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Abstract

A computational system is built for conducting deterministic simulations of three-
dimensional multiple scattering of elastic waves by spherical inclusions.

Based on expansion expression of elastic wave fields in terms of scalar and vector
spherical harmonics, analytically exact solutions of single scattering and multiple
scattering are obtained, implemented and verified. The verification is done by using
continuities of displacement and surface traction at the interface between an inclusion
and host medium, energy conservation and published results.

The scatterer polymerization methodology is extended to three-dimensional multi-
ple scattering solution. By using this methodology, an assemblage of actual scatterers
can be treated as an abstract scatterer. This methodology is verified by using differ-
ent approaches, with or without scatterer polymerization, to solve a physically the
same multiple scattering problem.

As an application example, band gap formation process for elastic wave propaga-
tion in cubic lattice arrangements of spherical scatterers is observed through a series
of numerical simulations. Along the direction of the incident wave, scatterer arrange-
ments are viewed as comprising layers of scatterers, within which scatterers form a
square grid. Starting from one layer and by increasing the number of layers, near-field
forward wave propagation spectra are computed as the number of layers increases.
These simulations also demonstrates that the computational system has the capability

to simulate multiple scattering solutions of elastic waves in three-dimension.
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Chapter 1

Thesis Introduction

1-1 Introduction

Elastic waves include longitudinal wave and two shear waves in perpendicular
polarization orientations. Various applications involve the subject of scattering of
elastic waves. For examples, the subject of scattering of elastic waves can be found

561 geophysics! and investigations

in nondestructive evaluations (NDE) of materials
of phononic materials (elastic wave band gap materials)!® ?). There are two types of
problems in the scattering of elastic waves. When mechanical properties and geo-
metrical parameters of elastic inclusions and the host media are known and used to
predict the scattered wave fields!® !, the problem is the direct problem of scattering of
elastic waves. When mechanical properties and geometrical parameters of inclusions
or defects are extracted from measured scattering data, the problem is the inverse
problem of scattering of elastic waves. Interpretation of measured results of the in-
verse problem relies on the understanding of wave phenomena of the direct problem.

The direct problem is the focus in the thesis.

This thesis is concerned with the scattering of elastic waves by spherical inclusions



in an unbounded linear elastic medium. Spherical or nearly spherical shape is a
typical shape of inclusions in engineered materials, such as concrete, rubber tires
and nanocomposites. An unbounded medium is considered in this thesis and the
effects due to the edge of the host medium are neglected. This thesis intends to
develop a computational system to simulate three-dimensional multiple scattering
of elastic waves by large number of inclusions, via a combination of theoretical and
computational tools.

Previous work related to the scattering of elastic waves by spherical inclusions is
reviewed in this section. The review is divided into two parts: single scattering by a
spherical inclusion and multiple scattering by spherical inclusions. Investigations of

scattering of electromagnetic or acoustic waves are not reviewed here.

1-1.1 Single Scattering by a Spherical Inclusion

Single scattering implies that a scattered wave is not further scattered. Here, single
scattering is the scattering by one inclusion located in an infinite medium. Problems
of single scattering of elastic waves by a spherical inclusion have been treated exten-
sively in the literature. The spherical inclusion could be rigid, elastic or void. The
earliest investigation of the scattering of longitudinal elastic wave by a rigid sphere
was conducted in 1872 by Rayleigh (J. W. Strutt)!'?. The more general treatment
of the scattering of elastic waves by a spherical inclusion was not accomplished until
1927 by Sezawal'!. He assumed a general isotropic, homogeneous, elastic solid as
the host medium, with a circular cylinder, an elliptical or a sphere inclusion of either
rigid or vacuous material as the scatterer. The scattering of a plane longitudinal
wave by an elastic sphere was investigated in 1956 by Ying and Truelll¥, in which the
scalar spherical harmonics (the general solution of Helmholtz equation in a spherical

coordinate system when the function in Helmholtz equation is a scalar function) is



used. The scattering by a rigid sphere is further studied in 1963 by Pao and Mow!!?
by additionally considering rigid body translation and the mass density of the sphere.
This study showed that the solution in [1] was a special case in which the mass density
of the sphere is infinite (so that the sphere is immovable).

The scattering of a plane shear wave by a spherical inclusion was investigated
in 1960 by Einspruch, Witterholt and Truelll™ in which a set of vector spherical

14 are a set of vector functions that

harmonics are used. Vector spherical harmonics
can be used as alternative form of the general solution to the Helmholtz equation
when the unknown for the Helmholtz equation is a vector. By using vector spherical
harmonics, Norris!"” in 1986 derived the solution for scattering of both longitudinal
and shear elastic waves by a spherical inclusion. By using scalar spherical harmonics,
Hinders!' in 1991 derived the solution for scattering of both longitudinal and shear
waves by a spherical inclusion.

For an inclusion of arbitrary shape, the T-matrix theory for the scattering of acous-
tic waves was presented in 1969 by Waterman['”. The T-matrix theory was extended
to the scattering of elastic waves in 1976 by Varadan (Varatharajulu) and Paol*®) and
by Waterman!'?). The T-matrix represents a linear transformation between scattered
and incident waves. Properties of the T-matrix are discussed in detail in [18] and

[19]. When the T-matrix is obtained for a scatterer, the problem of single scattering

of elastic waves is solved.

1-1.2 Multiple Scattering by Spherical Inclusions

When there is more than one inclusion in a medium, multiple scattering occurs.
When inclusions in the medium are far away from each other, the effects of multiple
scattering may be neglected. In this way, the scattered wave fields are the summation

of the scattered wave fields of single scattering from each inclusion. By using such



a single scattering approximation, Norris!"” and Hinders!'® solved scattering by di-
lute concentrations of multiple spherical inclusions by neglecting multiple scattering
effect. Sayers and Smith?” in 1983 compared the predicted results with measure-
ments, by Kindra, et al.?!] in 1982, of the scattering of ultrasonic incident waves by
lead spheres embedded in an epoxy matrix. Reasonable agreement between prediction
and experiments is obtained for a volume concentration of 5%. For a volume con-
centrations of 15%, the prediction by this approximate method deviates significantly
from experimental results. Thus more rigorous analyses are required.

Twersky!??

in 1952 proposed that the scattered waves can be decomposed as
various orders of scattered waves, known as ordered scattering. For example, the first
order scattered waves are those waves scattered by each inclusion separately when it is
excited by the incident waves. When the first order scattered waves by one inclusion is
then re-scattered by other inclusions, the second order scattered waves are generated.
This procedure is infinitely continued. Boundary-value problem is solved at each
order of scattering. A formal solution for the scattering of a plane electromagnetic
or acoustic wave by an arbitrary configuration of parallel cylinders is presented in
22]. Twersky®?! in 1962 extended the approach to multiple scattering of a plane
electromagnetic or acoustic wave by arbitrary configurations in three-dimensional
space.

For multiple scattering of elastic waves by spherical inclusions in arbitrary ar-
rangement, Doyle?!l in 2006 used an iterative method (based on ordered scattering
approach) for calculating wave fields in the elastic system. Calculation is carried out
at each order of scattering. In two successive orders, numerical results are compared
for the iteration to arrive at a convergent solution for the multiply scattered fields.
Due to the virtual memory requirement in a computer, computation and storage

of the matrix for coordinate transformation between coordinate systems of every two



scatterers are limiting factors for this method®¥. The convergence of solutions during
iterations is another limiting factor for this method. For examplel?¥); for longitudinal
wave field at 600 kHz and for 600 um glass beads in polymer with 30% volume frac-
tion, numerical results do not converge after 10 iteration steps so that this method
fails at this case.

Bostrom!*! in 1980 extended the T-matrix formulation of the scattering of elastic
waves for the case of single inclusion by Varadan and Paol'® and by Waterman!' to
the case of an arbitrary number of inclusions. Waves impinging upon one scatterer
include the incident waves and the scattered waves due to all other scatterers. In
this approach, the total waves impinging upon a scatterer and the resulting scattered
waves is related by the T-matrix of the scatterer. The multiple scattering solution is
represented by a set of linear equations that can be solved by many numerical solvers.

For multiple scattering of elastic waves by periodic arrays of spherical inclusions,
Liu et al.” and Psarobas et al.’l in 2000 independently developed formalisms for
calculating band structure (relation between the wave frequency and the wave vector,
which is also known as the dispersion relation), reflection and transmission of elastic
waves. Both formalisms are based on the T-matrix approach for exact solutions of
multiple scattering problems. The periodic arrays of spherical inclusions are viewed
as a sequence of planes of spherical inclusions, parallel to each other and having the
two-dimensional periodicity in each plane. For example, a face-centered cubic lattice
(such that five spheres in a plane and four spheres in the adjacent plane) is used in
both papers. Finite number of planes were used in examples of calculation.

Computation time and the storage required for the linear equation system are
main limiting factors for the T-matrix approach. For example, when the T-matrix of
a scatterer has a size of (M x M) and there are N scatterers in a multiple scattering

problem, the matrix for solving the multiple scattering problem has a size of (N M x



NM). The CPU memory runs out quickly as the number of scatterers, N/, increases.
Numerical methods such as finite element method, finite difference method,
and boundary element method have also been applied to multiple scattering

27-30]

problems! , such as scattering by a scatterer lattices where the microstructure

can be simplified with repeating structural elements®® 2 or by a few scatterers®.
The major drawback of these methods is the large number of degree of freedom. An
enormous number of elements, cells or gridpoints that approximate the microstruc-
ture is required. A finer mesh will provide a higher fidelity solution, but at the cost
of an increased computational burden.

Based on statistical or effective medium assumptions, approximate solutions of the
direct problem have also been developed. For examples, Waterman and Truell®! used
a configurational average procedure of Foldy®? to average wave fields in a statistical
sense; Gaunaurd and Uberall® treated the scattering region, the smallest space
enclosing all scatterers, as an effective medium with effective material properties such
as moduli. Both assumptions neglect localized variations. The effective medium
assumption also constrains the range of wave frequency. These solutions are not
sufficiently accurate inside the scattering region.

Little work has been reported for simulating three-dimensional multiple scattering
of elastic waves by an arbitrary number of spherical inclusions of random distribu-
tion. It is possibly because of complexity of the scattering of elastic waves. Elastic
waves include both longitudinal wave and transverse wave, and mode conversion exists
between longitudinal and transverse wave during scattering. The mode conversion
(conversion between the longitudinal and shear waves) occurs through continuities of
displacement and surface traction at the interface between inclusion(s) and the host
medium.

For computation of multiple scattering of elastic waves in two-dimensional space,



a T-matrix-based scatterer polymerization method has been introduced by Cai and
Williams¥ . The scatterer polymerization method treats an assemblage of actual
scatterers as an abstract scatterer that has its own T-matrix. “Full-scale” scattering
of horizontally polarized shear wave were simulated!®?. “The qualifying phrase full-
scale implies that the region occupied by the deterministic model is of macroscopic

> [35] In

dimension, the scale in which the composite might be viewed as homogeneous.’
numerical simulations, scatterer polymerization method is used to reduce the number

of actual scatterers to a lesser number of abstract scatterers.

1-2 Scope of Thesis

The present thesis extends the scatterer polymerization method to three-
dimensional scattering of elastic waves by an arbitrary number of spherical inclusions
in arbitrary arrangement. The number of actual scatterers is reduced to a lesser num-
ber of abstract scatterers, so that the limiting factor of matrix size for solving multiple
scattering problems of large number of actual scatterers can be released. A compu-
tational system is built for three-dimensional multiple scattering of elastic waves by
spherical inclusions. This is achieved by a combination of theoretical development
and computer implementation. The process involves the following steps:

1. Derive analytical expression of elastic wave fields in terms of the scalar and
vector spherical harmonics;

2. Formulate analytically exact solution for single scattering of elastic waves by a
spherical inclusion in a solid medium;

3. Implement and verify the single scattering solution;

4. Formulate analytically exact solution of three-dimensional multiple scattering

of elastic waves in a solid medium by using T-matrix approach;



5. Implement and verify the multiple scattering solution;

6. Reformulate multiple scattering solution of elastic waves with scatterer poly-
merization method;

7. Implement and verify the reformulated solution of multiple scattering.

The computer code was written in C++ language. It is assumed in the solu-
tion that the contact between a scatterer and the host medium is never lost during
scattering process.

After the computer implementation is verified, it is used to study the scattering of
longitudinal incident waves by a finite number of scatterers arranged in cubic lattice,
and to observe the band gap formation process. Numerical examples also serve to
demonstrate that the computational system has the capability to simulate multiple

scattering solutions of elastic waves in three-dimensional space.



Chapter 2

Single Scattering Solution

2-1 Introduction

Scattering of elastic waves by a spherical inclusion embedded in an infinite medium
is considered in this chapter. As stated in Chapter 1, solutions to problems of single
scattering of elastic waves by a spherical inclusion have been found in terms of either
scalar spherical harmonics or vector spherical harmonics. Since solutions of single
scattering problem serve as the basic building block used in the formulation of multiple
scattering solution, it is necessary to review single scattering solutions that will be
used for multiple scattering solution.

In this chapter, solutions to the single scattering problem are derived in terms of
both scalar and vector spherical harmonics. Basic equations in terms of scalar spher-
ical harmonics can be found in [36]. A modified form of vector spherical harmonics
is given, so that the coefficients of wave expansion in terms of both scalar and vector
spherical harmonics can be easily converted in an analytical manner.

The structure of this chapter is as the following: Section 2-2 introduces notations

and equations for wave motion in linear elastic solids; Section 2-3 reviews two sets



of wave field expressions; Section 2-4 focuses on solutions of steady-state governing
equations; in Section 2-5, the energy conservation law is discussed; and in Section 2-6,

numerical examples of single scattering solution are presented and discussed.

2-2 Equations of Elastic Wave Motion

A brief review of the basic equations, concepts and notations relating to elastic
wave motion is presented in this section. Interested readers can find more compre-

hensive theoretical presentations in references [14, 36, 37].

2-2.1 Basic Equations

In an ideal elastic medium, stress and strain in Einstein’s tensor notation can be

written as [7]

Tijj = Aeprlij + 2045, (2-1)

eij = 5 (uij + uja), (2-2)

respectively; where index ¢, j or k takes on values 1, 2 or 3 denoting the axes in a
Cartesian coordinate system, o;; and ¢;; are stress and strain on the surface normal
to ¢ axis and along j axis direction at a field point, u; is displacement along 7 axis

direction at the field point, A and p are Lamé elasticity constants of the material,

and ¢;; is the Kronecker delta:

0 when i+ j,
1 when ©=j.

The equation of motion in the elastic medium can be written as 7

pi; = 0355 + pfi (2-4)

10



where p is mass density and f; is the externally applied body force per unit volume
of the medium (along ¢ axis direction).
By utilizing the stress-strain and strain-displacement relations in Eqs. (2-1) and

(2-2), Eq. (2-4) can be written as

pil; = pgjj + (A + p)ugji + pfi (2-5)
The equation of motion can also be written as 7
pi = puViu+ A+ p)V(V - u) + pf (2-6)

For the case in which body force vanishes, Eq. (2-6) is known as Nawvier’s equation:
pit = uNV?u+ A+ p)V(V - u) (2-7)

In this thesis, only cases in which the body forces vanish are considered.

2-2.2 Scalar Wave Equations

According to Helmholtz’s theorem of decomposition of a vector field "4, displace-

ment vector w can be written in terms of displacement potentials, as follows:
u=Vo+Vxy (2-8)

where ¢ is called the scalar displacement potential, and 1) is called the vector displace-
ment potential of w. The first term on the right hand side of Eq. (2-8), V¢, gives the
dilatational or longitudinal part of the displacement w. The vector ¥ in Eq. (2-8)
gives rise to shear part of displacement u so that it can further be decomposed into

two parts. It is suggested in [14] that
Udue to shear wave — V x 'l,b =V x (wwe:’)) +V x V x (E'LUXGQ,) (2*9)

where ¢ is an arbitrary constant length scale so introduced to keep two unspecified

scalar potentials ¥ and x having the same dimension, w is a function of &3 with &3

11



as one of three coordinates (£, &, £3) in an orthogonal curvilinear coordinate system
(Appendix A), and es is one of three unit vectors e;, e; and es corresponding to

coordinates &1, & and &3, respectively. Substituting Eq. (2-9) into Eq. (2-8) gives
u=Vo+V X (wpes)+V x V x (twyes) (2-10)

Longitudinal wave is often called the P wave. Shear waves can be divided into SH
and SV waves ['4| denoting horizontally polarized and vertically polarized shear waves,
respectively. The two cases gain their names by the direction of the displacement.
Recall that in the Cartesian coordinate system in seismic wave analyses, the y-axis
customarily points to the sky (the wvertical). For an SV wave, the displacement is in
the vertical direction. For an SH wave, the displacement is parallel to the ground
(the horizontal). In this way, the displacement due to the 1) component is normal to
e3 direction, which would become an SV wave in a Cartesian coordinate system. The
displacement due to y is along the e direction, which would become an SH wave in
a Cartesian coordinate system. (Note that for other coordinate systems, the shear
wave generally cannot be separated into SH and SV components.)

By choosing w = &3 in Eq. (2-9) and substituting Egs. (2-8) and (2-9) into
Navier's equation in Eq. (2-7), the equation of motion can be reduced to the follow-
ing three uncoupled equations of scalar displacement potentials (details of reducing

Navier's equation to three equations can be found in Appendix B):

¢ =ciV¢ (2-11a)
) =GV (2-11b)
X = eV3x (2-11c)

where

A+2
cr = o and cs = \/% (2-12)

p

are two different wave speeds, representing two different types of waves in the solids.

12



2-2.3 Steady-State Solution to Wave Equations

Consider the steady state in which all waves in the field have the same temporal

factor e ™! where w is the circular frequency. Then the wave equations in (2-11a)

through (2-11c) become the following set of Helmholtz equations

V2 + K’ =0 (2-13a)
V3 + k%) =0 (2-13b)
Vi + k=0 (2-13c)
where
k=2 and k=2 (2-14)
cr, cs

are the wave numbers for the longitudinal and shear waves, respectively.

In the following analysis, eqn. (2-13b) (¢-equation) is used to illustrate the solu-
tion process in the spherical coordinate system (r, 6, ¢) where r € [0,00), 6 € [0, 7],
and ¢ € [0,27] (Fig. 2.1). Detailed expressions for various vector operators are listed

in Appendix C.

z(e)
¢
P e,
T \eg
2 V(@)
¢

X )

Figure 2.1: Spherical Coordinate System

The expanded Helmholtz equation in the spherical coordinate system is

10 [ ,00 10 (. 0 I BT -
r2or (T E) +r28in€% (Sm989> +r28in293<,02 TR =0 (2715)
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By assuming the variable-separated form of the solution as

¢(r,0,¢) = R(r)O(0)®(p), (2-16)
equation (2-15) becomes
1 1 i 1
7‘—2(T2R,)/®Cb =+ m(Sln QGI)IRq) + mR@@H + ]C2R@¢) = O (2*17)
Multiplying both sides by 7?/(RO®) gives
1, 5.,, 1 1
R T Bsme

The variable r is now separated: the first and the last terms contain only r and

(sinfO") + 11

gt TR =0 (2-18)

two terms in the middle do not contain r. This leads to two equations connected by

an arbitrary constant p

(r*R)Y + (K*r* = p*)R=0 (2-19a)
1 in 6

S0+ Slg (sin 00') + (psin)® = 0 (2-19b)

Equation (2-19b) can be further separated by another arbitrary constant ¢
2
in60') + (p* — -4~ ) © =0 2-20
sin 0 (sin66°)" + (p sin* 0 ( 2)
" + P =0 (2-20b)

In summary, the three separated equations are

(r*R) + (K*r* = p*)R=0 (2-21a)

Lo ¢’
= e(sm 00") + (p2 o 9) 0=0 (2-21b)
" + P =0 (2-21c)

d-equation:

Equation (2-21c) is solved first. The solution is ®(p) = !¢, where i = v/—1. In
order to maintain the single-valuedness of the solution, that is ®(0) = ®(27), ¢ has
to be an integer, denoted as m. Then

P(p) = eme where m =0, +1,+2,--- (2-22)

14



®-equation:

Denote
pPP=vv+1), v=cosf (-1<v<1)
since
d B d dv - . d -2 2
@—%@——sm&% and sin“"f=1-v
eqn. (2-21b) can be written as
d 5, dO m?
—%|:—(1—U)%]+|:V(V+1)—1_U2:|@—O (2-23)
or
d*e do m?
2 _
(1—1})W—2U%+|:V(I/+1)—1_U2:|@—O (2-24)

Equation (2-24) is the associated Legendré equation, and its solution is known as
the associated Legendré function, generally denoted as P!"(v) where v is called the
degree and m is called the order. (When m = 0, the equation is called the Legendré
equation, the function is called the Legendré function and is denoted as P,(v).) It
is also known that only when v is an integer, denoted as n, the associated Legendré
function converges at v = 1. Convergence at v = £1 is required for the physical
problem at hand because v = £1 is at § = 0 or m. There is another solution, generally
denoted as Q'(v), that is also a solution to the Legendré equation, but this function
does not generally converge. Therefore the only physically admissible solution is the
associated Legendré function of integer degree n and integer order m, P*(v). That
1s

©(0) = P*(cosb) where n =0,1,2,--- (2-25)
Usually, the associated Legendré function of integer order and integer degree is called
the associated Legendré polynomial, and when m = 0, it is denoted as P,(v) and

called the Legendré polynomial.
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R-equation:

Now it is known that

p*=n(n+1)
and denote
f(r)
R(r) = 2-26
=12 (2-20)
then
dr 1 1 32
o~ e TR T = \/_f 2r\/_
dR r32 o pl/2
e v R TRV
d [ ,dR 73/2 n 3ri/? ri/2 o 1p71/2
d_< dfr) wrd t el ol g
2 ,, T , 1 1

T

Equation (2-21a) becomes

o, oy 2,2 _1 L— —
\/Hf +\/Hf—|—{k’r n(n+1) }\/H 0 (2-27)
7’2f//+7’f/+[(k?“)z—(n—f—%)2}f:0 (2728)

(n+1)+ ! . 2
n(n - =(n+-=

4 2
Equation (2-28) is known as the Bessel equation, and the solution is the Bessel

function of order (n + 1/):
Fr) = Zy o (hr) (2-29)
where Z,(z) represents Bessel functions of various kinds, among which, J,(z), Bessel

function of the first kind, and H{"(z), Hankel function of the first kind, are most

often used.
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Recall the definition for spherical Bessel functions 1!

in(2) =1/ 52T (2 (2-30)
M) = 5o H () (2-31)

Hence the general solution for eqn. (2-13b) can be written as

W(r, 0, ) = Z Z Apin Zn (k) P (cos 0)e™ (2-32)

n=0 m=—n

where Z,(-) denotes a spherical Bessel function, either j,(-) or A{"(-), and the limit

of summation for m is restricted by the value of n, because

P"(v)=0  for |m|>n (2-33)

n

The combination of P™(cos#) and e™? is often referred to as the spherical har-

monics [39, 40] and is often denoted as X" (6, ¢):
X0, @) = P(cos f)e™?. (2-34)

Furthermore, it is often normalized and denoted as Y,"(0, ¢):

Y ™0, ) = \/ 2”4; ! EZ ; m; P™(cos 0)cime (2-35)

Spherical harmonics have different names [40]: when m = 0, it is called the zonal
harmonics; when m = n, it is called sectorial harmonics; and when m # n, it is
called tesseral harmonics.

Using the notation for the spherical harmonics, the general solution for

eqn. (2-13b) can be written as

W(r,0,¢) = Z Z Apin Zo (k)Y (0, ) (2-36)

n=0 m=—n
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2-3 Wave Field Expressions

Since &3 = r in spherical coordinate system, the displacement can be written as
u=Vo+V x(rpe,) + LV xV x (rxe,) (2-37)
The displacement w can also be written as
U = u,e, + ugey + ugye, (2-38)

Therefore, displacement components u,, uy and u, can be written as

¢ 9*(rx)
= 4 o2
10¢ 1 o(ry)  £0%*(ry)

Y006 T rsing dp - 06or

1 09 10(ry) ¢ 9*(ry) -
e = rsm@% r 00 +rsin9 0pOor (2-39%)

rvzx} (2-39a)

(2-39b)

In a spherical coordinate system the strain-displacement relations are !

e = %1;’” (2-40a)

[y
Sre = ; [r silne (ZQZ a uTCP %] (2-40c)
€09 = l% + 2 (2-40d)
v T4 511n 0 %IZ % :?r? z % (2-40e)
=3 ;% g e o) (2-400)

Using strain-displacement relations in Eq.(2-40) and stress-strain relations in
Eq. (2-1) (Eq. (2-1) can also be used in a spherical coordinate system [*!), and assum-
ing Lamé elasticity constants as A and p, stresses in terms of displacement potentials

can be found as [36]:

O = AV20 + 24 {@ + 52 {82(7%) — TV2X] } (2-41a)
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oo = roo r O \rsiné Oy

ordd  r 00 rsinf  Op or
2 2 2
e {a (6 (rx) —7"V2x) 19°(rx) ”ag (la VX))} (2-41b)
r
)

_QTM{G% 1a¢] Ml 1 a(ry) a( 1 a(m))}

r |00 or? r orof r Orof

1L & 1 99 20(rg)  10%(re))
Tre = 2 {rsmearagp R sme%} {ﬁ o0 v obor ]
o T
S o
o {r_l? ?939(22(2 + %823(:3 ) VZX] } (2-41d)

1 0 1 0¢ 10¢ cosf 0o
Top =AVIG+ 20 {rsin&% <rsin9%> i ror * r2sin 0 00
cosf O(r) 1 9*(ry)
" 2sin?d Oyp + r2sinf 000¢
1 B(ry) 10%(ry cos O*(ry
{7“2 sin? 0 890(287? N r 8<r2 - Vix r2siné 8287")] } (2-41e)
S 1 0% _cosf 09
b = M {7‘2 sinf 960¢  r2sin?6 &p}
[ cosf O(r) 1 8*(ry) N 1 82(7“@0)1
r2sinf 06 r2 00?2 r2sin?6  Oy?

+W{ 1 ®Bry)  cosf a?mo}

_ 2-41f
r2sinf Ord0dyp  r2sin@ Ordyp ( )

2-3.1 Wave Fields in Terms of Spherical Harmonics

It is known from Section 2-2.3 that, the general solutions of three Helmholtz

equations in Egs. (2-13a) through (2-13c) can be written as

o(r,0,p) = Z Z a®  Z,(kr)Y.™(0, ) (2-42a)
n=0 m=—n

W(r,0,¢) = Z Z al  Z,(kr)Y,™(0, ) (2—-42b)
n=0 m=—n

X(r,0,p) = Z Z aX, Zn(kr)Y," (0, ) (2—42c¢)

n=0 m=—n

¢ Y X i i
where af ., af and aX, are wave expansion coefficients.
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Substituting Eq. (2-42) into Eq. (2-39) gives three displacement components in

terms of spherical harmonics as follows.

Z Z [kral,, 2 (kr) + ak, 2, (kr)n(n + 1) Y70, ¢) (2-43a)

n=0 m=—n

=> > {% [af . Zn (k) 4+ aX, (2, (k) + krZ, (kr))] —8Y”T;(00’<’0)

n=0 m=—n

1 ay™(9
+ay, Za(kr) -~ ”a(so’gp)} (2-43b)

1 ov,"(0,¢)
rsinf Oy

Z Z { (a8, Zn (k) + aX, (2, (kr) + kr 2], (kr))]

n=0 m=—n

—a? Zn(kr)w’%—f’@} (2-43c)

where Z/(z) = dZ,(z)/dz. Substituting Eq. (2-42) into Eq. (2-41) gives stress com-

ponents in terms of spherical harmonics as follows.

Z Z { Kn —n— %erQ) Z, (k1) + 2/<;7‘Zn+1(/<n“)]

n=0 m=—n

X, n(n + 1) [(n — 1) Z,(kr) — kr Znp (kr)] } Y70, ) (2 4dn)
o0 =" 2 min {% [ag;n[(n )2 (kr) — w1 ()]

X (0 — 1 — k2?2, (kr) + ernH(kr)]] %Yme, 0)

Fa, [ = ) Za(kr) — krZua(br)] = aiym(e @} (2 44b)

o Z Z { { (n — 1) Zn(kr) — K1 Znpa (k)]

(0 = 1= 2, 0r) + 2]

sin 0 8<p

Y, (0, )

b ln— D2 (hr) — kr Z ()] Y0 90)} (2 440
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oo = f: Zn: {aﬁm K—Wzn(m) + %nz;(m)) Y, (0, )

n=0 m=—n
20 82}/;1”7’(9,@)
+_22n(/f )— w
62}71 (97(15)

24 /
+aX,, {—E (Zn(kr) + krZ] (kr)) 50

r2
2/1/ m
+=5 (0 + 1) Z, (k)Y (0, )

21 1 0’Y™(0,p) 2u cos @ OY™(0, p)
——Z N —2Z, L 2-44d
{ r n(kr)sine 000y * r (kr)sin2 0 Oy ( )

Oy = i Zn: {agm K—Aﬁzn(m) + %nz;(m)) Y0, )

2u cos 0 AY,"" (0, )
+ T_an(w) sin 6 Op

1 0*Y,™(0, )
sin?f 02

211 ) 1 9%Y,™(0, )
X n
+aX,, [_7“ C(Z,(kr) + krZ] (kr)) Ty 07

+i—l;€n(n + 1) Z,(kr)Y," (0, 90)}

2 1 9’Y™(0,0) 2u cos @ OY,™(0, ¢)
—a¥, |-+ Z o Tz n 2 2-44
“mn{ e PR LD e (2-44e)

] n 2y m m
_ o |H 4 2 0°Y"(0,p)  cosb OY"(0,¢)
Z Z {am” {73 n(xT) (Sinﬁ 000y sin?f Oy

n=0 m=—n
v e , 2 0*Y;"(0,)  cos AY,"(0, )
T L’?g (Zn(kr) + 2, (k1)) (sin@ 000¢ sinf Oy

cosO Y ™(0,p)  O*Y,™(0, p) 1 9*Y,™(0, )
: — — (2-44f)
sin 6 00 002 sin®  0p?

+a;meZn(k‘7‘) [
r

For notational simplicity, the displacements in Eqgs. (2-43a) through (2-43c) can

be written as:

Z Z 0 n€ll(r,n) + ak, € (r,n)| Y (2-45a)

n=0 m=—n

=" > {[a, €5 (r,n) + ak, €5 (r,n)] (Yoo + al, €3 (r.n) (Y, )m}  (2-45b)

n=0 m=—n
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= > {lana €l (rn) +ak, €5 (rn)] (Vo) + al, €5 (rn)(Ye)y'}  (2-45¢)

n=0 m=—n

and the stresses in Eqs. (2-44a) through (2-44f) can be written as:

= Z Z {aﬁmQﬁ(r, n) + ay, Q‘E3t (r,n)}Y," (2-46a)

n=0 m=—n

Org = Z Z {[a mn€7q r,n) axn@fgg(r, n)| (Yo)i + amn(’37q(r n)(Y,)m} (2-46b)

n=0 m=—n

=33 {lab, € (r,n) + aX, €% (r,n)] (Vo) + ab, €2 (r,n)(Yo)r ) (2-46c)

n=0 m=—n

Ogo = Z Z {amnélt r,n) aXnQSgZ(r, n) + a%négfl(r, n)} (2-46d)
n=0 m=—n

= Z Z {a?,. € (r,n) + aX, Eot(r,n) + al, €2 (r,n) } (2-46e)
n=0 m=—n

= Z Z {a? €t (r,n) + aX, €t (r,n) + al, €5t (r,n) } (2-46f)

n=0 m=—n
In Egs. (2-45a) through (2-46f),
oY, (0, ¢)

V=0, (Ve = T v =

1 oY ™(0, )
sinf Oy

;o (2-47)

and a set of €% (r,n) and &, (r,n) functions are defined in Appendix E by following

(36 The subscript p runs from 1 to 9 and is used to denote the

Pao and Mow
component of displacement and stress. Particularly, p = 1 for displacement u,, p = 2
for ug, p = 3 for u,, p = 4 for o,,, p = 5 for og9, p = 6 for oy, p = 7 for 0,9,
p =8 for 0,, and p =9 for oy,. The subscript ¢ = 1, 2, refers to medium type, 1 for
host medium and 2 for scatterer. It’s noted that, x and k£ are for host medium when
g = 1, while k and k are for scatterer when ¢ = 2. The superscript s runs from 1
to 3 and denotes wave-type ¢, 1) and x respectively. The superscript ¢, which equals
1 or 3, is used to denote the kind of spherical Bessel function, Z,(-). Z,(-) = jn(-)

corresponding to ¢ = 1 for incident and refracted waves. Z,(-) = h,(@l)(-) corresponding

to t = 3 for scattered wave.
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For the same wave in the same medium, there exist

@%z(r, n) = @ég(r, n) (2—48a)
Ggfl(r, n) = —G%fl(r, n) (2—-48Db)
Ggf](r, n) = Ggfl(r, n) (2-48c)
G%f](r, n) = @ég(r, n) (2-48d)
Qfgf](r, n) = —Qigf](r, n) (2-48e)
€3 (r,n) = € (r,n) (2-48f)

2-3.2 Wave Fields in Terms of Vector Spherical Harmonics

Alternatively, wave fields can be written in terms of vector spherical harmonics.
The benefit of using vector spherical harmonics will be seen when boundary continuity
equations are solved and when translation of wave fields is needed.

Write displacement vector such as:

u = u,e, + upeg + u e, = Z Z W (2—49)

n=0 m=—-n
Substituting u,, ug and u, in eqns. (2-45a) through (2-45¢) into equation (2-49) gives

Wy = [afm@ﬁ(r, n)+ aﬁméﬁ(r, n)] Y™e,

+ [0, € (1, 10) + @, €3 (1, m) | (Vo)1 €9 + ay, €5 (r, ) (Vo))

n €6

)] (Ye)
+[af,,€3q(r,n) + a, € (r,n)] (Vo) e, + aiy, €50(r,n) (Yo, e,
= [a‘ﬁmt’fif](r, n) + afnn(’fﬁ(r, n)] Y"e,
+ @], € (1, n) + a, €5 (r,0)] (Yo €g + af, € (r,n) (Y); €
+[af,, € (r,n) + a, €5 (r,n)] (Yoo)i e — a, € (r,m) (Vo) e,
= [afﬁln@ﬂ(r, n) + a%nc‘fi’g(r, n)] Y e,

+ a0, g (r,n) + 0, €5 ()| (V) eo + (Vi)' ]
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+ap, €5 (r,n)

—

(Yo)n ep— (Yo),' eyl (2-50)

A set of vector spherical harmonics were originally defined by Morse and Fesh-
bach " modifications are made in this work and detailed in Appendices F and G.
Then, the normalized vector spherical harmonics B,,.,., B, and €, can be written

as

>

;an<9’ 90> = e?"ern( ) ()0) (27518“)

s, - o

= ! es(Yo)n + . ew(Y,so)g (2-51b)

_ n(n+1) m(2n+1) s~y m n—m+1lvm n+my/,/m

T (2n+1)sin6 €0 n(n+1) ZYn — €y [ n+;r Yn+1 - —; Yn—l}}

_ 1 m __ 1 m _

o n(n+1)ee(}/:<p)n n(n+1)etp(}/’9)n (2 51C)

Properties of P, By and €, can be found in Appendix G.

