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Abstract

Statistical clustering is the process of partitioning objects into clusters so that units
within the same cluster have similar characteristics. Threshold clustering (TC) is a recently-
developed method designed so that, given a pre-specified threshold ¢*, each cluster contains
at least t* units and the maximum within-cluster dissimilarity (MWCD) is small. In fact,
among all clusterings which contain at least ¢t* units within each cluster, the MWCD ob-
tained through TC is, at most, 4 times as large as the smallest possible MWCD; finding the
clustering with the smallest MWCD possible is known as the bottleneck threshold partition-
ing problem (BTPP). TC requires only O(t*n) time and space outside of the construction of
a (t* — 1)—nearest-neighbors graph.

This dissertation centers on extending the TC methodology in several different ways.
First, we extend TC to instance selection problems on massive data through a procedure
called iterated threshold instance selection (ITIS). It works as follows. First, TC is performed
on the n units to form n* clusters, each containing ¢* or more units. Then, prototypes are
formed by computing a center point for each of the n* groups (e.g. a centroid or medoid).
Finally, if the data is not yet sufficiently reduced, TC is applied again to the n* prototypes.
These steps are repeated until the data has been sufficiently reduced. Besides scaling down
the data size, we use ITIS as a pre-processing step to allow for the use of more sophisticated
clustering methods. A statistical clustering of all n units can be obtained by an approach
called Tterative Hybridized Threshold Clustering (IHTC). In addition to improving efficiency,
[HTC also prevents singular data points from being overfit by desired clustering methods;
specifically, for m iterations of ITIS at size threshold ¢*, IHTC ensures that clusters contain
at least (t*)™ units. We give results from simulations and applications to real datasets
showing that our methods reduce the run time and memory usage of the original clustering

algorithms while still preserving their performance.



Second, we extend TC to hierarchical clustering in two ways. The first method, called hi-
erarchical agglomerative threshold clustering (HATC), follows the hierarchical agglomerative
clustering (HAC) paradigm closely. First, TC is performed on the n units to form several
clusters, each containing t* or more units. Then, the cluster with the smallest within-cluster
dissimilarity is condensed into a single point, and TC is again performed on the reduced
data. These steps are repeated until there are fewer than t* data points. The second method
repeatedly performs ITIS to form a cluster hierarchy. Initially, TC is performed on the n
units. Then, a prototype is formed for each cluster, and TC is performed again on these pro-
totypes. As before, these steps are repeated until there are fewer than ¢* points remaining.
Results from simulations show that these clustering methods perform comparably to, if not
better than, HAC.

Finally, we fill in some gaps in understanding on how well an algorithm can approximate
BTPP in polynomial time. Previous work has shown the existence of a 4-approximation
polynomial-time algorithm to BTPP for arbitrary ¢* and has shown that, when ¢t* > 2,
no (2 — e)—approximation algorithm can be performed in polynomial time unless P = NP.
We show that a polynomial-time 2-approximation algorithm exists when t* = 2 and a

polynomial-time 3—approximation algorithm exists when t* = 3.
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Chapter 1

Introduction

1.1 Introduction

Clustering, also known as unsupervised learning, is a well-studied problem in machine learn-
ing. It aims to group units with similar features together and separate units with dissimilar
features (Friedman et al., 2001). Cluster analysis has been used in many fields like biology,
management, pattern recognition, etc. Customer segmentation divides a customer base into
groups of individuals that are similar so that companies can target groups more effectively
and allocate marketing resource to gain best profit (Madhavaram and Hunt, 2008). Addi-
tionally, many methods (e.g. k-means clustering, hierarchical agglomerative clustering, etc.)
have been developed that successfully tackle the clustering problem.

However, enormous amounts of data are collected every day. For example, Walmart
performs more than 1 million customer transactions per hour (Cukier, 2010), and Google
performs more than 3 billion searches per day (Sullivan, 2015). This becomes a massive
accumulation of data. When working with data of such a large size, many of the state-of-the-
art clustering methods become intractable. That is, massive data requires novel statistical
methods to process this data; research on scaling up existing statistical algorithms and
scaling down the size of data without loss of information is of critical importance (Jordan

and Mitchell, 2015).



Instance selection is a commonly-used pre-possessing method for scaling down the size
of data (Blum and Langley, 1997; Liu and Motoda, 1998, 2002). The goal of instance
selection is to shorten the execution time of data analysis by reducing data size n while
maintaining the integrity of data (Olvera-Lépez et al., 2010). Instance selection methods rely
on sampling, classification algorithms, or clustering algorithms. Commonly used sampling
methods like simple random sampling and adaptive sampling require to determine the sample
size beforehand. Based on a training set in which all the labels are known, we can use
classification algorithms to identify which label the new instance belongs to. Methods rely
on classification algorithms can identify which group a new instance belongs based on a
training set of units whose label is known. When the labels are unknown, instance selection
methods related to clustering algorithms should be considered. Previous work has shown
methods reliant on clustering have better performance (accuracy) than some methods that
rely on classification (Olvera-Lépez et al., 2007, 2008, 2010; Raicharoen and Lursinsap, 2005;
Riquelme et al., 2003). However, current instance selection methods that rely on classification
often have faster runtimes.

On the other hand, threshold clustering (TC) is a recently developed method for clus-
tering that is extremely efficient. TC is a method of clustering units so that each cluster
contains at least a pre-specified number of units t* while ensuring that the within-cluster
dissimilarities are small. Previous work has shown that, when the objective is to minimize
the maximum within-cluster dissimilarities, a solution within a factor of four of optimal can
often be obtained in O(t*n) time and space when the (t* — 1)-nearest-neighbors graph is
given (Higgins et al., 2016). The runtime and memory usage required for TC is smaller
compared to other clustering methods, for example, k-means and hierarchical agglomerative

clustering (HAC).



1.2 Overview of Statistical Literature on Instance Se-
lection

The nearest neighbor decision rule (NN) is an instance selection method related to classi-
fication developed by Cover and Hart (1967) which require large storage space if data size
is massive. Also, NN is sensitive to noise. The condensed nearest neighbor rule (CNN)
was proposed to overcome NN’s drawback but it may contain noisy instances (Olvera-Lopez
et al., 2010). The edited nearest neighbor rule (ENN) can handle the noisy instance problem,
and experiments done by Tomek (1976); Wilson (1972) shows the performance of ENN is
better than that of NN rule. Selective nearest neighbor (SNN) aims to find a subset of the
dataset that can not only make all decision boundaries unchanged, but also reduce compu-
tation requirement (Ritter et al., 1975). Ritter et al. (1975) reproduced the data used in
P.Hart’s paper (Hart, 1968) and figured out that SNN has more precise decision boundaries
compared with using CNN. Aha et al. (1991) developed several instance-based methods (IB,
IB2, IB3) that can reduce storage requirement while distinguishing noisy instance. How-
ever, IB3 is sensitive to dimension of instance. Wilson and Martinez (2000) proposed several
additional reduction algorithms (DROP1-DROP5) for instance selection that have higher
average generalization accuracy compared with the other ten existing reduction algorithms
(eg: kNN, CNN, SNN;, IB2, IB3 etc.). Generalized condensed nearest neighbor (GCNN)
rule was proposed to extract prototype quickly and have accuracy close to those for the full
dataset (Chou et al., 2006). Cano et al. (2003) found that performing genetic algorithms
(GAs) as an instance selection method will have higher classification accuracy.

The k-means clustering algorithm (MacQueen et al., 1967) can be used in instance se-
lection. This algorithm partitions the data into k groups, the mean of each group can be
treated as prototype. However, k-means will converge to a locale optimal and sensitive to the
initialization. Also, it tends to overfit the isolated units. Squashing data is another type of
selection instance in clustering. It reduce the size of rows for the dataset while maintain the

attributes as the original one. DuMouchel et al. (1999) defined a model free data squashing



method that constructs a smaller dataset while contains almost the same information as
the original one. Owen (2003) developed a model dependent data squashing method based
on empirical likelihood. The likelihood-based data squashing (LDS) method partitions data
using a statistical model to squash the data (Madigan et al., 2002). Previous work showed
DuMouchel (2002)’s method has higher computational complexity than LDS method, Owen’s
method has lowest computaional complexity among these three. Generalized-modified Chang
algorithm (GMCA) is an CBL method that merges the two same-class nearest clusters into
a new cluster and chooses centers from the new merged clusters as prototypes (Mollineda
et al., 2002). Later, Lumini and Nanni (2006) proposed an CBL method that use centers for

each cluster as prototype.

1.3 Dissimilarity Measurements

Consider a dataset with n units, numbered 1 through n. Each unit ¢ has a response vector
y; and a d-dimensional covariate vector x; = (21, T, . .., %iq). For each pair of units 1, j,
the dissimilarity between ¢ and j, denoted d;;, can be computed. Often, the dissimilarity
is chosen so that, if units 7 and j have similar values of covariates x, then d;; is small, and
clustering methods often try to group units with small dissimilarity together. We assume

that d;; > 0, and that dissimilarities satisfy the triangle inequality; for any units ¢, j, k,
dij + dji > dig, (1.1)

Common choices of dissimilarities include Euclidean distance, Manhattan distance and

Mahalanobis Distance distance.

e Fuclidean distance

&y = \(win — 22+ (@2 — 22)? + o+ (20— 230" = |53 = X |



e Manhattan distance

dij = |vg — xj1| + w0 — 2| + o+ |wa — 2] = |[xi — x5]11

e Mahalanobis distance

dij = \/(Xz‘ = x;)TS7H (x; — %)
where S is the d x d-dimensional variance and covariance matrix of X.

Dissimilarity matrix D is an n by n symmetric matrix containing all the pairwise dissim-

ilarity between units in the dataset.

1.4 Overview of Statistical Literature on Clustering

Nowadays, hundreds of clustering algorithms have been proposed. In this study, we focus
on two types of clustering method: partitional and hierarchical. K-means clustering is a
partitional clustering method which finds all the clusters simultaneously. It begins with k
initial units, iteratively reallocating units among cluster groups until they converge. Cluster
membership is determined by computing the center of each cluster and assigning each unit
to the cluster group with the closest center. This algorithm is based on minimizing within-
cluster sum of square, which makes the clustering problem into an optimization problem.
In theory, if we enumerate all possible clustering ways (k™), the problem can be solved.
This problem can not be solved in polynomial-time. Researchers proved that finding an
exact solution to the k-means problem is NP-hard even when k£ = 2 (Drineas et al., 2004).
Hierarchical clustering combines or divides existing groups to create a hierarchical structure

that reflects the order of which groups are merged or divided.

1.4.1 K-means Clustering

The k-means clustering algorithm (Lloyd, 1982) is one of the most widely used and effective

methods that attempts to partition units into exactly k-clusters.



Lloyd (1982) developed a local search procedure which is still used today for k-means
clustering algorithm. At its core, k-means aims to form these clusters so that the sum of
squares of Euclidean distances between the cluster and the cluster center is small. Specifi-

cally, k-means aims to solve the following optimization problem:

Yo I pells (1.2)

c=1 xS,

where . is the center of units in group S. and ||x — pc||2 is the Euclidean distance between
unit x and p.. While this problem is NP-hard (Drineas et al., 2004), the k-means algorithm
provides a fast, heuristic solution for this objective.

The k-means clustering algorithm proceeds as follows:

1. (Initialization) Randomly select a set of k units (referred as centers) from the dataset.
K denote the number of clusters and it should be pre-specified.

2. (Assignment) Assign all the units to the nearest center, based on squared Euclidean
distance, to form k temporary clusters.

3. (Updating) Recompute the mean of each cluster. Replace the centers with the new
k cluster means.

