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Abstract

In longitudinal studies, the same subjects are measured repeatedly over time, leading to
correlations among the repeated measurements. Properly accounting for the intra-cluster
correlations in the presence of data heterogeneity and long tailed distributions of the disease
phenotype is challenging, especially in the context of high dimensional regressions. Here, we
aim at developing novel Bayesian regularized quantile mixed effect models to tackle these
challenges.

In the first project, we have proposed a Bayesian variable selection method in the mixed
effect models for longitudinal lipidomics studies. To dissect important lipid-environment
interactions, our model can simultaneously identify important main and interaction effects
on the individual and group level, which have been facilitated by imposing the spike-and-
slab priors through Laplacian shrinkage in the Bayesian quantile hierarchical models. The
within- subject dependence among data can be accommodated by incorporating the random
effects. The Gibbs sampler has been developed along with the Markov Chain Monte Carlo
(MCMC). We have established the advantage of the proposed method over multiple compet-
ing methods in extensive simulation studies and a high-dimensional lipidomics study with
repeated measurements.

In the second project, we further extend the sparse Bayesian quantile mixed models to
nonlinear longitudinal interactions. Specifically, the proposed Bayesian quantile semipara-
metric model is robust not only to outliers and heavy-tailed distributions of the response
variable, but also to the misspecification of interaction effect in the forms other than non-
linear interactions. We have developed the Gibbs sampler with the spike-and-slab priors to
promote sparse identification of appropriate forms of main and interaction effects. Simula-
tion results reveal superior performance in identification, estimation and statistical inference.

In particular, the proposed method that incorporates the spike-and-slab priors can enable



exact statistical inference by yielding Bayesian credible intervals with nominal coverage prob-
abilities on parametric and nonparametric fixed effects simultaneously. Application of the
proposed method on high dimensional longitudinal biomedical studies shed novel insight on
disease etiology.

The Bayesian regularized quantile mixed models proposed in this dissertation aim to
tackle challenges arising from longitudinal gene environment interaction studies under the
linear and nonlinear interaction assumption in chapter 2 and chapter 3, respectively. In
a regression analysis framework, gene-environment interactions can be divided into linear
and non-linear types, based on whether the effect of genetic factors on disease traits can
be represented by linear or non-linear functions of these genetic factors. The two models
proposed in this dissertation fill a significant technical gap since robust identification and
inference of the two types of interactions has rarely been explored in published longitudinal
studies.

We have also developed C++ based R packages mixedBayes on CRAN to facilitate re-

producible and fast computations using all methods under comparison in this dissertation.
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Abstract

In longitudinal studies, the same subjects are measured repeatedly over time, leading to
correlations among the repeated measurements. Properly accounting for the intra-cluster
correlations in the presence of data heterogeneity and long tailed distributions of the disease
phenotype is challenging, especially in the context of high dimensional regressions. Here, we
aim at developing novel Bayesian regularized quantile mixed effect models to tackle these
challenges.

In the first project, we have proposed a Bayesian variable selection method in the mixed
effect models for longitudinal lipidomics studies. To dissect important lipid-environment
interactions, our model can simultaneously identify important main and interaction effects
on the individual and group level, which have been facilitated by imposing the spike-and-
slab priors through Laplacian shrinkage in the Bayesian quantile hierarchical models. The
within- subject dependence among data can be accommodated by incorporating the random
effects. The Gibbs sampler has been developed along with the Markov Chain Monte Carlo
(MCMC). We have established the advantage of the proposed method over multiple compet-
ing methods in extensive simulation studies and a high-dimensional lipidomics study with
repeated measurements.

In the second project, we further extend the sparse Bayesian quantile mixed models to
nonlinear longitudinal interactions. Specifically, the proposed Bayesian quantile semipara-
metric model is robust not only to outliers and heavy-tailed distributions of the response
variable, but also to the misspecification of interaction effect in the forms other than non-
linear interactions. We have developed the Gibbs sampler with the spike-and-slab priors to
promote sparse identification of appropriate forms of main and interaction effects. Simula-
tion results reveal superior performance in identification, estimation and statistical inference.

In particular, the proposed method that incorporates the spike-and-slab priors can enable



exact statistical inference by yielding Bayesian credible intervals with nominal coverage prob-
abilities on parametric and nonparametric fixed effects simultaneously. Application of the
proposed method on high dimensional longitudinal biomedical studies shed novel insight on
disease etiology.

The Bayesian regularized quantile mixed models proposed in this dissertation aim to
tackle challenges arising from longitudinal gene environment interaction studies under the
linear and nonlinear interaction assumption in chapter 2 and chapter 3, respectively. In
a regression analysis framework, gene-environment interactions can be divided into linear
and non-linear types, based on whether the effect of genetic factors on disease traits can
be represented by linear or non-linear functions of these genetic factors. The two models
proposed in this dissertation fill a significant technical gap since robust identification and
inference of the two types of interactions has rarely been explored in published longitudinal
studies.

We have also developed C++ based R packages mixedBayes on CRAN to facilitate re-

producible and fast computations using all methods under comparison in this dissertation.
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Chapter 1

Introduction

Nowadays, high-dimesional data analysis plays a crucial role in many areas, including biomed-
ical studies. For instance, in the multiomics study, gene-environment interactions shed fresh
insight in elucidating the genetic metabolism and phenotype variations. Previously, the
ordinary least square regression (OLS) can be used to predict disease phenotype with low
dimensional predictors. However, due to the nature of the genetics data, “large p, small n”,
which means the sample size is much smaller than the number of genetic features, challenges
statistician to develop novel statistical methods to handle the high dimensionality of the high-
throughput data. Since only a part of genetic features is related to the phenotype of interest,
the identification of important features becomes an important task. To address this issue,
a novel variable selection method needs to be accomodated. One commonly used variable
selection method is the least absolute shrinkage and selection operator(LASSO)(Tibshirani
(1996)). LASSO can be used to select important variables by shrinking all regression co-
efficients towards 0. With LASSO, for the high-dimensional data analysis, the shrinkage
estimation and variable selection can be done simultaneously so that the set of predictors
will be dramastically reduced, leading to a more accurate outcome prediction and model
interpretation. In the past two decades, extensive amount of variable selection methods
have been developed for analyzing high-dimensional data as well. These variable selection

methods may have advantages over LASSO under certain situations. In the remaining sec-



tions, a detailed overview of those variable selection methods for high-dimesional data will

be provided from both frequentist and Bayesian perspectives.

