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NOMENCLATURE

B(x,t) slab temperature (°F)

8(x,0) = eGo initial slab temperature (°F)

£ heat flux (BTU/hr)

v temperature deviation from initial temperature (°F)
X local position with respect to x coordinate (ft)

t time (hr)

a. | thermal diffusivity of rEE layer (ftzlhr)

kr thermal conductivity of r‘—EE layer (BTU/hr-£ft-°F)

Py density of rEh layer (lbm/ftB)

c. specific heat of rEE layer (BTU/lbm-°F)

Axr thickness of rEh layer (ft)

R1 inner thermal surface resistance (hr-°F/BTU)

Rn outer thermal surface resistance (hr-°F/BTU)

s the Laplace variable

T Laplace transform of temperature, 8

F Laplace transform of heat flux, f

v Laplace transform of v

Bm roots of the function B=0

A sampling period of the z-transforms (hr)

R(z) z-transfer function of Laplace transfer function, -A/B
W(z) z—transfer function of Laplace transfer function, 1/B



CHAPTER I
INTRODUCTION

Problem

In recent years, the words "energy shortage' have become commonplace.
Some argue that the energy crunch is an imaginary crisis being used by
energy producers to increase profits, while others insist that the energy
shortage is ‘a real and grave situation of severe consequence being used
by energy producers to increase profits. All agree that energy costs have
increased astronomically.

In the area of building climate control, economic factors have made
some traditional engineering design techniques impracticable, improved the
feasibility of other concepts, and coincidentally inspired new and innovative
design tools. Much work has been done in the simulation of building air con-
ditioning systems. The term air conditioning is not limited to cooling,
but implies the entire process of conditioning air. Some primary concerns
have been predicting heating and cooling loads accurately so that 1) heating,
cooling, and air handling equipment may be sized properly, 2) various
building configurations can be easily compared, and 3) changes made in
building materials may be evaluated. In most cases, the simulation con-
sists of a large digital computer program made up of several complicated
subroutines. Often, a subroutine is written to handle a unique part of the
physical problem, for example,‘one subroutine may find heat loss due to
conduction heat transfer through walls, another subroutine may handle solar
radiation and shading, while yet another simulates systems and equipment.

These programs are most often used with a one hour stepsize and depend upon



U.S. Weather Bureau tapes for hourly environmental data, as well as user
supplied data such as building dimensions, materials, etc. With a one hour
stepsize, the availability of data is good, heating and cooling loads can
be obtained to sufficiently satisfy many problems, and the computing time
required is reasonable. An hourly stepsize also takes full advantage of
the conduction transfer functions strong points, namely speed and accuracy.
The output is often an hour-by-hour profile of building heat gain or loss.
In most cases, to obtain hour-by-hour heat loss the inside temperature must
be assumed to be constant. The hourly stepsize itself is sometimes limiting.
For example, an hourly step may bypass some effects of a fast dynmamic
control system. Also, large imaccuracy could result due to input that
deviates appreciably during an hour, and is then approximated with an
hourly increment. These and similar restrictions limit the flexibility of
these simulations. Such programs are written for and conform to studies of
physical building characteristics reasonably well but are not equally well
suited to studies of the buildings automatic climate controls. Control
installations and changes are of paramount economic importance as such
actions give quick payback [1].

In order to investigate the effect of control system dynamics on
energy consumption, a simulation with a stepsize short enough to manifest
the dynamics of the control system is required. The problem approached in
this research is the investigation of the effect on the conduction transfer

functions and associated simulation algorithm of shortening the stepsize.

Purpose
The purpose of this thesis is to demonstrate and satisfactorily document

an algorithm for transient heat conduction through multi-layer walls that



may be used as an element in a computer simulation to study effects of
variations in the automatic temperature control systems of buildings. The
algorithm should 1) be general enough to handle walls of any number of
layers, 2) have a variable time increment which is short enough to be used
with fast dynamic elements, 3) have no restriective input, such as constant
or periodic boundary conditions, 4) be reasonably accurate, 5) require as
little computing time as possible, and 6} have few restricting assumptions.

This thesis will document a study of the thermal response factor
technique applied to this problem with these criteria.

The development of the thermal response factor concept cannot be
attributed to a single individual. Mitalas and Stephenson [2] suggest Nessi
and Nisolle [3] as early investigators and cite Mackey and Wright [4] as
having worked on the same problem with restricted boundary conditioms. T.
Kusuda [5] has also contributed to the method and attributes significant
contributions to Mitalas and Arseneault [6].

Analytical solutions to one-dimensional unsteady-state systems with
specified boundary conditions occupy substantial space in heat-flow and
applied mathematics texts. Since the boundary conditions in practical
applications may change in a manner unique to the particular system and
application, even the most extensive compilation of formal solutions is
unlikely to match a given practical case completely. However, with the use
of a digital computer, differential difference methods may prove to be
powerful tools [7]. Finite difference approximations are a well-known
approach to solving transient heat transfer problems. Although the computa-
tional procedures involved are less complicated than with the response
factor concept, small grid sizes are required for finite difference time

and space coordinates if computational stability is to be retained for a



multi-layer heat flow problem [5]. The response factor method does not

have these limitations.

The basic steps in the development of the response factor algorithm

are

1)

2)

3)
4)

5)

6)

Obtain the differential equation to model heat conduction in a
slab. _

Derive expressions for temperature and heat flux by applying
Laplace transforms.

Generalize the analysis to 'n" layers.

Assume an input form and apply z2-transforms to the Laplace transfer
functions.

Manipulate the z-tramsfer functions into the form of infinite power
series in z_l and obtain the coefficients of the z terms.

Find the solution in time by expanding the z-polynomials.

The derivation of the algorithm follows the basic outline as listed above

and is found in Chapter II. Chapter III explains the computer programs used

to develop and apply the response factors, while Chapter IV contains examples

where the response factors are used to obtain solutions to practical problems.



CHAPTER II

DERIVATIONS

Single Layer Structure
Consider a semi-infinite slab of a homogeneous material with a uniform
initial temperature, 8(x,0). Conduction heat transfer through the slab is

described by the one-dimensional heat-conduction equation,

(=5
D

- where o = %E . I18] (1)

d

i
a

=5}
T

2%s
2
X

6(x,t) - temperature

— local position with respect to X coordinate
- time

- thermal diffusivity

thermal conductivity

- density

- specific heat

N e oMM
1

Below is a schematic cross—section of the layer, its initial condition, and

the heat flux, f, at the left surface of the slab.

B(x,U).= BGD

Figure 1. Single-Layer Slab.

Below, the Laplace transform of the one-dimensional heat conduction

equation is obtained [9].
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dx
T - Laplace transform of temperature, 6
s — the Laplace variable.
Equation (2) may be simplified by expressing the temperature as a deviation
from the initial, uniform temperature.
vix,t) = 8(x,t) - 8(x,0)

Applying the Laplace transform to this expression yields

8
- m_ _Go
V=T - (3)

V - the Laplace transform of wv.

Differentiating (3) twice with respect to x results in

a>v 4’1
5 =5 - (4)
dx dx

Substituting (3) and (4) into (2) yields

d2V

-

dx

V. (5)

2w

The significance of these operations is that equation (5) is not a partial
differential equation like equation (1), but rather an ordinary differential
equation where s is an algebraic variable.

The general solution to equation (5) is [10]

)’
v - e sinh(¥sf/a x) + V., cosh(v¥s/a x) where (6)
(x,s) =T 0
VO = L[v(0,t)] = L[e(0,t) - BGO] .



The heat flux, f, at any x (see Figure 1) is

f=-k(_i;' [8]

Taking the Laplace transform yields

- dT
F = -k I where (7)

F - Laplace transform of heat flux, f(x,t).
Differentiating equation (3) with respect to x yields

dr _ 4av
dx dx °

thus equation (7) may be written

o B (8)

F dx

Equation (8) relates the heat flux at any point x in the slab to the gradient
of the temperature at that point.
At x=0, it follows that

dv
0 _ Y o
dx = (VO) =

F
__0

k
which may be substituted into the general solution, egquation (6},

Vi{x) = —FO-% Yafs sinh(vs/a x) + Vo cosh(¥s/a x) . (9)

The substitution eliminated the derivative in the soclution, and both
coefficients, FO and VO’ are for x=0.
To obtain an expression for F, equation (9) is differentiated with

respect to x,

% = _FO %— cosh(y"s)’u x) + VO YS/G'. Sinh(FS/U- x)



Substituting into equation (8) yields

F = F0 cosh(¥s/a %) - VO k¥s/a sinh(¥s/a x) . (10)
Equations (9) and (10) are now placed in matrix form.
v cosh(vs/a x) —-% va/x sinh(¥s/a x) VO
F -k vsfa sinh(¥s/a x) cosh(¥s/a x) FO

The expressions in this matrix relate the temperature and heat flux at
any x in the layer to the temperature and heat flux at x=0. Below is a

matrix for the temperature and flux at x=L.

VL cosh(¥s/a L) - %-Va/s sinh(Ys/u L) V0
- (11)
FL -k vs/a sinh(¥s/a L) cosh(¥s/a L) FO

Note that this matrix relates the temperature and flux at one face to the

temperature and flux at the other face. Also note that L is the thickness of

the layer.

Multi-Layer Structures
Following the procedure of Carslaw and Jaeger (11), a multi-layer wall

composed of n slabs as in Figure 2 is considered.

Figure 2. Multi-~Layer Slab.



By generalizing matrix (11), the following matrix may be written for use
with any particular layer in Figure 2. Recall that the substitution v(x,t) =

p(x,t) - @ was made in the derivation of the expressions in matrix (11) to

Go

oblige the initial condition 6(x,0) = HGo' Therefore each layer must be at

the initial temperature B

Go’
1 i
Vr+1 cosh(#s/ar Axr) - E;-fur/s 51nh(Vs/ar Axr) Vr
Fr+1 —kr Ys/ur sinh(fs/ar AXr) cosh(fs/ar Axr) Fr

For brevity, the following substitutions are made.

A = cosh(r’s/ar Axr)

B = - %—-fa /s sinh(¥Ys/a_ Ax )
r r r

r

C = -k ¥sfo sinh(¥s/a_ Ax )
T T T T

D = cosh(#s/ar Axr)

r
For layer one, r=1, and

Vg Ay Byl 4%

Fy G D1 tH

Similarly for layer two, r=2, and

Vq Ay Byl 1Yy

it

F3 C2 D2 F2

If there is perfect thermal contact between the slabs, simple substitution

yields

]
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In like manner, the expressions relating inside and outside face tempera-

ture and heat flux for an n layer structure in matrix form are

= aiiwiie . 12)

Surface Resistances
A linear thermal resistance, R, may be included at the surface of a
layer as shown in Figure 3. Modeling the surface f£film in this way neglects
any thermal capacitance of the film but accounts for the resistance to the
flow of heat through it. Physically, the capacitance of the film is minute
and may be neglected. The matrix notation relating the temperature and flux

at the resistance to the temperature and heat flux at the slab surface is

= - [11]

13””,//;?

.

1 -

v
Vi
Figure 3. Surface Resistance.

Thermal resistances may be considered at both outer surfaces of the

multi-layer slab as shown in Figure 4.
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"""/ | | &\\P
N )

f
> w & n o o — FO

Figure 4. Multi-Layer Slab and Resistances.

The expressions relating inside and outside temperature and heat flux

are
Vol |t Raf % Pall%-1 P A B RN
| o 2flc o flc_, D, c, o |lo 1i]|F

(13)
The product of two 2x2 matrices is a 2x2 matrix. Therefore, the results
of multiplying the 2x2 matrices together will be a 2x2. The resultant 2x2

matrix will be symbolized as

A B
(14)
C D
Expression (13) is now simplified to
Vo A B VI
= . (15)
F0 C D FI

Expression (15) may be manipulated so the heat fluxes are both to the
left of the equals sign. By matrix multiplication of expression (15), the

following equations are obtained:
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Vo = AV, + BF (16)
Fo = CVI + DFI (17)
From equation (16)
- _A 1
Boom=g Vo +3 %, (18)

By substituting this equation inte equation (17), an expression for the
Laplace transform of the heat flux at R1 as a function of the inside and
outside temperatures is obtainable.

_ (BC - AD) D
1?0 == VI + z v0 (19)

This equation may be simplified by recognizing that the term (BC - AD)

is the determinant of matrix (14). The determinant may be evaluated as

follows.
A B 1 -Rn An Bn
r = =T_ T eo T 2T T =
¢ pf =B 218 o 1dlc b
n n
A2 B2 Al Bl 1 -Rl
C2 D2 C1 Dl 0 1
It is easily found that T, =T_ = 1.
Rh Rl
Now consider the determinant of the matrix for layer r.
coshvsf/a Ax ) —<l—-#a /s sinh(Vs/a_As )
r 'r kr T r T
' =

% —krYS/Gr Sinh(vsfar Axr) cosh(#s/&r Axr

= coshz(fs/ar Axr) - sinhz(fs/ur Axr) =1

It may be seen that the determinant of matrix (14) is equal to 1.
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Equation (19) now simplifies to

=1 D
Be =S¥k =N, (20)

Equations (18) and (20) are now placed in matrix form.