4. (Terminate) Repeat step 2 and 3 until there is no further change for the centers.

The time complexity for the k-means clustering algorithm is O(nkLd) and the space com-
plexity is O((k + n)d) (Firdaus and Uddin, 2015; Hartigan and Wong, 1979) where d is the
number of attributes for each unit, L is the number of iterations taken by the algorithm to
converge.

The k-means algorithm suffers from a number of drawbacks (Hastie et al., 2009).

High sensitivity to initial units being chosen is a main shortcoming of k-means clustering.
This algorithm will converge to a local optimal, it can not guarantee to have global optimal.
It is possible that different initial units yield to different clustering results. Since the number
of clusters k is pre-specified, if the choice of k is not proper, it may cause poor results. Even

though this procedure will guarantee to have k clusters, it trends to overfit the isolated units



which may lead to some clusters containing only a few units. Also, k-means clustering is not
applicable for non-globular data.

Many methods have been developed to improve the quality of clustering by weakening
the effect of initialization. Ball and Hall (1967) proposed a method using distance threshold
T to guarantee the centers are separated. Finding a 7' that works properly for the data is
a shortcoming. Mao and Jain (1996) proposed k-means using Mahalanobis distance that
can detect hyperellipsoidal cluster. The cost is higher computation complexity. Arthur
and Vassilvitskii (2007) developed a procedure (k-means++) to initialize the cluster centers
before proceeding with the k-means clustering algorithm, experiments show his method run
faster than k-means and has better accuracy.

Fréanti et al. (1997, 1998) proposed genetic algorithms (GA) and tabu search (TS) that
consider several possible initialization which depend less on the initialization The disadvan-
tage is that these approaches are time consuming. Arthur and Vassilvitskii (2007) augmented
k-means with a simple, randomized seeding technique that runs faster than k-means and has
better performance. Franti and Kivijarvi (2000) developed a new algorithm named random-

ized local search (RLS) that has similar result as GA and TA but runs much faster.

1.4.2 Hierarchical Agglomerative Clustering

Hierarchical agglomerative clustering (Ward Jr, 1963), which is also called HAC, is a ”bottom
up” approach that aims to build a hierarchy clusters. It initially treats each unit as a cluster
and then continues to merge two clusters together until only one cluster remains.

For the HAC, we do not need to pre-specify the number of clusters. Desired number of
clusters can be obtained by using a dendogram—a reverse tree that shows how the units are

merged. The HAC proceeds as follows:

1. (Initial Clusters) Start with n clusters, each cluster only contains one unit.
2. (Merge) Merge the closest (most similar) pair of clusters into a single cluster.

3. (Updating) Recompute the distance between the new cluster and the original clusters.



4. (Terminate) Repeat step 2 and 3 until one cluster remains, the cluster contains n

units.

In order to figure out which clusters should be merged, measurements about inter-cluster
distance should be defined, these type of measurements are referred as linkage criteria. For

clusters A and B, there are several commonly used linkage criteria:

e Single linkage. The distance between cluster A and B is defined to be the distance
between the closest pair of units belonging to different clusters.
dsingle(A) B) = xielzll,iinleB dij (13)
e Complete linkage.The distance between cluster A and B is represented by the max-
imum distance between any two units belonging to different clusters.

deomplete(A, B) =  max d;; (1.4)

xX;€EAx;EB

e Average linkage. Also referred to as the Unweighted Pair Group Method with Arith-
metic Mean (UPGMA) (Sokal, 1958). The distance between two clusters A and B is

defined as the average distance of all pairs of units belonging to different clusters.

doverage(A: B) = s AH Z > dj (1.5)

xi€Ax;€B
where |A], | B| represent the size of cluster A and B, respectively.

e Centroid linkage. The distance between two clusters A and B is distance between

the centers of the clusters.

Single linkage works well for non-elliptical shaped data. However, it is sensitive to outliers
and noise. Complete linkage is more robust to outliers and noise but does not works well for

convex shaped dataset (Steinbach et al., 2004). Average linkage is an intermediate approach



between single linkage and complete linkage. Centroid linkage is conceptually simpler than
the average of all pairwise distances in UPGMA but it may produce dendograms with in-
versions, which make visualization messy. ”Cutting” the dendogram of average linkage and
centroid linkage provides no interpretation. However, ”cutting” the dendogram for single
linkage and complete linkage can be interpreted. For average linkage and centroid linkage,
cluster results may change if monotone transformation was applied on the dissimilarity mea-
sure. For example, change from Euclidean distance to Squared Euclidean distance will return
different clustering (Friedman et al., 2001; James et al., 2013).

The linkage criteria should be pre-determined by the researcher. The choice of linkage
will affect the clustering procedure and impact the cluster result. Almeida proposed a self-
consistent outlier reduction approach to overcome outlier sensitive issues for single linkage
clustering (Almeida et al., 2007). Ward’s method does not directly define a measure of
distance between two units or clusters, instead, two clusters with the smallest increase in the
error sum of squares will merge (Ward Jr, 1963). This method is less susceptible to noise
and outliers but does not work well for globular clusters. HAC requires linkage criteria to
measure inter-cluster distance but initialization and the choice of k is no longer a problem to
worry about. However, the time complexity of HAC is O(n?log(n)) (Kurita, 1991) and space
complexity is O(n?) (Jain et al.; 1999). This complexity limits its application to massive
data. Another hindrance of HAC is that every merging decision is final. Once two clusters

are merged into a new cluster, there is no way to partition the new cluster in later steps.

1.5 Organization of the Dissertation

So far we have portrayed commonly used dissimilarity measurements, k-means clustering
and hierarchical agglomerative clustering algorithms in a general way. Chapter 2 discussed
in detail the threshold clustering (TC). We extend the threshold clcustering methodology
to clustering problems under massive data setting through viewing threshold clustering as
an instance selection procedure. We also extend TC to hierarchical agglomerative threshold

clustering (HATC) which introduces in Chapter 4. In Chapter 3, a polynomial-time 3-



approximation algorithm when t* = 3 and a polynomial-time 2-approximation algorithm

when t* = 2 are proposed. Finally, we conclude in Chapter 5.
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Chapter 2

Iterated Hybridized Threshold

Clustering for Massive Data

2.1 Introduction

Clustering, also known as unsupervised learning, is a well-studied problem in machine learn-
ing. It aims to group units with similar features together and separate units with dissimilar
features (Friedman et al., 2001). Cluster analysis has been used in many fields like biology,
management, pattern recognition, etc. Additionally, many methods (e.g. k-means cluster-
ing, hierarchical agglomerative clustering, etc.) have been developed that successfully tackle
the clustering problem.

However, enormous amounts of data are collected every day. For example, Walmart
performs more than 1 million customer transactions per hour (Cukier, 2010), and Google
performs more than 3 billion searches per day (Sullivan, 2015). This becomes a massive
accumulation of data. When working with data of such a large size, many of the state-of-
the-art clustering methods become intractable.

That is, massive data requires novel statistical methods to process this data; research on
scaling up existing statistical algorithms and scaling down the size of data without loss of

information is of critical importance (Jordan and Mitchell, 2015).

11



Instance selection is a commonly-used pre-possessing method for scaling down the size
of data (Blum and Langley, 1997; Liu and Motoda, 1998, 2002). The goal of instance
selection is to shorten the execution time of data analysis by reducing data size n while
maintaining the integrity of data (Olvera-Lépez et al., 2010). Instance selection methods rely
on sampling, classification algorithms, or clustering algorithms. Previous work has shown
methods reliant on clustering have better performance (accuracy) than some methods that
rely on classification (Olvera-Lépez et al., 2007, 2008, 2010; Raicharoen and Lursinsap, 2005;
Riquelme et al., 2003). However, current instance selection methods that rely on classification
often have faster runtimes.

On the other hand, threshold clustering (TC) is a recently developed method for clus-
tering that is extremely efficient. TC is a method of clustering units so that each cluster
contains at least a pre-specified number of units t* while ensuring that the within-cluster
dissimilarities are small. Previous work has shown that, when the objective is to minimize
the maximum within-cluster dissimilarities, a solution within a factor of four of optimal can
often be obtained in O(t*n) time and space when the (¢t — 1)-nearest-neighbors graph is
given (Higgins et al., 2016). The runtime and memory usage required for TC is smaller
compared to other clustering methods, for example, k-means and hierarchical agglomerative
clustering (HAC).

In this chapter, we propose the use of TC for instance selection. The proposed method,
which is called iterated threshold instance selection (ITIS), works as follows. For a given t*,
TC is applied on n units to form n* clusters; each cluster will contain at least t* units. Then
prototypes are formed by finding the center of each cluster. TC is applied again to the n*
prototypes if the data is not sufficiently reduced. Otherwise, the procedure is stopped.

We also propose using ITIS as a pre-processing step on large data to allow for the use
of more sophisticated clustering methods. First, ITIS is applied to form a sufficiently small
set of prototypes. Then, a more sophisticated clustering algorithm (e.g. k-means, HAC) is
applied on this set of prototypes. Finally, a clustering on all n units is obtained by ”backing
out” the cluster assignments for the prototypes—for each prototype, the units used to form

the prototype are determined; these units are assigned to the same cluster assigned to the
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prototype. This clustering process on all n units is called Iterative Hybridized Threshold
Clustering (IHTC).

We show, using simulations and applications of our algorithm to six large datasets, that
IHTC combined with other clustering algorithms reduces the run time and memory usage
of the original clustering algorithms while still preserving their performance. Additionally,
we show THTC also prevents singular data points from being overfit by desired clustering
methods. Specifically, for m iterations of ITIS at size threshold ¢*, IHTC ensures that each
cluster contains at least (¢*)™ units.

The rest of this chapter is organized as follows. A brief summary about clustering al-
gorithms (k-means, HAC, TC) is given in section 2.2. Section 2.3 shows how to extend
threshold clustering as an instance selection method and combine the iterated threshold in-
stance selection method with other clustering methods. A simulation study is presented in
section 2.4 and application of our methods on real datasets are presented in section 2.5. The

last section discuss about our method.

2.2 Notation and Preliminaries

Consider a dataset with n units, numbered 1 through n. Each unit ¢ has a response vector
y; and a d-dimensional covariate vector x; = (21, T, ..., %iq). For each pair of units 1, j,
the dissimilarity between ¢ and j, denoted d,;, can be computed. Often, the dissimilarity is
chosen so that, if units 7 and j have similar values of covariates x, then d;; is small. We assume
that d;; > 0, and that dissimilarities satisfy the triangle inequality 1.1. Common choices of
dissimilarities include Euclidean distance, Manhattan distance and average distance.

We define a clustering of a set of units as a partitioning of units such that units within
each cluster of a partition have “small dissimilarity” and units belonging to two different
clusters have “large dissimilarity.” That is, at minimum, a clustering v = {Vi,V5,...,V,,}

will satisfy the following properties:

1. (Non-empty): V; # 0 for all V; € v.
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2. (Spanning): For all units ¢, there exists a cluster V; € v such that i € V}.

3. (Disjoint): For any two clusters V;, Vy € v, V, NV =)

The way of measuring “large” and “small” cluster dissimilarity will vary across clustering
algorithms.

There are currently hundreds of available methods for clustering units. Moreover, some of
these methods may be combined to construct additional hybridized clustering methods—our
procedure for hybridizing is the major contribution of this chapter. For brevity, we apply
our hybridizing procedure to two clustering methods—=kA-means and hierarchical clustering—
with a note that this procedure may be applied to many other types of clustering. We now

give a brief summary of these clustering methods.

2.2.1 K-means Clustering

The k-means clustering algorithm (Lloyd, 1982) is one of the most widely used and effective
methods that attempts to partition units into exactly k-clusters.

