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INTRODUCTION

In many fiélds of research an experimenter has the task of finding
the best set of operating conditions for a system which could have many
different factors each at several levels. The system he 1s optimizing
may be a chemical experiment with many chemicals at different levels
of concentration or a machine with different settings affecting produc-
tion rate or a storage container with different factors influencing its
performance. In any fleld, once the researcher has gathered this data,
one type of analysis he can perform is response surface analysis.

The purpose of this paper is to degcribe the analysis of a re-
sponse function and illustrate the computational techniqueé needed with
examples. The analysis consists of three parts: (1) the regression
analysis which fits the response surface to the data and locates the
stationary point where the best set of operating conditions may occur,
(2) the canonical analysis which ylelds information about the nature
of the surface, and (3) the determination of a confidence region for
the location of the stationary point.

The response function which will be analyzed is a second-order

model with k independent variables of the form
k 2
= B+ I, B,x, + T Z B, x,x + I, B, X
N B0t gk By TR A Pa®sa T gR1 By
j<m
since a second-order model is usually assumed to be sufficient to
describe a response surface in the region of a stationary point. The

examples which follow the discussion of the analysis use a second-order

model with two Independent variables. Output from a computer program



which performs the three parts of the response surface analysis and
plots the confidence region for the stationary point using CALCOMP

plotting routines is also included.



COMPUTATIONAL TECHNIQUES

REGRESSION ANALYSIS: To estimate the B-coefficients of the response

2
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function n = Bg + 5 Bjxj with k independent

variables, the relationship is restated in matrix notation as y = X8,

which can be expanded to show the vector elements as

2 2
¥y 1 Xyg voe % X110 000 %kl F11%21 *00 %1, 1%kl Bo
2 2 B
Y2 1 Xyg «oe Xpp Xfp oor Xpp Xp9%9p ovv X 2%k 1
: i 2 2 3
yn 1 xln 'R xkn xln 'R xkn xlnxzn s e xk_l'nxkn 11

™Mass THTDHees e TD Tras
-
=

k-1,k
vhere the n observed responses of the experiment are the y-vector.
Then b = Q(_'_}_(_)-l_)g"z is the vector of estimates of the B's, {3}

Once the B's have been estimated, the fitted response surface can
be described by the relation

b, x,x +Ib, . x

2
9-b°+§bx+ o5 %m jjjj

I
3

9 B

or in matrix notation as

¥ = by +x'b, + x'Bx
vhere now b has been separated into the first order terms of b,
and the mixed quadratic (bij where i#j) and pure quadratic (bii)

coefficients of the matrix B so that



.- .
x = fxl » by = b1 , and B = b11 b12/2 . s hlklz .
- b, byy + o+« by /2
%, B by-1,k/2
| Prk

The following table shows the degrees of freedom (dof) associated

with the sources of variation in this analysis.

Source dof
Mean (By) 1
Regression
Linear k
Quadratic k (k+1)
2
Residual n-(k + k(k+l) + 1) = ¢

2
This table will be useful when the boundary of the confidence region
about the stationary point is being determined.
1f multiplg observations are taken at the points X, = (xl""’xk)i
a measure of the lack of fit of the fitted surface to the second-order
response model can be made. The degrees of freedom for residuals can

be divided into degrees of freedom for pure error and degrees of freedom

for lack of fit.

Residual
Lack of Fit {by subtraction: ¢ - P.E. dof)
t
Pure Error L,(n, - 1) where t is the
i=1"1
no. of points
replicated

A test of the lack of fit could be made by comparing the test statistic
Lack of Fit Mean Square/Pure Error Mean Square to an F-value with degrees

of freedom for the numerator equal teo Lack of Fit dof and degrees of

freedom for the denominator equal to Pure Error dof.



Next the stationary point of this surface can be defined as the

solution of '2_2 - 2(f_b_+ x'nx)sﬁt 0

JX z '

}ll+2_l_3£- 0

Xp = “ETIEJIZ .
Where x; is the stationary point. This stationary point may be an
optimum (maximum or minimum) or it may be a saddle point of the response

surface. So the stationary point has been found as a function of the

estimated regression coefficients,{4}.