\

A
E "B I

1

B

. 1 ool =)
B B 0

The above matrices relate the inside and outside temperatures to the
inside and outside heat fluxes. The terms in the 2x2 matrix are the transfer

functions in the Laplace domain.

z— Transform Method

For this procedure to be of practical value, the inverse Laplace
transforms must be found. Inverse Laplace transforms may be found in a
variety of ways. For example direct integration may be used, tables of
Laplace transforms are sometimes helpful, the partial fraction expansion
method may be applied, or z-transforms can be employed. However, the
complexity of the Laplace transforms, in this case, nearly eliminates
direct integration or the use of tables. The z-transform technique as
outlined in reference [2] will be used in this work. With this method, an
input form is selected and multiplied by the transfer function to obtain the
Laplace transform of the output. The z-transform of the output, the input
times the transfer function, is then found. The z-transfer function is then
obtained by dividing the z-transform of the output by the z-transform of the
input used to obtain the Laplace transform of the output. What follows is a
detailed development of the z-transform method.

Recall that the terms in the 2x2 matrix of expression (21), A, B, and D,

are al; functions of the Laplace variable, s. It may be helpful to return to



14

expression (13) and page 8 to again see how the terms are developed. One
finds that the terms are composed of sums of products of sinh and cosh terms.
So, the upper left Laplace transfer function, - %, consists of a string of
cosh and sinh terms divided by some other array of cosh and sinh terms. The
size of the string of terms is determined by '"n", the number of layers in the
structure. The hyperbolic functions have an infinite set of r&éts, but are
approximated with a finite number of roots.

The upper equation from expression (21) is

A 1
ﬁ-VI + B VO . (22)

Here, the Laplace transform of the output, F is the sum of a transfer function,

I’

2 1 :
times an input, VI’ and another transfer function, B’ times another

The z-transform of the output heat flux will be composed of the

A
- S
input, VO.
sum of the two responses due to each input. A detailed derivation of the
z-transfer function for the - % transfer function is included in this thesis.
The other z-transfer functions are easily developed following the same pattern.

To obtain a z-transfer function, an input form must be chosen. The

selection of the input form is equivalent to designating a function for inter-
polating between the discrete values given by the z-transform coefficients [2].
A step function is synonymous to representing the input by a staircase
approximation, while a ramp input is equivalent to linear interpolation between
the discrete values. Inputs of higher order than the ramp input yield unstable
transfer functions because the z-transfer functions have poles at the zeroes
of the z-transform of the input. A step input form is satisfactory for small
time increments and slowly changing inputs, while a ramp input is preferable

for larger time increments or rapidly deviating inputs. Ramp inputs are used

in the following developments.
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The Laplace transform of the output, 0, may be found with the following

equation.
=4
0= B I

0 - Laplace transform of the output
—‘% — Laplace transfer function
I - Laplace transform of the input

In this case, the input is a ramp function, and

1= [12]

1

7 -
s
Therefore,

0=--2.
s B

This output has a double pole at s=0, and other poles at the roots of B.
See Appendix A for a discussion of the roots of the expression B.

The partial fraction expansion of O is

P Py 9 99 9n
0—-—-2~+S—+S+Bl+s+82+...+S+—Bn+..- (23)

where the B's are the roots of the expression B, and Pys Py and the q's
are defined below.

pda _, dB
A ds ds A

P, = [- 3] Py = =] = [-—5— (s+8.)]

% B s=0 B B2 s=0 qm szB m s=-8m

The q's are the residues of 0. In the present form, the evaluation of a q
term would result in an indeterminant solution. However, L'Hospital's Rule
may be used to find an expression which yields determinant results. This

expression is shown below.
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Realize that Pys P> and the q's are all constants that have been
evaluated at specific values of s, namely 0 and —Bm. Thus their presence
will not affect the form of the z-transform of the function in which they
are located. If the z-transform of the partial fraction expansion of 0,

Equation (21), is then found, the result is 0(z).

P, A Py ® q
0{z) = Tzt t L =
z(1 -z 7) (1-z 7) m=1 (i - & m z—l)
A - sampling pericd of the z-transforms.
When a common denominator is found,
o _SA
0(z) = L [p.a T (L-e ® 270
~1,2 o -EmA -1 . m=1
z{l-z ) I (1 -e z ")
m=1
5, * —Bd
+ plz(l—z l) I (1-e B l)
m=1
© -B A ©
=1,2 -1
+z(l-z )" 0 Q-e "z ) [] ¢ _:”‘A )]
m=1 m=1 m -1
l-e Z

From this expression for the output, it is possible to find a z-transfer
function, R(z), by dividing by the z-transform of the input. Recall that

the input was a ramp function. The z-transform of a ramp function is

1(z) = L.
z(1 -z 7)
Now, R(z), the z-transfer function of the Laplace transfer function - % is

found to be
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© —B A
_0(z) _ 1 _ m -1
R(z) = 1(z) = { . _BmA 1 } Ipz mE]_ (1 e z )
I (1 -e z ")
m=1
P & T
+ 1 z(l—z-l) I (1 - e nog 1)
A o
=1
-1.2 -8 A ©
” z(l—zA ) T - (l-e ™ 1} ( Z ( _ZmA ) .
m= m=1 § - & z-l
(24)

This z-transfer function, or pulse transfer function may be used to relate
the pulsed output of the wall to its pulsed input.

In summary, an input form has been selected and the Laplace transform
of the output was found by multiplying that input by a Laplace transfer
function that reflects the thermal characteristics of a multi-layer wall.
The z-transform of the output was then found. This output was divided by
the z-transform of the input to yield a z-transfer function for the wall.

The z-transfer function was not obtained by taking the z-transform of
the Laplace transfer function. If the z-transfer function were obtained in
that way, and then multiplied by the z-transform of the input, the sampled
output obtained would be the response due to a "sampled" input rather than a
continuous input. That is

IG(z) # I(z) G(z)
where the G term is the transfer function. See reference (12), page 644.

The transfer function, R(z), may be put in the form of a ratio of two
infinite power series in z-l. In practice however, a finite set of roots
of the function B is employed resulting in series of finite numbers of

terms.
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-1 -1 -n
a1 + 322 + asz * soeve an+l z

-1 -2 -n
bl + bzz + b3z + ... + bn+l z

R(z) =

a - numerator coefficients
b - denominator coefficients
n - number of roots of function B
The coefficients may be evaluated by expanding the numerator and
denominator of equation (24). Calculation of these coefficients is discussed
in Chapter IiI.
R(z), the z-transfer function for the Laplace transfer function - %

has now been derived. By following the same steps, another z-transfer function,

which is called W(z), may be developed for the Laplace transfer function

E-
(See expression (21)). When the partial fraction expansion of the-% trans-

fer function is found, the following constants are necessary.

1 dB
u, = [=] ds _ 1
2 Bllgeo » v - 1I73] B > Vp = [5ggl
B s=0 s — 's=-8
ds m

As before, the Laplace transfer function may be maneuvered into a

z-transfer function in the following form.

e, +ez T4

1 2
-1 -2 -n
dl + dza + d3z + ... +d z

W(z) =

¢ — numerator coefficients
d - denominator coefficients
n - number of roots of function B
When the two z-transfer functions have been derived, it is found that

they have the same dencminator. Then
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-1 -2 -n _ -1 -2 -n
b, + b,z + b,z + ik bn+1 z = dl + dzz + d32 + ... +d z 4

Inversion of z-Transforms
For the moment, consider am input of a train of weighted impulses as

in Figure 5.

Figure 5. Weighted Impulses.

The impulses are equally spaced and each impulse is weighted by a

constant, ¥y I(z), the z-transform of this input function is

I(z) = _ z-l+1 =y + yzz_l +y 2_2 Foren .

i=1

¥

LR e B

Similarly, the z-transform of an output function of the same form may be
expressed as

0(z) =0, + 022'1 + 032“2 + e

It is known that

0(z) = G(2)1(z) . [12]
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0(z) - z~transform of the output
G(z) - z-transfer function
I(z) - z-transform of the input

And for the transfer function R(z) it follows that

-1 -2 al + azz—l + a3z_2 F* wwe A z-n
01 + 022 + 032 + ... =

. (yl + y2 z + y3 z F 5 uie)

By clearing the denominator and multiplying, equation {(25) may be derived.

+ Ole)z_z + (0,b, + 0.b, +

-1
+ Olbz)z + (0.b, + 02b 4P 3Py

Olbl + (02b 3P

1 2

-3 N -1
+ 02b3 + Olb4)z .=y (yzal < Vlaz)z + (y3al +

+ Y42, + y153)z_2 + (yaal + Y33, + Yy3s5 + 371514)2—3 R (25)
Both sides of equation (25) are polynomials, so the coefficients of the
various powers of z'_l on each side of the equation must be equivalent.
Furthermore, each side of the equation is convergent and the coefficient of
the z.-k term in each series is the value of the function at time kA. A is

the sampling period of the z-transforms. A set of equalities may be

formulated from equation (25) and are listed below in Table 1.

Table 1. Polynomial Coefficients Expressed as Equalities.

kA Equalities
0 Olbl = Y13
1A 02b1 + Olb2 = ¥o2y + Y125

2A 03b1 + 02b2 + 01b3 = y3al + y2a2 + y133

3A 04b1 + 03b2 + 02b3 + 01b4 = ykal + y3a2 + y2a3 + yla4
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If the output at kA, O is unknown but the input and transfer function

k+1?
are known, the output may be found by solving the equations. Values of the
output are used in subsequent equations.

This technique may be extended to include the transfer function W(z) and
invert the z-transformation of equation (22) to obtain values of the heat
flux at specific points in time. As shown above, coefficients of like powers
of an expanded polynomial can be equated yielding expressions that may be
used to find the heat flux at t = kA, fk+1’ when the input temperatures and

transfer functions are known. A few of these expressions are contained in

‘Table 2.

Table 2. Equalities for Calculation of Heat Flux.

kA Equalities

1"1 © Y11

1A f2h1 + flb2 = U2a1 + Ula2 + VECl + chz

25 f3bl + f2b2 + f1b3 = U3a1 + Uzaz ¥ Ula3 + V3cl + VZCZ + Vlc3

3a fl‘b1 + f3b2 + f2b3 + f1b4 = U431 + U3a2 + U233 + Ula4 + Vﬁcl + V3c2 + v2c3 + V1°4

f - heat flux at film surface, fI (sze Figure 4).
U - previously defined by VI

V = previously defined by Vu

Uk+1 and Vk+1 are discrete values of the inside and outside temperatures

at t = kA, and likewise the output, is discrete values of the heat flux

fk+l’

kA. The z-transfer functions, however, were developed with a ramp

at t

input. A discussion of this may be located in Appendix B.



CHAPTER III
CALCULATION OF THE z-TRANSFER FUNCTIONS

To obtain the coefficients of the z-transfer functions, a variety of
numerical constants must be found. Except for a few, the constants are
evaluated from large, complicated functions. Evaluating the constants by
hand would be impractical. A digital computer is a necessary tool for the
application of the concept. In most cases, the computer programming may be
done in a straight-forward, brute force manner. However, a few scraps of
ingenuity greatly improve some of the programs' flexibility and comprehen-
siveness. The computer programs in this chapter are all done in double
precision for increased accuracy. It was found that extended accuracy is
necessary for reliable results as the stepsize in time is decreased. All of
the programs are composed of an array of general subroutines. The sub-
routines were written with extreme versatility and will no doubt prove useful

to others extending this work.

Roots of Function B
First, it is necessary to acquire the roots of the function B. Tt is
known that there is an infinite set of negative real roots of this function.
As the roots become larger, they contribute less and less to the value of the
coefficients. If the values of the denominator coefficients are to be
g -8
accurate within +10 ~, then

-B A
e " L1078 (2

From this it is noted that the value of the stepsize, A, is also a factor

in determining how many roots of B are necessary.

22
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The program that calculates the roots, Bm’ of the function B is
referred to in the discussion as Root-finder. Input to the program is N, the
number of layers, Rl, the inner surface resistance, RN, the outer surface
resistance, A, the thermal diffusivity of each layer, CON, the specific heat
of each layer, and DELX, each layer's thickness. Root-finder is initialized
at some starting value of the variable s. The value of B is then found at
this s, then s is decremented and the value of B is again calculated. If the
signs of the values of B differ, it is known that a root of the function B
lies between the initial and the decremented value of s. When the general
position of a roet has been located, program control is sent to a subroutine
named BETA., This subroutine converges on the root quickly but must have the
value of the function's derivative to do so. For this reason, another
subroutine, DERIV, is utilized. DERIV finds the derivative of each element
of matrix (14) for a specified value of s. Two support subroutines are
called by other subroutines. One is called MATMUL and does matrix multiplication.
The other, HMADD, performs matrix addition.

The size of the constant used to decrement s is not strictly defined.
A large constant reduces the computing time required to find the roots,
but caution should be exercised so that too large a constant is not wused,
as two roots could be stepped over thus resulting in no change in sign of
the function.

When the subroutines FIGURE and DERIV are executed, the value of
the function and derivative for each element of the 2x2 matrix (l4) at
a particular s is calculated. Therefore, these subroutines may be used
to calculate other constants also.

A Fortran listing of the ROOTFINDER program is located in Appendix C.

The roots are printed and punched onto cards when ROOTFINDER is executed.
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Evaluation of z-Coefficients
Once the roots have been obtained, other constants essential to the
evaluation of the z-transfer function coefficients may be found. The
constants, Pys Pys Ups and Uy do not depend on the roots of the function
B as they are evaluated at s = 0. The expressions for Pys Pys Uy and uy

are again listed.

pda_ , dB
A ds ds
Py = [- ﬁﬂ ’ By = '[——————E—"——] s
s=0 B s=0
B
1 d
u, = [5] y oy o= =l (26)
s=0 B s=0
; ; : , . dA dB
If zero is substituted for the variable s in the functions A, B, s’ or 3s°
indeterminant forms are obtained. However, simpler expressions may be
derived that produce numerical results.
It has been shown that
1 ; T
Ar Br cosh (#s/ar Axr) - E: fur/s sinh( s/ar &xr)
[ D - k_ ¥s/o. sinh (¥s/a Ax ) cosh(v¥s/a Ax )
r r r r r T T r

When s equals zero, the Br term is indeterminant, but by applying L'Hospital's

Rule or a series expansion the following equality may be derived.