Then Eq. (2-50) can be written as
Umn = [a?;mé%f](ru n) + aicnneil))z(n n)} ‘an + a%negg(ra TL) V TL(TL + 1)Q:mn
+ [afmﬁ’fég(ﬁ n) + aﬁmégZ(r, n)} vn(n+1)8,,
=l [ €1, )P + €L, ) /(0 + DB |+l @5 (1, m) /0 + 1)
0% [ €800 1) B + €8 () /0 1) By (2-52)

Therefore, the displacement in terms of normalized vector spherical harmonics can

be written as

u= i i {afm [ing(r, 1) B + QE%Z(T, n)y/n(n + 1)%7%}

n=0
—l—aﬁn@%(r, n)yv/n(n+1)€,,.,
0% [0 1) P + €8 () 0+ ) By} (2753)
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In spherical coordinates, definition of a set of vector wave functions can be found
in [42-45]. Modifications are made in this work and detailed in Appendix H. Then,

the vector wave functions can be written as

Ly (kr) = €11 (r,n)PBom + €3 (r,n)v/n(n + 1) By, (2-54a)
M, (kr) = 2q r,n)v/nn+1) (2-54b)
N (kr) = (1, 0) B + €5t (r,n)v/n(n + 1) By (2-54c)

By comparing Eq.(2-53) and Eq. (2-54), the displacement vector can take the

following form

’U,—Z Z {amn wm (57) 4 M (k) + aX,, Nom(kr)} (2-55)

n=0 m=—n

On spherical surface of radius r, surface traction t can be written in the following

form:

t =o€ + 0r9€9 + 000, = Z Z trn (2-56)

n=0 m=—n

Substituting o,,, 0,9 and o,, in Egs. (2-46a) through (2-46¢) into equation (2-56)
gives
tn = [a‘ﬁm(’iig(r, n) + ay, Qf4q(r n)} Y"e,
+ [af), WG (r,n) + aX,, €2 (r,n)] (Yo)r eg + aanE%(r n)(Yo,)n e
+ a0, Esg (1, ) + @, € (r, )] (Vo) e + ap, €50 (r,n) (Vo) ey
= [afmt’fifl(r, n) + a¥, (’E4q(r n)} Ye,
+ [af;m@%(r, n) + ay, (’37q(7“ n)] (Yo) ey + amn(’fgz(r n)(Ye)n e
+ [ann €rg(rn) + ak, € (rn)] (Vo) e — a5, €7 (r,n) (Vo) e,
= [aﬁméﬁl(r, n) + ay, €4q(r n)} Y"e,
+ [, €y (rn) + a%, € (r,n) | (Vo) e + (Yo €]

+afm€%(7“> n) [(Ye)n e, — (Yo), e
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= [a, WGl (r,n) + aX, €5 (r,n)] P + amn€7q(r n)v/n(n+ 1€,
+ [a;’;mQS (r,n) + aX,, €% (r,n)] v/n(n+ 1)B,
=a?, [@ié(?“ 1) Bonn + (’37q r,n)y/n(n+ 1) %mn} + amn€7q(r n)yv/nn+1)C,,
+aX,, [L’EZ’;(T, 1) Bonn + QE?;Z(T, n)y/n(n + 1)€an} ) (2-57)
Therefore, the surface traction t in terms of vector spherical harmonics can be written

as

t= Z Z {aﬁl [ 1o (1, 1) B + €1 (r,n)\/n(n + 1 %mn]
—l—a:bm(’f%(r,n) n(n+1)Cm,

+aX, [cﬁi’ig(r, ) Bn + € (rn)/n(n + 1)%%} } (2-58)

2-4 Single Scattering Solution

Assume a single scatterer embeded in an infinite medium is subjected to an inci-
dent wave. The scatterer is located at the origin of a spherical coordinate system. In

general, the incident wave is representable as regular waves such that

PN = Z Z A i (kr)Y™(0, ), (2-59a)

n=0 m=—n
e’}

Y=Y AL ga (k)Y (6, ), (2-59Db)

n=0 m=—n

Z Z AXdn (Er)Y.H (0, ). (2-59¢)

n=0 m=—n

The scattered waves are representable as singular waves as

Pt = Z Z B? hD(kr)Y™M6, p), (2-60a)

n=0 m=—n

P = Z Z By by (kr) Y, (0, )., (2-60Db)

n=0 m=—n
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= Z Z BX hO(kr)Y™(0, ). (2-60c)

n=0 m=—n

The refracted waves are representable as regular waves as

ot Z Z Copdn (k7)Y (6, 0), (2-61a)

n=0 m=—n

Pref = Z Z CY k)Y, ), (2-61b)

n=0 m=—n

=Y D Oudnlkar)Y,"(6,). (2-61c)

n=0 m=—n

In Egs. (2-59) through (2-61), subscripts inc, sct and ref stand for incident, scattered
and refracted waves, respectively; and x; and k; are wave numbers in the scatterer
while k and £ are wave numbers in the host medium.

Assuming that the scatterer is perfectly bonded with the surrounding host
medium, the boundary conditions require that all displacement components and three
stress components involving a subscript r be continuous across the boundary at r = a.

This leads to the following equations:

(w + )], _, =], (2-62a)
(g + ") |,y = |, (2-62b)
(g + )|, = (2-62¢)
(00 + 00 ) e = o0 [ (2-62d)
(075 + 079) e = 079 |, (2-62¢)
(07 +055) |0 = 5l s (2-62f)
or in vector form,
(" +u)] =, (2-63a)
(67 + )], = ¢, (2-63b)
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2-4.1 Displacement Continuity Equations

The displacements due to the incident, scattered and refracted waves, according

to Egs. (2-59) through (2-61), can be written respectively as:

Z Z { [Gﬂ 7,1) PBonn + €51 (1,n)/n(n + 1)%mn]

n=0 m=—n

+AY &2 (rn)y/n(n+ 1€,
43 [0 B + )+ B | | (2-640)
w3 B [ Bn + €50 )l F DB
) +BY €52 (r,n)v/n(n + 1)€,,,
B, [ €0 )P + € m)V/n(n+ 1By | (2-640)
w3 S (O [ ) B + ) A B,

n=0 m=—n

+Cpn, €35 (r,n) v/n(n + 1)C,p

Applying the displacement continuity conditions at r = a, or eqns. (2-62a) through

(2-62c), gives

Z Z { [ (a,n)PBon + €51 (a,n)/n(n + 1)£an}

n=0 m=—n

+AY &2l(a,n)/n(n+ 1)Cp,
AL, €8 () B + €5 (a,n) Valn + 1B |
+Z Z { [in? a, 1) P + €35 (a,n)y/n(n + 1>%mn]

n=0 m=—n

+BY ¢Z(a,n)v/n(n+ 1)Cph,
+BX . [(’E:ﬁ’(a, 1) PBon + €53 (a,n)/n(n + 1)%mn] }
- Z Z { [@ié a, 1) P + E55(a,n)y/n(n + 1)%mn]

n=0 m=—n
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+C% &2 (a,n)\/n(n + 1€,
+CX,, [Qﬁ%(a, 1) B + E5(a,n)\/n(n + 1)%mn} } =0 (2-65)
Define
Fon = A €11 (a,n) + AY, €1 (a,n) + By, €1i(a, n) + BY,, €li(a,n)
—C? ¢(a,n) — CX &% (a,n) (2-66a)
G = AD, €51 (a,n) + AX,,, €31 (a,n) + BY, €33 (a,n) + BY,, €3 (a,n)
—C?¢ & (a,n) — CX &(a,n) (2-66b)
H, =AY &31(a,n) + BY, €3(a,n) — C¥ &33(a,n) (2-66¢)

Then, eqn. (2-65) becomes

i i {FinPBmn + Grinv/n(n +1)B, + Hpn/n(n + )€, =0 (2-67)

n=0 m=—n

Multiply eqn. (2-67) with ‘i?,“, to form a dot product, where the tilde indicates a
complex conjugate, v and p are arbitrary integers in the range of v > 0 and |u| < v,

and integrate the dot product over a spherical surface of unit radius. It gives

Z Z /Q{anmmn + Gmn V 7’L(7’L + 1)%mn + Hmn V n(n + 1)€mn} : q}ude

n=0 m=—n

=0 (2-68)
where €2 denotes the spherical surface of unit radius, df2 = sin #dfdy and the integra-

tion is over the ranges 0 < 0 < m, 0 < ¢ < 27. The vector spherical harmonics have

properties of orthogonality as following (Appendix G):

/ Bun - P dQ = / Conn - P dQ = / B - € dQ =0 (2-69)
Q Q Q

= > ~ 2
/spmn.spwdQ:/%mn.%WdQ:/Qjmn.qgwdQ: 8O (2-70)
Q Q Q €m

where €, is a factor with values of €9 = 1,¢,, = 2 (m # 0). Then, eqn. (2-68) reduces

to F,,, = 0 for each m and n, or
Afn€li(a,n) +AX, € (a,n) + By, €1i(a,n) + BY, € (a, n)
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Multiply eqn. (2-67) with B w to form a dot product, and follow the same procedure

of finding eqn. (2-71), it can be found that
ADn€i(a,n) +AY, €1 (a,n) + By, €51(a,n) + By, €5 (a, n)

Multiply eqn. (2-67) with épw to form a dot product, and follow the same procedure

of finding eqn. (2-71), it can be found that

Ann€hi(a,n) +By,€5(a,n) — O}, €55(a,n) =0 (2-73)

2-4.2 Stress Continuity Equations

Following the same procedure of finding equations (2-71), (2-72) and (2-73), three

stress continuity equations based on Eq. (2-63b) can be found:
Ann€ai(a,n) + A%, €4 (a,n) + BJ, € (a,n) + BY, €fi(a,n)

—Chn€ila,n) — O, €p(a,n) =0 (2-74)

Afn€ala,n) + AY,, €51 (a,n) + B, €7 (a, n) + BY,, €% (a,n)

A €h(a,n) + By, € (a,n) — Gy, €25(a,n) = 0 (2-76)
2-4.3 Solution of Continuity Equations and Mode Conver-

sion

By moving incident-wave terms to the right-hand side, displacement continuity

equations (2-71) through (2-73), and stress continuity equations (2-74) through
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(2-76) can be rewritten as
By, €i(a,n) +BY,€l(a,n) — Cy,€5(a,n) — O, € (a,n)
= —A?% ¢li(a,n) — A%, ¢3(a,n) (2-77a)
By, €i(a,n) +B),€5(a,n) - CF,€x(a,n) — O, €5(a,n)
= —A? ¢l(a,n) — A% ¢X(a,n) (2-77b)
B, €5i(a,n) —Cp,€(a,n) = — A}, €1(a,n) (2-77c)
By, €5i(an) +B),€(a,n) — CF, €(a,n) — O, € (a,n)
= —A% ¢il(a,n) — A% ¢X(a,n) (2-77d)
B}, €5 (a,n) +B),€(a,n) — CF,,€x5(a,n) — O, €5 (a,n)
= —A? &H(a,n) — AX, &l(a,n) (2-TT7e)
By, €7i(a,n) —Cp,€5h(a,n) = — A} € (a,n) (2-77f)
Values of functions &j/(a,n) and €3, (a,n) might be dramatically different from

those of & (a,n) and €5/ (a,n). The difference comes from the fact that shear modu-

t

lus p of either the host medium or the scatterer is involved in functions €},

(a,m) and
€z (a,n), which appears in Eqgs. (E-1j) through (E-1r); but it is not involved in func-
tions €7 (a,n) and &5/ (a,n), which appears in Eqgs. (-1a) through (I-1i). In order
to reduce the difference, left hand side and right hand side of eqns. (2-77d) through

(2-77f) are divided by u of the host medium. Then, Eq.(2-77) can be written in
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matrix form as follows

CHERD 0 €i(a,n)  —€py(a,n) 0 — €} (a,n)
0 ¢23(a,n) 0 0 —¢2(a,n) 0
€3i(a,n) 0 €(a,n)  —€y(a,n) 0 —€3(a,n)
€i(an)/p 0 Ela,n)/pn—Ey(a,n)/p 0 —€js(a,n)/p
0 &ian)/p 0 0 —€%(a,n)/p 0
om0 eSamm—ehan)/ 0 —ehan)/u
(B0, | elienm 0 ellan
BY 0 —&21(a,n) 0 46
Bl _| een 0 etten | ] -
i | |etemm 0 | |7
o 0 ~Eiwn)/p 0 i
o) | 0 el
For notational simplicity, define
AL By, Chon
{Amnt =9 A%, ¢ ABun} =14 BL, ¢ {Cmn} =4 C%, ¢ (2-79)
A, BY, cx,
define two 3 x 3 matrices [T',,] and [R,,,] such that
{Bun} = [T {Amn}, (2-80a)
{Crin} = [Rinl{Apn}; (2-80b)

and define

[M ]
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Qfﬁ’(a, n) 0 in1)):1))<CL7 n) _e%%(aa n) 0 _G%(av n)
0 Ran) 0 0 —@han) 0
G%i’(aa TL) 0 QE%?(CL, n) —QE;%(CL, n) 0 _63%(6% n)
¢ii(a,n)/p 0 ¢ii(a,n)/p —€i(a,n)/p 0 —&(a,n)/p
0 ¢i(a,n)/p 0 0 —€2(a,n)/p 0
—€i(a,n) 0 —€i(a,n)
0 —€21(a,n) 0
—e&il(a,n 0 —&3l(a,n
| o) fan -
—Ci(a,n)/p 0 —€h(a,n)/u
0 — €21 (a,n) 0
__QE%Haan)/:u 0 _G%%(aan)/ﬂ_
Then, Eq. (2-78) can be written as
{an} —1
= [M ] [Mgl{Ann} (2-82)
{Crin}

where [M ]"'[Mg] is a 6 x 3 matrix. Comparing Eqgs. (2-80) with (2-82) leads to

[T'n

[Ronn]

= [M ] [Mg].

The entries of [T',,] and [R,,,] are obtained using Eq. (2-83).
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Matrix equation (2-78) can be re-arranged as

| elan) Ean) —€l(an) —€an) 0 o
an) €Han) —ehan) —€Han) 0 0
€X(a,m) /1 €5(a,m)/p —€h(a,n) 0 —€B@m)/u 0 0
&4 (a, n)/j €8(a, ) /1 —Clh(a,n)/p —€B(a,n) /0 0
0 0 0 0 ¢B(a,n) —¢x(a,n)
0 0 0 0 E(an)/n—€an)/p
(5] | -ellan) —el@n o
By, —eli(an) —€f@n) 0 "
Chu | |t n)/n—€il(an)/n N -
ox [ | —et@nyn ety o I
BY 0 0 —&2l(a,n) "
o] | o 0 —ean)/u)

Matrix equation (2-84) can be split into two matrix equations as the following:

;

eB(an) €B(an) —elian) —ei@n) | [ B2, ]
eBan)  €an) —€han) —€han) | | By,
&1 (a, )/ €5(a,n) /1 —€W(a,n) [ —€8h(a,m)/u | | €2,
¢i(a,n)/p €H(a,n)/p —€x(a.n)/pn —€5(a.n) /1| | CXa |
[ —elifan) —€l(an) |
_| e e | Jan o,
el (a,n)/p—€a,m)/u | | A%,
e (an) /1 — €3 (a,m) /1 |
ean) —ean ||| | Slan |
e(a,n)/u—Aan)/u| | ci [ | -e2an)/u

Comparison of Egs. (2-85a) and (2-85b) shows that a scattered ¢ wave can be
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generated from an incident y wave; a scattered x wave can be generated from an

36]: and there is no mode

incident ¢ wave, which is known as mode conversion
conversion between a ¢ wave and other waves in the single scattering solution.

A single scattering solution can be obtained by solving eqn. (2-78) or by solving
eqns. (2-85a) and (2-85b). When A? ~and AY,, are zero, a single scattering solution
can be obtained by solving eqn. (2-85b) rather than solving eqn. (2-78). When AY
is zero, a single scattering solution can be obtained by solving eqn. (2-85a) rather
than solving eqn. (2-78).

When {B,,,,} is obtained, scattered waves are known. The total wave fields outside

the scatterer are the summation of incident and scattered wave fields in an ideally

linear system. Total wave fields can be written as

grotal — gine et (2-86a)
totel — qpine 4 et (2-86b)
yotal — yine 4 set (2-86¢)
utetal = qine g et (2-86d)
glotal — gine | et (2-86e)
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2-4.4 T-Matrix for Single Spherical Scatterer

Define the following singular wave expansion basis in the form of column matrix

\

hy’ (kr)Yy (6, ¢)
hy” (kr)Yy (0, )
hy” (kr)Y?(0, )

{h(k;r)} = Q0 WP (kr)YA6, @) (2-87)
hy (kr)Yy 2(0, )

hy (kr)Yy (0, ¢)

That is, the entry at the i-th row is
{h(k;m)}i = by (k)Y (0, @) (2-83)

where

-2 [ .

i=n"+n+m = n—[ﬁ],m-z—n(n%—l) (2-89)
and the square bracket represents the largest integer inside the bracket. It is noted
that this is a particular way of packing a set of wave expansion basis functions with
two indices (order n and degree m) into a column matrix with a single index i. Note

that n runs from 0 to oo, and m runs from —n to n.

The corresponding reqular wave expansion basis can be denoted as

{3(k;7)} = {Rgh(k;r)} (2-90)

and is obtained by replacing the spherical Hankel function of the first kind h,(z) by

the spherical Bessel function of the first kind j,(z). That is

{i(k;m)}i = Jn(kr)Y," (0, ) (2-91)

By using the notation in Eq. (2-90), Eq.(2-59) for the incident waves can be
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rewritten as

0" = {AY {4 (k,m)} (2-92a)
Yo = {AYY {G(k,m)} (2-92b)
X" ={ A (k7)) (2-92¢)

where {A%}, {AY} and {AX} are the wave expansion coefficient (column) matrices

for the three waves.

{A%}; = A? {AY}, = AY and  {AX}; = AX . (2-93)

mn’ mn?

By using the notation in Eq. (2-87), Eq. (2-60) for the scattered waves can be rewrit-

ten as
¢ = {B*} {h(x, )} (2-94a)
V> = {B"} {h(k,)} (2-94b)
X ={BX}"{h(k,r)} (2-94c¢)

where
{B*},=B%,, {BY},=B%Y, and {BYX};,=B),. (2-95)

Also, Eq. (2-61) for the refracted waves can be rewritten as

o ={C} {j(k,7)} (2-96a)
W =A{C Y {5(k, 7))} (2-96D)
X' ={C Gk, m)} (2-96¢)
where
(), =co,,  {C'y=cCt, and {CX},=C,. (2-97)

With matrix notation, the general solution for a scattering problem is notationally
simplified. The simplification amplifies the solution structure and the physical process

(matrix manipulations have very intuitive meaning in a physical process).
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Because the system is linear, the scattered wave is related to the incident wave

via a linear transformation matrix, which is conventionally called the T-matrix %,

Equation (2-80a)suggests the following relation

{B*} = [T™|{A%} + [T™[{A"} + [T*]{AY} (2-98a)
{B"} = [T"]{A%} + [T*]{A"} + [T"]{AY} (2-98D)
{BX} = [T[{A%} + [T]{A"} + [T]{AY} (2-98c¢)

where, in the above T-matrices such as [TX?], the first superscript represent the type
of the scattered wave and the second superscript represents the type of the incident
wave. Entries for individual T-matrices can be obtained using Eq. (2-83). Since there
is no mode conversion between a 1 wave and other waves, [T?¥], [TX¥], [T%?] and

[T¥X] are zero matrices:
[T = [T] = [T%] = [T] =0 (2-99)

For a more compact notation, define the following super-matrices

{A%} {B’}
{A} =4 {4V} and {B}=4{ {B"} (2-100)
{A*} {B*}
Then
{B} = [T]{A} (2-101)

where [T] is the super T-matrix for the scatterer,
T [T [T
[11‘] = [Tw] [TW} [wa] . (271()2)

[Tw] [wa] [Txx]
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Similarly, the following super matrices are defined

{Cc”
{C}=1 {C} (2-103)
{C*}
so that,
{C} = [R{A} (2-104)
where

[ R(M’] [ R‘W’] [ Rabx}
Rl = | [R¥] [R"] [R¥] (2-105)
[RX¢] [Rw] [RXX]
Entries for individual R-matrices such as [R?X] can be obtained using Eq. (2-83).

Since there is no mode conversion between a v wave and other waves, matrices [R"],

[RX¥], [R¥?] and [R¥X] are zero matrices:
[R™] = [R"] = [R"] = [R™] =0 (2-106)

Furthermore, the refracted wave inside the scatterer and the scattered wave can
be related by
{C} = [GH{B} (2-107)

where

G] = R][T] . (2-108)

2-4.5 Displacements and Stresses

Displacements and stresses of scattered waves and refracted waves in a spherical
coordinate system are expressed in terms of wave expansion in this section. Assume

wave expansion coefficients {B} and {C} are known. According to Egs. (2-45) and
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(2-46), displacements and stresses of scattered waves can be written as

Z Z [BS,€3(r,n) + BY, €5 (r,n)] V"

n=0 m=—n

(2-109a)

Z Z {[Ban €31 (r,n) + BY, €5 (r,n)] (Yo) + By, €5 (r,n) (V) } (2-109b)

n=0 m=—n

Z Z {[B2, €3 (r,n) + BX, €5 (r,n)] (Y,)m + B, €2 (r,n) (Ye)} (2-109c)

n=0 m=—n

Z Z {BS,€(r,n) + B, €5 (r,n)} V"

n=0 m=—n

;fgt_zz {[BS, €8 + BX, €5 (r,n)] (Yo) + B, €2 (r,

n=0 m=—n

(2-109d)

n)(Yp)n'} (2-109¢)

Z Z {[B2, €8 (r,n) + B, €8 (r,n)] (Y, + BY, €33 (r,n) (Vo) } (2-109f)

n=0 m=—n

JS?—Z Z {Bhn€i(r.n) + By, &(r,n) + B, €5(rn) }

n=0 m=—n

Z Z (B2, €(x,n) + B, €3(x,n) + BL,€2(r,n)}

n=0 m=—n

ohll = Z Z {B?, €5 (r,n) + BX, €3 (r,n) + BY, €% (r,n)}

n=0 m=—n

and displacements and stresses of refracted waves can be written as

aref — Z Z [C8, €L (r,n) + CX, € (r,n)] V"

n=0 m=—n

(2-109g)

(2-109h)

(2-109i)

(2-110a)

0 =30 3 A (O ) + CR ()] (V) + Cln €33 m) (Y, )2} (2-1100)

n=0 m=—n

uef = Z Z {[C2, &5 (r,n) + CX,Eh(r,n)] (V) + CL 2 (r,n) (Yo} (2-110c)

n=0 m=—n

o—;::f—z Z {C8 €i(r,n) + CX, Eh(r,n)} Y,

n=0 m=—n

:;fzz Z { Cd) QS 7" n +OX QE ( )} (K@);n—i_c;ﬁne%%(r?

n=0 m=—n
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7 =3 3 {[Ch € ) + O € m)] (V)7 + O m)(Ya)T ) (2-1106)

n=0 m=—n

o =30 S {Ch ) + O € + O ) (2-110g)
n=0 m=—n

’“ef—Z Z {Ch€a(r,n) + CX, € (r,n) + Cpp €3 (r,n) } (2-110h)
n=0 m=—n

ag;f_z Z {C? €i(r,n) + CX, € (r,n) + CL €4(r,n)} (2-1101)

n=0 m=—n

where superscript sct and ref denote scattered and refracted waves, respectively.

2-5 Emnergy Conservation Law

The energy conservation law is also known as energy balance principle in a scat-
tering problem. In scattering problems, it states that energy flux across a closed
surface should be zero when there is not energy generation or dissipation inside of

the surface.

2-5.1 Energy Flux
The energy fluz, E, is defined as rate of energy flow through a cross section A.

E= /(t-u)dA (2-111)
A
where t is the surface traction and u is the displacement at the point where the

surface traction acts. The surface traction can be written as
t= 04515 (2*112)

where n; are the components of unit normal vector of the surface. Then, the energy

flux can be written as

A
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Since either the real or the imaginary parts of o;; and u; are taken to calculate the

1 _
energy flux, 3 (0i; + ;) and 3 (@; + ;) are used instead of o;; and 4; in Eq. (2-113),
so that
y 1 . - — . =
E = Z_l A(aijui + 045U + 045Uy + Oijui)njdA (2*114)

where the overbar denotes a complex conjugate.
In the case of steady-state waves in a linear elastic field, both o;; and wu; are
harmonic functions of time,
oij = 0fe ! (2-115)

u; = ufe (2-116)

where o7; and u; are complex amplitude. The energy flux averaged over one period

T = 27 /w is the average energy flux (E). That is

(E):%/OTEdt

1 (711 _ -
Because
1 [T 1 [T i A
?/0 O'Zjuldt = ?/0 ije_“"tu;(—iw)e_“"tdt
—jw [T .
=7 | ofure " dt =0 (2-118a)
1 T 1 (T A A N T A
?/0 oijtdt = ?/0 gyt (iw)e'  dt = sz i ag‘jufe’wdt = 0(2-118b)
R 1 [T ) )
T/o oijudt = T/o ety (iw)e™tdt = iwoy;uy (2-118c¢)
1 [T Y X
T/o gijudt = T/o ety (—iw)e ™t dt = —iwauy (2-118d)
so that
; w * —% —% %
(E) = ) A(Uz‘j“z‘ —ou;)nidA (2-119)
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Define

€= —(o5u; — oul)n,, (2-120)

15 1 iJ

then

(E) = /AédA (2-121)

where ¢ is sometimes called energy flux density.

2-5.2 Numerical Integration Over a Closed Spherical Surface

For a closed surface S., Eq. (2-119) can be written explicitly in spherical coordi-

nates as follows:

(E) = 7{ {[n.o% +neoly + nyo w} ur — [n.07, +nedry + nuo w} U,
+ [0, + nooge + ”w%@] Uy — [n:05, + netge + %53@] ug

+ [nro +ngorg + N0, } uy, — [nra + g0 + N0, } ;} dA (2-122)

Since n, = 1,n9 = n, = 0 along the radius direction, eqn. (2-122) is reduced to the

following one:
; Zw — % * =%
<E> { OpplUy — Orrur] + [UGTUG UOTUQ] + |:O-<pru<p gm" <p] } dA (27123)
orbe ore

% {[ona: + op.up+ ob,ul] — [ohus + Ghup + G5,ul] } dA (2-124)

where, for a spherical surface of radius R, dA = R?sin §dfdy. Equation (2-124) can

be written as

(E) = f{ édA (2-125)

where

~

e= % {[ Opplhy + U&rue + Ug&rucp] - [ Opplhy + JGTUG + Ucpruﬂp} } (2_126)

43



Since 0 < 6 < 7w and 0 < ¢ < 27, a Nx2N mesh can be created for a spherical
surface with 60 = dp = m/N. The spherical surface of radius R is approximated by

Nx2N small planes. Therefore, Eq. (2-125) can be approximated as
N-12N-1

(E) = ) é(6:,0;)R*sin ;0000 (2-127)

i=0 j=0

where 6; = (i 4+ 0.5)00, ¢; = (j + 0.5)d¢, €é(6;, ;) is the energy flux density é at
position of §; and ;.
Fibonacci numerical integration formula on a sphere by Hannay and Nye [ can

be used to reduce the time for computation. According to Hannay and Nye 6],

R 27
f(0,0) R?sinfdfdp = / / f(z, @)dedz
Se —-RJO

22 ;[1 + cos(mz;/ R)] {f(ﬂjf/, zi + sin:r/z;%/R))

i sin(mz;/R)
FoET W/—R>}

™

+f(m+ (2-128)

where z = Rcos#, f is a function with f(z,¢) = f(0,¢) when z = Rcosf, F is one
of the Fibonacci numbers 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, ... (in this set each
number is the sum of the pair before it); F” is the next smaller number than F' in the

set, Az =2R/F and z; = —R + iAz. The coordinates 0; and ¢, are chosen by

e (a4 ] ), 1

_ mil”
()01 - F .

(2-129b)

According to Eq. (2-128), Eq. (2-124) can be written as

(B) = T2 ST 4 cos(ma/ R) (el 0) +é(n + 9,00} (2130

=0

According to Purser and Swinbank *7 the Fibonacci grids “possess virtually
uniform and highly isotropic resolution, with an equal area for each grid point.” The

error using integration formula in Eq. (2-128) goes as (2F) 3 146,
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2-6 Numerical Examples of Single Scattering So-
lution

The single scattering solution is implemented for the case of an elastic spherical
scatterer in an infinite elastic host material. The scatterer can resemble a void in-
homogeneity when its mechanical properties take near-zero values, and it can also
resemble a rigid inclusion when its mechanical properties take extremely large values.
In this section, computations are performed for the case of a beryllium sphere in a
polyethylene matrix at room temperature.

The reason for selecting a beryllium sphere and a polyethylene matrix is to re-
produce the result of scattering cross section by Johnson and Truell !, The material
properties of both materials are listed in Table 2.1.

The sphere radius a is a characteristic length of the problem. Normalized wave
number ka is used in the numerical examples, since a particular value of radius
a is not important. However, it must be noted that this is not intended to be a
comprehensive numerical analysis. It provides a glimpse into the main characteristics

of single spherical scatterer models.

Table 2.1: Material Properties of Beryllium and Polyethylene (after [1])

Property Matrix (Polyethylene) | Sphere (Beryllium)
Lamé constant A (GPa) 2.897 15.789
Lamé constant p (GPa) 0.262 147.458
Density (kg/m?) 900. 1870.
P Wave Speed (km/s) 1.95 12.89
S Wave Speed (km/s) 0.540 8.88
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2-6.1 Plane Incident Wave

A plane longitudinal incident wave is used for all numerical computation through-

out this thesis. It can be represented by displacement potentials:

~ A~

(binc — éefim‘ cos(0) _ %efinz’ 2pinc — Xinc —0. (27131)

Wave field information of the incident waves are summarized here for later use. The

displacement potential ¢ can be expanded as [*8!

DY =" A7 (2n + 1), (k) Y2(8, ©) (2-132)
n=0 K
The displacement components u,, up and u, in Eq. (2-39) are repeated here
09 0*(rx) 2

ur—a—l—f[W—TVX (2-133a)

_19¢ 1 0(ry) | LP(rx)

rd0  rsinf Op r 000r
1 9 10(ry) ¢ 3*(ry)

_ dp 1 21
e rsinfde r 00 + rsinf dpor (2-133¢)

ug (2-133b)

In a spherical coordinate system the strain-displacement relations in Eq. (2-40) are

repeated here

_ Ou,

e = 5 (2-134a)
Erp = % [% 861;7" - % + %} (2-134D)
Ero = % |:7“ silnﬁ 881:; B % + %] (2-134c)
€00 = l% % (2-134d)
S, -
A

The stress-strain relation in Eq. (2-1), which can also be used in a spherical coordinate
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system 1, is repeated here
Tijj = AekkOij + 2[1€4; (2-135)

Substituting Eq. (2-131) into Eq. (2-133) and using Eqgs. (2-134) and (2-135), the

analytical expressions of displacements and stresses in spherical coordinates are

u = cos e sl (2-136a)
u'® = — sin fe 7w eost, (2-136b)
o = [N(—ik) + 2u(—ir cos? 0)]e s (2-136¢)
o = 11(2ik sin 0 cos §)e T eosb (2-136d)
o = [N(—ir) + 2u(—ir sin? 0)]e s (2-136e)
UZZ: = \(—ir)erreost, (2-136f)
u® = af,ff = Ué’;f = 0. (2-136g)

Since "¢ = "¢ = (), Eq. (2-37) can be written as
w=Vo, (2-137)

and then, using Egs. (2-1) and (2-2), the analytical expressions of displacements and

stresses in Cartesian coordinates are

i = minreosd _ —inz (2-138a)
ot = \(—ik)e ", (2-138b)
U;ZC = \(—iK)e "=, (2-138c¢)
o = (X 4 2u)(—ik)e . (2-138d)
Ul =l = ol = ot = o =0 (2-138e)
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2-6.2 Truncation Criterion

Prior to computing wave fields in single scattering problems, a criterion must be
established to truncate the infinite series in the expansion expressions of wave fields,
such as Eq. (2-60a) for the scattered waves and Eq. (2-59a) for the incident waves.

At first, consider Eq. (2-60a) for the scattered waves. The series can generally

be truncated at order N when magnitude of B? W1 (k)Y (6, ) is smaller

m(N+1)
than specified error € for all m in [-N — 1, N + 1]. Since the scattered waves are
to be evaluated outside the scatterer, and the magnitude of A{’(xr) monotonically
decreases when distance r increases ¥, the criterion to truncate the series at order
N is

B iy h0 (R0) Y32, (0, 9)] < . (2-139)
where —N —1 < m < N + 1. When Eq. (2-139) is satisfied at order N, the series
B? hW(kr)Y™(0, o) are truncated at N. The number N is the truncation number
with the corresponding truncation error e.

When consider Eq.(2-60b) for the scattered waves, similarly, the criterion to

truncation the series at order N is
|B,, (N+1) his1 (k@)Y (0, 0)] < e. (2-140)

When consider Eq. (2-60c¢) for the scattered waves, similarly, the criterion to trun-

cation the series at order N is

1B, N+1)h(1\1/)+1(’m)yz<fn+1(9790)| <e (2-141)

Now, consider Eq. (2-59a) for an incident wave. Assume

|A¢ (N+1)]N+1(”T>YN+1( o)l <e

For R > r, |A? windn+ (FR)YR (0, )| may be larger than €, since |j,(kr)] is not
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a decreasing function of distance r *¥/. The most convenient way to avoid this trun-
cation error is to use an analytical expression, instead of wave expansion expression,
for incident waves.

In a single scattering problem, a longitudinal plane wave in Eq. (2-131) impinges
on the sphere. For a plane incident wave ¢¢, the scattered waves ¢*¢ and y*¢ are
generated, and the scattered wave expansion coefficients B¢ and BX = are obtained
through the single scattering solution in Eq. (2-78). For the same wave frequency,
k/k = /(A4 2u)/n according to Egs. (2-14) and (2-12). For a ka value, for a
specified €, and for ten values of 6 evenly distributed in [0, 7], assuming a number
N and for each m in [-N — 1, N + 1], check whether Eq. (2-139) is satisfied or not.
When Eq. (2-139) is satisfied, the number N is the truncation number in Fig. 2.2(a).
Similarly, for a ka value, the truncation number in Fig. 2.2(b) is obtained using
Eq. (2-141). In this example, k/k = 3.6111 for the same wave frequency. At the
same wave frequency and for the same truncation error, the truncation number in
Fig. 2.2(b) is not larger than the truncation number in Fig. 2.2(a). The relationships
between truncation number and wave frequency for truncation error ¢ = 107% and
107° are shown in Fig. 2.2(a). The truncation number generally increases when wave

number ka increases for the same truncation error.

2-6.3 Wave Fields and Field Continuity

For the single scattering problem of a beryllium sphere in a polyethylene matrix,
a longitudinal incident wave is used as an example. The longitudinal plane incident
wave propagates along positive Z-axis direction, with an unit amplitude of the dis-
placement and wave number ka=1.217. The corresponding wave number ka = 4.395.
The truncation number is 11 in the computation, which corresponds to a truncation

error € = 1078 (Fig. 2.2).
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Figure 2.2: Truncation number for truncation error ¢ = 1078 and 107°: (a) using
Eq. (2-139), (b) using Eq. (2-141); and k/k = 3.6111.
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By following Eq. (2-86), wave fields at a position outside the scatterer are evalu-

ated from contributions of incident and scattered waves:

] t ] t
wp =, oy = ol 4 ol (2-142)

nc
7

where 1" and 0]} are obtained by Eqs. (2-136) and (2-138), u;* and ¢;* in spherical
coordinate system are obtained by Eqs. (2-45) and (2-46) after solving the single scat-

sct
7

and 07" in Cartesian coordinate system can be obtained from

tering problem, and u
those in spherical coordinate system by using coordinate transformation in Egs. (D-8)
and (D-10).

Wave fields at a position inside the scatterer are evaluated from refracted waves:

u =u, oy = O':jef (2-143)

ref

i

where u; ’ and afff in spherical coordinate system are obtained by Egs. (2-45) and
(2-46); and % and Jirjef in Cartesian coordinate system can be obtained from those
in spherical coordinate system by using coordinate transformation in Eqs. (D-8) and
(D-10).