The k-means clustering algorithm proceeds as follows:

1. (Initialization) Randomly select a set of k units (referred as centers) from the dataset.
K denote the number of clusters and it should be pre-specified.

2. (Assignment) Assign all the units to the nearest center, based on squared Euclidean
distance, to form k& temporary clusters.

3. (Updating) Recompute the mean of each cluster. Replace the centers with the new
k cluster means.

4. (Terminate) Repeat step 2 and 3 until there is no further change for the centers.

The time complexity for the k-means clustering algorithm is O(nkLd) and the space com-
plexity is O((k + n)d) (Firdaus and Uddin, 2015; Hartigan and Wong, 1979) where d is the
number of attributes for each unit, L is the number of iterations taken by the algorithm to
converge.

The k-means algorithm suffers from a number of drawbacks (Hastie et al., 2009). First,

there tends to be high sensitivity to the selection of initial units in Step 1. Additionally, it
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tends to overfit isolated units leading to some clusters containing only a few units. Finally,
the number of clusters k is fixed; if k is misspecified, k-means may perform poorly. In
particular, many methods have been developed to mitigate problems due to initialization

(Arthur and Vassilvitskii, 2007; Franti and Kivijarvi, 2000; Fréanti et al., 1997, 1998).

2.2.2 Hierarchical Agglomerative Clustering

Hierarchical agglomerative clustering (HAC) (Ward Jr, 1963) is a "bottom up” approach
that aims to build a hierarchy clusters. It initially treats each unit as a cluster and then
continues to merge two clusters together until only one cluster remains. HAC does not
require a pre-specified number of clusters; Desired number of clusters can be obtained by
using a dendogram—a tree that shows how the units are merged.

The HAC proceeds as follows:

—_

. (Initial Clusters) Start with n clusters, each cluster only contains one unit.

\V)

. (Merge) Merge the closest (most similar) pair of clusters into a single cluster.

w

. (Updating) Recompute the distance between the new cluster and the original clusters.

W

. (Terminate) Repeat step 2 and 3 until one cluster remains, the cluster contains n

units.

HAC requires linkage criteria to measure inter-cluster distance, but initialization and the
choice of k is no longer a problem. However, the time complexity of HAC is O(n?log(n))
(Kurita, 1991) and space complexity is O(n?) (Jain et al., 1999). This complexity limits its
application to massive data. Another hindrance of HAC is that every merging decision is
final. Once two clusters are merged into a new cluster, there is no way to partition the new

cluster in later steps.

2.2.3 Threshold Clustering (TC)

Our hybridization method makes use of a recently developed clustering method called thresh-

old clustering (TC). Initially this method was developed for performing statistical blocking of
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massive experiments (Higgins et al., 2016). TC differs in two significant ways from traditional
clustering approaches. First, TC does not fix the number of clusters formed, but instead, it
ensures that each cluster contains a pre-specified number of units. Thus, TC is an effective
way of obtaining many clusters, with each containing only a few units. Second, TC ensures
the formation of a clustering with a small maximum within-group dissimilarity—more pre-
cisely, TC finds approximately optimal clustering with respect to a bottleneck objective—as
opposed to an average or median within-group dissimilarity. The bottleneck objective is
chosen not only to prevent largely dissimilar units from being grouped together, but also
because these types of optimization problems often have approximate solutions that can be
found efficiently (Hochbaum and Shmoys, 1986).

More precisely, let B(t*) denote the set of all threshold clusterings—those clusterings
v such that |V;| > t* for each cluster V, € v. The bottleneck threshold partitioning prob-
lem (BTPP) is to find the threshold clustering that minimizes the maximum within-cluster

dissimilarity. That is, BTPP aims to find vi € B(t*) satisfying:

max maxd;; = min maxmaxd;; = A; (2.1)
Veevt ijeVy veB(t*) Viev ijeV,

here, A is the optimal value of the maximum within-cluster dissimilarity.

It can be shown that BTPP is NP-hard, and in fact, no (2 — €)—approximation algorithm
for BTPP exists unless P = NP. However, Higgins et al. (2016) develops a threshold cluster-
ing algorithm (for clarity, the abbreviation TC refers specifically to this algorithm) to find a
threshold clustering with maximum within-cluster dissimilarity at most 4\. That is, TC is
a 4—approximation algorithm for BTPP. The time and space requirement for TC are O(t*n)
outside of the construction of a nearest neighbors graph (Higgins et al., 2016). Hence, TC
may be used for large datasets, especially when the threshold ¢* and the dimensionality of
the covariate space are small.

TC uses graph theoretic ideas in its implementation. See Appendix C for graph theory
definitions. TC with respect to a pre-specified minimum cluster size threshold ¢* is performed

as follows:
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1. (Construct nearest-neighbor subgraph) Construct a (¢* — 1)-nearest-neighbors

subgraph NGy-_; with respect to the dissimilarity measure d;;.
2. (Choose set of seeds) Choose a set of units S such that

(a) For any two distinct units 7, j € S, there is no walk of length one or two in NG=_4

from 7 to j.

(b) For any unit ¢ ¢ S, there is a unit j € S such that there exists a walk from i to j

of length at most two in NGy _1.
Units in S are known as seeds.

3. (Grow from seeds) For each ¢ € S, form a cluster of units V,* comprised of unit ¢

and all units adjacent to £ in NGy_q.

4. (Assign remaining vertices) Some units j may not be assigned to a cluster yet.
These units are a walk of length two from at least one seed £ € S in NG«_1. Assign
the unassigned units to the cluster associated with seed ¢. If there are several choices

of seeds, choose the one that with the smallest dissimilarity dy;.

The set of clusters v = {V;*},cs form a threshold clustering. Additionally, polynomial-
time improvements to this algorithm—for example, in selecting cluster seeds or splitting large
clusters—may improve the performance of TC without substantially increasing its runtime.
An implementation of TC can be found in the R package scclust (Savje et al., 2017).

We construct a sample data to describe the four steps of threshold clustering algorithm
which shown in Figure 2.1. In this problem we generate 20 units and with two covariates
(n = 20,d = 2), to make the algorithm visible and plot in x — axis and y — axis. First of
all, we treated each unit as vertex and use Euclidean distance to measure the dissimilarity
between each pair of units. All the vertices are shown in (1.a). Then we defined threshold
t* = 2 and a (t* — 1)-nearest-neighbors subgraph is obtained in (1.b). In (1.c), we found
a set of seed M which represented as blue triangle, edges between the seeds and vertices

adjacent to the seeds are highlighted. We formed clusters comprised by the seed and its
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adjacent vertices, winch circled by red dash-line in (1.d). Remaining vertices are assigned to
clusters which contain their closest seed and the final clusters can be seen in (1.e). Finally,

the threshold clustering is comprised of 7 clusters and each cluster contains at least 2 units.

< tal | 1\ 1| |7 4 1c

1d le

Figure 2.1: An illustration of the threshold clustering algorithm described in Section 2.2.3
with n = 20 and t* = 2. In (1.a), each unit is represented by a vertex. In (1.b), a (t* — 1)-
nearest-neighbors subgraph is obtained. Seeds are found in (1.c), represented by blue triangles.
In (1.d) clusters are formed by grouping the cluster seed with its adjacent vertices. In (1.e),
remaining vertices are assigned to clusters which contain their closest seed. The threshold

clustering is comprised of 7 clusters, each with at least 2 units.
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2.3 Extension of Threshold Clustering

2.3.1 Threshold clustering as instance selection

Instance selection methods are used in massive data settings to efficiently scale down the
size of the data (Leyva et al., 2015).

Common techniques for instance selection include subsampling (Pooja, 2013) and con-
structing prototypes (Plasencia-Calana et al., 2014)—pseudo data points where each proto-
type represents a group of similar individual units. These methods tend to work quite well
for massive data applications. Suppose the researcher desires to reduce the size of the data
by a factor of a. We propose the following method for instance selection, which we call

iterated threshold instance selection (ITIS):

1. (Threshold clustering) Perform threshold clustering with respect to a small size
threshold t* (e.g. t* = 2) on the n data points to form n* clusters, each containing ¢*

or more points.

2. (Create prototypes) Compute a center point for each of the n* groups (e.g. centroid

or medoid).

3. (Terminate or continue) If the data is reduced by a factor of «, stop. Otherwise,

replace the n data points with the n* centers and go back to Step 1.

An illustration of the ITIS procedure is given in Figure 2.2.

Instance selection may also be performed by choosing ¢t* = a and running one iteration of
ITIS. However, the one iteration version does not seem to be as promising under massive data
settings since the runtime of threshold clustering increases as t* increases. See Appendix A
for details.

Since the size of the data is reduced by a factor of t* with each iteration, it follows that
the computation for each subsequent iteration of ITIS decreases exponentially. Thus, the
computational bottleneck of ITIS becomes the construction of a t*-nearest-neighbors graph

on all n units. This also suggests that the computation required of I'TIS may be drastically
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2.d . 2,e

Figure 2.2: An illustration of iterated threshold instance selection (ITIS) with threshod
t* =2 on a sample of n = 30 data points drawn from a bivariate Gaussian mixture model.
In (2.a), each unit is represented by a point. Applying threshold clustering on the data, 12
clusters are formed in (2.b). A prototype is formed for each of the 12 groups in (2.c). In
(2.d), apply threshold clustering on the prototype, 5 clusters are formed. & prototypes are
formed for the 5 clusters, the results are shown in (2.e). For this illustration, We perform
two iterations of ITIS.

improved through the discovery of methods for parallelization of threshold clustering. The
iterative nature of ITIS does have a drawback; with each iteration, the prototype units
become less similar to the units comprising the prototype. However, simulations suggest

that this issue is not severe in massive data settings.

2.3.2 Iterative Hybridized Threshold Clustering

Often, researchers would like to use certain clustering methods (e.g. k-means, HAC, etc.)
because of favorable or familiar properties of these clustering methods. However, under mas-

sive data settings, using such clustering techniques may not be feasible because of prohibitive
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computational costs. We propose the following method for using ITIS as a pre-processing
step on all n units to allow for the use of more sophisticated clustering methods. We call

this procedure Iterative Hybridized Threshold Clustering (IHTC). It works as follows:

1. (Create prototypes) Perform iterative threshold instance selection with respect to

a size threshold t* on the n data points m times to form prototypes.
2. (Cluster prototypes) Cluster the prototypes (e.g. using k-means) obtained by 1.

3. (”Back out” assignment) For each prototype, determine which of the original n
units contributed to the formation of that prototype and assign these units to the

cluster belonging to the prototype.

Figure 2.3 gives an illustration of IHTC with k-means.

THTC reduces the size of the data by a factor of (t*)™, which can improve the efficiency of
the original clustering algorithm. Additionally, IHTC also prevents overfitting of individual
points, which may lead to a more effective clustering regardless with just a couple iterations
of IHTC. Specifically, for m iterations of ITIS at size threshold ¢*, IHTC ensures that each
cluster contains at least (¢*)™ units. Finally, we note that THTC can be applied to most

other clustering algorithms—mnot just k-means or HAC.