ﬁxr
Ar Br 1 - kr
= i (27)
Cr Dr 0 1
s=0

By expanding, it may be seen that
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Axl sz Axn
- —mm——— e e s = = R
A B 1 Rl kl k2 kn n
= (28)
Cc D gl 0 1
By differentiating, it can be shown that
dAr dB Ax Axr 1
L S L sinh(¥s/fa_ &x_) - —— cosh{¥sfa_ Ax_) + =— Ya_/s sich(Vs/a_ Ax_ )
ds ds r T 2k s T T 2k s 4 r r
qurs T T
fdc.  ap k A% k. ax,
e e - 2°1— cosh('lfsjr'cr-_"T .".‘.xr} - &x sinh(rsf:x: e‘_‘.xr)

L OWE r 25 7s
And with techniques used in evaluation of expression (17), the much simplified

result below is found.

dA dB 7 r&xz Ax3 i
A TR —x o e e
ds ds 2ar Gurkr
= (29)
dac dD k_Ax sz
T T e - - r
| ds ds |'s=0 | a 2ar ]

The derivatives of the elements of expression (14) in general are

dh dB dAn dgﬂ B 1 R
Ly - ] —, \ A B o
% 2= T RailE T e Baet 1 B 1

daC dB ) an an o ’ 0 1
gL = N — c, D
e as) L° YJlEs © G Pear 1 P
rdA 4B
n--1 -1 A B 1 -R
e 1
1 Rn An Bn ds ds 1 1
+
dC dD
n-1 n-1
0 1 Cn Dn -_d.;i_- s Cl Dl 0 1

+ ... +
9 1 Cn nn Cn-l Dn—l
e W f | R
ds ds 1
- : (30)
s W | TP
ds ds
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Expressions (28), (29), and (30) are used separately and combined to
evaluate the constants in expression (26). A subroutine, CONSTS, utilizes
these expressions and finds numerical results for the constants Pys Py Uy
and u, . These constants are then used by the main program to find the
z-coefficients for the transfer functions R(z) and W(z). In this thesis,
the main program being referenced will be called Z-Coefficients.

Input to the Z-Coefficients program is N, the number of roots, NLAY,
the numbe¥ of structure layers, DELTA, the size of the time increment, RI,
the inner surface resistance, RN, the outer surface resistance, A, the thermal
diffusivity of each layer, CON, each layers specific heat, DELX, the thickness
of each layer, and BETA, the roots of the function B. Once this data has been
read, Z-Coefficients calls the subroutine CONSTS and thus obtains values for
Pys Py Uy, and uy to be used later. The denominator polynomial is then
calculated by looping through a few statements that initialize and then call
a polynomial multiplication subroutine, PMPY. When this loop has been
executed, the denominator coefficients are printed. Recall that R(z) and
W(z) have the same denominators.

Two other sets of constants must be calculated before the numerator

coefficients can be evaluated. These are q, and Vo and are evaluated at

values of the roots as shown.

= f— A —--—.l..._._.
I 2 dB > Ym T 7 aB
8 ds 8 ds

S=—Bm s=—8m

These constants are found with relative ease as subroutine FIGURE calculates
A, B, C or D at any negative real values, subroutine DERIV calculates the

derivatives at any negative real value, and the roots are already known.
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Once the necessary constants have been found, the numerator coefficients
may be calculated. The numerator coefficients may be found by expanding the
numerators of the z-transfer functions, see expression (24), but a quicker
and clearer approach is suggested in reference [2].

From equation (23),

A P2 P13
)

q
2= 5ts (g
s B m=1

s+R
m

The inverse Laplace transform of this equation will be called 0, some output,
and is found to be

o -8 t
-1, A
o(t) = L P—§~] = pyt + Py + z q.e o .
s B m=1

This equality can be evaluated for t = A, 2A,...,kA to find the values of the

output at 0 These values of the output at multiples of A may

500 » e
be recognized as the sampled values of the output function. In essence, the
above equation is used to find values of the z-transform of the output, 0(z).

It has been shown previously that in general

0(2) =-’;—§—z—; CI(z) .

Here we seek the numerator, N(z), and

D(z)

N(z) = I(z)

- 0(z) .

From expression (24), it is known that

1) —BA
D(z) = T (1-e ™ z—l), and

m=1
the z-transform of a ramp input is

A

1.2 °

1) = e
z(l-z ™)
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Combining,
-1,2 -8 _A
Ny = 2822 ) g g - @ gL Lo
A -1
This may be reduced to
-1,2
_z(l-z ) -1 =2 .
N(z) = — (bl + bzz + b3z s | 0(z)

because the denominator may be expressed in the equivalent infinite series

form in z-l.A The output may be expressed in the same form, so

-1.2
) -1 -2 -1 -2
(b1 + bzz + b32 + ...)(Ol + 022 + 032 + iaud s

L. . 1
When this equation is expanded it is found to contain a 2z~ term. But, because
the output at t = 0, 0l is to be zero, the coefficient of this term is zero.
Below, N(z) is partially expanded.

N(z) = a, + a z—l

1 2 + ... = (0,b, + 0.b, - ZOlbl) + (0,b, + 0,b, +

271 172 371 272

=1
+ 01b3 = ?.Olb2 + Olbl)z F e

The computer program Z-Coefficients uses this concept to evaluate the
numerator coefficients for the transfer functions R(z) and W(z). Because
both transfer functions have the same denominator, many of the calculations
need be performed only once. To take full advantage of the likenesses, a
subroutine called THENUM was constructed. THENUM finds the coefficients
for the output polynomial according to constants passed to it and then finds
the numerator coefficients. A listing of Z-COEFFICIENTS is in Appendix D.
The z-coefficients are punched onto cards as well as printed when the program
i1s executed.

It would be a simple task to combine the Rootfinder and Z-Coefficient

pPrograms into a single program. However, they were not merged because roots
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of a particular wall may be used with any size step in time. In other words,
to obtain z-coefficients for a variety of stepsizes for one wall, the roots
only need to be calculated once. If the programs were combined, the roots
would have to be found each time a run was made to obtain z-coefficients for

a different stepsize.

Calculation of Heat Flux

When the z-coefficients for a particular structure and stepsize have been
attained, they are applied in a short iterative subprogram called FCALC that
uses the equations from Table 2 to figure the heat flux at multiples of
the time stepsize, A. Input to the subroutine is the z-coefficients, A, B,
and C, the number of coefficients in the individual numerators and denominator,
ITHETA, the initial wall temperature, TGO, the sampled inside temperature,

TIN, the sampled outside temperature, TOUT, and the surface area of the
structure, SAREA.

It has been theoretically proven that there is an infinite set of
negative real roots of the function B, and therefore there is also an infinite
set of numerator and denominator coefficients. Fortunately, the values of the
coefficients quickly converge to zero and so those coefficients beyond some
finite number of coefficients may be truncated. The resulting error will of
course depend on the magnitude of the truncated numbers but should be negligible.

The FCALC subroutine is constructed in a manner such that it truncates
those coefficients beyond the initial ITHETA coefficients of a numerator or

denominator polynomial. The subroutine FCALC is located in Appendix E.



CHAPTER IV
APPLICATIONS

The programs described in Chapter III are quite general in nature and
may be exercised on a variety of problems. This chapter deals with a few

of those applications.

Two-Layer Wall
As an example, consider the case of a layered wall as described in

Table 3. This particular wall was used by Kusuda [5], and alsoc Mitalas

Table 3. Double-Layer Wall

Layer Material Thermal Thermal Thickness | Resistance
r Diffusivity | Conductivity 2
2 BTU ft“-°F-hr
(Erifhn) | e e g )
_ InS}de Surface _ _ _ .83333
Resistance
1 Common Brick .09014 42 .3333 -
2 Face Brick .028 .77 .333 -
_ Outﬁlde Surface _ _ _ .33333
Resistance

and Stephenson [2]. It was used here so that this work could be verified.
When the data from Table 3 is entered into the Rootfinder program, the
roots are printed, as shown in Table 4, and are also punched onto computer
cards to be used by the z-coefficients program.
The z-coefficients for various time stepsizes may be computed. Tables
5 and 6 contain the z-coefficients for stepsizes of 0.1 hr and 0.2 hr,
respectively for this particular wall. The z-coefficients are punched onto

cards as well as printed when the z-coefficients program is executed.

30



Table 4,
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Roots of Double-Layer Wall,

| RCOT
| S

i
{

VALUE OF [~ DERIVATIVE |
EUNCTICH B | OF_FUNMCTINN_R i

|-0.17435564895101659D
|-0.8432694S83033L66D
|-0.2565017565951630D
|-0.4852721524718708D
1-0.88467062953235620D
[-0.12830710514855100
1-0.19122595252185230
| -0.2497022678374264D
1-0.3328366468070444D
1-0.4138646432284575D
| -0.5128558482671618D
{-0.6208162611280464D
[-0.7319013223035003D
1-0.8592650202388925D
|-0.99158175913€4163D
1-0.11570247¢5087853D
{-0.1294076826555802D
|-0.1482046885839709D
1-0.16411553207097534D
|

00|
oof
01
QL
a1
oped|
a2}
0z
021
021
0zl
021
02|
02
02i
031
031
03}
a31

-0.0000000000000001f 8.8940418637566510/|
0.0000000000000000) -2,77975046919047401
-0.00000000000000021 2.7572451845512620]
-0.0023300000000000) =-2.57547741552843104
~0.0232300000000004! 2.4213817385476553|
-0.00220C0000000040] -2.38545022228846801
-0.0000000000000048] 2.37568087035232910/
-0.000J0C0000000005] -2.3312875410609280|
-0.00000000000001611 2.36706850439044560]
0.00000003000301821 -2.32235706325453210/
-0.00000000000005041 2.,410881958044156C1
0.0000000000000139] -2.3141195866501440)
-0.00073C3000000354] 2.3854942408267920!
0.00902000000000054]| -2.26772405816643501{
-0.0000000000000008! 2.3341394989424200]
0.00000500000001061 -2.29831090163936301
-0.0322030000000186) 2.2961333670992520|
0.030G60000000003571 —-2.3327806523320460]
0.02923200000000681] 2.2515965358418260/

=0.18435585971405480_031__0.0200000000000017!_ -2,3777534023873£30|
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Once the z-coefficients have been obtained, the heat flux at the inside

surface, f_ may be found with the FCALC subroutine where the inside and

I

outside temperatures are input. For this example, Figures 6 and 7 demonstrate

the inside and outside temperatures. The wall was considered to have been at

Inside Temp. (OF)
.
i

1 T T T =T T i T :
0 .2 b .6 .8 b s : Y 1.4 1.6 1.8
Tire (hr)
Figure b6, insida Terzzrature,

75 -

70 -

Outside Temp. (©F)

] ] I | i 1 i ] I
0 o2 o .6 .8 1.0 1.2 1.4 1.8 2.0
: Time (hr)

Figure 7. Outside Temperature.



an initial temperature of 70°F.

the FCALC subroutine for the 0.1 hr and 0.2 hr stepsizes.
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Tables 7 and 8 contain the output from

It may be seen

that the two sets of data agree very well at the same points in time.

Figure 8 is a plot of the data.

As expected,

the inside heat flux is

immediately positive and eventually falls to negative values because of the

higher outside temperature.

3-Layer Wall

For comparison, consider the three-layer wall as described by Table 9.

The rootfinder program was used to obtain the roots,

then the z-coefficients

were obtained, and finally an output was obtained from the FCALC subroutine

for the inputs used on the other wall as shown in Figures 6 and 7. The wall
Table 9. Triple-Layer Wall.
Layer Material Thermal Thermal Thickness | Resistance
Diffusivity | Conductivity 9
2 BTU ft -°F-hr
(Et°/hr) | Gprmop) g =
_ _Ins%de Surface _ a _ .83333
Resistance
1 Gypsum Board .012375 .25 .0416667 -
2 Insulation .3015873 19 «d .
3 Gypsum Board 012375 { 25 0416667 -
_ Outélde Surface _ _ _ .33333
Resistance
was again assumed to have been at an initial temperature of 70°F. Table 10

contains the output of the FCALC subroutine.

are plotted in Figure 9.

