generalize to unseen data.

Hyperparameter Tuning

Models in supervised learning often have parameters that are not learned from the dataset

but set manually before training, called hyperparameters (e.g., learning rate, regularization

strength, number of layers in a neural network). Grid search and random search are com-

monly used for hyperparameter optimization, and more advanced techniques like Bayesian

optimization can find the optimal set of hyperparameters more efficiently.

Feature Engineering

Feature engineering refers to the process of transforming raw data into meaningful input

features that can be used to improve the model’s performance. Techniques include:
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• Normalization and Standardization: Scaling features to a consistent range.

• Polynomial Features: Creating higher-order features by combining existing ones.

• One-Hot Encoding: Converting categorical variables into binary vectors.

Model Evaluation Metrics

Evaluating the performance of a supervised learning model is crucial. Some common metrics

are explained below.

For classification tasks:

• Accuracy: Proportion of correctly classified instances.

• Precision and Recall (important for imbalanced classification problems):

– Precision measures how many of the predicted positive instances are correct.

Precision =
True Positives

True Positives + False Positives
(3.5)

– Recall measures how many of the actual positive instances were correctly identi-

fied.

Recall =
True Positives

True Positives + False Negatives
(3.6)

• F1 Score: The harmonic mean of precision and recall, providing a single metric that

balances both.

F1 = 2× Precision× Recall

Precision + Recall
(3.7)

For regression tasks:

• Mean Squared Error (MSE): Measures the average squared difference between the

predicted values ŷi and the true values yi over all data points n:

MSE =
1

n

n∑
i=1

(yi − ŷi)
2 (3.8)
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where yi is the true value for the ith data point, ŷi is the predicted value, and n is the

number of data points.

• R-squared (R2): Explains the proportion of variance in the output that can be ex-

plained by the input features:

R2 = 1−
∑n

i=1(yi − ŷi)
2∑n

i=1(yi − ȳ)2
(3.9)

where
∑n

i=1(yi− ŷi)
2 is the sum of squared residuals (unexplained variance),

∑n
i=1(yi−

ȳ)2 is the total sum of squares (total variance), and ȳ is the mean of the true values yi.

R2 ranges from 0 to 1, where a value of 1 indicates perfect prediction and 0 means the

model does not explain any variance. Negative values can occur if the model performs

worse than simply predicting the mean.

Ensemble Methods

Ensemble methods combine multiple learning algorithms to improve prediction accuracy and

robustness. Some common ensemble methods include:

• Bagging: Combines the predictions of multiple independent models trained on different

subsets of the dataset. Random forests are a popular example.

• Boosting: Sequentially trains models where each new model focuses on correcting the

errors of the previous ones. Gradient boosting and AdaBoost are common boosting

algorithms.

3.3.2 Types of Supervised Learning Algorithms

Several supervised machine learning algorithms are commonly used. Below, we discuss some

of the most popular methods.
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Linear and Polynomial Regression

Linear regression models the relationship between input features and a continuous output

variable using a linear function:

y = β0 + β1x1 + β2x2 + . . . + βpxp, (3.10)

where y is the predicted output, x1, x2, . . . , xp are the input features, and βi are the coeffi-

cients that the model learns during training.

Polynomial regression is an extension of linear regression, where the relationship be-

tween input and output is modeled using higher-order terms. For instance, a second-degree

polynomial regression would take the form:

y = β0 + β1x + β2x
2 + . . . + βdx

d, (3.11)

Polynomial regression can model more complex relationships but comes with the risk of

overfitting if the degree d is too high.

Decision Trees and Random Forests

Decision trees are non-parametric supervised learning algorithms used for both classification

and regression tasks. A decision tree splits the input space into regions by applying thresholds

on feature values, with each split leading to a decision node. The leaves of the tree represent

class labels or regression outputs. Decision trees use metrics like Gini impurity or information

gain to decide where to split.134

Random forests extend decision trees by training an ensemble of multiple trees, each

on a random subset of the training dataset and features. The final prediction is obtained

by averaging (in regression) or majority voting (in classification) across all the trees.135;136

Random forests help mitigate the overfitting problem inherent in individual decision trees
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by reducing variance:

ŷfinal =
1

n

n∑
i=1

ŷi,tree, (3.12)

where n is the number of trees in the forest, and ŷi,tree is the prediction from the i-th tree.

Support Vector Machines (SVMs)

Support Vector Machines (SVMs)137 are used primarily for classification tasks, though they

can also handle regression (Support Vector Regression). SVMs aim to find a hyperplane that

best separates data points from different classes with the maximum margin. The optimization

problem for a linear SVM is defined as:

min
w,b

1

2
∥w∥2 subject to yi(w

Txi + b) ≥ 1, ∀i, (3.13)

where w is the normal vector to the hyperplane, b is the bias term, and yi and xi are the

class label and feature vector for the i-th data point, respectively.

For non-linearly separable data, SVMs use kernel functions (e.g., polynomial, Gaussian

RBF) to map data to a higher-dimensional space where a linear separator can be applied.

This technique makes SVMs highly versatile for solving complex classification problems.

Neural Networks

Neural networks are powerful supervised learning models inspired by biological neurons.138;139

A neural network consists of an input layer, hidden layers, and an output layer. Each neuron

in the hidden layers applies a non-linear activation function (such as ReLU, sigmoid, or tanh)

to a weighted sum of inputs:

a = σ(wTx + b), (3.14)

where w are the weights, x is the input, b is the bias term, and σ is the activation function.

Deep neural networks (DNNs)140 consist of multiple hidden layers and can capture com-

plex, hierarchical relationships in the data. Training neural networks involves backpropaga-

tion, where gradients of the loss function with respect to weights are computed, and the
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model parameters are updated using gradient descent:

w← w − α∇wL(y, ŷ), (3.15)

where α is the learning rate, L(y, ŷ) is the loss function, and ŷ is the predicted output.

Neural networks are particularly effective for tasks such as image recognition, natural

language processing, and other applications with large, high-dimensional datasets.

This overview of supervised machine learning techniques covers key concepts and algo-

rithms. For readers interested in a deeper understanding, Pattern Recognition and Machine

Learning by Bishop 141 and The Elements of Statistical Learning: Data Mining, Inference,

and Prediction by Hastie et al. 142 offer comprehensive insights into the theory and practical

applications of supervised learning.

3.4 Application of Machine Learning in the Galaxy-

Halo Connection

Machine learning techniques have been increasingly applied to study the galaxy-halo con-

nection, leveraging their ability to uncover complex, high-dimensional relationships in large

datasets. Below are key examples of how machine learning is being used to model and analyze

the galaxy-halo connection.

3.4.1 Emulating Galaxy Formation Models

Neural networks and Gaussian processes are used to create fast, accurate emulators of com-

putationally expensive galaxy formation models and N-body simulations.

Kamdar et al. 143,144 extended this approach to emulate the results of hydrodynami-

cal simulations of galaxy formation, which are more computationally expensive than semi-

analytic models (SAMs). They used artificial neural networks (ANNs) to learn the relation-

ship between dark matter halo properties and galaxy properties from the Illustris simulation.
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The trained emulators were able to accurately predict galaxy properties for halos within the

simulation and for halos from independent simulations with different cosmological parame-

ters. This showcased the flexibility and generalizability of machine learning-based emulators

in exploring the impact of various physical processes and model assumptions on galaxy

properties.

More recently, Lovell et al. 145 introduced a hierarchical approach using normalizing flows

to model the galaxy-halo relationship. Normalizing flows are a type of generative model that

can learn the conditional probability distributions relating galaxy and halo properties from

hydrodynamical simulations. By training on datasets from the CAMELS (Cosmology and

Astrophysics with MachinE Learning Simulations) suite of simulations—which cover a range

of cosmological parameters and astrophysical models—the trained models could generate

realizations of galaxy properties for arbitrary halo masses and cosmological parameters. The

hierarchical structure of the normalizing flows allowed for capturing the complex, multi-scale

nature of the galaxy-halo relationship.

3.4.2 Predicting Galaxy Properties from Halo Properties

Various machine learning algorithms have been applied to predict galaxy properties from

halo properties in simulations like IllustrisTNG146. These models help elucidate the complex,

stochastic mapping between galaxies and halos and can be used to populate dark matter-only

simulations with realistic galaxy populations.

Delgado et al. 147 demonstrated the successful application of machine learning techniques

to model the complex galaxy-halo connection in the IllustrisTNG hydrodynamical simula-

tion. By training models on a large datasets of galaxy and halo properties, they accurately

predicted galaxy properties from halo properties, capturing the intricate, stochastic nature

of the relationship. The machine learning models outperformed traditional halo occupation

distribution models in describing the scatter in the galaxy-halo connection, highlighting the

limitations of simple parametric models. The study revealed the importance of halo mass,

concentration, and local density in predicting galaxy properties, providing valuable insights
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into the physical processes that govern galaxy formation and evolution.

3.4.3 Quantifying the Scatter in the Galaxy-Halo Connection

Ensembles of neural networks with a Gaussian loss function have been used to predict prob-

ability distributions of galaxy properties given halo properties, rather than point estimates.

This models the intrinsic scatter in the galaxy-halo connection and quantifies its dependence

on halo properties, providing insights into the diversity of galaxy properties at fixed halo

mass.

In Stiskalek et al. 128 , the authors applied machine learning to study the galaxy-halo con-

nection in cosmological simulations (Horizon-AGN and IllustrisTNG100-1). They designed

an ensemble of neural networks with a Gaussian loss function to predict galaxy property

distributions from halo properties, modeling the scatter in the galaxy-halo connection. By

extracting galaxy and halo variables from simulations, they quantified how well halo prop-

erties predict galaxy properties. They found that halo properties beyond mass explain up to

50% of the scatter in the halo-to-stellar mass relation, but additional halo properties do not

significantly improve the prediction of stellar half-mass radius or total gas mass.

Munshi et al. 148 predicted the stellar mass–halo mass (SMHM) relationship for dwarf

galaxies using simulations across halo masses from 107 to 1011 solar masses. They found that

the scatter in the SMHM relation increases for lower-mass halos, exceeding 1 dex at a halo

mass of 108 solar masses. Using a probabilistic model, they populated “dark” halos below

the resolution limit and predicted an intrinsic slope and scatter for the SMHM relation.

They showed that at the faintest end of the SMHM relation, a galaxy cannot be assigned a

unique halo mass based solely on luminosity. Instead, they provided a stochastic formula to

populate low-mass halos, demonstrating that increasing scatter steepens the faint-end slope

of the predicted stellar mass function.
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3.4.4 Constraining Galaxy-Halo Model Parameters

Machine learning is being integrated into Bayesian inference frameworks to constrain the

parameters of galaxy-halo connection models using observational data. By incorporating

machine learning techniques, these methods offer a statistically rigorous way to link galaxy

formation models to observable quantities. For example, recent studies have used machine

learning to automatically identify giant radio galaxies and infer their number density and

size distribution, helping to refine galaxy-halo models with greater precision. This approach

improves the accuracy of empirical and physical models by directly modeling the relationship

between galaxy and halo properties, offering more robust constraints on key parameters.

In Mitra et al. 149 , the authors present significant improvements to the Basilisk method,

a Bayesian hierarchical model used to infer the galaxy-halo connection from satellite galaxy

kinematics. Key advancements include updated galaxy selection processes, more accurate

handling of interlopers and impurities, and extending kinematic modeling to higher orders

by incorporating the kurtosis of the line-of-sight velocity distribution. Additionally, satellite

abundance is used as a supplementary constraint. These enhancements enable the method

to recover the conditional luminosity function for both central and satellite galaxies with

unprecedented precision. Validated with mock data and applied to SDSS-DR7, the improved

Basilisk method yields tighter constraints than previous approaches. It also breaks the mass-

anisotropy degeneracy, providing accurate global measurements of satellite orbital velocity

anisotropy, showing mildly radial orbits consistent with dark matter simulations. This paper

establishes Basilisk as a highly effective tool for constraining galaxy-halo model parameters

using satellite galaxy kinematics.

These methods enable the analysis of much larger datasets and more complex models

than traditional approaches. They are particularly promising for current and upcoming large

surveys like LSST, DESI, Euclid, and Roman.
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Chapter 4

Constraining the HOD Model Using

Machine Learning

This chapter is part of a literature which is currently under review as

Abhishek Jana, Lado Samushia - Constraining Galaxy-Halo Connection Using Machine

Learning

Abstract

We investigate the potential of machine learning (ML) methods to model small-scale

galaxy clustering for constraining Halo Occupation Distribution (HOD) parameters. Our

analysis reveals that while many ML algorithms report good statistical fits, they often yield

likelihood contours that are significantly biased in both mean values and variances relative

to the true model parameters. This highlights the importance of careful data processing

and algorithm selection in ML applications for galaxy clustering, as even seemingly robust

methods can lead to biased results if not applied correctly. ML tools offer a promising ap-

proach to exploring the HOD parameter space with significantly reduced computational costs

compared to traditional brute-force methods if their robustness is established. Using our

ANN-based pipeline, we successfully recreate some standard results from recent literature.
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Properly restricting the HOD parameter space, transforming the training data, and carefully

selecting ML algorithms are essential for achieving unbiased and robust predictions. Among

the methods tested, artificial neural networks (ANNs) outperform random forests (RF) and

ridge regression in predicting clustering statistics, when the HOD prior space is appropriately

restricted. We demonstrate these findings using the projected two-point correlation function

(wp(rp)), angular multipoles of the correlation function (ξℓ(r)), and the void probability func-

tion (VPF) of Luminous Red Galaxies from Dark Energy Spectroscopic Instrument mocks.

Our results show that while combining wp(rp) and VPF improves parameter constraints,

adding the multipoles ξ0, ξ2, and ξ4 to wp(rp) does not significantly improve the constraints.

4.1 Introduction

Due to gravitational instability, the clustering of matter on small scales is a highly nonlinear

process that can only be accurately modeled using time-consuming N-body simulations.

These simulations trace the evolution of a large number of dark matter particles over cosmic

timescales. They can be used to study the gravitational collapse of dark matter particles into

virialized halos. Multiple high-performance N-body simulation codes are available, allowing

us to study the clustering properties of halos, the distribution of their properties, and the

distribution of dark matter inside them with sub-percent precision.2;150–163

Modeling the formation of galaxies inside dark matter halos is a more complicated pro-

cess. To simulate it, we need to account for multiple intricate baryonic processes occurring

during galaxy formation and evolution. Although several codes for simulating these bary-

onic processes are available, they are significantly more computationally demanding.34;164–168

The largest current pure dark matter N-body simulations have cumulative volumes of up to

(11.19 Gpc)3, whereas the most advanced simulations including baryons cover volumes of

only (740 Mpc)3.

One way to circumvent this problem is to populate the N-body simulations with galaxies

based on a simplified prescription. One such approach is the Halo Occupation Distribution

(HOD).21–23;41;61;63;169–171 The main assumption of the HOD approach is that the statistical
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properties of galaxies within halos depend on the properties of the halos, primarily their

mass. In the simplest version of the HOD, we assign galaxies to dark matter halos based on

the host halo mass. The host halo mass determines the probability of that halo hosting a

central galaxy and a certain number of satellite galaxies. The positions and velocities of these

galaxies are assigned accordingly. The exact dependence of these probabilities on the halo

mass is tuned to match the observed clustering of galaxies. More advanced HOD prescriptions

also make the probabilities depend on other properties of the local environment, such as the

local density of halos. These extra dependencies, collectively known as the assembly bias, are

important in simulations83;172–175, but have not been convincingly detected in real data176.

To derive cosmological constraints from small-scale clustering, we need to marginalize

over all possible HOD parameters that are consistent with the data at a given cosmology.

This process can be very time-consuming. The space of HOD parameters is at least five-

dimensional, and the statistics used to describe small-scale clustering are computationally

intensive to compute. An increasingly popular method to speed up this process is to use

machine learning to predict clustering as a function of HOD parameters.

