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Abstract

For several (non-legume) crops, the addition of nitrogen (N) via fertilization is key to
maximizing grain yield and farmers’ profit. The N rate balancing crop production and farmers'
incomes is called the Economic Optimum N Rate (EONR). The process of finding the EONR is
model-based, yielding different estimations depending on the data and the selected model.
Therefore, in some cases, model averaging can be an appropriate tool to improve the accuracy
(bias) and precision (variance) of the EONR estimation. In this study we propose for the first
time the use of bagging, a simple machine learning algorithm, as a model averaging technique.
The objectives of this study were to (i) evaluate the ability of bagging in estimating the EONR
for different experimental designs (data quality) using simulated data, and (ii) apply this
technique using data collected in a field experiment. In the simulation studies, we found that
(beyond the model representing the true data generating process) bagging was able to reduce
both bias and variance of the EONR estimation in comparison to individual models. This was
more notorious as the number of observations and N rates increased (i.e. good data quality). For
the real data example, bagging point estimation of the EONR was in between of the estimation of
the individual models. Furthermore, beginning provided the wider confidence intervals of the
EONR. Our framework for bagging grain yield response to N fertilization models provides
researchers with a simple method to the estimation of the EONR (or other derived quantities), by

considering a set of suitable candidate models.
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1) Introduction

Nitrogen (N) plays a major role in determining the performance of a crop. For several
(non-legume) crops, the addition of N via fertilization is key to maximizing grain yield and
farmers’ profit (Bélanger et al., 2000; Jankowski et al., 2024; van Grinsven et al., 2022).
Therefore, N fertilization is needed to match food production with food demand in a growing
human population (Sinclair and Rufty, 2012) .The practice of applying N to the soil is inefficient.
A high proportion of the applied N is lost to the environment in aqueous or gaseous forms
(Cassman et al., 2002). Thus, excessive N fertilizer applications cause negative environmental
impacts (Galloway et al., 2003). However, N applications below the optimum decreases crop
productivity affecting farmers’ profit (Banger et al., 2020). Therefore, N rates should be
estimated as accurate and precise as possible.

The relationship between crop grain yield and N rate is essential to improve N
fertilization management considering the balance between economic return and environmental
costs (Wang et al., 2014). Considering this relationship and the crop and N fertilizer prices, the
Economic Optimum N Rate (EONR) can be estimated. This N rate is recommended to farmers
with the aim of achieving maximum yield while considering economic and environmental
efficiency (Sieling et al., 2023). Although the N recommendation system seeks to precisely and
accurately estimate the EONR, this is a challenging task due to the presence of different sources
of uncertainty.

There are two big groups causing uncertainty on the estimation of the EONR. One of
them encompasses “natural” causes such as changes in weather (e.g., temperature, precipitation),
soil N mineralization and availability, and crop growth and N demand (Briat et al., 2020; Lobell,

2007). The other source is related to the analysis of the data. Estimating the EONR is a model



based-approach. Therefore, the inference about the EONR lies on the validity of the statistical
model selected to describe the relationship between grain yield and N fertilizer rate. Several
mathematical models are considered appropriate by scientists to model crop grain yield response
to N fertilizer application (Kyveryga et al., 2007; Lyons et al., 2019). Defining which functional
form or model to use is both user and data dependent, generating a new source of uncertainty
related to model selection.

In maize (Zea mays, L), different studies have shown variation on the estimation of the
EONR depending on the used model (Morris et al., 2018). Each of the models can be considered
as a hypothesis explaining the data generating process. Then, we are considering multiple
hypothesis simultaneously lying in the framework of multimodel inference. One of the most
widely used multimodel inference technigue is the implementation of information criteria to
select the “best” model according to the data. The most known and used information criteria are
Aikake’s (AIC; Akaike, 1998) and Schwartz or Bayesian (BIC; Schwarz, 1978). However, the
practice of choosing the “best” model based on information criteria is not always clear (Miguez
and Poffenbarger, 2022) and might be the case that the “best” model is not a good representation
of the data (Mac Nally et al., 2018).

The selection of a single “best” model might imply considerable under- or over-
estimation of the EONR (Jaynes, 2011; Kyveryga et al., 2007). Therefore, making an average of
different models can be a suitable multimodel inference technique for obtaining accurate and
precise predictions of the EONR (Burnham and Anderson, 2002). Miguez and Poffenbarger
(2022) and Matavel et al. (2024) evaluated the use of model averaging to estimate the EONR

based on AIC model weights. In this study, we introduce a simple machine learning algorithm



called bootstrapping aggregation or “bagging” (Breiman, 1996) as a technique to perform model
averaging to estimate the EONR.

The objectives of this study were to (i) evaluate the ability of bagging in estimating the
EONR for different experimental designs (data quality) using simulated data, and (ii) apply this
technique using data collected in a field experiment. The applied bagging algorithm is explained
in detail in the materials and methods section. In this study we focus on the maize grain yield
response to N. However, this methodology is equally useful in other crops and analyses such as

estimating optimum seeding rate and model predictions.