The responses of both walls

From Figure 9, it may be seen that the 3-layer wall

responds faster than the 2-layer wall, and that it has a higher overall

thermal resistance because of the lower heat flow at steady-state.
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Temperature Control System
As a final application the heat conduction transfer functions will be

used in the model of the temperature control system illustrated in Figure 10.

colL
SUBPLY SUCT X! Ay N\ ercsi AR puoT

RETURN AIR DUIT

Bl

Figure 10, Alr Conditioning Controi Syster,

The transfer functions are used to simulate the walls while the rest of the
model is developed in Appendix F. The time delays considered in this demon-
stration are the thermal lag at the coil, the space lag, and the lag of the
walls. Other time delays are considered negligible. A simplified block
diagram of the system is shown in Figure 11. The heat flow deviation into
the space, FI, and the space temperature deviation, VR, are the desired
responses. To obtain these values, a Runge-Kutta numerical integration
technique is employed [13]. The heat flux at the wall is simultaneously
calculated with the heat conduction transfer function algorithm. Steady-
state values are used to initialize the variables of the control system.
The system is excited by changing some parameter, most probably the

thermostatic setpoint or the outside temperature. Subroutine FCALC is
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A/B

VSET K

Figure 11. Air Conditioning Centrol System Slock Diaagran,
executed to derive an inside heat flux. This value is used by the subroutine
FCT to calculate values for the derivatives of the wvariables being integrated
during a finite time stepsize which is specified by the user. A new heat
flux is calculated at the beginning of each step to be used for the calcula-
tion of the derivatives during that step. The time stepsizes may be split
into an integral number of smaller stepsizes. The Runge-Kutta integration
is then operated over these smaller stepsizes for increased stability.
Stepsize depends on the system constants and the input. For small time
constants and rapidly changing input, small stepsizes for the calculation
of the heat flux are necessary. These steps may be broken into four to
ten smaller steps for the integration technique. Larger increments may
be used for less stringent systems and inputs. Appendix G contains a

listing of the computer simulation for the above system.
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Constants were derived according to Appendix F and references [14] and
[15]. The constants used for the following examples are for a 9' x 12' x 20'
room with one exterior wall. Values of the constants used are shown below.
Constant values may vary widely, but care should be exercised as the Runge-
Kutta integration scheme may become unstable for some sets of constants, as
previously discussed. The walls are comprised of the materials as described

in Table 3.

Table 11. Air Conditioning Control System Constants.

Description Constant Value
Thermostat gain Kl 6.5 psi/°F
Actuator gain K, 0.15 in/psi
Valve gain K, 2481.75 BTU/hr/in
Coil gain K, 2.273 x 107> °F-hr/BTU
Gain of room K6 2.273 x 10_3 °F-hr/BTU
Make-up air ratio M 0.2 ft3/ft3
Exterior wall surface area SAREA 250.0 ft2
Time constant of coil T 0.022 hr
Time constant of room T, 0.08 hr

It is most convenient to start the simulation with steady-state values .
and then'allow some parameter, R, the set point, or Bo’ the outside temperature,
to deviate from its initial value. Steady-state values may be obtained as
follows.

The differential equations describing the system in Figure 11 may be

written as

af
dv

—_— = _ R

at - [(AMVp + MV + CON(VSET - Vp) - £1/t; and —== (£ - kF - V)T, .
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fI - heat flow deviation into the air space supplied from the
inlet duct

CON - K1K2h3K4
In the steady-state, the derivatives are equal to zero and the differential
equations reduce to

fI = (l—M)VR + MVD + CON(VSET - VR) and fI = kﬁFo +V

R
It is also known that in the steady-state

fo = u(BR - 80) , where

u - overall thermal conductance of the wall.
The overall thermal conductance may be calculated for a multi-layer structure

and surface resistances with the equation

u = . [8]

Once values of the constants have been selected, steady-state values of fI,
BR, and fo may be calculated.

For the first example, the simulation was started from the steady-state
condition where the inside temperature, outside temperature, and set point
all equal 70°F. The thermostat set point is then increased to 75°F. Figure 12
is a plot of the room temperature deviation from the initial 70°F. It may
be observed that the room temperature increases quickly, falls slightly, and
then very gradually increases to a new steady-state condition.

As a final example, the system was started from the same steady-state
at 70°F. This time the outside temperature was reduced to 50°F according

to Figure 13 and held constant. Figure 14 is a plot of f the heat input

I’

to the space, and fo’ the heat loss through the walls. Both responses have
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the same general form, and both immediately fall to negative values before
reaching positive steady-state values. The heat input to the room is
initially negative because the air being supplied tc the rooms consists
partly of 50°F outside air as well as return air. This air mixture is not
as warm as the air being removed resulting in a cooler inside space
temperature. The walls are initially at 70°F and begin to transfer stored
heat to the cooler air resulting in negative values of fo' Eventually, the
stored heat in the walls is exhausted and heat begins to flow from the room
to the walls. Meanwhile, the drop in room temperature is sensed and the
heating system is activated resulting in positive values of fI' The inside
temperature deviation from the initial 70°F is plotted in Figure 15.

The temperature immediately drops because of the cooler mixed air pouring
into the room, and shows a slight increase as the coil starts to heat the

cool air. Eventually, the temperature levels to a lower steady-state
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temperature, demonstrating approximately 1.5°F offset. The heat flow into
the space, the heat loss through the walls, and the space temperature all
approach new steady-state values.

These applications have been included to demonstrate the usefulness of
the heat conduction algorithm. Constant input temperatures as employed in
the examples are not necessary. Practically all input forms could be

accurately approximated by discrete values with small time increments.



CHAPTER V
CONCLUSTON

An algorithm for the calculation of heat conduction in multi-layer
structures has been derived, calculated, and demonstrated in this thesis.
This algorithm may be applied to walls of any number of layers and may
include thermal resistances at the inner and outer surfaces of the wall. The
algorithm has a variable time increment and has been tested for increments as
small as 0.025 hr. Input to the algorithm is discrete values of the inside
and outside surface temperatures at multiples of the time increment. Accuracy
may be specified by the user and depends primarily upon truncation errors.
The algorithm's strongest point is speed. For time stepsizes of reasonable
size, 0.1 hr - 1.0 hr., the algorithm requires little computing time and is
therefore inexpensive to use. The algorithm is well suited for applications
in which a wall or set of walls are to be studied a number of times. This
advantage makes it recommendable for use in the modeling of buildings and
simulation of control systems. The algorithm is easily applied to the
analysis of dynamic control systems to obtain system responses quickly and
cheaply, where the time stepsize is quite small. The stepsize may be
adjusted according to the dynamics of the system. TFor instance, a system
with large time constants could be analyzed with a larger stepsize than one
with short time constants. As smaller stepsizes are required, the number
of z-coefficients must be increased to keep truncation errors to a minimum.
If too few coefficients are employed or too large a stepsize is used, results
may be erratic. As the time stepsize is decreased, more roots are necessary

to calculate the z-coefficients to sustain good accuracy. The larger sets of

50
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z-coefficients for very small stepsizes require extra computing time, and
thus the algorithm's advantages diminish. It has been found that stepsizes
smaller than 0.025 hr may produce unreasonable results with too few roots,
and the computing time required makes other techniques more enticing.
However, for many practical problems stepsizes smaller than 0.1 hr are
unnecessary and so the heat conduction transfer function algoriﬁhm may be

quite advantageous.



10.

11.

12,

13.

14.

15.

52

LIST OF REFERENCES

"Controls Seen as Quickest Energy Retrofit Payback," Air Cond., Heating,
and Refrigeration News, February, 1977.

Mitalas, G. P., and D, G. Stephenson, "Calculation of Heat Conduction
Transfer Functions for Multi-Layer Slabs,'" ASHRAE Transactions, Vol. 77,
Part II, 1971.

Nessi, A. and L, Nisolle, "Régimes variables de fonctionnement dans les
installations de chauffage central,” DUNOD, 1925; and "Résoltuion
pratique des problémes de discontinuité de fonctionnement dans les
installations de chauffage central,'" DUNOD, 1933,

Mackey, C. 0. and L. T. Wright, "Periodic Heat Flow - Composite Walls
or Roofs," ASHRAE Transactions, Vol. 52, 1946.

Kusuda, T., "Thermal Response Factors for Multi-Layer Structures of
Various Heat Conduction Systems,' ASHRAE Transactions, Vo.. 75, Part I,
1969.

Mitalas, G. P., and J. G. Arseneault, Fortran IV Program to Calculate
Heat Flux Response Factors for Multi-layer Slabs, National Research
Council of Cznada, Division of Building Research, 19%67.

Schenck, Hilbert J., Fortran Methods in Heat Flow, The Ronald Press
Company, New York, New York, 1963.

Holman, J. P., Heat Transfer, 3rd ed., McGraw-Hill, New York, 1972.

Dorf, Richard C. Modern Control Systems, 2nd ed., Addison-Wesley,
Reading, Mass., 1974.

Churchill, R. V., Fourier Series and Boundary Value Problems, 2nd ed.,
McGraw-Hill, New York, 1963. '

Carslaw, H. S., and J. C. Jaeger, Conduction of Heat in Solids, 2nd
ed., Oxford University Press, Ely House, London, 1973.

Ogata, Katsuhiko, Modern Control Engineering, Prentice-Hall, Inc.,
Englewood Cliffs, N.J., 197Q.

Ralston, A. and H. S. Wilf, Mathematical Methods for Digital Computers,
Wiley, New York, London, 1960.

Shih, H. Y., "Control Systems and Principals," Powers Regulator Company,
Northbrook, I11., 197Q.

Pearson, J. T., Leonard, R. G., and McCutchan, R. D., "Gain and Time

Lonstant for Finnmed Serpentine Crossflow Heat Exchangers,' ASHRAE

Transactions, Vol. 80, Part II, 1974.



53

APPENDIX A - ROOTS OF B=0.

An Indication as to the position of the roots of the function B may be
gained by observing the stability of a multi-layer walls response. Obviously,
a wall displays extremely stable characteristics. Therefore, it may be
deduced that there are no roots in the right-half of the s-plane [12].

The possible root locations may be narrowed further by algebraically
investigating the function B. B is composed of a series of sinh and cosh
terms and depends on the number of layers in the wall. Initially, the values
of the individual terms of the 2x2 matrices composing B were examined by
allowing s to be zero, a positive real, complex, and a negative real
variable. A function B was then expanded for a multi-laver wall and s was
again allowed to be zero, positive real, etc. Cancellation of terms due to
sign differences was also probed.

For a two-layer wall the hyperbolic function B is

n@; Axl sz VGI sz Axl
B=- cosh(—= vs) sinh (—= Vs) - cosh (—= ¥38) sinh (—= ¥s) .
k2/§ /cq /&; ky Vs /&; o)

And, when B=0, to find the roots, the following equation is found.

kl sz ay Axl
E—-tanh (—= V) + E—-tanh (— vs) =0
2 Ya, 2 »EI

If s were some complex variable, the square root of s is also a complex
variable which will be called c+id. Then
k Ax Ax
1 2 . /1 1 ;
i—-tanh [— (etid) ] + T tanh [—— (c+id)] = 0 .

2 a, 2 al

From this, it may be shown that values of ¢ and d cannot be found so that

s could be a complex variable. The other variable cases were examined in



like manner. It was concluded that the function B has an infinite set of

roots all of which lie on the negative real axis in the s-plane.
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APPENDIX B - EQUIVALENT Z-TRANSFOBMATION TECHNIQUES

In this Appendix it will be demonstrated that the ocutput of a simple
transfer function, G(s), with a triangular pulse input is equivalent to the
output of a transfer function developed from G(s) by assuming a ramp inpu£
and using a weighted impulse input instead.

A triangular pulse input, v, is pictured below.

=
S ]k,
I [
0 A Z2A
Time
Figure 16. Triangular Pulse.
kt for 0<t<A
v(t) = 1kA - k(t - 4A) for A<t <24
0 for t > 24

The Laplace transform of the triangular pulse, V, is found to be

For this demonstration, the transfer function is

2

6 = e

The Laplace transform of the output, 0, is found to be

A

- Zk(ehs - 1)2 .
2

s (s+1) (s+2)

0=20G(s) =V
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Expanding,

-2sA -sh
0= 2ke _ 4ke = 2k ] (31)

e2(atl) (s42) 82 (s+1) (s42) s> (s¥1)(a+2)

Each of these three terms have the term

2k
o G iilaeds

in common. This term may be expressed in partial fractions as

3k sk k

2s | (s+1)  2(s+2)

2k
52(s+1)(s+2)

=%
2
s

This expansion aids in finding the z-transform of 0, the output. The z-transform
of each of the three terms in equation (31) is then found. The equality may

then be manipulated to the form

k(z-1) Az 3z 2z z
0(z) = [ - + = | B
2? (z-1)? 2D, e g - 72

(32)

the z-transform of the output.

Now assume the input to be a ramp. The Laplace transform of the output

is then

2
&2l Yl

0= G(s) =

1
2

s

This equation may now be expressed in partial fraction form as

2 1
G+ ' 2(s12)

=1 __3
o= 2 2s i
s

The z-transform of this is

Az _ _3= + 2z _ z
(2_1)2 2(z-1) z - E—A 2(z - e—ZA)

0(z) =

R(z), the z-transfer function, may be obtained by dividing this output by the

z-transform of the ramp input. The z-transform of a ramp, I(z) is
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I(z) = _._.A-z__? g
(z-1)
It follows that
2
0(z) _ (z-1) bz 3z 2z =
R(z) = - [ = + - = |
I(z) Az (z-l)2 2(z-1) 2 w0 2(z - e ZA)

This transfer function is now multiplied by a weighted impulse input.
The impulse is weighted by a constant such that the magnitude of the impulse
is equal to the height of the triangular pulse input displayed in Figure 14.
The impulse also occurs at the same point in time, A, that the triangular
pulse reaches its peak. Below, the impulse is drawn with a solid line while

the triangular pulse is pictured with dashed lines.

Y(t)
B
) -~

Time

Figure 17. Weighted lmpulse.

The z-transform of this weighted impulse input, Y(z), is

Y(z) = z[y S(t - A)] = yz L .

"y" is the magnitude of the constant that "weights" the impulse. In terms
of the slope of the dashed input it is found that
y = kA .
The z-transform of the output, 0(z), from a transfer function developed

with a ramp due to a weighted impulse input is
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2
k(z-1) Az 3z 2z 2
0(z) = R(z) * Y(z) = [ - : : - T
2 (z-1)2  2GD 87 Sz - o2y

It may be seen that this is the same output as found in equation (32).
Thus, it has been demonstrated that equivalent outputs may be obtained by
1) using a triangular pulse input, or 2) finding a transfer function with

a ramp input and then using a weighted unit impulse as an actual input.