Displacement continuities are required at the scatterer’s boundary such that

inc sct __  ref
u;,  tu; o =

Figure 2.3 shows real and imaginary parts of u, in the y = 0 plane, Fig. 2.4 shows
real and imaginary parts of u, in the y = 0 plane, Fig. 2.5 shows real and imaginary
parts of u, in the y = 0 plane, Fig. 2.6 shows real and imaginary parts of w, in
the y = 0 plane, Fig. 2.7 shows real and imaginary parts of uy in the y = 0 plane,
and Fig. 2.8 shows real and imaginary parts of u, in the y = 0 plane. The black
circle in each figure represents the scatterer boundary. The images in these figures
are 200x200 pixels with a pixel size of 0.015ax0.015a. At each position on the black

circle, ui™® + ufet = o7
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0 ; 1 15
z

(a) Real part (b) Imaginary part

Figure 2.3: Continuity of displacements u, at the scatterer’s boundary in the y =0
plane. The black circle in each figure represents the scatterer’s boundary.
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z z
(a) Real part (b) Imaginary part

Figure 2.4: Continuity of displacements u, at the scatterer’s boundary in the y = 0
plane. The black circle in each figure represents the scatterer’s boundary.
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(a) Real part (b) Imaginary part

Figure 2.5: Continuity of displacements u, at the scatterer’s boundary in the y =0
plane. The black circle in each figure represents the scatterer’s boundary.

x
"5 4 05 0 05 1 15
z
(a) Real part (b) Imaginary part

Figure 2.6: Continuity of displacements u, at the scatterer’s boundary in the y = 0
plane. The black circle in each figure represents the scatterer’s boundary.
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Figure 2.7: Continuity of displacements uy at the scatterer’s boundary in the y =0
plane. The black circle in each figure represents the scatterer’s boundary.
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Figure 2.8: Continuity of displacements u, at the scatterer’s boundary in the y = 0
plane. The black circle in each figure represents the scatterer’s boundary.
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Surface traction continuity at the scatterer’s boundary requires that

inc sct __ _ref
Ori + re — Uri

where ¢ denotes r, 6 or ¢. Figure 2.9 shows real and imaginary parts of ,, in the
y = 0 plane, Fig. 2.10 shows real and imaginary parts of 0,4 in the y = 0 plane, and
Fig. 2.11 shows real and imaginary parts of o,, in the y = 0 plane. The images in
these figures are 200x200 pixels with a pixel size of 0.015ax0.015a. The black circle

in each figure represents the scatterer boundary. At each position on the black circle,

sct __
Opi +0pp = 0y

0 05 15 45 4 05 0 05 1 15
z z
(a) Real part (b) Imaginary part

Figure 2.9: Continuity of stresses o, at the scatterer’s boundary in the y = 0 plane.
The black circle in each figure represents the scatterer’s boundary.

The coordinate # has undetermined value at the origin so that wu,, ug, .. and o9
appear discontinuous at the origin. Equations (2 136a) through (2 136d) also show
the discontinuity at the origin for the case of plane incident wave ¢. The continuities
of u,, u, and u, at origin proves the correctness of u,, ug and u, at origin, since u,
and u, are obtained through coordinate transformation from wu, and wyg.

By observing Figs. 2.3 through 2.9, it is concluded that the continuity conditions
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Figure 2.10: Continuity of stresses o,y at the scatterer’s boundary in the y = 0
plane. The black circle in each figure represents the scatterer’s boundary.
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Figure 2.11: Continuity of stresses o,, at the scatterer’s boundary in the y = 0
plane. The black circle in each figure represents the scatterer’s boundary.
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are satisfied.

To provide a glimpse into characteristics of the scattered waves, real part of each
field due to the scattered waves and the total waves in the y = 0 plane are shown
in the next. Each of displacement components and stress components is a complex
quantity. The real part of a complex quantity represents the quantity when its phase
angle is zero. The imaginary part of a complex quantity represents the quantity when
its phase angle is m/2. The real part of a wave field is displayed. It must be noted
that this is not intended to be a comprehensive analysis of the solved case. Images
in Figs. 2.12 through 2.26 are 400x400 pixels with a pixel size of 0.05a x 0.05a. The
black circle represents the scatterer’s boundary. Wave fields inside the scatterer is
obtained from refracted waves.

Real part of u, in the y = 0 plane is shown in Fig. 2.12. The u, due to the scattered
waves is also the u, due to total waves because the u, due to longitudinal incident
wave is zero. Distribution of real part of u, in the y = 0 plane is not symmetric
about either X-axis or Z-axis. The peaks appear like circular ridges in each of four
quarters in the y = 0 plane. Real part of u, is shown in Fig. 2.13. Distribution of real
part of u, due to the scattered waves appear like circular ridges with symmetry about
Z-axis, and the value of u, approaches to zero when it is near Z-axis. Real part of u,
is shown in Fig. 2.14. Distribution of real part of u, due to the scattered waves appear
like circular ridges with symmetry about the Z-axis. The ridges in Fig. 2.14(a) are
wider than those in Fig. 2.14(a). The spacing between ridges in Fig. 2.14(a) is larger
than that in Fig. 2.13(a). There is no explanation for it yet. Real part of uy is shown
in Fig. 2.15. Distribution of real part of uy due to the scattered waves appear like
circular ridges with symmetry about Z-axis.

Real part of o, is shown in Fig. 2.16. Distribution of real part of o,, due to the

scattered waves in the y = 0 plane appear like circular ridges with symmetry about
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Figure 2.12: Real part u, in the y = 0 plane. Displacement u, of longitudinal
incident wave is zero so that the u, of scattered waves is also the u, of total waves.
The black circle in the figure represents the scatterer’s boundary. Displacements
inside the scatterer is obtained from refracted waves instead of scattered waves.
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Figure 2.13: Real part of u, in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Displacements inside the scatterer is obtained
from refracted waves instead of scattered waves, so that there is a discontinuity along
the black circle in (a).
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Figure 2.14: Real part of w, in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Displacements inside the scatterer is obtained
from refracted waves instead of scattered waves, so that there is a discontinuity along
the black circle in (a).
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Figure 2.15: Real part of uy in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Displacements inside the scatterer is obtained
from refracted waves instead of scattered waves, so that there is a discontinuity along
the black circle in (a).
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Z-axis. Real part of 0,9 is shown in Fig. 2.17. Distribution of real part of g, due
to the scattered waves in the y = 0 plane appear like circular ridges with symmetry
about Z-axis. Real part of ogy and o, are shown in Figs. 2.18 and 2.19. Distribution
patterns of real part of ogy and o, due to the scattered waves in the y = 0 plane
appear similar to the distribution pattern of real part of o,, due to the scattered
waves. Stress 0., in the y = 0 plane has zero value (Fig. 2.11). Stresses oy, in the

y = 0 plane also has zero value. There is no explanation about why they have zero

values.
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z
(a) scattered waves (b) total waves

Figure 2.16: Real part of o, in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Stresses inside the scatterer is obtained from
refracted waves instead of scattered waves, so that there is a discontinuity along the
black circle in (a).

Real part of o,, is shown in Fig. 2.20. Distribution of real part of o,, due to
the scattered waves in the y = 0 plane appear like circular ridges with symmetry
about Z-axis. Real part of 0., and o, are shown in Figs. 2.21 and 2.22. Distribution
patterns of real part of o,, and o, due to the scattered waves in the y = 0 plane

appear similar to the distribution pattern of real part of o,, due to the scattered
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Figure 2.17: Real part of 0,4 in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Stresses inside the scatterer is obtained from
refracted waves instead of scattered waves, so that there is a discontinuity along the
black circle in (a).
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Figure 2.18: Real part of gy in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Stresses inside the scatterer is obtained from
refracted waves instead of scattered waves, so that there is a discontinuity along the
black circle in (a).
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Figure 2.19: Real part of o, in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Stresses inside the scatterer is obtained from
refracted waves instead of scattered waves, so that there is a discontinuity along the
black circle in (a).

waves. Stress 0,., due to scattered waves is also the o,, due to total waves because
the 0,. due to the longitudinal incident wave is zero (Eq. (2-138¢)). Real part of o,
is shown in Fig. 2.23. Distribution of real part of o,, is not symmetric about either
X-axis or Z-axis.

As mentioned at the beginning of this section, wave field components in Cartesian
coordinate system are obtained through coordinate transformation in Eqs. (D-8) and
(D-10) from those in spherical coordinate system. In the y = 0 plane, § = 7/2 and

¢ = 0. Therefore, the matrix T, for coordinate transformation in Eq. (D-5) can be

written as
- 1 0 0 -
T,=|0 0 -1 (2-144)
0 1 0

62



-
o
N
(=)
x
E

8 8 i
6 6 "
4 4
] 2
2 2
x 0 0 X 0 0
2 ‘ 2
-3
-4 4
6 6 +
8 8 R
-10 -10
-10 5 0 5 10 A
z
(a) scattered waves (b) total waves

Figure 2.20: Real part of 0., in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Stresses inside the scatterer is obtained from
refracted waves instead of scattered waves, so that there is a discontinuity along the
black circle in (a).
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Figure 2.21: Real part of oy, in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Stresses inside the scatterer is obtained from
refracted waves instead of scattered waves, so that there is a discontinuity along the
black circle in (a).
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Figure 2.22: Real part of 0., in the y = 0 plane. The black circle in each figure
represents the scatterer’s boundary. Stresses inside the scatterer is obtained from
refracted waves instead of scattered waves, so that there is a discontinuity along the
black circle in (a).
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Figure 2.23: Real part 0., in the y = 0 plane. Stress o,, of longitudinal incident
wave is zero so that the o,, of scattered waves is also the o,, of total waves. The
black circle in the figure represents the scatterer’s boundary. Displacements inside
the scatterer is obtained from refracted waves instead of scattered waves.
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By using Egs. (D-8a) and (D-10a), it can be found that
Uy = Uy, Opy = Opp, Oy = —0fy. (2-145)

In Fig. 2.24, numerical values of real part of u, in the y = 0 plane are exactly zero;
numerical values of real part of u, in the y = 0 plane are also expected to be zero but
they are in the order 107°. The values of real part of 0., and o, in Figs. 2.25 and 2.26
are in the order of 10, while the value of real part of o,, in Fig. 2.20 is in the order
of 10°. The ratio of peak values of real part of o,, and o,, implies that numerical
errors for o,, are in the order of 107°. Similarly , numerical error for o, is also in
the order of 107°. This observation shows that extra numerical error is brought to

wave fields in Cartesian coordinate system during coordinate transformation.
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4 4 1
2 2 .
‘o O ‘o ® :
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%0 5 0 5 10 %0 5 0 5 10 ?
z z
(a) Real part of u, (in the order of 107°) (b) Real part of u, (exactly zero)

Figure 2.24: Zero value of u, and u, in the y = 0 plane. Numerical error of real part
of u, is in the order of 107°. The black circle in each figure represents the scatterer’s
boundary.

2-6.4 Scattering Cross Section

The scattering cross section is defined as the ratio of average energy flux of scat-

tered waves to the energy flux density of the incident wave through a plane normal
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Figure 2.25: Zero value of real part of 0., and o0, in the y = 0 plane. The value of
real part of o, is in the order of 10* while the value of real part of o, is in the order
of 10°. The ratio of peak values of real part of o,, and o,, implies that numerical
errors for o,, are in the order of 107°. The black circle in each figure represents the
scatterer’s boundary.
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Figure 2.26: Zero value of real part of o,, and o0y, in the y = 0 plane. The value
of real part of oy, is in the order of 10* while the value of o, is in the order of 10°.
The ratio of peak values of real part of o,, and o,, implies that numerical error of
0y 1s in the order of 107°. The black circle in each figure represents the scatterer’s
boundary.
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to the direction of the incident wave propagation [*/. The definition can be written

as
<Esct>

€inc

N = (2-146)

where (Esct> is the average energy flux of scattered waves and has the same expression
as (F) in Eq. (2 121), except that stresses and displacements are due to scattered
waves; €;,. is the energy flux density of the incident wave through a plane normal to
the direction of propagation; and ~ has the dimension of an area. The (Esct> can be

computed using Eq. (2-127) or Eq. (2-130), except that the stresses and displacements

are due to scattered waves. A normalized scattering cross section is defined such as [*8]

]- <Esct>
= 2-147
YN Ta® e ( )
where a is the radius of the spherical scatterer.
For the plane incident wave ¢ in Eq. (2-131),
Gine = 5 0% = (A 2u) (~ir)
= wk(A+21)/2 = pw?/2k. (2-148)

Figure 4 of [48] is reproduced in Fig. 2.27 here. Figure 4 of [48] is digitized by

1491, By visually selecting a series of points along

using software DigXY version 1.0
the curve, a set of ka and the normalized scattering cross section values are generated
by the software DigXY, as listed in first two columns in Table 2.2. The numerical
results of vy in the third column in Table 2.2 is computed according to Eq. (2-147).
The value of (E,) in Eq. (2-147) are produced numerically with Eq. (2-130) for each
normalized wave number in the first column. Figure 2.27 shows a good agreement
between numerical results by the present work and those by Johnson and Truell 48],
For example, the difference is less than 0.8% at ka = 5.47.

Since Eq. (2-130) is used to produce (FE,.) for Fig. 2.27, Fig. 2.27 also shows that

the Fibonacci numerical integration formula works well with F' = 377 for ka up to
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Figure 2.27: Comparison of normalized scattering cross section of a beryllium sphere
in a polyethylene matrix.

5.5.

2-6.5 Energy Conservation

When there is no energy dissipation or generation inside a closed surface, the
energy flux across the surface should be zero, according to the energy conservation
law. In this section, energy conservation law is used to verify the implementation of
single scattering solution. The closed surface is chosen to either enclose the scatterer
or not enclose the scatterer.

In analogy to the normalization for scattering cross section (Eq.(2-147)), the
average energy flux <E> can be normalized as

1 (B)

(E)n = oy (2-149)

where the subscript N stands for normalization, é;,. can be found in Eq. (2-148) and
(E) can be computed through Eq. (2-130) for a spherical surface of radius R.

For the single scattering problem of a beryllium sphere in a polyethylene matrix,
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Table 2.2: Data of Normalized Scattering Cross Section in Figure 2.27

Ka Johnson & Truell *8 | Present Work
0.126882 0.00809786 0.00545173
0.204763 0.0362266 0.0344299
0.271038 0.0931373 0.0912684
0.325382 0.150135 0.154953
0.434124 0.268913 0.278371
0.602849 0.415951 0.411953
0.873699 0.62442 0.617054
1.21739 0.942364 0.945554
1.47701 1.21309 1.21990
1.73078 1.49343 1.48485
1.96003 1.71655 1.70236
2.20084 1.90611 1.89303
2.36311 2.01015 1.99614
2.56112 2.10914 2.09416
2.78858 2.17444 2.17065
2.97384 2.20179 2.20641
3.27837 2.22348 2.22135
3.54065 2.20243 2.20244
4.26136 2.09673 2.09781
4.60694 2.05594 2.06311
4.89932 2.05859 2.05387
5.47854 2.10219 2.08619
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the longitudinal incident wave in Section 2-6.1 is used. The sphere has unit radius
and is centered at the origin of global coordinate system. The normalized average
energy flux in Eq. (2-149) is evaluated for two cases: first (referred as “Case 1”), the
spherical surface is concentric with the scatterer; second (referred as Case 2), the
spherical surface of unit radius is centered at the point with Cartesian coordinates
rT=y=2z=2

Table 2.3 shows <E> ~ values at different wave number s and radius of spherical
integration surface for Case 1. T'N dedicates truncation number. When the Fibonacci

number F > 377 (used in Eq. (2-130)), (E)y converges to the values in Table 2.3.

Table 2.4 shows (EF)x values at different wave number x for Case 2. When the Fi-
bonacci number F > 2584, (E)y converges to the values in Table 2.4. The Fibonacci
number F' in for Case 2 is larger than that for Case 1, possibly because value of the
radius of the spherical surface in Case 2 is smaller than that in Case 1.

The (E)y is expected to be zero. The values in Tables 2.3 and 2.4 are “zero”s
with acceptable numerical errors. Therefore, the energy conservation law is satisfied.

Table 2.3: Single scattering: normalized average energy flux across a closed surface
enclosing the scatterer.

(E)Nn

k=02m ), TN=8|rk=12(m "), TN=11| k=55 (m™ ), TN =18

~—~
—
o@ooqosmppoow\g/w

1.49634 x 10~
0.43241 x 10716
1.19168 x 1016
3.45101 x 1016
3.55080 x 10716
2.33101 x 10717
8.32186 x 10717
9.13825 x 10717
9.51467 x 10717

2.64886 x 1071°
1.30743 x 10715
7.64833 x 10710
1.23184 x 10716
4.41349 x 10716
5.87515 x 10717
1.88870 x 10716
4.08840 x 10~1'#
3.68709 x 10~ 17

9.58003 x 10717
4.01790 x 10717
2.95576 x 10717
4.28140 x 10717
5.77322 x 10717
6.54464 x 10717
1.25140 x 10716
4.28573 x 10717
4.98138 x 10717
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Table 2.4: Single scattering: normalized average energy flux across a closed surface
enclosing no scatterer.

k (m™Y | TN (E) N
0.2 8 |6.05599 x 10~
1.2 11 | 5.96005 x 107
5.9 18 | 2.20194 x 10~Y7
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Chapter 3

Multiple Scattering Solution

3-1 Introduction

Multiple scattering occurs when a scattered wave is further scattered. In this
thesis, multiple scattering is referred to the scattering process between multiple scat-
terers embedded in an infinite host medium. A plane time-harmonic incident wave
propagates along an arbitrary known direction. The steady-state response at any
location within the host medium is sought.

Several more assumptions are necessary for solving the problem: (1) It is assumed
that all mechanical and geometrical properties of both the host medium and the
scatterers are known. (2) It is assumed that the waves propagating inside the host
medium and the scatterers are elastic waves. This assumption here is the same as that
in Section 2-6. The scatterers can also be void or rigid. As mentioned in Section 2-6,
by assigning near-zero values to material properties of the scatterer, it resembles a
void inhomogeneity; and by assigning extremely large values to Lamé’s constants of
the scatterer, it resembles a rigid inclusion. (3) It is assumed that the single scattering

solution for each scatterer is known for any time-harmonic incident wave. A single
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scatterer is embedded in the same host medium as the multiple-scattering problem.
The single scattering solution for each scatterer has been obtained in Chapter 2. T-
matrices for all scatterers are known, since a T-matrix contains all the mechanics

regarding a scatterer.

3-2 Physics of Multiple Scattering

In this section, the physical process of multiple scattering in the view of ordered
scattering 1?*°% is presented. The description in [50] is applicable to any waves and
is thus adapted here. The adaptation includes a slightly different notation used to
represent the waves.

Without loss of generality, a wave is denoted by a generic symbol ®, which contains
3 components: ¢, ¢ and . An incident wave is denoted by ®™¢. The scattered wave
by a scatterer, say J, at p-th order of ordered scattering process is denoted by <I>(Jp).
The scattered wave QD(JP) is called the p-th order scattered wave by Scatterer J. The
term order signifies how many times an incident wave has encountered and been
scattered by individual scatterers.

Fig. 3.1 depicts the incident wave and scattering at Scatterer J. When an incident
wave ®1¢ impinges onto Scatterer I, the incident wave is scattered by Scatterer I as
if there were no other scatterers present. This is the first order scattered wave by
Scatterer 1 @31). Every scatterer in the host medium generates a first order scattered
wave. The excitation source at the first order scattering is always the incident wave.
The wave CI>§1) subsequently impinges onto a nearby Scatterer J, and then a second

order scattered wave by Scatterer J due to <I>§” is generated. Specifically, it is denoted

2
as &% 1)+
J due to ®;

In the steady state, all the first order scattered waves, except the one scattered

73



Scatterer | —= |ncident
— First order
---» Second order

---» Higher order

Figure 3.1: Multiple scattering of a single wave between two scatterers

by Scatterer [ itself, impinge upon Scatterer I. Fig. 3.2 presents a global view of the
first two orders of scattering. Therefore, the (total) second order scattered wave by

Scatterer I is a summation of all the second order waves scattered by Scatterer I:

N
(2) _ (2)
(I)I - Z cI)] due to CIDSI) (371)
J=1
J#I

—» [ncident
---» [irst order

—> Second order

Figure 3.2: Multiple scattering among a group of scatterers

Generalization to any higher order is in the same manner. All the (p —1)-th order

scattered waves, except the one scattered by Scatterer I itself, impinge upon Scatterer
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I. The total p-th order scattered wave scattered by Scatterer I can be found as
N

N (3-2)

I due to @Spil)
J=1
J£I

3-3 Addition Theorem

In the formulation for the multiple scattering process, the basic idea is that each
scattered wave is further scattered by other scatterers in the field, and each of this
scattering process can be described by the super T-matrix of the scatterer that causes
the scattering. Since the single scattering problem leading to the super T-matrix is
defined in each scatterer’s local coordinate system, it is necessary to convert the waves
expressed in the local coordinate system of one scatterer, say Scatterer I, into the
local coordinate system of anther scatterer, say Scatterer J. Before proceeding to the
multiple scattering formulation, the coordinate transformation is discussed.

As shown in Fig. 2.1, a spherical coordinate system is built with reference to
a Cartesian coordinate system. In this thesis, X axes of all Cartesian systems are
parallel, Y axes of all Cartesian systems are parallel, and Z axes of all Cartesian

systems are parallel. Therefore, coordinate transformation involves translation only.

3-3.1 Scalar Addition Theorem

Figure 3.3 is used to introduce addition theorem. The position O is the origin of
the global coordinate system and the position O’ is the origin of a local coordinate

system. Three vectors r, ' and r” are related by
r(r,0,0) =r'(r',0/,¢) + " (1", 0", ¢") (3-3)

where (r”,0”,¢") are coordinates of position O’ in the global spherical coordinate

system, (r,0,¢) and (r',0',¢") are coordinates of position P in the global and local
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Figure 3.3: Vectors r = v’ + 7" for addition theorem

spherical coordinate systems respectively.
The following relations for spherical wave functions exist °:
SO Comulr Vi YO ) for i <o

Z, (k)Y (0,0) = ¢ RIS (3-4)
Z Z ﬁnm,uu(T”)Zu(krl)yyu(el, QDI) for ' >7r"

v=0 p=—v

where Z,(+) is any of the spherical Bessel functions: the spherical Bessel functions
of the first kind j,(-), the spherical Bessel functions of the second kind y,(-), the

spherical Bessel functions of the third kind A{(-) and A (-) B%; and

Bamawn(P") = (=)™ " /Ax(2n + 1) (20 + 1) - > V25 + 1
s=0

nvs nv . Ny m—u (gl
Js(kr")Y (0", ¢") (3-5a)
000 —msm—S

°v2s +1

M8

Q") = (=1)™ " \/47(2n + 1)(2v + 1) -

s=0
nvs n v
(k)Y (0", ") (3-5D)
000 —m m—
i J2 Uz ). , , - o
The ensemble is called the Wigner 3-j symbol "% which is defined

my Mo Mg
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as [52]

i J2 3 (=1)r—szmms o

= (1 J2 1 M| j1 Jo J3 (—M3)) (3-6)
mip Mz Mg 2Js+ 1
The ensemble (j; jo mq mo|ji j2 j3 (—ms3)) is called the Clebsch-Gordon coefficient,

which is defined as [38l

o Wi o AW (2]
<]1 J2 M1 Mo | 719273 (—m3)> = 5(7m3)(m1+m2) . \/(]1+]2 J3)! (1 (]‘]12_;‘]233_](‘34{1;]24—]3) (2j3+1)

(-1) \/(]1+m1)l(]1 —m1)!(jo+m2)!(Gj2—m2)!(js+m3)!(j3—m3)! (377)
l' (J1+72—33 D1 —m1 =D (G2 +ma =) (—j2+iz+m1+D)!(—j1+js —ma+I)!

Now, COHSldeI‘ transformatlon between two local coordinate systems. Figure 3.4

Z

P
Figure 3.4: Local coordinate systems belonging to Scatterers I and J and arbitrary

field point P. Dotted arrows represent projections of position vectors on horizontal
planes

depicts the geometric relation between two local coordinate systems belonging to

Scatterers I and J and an arbitrary field point P. For the illustration convenience,
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local Cartesian coordinate systems are also shown.

The origin of Scatterer I’s local coordinate system is denoted as o;. The origin of
Scatterer J's local coordinate system is denoted as oy, which can be located by vector
d;j(drs,015,¢15) in the or coordinate system. The field point P can be located by
either r;(r7,0;, ) in the oy coordinate system or r;(r;,0;, @) in the o; coordinate

system. Let

ri(r,0r,01) =7, ri(r;05,¢5) =7, and dr;(d, 05, 015) =7"

then, the scalar addition theorem in eqn. (3-4) becomes

In(kry)Y," (01, 1) = Z Z Brmwu(@11) v (k7)Y (01, 07) (3-8a)
v=| OM——V

h (lf?"[ QI,QDI Z Z ﬁnm VM d]J h (1) (kTJ)YVu(QJ,gOJ), for ry > dIJ (3*8[))
v=| O,uf—u

h (k?"[ 0[7(;0[ Z Z Anm l/lA dIJ ]u(k?TJ)YVM(QJ,%DJ)y for Ty < dIJ (378(:)
v=0 p=—v

where Bnmuu(dry) and aum . (dry) take the following forms:

Buma(P") = (=)™ "/ (2n + 1)(2v + 1) - > V25 + 1
s=0

nvs n v s
Js(kdpg) Y (01, 1) (3-9a)

000 —-msm—S

Comp(drs) = (=)™ " /Ar(2n + 1) (2v +1) - > V25 + 1
s=0

nvs n v ) .
h{ (kdr) Y (01, ¢1.1) (3-9b)
000 —-m pm—p
Note that for eqn.(3-8a) there is no restriction about its applicability since both

expressions on the right-hand side of eqn. (3-4) are identical.

Use the packing method in eqn. (2-89) to pack two pairs of indices (n and m, v
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and ) into two single indices (¢ and j):
i=n?4+n+m, j=v +v+pu (3-10)

Then, the wave expansion bases defined in Eqgs. (2-87) and (2-90) can be transformed

between two coordinate systems using the following matrix notation:

{d(k;rr)} = [RgRy(k;dry)] {7 (k;ry)} (3-11a)
{h(]{;’ T])} _ [RgR[J(k, d[J)] {h(k;T‘J)}, for ry > d]] (3711b)
[R]J(k;d[J)] {](k?77°J)}, for ry < d[J

where entries for matrix [Ry;(k;drs)] and [RgR;;(k;d;s)] at the i-th row and the

J-th column are

[Rps(k;dp))]y; = (=)™ "/An(2n + D)2 +1) - > °v2s+1-
s=0

nvs n v .
Y Orss pra)hy (kdry) - (3-12a)
000 —m m— [

—_

[RgRy;(k;dry);; = (=1)""" "Ar(2n +1)(2v + 1) Z 15v/2s
s=0

nvs n v . '
Y01y, pra)js(kdry)  (3-12b)

000 —m m— [
A similar set of coordinate transformation relations exists for the cases when the

wave number is k, instead of k:

{d(k;rr)} = [RgRs (ki drg)){d (ki) } (3-13a)
{h(,@;rl)} _ [RgR[J(H; d[])} {h(/ﬁ;’l’j)}, for ry > d]] (3,13b)
[R]J(I{; d[J)] {](I{, TJ)}7 for ry < d]J

where entries for matrix [R;;(k;drs)] and [RgRy;(k;d;)] at the i-th row and the

J-th column are

[Rp;(k;drg)]y; = (=)™ " \/4r(2n + 1)(2v + 1) - iisvls +1-
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nvs n v S

Y01y, p10)hY (kdry)  (3-14a)

s

000 —-m pm—p

[RgRp;(k;drg)l;; = (=1)™" " \/4r(2n + 1)(2v + 1) - Zis 25+ 1-

s=0
nrvs n v

Y (01, 010)]s(kdry)  (3-14b)
000) \ —mpm—p

3-3.2 Vector Addition Theorem

During coordinate transformation, it is expected that the displacement vector and
surface traction in a new coordinate system should be the same as those in the old
coordinate system. When these two coordinate systems do not share the same origins,
a vector addition theorem can help the coordinate transformation. The displacement
vector in Eq. (2-53) is used to introduce the wvector addition theorem. Prior to in-
troducing the vector addition theorem, the vector wave functions in Eq.(2-54) are

repeated here. Let

Cam(kT) = Z, (k)Y (0, ) for longitudinal waves, (3-15a)

Enm(kr) = Z,(kr)Y (0, p) for shear waves. (3-15b)

The vector wave functions are defined as 5

Ly (k1) = 7 Cum (KT) (3-16a)
Mo (k) = 7 X [F€um (k)] (3-16b)
N (k) = %v « M, (kr) (3-16¢)

Their expressions in terms of spherical vector harmonics are introduced in Eq. (2-54),

which are repeated here

Ly (k1) = €10 (r,n)Bpm + €5t (r,n)/n(n + 1) By, (3-17a)
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M (k1) = €5 (r,n)/n(n + 1) Ty, (3-17Db)
N (k) = €81, 0) B + EL(r,n)v/n(n + 1) By (3-17c)

The derivation from Eq. (3-16) leading to Eq. (3-17) is detailed in Appendix H. The
displacement vector can then be expressed in terms of spherical vector harmonics in

Eq. (2-55), which is repeated here

u = Z Z {a? Lm(kr) + al, M (kr) + aX, Ny (kr) } . (3-18)

n=0 m=—n

Comparing Eq. (3-18) with Eq. (2-37) for the part corresponding to shear wave x,

IV x V x (rye,) =V x V x ( Z Z aX, N (kr) (3-19)

n=0 m=—n

Following Egs. (3-16¢) and (3-16b),

NV x V x ( Z Z amnkvanm(k:r)

n=0 m=

= Z Z mnk,v X 7 X [P (k)]

n=0 m=—n

— % Z Z V XV X [1aX, Enm (k)]

n=0 m=—n

= %v X 7 X [’I’Z Z aX ,Enm (kr)]. (3-20)

n=0 m=—n

Following Eq. (2-42¢) that is

X = Z Z aX, Z.(kr)Y," (0 Z Z aX . Enm(kT),

n=0 m=—n n=0 m=—n

%v X 7 X (1) (3-21)

For Eq. (3-21) to be true, the £ in Eq. (2-9) takes the value of %:

IV XV x (xr) =

(= (3-22)

1
k
Correspondingly, the ¢ in functions 6;’;(7“, n) in Appendix E is replaced by % when

the vector wave function IN,,,,(kr) is used.
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Referring to two coordinate systems in Fig. 3.3, the displacement vector in
Eq. (3-18) is expressed in the global coordinate system, and it can also be expressed
in the local coordinate system. In analogy to Eq. (2-42), assume three displacement

potentials in the local coordinate system are

&'(r', 0, ) Z Z ¢ Za (kYO ) (3-23a)

n=0 m=—n

W0, ¢) Z Z v Za(kr Y™ ) (3-23b)

n=0 m=—n

0 Z Z aX, Z, (kr') Y0, ) (3-23¢)

n=0 m=—n

where a?'

mn’

a? and aX, are wave expansion coefficients. Let
Cam(k7") = Z, (k)Y ') for longitudinal waves, (3—24a)

Enm(kr') = Z,(kr Y0, ¢')  for shear waves. (3-24D)

Following definitions in Eq. (3-16), the vector wave functions in the local coordinate

system are
Lo (51") = 9o (1) (3-25a)

Mo (kr') = 7 % [1' € (k)] (3-25b)

N (kr') = %v « Moy (k) (3-25¢)

Following the same procedure of deriving Eq. (3-18) in Section 2-3, the displacement

vector in the local coordinate system can be written as

o0 n

= {a;ﬁ;nan(m’) +a¥ M (k') + aggnNnm(k;r')} o (3-26)

n=0 m=—n

By comparing Eqgs. (3-5a) and (3-5b), it is noted that B, ,,(r") is a special form
of Qppmpu(r”) when zg(kr”) takes the form of js(kr”). In general, Eq.(3-4) can be

written as

Cnm("{r Z Z Onmvp ”)Cuu("{'r) (3727)

v=0 p=—v
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The following relation is immediately obtained from Eq. (3-27) 14,

o (K1) = Z Z (1) 7 o (K7, (3-28)

v=0 p=—v

Following the definition in Eq. (3-16a),

= > Cumu(r") Luu(wr) (3-29)

v=0 p=—v
Now consider M ,,,,,(kr) in Eq. (3-16b). Equation (3—16b) can be rewritten as

nm kT’ Z Z vgl/,u k’l" ( / )]anvaﬂ(T”)

v=0 p=—v
=D > A x [PEulkr)] + FEulkr’) X 7"} amuu (") (3-30)
v=0 p=—v

Following the definition in Eq. (3-16b),

M, (kr) Z Z W k:r ) Qm Vu( //) + vfw(k‘r) X 7 Q. yu(’r”)]. (3-31)

v=0 p=—v

By writing r” = 2"e, +y"e, + 2"e. and expanding 7§, (k') x r”, the second term
at right hand side of Eq. (3-31) can be expressed as a linear combination of M ,,,(kr’)

and N, (kr’) functions. To the end, Eq. (3-31) can be written as

M., (kr) Z Z Anmon + Nou(kr") Bumon) - (3-32)

v=0 p=—v
The derivation from Eq.(3-31) leading to Eq.(3-32) was obtained by Chew and

Wang %3 (equations (6) through (12) in [53]). Equations (3-31) and (3-32) were

written as

Z Z 1) Bopiim (7) + 76w (7) X 7 Bypm]

v=0 p=—-v

’l“) = Z Z [MVM(T,)AVM,WH + NVM(TI)BVu,nm]

v=0 p=—v
in [53] respectively. During the derivation in [53|, ¥ = 1 was used. As mentioned

in [53], results for k # 1 are obtained by replacing r” by kr”. Therefore, the coefficients
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Apmpp and By, in Eq. (3-32) are
\/(v —pt+2)(v - pt)
1)

Anml/ = Upmy k” 1 9” nm,v -
T Qv+ 1) (20 1+ 3) rmetlest

e A p =D (v p)
_k " 9,/ nm,v— -
™ \/ (v — 1)(2v + 1) Crmvmte

. e JwHp+2)(vtp+l)
_k " 9// S
ST 1)\/ Qv+ 1) (20 +3) rmwtletl

" v =) —p-1)
k' 9// e
A sin \/ Qv — 1) 41) e

1 (v4+p+1)(v—p+1)
k// 0// .
Tl cos u+1\/ Qv+ 1)(2v +3) rmmetls

" /! (V —"_ u)( /’l’>
-33
+kr” cosd \/<2V—1)(2y+1)anml/ 1 (3-33a)
B — by 0" i +ikr”sin0” |:\/(y— ICETESY
nmwpu — KT COS V(V+ 1>O4nm,1/u 21/(” + 1) 2 H
& i + (V) (v — o+ 1)6_2@”@”77171,’“_1] : (3-33b)
Now consider N, (kr) in Eq. (3-16¢).
L X N (k) = 257 X 257 5 My ()
Following the vector identity ") A x (B x C) = B(A-C) - (A- B)C,
1 1
2V X Nun(kr) = 5 AVIV - Mun(kr)] = [V - 7| Mo (kr)}-
Since 7 x r =0,
M (k1) = 7 % [1&am (k7)] = [7&um (k7)] X 7, (3-34)
V- Mo (kr) =7 - [V & (k)] X 1 = [7&um (k7)] - [7 X 7] = 0. (3-35)
Following Eq. (3-35),
1
%v X Ny (k) = kQV M, (kr) = M, (kr),
M, (kr) = k‘v X N o (k1) (3-36)

84



Because N, (kr) = %V X M . (kr) (Eq. (3-16¢)) and M, (kr) = %V X N i (k1)
(Eq. (3-36)), then

N (k) Z Z o (67" A + My (k1) B ] (3-37)

v=0 p=—-v

Equations (3-32) and (3-37) are expressions of the vector addition theorem 1 4353,

Substituting Equations (3-32) and (3-37) into Eq. (2-55), the displacement vector

u can be written as

U_Z Z {amn wm (K1) + @, M (kr) + a, Nnm(kzr)}

n=0 m=—n

=22 {%Z D (1) L)

n=0 m=—n v=0 p=—v

8,3 S (Mol Ao + No 55 B

v=0 p=—v

a5, ) >IN (k) Apy + Mw(kr’)Ban]}

v=0 p=—v

Z ZZ mnanml/p, ”)LVM(I{T)

n=0 m=—n v=0 p=—v

+Z Z Z Z At A M (k)

n=0 m=—n v=0 uy=—v

—i—i i i i a;bnanm,wNV#(krl)

n=0 m=-n v=0 uy=—v

—i—Z Z Z Z @y A N vy (k)

n=0 m=—n v=0 pu=—v

—|—Z Z Z Z @ B, M (k")

n=0 m=—n v=0 u=—v

= Z Z Z Z {a%nanm,uu(r”)LVu</€T,)

v=0 p=—v n=0 m=—n

+ (@ A + @ B ] My (kr')

+ [a%anm,VM + a%znAnm,V,u] Nuu(kr/)} (3—38)
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By comparing Egs. (3-38) with (3-26), the relation between two sets of wave expan-

sion coefficients can be written as

{as} = lommunl” {af} (3-392)
{027} = (Aumand ™ {2} + Buman] ™ {5} (3-30)
{att} = Bumand ™ {8} + Aumand™ {05} (3-390)
or, in matrix form
{a7, [l 0 0 {af,}
{abu}b (=1 O Anmo]” Bamud™ | { {at,, (3-40)
{al, 0 [Bunwd" A" | | ek

Recall Egs. (3-11a) through (3-11b) for coordinate transformation for wave expan-
sion basis. It is noted that two different transformation matrices [RgR;;(k;dr;)] and
[R;;(k;d;y)] are used for different transformation. Similarly, the entries of [(m, iyl
[Apmvu and [Byy,,,] need to be specified.