2) Methods

2.1) Set of considered models and EONR estimation

Several mathematical models can be implemented to model the expected value of grain
yield as function of N rates (Lyons et al., 2019). For this particular study we will consider a set
of 4 statistical models, M = {M,, ..., M,}. The selected models are defined based on expert
scientific knowledge and the assumptions behind them are not evidently inappropriate. For all
the models in this study, it was considered that y ~ normal(u, aI), where y is the vector of
observations of grain yield and o2 is the variance of grain yield assuming to be the same for all
y;'s in'y. The main difference among models was the mathematical equation used to model the
expected value of each normal probability function, i.e. each y; in the vector u. The
mathematical equations for the different statistical models were:
Quadratic (M = 1)

ti = Bo + Brx; + Boxf (D)

Quadratic plateau (M = 2)



+ Bix; + Box?  if x; < AONR
1 = {ﬁo Brxi + B f 2)

Bo + BLAONR + B,AONR?> o.w.’

where AONR is the agronomic optimum N rate obtained as AONR = 2%1 This value indicates
2

the N rate at which corn achieves the maximum attainable yield.
Linear plateau (M = 3)

Uy = {,30 +Bixi if xp <xp
L Bo + B1xp o.w.

(3)
where xp is the N rate at which the grain yield becomes independent of further N inputs staying
at the maximum attainable yield.

Mitscherlich (M = 4)

i = Bo + (B — Bo) e 2", 4)

In all of these equations, x; represents the N rate associated with the ith observation of grain
yield.

The parameters obtained in equations (1) to (4) can be implemented to calculate the
EONR. Since the EONR is the N rate at which the net return to farmers is maximized, the cost of
the N fertilizer and the price of the crop are considered in the calculation of the EONR. All the
functions implemented to model the expected values above, except the linear plateau, have a first
derivative where x, i.e. the N rate, is involved. Then, for those models the first derivative of u
can be used for obtaining the EONR. In those cases, the first derivative is equated to the ratio
between crop price and N price, and the equations are solved for the N rate (x). For the quadratic
and quadratic plateau model this is

,61 PR
— , 5
EONR = 3 ( )



Corn price ($/kg)

where PR = N price (5/ka)

, which indicates how many kilos of corn are needed to pay for one

kilo of N in the fertilizer. For the Mitscherlich model,

n [Wpfﬁomz]

EONR = — ,
B2

(6)

where p, and p. are the N fertilizer cost and corn price, respectively. For the linear plateau
function, if ps > p.f;, then EONR = 0, otherwise EONR > 0. In our study, in all cases py <
pB1 meaning that the parameter xp in (3) was considered to be the EONR for the linear plateau
model. When computing the EONR for quadratic, quadratic plateau, and Mitscherlich models,
corn price = 0.789 $/kg and N price = 0.154 $/kg, which are the average prices over 2000-

2022 years in United States (USDA ERS, 2024; USDA ERS Price Forecast, 2024).

2.2) Bagging

Bagging is an ensemble machine learning algorithm designed to improve the precision
and stability of statistical classification and regression problems (Breiman, 1996). What does
“ensemble” mean? Ensemble means that the implemented technique uses two or more algorithms
(e.g. regression models, regression trees, neural networks, etc.) to learn about relationships
among different variables producing more precise predictions than a single model (Zhang and
Ma, 2012). For example, one of the most used and known ensemble techniques in agriculture
studies is random forest, which is an ensemble of regression or decision trees models (Breiman,
2001). As an ensemble method, bagging consists of training the models over several datasets
and then combine them to obtain a compound estimation or prediction with lower variance
(Breiman, 1996; Zhang and Ma, 2012). To achieve this objective, bagging is split into two parts:

bootstrapping and aggregation.



Bootstrapping is a sampling method to take random samples from the original data set
with replacement (Efron and Tibshirani, 1986). Sampling with replacement allows us to ensure
that once we take a sample the subsequent samples are independent from the previous. The first
part of the bagging technique uses bootstrapping to build K new training sets by taking random
samples (with replacement) from the original data. Each of the K training sets is of the same size
as the original data (n). Before jumping to the second part of bagging (i.e. aggregation), the
learning algorithms (e.g. regression models, k-nearest neighbor regression, etc.) are run on the
new training sets to obtain the parameter estimation or prediction. Therefore, at the end of this
stage, we end up with K parameter estimations or predictions each one coming from different
learning algorithms. The second part, aggregation, simply means to combine the previously
obtained estimations or predictions to derive a single one. It is expected that the estimation or
prediction derived from aggregation has lower variance than the one coming from the individual
learning algorithms.