CANONICAL ANALYSIS: If the response surface can be plotted, one does
not have too much trouble visualizing the nature of the surface.
However, a second-order medel in k independent variables requires a
(k+1)-dimensional plot which would be difficult to evaluate.

The canonical analysis depends upon the characteristic roots and
vectors of the matrix B. The characteristic roots of B, denoted by
A sXyseeu,d, can be found as the solution to |B - Ailkl = 0 and the

characteristic vector m, associated with the characteristic root Ai

i
is the solution vector to (B - A&Ik)Ei = 0.

The nature of the staticnary point can be determined by examining
the characteristic roots. If all the roots are positive the station-

ary point is a minimum, and i{f all the roots are negative then Xy

is a maximum. In the case where the A's differ in sign, the station-
ary point is a saddle point.

The magnitude of the A's also adds information about the response
surface. If |11| is considerably smaller than the other characteristic
roots, then the contour system of the surface is elongated in the
direction associated with 11. This implies that a change in this
direction would not greatly affect response, and one might have a
range of possible values which give responses very near the response
at Xy.

Geometrically the canonical analysis is a translation of the
origin accompanied by an axis rotation. The figure on the next page
{llustrates the situation for two variables, Xy and Xye The origin
is translated from 0 to x, and the original x,-x, axis system is rotated

into a new position corresponding to the vy and v, axes in the figure.



2 o 1f |J\2|>>|.\1| then, as the figure
shows, the contour system would be
elonpgated along the vy axis and

responses would not greatly

Tl change along this axis.

The old x-variables are related to the new w~variables by the
orthogonal transformation M'z = w where M has as its columns the
normalized characteristic vectors of B and 2z = x-Xj. This shows
the orientation of the contour system of the surface with respect to
the x-axis system since the major and minor axes of the ellipsoidal
contours are the w axes, In terms of the w-variables, the fitted
response function ; = by + x'b + x'Bx can be written as

y = by + xpb + x)Bxp +'A1w12 + lz"’zz + ...+ Akwkz
= yy + llwlz + .00 F Akwk2 , the canonical form of the

-response function, {4} and {5}.



A CONFIDENCE REGION FOR THE STATIONARY POINT: The confidence region
for the stationary point of the response surface is the confidence

region for the solution of a set of k simultaneous equations

—% - 21 + 2Bx = § where E(§) = 0 and Var(§) = E(§8') = crz_‘_i_,

2 {g the Residual Mean Square = g?

as given in {1}, The estimate of o
vhich is distributed y2(¢). V can be calculated since Var(b) = oz(gfz)-l
has already been determined.

Since g}gflg_ is distrubuted as F(k,¢), the probability is 1l-a

ks?

that the inequality éf!fl

ksz

8§ < Fu(k,¢) is true. Then the boundary

of the exact (1-a)100Z confidence region is given by

syt

§ = ks F(k,4).
Another, more readily computable form for the boundary of the
confidence region can be found using this result. First observe that

_ -
for any matrix Z = 12)) . Zyp | 3 2] = |2y - 125y - 2y52552), 1.

Zii + 23
Let .z.”__ 0,2),=58", 2, =3, and 2,, = ¥
then
o . &
e I 7 B B X | B I I O R O B
5 1w

0
syl =l
3

v



Now the boundary of the confidence region is defined by those values

of Xps voen X which satisfy

ks F(ko¢) _§_.

.l.I.OI'.IiO:iII.lIO.I. - 0 ’{1}.

s A

— —



EXAMPLES

The examples in this section use a second order response model
with two independent variables. Example 1 has nine coded observations
arranged in the manner of a central composite design. The effect of
several different a-levels on the confidence region is shown using a
CALCOMP plotting routine which plots the confidence region for the
stationary point of the response surface. Example 2 uses the same nine
observations and adds six observations at the origin so that a measure
of the lack of fit of the model can be made.