For transformation between Scatterer [’s system and Scatterer .J’s system in

Fig. 3.4, compare Figs. 3.4 and 3.3 and let
ri=r, ry=r,dy;=1r". (3-41)

First, when the wave expansion bases {h(x; )} and {h(k;r[)} in scatterer I’s system
are transformed as the wave expansion bases {j(x;7;)} and {j(k;r,)} in scatterer
J’s system, Eqgs. (3-11b) and (3-13b) are used with requirement r; < d;;. Therefore,
[Qnm,wp) in Eq. (3-40) takes the form of [Ry;(k;d;y)] in Eq. (3-14a), and the entries of
[Apmwu and [Bym ., are based on entries of [(ym,.,], which can be obtained by using
Eq. (3-9b). In order to distinguish this case, define [Q7(k;dzs)] and [QF,(k; dry)]

such that

[Q?J(k7 dIJ)} ij = Anm,yu (3*4284)
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[Q?J(kv dIJ):| ij = Bnm,u,u (3*421))

Then, transpose of the square matrix at right hand side of Eq. (3-40) can be written

[R;j(k;dry)] 0 0
Qui] = 0 Q1 (k;dry)]  [QF(k:dry)] (3-43)
0 Q7 (k;dry)]  [QF(K;dry)]

Second, when the wave expansion bases {h(r;7;)} and {h(k;7;)} in scatterer I’s
system are transformed as the wave expansion bases {h(k;r;)} and {h(k;7r;)} in
scatterer J’s system, Eqs. (3-11b) and (3-13b) are used with requirement r; > dy.
Therefore, [nm,,] in Eq. (3-40) takes the form of [RgR;;(k; d;y)] in Eq. (3-14b), and
the entries of [Apm,,] and [Bpm,,) are based on entries of [aym ], which becomes
the Bym,, in Eq. (3-9a). In order to distinguish this case, define [RgQ‘;‘J(k‘; d[J):| and
[RgQ7,(k; dys)] such that

[RgQ7y(k; diy)],, = Anmos (3-44a)
[RgQIBJ(k’ dIJ)] ij = Bnm,uu (3*4413)

Then, transpose of the square matrix at right hand side of Eq. (3-40) can be written

[RgR;;(k;d;y)] 0 0
RgQur] = 0 [RoQiy(kidi))]  [ReQFy(kidyy)] | (3-49)
0 [RgQ7,(k:dis)]  [RgQ7y(k:idpy)]

Third, when the wave expansion bases {j(r;7;)} and {j(k;r;)} in scatterer I’s
system are transformed as the wave expansion bases {j(x;7,)} and {j(k;r,)} in scat-
terer J’s system, Egs. (3-11a) and (3-13a) are used. Therefore, [y, in Eq. (3-40)
takes the form of [RgR;;(k;d;y)] in Eq.(3-14b), and the entries of [A,;,,,] and

[Brmwyu) are based on entries of [ayym.,), which becomes the 3,,,,, in Eq. (3 9a).
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For this case, transpose of the square matrix at right hand side of Eq. (3-40) can be
written as Eq. (3-45).

In analogy to Eq. (2-100) for compact notations, the wave expansion coefficients
matrix in Scatterer I’s system corresponding to wave expansion bases {j(-)} can be
written as {A}, and the wave expansion coefficients matrix in Scatterer I’s system

corresponding to wave expansion bases {h(:)} can be written as {B;}, where

{A7} {B7}
{Ar} =4 {A]} and  {B;} =4 {B}} (3-46)
A7} {B1}

For transformation of wave expansion bases {h(-)} in Scatterer I’s system as wave

expansion bases {7 ()} in Scatterer J's system, Eq. (3-40) can be written as
{As} = [Qu]" {B}. (3-47)

For transformation of wave expansion bases {h(-)} in Scatterer I’s system as wave

expansion bases {h(-)} in Scatterer J’s system, Eq. (3-40) can be written as
{B,} = [RgQys]" {Bs}. (3-48)

For transformation of wave expansion bases {7 ()} in Scatterer I’s system as wave

expansion bases {j(-)} in Scatterer J’s system, Eq. (3-40) can be written as

{As} = [RgQus]" {Ar}. (3-49)

3-4 Formulation of Multiple Scattering Solution

The multiple scattering solution in steady-state is formulated in this section. One
formulation approach is based on waves at various order in Section 3-2, while the other
approach is based on single scattering problem with the incident waves composed of

external incident wave and total scattered waves from all other scatterers.
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3-4.1 Formulation Based on Waves at Various Orders

Given incident waves in global coordinate system with origin O can be written as,

o™ = {AY {G(r; 1)}, (3-50a)
P = {AYY {5 (k; )}, (3-50b)
X" = { A G (k;m)}. (3-50¢)

The incident waves can be expressed in Scatterer I’s local spherical coordinate system

as following.

7= {ATY {G(rirn)} (3 51a)
7= {AVY {d(k;ri)} (3-51D)
Xr = {AY {5 (k;r0)} (3-51c)
where
{A1} = [RgQoi]" {A} (3-52)

and O stands for the global coordinate system with origin O.
First Order Waves
The first order scattered waves in Scatterer I’s local spherical coordinate system,

<I>§1), includes three components that can be expressed as

o) = {BVY (h(k; )} (3-53a)
W= (B (h(k;ro)} (3-53b)
X = {(BY XY {h(k;rr)} (3-53c)

According to the physical process described in Section 3-2, the excitation source
at first order scattering is the incident wave. Then, wave expansion coefficients of

the first order scattered waves by Scatterer I can be obtained by using the super
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T-matrix of Scatterer I:
{By"} = [T1){Ar} (3-54)
Second Order Waves
The second order scattered wave scattered by Scatterer J due to the first or-

der scattered wave scattered by Scatterer I can be expressed in Scatterer J's local

spherical coordinate system, such as

¢f]2)due to <I>§1) - {B?])#)}T{h(,i’ TJ)} (3*5584)
U o ) = {BY)"Y {h(k;r))} (3-55b)
Xff2)due to <I>(Il> - {B(I?])’X}T{h(k7 TJ)} (3*55C)

Note that the first order scattered wave scattered by Scatterer I in Eq. (3-53) is
expressed in Scatterer I’s local coordinate. In order to obtain wave expansion coeffi-
cients of the second order scattered wave, it is necessary to transform the expressions
in Eq. (3-53) as incident waves into Scatterer J’s local coordinate system. The later

can be written as

f]l),inc _ {AF]D@}T{J(KZ, TJ)} (3—563)
wf]l),inc _ {Af,l)’¢}T{j(k;rJ)} (3-56b)
X§1),mc _ {Af,l)’x}T{j(k;’l“J)} (3-56¢)

By using Eq. (3-47), the coordinate transformation is performed such that

(Al {B""}
{ASIW} = [Qu]" {B?W} (3-57)
{A7y {B;"™}

Then, the wave expansion coefficients of the second order scattered waves by Scatterer
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J due to the first order scattered wave scattered by Scatterer I can be obtained.

(B {47}
{BOWy =[]y (A7) (3-58)
(B {47
or
(B2
{(BO¥} b = [T))[Qu)"{B"} (3-59)
(B2
Denote the total second order scattered wave scattered by Scatterer J as
07 ={B7*Y {h(s:ry)} (3-60)
vy =B {hlkiry)} (3-61)
vy =B {h(kir))) (3-62)
then, according to eqn. (3-1),
BY |
{BY} = (BYY} ¢ =D [T/]Qu]"{B"} (3-63)
(2)x 12
{B,""}

General p-th Order Waves
In the same manner, denote the general p-th order scattered wave scattered by

Scatterer J as

W = (BY*}Y{h(k;r,)} (3-64)
¥ = {BYV\ {h(k;r))} (3-65)
X = {BYVT (h(k;r )} (3-66)
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Then,

{BJ"}
BY} =< (BP) = [T,)Qu)" {BY "} (3-67)
{39)7X} {;1]

Multiple Scattering Solution
Denote the summation of all orders of the scattered wave scattered by Scatterer

J, called the total scattered wave scattered by Scatterer J, as

¥ =B} {h(r;rs)} (3-68)
U5t = {BYY {h(k;r,)} (3-69)
Xt = {BY} {h(k;r,)} (3-70)

And denote the accompanying wave expansion coefficient as {B},
{BY}
{B,} =4 {B}} (3-71)

{B}}

By definition,
{Bs} =2 _{BY) (3-72)
p=1
Making an exhaustive listing of all equations similar to eqn. (3-67), from first

order to p-th order of scattered waves, and summing all these equations give

STBYY = [T{As} + Y [T[Q]" (i{ﬂ%&‘”}) (3-73)
q=1 {;}7 q=1

Noting that when p — oo,

f{lﬁ%&‘”} = pZ{Bfﬁ)} = {B,} (3-74)

{B,} = [T/{A} + ) _[T/][Qu]"{Bs} (3-75)

I=1
I£J
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To solve for {B;}, define

(

{B} =

\

and

(B} |
{B}
{Bg} )

{Bn}

(1]
—[T5)[Q12]"
—[T3][Qus]"

[Ty ]{A:}
[T2]{As}
{24} = [Ts]{As}

—[T][Qa]"  —[T1][Qa]"
1] —[T5][Qs2]"

—[T5][Qas]"

| [TvH{AN}

1]

(

| —[TN][Quv]" —[Tn][Qen]" —[Tw][Qsn]"

L [T ] [RQQON]T )

[Tl] [RngﬂT
[TQ] [Rngz]T
[T?,] [RQQOS]T {A} (3*76)

—[T1][Qn]"
—[T5)[Quo]"
—[T5][Qns]" (3-77)

where [I] is an identity matrix, then eqn. (3-75) becomes

[E{B} = {A}

(3-78)

which can be solved by many readily available solvers for linear equation systems.

Equation (3-75) represents the solution for the multiple scattering problem at

hand. The total wave in the host medium consists of the incident wave plus total

scattered waves by all scatterers in the field, that is

N
¢t0tal _ ¢inc + Z QbSJCt
J=1

N
77Z)total _ 77Z)inc + Z 77Z)SJCt
J=1

N
Xtotal _ Xinc + Z Y
J=1
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3-4.2 Formulation Based on Single Scattering Solution

For Scatterer J, the incident waves include the external incident waves and total
scattered waves from all other scatterers.

The wave expansion coefficients of external incident waves in Scatterer J’s co-
ordinate system is {A;}. The wave expansion coefficients of total scattered waves
by Scatterer I and in Scatterer I’s local coordinate system is {B;}. The scattered
waves by Scatterer I are transformed as incident waves in Scatterer .J’s local sys-
tem. The wave expansion coefficients of the resultant incident waves can be written
as [Qrs]T{B;} according to Eq.(3-47). Therefore, the solution of single scattering

problem about Scatterer J can be expressed as

N
{Bs} = [Ts1{As} + [T,] Z Q)" {B;}. (3-80)
12
Equation (3-80) is the same as Eq. (3-75).

This approach leads to the same solution as previous approach.

3-4.3 Displacements and Stresses

The total wave fields, such as displacements and stresses, in the host medium
consist of the incident wave plus the total scattered waves by all scatterers. The total
displacements and stresses are the summation of contributions from each wave.

In general, expressions of the incident wave fields are known. Assume the coeffi-
cients of the expansion expressions of the incident waves are known. Their contribu-

tions to displacements and stresses in spherical coordinate system are

“”—Z Z [Af, € (r,n) + A, € (rn)] YT (3-81a)

n=0 m=—n

”‘C—Z Z (A%, €1 (r,n) + A, €31 (r,n)] (Vo)

n=0 m=—n
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+ AL €0 () (Vo) }

n

"“Z—Z Z (A%, €L (r,n) + A, €3 (r,n)] (V)

n=0 m=—n

+AY X, n)(Yg)m}

o =3 S (A€l (rin) £ AN E ()} Y

n=0 m=—n

:f;C—Z Z {[4%,. €1 (r,n) + A}, €5 (r,n)] (Yo)r

n=0 m=—n

+AY €21 (r,n)(Ye)m}

n

Z Z {[A%, €L (r,n) + A, €3 (r,n)] (V)

n=0 m=—n

+AY ¢X(r, n)(Yg)m}

0%0—-22 }: {47, €1 (r,n) + AY, €1 (r.n) + AL €5 (rn) }

n=0 m=—n

Z Z A2, @l (r,n) + A, €L (r,n) + A €2L(r,n)}

n=0 m=—n

oﬁf-}j }: {A%,Ea1(r,n) + AY, €51 (r, ) + AL, €51 (r,n

n=0 m=—n

(3-81b)

(3-81c)

(3-81d)

(3-81e)

(3-81f)

(3-81g)

(3-81h)

(3-81i)

where superscript inc denotes the contribution from the incident waves. In Cartesian

coordinate system, displacements and stresses can be obtained using Eqgs. (D-8a) and

(D-10a).

For plane longitudinal incident wave represented by displacement potentials in

Eq. (2-131), which are repeated here
(bmc _ ze—inrcos(G) _ Y —ikz ¢inc _ ,inc 0’

K K

the expansion expression of ¢ in Eq. (2-132) is repeated here

waEZQ%X 47 (2n + 1), (k) Y.2(0, @)
n=0

and the displacements and stresses in Section 2-6.1 are repeated here

u:ﬂnc — coS Qe—mr 00507
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uénc — _sin eefmrcosﬂ

o7 = [\(—ik) + 2pu(—ik cos® §))e " o0
:ﬂrch — ,U/(zili sin 6 COoS 6>€7im“ t:os&7

ot = [MN(—ir) + 2u(—in sin? 9)]e s

o_z'nc — )\(_ili>e—inr0059;

P
nc __ _inc __ __inc __

Uy, = 0., = 0p, =0

uine — e—mrcosﬁ — e—mz’

z

ol = \(—iKk)e ",

O’ = A(—iK)e ",

o1 = (A + 2p) (—in)e .

nc __ _inc __ __inc __ __inc __ __inc __
U, =U = = = =0
Y Ty Tz Yz

(3-84b)
(3-84c)
(3-84d)
(3-84e)
(3-84f)
(3-84g)
(3-84h)
(3-84i)
(3-84j)
(3-84k)

(3-841)

After solving Eq. (3-75), the scattered wave expansion coefficients {B;} are ob-

tained in Scatterer I's local coordinate system. For any point (x,y,z) in the global

Cartesian coordinate system, its coordinates (x,ys,z7) in local Cartesian coordinate

system can be obtained through coordinate translation, and its coordinates (r;,07,¢7)

in local spherical coordinate system can be obtained using Eq. (D-2). The contribu-

tion to the displacements and stresses from the scattered waves can be expressed in

each scatterer’s local spherical coordinate system. For Scatterer I,

sct
u]’l‘]

sct

Ugg, =

sct
Upg;

Z Z [B?mnell TI’ )_’_Blmn@ll(rla )] Ynm

n=0 m=—n

3 S {[Bhn @) + Bl €8] (Vo)

n=0 m=—n

B €531, m) (V) |

=3 3 {[Bhetienm + B €] (0

n=0 m=—n
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sct
UIT]T]

sct
UITIGI

sct
Olrror

sct
0100, —

sct
Olorer =

sct
O10ror =

B¢

Imn

n=0 m=—n

ZZ {[ Imn &5 (rr,m) +

n=0 m=—n

B¢

Imn

n=0 m=—n

B1/1

Imn

(’331(77’ )(Yﬁ)nm}
ZZ{ Imn €5 (r,m) +

E2 () (Yol }

Z Z {[ Imn &g (rr,m) +
GSI(TI’ )(YG)nm}

Imn€41 (777 )} Ynm

(3-85¢)

(3-85d)

B €, m)| (Vo)

(3-85¢)

Bl € m)| (V)3

(3-85f)

D 3 { Bl m) + Bl e, m) + B )} (385

n=0 m=—n

Z Z { Im” 61 I'[, )+Blmn€61(r17 )+Blmn€61<r17 >} (3785h>

n=0 m=—n

Z Z { rmn€ o1 (r1, 1) +

n=0 m=—n

IanSQl (I'[, )

IanSQl (rr,n) } (3-85i)

The contribution to the displacements and stresses from the scattered waves can

also be expressed in each scatterer’s local Cartesian coordinate system. For Scatterer

1,

sct sct
Olzx UIxy

sct sct
O-Ia:y O-Iyy

sct sct
OTzz Ulyz

sin 0y cos
cos By cos
—sin ¢y
sin 0y cos
cos By cos
—siner
sin 0y cos
cos B cos pr

—sin @y

sin 0y sin ¢
cos 67 sin ¢;
CoS Q1
sin 0y sin ¢
cos 6y sin ¢;
CoS Q1
sin 0y sin ¢
cos O sin ¢

Cos Y
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cos 0
—sin 9[
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cos 0
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The total displacements and stresses in the host medium in the global Cartesian

system can be expressed as

N

g = Ul + Y upd (3-88a)
I=1
N

wy = Ui+ upd (3-88D)
I=1
N

we = ul 4+ g (3-88¢)
I=1
N

Ouw =0+ Y 05, (3-88d)
=1
N

Oy = O + Z o, (3-88e)
=1
N

Op =0+ Y oL, (3-88f)
=1
N

Oy =+ > or (3-88g)
=1
N

Oy = 0P+ Y ofe (3-88h)
=1
N

0. =00+ oy (3-88i)
=1

where N is the number of scatterers.

Following Egs. (D-8b) and (D-10b) for coordinate transformation, the total dis-
placements and stresses in the global spherical system can be obtained from those in
the global Cartesian system.

At a position inside of a scatterer, wave fields are computed from the refracted
waves of the scatterer. For Scatterer I, the refracted wave expansion coefficients {C};
are obtained from the scattered wave expansion coefficients {B;} using Eq. (2-107),

such as

{CI} = [GI]{BI}a (3*89)
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where [G/] can be obtained using Eq. (2-108). For Scatterer I,

W =30 3 Ol @) + O lhrrm)] 1

n=0 m=—n

i =3 3 {[Chnihtrrn) + €@, m)] (Va2

n=0 m=—n

c;”mne%(n,n)(m)x}

i =3 3 {[Chrrm) + O )] (V)1

n=0 m=—n

c;”mneéé(n,nxxe);”}

7t =3 S {8 ) + €)Y

n=0 m=—n
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(3-90b)

(3-90c)
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(3-90f)
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(3-90h)
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O-Ixy Ulyy Ulyz
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Ol O_Iyz 0122
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cos 0y cos
—sin ¢y
sin 0y cos
cos 0 cos

—sin @y

sin 0y sin ¢
cos O sin g
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sin 0y sin ¢
cos O sin ¢
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cos 0
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Orrrer 9160101 Olpre;
(3-92)

Wave fields in a local Cartesian system are the same as in the global Cartesian system.
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Chapter 4

Implementation of Multiple

Scattering Solution

4-1 Introduction

In this chapter, issues concerning computer implementation of the multiple scat-
tering solution are addressed. Since the addition theorems are important parts of the
multiple scattering solution, issues concerning their implementation are also consid-
ered in this chapter.

In this thesis, the multiple-scattering solution, which is represented by a set of
linear equations, Eq. (3-75), is implemented. In Section 4-2, numerical examples of
computing wave fields are used to examine implementation of the addition theorems.
In Section 4-3, the relation of truncation number and truncation error for the mul-
tiple scattering solution is discussed, and the multiple-scattering solution is verified.
The verifications are based on three approaches: (1) published results, (2) energy

conservation, and (3) boundary continuities.
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4-2 Implementation of Addition Theorems

Figure 4.1, which is the same as Fig. 3.3, is referred to in this section. The origin
of the global coordinate system is the position O, and the origin of the local coor-
dinate system is the position O’. Wave expansion bases in both coordinate systems
can be transformed from each other with help of the scalar addition theorems. Ex-
pressions of a vector, such as a displacement vector and a surface traction, in both
coordinate systems can be transformed with help of the vector addition theorem. The
scalar addition theorem is used in the vector addition theorem. Wave fields, such as
displacements and stresses, can be computed in both coordinate systems. Each field,
such as u,, computed in both coordinate systems is expected to be same. Implemen-
tation of the addition theorems are verified through comparison of wave fields in two

coordinate systems.

Figure 4.1: Vectors » = v/ + r” for addition theorem.

Ten positions at a spherical surface of unit radius are chosen for computing dis-
placements and stresses. The spherical surface is centered at position O’, the origin of
the local coordinate system in Fig. 4.1. In the local coordinate system, spherical and

Cartesian coordinates are listed in Table 4.1. The spherical coordinates in Table 4.1
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are chosen according to the following Fibonacci grids:

in(m(—1 + 0.4
r'=R=1, ¢ =acos | —1+0.4i + sin(r(=1+04)| = 4 o = 0.6im. (41
T

Equation (4-1) is obtained by letting F' = 5 and F’ = 3 in Eq. (2-129). The spherical
coordinates of the first five positions in Table 4.1 are (7}, 0., ¢!) with 1 < i < 5,
and the spherical coordinates of the last five positions (7}, 0, 7 + ¢}) with 1 < i <

2R

5. The Cartesian coordinates in Table 4.1 are obtained from spherical coordinates

Table 4.1: Coordinates of Ten Positions in the Local System.

Position Spherical coordinates Cartesian coordinates
', 0'(radians), ¢'(radians) 'y, 2
1 1, 2.696872, 1.884956 —0.132941, 0.409150, —0.902731
2 1, 1.968278, 3.769911 —0.745945, —0.541961, —0.387098
3 1, 1.173314, 5.654867 0.745945, —0.541961, 0.387098
4 1, 0.444721, 1.256637 0.132941, 0.409150, 0.902731
5 1, 0.100000, 3.141593 —0.099833,  1.223108x10~'7, 0.995004
6 1, 2.696872, 5.026548 0.132941, —0.409150, —0.902731
7 1, 1.968278, 0.628319 0.745945, 0.541961, —0.387098
8 1, 1.173314, 2.513274 —0.745945, 0.541961, 0.387098
9 1, 0.444721, 4.398230 —0.132941, —0.409150, 0.902731
10 1, 0.100000, 6.283185 0.099833, —2.446215x10~'7, 0.995004

using Eq. (D-1). Since v(r;, 0;, ;) = v'(r}, 0., %) + v"(r!, 07, ¢!) in Fig. 4.1, global
coordinates (r;,0;, ;) can be determined for these ten positions when 7 is specified.

The number of significant figures is used to describe the accuracy of a numerical
value compared with another value. In scientific notation a x 10°, coefficient a is
chosen such that 1 < a < 10 and exponent b is an integer. For comparison of
a; x 10 with as x 10”2 in general, the number of significant figures is zero when
by # by, and the number of significant figures is the number of digits which are the
same between a; and a,. Here, a reference value is used as an extra condition to the

definition of significant figures. The new definition follows through three numerical
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values: a; x 10%, ay x 10°2 and as x 10%. When the value as x 10% is used as the
reference to compare a; x 10° with as x 10%2, the number of significant figures is:

(1) the number of digits which are the same between a; and as, when b; = by and
by > bs;

(2) zero, when by # by and by > b3 or by > bs;

(3) the number of same digits between a; and as, plus b3 — by, when by = by and
b1 < bs;

(4) by — by, when by # by, by < by and by < bs.

Examples are given bellow to specify the reason for this definition.

For comparison of displacement u,, u, or u, at ten positions, the magnitude of
Uy, U, and u, at the positions may make a big difference. The maximum value of
\/W among the ten positions is chosen as the reference to compare values
at each of the ten positions. For example, assume the reference value is 1.000000 x 10*
to compare two values of u, in global and local coordinate systems. That is a3 x 10% =
1.000000 x 10*. Then,

(1) at one position, a; x 10 = 9.091254 x 10° and ay x 10 = 9.091252 x 10° so
that the number of significant figures is 6;

(2) at one position, a; x 10 = 8.919245 x 10° and ay x 10°2 = 9.291053 x 10° so
that the number of significant figures is 0;

(3) at one position, a; x 10% = 2.092145 x 1075 and ay x 10°2 = 2.130426 x 1076
so that the number of significant figures is 1 +1 — (—6) = §;

(4) at one position, a; x 10° = 2.091254 x 1071* and ay x 10”2 = 1.103462 x 10~7
so that the number of significant figures is 0 + 1 — (—7) = 8.

The comparison of small values is highlighted in this definition of significant figures.

In this section, a steel sphere and an ice matrix are chosen, because the ice matrix

is going to be used in next section and the elastic properties and mass density of steel
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are much larger than the corresponding ones of ice. The material properties are given
in Table 4.2. For scattering of elastic waves by a steel sphere embedded in ice matrix,
wave fields are computed in the global and local coordinate systems in Fig 4.1. The
steel sphere of unit radius sits at origin O of the global coordinate system. The wave
frequency is 10° hz. In ice, the longitudinal wave number is xa = 1.5787 (with a as
the radius of the steel sphere) and shear wave number is ka = 3.1574. In the steel, the

longitudinal wave number is ka = 16.8740 and shear wave number is ka = 31.2248.

Table 4.2: Material Properties of Low Carbon Steel (After [2]) and Ice (After [3]).

Property Matrix (Ice) | Sphere (Steel)
Lamé constant A (GPa) 7.92 113.9
Lamé constant p (GPa) 3.96 80.
Density (kg/m?) 1000. 7800.
P wave speed (km/s) 3.98 5.926
S wave speed (km/s) 1.99 3.203

4-2.1 Transformation of Incident Wave Fields

In this section, incident wave fields at ten positions are computed in the global
and local coordinate systems in Fig. 4.1. Analytical expressions of the incident wave
fields are given in the global coordinate system. The vector addition theorem is used
in computation of incident wave fields in the local coordinate systems. Physically, the
incident wave fields at the same position should be the same. Then, comparison of
incident wave fields between two coordinate systems can be used to verify the vector
addition theorem.

The local coordinates of the ten positions are specified in Table 4.1. Two cases in
which " = 2.1ae, +2.1ae, + 2.1ae, and r"”’ = 21ae, +21ae, + 21ae, are considered.

An incident wave is represented by displacement potentials ¢, ¥ and y. Three types
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of incident waves are used in this section.
First, an incident wave is taken as ¢» = xy = 0, and ¢ in Eq. (2-131). Equation

(2-131) is repeated as

A~ ~

¢ _ %efinrcos(e) _ %efinz' (4_2)

The analytical expressions of displacements and stresses of this wave in the global
Cartesian coordinate systems are given in Eq. (2-138).

The wave expansion expression of ¢ in Eq. (2-132) is repeated as Eq. (4-3).

o)

PMe = Z % 4 (2n + 1), (k1) Y,2(0, ) (4-3)

n=0

The wave expansion coefficients of the incident wave in the global coordinate system
are obtained and written as {Ap}. The wave expansion coefficients of the incident
wave in local coordinate system, {Ao/}, can be obtained from {Ap} by applying the

vector addition theorem (through Eq. (3-49)). Equation (3-49) is written as

{Ao'} = [RgQoo]" {Ao}. (4-4)
The incident wave fields in the local spherical system can be computed through wave
expansion expressions in Eqgs. (2-43) and (2-44). The incident wave fields in the local
Cartesian coordinate system can be obtained from those in the local spherical system
by using coordinate transformation of Egs. (D-8a) and (D-10a). Each pair of incident
wave field in the local and global Cartesian systems, such as u, and u,/, should be
the same.

The maximum value of |/u2 + uZ + uZ among ten positions is taken as the refer-
ence for the comparison of each displacement component u,, u, or u,. The number
of significant figures of displacement u, at one position is obtained by comparing the
two values in both coordinate systems. The smallest number of significant figures of
u, at all ten positions is taken as the number of significant figures of u,. The smallest

number of significant figures of displacements u,, u, and u, is taken as the number of
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significant figures of displacements. The number of significant figures for the stresses
is obtained in the same way.

Figure 4.2 shows the relation between the truncation number and significant fig-
ures of displacements and the relation between the truncation number and significant
figures of stresses. In Fig. 4.2, r” = 3.64 represents that origin O’ has Cartesian
coordinates * = y = z = 2.1a in global Cartesian system and r” = 36.4 represents

that origin O’ has Cartesian coordinates = y = 2z = 21a in global Cartesian system.

Significant Figures
Significant Figures

2r @
0 ‘ ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘ ‘
4 6 8 10 12 14 16 18 4 6 8 10 12 14 16 18
Truncation Number Truncation Number
(a) For displacements (b) For stresses

Figure 4.2: Significant figures of displacements and stresses due to incident wave
¢ after coordinate transformation. xa = 1.5757 and " = a = 1. (a) Significant
figures of displacements vs. truncation number. (b) Significant figures of stresses vs.
truncation number.

Second, an incident wave is taken as ¢ = y = 0 and

w — éefik:rcosw) — %efikz. (475>
In analogy to Eq. (4-3), ¥ can be expanded as
. = (=)™ »
we = 3 0 a4 1, (b)Y, ). (40

n=0

Following relation between displacements, strains and stresses and displacement po-

tentials, analytical expressions of displacements and stresses can be obtained for this
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incident wave. In spherical coordinate system,

u, = 7 sin e~ %0 (4-T7a)
Orp = pu[—ikr sin 0 cos §)]e "7 osb (4-7D)
0o, = pfikr sin® §)]e =T cos? (4-7¢)

Up = Uy = Opp = Ogg = Oy = g = 0. (4-7d)

In Cartesian coordinate system

Uy = —7 sin 0 sin pe FTest — g pmihz (4-8a)
u, = r8in 0 cos pe KT8l = e thz (4-8b)
04, = p(iky)e % (4-8c)
0y = p(—ikz)e " (4-8d)
Uy = Opg = Oy = Oy = 0, = 0 (4-8e)

By following the procedure in the first case, displacements and stresses in the local
Cartesian coordinate system are obtained. The relations between truncation number

and numbers of significant figures of displacements and stresses are shown in Fig. 4.3.

Third, an incident wave is taken as ¢ = ¢ = 0 and

~

Y = %e—ikr cos(f) _ %e—ik‘z' (479)
In analogy to Eq. (4-3), x can be expanded as
X"=Y =" Am(2n + 1), (kr)Y2(8, ©). (4-10)
n=0 k

Following relation between displacements, strains and stresses and displacement po-
tentials, analytical expressions of displacements and stresses can be obtained for this

incident wave. In spherical coordinate system,

Uy = (—ik cos0) + rcos O(—ik cos ) + rk2l]e*ikrcose

2 ?

| =
| >
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Significant Figures
Significant Figures

4 6 8 10 12 14 16 18 4 6 8 10 12 14 16 18

Truncation Number Truncation Number
(a) For displacements (b) For stresses

Figure 4.3: Significant figures of displacements and stresses due to incident wave
¢ after coordinate transformation. ka = 3.1574 and " = a = 1. (a) Significant
figures of displacements vs. truncation number. (b) Significant figures of stresses vs.
truncation number.

1 .
=7 2 cos 0 + ikr sin? f]e " os? (4-11a)
1.12 R
Up = E[;%(ikr sin ) + (—sin ) + cos O(ikr sin )] e 7 cs?
1
= E[—2 sin 6 + ikr sin 6 cos 6] (4-11b)
O = 2p[kr sin? 0 cos 6 4 (sin? 6 — 2 cos? §)]e kT cosb (4-11c)

1 1
Org = % —(—2sinf — k*r?sin® @ + 24kr sin 0 cos §) — —(—2sin 6 + ikr sin @ cos 0)
r r

+k*rsin 6 cos® 0 + i3k sin  cos 0] e~ s’
= p[kr sin (cos? 6 — sin’ ) + 6 sin 0 cos §e~*r cos? (4-11d)

Opg = a [2 cos O + ikrsin® 0 — 2 cos§ — k*r?sin® 0 cos 0

r

+ikr(cos® 0 — 3sin® 0)] e~ eos?

= 2u[i(cos® § — 2sin” §) — kr sin®  cos e *r cos0 (4-11e)
2 0 .
Opp = k—'l;[() + 2 cos 6 + ikr sin® § + Z?je (—2sin @ + ikr sin 0 cos )]e " eos?
= 2p(i)e"H e (4-11f)
Up = Opp = 0y = 0 (4-11g)

109



In Cartesian coordinate system,

Uy = i1 sin @ sin e FT 80 — gtk (4-12)
w, = irsin 0 sin e 7080 = jye iRz (4-13)
u, = %e‘ik‘z (4-14)
Ouw = 21(ie™ %) (4-15)
0y = 2u(ie” ") (4-16)
Opw = 2u(—12e7 %) (4-17)
Oy = p(kx)e ™ (4-18)
ay. = p(ky)e ™ (4-19)
Gay =0 (4-20)

By following the procedure in the first case, displacements and stresses in the local
Cartesian coordinate system are obtained. The relations between truncation number

and numbers of significant figures of displacements and stresses are shown in Fig. 4.4.

Significant Figures
Significant Figures

2t K
’
0 ‘ ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘ ‘
4 6 8 10 12 14 16 18 4 6 8 10 12 14 16 18
Truncation Number Truncation Number
(a) For displacements (b) For stresses

Figure 4.4: Significant figures of displacements and stresses due to incident wave )
after coordinate transformation. ka = 3.1574 and r’ = a. (a) Significant figures of
displacements vs. truncation number. (b) Significant figures of stresses vs. truncation
number.
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In Fig. 4.2, displacements and stresses (due to incident wave ¢) computed in
two coordinate systems have 5 significant figures when the truncation number is 5,
and the number of significant figures generally increases when the truncation number
increases. In Fig. 4.3, displacements and stresses (due to incident wave 1)) computed in
two coordinate systems have 3 or more significant figures when the truncation number
is 9, and the number of significant figures generally increases when the truncation
number increases. In Fig. 4.4, displacements and stresses (due to incident wave x)
computed in two coordinate systems have 3 or more significant figures when the
truncation number is 9, and the number of significant figures generally increases
when the truncation number increases. Because the vector addition theorem is used
to compute the incident wave fields in the local coordinate system that agree with
the incident wave fields in the global coordinate system, the vector addition theorem
is verified.

In Figs. 4.2 through 4.4, for the same distance r”, the number of significant figures
of shear wave fields is smaller than that of longitudinal wave fields after transforma-
tion, since the shear wave number is larger than the longitudinal wave number for
same wave frequency. The truncation number should be not less than 14 in order to

obtain 6 or more significant figures of incident wave fields for the case of " < 36.4.

4-2.2 Transformation of Scattered Wave Fields

Scattered wave fields in one coordinate system can be re-expressed in another
coordinate system with help of the vector addition theorem. Physically, the scattered
wave fields at the same position should be the same. Then, comparison of scattered
wave fields between two coordinate systems can be used to verify the vector addition
theorem.

Single scattering is considered in this section. One scatterer is centered at position
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O, the origin of global coordinate system in Fig. 4.1. The scattered wave fields at ten
positions are computed in the global and local coordinate systems in Fig. 4.1. The
vector addition theorem is used in computation of the scattered wave fields in the
local coordinate system. Comparison of the scattered wave fields between global and
local coordinate systems can be used to verify the vector addition theorem.

The local coordinates of the ten positions are specified in Table 4.1. Two cases in
which " = 2.1ae, +2.1ae, + 2.1ae, and "’ = 21ae, +21ae, + 21ae, are considered.
An incident wave is represented by displacement potentials ¢, 1 and x. Three types
of incident waves are used in this section.

First, an incident wave is taken as ¥ = y = 0, and ¢ in Eq.(4-2). The wave
expansion coefficients of the incident wave in the global coordinate system are ob-
tained by using Eq. (4-3) and written as {Ap}. The wave expansion coefficients of the
scattered waves in the global coordinate system can be obtained by solving the single
scattering problem, and can be written as {Bp}. The displacements and stresses
due to the scattered waves in the global coordinate system can be computed through
wave expansion expressions in Egs. (2-43) and (2-44). The scattered wave fields in
the global Cartesian coordinate system can be obtained from those in the global
spherical system by using coordinate transformation of Egs. (D-8a) and (D-10a).