Now, we will explain the application of bagging to the particular case of getting more
precise estimations of the EONR. For this case, the different learning algorithms are the

regression models explained in (1) to (4). Consider the collected data to be stored in a matrix

Y1 X1

Yn Xn

D= , Where vy, ..., y,, are the observed grain yields and the x,, ..., x,, is the associated

N rate. This matrix has n rows and 2 columns, then it is a n x 2 matrix, where n is the total
number of observations in the original data set. The applied bagging procedure consisted of six
steps that were represented in Figure 1. These steps were:

(i) obtain K=5000 new matrices of size n x 2 using bootstrapping. These matrices are represented

as D) where the superindex k indicates the kth new training set.



(if) Randomly select one of the candidate models with probability 1/L, where L is the total
number of candidate models.

(iii) Fit the selected model to the data in DX, i.e. to the kth new training set.

(iv) Compute the EONR according to the model fitted in (iii).

(v) Save the estimated EONR.

(vi) Repeat steps (i) to (v) until a given candidate model was fitted to each of the kth new
training sets.

Once this algorithm was applied, we ended up with K=5000 estimations of the EONR
coming from different learners or candidate models. These K estimations formed an empirical
probability distribution of the EONR, which was used to obtain point and uncertainty estimations
of this quantity of interest. The point estimation can be performed by taking the median or the
mean of the empirical distribution. Here is where the aggregation step of the bagging procedure
occurred. The uncertainty estimation can be performed by computing the standard deviation or
given quantiles of the empirical distribution. In our case, we performed point estimation by
taking the median and the uncertainty estimation by considering the quantiles 0.025 and 0.975 of
the empirical distribution to obtain the 95% confidence interval. The step (iv) can be adapted to
obtain the estimation of other derived quantities such as the AONR or the expected grain yield at

a given N rate.
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Figure 1. Flowchart depicting the bagging framework implemented in this study.

2.3) Data Simulation

Simulating data allowed us to know the true value of the model parameters and the
EONR. Therefore, by simulating data we can evaluate the performance of bagging and
individual models in terms of their inference properties (e.g. bias and variance). For this exercise,
we considered different scenarios of data quality and data generating processes. According to
Supplementary Figure 1 in Miguez and Poffenbarger (2022), we defined three types of data
quality determined by the standard error on the estimation of the agronomic optimum N rate (a
similar quantity than the EONR). The data types were: (i) low quality: the data was comprised by
5 N rates and 3 repetitions, (ii) intermediate quality: 7 N rates with 4 repetitions were considered,

and (iii) high quality: the data consisted of 9 N rates with 6 repetitions. The total number of



observations were 15, 28, and 54 for the low, intermediate, and high data quality cases,
respectively. Furthermore, for all cases the minimum N rate was 0 kg ha* and the maximum it
was considered 315 kg ha*. Thus, the increments between N rates were 78.75 kg ha™* (low
quality), 52.50 kg ha* (intermediate quality), and 39.37 kg ha* (high quality). For the three data
quality, the data was simulated considering a completely randomized design.

For each data quality case, it was assumed that y;~ normal(u;, o), where y; was corn
grain yield and u; and o were the expected value and the standard deviation of grain yield,
respectively. The parameter o was set to 1000 kg ha™1. The equations in (1) to (4) were
considered the true data generating processes determining u;. The models in (1) to (4) to the
grain yield response to N were fitted to the experiments used in Correndo et al. (2021). The
obtained estimated parameters were considered as “true” parameters and used for simulation. For
all the simulated data sets in each data quality condition, the true EONR was 199.3, 197.8, 145.3,
and 222.2 kg ha* for the quadratic, quadratic plateau, linear plateau, and Mitscherlich models,
respectively. Considering the three data quality types and the four true data generating processes,
a total of 12 scenarios were considered. In each scenario a total of 500 data sets were simulated.
A seed was set for reproducibility. Therefore, bagging and individual models were fitted to the
same 500 simulated data sets in each scenario. Examples of simulated data for all the scenarios
are shown in Supp. Figure 1. The simulations were carried out in R software (R Core Team,

2020).

2.4) Model performance evaluations
Bagging and individual models were used for estimating the EONR in the 500 data sets

for each of the 12 scenarios. The models that did not converge were removed from the final set



of EONR estimations. A commonly used criterion to evaluate estimators in classical statistics is
the mean squared error or MSE. Let W be the total number of simulated data sets (i.e. W=500), 6
the true EONR, and éi(mj) be the estimated EONR for the ith data set using the mth model in the
jth scenario. In this case, the ensemble model obtained by bagging is considered in the set, then

m=1,..,5andj =1, ...,12. Therefore,
MSEy; = Var 0,,; + (Bias 0,,;)", (7)

where

w w 2
~ 1 . 1 A
ooy =13 [ - (3 32000 )| 0
i=1 i=1

and
_ 1o -
Bias Oy, = (W ; ei(mj)> —0. )
Therefore, the MSE has two components, the variance measuring the variability of the estimator
(i.e. precision) and the bias measuring its accuracy. An estimator that has good MSE properties

has small, combined variance and bias.