1.1 Penalized Variable Selection

To overcome the limitation of ordinary least square regression, penalized regression becomes
a widely adopted method to select important genetics features in genomics studies. Consider
Y as a vector of the disease outcome, which can be a continuous disease phenotype. Denote
G as the m-dimensional matrix of genetics factors, the penalized regression model can be

formulated as :

L(E:Y,6)+ Y m(5)

where 8 = (B4, ..., Bm)T is the coefficient vector, L(3;Y,G) represents the loss function and
pa(]5;]) is the penalty function of §; with a tuning parameter A. The tuning parameter A
determines the amount of shrinkage imposed. Larger A value will lead to a deceasing model
complexity with less variable being selected. On the other hand, the model becomes more
complicated when more variable have been selected. Finding the optimal tuning parameter
is crucial for variable selection. In order to determine the best tuning parameter A, cross
validation method can be adopted. The estimation of the regression coefficients and variable
selection can be conducted by minimizing the penalized loss function(1.1). LASSO is a
special case of penalized least square regression with penalty function py(|5;|) = A|5;]. In

this case, the penalized loss function can be expressed as below
m
1Y = GBI+ 16l
j=1

where 8 = (81, ..., Bm)T is the coefficient vector and G is the m-dimensional matrix of genetics
factors. Although LASSO is a popular variable selection method for high-dimensional data
analysis, it does not meet the one of the three properties of a good penalty function(Fan and

Li (2001)). LASSO only satisfies the sparsity and continuity criteria, however, it introduces



the biased estimation which disobeys the unbiasedness criteria. In this situation, new penal-
ties need to be developed to resolve the biased estimation issue. In the past two decades, the
smoothly clipped absolute deviation (SCAD)(Fan and Li (2001)), minimax concave penalty
(MCP) (Zhang (2010)) and adaptive LASSO (Zou (2006)) have been developed to acheive
all three criterias. Their penalties can be represented as following: respectively,

SCAD:

)
AlB;] if |85 < A,
29008, |+ A2
n(By) = | -Er B A < |6 < a,
\%(a+1))\2 if |B;] > aA,

where a > 2 .
MCP:

ABi| = (2a)7'67 if |B5] < a,
pA(B;) =
sa\’ if |85] > a,
where a > 1.

Adaptive LASSO:
pa(B;) = M8 171841,

where a > 0 and 6](0) is the initial estimation of the jth element in the coefficient vector B :
Besides, handling complex data structure such as the group structure has motivated new
penalty functions. To select grouped variables, group LASSO method has been developed

by Yuan and Lin (2006a) with the penalty function as :

J
pa(B) =AY v l185ll2,
j=1

where ; = (Bj1, ..., Bjm,)" is a coefficient vector of length m; and [|3;]|2 = Bfﬁj. The
group size in the penalty function can be adjusted.

In addition, the SCAD and MCP have also been extended to the group setting. For example,



the penalty function of the group SCAD(Huang et al. (2012))can be defined as :

a(B5)

where a > 2 .

(
VIABi |2 if |19]l2 < y/mjA,

BB —2y/mjal]|Bjll2+m; A2

S} if \/myA <|Bill2 < \/mjal,
S (a+ 1)A? if [|8l]2 > /mja,

\

and the group MCP(Huang et al. (2012)) can be expressed as :

pA(8;)

where a > 1.

When encountering with heavy-tailed errors and outliers in response variables, tranditional
variable selection methods are not robust to accomodate data heterogeneity. Novel robust
variable selection methods need to be developed to handle data contamination and avoid
model misspecification.
robust regression, in the form of, “robust loss function + penalty function”, can be considered
to deal with the robustness of the data. Several loss functions have been adopted to deal
with the robustness, for instance, check loss function and the least absolute deviation (LAD)
function(Wu and Ma (2015a)). The LAD loss fucntion is a special case of the quantile-based

loss functions. Since the form of the #th (0 < # < 1) linear quantile regression (Li et al.

VG Bille = (2a0) 718, B; it [1By]]e < /mza,

%G)\Q if ||/B]H2 > ,/mja)\,

(2010a))can be expressed as:

yz:g?ﬁ—i_uwz:la?n?

Other than the penalized least square regression, the penalized



where 8 = (B1,...,0n)! and u;’s are independent with their fth quantiles equal to 0. The

estimation of the coefficients vector 8 can be performed by minimizing the following equation:

where py(-) is the check loss function

ot ift >0,
po(t) =
—(1-0)t ift<o,

and g/ is the ith row of the m-dimensional matrix G. When 6 = 0.5, the quantile based loss

function becomes LAD loss function:

> lyi— gl Bl.
i=1

A major limitation of robust methods when analyzing the high-dimesional data is the high
computational cost, due to the nonsmoothness of the loss functions. To accomodate the
computational convenience, the LAD loss fucntion is commonly adopted for omics studies
(Wu and Ma (2015a);Huang et al. (2011);Wu et al. (2018a)).

Similar to the penalized least square regression, the LAD penalized regression can be ex-

pressed as

> i =gl B+ pa1B5]).
i1 =1

1.2 Bayesian Variable Selection

In addition to the frequentist methods for variable selection, Bayesian variable selection has
also been widely used method to handle high-dimensional data. Traditionally, the frequentist
methods utilize the minimizor of the “unregularized loss+ penalty” function to obtain the

optimal estimated coefficients. From the Bayesian perspective, the coefficient estimation



can be achieved by computing the posterior mode through assigning certain prior onto the
regression parameters. The LASSO estimates can be achieved by computing the posterior

mode from imposing independent and identical Laplace priors on regression coefficients,

ie. m(8) = 1., 2exp{—A|S;|}(Tibshirani (1996)). Specially, with the independent and
noninformative scale-invariant marginal prior w(0?) = % (Park and Casella (2008a)) on o2,

the posterior distribution can be represented as :

. 1 “
(B, 0y) o (02)‘5‘1exp{—T,QHY — GA|l5 - AZ 1851} (1.1)

j=1

The fully Bayesian LASSO has been developed (Park and Casella (2008a),) i.e. the Bayesian

LASSO, through replacing the Laplace prior with the conditional Laplace prior

A
2\ —\|Bj|/V o2
T /B g = ———¢€ .
( ]| ) 2 / 2

The importance of conditioning on o2 is that a umimodal posterior can be guaranteed. Oth-
erwise, the posterior may not be unimodal(Park and Casella (2008a)). One major limitation
of Bayesian LASSO is that it cannot shrink regression coeffcient to zero exactly. However,
the beauty of Bayesian LASSO is to quantify the uncertainty in estimation and readily make
statistical inference on each coefficient. In Bayesian framework, selecting grouped predictors
is very important. As an extension of Bayesian LASSO, Kyung et. al(Kyung et al. (2010))
has developed the Bayesian group LASSO to handle grouping structure. The prior of the

Bayesian group LASSO can be expressed by adopting a multivariate Laplace prior

w(l0%) s exp{ — Y25, (12)

g

where ; is a coeffcient vector with size m; and \/?/\ is the scale parameter for the multi-



variate Laplace distribution.