2.4 Simulation

We first demonstrate properties of IHTC using simulated data. We apply IHTC to samples
of varying sizes where each data point is sampled from a mixture of three bivariate Gaussian

distributions. Specifically, samples are drawn independently from a distribution with pdf:

f(x) = 0.5p(x|u1, 1) + 0.3p(x|p2, Xa) + 0.2p(x|u3, X3)
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Figure 2.3: An illustration of hybridized threshold clustering with k-means on bivariate
data: n =20,k = 3,t* = 2. In (3.a), each unit is considered as a vertexr and the dissimilarity
between every pair units is computed. Applied threshold clustering with t* = 2 on the 30 units,
7 groups are formed in (3.b). For each of the group, generate one prototype, 7 prototypes
obtained in (3.c). Then apply k-means clustering on these 7 prototypes, 3 clusters obtained
in (3.d). Units that contributed to form a prototype should be assign to the cluster which the
prototype belongs to. The final clustering results are in (3.e).

where p(x|p;, 2j) is the pdf of a Gaussian with parameters p; and 35, j = 1,2, 3,

1 7 3
M1 = y M2 = y 3 = )
2 8 )
1 0 2 0 3 0
El_ 722: 723_
0 0.5 01 0 4

We use Euclidean distance as our dissimilarity measure. The data size n varies between

10* and 10® observations and each setting is replicated 1000 times. For each simulation, we
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record the run time in seconds and memory usage in megabytes for the whole procedure.

Algorithms are implemented in the R programming language. We use the scclust pack-
age to perform threshold clustering (Savje et al., 2017). The default kmeans and hclust
functions in R are used for k-means and hierarchical agglomerative clustering respectively.
This simulation was performed on the Beocat Research Cluster at Kansas State University,
which is funded in part by NSF grants CNS-1006860, EPS-1006860, and EPS-0919443 (Uni-
versity, 2018). We perform simulations on a single core Intel Xeon E5-2680 v3 with 2.5 GHz
processor with 30 GM of RAM at maximum.

2.4.1 TIHTC with K-means Clustering

We perform THTC with k-means with threshold ¢t* = 2 and number of clusters £ = 3. The
run time and memory usage are in Figure 2.4 and Table 2.1. Because we simulated data from
a Gaussian mixture model, each cluster roughly should correspond to a different Gaussian
distribution. Hence, we can use prediction accuracy to measure the performance of our
methods. The prediction accuracy is the number of units correct clustered divided by data
size n. The prediction accuracy for IHTC with k-means are in Figure 2.5 and Table 2.1. The
first point of each curve (iteration m = 0) indicates the performance without pre-processing
of the data; that is m = 0 indicates where only the original clustering algorithm is applied
to the data.

From Figures 2.4 and 2.5, and from Table 2.1, we find that using IHTC with k-means
decreases the runtime and memory required compared to without IHTC. After one iteration,
the runtime and memory usage decreases by about half while the prediction accuracy remains
the same. As the number of iterations increases, the additional improvements in runtime
and memory usage decrease. After several iterations, runtime and memory usage tend to

level off and prediction accuracy slowly decreases.
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Figure 2.4: Run time and memory usage of IHTC with k-means clustering (k = 3,t* = 2).
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Figure 2.5: Prediction accuracy of IHTC with k-means clustering (k = 3,t* = 2).

2.4.2 IHTC with HAC

HAC is an computationally expensive algorithm. For example, if data size exceed 65,536
datapoints, the hclust function in R will throw an error. We applied IHTC with HAC and
consider with respect to threshold t* = 2. Comparing the performance with pre-processing
and without pre-processing, we found the reduction for runtime and memory requirement is
dramatic when we apply IHTC with HAC, while prediction accuracy falls slightly. As the
number iterations increase, the improvements in runtime and memory usage decrease, and
after several iterations, runtime and memory tend to a certain stable value and prediction
accuracy decreases. Thus, the number of iterations to perform is an unsolved problem.

Figures 2.6 and 2.7, and Table 2.2 give the results of IHTC with HAC.
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Figure 2.7: Prediction accuracy of IHTC with HAC (k = 3,t* = 2).

2.5 Experiments

In this section, we will use our threshold clustering algorithm performance on several publicly
available datasets. A brief description of each dataset can be found in Table 2.3. The
Euclidean distance is used to measure the dissimilarity and principal component analysis
(Friedman et al., 2001; Hotelling, 1933) is used for each dataset to perform feature selection.
The number of classes (k) is chosen by the elbow of plot of within-cluster sum of squared

distances for different k. All experiments run on a single CPU core laptop.

’ Name \ Instances \ Attributes \ Classes ‘
PM 2.5 (Havera, 2017) 41757 5 4
Credit Score (Kaggle, 2011) 120269 6 5
Black Friday (Dagdoug, 2018) 166986 7 4
Covertype (Blackard and Dean, 1999) 581012 6 7
House Price (Zillow, 2017) 2885485 5 5
Stock (Brogaard et al., 2014; Carrion, 2013) | 7026593 5 7

Table 2.3: Data description.

Tables 2.4, 2.5, and 2.6, and Figures 2.8 and 2.9 demonstrate results of IHTC with k-
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means and HAC for these datasets. Iteration m = 0 indicates the performance when no
pre-processing was conducted; only k-means clustering was applied to the data. BSS/TSS
is the ratio of between cluster sum of squares and total sum of squares. Larger ratio value
indicates better cluster performance. The number of prototypes is the size of the reduced
data after m iterations. We found that using IHTC with k-means or HAC decreases the
runtime and memory required compared to without IHTC. After one iteration, the runtime
and memory usage decreases by about half while preserving the value of the BSS/TSS ratio.
As the number of iterations becomes large, the improvements in runtime and memory usage
decrease and the BSS/TSS ratio decreases slowly.

To demonstrate the versitility of IHTC, we also consider its performance with the clus-
tering method DBSCAN (Ester et al., 1996). The results of DBSCAN are contained in

Appendix B.
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Figure 2.8: Cluster performance for IHTC with K-means.

33



Run Time Memory Usage

1507 S+ 20007
4000 -
1001 )
S = 3000
2 > "
) o]
£ e £ 2000
F 50- 2
1000 1 Nk
—a—s—s——8—a—a—a
0- Qzﬁ:ﬁ:ﬁ:ﬁ:@: 0-
0 5 10 0 5 10
Iteration (m) Iteration (m)
Ratio Number of Prototype
061 20000 1

15000 1

0.4 1 '\./'\._.\_/.\_\.

BSS/TSS
Number of Prototype

10000 -
0.21
5000 A
0.0 1 0-
0 5 10 0 5 10
Iteration (m) Iteration (m)

—— Black Friday -#- Credit Score —#- PM25
Dataset .
—4— Covertype  —+ House Price —#- Stock

Figure 2.9: Cluster performance for IHTC with HAC.

2.6 Discussion

Many clustering methods share one ubiquitous drawback: as the size of the data becomes
massive—that is, as the number of units n for the data becomes large—these methods

become intractable. Even efficient implementations of these algorithms require prohibitive
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computational resources under massive n settings. Recently, threshold clustering (TC) has
been developed as a way of clustering units so that each cluster contains a pre-specified
number of units and so that the maximum within-cluster dissimilarity is small. Unlike many
clustering methods, TC is designed to form clustering comprised of many groups of only a
few units. Moreover, the runtime and memory requirement for TC is smaller compared to
other clustering methods.

In this chapter, we propose using TC as an instance selection method called iterative
threshold instance selection (ITIS) to efficiently and effectively reduce the size of data. Ad-
ditionally, we propose coupling ITIS with other, more sophisticated clustering methods to
obtain method to sufficiently scale down the size of data. and introduced IHTC that can
efficiently and effectively scale down the size of data so that more sophisticated clustering
methods can be applied on the reduced data.

Simulation results and application on real datasets show that implementing clustering
methods with IHT'C may decrease their runtime and memory usage without sacrificing the
their performance. For more sophisticated clustering methods, this reduction in runtime and
memory usage may be dramatic. Even for the standard implementation of k-means in R,
one iteration of IHTC decreases the runtime and memory usage by more than half while

maintaining clustering performance.
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Chapter 3

Hierarchical Agglomerative Threshold

Clustering for Massive Data

3.1 Introduction

Hierarchical agglomerative clustering (HAC) is a "bottom up” approach that initially views
each data point as a cluster and then continues to merge two clusters together until there is
one cluster left. The merges of HAC are determined in a greedy way (Horowitz and Sahni,
1979). The time and space complexity limits its application to massive data.

In Chapter 2 we propose TC for instance selection that can efficiently and effectively scale
down the size of data so that more sophisticated clustering methods can be applied on the
reduced data. This chapter we would extend TC to hierarchical clustering. We consider two
methods which works as follows. The first method, called hierarchical agglomerative thresh-
old clustering (HATC), follows the hierarchical agglomerative clustering (HAC) paradigm
closely. First, TC is performed on the n units to form several clusters, each containing ¢* or
more units. Then, the cluster with the smallest within-cluster dissimilarity is condensed into
a single point, and TC is again performed on the reduced data. These steps are repeated
until there are fewer than t* data points. The second method repeatedly performs ITIS to

form a cluster hierarchy. Initially, TC is performed on the n units. Then, a prototype is
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formed for each cluster, and TC is performed again on these prototypes. As before, these
steps are repeated until there are fewer than t* points remaining.

Using simulation, we show that our methods reduces the run time and memory usage
of the other clustering algorithms while still preserving their performance. Additionally, we
show HATC prevents singular data points from being overfit by desired clustering methods.

The rest of this chapter is organized as follows. Section 3.2 shows how to extend threshold
clustering to hierarchical agglomerative threshold clustering. Repeated performs ITIS to
form a cluster hierarchy is given in section 3.3 A simulation study is presented in section

3.4. The last section discuss about our method.

3.2 Hierarchical Agglomerative Threshold Clustering

(HATC)

The HATC is a bottom-up clustering method where each cluster has sub-clusters. It start
with every unit in a cluster, then merges some clusters by satisfying some criteria in each
successive iteration, it will terminate when all of the units are in one cluster.

The HATC works as follows. First, TC is performed on the n units to form several
clusters, each containing t* or more units. Then we compute the within-cluster distances.
Suppose the cluster which has smallest within-cluster distance contains n* units, we form a
prototype for this cluster, discard these n* units. The reduced dataset now contains n—n*+1
units. Finally, if the data size smaller or equal to t*, TC is applied again to the n — n* + 1

units. Otherwise, stop.

1. (Threshold Clustering) Perform threshold clustering with respect to a size threshold

t* on the n data points to form several clusters.

2. (Compute Within-cluster Distance) Compute within-cluster distance for each

cluster.

3. (Condense Cluster) Suppose the cluster which has smallest within-cluster distance
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contains n* units, compute a center point for these n* units (e.g. centroid or medoid),

replace the n data points with the n — n* + 1 units.

4. (Terminate or continue) Repeat step 1 to step 3 until data size no greater than t*.

Figure 3.1 gives an illustration of HATC.
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Figure 3.1: An illustration of HATC on bivariate data: n = 10,t* = 2. In graph (5.a),
each unit is represented by a point. Applying threshold clustering on the data, 4 clusters
are formed in (5.b). A prototype is formed for the cluster which has smallest within-cluster
distance in (5.c). In (5.d), threshold clustering is performed again on the rest of points and
4 clusters are formed. The second prototype is formed for the cluster which has smallest
within-cluster distance in (5.¢). Apply TC on these 8 units to form 4 clusters in (5.f).
Condense unit 5 and 6 as a new prototype in (5.g). The clustering result after 3 iterations

of HATC are given in (5.h). These pmcedure?)éuill stop until only 3 units left.



3.3 Cluster Hierarchy

We use TC as a clustering technique on massive datasets. In this case, for each iteration,
the size of data will reduce by a factor of t* and no other clustering algorithms are required.

We propose the following method:

1. (Threshold clustering) Perform threshold clustering with respect to a size threshold

t* on n units, n* clusters are formed.

2. (Create prototypes) Compute a center point for each of the n* groups (e.g. centroid

or medoid).

3. (Terminate or continue) If number of prototypes is no greater than ¢t*, go to Step 4.