2.5) Case study

The open dataset of maize grain yield response to N presented in Ransom et al. (2021)
was utilized to apply the evaluated method to real experimental data. The trial number 36 carried
out in Urbana, Illinois, in season 2015 was randomly selected. The models presented in (1) to (4)
were fitted to the data individually and via bagging. The confidence intervals of the estimated
EONR were computed. For the individual models, it was assumed that 8 was normally

distributed and the confidence intervals were estimated as

10



cl1(6,,) =0, + 1.96 /V’&r(ém),

where 8, is the EONR estimation of the mth model. For the quadratic, quadratic plateau, and
Mitscherlich models, the variance of the EONR estimation, i.e. Var(8,,), was approximated by
using the delta method (Ver Hoef, 2012; Supp. Note 1). For the linear plateau model, the EONR
was an estimated model parameter, then Var(8,,) was obtained from the asymptotic covariance
matrix of the model parameters using the Jacobian matrix of the model (Bates and Watts, 2007;
Supp. Note 1). For bagging, the confidence intervals were computed as it was described in
section 2.2. All the analyses were performed in R software (R Core Team, 2020). The nls()
function was used to fit the non-linear models to the data and the package msm was used to apply

the delta method (Jackson, 2011).

3) Results
3.1) Simulation results
We conducted simulation studies in twelve scenarios determined by the combination of

three different data quality and four true data generating processes. For each scenario, we
evaluated the bias and variance of the individual models and of bagging as a model averaging
technique across 500 simulated datasets. When the true data generating process was the quadratic
model, the bias and variance decompositions are presented in Table 1. Under this context the
quadratic model showed the lowest MSE in all the three data quality conditions. Bagging
achieved the smallest MSE among the rest of the models, even in the low data quality scenario.
The smaller MSE of bagging was achieved by a reduction in bias and variance (in comparison
with the quadratic plateau model), bias (with respect to the linear plateau model), or in variance

(in contrast to the Mitscherlich model) (Table 1).
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Table 1. Results from simulation experiments when the quadratic model was the data generating
process. E[@] indicates the estimated EONR, Bias[@] and Var[8] represents the average bias and
the variance on the EONR estimation across the 500 datasets. MSE is the Mean Squared Error.

Data Quality Model E[A]  Bias[d] Var[f] MSE
Bagging 183.2 -16.1 585.6 843.8
Low Linear Plateau 127.8 -71.5 463.8 5573.9
~ Mitscherlich 191.2 -8.1 1773.7 1839.7
(n=15) Quadratic 201.9 2.6 246.7 253.6
Quadratic Plateau 174.8 -24.5 1036.1 1636.8
Bagging 184.2 -15.0 364.2 589.8
Intermediate LiT]ear Plallteau 131.9 -67.4 351.0 4896.7
(1=28) Mitscherlich 199.6 0.3 809.7 809.8
Quadratic 200.3 1.0 131.6 132.6
Quadratic Plateau 177.8 -21.5 543.4 1005.6
Bagging 187.5 -11.8 206.4 345.9
High Linear Plateau 136.1 -63.2 167.8 4155.8
(1=52) Mitscherlich 203.1 3.8 443.7 458.2
Quadratic 200.5 1.2 67.5 69.0
Quadratic Plateau 179.7 -19.5 301.9 684.0

12



Table 2. Results from simulation experiments when the quadratic plateau model was the data
generating process. E[@] indicates the estimated EONR, Bias[8] and Var[8] represents the
average bias and the variance on the EONR estimation across the 500 datasets. MSE is the Mean
Squared Error.

Data Quality Model E[8] Bias[A] Var[f] MSE
Bagging 209.8 12.0 1002.3 1146.3

Low Linear Plateau 1354 -62.4 570.4 4464.1
(n=15) Mitscherlich 240.9 43.1 4014.4 5875.9
Quadratic 229.0 31.2 883.2 1855.4

Quadratic Plateau 199.6 1.8 1958.9 1962.2

Bagging 209.9 121 518.5 665.0
Intermediate Li.near Pla.1teau 140.4 -57.4 400.0 3690.5
(n=28) Mitscherlich 243.3 455 1583.9 3658.5
Quadratic 225.4 27.6 291.2 1055.6

Quadratic Plateau 199.9 2.1 837.8 842.2

Bagging 209.5 11.7 261.4 398.7

High Linear Plateau 143.5 -54.3 186.8 3137.0
(1=52) Mitscherlich 239.4 41.6 701.9 2432.4
Quadratic 221.5 23.7 147.7 710.3

Quadratic Plateau 197.8 0.1 397.4 397.4

In Table 2, we report the bias and variance of bagging and the individual models when
the true data generating process was the quadratic plateau model. In this case, the quadratic
plateau model was the one with the smallest bias, but bagging was the technique with the
smallest MSE, across all data quality scenarios. When the linear plateau model was the true data
generating process, the performance of bagging was not superior to that of the linear and

quadratic plateau models (Table 3). In this case, all models beyond the linear plateau had a