The application of machine learning (ML) methods to predict cosmological observables

has become a popular area of research. Artificial neural networks (ANN) have been used in

Agarwal et al. 177 ; Gómez-Vargas et al. 178 ; Nygaard et al. 179 ; Perez et al. 180 to efficiently

model galaxy-halo properties, emulate cosmological calculations, and constrain cosmologi-

cal parameters. Recent works on deriving HOD constraints using ML methods mostly focus

on techniques such as symbolic regression, random forest regression, and k-nearest neigh-

bors.181–186

In this work, we train ANN to predict key clustering measures as functions of the HOD

parameters. This enables us to run Markov Chain Monte Carlo (MCMC) over the HOD

parameters that converge in a few minutes, whereas a brute-force approach would take

several days. We also investigate the potential of other ML techniques like random forests

(RF) and Bayesian ridge regression (BR) to accelerate HOD modeling. We focus on modeling

two well-known clustering metrics—the projected two-point correlation function wp(rp) and

the void probability function (VPF) measured from mock galaxy catalogs. We also measure
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HOD Parameters

Parameters Fiducial
Full Box Small Box

Max Min Max Min

logMcut 13.0 14.5 11.5 13.17 12.83

logM1 14.24 16.24 12.24 14.33 14.14

σ 0.6 2 0 0.84 0.36

κ 0.98 2 0 1.36 0.59

α 0.4 2 0 0.59 0.2

Table 4.1: Five-parameter HOD model. Uniform samples are drawn to populate the HOD
model (see Section 4.2.3).

the monopole (ξ0), quadrupole (ξ2), and hexadecapole (ξ4) to compare with wp(rp). Our goal

is to train ML algorithms to rapidly predict these clustering signals for any point in HOD

parameter space.

4.2 Creating Mock Galaxy Catalogs

To create mock galaxy catalogs from N-body simulations, we perform the steps described in

the following subsections.

4.2.1 Simulation Details

For our analysis, we use the AbacusSummit base c132 ph000 simulation from the

broader emulator grid of the AbacusSummiti N-body simulation suite.187–191 The simu-

lation is conducted in a flat ΛCDM cosmology characterized by the following parameters:

ωb = 0.02237, ωcdm = 0.1200, h = 0.6736, As = 2.1791 × 10−9, and ns = 0.9049. The

simulation box has a side length of 2000h−1 Mpc and contains 69123 particles, totaling

ihttps://abacussummit.readthedocs.io/en/latest/
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approximately 330 billion particles, with a particle mass of about 2× 109M⊙/h.

Our study specifically focuses on box number 132 within this simulation suite, corre-

sponding to a redshift of z = 1.1. We populate this box with galaxies using the HOD model,

employing the parameters listed in Table 4.1. These galaxies are used for subsequent clus-

tering analyses as part of our broader study of large-scale structures.

4.2.2 HOD Model

We use the HOD approach to generate galaxy catalogs from the AbacusSummit simulation.

Given a halo mass (Mhalo), the model specifies the expected number of central (Ncen) and

satellite (Nsat) galaxies. We consider central and satellite galaxies separately, as central

galaxies reside at the potential well of the host halo, while satellite galaxies follow different

formation physics. The mean occupation function of central galaxies, ⟨Ncen(Mhalo)⟩, is a step-

like function with a characteristic minimum halo mass Mcut. The mean occupation function of

satellite galaxies, ⟨Nsat(Mhalo)⟩, follows a power law with index α and characteristic satellite

mass M1. For Luminous Red Galaxies (LRGs), the HOD model is defined as a five-parameter

model.69 The average number of galaxies ⟨N(Mhalo)⟩ in a halo of mass Mhalo is given by

⟨N(Mhalo)⟩ = ⟨Ncen(Mhalo)⟩+ ⟨Nsat(Mhalo)⟩, (4.1)

where

⟨Ncen(Mhalo)⟩ =
1

2
pmax erfc

(
log10Mcut − log10Mhalo√

2 log10(e)σM

)
, (4.2)

⟨Nsat(Mhalo)⟩ = H
(
Mhalo

κMcut

)(
Mhalo − κMcut

M1

)α

⟨Ncen(Mhalo)⟩, (4.3)

and

H
(
Mhalo

κMcut

)
=


1, Mhalo > κMcut,

0, otherwise.

(4.4)

Here, pmax is the saturation level that controls the probability of hosting a central galaxy. For

LRG-only samples, pmax is set to 1, meaning that most of the massive halos are guaranteed
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to possess a central galaxy. Mcut is the characteristic minimum mass of halos to host a central

galaxy, and the parameter σM adjusts the shape of the central galaxy probability function by

controlling the sharpness of the transition around Mcut. A higher σM results in a smoother

transition between 0 and 1 occupation probabilities.

Three additional parameters—κ, α, and M1—are used to determine the satellite prob-

ability. M1 is the characteristic satellite mass, α is the power-law index of the satellite

distribution, and κ determines the cut-off mass in units of Mcut.

4.2.3 Galaxy Catalogs

We generate 20,000 sets of HOD parameters by randomly selecting them within the bounds in

Table 4.1 labeled as the “full box,” with uniform probability. We discard the HOD parameter

sets that result in a galaxy sample with a density of less than n = 4.25 × 10−4 h3 Mpc−3.

At such low number densities, the clustering measurements are very noisy, making reliable

interpolations difficult. The main galaxy samples relevant for cosmological analysis from

large spectroscopic surveys, either currently available or expected in the near future (such

as the Baryon Oscillations Spectroscopic Survey192, Dark Energy Spectroscopic Survey193,

Euclid satellite mission194, and Roman Space Telescope195) have number densities that are

larger than our thresholds. Computing clustering measurements from a very large number of

galaxies is time-consuming. To avoid extremely large computational times, we also discard

the HOD parameter sets that result in a sample with a density higher than n = 1.75 ×

10−2 h3 Mpc−3. Both of these extreme number densities are sufficiently far from the samples

obtained in realistic galaxy surveys to be of practical importance. After imposing additional

cuts on the number density, we are left with 8,337 mocks out of 20,000.

To achieve a more reliable interpolation over a smaller parameter space, we separately

generate 6,000 galaxy samples within tighter HOD parameter bounds. This reduced parame-

ter range is labeled as the “small box” in Table 4.1. The range is chosen such that the galaxy

number density is always well within the aforementioned range of 4.25 × 10−4 h3 Mpc−3 <

n < 1.75× 10−2 h3 Mpc−3.
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Figure 4.1: HOD parameter distribution of the full box after filtering. The red boxes show
the small box range (see Section 4.2.3).

The full box covers a very wide range of possible HOD parameter values that can describe

all the galaxy samples from current and future surveys relevant to cosmological analysis. The

small box covers a range of values smaller than the precision currently allowed by clustering

measurements. We expect the interpolation within the small box to be much more reliable.

We will see in Section 4.6.3, however, that even within the small box the interpolation

sometimes encounters serious problems. The size of the small box that is safe enough for

interpolation will likely change for extended HOD models. Gray points in Figure 4.1 show

the HOD parameter values used in this work. The outer edges of the plots correspond to

the full box cuts, while the smaller red rectangles correspond to the small box cuts. Some

areas in the parameter space are not covered because they were ruled out by the constraints

imposed on the number density.

For each point in the parameter space, we create a galaxy sample from the AbacusSummit

simulation. We place a central galaxy at the center of mass of the dark matter halo based
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on a probability computed with Equation 4.2. We assign the mean velocity of halo particles

to this galaxy. We determine how many satellite galaxies to place in each halo by randomly

drawing a number from a Poisson distribution with the mean given by Equation 4.3. We then

randomly select that many dark matter particles from the halo and assign their positions

and velocities to the satellites.

4.3 Measurements

For each generated galaxy sample, we compute several key clustering measures. Each mea-

surement is computed in redshift space by transforming the galaxy coordinates from x, y, z

to x, y, z + vz/(aH), where we choose the z-direction to be our line of sight. Here, vz is the

z-component of the galaxy velocity, a is the scale factor (0.47619), and H is the Hubble

parameter (67.36 km s−1 Mpc−1).

4.3.1 Projected Two-Point Correlation Function

The main statistic used in our tests is the projected two-point correlation function,

wp(rp) = 2

∫ πmax

0

ξ (rp, π) dπ, (4.5)

where ξ(rp, π) quantifies the excess probability over random of finding another galaxy at a

separation defined by the projected distance rp and the line-of-sight distance π. We choose

πmax = 60h−1 Mpc to include most correlated pairs while suppressing noise from distant

uncorrelated pairs, resulting in a stable measurement.

We use 30 logarithmically spaced bins ranging from rp = 0.1h−1 Mpc to rp = 31.6h−1 Mpc.

4.3.2 Void Probability Function

To calculate the void probability function (VPF), we randomly place Nsphere spheres of radius

r in the simulation box and count the number Nvoid of spheres containing no galaxies (void
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spheres). The VPF is defined as

VPF(r) =
Nvoid(r)

Nsphere(r)
. (4.6)

We use Nsphere = 105 spheres. To compute VPF(r), we use 30 logarithmically spaced radii

from r = 1h−1 Mpc to r = 10h−1 Mpc. We employ Halotoolsii (v0.7)196 to compute both

VPF and wp.

4.3.3 Three-Dimensional Redshift-Space Two-Point Correlation

Function

We compute the auto-correlation function using the Landy-Szalay estimator95:

ξ(s, µ) =
DD(s, µ)− 2DR(s, µ) + RR(s, µ)

RR(s, µ)
, (4.7)

where DD(s, µ), DR(s, µ), and RR(s, µ) are the counts of galaxy-galaxy, galaxy-random,

and random-random pairs, respectively, as functions of the separation s and the cosine of

the angle to the line of sight µ.

We then compute the angular multipoles of the correlation function:

ξℓ(s) =
2ℓ + 1

2

∫ 1

−1

ξ (s, µ)Lℓ(µ) dµ, (4.8)

where Lℓ(µ) is the Legendre polynomial of order ℓ. We measure the correlation function

monopole ξ0(s), quadrupole ξ2(s), and hexadecapole ξ4(s). We use 10 equally spaced bins in

s between 2h−1 Mpc and 20h−1 Mpc, with 100 bins in µ.

We utilize Corrfunciii 197;198 for calculating ξℓ.

iihttps://halotools.readthedocs.io/en/latest/
iiihttps://corrfunc.readthedocs.io/en/master/
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Figure 4.2: Small-scale clustering measurements at the fiducial value from fitting the HOD
model at z = 1.1. Top left: Void probability function as a function of r; top right: projected
correlation function as a function of rp; bottom: correlation function multipoles as a function
of s.
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Figure 4.3: Jackknife covariance calculated at the fiducial value. The data vector is arranged
from left to right as follows: bins 0–30 correspond to wp(rp), bins 30–60 to VPF(r), bins
60–70 to ξ0, bins 70–80 to ξ2, and bins 80–90 to ξ4.

4.4 Covariance

We use the jackknife resampling technique199–203 to estimate the covariance matrix of our

measurements. We divide the simulation box into overlapping cuboidal sub-volumes of di-

mensions 200h−1 Mpc along two axes and 2000h−1 Mpc along the third axis. By rotating

the longer axis among the x, y, and z directions, we create three configurations. In each

configuration, we partition the two shorter axes into 10 segments of 200h−1 Mpc, resulting

in 10× 10 = 100 sub-volumes per configuration and a total of 300 overlapping sub-volumes.

We compute the clustering measurements described in Section 4.3, each time excluding one
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sub-volume, generating 300 jackknife realizations.

We arrange the measurements into a data vector in the following order: wp measurements,

followed by VPF, ξ0, ξ2, and ξ4. Within each measurement type, data points are ordered from

smallest to largest scales. The jackknife estimate of the covariance matrix is then computed

using

Cij =
1

300

300∑
k=1

(Xk
i −X i)(X

k
j −Xj), (4.9)

X i =
1

300

300∑
k=1

Xk
i , (4.10)

where Xk
i denotes the ith element of the measurement vector from the kth jackknife realiza-

tion.

The reduced covariance matrix, defined as

Rij =
Cij√
CiiCjj

, (4.11)

is shown in Figure 4.3. The wp and VPF measurements between neighboring bins are strongly

correlated, as are the ξℓ measurements with different ℓ but similar separations. The VPF is

not correlated with other clustering measures, aligning with theoretical expectations.

These covariance matrices are not intended for robust cosmological analysis. Our goal is

to study the convergence properties of machine learning-based interpolation methods, and for

this purpose, any reasonable positive-definite matrix that approximates a typical covariance

matrix of clustering measurements suffices.

4.5 Machine Learning Methods

We employed supervised machine learning (ML) regression for our analysis. A more detailed

discussion of ML methods is provided in Appendix 4.A. Our goal is to predict measures

of small-scale clustering as functions of Halo Occupation Distribution (HOD) parameters.
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The input features are the five HOD parameters, and the target variables are the projected

two-point correlation function wp, the void probability function (VPF), and the correlation

function multipoles ξℓ at different scales. We followed these steps:

1. Check the distribution of the data.

2. Preprocess the data.

3. Split the data into training and testing sets.

4. Fit different ML models to the training data.

5. Perform hyperparameter tuning.

6. Evaluate model accuracy.

7. Select the best model.

4.5.1 Check the Distribution of the Data

The distributions of the HOD parameters for both the full and small boxes were initially

uniform. However, due to the filtering method applied to the full box, the Mcut parame-

ter exhibits a nearly Gaussian distribution, as shown in Figure 4.4. We suspect that some

inconsistencies in the full box may arise from this filtering (see Section 4.6.4).

4.5.2 Data Preprocessing

We used Scikit-Learniv 204 for all ML-related computations. To improve the model’s

performance, we increased the number of input features by using the PolynomialFeatures

module, followed by the StandardScaler module from Scikit-Learn. For the small box, we

chose PolynomialFeatures(degree=2, interaction only=True), resulting in a

total of 16 input features (discussed in Appendix 4.B). The purpose of using StandardScaler

is to center the data by subtracting the mean and scaling it to have unit variance. This

ivhttps://scikit-learn.org/stable/index.html
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Figure 4.4: Mcut distribution on full and small boxes (see Section 4.2.3). HOD parameters
are drawn uniformly for both the full box and small box, but after applying filtering to the
full box, the distribution becomes nearly Gaussian.
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preprocessing step is crucial for standardizing the features and ensuring that they contribute

equally to the learning process, especially when features have different scales or variances.

The target variables, representing the small-scale clustering statistics, are highly skewed,

which can introduce bias in model training. To mitigate this issue, we applied several common

data transformation methods to the raw data, including log transformation (LT), standard

scaling (SC), Yeo-Johnson (YJ), and Box-Cox (BC). These transformations help reduce

biases, and their importance is further discussed in Section 4.6.1.

4.5.3 Split the Data into Training and Testing Sets

We split the data into two sets: a training set and a test set, with the test set typically

representing 20% of the total data. We trained the model using the training set and evaluated

its accuracy on the test set. In our study, we used a training set of 6,660 samples and a test set

of 1,666 samples for the full box. For the small box, we varied the sample size to investigate

its effect on the model’s performance (see Section 4.6.3), with training set sizes of 800, 1,600,

and 5,400, and a test set size of 600.

4.5.4 Fit Different ML Models to the Training Data

To achieve better accuracy and robustness, we evaluated several regression models. We tested

the performance of three models: random forest (RF) regression, Bayesian ridge (BR) re-

gression, and artificial neural networks (ANN). Each method is discussed in detail in Ap-

pendix 4.A.

We found that ANN performed the best among the three methods. A more detailed

comparison is provided in Section 4.6.2.