The major drawback of the Bayesian LASSO is that it cannot shrink each estimated co-
efficient to zero exactly, i. e. lack of model selection property. The spike and slab priors
(Mitchell and Beauchamp (1988))can acheive the model selection property throughout im-

posing the spike and slab prior on each regression coefficient. The prior for ; becomes:

Bilpj~(1 — ¢j)m0(B;) + ¢5mi(Bs), 5=1,...,m,

where m;(f3;) is the flat “slab distribution” for nonzero large coefficients and mo(f;) is the
“ spike distribution” for either zero or reasonably small values close to zero, and ¢; is a
auxiliary indicator variable. When ¢; = 1, 3; comes from the slab proportion that represents
the existence of the jth effect. When ¢; = 0, the jth effect is not associated with y. Most
commonly, by fixing ¢; at %, it will provide equal probabilities to all submodels and represents
on prior information on the true model(Xu and Ghosh (2015)). For the Bayesian LASSO
with spike and slab prior, (/) is set as a normal distribution with large variance and 7 (5;)

is set to do(f3;), which denotes a point mass at 0. Therefore, the unimportant coeffcients can

be set to zero in the spike part. The prior can be expressed as

Bildj, 0, i~ (1 = ¢5)00(8;) + ¢;N(0,0°77), j=1,...,m.

Similarly, for the Bayesian group LASSO with spike and slab prior, m1(f;) is set to be a
multivariate normal distribution with large variance and m(3;) is set to be dy(3;), which
denotes a point mass at 0. Thus, the groupwise unimportant coeffcients, can be set to zero

in the spike part. The prior can be expressed as:

/Bj|¢ja 0-277—3'2N(1 - ¢J)50(6]) + ¢ijj(O’ O-QT]'QImj)7 J=1...,m.



To accomodate the heavy-tailed distributed data, under Bayesian framework, Li et al.(Li
et al. (2010a)) has proposed the Bayesian quantile LASSO by imposing the Laplace prior
(8|7, A) = (B)™exp(—7A ;=1 |B;]) to induce shrinkage and assuming that the error term

follows a skewed Laplace distribution. The posterior distribution of S can be expressed as:
7(BIr,A) ocexp{=7 > poly: — g B) —TA Y 15[} (1.3)
i—1 j=1

Liet al. (2010a) has proposed the Bayesian quantile group LASSO regression by imposing the
Laplace prior 7(83;|n) = C,,n™exp(—n||B;||2) where Cy,, = 27+ D/2(2)=(mi=D/2 /D ((m; +
1)/2), n = 7A, and I'(-) is the gamma function. The posterior distribution of 3; can be

represented as:
m(Blr, A) oc exp{=7 Y _ palys — g7 8) =AY 15112} (14)
i=1 j=1

Spike and slab prior can be incroporated on both Bayesian quantile LASSO and Bayesian

quantile group LASSO.

1.3 Longitudinal Data with Linear Mixed Effects Model

In longitudinal studies, the same subjects are measured repeatedly across time. One promi-
nent feature of the repeated measurement data is that they are intra-correlated within the
same subject, while independence is assumed for measurements taken on different subjects.
A diversity of statistical methods that can properly account for the intra-cluster correla-
tions among longitudinal data have been proposed (Verbeke et al. (2014a), Bandyopadhyay
et al. (2011a)). Among those methods, the generalized estimating equation (GEE) bypasses
the challenge of specifying the full likelihood function especially under non-normal assump-
tions(Liang and Zeger (1986a)). Instead, it utilizes the first two marginal moments of the

response, as well as a working correlation matrix involving only a small number of nuisance



parameters. Although the GEE estimator is consistent even when the working correlation
is (partially) misspecified, it is not robust to outlying observations and data heterogene-
ity. In this dissertation, we consider developing the Bayesian quantile mixed effect models
to robustly analyze the longitudinal data for the following reasons. First, the asymmetric
Laplace distribution can be readily adopted to specify robust likelihood function in mixed
effect models. Second, the random effects in the mixed effect model can be well characterized
by a properly chosen prior and corresponding posterior distribution. In addition, with the
fully Bayesian analysis, exact inference on model parameters can be interpreted even when

sample size is limited. Below we briefly review two widely used mixed effect models.

1.3.1 Random Intercept Model

Consider the following model:
Yij = XZ;B + bz + Gij.Z' = 17 ...,n,j = 1, ceey k,N = nk,

where Y; is the jth measurement of a continuous random variable on the ith subject, X;*g
are the row vectors of the design matrix with dimension N x p and [ is a coefficient vector
with length p and ¢;; represents the within-subject measurement error. The assumption of
the fixed effects and the measurement error are random with mean zero and with variances
Var(b;)) = of and Var(e;) = o2, respectively. In addition, the b; and €;; are independent

with each other. Then the marginal mean response over time can be expressed as
E(Y;) = X8.
and marginal variance can be represented as

Var(Yi;) = op +0°



Consider the marginal covariance between two response variables, Y;; and Y}, is given by

Cov(Yi;,Yip) = a,?

then, the mariginal covariance matrix can be represented as

2 2 2 2 2

oy, +o g}, o}, . o},

af 02 + o? af . ag

) = 2 2 2 2 2

Cov(Y) oy oy o, +o° ... oy
of of of .. O+ 0?

and the correlation between two response variable is

2
0y

COTT(Y;‘]', Y;k;) = m
b

1.3.2 Random Intercept and Slope Model

Consider the following model:
Y;j = XE;B + Z};bl + Ez‘j.i = 1, ...,n,j = ]_, ceey kf, N = nk:,

where Y; is the jth measurement of a continuous random variable on the 7th subject, Xg
are the row vectors of the design matrix with dimension N x p and ( is a coefficient vector
with length p and €;; represents the within-subject measurement error. Z; = (1,)7 is a
2 x 1 covariate associated with random effects and b; is a 2 x 1 vector of random effects. The

marginal mean response over time can be represented as

E(Yy) = X;5.
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The marginal covariance of Y; by averaging over the distribution of b; is

Cov(Y;) = Z,GZT + o1,

where G = Cou(b;), Y; is a k x 1 vector with each element Y;; and Z; is a k x 2 matrix which

has the form:

11
1 2
1 3
1 k

Variable selection methods can also be applied on the linear mixed effects model for longitu-
dinal study. For instance, Bayesian LASSO. We can assign the same prior on the coefficients
parameter and other hyperparameters as the penalized linear regression model under the

univariate case.