13



considerable higher bias than in the other cases, leading bagging to a poor overall performance.
In the case of the Mitscherlich model being the true data generating process, the quadratic and
Mitscherlich had the lowest bias (Table 4). However, bagging achieved a smaller variance than
the Mitscherlich model having the second smallest MSE. As a summary, across the twelve
scenarios studied, bagging was the technique with the best balance among bias and variance, i.e.

lowest MSE, after the true data generating model.
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Table 3. Results from simulation experiments when the linear plateau model was the data
generating process. E[@] indicates the estimated EONR, Bias[8] and Var[8] represents the
average bias and the variance on the EONR estimation across the 500 datasets. MSE is the Mean
Squared Error.

Data Quality ~ Model E[6] Bias[] Var[d] MSE
Bagging 207.8 62.5 829.5 4742.3

Low Linear Plateau 142.9 -2.3 592.2 597.5
(n=15) Mitscherlich 241.7 95.5 3413.7 12716.6
Quadratic 224.0 78.7 704.8 6409.7

Quadratic Plateau 199.3 54.0 1355.8 4272.7

Bagging 209.2 63.9 435.9 4519.7

Linear Plateau 144.7 -0.5 292.1 292.4

Intermediate ) )

(n=28) Mitscherlich 246.0 100.7 1436.5 11585.0
Quadratic 221.6 76.4 279.1 6111.7

Quadratic Plateau 199.4 54.1 648.4 3575.9

Bagging 207.7 62.4 204.3 4101.9

High Linear Plateau 145.0 -0.2 138.9 138.9
(1=52) Mitscherlich 241.2 96.0 641.3 9851.1
Quadratic 217.8 72.5 123.0 5384.1

Quadratic Plateau 195.2 50.0 292.0 2790.0

15



Table 4. Results from simulation experiments when the Mitscherlich model was the data
generating process. E[0] indicates the estimated EONR, Bias[A] and Var[A] represents the
average bias and the variance on the EONR estimation across the 500 datasets. MSE is the Mean
Squared Error.

Data Quality ~ Model E[8] Bias[A] Var[f] MSE
Bagging 209.1 -13.1 1036.2 1207.6
Low Linear Plateau 125.6 -96.6 460.9 9790.5
(n=15) Mitscherlich 232.6 10.4 3871.7 3980.1
Quadratic 232.7 10.5 806.0 916.6
Quadratic Plateau 193.0 -29.2 2216.2 3071.1
Bagging 202.5 -19.7 731.1 1118.1
intermediate Linear Plateau 129.3 -93.0 350.2 8992.0
_ Mitscherlich 226.7 4.5 1526.0 1546.1
(n=28) Quadratic 226.3 4.1 355.2 371.6
Quadratic Plateau 188.9 -33.3 1282.9 2392.3

Bagging 203.9 -18.3 430.0 765.6
) Linear Plateau 133.9 -88.3 198.6 7997.0
(::IEZ) Mitscherlich 225.4 3.2 777.5 787.9
Quadratic 224.8 2.5 164.5 170.9
Quadratic Plateau 188.7 -33.5 696.3 1821.8
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Considering the twelve scenarios, independently of the data generating process, the bias
and variance, of individual models and bagging decreased as the data quality (sample size and
number of N rates) increased. In Figure 2A, we depict the relationship between bagging bias and
the average bias over individual models. The slope of the simple regression model was 0.962,
indicating that a unit increment, on average, in the bias of the individual models bagging bias
increased in one unit. However, in Figure 2B it is shown that a unit increment, on average, in the
variance of the individual models, the variance of bagging increased in less than one unit (slope
= 0.49). These results highlight two main points, (i) the performance of bagging was affected by
the performance of the individual models, and (ii) the variance of bagging was less affected by
the individual models than the bias. Therefore, bagging worked mainly as a variance stabilization

technique.
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Figure 2. A) Relationship between bagging bias and bias averaged over individual models on the
estimations of the EONR. The equation in the upper-left corner and the solid line represents the
estimated expected value of the bagging bias using least square estimation. B) Relationship
between bagging variance and variance averaged over individual models on the estimations of
the EONR. The equation in the upper-left corner and the solid line indicates the estimated
expected value of the bagging variance using least square estimation. In the reference for the
different scenarios LP: the linear-plateau model was the data generating process, MIT: the
Mitscherlich model was the data generating process, QD: the quadratic model was the data
generating process, QP: the quadratic-plateau model was the data generating process, and
“high”, “interm”, and “low” indicates high, intermediate, and low data quality respectively.