When the wave expansion bases {h(-)} in the global coordinate system are trans-
formed as {j(-)} , the wave expansion coefficients {Ao/} corresponding to {j(-)},
can be obtained by applying vector addition theorem through Eq. (3-47). Equation
(3-47) can be written as

{Ao'} = [Qoo]" {Bo}. (4-21)
The displacements and stresses due to the scattered waves in the local coordinate
system can be computed through wave expansion expressions in Egs. (2-43) and

(2-44). The scattered wave fields in the local Cartesian coordinate system can be
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obtained from those in the local spherical system by using coordinate transformation
of Egs. (D-8a) and (D-10a). Each pair of scattered wave field in the local and global
Cartesian systems, such as u, and u,, should be the same.

The maximum value of |/u2 + uZ + uZ among ten positions is taken as the refer-
ence for the comparison of each displacement component u,, u, or u,. The number
of significant figures of displacement u, at one position is obtained by comparing the
two values in both coordinate systems. The smallest number of significant figures of
u, at all ten positions is taken as the number of significant figures of u,. The smallest
number of significant figures of displacements u,, u, and u, is taken as the number of
significant figures of displacements. The number of significant figures for the stresses
is obtained in the same way.

Figure 4.5 shows the relation between the truncation number and significant fig-
ures of displacements and the relation between the truncation number and significant
figures of stresses. In Fig. 4.5, r” = 3.64 represents that origin O’ has Cartesian co-
ordinates = y = z = 2.1a in the global Cartesian system and r” = 36.4 represents
that origin O has Cartesian coordinates * = y = z = 2la in the global Cartesian
system.

Similarly, when the incident wave is taken as ¢ = y = 0 and v in Eq. (4-5), the
relation of truncation number and the significant figures of scattered wave fields are
shown in Fig. 4.6. When the incident wave is taken as ¢ = ¢ = 0 and x in Eq. (4-9),
the significant figures of scattered wave fields are shown in Fig. 4.7. In these figures,
r"” = 3.64 represents that origin O’ has Cartesian coordinates x = y = z = 2.1a in
the global Cartesian system and r” = 36.4 represents that origin O’ has Cartesian
coordinates = y = z = 21a in the global Cartesian system.

The results of comparison are shown in Figs. 4.5 through 4.7. In Fig. 4.5, the

transformed results have 2 or more significant figures when the truncation number
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Figure 4.5: Significant figures of the transformed results of displacement and stress
due to the scattered waves for incident wave ¢. ka = 1.5757, ka = 3.1574, and v’ = a.
(a) Significant figures of displacements vs. truncation number. (b) Significant figures
of stresses vs. truncation number.
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Figure 4.6: Significant figures of the transformed results of displacement and stress
due to scattered waves for incident wave ¢. ka = 1.5757, ka = 3.1574, and r’ = a.
(a) Significant figures of displacements vs. truncation number. (b) Significant figures
of stresses vs. truncation number.
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Figure 4.7: Significant figures of the transformed results of displacement and stress
due to the scattered waves for incident wave x. ka = 1.5757, ka = 3.1574, and v’ = a.
(a) Significant figures of displacements vs. truncation number. (b) Significant figures
of stresses vs. truncation number.

is 7 or larger. In Fig. 4.6, the transformed results have 2 or more significant figures
when the truncation number is 8 or larger. In Fig. 4.7, the transformed results have 2
or more significant figures when the truncation number is 8 or larger. Generally, the
number of significant figures of the scattered wave fields increases when the distance r”
increases for the same truncation number, which agrees with the discussion about the
truncation criterion in Section 2-6.2. The truncation number should be not smaller
than 14 in order to have 6 or more significant figures of scattered wave fields when
r” > 3.64. The vector addition theorem is also verified by comparison of scattered
wave fields in two coordinate systems, because the vector addition theorem is used in
the computation of the transformed scattered wave fields.

By comparing Figs. 4.2 with 4.5, comparing Figs. 4.3 with 4.6, and comparing
Figs. 4.4 with 4.7, it is observed that the number of significant figures of the incident
wave fields (due to coordinate transformation) is larger than that of the scattered
wave fields (due to coordinate transformation) for the same truncation number and

the same distance r".
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4-3 Program Verification

In this section, the truncation criterion for the multiple scattering solution is
discussed and implementation of the multiple scattering solution is verified. The
verification is first through a published result, then through the fundamental physical

principle of energy conservation, and finally, through boundary continuities.

4-3.1 Truncation Error

In this section, the truncation error of the multiple scattering solution in Eq. (3-75)
is discussed. Recall Eq. (3-75). It is noticed that the truncation error comes from
incident wave expansion coefficients matrix {A;}, coordinate transformation matrix
[Qrs], and the super T-matrix [T;]. By comparing the multiple scattering solution in
Eq. (3-75) and the single scattering solution in Eq. (2-101), coordinate transformation
matrix [Q;] provides one more source for truncation error.

Generally, an incident wave is given in the global coordinate system. The incident
wave expansion coefficients matrix {A;} in the local coordinate system of scatterer .J
is obtained from that in the global coordinate system through coordinate transforma-
tion. The transformation of the wave fields due to longitudinal plane incident waves
is discussed in Section 4-2.1. In Eq.(3-75), the coordinate transformation matrix
[Qrs] provide the coordinate transformation of the wave expansion bases {h(-)} in
one coordinate system as {j ()} in another coordinate system. The transformation of
the scattered wave fields is discussed in Section 4-2.2. It is concluded in Section 4-2
that the number of significant figures of the incident wave fields (due to coordinate
transformation) is larger than that of the scattered wave fields (due to coordinate
transformation) for the same truncation number and the same distance r”. There-

fore, the error of scattered wave fields due to coordinate transformation using matrix
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[Q;/] is treated as the truncation error in the multiple scattering solution in this
thesis.

Recall Eq. (3-45), which is the definition of the coordinate transformation ma-
trix [Qrs]. The entries in [Q;;] are based on the first equation in Eq.(3-4) with

the requirement that " < r”. The first equation in Eq. (3-4) is repeated here for

convenience.
20 P
h (k)Y (0, ) = Z Z anm,pq("“”)jp(krl)ypq(ely ¢') for rh<r’s (4-22)
p=0 g=—p

The r” plays an important role in determining the relation between the truncation
number and the truncation error, because the truncation error increases when the r”
decreases in Figs. 4.5 through 4.7.

The coordinate ¢’ also plays an important role in determining the relation between
the truncation number and the truncation error. When the truncation number is 20,
examples of the number of significant figures of the right hand side (RHS) of Eq. (4-22)
are shown in Fig. 4.8. For n = 1 and m = 0, the RHS has eleven significant figures at
¢/ = 7 but has no significant figures at ¢’ = 0.57. For n = 20 and m = 0, the RHS
has no significant figures at ¢ = m but has seven significant figures at ¢’ = 0.57.

There is no explanation yet for the cases that the RHS has no significant figures.

4-3.2 Comparison with a Published Result

By using an iterative method to solve multiple scattering problems, Doyle [*4

shows images of wave fields for multiple scattering by two spherical quartz scatterers
in ice. The material properties of quartz and ice are listed in Table 4.3, which are
provided by Doyle 1. In [24], the incident longitudinal plane wave propagates along
the positive direction of Z-axis, and the two scatterers are spheres of 0.5 mm radius

and centered at Z-axis with 2z = —1mm and z = 1mm. The incident wave has
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Figure 4.8: Significant figures of the right hand side of Eq.(4-22) with trunca-
tion number 20 and £ = 1. In spherical coordinates, ' = (1.0,7/2,¢"), " =
(3.81,7/2,m). (a) m=0: n=0and n=1. (b) m=0: n =19 and n = 20.

frequency of 5 MHz and displacement of unit amplitude. At this frequency, the
longitudinal wave number is ka = 1.5787 (with a as the radius of the spheres) and
shear wave number is ka = 3.1574; in the steel, the longitudinal wave number is

ka = 1.1780 and shear wave number is ka = 1.7850.

Table 4.3: Material Properties of Quartz and Ice.

Property Matrix (Ice) | Sphere (Quartz)
Lamé constant A (GPa) 7.92 16.235
Lamé constant p (GPa) 3.96 32.215
Density (kg/m?) 1000. 2600.
P wave speed (km/s) 3.98 5.57
S wave speed (km/s) 1.99 3.52

The real part of the displacement u, of total waves in « = 0 plane is shown in
Fig.6(a) in [24]. Figure 6(a) in [24] is duplicated here as Fig. 4.9(a). The image is
400x400 pixels with a pixel size of 0.01x0.01 mm and the gray scale ranges are —1.8

to 1.29 P91 The truncation number is 12 and the truncation error is on the order of

1% 24,
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Figure 4.9: Comparison with published result of multiple scattering of 5-MHz longi-
tudinal plane wave incident on a pair of 1.0-mm diameter quartz spheres in ice. Two
spheres are 2.0-mm away and sit at Z-axis symmetrically about origin.

The multiple scattering problem of two spherical quartz scatterers in ice is solved
through Eq. (3-75). Following the procedure of computation in Section 3-4.3, the
displacement u, of total waves can be calculated. The displacement u, of total waves
in x = 0 plane is shown in Fig. 4.9(b). Images in Figs. 4.9(a) and 4.9(b) have the
same size, the same resolution, and the same gray scale ranges. Figure 4.9(b) agrees
with Figure 4.9(a).

As mentioned in Section 4-3.1, the truncation error of scattered wave fields due to
coordinate transformation can serve as the truncation error in a multiple scattering
solution. Figure 4.10 shows the number of significant figures of incident and scat-
tered wave fields due to coordinate transformation for the computation of producing
Fig. 4.9(b). Incident wave fields (over spherical surface of a scatterer) computed in
the local coordinate system of a scatterer are compared with those computed in the
global coordinate system. Scattered wave fields of one scatterer are transformed as

wave fields in the coordinate system of the other scatterer. The fields are computed
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over the spherical surface of the second scatterer from both coordinate systems. The
number of significant figures is obtained in the same way as in Section 4-2.
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Figure 4.10: Significant figures of incident and scattered wave fields due to coordi-
nate transformation. A 5-MHz longitudinal plane wave incident on a pair of 1.0-mm
diameter quartz spheres in ice.

In Fig. 4.10, the number of significant figures of the scattered wave fields is larger
than that of the incident wave fields. When analytical expressions of incident wave
fields are used, the truncation error of the scattered wave fields is the truncation error
in the multiple scattering solution. For the computation of producing Fig. 4.9(b)
(with truncation number 12), the truncation error is 1 x 107° that corresponds to five

significant figures in the solution.

4-3.3 Energy Conservation

The energy flux across a closed spherical surface is checked for the multiple scat-
tering solution of producing Fig. 4.9(b). These two scatterers are centered on the
Z-axis and symmetric about the origin, with each being 1 mm away from the ori-

gin. The energy flux is evaluated using the normalized average energy flux (E)y in
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Eq. (2-149). In Eq.(2-149), é;,. can be found in Eq. (2-148) and (E) can be com-
puted through Eq.(2-130) for a spherical surface of radius R. And in Eq. (2-130),
stresses and displacements are the fields of total waves and computed by following
the process in Section 3-4.3.

The normalized average energy flux (F)y in Eq.(2-149) is evaluated for three
cases: (1) scatterers are outside the spherical surface of radius » = 1mm, which
is centered at Cartesian coordinates (z = y = z = 2mm); (2) a spherical surface
is concentric with the scatterer that is centered at Cartesian coordinates (z = y =
Omm, z = 1mm) and the radius of the spherical surface is r = 0.75mm or r =
3.75 mm; (3) both scatterers are inside the spherical surface, which is centered at the

origin or the middle position between two scatterers and a radius is chosen in the

range of 2 < r < 55. The results are shown in Table 4.4.

Table 4.4: Normalized Average Energy Flux through Closed Surfaces

r(mm) (E)n
Case-1 1 1.47825 x 1077
Case-2 0.75 5.70025 x 10712
3.75 | 6.62623 x 1013
2 4.35270 x 10713
3 1.37697 x 1014
Case-3 4 4.33971 x 10714
5 4.35133 x 10716
55 1.26702 x 10~13

Note: Truncation number is 12, k = 7893.5m L.

The normalized average energy flux (E) ~ is supposed to be zero, since there is
no energy generation or dissipation inside the spherical surface in each of the cases.
The values in Table 4.4 show that energy conservation is satisfied and the numerical

errors are on the order of 10~7 or less.
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4-3.4 Field Continuity

Continuities of displacement and surface traction at the interface between the host
medium and each inclusion should be satisfied in the local coordinate system of each
inclusion. In local and global coordinate systems, displacement vector u at a position

can be written as
U = Upr€p + Ugr€yr + Uy €yt = Ugr €qr + Uyt €y + Uy ey
= uze, + uy e, +u.e, = u.e, + ugey + ug e, (4-23)

Therefore, the displacement continuity is satisfied in the global and all local coordinate
systems.

For the multiple scattering solution of producing Fig. 4.9(b), continuity of dis-
placement is shown through continuity of each displacement component in the global
coordinate system. Following the computation process in Section 3-4.3, at a point
outside the scatterer, the displacements are computed from the incident and all scat-
tered waves; at a point inside the scatterer, the displacements are computed from the
refracted waves of the scatterer. In Fig.4.11, modulus of u,, u, and u, in the y = 0
plane are shown. A black circle represents a scatterer’s boundary. At every point on
the boundary of one of the two scatterers, each displacement component from both
sides of the scatterer are the same, which is shown in Fig.4.11.

Similarly, the continuities of w,, uy and u, are shown through modulus of each
displacement component in Fig.4.12. The displacement continuity is satisfied.

For a multiple scattering solution, the continuity of surface traction requires con-
tinuities of stresses o,,,,, 0,6, and o,,,, in the local spherical coordinate system of
Scatterer I. The process of computing wave fields is stated in Section 3-4.3. For the
multiple scattering solution of producing Fig. 4.9(b), the local spherical coordinate

system of the scatterer with positive Z coordinate is chosen as an example. Let “1”
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Figure 4.11: Displacement continuity is shown through |u,|, |u,| and |u,| for the
multiple scattering of a longitudinal plane wave incident by a pair of quartz spheres in
ice. In ice, ka = 3.94675 and ka = 7.8935; In quartz, ra = 2.82008 and ka = 4.46247.
Two identical spheres of radius a are 4a away and sit at Z-axis symmetrically about
the origin. A black circle represents a scatterer’s boundary. (a) |u,| in the y = 0
plane, (b) |u,| in the y = 0 plane, (c) |u,| in the y = 0 plane.
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Figure 4.12: Displacement continuity is shown through |u,|, |us| and |u,| in the
y = 0 plane for the multiple scattering of a longitudinal plane wave incident by a
pair of quartz spheres in ice. In ice, ka = 3.94675 and ka = 7.8935; In quartz,
ka = 2.82008 and ka = 4.46247. Two identical spheres of radius a are 4a away and
sit at Z-axis symmetrically about the origin. A black circle represents a scatterer’s
boundary. (a) |u,| in the y = 0 plane, (b) |ug| in the y = 0 plane, (c) |u,| in the y = 0
plane.
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denote the local coordinate system. In Fig. 4.13, modulus of o,,,,, 0,9, and oy,
are shown. A black circle represents a scatterer’s boundary. At a point on the black
circle centered at the right side of Fig. 4.13(a), modulus of o,,,, obtained from both
sides of the scatterer are the same. But at a point on the black circle centered at the
left side of Fig. 4.13(a), modulus of o, ,, obtained from both sides of the scatterer
are not the same. Similar observation can be made for o,,4, in Fig. 4.13(b) and o,,,,
in Fig. 4.13(c). The continuity of surface traction is satisfied in the local coordinate
system of the local scatterer with positive Z coordinate.

The local spherical coordinate system of the scatterer with negative Z coordinate is
chosen as another example. Let “2” denote the local coordinate system. In Fig. 4.14,
modulus of o,,,, 0,9, and o,,,, are shown. A black circle represents a scatterer’s
boundary. At a point on the black circle centered at the left side of Fig. 4.14(a),
modulus of o,,,, obtained from both sides of the scatterer are the same. But at a
point on the black circle centered at the right side of Fig. 4.14(a), modulus of o,,,,
obtained from both sides of the scatterer are not the same. Similar observation can
be made for 0,,p, in Fig. 4.14(b) and o,,,, in Fig. 4.14(c). The continuity of surface
traction is also satisfied in the local coordinate system of the local scatterer with
negative Z coordinate. It is concluded that the continuity of surface traction, or
continuities of stresses oy,,,, 0,9, and o0,,,,, in the local spherical coordinate system

of Scatterer I are satisfied.

4-4 Concluding Remarks

The implementation of the multiple scattering solution has been verified through
computation of multiple scattering of 5-MHz longitudinal plane incident wave by a

pair of 1.0-mm diameter quartz spheres in ice. Figure. 6(a) in [24] is reproduced in
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Figure 4.13: Surface traction continuity is shown through |o,,,,|, [or,0,| and |0y, |
in the y = 0 plane for the multiple scattering of a longitudinal plane wave incident
by a pair of quartz spheres in ice. Stresses |oy,,,|, |0s10,| and |o,,,,| are in the local
spherical coordinate system of the scatterer at positive part of the Z-axis. In ice,
rka = 3.94675 and ka = 7.8935; In quartz, ka = 2.82008 and ka = 4.46247. Two
identical spheres of radius a are 4a away and sit at Z-axis symmetrically about the
origin. A black circle represents a scatterer’s boundary. (a) |o,,,,| in the y = 0 plane,
(b) |or6,| in the y = 0 plane, (¢) |0,,4,| in the y = 0 plane. At a point on the black
circle centered at the right side of Fig. 4.13(a), modulus of o,,,, obtained from both
sides of the scatterer are the same. But at a point on the black circle centered at the
left side of Fig. 4.13(a), modulus of o,,, obtained from both sides of the scatterer
are not the same. Similar observation can be made for 0,4, in Fig. 4.13(b) and o,,,,
in Fig. 4.13(c). The continuity of surface traction is satisfied in the local coordinate
system of the scatterer with positive Z coordinate.
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Figure 4.14: Surface traction continuity is shown through |0y, |, [0r,0,| and |0y, |
in the y = 0 plane for the multiple scattering of a longitudinal plane wave incident
by a pair of quartz spheres in ice. Stresses |0y,r,|, |0r,0,| and |o,,,,| are in the local
spherical coordinate system of the scatterer at negative part of the Z-axis. In ice,
rka = 3.94675 and ka = 7.8935; In quartz, ka = 2.82008 and ka = 4.46247. Two
identical spheres of radius a are 4a away and sit at Z-axis symmetrically about the
origin. A black circle represents a scatterer’s boundary. (a) |0, | in the y = 0 plane,
(b) |0ry6,| in the y = 0 plane, (¢) |o,,4,| in the y = 0 plane. At a point on the
black circle centered at the left side of Fig. 4.14(a), modulus of o,,,, obtained from
both sides of the scatterer are the same. But at a point on the black circle centered
at the right side of Fig. 4.14(a), modulus of o,,,, obtained from both sides of the
scatterer are not the same. Similar observation can be made for 0,4, in Fig. 4.14(b)
and oy,,, in Fig. 4.14(c). The continuity of surface traction is also satisfied in the
local coordinate system of the scatterer with negative Z coordinate.
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Fig. 4.9(b), and energy conservation and boundary continuity are also satisfied.

The truncation criterion for the multiple scattering solution is discussed. For a
particular computation, the convergence of scattered wave fields after translation can
serve as truncation criterion. The truncation criterion needs to be simplified in future

work.
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Chapter 5

Scatterer Polymerization

5-1 Introduction

Equation (3-75) represents the multiple scattering solution, which is repeated here

as

S B} = S (BY) - (B,) (51)

{B,} = [T/{A} + ) _[T/][Q]"{Bs} (5-2)

I=1
I£J

For notational simplicity, Eq. (3-75) is written as Eq. (3-78) and repeated here as

(B} = {A}, (5-3)

where {2}, {B} and [£] are defined in Egs. (3-76) and (3-77).
The [£] matrix is square and of order (3NM) for N scatterers when the trunca-
tion size of T-matriz of a scatterer is M. The size of computer memory required to
solve Eq. (5-3) grows at a rate of (3NM)2. With such a growth rate, the number

of scatterers in a multiple scattering problem to be solved is limited by computer

129



memory. As a way to overcome the limitation due to size of [£], the scatterer poly-
merization methodology % is used to reformulate the multiple scattering solution for
an arbitrary number of scatterers.

The scatterer polymerization methodology treats an assemblage of scatterers as
an abstract scatterer. In the single scattering solution, a T-matriz is defined for an
actual scatterer to relate the scattered wave expansion coefficients to the incident
wave expansion coefficients. The scatterer polymerization methodology finds a super
T-matriz for an abstract scatterer. Thus, the number of actual scatterers in solving
Eq. (3-78) is replaced by a lesser number of abstract scatterers.

This chapter describes the idea and the algorithm of the scatterer polymerization
methodology for three-dimensional multiple scattering of elastic waves. A numerical
example follows to verify this method by using different approaches, with or without

scatterer polymerization, to solve a physically identical multiple scattering problem.

5-2 Idea of Scatterer Polymerization Methodology

The idea of scatterer polymerization methodology is first introduced in two-

[34,50] " In three-dimensional space, the idea is the same. This

dimensional space
section and the next section are based on [34, 50].

In the single scattering problem, the scattered waves are valid outside the scatterer
and the refracted waves are valid inside the scatterer. The territory of the scatterer is
defined as the interior region of the scatterer. A T-matrix is defined for the scatterer.
When the T-matriz is obtained, the single scattering problem is solved, since the
T-matriz relates scattered wave expansion coefficients to incident wave expansion

coefficients in the local coordinate system of the scatterer.

In a multiple scattering problem with N scatterers in the host medium, the N
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scatterers can be assembled as a group. If a T-matriz for the assemblage of scatterers
can be defined and obtained to relate the scattered wave expansion coefficients to the
incident wave coefficients in the local coordinate system of the group, the assemblage
of scatterers can be treated as a single abstract scatterer and the multiple scattering
problem can be solved just like a single scattering problem. In comparison with the
single scatterer, the territory for the group can be defined to specify regions in which
the scattered and refracted waves of the group are valid.

When the number of scatterers is large, these scatterers can be divided into M
groups. Each of these groups can be assembled as an abstract scatterer. And then
the M abstract scatterers can be assembled as an abstract scatterer to solve the

scattering problem.
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Figure 5.1: An example of scatterer polymerization

Figure 5.1 illustrates this strategy as an example with 3 stages. At the left end
stands an actual scatterer. Then, an abstract scatterer in the first stage, in the second
stage, and in the third stage follow from left to right. In the first stage, the abstract
scatterer consists of 8 actual scatterers. In the second stage, the abstract scatterer

consists of 64 actual scatterers or 8 abstract scatterers (each one is formed in the first
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stage). In the third stage, the abstract scatterer at right side in Fig. 5.1 consists of
512 actual scatterers, 64 abstract scatterers (each one is formed in the first stage), or
8 abstract scatterers (each one is formed in the second stage). The process of such
assemblage can be repeated until an expected number of scatterers is reached in a
multiple scattering problem. Each step of assembling a group of scatterers is called
scatterer polymerization in analogy to polymer material science %, The abstract
scatterer built by a scatterer polymerization process is called a molecule. In the first
stage, the abstract scatterer is a molecule and each of the actual scatterers is called
an element. In general, an assemblage results in a molecule and a T'-matriz for the
molecule can be found in the process of scatterer polymerization.

As stated in Section 5-1, matrix [£] in the multiple scattering solution is a square
matrix of order (3NM) for N scatterers when truncation size of T'-matriz of a scat-
terer is M. The scatterer polymerization methodology splits actual scatterers into
small groups so that the number of scatterers in each stage of scatterer polymeriza-
tion process is reduced. Let [T] be the matrix of linear equations in one stage of the
scatterer polymerization process. The matrix [T] has size of (3MM)? when there
are N elements or molecules to be assembled in a scatterer polymerization process.
For example, 8 elements are assembled in the first stage of scatterer polymerization
process in Fig. 5.1 so that A/ = 8 in the first stage, and 8 molecules are assembled
in the second stage of scatterer polymerization process in Fig. 5.1 so that N' = 8 in
the second stage. The sizes of matrices [£] and [T] for solving the multiple scattering
problems in Fig. 5.1 are estimated and compared in Table. 5.1. In Table. 5.1, N are
the number of actual scatterers. In the first stage, the problem sizes are the same.
When the scatterer polymerization method is used, the problem sizes in the sec-
ond and third stages are significantly smaller than those without using the scatterer

polymerization method.
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It should be noted that the number of identical actual scatterers or molecules to
be assembled in each stage in Fig. 5.1 happens to be 8. There is no such a restriction
for the scatterer polymerization methodology. In a stage of scatterer polymerization
process, a group of actual scatterers, abstract scatterers or a mixture of actual and
abstract scatterers can be assembled as a molecule. It depends on the geometrical
position of actual scatterers in the host medium.

Table 5.1: Comparison of Problem Sizes of Scatterer Polymerization Methodology
and Multiple Scattering

Scatterer Polymerization Multiple Scattering
N[ N |Size (~ BNM)?) N | Size (~ (3NM)?)
Stage 1| 8 | 8 ~ 576 M?> 8 ~ 576 M?>
Stage 2 | 8 | 64 ~ 576 M?> 64 ~ 36864M?
Stage 3 | 8 | 512 ~ 576 M? 512 | ~ 2359296M?2

5-3 Algorithm of Scatterer Polymerization

The algorithm of scatterer polymerization is based on the multiple scattering so-
lution. Recall Eq. (3-79). Recall in Eq. (3-79), the displacement potentials of total
waves are expressed in global and local coordinate systems. The displacement poten-
tials of total waves are required to be expressed in only one coordinate system in the

process of scatterer polymerization such that

0 ={A"}{j(r, )} +{B*} {h(x,7)} (5-4a)
v ={A"}{j(k, )} +{B "} {h(k,7)} (5-4D)
X ={A Gk, r)} +{B} {h(k,r)} (5-4c)
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5-3.1 Mathematics of Scatterer Polymerization
Multiple scattering solution Eq. (5-3) can be written as
{3} =[g] {2}, (5-5)

where matrices {8} and {8} in Eq. (3-76) are repeated here,

[ (B} ) (A | [ mIReQo" |
{Bs} [To]{A2} [T [RgQos]"
{B} = {Bs} , A= [Ts]{Asz} - [T5] [Rng:s]T {A} (5-6)
[ (B~} | [Tv{Ax} | | [Tw][RgQon]"

The matrix {B,} is the scattered wave expansion coefficients in scatterer J’s local
coordinate system. The matrix [£] is square and of order (3NM) for N scatterers
when the truncation size of matrix [T;| of Scatterer I is 3M.

Define a matrix [£] such that

[ K] (K [Kig] o [Kin] |
[Koi]  [Kao] [Kas] ... [Kin]
Rl =187 = | Ka] [Kso] [Ksg] ... [Kun] (5-7)
| [Kyvi1] [Kyo] [Kys] o [Kyn] |

where the matrix [K;] is defined as a square matrix of order 3M. Then, the solution

structure of {B} suggests that
N

By} =) [Ku[T{Ar} =D [Ky][T/] [RgQos)" {A} (5-8)

=1
The scattered wave expansion coefficients {B;} is in the local coordinate system of

Scatterer J. Referring to Fig. 5.2, the scattered waves in the local coordinate system
of scatterer J (with origin at O;) can be transformed as scattered waves in the global

coordinate system (with origin at O). The wave expansion coefficients in the global
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coordinate system {Bo gueto.s} from the contribution of Scatterer J can be obtained

according to Eq. (3-48),

{BOduetoJ} = [Rg@JO]T {BJ} (579>

The summation of contributions from all scatterers forms the total scattered wave

expansion coefficients in the global coordinate system, such as
N

{B} = " [RgQuo]" {B,} (5-10)

J=1
Substituting Eq. (5-8) into Eq. (5-10) renders
N

{B} =Y [RgQuo]" > [K[T1] [RgQor]" {A} (5-11)

I=1

Scatterer J

"o

Figure 5.2: Position O is chosen as the origin of the global coordinate system for 4
scatterers.

In comparison with Eq. (2-101), which is repeated as
{B} = [T{A}, (5-12)

Eq. (5-11) can be written as
{B} = [To]{A} (5-13)

where [T5] is the super T-matrix for this group of N scatterers with position O as
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origin of the coordinate system and

[T5] = Z [RgQ0]" Z[KJ[] [T7] [RgQor]" (5-14)

Then, {B?}, {B"} and {B?} can be obtained from {B} according to Eq. (2-100).
The wave fields can be computed just like those of a single scattering problem. In

details, displacements and stresses due to the scattered waves can be computed using

Egs. (2-109a) through (2-109i).

5-3.2 Core Region and Territory of An Abstract Scatterer

As shown in Section 5-3.1, the super T-matriz for an assemblage of scatterers
are obtained through Eq.(5-14). The assemblage of scatterers are treated as an
abstract scatterer. As an example in Fig.5.3, four scatterers are treated as an abstract

scatterer.

“Scatterer J

\*Q\-;, |

Figure 5.3: Core and territory of an abstract scatterer made up of 4 scatterers. The
core is defined as the spherical region of radius 7., where r. = |OO,| and |00}/ is the
largest distance from the origin O to each local origin. The territory is the smallest
spherical surface that circumscribes all four scatterers, whose radius is r;.

Addition theorems are used to formulate Eq. (5-14). Validity conditions of ap-
plying addition theorems can be found in Egs. (3-11b) or (3-13b). In Fig. 5.3, the

validity condition of transforming scattered waves in the local coordinate system of
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scatterer I to scattered waves in the global coordinate system is r > |OO;|, where
|OOy| is the distance between origins of the global coordinate system and the local
coordinate system of scatterer I. Among the distances of the global origin O to the
local origins in Fig. 5.3, |00,| is the largest one. Therefore, the validity condition
for applying Eq. (5-14) in Fig. 5.3 is r > |0Oy|. Let r¢ = |OOy| in Fig. 5.3. The
region of r < r¢ is defined as the core of an abstract scatterer.

The territory of an actual scatterer is its boundary surface. In analogy, the terri-
tory of an abstract scatterer is defined as the smallest spherical surface that circum-
scribes all scatterers that make up the abstract scatterer. In Fig. 5.3, r; is the radius
of the spherical surface that circumscribes all four scatterers. Therefore, the territory
of the abstract scatterer in Fig. 5.3 is the spherical surface of radius r;. The scat-
tered wave of the actual scatterer J exists outside its territory. In analogy, scattered
waves of an abstract scatterer are referred to those outside territory of the abstract
scatterer.

The definition of the core, the territory and their radii apply to an assemblage of
abstract scatterers. Figure 5.4 shows such an example with three abstract scatterers.
O is the origin of global coordinate system, O, Oy and O3 are origins of local coordi-
nate systems. The core region is inside of the spherical surface of radius r¢ and the
territory is the spherical surface of radius ry.

It is noticed that information of wave fields inside the core region is lost in the
scatterer polymerization process. The information is lost when Eq.(5-11) is ob-
tained from Eq.(5-10) and the scattered wave coefficients {B;} are not saved. If
the scattered wave coefficients {B,} are saved, the lost information can be recovered.
However, such a recovering process would soon become tedious within a few stages

of polymerization.
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Figure 5.4: Core and territory of an abstract scatterer made up of 3 abstract scat-
terers. The core is defined as the spherical region of radius r., where r. = |OOs|,
|0O0;| > |00s], and |OO;| > |O0,|. The territory is the smallest spherical surface
that circumscribes all three abstract scatterers, whose radius is 7;.
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5-4 Verification

The verification for the scatterer polymerization methodology is through solving
a physically identical multiple scattering problem from different approaches, with or

without scatterer polymerization.

5-4.1 Description of Numerical Procedure

As shown in Fig. 5.5, eight scatterers embedded in epoxy matrix are in cubical
lattice arrangement. They are low-carbon spheres of unit diameter. They are labeled
with number “1” through “8” and their locations in the global coordinate system are

detailed in Fig. 5.5(b).

1:(=d,—d,—d) 2:(d,—d,—d)
3:(d,—d,d) 4:(—d,—d,d)
5:(—d,d,d) 6:(d,d,d)
7:(d,d,—d) 8:(—d,d,—d)
(a) Lattice structure (b) Cartesian coordinates (x,y,z) of

scatterers of radius a, d=1.5a=0.75

Figure 5.5: Cubical lattice of 8 scatterers

In this section, a low-carbon steel sphere and an epoxy matrix are chosen, because
epoxy is commonly used as matrix in composites, low-carbon steel is a common
material, and the elastic properties and mass density of steel are much larger than
the corresponding ones of epoxy. Material properties of epoxy and low-carbon steel
are listed in Table 5.2. For epoxy, Young’s modulus E, Poisson’s ratio v and density p
are taken from [4], while Lamé constants are derived from E and v using Egs. (5-15a)

and (5-15b) M. For low-carbon steel, Young’s modulus FE, shear modulus p and
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Table 5.2: Material Properties of Low-Carbon Steel and Epoxy (after [2, 4])

Property Matrix (Epoxy) | Sphere (Low-Carbon Steel)
Young’s modulus E (GPa) 3.12 207.
Poisson’s ratio v 0.38 0.294
Density p (kg/m?) 1200. 7800.
Lamé constant A (GPa) 3.58 113.939
Lamé constant p (GPa) 1.13 80.
P Wave Speed (km/s) 2.206 5.926
S Wave Speed (km/s) 0.971 3.202

density p are taken from [2], while Poisson’s ratio v and Lamé constant are derived

from E and p using Egs. (5-15¢) and (5-15a) 1,

Ev
A= T =) (5-15a)
= (5-15c¢)
24

For the cubical arrangement in Fig. 5.5, the multiple scattering problem is solved
using five approaches. These five approaches are designated as “NP”, “P1” “Px”,
“Py”, and “Pz” in Fig. 5.6. These approaches are specified as following, with help of
Figs. 5.5 and 5.6.

In “NP” approach in Fig. 5.6(a), the scatterer polymerization method is not used.

In “P1” approach, all eight scatterers are assembled as an abstract scatterer using
the scatterer polymerization method, and the spherical surface in light green color
in Fig. 5.6(b) represents the territory of the abstract scatterer. Then, the multiple
scattering problem of eight actual scatterers becomes a single scattering problem of
one abstract scatterers.

In “Px” approach, scatterers 1, 2, 7 and 8 are assembled as an abstract scatterer,

scatterers 3, 4, 5 and 6 are assembled as another abstract scatterer using the scatterer
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(d) Py (e) Pz

Figure 5.6: Five approaches to solve the multiple scattering problem of 8 scatterers.
(a) NP: the scatterer polymerization method is not used. (b) P1: eight scatterers are
assembled as an abstract scatterer, the spherical surface in light green color represents
the territory of the abstract scatterer. (c) Px: eight scatterers are assembled as two
abstract scatterers in the X-axis, each abstract encloses four actual scatterers, and
each spherical surface in light green color represents the territory of an abstract
scatterer. (d) Py: eight scatterers are assembled as two abstract scatterers in the Y-
axis, each abstract encloses four actual scatterers, and each spherical surface in light
green color represents the territory of an abstract scatterer. (c) Pz: eight scatterers are
assembled as two abstract scatterers in the Z-axis, each abstract encloses four actual
scatterers, and each spherical surface in light green color represents the territory of
an abstract scatterer.
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polymerization method, and each spherical surface in light green color in Fig. 5.6(c)
represents the territory of an abstract scatterer. Then, the multiple scattering prob-
lem of eight actual scatterers becomes a multiple scattering problem of two abstract
scatterers in the X-axis.

In “Py” approach, scatterers 1, 4, 5 and 8 are assembled as an abstract scatterer,
scatterers 2, 3, 6 and 7 are assembled as another abstract scatterer using the scatterer
polymerization method, and each spherical surface in light green color in Fig. 5.6(c)
represents the territory of an abstract scatterer. Then, the multiple scattering prob-
lem of eight actual scatterers becomes a multiple scattering problem of two abstract
scatterers in the Y-axis.