1.4 Works in this dissertation

In this dissertation, we have proposed sparse Bayesian quantile mixed models for interac-
tion analysis in longitudinal studies. In a broader context, interaction structure in high-
dimensional scenarios is a typical type of structured sparsity that also includes strong inter-
relatedness ((Zou and Hastie, 2005; Tibshirani et al., 2005)), graphs and networks ((Wu et al.,
2018b; Ren et al., 2017, 2019)), pathways and gene sets ((Wu and Cui, 2014; Jiang et al.,
2017; Wu et al., 2012)) among others. From the regression perspective, gene-environment
interactions can be categorized as linear interactions and non-linear interactions, depend-
ing on whether the contribution of genetic factors to disease phenotypes can be modeled as
linear or nonlinear functions of genetic factors ((Zhou et al., 2021)). Besides structured spar-
sity, heavy-tailed distributions and outliers in disease phenotypes are widely encountered in

genomics studies, which demands robust variable selection methods ((Wu and Ma, 2015b)).
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In the first project, we have developed Bayesian regularized quantile mixed models
for interaction structure arising from repeated measures in one-way ANOVA with high-
dimensional lipidomics features. In a one-way ANOVA setting, we model the interaction
between treatment (in terms of a group of binary indicators corresponding to treatment)
and high-dimensional lipid features, which is essentially a linear interaction problem. Iden-
tification of important main and interaction effects can be achieved by utilizing structured
Laplacian shrinkage and spike-and-slab priors within Bayesian hierarchical models. In the
proposed quantile mixed effect models, we adopt the asymmetric Laplace distribution to
specify the likelihood function under longitudinal traits, which has a nice correspondence
to the frequentist quantile regression models resistant to outliers in the response variable.
Besides, intra-cluster correlations from repeated measures are accommodated by random ef-
fects from the mixed model. Gibbs samplers of proposed and alternative methods have been
developed to generate posterior samples for estimation and prediction. We demonstrated
the superiority of the proposed method over alternatives in both simulation and real data
analysis.

In the second project, we have proposed a sparse Bayesian quantile semiparametric
model to capture time-varying non-linear interactions in longitudinal Genome-wide associa-
tion studies (GWAS). In GWAS, nonlinear gene-environment interactions were first studied
by (Wu and Cui (2013)) in a hypothesis-testing framework. Regularized varying coefficient
models have also been developed for the analysis goal from both frequentist and Bayesian
frameworks ((Wang et al., 2008; Wu et al., 2018¢c,d; Tang et al., 2013; Ren et al., 2020)).
The proposed Bayesian model is robust to heterogeneous repeated measures and can properly
handle correlations among longitudinal observations. Furthermore, it can conduct structure
identification by detecting whether high-dimensional SNPs have nonlinear interactions, just
main effects, or no genetic effects at all. Our proposed fully Bayesian analysis can also enable
exact statistical inference by providing Bayesian credible intervals on parametric and non-
parametric fixed effects at the same time. We demonstrated the advantage of the proposed

method in extensive simulations and a case study using CAMP longitudinal GWAS data.
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Chapter 2

Robust Sparse Bayesian Regression
for Longitudinal (Gene-Environment

Interactions

2.1 Introduction

The importance of longitudinal omics data analysis has been increasingly recognized. Com-
pared to cross-sectional omics studies, the repeated measurements of the disease phenotype
and/or omics features have provided additional insight to elucidate the etiology of complex
diseases. As the longitudinal measures have been taken over a series of time points with
respect to the same subjects, they are intrinsically interconnected (Verbeke et al. (2014b),
Bandyopadhyay et al. (2011b)). Therefore, it is critical to appropriately model the intra-
correlations among the longitudinal observations in the presence of high-dimensional genetic
and genomics data, and other types of omics data such as lipidomics, metabolomics and
proteomics data. Meanwhile, published studies have revealed that the genetic factors (and
omics features) alone cannot fully unravel the genetic underpinnings of complex diseases.
Their interactions with the environmental factors, or gene-environment (GxE) interactions,

needs to be dissected on a fine scale to better characterize the genetic control of complex
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disease traits (Hunter (2005); Kraft et al. (2007)). With the longitudinal genetic design,
the interaction analysis leverages the repeated measurements of phenotypic traits to further
decipher the dynamic landscape of GxE interactions.

In this study, we are interested in conducting a longitudinal G x E analysis, which has been
partially motivated by a published work using repeated measure ANOVA to examine changes
in the lipidomics profiles from weight controlled CD-1 mice (King et al. (2015)). The trait of
interest is the repeatedly measured body weight of 60 female CD-1 mice, as shown in Figure
2.1 (a) 60 female CD-1 mice have been randomly assigned with 4 different treatment groups,
which are control (ad libitum feeding and without treadmill exercise), AE (ad libitum feeding
and with treadmill exercise), PE (pair feeding and with treadmill exercise), and DCR (20%
dietary calorie restriction and without treadmill exercise). 20% dietary restriction means the
mice are fed a diet with 20% less total calories from carbohydrates and fat in comparison
with the basal AIN-93 diet, while the levels of protein and essential micro-nutrients have
been kept the same as the basal diet. Figure 2.1 (b) demonstrates the trajectory plots of
average weight across 11 weeks for each group. Figure 2.1 (¢) shows that without dietary
control and exercise, mice in the control group have the largest increase in body weight. A
histogram of all the pooled measurements of bodyweight in Figure 2.1 (d) reveals outliers
and deviation from normality. In particular, the bar on the rightmost position is due to an
outlying weight in control group measured at the 5th week.

In addition, the dietary lipids of CD-1 mice have also been generated and treated as
omics features in the GXE study. The triacylglycerol (TG) and diacylglycerol (DG) lipid
species have been profiled from plasma samples using the electrospray ionization MS/MS
(King et al. (2015)). We focus on the DG profiles and treat them as the G factors. The
environmental factors adopted for the GxE analysis is the factor corresponding to the four
treatment groups in ANOVA, which has been converted to a group of three binary indicators
with control level as the baseline. The G factors are the high-dimensional lipidomics factors.
Identifying important main lipid factors and their interactions with the environment factors
will shed fresh insight in elucidating the lipid metabolism and phenotypic variations in a

longitudinal setting.
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In a broader context, the proposed G xE analysis stems from the ANOVA problem in the
longitudinal design where selecting important main and interaction effects is of paramount
interest (Yuan and Lin (2006b)). Analyzing such a longitudinal lipidomics data in an inter-
action study is challenging in the following aspects. First, as shown in Figure 2.1 (a) and
2.1 (d), the repeated measurements of body weight of the CD-1 mice have skewed distri-
butions and outliers, requiring robustness of analysis methods (Zhou et al. (2021); Wu and
Ma (2015b)). Second, accommodating intra-cluster correlations of longitudinal observations
under the robustness constraints is not a trivial task. Many widely used longitudinal mod-
eling methods, such as those based on the generalized estimating equation (GEE) (Liang
and Zeger (1986b)), are not robust and vulnerable to outlying observations. Third, due to
the formulation of the E factors in a group of binary indicators representing the four treat-
ment of control, DCR, AE and PE, the GxE interactions have a group structure. Detecting
important lipid by environment interaction rising from the repeated measure ANOVA even-
tually amounts to group level variable selection (Yuan and Lin (2006b)), and pinpointing
the important lipid main effects leads to individual level selection, which together demand
a tailored interaction analysis.