Once bagging is applied, there are still uncertainty on the estimation of the EONR.
Therefore, the confidence intervals generated by bagging were analyzed. In Supp. Figure 2, we
show the confidence intervals obtained by using bagging for the 500 simulated data sets in the
twelve scenarios. The results showed that for low data quality (small sample sizes and number of
N rates), the uncertainty obtained by bagging led to ill-constrained upper bounds (Supp. Figure
2). Therefore, with low data quality, bagging might lead to confidence intervals that lack
agronomic meaning. This problem tended to disappear as the sample size and the number of N

rates increased (Supp. Figure 2).
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3.2) Data example

In Figure 3, we present the results of applying bagging and fitting the individual models
to a single experimental maize grain yield response to N dataset. The sample size and the number
of N rates were 64 and 7, respectively. The individual models provided different EONR
estimations. The linear plateau model produced the lowest estimation of 146 ka ha™*. On the
other hand, the Mitscherlich model estimated the EONR to be 239 kg ha™. The bagging point
estimation of the EONR was 212 kg ha being in between the individual model estimations
(Figure 3). The range of the confidence intervals obtained by the individual models was from 24
kg ha to 69 kg ha'l, for the linear plateau and Mitscherlich models, respectively. The range of
the confidence interval yielded by bagging was 131 kg ha, achieving wider confidence interval

estimation than the individual models.
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Figure 3. Relationship between maize grain yield and nitrogen rate. Circles indicate point
estimation of the EONR and horizontal lines represents the 95% confidence interval of the
EONR estimation.

4) Discussion

In this study, we introduced bagging, a simple machine learning algorithm, as a
multimodel inference technique to estimate the EONR in agricultural crops. Previous studies
have shown that model averaging (using weighted models) was an appropriate technique to
estimate the EONR by effectively addressing the uncertainty associated with model specification
(Matavel et al., 2024; Miguez and Poffenbarger, 2022). Our framework for bagging grain yield
response to N fertilization models provides researchers with a simple method to the estimation of
derived quantities (such as the EONR), by considering a set of suitable candidate models.

Furthermore, the estimations of the EONR are used to build an empirical distribution facilitating
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the computation of standard errors and confidence intervals of the EONR estimation. This allows
researchers to avoid the use of relatively complicated formulas in comparison with obtaining the
uncertainty estimation implementing model averaging via weighted models using AIC or BIC
(Burnham and Anderson, 2002). The proposed bagging framework provides a new alternative to
perform multimodel inference to estimate not only the EONR, but other derived quantities of
interest where there are multiple candidate models.

Overall, beyond the model generating the data, bagging showed the best balance between
bias and variance, leading to a small MSE even under small sample sizes. This was achieved by
combining a set of trained models over different datasets (using bootstrapping) to obtain a
compound estimation of the EONR with smaller variance than the individual models (Zhang and
Ma, 2012). The performance of bagging was affected by the performance of the individual
models included in the set (Kuncheva and Whitaker, 2003; Wood et al., 2023) as it was also
shown for model averaging using AIC (Matavel et al., 2024). We demonstrated that bagging was
more effective at reducing the variance than the bias of the EONR estimation (Bauer and Kohavi,
1999). Different techniques such as adding crossover operations in the algorithm (Ngo et al.,
2022) or introducing a regularization term in the loss function (Ugirumurera et al., 2024) might
be implemented to improve bagging performance in terms bias. However, it should be
considered that the datasets implemented in grain yield response to N studies are usually small
(Miguez and Poffenbarger, 2022) in comparison with the target datasets for machine learning
techniques.

Bagging showed high MSE for estimating the EONR when the linear plateau model was
the data generating process. This might be related to the fact that ensemble techniques work

because different models will usually make different errors on new data points (Goodfellow et
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al., 2016). The quadratic, quadratic plateau, and Mitscherlich models consistently overestimated
the EONR by, on average, 75 kg ha* when the linear plateau model generated the data. This
means that in this case, all the learners made similar errors leading bagging to have poor
performance (Buhlmann and Yu, 2002). Therefore, including models showing more contrasting
estimations of the EONR might help to improve the performance of bagging. The probability of
including models having more accurate EONR estimations increases as the number of models
included in the set increases. Therefore, having more candidate models in the set (that are not
wrong in terms of assumptions) can improve the performance of bagging by increasing the
diversity of the ensemble algorithm (Wood et al., 2023). However, adding more models in the set
will not improve bagging performance indefinitely due to the trade-off between diversity and
accuracy (Johnson and Giraud-Carrier, 2019).