AFPENDIX C - ROOTFINDER PROGRAM.

59



$JCB TOH.TIME={3,30) yPUNCH,NCLIST

IMPLICIT REAL=8(A-R,0-ZL)
CERumfexts] D45 Rh 3w b FRAEX N A R RN R AI TR T v kgt ok ke ke dokr kg

C THIS PROGFAY 1S5 A RACTFIMNDER, IT LOCATES NEGATIVE FgAl RJAOTS OF
c THE FUNCTIOM B FOR THE VARTAJLE S. IT DJES SO A/Y UBSCZRAVING SIGH
c CHANGES I% THLC VALUE GF THE FUNCTICN B AS THE VARIABLE S IS

C CECKEYENTED., -

Cowddloteddoprmr s e ey vy Akt Razki ki v bt rhrrrnheruki ket krkyrr Rikn Lt

2 FORMAT('1'",34X,1La5(0%_¢%1))

3 FORMAT(' " 423X,*["',3%X,"RODT",10X,"]*y6Xs"VALUE CF',6X,"]|",44X%,
1'DLERIVATIVE 3o Ay [ ")

4 FORMATCY 333X, T 10X 'S, 12X | ,SX,'FURCTION A1 ,5X,v] " ,3X,'0F F
TUNCTION Br'yax,'[")

5 FORMAT('+',34X,1165('_")))

6 FORMAT(' ",33X," | ',023.16,']"4yF20.16,4"']",F20.16,'| 1)

10 FCRMAT(IS)

11 FORMAT(F20.1561)

13 FCRAMAT ('O, " A& ROODT HAS BEEN LACATED AT S=t,Fl0.4+5X4"'83=" 4 F 1044
15X,"1ER=4,12)

15 FOFMAT('C' ' IT BLCWS UP AT X=v,Fl0,6+5X4"R="4E]l5,4,5X,"0FERF=",
1E15u“|5X" 15"\='112)

16 FORMATID23.14)
DIMENSION A(4) CONCA) ¢DELXT4A) yHI2,2) HT(2,2),HTHX12,2)

o A N Y X R N I RS f N S e s AT EA T E X K AR e X R eI IR AL cr dwx s en g ke Erdmt

C N - NUMBER JF LAYZRS

C "Rl - [IINER SURFACE RESISTANCE

C RN - CUTER SURFACE RESISTANCC

C A - THEPMAL DIFFLSIVITY

C CON - SPECIFIC HEAT

C DELX- LAYER THICKNESS

L L T o R R T L L L L T T LT

READ(5,10) N
READ(S5,11) 1
READ(5,11) RN
DO 20 Fr=1 y N

20 READ(5,11) A(M)
DO 21 ¥F=1,N

21 READ(5,11) CON{M}
DO 22 N=1,N

22 READ(5,411) DELX{M)
WRITE(E&,2)
WRITE(6,3)
WRITE(6,4)
WRITE(6,5)

C THE VARIABLE § IS INITIALIZED TO THE FOLLOWING VALUE.

$=0.0001D0
S=DARSI(S)

34 CCNHTINMUE
CALL FIGURC(SyNysR1A+CCNyDELXyRN,F)
IF (F)37,31,38

37 CONTIALE

30 S=5+0.01DC
IF (S.CE.5.00D01)G0 TO 25

60



. CALL FIGURE(SsM4RLsA,CCN+DELXyRN,F)

38
32

33

42

43

31

35
36

[ R L S R L L L T T U P e PO g v ppprapeg
SURRNUTIME FIGURE FINDS NUMEZRICAL VALUES FOR FEACH ELEYENT 0F THF
2X2 MATRIX, MATRIX (12), FOR A SPECIFIC VALUE CF S, VALUES ARF
FOUND F2P ANY N LAYER STRUCTURE BY CALLING & MATRIX MULTIPLICATICA

C.
c
c
c

(R R e T R T e T T e T L T

23

IF (F130,21,33

CONTINLE

$=5+0.<C1C0

IF {(S.CE.S.DI2D11GD TC 35

CALL FIGURE(SyNsR14A,CCNyDELXRN,F)
IF (F)}33,31,32

CCNTINUE

XS5T=§

EPS IS THE VALUC COF THE MAXIMUM ALLZWABLE ERRDR [N A 200T,.
EPS=1.0C-14%

IEND=1C3

CALL BETA(X,FeDERF PRI A CONIDELX RNy XSTHEPS,TEND,IER,N)
IF (X)42,42,43
WRITE(6,15)1X4F4DERF,41EPR

GO TD z¢

CORTIALE

H==-X

WPITE(&,s &) WyF,DERF

PUNCH1E W

§=5+2.C100

IF (S.LT.5.0301)GC TC 34

GC TO 36

HRITL(&413) S5,F,1E&R

PUNCHIE,S

S$=S+2.C103

IF (S4LT45.230R1L)GT TO 34

GO 7O 26

WRITE(L,5)

CCHhT I NUFE

WRITE(6,21}

sTCP

END

SUBRQUTI“E FIGU:{E‘ Sq P\QFJ. IAICC\J‘EELXIQ’\IF’
IMPLICIT REAL=8(A-H,0-7)

SUBRDUTINE.,

DIMEHMSION A(N) oCCMNIN) 9DELX{MN) yHI242} ¢HTL242) ¢HTMX(2,2)
¥=0

H(l,1}= 1.DY

H(1l,2)= F1

H(2,11= 0.DO

H(2:,2)= 1.0V

CONT INLE

M=M+1

HT(1,1)=0COS(OSQRT(S/A(M))=DELX(M))

HT(142)=(-1.00/CONIMI ) %DSQRTLALM)/S)=DSTININSRRT(S/AIMY I =DELX(M))

HT{2,1)=CON{™) =«DSQRTIS/A(M) ) *CSINIDSGRTIS/A(M) I*DELXI(M) )
HT(2.2)1=DCOSIDSQORTIS/A[M))*DELX{M))
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- CALL MATMUL(HyHT ¢HTMX,2492,2)
DO 24 1=1,2
DO 25 J=1,2
FAKE=FTHX(],J)
H{I,J)=T4aKE
25 CONTINUE
24 CONTIhUEZ
IF (M.LT.NIGO TO 23
HT(l,1)= 1.D0
HT(1,2)= RN
HT(2?2,1)= C.DI
HTl2,2)= 1.0
CALL MATMUL{H ;HT HTMX,2,2,2)
F=HTMX({1,2)
RETURN
END
SUGFOUTINE 3ETA(X, FyCERF4R14 A, CCNyDELX4PM XSTHEPS, IEND,IER N
IMPLICIT BFAL=B8({A-H,(-2])

x2S e R R A e L R P et L P e IV B s R N e L R e

C BETA SUHADUTINE IS USEC TIJ UILKLY aND ACCURATELY CCHVENSE 2N &
C ROOT (KL= THC GEMNERAL LOCATICHN I2F THE °COT HAS SECN DETEFSINED,
C IT MEECS THE VALUE OF THT FJNCTICMN AS WELL AS ITS DERIVATIVE AT
C PARTICULAF VALUES CF S.

ok Ay L e e AR P I F A N I F R AR AR N R T A A T d R AL IR A R R SR I Ay kR A T X T X
CIMENSTON A(N) 4 CCNCWYCELXINY

C PRZPARE ITERATICN
IER=0

34 CONTINUE

X=XST
TOL=X
CALL FIGURE(TOL«hyR1 A, CONZICLX 4 RN, F)
CALL DERIVITOL HsE14A2CONsDELX,RN,DERF]
TOLF=1.0C2=FEPS

C START ITERATION LCCP
b 6 I=1,IEND
IF {F)1,7,1

c EQNs NCT SATISFIED BY X
1 IF (DERF]}2:+3,2
c ITERATIGN IS PCSSIELE
2 DX=F/DERF
X=X-DX -

IF (X}1304+320,31
30 CONTIJINUE
XST=X5T-1.0D-2
GO TO 24
31 CONTINLE
TOL=X
CALL FIGURE(TOL+NyRLJALCINGDELXsRN,F)
CALL DERIVITOL+H4F14A,CON,DELX,RNyDERF)
C TEST Ch SATISFACTGRY ACCURACY
TOL=EPS
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G=DABSI(X)
IF (G-1.00J21444,3
TOL=TCL*G
IF (DABS{DX)-TCL)5,5,6
IF (DABSIF)=-TUOLF)7+:7,6
CONTINLE
" C END OF ITERATICH LCOP
c NO CONVERCEMCE AFTER TEND ITERATICON STEPS. ERROR RETURN.
1ER=1
7 RETURN
C ERROR RETURN IN CASE DOF ZERO DIVISOR
8 I1ER=2
RETURY
END
SUBROUTINE OJERIVISN4R1,A,CON,DELX,RNyNERF)
IMPLICIT KREAL=*B(A-H,C-1) ’

Chddgabhdknard i bt s A gy g e A e A kR g ek ke Fd N

v sw

¥ SUSRCUTINE DERIV FINDS KUMERICAL VALYES FCR THI DERIVATIVE OF
c EACH FLEMENT OF THE 2X2 MATRIX, MATRIX (12}, FCR & SPECIFIC
c VALUE CF S.

C*j,-\\:;:x::.:_—.:-':: T R RN T R TN T IR E R E R xRN YV XX Y R A xr e ML Ak U Wt Aotk
DIMENSTON AUN) fCUNINIZDELXINY yH{292)48T0242)3FA4AT12,2),04(2,2),
TEDH{Z2 2] yFHIZ242) yHTMX(242) s HNEG (24 2) 1 ANWEWER( 24 2) 4 FHTEX(2,2])

L=0

67 L=L+]
M=1
H(1l,1)=1.CO
H{1,2)=R1

H{2,11}=2.09
H{2:2)=1.CO
IF (MJEQ.LISD TO 678
S4 HT{1,1})=CCOSIOSART{S/A(MI)I*DELX{™))
HT(1,:2}=(~-1.0D0/CCN[™M)) =DSQRTL2IM)/SI=DSINIDSORT(S/A M) ) =DELX(M))
HT (2, 1)}=CON(®)*DSART(S/A{M) ) =OSINISSQRTIS/A())£DILX(4) )
HT(2:2)=CCOSIDSORTIS/ALNYIZDELX ™))
CALL MATMUL{H HT 4HRT 124242)
pn 55 I=1,2
DO 56 J=1,2
FAKE=HFET(14J)
HllyJ)=FAKE
56 CONTINLE
55 CONTINUE
M=pM+1
IF (M.AS.LIGA TD 54
68 DH(1,1)==(DELX(M)/{2.DC*DSORT(A(M)=%S)))=DSINIDSQRTIS/A(4))
1#*¥DELX(NM])
DH{1,2)==(DZLX(M)/(2.D3~CIN(MI=S) ) *DCOSIDSCRT(S/A())*DELX (M) )+
1(1.00/(2.00%CUNIM) Y ) *DSQRTIALMIZLS%3) ) =DSINIISARTIS/ALIM))
1¥DELXI¥) ) .
DH{2, L)=((CON{MI=DELXIM))/(2.D07A(M)))*DCCSIDSORT(S/ALM) ) *
IDELX(M)}}+{CONIMI/12.CO=*DSURTIA(M)I=S) ) I =0STHN(DSQAT(S/A[HM)} )=
IDELX(M))



DH1 2,4 2)==(DELX{M)/(2.DO%DSQRT{A{M)£S)} }*DSINIDSQRTIS/AIM) )%
LDELXIM))
CALL FATMUL(H,CHHOH 24221
IF (MJhNELLYIGT TO 665
GD TCQ 56
69 CONTIMUE
IF {M.EQ.NIGD TO 70
59 M=M+l
HH(1,1}1=CCOSIDSNETIS/AA(MII=DELXL(Y))
HH{E 2 ==L DO/CCREAN) =0SQRT LA/ SI=DSINIDSQITIS/AIM) ) =DELXIM))
HH{Z, 1}=CCHIM)=DSQRTIUS/A4(M)) =05 IRLDSCRTIS/AI(M) )=DELXI4AN)
EFH(2:2}=DCOS[DSGRTIS/AIMYI=DELXIM)) .
CALL FATFULIHDH, kM, HTAX 2,2,2)
DO 57 I=1+2
DO 58 J=1,2
DUM=HTIFX(1,+J)
HDHI 1 +J)=CUM
58 COMTIALE
57 CUONTINUF
IF [M.LT.NIGD TO BS -
70 H{ls11=1.Dv
H{ Ly2}=RN
H{Z2,11=Q.0)
H{2|2)=1oDJ
CALL MATNMUL(HOH ) HHTMX3242:2)
IF (L.GT.1)GJ TN A0
DO 61 1=1,2
Da 62 J=1,2
DUMM=HTMX(I.J)
HNEW{ 14 J)=DU™"Y
62 CONTIANUE
61 CUNIINLE
IF (L.ENL1IGE TO 67
60 CCNTIALE
DO 63 1=1,2
DO 64 J=1,2
DUMMI=HTMX(IyJ)
HNEWER({I yJ)=0UNMMT
64 CUNTIALE
€3 CCHTINUE
CALL HNARCUHNEW HNEWER yRHTMX,2,2)
DO 65 1=1,2
DO 66 J=1,2
DUMMIE=RHTMX{I,44)
HNEW(T1,J)=DUMMIE
66 CCNTINLE
65 CONTINUE
IF (L.LT.N)IG2 TO 67
DERF=FKREW({1l,2)
RETURN
END
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100
2090
300

11
10

$ENTRY

SUBRCUTIANE MATMUL(A,B4CsMyN,L)
IMPLICIT =EAL™8(A-H,N-L)