Despite success, published high-dimensional analysis of repeated measure data cannot
tackle the above challenges simultaneously. For instance, penalization methods proposed
within the major frameworks for longitudinal data, such as the penalized GEE (Wang et al.
(2012)) and regularized linear mixed model (Fan and Li (2012)) among others, have focused
on main effects and are vulnerable to heavy-tailed errors. Although robust sparse longitu-
dinal methods have been developed, including (Fan et al. (2012a)) and (Lv et al. (2015)),
they cannot be adopted for performing gene-environment interaction studies.

To date, high-dimensional longitudinal methods have been underdeveloped for interaction
studies (Fan et al. (2012b)). Our limited literature mining suggests that, in the presence of
the structured sparsity of high-dimensional data, there appears a tendency to concentrate
more on feature selection and ignore serial correlations by assuming independence among
repeated measurements, as shown by a plethora of work in non-/semi-parametric variable

selection for longitudinal data (Wang et al. (2008); Tang et al. (2013); Ma et al. (2013)) with
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Figure 2.1: (a) The trajectory plot for body weights of 60 CD-1 mice, (b) The trajectory
plot for mean body weight of 60 CD-1 mice , (c) Bar plot for the mean body weight of 60
CD-1 mice at begin (week 1) and end (week 11)stage , (d) Histogram of body weights for 60

CD-1 mice.

nonlinear interaction assumptions (Zhou et al. (2021)). The GxE analysis of the motivating
lipidomics data models the gene-environment interactions as the product between the lipids
and group of dummy variables representing the E variables, which corresponds to the more
general linear gene-environment interactions (Zhou et al. (2021)). Only a limited number
of work have been published with the linear GxE interaction assumption, including Zhou
et al. 2019 and 2022 (Zhou et al. (2019, 2022a)). However, these studies adopts GEE and

thus are not robust to outliers and heavy-tailed distributions in the repeated measurements.
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Besides, both studies are focused on penalization without providing inference procedures for
parameter estimation.

The challenges of analyzing the longitudinal lipidomics data and the limitations of ex-
isting methods have motivated us to consider a robust sparse Bayesian mixed model for
GxE interactions with repeated measurements. Compared to the frequentist-based shrink-
age methods, fully Bayesian analyses enables exact statistical inference even under small
sample sizes. Specifically, to incorporate robustness, we propose to adopt the asymmetric
Laplace distribution for setting up the robust likelihood function so the proposed model is
not sensitive to outlying and heterogeneous repeated measurements (Yu and Moyeed (2001)).
In addition, the structure of mixed effect model readily allows us to account for correlations
among longitudinal measurements by specifying random effects. Therefore, accommodating
robustness and correlations at the same time does not incur extra cost compared to studies
robustifying the generalized estimating equations (Fan and Li (2012); Fan et al. (2012a)).
Furthermore, within the Bayesian mixed model framework, we can impose structured sparse
priors to select the main and interaction effects jointly to conduct a tailored GxE analysis
for the lipidomics data.

With the high-dimensional genetic factors, selecting important main and interactions in
interaction studies that root in the ANOVA problem are no longer corresponding to the
group LASSO (Yuan and Lin (2006b)), but requires a more refined bi-level structure to se-
lect main effects on the individual level and interaction on the group level concurrently. In
literature, Bayesian LASSO and Bayesian group LASSO have been widely adopted to con-
duct Bayesian shrinkage on the individual and group level, correspondingly (Casella et al.
(2010)). A major disadvantage of not being able to yield exact 0 posterior estimates in
fully Bayesian analysis based on these priors have been widely recognized. Here, we incor-
porate univariate and multivariate spike-and-slab priors in Laplacian shrinkage to promote
exact sparsity(George and McCulloch (1993),Ishwaran and Rao (2005),Rockova and George
(2018),Ren et al. (2020)). In our study, we assign individual and group level sparse pri-
ors to select main and interaction effects, correspondingly within the quantile mixed effect

model framework. Although Bayesian LASSO and Bayesian group LASSO can be adopted to
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achieve such an analysis goal (Casella et al. (2010)), they conduct Bayesian shrinkage based
on the conditional (group) Laplace prior which cannot lead to exact 0 posterior estimates in
fully Bayesian analysis. Through extensive simulation studies and the case study, we have
demonstrated the superiority of the proposed model over multiple competing alternatives.
For fast computation and reproducible research, we implement the proposed and alternative
methods in C++ and encapsulate them in a publicly available R package mixedBayes (Fan
and Wu).

2.2 Materials and Methods

2.2.1 Data and Model Settings

Consider a longitudinal study with n subjects with k repeated measurement for each subject.
Let Y;; be phenotype for the ith subject at the jth time point (1 <i <n,1 <j <k). We
use the m-dimensional vector L;; to denote the measurement of lipid factors for the ith
subject at time point j, where L;j = (Ljj1, ..., Lijm) . Also, let the p-dimensional vector
T;; denote the measurements of factors, where Tj; = (T}j1, ..., T3jp) |- In a typical repeated
measure ANOVA analysis, the factors do not vary across time, which has been incorporated
as a special case under this formulation. To model the main effects of lipid and treatment,
as well as their interactions that are collectively associated with the longitudinal phenotype
having heavy-tailed distributions, we propose the following quantile mixed-effects model at

a given quantile level 0, (0 < 6 < 1):
Yij = X Y060 + Ty 1,0 + Livae + (Li ® Tij) V3.0 + Z 0o+ €ijp- (2.1)

where the fixed effects correspond to (a) the quadratic polynomials of time effects, X;; =
(1,7,7)7, which are determined from linear, quadratic and cubic polynomials on the re-
peated measure data (King et al. (2015)) through model selections using AIC/BIC values;