For both examples the true response model is taken to be
1 ) 22 + 4.00x,x,.

Data was generated by adding random normal deviates mean 0 and variance 1

n=78.373 + 4.533x, - 1.867x, - 3.333x12 - 3.333x
ton so that y =n + €.

The nine observations generated are as follows:

X, Xy n € y
1 1 78.373 -.381 77.992
1 -1 74.107 1.592 75.699
-1 1 61,307 .034 61,341
-1 -1 73.041 .573 .73.614
0 1.414 69.069 175 69.244
0 ~1.414 74,349 .999 75.348
1.414 0 78.119 2,083 80,202
-1.414 0 65.299 475 65.774
0 0 78.373 ~-.117 78.156

10
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With source of variation table

Source dof
Mean 1
Linear 2=k
Quadratic 3
Residual 3=
Total 9

Example 1 a: A computer program which performs the three parts of
a response surface analysis was used to analyze the data just given.

The parameter cards used in the program were:

(3F10.3) 95% C.R. (9 OBS.) -X1 AXIS-X2 AXIS-

9 _1 17 9.5 9.55 i -5- 5- —50 5-

The value of FVAL if F(2,3) = 9.55 so a 957 confidence region is plotted.
The first page of results which follow is an acho check of the

parameter cards just displayed. Next are the regression and cancnical

analyses. The regression coeffieients give the fitted response function

as § = 78.156 + 4.893x, - 2.327x, - 2.705x} - 3.051x% + 3.64x,x

1 172,

The (Efg)-l matrix is shown as well as the stationary point
xg = (1.0829, ,26495) which is a maximum since both characteristic

roots are negative. The value Turing's conditioning measure which 1is

given is calculated as E
C= A, D(L/x
S g
k

and is a measure of how elongated the confidence region is. If 1<C<l.5
then the region is acceptable. However if C>1.5 the region is severely

elongated implying there are many ''nearly correct" solutions to the



12

equation _y b + 2Bx = 0.
x — e —

On the second page of output is also shown the value ks?F which
defines the boundary of the confidence region. The third page is the
plot of the 95% confidence region. There the original axes are rep-
resented by the dashed lines while the canonical axes are the solid
lines. Observations within the range of the plot are shown as x's.
The confidence region boundary is plotted continuously. Observe that
the ellipsoidal confidence region leaves the first quadrant "wraps
around" infinity and appears again in the fourth quadrant.

One should take note that this and the other confidence regions
which are shown are confidence regions for the location of the
stationary point xy and not for responses at x3. The confidence region
does to some extent reflect the shape of the contour system of the

surface, however.
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Examples 1 b and 1 c¢: The next two examples illustrate the confidence
region at two other probability levels. The same nine observations
are used. For example 1 b. where a 99% confidence region is plotted,
FVAL = F ,(2,3) = 30.8 and the boundary is defined be ks?F = 21,2334,
For example 1 c. which is a plot of a 75% confidence region, FVAL =
F ,5(2,3) = 2.28 and ks?F = 1.57182.

The parameter cards used are shown below and the plots follow

in the next two pages.

Example 1 b.
(3F10.3) 99Z C.R. (9 0BS.) ' -X1 AXIS-X2 AXIS-
9 -1 17 9.5 30.8 -10. 10. -10. 10.
Example 1 c.
(3F10.3) 75Z C.R. with 9 OBS. -X1 AXIS-X2 AXIS-

9 "’. 20 9-5 2-28 "':.o {‘n -4. 4.
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Example 1 d: This example demonstrates the effect an added observation
has on the shape of the confidence region. Using the plot from Example
1 a., a tenth observation was generated along the major axis of the
ellipsoidal confidence region. At the point (2.265, 1.354) the obser-
vation was 75.634, FVAL changed to F'OS(Z,A) = 6.94 and ks?F became
4,86755. The stationary point shifted slightly to (.87429, .10922).