Otherwise, replace the n data points with the n* centers and go back to Step 1.

4. (”Back out” assignment) For each prototype, determine which of the original n
units contributed to the formation of that prototype and assign these units to the

cluster belonging to the prototype.

Figure 3.2 gives an illustration of this method.
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Figure 3.2: An illustration of forming cluster hierarchy with ITIS) on bivariate data: n =
30,t* = 2. In graph (4.a), each unit is represented by a point. Applying threshold clustering
on the data, 12 clusters are formed in (4.b). A prototype is formed for each of the 12 groups
in (4.c). In (4.d), threshold clustering is performed again on the prototypes and 5 clusters
are formed. 5 prototype is formed in (4.e). Apply TC on these 5 prototypes to form 2 clusters
in (4.f). Condense 2 clusters into 2 prototypes in (4.g). If desired number of cluster is 2,

the "backed out” final clustering results are given in (4.h).
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Specifically, for m iterations of TC at size threshold t*, this method ensures that each
cluster contains at least (¢*)™ units. This method prevents overfitting of individual points,
which may lead to a more effective clustering regardless with just a couple iterations of TC.
Besides this, this is an efficient clustering algorithm that can work with massive data on a

laptop.

3.4 Simulation Study

We demonstrate properties of both methods using simulated data. The data is simulated
with the same distribution as Section 2.4 introduced and we use Euclidean distance as our
dissimilarity measure. Data size n varies between 10% and 10° observations and each setting
is replicated 100 times. For each simulation, we record the run time in seconds and memory
usage in megabytes for the whole procedure.

Algorithms are implemented in the R programming language: We use the SCCLUST
(Savje et al., 2017) package to perform threshold clustering. The simulation was performed
on a laptop with 2.6 Ghz processor and 16 GB of RAM.

The cluster performance in Table 3.1.

Method Run Time (second)  Memory (Mb) BSS/TSS Accuracy
10 10 10° | 10° 10* 10° | 10° 10t 10° | 10 10* 10°
HAC 0.04 3.12 - 7.7 764 - 0.8322 0.8386 - 0.914 0.9281 -
Cluster Hierarchy | 0.02 0.048 0.504 | 1.8 5.62 12.12 | 0.9037 0.8592 0.85 | 0.891 0.8901 0.8736
HATC 18 116 196 1058 0.987  0.988 0.9105 0.9012

Table 3.1: Cluster performance of our method and HAC (t* =2).

Because we simulated data from a Gaussian mixture model, each cluster roughly should
correspond to a different Gaussian distribution. Hence, we can use prediction accuracy to
measure the performance of our methods. The prediction accuracy is the number of units
correct clustered divided by data size n.

From Table 3.1, we find that performs I'TIS to form a cluster hierarchy decrease the run-
time and memory required compared to HAC. The ratio of between-cluster sum of square

and total sum of square (BSS/TSS) for HATC is higher than the ratio for HAC. The pre-
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diction accuracy for HATC is a little lower than that for HAC but is acceptable. HATC has

longer runtime and higher accuracy than performs I'TIS to form a cluster hierarchy.

3.5 Discussion

As an important tool of data clustering, HAC provides a structure that is informative and
easy to decide the number of clusters with dendrogram. However, the computation complex-
ity limits its application on massive dataset.

This chapter introduced two hierarchical clustering methods that reduce runtime and
memory requirement while maintain cluster performance. HATC has better cluster perfor-
mance than performs ITIS to form a cluster hierarchy but it has longer runtime. We may

improve the implementation of HATC in the future to make them work better.
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Chapter 4

Tighter Bounds on Approximation

4.1 Introduction

The bottleneck objective framework is often amenable to making claims about the availability
of polynomial-time approximation algorithm (Hochbaum and Shmoys, 1986). In the case of
threshold blocking, it can be shown, when ¢ > 3, that no (2 — ¢)-approximation algorithm
for bottleneck threshold partitioning problem (BTPP) can terminate in polynomial time
unless P = NP (Higgins et al., 2016). However, threshold clustering which introduced
in Higgins et al. (2016)’s paper only gives a 4-approximation algorithm. Thus, there is a gap
in understanding on how well an algorithm can approximate BTPP in polynomial time. In
some situations, it may be possible that to obtain an improved polynomial-time algorithm
for BTPP with an approximation factor less than 4.

In this paper, we fill in some gaps for the relationship between a-approximation and ¢.
We show that when t = 2, there is a polynomial-time 2—approximation algorithm exists
and when ¢ = 3, a polynomial-time 3—approximation algorithm exists. Table 4.1 provides
information about what we found in this chapter and which part needs to be solved in the
future.

The rest of this chapter is organized as follows. A brief set-up about graph theoretic

framework is given in section 4.2. A polynomial-time 2—approximation algorithm when
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t = 2 is presented in section 4.3. Section 4.4 shows how to construct a polynomial-time

3—approximation algorithm. The last section discuss about future work.

t =2 t=3 [t=4]t>14
(2 — €)-approximation | 7 NP-hard
2-approximation . . ?
3-approximation Polynomial time Polynomial time | 7

4-approximation Polynomial time

Table 4.1: Relationship between a—approximation and t. Bold entries indicate results
proven in this paper.

4.2 Graph Theoretic Framework

Let G = (V,E) denote a graph, where V is a set of n vertices and F is a set of edges.
We suppose for now that G is undirected and complete—between any two distinct vertices
1,7 € V, there is exactly one undirected edge ¢j € E joining these two vertices. Hence, F
contains n(n—1)/2 edges. Suppose each edge ij has a weight w;;, and suppose these weights

satisfy the triangle inequality:
Vg, bl € B, Wi + Wi > Wip. (41)

Note that all distance metrics satisfy the triangle inequality by definition.

Definition 4.2.1. A partition of V is a separation of V into non-empty blocks of vertices
such that each vertex v € V' belongs to exactly one block. Formally, a partition is a collection

of sets of vertices p = {V1,Va, ..., Viu} satisfying:
1. O£V, CV forall Vy € p.
2. Vi Vy =0 for all Vo,V € p, Vi # V.
3. Ul Vi=V.

Let P denote the set of all partitions.
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Definition 4.2.2. The size of a block V; € p, denoted |Vy|, is the number of vertices contained

in that block.

Definition 4.2.3. For a size threshold t, a partition p € P is a threshold partition with

respect to t if each block Vi € p satisfies |Vy| > t. Let
Pi={peP:VV,ep, |V >t}, (4.2)

denotes the set of all threshold partitions with respect to t.

Definition 4.2.4. The bottleneck threshold partitioning problem (BTPP) with respect to t

s to find a partition p € P, that minimizes the objective:

max w;; = Max max w; (4.3)
ijeE(p) Veep i,j€Vy

The minimum value of this objective is denoted by X. An optimal partition is any partition

p! satisfying

max w;; = min ( max wij) =\ (4.4)
ijeE(p?) peP: \ijeE(ph)

The original problem of finding a threshold clustering with respect to ¢ such that minimizes

the maximum within-cluster dissimilarity is equivalent to solving BTPP.

Definition 4.2.5. The degree in G of a vertex i € V' is its number of adjacent vertices in
G:
deg(i) = deg(i;G) = |{j € V :ij € E}|. (4.5)

Of particular note, if p' is an optimal partition for BTPP, then deg(i; G(p')) >t — 1 for all
1eV.

Definition 4.2.6. The bottleneck subgraph of G with bottleneck threshold w, denoted BG,, =
(V,BE,), has an edge ij € BE,, C E if and only if the weight of that edge w;; < w:
BE, ={ij € £ : w;; < w}. (4.6)
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Definition 4.2.7. The k-nearest-neighbors subgraph of G is a subgraph NGy = (V, N E})
where an edge ij € NEy, if and only if j is one of the k closest vertices to i or i is one of the
k closest vertices to j. Rigorously, for a vertex i, let iy) denote the vertex that corresponds

to the (™ smallest value of wij, 1) € E, where ties are broken arbitrarily: wi,, < wi,,

<

s S Wi Then
NE,={ij e E:j€ (i) ori€ ()i} - (4.7)

Definition 4.2.8. A graph G' = (V, E’) is a spanning subgraph of G if both graphs have
the same vertex set V and E' C E. Note that subgraphs generated by partitions, bottleneck

subgraphs and k-nearest-neighbors subgraphs are spanning subgraphs.

Lemma 4.2.9. If w > X\, where X is the maximum within-block edge weight of an optimal

partition p', then each vertez i in the bottleneck subgraph BG,, has deg(i; BG,) >t — 1.

Proof. By Definition 4.2.4 of optimal partition, we know that
Y ij € E(p'), weight wij < A

By Definition 4.2.6, for a bottleneck subgraph BG,, = (V, BE,), we have
Vij € BE,, weight w;; < w.

Since w > A\, BG,, contains all edges in F(p'). Base on Definition 4.2.8, we conclude that

G(p') is a spanning subgraph of BG), thus
E(p") C BE,
Since each block of p' has at least t vertices,

deg(i; G(p")) >t —1

47



As the number of edges in the graph increase, the degree of a vertex must increase, thus

deg(i; BE,) >t —1

]

We show the (¢ — 1)-nearest-neighbors subgraph is a spanning subgraph of bottleneck
subgraph BG), so that the largest edge weight can be bounded (Higgins et al., 2016).

Lemma 4.2.10. For allij € NE;_;, w;j < A.

Proof. Observe that each vertex i has deg(i; NG;_1) >t — 1. Moreover, removing any edge
from NG;_; will necessarily force a vertex i to have deg(i) < ¢ — 1.

By Lemma 4.2.9, each vertex i has deg(i; BG,) > t — 1. It can then be shown that
NE, 1 C BE,. That is, NG;_; is a spanning subgraph of BG,. Thus NE;, ; C BE,. Since

v Z] € BE/\, Wy 5 < )\,

thus V Zj € NEtfl, Wi § A ]

Lemma 4.2.11. If we can form groups that are connected in NG;_1 such that there is a path

of a connecting any two units, then this would form a clustering satisfying a— approzimation.

Proof. By Lemma 4.2.10, V ij € NE,_1, w;; < A.

Suppose ¢ and j has a path of a connecting them, by the triangle inequality,

W5 S a
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4.3 A polynomial-time 2-approximation algorithm

4.3.1 Notation

Definition 4.3.1. A spanning tree is a subgraph of G that has all the vertices covered with

minimum possible number of edges. Also, a spanning tree does not have cycles.

Definition 4.3.2. A minimum spanning tree (M ST ) is a subgraph of G that connects all
the vertices with smallest total cost, that is, sum for all weights of the edges in spanning tree

1s manimized and each vertex can be reached from others by following the edges.

We can use depth first search (DFS) or breath first search (BFS) to construct a spanning
tree in linear time. Kruskal’s algorithm (Kruskal, 1956) runs in O(|E|log|V|) time (Cormen
et al., 2009) and it can be used to find minimum spanning tree. |F| is number of edges for
the graph and |V] is number of units for the graph.

Pick a vertex (denoted by i) from a spanning tree arbitrarily, then we define some sets
which shown below:

Let set S; include vertex 1.

Let set Sy include vertices that has a walk of length one from i. These vertices denote
as ji, J2, ..., jp where p is size of set S, thus Sy = {j1, j2, .., Jp}-

Let set S3 include vertices that has a walk of length two from i. These vertices denote
as ki, ka, ..., k, where ¢ is number of vertices belong to Ss, thus S5 = {ki, ko, ..., k, }

Similar, S include vertices that has a walk of length three from 1.

4.3.2 Sketch of 2-approximation Algorithm

To show approximate optimality we must show that there exist a partition that is a valid
blocking and that the subgraph generated by the partition contain no edge with a weight
greater than 2\.