4.5.5 Hyperparameter Tuning

Hyperparameter tuning is a crucial step in machine learning, as it can regularize a model

to prevent overfitting or underfitting. Using the Scikit-Learn library, we employed specific

hyperparameter settings for the three ML models.
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Small Box Hyperparameters for Bayesian Ridge Regressor

Statistics wp VPF ξ0 ξ2 ξ4

lambda init 0.01 0.1 0.1 0.1 0.1

Table 4.2: Hyperparameters for BR on Small Box

Small Box Hyperparameters for Neural Network

Statistics wp VPF ξ0 ξ2 ξ4

hidden layer sizes 500 500 500 500 500

alpha 0.01 0.01 0.01 0.01 0.01

activation tanh tanh tanh tanh tanh

learning rate init 0.0005 0.0005 0.0005 0.0005 0.0005

learning rate constant constant constant constant constant

solver adam adam adam adam adam

random state 1 1 1 1 1

validation fraction 0.1 0.1 0.2 0.2 0.2

early stopping True True True True True

max iter 2000 5000 2000 2000 2000

Table 4.3: Hyperparameters for ANN on Small Box
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For the small box, we used the BayesianRidge module for the BR model, with hyperpa-

rameters given in Table 4.2; other parameters were kept at their default values. For the ANN,

we used the MLPRegressor module, with hyperparameters listed in Table 4.3. We only tested

the RF model on wp using the RandomForestRegressor module with n estimators=200,

criterion=’squared error’, bootstrap=False, random state=0,

warm start=True, while keeping other parameters at their default values. Although RF

is a popular method and has been used in various cosmological problems132;205–207, it is not

suitable for our problem because it relies on a series of decision rules based on individual

features, which may not capture the full complexity of the data.

4.5.6 Perform Accuracy Test

Several performance measures are employed to assess the efficacy of an ML model, such

as the root mean squared error (RMSE), mean absolute error (MAE), and adjusted R2

score (see Appendix 4.B). Since each bin in our clustering statistics has a different range,

we utilize modified versions of RMSE and MAE, namely the average percent RMSE and

average percent MAE, respectively.

The average percent RMSE is defined as:

(%)RMSE =
1

nbins

nbins∑
i=1

RMSEi(
|yimax|+|yimin|

2

) × 100. (4.12)

The average percent MAE is defined as:

(%)MAE =
1

nbins

nbins∑
i=1

MAEi(
|yimax|+|yimin|

2

) × 100, (4.13)

where nbins is the number of bins, and for the ith bin, yimax and yimin represent the maximum

and minimum true values, respectively.

Similarly, the average adjusted R2 (Adj R2) score is calculated by summing the adjusted
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Model (%)
RMSE

(%)
MAE

Adj R2 (%) RMSE
Range

(%) MAE
Range

RF 2.55 1.57 0.982 4.86–1.26 3.00–0.80

BR 1.24 0.94 0.995 1.78–0.78 1.29–0.65

ANN 0.63 0.48 0.999 1.11–0.35 0.72–0.27

Table 4.4: Comparison of RF, BR, and ANN regression model performance on wp for the
small box test set. We calculate the average percent RMSE, average percent MAE, and
average adjusted R2 score to compare model performance (see Section 4.5.6 for definitions).

R2 scores and dividing by nbins. We present results solely for the projected correlation func-

tion on the small box; however, the same analysis was performed on other statistics when

selecting an optimal model.

In Table 4.4, we compare (%)RMSE, (%)MAE, and average adjusted R2 score for RF,

BR, and ANN. The ANN outperforms RF and BR by a considerable margin.

Table 4.5 displays the best five and worst five bins for (%)RMSE. All models exhibit

superior performance at larger projected separations (rp).

The results for the full box and the small box are presented in Table 4.6. We do not include

results for YJ and BC for the full box due to their inconsistency with sparse data. For all

models, except BR on the full box, performance scores are acceptable (adjusted R2 score

is above 0.95 on the test set). Typically, this would be considered satisfactory performance;

however, we will later demonstrate that even with such a high-performance score, the models

result in strongly biased posterior likelihood contours.

Furthermore, we examined the cross-validation scores for all statistics to assess the uni-

formity of the data and concluded that the variance was reduced with data transformation.

4.5.7 Likelihood Analysis

We performed Markov Chain Monte Carlo (MCMC) sampling208 to obtain the posterior

probability distribution of the parameter space. The likelihood function is L ∝ exp(−χ2/2),
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Model Bin No. 5 Best (%) RMSE Bin No. 5 Worst (%) RMSE

RF

30 1.26 1 4.88
29 1.26 2 4.84
28 1.28 3 4.78
27 1.31 4 4.72
26 1.34 5 4.66

BR

30 0.78 9 1.78
29 0.80 6 1.78
28 0.81 7 1.77
26 0.82 5 1.76
27 0.84 1 1.73

ANN

28 0.35 3 1.11
29 0.36 5 1.02
27 0.36 1 1.00
30 0.38 2 1.00
25 0.38 4 0.98

Table 4.5: Performance for the 5 best and worst outputs of wp on Box-Cox transformation
for the small box test set. We compare RF, BR, and ANN models to report the percent
RMSE.

Adjusted R2
Small Box Full Box

RF BR ANN BR ANN

Unscaled 0.966 0.990 0.970 0.885 0.980

Standard Scaler 0.982 0.990 0.998 0.885 0.994

Yeo-Johnson 0.983 0.995 0.999 — —

Box-Cox 0.982 0.995 0.999 — —

Table 4.6: Adjusted R2 score of wp on various transformations for the small box test set and
full box test set. We compare RF, BR, and ANN models to report the adjusted R2 score.
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where χ2 is given by

χ2 = (x− µ)TC−1(x− µ). (4.14)

In our analysis, x denotes the machine learning model predictions (the ‘theory’), while µ

represents the actual simulation measurements (the ‘observations’). Specifically, we applied

this framework to wp, VPF, and ξℓ, as well as their combinations (see Section 4.7). Here,

(x − µ) is the difference between theory and observations, and C−1 is the inverse of the

covariance matrix. We used emceev to estimate the posterior distribution of the model

parameters. Several combinations of statistics were tested using 250 walkers, with the first

200 steps discarded as burn-in. Given the model’s efficiency, we achieved convergence within

a minute. Our findings are discussed in detail in the next section.

4.6 Constraining HOD parameters

The ultimate objective of ML-based emulators is to be able to run MCMC chains on measured

data to constrain HOD parameters. While all our approaches yield acceptable performance

metrics, we will demonstrate that unless considerable care is exercised, they result in inaccu-

rate likelihood surfaces. The cumulative effect of small inaccuracies significantly biases the

best-fit values, and the uncertainties in derived model parameters are often significantly un-

derestimated. This holds even when we constrain ourselves to the small box where the HOD

parameter range is narrow. We will present results for the wp, but the general conclusions

are similar for all other statistics. Despite our model’s ability to accurately predict the full

projected correlation function, we only selected rp = 1.77h−1 Mpc to rp = 17.78h−1 Mpc

(bin 15 - bin 27) for our MCMC run. This was done to maintain consistency with the ξℓ

range (s = 2h−1 Mpc− 20h−1 Mpc), as we will demonstrate how HOD constraints improve

with the combination of clustering statistics (see Section 4.7).

vhttps://emcee.readthedocs.io/en/stable/
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4.6.1 Effect of Data Transformations

We find that data transformations are essential. Without them, the likelihood contours are

strongly biased. Figure 4.5 shows the distribution of the inaccuracy in the ANN-based

emulator prediction at different HOD parameter values (left panel), and the resulting one

and two σ contours in the σ vs logM1 plane. We compute this for unscaled data and for

three different data transformation algorithms: SC, BC, and, YJ. Without applying any

transformations, the likelihood contours are strongly biased. Applying a data transformation

corrects the bias. Despite the standard scalar transformation exhibiting an off-center error

distribution, we find that all three approaches perform equally well when it comes to the

likelihood contours. The bias in the computed likelihood function is much larger than what

the left panel of Figure 4.5 would suggest. The error in the density plots, represented as

Error/σ, is calculated as the difference between the predicted values from the machine

learning models and the true values obtained from the simulation, normalized by the standard

deviation (σ) derived from the jackknife covariance matrix. Specifically, for each predicted

value yi, the error is computed as Errori = ypredi − ytruei , where σi is the jackknife estimate

of the standard deviation for the ith data point. This normalization allows for a clearer

interpretation of the prediction errors by accounting for the intrinsic variability in the data.

All the Error calculations shown in this work are calculated on wp. However, we found similar

results for the other measurements (V PF , ξℓ) as well.

Figure 4.6 shows similar computation for the BR method. The data scaling is essential

here as well. Unlike the ANN, however, none of the transformations can produce unbiased

likelihood contours, even though the YJ and the BC transformations lead to consistent

results. Here as well, the bias in the likelihood contours is much more visible than what the

error distribution plot would suggest.

4.6.2 Algorithm Choice

Figure 4.7 shows the error distribution and the HOD parameter likelihood contours for all

three ML algorithms considered in this work. In all three cases, the BC transformation was

69



Figure 4.5: Exploring the impact of data transformation on ANN Method within the small
Box. Left: Equipotential contours of the MCMC posterior from fitting the HOD model at
z = 1.1 using wp. The plot shows the convergence between transformed and non-transformed
data. Right: Density plot between Transformed vs. Non-transformed Data as a function of
Error/σ. The σ is calculated from the jackknife covariance matrix.

Figure 4.6: Exploring the impact of data transformation on BR Method within the small
Box. Left: Equipotential contours of the MCMC posterior from fitting the HOD model at
z = 1.1 using wp. The plot shows the convergence between transformed and non-transformed
data. Right: Density plot between Transformed vs. Non-transformed Data as a function of
Error/σ. The σ is calculated from the jackknife covariance matrix.
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Figure 4.7: Exploring the impact of different ML methods within the small box. Left: Equipo-
tential contours of the MCMC posterior from fitting the HOD model at z = 1.1 using wp.
The plot shows the convergence test between the RF, BR, and ANN models. Right: Density
plot between the RF, BR, and ANN models as a function of Error/σ. The σ is calculated
from the jackknife covariance matrix.

applied to the data. The right panel on Figure 4.7 shows that the ANN-based method is

the least biased. The BR and RF methods result in significantly wider likelihood contours

compared to the ANN, which is the one closest to the truth. In the case of RF, the likelihood

contours are completely dominated by the prior parameters.

4.6.3 Number of Samples

We anticipate that all methods will eventually converge toward the truth as the size of the

training sample increases. On the other hand, an excessively large training sample would

defeat the primary purpose of the emulator, which is to obtain likelihoods with significantly

less computational time.

Figure 4.8 shows the effect of increasing sample size on our results for the BR method.

We see that increasing the sample size by a factor of two and then a factor of seven does not

have a significant effect on the performance of the algorithm.

For the ANN algorithm, on the other hand, the improvement in the size of the train-
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Figure 4.8: Effect of increasing data points on Bayesian Ridge Regressor for the small box.
This plot compares the density plot between the training set of 800, 1600, and 5400 for
unscaled, SC, YJ, and BC transformation as a function of Error/σ. The σ is calculated from
the jackknife covariance matrix.
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Figure 4.9: Effect of increasing data points on ANN for the small box. This plot compares
the density plot between the training set of 800, 1600, and 5400 for unscaled, SC, YJ, and BC
transformation as a function of Error/σ. The σ is calculated from the jackknife covariance
matrix.
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Figure 4.10: Error Comparison Between full Box and small box. Left: Equipotential contours
of the MCMC posterior from fitting the HOD model at z = 1.1 using wp. This plot shows
the convergence between different box sizes. Right: Density plot between small box and full
box as a function of Error/σ. The σ is calculated from the jackknife covariance matrix.

ing data is clearly visible. The four panels in Figure 4.9 shows the evolution of the error

distribution as the sample size first doubles and then increases by a factor of seven. The

improvement in this distribution, however, is not as drastic as one would hope.

These findings suggest that for the BR method, increasing the sample size does not yield

significant improvement, while for ANN, increasing the sample size can improve performance.

4.6.4 Prior Parameter Ranges

Figure 4.10 shows the effect of increasing the prior range of HOD parameter space that the

ML algorithm has to deal with. The black and red contours on the left panel correspond to

the small box and full box respectively as defined in Section 4.2. The contours were derived

with the ANN algorithm using the BC data transformation for the small box and SC for

the full box, the method that was performing the best on a smaller box as described in

Section 4.6.2. From Figure 4.10 it is clear that even the best-performing algorithm fails to

accurately reproduce the likelihood surfaces when the parameter range gets too large. In the

limit of a very large number of training samples, we still expect the ANN to reproduce the
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Observables

1 σ error

Small Box

log Mcut log M1 σ κ α

wp 12.9988+0.011
−0.0111 14.2414+0.0099

−0.0103 0.5955+0.0136
−0.0138 0.9859+0.023

−0.0226 0.4005+0.0101
−0.0106

wp + V PF 12.9989+0.0103
−0.011 14.2409+0.0097

−0.0096 0.5962+0.0125
−0.013 0.9856+0.0206

−0.0214 0.4001+0.0088
−0.0091

wp + ξ0 12.9984+0.0069
−0.007 14.2416+0.008

−0.008 0.5954+0.0121
−0.0121 0.9848+0.0194

−0.0191 0.4007+0.0089
−0.0086

wp + ξ0 + ξ2 12.9988+0.0064
−0.0066 14.2416+0.0075

−0.0073 0.5956+0.0116
−0.0117 0.985+0.0182

−0.0185 0.4001+0.0085
−0.0085

wp + ξ0 + ξ2
+ ξ4

12.9983+0.0058
−0.0059 14.2411+0.0069

−0.0073 0.5953+0.0113
−0.0113 0.9841+0.0179

−0.0178 0.3998+0.0081
−0.0081

ξ0 12.9975+0.0132
−0.0135 14.2426+0.0113

−0.0113 0.5941+0.0326
−0.0337 0.9825+0.0583

−0.0558 0.4005+0.0267
−0.0262

ξ0 + ξ2 12.9986+0.0117
−0.0122 14.2418+0.0101

−0.0099 0.5965+0.0276
−0.0263 0.9769+0.0508

−0.051 0.3984+0.0224
−0.0222

ξ0 + ξ2 + ξ4 12.9986+0.0111
−0.0113 14.2419+0.009

−0.0096 0.5984+0.0267
−0.0273 0.9707+0.0433

−0.0424 0.396+0.0177
−0.0178

wp + V PF +
ξ0 + ξ2 + ξ4

12.9984+0.0056
−0.0056 14.2409+0.0067

−0.0068 0.596+0.0104
−0.0105 0.9826+0.0158

−0.0166 0.3999+0.0072
−0.0074

Table 4.7: 1 σ error for the small box. The values are calculated by running the MCMC
chain and using the ANN models for wp, VPF, ξ0, ξ2, and ξ4.

true likelihood faithfully. This would, however, require a very large training sample and the

computational cost of training the network will start approaching that of a straightforward

MCMC chain.

4.7 Results and Conclusions

Small-scale clustering of galaxies potentially contains useful information about cosmological

parameters. To harness this information, however, one needs to first accurately model the

nonlinear process of galaxy formation. The most important aspect of this, for the clustering

measurements relevant to cosmology, is determining which dark matter halos certain types

of galaxies occupy and exactly how they are distributed within these halos. The HOD-

75



Figure 4.11: Equipotential contours of the MCMC posterior from fitting the HOD model at
z = 1.1. The ANN models are trained on the small box for wp, VPF, ξ0, ξ2, and ξ4. The
dashed lines denote the expected values of the HOD parameters. Contours are generated
using the best-performing combinations of the ML models.
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Figure 4.12: Effect of 1σ constraint on HOD parameters for a different combination of
statistics. The blue lines denote the expected values of the HOD parameters. The white
marks at the center of the red bars represent the mean of the MCMC samples after discarding
200 steps as burn-in.

based family of models is one of the most widely used methods for modeling this galaxy-

halo connection. Since generating HOD model predictions requires computationally intensive

calculations from N-body simulations, machine learning (ML)-based approaches that can

significantly accelerate this computation have been increasingly used.

We found that great care must be taken when modeling the dependence of small-scale

clustering on HOD parameters. Transforming the input data, the choice of ML approach, and

the size of the HOD space under exploration have a significant impact on the robustness of the

predictions. We found that, very often, ML methods report acceptable formal performance

scores, but when inaccuracies in ML modeling are propagated to quantities important for

cosmology, these small inaccuracies lead to unacceptably large biases. For example, the

posterior likelihood in the HOD space can be strongly biased even when the ML pipeline

reports a good performance score.