THIS SLARCUTIME PERFC&MS MATRIX MULTIPLICATION.,
DIMENSION A(MM4N)y BUN,LYy C(VM,L]}
DO 300 1=1,M

DO 200 J=1,L

SUM=0.000

SUM=0.0

DO 100 K=14N
SUM=SUM+A(T K) =B (K, J )

Cll,J)=5UH

CONYINUE

RETURN

END

SUBRCUTINE HMACD (AR 4Ry M NN)
TMPLICIT RUOAL=8([A-H,0-2)

THIS SUBRCUTIXND PERFCR#S A4ATRIX ADODITICN.
CTMERSICK ALMaRY gBIMN) $RIM L N)
po 10 I=1.2

DN 11 J=1,2

RCTyJI=A{T4J1+BL14d)

CONTINLE

CONT I NUuE

PETURK

END
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APPENDIX D - Z-COEFFICIENTS PROGRAM
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$J0B TOH, TIME={0,05) PUNCH,NCLIST
IMPLICIT REAL*8(A-H,C-2)
Cdokkbk kg nkdkkd xw kR whkd ad ok gk ek oo Aok ko ek ke ek kb k¥
C THIS PRCGRAM FINCS THE ANUMERATCR ANC DENCMINATCR COEFFICIENTS CGF
C PCLYNCMIALS IN Z=x-=] FCR THE Z—- TRANSFER FUNCTIONS R(ZI} AND W(Z).
Chkdghe ko m YU AR A Sk xRk ks ok e e ke ke ko nkk kkkxk
DIMENSICN ACLO}COCNTLO)CELXIL10)+X0T70)Y¥{70)Z{70)+RZITO),
1ANCTO) .DN(T0)  AUP(T7C) +CUP({TO)BETA(T0),BOTH(TO}

50 FCRMAT(IS)

51 FCRMATI(D22.16)

$2 FORMAT(Y % ,¢REE2=1",F20.16])

53 FORMAT(® ',*BEEL="',F20.16]

54 FORMAT(' *,.'CEEZ2=",F20.16}

55 FORMAT(' *,'CEEL="',F20.10)

56 FORMAT({' ', 9B(',[2,')=",[24.16)

657 FORMAT(' " VAN 412, )1=",F22.16410X+'DN{*,I2,')=',F20.16]

58 FORMATI(' 'y PA( 'y 124" )1=%4D24.16:10X4'Cl"'"412,4')=%,D24,16)

59 FCRMAT(D24.15)

60 FDRHAT('1"55X¢'STEPSIZE="F#.1|1X"HR'}

61 FORMAT('~1,25X,*KUMERATCR" 24X, '"CENOMINATER Y, 24X, "NUMERATOR" )

62 FORMAT(Y ' 2TXo*RUZ) " 426X4'R{Z) AND W(Z)'" 425X, 'Wl(Z))

63 FORMAT('C')

64 FORMAT(T " 415X, "A( ', 12,9 )=",D23.16,5X,'B(",12,')=*,D023.16,5X,

1'C('yI2,')=",D23.16])

65 FCRMAT('1¢%)

S A A KR kR Y E K R A KRR AN AR R kR kR R kR R R R RN R A AR R KA A RE R AT R R BT LR F KT RE

c INPUY TO THIS FRCGRAM [S:

c N - NUMBER OF RCCTS

C NLAY - NUVBER CGF LAYERS

C DELTA- STEPSIZE IN TIME

C R1 - IANER SURFACE RESISTANCE
c RN - CUTER SURFACE RESISTANCE
C A - THERMAL DIFFUSIVITY

C CON - SPECIFIC FEAT

c DELX - LAYER THICKAESS

c BETA - RCCTS OF THE FUNCTION B

G kb sk kR R R R R R R R R AR AR R R AR R Ak Rk kAR R R ARk kSRR Rk Rk

READ(5,50) N
READ(5,50) NLAY

- READ(5,51) DELTA
REAC(5,51) R1
READ(5451) RN
CO 10 J=1,NLAY

10 REAC(S5,51) A(J}
DO 11 J=1.NLAY

11 READ(5451) CONLJ)
DO 12 J=1,NLAY

12 READ{S5,51) DELX{J)
CO 13 J=1,N

13 READ(5+51) BETA(J)
CALL CCNSTS{CEE2,CEE1,BEE2,BEEL+R1,AsCONsDELXsRN+NLAY)
WRITE(E&,52) BEEZ
WRITE(E,53) BEEL
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WRITE(€,54) CEE2
WRITE(E,551 CEE1

NI=N+1
o R T T L L o S S ST T3S P Tt
C THE (1-EXP{-BETA(M)DELTa}Z*x*~]1 TERMS ARE NOW MULTIPLIED
C TOCETHER AND THE RESLLTING POLYNCMIAL 1S THE DENOMINATOR OF 80OTH
C Z2-TRANSFER FUNCTICNS. _
p###*#?t##*ﬂxn#t#t#*###**#****#t*######*####*##*#**#t##**#!t##**:**ttxt#
DIMX=2
X{1)=1.D0
X(2)=-DEXP(BETA(1)*DELTA}
M=1
22 F=M+1
“Yt1ll=1.00
Y(2)=-DEXP(BETA(VM)*DELTA)
IDIMY=2

CALL FMPY(Z4IDIMZ X, IDIMX, Y, IDIMY,NI)
DO 21 I=1,1DI42
DUM=Z1(1}
X(I1)=DUM

21 CONTINLE
1IDIMX=1D1IMZ
IF (F.LT.N) GO TC 22
PO 23 I=1,IDIMX
FAKE=X1(1)
BOTM(T)=FAKE
PUNCHSS,X( 1)

23 WRITE(€E,5¢) 1,X({1)
C#ttt#tt*#*#*#:#vtt*x##n;***#**##t*ttuttttst*#**t*t*t**#t*tt*##*tm**s##*
C THIS FINDS ((l1-Z*%-1)%%2)=(THE DENCYMINATOR PCLYNCMIAL) TO BE
C " USED IN EVALUATICN OF THE NUMERATOR COEFFICIENTS FOR EACH TRANSFER
C FUNCT ICN.
C######t##*##*#m*#*###*###*##*#*########*##t##*#*###*#**##*t#***#**#t*#*

Y{1l=1.00

Y(2)=-2.C0

¥(31=1.D0

IDINMY=3

k2=N+2

N3=N+3

CALL PPPY!RZ.ID[MR,X.ID}HX.Y,{DIFYvN3I

C#*######*$¢¢$$¢$$$##$#######t$t#*$#######$*$*¢#*#tt###***t#***###**#***

C THE CCANSTANTS Q(M) AND V(M) ARE EVALUATED tERE.
CHobdk g oo ok F kA ARRHRRA RN R AR RSk Rk dk KR FR R R F R SRR KRR R TE R AF R K
CO 25 1I=1,N

S=DABS(BETA(I))
CALL FICUREISsNLAY,R1,A,CON,DELX,RN,APE)
CALL DERIVIS,NLAY4R1,A,CCN,CELX¢sRNyBARK)
BARK=-BARK
AN(I)=APE/[(S*%=2)2BARK]
DN{I)=1.CO/((S=%2)*RARK)
25 WRITE(6+57) [4ANIT),»1+ONCI)
CALL THENUMIRZBEE2+BCELoAN, AUP2CELTA,BETA,N3)
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CALL THENUM({RZ,CEE2,CEE1,DN,CUP,CELTA,BETA,N3)
DD 26 I=1,N3
PUNCHS59,ALP(I)
PUNCHSS,CUP(I)
26 WRITE(6,58) I,AUP(II5I,CUP(I])
WRITE(&,60) DELTA
WRITE(G6,61)
WRITE(6,£2)
WRITE(E,€3])
BOTM(NZ2)=0.,0CD
BOTMIN3)=C.00D0
DD 27 I=1,N3
27 WRITE(6464) I4AUP(IN.[,BCTM(I},I,CUPLI])
WRITE(6,65)
sTop

END
SUBROLTINE THENUM(X,B8C2.BCl,AC,TCP,CELTALBETA,N3)
THPLICIT REAL*B({A-H,C-1)
Cldokfk ok kA A e e R R R I XA M AR AR AR R I AR TS Rk E T ek e ok R kG kT R ek AR IF
C SUBROUTINE THENUM CALCULATES THE NUMERATOR CCEFFICIENTS FOR THE
C Z- TRANSFER FUNCTICHS.
R F kT b ¥ T AT AR T S AR P A AT AN A A R e F ek d A R Rk I A AR R AR A I N E AR &

DIMENSION ADIN3)yBETA{N2143(7C),TOC(70),X(70)

N=N3-3
Ll e Ll T L st et L e e L e
C VALUES OF THE INVERSE LAPLACE TRANSFER FUANCTION ARE CALCULATED
C AT MULTIPLES OF DELTA,.
Gt ket dek ok Ak P R R A SR TR R R AR SR DA AR R R R TR AR R AR bk T ke F kol
TJIME=0.0CC
1PHI=1

11 IPHI=IPHI+1
TIME=TIXE+DELTA
PART=0.0CC
DD 10 I=1,4N
SIZE=BETA(I1)}*TI1ME
IF(SIZE.LE.-160.0C6)CO TO 12
10 PART=PART+AD(I)={DEXPISIZEN)
12 O(IPHI)={RC2*TIME) +BC1+PART
IF(TIPHILLT.N+4) GC TC 11

C NOW IPHI EQUALS N+4

CFRp Ik R AR I Y KA E R TS F R AR B RA K R AR F RS A FEE R ERCEFERR R B E TR E R ER T RE

C THE NUFMERATODR CCEFFICIENTS ARE NCW CBTAINEC FRCM THE DENOMINATOR g

C INPUT, AND QUTPUT.

R e T T e e L S R s et i
I0TA=0

14 IOTA=ICTA+]
TOP(ICTA)=0.000
DO 13 L=1,10TA
K=10TA-L+2

13 TOP[ICTAI=TCPLIOTA}+C{K)I*XIL)
TOP{ICTA)=TOPIIOTA)/DELTA
IF{IOTA.LT,. [PHI-1) GC TC l4
RETURM
END
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SUBROUTINKE CONSTS(CEE2,CEEL,BEE2,BEE1,R14A,CON,DELX,RN,N)
Clddekskdar ke koo makor Ik X w My F RO X F %k Foxe ox o ook 4o % oo oK oo ok oo o oK 30k o ko xk ok ok
c CONSTS FINDS THE NUMERICAL VALUES OF P2, Pl, V2, AND V1. THESE
c CONSTANTS ARE ALL EVALUATED AT S=0.
C*****#*ttt:hr:ri_:#*#**##t*##***Hn’***###***#It#****t*t***#***##**#*#t**t*t#

IMPLICIT REAL*8(A-H,C-2)

DIMERSICN A(N),CCN(N),DELX(N) ,

DIMENSICN HU2,21 4HT(2,2) ¢HHT(2,2) ,DH(2,2) yHDH{2,2) s HH(242)

CIMENSICKN HTMX(2,2)bENEW(2,2) ,-NENER(2,2) RHTHMX(2,2}
Chdk ko o e R R N N R A N S kN R R AR IR R Rk kX kR kR kR Kk kk

C {A/B]1 ANC [(le/B) ARE CALCULATED AT $=0.

C A=]. AT $=0.

CH#sdddndxudddb s i kakhrd g drdp R kR ENRFarkd ok mk ke TRk e hkkkhdh kb K kE
hBO=R1+RN

DO 90 k=1,N
HB==(DELX(M}/CCN{M))
90 HBO=HEQO+FB
REE2=(1.00/HB0)
CEE2=REE?
O okt shoacdofnt for Rk Rk KR R b Rk KR R R R R RO Kk Yok Rk R K Rk Kk
C THIS SECTION CALCULATES THE VALUE NF THE DERIVATIVE FOR EACH
C ELEMENT CF THE 2X2 HEAT MATRIX AT S=0.
CREHrmEs st ph kb Ak kb kb kR kb dok gk R Kk pdk sk bk ik dd ok kR R kR kR R R R Rk F Rk K
L=0
67 L=L+1
M=1 s
H(l,1)= 1.DO
H{l,2)= RI1
H(2,1)= C.0DO
Hl{2,2}= 1.D0
IF (K.EQ.L)GO 7O &E
54 HT(1l,1)=1.DD
HT{1l+2)=—(NDELX(M)/CCN(M] ]}
HT(2,1)=C.0D0
HT(2,2)=1.LC9
CALL MATNMUL(H,HT,HHT ¢424242)
DO 55 1=1,2
DO 56 J=1,2
FAKE=FFT(1,J)
H{1,J)=FAKE
56 CCKTINUE
55 CONTINUE
H=M+1
IF (M.NE.LIGO TC 54
68 DH{1,y1)=(DELX{M)*x%x2}/(2.D0*A(M)})}
DH{Ly2)=—(({DELX(M)*%3) /(6.DA*CCNIMI=A(M)})
DHIZ,1)=={ (COCN(M)=0ELX(M))Y/A(M]) )
DR{2,2)=(DELX{M}==2)/{2.C0=xA(M))
CALL MATNMULIH,DHyHCH:2:+24+2)
IF (M.NE.1)GC TO 69
GO TC 59
69 CONTIANLE
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IF (M.EQ.N)IGO TO 70
59 M=M+1
HH{1,1)=1.D0
HH{1,2)==-(DELX(M)/CON(M)]}
HH(241)=0.0D0
HH(2:2}=1.D0
CALL MATVMUL{HDH;HH ,HTMX,2,242)
DO 57 1I=1,2
DO 58 J=1,2
DUM=HTVX(1,:J)
HOH(I,J)=CUM
58 CONTIMNLE
5T CONTIKNUE
IF (M.LT.N)IGO TC 59
70 H{1l,s1)=1.CO
H({14+21]1=RA
H{2,1)=0.0DD
H{242)=1.C0O
CALL MATMULI{HDHsHHTMX 42,4242
IF {L.CT.1IGC TO 6&C
DO 61 I=1,2
DO 62 J=142
DUMM=HTHX(T14J]}
ENEW(1,J)=DUMM
62 CCNTINLE
61 CCHNTINUE
IF (L.EQ.1IGC TO 67
60 CCNTINLE
Lo 63 I=1,2
DO 64 J=1,2
DUMMI=¢tTHX(T,J])
HNEWER (I ,J)=DUNMI
64 CCHNTINLE
63 CCNTINUE
CALL HMADC{HNEW+HNEWER yRHTMX 2,2
DD 65 1=1,2
CD 66 J=1,2
DUMMIE=RHTMX(I,.J}
HNEW(T,J)}=DUMMIE
66 CCNTIMNUE
65 CONTINUE