The 2-approximation algorithm works as follows:
1. Form a (2 — 1) nearest-neighbor graph NGj.
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2. Construct spanning tree through each connected subgraph.
3. Select one vertex i arbitrarily from the spanning tree to be the root.
4. Construct groups as follows:

Note that if ¢,j are endpoints of an edge, w;; denotes the dissimilarity between these
vertices, by Definition of bottleneck threshold partitioning problem , the maximum dissimi-
larity between any two vertices in the same block is A, w;; < A. If (i =g, i1, ..., 0 = Jj) is &
walk of length m from i to j and the edge weights satisfy the triangle inequality , then the

weight w;; < mA.

Case I: S; only include one vertex (p =1)

(A) If S5 is an empty set

We form a group comprised of vertices ¢ and jj.

Sl o

Sy J

In this case, we has a group of size two and j; has a path of length one connected with
1, then

Wi, S A

(B) If S5 contains ¢ vertices, ¢ > 1, r vertices in S3 have walks of length one from
themselves to vertices in S;, ¢ — r vertices don’t
Cut the edges between j; and these r vertices belong to S3. Removing r edge from a
tree breaks it into (r + 1) separate subtrees. Thus, we can form a group comprised of
vertices i, j; and the rest (¢ — r) vertices in S3. For the remaining r subtrees, since
those r vertices in S3 no longer connected with j;, they can be viewed as new i for

each subtree and consider all the cases which shown above.
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Sy l

Sy / J1
S3 K ks g ks
; A

In this case, we has a group of size (¢ — r 4+ 2). Randomly pick two vertices within the

group, there is a path of two or less that connecting them.
Wi, S A

Wik, <A
Wik, < Wij, + Wi, < 2A
Whoky < Wik, + Wik, < 2A
where £ =1,...,q,0' =1,...,q,{ # ¢ and ky, ky belong to the same group.

(C) If S contains ¢ vertices, ¢ > 1 and every ky ({ =1,...,q) has a walk of length

one from itself to vertices from S,
Cut all the edges between j; and k,. Removing ¢ edge from a tree breaks it into ¢ + 1
separate subtrees. Thus, we can form a group comprised of vertices ¢ and j;. For the
other g subtrees, vertices in S3 that no longer connected with j; can be viewed as new
1 and consider all the cases which shown above.

Sl T 1

S . On

/k;/l X k;

Sy
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In this case, we has a group of size two and j; has a path of length one from j; to i.

wij, <A

Case II: S, include at least two vertices (p > 2)
(A) If S5 is an empty set
Form a group comprised of node i and all the j, (¢ =1,...,p).
S /T )
Sy J1 ]2\ J3

In this case, we has a group of size (p + 1) and there is a path of length two or less

that between any two vertices within the group.
Wij, < A

Wy < Wij, + wij, < 2A
where { =1,2,...,p, ¢’ =1,2,...,pand £ # (.

(B) If S5 is not empty, r vertices in S, adjacent to vertices in S; and (p — )
vertices don’t, p >r > 1
Cut all edges between ¢ and those in Sy which adjacent to vertices in S3. Removing r
edges from a tree breaks it into (r + 1) separate subtrees. Thus, we can form a group
comprised of ¢ and vertices belong to Sy which do not adjacent to vertices from Ss.
For the other r subtrees, those vertices from S35 that no longer connected with vertices
in S; can be viewed as new i for each subtree and consider all the cases that shown

above.
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In this case, we has a group of size (r+1). Randomly pick two nodes within the group,

there is a path of length two or less between them.
Wij, S A

Wiij, < Wij, + Wiz, < 2N
where ¢ = 1,...,p,¢' =1,...,p, L # {' and j,, j» belong to the same group.

(C) If S5 is not empty, every vertex in S; has a walk of length one from itself to
vertices in S3, S; is an empty set
Cut p — 1 edges between i and j, except for edge between i and j;. Removing (p — 1)
edges from a tree breaks it into p separate subtrees. For the subtree that contains i,
J1 and vertices connected with j;, we should consider all the situations in Case I that
have shown above. For the other (p — 1) subtrees, view nodes in Sy that no longer

connect with 7 as new root node 7 and consider all the cases that shown above.

S e

Sy N J2

AR

4

S3
The cutting procedure terminates when all the vertices have been considered. After all

the cutting procedure, we separate the spanning tree into several groups, each group has at

least 2 vertices and within each group, there are walks of length two or less between them.
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4.4 A polynomial-time 3-approximation algorithm

Solving BTPP exactly is computationally expensive, and in fact, no (2 — €)-approximation
algorithm terminates in polynomial time unless P = NP (Higgins et al., 2016). How-
ever, Higgins et al. (2016) derive a 4-approximation algorithm for BTPP that terminates in
linear time and space outside of the construction of a nearest neighbor graph. In this section,

we will show how to construct a polynomial-time 3-approximation algorithm to solve BTPP.

4.4.1 Notation

Definition 4.4.1. Fori,5 € V, a path from i to j of length m in G is a sequence of m + 1

vertices (i = ig,i1,...,%, = J) such that the edge iy_1i; € E, ip_1 # iy.

Of particular note, 7 and 7 may be the same vertex for a path. A path is a walk in which

all vertices are distinct (except possibly the first and last vertex).

Definition 4.4.2. A cycle C,,, = (iyiy — iz — ... — ip31) of length m (m > 3) is a path that

begins and ends on the same vertex.

Of particular note, the number of vertices in C,, equals to the number of edges, and every

vertex has degree 2.
Definition 4.4.3. A junction i is the vertex that connects two or more cycles.

Let ¢ = 3, choose a vertex i in (¢ — 1)-nearest-neighbor subgraph NG5 arbitrarily, define

the two closest neighbors of i as j and k. Edge 15,1k € NEj.

4.4.2 Sketch of 3-approximation Algorithm

To show approximate optimality we must show that there exist a partition that is a valid
blocking and that the subgraph generated by the partition contains no edge with a weight

greater than 3.

Lemma 4.4.4. For any whole number m > 3, m mod 3p + 4q is either 0 or 1, where p and

q are both whole numbers, p+q > 0.
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Proof. The reason is straight forward.

If m is divisible by 3, then we have m = 3p. Let ¢ = 0, we can write m = 3p + 4q, thus
m mod 3p + 4q is 0.

If m is not divisible by 3, then m =3p+1=3(p— 1) +4 = 3p’ + 4¢. m mod 3p + 4q is
0. Orm=3p+2=3(p—1)+5=3(p—1)+4+1=3p'+4qg+ 1, in this situation, m mod
3p+4qis 1. O

Lemma 4.4.5. For any whole number m > 5, m is diwisible by 3p + 4q, where p and q are

both whole numbers, p + q > 0.

Proof. If m is divisible by 3, m = 3p. Let ¢ = 0, we can write m = 3p + 4q, thus m is
divisible by 3p + 4q.

If m is not divisible by 3, then m =3p+1 =3(p — 1) + 4 = 3p’ + 4q, m is divisible by
3p+4q. Orm=3p+2=3(p—2)+8=3(p—2) +4(2) = 3p' + 4q, thus m is divisible by
3p + 4q. O

Lemma 4.4.6. For graph cycle of length m,m < 5, any vertex within the cycle C,, has a

walk of length no more than three from itself to other vertices in C,,.

Proof. Since 3 < m < 5, we can proof this Lemma by exhaustion. Let C3 = (ab — bc — ca),

Cy = (ab—bc — ed — da), Cs5 = (ab— bc — cd — de — ea), the corresponding graphs are shown

below. e
® ®
Po g P @
O @ @
o
Cs Cy Cs

Table 4.4.2 below contains all possible walks and their corresponding length for different

cycles.
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Cycle | Walk Length Walk
Cs 1 (a,0), (a,c), (b,c)
1 (a,b),(b,c),(c,d),(d,a)
c 2 (a,b,¢), (b,c,d), (¢, d, a), (d, a,b)
1 (a,b),(b,c),(c,d),(d,e), (e a)
Cs 2 (a,b,¢),(b,c,d),(c,d,e),(d, e, a),(e a,b)
3 (a,b,c,d), (b,c,d,e),(c,d e, a),(d e a,b),(ea,b,c)

From Table 4.4.2, we found that from every vertex to other vertices within the cycle, there

will be a walk of length three or less. m

Lemma 4.4.7. For any graph cycle C,, of length m,m > 5, we can partition the cycle into
several subgraphs, each vertex in the subgraph has a walk of length three or less from itself to

other vertices within the subgraph.

Proof. By Lemma 4.4.5, m is divisible by 3a + 40, indicates we can cut several edges of the
cycle so that each subgraph contains a sequence of 3 or 4 vertices.

If the subgraph contains a sequence of 3 vertices (i = ig, i1, 42,93 = j) and edge igiq, 1142,
1913 belongs to the subgraph, then each vertex within the group has a walk of length two or
less from itself to other vertices within the group.

If the subgraph contains a sequence of 4 vertices (i = ig,11,42,43,794 = j) and edge
1001, 1109, 1213, 1314 belongs to the subgraph, then each vertex within the group has a walk of
length three or less from itself to other vertices within the group.

For example, suppose a cycle C; = (ab—bc — e¢d —de — ef — fg — ga) has length= 7, we
can cut edge bc and ef to form two groups. Each group contains at least 3 vertices. For the
group that contains vertices a,b, g and f, a walk from b to f has length 3, walks from b to
g, a to f have length 2, walks from b to a, a to g, g to f have length 1. For the group that
contains vertices ¢, d and e, a walk from ¢ to e has length 2, walks from ¢ to d and d to e

have length 1.
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We can derive a threshold blocking (¢t = 3) that every vertex in a block has a walk of
length three or less from itself to other vertices within the block.

The 3—approximation algorithm works as follows:

1. Form a (3 — 1) nearest-neighbor graph NGs.
2. Construct groups.

(a) Start with an arbitrary vertex i and detect cycle using depth first search (DFS).
The idea for DFS works as follows: for every visited vertex v, when we have
found any adjacent vertex wu, such that u is already visited, and u is not the
parent of vertex v. Then one cycle is detected. If this cycle contains ¢ and its 2
nearest-neighbors, mark vertices belonging to this cycle as visited, start with a

new vertex.
(b) If such a cycle do not exist, consider other cases which shown below.
(c) If all the vertices are marked as visited, go to next step.
3. Partition groups.

For this procedure, once an edge ij is "cut”, ij ¢ NE, 1. We will discuss grouping part

first.

Part 1: Group forming

Let t = 3, for a given (3 — 1)-nearest neighbor subgraph NG5 and an arbitrary vertex ¢ from

NG, suppose the two nearest neighbor vertices of ¢ are 7 and k, we should consider the
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following cases to divide all the vertiecs into groups. After all the n vertices are assigned
to groups, we will go to the next part: partition. For the figures which contained in the
proof, we use multiple abbreviations. ”Ecycle” is short for existing cycle, ”J” to abbreviate

junction, "EJ” is short for existing junction.

Case I: An unique cycle For ¢ € V, use greedy search from both direction to find if
there exist a cycle C' = {ij — ... — ki}. We can use depth first search (DFS) to detect cycle
in an undirected graph in O(V + E) (Knuth, 1997) time where V' is the number of nodes in
the graph and FE is the number of edges in the graph. The time complexity is linear in the

size of the graph.

(A) If such a cycle exist, mark C' as existing cycle. Vertices included in the cycle all
mark as read and they form a group. Start with an unread vertex in V' to detect new

cycles.

(B) If such a cycle do not exist, consider other cases which listed below.