For the types of galaxy tracers and clustering measurements we studied, we found that

artificial neural networks (ANN) provided the best results among the models tested. How-

ever, even for the ANN, the results were robust only when the HOD space was confined
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to the small box with a relatively narrow range of allowed parameters; the method failed

when we considered larger parameter spaces. The selection of the small box range is largely

driven by Mcut, as this parameter is particularly sensitive to the filtering method we em-

ployed. In contrast, the other HOD parameters could potentially span larger ranges, as their

distributions are less affected by this filtering process. The required restriction on the HOD

parameter space was significant—much smaller than typical HOD parameter bounds allowed

by currently available data. The ANN results become more robust with a larger set of train-

ing data as expected, but we found that the convergence to the true result with increasing

training data size is not as fast as one would hope. The other two ML-based methods that we

tried were Bayesian Ridge and Random Forest. These methods resulted in very large biases

in the likelihood values even for the small box restriction.

Once the ML models achieve the desired robustness, the constraints on HOD parameters

can be obtained with very little computational time. We checked how different combinations

of wp, VPF, and ξℓ enhanced the constraining power of small-scale clustering on the HOD

parameter space. The results of this exercise are shown in Table 4.7, and the 1σ posterior

contours are shown in Figure 4.11. The improvement in the HOD parameter constraints

is shown in Figure 4.12. We find that the addition of VPF to wp resulted in a slight im-

provement, but the combination of wp + ξ0 worked better than wp + VPF. These results are

qualitatively in agreement with previous findings, but we want to warn the reader to treat

the actual numbers (error bars, etc.) with caution. They should not be interpreted as actual

forecasts for this type of analysis. The actual errors are very likely underestimated due to the

usage of Jackknife covariance matrices and the prior effects from the small box restriction of

allowable HOD space.
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Appendix

4.A Machine Learning Overview

We used supervised machine-learning techniques for regression to model the dependence

of small-scale clustering measurements on HOD parameters. Specifically, we tested and

compared three different regression algorithms - ANN, RF, and BR regression.

4.A.1 Artificial Neural Networks

Artificial neural networks (ANNs) are computing systems inspired by biological neural net-

works, designed to identify complex patterns in data. They consist of an input layer, one

or more hidden layers, and an output layer, each containing neuron-like processing units

connected by synaptic weights209 By tuning these weights through backpropagation, ANNs

can approximate complex functions.210;211

We implement ANNs using MLPRegressor in Scikit-Learn, a fully-connected feedforward

network. The HOD parameters were input features and clustering measurements were the

output. Using Hyperparameter tuning we determine the optimal parameters like the number

of layers/nodes, activation function, solver, and regularization.212 Activation functions like

“ReLU” and “tanh” were considered. To prevent overfitting, we used early stopping based

on a validation set and dropout regularization.213;214

4.A.2 Random Forest Regression

Random forest (RF) aggregates predictions from decision trees trained on randomized data

subsets.215 This introduction of randomness improves generalization and reduces overfitting

.216 RF regression averages predictions over all trees:
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ŷRF =
1

B

B∑
b=1

ŷb (4.15)

where ŷb is the bth tree’s prediction. We use RandomForestRegressor in Scikit-Learn with

hyperparameter tuning.217 It is known for its scalability, ability to handle high-dimensional

data, and resistance to noise and outliers. While capable of handling large datasets, RF may

become computationally expensive as the number of trees or features increases.

4.A.3 Ridge Regression (BR)

Ridge regression regularizes linear regression by penalizing the residual sum of squares:

L(β) =
n∑

i=1

(yi − xiβ)2 + λ|β|2 (4.16)

The λ hyperparameter controls regularization strength. This shrinks coefficients to prevent

overfitting. We used BayesianRidge in Scikit-Learn, which estimates the regularization hy-

perparameter (λ) in a Bayesian framework.218 Ridge regression is similar to LASSO but uses

L2 regularization.

Ridge regression is commonly fitted using coordinate descent optimization algorithms.

This involves iteratively minimizing the objective function along each coordinate direction

while holding other coefficients fixed. The coordinate direction that leads to the largest

improvement in the objective is selected in each iteration. This continues until convergence

when changes along any coordinate cease to decrease the objective further.

4.B Evaluating Machine Learning Model

We evaluated our machine learning regression models using several numerical measures that

quantify the difference between predicted (ŷi) and actual (yi) values. These accuracy metrics

provided insight into model performance and aided in selecting the best approach.
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4.B.1 Mean Squared Error

The mean squared error (MSE) is computed by taking the average of the squared differences

between the predicted and true values:

MSE =
1

n

n∑
i=1

(ŷi − yi)
2 (4.17)

where n is the number of samples.

Squaring the errors has the effect of heavily penalizing large deviations compared to

smaller ones. However, this disproportionate penalty also makes MSE very sensitive to out-

liers that have large errors.219 MSE ranges from 0 to ∞, with lower values indicating better

model fit.

4.B.2 Mean Absolute Error

The mean absolute error (MAE) calculates the average magnitude of errors without squaring

MAE =
1

n

n∑
i=1

|ŷi − yi| (4.18)

Taking the absolute value of the differences avoids excessive penalties for large errors. This

makes MAE more robust to outliers compared to MSE.220;221 MAE ranges from 0 to∞, with

0 being a perfect fit.

4.B.3 R-squared

The R-squared or coefficient of determination is:

R2 = 1− RSS

TSS
, (4.19)
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where RSS is the residual sum of squares:

RSS =
n∑

i=1

(yi − ŷi)
2, (4.20)

And TSS is the total sum of squares:

TSS =
n∑

i=1

(yi − ȳ)2. (4.21)

Here for ith observation, yi is the actual value, ŷi is the predicted value and ȳ represents

the mean of the actual values. R2 compares the accuracy of the model’s predictions to

the accuracy of simply predicting the mean in all cases. It provides an indication of the

explanatory power of the model. R2 values range from 0 to 1, with higher values indicating

more variance explained by the model.

4.B.4 Adjusted R-Squared

The R-squared metric can be adjusted to account for the number of predictors in the model.

The adjusted R-squared is defined as:

R2
adj = 1− (1−R2)

n− 1

n− p− 1
(4.22)

where n is the sample size and p is the number of explanatory variables in the model.

Unlike regular R2, the adjusted R2 will penalize models for having too many unnecessary

predictors. It will always be less than or equal to the unadjusted R2. Generally, adding

predictors improves the basic R2 but can worsen the adjusted R2 if they are redundant. This

helps prevent overfitting the training data.222

For comparing regression models, the adjusted R2 provides a more conservative estimate

that accounts for model complexity. However, it has limitations when the sample size is small

or the number of predictors is large relative to the observations.
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Figure 4.B.1: Comparison of average percent RMSE Scores between unscaled, SC, BC, and
YJ on BR and ANN as a function of polynomial features on wp for the small box train
and test set. We calculate the average percent RMSE(see Section 4.5.6 for definition) as a
function of degree polynomial. The left plot shows the average percent RMSE of the BR
model. The left plot shows the average percent RMSE of the ANN model.

Figure 4.B.2: Comparison of average percent RMSE Scores between BR and ANN for SC,
YJ, and BC on wp test set. The left, middle, and right plot shows the average percent RMSE
of SC, YJ, and BC transformations respectively.
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4.B.5 Choice of Polynomial Features

Using polynomial features we can increase the number of features, capturing non-linear re-

lationships in the data. Although a flexible model like ANN requires minimal preprocessing,

incorporating polynomial features can reduce model complexity, leading to faster conver-

gence. The selection of the polynomial degree is pivotal, as escalating it may result in model

overfitting.

Figure 4.B.1 shows the relationship between (%)RMSE and the degree of polynomial on

BR and ANN for wp on the small box. (%)RMSE score decreases with increasing the model

complexity but decreases slowly after 2nd order. We opt for a degree of 2, given marginal

performance improvements beyond. Interestingly, ANN exhibits inferior performance with

raw target data.

Figure 4.B.2 illustrates the comparison between ANN and BR. This finding aligns with

Table 4.4, demonstrating that ANN outperforms BR at the same degree of polynomial.
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Chapter 5

Extended Analysis of Galaxy-Halo

Connection with Machine Learning

5.1 Introduction

In this chapter, we provide additional details that complement the findings from the main

analysis of Chapter 4. We will also explain in detail the N-body simulation used for the

study. The focus is on the machine learning pipeline used for HOD parameters and further

analysis of results from the full box simulations. We will elaborately discuss results from

V PF and ξℓ, which were not fully addressed in the previous chapter.

5.2 N-body Simulations

N-body simulations have been used to investigate various aspects of cosmology, including

the impact of massive neutrinos on the matter power spectrum223, the anisotropic signal

of higher-order statistics in galaxy surveys224, the dissociation of dark matter and gas in

cosmic large-scale structure225, and the effects of decaying cold dark matter on structure

formation226. These simulations have also been combined with machine learning techniques

to classify dark matter particles and reconstruct the halo mass function227, and with hydro-
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dynamical simulations to create emulators for predicting the Lyman-alpha forest flux power

spectrum228.

There are several N-body simulations available that can be used to study the connection

between galaxies and their dark matter halos in a cosmological context. These simulations

follow the evolution of dark matter particles under the influence of gravity, providing a

detailed picture of the growth of structure in the universe. Some notable examples include:

Dark Matter Only Simulations

1. Millennium Simulation: One of the largest and most widely used dark matter-only

simulations, following over 10 billion particles in a (500h−1 Mpc)3 volume.229

2. Aquarius Simulations: A suite of high-resolution zoom-in simulations of Milky Way-

sized dark matter halos, designed to study the properties of substructure.230

3. Copernicus Complexio (CoCo) Simulations: High-resolution simulations comparing

the small-scale structure in cold dark matter (CDM) and warm dark matter (WDM)

cosmologies.231

4. AbacusSummit: A suite of high-resolution dark matter only simulations designed for

validating the DESI analysis pipelines, with a volume of 200h−3 Gpc3 (10 times the

DESI volume) for the base cosmology.2

Hydrodynamical Simulations

1. EAGLE Simulations: A suite of state-of-the-art hydrodynamical simulations that in-

clude detailed models for gas cooling, star formation, and feedback processes.34

2. Illustris and IllustrisTNG: Large-scale hydrodynamical simulations that include a com-

prehensive model for galaxy formation physics.232;233

3. APOSTLE Simulations: A set of zoom-in hydrodynamical simulations of Local Group-

like environments, used to study the properties of satellite galaxies.234
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4. Magneticum Simulations: A suite of hydrodynamical simulations that include the ef-

fects of magnetic fields and AGN feedback on galaxy cluster scales.235

The AbacusSummit simulations are particularly noteworthy for their large volume and

high resolution, making them well-suited for validating the DESI analysis pipelines and

studying the galaxy-halo connection on large scales. The suite covers a volume 10 times

larger than the DESI survey, providing a robust statistical sample for cosmological studies.

We used AbacusSummit simulations for our analysis which will be discussed in detail in the

following section.

5.2.1 AbacusSummit Simulation Details

The AbacusSummit suite is a massive set of high-accuracy, high-resolution N-body simula-

tions, totaling roughly 60 trillion particles. The core of the suite consists of 139 simulations

with a particle mass of 2× 109 h−1M⊙ in a box size of 2h−1 Gpc (Figure 5.2.1). The Abacus

N-body code achieves a median fractional force error of O(10−5) at impressive speeds, cal-

culating 70M particle updates per second per node at early times and 45M particle updates

per second per node at late times. The suite spans 97 cosmological models, including Planck

2018, previous flagship simulation cosmologies, and a linear derivative and cosmic emulator

grid. Additionally, a sub-suite of 1883 boxes of size 500h−1 Mpc is available for covariance

estimation. The AbacusSummit data products span 33 epochs from z = 8 to 0.1 and include

lightcones, full particle snapshots, halo catalogs, and particle subsets sampled consistently

across redshift, making it the largest high-accuracy cosmological N-body data set produced

to date.

Several studies have utilized the AbacusSummit simulations to constrain the HOD of

various galaxy populations. For example, Maksimova et al. 2 introduced the AbacusHOD

model, a highly efficient and customizable HOD framework designed to take advantage of

the volume and precision offered by the AbacusSummit simulations. They demonstrated the

capabilities of AbacusHOD through an analysis of the full-shape redshift-space clustering

of BOSS galaxies, assessing the necessity of introducing secondary galaxy biases such as
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Figure 5.2.1: A visualization of the AbacusSummit base-resolution boxes taken from Maksi-
mova et al. 2 , showing progressive zoom-ins from the full box (2h−1 Gpc) down to the cluster
scale (20h−1 Mpc). The 139 boxes that comprise the base-resolution suite are shown as tiles
in the background. The renderings display the AbacusSummit base c000 ph000 simulation
at z = 0.1, and the projections are 10h−1 Mpc deep. These state-of-the-art simulations,
totaling roughly 60 trillion particles with particle mass mp ≈ 2 × 109h−1M⊙, span 97 cos-
mological models and provide a powerful tool for studying the evolution of the Universe and
the formation of galaxies and clusters.

89



assembly bias.

The AbacusSummit simulations have also been used to develop novel techniques for con-

straining cosmological parameters and the HOD simultaneously. Yuan et al. 236 presented a

hybrid emulator approach to the BOSS CMASS data, that maximally derives cosmological

and HOD information from non-linear galaxy clustering, leveraging the AbacusSummit sim-

ulations to achieve emulator errors comparable to the expected DESI Year 1 LRG sample

variance.

In another study, Yuan et al. 237 used the AbacusSummit simulations and the AbacusHOD

package to present the first comprehensive HOD analysis of the DESI One-Percent survey

Luminous Red Galaxy (LRG) and Quasi-Stellar Object (QSO) samples. They constrained

the HOD of each sample by fitting the redshift-space galaxy 2-point correlation functions

and generated a large suite of high-fidelity galaxy mocks based on their fits.

The information provided here complements the details discussed in Section 4.2.1 on

page 52, offering additional context on the applications of the AbacusSummit simulations in

HOD modeling and their significance for large-scale structure surveys such as DESI.

5.3 Machine Learning Pipeline for HOD Parameter

Prediction

This section presents the machine learning (ML) pipeline, introduced in Section 4.1 on

page 50, designed to predict clustering statistics based on HOD parameters. As illustrated in

Figure 5.3.1, the left side of the flowchart (enclosed in the red box) represents the traditional

brute-force approach for constraining HOD parameters. This method is computationally

expensive and time-consuming, as it requires the generation of mock catalogs at each step

of the Markov Chain Monte Carlo (MCMC) process to compute observational statistics.

The complexity and resource demands increase significantly when incorporating multiple

statistical measures.

To address these limitations, the ML emulator (right side of Figure 5.3.1) offers a more
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Figure 5.3.1: Flowchart illustrating the process of constraining HOD parameters using the
AbacusSummit simulations and ML models. Left shows the brute force method of constrain-
ing HOD parameters by generating mock catalogs while running the MCMC chain. On the
right, an ML model predicts clustering statistics directly from the HOD parameters, bypass-
ing the need for generating mock catalogs and speeding up the parameter inference process.

91



Figure 5.3.2: Input parameter distribution on full and small boxes (see Section 4.2.3). HOD
parameters are drawn uniformly for both the full box and small box, but after applying
filtering to the full box, the distribution of Mcut becomes nearly Gaussian.

efficient solution. By training machine learning models to predict observational statistics

before running the MCMC chains, the need for repeated mock catalog generation is elimi-

nated. Once the models are trained, the MCMC chains can achieve convergence in a matter

of minutes, greatly reducing computational cost and enabling more efficient exploration of

the parameter space.

5.3.1 Overview of the ML Methods

The overview of machine learning methods used in this research is discussed in Section 4.5

on page 60. Here we will mention some of the extended results to help understand the overall

process.

Check the Distribution of the Data As mentioned in Section 4.5.1 on page 61, the

HOD parameter space was initially uniform and became nearly Gaussian for Mcut in the

full box after applying the galaxy count filter (Section 4.2.3 on page 54). The rest of the

parameters still remain uniform, which proves that HOD heavily depends on Mcut. For the

small box, the distribution remains uniform. The distribution of all the HOD parameters

is shown in Figure 5.3.2, where blue bars represent the full box and red bars represent the

small box.
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Figure 5.3.3: Density plot of V PF, ξ0, ξ2, ξ4 between Transformed vs. Non-transformed Data
as a function of Error/σ. The σ is calculated from the jackknife covariance matrix. The plot
shows the impact of data transformation on the BR Method within the small Box.