IF (L.LT.N)GO TO 67
C*#*t#**tzts****##gtz**a#**z*#tt*t*tt*#txk*****##x*$#=t*#*#*#t*nt#t#t*#t

C THE DERIVATIVES CALCULATED ABCVE ARE USED TO OBTAIN VALUES FOR
C Pl AND V1.
Coickd o ko By ek KRR R AT ARG AR R RRR X R R R R YRR F R R RRE R AR
DATSO=HNEW{1,1)
CBDSO=FNEW(1,.2)
BDADSO=HRO*DADSD
ADBDSOD=CBLCSO
BEE1=((BCADSO-ADBDSD )/ (HBO**2))
CEE1=(-DBDSO/(HBC**2))
RETURN
END



72

SUBROUTINE FIGURE(S+NsR1 A,CON,DELX+RN,F)
IMPLICIT REAL®8(A-H,C-21}

CHFA A EFREXF IR R ILFR L XA AT AR AR FRAT AR Y IR AR RE X EF R A F Rk Rk kR Rk XX ko ko k

C
C
c
€

SUBROUTINE FIGURE FIANDS NUMERICAL VALUES FCR EACH ELEMENT CF THE
2X2 MATRIX, MATRIX (12}, FOR A SPECIFIC VALUE OF S. VALUES ARE
FOUND FCR ANY N LAYER STRUCTURE BY CALLING A MATRIX MULTIPLICATIZN
SUBRCUTINE.

G ool ot o ol o of o ok Rk ok AR R K R K R R ARk R ok ko A R ko kR A R T AR TR R

23

25
24

DIMENSICN A(N} CCN(N}yDELXIN)yH{2+2) sHT(24,2) HTMX{2,2}
V=0

H(1l,1)= 1.D0

H{l,2)= R1

H{2,1})= 0.D0

H(2,2)= 1.D0

CCNTIMNLE

M=M+ ]

HT(1,11=0COS(DSQART(S/A(M))=DELX(NM)]
HT(1,2)=(-1.DO/CCRI))=DSARTIALHM)/S)*=DSININSQRTIS/A(M)})=DELX(") )
HT(2,1)=CCNI¥)=0SQRT(S/A(M) ) =DSINIDSERT(S/A(M) ) *DEL X(M) )
HT(2,2)=0CCOS{DSCRT(S/A(M)}=DELX(¥))

CALL MATMULIH HT HTMX+242,2)

DO 24 I=1,2

DO 25 J=1,2

FAKE=FTMX(1,J}

H(llJ}-—-FflKE

CONTINLE

CONTINUE

IF (M.LT.NIGD TO 23

HT(1l,1)= 1.D0

HT(1.:,2)= RN

HT(2,1)= 0.DO

HT(2:2)}= 1.00

CALL MATFUL(H HT HT¥X42:2:21}

F=HTMX{1,1)

RETURAN

END

SUBROUTINE DERIVIS+N+R1,A,CONsDELX4RN,DERF}

IMPLICIT REAL:XB(A-H,C-1)

c#t¢¢#*¢$xt$¢tt**:x¢*##:u:*z&aan:ﬁ=x¢¢**$ﬁtt#*#s4##nt=t#xttt*¢##¢t*tt*tt

C
C
C

SUBROUTINE DERIV FINDS ANUMERICAL VALUES FCR THE DERIVATIVE OF
EACH ELEMENT OF THE 2X2 MATRIX, MATRIX (12)y FOR A SPECIFIC
VALUE CF S.

Ct#*#t*t##**##***#t****#ttt*tt#**#t#*v##tt*t*tt:*t**tt###**:xt#tntt*t*tt

67

DIMENSION A{M) CON(N)4DELXIND+HI2:p2)4HT(242) 4 HHTIZ242}40H{242),
IHDH(24+2) ¢HH{242) sHTMX{242) yHNCH( 24 2) ¢HNEWERI2,42) ,RHTMX([2,42)
L=0

L=L+1

¥=1
H{l,1!=1.D0
H{142)=R1

H(2,1)=0.C0
H(24+2)=1.D0
IF (M.EQ.L)GD TO 68



54

56
55

68

69

59

58
57

70

62
61

HT(1,1)=DCOS(DSQRT(S/A(M))%DELX(M)})
HT{1:2)=(=1.D00/CCN{M))>*DSORTLA(M)I/SI*DSINIDSQRT{S/A(M) )*DELX(M))
HT(2, 1)=CCN(M)=DSQRTI{S/A(M) ) 2DSIN(OSQRTIS/ALIM) ) %=DELX(M))
HT(2:21=DCCS{DSCRTI(S/A(M))=DELX(M))

CALL MATMUL(HyHT yHHT 424242}

DO 55 1=1,2
DO 56 J=1,2

FAKE=FHET(I,J)

H{1,J)=FAKE
CONTINLE

CONTINUE

F=pM+1

IF (M.NE.L)GO TO 54

DH{1,1)=-(DELX(H)/(2.00*DSQARTIA(M)*=S)) )1 *DSIN(DSQRT(S/A(M])
1*¥DELX{F))

DH{l,2)=-([DELX{M}/(2.DC=CCN(M)*S) ) *DCOSIDSNRT(S/A(M)I=DELX(M)]+
1{1L.D0/(2.C0CON(M)))I¥CSCRTIA(M)/(Sx*3) )«DSIHNINSQRTIS/4({M))
1*DELX (M) )

DH(24y1)=(({CONIMI=*DELX[¥) }/(2.D0%2(M])))}=DCCSIDSORT(S/A[M) )=
IBELXIVM) ) +(CONIM) /(2. CO*DSQRT(A(M)*S) )} =DSIN(DSQRT(S/A(M) )~
IDELX(¥))

DH(242)=—(DELX(M)/(2.D0=CSQRT(A(MI*S}}}*DSINIDSQRT(S/A(M) )=
1DELX(WV))

CALL MATMULIHsDFyHKCHy242+2)

1IF (M.NE.1)GO TO 69

GO TO 5%

CCNTINUE

IF (M.EC.MIGO TO 70

F=M¢1

HHI1,1)=CCOS(DSQRTI(S/AIM))XDELX(H}])

HH{142)=(=-1.00/CCR{MIIHDSORTLA(M}/SI*DSIN{DSORT(S/A(M) PRDELX(M)}

HH( 2, 1)=CCN{H) *DSQRT(S/A(M) ) =DSTIAIODSGRT(S/A(M) }=DELX(M))

HH(2,2)=CCCS{DSQRTI(S/2(¥))2DELXI(M))

CALL FATNUL(HDHHH,HTM¥X,245242)

EO 57 I=1,2

DD 58 J=1,2

DUM=HTF;X{,4)

HDH(T,J)=CUM

CCNT I NUE

CONTINUE

IF (M.LT.N)GO TO 59

H{1,+1)=1.00

H(1l,2)=RN

th,l ):D.DO

H(2,2)=1.CD

CALL MATNMULI(FOHsF FTFX4242:2)

IF (L.GT.1)G0 TO 60

DO 61 I=1,2

DO 62 J=1,2

DUMM=HTMX(I,J)

HNEW( T,J)=DUMM

CONTIAUE

CONTINUE
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60

64
63

66
65

IF (L.EQ.L)GO TO 61
CCNTIRNLE

DD 63 1=1,42

DO 64 J=1,2
DUMMI=HTM¢X(I,J)

HNEWER{ I,J)=DUMMI

CONT TRUE

CONTIALE

CALL HMADD(HNEW,HNEWER,RHTMX,2,42)
O &5 1=1,2

DO 66 J=1,2
DUMMIE=RHTMX(I,J}
HNEW(I,J)=DUMMIE
CONTINKLE

CCNTIKNUE

IF (L.LT.K)GO TO 67
DERF=FKNEW(L:2)

RETURAK

END

SUBROUTINE PMPY({Z,IDIMZ,X,IDIMX,Y4sIDIMY,NI)
IMPLICIT RCAL=8(A-+,(C-1)

Chd ko kA A sk kN A KA S IS P A S TR A F SRR R F R R R Rorr sk e o e ook B Lok Aoy

PMPY PERFC2MS PCLYMCMIAL MULTIPLICATICN. THE IDIM,S ARE
DIMEKSICAS OF THE POLYACMIALS. THE CGEFFICIENTS OF THE INPUT

C
c
C
C

POLYNCMIALS ARE THE ARRAYS X AND Y AND I IS THE ARRAY

COEFFICIENTS OF THE RESULTANT PCLYNOCMIAL,

OF

ek g o R R NN AN T X XN R R R R ok ke ok bk kA R e e

20
30

43
42

40
50

100
200
300

DIMENSICAN ZUINI) o X(NI)YsYINT)
IDIMZ=ICIVX+¢[DIMY=1

DO 30 1=1,101M2

Z{1)1=C.CDC

00 40 I=1,1D1IMX

CO 40 J=1,1D1MY
IF(DARS(X(I}}).LE.1.OC=-40)G0 TC 43
GO TO 42

X(1)1=C.0D0

CONTINUE

K=1+J-1

ZIRY=X{[1)*Y(J)+Z(K)

RETURN

END

SUBRCUTINE MATNMUL{AL,B,CyMyh, L)
IMPLICIT REAL=A(A-H,(C-2} -
THIS SUBRCUTINE PERFCRMS MATRIX MULTIPLICATION
DIMEKSICN A(M,N)y BI{NgsL)y C(M,L}
DO 300 I=1.M

b0 200 J=1,L

SUM=0.0D0

DO 100 K=1,.N
SUM=SUM+A(I,K)*B(K,.J)}

CtI.JI=SU¥

CCATINUE

RETURN

END
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$ERTRY

SUBROUTINE HMACC(A4B,R+MN)
IMPLICIT REAL=8(A-H,(C-12)

THIS SUBROUTINE PERFCRMS MATRIX ADDITION,
DIMENSICN A(MyN) +BIM NI 4R(F,4N)
DO 10 I=1,2

DO 11 J=1,2
R{T4J)=A(1,J)+B(],J)

CONT INUE

CONTIALUE

RETURA

END
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APPENDIX E - FCALC PROGRAM
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50

61
52

62

IMPLICIT REAL*B{A-H,C-Z}
DIMENSION A(70)4+8(70),Cl70),TIN(80O1),TCUT(80O1),F{801)
FORMI\Tt' ',‘Fl'|14!',=‘1023-16,
FORMAT(D24.16)

FORMAT(15)

READ{5,24) ITHETA

DO 8 I=1,1THETA

READ(5,22) A(I])

00 9 I=1,ITHETA

READ(5,22) B(I)

CO 10 I=1,ITHETA

READ(5,22) C(1I)

SAREA=1.0C0

IPT=0

IEND=225

T60=70.0D0

DO 50 I= 4,1END

TIN(I)=71.0D0

TOUT(I)=17E5.0CQ

TIN(1)=7C.0C0

TOUT(1}=7C.000

DO 61 I=1,2
TJIN(I+11=(0.50000*1)+70.000
TOUT(1+1)=(2.50000%1)+70.000
IPT=1PT+1

CALL FCALC(A,8,+C+ITHETA,TGO,TIN,TOUT,1PT4+F,SAREA)
IF(IPT.LT.IEND)GC TO 52

DO 62 I=1,1END

WRITE{E,51) I,F(I)

sTop

END

SUBROUTINE FCALC(A+B,CyTTHETA, TGO, TIN,TOUTIPT4F,SAREA)
IMPLICIT REAL¥B(A-haC-2)}

Chddodd bkt kb sk ey AR R P E R Ak kR hk ko ok ko kA kR R kR kK

c

c
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10

FCALC FINDS THE HEAT FLUX AT THE INNER SURFACE OF A MULTILAYER
STRUCTURE, WHEN IT IS GIVEN THE Z-CCEFFICIENTS FCR THE STRUCTURE,
Ay B, AND C, THE NUMBER CF INDIVIOU&L CCEFFICIENTS, ITHETA, THE
INITIAL waiLlL TEMP, TGO, INSIGCE TEMP, TIN, OUTSIDE TEMP, TOUT,

AND THE SURFACE #REA COF THE STRUCTURE, SAREA. FCALC USES THE
EQUATICNS FRCH TABLE 2.
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DIMENSICN A(ITHETA)B(ITHETA) ,C{ITHETA),TINCIPT),TOUT(IPT),

1FLIPT),FLTT 80Ll),FRTL 801},U{ 8QL1),v{ 801)

UCIPTI=TIN(IPT)=-TGC
VI(IPT)=TCUT(IPT)-TGO
IF(IPT.GTLITHETAIGC TO 11
1PHI=1PT

RT=0.00D0

RTER=0.0CO

6GT=0.0D0

N=0

N=N+1
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M=IPHI-N+1
IF (N.EQ.1)GD TO 12
GT=GT+(F(¥M)=B(N)}

12 FLTCIPHI)=GT
RT=RT+(U[M)=A(N})
RTER=RTER+{V(M}=*=CI(N]) )
IF (N.LT.IPHIIGD TC 10

FRT(IPEI )=-RT+RTER
FUIPHI)=(FRT(IPHI)=FLT(IPHI) ]}
GO TO 30

11 IFLY=1IPT

50 RT=0.0C0
GT=0.00D0
GTER=0.0C0
K=0
IFLY=IFLY+1
N=IFLY

51 M=M+1
N=N-1
GT={U(N)=A[Y))+GT
GTER=(VIN)*=C(") }+GTER
IF {M<EQ.1)GO TO 51
RT=RT+(F[N)=B(M})
IF (MJLT.ITHETA)JEC TC Bl
IGOT=1FLY-1
FIIGOT)=(-GT-RT+CGTER)

30 CONTINUE
RETURN
END

$ENTRY
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APPENDIX F - DERIVATION OF CONTROL SYSTEM EQUATIONS

The development of this air conditioning control system model is based
upon the application of heat and mass balance equations to the variocus
components of the system and the implementation of an air temperature sensor
feedback to control the input of heat into the contrqlled environment. In
the development of models of this type it is common practice to express the
variables of the system in terms of their deviation from an equilibrium
condition. In the following development, the equilibrium temperature will

be represented by 8 As illustrated in Figure 10, the system to be modeled

Go®
consists of a controlled room air space supplied by heat from a steam coil.
The steam flow is controlled by a valve whose action is regulated in response
to the temperature difference between the set point temperature and the
sensed temperature of the room air. Supply air is made up of return air

and fresh air.