The plot on the next page shows that the confidence region closed

significantly.
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Examples 1 e and 1 £f: Repeating the idea used in Example 1 d., a
tenth observation was added for the analysis of the 99X confidence
region used in Fxample 1 b. On the first run the same tenth obser-
vation was uséd as in the previous example. On the next run the tenth
observation was taken further from the origin of the canonical axes
at (9.95, 8.492) with a response of -124,539, Comparing the plots
on the next two pages, one can see that the different choices of tenth
observation made little difference. The confidence region closed to
about the same size with slightly different shapes for the two rums.
Other results given for Example 1 e, and 1 f£. respectively are
stationary points (.87429, ,10922) and (.90270, .13012), a Turing's
conditioning measure of 1.209901 compared to 1.214495, and ks?F = 12,62

compared to 11.72.
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Example 2: In this example the assumed response surface remains
= - i 2 2
n= 78,373 + 4.533x1 1.367x2 3.333::1 3.333x2 + 4.0x1x2.
To the nine observations of Example 1. are added six observations

taken at the origin.

Xy *o y

78.973
77.073
78.043
78.374
80.175
79.277

o O o o o o
o O O O o o

The source of variation table is now

(=9
2]
(2]

Source

Mean
Linear
Quadratic
Residual
Lack of Fit

Pure Error

mumwm-—-'

The program has an option to perform a lack of fit test when data
includes subsampling. IDUP = 0 tells the program to perform the lack of
fit test using FLOFT = F(3,6) as the critical value. If the test is
significant FVAL = F(2,6) will be the critical value of the confidence
region, but if the test is not significant then FPOOL = F(2,9) will be
used.

On the next page is an echo check of the input parameter cards.

All the F-values are at the .05 level. The results of the Lack of Fit

test are displayed below the echo check.



25

“Q3asn s1 I¥vndS Nvaw 031004

-SIxv ZXx
187 Sixvax

000" % 000°5-
SiIWll 107d SIXVY~ZX

*INVIIJINDIS 1ON SI LS31 L14 40 %IV

-SIXV X -
07T SIXVIX

000°s 000~
S1IkIT 1074 SIXV-1X

"$80 s1

092w
10044

v —

syBousang

(E*0T4E)

104217d3W NIDIND) =¥"D 256
LWYd indNl G»QOQ

3UIL 107

Thwia sens

O¥1°e 0oLy 006"6 sE o sl

VAL 14074 Hlld YVHIN angl N

SO4vD BIL1IWVHVd J0 NIIHD OWII



26

J The next pape gives the results of the regression and canonical
analyses. The second page following 1is the plot of the 95Z confidence

region with 15 observations.
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CONCLUSION

In this paper, the three parts of a response surface analysis of
a second-order response model have been discussed. Computational
techniques used for the regression analysis, canonical analysis, and
the determination of a confidence region for the stationary point
have been shown.

A FORTRAN 1V program which uses these computational techniques
produces plots of the (1-a)l00% confidence region about the stationary
point of the response surface. Several examples using this program
have been shown,

Again the point should be made that these confidence regions are
for the location of the stationary point x, not for the response at xj.
However, to some extent the confidence region does reflect what is
happening in the contour system of the response surface.

Sometimes during a response surface analysis the researcher finds
that the stationary point is remote from his design region. 1In this
case the plots of the confidence region for the stationary-point of
the response surface should be of value when he is choosing experiment

points for subsequent analyses.

29
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USER'S GUIDE

- Confidence Region Plotting Package

(Second-Order Model with 2 Independent Variables)

Main Program: Carries out options on the desired error variance,

estimates the coefficlents of the response function, performs the
canonical analysis, and plots the confidence region for the stationary
point of a second-order polynomial model with 2 independent variables.

CALCOMP plot - FORTRAN IV, G LEVEL

Subroutines:

RGRES -- Performs a regression analysis of Y on X1, X2, returning
(X'X)-l, the estimated regression coefficients, and
sums of squares due to residuals or due to pure error,
if there is subsampling. (double precision)

FINR -~ Computes elements of the equation for the confidence
region boundary (double precision)

POLYS -- Computes the roots of a polynomial, returns the real
roots, and returns the number of real roots

{double precision)
NOTE: Since CALCOMP plotting routines are single precision, any
scanning of arrays should use an increment of 2.