Figure 5.3.4: Density plot of V PF, ξ0, ξ2, ξ4 between Transformed vs. Non-transformed Data
as a function of Error/σ. The σ is calculated from the jackknife covariance matrix. The plot
shows the impact of data transformation on the ANN Method within the small Box.

Figure 5.3.5: Density plot of V PF, ξ0, ξ2, ξ4 between the BR and ANN models as a function
of Error/σ. The σ is calculated from the jackknife covariance matrix. The plot shows the
impact of different ML methods within the small box.
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Figure 5.3.6: Comparison of predicted versus actual values for different observables (wp,
V PF , ξ0, ξ2, and ξ4) using the BR model. Each scatter plot displays the predicted values on
the x-axis and the actual values on the y-axis, with colors representing different data bins.
Histograms above the scatter plots represent the distribution of predicted values, while his-
tograms on the right represent the distribution of actual values. We show the best-performing
models for each statistic.

5.3.2 Performance Evaluation and Results

Following the discussion of Algorithm Choice in Section 4.6.2 on page 69, we only showed

various density plot comparisons of wp (Figures 4.5, 4.6, and 4.7). In this section, we include

the other statistics (V PF , ξℓ).

Figure 5.3.3 shows the density plot for the Bayesian Ridge (BR) model for three different

transformations: Standard Scaler (SC), Yeo-Johnson (YJ), and Box-Cox (BC), along with

unscaled data. We see that even though the BR model works better for VPF with YJ

transformation, it fails to provide reliable results for ξ0, ξ2, and ξ4. The Artificial Neural

Network (ANN) in Figure 5.3.4 improves the results significantly for ξ2 and ξ4, but it still

does not perform well on ξ0. Finally, Figure 5.3.5 shows the comparison between the best-

performing combinations of the statistics (VPF - BC, ξ0 - YJ, ξ2 - YJ, and ξ4 - YJ). We see

that ANN performs similarly for VPF and outperforms BR for ξℓ.

Another way of viewing the results is shown in Figures 5.3.6 and 5.3.7. Each plot displays

the true vs. predicted data points in a scatter plot (in the middle) and their overall distri-

butions in histograms. The multiple colors on the scatter plot represent different bins. The

blue histograms above the scatter plot and the green histograms beside it show the overall

distributions of the true and predicted data, respectively. Here, we see that even though

some of the plots like ξ0 and ξ2 look acceptable for the ANN and BR models, the density
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Figure 5.3.7: Comparison of predicted versus actual values for different observables (wp,
V PF , ξ0, ξ2, and ξ4) using the ANN model. Each scatter plot displays the predicted values
on the x-axis and the actual values on the y-axis, with colors representing different data bins.
Histograms above the scatter plots represent the distribution of predicted values, while his-
tograms on the right represent the distribution of actual values. We show the best-performing
models for each statistic.

plots shown previously tell a different story. Therefore, we need to be careful while analyzing

these models.

5.3.3 Likelihood Contours and Results

In Section 4.6.2 on page 69, we compared the likelihood contour plots for wp. In particular,

we showed the contour plot of logM1 vs σ. Here, we’ll show the full five-parameter HOD

triangle plot to help the reader understand the overall relationship between the parameters.

We only show wp as this is the main statistic we are analyzing. The effect of adding additional

statistics to wp is discussed in Section 4.7 on page 75.

Figures 5.3.8, 5.3.9, 5.3.10, and 5.3.11 show the full contour plots corresponding to Fig-

ures 4.5, 4.6, 4.7, and 4.10. From Figures 5.3.8, 5.3.9, and 5.3.10, we see that the contours

of the BR model are biased with data transformation, whereas the ANN model is consis-

tent with data transformation. Figure 5.3.11 shows that additional care must be taken to

constrain the full box, as the constraints are inconsistent.
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Figure 5.3.8: Exploring the impact of data transformation on BR Method within the small
Box. Figure shows equipotential contours of the MCMC posterior from fitting the HOD
model at z = 1.1 using wp. The plot shows the convergence between different transformed
data. The contours represent the 68% and 95% confidence intervals.
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Figure 5.3.9: Exploring the impact of data transformation on ANN Method within the small
Box. Figure shows equipotential contours of the MCMC posterior from fitting the HOD
model at z = 1.1 using wp. The plot shows the convergence between different transformed
data. The contours represent the 68% and 95% confidence intervals.
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Figure 5.3.10: Exploring the impact of BR and MLP methods within the small box. The
figure shows equipotential contours of the MCMC posterior from fitting the HOD model at
z = 1.1 using wp. The plot compares the convergence between the BR and MLP Box-Cox
methods. The contours represent the 68% and 95% confidence intervals.
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Figure 5.3.11: Error comparison between the full box and small box. The figure shows
equipotential contours of the MCMC posterior from fitting the HOD model at z = 1.1 using
wp. This plot compares the convergence between the full box (dark blue contours) and the
small box (red contours). The contours represent the 68% and 95% confidence intervals.
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Full Box Hyperparameters for Bayesian Ridge Regressor

Statistics wp VPF ξ0 ξ2 ξ4

lambda init 0.01 0.01 0.1 0.01 0.1

Table 5.4.1: Hyperparameters of BR for full box.

Full Box Hyperparameters for Neural Network

Statistics wp VPF ξ0 ξ2 ξ4

hidden layer sizes 500 50 50 50 50

alpha 0.0001 0.001 0.001 0.0001 0.0001

activation tanh tanh tanh tanh tanh

learning rate init 0.005 0.005 0.005 0.005 0.005

learning rate constant adaptive adaptive adaptive adaptive

solver adam adam adam adam adam

random state 1 1 1 1 1

validation fraction 0.1 0.1 0.1 0.1 0.1

early stopping True True True True True

max iter 2000 5000 1000 1000 1000

Table 5.4.2: Hyperparameters for ANN on full box

5.4 Additional Results: Full Box Analysis

This section presents additional results from the full box simulations. These include the

projected two-point correlation function (wp(rp)), the void probability function (VPF), and

the multipoles (ξ0, ξ2, ξ4). A comparison with the small box results is provided to highlight

the consistency of the machine-learning pipeline across different simulation volumes. We

want to warn readers that currently, the machine learning analysis does not work properly

for the full box, so the results should not be taken seriously.
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Figure 5.4.1: Exploring the impact of data transformation on ANN Method within the full
Box. Density plot between Transformed vs. Non-transformed Data as a function of Error/σ.
The σ is calculated from the jackknife covariance matrix.

We used the Scikit-Learn library to perform hyperparameter tuning for two models. We

tried the BR and ANN models for our analysis, and the hyperparameters for these models are

given in Tables 5.4.1 and 5.4.2, respectively. We used the BayesianRidge module for the BR

model. The modified hyperparameters are shown in Table 5.4.1, while all other parameters

were kept at their default values. For the ANN model, we used the MLPRegressor module,

and the corresponding hyperparameters are listed in Table 5.4.2. We encourage readers to

review Section 4.5.5 on page 63 for a refresher.

Similar to Figure 4.5, we checked the effect of data transformation on the full box in

Figure 5.4.1. In this density plot, we evaluated our model on the same test set as the small

box and found that even though there is an improvement with data transformation, the

model fails to predict accurately.

We investigated the impact of various combinations of wp, V PF , and ξℓ on enhancing

the constraining power of small-scale clustering for the HOD parameter space. Table 5.4.3

presents the results of this analysis, while Figure 5.4.2 illustrates the improvements in HOD

parameter constraints.
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Observables

1 σ error

Full Box

log Mcut log M1 σ κ α

wp 13.0166+0.014
−0.0151 14.3038+0.0368

−0.036 0.6271+0.0377
−0.037 0.9718+0.0325

−0.0325 0.3939+0.0485
−0.0466

wp + V PF 13.0133+0.0108
−0.0105 14.2929+0.0288

−0.0293 0.6183+0.0261
−0.0261 0.9786+0.027

−0.0266 0.3978+0.0338
−0.0324

wp + ξ0 13.0115+0.0108
−0.0107 14.463+0.0179

−0.0185 0.7372+0.0215
−0.0212 0.7564+0.0199

−0.0201 0.5312+0.0236
−0.025

wp + ξ0 + ξ2 13.0465+0.0107
−0.0108 14.4926+0.0177

−0.0178 0.7964+0.0108
−0.0102 0.7466+0.0156

−0.0162 0.4677+0.0202
−0.0211

wp + ξ0 + ξ2
+ ξ4

13.1456+0.0091
−0.0081 14.6517+0.0144

−0.0136 0.7812+0.0097
−0.0091 0.8481+0.0134

−0.0133 0.2722+0.0124
−0.0127

ξ0 13.1341+0.0302
−0.0298 14.5169+0.0395

−0.0376 0.6237+0.0388
−0.0396 0.7682+0.0597

−0.0558 0.2983+0.0594
−0.0531

ξ0 + ξ2 13.1752+0.012
−0.0169 14.4574+0.0281

−0.0268 0.7596+0.018
−0.0175 0.7191+0.023

−0.0224 0.2247+0.0345
−0.0177

ξ0 + ξ2 + ξ4 13.2217+0.008
−0.0079 14.6573+0.0202

−0.0196 0.6815+0.0124
−0.0123 0.9004+0.0162

−0.0173 0.2018+0.003
−0.0013

wp + V PF +
ξ0 + ξ2 + ξ4

13.142+0.0077
−0.0077 14.6517+0.0131

−0.0127 0.7809+0.0091
−0.009 0.8538+0.0118

−0.0118 0.2833+0.0107
−0.0117

Table 5.4.3: 1 σ error for full box. The values are calculated by running the MCMC chain
and using the ANN models for wp, VPF, ξ0, ξ2, and ξ4.
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Figure 5.4.2: 1σ constraint on HOD parameters for a different combination of statistics on
the full box. The blue lines denote the expected values of the HOD parameters. The white
marks at the center of the red bars represent the mean of the MCMC samples after discarding
200 steps as burn-in.

Our findings reveal that incorporating VPF alongside wp yielded a modest improvement

in constraining power. However, other combinations involving wp and ξℓ proved ineffective.

This outcome underscores the need for a more thorough and nuanced examination of ξℓ in

the context of the full box analysis.

5.5 Conclusion

This chapter expands on the main analysis results (Chapter 4), providing a detailed discus-

sion of the machine learning pipeline for HOD parameter prediction and its application to

small and full box simulations. Our exploration of machine learning techniques for predict-

ing Halo Occupation Distribution (HOD) parameters from small-scale clustering statistics

reveals both potential and challenges. The analysis, spanning small and full box simula-

tions, highlights critical factors influencing the robustness and accuracy of HOD parameter

predictions:

• Data Preparation: Careful examination and preparation of input data are crucial.
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HOD parameter distribution and data transformation techniques significantly affect

model performance and prediction reliability.

• Model Selection: Machine learning models (e.g., Bayesian Ridge, Artificial Neural

Networks) show varying effectiveness depending on specific HOD parameters and clus-

tering statistics. Comprehensive model comparison using multiple accuracy metrics

and visualization techniques is essential for selecting the most appropriate approach.

• Clustering Statistics Combinations: Combining different clustering statistics (wp,

V PF , ξ0, ξ2, ξ4) generally improves HOD parameter constraints. However, effective-

ness varies across parameters, suggesting the need for tailored approaches for optimal

results.

• Scale of Analysis: The transition from small to full box simulations introduces addi-

tional complexities, necessitating refined techniques for larger-scale cosmic structures.

• Validation Beyond Standard Metrics: Conventional performance metrics (RMSE,

MAE, R2-score) provide valuable insights but may not capture all aspects of model

performance relevant to cosmological applications. Small inaccuracies can lead to sig-

nificant biases in cosmologically relevant quantities, emphasizing the need for thorough

validation processes, including likelihood analysis in the HOD parameter space.

• Likelihood Analysis: Critical evaluation of machine learning results is essential, even

when formal performance scores appear satisfactory. Likelihood analysis is a crucial

step for further model validation in HOD analysis.

In conclusion, machine learning techniques show promise for constraining HOD param-

eters from clustering statistics, but require a nuanced, multifaceted approach. Future work

should focus on refining these methods, particularly for full box simulations, and developing

robust validation techniques aligned with cosmological objectives. This research advances so-

phisticated analyses of the galaxy-halo connection, potentially enhancing our understanding

of large-scale structure formation and evolution.
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Chapter 6

Other Project I: Using Deep Learning

in Fingerprint Verification

This chapter appeared in literature as

Abhishek Jana et al. - Neural Fuzzy Extractors: A Secure Way to Use Artificial Neural

Networks for Biometric User Authentication

Abstract

With advancements in sensor technology, artificial intelligence, and the decreasing cost

of computing, biometric authentication has become increasingly widespread, especially with

the prevalence of mobile devices. Modern biometric systems, which rely on advanced ma-

chine learning techniques, still need to store classifier data or specific biometric details,

making user credentials vulnerable to potential falsification. This paper presents a secure

approach for managing user information in biometric authentication systems using artificial

neural networks. The proposed solution called a Neural Fuzzy Extractor (NFE), integrates

existing classifiers with fuzzy extractors via an artificial neural network buffer, known as an

expander, without sacrificing performance. The NFE combines the accuracy of modern deep

learning classifiers with the security provided by traditional fuzzy extractors. The paper also

105



showcases how NFE can be applied to several classic neural networks in basic biometric

authentication scenarios.

6.1 Introduction

Secure architectures for password-based authentication systems avoid storing actual pass-

words for each username. Instead, they store cryptographic hash digests of these passwords,

often combined with salt, pepper, or other random auxiliary data. This approach is widely

accepted because it ensures that even a superuser, with full access to the system’s file struc-

ture, cannot impersonate other users by accessing their passwords.

In biometric authentication systems, similar security can be achieved using fuzzy ex-

tractors238. However, despite the security advantages they offer, fuzzy extractor-based ar-

chitectures are rarely implemented in real-world systems. For example, in fingerprint-based

authentication, algorithms that rely on similarity scores tend to perform better than those

using fuzzy extractors. A study239 reported a 15% equal error rate for fuzzy extractors on

the FVC2000 database240, while the top five competitors in the FVC2000 challenge achieved

error rates ranging from 0.7% to 5%241.

Although similarity-score algorithms are more effective, they require storing biometric

data such as fingerprints, which can be vulnerable to breaches. High-profile incidents, such as

the 2015 Office of Personnel Management data breach, which exposed 5.6 million fingerprint

records242, and the 2019 Suprema Biostar breach, which compromised over a million people’s

biometric data243, highlight this risk. Therefore, an authentication method that combines

the security of fuzzy extractors with the accuracy of similarity-score algorithms would be

ideal.

The underperformance of fuzzy extractors may stem from the nature of their functionality,

where the first step involves a channel decoding process within a vector space. Channel coding

typically assumes near-spherical decoding regions, but classifiers such as support vector

machines (SVMs) excel because they can handle more complex decision regions. Similarly,

artificial neural networks (ANNs) outperform SVMs when abundant training data is available
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Figure 6.1.1: Neural Fuzzy Extractor architecture.

due to their ability to learn highly irregular classification boundaries.

However, both SVMs and ANNs, along with other classifiers like k-nearest neighbors

(KNN), decision trees, and random forests, rely on learned structures that must be stored

in non-volatile memory, similar to password files. If a malicious user gains access to this

data, they could potentially exploit it to generate inputs that would pass authentication by

reverse-engineering the model.

The key challenge is how to protect biometric authentication data in a way similar to

password protection while avoiding the limitations of fuzzy extractors. In this paper, we

propose a new architecture, which we call neural fuzzy extractors (NFEs), to address this

issue.

Neural Fuzzy Extractors (NFEs) are formed by combining a classifier, like an artificial

neural network (ANN), with a fuzzy extractor, as depicted in Figure 6.1.1. Since most ANNs

are designed to output class labels or scores within a particular vector space, and the aim

is to make NFE integration as seamless as possible with existing classification models, a

modification is required to adapt NFEs to standard ANNs. This is done by creating an

interface, termed an expander, between the ANN and the fuzzy extractor’s decoding process.