(b) the lipid and environmental main effects that are represented by L;; and T;; respec-
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tively; and (c) the lipid-environment interactions that can be expressed as a Kronecker

product between the two types of main effects as a mp-dimensional vector:
Li; Q) Tij = [LinTijr, LinTija, -y LinTijp, LijaTign, ooy Ligm Tigp)

The fixed effects are ~p,9, the 3-dimensional coefficient vector for X;;, and ~v1,9,72,0, V3,0
the p-, m- and mp- dimensional regression coefficient vectors that represent the treatment
and lipid main effects and their interactions, correspondingly. The above model also includes
Z;; with random effects a; 9 to account for the intra-correlation among repeated measure-
ments. The A x 1 vector Z;; corresponds to the random intercept - slope model and random
intercept model under & = 2 and 1, accordingly. The model error ¢;;4’s are independent with
the Oth quantile being 0. Without loss of generality, we suppress the subscript “6” of the
regression coefficient vectors for both fixed and random effects from now on for simplicity
of notation. For instance, the regression coefficients for the main and interaction effects can
be further written as y1 = (Y11, Y1p) "> Y2 = (Y21, -, Y2m) 's Y3 = (Y31, --»Y3m) ' Where
Yar = (Va1 s Yaip) | for I =1,...,m.

The quantile mixed effect model (2.1) provides a general formulation for modeling longi-
tudinal gene—environment interactions where both the main and interaction effects, as well
as the phenotypic traits, are repeatedly measured. Such a general formulation is applicable
to the motivating lipidomics data where the G and E factors are cross-sectional, and only

the response variable is longitudinal.

2.2.2 The robust Bayesian interaction analysis with longitudinal
traits

The histogram on repeatedly measured bodyweight of the CD-1 mice in Figure 2.1 shows
heavy-tailed distribution with outliers, demanding robust longitudinal methods for interac-
tion studies. Recently, robust Bayesian analysis has emerged as a powerful tool to dissect

G xE interactions in the presence data heterogeneity arising from complex disease traits (Ren
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et al. (2023)). The key to incorporate robustness in a Bayesian framework is to specify the
likelihood based on a heavy-tailed distribution. We consider assuming that the error term

€;;'s follow i.i.d asymmetric Laplace distribution with density function

f(ei|0,7) = 0(1 — O)rexp{—Tpy(e;;)}, i=1,...,n, j=1,...k,

where 77! is the scale parameter indicating the skewness of the asymmetric Laplace distri-

bution (ALD), and py(-) is the check loss function with quantile level 6 € (0, 1):

ot, ift >0,
po(t) =
—(1—=0)t, ift<o,

which is essential for the Bayesian formulation of quantile regression. The heavy-tailed pat-
tern of ALD can be readily manifested when it reduces to the well-known double exponential
(or Laplace) distribution at the 50% quantile level.

With the above probabilistic assumption on model error, by conditioning on the fixed
and random effects as well as the associated regression coefficients defined in model (2.1),

the distribution of Yj; can be expressed as:
F(Yijlpis, o, Zig, ) = 0(1 — O)rexp{—7pp(Ys; — pij — Z;0u:)}.

where the mean function p;; is defined as j1;; = X J Yo + TJ")’l + L;rj’)/z + Wi;’y;; including
the main genetic and environmental effects, and their interactions.

Kozumi and Kobayashi (Kozumi and Kobayashi (2011)) have provided an equivalent
representation of the skewed Laplace distribution as a mixture of an exponential and a scaled

normal distribution, which facilitates the setup of a Bayesian hierarchical model for quantile

regression. Specifically, with & = 91(;—32) and & = ,/ﬁ at quantile level 0 < 0 < 1, the

error term ¢;; follows the ALD with a scale parameter 7! as

-1 -1
€j =T &viy + T §2/VijZij,
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where v;; is the standard exponential distribution, Exp (1), and z;; is a standard normal

random variable. Subsequently, model (2.1) can be rewritten as:
Yij = pij + Z;Oéi + 7 6wy + T i 2,

Let 0;; = 7 'v;;, then 0y nd Exp(77!) for i = 1,...,n, and j = 1,...k. Then the Bayesian

hierarchal model has the following representation :

Yij = pij + Z 0 + &0 + T 26\ iz,
~ ind ~
Ui|T ~ Texp(—T70;;),
ind

2.2.3 Robust Bayesian variable selection for longitudinal interac-
tion studies

The connection between ANOVA and grouped variable selection of main and interaction
effects has been pointed out in Yuan and Lin 2006 (Yuan and Lin (2006b)). In the repeated
measure ANOVA analysis conducted in King et al. (King et al. (2015)), considering the high-
dimensional lipidomics features eventually leads to the proposed longitudinal GxE study
that demands tailored variable selection of main and interaction effects. Recall that in our
study, there are 4 treatment groups of exercise and /or dietary restriction, which are sedentary
and ad libitum feeding (control), 20% dietary calorie restriction and sedentary (DCR), Pair
feeding and exercise (PE) and Ad libitum feeding and exercise (AE). With the control as
the baseline level, the treatment group can be represented by 3 binary indicators, or dummy
variables, for DCR, PE and AE, respectively. In model (2.1), the E factors are modeled as
T;;, and the GxE interactions are represented as the Kronecker product L;; @ T;;. The T;;
has a group structure, that is, the treatment groups can be correctly specified only when all
the three binary indicators are present. Although T;; is low dimensional and not subject

to selection, a direct consequence is that the interaction between T;; and any lipidomics

21



features also have the group structure, and identifying G xE interactions needs to take the
grouping pattern into account.

Besides the GXE interactions, we also perform selection of the lipidomics main effect
L;; individually. Therefore, detection of important main and interaction effects amounts to
variable selection accommodating the individual and group level selection simultaneously.
The regularized estimates of the main and interaction effects can be obtained by minimizing

the following loss function:

n k m m
DD oYy =g = Zhew) + MY el A ) [l (2:2)
=1 =1

i=1 j=1

where the Ly norm of v, is defined as ||v4||2 = (7473)"2, and A; and )\, are two positive
tuning parameters. Here, vy is the coefficient for the main effect of the [th lipid feature, and
~31 correspond to the interaction between the [th lipid feature and environmental factors, i.e.,
the group of dummy variables. If L, norm of the vector -ys; is estimated as 0, i.e., 3 = 0,
there is no corresponding interaction effects. In addition, if ~9,=0, then the [th lipid does
not have main effect and is thus not associated with the repeatedly measured bodyweight of
CD1 mice.