Input Description:

Data Card 1 -- Cols. 1-3 Neno. of observations

Cols, 4-6 1IDUP=-1 if Residual MS is used as error
estimate
0 if LOF test is to be performed
1 if Pure Error MS is to be used
(prior knowledge of results of
LOF test)



Cols. 7-9 NCHAK=no. of characters in title of plot
(max = 43)

Cols. 10-15 PLTH=length of vertical (X2) axis
(max = 9,5 inches)

Cols, 16-21 FLOFT=critical F value for LOF test

Cols. 22-27 FVAL =critical F value for confidence
region if IDUP not O

mcritical F value for confidence
region based on Pure Error MS if
IDUP = 0

Cols. 28-33 FPOOL=critical F value for confidence
region based on pooled MS

Cols. 34-39 VL(l)=lower limit of plot for X1
Cols. 40-45 VU(l)=max Xl -

Cols. 46-51 VL(2)=min X2

Cols. 52-57 VU(2)=max X2

Data Card 2 -- Cols. 1-16 data format for inputting X1, X2, and Y
any acceptable FORTRAN format allowed

Cols. 17-59 characters of plot title
Col. 60 underscore
Cols. 61-67 X1 (horizontal) axis lahel
Col. 68 underscore
Cols. 69-75 X2 (vertical) axis label
Col. 76 underscore
Pata Card 3 thru N + 2 Contain the input values of X1, X2, and Y
fETzhed in the format specified on Data Card 2, Cols.

Data Card N+ 3 Blank card if the program is to be ended

Any number of plots may bhe run but the set of data cards for the
last plot must be followed by a blank card.
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Output Description:

A, Print-out
1. Title
2. Error variance used in the confidence region and the value
ks2F obtained
3. Estimated Regression Coefficients
6. (x'xt

5. BStationary Point, Characteristic roots and vectors

B, Plot

The entire plot is approximately centered on the estimated stationary
point. Both the X1,X2 axes and the canonical axes are plotted. Each
observation point within the range of the plot is also marked. The
Confidence Region (CR) is plotted continuously., The range of the
horizontal axis is VU(l) - VL(l) but will not be centered on

VU(1)/2 - VL{1)/2 due to centering on the estimated stationary point,
The same is true for the vertical axis.

The length of the horizontal axis is set equal to the length of the
vertical axis in the program. This is done partly to aid in making
the canonical axis plot orthogonally. Thus equal scaling must be

chosen on each axis to obtain orthogonal canonical axes.

NOTES:
If IDUP = -1, then only FVAL needs to be specified
= +]1, then only FVal needs to be specified

= 0, then FLOFT, FVAL, FPOOL must all be specified

Execution time should run under 20 seconds for most plots. If this is
exceeded then the range of the plot may be too wide for the program to

handle.
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In many fields of research the experimenter i1s concerned with
finding a best set of operating conditions for a system. In response
surface methodology the responses of this system are defined by a
second-order model of the form

k k k 2
= Bot gk By%y * skn mdg Pan®yte gk Pyg®y

The first part of this paper has divided the analysis of the
response surface into three parts and discusses the computational
techniques needed for a general second-order model in k independent
variables., The first section is the regression analysis which esti-
mates the coefficlents of the response model and locates the point
where the best set of operating conditions occurs. This point is
called the stationary point. Second is the canonical analysis where -
one determines the nature and orientation of the response surface,
Finally a (1 - 5)1002 confidence region is determined for the stationary'
point. This confidence region not only gives an idea of the location
of the optimum set of operating conditions, but it may also provide
information about the location of future experiment points.

In the second part of this paper, examples of these techniques
are shown using a second-order model with two independent variables.
Output from a computer program which performs the three parts of the
response surface analysis and plots the confidence region for the
stationary point is included. The program itself is displayed in

the appendix of the paper.