An expander typically consists of an additional neural network, usually with a few layers,
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added to the output of an existing ANN. Its purpose is to reshape the output embeddings

of the original ANN into a space where class-specific embeddings cluster into sphere-like

groups. The expander can be trained either separately using labeled embeddings from the

original ANN or jointly with the ANN.

In some cases, certain ANN architectures may naturally be compatible with fuzzy ex-

tractors, meaning their output embeddings already form clusters in a suitable vector space.

In such cases, an expander may not be necessary.

Moreover, while the vector spaces discussed in this paper are defined over Rn, they

could also be defined over other fields, such as GF (2n). This choice can simplify the secure

sketch process due to the availability of error correction codes (ECCs) optimized for binary

channels. In contrast, ECCs designed for additive white Gaussian noise (AWGN) channels

are less common and involve more complex decoding methods. However, converting the

expander’s output into binary vectors may result in unacceptable performance reductions,

which is why binary-ECC-based NFEs are left for future exploration.

The key contributions of this paper include the following:

1. Introduction of NFEs, a secure architecture for integrating ANNs with biometric user

authentication systems.

2. Demonstration that NFEs can be adapted to work with many existing ANN-based

biometric authentication models.

3. Application of the NFE framework to three established fingerprint-based authentica-

tion systems, showing minimal impact on performance while adding a manageable

increase in training and running time.

The paper is organized as follows: Section 6.1 introduces the NFE architecture and provides

some general implementation insights. Section 6.3 describes the design choices made for our

NFE instantiation, including classifier selection, expander architecture, and error correction

codes. Section 6.4 outlines the evaluation framework, including datasets and experimental

setups, and presents performance results. The conclusions are summarized in Section 6.5.
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6.2 Preliminary Concepts: The Architecture of a Neu-

ral Fuzzy Extractor

Most classifiers, whether they are neural networks or based on vector spaces, generate vector

representations of input data. In certain cases, these output vectors are already well-suited

for direct input into the secure sketch (see Figure 6.1.1). For this to work, the classifier

must ensure that the outputs corresponding to each class form clusters in roughly spherical

regions within the vector space. This requirement arises because the secure sketch employs

error correction codes (ECCs) that are designed for either additive white Gaussian noise

(AWGN) channels or binary symmetric channels (BSCs), where the decoding regions are

inherently spherical. If the classifier’s decision regions are not already spherical, imposing

spherical regions on top of them can degrade the classification performance.

However, many classifiers are designed solely to optimize accuracy, without considering

the spherical shape of their decision regions. To address this issue, we propose the use of

an expander (as shown in Figure 6.1.1), which reshapes the classifier’s decision regions into

spherical clusters. We call this process retrofitting the NFE to pre-existing classifiers. Ideally,

we want to maintain the classifier’s accuracy while reshaping its output, which means the

expander should project the classifier’s vector output into a higher-dimensional space where

spherical decision regions can be formed without significantly impacting accuracy. In the

case of neural networks, where the final layer often reduces the dimensionality to match the

number of relevant classes, we suggest removing this final layer before adding the expander.

If the classifier has a wide output, the expander may act as a compression mechanism to

reduce the dimensionality to a size manageable by the secure sketch, whose decoding process

can be computationally intensive, although it runs in linear time relative to code length.244

6.2.1 The Classifier

As mentioned, when retrofitting the NFE to existing classifiers, the primary requirement is

for the classifier to transform users’ biometric readings into vectors within a vector space
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where classification can be done with reasonable accuracy. The NFE retrofit does not aim

to improve the classifier’s accuracy but rather to preserve it while enhancing the system’s

security. Therefore, our NFE approach is compatible with a variety of existing classifiers,

such as K-nearest neighbors (KNN), support vector machines (SVMs), or neural networks.

The term “neural” in Neural Fuzzy Extractor refers not to the classifier itself, but to the

expander, which is implemented as an artificial neural network.

6.2.2 The Expander

The expander is implemented as a neural network that takes the output of the original

classifier (whether modified or intact) as input. It is trained using a cost function that

penalizes deviations from spherical clustering. When the classifier is also a neural network,

the expander can be trained concurrently with the classifier, effectively adding a constraint

on the shape of the decision regions. In cases where the NFE is retrofitted to an already-

trained neural network, the expander can be trained separately by using the labeled outputs

of the original network and feeding them into a new or existing training dataset.

6.2.3 The Secure Sketch

The secure sketch, as introduced in Dodis et al. 238 , consists of two components: (1) a

mechanism that maps a user’s fuzzy biometric data to a fixed point in the vector space of the

biometric representation, and (2) a secure storage method for this identifying information. If

the user’s biometric data is positioned within a roughly spherical region of the vector space,

an error correction code can be defined over the vector space, aligning the user’s decision

sphere with one of the decoding regions of the code.

This construction is illustrated in Figure 6.2.1. The left section of the figure shows the

authentic user’s (AU’s) biometric data (represented as light blue triangles) mostly falling

within the bottom-right red sphere, which represents the user’s decision region. The radius

of this sphere is user-specific and must balance false positives and false negatives. The larger

circle in the figure represents the hyper-sphere, encompassing all possible embeddings. This
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corresponds to the support of the expander’s output, essentially the region where one would

expect the biometric embeddings of any user to be located.

Registration phase In this phase, a codebook is defined over the vector space, restricted

to the support of the expander’s output. Various methods can define this code, but an optimal

choice would be a capacity-achieving code for AWGN channels if the vector space is Rn, or

for binary symmetric channels if the space is GF (2n). In our example, where embeddings

are defined over R128, we choose a low-density lattice code (LDLC)245 in 128 dimensions.

The codebook contains codewords, represented as black dots in the center of Figure 6.2.1,

each surrounded by its decoding sphere (or Voronoi region). Any vector falling within a

codeword’s Voronoi region can be decoded to that codeword.

Next, the center of the AU’s decision region, ri, is decoded to the closest codeword in

the codebook, denoted ci. The difference vector (DV) di = ri − ci is then calculated and

stored as part of the AU’s authentication record, along with the hash h(ri) of the center of

the AU’s decision region.

Verification phase For each registered user, the verifier has access to their tuple (di, h(ri)).

When verifying a user claim, the current biometric reading b is mapped into the vector space

by the expander-enhanced classifier. The DV is subtracted from it, giving fi = b − di. In

Figure 6.2.1, b is shown as a light blue triangle, while fi is the tip of the yellow arrow.

This vector is decoded to the closest codeword cj. If b matches the biometric of user i, we

should have cj = ci. Finally, the DV is added to the codeword cj, and the hash h(cj +di) is

compared to h(ri) in the user’s record. Authentication is successful if the two hashes match.

Note 1 : Instead of decoding the AU’s decision center to the nearest codeword, a random

codeword could be selected, with the DV stored between the center and the chosen codeword.

However, this introduces the risk of leakage, which requires further steps to mitigate. For

example, if the selected codeword is far from the decision center, an attacker might infer the

general location of the AU’s decision region. To prevent this, a random vector can be added

to the DV, neutralized when wrapped around the larger sphere.
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Figure 6.2.1: Secure sketch construction. Left: The large circle contains all available embed-
dings from all users; the small circle for the authentic user (AU) is chosen to optimize the
trade-off between false positives and false negatives (different AUs may have different radii).
Middle: A codebook is built with a Voronoi region congruent to the AU’s decision region;
the center of the AU’s decision region (ri) is decoded to the nearest codeword (ci), and the
difference between the center and this codeword (di) is saved in the AU’s record, along with
the hash of the center of the decision region. Right: The AU provides a new sample for au-
thentication (b); subtracting the difference vector (di) and decoding to the nearest codeword
(ci) retrieves the previously identified codeword. Adding the difference to this codeword (di)
yields the center of the AU’s decision region (ri), which is hashed and compared to the AU’s
stored hash.

Note 2 : Hashing the nearest or randomly chosen codeword directly might seem like a

simpler approach. However, this would require ensuring that different users are assigned

distinct codewords, adding complexity to the system. Storing the hash of the AU’s decision

region center, as described, naturally avoids this issue.

6.2.4 The Hash

The hash component within the NFE architecture is implemented using a simple crypto-

graphic hash function, selected based on the latest recommendations from NIST. Currently,

hash functions from the SHA-2 and SHA-3 families are suitable options. The authentication

database stores the following identifying components for each user, along with their user-

name: (1) codebook parameters or just a decoding algorithm, (2) the difference vector (DV)

as described in Section 6.2.3, (3) any non-secret randomness such as salt and pepper used

in the hashing process, and (4) the hash value (with salt, pepper, etc.) of the center of the
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AU’s decision region, as outlined in Section 6.2.3.

6.2.5 Security Considerations

Threat Model We assume a biometric-based authentication system that utilizes an arti-

ficial neural network (ANN) hosted on an authentication server (or, in some cases, a local

machine that users attempt to log into). Legitimate users undergo a registration phase where

multiple biometric readings are captured to train the system. The trained authentication sys-

tem, along with users’ authentication records, is securely stored (and possibly encrypted)

on the authentication server. We assume no malicious interference or eavesdropping during

the registration phase, which takes place in a secure environment, similar to setting up new

accounts and passwords in a password-based system.

Additionally, we assume that the attacker does not have real-time access to the authen-

tication process or the biometric information provided by the user. However, such access

may be possible if the attacker eavesdrops on the connection between the biometric sensor

and the server or has administrative privileges to monitor memory during the authentication

process. These assumptions are common in biometric systems, and further strengthening the

system to address such risks is compatible with our approach but beyond the scope of this

work.

The threat model involves an attacker who gains access to the weights of the ANN-based

system and the biometric records of all users after the registration phase. The attacker cannot

access the server beyond this point, except potentially as a regular user. Additionally, the

attacker can produce a single biometric reading that is indistinguishable from a real one.

This restriction prevents brute-force attacks, which depend primarily on the entropy of the

biometric data rather than the security mechanism itself.

The attacker’s goal is to successfully login as any legitimate user, excluding any they

already control or have compromised. Success is achieved if the attacker can log in as a

legitimate user with a probability significantly higher than a random individual attempting

to authenticate with their biometric data.
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Security Evaluation of the NFE To successfully impersonate a legitimate user, the

attacker would need to input the user’s name (which is available from the authentication

records) and generate a biometric reading that, when processed by the authentication system,

matches the stored output for that user.

In a typical ANN-based system, this task is possible because each user’s output is rep-

resented as a defined region in the output vector space. The attacker could select a vector

within this region and reverse-engineer the corresponding input to the ANN classifier, pro-

ducing a valid biometric reading. Under our threat model, the attacker can force the system

to process this chosen biometric reading.

However, with an NFE-enhanced system, the attacker’s challenge is significantly greater.

Each user’s authentication record consists of a username, a difference vector, and a hash

value. The difference vector provides no information about the pre-image of the hash value,

and finding the pre-image from the hash is infeasible due to the hash function’s pre-image

resistance. Thus, the attacker has no way of determining what the expander’s output should

be for a given user. Their best option is to select a random codeword and add the differ-

ence vector from the user’s record, hoping that the result matches the center of that user’s

decision region. The attacker can then reverse the process through the ANN and expander

to generate a biometric reading corresponding to this result. However, the number of code-

words is designed to match the number of distinguishable user profiles, so selecting a random

codeword is effectively equivalent to picking a random person and asking for their biometric

data. Consequently, the attacker’s chances of success are no better than those of a random

individual attempting to authenticate.

Thus, under our threat model and assuming a pre-image-resistant hash function, the

attacker cannot successfully compromise the system.

NFEs, Codebooks, Sphere Packings, and Biometric Entropy The goal of the NFE

is to ensure that embeddings of different users’ biometric data form quasi-spherical clusters

in a specific vector space. In Figure 6.2.1, we depict multiple quasi-spherical clusters, where

each cluster (denoted by different markers) corresponds to the embeddings of a particular
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user’s biometric data. The expander’s output is assumed to be supported by a sphere that

encloses all biometric data points. Choosing the smallest sphere may artificially reduce the

perceived security of the biometric system by yielding a smaller codebook, so a larger sphere

with a radius 10% bigger than the smallest is typically chosen.

The radius of the user-specific decoding region (the small sphere representing a user in

Figure 6.2.1) is chosen to achieve an optimal false-positive and false-negative balance. For

simplicity, we select the same radius (i.e., the same error correction code) for all users.

For example, using the VGG-16 architecture retrofitted with the NFE and the FVC2006

database, the outer sphere has a radius of 1.0153, and the small sphere has a radius of

0.7 (selected to achieve a 95.36% accuracy on the training set). This configuration allows

for a maximum of (1.0153/0.7)128 ≈ 4.7 × 1020 small spheres to be packed inside the large

128-dimensional sphere. Thus, the maximum number of distinct individuals whose biometric

embeddings fit within non-overlapping small spheres is approximately 4.7 × 1020 ≈ 268.67,

meaning that the entropy of the secret biometric information in this space is around 68.67

bits.

In other words, the NFE approach not only improves security but also offers a way to

estimate the authentication potential of different types of biometric data. This methodology

allows us to assess whether, for example, fingerprint-based biometrics are more or less se-

cure than retina-scan biometrics. The evaluation depends on the classifier’s accuracy across

different AUs but cannot be easily derived without the expander.

Previous studies have approached biometric entropy quantification in various ways. For

instance, Yankov et al. 246 provides empirical distributions of fingerprint data, calculating

entropy per pixel for several fingerprint databases, including FVC2002 and FVC2004, which

are comparable to our FVC2006 database. Their estimated entropy per pixel is slightly above

0.25 bits, leading to a total entropy of approximately 50,000 bits per image. However, this

reflects the entropy of the fingerprint image, not the biometric modality itself. To approx-

imate the latter, Yankov et al. 246 uses mutual information between fingerprint images and

estimates a maximum of 1028 distinct individual representations, which makes our estimate

of 4.7 × 1020 conservative. Other approaches to evaluating biometric entropy can be found
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in Lim and Yuen 247 and Sutcu et al. 248

6.3 An Instantiation of NFE Retrofit

To implement the NFE retrofit architecture described earlier, several design decisions were

required. First, we selected three pre-existing classifier architectures, detailed in Section 6.3.1,

as the foundation for the retrofit. Each of these architectures underwent minor modifications.

Additionally, we used an expander architecture composed of multiple fully connected layers,

with progressively smaller sizes, to reduce the original classifier output to a fixed size of

128 neurons. This was necessary to ensure a manageable decoding process. For the error

correction, we selected a 128-dimensional low-density lattice code, as outlined in Sommer

et al. 245 . The following sections provide further details on these design decisions.

6.3.1 Classifier and Expander Architecture

VGG16 The VGG16 classifier249;250 was used with weights pre-trained on ImageNet via

Keras. To adapt it for fingerprint-based authentication, we removed the final softmax layer,

resulting in an output size of 4608. This vector space size (4608) is too large for efficient

decoding. To retrofit the NFE, we introduced an expander by adding three fully connected

layers with 512, 256, and 128 neurons, respectively.

ResNet50 The ResNet50 classifier251, also pre-trained on ImageNet using Keras, had its

final softmax layer removed, leaving an output size of 2048, achieved by average pooling the

last layer. To incorporate the NFE, we added an expander consisting of four fully connected

layers, with sizes 1024, 512, 256, and 128 neurons, respectively.

MobileNet We used a modified MobileNet v1 architecture252, pre-trained on ImageNet

through Keras. After removing the final softmax layer, the output was 1024, achieved by av-

erage pooling the last layer. The expander for this classifier consisted of three fully connected

layers with 512, 256, and 128 neurons, respectively.
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One Shot Classification and Siamese Network In traditional identification methods,

a set of images is input into an artificial neural network (ANN) to produce an output prob-

ability for each class. For instance, if we want to distinguish between a cat and a dog, we

typically collect a large number of images (usually over 500 per class) to improve model

accuracy. However, this approach presents two challenges in fingerprint identification: first,

it is often impractical to gather a large number of images, and second, introducing a new

user into the database would require retraining the entire model to recognize that user. To

address these challenges, we adopt a Siamese network configuration for training our classifier,

as discussed below.