In “Pz” approach, scatterers 1, 2, 3 and 4 are assembled as an abstract scatterer,
scatterers 5, 6, 7 and 8 are assembled as another abstract scatterer using the scatterer
polymerization method, and each spherical surface in light green color in Fig. 5.6(c)
represents the territory of an abstract scatterer. Then the multiple scattering prob-
lem of eight actual scatterers becomes a multiple scattering problem of two abstract

scatterers in the Z-axis.

5-4.2 Comparison of Numerical Results

The incident wave is chosen as a longitudinal plane wave propagating along Z-
axis with displacement of unit amplitude. In the host medium, the longitudinal
wave number is ka=0.5 and transverse wave number is ka=1.136515. In scatterers,
the longitudinal wave number is kKa=0.0296242 and the transverse wave number is
ka=0.054819. The truncation number for computation is 14.

For the same physical case, the same numerical results are expected through differ-
ent approaches. In this section, comparison is made using displacements and stresses

in Cartesian coordinate system of the scattered waves in the y = 0 plane, and using
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the energy flux across a closed spherical surface.

The modulus of displacements u,, u, and u, are compared in Figs. 5.7 through
5.9, where z/a € [—10,10] and z/a € [—10, 10]. Table 5.3 through 5.5 show numerical
results at three positions in Fig. 5.7 through 5.9. The Cartesian coordinates of these
three positions are (z = —3.35a, y = 0, z = —9.05a), (x = 3.5a, y = 0, z = 3.5a),
and (r =5.8a, y =0, z = —6.9a).

Table 5.3: Modulus of u, of scattered waves from five computational approaches

Position-1 Position-2 Position-3
r=-3.35, y=0, 2=-9.05 | =3.5, y=0, z=3.5 | z=5.8, y=0, z=-6.9
NP 1.182724 x 10791 9.008451 x 10772 6.717650 x 1072
P1 1.182724 x 10791 9.008449 x 10772 6.717651 x 1072
Px 1.184284 x 10701 8.553823 x 10792 6.625936 x 10702
Py 1.166038 x 10791 8.669063 x 10792 6.534989 x 10702
Pz 1.219427 x 107 8.345876 x 10792 | 6.724638 x 10792

Table 5.4: Modulus of u, of scattered waves from five computational approaches

Position-1 Position-2 Position-3
r=-3.35, y=0, 2=-9.05 | x=3.5, y=0, z=3.5 | x=5.8, y=0, z=-6.9
NP 2.428191 x 10777 1.083972 x 10776 2.865438 x 10797
P1 2.488501 x 10797 1.079419 x 1079 2.773200 x 10797
Px 5.062927 x 10797 5.192732 x 1079 1.402860 x 10703
Py 1.235001 x 10797 4.693196 x 10~ 6.454594 x 10797
Pz 1.990963 x 10707 1.925139 x 107 1.922226 x 10~

In Figs. 5.7 through 5.9 and Table 5.3 through 5.5, for the approach of ”Px”
(forming two abstract scatterers in the X-axis), scattered wave expansion coefficients
of two abstract scatterers are obtained after solving the multiple scattering problem of
two abstract scatterers. By using Eqs. (3-85a) through (3-85c¢), displacements w,., ug
and u, due to the scattered waves in each local coordinate system can be computed.

Then, displacements u,, u, and u, in each local coordinate system can be obtained
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Figure 5.7: Modulus of u, of scattered waves at the y = 0 plane, for the multi-
ple scattering problem of a longitudinal plane wave (ka = 0.5) by 8 scatterers of
low-carbon steel spheres in epoxy matrix. The problem is solved in 5 approaches
designated as: (a) NP, (b) P1, (¢) Px, (d) Py and (c) Pz, which are specified in
Section 5-4.1.
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Figure 5.8: Modulus of u, of scattered waves at the y = 0 plane, for the multi-
ple scattering problem of a longitudinal plane wave (ka = 0.5) by 8 scatterers of
low-carbon steel spheres in epoxy matrix. The problem is solved in 5 approaches
designated as: (a) NP, (b) P1, (¢) Px, (d) Py and (c) Pz, which are specified in
Section 5-4.1.
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ple scattering problem of a longitudinal plane wave (ka =
low-carbon steel spheres in epoxy matrix. The problem is

Section 5-4.1.
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Table 5.5: Modulus of u, of scattered waves from five computational approaches

Position-1 Position-2 Position-3
r=-3.35, y=0, 2=-9.05 | x=3.5, y=0, 2=3.5 | ©=5.8, y=0, z=-6.9
NP 9.220057 x 10792 1.374787 x 10791 6.264184 x 1072
P1 9.220089 x 10~%2 1.374802 x 107! 6.264148 x 10792
Px 9.001175 x 1072 1.368788 x 10791 6.860185 x 10702
Py 9.029301 x 10772 1.369531 x 10791 6.860185 x 1072
Pz 9.667429 x 10772 1.327075 x 10791 6.254342 x 10702

from corresponding w,., ug and u,, using Eq. (3-86). The displacements u,, u, and u,
in each local coordinate system can directly be used as u,, u, and u, in the global
coordinate system. At each position, summation of u, due to the scattered waves
of two abstract scatterers is the u, due to the total scattered waves. Displacement
u, and u, are obtained in the same way. For other approaches, the processes of
computing u,, u, and u, are similar.

Wave information inside an abstract scatterer is lost and wave fields inside an ab-
stract scatterer are set to zero when the scatterer polymerization method is used. No
information is lost in the “NP” approach, where actual scatterers are not assembled as
abstract scatterer(s). For u, at each position where wave information is not lost, the
five approaches produce similar results with errors on the order of 102 or less, which
can be supported by numerical results in Table 5.3. For comparison of displacements,
the maximum value of displacement amplitude is used as a reference according to the
definition of number of significant figures in Section 4-2. The reference value is chosen
as 1.64 x 10° according to the color range in Figs. 5.7 through 5.9. The number of
significant figures of u, in Table 5.4 are 2 or more. In other words, the errors are on
the order of 1072 or less. These errors can not be distinguished in Fig. 5.7. Similar
observation can be made for u, and u,. At each position where wave information is

not lost, the five approaches produce similar results with errors on the order of 102
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or less.

The modulus of stresses 0,5, 0yy, 02z, Ogy, 04z, and o, are compared in Figs. 5.10
through 5.15, where z/a € [—10,10] and z/a € [—10, 10]. Table 5.6 through 5.11 show
numerical results at three positions in Fig. 5.7 through 5.9. The Cartesian coordinates
of these three positions are (z = —3.35a, y = 0, z = —9.05a), (z = 3.5a,y =0, z =
3.5a), and (z = 5.8a, y =0, z = —6.9a).

Table 5.6: Modulus of 0,, of scattered waves from five computational approaches

Position-1 Position-2 Position-3
r=-3.35, y=0, 2=-9.05 | =3.5, y=0, z=3.5 | z=5.8, y=0, z=-6.9
NP 6.237409 x 10% 1.400086 x 108 3.023054 x 10®
P1 6.237409 x 10% 1.400086 x 108 3.023054 x 10®
Px 6.232012 x 10® 1.466921 x 108 2.945396 x 10°
Py 6.164791 x 103 1.343874 x 108 2.964330 x 10®
Pz 6.432925 x 10% 1.792969 x 108 3.013180 x 10®

Table 5.7: Modulus of oy, of scattered waves from five computational approaches

Position-1 Position-2 Position-3
r=-3.35, y=0, 2=-9.05 | x=3.5, y=0, z=3.5 | x=5.8, y=0, z=-6.9
NP 2.343165 x 10% 5.950781 x 10% 2.715825 x 10%
P1 2.343165 x 10° 5.950781 x 10° 2.715825 x 10°
Px 2.347803 x 10% 5.927061 x 103 2.716409 x 10®
Py 2.260833 x 10% 5.895308 x 10% 2.698674 x 10%
Pz 2.336593 x 10% 6.031881 x 108 2.783104 x 108

In Figs. 5.10 through 5.15 and Table 5.6 through 5.11, for the approach of ”Px”
(forming two abstract scatterers in the X-axis), scattered wave expansion coefficients
of two abstract scatterers are obtained after solving the multiple scattering problem
of two abstract scatterers. By using Eqs. (3-85d) through (3-85i), stresses oy, 0,4,
Orgs 090, Ogp, and oy, due to the scattered waves in each local coordinate system can

be computed. Then, stresses 0,4, Oyy, 0.z, Oay, 0zz, and o, in each local coordinate
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Figure 5.10: Modulus of 0., of scattered waves at the y = 0 plane, for the mul-
tiple scattering problem of a longitudinal plane wave (ka = 0.5) by 8 scatterers of
low-carbon steel spheres in epoxy matrix. The problem is solved in 5 approaches
Py and (c) Pz, which are specified in

designated as: (a) NP, (b) P1, (c¢) Px, (d)

Section 5-4.1.
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Figure 5.11: Modulus of o,, of scattered waves at the y = 0 plane, for the mul-
tiple scattering problem of a longitudinal plane wave (ka = 0.5) by 8 scatterers of
low-carbon steel spheres in epoxy matrix. The problem is solved in 5 approaches
designated as: (a) NP, (b) P1, (c) Px, (d) Py and (c¢) Pz, which are specified in

Section 5-4.1.
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Figure 5.12: Modulus of o,, of scattered waves at the y = 0 plane, for the mul-
tiple scattering problem of a longitudinal plane wave (ka = 0.5) by 8 scatterers of
low-carbon steel spheres in epoxy matrix. The problem is solved in 5 approaches
designated as: (a) NP, (b) P1, (c) Px, (d) Py and (c¢) Pz, which are specified in

Section 5-4.1.
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Figure 5.13: Modulus of o, of scattered waves at the y = 0 plane, for the mul-
tiple scattering problem of a longitudinal plane wave (ka = 0.5) by 8 scatterers of
low-carbon steel spheres in epoxy matrix. The problem is solved in 5 approaches
Py and (c) Pz, which are specified in

designated as: (a) NP, (b) P1, (c¢) Px, (d)
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Figure 5.14: Modulus of o,, of scattered waves at the y = 0 plane, for the mul-
tiple scattering problem of a longitudinal plane wave (ka = 0.5) by 8 scatterers of
low-carbon steel spheres in epoxy matrix. The problem is solved in 5 approaches
Py and (c) Pz, which are specified in

designated as: (a) NP, (b) P1, (c¢) Px, (d)
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Figure 5.15: Modulus of o, of scattered waves at the y = 0 plane, for the mul-
tiple scattering problem of a longitudinal plane wave (ka = 0.5) by 8 scatterers of
low-carbon steel spheres in epoxy matrix. The problem is solved in 5 approaches
Py and (c) Pz, which are specified in

designated as: (a) NP, (b) P1, (c¢) Px, (d)

Section 5-4.1.
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Table 5.8: Modulus of o, of scattered waves from five computational approaches

Position-1 Position-2 Position-3
r=-3.35, y=0, 2=-9.05 | x=3.5, y=0, 2=3.5 | ©=5.8, y=0, z=-6.9
NP 6.062854 x 107 7.837257 x 10% 2.756721 x 10®
P1 6.062854 x 107 7.837257 x 103 2.756721 x 10®
Px 5.119138 x 107 7.751203 x 10% 2.891229 x 108
Py 5.938014 x 107 7.757372 x 10% 2.749133 x 108
Pz 4.320920 x 107 7.782864 x 10% 2.785462 x 10®

Table 5.9: Modulus of o, of scattered waves from five computational approaches

Position-1 Position-2 Position-3
r=-3.35, y=0, 2=-9.05 | x=3.5, y=0, 2=3.5 | ©=5.8, y=0, 2=-6.9
NP 4.318454 x 10? 2.383794 x 10° 6.107322 x 10?
P1 4.270854 x 10? 2.393021 x 10° 6.124678 x 10?
Px 4.754982 x 10° .059688 x 10° 4.114855 x 10°
Py 3.501932 x 10° 9.197228 x 10° 5.474268 x 10°
Pz 2.264993 x 10° 3.483181 x 10° 2.402719 x 10°

system can be obtained from corresponding o,,, 0,9, 0rp, 0gs, 0g,, and o, using
Eq.(3-87). The stresses 044, Oyy, sz, Ouy, Oz, and o, in each local coordinate
system can directly be used as stresses 0,4, 0yy, 0.2, Oay, 042, and o, in the global
coordinate system. At each position, summation of o,, due to the scattered waves
of two abstract scatterers is the o,, due to the total scattered waves. Other stress
components are obtained in the same way. For other approaches, the processes of
computing stresses 0,4, Oyy, 0.z, Oy, 0z, and o, are similar.

Wave information inside an abstract scatterer is lost and wave fields inside an
abstract scatterer are set to zero when the scatterer polymerization method is used.
No information is lost in the “NP” approach, where actual scatterers are not assem-
bled as abstract scatterer(s). Similar to displacements, at each position where wave

information is not lost, the five approaches produce similar results with errors on the
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Table 5.10: Modulus of o,. of scattered waves from five computational approaches

Position-1 Position-2 Position-3
r=-3.35, y=0, 2=-9.05 | x=3.5, y=0, 2=3.5 | ©=5.8, y=0, z=-6.9
NP 1.555784 x 108 4.311858 x 10% 1.976730 x 108
P1 1.555784 x 108 4.311858 x 10% 1.976700 x 108
Px 1.503968 x 10° 4.338592 x 108 1.992560 x 10°
Py 1.510910 x 10°® 4.103324 x 108 1.910052 x 108
Pz 1.626996 x 108 4.304978 x 10% 2.016705 x 10®

Table 5.11: Modulus of 0, of scattered waves from five computational approaches

Position-1 Position-2 Position-3
r=-3.35, y=0, 2=-9.05 | x=3.5, y=0, 2=3.5 | ©=5.8, y=0, 2=-6.9
NP 6.010242 x 102 1.493683 x 103 4.043581 x 102
P1 5.987692 x 102 1.502433 x 103 4.050177 x 10?
Px 1.105292 x 10° 1.554891 x 10° 4.550483 x 10°
Py 1.693275 x 10° 4.569725 x 10° 3.373687 x 10°
Pz 8.423181 x 107 3.077861 x 10° 1.898931 x 10°

order of 1072 or less, which can be supported by numerical results.

The energy flux across a closed spherical surface enclosing all eight scatterers
should be zero, when there is no energy dissipation or generation inside the closed
surface. Following Eq. (2-149), the normalized average energy flux across the spher-
ical surface of R=3.7a (centered at the origin of the global coordinate system) is
computed for the scattering problem in this section. The results from the five ap-
proaches are listed in Table 5.12. In computation of using Eq. (2-149), displacements
and stresses at each position on the spherical surface are the summation of contribu-
tions of incident and scattered waves. The analytical expressions in Eq. (2-136) are
used for the incident wave. For scattered waves of each scatterer, displacements and
stresses in each local spherical coordinate system are computed using Eqs. (2-43a)

through (2-44f), then displacements and stresses in each local Cartesian coordinate
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system are obtained using transformation Egs. (D-8a) and (D-10a), and then dis-
placements and stresses in the global spherical coordinate system are obtained using
transformation Eqgs. (D-8b) and (D-10b). In Table 5.12, the normalized average en-
ergy flux from five approaches approximately equal to zero with errors on the order of
10~* or less. Therefore, energy conservation is satisfied with the errors on the order
of 1074 or less.

Table 5.12: Comparison of normalized average energy flux(NAEF) from five ap-
proaches

€inc (J/8) Approach NAEF

NP 5.664487 x 10~%
P1 1.570881 x 10~
6.442614 x 10'? Px 1.546582 x 10~%
Py 1.909286 x 10~
Pz 1.496299 x 10~

5-5 Concluding Remarks

The scatterer polymerization method assembles a group of scatterers as an ab-
stract scatterers, so that the number of actual scatterers is reduced to a lesser number
of abstract scatterers in computation. In this chapter, the multiple scattering solu-
tion is reformulated by using the scatterer polymerization method. The reformulated
solution and implementation are verified by solving a multiple scattering problem of
eight low-carbon steel scatterers in an epoxy matrix.

The truncation criterion has not been discussed yet in this chapter. When all eight
scatterers in Fig. 5.5 are assembled as one abstract scatterer, the truncation error of
using the scatterer polymerization method should be the same as that of using the

multiple scattering solution. Because no extra computation is involved. When eight
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scatterers are separated and assembled as two abstract scatterers, translation between
the coordinate systems of two abstract scatterers causes additional errors. In other
words, the truncation error increases when the scatterer polymerization method is

used to solve the multiple scattering problem with the same truncation number.
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Chapter 6

Application Example

6-1 Introduction

As shown in the previous chapter, the scatterer polymerization method is based on
the analytically exact solution, it can be used to reduce the number of actual scatter-
ers to a lesser number of abstract scatterers, and it is extended to a three-dimensional
multiple scattering problem. An application example of using the scatterer polymer-
ization method is given in this chapter. In this example, the band gap formation
process for elastic wave propagation in a cubical lattice arrangement of spherical
scatterers is observed through a series of numerical simulations.

In this chapter, the numerical procedure of this numerical application example is
first described. Then, the relationship among the truncation error, the truncation

number and the wave number is explored. Thereafter, simulation results are shown.
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6-2 Numerical Procedure

There are a total of sixty-four scatterers in a cubical lattice arrangement in the
application example. The scatterers are identical spheres of low-carbon steel and of
unity radius. The host medium is epoxy. Material properties are listed in Table 5.2.
A longitudinal plane incident waves propagate along positive Z-axis direction with
displacement of unity amplitude, whose analytical expressions are shown in Section 2-

6.1.

6-2.1 Sixteen Scatterers in A Layer

The sixteen scatterers are in square arrangement in the z = 0 plane, as shown in
Fig. 6.1. The square arrangement is symmetrical about X-axis and Y-axis. The actual
scatterers 1, 2, 5 and 6 are assembled as an abstract scatterer; the actual scatterers
3,4, 7 and 8 are assembled as an abstract scatterer; the scatterers 9, 10, 13, and 14
are assembled as an abstract scatterer; and the actual scatterers 11, 12, 15 and 16
are assembled as an abstract scatterer. Three-dimensional and two-dimensional views
are shown in Fig. 6.1. In Fig. 6.1(a), each sphere in light green color represents an
abstract scatterer, each sphere in green color represents an actual scatterer, and an
abstract scatterer encloses four actual scatterers. In Fig. 6.1(b), each dashed circle
represents the territory of an abstract scatterer and each solid circle represents an
actual scatterer. There are four identical abstract scatterers in the z = 0 plane.
Then, the multiple scattering problem of 16 actual scatterers becomes a multiple

scattering problem of 4 abstract scatterers.
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Figure 6.1: Sixteen actual scatterers in a square arrangement in a layer. (a) Three-
dimensional view: each sphere in light green color represents an abstract scatterer,
each sphere in green color represents an actual scatterer, and an abstract scatterer en-
closes four actual scatterers. (b) Two-dimensional view: each dashed circle represents
an abstract scatterer and each solid circle represents an actual scatterer.

6-2.2 Thirty-Two Scatterers in Two Layers

The thirty-two scatterers are in a cubic lattice arrangement, where sixteen scatter-
ers are in the z = 0 plane and another sixteen scatterers are in a plane with negative
z-axis, as shown in Fig. 6.2. The sixteen scatterers in the z = 0 plane are in exactly
the same arrangement as that in Section 6-2.1. The other sixteen scatterers are in the
similar arrangement as the sixteen scatterers in the z = 0 plane, so that only sixteen
actual scatterers are shown in the two-dimensional view in Fig. 6.2(b).

As shown in Fig.6.2(a), eight actual scatterers are assembled as an abstract scat-
terer and four identical abstract scatterers are obtained. Each spherical surface in
light green color represents an abstract scatterer in Fig. 6.2(a) and each dashed circle
represents an abstract scatterer in Fig. 6.2(b). The center of each abstract scatterer in
at the geometric center of the involved actual scatterers. The centers of four abstract
scatterers are in the plane at the middle of the two layers. Then, the multiple scat-

tering problem of thirty-two actual scatterers becomes a multiple scattering problem
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of four abstract scatterers.

Figure 6.2: Thirty-two actual scatterers in a cubic arrangement. (a) Three-
dimensional view: each sphere in light green color represents an abstract scatterer,
each sphere in green color represents an actual scatterer, and an abstract scatterer
encloses eight actual scatterers. (b) Two-dimensional view: each dashed circle repre-
sents an abstract scatterer and each solid circle represents an actual scatterer.

6-2.3 Sixty-Four Scatterers in Four Layers

The sixty-four scatterers are in a cubic lattice arrangement, with thirty-two scat-
terers in the same arrangement as in Fig. 6.2, and another thirty-two scatterers in the
similar arrangement, as shown in Fig. 6.3. Therefore, only sixteen actual scatterers
are shown in the two-dimensional view in Fig. 6.3(b).

As shown in Fig.6.2(a), eight actual scatterers are assembled as an abstract scat-
terer and four identical abstract scatterers are obtained. Each spherical surface in
light green color represents an abstract scatterer in Fig. 6.2(a) and each dashed circle
represents an abstract scatterer in Fig. 6.2(b). The center of each abstract scatterer
is in the geometrical center of the involved actual scatterers. Then, the multiple scat-
tering problem of sixty-four actual scatterers becomes a multiple scattering problem

of eight abstract scatterers.
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Figure 6.3: Sixty-four actual scatterers in a cubic arrangement. (a) Three-
dimensional view: each sphere in light green color represents an abstract scatterer,
each sphere in green color represents an actual scatterer, and an abstract scatterer
encloses eight actual scatterers. (b) Two-dimensional view: each dashed circle repre-
sents an abstract scatterer and each solid circle represents an actual scatterer.

Along the propagation direction of the incident wave, scatterer arrangements in
Sections 6-2.1 through 6-2.3 are viewed as comprising layers of scatterers, within
which scatterers form a square grid. Starting from one layer, which is in the z = 0
plane, and by increasing the number of layers along negative Z direction, multiple
scattering problems are set up. For each multiple scattering problem, the scatterer
polymerization method is used to reduce the number of actual scatterers to a lesser
number of abstract scatterers. Each multiple scattering problem of actual scatterers
becomes a multiple scattering problem of abstract scatterers.

After solving a multiple scattering problem of abstract scatterers, scattered wave
expansion coefficients of the abstract scatterers are obtained. By using Eqgs. (3-85a)
through (3-851), displacements and stresses due to the scattered waves in each local
spherical coordinate system can be computed. Then, displacements and stresses in
each local Cartesian coordinate system can be obtained from corresponding wave

fields in local spherical coordinate system using Eq. (3-87). The displacements and
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stresses in each local Cartesian coordinate system can directly be used as those in the
global Cartesian coordinate system. At each position, summation of o,, due to the
scattered waves of two abstract scatterers is the o, due to the total scattered waves.
Other wave field components are obtained in the same way.

The displacements and stresses due to the longitudinal plane incident waves, which
are used in this chapter, are expressed in Eqgs. (2-136) through (2-138). As the system
is linear, at a position outside the territories of all abstract scatterers, displacements
and stresses of total waves are summations of contributions of incident waves and

scattered waves.

6-3 Truncation Number and the Error due to Co-
ordinate Transformation

From the polymerization process in the numerical procedure in Section 6-2, it
is known that wave field transformation occurs not only between local coordinate
systems of two actual scatterers, but also between local coordinate systems of any
two abstract scatterers. The relation of the truncation number and the error during
wave field transformation needs to be found prior to solving the multiple scattering
problem. Plane longitudinal waves, propagating along Z-axis with a displacement of
unity amplitude, are used as the incident waves in this section. Analytical expressions
of the incident wave can be found in Egs. (2-136) through (2-138).

Figure 6.4, the same as Fig. 3.3, is referred in this section. For wave field trans-
formation between the two local coordinate systems in Fig. 6.4, scattered waves of
the scatterer centered at O are obtained by solving the single scattering problem.
The scattered waves can be re-expressed as waves in another local coordinate system

with its origin at O" and the expansion coefficients after the transformation can be
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obtained using Eq. (3-47). The scattered wave fields at positions on the spherical
surface of the scatterer centered at O’ can be computed in two local coordinate sys-
tems. The scattered wave fields obtained in the two local coordinate systems are
compared, in the way as follows, to find how many significant figures remain after the

transformation.

Figure 6.4: Vectors r = r’ + r” for addition theorem

When the two scatterers in Fig. 6.4 are actual scatterers used in Section 6-2, the
spacing between them is chosen as three times scatterer’s radius as an example. Let
R be the radius of the actual scatterers (R = 1 here). Then, " = R and " > 3R.
Ten positions in the local coordinate system, as shown in Table 4.1, are chosen for
computing wave fields. For a normalized longitudinal wave number k7’ = 1.5, the
relation among the truncation number, the number of significant figures, the ratio
r” /" and three orientations of vector r” during coordinate transformation are shown
in Fig. 6.5, in which the number of significant figures is the smallest number of
significant figures among all displacement and stress components due to the scattered
wave at all selected positions. Figure 6.5 shows that transformation along Z-axis
direction results in lesser significant figures than transformation along X-axis or Y-
axis direction.

When two scatterers are abstract scatterers, two cases need to be considered.
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Figure 6.5: Relation of truncation number, significant figures, the ratio r”/r’ and
three orientations of vector r” during coordinate transformation. The wave number

is k' = 1.5.
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For one layer of sixteen scatterers in Fig. 6.1, the numerical procedure in Section 6-
2 implies that the smallest distance between centers of two abstract scatterers is
six times the radius of actual scatterers, and the radius of abstract scatterers is
3\2&)1%. In other words, " = (1 + 3\2/5)1% and 7’ > 6R in this case. For two

layers or four layers of scatterers, the numerical procedure in Section 6-2 implies

(1+

that the smallest distance between centers of two abstract scatterers is six times the

3v3
-2y

radius of actual scatterers, and the radius of abstract scatterers is (1

other words, " = (1 + 3\2/3)]% and " > 6R in this case.

JR. In

Generally, the number of significant figures of the scattered wave fields increases
when the ratio 7 /r’ increases for the same truncation number, which is concluded
from the comparison in Figs. 4.5 through 4.7 and which agrees with the discussion
about the truncation criterion in Section 2-6.2. Therefore, relations among the trun-
cation number, the number of significant figures and the distance for coordinate trans-
formation are explored in the case of four layers of scatterers, rather than in the case
of one layer of scatterers. Since transformation along Z-axis direction results in lesser
significant figures than transformation along X-axis or Y-axis direction (Fig. 6.5),
the transformation along Z-axis direction is explored.

When " = (1 + 3\2/5) ~ 3.598, " > 6R = 6 and r” is along Z-axis direction, ten
positions in the local coordinate system, as shown in Table 6.1, are chosen for com-
puting displacements and stresses due to the scattered waves. As stated at beginning
in this section, scattered waves of the scatterer centered at O are obtained by solving
the single scattering problem. The scattered waves can be re-expressed as waves in
the local coordinate system with its origin at O" and the expansion coefficients after
the transformation can be obtained using Eq. (3-47). The scattered wave fields at the

ten positions (see Table 6.1) on the spherical surface of the scatterer centered at O’

can be computed in two local coordinate systems. The scattered wave fields obtained
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in the two local coordinate systems are compared.

Table 6.1: Coordinates of Ten Positions in the Local System.

Position Spherical coordinates Cartesian coordinates
r’, 0" (radians), ¢’ (radians) oy, 2
1 3.598, 2.696872, 1.884956 | -0.478322, 1.472122, -3.248026
2 3.598, 1.968278, 3.769911 | -2.683910, -1.949976, -1.392779
3 3.598, 1.173314, 5.654867 2.683910, -1.949976, 1.392779
4 3.598, 0.444721, 1.256637 0.478322, 1.472122, 3.248026
5 3.598, 0.100000, 3.141593 | -0.359199, 0.000000, 3.580024
6 3.598, 2.696872, 5.026548 0.478322, -1.472122, -3.248026
7 3.598, 1.968278, 0.628319 2.683910, 1.949976, -1.392779
8 3.598, 1.173314, 2.513274 | -2.683910, 1.949976, 1.392779
9 3.598, 0.444721, 4.398230 | -0.478322, -1.472122,  3.248026
10 3.598, 0.100000, 6.283185 0.359199,  0.000000, 3.580024

Figure 6.6 shows the relation between the normalized wave number and the
significant figures for truncation number 14 and ratio r”/r’ = 1.66756 (" = 6R,

JR). The number of significant figures is the smallest number of sig-
nificant figures among all displacement and stress components due to the scattered
wave at all selected positions. The wave number is normalized by radius of actual
spherical scatterer (a = R). The normalized wave number ka is in the range from

0.025 to 1.5. The number of significant figures is 2 or larger when ka < 1.475. The

number of significant figures is 1 when xa = 1.5.

168



(&)

A

Significant Figure
N w

% 05 1 15

Ka

Figure 6.6: Relation of wave number and significant figure after transformation
between two abstract scatterers. The truncation number is 14. r”/r’ = 1.66756.

6-4 Simulation Results

The incident waves are plane longitudinal waves propagating along positive
Z —axis direction, as stated in Section 6-2. The normalized wave number ka for
the application example is taken in the range from 0.25 to 1.5. According to Fig. 6.6,
the number of significant figures is 2 or larger for ka < 1.475 when truncation number
is 14. Generally, when ka is very small, a truncation number smaller than 14 cab
be used to achieve 2 significant figures. The relation of truncation number and wave
number ka for achieving 2 significant figures is not investigated. For simple selection,
the truncation number is taken as 14 for computation. The numerical procedure of
computing wave fields is stated in Section 6-2.

There are three subsections in this section: the first is to display the transmission
ratio, the next is to display displacement components u,, u, and u., and the last is

to display stress components in Cartesian coordinate system.
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6-4.1 Transmission Ratio of u,

Since |u,| of incident waves has unity value, |u.| of total waves at a forward posi-
tion, which is the position behind the last layer of scatterers along forward direction
(incident wave propagation direction), also represents the transmission ratio of |u,|
with respect to that of the incident waves. Measurement of |u,| is made at positions
on the Z-axis in order to reduce the effect of the edge of the region in which scatterers
occupy, since the arrangements of scatterers are symmetrical about the Z-axis. An
average value of |u,| over a small area in the X — Y plane around a position on the
Z-axis is used as the |u,| value at the position. In the calculation, the small area is
taken as —1.5a < x < 1.5a, —1.5a < y < 1.5a, and centered at an interested position
on the Z-axis. One hundred positions evenly distributed in the square area are chosen
to compute the average value of u,.

For the cases of one, two and four layers, values of |u.| at position z = 4a are
compared in Fig. 6.7(a). In Fig. 6.7(a), D, which is defined as the distance from
an interested position to the plane where the last layer of scatterers (along forward
direction) are located, is used instead of z because D=z in this example and D does
not depend on selection of a coordinate system. The ka is in the range from 0.25 to
1.5. Similarly, values of |u,| at positions D = 8a, 12a, 16a, and 20a are compared
in Figs. 6.7(b) through 6.7(e). In the calculation for Figs. 6.7, the spacing between
two scatterers is three time of the scatterer’s radius. In Figs. 6.7(a) through 6.7(e),
when ra is in the range from 0.95 to 1.5, |u.| < 0.8, it decreases when the number of
layers increases, and it generally increases when the distance increases; when ka is in
a small range around 0.75, |u.| < 1, it decreases when the number of layers increases,
and it generally increases when the distance increases.

When the spacing between two scatterers changes, the transmission ratio of |u,|

in the forward direction is affected. As an example to observe the effects of spacing
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change, |u,| at each spacing d and ka is computed for the case of thirty-two scatterers.
The values of u, are calculated at the positions D(= z) = 6a, 8a, 10a, and 12a. In
order to observe the effects of continuously varying parameters, |u,| at each spacing d
and ka is converted and assembled into a colorized spectrum map. Figure 6.8 shows
the forward spectrum map for the case of thirty-two scatterers. In the small region
where d/a < 2.9 and ka < 0.4, there exists numerical unsteady for the truncation
number of fourteen.

Observe Fig. 6.8(b) first because some results for d/a = 3 have been shown in
Fig. 6.7(b). For ka = 1.5, transmission ratio is less than unity when spacing ratio
d/a > 2.3. For ka = 1, transmission ratio is less than unity when d/a > 2.75. But
when ka is around 0.5, transmission ratio is about unity or larger than unity when
3.35 > d/a > 2.25. Possibly, constructive interferences occur between the incident
wave and the scattered waves at the observation positions. When the observation
position is away from the scatterers, the effect of constructive interference generally
decreases, as shown in four subfigures in Fig. 6.8.

For d/a = 3, transmission ratios in Fig. 6.8(b) are less than unity in the ranges
of 0.65 < ka < 0.8 and 0.95 < ka < 1.5. The transmission ratios in the range of
0.65 < ka < 0.8 are generally larger than those in the range of 0.95 < ka < 1.5, which
has also been shown in Fig. 6.7(b). For d/a = 3.3, transmission ratios in the ranges of
0.6 < ka <0.7and 0.75 < ka < 1.5 are less than unity. The transmission ratios in the
range of 0.6 < ka < 0.7 are generally smaller than those in the range of 0.75 < ka <
1.5. Similar phenomena are observed for other values of d/a, except d/a = 2.25. For
d/a = 2.25, the transmission ratios are about unity. When d/a decreases, the limits of
the range of ka where transmission ratios are less than unity, increase in Fig. 6.8(b).
The limits for each d/a appear the same for different observation positions in Fig. 6.8.

There are slightly changes of values of transmission ratio at each d/a and ka among
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these subfigures. When the observation position is away from the scatterers, values

of transmission ratio at each d/a and ka slightly approach to unity.

6-4.2 Displacements for Different Number of Layers

In this section, displacement components in Cartesian coordinate system in the
y = 0 plane are illustrated as a part of the simulation results. In Fig. 6.9, the
geometric relation of scatterer arrangement and the y = 0 plane is shown. In the
calculation, the spacing between two scatterers is three time of the scatterer’s radius.
The scatterers located in the z = 0 plane (Section 6-2.1) are shown and the incident

wave propagates along Z-axis with displacement u,. According to the displacements

due to the incident waves in Egs. (2-138a) and (2-138¢), u* and u}* are zero, and

nc __ ,—iKkz
U, =e .

Yy

Figure 6.9: Geometric relation of scatterer arrangement and the y = 0 plane. The
scatterers located in the z = 0 plane (Section 6-2.1) are shown. The incident wave
propagates along Z-axis with displacement wu,.

By checking numerical values of u, in this application example, the displacement
component u, in the y = 0 plane is on the order of 107° or smaller. For example,

modulus of u, in the y = 0 plane when xka = 1.35 and there are sixty-four scatterers
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is shown in Fig. 6.10. The values of |u,| in Fig. 6.10 are smaller than 3 x 1077,
which is approximately zero in comparison with unity value of |u2"¢|. Therefore, the

displacement component u, in the y = 0 plane for other cases is not displayed.

60

40

20

0.8

-20

-40

-60
-60 -40 -20 0 20 40 60

Figure 6.10: modulus of u, in the y = 0 plane when ka = 1.35 and there are
sixty-four scatterers. The values in this figure are smaller than 3 x 107°.

Figures are arranged in the following series. The displacement component u, is
displayed before u,. For the case of one layer, modulus of u, due to the total waves
is displayed first and followed by real part of u, due to the total waves, modulus of
u, due to the scattered waves, and the real part of u, due to the scattered waves;
modulus of u, due to the total waves is displayed first and followed by real part of
u, due to the total waves, modulus of u, due to the scattered waves, and the real
part of u, due to the scattered waves. After u, and u, are displayed for the case of
one layer, figures of u, and u, for the case of two layers and then for the case of four
layers are followed in the same order as for the case of one layer.

For the case of one layer of scatterers, u, at various wave frequencies are put in
one figure in order to show the effect of wave frequency. For example, Fig. 6.11 shows
the modulus of displacement u, of total waves in y = 0 plane at evenly distributed

wave frequencies, in which a wave frequency is represented by normalized longitudinal
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wave number in the host medium. The displacement u, inside black circles are not
computed during scatterer polymerization process and are set to zero. In a similar
way, the real part of u,, the modulus and the real part of u, of total waves and
scattered waves are shown in Figs. 6.12 through 6.16.