With Bayesian analysis, selection of important main and interaction effects can be achieved
by assigning individual and group level sparse priors on 7y and s, (1 < 1 < m), accordingly.
In published studies, the conditional Laplace prior and its multivariate version have been de-
veloped for Bayesian LASSO and Bayesian group LASSO, respectively (Casella et al. (2010);
Park and Casella (2008b)). Their posterior modes correspond to the regularized LASSO and
group LASSO estimates in the frequentist framework, respectively. Further more, under the
ALD based likelihood, (Li et al. (2010b)) have shown that the Laplacian shrinkage priors
work as well in regularized Bayesian quantile regression. A major limitation of the priors
is that the corresponding posterior estimates do not lead to exact 0 coefficients, which can
be overcome by incorporating the spike-and-slab priors in the hierarchical model (Ren et al.

(2023); Zhou et al. (2023)). Next, we impose the two types of sparse priors hierarchically
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to formulate the robust Bayesian hierarchical model and identify the main and interaction
effects under the longitudinal trait.

Selecting main and interaction effects with Laplacian shrinkage To identify
main lipidomics effects that are associated with the phenotype, we assign the independent

and identical Laplace prior on each component of coefficient vector ~5 as follows:
(alr 2 = (2 exp(—m Y ral
(Y |T = xp(—7 .
Y2|T, M1 5 p 1 4 Yai

Meanwhile, to pinpoint important lipid-environment interactions, we impose the group-level

shrinkage by adopting multivariate Laplace prior on -s;:

T(Ys1|T, A2) = Cp(TA2)Pexp(—7Aa||va1|]2),

where C, = 2=P+1/2(27)(=P=D/2 )T ((p + 1) /2) with gamma function I'(-), and p is the group
size.

Then the joint posterior distribution of 2 and -3 is:

n k

f(vz, vslYij, g, Z;Jr-, i, Ty A1y Ag) o eXP{—TZ ZPO(Y%]‘ — Mij — ZTO&@ —TA Z [var] — T A9 Z |[vat|l2},
i=1 j=1

where the power of the exponential kernel is corresponding to the objective function in eq.

(2.2). To facilitate the set up the Bayesian hierarchical model, we denote 7, = 7A;. Then

the 7.2.d Laplace priors on ~, representing the main genetic effects can be written as

m m 00 2

M 1 SN 7
7T(’>’2|T> /\1) = I I geXP{—ﬁ1|V2l|} = I I /0 27TSH€XP(——2;;)§1 XP(—ESu)dSu
=1

The above Laplacian priors can be hierarchically expressed as scale mixture of normals after
s1; is integrated out:

ind
’Y2l|51l ~ N(O, 811)7
2.3
o (2.3)

511 ~ EGXP{—gsll}
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Besides, with the reparametrization 17, = 7y, the multivariate Laplace prior on -3, can

be written as:

7T(’)’31‘772) éM—Laplace('y3l|n2)

= pngexp(—ﬁ2||’73l||2)

() B 1 (772/2)(]3—1—1)/2 B 772
_ 2 T 2 (p—1)/2 2
—/0 (27sy;) p/ eXp{—2821’731 Ya1} X N Soy eXp( — 5 SQl)dSQl.

2

Then, the prior of «v3; can be expressed as the hierarchical representation below:

ind
7(va1]s21) ~ Np(0, 59,1 ),
2.4
S ~ Gamma( 5 ,3),

where ’%1 is the shape parameter and % is the rate parameter of the gamma distribution.
Selection of main and interaction effects with structured spike-and-slab priors
In the Bayesian hierarchical model, the prior formulations of univariate and multivariate
Laplace priors in (2.3) and (3.7) will lead to the shrinkage estimation for the identification
of main and interaction effects, respectively. However, a well-acknowledged drawback of
Laplace priors is that they do not produce exact 0 estimates. To promote exact sparsity, we
refine the prior formulation by further incorporating the spike-and-slab priors.

To detect the gene-environment interactions, we have

Y| par, Sau £ duN, (0, diag(say, . . ., s21)) + (1 — ¢a1)d0(¥a1),

o) nd Bernoulli(s), (2.5)
n 1 5
sy Gamma(p;— : 772—2)

where the slab component N, (0, s51,) models the large and diffuse signals, and the spike
distribution dy(7ys;) denotes the point mass at 0,1, with parameter 7y € [0, 1]. The ¢y, (1 <
[ <'m), is a latent binary indicator variable for the interactions between the Ith lipid factor

and the environmental factors, which indicates whether or not the corresponding interaction
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is selected. When ¢ = 0, the coefficient vector v, has point mass density at zero, which
means that the [th lipid factor does not have interaction effect with the treatment groups.
On the other hand, if ¢9 = 1, the spike-and-slab prior in (2.5) reduces to the multivariate
Laplace prior in (3.7) and results in the Bayesian quantile group LASSO, indicating that the
corresponding interactions are associated with the longitudinal phenotypic traits. Moreover,
the prior formulation in (2.5) can be treated as the following multivariate spike-and-slab

priors after ¢9; and so; are integrated out:

31|12 w duyM-Laplace(ysi|n2) + (1 — ¢2)d0(Va1),

where the parameter 7o € [0, 1].
For identification of lipidomics main effect, we impose the univariate spike-and-slab priors

for vo, L = (1,...,m) as follows:

Yol b, S1 £ dulN(0, s1;) + (1 — ¢11) o (1),
by R Bernoulli(7

(2.6)

77_)_

),
S nd Gamma(1, 2%
where the spike component dq(79;) is a point mass at 0 and ¢1; determines whether the spike
or slab component is in action, with m; € [0,1]. The prior specified in (2.6) is equivalent to
the univariate Laplace prior in (2.3) when ¢; = 1, indicating that the [th lipid has a main
effect. Otherwise, when ¢1; = 0, the [th lipid does not have a main effect.

We also assign conjugate beta priors m; ~ Beta(ry,w;) and ma ~ Beta(rg, wy) Gamma
priors are imposed on 7} ~ Gamma(ay,b;) and 15 ~ Gamma(asg, bs), T ~ Gamma(c, d), also
inverse-gamma prior ¢? ~ Inverse-Gammal(e, f). In particular, we set the hyperparameters
ap =b =ay =by=c=d=1r, =w =1ry=1wy, =e = f = 1. For the random
effect a;, normal prior has been imposed on it. For the random intercept - slope model:

a; ~ N(0,¢*I). For the random intercept model: a; ~ N(0, ¢?).
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2.2.4 Gibbs Sampler

The joint posterior distribution can be expressed as

2 2
(Yo, Y1, Y21 Y3, S11, S21,101 5 W, W1, T2, T|Y5)

x (H)’é’“(ﬁﬁ@ij)%exp{

70T20_1’70)

xexp(
xexp(

m

l\.’)lr—\ L\:>|>—k

71 21_1’7’1)

1=1
n k

X T”kexp< -7 g g 171-]')
i=1 j=1

c—1

X 7 texp(—dT)

p
)@ exp(—=by77) H

=1

'—‘l\.')