It is important to note that, in this specific scenario, our “expander” does not expand the

ANN’s output but instead contracts it. This reduces the complexity of the secure sketch’s de-

coding process. Nevertheless, the same principles apply in cases where the expander actually

increases the output size.

A Siamese network, sometimes referred to as a twin neural network, is an ANN designed

to learn the similarity between two inputs rather than performing classification. It processes

two input images through the same network in parallel, producing two vector embeddings

of the images. These embeddings are compared using a logistic loss function to calculate a

similarity score between the two images253. This approach is beneficial because it requires

fewer data points to train the model. For training, only one reference image belonging to the

legitimate user needs to be stored, and the similarity score is calculated for each new image

presented to the network.

In our implementation, we use a triplet loss function with Siamese networks. The advan-

tage of combining the triplet loss function (explained in the next subsection) with a Siamese

network is twofold:254

1. It extracts more features by learning to maximize the similarity between two similar

images (Anchor-Positive) while maximizing the distance between two different images

(Anchor-Negative).

2. It generates more training samples than the logistic loss. If there are P similar pairs and
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Figure 6.3.1: Triplet Loss architecture with the Siamese network: Three images “Anchor”,
“Positive”, and “Negative”) are processed through the same CNN simultaneously, generat-
ing a 128-dimensional vector in the final layer. These vectors are then passed through the
triplet loss function, which minimizes the distance between “Anchor” and “Positive” while
maximizing the distance between “Anchor” and “Negative”.

N dissimilar pairs, the logistic loss would result in P +N training samples. In contrast,

triplet loss generates PN triplets for training, which improves model accuracy.

Figure 6.3.1 shows the architecture of our Siamese network. An interesting property of

training Siamese networks is that the embeddings naturally cluster into spheres, as the loss

function forces embeddings of the same class to be close together and those of different

classes to be far apart in terms of Euclidean distance. However, in situations with more

training data, alternative expander architectures can be used, as long as their loss functions

incorporate similar distance-based penalties.
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Triplet Loss Function Triplet loss functions are commonly used in computer vision tasks,

such as face recognition255, person re-identification256, and image retrieval257. Drawing in-

spiration from these applications, we implemented triplet loss for fingerprint verification.

Below, we explain how the triplet loss function works.

Using a convolutional neural network (CNN), we can map an image x to a d-dimensional

Euclidean space, where the embedding is denoted f(x) ∈ Rd, with f being the function

computed by the CNN. For training, we use triplets of fingerprint images, as depicted in

Figure 6.3.2:

• A is an “anchor” image — a fingerprint image of the user.

• P is a “positive” image — a fingerprint of the same user.

• N is a “negative” image — a fingerprint of a different user.

Each triplet is represented as (A(i), P (i), N (i)), where i denotes the ith training example.

We aim to ensure that the positive pair (A, P) is closer than the negative pair (A, N).

Mathematically, we want to satisfy:

∥f(A(i))− f(P (i))∥22 + α < ∥f(A(i))− f(N (i))∥22 (6.1)

for all triplets {f(A(i)), f(P (i)), f(N (i))} ∈ T , where T is the set of all possible triplets. The

margin α ensures that the positive pair has at least a margin of difference over the negative

pair.

Thus, the triplet cost function for the CNN becomes:

n∑
i=1

[
∥f(A(i))− f(P (i))∥22 − ∥f(A(i))− f(N (i))∥22 + α

]
+
. (6.2)

Generating all possible triplets during training can lead to slower convergence, so it is essen-

tial to use a combination of “hard” and “easy” batches to improve model performance.
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Figure 6.3.2: Triplet Loss architecture: This architecture minimizes the distance between
the “Anchor” and “Positive” while maximizing the distance between the “Anchor” and
“Negative”.

6.3.2 The Error-Correction Code

As discussed in Section 6.2.3, we utilized a low-density lattice code (LDLC), directly taken

from Sommer et al. 245 , in n = 128 dimensions for our error-correction code. According

to Sommer et al. 245 , the LDLC is defined by its sparse parity-check matrix H. We employed

the Latin Square construction described in Sommer et al. 245 , where each row and column

of H contains the same d nonzero values. The nonzero values are taken from the sequence

{1/2.31, 1/3.17, 1/5.11, 1/7.33, 1/11.71}. They are distributed across the rows and columns

of H following the algorithms provided in Appendix VII of Sommer et al. 245 We experi-

mented with d = 3 and d = 5. The error-correction performance of both codes is shown in

Figure 6.3.3. Each point in the figure represents the result of applying the decoding algo-

rithm 20 times to a randomly chosen codeword distorted by additive white Gaussian noise

(AWGN) with a standard deviation σ, shown on the horizontal axis. The results indicate

that the d = 3 code performs slightly better, both in artificial settings and in practical NFE

performance.
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Figure 6.3.3: Error rate vs. noise level for the Latin-Square LDLC with row/column degree
d.

6.3.3 System Configuration Guidelines

Before evaluating the performance and cost of our NFE implementation, we outline key

configuration aspects for setting up NFE-retrofitted fingerprint authentication.

Number of users There is no practical limit to the number of users. Our conservative

estimate of 4.7 · 1020 differentiable users means that, even with a large number of registered

users, the probability of false identification remains low, especially when authentication also

requires a username.

Original classifier preparation When retrofitting a neural network-based classifier for

NFE, we recommend removing the final softmax layer (if present). The output size should

be large enough to avoid excessive compression and loss of biometric information.

Codeword size The appropriate codeword size n depends on the efficiency of the decoding

algorithm and the acceptable computation overhead. We recommend choosing n between 100

and 500 based on current consumer-grade hardware capabilities. For more detailed results,

refer to Wang and Mow 258 .
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FPR-FNR tradeoff The tradeoff between false positive rate (FPR) and false negative

rate (FNR) for LDLC codes is controlled by scaling the NFE’s output with a scalar factor

γ. We recommend experimenting with multiple values of γ to build a receiver operating

characteristic (ROC) curve and select an appropriate operating point.

6.4 NFE Evaluation

In evaluating our NFE retrofit, several experimental design choices were made. First, we

selected two fingerprint databases of varying sizes. We then conducted four distinct exper-

iments, allowing comparisons between different retrofitted architectures and two baseline

architectures, applied across both databases and all three classifiers. Finally, we explored

various methods to fine-tune the pre-trained classifiers (which were slightly modified as de-

tailed in Section 6.3) and selected the best-performing configurations. The remainder of this

section provides further details on these choices and the resulting experimental outcomes.

6.4.1 Datasets

For the evaluation, we used two datasets: the 2006 Fingerprint Verification Competition

(FVC2006) Database259 and the PolyU fingerprint database provided by the Hong Kong

Polytechnic University.260

The FVC2006 Database This dataset includes four subsets: DB1, DB2, DB3, and DB4,

each containing 150 fingers and 12 impressions per finger. Each subset is divided into “set A”

with 140x12 images and “set B” with 10x12 images. In this study, only DB1 was used, which

consists of 96x96-sized images. These fingerprints were collected as part of the European

Project BioSec from anonymous volunteers and were publicly released during the 2006 Fin-

gerprint Verification Competition, organized by several renowned institutions, including the

Biometric System Laboratory (University of Bologna) and others.259 At the time of writing,

we have no reason to question the ethical nature of the data collection.
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The PolyU Database This database contains 2016 fingerprint images from 336 users,

with 6 impressions per user. The original image size was 328x356, but we augmented the

dataset to ensure consistency with our initial dataset by applying random noise, rotations,

and other techniques. This increased the dataset to 12 impressions per user, and the image

size was standardized to 224x224. The PolyU database was released in 2017 by the Hong

Kong Polytechnic University for public use, and, like the FVC2006 dataset, we have no

ethical concerns at the time of writing.

Training Data For each database, training data consisted of 10 impressions per finger

(140x10 images for FVC2006 and 336x10 images for PolyU). From these, we generated

triplet pairs, with 50% being “hard” pairs and 50% “easy” pairs.

Testing Data The testing data included 2 impressions per finger for both databases.

6.4.2 Experimental Setup

We performed four experiments using ResNet50, MobileNet, and VGG16 architectures with

the two datasets: FVC2006 and PolyU.

Baseline Classifier (BC) The first experiment was designed to provide a baseline for

evaluating expander-enhanced architectures. We trained the three classifiers—ResNet50, Mo-

bileNet, and VGG16—individually. The classification model’s top layer was a softmax layer

with 140 nodes for FVC2006 and 336 nodes for PolyU. We calculated the false positive rate

(FPR) and false negative rate (FNR) by establishing score thresholds for each user and con-

ducting tests using 20 additional fingerprint images for FPR and 20 augmented images for

FNR.

Classifier Trained in a Siamese-Network Configuration (CSN) In the second ex-

periment, we trained each classifier using a triplet-based Siamese network. No expander was

applied, and the size of the final embeddings varied: ResNet50 (2048), MobileNet (1024),
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and VGG-16 (4608). This experiment was aimed at providing a fair comparison with the

expander-enhanced architectures.

Classifier Trained in a Siamese-Network Configuration Plus Expander (CSN+ESN)

For the third experiment, we used the previously trained classifiers from the second exper-

iment and retrofitted them with expanders. Only the expanders were trained while keeping

the classifier’s weights fixed. This mimics a scenario where a pre-trained classifier is enhanced

with an expander for efficiency.

Jointly Trained Classifier and Expander ((C+E)SN) In the final experiment, we

trained both the classifier and the expander from scratch, using the Siamese network config-

uration. Initially, we expected this joint training to yield the best results, but the outcomes

were dependent on the classifier architecture.

For both the CSN+ESN and (C+E)SN experiments, we conducted two types of error-

correction decoding: (a) fixed-distance-based decoding, and (b) LDLC decoding, with results

reported for both.

6.4.3 Training of the Classifiers

VGG-16 For VGG-16, all layers were trained in both the baseline and Siamese configura-

tions to achieve better generalization.

ResNet50 In the Siamese configuration, the first 143 layers were frozen, while the remain-

ing 32 layers were trained to implement transfer learning. For the baseline model, the entire

architecture was trained.

MobileNet For MobileNet, in the Siamese configuration, only the last 23 layers were

trained. In the baseline model, all layers were trained.
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Equal Error Rates (EER) and AUROC for Various Architectures

Experiment
ResNet MobileNet VGG-16

EER AUROC EER AUROC EER AUROC

BC 0.032 0.972 0.022 0.969 0.040 0.940

CSN 0.065 0.982 0.055 0.989 0.014 0.999

CSN+ESN Distance 0.054 0.986 0.044 0.994 0.013 0.990

CSN+ESN LDLC 0.053 0.987 0.025 0.995 0.013 0.999

(C+E)SN Distance 0.066 0.984 0.042 0.993 0.020 0.997

(C+E)SN LDLC 0.065 0.984 0.039 0.993 0.020 0.995

Table 6.4.1: Equal error rates (EER) and areas under the receiver operating characteristics
(ROC) curve (AUROC) for our experiments using the FVC2006 database, with different
neural network architectures.

6.4.4 Results

We identified two potential sources of performance degradation in the NFE retrofit: the

inclusion of the expander and the use of an error correction code instead of distance-based

decoding. We systematically analyzed these sources.

The Effect of the Expander We compared the results of the BC and CSN experiments

with the NFE-retrofitted architectures (CSN+ESN and (C+E)SN) using distance-based de-

coding. For both datasets, the results are shown in Tables 6.4.1 and 6.4.2. While some per-

formance degradation occurred in specific configurations, the results indicate that training

the expander separately generally performed better than joint training.

The Effect of the Decoder We compared the performance between distance-based de-

coding and LDLC decoding for both CSN+ESN and (C+E)SN experiments. Overall, the

LDLC decoder slightly outperformed the distance-based decoder, with significant improve-

ments observed for MobileNet on the FVC2006 dataset.
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Equal Error Rates (EER) and AUROC for Various Architectures

Experiment
ResNet MobileNet VGG-16

EER AUROC EER AUROC EER AUROC

BC 0.031 0.958 0.017 0.979 0.062 0.972

CSN 0.035 0.995 0.025 0.996 0.013 0.999

CSN+ESN Distance 0.037 0.992 0.026 0.995 0.007 0.999

CSN+ESN LDLC 0.037 0.992 0.025 0.995 0.007 0.999

(C+E)SN Distance 0.059 0.985 0.054 0.986 0.033 0.993

(C+E)SN LDLC 0.058 0.985 0.054 0.981 0.034 0.981

Table 6.4.2: Equal error rates (EER) and areas under the receiver operating characteristics
(ROC) curve (AUROC) for our experiments using the PolyU database, with different neural
network architectures.

Overall Effect of the NFE Retrofit Comparing the best-performing results from the BC

and CSN experiments with those from CSN+ESN LDLC and (C+E)SN LDLC, we observed

minimal performance degradation due to the NFE. This encouraging result supports further

exploration of NFEs in other biometric authentication architectures.

Training and Running Times The training and running times for the experiments on

both datasets are provided in Tables 6.4.3 and 6.4.4. We noted that adding the expander in-

troduced minimal overhead, but switching from baseline to Siamese networks increased both

training and runtime significantly. The decoding times were not included, but improvements

in LDLC decoding efficiency are noted for future work.

Comparison with Plain Fuzzy Extractors In terms of security and cost, plain fuzzy

extractors are comparable to NFEs, though NFEs involve a more complex decoding process.

However, the security guarantees and storage requirements for both systems are similar, with

NFEs offering a more secure and efficient alternative for biometric authentication systems.
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Experiment ResNet50 MobileNet VGG-16

BC
Training 7m11s (60 ep) 7m14s (80 ep) 8m48s (70 ep)

Runtime 70ms 48ms 55ms

CSN
Training 1h53m22s (5000 ep) 1h06m12s (5000 ep) 1h05m39s (5000 ep)

Runtime 529ms 264ms 173ms

CSN+ESN
Training 1h50m20s (5000 ep) 1h08m13s (5000 ep) 1h00m41s (5000 ep)

Runtime 645ms 343ms 134ms

(C+E)SN
Training 1h57m00s (5000 ep) 1h06m30s (5000 ep) 1h08m48s (5000 ep)

Runtime 589ms 325ms 189ms

Table 6.4.3: Training and running times for our four experiments, under each of the three
architectures, when using the FVC2006 database.

Experiment ResNet50 MobileNet VGG-16

BC
Training 27m50s (50 ep) 21m38s (40 ep) 22m35s (50 ep)

Runtime 81ms 55ms 63ms

CSN
Training 3h12m21s (4000 ep) 2h10m08s (4000 ep) 3h26m43s (4000 ep)

Runtime 579ms 214ms 151ms

CSN+ESN
Training 3h17m23s (4000 ep) 2h08m06s (4000 ep) 3h09m32s (4000 ep)

Runtime 459ms 227ms 160ms

(C+E)SN
Training 3h12m45s (4000 ep) 2h08m46s (4000 ep) 3h22m00s (4000 ep)

Runtime 755ms 240ms 156ms

Table 6.4.4: Training and running times for our four experiments, under each of the three
architectures, when using the PolyU database.
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6.5 Conclusions

In this paper, we introduced a secure architecture for biometric user authentication (or iden-

tification) that minimizes the risk of storing sensitive information, such as neural network

weights or biometric data, which could potentially be exploited by malicious actors to cre-

ate synthetic biometric inputs capable of bypassing authentication checks. The proposed

architecture follows the modern approach to securing user passwords. This system, referred

to as a neural fuzzy extractor (NFE), integrates a classifier with a fuzzy extractor using

an additional neural network component called an expander. The expander can be trained

either concurrently with the classifier or afterward. NFEs can be retrofitted onto any well-

established classifier, combining the robust classification abilities of artificial neural networks

with the security features of fuzzy extractors.

Our implementation of the NFE for fingerprint-based authentication demonstrates how

an existing classifier can be modified for NFE compatibility, and how two distinct training

approaches can achieve output-space clustering in spherical regions required by NFEs. The

experimental results reveal that the integration of the NFE introduces minimal performance

degradation, as measured by equal error rates and areas under the receiver operating char-

acteristic (ROC) curves. However, the system does experience higher overhead in terms of

training and runtime, largely due to the Siamese network configuration. Despite this, we

believe that the additional 1 to 3 hours required for training is justified by the enhanced

security provided by NFEs. Moreover, the increase of 100 to 700 milliseconds in runtime

remains within an acceptable range for practical applications.