In Fig. 6.11, the distribution of modulus of w, is symmetric about z = 0 axis
in each sub-figure and the pattern of the distribution changes with respect to the
orientation and wave frequency. The edge of the shadow region, the region right
behind the scatterers, form an angle with Z-axis. The angle decreases as wave number
increases. Outside of the shadow region, periodic peaks appear as contour lines.
The spacing between contour lines corresponds to the incident wavelength, which
decreases as the linear reciprocal of the frequency. When ka increases, the spacing
between contour lines decreases. In Fig. 6.11(e), ka = 0.9 and the value of periodic
peaks along the direction perpendicular to Z-axis is larger than that along the Z-
axis. Similarly, the value of periodic peaks is larger along a certain direction than that
along the other directions in the sub-figures in Fig. 6.11. Specifically, in Fig. 6.11(i)
the value of periodic peaks is larger along negative Z-axis and along the edge of the
shadow region.

In Fig. 6.12, the distribution of real part of w, is symmetric about x = 0 axis
in each sub-figure and the pattern of the distribution changes with respect to the
orientation and wave frequency. Periodic peaks appear like straight lines that parallel
to each other and to X-axis. The spacing between parallel lines corresponds to the
incident wavelength, which decreases as the linear reciprocal of the frequency. When
ka increases, the spacing between parallel lines decreases. The edge of the shadow
region form an angle with Z-axis. The angle decreases as wave number increases. The
edge of the illuminated region, the region opposite the shadow region, also form an

angle with Z-axis in sub-figures 6.13(b) through 6.13(i). The angle does not change
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(d) ka =0.75 (e) ka=10.9 (f) ka =1.05

(j) Colorbar

Figure 6.11: Modulus of u, in the y = 0 plane of total waves for the case of one layer
of 16 scatterers. For different longitudinal wave numbers in epoxy matrix, normalized
wave number ka is used and a is radius of spherical scatterer. Wave fields inside black
circles are not computed during scatterer polymerization procedure and set to zero.
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Figure 6.12: Real part of u, in the y = 0 plane of total waves for the case of one layer
of 16 scatterers. For different longitudinal wave numbers in epoxy matrix, normalized
wave number ka is used and a is radius of spherical scatterer. Wave fields inside black
circles are not computed during scatterer polymerization procedure and set to zero.
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with respect to wave frequency.

In Fig. 6.13, the distribution of modulus of u, is symmetric about x = 0 axis
in each sub-figure and the pattern of the distribution changes with respect to the
orientation and wave frequency. The distribution of modulus of u, in the y = 0 plane
appears like several sectors, where a em sector (in analogy to the definition of circular
sector) is an area bounded by two radii and the edge of an image. The number of
sectors increases when wave number increases. Periodic peaks in these sectors appear
like contour lines. When ka increases, the spacing between contour lines decreases.

In Fig. 6.14, the distribution of real part of u, is symmetric about x = 0 axis
in each sub-figure and the pattern of the distribution changes with respect to the
orientation and wave frequency. The distribution pattern in each sub-figure appears
like four sectors. In each sector, periodic peaks appear like contour lines. The spacing
between periodic peaks in the shadow region and the illuminated region is double of
the spacing between periodic peaks in the other regions. When ka increases, the
spacing between contour lines decreases.

In Fig. 6.15, the distribution of modulus of u, is symmetric about z = 0 axis
in each sub-figure and the pattern of the distribution changes with respect to the
orientation and wave frequency. Along X and Z axes, modulus of u, is zero. In
Figs. 6.15(a) through 6.15(c), the distribution pattern appears like four sectors. In
Figs. 6.15(d) through 6.15(i), the distribution pattern appears as more than four
sectors. Periodic peaks in these sectors appear like contour lines. When ka increases,
the spacing between contour lines decreases. In Figs. 6.15(g) and 6.15(h), values of
periodic peaks along directions, which form an angle of roughly 45° with respect to
Z-axis, are larger than those along other directions. In Figs. 6.15(i), values of periodic
peaks along directions, which form an angle of roughly 45° with respect to positive

Z-axis, are larger than those along other directions.
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(a) ka=10.3

(j) Colorbar

Figure 6.13: Modulus of u, in the y = 0 plane of scattered waves for the case of
one layer of 16 scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number ka is used and a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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(¢) ka = 0.6

(j) Colorbar

Figure 6.14: Real part of u, in the y = 0 plane of scattered waves for the case of
one layer of 16 scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number xa is used and a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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(a) ka=10.3 (b) ka = 0.45 (¢c) ka =0.6

60 -40 -20 0 20 40 60 60 -40 -20 0 20 40 60 60 -40 -20 0 20 40 60

(d) ka=0.75 (e) ka=0.9 (f) ka =1.05

(j) Colorbar

Figure 6.15: Modulus of u, in the y = 0 plane of total waves for the case of one layer
of 16 scatterers. For different longitudinal wave numbers in epoxy matrix, normalized
wave number ka is used and a is radius of spherical scatterer. Wave fields inside black
circles are not computed during scatterer polymerization procedure and set to zero.
Values of u, of longitudinal incident waves are zero.
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(j) Colorbar

Figure 6.16: Real part of u, in the y = 0 plane of total waves for the case of
one layer of 16 scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number ka is used and «a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero. Values of u, of longitudinal incident waves are zero.
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In Fig. 6.16, the distribution of modulus of u, is not symmetric about x = 0 axis
in each sub-figure and the pattern of the distribution changes with respect to the
orientation and wave frequency. Along X and Z axes, real part of u, is zero. In each
sub-figure, the distribution pattern appears as four sectors. Periodic peaks in each
sector appear like contour lines. When ka increases, the spacing between contour lines
decreases. In Figs. 6.16(d) and 6.16(e), values of periodic peaks in the shadow region
and illuminated region are larger than those in other regions. In Figs. 6.16(f) and
6.16(g), values of periodic peaks along directions, which form an angle of roughly 45°
with respect to Z-axis, are larger than those along other directions. In Figs. 6.16(i),
values of periodic peaks along directions, which form an angle of roughly 45° with
respect to positive Z-axis, are larger than those along other directions.

The pattern of distribution of modulus of u, in Fig. 6.17 is similar as that in
Fig. 6.11. In the shadow region, value of modulus of u, in Fig. 6.17 is slightly smaller
than that in Fig. 6.11 (through comparison of color in two figures). In the illuminated
region, values of periodic peaks in Fig. 6.17 are slightly larger than those in Fig. 6.11.
Directions, along which values of periodic peaks appear larger than those along the
Z-axis, in Fig. 6.17 are different than those in Fig. 6.11.

The pattern of distribution of real part of u, in Fig. 6.18 is similar as that in
Fig. 6.12. In the shadow region, real part of u, in Fig. 6.17 approaches to zero in
larger area than that in Fig. 6.11 (through comparison of color in two figures).

The pattern of distribution of modulus of u, in Fig. 6.19 is similar as that in
Fig. 6.13. In the shadow region and illuminated region, modulus of w, in Fig. 6.19
appears larger than that in Fig. 6.13 (through comparison of color in two figures).
Outside the shadow region and illuminated region, the number of sectors in Fig. 6.19
is larger than that in Fig. 6.13.

The pattern of distribution of real part of u, in Fig. 6.20 is similar as that in
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(j) Colorbar

Figure 6.17: Modulus of u, in the y = 0 plane of total waves for the case of two layers
of scatterers. For different longitudinal wave numbers in epoxy matrix, normalized
wave number ka is used and a is radius of spherical scatterer. Wave fields inside black
circles are not computed during scatterer polymerization procedure and set to zero.
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Figure 6.18: Real part of u, in the y =

two layers of scatterers.

(j) Colorbar

0 plane of total waves for the case of
For different longitudinal wave numbers in epoxy matrix,

normalized wave number xa is used and a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and

set to zero.
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(a) ka=10.3 (b) ka = 0.45 (c) ka =0.6

(d) ka =0.75 (e) ka=0.9 (f) ka =1.05

(j) Colorbar

Figure 6.19: Modulus of u, in the y = 0 plane of scattered waves for the case of
two layers of scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number ka is used and a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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(a) ka=0.3 (b) ka =045

(j) Colorbar

Figure 6.20: Real part of u, in the y = 0 plane of scattered waves for the case of
two layers of scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number xa is used and a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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Fig. 6.14. In the shadow region and illuminated region, values of periodic peaks in
Fig. 6.20 appear slightly larger than those in Fig. 6.14 (through comparison of color
in two figures).

The pattern of distribution of modulus of u, in Fig. 6.21 is similar as that in
Fig. 6.15. Directions, along which values of periodic peaks are larger than those in
other directions, in Fig. 6.21 are different from those in Fig. 6.15. Values of periodic
peaks in Fig. 6.21 appear slightly larger than those in Fig. 6.15 (through comparison
of color in two figures).

The pattern of distribution of real part of u, in Fig. 6.22 is similar as that in
Fig. 6.16. Values of periodic peaks in Fig. 6.22 appear slightly larger than those in
Fig. 6.16 (through comparison of color in two figures).

The pattern of distribution of modulus of u, in Fig. 6.23 is similar as that in
Fig. 6.17. In the shadow region, value of modulus of u, in Fig. 6.17 is slightly smaller
than that in Fig. 6.17 (through comparison of color in two figures). In the illuminated
region, values of periodic peaks in Fig. 6.23 are slightly larger than those in Fig. 6.17.
Directions, along which values of periodic peaks appear larger than those along the
Z-axis, in Fig. 6.23 are different from those in Fig. 6.17.

The pattern of distribution of real part of u, in Fig. 6.24 is similar as that in
Fig. 6.18. In the shadow region, real part of u, in Fig. 6.23 approaches to zero in
larger area than that in Fig. 6.17 (through comparison of color in two figures).

The pattern of distribution of modulus of u, in Fig. 6.25 is similar as that in
Fig. 6.19. In the shadow region and illuminated region, modulus of u, in Fig. 6.25
appears larger than that in Fig. 6.19 (through comparison of color in two figures).
Outside the shadow region and illuminated region, the number of sectors in Fig. 6.25
is larger than that in Fig. 6.19.

The pattern of distribution of real part of u, in Fig. 6.26 is similar as that in
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(a) ka=10.3 (b) ka = 0.45 (¢c) ka =0.6

(j) Colorbar

Figure 6.21: Modulus of u, in the y = 0 plane of total waves for the case of two layers
of scatterers. For different longitudinal wave numbers in epoxy matrix, normalized
wave number ka is used and a is radius of spherical scatterer. Wave fields inside black
circles are not computed during scatterer polymerization procedure and set to zero.
Values of u, of longitudinal incident waves are zero.
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Figure 6.22: Real part of u, in the y = 0 plane of total waves for the case of
two layers of scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number ka is used and «a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero. Values of u, of longitudinal incident waves are zero.
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(j) Colorbar

Figure 6.23: Modulus of u, in the y = 0 plane of total waves for the case of four
layers of 64 scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number xa is used and a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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(b) ka = 0.45

(d) ka =0.75 (e) ka=0.9 (f) ka =1.05

60 -40 -20 0 20 40 60

(g) ka=1.2

(j) Colorbar

Figure 6.25: Modulus of u, in the y = 0 plane of scattered waves for the case of
four layers of 64 scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number ka is used and a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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(j) Colorbar

Figure 6.26: Real part of u, in the y = 0 plane of scattered waves for the case of
four layers of 64 scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number ka is used and a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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Fig. 6.20. In the shadow region and illuminated region, values of periodic peaks in
Fig. 6.20 appear slightly larger than those in Fig. 6.20 (through comparison of color
in two figures).

The pattern of distribution of modulus of u, in Fig. 6.27 is similar as that in
Fig. 6.21. Directions, along which values of periodic peaks are larger than those in
other directions, in Fig. 6.27 are different from those in Fig. 6.21. Values of periodic
peaks in Fig. 6.27 appear slightly larger than those in Fig. 6.21 (through comparison
of color in two figures).

The pattern of distribution of real part of u, in Fig. 6.28 is similar as that in
Fig. 6.22. Values of periodic peaks in Fig. 6.28 appear slightly larger than those in

Fig. 6.22 (through comparison of color in two figures).
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(a) ka=10.3 (b) ka = 0.45 (¢c) ka =0.6

(j) Colorbar

Figure 6.27: Modulus of u, in the y = 0 plane of total waves for the case of four
layers of 64 scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number ka is used and a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero. Values of u, of longitudinal incident waves are zero.
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(a) ka=10.3 (b) ka =045 (¢) ka = 0.6

(j) Colorbar

Figure 6.28: Real part of u, in the y = 0 plane of total waves for the case of four
layers of 64 scatterers. For different longitudinal wave numbers in epoxy matrix,
normalized wave number ka is used and «a is radius of spherical scatterer. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero. Values of u, of longitudinal incident waves are zero.
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6-4.3 Stresses for Different Number of Layers

In this section, stress components in Cartesian coordinate system in the y = 0
plane are illustrated as a part of the simulation results. In Fig. 6.9, the geometric
relation of scatterer arrangement and the y = 0 plane is shown. In the calculation,
the spacing distance between two scatterers is three time of the scatterer’s radius.

According to the stresses due to the incident waves in Eqgs. (2-138b) through (2-138e),

o, o and o, are zero, and other stresses are
oine = \(—ik)e ", (6-1)
O';ZC = \(—ir)e "=, (6-2)
o = (X 4 2u)(—ik)e "=, (6-3)

o¢ and o¢ are approximately half of that of 072¢. The stress magni-

Magnitude of o
tudes of an incident wave are proportional to its wave number. It is not convenient to
compare stress components among different wave frequencies. In stead, stress compo-
nents of same wave frequency are compared among the cases of one layer, two layers
and four layers of scatterers. Normalized wave number ka is used to indicate wave
frequency. As examples, figures are given for ka = 0.3, 0.75, and 1.2.

For each wave number, stresses 0,,, 0,, and 0., are put together for comparison
and are arranged in the following series: modulus of 0,,, 0,, and o.. of total waves
are followed by real part of 0,,, 0y, and 0., of total waves, and followed by modulus
of 044, 0yy and o, of scattered waves, and followed by real part of o,,, oy, and o,
of scattered waves. The stress o,, is displayed separately. Figures for ka = 0.3 is
followed by figures for ka = 0.75 and then followed by figures for ka = 1.2. (The
stress o,, and o0,, are not displayed. For example, when xa = 1.05 the maximum
value of |o,,| and |oy,| is smaller than 4 x 10°. In comparison with modulus of other

stresses that are on the order of 10%, o,, and o,, are approximately zero. Therefore,
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the stress o,, and o, are not displayed. )

In Fig. 6.29, |o,,| and |oy,| are approximately half of |0,.|, and distribution of
modulus of o, 0y, and o, are symmetric about x = 0 axis. In the shadow region,
values of |0, |oyy| and |o,.| increase when the number of layers increases. The
distribution patterns of |o,.| and |o,,| are similar. In the sub-figures of modulus
of oy, the edge of the illuminated region form an angle with Z-axis. The angle in
Fig. 6.29(e) is larger than that in Fig. 6.29(d) but smaller than that in Fig. 6.29(f).

In Fig. 6.30, real part of o,, and o, are approximately half of real part of 0.,
and distribution of real part of 0., 0,y and 0., are symmetric about x = 0 axis. The
stresses of incident wave dominate the field.

In Fig. 6.31, distribution of modulus of o,,, 0., and o, are symmetric about
x = 0 axis. In the shadow region, values of modulus of 0,,, 0y, and o, increase
slightly when the number of layers increases. The distribution patterns of modulus of
032 and o, are similar. In the sub-figures of modulus of o, the distribution appear
like two bulbs in the shadow region and the illuminated region. The size of the bulb
in the shadow region increases when the number of layers in creases.

In Fig. 6.32, distribution of real part of 0, 0, and o.. are symmetric about
x = 0 axis. In the shadow region, values of real part of o,,, 0y, and o.. increase
slightly when the number of layers increases. The distribution patterns of real part
of 0., and 0., are similar, and the spacing between periodic peaks in the shadow
region and the illuminated region are two times of that in other regions. The spacing
between periodic peaks in the sub-figures of real part of oy, is the same as that in
the shadow region in the sub-figures of real part of o,, and o...

The stress component o,, due to the incident wave is zero, so that the non-
zero result of o,, is due to scattered waves. The distribution of modulus of o,, is

symmetric about z = 0 axis. In Fig. 6.33, values of |o,.| in the shadow region and
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Figure 6.29: Modulus of stresses o,,, 0,, and 0., in the y = 0 plane of total waves
at ka = 0.3 and for three cases of one layer, two and four layers. Wave fields inside
black circles are not computed during scatterer polymerization procedure and set to
Zero.
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Figure 6.30: Real part of stresses 0,,, 0y, and o, in the y = 0 plane of total waves
at ka = 0.3 and for three cases of one layer, two and four layers. Wave fields inside
black circles are not computed during scatterer polymerization procedure and set to
Zero.
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Figure 6.31: Modulus of stresses 0,,, 0, and o, in the y = 0 plane of scattered
waves at ka = 0.3 and for three cases of one layer, two and four layers. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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Figure 6.32: Real part of stresses 0,,, 0y, and o, in the y = 0 plane of scattered
waves at ka = 0.3 and for three cases of one layer, two and four layers. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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Figure 6.33: Modulus of stress o,, in the y = 0 plane of total waves at ka = 0.3
and for three cases of one layer, two and four layers. Stress o,. due to the incident
wave is zero. Wave fields inside black circles are not computed during scatterer

polymerization procedure and set to zero.
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Figure 6.34: Real part of stress o,, in the y = 0 plane of total waves at ka = 0.3
and for three cases of one layer, two and four layers. Stress o,. due to the incident
wave is zero. Wave fields inside black circles are not computed during scatterer

polymerization procedure and set to zero.
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the illuminated region are smaller than those in other regions. The values of |0, |
in regions other than the shadow region and the illuminated region increase when
the number of layers increases. In Fig. 6.34, values of real part of o,, in the shadow
region and the illuminated region are smaller than those in other regions. The values
of real part of 0,.| in regions other than the shadow region and the illuminated region
increase when the number of layers increases.

In Fig. 6.35, |04,| and |oy,| are approximately half of |o,.|, and distribution of
modulus of 0,,, 0,y and o, are symmetric about = 0 axis. The edge of the shadow
region forms an angle with the Z-axis. In the shadow region, values of |0,,|, |oy,| and
|o..| decrease when the number of layers increases. The edge of the illuminated region
form an angle with the Z-axis. In the illuminated region, values and distribution
patterns of |0, |oy,| and |o,.| do not appear changed when the number of layers
increases.

In Fig. 6.36, values of real part of o,, and o,, are approximately half of that of
0.., and distribution of real part of 0,,, 0, and o,, are symmetric about z = 0 axis.
The edge of the shadow region forms an angle with the Z-axis. In the shadow region,
values of real part of 0,,, 0,y and 0., decrease when the number of layers increases.
The edge of the illuminated region form an angle with the Z-axis. In the illuminated
region, values of periodic peaks of 0., 0y, and o in the case of two layers are smaller
than those in the cases of one and four layers.

In Fig. 6.37, distribution of modulus of o,,, 0., and o.. are symmetric about
x = 0 axis, and values of modulus of o, 0y, are approximately half of modulus of
0... In the shadow region, values of modulus of o,,, 0,, and o, increase slightly
when the number of layers increases. The distribution patterns of modulus of o,
and o, are similar and appear as several sectors. In the sub-figures of modulus of

oyy, the distribution appear like two sectors in the shadow region and the illuminated
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Figure 6.35: Modulus of stresses o,,, 0,, and 0., in the y = 0 plane of total waves
at ka = 0.75 and for three cases of one layer, two and four layers. Wave fields inside
black circles are not computed during scatterer polymerization procedure and set to

Zero.
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Figure 6.37: Modulus of stresses 0,,, 0y, and o, in the y = 0 plane of scattered
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inside black circles are not computed during scatterer polymerization procedure and
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209



region. The size of the sector in the shadow region slightly increases when the number
of layers increases.

In Fig. 6.38, distribution of real part of o4, 0, and o, are symmetric about
x = 0 axis, and values of real part of 0,,, 0y, are approximately half of real part of
0... In the shadow region, values of real part of o,,, 0y, and o, increase slightly
when the number of layers increases. The distribution patterns of real part of o,
and o,, are similar, and the spacing between periodic peaks in the shadow region and
the illuminated region are two times of that in other regions. The spacing between
periodic peaks in the sub-figures of real part of 0,,, is the same as that in the shadow
region in the sub-figures of real part of o,, and o...

The stress component o,, due to the incident wave is zero, so that the non-zero
result of 0. is due to scattered waves. The distribution of modulus of ¢, is symmetric
about z = 0 axis. In Fig. 6.39, values of |0,.| in the shadow region and the illuminated
region are smaller than those in the regions along the z = 0 axis. The values of |0,
in the regions along z = 0 axis increase when the number of layers increases. In
Fig. 6.40, values of real part of o,, in the shadow region and the illuminated region
are smaller than those in the regions along the z = 0 axis. The values of real part of
0| in regions along the z = 0 axis increase when the number of layers increases.

In Fig. 6.41, |0,;| and |oy,| are approximately half of |o,,|, and distribution of
modulus of 0,,, 0, and o, are symmetric about x = 0 axis. The edge of the shadow
region forms an angle with the Z-axis. In the shadow region, values of |0..], |0y,
and |o,,| decrease when the number of layers increases. In the illuminated region,
periodic peaks of |o,.|, |oy,| and |o,.| appear like contour lines and values of the
periodic peaks increase slightly when the number of layers increases.

In Fig. 6.42, values of real part of o,, and o, are approximately half of that of

0.., and distribution of real part of 0,,, 0, and o,, are symmetric about = 0 axis.
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Figure 6.38: Real part of stresses 0,,, 0y, and o, in the y = 0 plane of scattered
waves at ka = 0.75 and for three cases of one layer, two and four layers. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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Figure 6.39: Modulus of stress 0., in the y = 0 plane of total waves at ka = 0.75
and for three cases of one layer, two and four layers. Stress o,, due to the incident
wave is zero. Wave fields inside black circles are not computed during scatterer
polymerization procedure and set to zero.
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Figure 6.40: Real part of stress o,, in the y = 0 plane of total waves at ka = 0.75
and for three cases of one layer, two and four layers. Stress o,. due to the incident
wave is zero. Wave fields inside black circles are not computed during scatterer
polymerization procedure and set to zero.
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Figure 6.41: Modulus of stresses o,,, 0,, and 0., in the y = 0 plane of total waves
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black circles are not computed during scatterer polymerization procedure and set to

Zero.
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The edge of the shadow region forms an angle with the Z-axis. In the shadow region,
values of real part of 0,,, 0, and 0., decrease when the number of layers increases.
The edge of the illuminated region form an angle with the Z-axis. In the illuminated
region, values of periodic peaks of 0,,, o, and o.. in the case of two layers are larger
than those in the cases of one and four layers.

In Fig. 6.43, distribution of modulus of o,,, 0., and 0., are symmetric about
x = 0 axis, and values of modulus of o, 0,, are approximately half of modulus of
0... In the shadow region, values of modulus of o,,, 0,, and o, increase slightly
when the number of layers increases. The distribution patterns of modulus of o,
and o,, are similar and appear as several sectors. The number of sectors in the region
where z > 0 increases when the number of layers increases. In the sub-figures of
modulus of o,,, the distribution appear like several sectors in the shadow region and
the illuminated region. The size of the sectors increases when the number of layers
increases.

In Fig. 6.44, distribution of real part of o,,, 0, and o,, are symmetric about
x = 0 axis. In the shadow region, values of real part of 0., oy, and o, increase
slightly when the number of layers increases. The distribution patterns of real part
of 0., and o, are similar, and the spacing between periodic peaks in the shadow
region and the illuminated region are two times of that in other regions. The spacing
between periodic peaks in the sub-figures of real part of o,,, is the same as that in
the shadow region in the sub-figures of real part of o,, and o,..

In Fig. 6.39, the distribution of modulus of o,, is symmetric about x = 0 axis.
Values of |o,.| in the shadow region and the illuminated region are smaller than those
in the regions along the z = 0 axis. The values of |o,.| in the regions along z = 0 axis
increase when the number of layers increases. In Fig. 6.40, values of real part of o,

in the shadow region and the illuminated region are smaller than those in the regions
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Figure 6.43: Modulus of stresses 0,,, 0y, and o, in the y = 0 plane of scattered
waves at ka = 1.2 and for three cases of one layer, two and four layers. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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Figure 6.44: Real part of stresses 0,,, 0y, and o, in the y = 0 plane of scattered
waves at ka = 1.2 and for three cases of one layer, two and four layers. Wave fields
inside black circles are not computed during scatterer polymerization procedure and
set to zero.
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Figure 6.45: Modulus of stress o,, in the y = 0 plane of total waves at ka = 1.2
and for three cases of one layer, two and four layers. Stress o,. due to the incident
wave is zero. Wave fields inside black circles are not computed during scatterer

polymerization procedure and set to zero.
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Figure 6.46: Real part of stress o,. in the y = 0 plane of total waves at ka = 1.2
and for three cases of one layer, two and four layers. Stress o,. due to the incident
wave is zero. Wave fields inside black circles are not computed during scatterer

polymerization procedure and set to zero.
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along the z = 0 axis. The values of real part of o,,| in regions along the z = 0 axis
increase when the number of layers increases. The stress component o,, due to the
incident wave is zero, so that the non-zero result of o,, is due to scattered waves. In

comparison with o, or o,. in Figs. 6.43, 0., is smaller than o,, and o,..
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6-5 Concluding Remarks

In this chapter, the application example showed that the transmission ratio of u,
decreases in certain range of wave frequencies as the number of layers increases. It
illustrates the process of band gap formation, in which the u, transmission ratio does
not decrease to zero in the example.

In this application example, wave fields of scattered waves and total waves of
the multiple scattering problems are displayed. Physical phenomena of the multiple
scattering problems are observed.

This application example also demonstrated that the present computational sys-
tem has the capability to simulate three-dimensional multiple scattering of elastic

waves.
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Chapter 7

Thesis Conclusion

7-1 Summary

The subject of multiple scattering of elastic waves in a solid medium containing
particles is not new. Multiple scattering solutions include approximate solutions,
solutions from numerical methods and exact solutions. An exact solution provides
more details than an approximate solution for same scattering problem. Analytically
exact solutions are the focus in the thesis.

For the multiple scattering solution with iterative approach, the computation and
storage of the matrix for coordinate translation between coordinate systems of every
two scatterers is a limiting factor *4. For the multiple scattering solution with T-
matrix approach, the computation and storage of the matrix of the linear equation
system is a limiting factor.

This thesis uses scatterer polymerization methodology to reduce the number of
actual scatterers to a lesser number of abstract scatterers, so that the limiting factor
due to the matrix size is removed. The major works that have been finished in this

thesis include the following:
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1. Analytical expression of elastic wave fields in terms of the scalar and vector

spherical harmonics.

2. Analytically exact solution of single scattering of elastic waves by a spherical

inclusion in a solid medium is obtained, implemented and verified.

3. Analytically exact solution of three-dimensional multiple scattering of elastic
waves in a solid medium containing arbitrary number and distribution of spher-

ical scatterers is obtained, implemented and verified.

4. The scatterer polymerization methodology is extended to three-dimensional
multiple scattering of elastic waves. This methodology is verified by using five

approaches to solve the same scattering problem.

5. A band gap formation process is observed. An application example demon-
strates that the computational system has the capability to simulate multiple

scattering solutions of elastic waves in three-dimension.

7-2 Future Work

One computational system is built for three-dimensional multiple scattering of
elastic waves by arbitrary number and arrangement of scatterers. But some issues
have not yet been explored in detail. For example, it is known that the abstract
scatterer territory size and the distance between two scatterers affect the accuracy of
results and the truncation number, but the relation between the scatterer territory
size, the distance between two scatterers, the total number of scatterers, the accuracy
of results and the truncation number has not been detailed. These need to be explored

in future work.
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The computational system has been used to study scattering cases of finite scatter-
ers of regular arrangement. It can be used to study scattering cases of more scatterers

of regular and irregular arrangements in future work.
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Appendix A

Orthogonal Curvilinear Coordinate

System

Without lose of generality, assume an orthogonal curvilinear coordinate system
with coordinates (&1, &2, 3), with unit vectors e;, es and e,. For reference, coordinates
in a Cartesian coordinate system are denoted as (x1, o, x3) with unit vectors ny, n.
and mo. The curvilinear coordinate system is orthogonal and hence

€ €; = 5ij and €; X €; = &€k (A*l)

where 0;; is the Kronecker delta, and €, is the permutation symbol.

Furthermore, an infinitesimal vector can be represented as
dr = hyd§ie; + hadSes + hadéses (A-2)

where h; is called the scale factor for coordinate &; (i = 1,2, 3), which can be computed

by

ox1\ > <8$2)2 (82:3)2 1
h; = —= = A
\/< oG ) i I&i i 0% \/( & 98 0, )

6:E1)2+ (ax2)2+ (ax3)2

231



From eqn. (A-2), we can write, for any 1,

or

Since, for any i and j (i # j),

0 or _8 or
55@%)_%(%J

we have
d(hie;) _ 9(hje;)
og 0
or
oe; Oh; Oe;  Oh;

o5 0 Tog 0

Applying dot-product with e; to both sides of eqn. (A-5) gives

e; (A-5)

oe;  Oh; oe;
hiei- . . :ezh ] A-6
55 Tag, ~ o, (A°0)
where e; - e; = 1 and e; - e; = 0 have been used. Since
O(ei : 62') @ei
—=0= 262' . Af?
9¢; 9¢; (A7)
eqn. (A7) implies that 8‘%/3@ is normal to e;. Furthermore, eqn. (A-6) becomes
Oh; oe;
L —e;-hj—2 A-8
agj € J a& ( )
Applying dot-product with ey (k # 4,7) to both sides of eqn. (A-5) gives
oe; oe;
hiey — = hiep, - —2 A-9
€k 85] Jek a& ( )
Also, since e; - e, = 0,
d(e; - ex) dey, de;
DO = =Lty A-10
9¢; o " og (A-10)

Note that similar relations as in eqns. (A-9) and (A-10) exist, with appropriate per-
mutations of indices ¢, j and k.
From eqn. (A-10),
Oe; dep  hy %

e = —€,r —/— = ——6€; "
: o6 hy | 08

o6 (using eqn. (A-9) with ¢ and k exchanged)
J
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hj 8ei

=_—e€;- (using eqn. (A-10) with j and k exchanged)
hi, = O
h; h
= —]—kej e (using eqn. (A-9) with j and k exchanged)
h h; ¢
hj 8€j . . . .
== er 2%, (using eqn. (A—10) with 7 and j exchanged)
hj hi i . o :
= _h_Zh_jek : gzj (using eqn. (A-9) with ¢ and j exchanged)
3ei
— e A1
" og A
Equation (A-11) implies
8ek
e 2k~ A-12
¢; A2

That is, 561/3@ is normal to ey.
Therefore, aei/agj is normal to both e; and ey, hence, 362'/3@ is along the direc-

tion of e;. Thus, eqn. (A-5) gives, for ¢ # j,

8ei €; 8hj
= A-1
98 ~ 1 06 (A713)
For 4, j, k in cyclic order,
86,‘ . 8(ej X ek) o Oek 8€j
T R T T
. €; 8/11 i €; 8hz X e, = €; 8hz €L ﬁhz (A—14)

— X — - — -
€ hk (%k hj 851 hj 35; hk afk

Equations (A-13) and (A—14) form the bases for obtaining the vectorial operators
in the curvilinear coordinate system. Details can be found in [56]. Expressions for the
vectorial operators in the orthogonal curvilinear coordinate systems are summarized

as following

_e 0 e 0 e 0
hl 861 h2 852 h3 853

_ 1 [0(Vihshs) N O(hyVahs) N O(h1hyVs)
h1h2h3 661 852 853

v (A-15)

V-V (A-16)
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hiei hoes hses

1
VXV= o a9 0 .
V= hihohs | 96 062 0& (A-17)

haVi haVa hsVs

e [ () & (e
hihohs | 0& hy 0& 06 \ hy 0&

8 hlhg (91}
v5 (o) e
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Appendix B

Reduce Navier’s Equation to Three

Scalar Wave Equations

The Navier’s equation, for the motion of a particle in an elastic medium, is
pi = pV3u+ (A + p)V(V - u) (B-1)

Details of reducing the Navier’s equation eqn. (B-1) to the following three scalar wave

equations are introduced in this Appendix.

¢=c1V% (B-2a)
) =&V (B-2b)
X =csVix (B-2c)

According to Helmholtz’s theorem of decomposition of a vector field ', displace-

ment vector w can be written in terms of displacement potentials, as follows:

u=Veé+Vxp (B-3)
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where ¢ is called the scalar displacement potential, and 1) is called the wvector dis-

placement potential of w. Substituting eqn. (B-3) into eqn. (B-1) gives
PVG + pV x 3 = VA (V) + uV(V x )
+A+pHV(V Vo) + VIV - (V x )]} (B-4)
Since
V-V =V V}Vg¢) =V(V)
V- (Vx)=0, V*(Vx1)=Vx (V)

eqn. (B-4) can be written as

pVG + pV x P = (A +2u)V(V?¢) + uV x (V) (B-5)
or
V 06— O+ 20)V20] +  x [ — V| = 0 (B-6)
For the general case, eqn. (B-6) gives rise to two simultaneous equations
b=c2V% and P =cEVH (B-7)
where
2
cr, = At 2u and cg = \/E (B-8)
P P

are two different wave speeds, representing two different types of waves in the solids.
Furthermore, since V- (V x ) = 0, waves due to ¥ do not cause volume change and
are thus called the shear waves; and since V x (V¢) = 0, waves due to ¢ are called
the longitudinal wave. Note that the two wave equations are uncoupled.

Also note that the above equations are reached via replacing the displacement
vector by the displacement potentials, the process replaces 3 scalar functions (3 com-
ponents of displacement) by 4 scalar functions (1 scalar potential plus 1 vector po-

tential), this redundancy indicates that the 4 scalar components are not independent.
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Usually components of the vectorial potential are restricted by the condition

Vop=0 (B-9)

Because of this condition, the 3 components of the vectorial potential can be
replaced by 2 of them. Combined with the scalar potential ¢, the wave equation can
be completely solved by using 3 displacement potentials.

We choose ¢ and y such that each term in eqn. (2-9) satisfies equn. (B-6). For 9,
this is

V x |2V (wipes) — WLeg] =0 (B-10)

Recall that, for any vector
Vif=V(V-f)—-VxVxFf

Using vector operators for a general curvilinear coordinate system (i, &y, &3) (with

scale factor hq, hy and hs and unit vectors e, e; and e3 ) as detailed in Appendix

A, we have
o It
VIV - (wipes)] = %3% {hig {;Z;i 8%2?2) * 8(52?] }
L2 0 {l {“”D Ohihy) | O(wy)] }
hy 08 \ hs | hihy  0& 0Cs |
Rt e ki) o
9 o) = 28 [ P e s
“ros (e s 7 [ e o

Assume: hg is a constant, and hz/h1 is independent of &3, then

€1

VIV - (wies)]

 hihg

{

2 {
961 s
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e { 0 {ww 8(h1h2)} N 82(ww)}

hohs | 06y | hihy  9€s DEL0E
* {853 [hlhg o6 | o (B-15)

e; 0*(wy) L e 02 (wh)
hihg 06085 hahs 05083

e [0 (w%b)] [ﬁﬁ( 1/))” -
h1h2{8§1 { o6 | " og [h og | B9
Therefore

2 1 (A1 8 |:’LUZZJ 8(h1h2)j| €- 8 |:1U’l7b 8(h1h2):|
Vi{wyes) = {h1 06 | ahy 06 | hy 08 |hibs 08

hs 0€; h1h2 0&3 hy  0&

es [0 ﬁa(ww)} d { (ww)” -
+h1h2{851 [hl o6 | T oe [ og (B17)
Also recall that

2 _ 1 i(hﬂl:& I(w w)) (hlhB (Uﬂﬂ))
Vi) = o {agl b 06 +a§ hy 06

0 hahy O(wy))
?@i( h;a?iz>)] L 9 ot
M e

V xV x (wweg)

" hihs 06 96, hihy 0& |hy 0&
1 0 8(w¢)]
+ — |hih B-18
Tl 06 [ the =58, (B-18)

we have

Vi(wies) = hsv (h1h2 o€ )+ {vz(w) T hah? 0% 0 }e?’ (B-19)

For cylindrical coordinate systems (including circular, elliptical and parabolic

cylindrical systems), hihs is independent of &3, eqn. (B-19) becomes
V2<w¢€3) = Vz(wwes (B-20)

For spherical and conical coordinate systems, hihy = &2 f(&1,&2), hence

(‘3(h1h2) hiho
&3 &3

283f (&1, &2) =2
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Also,
V2 (wy) = wV) + 2(Vw) - (V) + V3w

eqn. (B-19) becomes

V2 (ues) = 2y (lg—:b) + [wV?Y + 2(Vw) - (Vi)

2 0
o 2, o

If we choose w = &3, then

10w dy 2y L 0 (Mhy) 2
(Vw) - (Vi) = h3 0&3 03 and - Viw = hihahs O3 ( hs ) - &h3

eqn. (B-21) becomes

200 20 2000 2

—_——t - —=— — —— e
1206 &k 1l og fshiw] ’

2
= h_v¢ +wVes (B-22)
3

V2 (wies) = %Vz/f + |wV) +
3

Since V x (V) = 0, for cylindrical, spherical and conical coordinate systems that

have been considered, the equation for v is
&V =1 (B-23)

Following the similar procedure, it can be shown that the equation for y is formally
the same.