First a differential equation describing the space temperature, BR, will

be developed. The space is pictured below with the necessary nomenclature.

Figure 18. Room Air 3pace.
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f_ - rate of heat flow into the space (BTU/hr)

f - rate of heat loss from air space through walls (BTU/hr)

f_, - rate of heat loss from air space through return duct (BTU/hr)
6. - inlet air temperature (°F)

8. — outside air temperature (°F)

8, — room air temperature (°F)

¢ - specific heat of air-= 0.24 BTU/(lbm~°F)

p - density of air (lbm/ftB)

Vv volume of room (ft3)

From a basic heat balance, it is known that the net heat flow into the air
space during some time is equal to the change in internal energy of the air
during that period. It follows that

dBR

= pCV — .

B dt

I
The heat flow into the room less the heat returned is governed by the flowrate
of air into and out of the space times the heat content of the air, so

fI - fR = pCAx(BI -8

R’
where A - area of ducts
X - air velocity in the ducts.
It has been assumed that the air demsity is constant, the room is at a
uniform temperature, the return air is at room temperature, and the flowrate
into the room equals the flowrate out of the room.
If the equations are combined, and the temperatures are expressed as

deviations from the initial, equilibrium temperature then

dv

R .
pCV Sk pCAx(vI - vR) - fo s



The Laplace transform is

(rzs+l)VR = VI - kGFD

where VR - the Laplace transform of Vi
VI - the Laplace transform of vy
FO_- the Laplace transform of fo
T, = V/Ax and
ke = 1/pCAx .

Rearranging yields

k
6 1
YE—V_ - F) .
T28+l k6 I 0

VR = (

The schematic diagram for this relation is

F

v = 6
I 7 Ke Ty5+] =V

o

Figure 19. Room Block Diagram.

Applying the heat balance to the heating coil yields

- deI
fs = oCax(8y - 0) + ppClVy G
where GM = Meo + (1-M)6R and.

fs - heat flowrate into the coil from the steam (BTU/hr)
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BM - mixed air temperature entering the coil (°F)

M - fraction of outside make-up air

Pp = density of exchanger (lbm/ft3)

CE - specific heat of exchanger material (BTU/lbm—°F)
VE - volume of exchanger (ft3)

Taking the temperatures as deviations from the equilibrium temperature yields

(Tls+l)VI = MVO + (l—M)VR + I\QFS
where FS ~ the Laplace transform of fS
T, = ppCpVp/pCAX
and K4 = 1/pCAx
Rearranging,
& M (1)
vV, = ( )GV +—2V_+ F)
1 Tls+l k4 o ka R s
In block diagram form, the relation is
F fu Ly
s %f | Tys+1 Vi
N .
Ky
Vo—1 M
1-M
VR

Figure 23. Heating Coil Block Diagram.
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The steam flowrate intco the coil may be assumed to be proportional to
the valve opening, which is proportional to the difference in the setpoint

and sensed room temperature, thus

FS = K1K2K3(VSET = VR)

where Kl - thermostat gain
K2 - actuator gain
K3 - valve gain
VSET = R - eGo

R - set point temperature.

In bleck diagram form,

VSET l@ X ~—>] "-',_\.i__.;s Lnr———F
= L towisd s

Vi

Figure 21, Steam Flow Control Block Dia-z-zr.

Heat conduction per unit area through the walls is given by equation
(18).
-
F = B v, +
When the area of the wall is considered, the total heat loss due to heat
conduction through the walls for this development is given by the following

relation. Observe that the variable, Fo’ is used to signify BTU per hour

rather than the previous BTU per hour per square foot.



= _A iy
P, = SAREA(- 2V, + 2V ) .

SAREA - surface area of the wall

In block diagram form,

o
=

"R

Figure 22, Biock Diagram for Multi-Layar Wall.

i |

The block diagrams may be combined and then reduced to obtain the

-

following block diagram for the entire temperature control system including

the walls as shown in Figure 10.
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Vo
1/8
X A/B
SAREA
K
Fl e 1
T25+1

Figure 23,

Air Conditioning Control System Block Diagram,
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APPENDIX G - SYSTEM STIMULATION PROGRAM
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$J0CB

IMPLICIT REAL*8(A-H,C=-7])

DIMENSION YO(3),Y1(3)4Y2(3)1,Y3(3),Y4(3),00(3),Q1(2),Q2(3),
10303)4,Q413),DERY(3) 407001 +3070),C(T01,U(220),¥(220),TOUT(22D],
1F(220)

20 FORMAT('0" ) ' X=1,F21.165X " Y1I=4,F25,15,5X,+'Y2=',F25.16)
21 FORMAT(Y *,25X,,'DEFYLI="4F235.1645Xy"DERY2=',F25,.161
22 FORMAT(F24,.16)
23 FCORMAT(?Y 4,V IPT=¢,1545X4'F=1",F25.16)
24 FORMAT(15)
REAC(5,24) ITHETA
CO 8 I=1,ITHETA
8 READ(5,22) a(l)
DO 9 I=1,ITFETA
9 READ(5,22) 81(1)
DO 10 I=1,ITKHEZTA
10 REAC(5,22) C(1)

SAREA=25C.000

NDIM=2

XG0=0.CNO

XEND=14.5CO

H=0.025C0

DELTA=C.10N0O

TEND=({2.000=( XENC=-XCGC) ] /DELTA)+1.020

IGO0=7C.000

YO(1)=0.CDOC

Y0({2)=0.0CQ

DERY(11}=C.020

DERY(?2)=0.000

CC 11 I=1,1END

TOUT(1)=50.000

11 VII)=TCUT(II1-TGO

Vil)=C.nCO

Viz2)=-10.0D0C

X=XG0

IPT=0

DO 1 1=1,NDIM

1 QotI)=0.C00
13 IPT=1PT+1

UCIPTI=YOD(2)

CALL TFCALC(A+B,CyITHETA, TGO, J4V,IPT,F)

Fl1=Y0(1l)/2.273D-3

WRITE(E,2C) X, F1,Y0l2)

WRITE(E,21) CERPY(1),CERY(2)

FOUT=F(1IPT)%*SAPEA

WHRITElE423) IPT,FOULT

IF(X.CE.XEND)GO T0O 12
1TRK=0

T ITRK=T1TRK+1

JF{ITRPK.GT. &) GC TZ 13

CALL FCT(XyYOyDERY V.TGO,IPT,F,SAREA}

DD 2 1=1,ADIM

R1=H*DERY(1)



QlII}=Q0(1)+(1.500*(R1-2.2D0%Q0(1})1)-.5D0O*R]
2 YI(IY=YO(I)+(,500¢(R]1=2.CI=%QI(T1)]))
X=X+.500%H
CALL FCTU(X,Y1,CERY,V,TCG+IPT,F,SAREA)
DO 3 1=1,NDIM
R2=H*DERY(I) .
Q2(1)=Cl1)+(.87B867965564403573D0)=(R2-01(]1))=-{.2628922188]135525D0
11*R2
3 Y2{D)=Y1l(1)1+(.292R5321°28134525D01=(R2=-71(1))
CALL FCT(XsY24CERY WV, TCL,IPTyF,SEt2EA)
DO 4 I=1,NKOIM
RI=H*CERY(I])
Q3(1)=02(1)+{5.12132034255S642D3)1%(22-02(1))=-(1.T7071267811353547DJ
LI%R3
 Y3(I1)=y2(1)+(1 . 7CT1OET311354T0C)*(F3-021(1))
X=X+.5D00%F
CALL FCTUX+Y34LERY,V4TCC,IPT,F,SAREA)
CO 5 1=1,ADIM
R4=H*LERY(])
Qa(1)=C3(1)+(.5N0* (R4-2.CI=23([)}1)~-.500=34
5 Y4l 1)=Y3(1)#{.16E6ELHEGELELERESTRINI=(R4=2,DC
DD &6 1=1,KNDIM
DUM=Q4( 1)
QO(I1=CU™
FARE=Y4( 1)
6 YOUIl)=FAKE
G0 TC 7
12 CCHWTIMNUE
STOP
END
SUBROUTINE FCTIX4Y,DERY,V,TGI,12T,F,S4REA)
IMPLICIT REAL=8(A-HK,C-17)
DIMEMSICK Y(3),DERY(2),F(223),V(220}
FNGW=F(IPT)
AMIX=C.2C0)
TAU1=0.022D0
TAUZ=0.0800
COH=5,5N"
COR6=2.273D-3
FNOW=FMCW®=SAREAXCCNG
R=70.0CDD
VSET=k-TGC
DERY{IJ={IAHIX¢V{IPTII+lll.O—AHIXi*YKZ))+ICJN*IVSET—Y[2)!)—Y(ll)
1/TAUL
DERY(2)=(Y(L)-FNCW-Y (2))}/TAU2
RETURN
END

*Q2(01))
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SUBROUTINE FCALCUA,B,C,ITHETA,TGC,UyV, IPT,F)
IMPLICIT REAL¥R(A-H,C-2)
ek ey A A A U B R A AR I IR TS ARSI G U F Ik RN Rk y L kg xky kR Cfrhy kd
C FCALC FINDS THE REAT FLUX AT TkRE INNEF SURFACE OF A MULTILAYER
C STRUCTURE, WHEN IT 1S CIVEN THE 7-CCEFFICIENTS FOR? THE STAUCTURE,
C Ay By ANC Cy THRE NUMBER CF INCIVICUAL CCEFFICTIENTS, ITHETA, THE
C INITIAL WALL TE™P, TGO, INSIOE TEMP, TIAN, CUTSIDE TEMeO, TIUT,
C AND THE SURFACE AREA OF THE STRPUCTUXE, SAREA, FCALC JSES THE
c EQUATICNS FRCM TABLE 2.
ol kS e g N ) T T U s Ak e A A X kA o R AR T e R e
DIVMENSION A(ITHETL)LELITHFETA),,CLITHETA),
VF{IPT ) 4 FLTILLE20)} 4FRTCLI20),1{(1220,v(120)
IFUIPTGTLITHETAICE TO 11
IPHI=1FT
RTY=3.0CO
RTER=C.0L0
GT=0.CC0
N=0
10 N=N+1
M=TPHI=-N+1
IF (n.EQ.1)GOD TO 12
GT=GT+(F{¥)=B(N)]
12 FLTUIFEFI)=6GT
RT=RT+{UIMIFA(NT]
RTEP=RTEP+({V(MI=C(N))
IF (N.LT.IPHIIGD TC 19
FRT{IFHI }=-RAT+RTER
FOIPHII=(FRTLIPHL)=-FLTL{IPHI))
GO T0O 30
11 IFLY=IPT
50 RT=0.000
GT=0.009
GTER=0.JCO
M=0
IFLY=IFLY+]
N=1FLY
51 P=M+]
N=N-1
GT=(UIRN}*A(M])4GT
GTER={V{N)=L{M) 1 +GTER
IF (M,EQ.1)G0 TO 51
RT=RT+(FIN}=B(M))
IF (M.LTLITHFETAIGOD TC 51
1GO0T=1FLY-1
FLIGOT )=(-GT-RT+GTER)
30 CCNTIANLE
RETURN
END
$ENTRY
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To investigate the effect of control system dynamics on energy consump-
tion, a simulation with a time stepsize short enough to manifest the
dynamics of the control system is required. The purpose of this thesis
is to demonstrate and satisfactorily document an algorithm for transient
heat conduction through multi-layer walls that may be used as an element
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Laplace transforms are employed to attain conduction transfer functions
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derivation of the concept is included.

Computer programs that evaluate the constants necessary to apply the
algorithm are listed and described. One program finds roots of hyperbolic
functions that describe the structure, another calculates the coefficients
of the z-transfer functions, and a third uses the coefficients to compute
heat flux at the inner surface of the wall.
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