In the future, our work will explore (1) the application of NFEs to other biometric

modalities and (2) the development and training of expanders designed for coding over

binary extension fields.
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Chapter 7

Other Project II: Few-Shot

Classification in Bioacoustics

This chapter is under review in literature as

Abhishek Jana et al. - An Automated Pipeline for Few-Shot Bird Call Classification, a

Case Study with the Tooth-Billed Pigeon.

7.1 Introduction

Amidst a global crisis of biodiversity loss, this research presents a novel approach to wildlife

monitoring, focusing on the critically endangered Tooth-billed Pigeon (Didunculus stri-

girostris) of Samoa. A few-shot classification pipeline, utilizing machine learning, is pro-

posed to detect and categorize bird vocalizations, addressing the issues of data scarcity and

imbalanced classes that conventional models face.

This research integrates advanced audio processing, feature extraction, and clustering

analysis to identify bird species with minimal training data. The study assesses a variety

of deep learning architectures, such as convolutional neural networks and transformers, to

generate resilient feature embeddings. Furthermore, dimensionality reduction techniques and
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Figure 7.2.1: Overview of the classification pipeline, showcasing the key steps from data
acquisition to final bird call detection.

similarity-based classification methods are explored to optimize rare species detection.

By combining AI with conservation biology, this work aims to demonstrate how interdis-

ciplinary methods can address urgent environmental concerns. The findings offer practical

solutions for improving wildlife monitoring techniques and set the stage for future applica-

tions of few-shot and few-shot learning in ecological and conservation sciences. The ultimate

goal is to improve detection accuracy for rare species, aiding conservation efforts aimed at

preserving the Tooth-billed Pigeon.

7.2 Methods

Our study developed a few-shot classification pipeline for rare bird call detection, focusing on

the critically endangered Tooth-billed Pigeon (Didunculus strigirostris). Figure 7.2.1 presents

an overview of the classification pipeline, outlining both the development process and the

intended use of the final detector.
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Figure 7.2.2: Average spectrograms of vocalizations from the TBP (left) and PIP (right).
The TBP shows a distinct low-frequency call with a clear curvature, while the PIP displays
a flatter frequency distribution, indicating a broader and less variable frequency range.

Figure 7.2.3: Comparison of raw, bandpass filtered, and denoised spectrograms of a TBP
bird call. Spectrograms are shown on a (0 - 80)dB scale. The raw spectrogram (left) displays
the full frequency range of the original recording. The bandpass spectrogram (center) isolates
the target frequency band of 150 Hz - 600 Hz, removing noise from other frequencies. The
denoised spectrogram (right) further reduces the background noise, highlighting the essential
features of the bird call.

Data Collection: Audio recordings from the Samoan Conservation Society and Xeno-

canto were utilized, focusing on six bird species: Crimson-crowned Fruit Dove (CCFD),

Pacific Imperial Pigeon (PIP), White-throated Pigeon (WTP), Tooth-billed Pigeon (TBP),

Polynesian Wattled Honeyeater (PWH), and Samoan Starling (SS).

Preprocessing: Audio files were resampled to 22.05 kHz and filtered using a bandpass

range of 155-674 Hz for the Tooth-billed Pigeon. We applied noise reduction techniques
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Figure 7.2.4: Spectrogram of the uncertain audio samples after applying a bandpass filter
and noise reduction. The red-highlighted regions indicate the call’s detected vocalization
events.

and segmented calls into 2-second clips. Figure 7.2.2 shows the average spectrograms of

vocalizations from the TBP and PIP, illustrating the distinct frequency patterns of each

species. Mel-spectrograms were generated with 227 mel bands and converted to a decibel

scale with a -40 dB threshold. Figure 7.2.3 demonstrates the preprocessing steps, comparing

raw, bandpass filtered, and denoised spectrograms of a TBP bird call.

Feature Embedding Extraction: Fourteen convolutional neural networks and two trans-

former models, including specialized bird call models such as Perch261 and BirdNET262, were

evaluated. These models produced feature embeddings from the processed spectrograms.

Clustering Analysis: Principal Component Analysis (PCA) was used for dimensionality

reduction, retaining 95% of the variance. The clustering performance was assessed using

metrics like the Silhouette score, Davies-Bouldin index, and Calinski-Harabasz index.
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Event Detection: A wavelet-based method identified vocalization events, utilizing an

adaptive threshold at 10% of the mean feature value, with a minimum event duration of 0.5

seconds. Figure 7.2.4 displays a spectrogram of preprocessed audio samples with detected

vocalization events highlighted in red.

Classification: A cosine similarity-based approach was used, comparing embeddings with

prototypes from known samples. A softmax function transformed similarity scores into prob-

abilities for species prediction.

Evaluation: Model performance was measured using precision, recall, and F1 score, with

a primary focus on recall due to the rarity of the Tooth-billed Pigeon. The priority was to

minimize false negatives.

This methodology provides an efficient solution for detecting rare species with limited

data, overcoming challenges related to imbalanced datasets and scarce recordings.

7.3 Results

The comparison of various deep-learning models for bird call classification revealed substan-

tial performance variations. The Perch model exhibited superior performance in detecting

the Tooth-billed Pigeon, with the best clustering results and classification accuracy.

Table 7.3.1 summarizes the clustering performance metrics for each model. The Perch

model achieved the highest overall score of 0.99, followed by BirdNET at 0.72. These scores

were derived from normalized Silhouette, Davies-Bouldin, and Dunn indices.

Figure 7.3.1, a heatmap visualizing these normalized scores, illustrates the relative per-

formance of each model across metrics. This visualization clearly shows the Perch model’s

superiority in all three clustering quality indices.

Scatter plot matrices of the top 5 PCA components for Perch and BirdNET models

(Figures 7.3.2 and 7.3.3, respectively) revealed distinct clustering patterns corresponding to

different bird species. These visualizations offer insight into how well each model separates
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Figure 7.3.1: Normalized Scores Heatmap of Clustering Quality Indices for various Deep
Learning Models. The heatmap presents the performance of models across three key metrics:
Silhouette Score (Silh), Davies-Bouldin Index (DB), and Dunn Index (Dunn). The values
have been normalized for comparability.

135



Performance Metrics of Various Models Using Clustering Quality Indices

Model Overall
Score

Silhouette
Score

Davies-
Bouldin
Index

Dunn In-
dex

N Compo-
nents

Perch 0.99 0.21 1.87 0.41 142

BirdNET 0.72 0.19 2.04 0.32 130

ResNet18 0.59 0.18 1.81 0.23 62

EfficientNet-B0 0.58 0.18 2.02 0.27 82

ResNet50 0.54 0.16 2.05 0.27 92

EfficientNet-B2 0.53 0.17 2.11 0.26 95

DenseNet 0.53 0.14 2.16 0.31 76

EfficientNet-B1 0.52 0.17 1.90 0.23 76

VGG 0.51 0.17 1.95 0.23 87

ResNet34 0.44 0.15 2.08 0.24 69

MobileNet 0.43 0.15 2.19 0.26 98

EfficientNet-B3 0.42 0.15 2.20 0.25 102

ResNeXt 0.37 0.13 2.17 0.26 116

ViT 0.33 0.11 3.43 0.40 236

CVIT 0.19 0.11 3.12 0.30 141

Table 7.3.1: Performance Metrics of Various Models Using Clustering Quality Indices. The
table summarizes the overall clustering performance for different deep-learning models. ’N
Components’ is the number of components used in PCA.
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Figure 7.3.2: Scatter plot matrix of the top 5 PCA components of Perch model

Evaluation Metrics for Tooth-billed Pigeon (TBP)

Model F1 Score Precision Recall Accuracy

Perch 0.6 0.5 0.75 0.86

BirdNET 0.44 0.4 0.5 0.82

Table 7.3.2: Evaluation Metrics for Tooth-billed Pigeon (TBP) Using BirdNET and Perch
Models.

137



Figure 7.3.3: Scatter plot matrix of the top 5 PCA components of BirdNET model
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different bird calls in the embedding space.

For TBP detection, we implemented a classification confidence threshold of 45% above equal

probability distribution (approximately 0.24 for six species). Table 7.3.2 presents the eval-

uation metrics for the Perch and BirdNET models in identifying TBP. The Perch model

exhibited superior performance with a recall of 0.75, precision of 0.50, F1 score of 0.60, and

overall accuracy of 0.86. BirdNET showed lower but still notable performance with a recall

of 0.50, precision of 0.40, F1 score of 0.44, and accuracy of 0.82.

These results underscore the Perch model’s effectiveness in minimizing false negatives, a

crucial factor in rare species detection while maintaining acceptable precision levels for con-

servation applications.

7.4 Conclusion

This thesis presents an automated few-shot classification pipeline for detecting bird calls,

focusing on the critically endangered Tooth-billed Pigeon. The Perch model showed notable

success in detecting rare bird vocalizations with limited data.

Key outcomes include:

1. The Perch model’s recall of 0.75 for Tooth-billed Pigeon detection prioritized the re-

duction of false negatives.

2. Preprocessing techniques like bandpass filtering and noise reduction substantially im-

proved the quality of audio inputs.

3. Lowering the classification threshold increased the detection rate of rare species, demon-

strating the need for a balanced approach between precision and recall in conservation

work.

4. PCA-based dimensionality reduction effectively preserved crucial features while im-

proving model efficiency.

139



This work provides a valuable tool for conservationists and lays the groundwork for future

research in few-shot learning for wildlife monitoring. Further research should investigate

alternative classification techniques and distance metrics to enhance the accuracy of species

detection, contributing to global efforts in biodiversity conservation.
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Chapter 8

Conclusion

The journey through this dissertation has explored a range of applications of machine learning

techniques, from their integration with traditional statistical methods in the galaxy-halo

connection to innovative uses in other interdisciplinary fields. Beginning with a deep dive into

the fundamental clustering statistics in Chapter 2, the groundwork was laid for understanding

how galaxies populate dark matter halos. The progression into machine learning methods in

Chapter 3 opened new doors, demonstrating the powerful potential of these techniques in

modeling complex cosmic relationships that would be difficult to capture with conventional

methods alone.

Chapter 4 showed how the Halo Occupation Distribution (HOD) model, a cornerstone

in galaxy-halo studies, can be enhanced with machine learning to constrain galaxy cluster-

ing parameters more efficiently. The results of these studies, combined with the extensive

analysis of the AbacusSummit simulations in Chapter 5, highlighted not only the accuracy

but also the versatility of these methods in handling large-scale cosmological datasets. These

advancements reflect the growing role that computational tools play in cosmology, offering

new insights into the structure and evolution of the universe.

Chapters 6 and 7 took a departure from the cosmology-centric focus, delving into unre-

lated fields: deep learning for fingerprint verification and few-shot classification in bioacous-

tics. Though these topics might seem disconnected from the galaxy-halo connection, there
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is a broader lesson to be drawn. The deep learning methods applied to secure fingerprint

verification and the few-shot classification of bird species illustrate how adaptable machine

learning techniques are across diverse fields. These projects can serve as a source of inspira-

tion for cosmologists, encouraging the exploration of similar approaches in their research. For

instance, the methods used for few-shot learning in bioacoustics could inspire new strategies

for handling sparse or unlabeled data in cosmological surveys, where efficient classification

of galaxies or other cosmic structures could face similar challenges.

As this dissertation concludes, it is clear that the fusion of machine learning with cosmo-

logical analysis has set the stage for future discoveries. The techniques developed and applied

here can be expanded and refined, not only within the field of galaxy-halo studies but also

across a wider spectrum of scientific disciplines. The final chapters serve as a reminder that

innovation often comes from unexpected places, and the adaptability of machine learning

offers endless possibilities for researchers aiming to push the boundaries of what is known.
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Benson, G. M. Bernstein, E. Bertin, J. Blazek, S. L. Bridle, D. Brooks, D. Brout,

E. Buckley-Geer, D. L. Burke, M. T. Busha, A. Campos, D. Capozzi, A. Carnero

Rosell, M. Carrasco Kind, J. Carretero, F. J. Castander, R. Cawthon, C. Chang,

N. Chen, M. Childress, A. Choi, C. Conselice, R. Crittenden, M. Crocce, C. E. Cunha,

C. B. D’Andrea, L. N. da Costa, R. Das, T. M. Davis, C. Davis, J. De Vicente, D. L.

DePoy, J. DeRose, S. Desai, H. T. Diehl, J. P. Dietrich, S. Dodelson, P. Doel, A. Drlica-

Wagner, T. F. Eifler, A. E. Elliott, F. Elsner, J. Elvin-Poole, J. Estrada, A. E. Evrard,
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Pakmor, Joop Schaye, Christine M. Simpson, and Volker Springel. No cores in dark

matter-dominated dwarf galaxies with bursty star formation histories. Monthly Notices

of the RAS, 486(4):4790–4804, July 2019. doi: 10.1093/mnras/stz1168.

[86] Hong Guo, Zheng Zheng, Idit Zehavi, Peter S. Behroozi, Chia-Hsun Chuang, Jo-

han Comparat, Ginevra Favole, Stefan Gottloeber, Anatoly Klypin, Francisco Prada,

David H. Weinberg, and Gustavo Yepes. Redshift-space clustering of SDSS galaxies

- luminosity dependence, halo occupation distribution, and velocity bias. Monthly

Notices of the RAS, 453(4):4368–4383, November 2015. doi: 10.1093/mnras/stv1966.

[87] Thomas J. Armitage, David J. Barnes, Scott T. Kay, Yannick M. Bahé, Claudio Dalla
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[159] Yohan Dubois, Sébastien Peirani, Christophe Pichon, Julien Devriendt, Raphaël
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nancio, P. Gómez-Álvarez, J. Hoar, J. Lorenzo Alvarez, G. D. Racca, G. Saavedra-

Criado, J. Schwartz, R. Vavrek, M. Schirmer, H. Aussel, R. Azzollini, V. F. Cardone,

M. Cropper, A. Ealet, B. Garilli, W. Gillard, B. R. Granett, L. Guzzo, H. Hoekstra,

K. Jahnke, T. Kitching, T. Maciaszek, M. Meneghetti, L. Miller, R. Nakajima, S. M.

Niemi, F. Pasian, W. J. Percival, S. Pottinger, M. Sauvage, M. Scodeggio, S. Wachter,

A. Zacchei, N. Aghanim, A. Amara, T. Auphan, N. Auricchio, S. Awan, A. Balestra,

R. Bender, C. Bodendorf, D. Bonino, E. Branchini, S. Brau-Nogue, M. Brescia, G. P.

Candini, V. Capobianco, C. Carbone, R. G. Carlberg, J. Carretero, R. Casas, F. J.

Castander, M. Castellano, S. Cavuoti, A. Cimatti, R. Cledassou, G. Congedo, C. J.

Conselice, L. Conversi, Y. Copin, L. Corcione, A. Costille, F. Courbin, H. Degaudenzi,

M. Douspis, F. Dubath, C. A. J. Duncan, S. Dusini, S. Farrens, S. Ferriol, P. Fos-

alba, N. Fourmanoit, M. Frailis, E. Franceschi, P. Franzetti, M. Fumana, B. Gillis,

182



C. Giocoli, A. Grazian, F. Grupp, S. V. H. Haugan, W. Holmes, F. Hormuth, P. Hude-

lot, S. Kermiche, A. Kiessling, M. Kilbinger, R. Kohley, B. Kubik, M. Kümmel,
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[204] Fabian Pedregosa, Gaël Varoquaux, Alexandre Gramfort, Vincent Michel, Bertrand

Thirion, Olivier Grisel, Mathieu Blondel, Andreas Müller, Joel Nothman, Gilles

Louppe, Peter Prettenhofer, Ron Weiss, Vincent Dubourg, Jake Vanderplas, Alexan-

dre Passos, David Cournapeau, Matthieu Brucher, Matthieu Perrot, and Édouard
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