We applied the proposed bagging framework to estimate the EONR in a single
experimental dataset of maize grain yield response to N. We showed that different models
yielded different EONR estimations (Morris et al., 2018). In practice, there are no known data-
generating models. An option to address this problem might be to select the most appropriate
model based on the data at hand using some information criteria. However, the selected model
might not be the “best” model (Matavel et al., 2024; Miguez and Poffenbarger, 2022). Therefore,
estimating the EONR using bagging is a reasonable choice when the expert knowledge does not
allow the researcher to determine which model is the most appropriate in terms of assumptions
(which include functional forms). In the data example, the wider confidence interval obtained
with bagging compared to those of individual models might be due to two reasons: (i) bagging
EONR estimation considered not only the uncertainty on the estimation but also the uncertainty

in model selection, and (ii) the delta method usually tends to underestimate the standard errors in

22



comparison to bootstrapping (Efron, 1990). Although narrow confidence intervals indicate
higher precision on the estimation, the accuracy is not guaranteed. Thus, when the data do not
show a clear functional form, applying bagging might be a more cautious option in comparison
to selecting one of the individual models.

In this study, we showed that bagging had a good performance as model averaging
technique for estimating the EONR. In general, we accepted a relatively small amount of bias on
the estimation of the EONR in return for a larger reduction in variance, leading to small MSE.
Therefore, bagging can be used to reduce overfitting making the EONR estimation more stable
across different datasets (Soloff et al., 2024). This is the main objective of any regularization
technique such as Lasso and ridge regressions. Although ensemble methods do not introduce a
penalty or constrain term in a loss function as the previously mentioned techniques do, these
methods lie within the general framework of regularization by combining multiple models
(Friedrich et al., 2023).

The point and confidence interval estimation of bagging improved as the sample size and
the number of N rates increased. Under small number of observations and N rates, the EONR
uncertainty estimation had poorly constrained upper bounds yielding values lack of agronomic
sense. This might be related to the improved consistency and efficiency of the bootstrap
technique under large sample sizes (Efron and Tibshirani, 1986). To overcome this issue,
Bayesian model averaging might be applied. This technique would allow us to regularize
(constrain) the EONR prediction by adding a regulator in form of informative priors for model
parameters. Bayesian model averaging also combines multiple models (similar to bagging)
which would help to obtain a reduction in variance making the EONR estimation more stable

across different datasets (Friedrich et al., 2023). Furthermore, there are several candidate models

23



to represent the grain yield response of crops to N fertilization. We showed that bagging was
affected by the performance of the individual models, mainly in terms of bias. Therefore, future
studies should consider more diverse models and consider diversity as a hidden dimension in the
variance-bias decomposition of the ensemble (Wood et al., 2023).

We showed that bagging is an appropriate technique to obtain a reasonable EONR
estimation when there are important mismatches among different individual models. However,
although model averaging is reasonable and logical, it is not always desirable (Ver Hoef and
Boveng, 2015). Models allow us, via simplification, to interpret and understand how a natural
process works. This is the base of deductive-inductive reasoning in science (Howson and
Urbach, 2005). Therefore, considering a single model by its diagnostic, interpretation, and
correction is key to moving science forward. If the parameters of a single model have
mechanistic basis and it is suitable for the objective of the study, then we can base our inference
on that single model. However, if researchers are not satisfied by making inference conditional
on a single model, then model averaging can relax this condition. Furthermore, if the final
objective is just predicting some outcome, or simply we need more than one model to obtain
insights from a particular problem, then model averaging can also be appropriate. What we say
here is that model averaging is an statistical tool, that like all others, must be appropriately used

(Banner and Higgs, 2017).

5) Conclusion

In this study we proposed bagging as a model averaging technique to estimate the EONR
in agricultural crops. Overall, bagging showed higher accuracy and smaller variance than the

individual models. Our proposed framework is simple and requires minimum knowledge of
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machine learning algorithms and elementary statistics. Little adjustment is needed to adapt this

framework to obtained other derived quantities such as the AONR, optimum seed rates, or yield
predictions using a set of candidate models. In general, there is more than one suitable statistical
approach to tackle a given question or problem. We believe that our simple bagging framework

provides a simple new approach to the statistical toolbox of agricultural researchers.
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Appendix A

Supplementary Note 1
A general expression of the Delta Method for estimating the variance of a function of a

random variable is given by

Var g(y) = Z[gl (@)]*Vary; + 2 Z gi(@gj@) Cov(y;y;).
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For the linear plateau model, consider that we have the model y; = f(x;, B) + &;, where

e ~n(0,02). In this case f(x;, B) = {go i gﬁ; i xi jg‘f Then B = (By, By, xp)T. Then,
0 1 . .

since the Gauss-Newton algorithm was implemented,

cov(B) = 624D,
where 62 is the mean squared error, J is the Jacobian matrix of f(x, B), and JT J is the
approximation of the Hessian matrix of the sum of squared residuals (similar to X7 X in linear
models). Therefore, in this case variance of § = EONR = xp is the third element of the diagonal

of the matrix Cov(p).