Case II: Unique cycle to unique cycle Start from vertex ¢ € V', use greedy search to
find if the following situations satisfied. If none of them happens, consider other cases which

listed below.

(A) Two cycles share one vertex
If there exist a cycle C,,, = (1j — jia — ... — i;y,%) with length m; and another cycle
Chny, = (ik — kig...1;,1) with length mgy, mq > mg, both cycles only share vertex i, no
edges is shared by C,,, and C,,,, then a group comprised of vertices which included in
cycle C,,, can be formed. Mark those vertices as read and mark C,,, as existing cycle.

Start with a new unread vertex in V' and find cycle with other unread vertices.
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(B) Two cycles share multiple vertices
If there exist a cycle Cy,, = (ij — jis — ... — i, %) with length m; and another cycle
Ciny = (ik — kig...ip,1) with length ma, these two cycles share p edges (p > 1) and more
than one vertices, then merge C,,,, and C,,, into a larger cycle Cp,, 4my—2p = (15 —...— ki)
by cutting all the sharing edges. New cycle has length m; + ms — 2p. Form a group
comprised of vertices belongs to the new cycle Cy,, 4m,—2p, mark these vertices as read
and mark O, 4m,—2p as existing cycle. Start with a new unread vertex in V' and find

cycles with other unread vertices.

Case III: Unique cycle to existing cycle Start from vertex i € V', use greedy search to
find if the following situations happen. If there exist a cycle C,,, = (ij — jia — ... — i, 1) and
vertex k connects to an existing cycle C,,,, then we can partition these vertices into groups
following rules which shown below. If it doesn’t happen, consider other cases which listed

below.

(A) A walk of length 2 between two distinct cycles
If there is a junction vertex k between two cycles, cut the edge between k and existing
cycle C,,,. Form a group comprised of vertices belong to C,,, and k, mark them as
read, mark C),, as existing cycle. Start with a new unread vertex in V' and find cycles

with other unread vertices.

59



(B) A walk of length 3 between two distinct cycles

(D)

If there is a walk of length 3 from new cycle C,,, to existing cycle C,,,, vertices connect
two cycles are k and a. Cut edge ak, add vertex a to the group that contains existing
cycle C,, and mark a as read. Form a new group comprised of k and vertices within
Cn,, mark all the vertices in this group as read. Start with a new unread vertex in V'

and find cycles with other unread vertices.

A walk of length 4 between two distinct cycles

If there is a walk of length 4 from new cycle C,,, to existing cycle C,,,, vertices connect
two cycles are a, b and k. Cut edge ¢k and edge between b and existing cycle C,,,, form
a new group comprised of vertices a, b and k, mark them as read. Mark vertices belongs
to cycle C,,, as read and form a new group. Mark C,,, as existing cycle. Start with a

new unread vertex in V' and find cycles with other unread vertices.

A walk of length 5 between two distinct cycles

If there is a walk of length 5 from new cycle C,,, to existing cycle C,,,, vertices connect
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two cycles are a,b,c and k. Cut edge ik and edge between c and existing cycle C,,,,
form a new group comprised of vertices a, b, ¢ and k, mark them as read. Mark vertices
belongs to cycle (), as read and form a new group. Mark C},,, as existing cycle. Start

with a new unread vertex in V' and find cycles with other unread vertices.

A walk of length 6 between two distinct cycles

If there is a walk of length 6 from new cycle C,,, to existing cycle C,,,, vertices connect
two cycles are a, b, c,d and k. Cut edge ak and edge between d and existing cycle C,,,,
form a new group comprised of vertices a, b, ¢ and d, mark them as read. Mark vertices
belongs to C,,, and k as read, form a new group. Mark C},, as existing cycle. Start

with a new unread vertex in V' and find cycles with other unread vertices.

A walk of length greater than 6 between two distinct cycles

If there is a path of length m’ (m’ > 6) from new cycle C,,, to existing cycle C,,,,
there are m’ — 1 vertices connect two cycles. By Lemma 4.4.5, those vertices can be
partition as groups of size 3 or 4. Mark vertices connected two cycles as read. Form
a new group comprised of vertices belong to cycle C,,, and mark them as read. Mark
Cp, as existing cycle. Start with a new unread vertex in V' and find cycles with other

unread vertices.
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Case IV: Unique cycle to existing junction Start from vertex i, use greedy search to
find if the following situations happen. If there exist a cycle C,,, = (ij — jia — ... — i) and k
connects to an existing junction J, then we can partition these vertices into groups following

rules which shown below. If it doesn’t happen, consider other cases which listed below.

(A) A walk of length 2 between cycle and J
If there exist a vertex k connects cycle (), and existing junction .J, cut the edge between
k and J. Mark vertices belongs to cycle C,,, and k as read and form a new group. Mark
C,, as existing cycle. Start with a new unread vertex in V' and find cycles with other

unread vertices.

(B) A walk of length 3 between cycle and J
If there is a path of length 3 from C,, to J, vertices connect cycle and junction are k
and a, cut edge ka, add vertex a to the group which contains J and mark a as read.
Form a new group comprised of vertices belong to cycle C,,, and k, then mark them as
read. Mark C,, as existing cycle. Start with a new unread vertex in V' and find cycles

with other unread vertices.

(C) A walk of length 4 between cycle and J
If there is a path of length 4 from C), to J, vertices connect cycle and junction are

a,b and k, cut edge ik and edge between b and existing junction J. Form a group
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(D)

comprised of a, b and k, mark them as read. Mark vertices belongs to cycle (), as read
and form a new group. Mark (), as existing cycle. Start with a new unread vertex in

V' and find cycles with other unread vertices.

A walk of length 5 between cycle and J

If there is a path of length 5 from C,, to J, vertices connect cycle (), and junction are
a,b,c and k, cut edge 1k and edge between ¢ and existing junction J. Mark vertices
belongs to cycle C,, as read and form a new group. Vertices k, a, b, ¢ form a new group
and mark as read. C,, is marked as existing cycle. Start with a new unread vertex in

V' and find cycles with other unread vertices.

A walk of length 6 between cycle and J

If there is a path of length 6 from C,, to J, vertices connect cycle C,, and junction are
a,b,c,d and k, then cut edge ka and cd. Mark vertices belongs to cycle C,, and k as
read and form a new group. Vertices a, b, ¢ form a new group and mark as read. Add
vertex d to the group that contains J and mark d as read. C,, is marked as existing

cycle. Start with a new unread vertex in V' and find cycles with other unread vertices.
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(F) A walk of length greater than 6 between cycle and J
If there is a path of length m’ (m’ > 6) from new cycle C,, to existing junction .J,
there are m’ — 1 vertices connect C,, and J. By Lemma 4.4.5, those vertices can be
partition as groups of size 3 or 4. Mark vertices connected C, and J as read. Form
a new group comprised of vertices belong to cycle ), and mark them as read. Mark
C,, as existing cycle. Start with a new unread vertex in V' and find cycles with other

unread vertices.

Case V: Existing cycle to existing cycle Start from vertex i, use greedy search to find
if the following situations happen. If none of them happened, consider other cases which

listed below.

(A) If £ and j belong to the same existing cycle C,, = (jk — kky — ... — k;—17), cut
edge ij, add vertex i to the group that contains k£ and mark ¢ as read. Start with a

new unread vertex in V' and find cycles with other unread vertices.

(B) If k and j belong to two different existing cycles C,, = (kk; — ... — k,,_1k) and
C! = (jj1 — . — jm—1J), then cut edge ik, add vertex i to the group that vertex j
belongs to and mark ¢ as read. Start with a new unread vertex in V and find cycles

with other unread vertices.
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(C) If j belongs to an existing cycle C,, and k connects to an existing cycle C,,,
cut edge 1k, add vertex ¢ to the group that vertex j belongs and add k& to the group
that contains C,,,. Mark ¢ and k£ as read. Start with a new unread vertex in V and

find cycles with other unread vertices.

Case VI: Existing cycle to existing junction Start from vertex i, use greedy search
to find if the following situations happen. If none of them happened, consider other cases

which listed below.

(A) If j belongs to existing cycle (), and k is an existing junction, cut edge ik, add
vertex ¢ to the group which contains j and mark ¢ as read. Start with a new unread

vertex in V' and find cycles with other unread vertices.

Existing
Jjunction

(B) If j connects to existing cycle C,, and k is an existing junction, cut edge ij,

add vertex i to the group which contains k. Add vertex j to the group that contains

65



c. Mark 7,7 as read. Start with a new unread vertex in V' and find cycles with other

unread vertices.

Existing
Junction

(C) If j belongs to existing cycle C,, and k connects to existing junction J, cut

edge ik and add vertex ¢ to the group which contains 5. Add k to the group that
contains J. Mark i, k as read. Start with a new unread vertex in V' and find cycles

with other unread vertices.

Existing
jJunction

If j connects to existing cycle C,, and k£ connects to an existing junction J,
cut the edge between j and existing cycle C,,. Also cut edge between k and J. Form
a group comprised of i, j, k and mark these vertices as read. Start with a new unread

vertex in V' and find cycles with other unread vertices.

Egxisting
' Junction
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Case VII: Existing junction to existing junction Start from vertex ¢, use greedy
search to find if the following situations happen. If none of them happened, consider other

cases which listed below.

(A) If j, k are two identical existing junctions, cut edge ik and add i to the group
that contains j, mark ¢ as read. Start with a new unread vertex in V' and find cycles

with other unread vertices.

Lxisting
' junction

(B) If j connects to an existing junction J and k is another existing junction,
cut edge 75 and add j to the group which contains J, add 7 to the group that contains
k. Mark both 7,5 as read. Start with a new unread vertex in V' and find cycles with

other unread vertices.

Existing
Junction

Existing
Junction

(C) If j,k connect to two different existing junctions, then cut edge between j and
existing junction, cut edge between k and existing junction. Form a group comprised
of i, j and k, mark i, j, k as read. Start with a new unread vertex in V and find cycles

with other unread vertices.
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Existing
Junction

When all the vertex in V' are marked as read, we go to the partition part. For each group,
we will consider the following situations and perform the partition so that each block will
have at least 3 vertices and each vertex within the same block will have a walk of length

three or less from itself to other vertices within the block.

Part 2: Partition each group into blocks

For all 7,5 belongs to the same group, if 7, j are endpoints of an edge, w;; denotes the dis-
similarity between these vertices, by Definition of bottleneck threshold partitioning problem
, the maximum dissimilarity between any two vertices in the same block is A, w;; < A, If
(1 = 0,41, ..., 5 = J) is a walk of length m from i to j and the edge weights of NGy satisfy

the triangle inequality , then the weight w;; < mA.

Case I: An unique cycle When the group contains an unique cycle of length m, by
Lemma 4.4.6 and Lemma 4.4.7, we can partition the cycle into several blocks so that each

block contains a sequence of 3 or 4 vertices.

For example, we can partition a cycle C7; = ab — bc — ... — ga into two blocks by cutting edges

be and ef. For the block that contains a sequence of 4 vertices (b, a, g, f), wpf < Wpa + Wag +
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wyr < 3A. For the block that contains a sequence of 3 vertices (¢, d, €), Wee < Weq+Wae < 2A.

Case II: Unit ¢ connect with a cycle When the group contains a cycle C,, of length m

and one vertex i connects to the cycle, we should consider the following situations.

(A) m<4
Maintain the group as a block. Let C3 = (ab — bc — ca),Cy = ('t = b'd — dd' — d'd’).
&0 ° Wigq, S Wi + Weq, S 2\

Wip S Wie + Wep S 2\

&@ () Wit < Wi + Wy < 2\
Q e Wiy < Wi + Warer + Wey < 3N
(B) m>4and m#7
Cut edge ae and bc so that form a block comprised of 7,a and b. For the rest of

the vertices, we can partition them into several blocks so that each block contains a

sequence of 3 or 4 vertices.