To summarize, the assumptions made about the coordinate system include

= h3 is a constant;

« h2/,1 is independent of &s;

* hyhs is either independent of &5 (cylindrical coordinate systems), or hihy =

£2f(&1,&) (spherical and conical coordinate systems);

» w is constant (cylindrical coordinate systems) or w = &3 (spherical and

conical coordinate systems).

239



These conditions are satisfied by the following 6 coordinate systems: Cartesian
coordinate system, circular cylindrical coordinate system, elliptical cylindrical coor-
dinate system, parabolic cylindrical coordinate system, spherical coordinate system
and conical coordinate system. For these coordinate systems, the elastic wave equa-
tion in eqn. (2-6) can be reduced to the following three uncoupled equations of scalar

displacement potentials:

b=V (B 24)
§ = vy (B 25)
X = eV3x (B-26)
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Appendix C

Spherical Coordinate System and

Field Operators

Suppose the spherical coordinates (r,0,p) of a point P in Fig. C.1 are given, where
¢ (0 < ¢ < 27) is the azimuthal angle measured from positive direction of z-axis in
the x-y plane, and 0 (0 < 0 < 7) is the zenith angle measured from positive direction
of z-axis. Then, the Cartesian coordinates (z,y,z) for P are

7€)

P e,

. J V@)
g

Figure C.1: Spherical and Cartesian Coordinate Systems.

X )

x =rsinfcosp, y = rsinfsin g, and z=rcosf (C-1)
In general, the inverse is
r=\/x%+y?+ 22 (C-2a)
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0 = cos ' (z/r),
p =tan"'(y/z)

and the unit vectors are

e, = sin 0 cos pe, + sin f sin pe, + cos fe,

ey = cos 0 cos pe, + cos O sin pe, — sin e,

e, = —sin pe, + cos pe,
An infinitesimal vector can be written as
dr = dre, + rsin Odype,, + rdfey

Thus

=1 &L=¢, &=0
and

hi =1, hy=rsinf, hy3=r

The operators are

da 1 Oa 1 0a

Vo= ot im0 T 7 o6

1 A(r*sindV,)  9O(rV,) O(rsinfVp)

V.V_rzsiHQ or * Op + 00
_ 10V, N 1 9V, N 1 O(sinfVy)

S r2 or rsinf dp  rsinfd 06

e, reg rsinfe,
1
VXV 0 0 0

r2sinf | or 00 Dy
V. rVy rsindV,
_ 1 |:<_8(7"V9) N J(rsin GV@)) e <0V}

r2sin 6 Op 00
d(rsinfV,) IV,
) ( o 890) ”39]
-1 [9Vy O(sinbVy) o _ 19V, oVy
~ rsind \ Op 00 " r 00 or
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00

(C-2b)

(C—2c)

O(rVs)

5 > rsinfe,



Vv =

_(%4_‘/90

7"2 sin 0

7"2 or (

[a(
)

1 oV, e
r sm@ &p

2 sin 9 8 L ov
an98¢

1 0

R

r2 sin? 6 8g0 r2sin 6 00
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Appendix D

Coordinate Transformation for
Displacements, Strains and
Stresses between Spherical and

Cartesian Coordinate Systems

Figure D.1 is referred here for coordinate transformation.

z{e)
Pz
9 {e‘”
T | e
2]

J y@)
¢

Figure D.1: Spherical and Cartesian Coordinate Systems.

X )

Suppose the spherical coordinates (r,0,p) of a point P in Fig. D.1 are given, where

v (0 < ¢ < 27) is the azimuthal angle measured from positive direction of x-axis in
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the -y plane, and 0 (0 < 0 < 7) is the zenith angle measured from positive direction

of z-axis. Then, the Cartesian coordinates (z,y,z) for P are

x =rsinf cos p (D-1a)
y =rsinfsinp (D-1b)
z=rcosf (D-1c¢)

When the Cartesian coordinates (x,y,z) of a point P are given, then the spherical

coordinates (r,0,p) for P are

r=+/2?+y>+ 22 (D-2a)
0 = arccos(z/r) (D-2b)
(
0 if r=0andy=0
/2 if x=0andy>0
3r/2 if x=0andy<0
p = (D-2¢)
7w+ arctan(y/x) if x <0

arctan(y/z) if z>0andy >0

27 4 arctan(y/z) if x>0andy <0

\

where 0 < 6 < 7 when 0 < arccos(z/r) < 7w, and 0 < ¢ < 27 when —7/2 <
arctan(y/z) < w/2. When the length of a vector is zero, it is zero vector that has
all components equal to zero. Equation (D-2c) is essentially the same as Eq. (C-2c),
except that the coordinate ¢ in Eq. (D-2c) is confined in the range [0, 27| and the
coordinate ¢ in Eq. (C-2c¢) is not confined.

The e,, e, and e, are unit vectors of x, y and z axes respectively. And the e,, ey

and e, are unit vectors of r, § and ¢ respectively. Then,

e, = (e, cosp + e, sinp)sinf + e, cos f (D-3a)
ey = (e;cosp + e, sinp)cosf — e, sind (D-3b)
e, = —e;siny+ e, cosyp (D-3c)
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By multiplying Eq. (D-3a) with e, to form dot product,
e -e,=e; e cospsinbd +e,-e,;sinpsinf +e, - e, cosl
= cos psind (D4)
Write cos(e,, e;) = e, - e, since e, - e, represents the cosine of the angle between

vectors e, and e,. Similarly, by multiplying Eqgs. (D-3a) through (D-3c) with e,, e,,

or e, to form dot products, the following relationship can be obtained:

cos(e,, e,) = sinf cos p, cos(e,, e,) = sinfsin ¢, cos(e,, e,) = cosb,
cos(ey, e,) = cos b cos p, cos(ey, e,) = cosfsinp, cos(eg, e,) = —sinb,
cos(ey, e;) = —sing, cos(e,, €,) = cos ¢, cos(ey, e;) =0,

where cos(ej, es) (= e; - e2)) stands for cosine of the angle between vectors e; and

es. A matrix describes the rotation operation based on the cosines.

sin 6 cos ¢ sin §sin ¢ cosf
T, = |cosfcosp cos fsin —sind (D-5)
—sin g coS ¢ 0

where subscript r denotes the transformation is due to rotation of a coordinate system
(since the spherical and Cartesian coordinate systems share the same origin).
At point P, the displacement vector can be expressed in Cartesian coordinate

system and in spherical system, in equation,
U = uze, + uye, + u.e, = u,e, + ugey + us e, (D-6)
By multiplying Eq. (D-6) with e, to form dot product,
Uy = Up€p * €5 + Ug€y - €5 + Uy ey, - €
= u, sin 0 cos ¢ + ug cos 8 cos p + u,(—sin ). (D-7)

Similarly, u, and u, can be written in terms of w,, uy and u,. And similarly, u,, ug
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and u, can also be written in terms of w,, u, and u,. In other words, the displace-
ment components in two coordinate systems can be transformed from each other and

transformation can be written in the following equations.

A r (
Uy sinfcosp cosfcosp —sing Uy Uy
: : : T
u, ¢ = |sinfsing cosflsing  cosyp ug ¢ = [T+] ug ¢ (D-8a)
U, cos 6 —sin @ 0 Uy Uy
/ L \
( ) B 4
Uy sinfcose  sinfsinp cos 6 Uy Uy
ug ¢ = |cosfcosp cosfsing —sind u, ¢ =T u, p- (D-8b)
| Uy | | —sng cos 0 | U U,

Also at point P, the strain or stress tensors in Cartesian system and in spherical
system can be transformed from each other. Let S and S. represent a tensor in
spherical system and Cartesian system respectively, and

Srr Sro Sre
S.= | Ssr Sos Sy (D-9a)
Sw SwG SW

sz Sxy Szz
Se= |8, S,y Sy (D-9b)

Szx Szy Szz

where S can be either strain € or stress . The tensor transformation can be written

as (Fung and Tong, 2001, pp538, eqn.(16.7:22))
S, =T'S,T, (D-10a)

S,=T,8.T" (D-10b)
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Explicitly,
Sa:a: Sxy Sa:z
Sya Oyy Syz
Sz:c Szy Szz

Srr ST@ Srcp
S@r 596’ S@Lp
Ssor Scp@ Ssoso

sin  cos ¢
sin # sin ¢
cos
sin # cos ¢
cos f cos ¢
—sinp
sin f cos ¢
cos f cos
—sing
sin  cos
sin 6 sin ¢

cos 0

cos f cos
cos @ sin
—siné
sin 6 sin ¢
cos fsin ¢
COS ¢
sin # sin ¢
cos f sin

Cos

cos  cos
cos fsin

—sinf

—sing | | S S Sre

cos Sor Seo Soy
0 Ser S0 Spp

cos 6 ]

—sin @ (D-11a)
0

cos 6 ] Sze Szy Szz

—sind | | Sy Syy Sy-
0 Sew Szy Sz

—sing

oS (D-11b)
0

Displacements, strains and stresses in Cartesian coordinate system can be trans-

formed from those in spherical coordinate system, and vice versa.

248



Appendix E

Definition of Functions Qfgg(r, n) and

&g (r,n)

By following Pao and Mow %% the ¢ (r,n) is defined such as

&2 (1) = w2 (sr) (E 1a)
¢l (rn) =0 (E-1b)
Elhfr.m) = “nn+ 1)Z,(kr) (E-1c)
&l (r,n) = %an) (B-1d)
&2 (r,n) = Z,(kr) (E 1o)
& (r.m) = ~(Zu(kr) + kr 2, (kr) (E-16)
&l (r,m) = -2, (sr) (E-1g)
€5 (r,n) = —Z,(kr) (E-1h)
&l (rm) = H(Zalkr) + kr 2 (hr)) (E 11)
Ey(r,n) = i_g [(n* = n — 3k*r?) Z,(kr) 4 261 2,51 (k7)) (E-1j)
¢ (r,n) =0 (E-1k)
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21l
¢l (r,n) = Fn(n + 1) [(n—1)Z,(kr) — krZ,.1(kr)] (E-11)
2
&lefr,n) = = [(n = 1) Z,(sr) = w12 (sr)] (E-1m)
€2 (r,n) = g [(n — 1) Z,(kr) — krZps (k)] (E-1n)
2
¢ (r,n) = r—’;é [(n® — 1= Lk%2) Z,(kr) + krZ,.1(kr)] (E-1o)
2
(’Eéf](r, n) = r—g[(n — 1) Z,(kr) — krZ,1(kr)] (E-1p)
€(rn) = =5 [(n — 1) 2, (kr) — kr Zpa (kr)] (E-1q)
¢ (r,n) = i—gé [(n® = 1= 3k%r?) Z,(kr) + krZ,41(kr)] (E-1r)
The &\ (r,n) is defined as following,
eytr,n) = (A2, 0r) + 2z ) ) V6. )
24 o*Y," (0, ¢)
+ﬁZn(/<ar) 502 (E-2a)
2 1 9V, ™(0,p) 2u cos 6 IY,"(0, ¢)
2% )= —Fz n \%9) L 2l n % -2
E5y(r,m) r n(kr)sinﬁ 000 + r n(kr)siHQ 0 Op (E-2b)
2/ , 92Y™(0,
€1(x,m) = 5t (Z,(kr) + kr 2, (kr)) %
P+ 1) 2, (k) Y0, ) (E 20)
24 2u 1 9°Y™(0, )
1t _ | _ 2 e / m e n
elytr,n) = (-2, (0r) + 2z 6r) ) Y26, + 2 2er) e
2u cos 0 AY," (0, )
—1—52,’”(&7“) sin 6 Op (E-2d)
21 1 92V ™(0,p) 2u cos B Y,™(6, p)
2t — "= n ’ L =z n ’ E-2
Eoy(r:m) r n(kr)sinﬁ 000y + r n(kr)sin2 0 o (E-2e)
2/ 1 9*Y,™(0, )
3t e / n )
€y (T, n) = 3 C(Z,(kr) + krZ] (kr)) Ty 0
2
—}—T—'I;En(n 1) 2, (kr)Y™(0, ) (E-2f)
1t H 2 aQYnm<97 @) cos 0 aYnm((97 80)
€y (r,m) r? n(A) (sin9 000 sinfd Oy (F-2¢)
o 0 cos 0 oY, ™(0,¢)  9*Y™(0, p) 1 9%Y™(0, )
==—Z — E-2h
Coq (v ) = T Zn(hr) Lin@ 26 967 e 0p? (E-2h)
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3 Ny , 2 %Y (0, ) _ cosd Y™ (0, @) s
€y, (r,n) = TQE (Zn(kr) + Z) (kr)) (sin@ 200 P (E-2i)

sin? 6

The subscript p runs from 1 to 9 and is used to denote the component of displace-
ment and stress. Particularly, p = 1 for displacement u,., p = 2 for ug, p = 3 for u,,
p = 4 for o,,, p = 5 for o499, p = 6 for oy, p = 7 for 0,9, p = 8 for 0,, and p = 9
for og,. The subscript ¢ = 1,2, refers to medium type, 1 for host medium and 2 for
scatterer. It’s noted that, x and k are for host medium when ¢ = 1, while k and k are
for scatterer when ¢ = 2. The superscript s runs from 1 to 3 and denotes wave-type
¢, ¥ and x respectively. The superscript ¢, which equals 1 or 3, is used to denote
the kind of spherical Bessel function, Z,(:). Z,(-) = ja(:) corresponding to t = 1 for
incident and refracted waves. Z,(-) = h;l)(-) corresponding to ¢ = 3 for scattered
wave.

For the same wave in the same medium, there exist

&y (r,n) = €3 (r,n) (E-3)
@gf](r, n) = —Ggf;(r, n) (E-4)
¢t (r,n) = €3 (r, n) (E-5)
€1 (r,n) = € (r,n) (E-6)
Qf?;(r, n) = —Qigtq(r, n) (E-7)
QS:;Z(T, n) = Qfgf](r, n) (E-8)
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Appendix F

Vector Spherical Harmonics

The vector spherical harmonics P,,,,, By, and C,,,, are defined such that [14

Pmn<97 90> = eTXrT(‘gv 90> (Ffla)
Vv ( 'rL m m n+m ym n m
(2n+1) { nJanH B +TX } T e n((i:s) X }

rnﬂ eo(X)j + ———es (X1 (F-1b)

x[e.r X770, )]

( { 2n+1) AX;? _ ego [n m+1X7117:_1 o n:mX'T—J}

\/— eg(X o) \/mew(Xﬂ)n (F-1c)
where 2 = +/—1, n > 0 for eqns. (F-1b) and (F-1c), n > m > 0, e,, €y and e, are

three unit vectors in spherical coordinates, X", (X )7 and (X )" are defined as,

X7 = X™(6,0) = PI(cos 0)c™, (F-2a)
m_ 0X3'(0,9) B

(Xo) = Qa0 (F-2b)
m_ 1 0X7(0,9) -

(X7<P)TL - Slne 390 9 (F 2C)
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where P (cosf) is the associated Legendré polynomial and the vector operator V in
spherical coordinates is given in Appendix B.

Extend m limit to |m| < n, and extend the limit of n to n > 0 with
BOQ - Coo - O (F*B)
The vector spherical harmonics P,,,, B,,, and C,,, have the following properties:

- C,yd = 0 (F-5)

9= | B
/ - CudQ =0 (F-6)
n

~ 87 /€ (N + m)!
P - P, dQ) = 5m Onw F-7
/Q # 2n+1(n —m)! (F-7)
forv =20
/ By - Bood2 = / Con - Cood2 = 0 (F-8)
Q Q
and for v > 1
~ ~ 87 /€m (n+ m)!
. — . F-
/QIan B, dQ /QCWL CdQ = 1 (n—m) 5mu5m/ (F-9)

where €2 denotes the spherical surface of unit radius, df) = sin 8dfdy, the integration
is over the ranges 0 < 0 < 7, 0 < ¢ < 27, the tilde indicates a complex conjugate
and €, is a factor with values of ¢y = 1,¢,, = 2 (m # 0). Property eqn. (F-4) can be

proved directly from definition of spherical vector harmonics. For instance,

! m m m m
B - Con = m [ea(X,G)n + e¢<X7¢)n] . [e9<X,¢)n _ eLp(X,G)n]
! m m m m
B m [(Xo)n (Xp)n'es - ep — (X )i (Xo)y'e, - €]
=0 (F-10)

The properties of eqns. (F-5) through (F-9) will be proved at the following.
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BlForn>1landn>m>0
Define
Xm0, @) = cos(mp) P (cos ) (F-11a)
X2 (0, ) = sin(mp) P (cos 6) (F-11b)

And let P,,,,,(0, @), Bjn(0, @) and C,,,,(0, ) be the originally defined vector spherical

harmonics by Morse and Feshbach . Because

X0, p) = P™(cos0)e"™? = cos(m) P (cos §) + isin(mep) P (cos 6)

n

= Xrebm(ea 90) + iX;;m(ea 30) (F_12)

the real part of a vector function is denoted by the superscript e (for even) and the

imaginary part is denoted by the superscript o (for odd); that is

P8, ) = Pr,(0,0) + 1P, (0,¢) (F-13a)
B (0, ) =By, (0. 9) + 1By, (0,¢) (F-13Db)
Crn(0, ) = C,,(0,90) +1C7, (0, ¢) (F-13c)
where
Pl (0,0) =e X5, (0,0) (F-14a)
Py (0,0) =e X0, (0, 0) (F-14b)
mn(0, ) = proey V [ Xom(0,9)] = e x Cp,
= (2nz(17;:ii)9 {e9 [nnilfrlx(enﬂ) meX(en_l)m]
te i, | (F-14c)
Bin(0,0) = s VX0 (0,9)] = e, x CF,
= (2ni(17)L;)0 {69 [nnT;FlX(onH) n—:LmXFn—l)m]
e, el AXgm} (F-14d)
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C?rm(07 @) = m v X [er rXflm<97 90)] = —€ X Bve’nn

_ /n(nt1) {eem(2n+1)iX2m —e, ["‘m“Xe

(2n+1)sin@ n(n+1) n+1 (n+1)m

_MTmX(en—l)m} } (F—14e)

C?)’LTL(07 @) = \/m V X [eT TXgm(€7 (10)] - _eT X B?nn

_ /n(ntl) m(2n+1) ~ yvo n—m+1 vo
T (2n+1)sin6 {eg n(n+1) ZXnm — € n+1 X(n+1)m

S A (F-14f)

According to Morse and Feshbach [14], the vector spherical harmonics are orthog-

onal to each other,

/ Ps B, = / ps. .7, = / B, - C7, =0 (F-16)
Q Q Q

and

/ P:,, - P7,d0 = / B:,, - BY,d0
Q Q
4 !
:/c;m.c;de: ™/€n (0 +m)
Q

2n+1(n—m)!

56 0mpOny

(F-17)
where (2 is spherical surface with unit radius, df2 = sin #dfdy and the integration is
over the ranges 0 < 0 <7, 0 < ¢ < 27w(s,0 =e,o;v =1,2,3, ..., 0 =0,1,....,v;n =
1,2,3,...,m =0,1,....,n), and €, is the Neumann factor with values of ¢y = 1,¢,, =
2 (m=1,23,..).

Therefore,
/ P - Ippde = / {]P)fnn ' ]P)Zl/ + IED’IO’)’L’IL ’ ]P)ZJ/ + ﬂann ’ ]P)ZI/ - i]P)Z’m ’ ]P)/eu/} ds2
Q Q

= /Q {Pe,, - Pe, + P, wa} dQ

87 /€m (n 4+ m)!
_ Fo1
2n+1(n — m)!dm#dny (F-18)
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/ Prn - B,ul/dQ = / {]P);frm ' BZJ/ - ]P);?rm ’ BZJ/ + iPZ'm ’ ]B;Ow + ipg"m ) BZV} ds2
Q Q
—0 (F-19)

Similarly,

~ B ~ _ 871/em (n+m)! -
/Q]an B, dQ = /Q(Cmn CdQ) = Gntl) (n—m)!ém“(sm (F—20)

and

/ By - Cpod) = / By - CudQ = 0 (F-21)
Q Q

B2Formn>1andn>m>—n

B.2.1P,,,
Assuming m > 0, it is known that [3*
P " (cosf) = MPm(cos. 6) (F-22)
n !

and

— |
=e, [EZ g ' cos(mp) P (cos @) — %isin(m@)ﬂ”(cos 0)
— | — |
e, [P =M, (F-23)
(n+m)! (n+m)!
Comparing eqn. (F-23) with eqn. (F-13) gives
e (n_m)' e 0 (n_m)‘ 0
(—m)n — —|Pmn7 ]P)(fm)n = _—'Pmn
(n+m)! (n+m)!
or
B = (—1) = s ith (—1)° = 1, (=1)° = =1, s = F-24
(—myn = (= )m mn - With (=1)° =1, (=1)? = =1, s =e,0 (F-24)
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Therefore, by assuming p > 0,

—m)! (v — p)!
S ) ]Pw dQ — -1 s+o (n m) ]P)s ]P)O’ dQ
/Q (—=m)n (—p)v /Q( ) (n+m)| (l/—{—[ll)' mn uv

sio (M —m) (n —m) 47 /ey, (n + m)!
- ( 1) 6505mu5nu
(n+m)! (n+m)!2n+1(n—m)!
A [€m (n — m)!
- sto = 680'57)1 5’le/
(=1) 2n+1(n+m)! a
A /€m (n+ (—m))!
= sto u 0500 (—m) (— 1) O F-25
) 1= (m)) - (F-25)
Similarly,
AT €
P? P ,dQ) = (—1)° Oy F-26
[ B B0 = (<1 (F-26)
Since
]P)(_m)" ) EDMV = ]P?—m)n ’ ]P;ew + ]P)(()—m)n ' ]wa
a [_ ((i—m)n ’ IEDO + ]P)( —-m)n ]P)ZV:I (F727)
there is
/ P(nyn - P dQ = / iy P, AQ + / oy - P2, A
Q Q
—i—i/ Cnyn * P, A2+ i/ iy« P dS
Q Q
AT € AT /€
= eeOmuny — 5005m 67“/ = F-28
2n+1 # 2n + a ( )
Similarly,
~ 87 /€m (N4 (—m))!
Py - P dQ) = O (—m)(—p)Onw F-29
/Q (=mn * Pp) on+ 1 (n = (<m))Cmm) (F-29)
and
- 8mem (n+m)!
P - P dQ) = OmpOny F-30
/Q . 2n+1(n—m)! ™ ( )
In general, the orthogonality can be written as
~ |
/ Poy - Bt = o/ Em (1 m)ls s (F-31)
Q 2n+1(n—m)!

wheren >1,n>m>-n;and v >1,v>pu> —v.
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B.2.2 B,..

Assuming m > 0, then

B(mn (0, ) = NaoEshd (X, "0, )]
-——L v [EZ - m):PZL”(cos g)e—me]
O s T Xinl00) ~ X200, 9)
— % (Bg,, — iBY,,) (F-32)
Hence,
(cmyn = Brons Blmyn = — B (F-33)
By = (1P g (1) =1, (—1) = 1, s = e,0 (F-34)

()

Therefore, by assuming p > 0,

s o scr(n_m)!<y_ ) s o
/(; (—m)n ’ (7/1,)VdQ: [2(_1) * B BIWdQ

(nrml ol ™

s—l—cr(n_m '(n_m)'4ﬂ'/€m (n+m)'

=D m;' (nFm) 20 + 1 (=1 oo OO
R N
= (=1)"" ;lz/j"; EZ f E_Z;; 8O (—m)(— ) O (F-35)
Similarly,
[ Bt B = (15758 (F 36)
Since
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+1 [_Bffm)n ’ BZV + IBg(()fm)n ’ BZV}

there is
/ B(—m)n : B#VdQ = / ?7m)n ’ ]B;eu/dQ + / (()7m)n ' ]BZVdQ
Q Q Q
+i/Q]B3f_m)n - B, d2 +i/QIB€_m)n - By, d2
ATt [€m ATt [€m
= —5666m 671,1/ - —6005m 5m/ =
2n+1 : 2n+1 : 0
Similarly,
~ 87 /€m (N4 (—m))!
B myn - B, d2 = O(—m) () Onw
/Q (=m) (=n) 2n+1(n— (—m))! (=m)(—p)
and
~ !
/an'deQ _ 8n/em (n+m).5m#5m
Q 2n+1(n—m)!
In general, the orthogonality can be written as
~ |
/an'deQ _ 8/em (n+m).5m#5m
Q 2n+1(n —m)!

wheren >1,n>m>-n;andv>1,v>pu> —v.
Similarly, there is

. 87 /€m (n+m)!
LC,,d0 =
/QCmn C,d nt 1) (n = >!6mu5nu

and

/ P - By dQ = / P - Cupd) = / B - Cupd2 = 0
Q Q Q

withn>1,n>m>-nandv>1,v>pu>—v.

B3 Forn=0
Since Byg = Cog = 0 (see eqn F-3), there is

/ ]Pmn . Boon - / Pmn . Boon = / an . Coon - O
Q Q Q
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(F-38)

(F-39)

(F-40)

(F-41)

(F-42)

(F-43)

(F-44)



and

/ B - Bood = / Cyon - CoodQ = 0 (F-45)
Q Q

Meanwhile, eqn. (F-1a) gives Pog = e,.. It’s known that fj1 P,(z)dx =0,ifn #0

(Eq.(166) in [57]). Hence, for v =0
/ Py - PoodQ = / e, X™(8,¢) - e,dS
Q Q

27 s
= / e d / P (cos 0) sin 0d6
0 0

:47T5m05n0
_ 87/ey (n+m)!
2 +1(n—m)!

0m00n0 (F-46)
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Appendix G

Normalized Vector Spherical

Harmonics

In comparison with vector spherical harmonics P,,,,, B,,, and C,,,, in Appendix F,

the normalized vector spherical harmonics B, B, and &, are defined such that

Bn (0, 0) = €. Y,"(0,¢) (G-1a)
B0, ¢) = s V [V (0, 0)]

— ey e [Bmmyy, — mamy ] 4o, 22y )

- n(1n+1)e9(yva)?+ n(ln_‘_l)e@(}/:@):zn (G-1b)

thn(07 90> = m V X [eT r Ynm<9’ SD)]
v/ n(n+1) {eem(2n+1) 5y m n—m+1angL_1 . n—&-mynnzl}}

n(n+1) n _eﬂa[ n+1

(2n+1)sin@ n
_ 1 m 1 m _
= n(n+1)ee(Y#ﬂ)n \/Mn—_me¢(K0)n (G-1c)

where © = -1, n > 0, n > m > —n; e,, eg and e, are three unit vectors in

m

» are defined in

a spherical coordinate system (Appendix C); Y,*, (Yy)»* and (Y,)
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Eq. (2-47) and are repeated here

m m 2n+1(n—m)! m
Yn = Yn (97 SO) = \/ A En + m; Pn (COS 0)6 ?, (G72a>
m _ OV (0, 9) B
1 aYy,"(6,
(Vo = .0) (@ 20)

" sing Oy
where P (cos#) is the associated Legendré polynomial.
The normalized spherical harmonics P, B, and €, have following properties

(the derivation is followed after the list of properties).

/ B - B0 d = / Bron - €, d2 = / B - € = 0 (G 4)
Q Q Q

/ B - B, dQ = / B - €, dQ = / B - €,dQ =0 (G-5)
[9] Q Q

= 2
/ Bon - %ulldﬂ = _5mu5m/ (G*G)
Q €m
for v =0
/ B - Bood) = / Crn - CoodQ =0 (G-7)
Q Q
and for v > 1
/ B - B, dQ = / Conn - CdQ = Gy (G-8)
Q Q

where (2 denotes the spherical surface of unit radius, df) = sin #dfdyp, the integration
is over the ranges 0 < 6 < 7w, 0 < ¢ < 27, the tilde indicates a complex conjugate
and ¢, is a factor with values of ¢ = 1,¢, = 2 (m # 0).

By comparing B,., in Eq. (G-1a) with P,,, in Eq. (F-1a), it is found that

~[2n+1(n—m)! B
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Similarly,

- 2n + 1 (n_m)!an,
4t (n+m)!
Cp = |22t LM
47 (n+m)!
Following Eq. (F-4),
2 1(n—m)!
‘an : %mn = nt (n m) ]P)mn . an =0

Similarly,
(an : Q:mn = %mn : an =0.

Following Eq. (F-5),

2n+1(n—m)!
A7 (n+m)!

/ PBorn - B df) =
Q
Similarly,

/Q Bon - €0 dQ = / B - € d2 = 0.

Q
Following Eq. (F-6),

_2n+1(n—m)!
 An (n+m)!

/ B - B, dQ
Q
Similarly,
/ mmn : éude - / ian * é”l/dQ — O.
Q Q

Following Eq. (F-7),

= 2n—|—1(n—m)!/ .

/Qm P 4t (n+m)! Jq a
_2n+1(n—m)!87r/em(n+m)!5 5
dr (ndm)!2n4+1(n—m)l

2
= —O0mpOnw
e mun
Following Eq. (F-8),
s 2n+1(n—m)! -
-+ BodS) = B, - Bood2 = 0.
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/ P - BdQ = 0.
Q

/ Py - B, d2 = 0.
Q

(G-10)

(G-11)

(G-12)

(G-13)

(G-14)

(G-15)

(G-16)

(G-17)

(G-18)

(G-19)



Similarly,
/ Con - CopdQ = 0. (G-20)
Q

Following Eq. (F-9), for v > 1

! -
n— m) / 'deQ

(
47 (n+m)!
_2n+1(n—m)! 87/ey (n+m)! 5 s
Cdn (n+m)!2n+1(n—m) "
2
= —O0muOny- (G-21)
€m
Similarly, for v > 1
S 2
/ B - B dQ = —0p 00 (G-22)
Q €m
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Appendix H

Vector Wave Functions in Terms of

Vector Spherical Harmonics

Let
Cam(kT) = Z,(kr)Y, (0, ) for longitudinal waves, (H-1a)
Enm(kr) = Z,(kr)Y (0, p) for shear waves. (H-1Db)

where Z,(-) denotes a spherical Bessel function, either j,(-) or A{"(:), and Y,*(0, ¢)

is the normalized spherical harmonics defined in Eq. (2-35) and repeated here as

Y0, ) = \/ 2"4: ! EZ - Zi: P™(cos B)ems (H-2)

where P (cos ) is the associated Legendré polynomial.
In spherical coordinates, definition of a set of vector wave functions can be found
in [42-45]. Following the definition in [45], vector wave functions are modified such

that

L,,.(kr) = 7Cum(kT), (H-3a)

M, (kr) = 7 X [P&um(kr)], (H-3b)
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N (k) = %v « Mo (k). (H-3c)

The following two operators (Appendix C) are needed to obtain vector wave func-

tions in terms of vector spherical harmonics.

da 10a 1 Oa
Va = Eer + ;%89 + m@éw (H—4a)

UV 1 (a(smHV@)_an) er_(ﬁvw_i_@ 1 8%) e

rsin 6 00 oy Or ' r  rsinf Oy
10V, 0V Vg
‘(2%‘5‘7)% (H-4b)
Since
~ OCum(kT) 1 OCpm (kT) 1 O0Cum(kr)
NG () = €r aor + RO, + € sin g Op
OZ,(KT) Z,(kr) oY ™(0, ¢) Z,(kr) Y™ (0, )
" or Y (6:0) + e 00 T e rsin 6 0p
= e, kZ (kr)Y. (0, 0)
Zn(wr) [ OV,"(0, ) 1 9Y,"(0, ) -
+ r (60 06 tey sin @ dp (H-5)

then,

L,..(kr) = Z (k) Bmn +

Z”Eﬂ’“) n(n+ 1)B o (H-6)

where B,,,,, and B,,,, are defined in Egs. (G-1a) and (G—1b) and are repeated here

&an(ey @) = eTYnm(97 (P) (Hi’?)
Bun (0, ) = m VAV (R®)
_ 1 o aY. (0, v) 1 1 9Y(0,¢) (H-8)

+ -
vn(n+1) 00 n(n + 1)e¢51ﬂ9 g

Since

V X [rlum (k)] = 7 X [€,1&um (k7)) = 7 [r§um (k7)) X e,
1 0(&um(kr)) — 10(r&um(kr))

" rsind Oy - 00 e
L 0wlbr) Gl
sinf g ’ a0 i
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1 8Ynm(0 8Ynm(97 90) .
sin 6 Op o0 ®

= 2, (kr) ) e, 2. (k)

Then,

where €, is defined in Eq. (G-1c¢) and repeated here

1
Cn (0, = X|e, ern 0,
(0,0) n(n+1)v le, 7 Y™(0, )]
B - H-11
W 1) snd Oy CEIL (H-11)

Meanwhile,

rsm@ 00 90

{Z " 100Ym( @H

(k
ey 12 3Y"’ L2} IR ) )
{867’ [{ } - { z H

{ 00

1 aym( )]+Zn(kr) 1 8Y,1“(9,<p)}
:e’”{ rsme ae

WV X My (kr) = e, ! {2 [— sinezn(kr)W]

)st r sinf Oy
|: (9Ym ‘| B Zn(kr) 82}/”771(‘97 90)

rsin® 6 0p? }
k2 (kr) 20 ae 5>3Y”;<9 >}

‘e, {kz,g(k;r) 1 9YV(0.0) | Zulkr) 1 3Ynm(97so)}
Z

+ey

sing -y roosinf 9y

Y (0, 90)}

+k 2! (kr) {eem/rfna—(:’@ e, Sii g 0Yn";(£, %) }
S -
Rt [ 2l

r sin®g "
+ [kz,;(kr) 4 w} S T TB,, 1)
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Since

APy (cos ) _— [ncos 0P (cos ) — (n 4+ m) P (cos )]

do sin ¢ nt
_ S_l Sl = m 4 VP (cos6) — (n+ PP (cosd)]  (H-13)
in
Then,
7 [sm HT] = [ncosOP (cos§) — (n+ m)Py(cosb)]
= —nsin P (cos #) + n cos HW
dP™ | (cosf)
_(n + m)T
, m n cos 0 m
= —nsinfP"(cosd) + -~ [ncos P (cos )
—(n+m)P"(cos )]

(n+m)
sin 8

= P"(cosf) [—n sin 0 +

[(n —m) P (cos) —nP™ (cosB)]

n?cos’  (n® - mz)]

sin 0 sin ¢
n +m) cos 6 N n(n+m) COS@:|

+P™ (cos 6) {—”(

sin 0 sin ¢
. . 5 . m?
= P"(cosf) [—n sinf — n°sinf + sinﬁ] (H-14)
Then,
1 0. OP™®6,¢)] [ 5  m? ]
9 sing Lo 2N pm n— H 1
0050 _sm@ 7 (cos ) |—n —n” + 20 (H-15)
and
1 o], oY™6,¢)] [ 5  m* ]
9 I \BP) 1 ym i Ho
0050 _sm& e Y™ (cos ) _ n—n+ 20 (H-16)
therefore,
—Zn(kr) 0 [ . 0Y™(0,¢) Z,(kr) m?
- 7 L ym
{ rsing 00 [Sme 7 e G2
e 2 y0,)
Z,
= "(m)n(n + D%Bm (H-17)
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and

VXM (k1) = Znlhr)

n(n+1)Bum+ [kZ,’Z(k:r) + Znikr)} vnn+1)8B,, (H-18)
Finally,

1
Nom(kr) = Ev X M, (k1)

= #n(n + DB + {Z;L(kzr) +

Z,(kr)
kr

} n(n+1)%B,, (H-19)
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