In all cases, the 95% confidence intervals of & were approximated as

Cly = (é —1.96 /VEr[ 0<6<06+196VVar é).
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Supplementary Figures

Quadratic is the true model

Appendix B

Quadratic plateau is the true model

Linear plateau is the true model

Mitscherlich is the true model
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Supp. Figure 1. Representative examples of simulated data for the relationship between maize

combination of the data generating process (true model) and data quality. The model generating
the data is in the top of each column. The first row of plots indicates low data quality, the middle
row is for intermediate data quality, and the bottom row indicate high data quality.
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Supp. Figure 2. 95% confidence intervals of the EONR estimation obtained by using bagging for
the 500 simulated data sets. The red vertical lines indicate the median of the lower and upper
bounds of the confidence intervals across the 500 datasets. The blue vertical line indicates the
estimated EONR. The green vertical line represents the true value of the EONR. Each plot
represents one of the twelve scenarios created by the combination of the data generating process
(true model) and data quality. The model generating the data is in the top of each column. The
first row of plots indicates low data quality, the middle row is for intermediate data quality, and
the bottom row indicate high data quality. When the upper bound of the confidence interval was
greater than 500 kg ha™ the infinity (co) symbol was set, indicating non-agronomic sense for
those values.



Appendix C

R Code for Bagging

## Packages
library(tidyverse)

## Define the functions for fitting non linear models

# Quadratic Plateau Model
gquad p <- function(x,b0,bl,b2) {

xp = bl/ (2*b2)
X 2 = x"2

Xp 2 = xp"2

if else(x < xp,

b0 + (bl*x) - (b2*x 2),
b0 + (bl*xp) - (b2*xp 2)

}

# Linear Plateau Model
lin p <- function(x,b0,bl, EONR) {

if else(x < EONR,

b0 + (bl*x),
b0 + (b1*EONR)

}

# Mitscherlich Model
mits <- function(x,b0,bl,b2){

b0+ (b1-b0) *exp (-b2*x)

## Generate bootstrap datasets

df to boot <- data.frame (Nrate kg.ha = df$N rate,
GY kg.ha = df ss$Grain Yield)

set.seed (59)
K <- 5000 # Number of bootstraps

# Perform bootstrapping on a single data frame
df boot <- replicate(K, df to boot[sample(nrow(df to boot), replace = TRUE),

1,
simplify = FALSE)
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for (1 in 1:K) {

df boot[[i]] <- df boot[[i]] %>%
mutate (rowname = NULL,
boot id = i,
.before = Nrate kg.ha) %>%
as_tibble ()

## Apply bagging

# Set a seed for reproducibility
set.seed (497)

# Define the fertilizer and corn prices, and calculate the price ratio

pN = 0.789
pC = 0.154
PR = pN/pC

# Create a list to store the model outputs
bagg models <- list()

for (i in 1:K) {

# Sample the model to be fitted in the 1lth data set
mtofit <- sample(c("QD", "QP", "LP", "MIT"),

size = 1,

prob = c(0.25, 0.25, 0.25, 0.25)
)

# Initialize an empty model object
fitM <- NULL

# Fitting the selected model catching errors
fitM <- tryCatch(
{
if (mtofit == "QD") {
# Fit the quadratic model
Im(GY _kg.ha ~ Nrate kg.ha + I(Nrate kg.ha"2),
data = df boot[[i]])

} else 1if (mtofit == "QP") {
# Fit the quadratic plateau model
nls(GY _kg.ha ~ quad p(x = Nrate kg.ha, b0, bl, b2),
data = df boot[[i]],
start = list (b0 = 7500, bl = 55, b2 = 0.12),
control = list (maxiter = 2000))

} else if (mtofit == "LP") {
# Fit the linear plateau model
nls (GY _kg.ha ~ lin p(x = Nrate kg.ha, b0, bl, EONR),
data = df boot[[i]],
start = list (b0 = 7500, bl = 40, EONR = 160),
control = list(maxiter = 2000))
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} else if (mtofit == "MIT") {
# Fit the Mitscherlich model
nls (GY kg.ha ~ mits(x = Nrate kg.ha, b0, bl, b2),
data = df boot[[i]],
start = list (b0 = 14000, bl = 7000, b2 = 0.01),
control = list (maxiter = 2000))
}

by
error = function(e) NA) # Return NA if an error occurs

# Store results only if the model fit was successful
bagg models[[i]] <- tryCatch(
{

tibble (
model = mtofit,
b0 = as.numeric (coef (fitM) [1]),
bl = as.numeric (coef (fitM) [2]),
b2 = case when (mtofit == "LP" ~ NA real ,
TRUE ~ as.numeric (coef (fitM) [3])),
EONR = case when (mtofit == "LP" ~ as.numeric(coef (fitM) [3]),
mtofit == "MIT" ~ -log(-pN / (pC * (bl - b0) * b2))
/ b2,
TRUE ~ (bl - PR) / (2 * abs(b2)))
)
by
error = function(e) NA)

# Remove NA elements from the list
bagg models NONA <- bagg models|[!sapply(bagg models, function(x) is.null (x)
|| identical (x, NA) || !inherits(x, "data.frame"))]

# Bind the model outputs
df bagg <- bind rows(bagg models NONA)
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