Wip S Wiq, + Wap S 2\

Wee S Wed + Wde S 2\

(C) m="7
Suppose C7 = (ab — bc — ... — ga), i connects to a. Cut edge bc and g f, form a block

comprised of 7, a,b and ¢. For the rest of the vertices, they can form another block.

Wig < Wig + Wag < 2A
Wiy < Wig + Wap < 2N

Wef < Weg + Wae +wef < 3A
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Case IIT When the group contains a cycle C,, of length m and there are p (1 < p < n)
vertices 41,4, ..., 7, connect to the cycle C,,, we should consider the following situations to

perform partition.

(A) m=3
Suppose C3 = (ab — bc — ca), a block comprised of the cycle C5 and all the connected

vertices can be formed. The block size would be m + p.
wilc S wila + Wace S 2)\

Q’G @ Wiyis < Wiyq + Wap + Whi, < 3N

Q Wiyis < Winh + Whe + Weig < 3A
(B) m=4
Suppose Cy = (ab — be — ¢d — da), we can partition each group into two blocks by
cutting two edges of cycle C; such that each block contains at least one vertex i, that

connect to Cy, the block size should be 3 or 4.

Wiia S Wi, d + Wq S 2\

Wiyh < Wige + Wep < 2N

Wira < Wipg + Waq < 2

Wiye < Wigh + Whe < 2N

Wig < Wig + Wag < 2A

wigig S w’igb + Wpe + wcig S 3)\

Wiyg < Wipg + Wag < 2

Wigiz < Wigh + Whe + Weig < 3N
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Wiyiy < Wiyd + Waq + Waiy < 3A

wi2i3 S win + Wpe + wcig S 3)\

(C) m>4
Partition cycle (), and all connected vertices into blocks that satisfy one of the following
patterns so that every vertex within the same block will have a walk of three or less

from itself to other vertices within the block.

Wig < Wiy + Whg < 2A

Wae S Wap + Wpye S 2\

Wigd < Wige + Weqg < 2

e

Wigi, < Wigg + Wer +wpiy, < 3N

wi3i4 S wigx + wzy + wyi4 S 3)\

Wiy~ S Wiz + Wy + Wy S 3A

Note: Red nodes (eg: a,b,c,d, e, f,g,x,y,2) denote vertices belong to the cycle C,,,

blue nodes (eg: i1, s, 3,14, 15, 16) denote vertices that connected to the cycle C,,.

Case IV When the group contains a junction 7 that connects with two cycles C,,,, Cp,,
we should cut edge between ¢ and C,,,, partition C,,, following Case I’s rule on page 68 and

partition the rest of vertices (i and C,,,) following Case II's rule on page 69.
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Junction

Case V. When the group contains a junction J, two cycles C,,,, C,,, connected with J,

my < ma, p (p > 1) vertices iy, ..., i, connect to junction J.

(A) p=1
Use 77 to denote the vertex that connects to junction J, cut edge between junction J
and cycle C,,,, then partition C,,, following Case I's rule on page 68. For cycle C,,,

and i1, J, we should consider my and partition them based on the following sceneries.

(a) If mg = 3, let C,,, = (ab — bc — ca), we can form a block comprised of C,,, and

i, J.

Wiy < Wi g+ Wy + Wep < 3A

‘ wi1c S wilJ + W g + Wac S 3>\

(b) If mg =6, let C,, = (ab—bc — ... — fa), we can cut edge bc and af so that two

blocks can be formed, each block contains a sequence of 4 vertices.

72



Wiy < Wiy g+ Wig + Wap < 3N

Wye < Wge + Weq + Wye < 3\

(c¢) If mg > 3 and my # 6, let Cy,, = (aa; — ayas — ... — ayy,—1a), cut edge aa; and
am,—10 so that a block comprised of ¢, J and a is formed. For the rest of the
vertices inside C,,,, there is a walk of length ms — 1 from a; to a;,,—2. by Lemma
4.4.4 and 4.4.5, we can partition the rest of the ms — 2 vertices into as sequence
of 3 or 4 vertices so that every vertex in the block has a walk of length no more

than three to other vertices within the block.

B)p>1
Use 11, ..., ip to denote vertices that connect to junction J, we cut edge between junction
J and C,,,, also, cut edge between J and C,,,. Partition c; and cy based on Case I’s

rule on page 68. Form a block comprised of iy, ...,%, and J.

Ciri, < Cig+Criy < 2X

After partitioning every group into blocks, we separate the all the n vertices into several
blocks, each block has at least 3 vertices and within each block, a vertex has a walk of length

three or less from itself to other vertices.

4.5 Discussion

In Section 4.3 and 4.4, it seems promising in deriving a polynomial-time 3-approximation al-

gorithm when ¢t = 3 and a polynomial-time 2-approximation algorithm when ¢ = 2. However,
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it is unclear how these algorithms perform under massive data settings.
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Chapter 5

Conclusion

5.1 Introduction

As the size n of datasets become massive, many commonly-used clustering algorithms (e.g. k-
means or hierarchical agglomerative clustering (HAC) require prohibitive computational cost
and memory. In this dissertation, we propose a solution to these clustering problems by ex-
tending threshold clustering (TC) to problems of instance selection. TC is a recently devel-
oped clustering algorithm designed to partition data into many small clusters in linearithmic
time (on average). This entire procedure for clustering is called iterative hybridized threshold
clustering (IHTC). Through simulation results and by applying our methodology on several
real datasets, we show that IHTC combined with k-means or HAC substantially reduces the
run time and memory usage of the original clustering algorithms while still preserving their
performance. Additionally, IHTC helps prevent singular data points from being overfit by
clustering algorithms.

Given a set of n units, a threshold ¢, and a dissimilarity measure satisfying the trian-
gle inequality that can be computed between every pair of units, the bottleneck threshold
partitioning problem (BTPP) is to partition the n units so that each block of the partition
contains at least ¢ units and so that the the maximum dissimilarity between two units within

the same block of the partition is minimized. Recent work has yielded a polynomial-time

5



4—approximation algorithm for BTPP.

Another extension of TC is to use TC as a clustering technique on massive dataset, we call
it hierarchical agglomerative threshold clustering (HATC). In this case, no other clustering
algorithms is required. Through simulation results and application on several real datasets,
we show that HATC has better performance than HAC not only in runtime and memory
requirement but also in ratio of BSS/TSS.

Additionally, it has been shown that, when ¢ > 2, no polynomial-time (2 — €)—approx-
-imation algorithm for BTPP exists unless P = NP. In this dissertation, we also de-
rive a polynomial-time 2-approximation algorithm when ¢ = 2 and a polynomial-time 3—

approximation algorithm when ¢t = 3.

5.2 Future Work

Simulation results and application on real datasets show that implementing clustering meth-
ods with IHTC may decrease their runtime and memory usage without sacrificing the their
performance. For more sophisticated clustering methods, this reduction in runtime and
memory usage may be dramatic. Even for the standard implementation of k-means in R,
one iteration of IHTC decreases the runtime and memory usage by more than half while
maintaining clustering performance.

However, the threshold clustering algorithm we proposed in this dissertation is a 4-
approximation algorithm for bottleneck threshold partitioning problem. In the future, we
will explore the possibility to obtain an improved polynomial-time algorithm for BTPP with
an approximation factor less than 4.

For the simulation of HATC, we let t* = 2 and compare the performance of our methods
with HAC. Later, we may compare the cluster performance for HATC with varying threshold
t* across different datasize. Also, we may include other indexes of cluster performance
(silhoutte, etc) when we do the comparison.

Recently we build an R package for ITIS and THTC, later we may improve the imple-
mentation of HATC and add them to this package.
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Appendix A

Cluster Performance for IHT'C with

Varying Threshold Size

We compare the cluster performance for IHTC with varying threshold t* across different data
size. For this example, we generate data using the multivariate Gaussian model in Section 1.4.
We set k = 3, n is between 10* and 108, and perform one iteration of IHTC (m = 1). We
analyze performance across different thresholds: ¢* = 2,4, 8,16, 32,64, 128, 256, 512 and 1024.
The runtime, memory usage and prediction accuracy for IHTC with k-means can be found
in Figures A.1 and A.3, and Table A.1. Figures A.2 and A.3, and Table A.2 present the
cluster performance for IHTC with HAC.

We find, that when the threshold ¢* is small, pre-processing the data with IHTC decreases
runtime and memory usage compared to without pre-processing, and prediction accuracy
fluctuates within a narrow range. When t* is large, the runtime for our method takes longer
than the runtime without pre-processing. In general, across all data sizes, the runtime
initially decreases before steadily increasing as t* increases. On the other hand, despite
increasing the threshold t*, the memory usage for IHTC with k-means or HAC is continually

reducing. Additionally, the prediction accuracy decreases slightly with larger values of ¢*.
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Memory Usage of Different Threshold t* with k-means

Run Time for Different Threshold t* with k-means
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Figure A.1: Run time and memory usage of different t* with k-means (k =3,m =1).
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Memory Usage for Different Threshold with HAC

Run Time for Different Threshold with HAC
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Appendix B

Experiment for IHTC with DBSCAN

Table B.1 shows the result on the four datasets with the fewest instances. The parameters

e and Minpts are decided by subsample of size 1000 of each dataset with a 10-fold cross-

validation method. Comparing the performance for DBSCAN with and without IHTC, we

find that IHTC with DBSCAN has shorter runtime but higher memory usage than DBSCAN

itself. Total sum of squares (TSS) is equal to between-cluster sum of squares (BSS) plus

within-cluster sum of squares. Higher ratio of BSS and TSS indicates the clusters are more

compact. We found that the ratio of BSS and TSS is higher when applying IHTC, which

shows our method has comparable clustering performance.

Name Run Time (second) Memory Usage (Mb) BSS/TSS
m=0 m=1 m=2|m=0 m=1 m=2|m=0 m=1 m=2
PM 2.5 3.96 0.9 0.26 0.8 0.4 0.2 ]0.5036 0.5627 0.5336
Credit Score | 25.78  4.16 2.66 3.3 1.2 38 0.4731 0.6015 0.6441
Black Fridy | 9.26  0.64  0.56 135 62.1 66.2 | 0.3103 0.9657 0.9985
Covertype | 233.9 223.8 2314 | 133 15.6 15.6 |0.1785 0.1785 0.1785

Table B.1: Cluster performance for IHTC with DBSCAN (t* =2).
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Appendix C

Graph theory definitions

Let G = (V, E') denote an undirected graph.
Definition C.0.1. Vertices i and j are adjacent in G if the edge ij € E.

Definition C.0.2. A set of vertices I CV is independent in G if no vertices in the set are

adjacent to each other. That is, for all 1,5 € I, ij ¢ E.

Definition C.0.3. An independent set of vertices I in G is maximal if, for any additional
vertex i € V, the set 1 U I is not independent. That is, for alli € V' \ I, there exists j € I
such that 15 € E.

Definition C.0.4. Fori,j € V, a walk from i to j of length m in G is a sequence of m + 1

vertices (i = ig,i1,...,%m = J) such that the edge i,_1i, € E.

Note that, if (i = ig, 41,42, ,im = j) is a walk of length m from 7 to j and the edge weights

of G satisfy the triangle inequality (1.1), then the weight w;; satisfies the inequality:
Wi 5 S mmglx(wieflie). (Cl)

Definition C.0.5. The d" power of G, denoted G¢ = (V, E%), is a graph such that an edge

ij € E if and only if there is a walk from i to j of length at most d in G.
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