(771

X 71';1 1(1 — 7T1)w1_1

X H ( (1 —mo)( QWSQZ)_%QXP(

X H ((1 - Wl)(QWSIZ)_%eXp(—E

3

SHACEEEE )

U”

1
Vo) Lo} + 7T15o(72z))

2821

1
——73LT’Y3L)I{73HA0} + m2dg (73[))

m 2\ pt+1 2
as— D +1
<o) T (P2) )% exp (- L)

X 71';2 1(1 — 7T2)w2_1

o Let Hig(—~o) = Mij + Z;'J_a, — X;‘;’Yo, (Z = 1, ..o, n

effect without the contribution of ~g.

,j=1,... k), representing the mean

The full conditional distribution of ¢ is a multivariate normal distribution N3 (g, -, )with
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mean

k
Py = B0TE 2 Y Y 05 X (Vi — pijno) — 2oy — &),

and variance

Denote fiij(—yy) = pij + ZTaz — TT'yl, (t=1,...,n,5 = 1,...,k), then the full
conditional distribution of ~; is multivariate normal distribution N (g, ,3,,)with

mean

~1 717—52 ZZ~ lT ,LLZJ Z az glﬁij)v

=1 j=1

and variance

>, _<21 +7& ZZ ;T TT> .

=1 j=1

Let fiij(—yy) = Hij + Z;Jr.ai — Lijiyo and ly; = (v = Olrest), the conditional posterior

distribution of the coefficient of lipid factor 74 is a spike-and-slab distribution:

Yo rest~ (1 — 11))N (fyy» Ergy) + lu00(21),

where
n k
_ -2 -1 T ~
Mgy = 2’7217—52 E E :Uij Lijl<Y;j = Hij(—ya) — Zij Qi — 511}1']’)7
i=1 j—l
_ 5 ~71L 4+ — _1
'Y2l - T 2 il :
811
=1 j5=1
and
T
Iy =

N

(= ,m)%exp{ 2721(7'52 > 12] 1035 Ul(res>)2}'

m 4+ (1 —m)(su)”
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res = Yij = fij(—u) — Zg;0ti = §10;;.
The posterior distribution of 7, is a mixture of a normal distribution and a point mass
at 0. At each iteration of MCMC, ~y is drawn from N(p.,,,%,, ) with probability

(1 —Iy;) and is set to 0 with probability ly;. If 79 is set to 0, then we have ¢1; = 0.
Otherwise, ¢; = 1.

The posterior distribution of the interaction between the /th lipid and treatment factors
Ysi(l = 1,...,m) is also a spike-and-slab distribution. Denote fi;j(—~g,) = fti; + Z;;ai —
W.}—lfym and lyy = m(7y3 = Olrest), the conditional posterior distribution of ~g; is a

?

multivariate spike-and-slab distribution :

vai|reste~ (1 — lo) Ny (g, > Zysy) + 12000(Ya1),

where
— T ~
sy = By T ZZ 3 Wit(Yij = Bij ) — Zi5 0 — &103),
=1 j=1
. 1 _1
S = (23N 0 W W+ L)
i=1 j=1 21
and
lyy = 7T2

my (1= o) (s20) 5[ [ exp {3124, S0, > 765 55 Wiga(ves) |3}

res = Yij — Hij(—s) — Loz Qi — 105

The posterior distribution of 4s; is a mixture of a multivariate normal distribution and
a point mass at 0. At each iteration of MCMC, -3 is drawn from N (g, , 3;) with
probability (1 —ly) and is set to 0 with probability ly. If v, is set to 0, then we have
¢ = 0. Otherwise, ¢g = 1.
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The full conditional posterior distribution of (sy;)~! is:

B Inverse—Gamma(l,%) if 79 =0
(s11) |rest~

Inverse-Gaussian(n?, ;7—2%) if vo; # 0
21

Similarly, The full conditional posterior distribution of (sg)~! is:

2
Inverse-Gamma(2, 2 )

(597) trest~

Inverse-Gaussian(n3,

The full conditional posterior distribution of 7?:

n? [rest~Gamma(a; + p, by + %)

Likewise, the full conditional posterior distribution of n3:

1 m
15 |rest~Gamma/(ay + M by + ﬁ)

2 Y

The full conditional posterior distribution of :

71 |rest~Beta(r; + Z I, =0y, w1 + Z Ly, 201)
=1 =1

Similarly, the full conditional posterior distribution of ms:

mo|rest~Beta(ry + Z Iy =0y, wo + Z 1{73,7&0})-
=1 =1
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e The full conditional posterior distribution of v;;:

5% + 25% 7'51

, + 27
(Yij — pij — Z;;ai)z & )

0;;|rest~Inverse-Gaussian( \/

e The full conditional posterior distribution of 7:

3nk -
T|rest~Gamma(c + — d+ Z Z by + (263) 71 Uy "(Yij — g — Z;ai — &0;5)%).

i=1 j=1

e The full conditional posterior distribution of a;:

o |rest~Ny(py,, Ba,;)

where

Z Z’LJ (Y;J Hij — glﬂij)

Uz'j

T
“g

—_

Jj=

e Lastly, the full conditional posterior distribution of ¢:

9 nh I~ T
0] |rest~1nverse—Gamma(7 +e, f+ 3 ; o, o)

With the spike-and-slab priors, the proposed robust Bayesian variable selection method
can simultaneously identify main and interaction effects on the individual and group level,
or bi-level, respectively. Therefore , we term it as RBVSS-BI. An immediate competitor of
RBVSS-BI ignores the group structure of the environmental factors and select all the main
and interaction effects individually, which is thus denoted as RBVSS. Their counterpart
without incorporating the spike and slab priors are termed as RBV-BI and RBV, corre-
spondingly. These 4 methods are robust under the ALD based likelihood. Their non-robust

counterpart using the normal likelihood in the hierarchical models are denoted as BVSS-BI,
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BVSS, BV-BI and BV, respectively. The C++ implementations of all the 8 methods under
comparison have been provided in R package mixedBayes (Fan and Wu) on CRAN. We have
shown the detailed derivations of the Gibbs sampler of the other 7 alternative methods in the
Appendix. Besides, Table A.1 and A.2 in the Appendix have provided detailed summaries

of and comparisons between all the methods under comparison.

2.3 Simulation

The aforementioned 8 methods under comparison can be classified by three criteria: with
or without robustness, with or without spike-and-slab priors and with or without respecting
the bi-level structure for main and interaction effects in variable selection under the longitu-
dinal traits. Detailed summaries of these methods are available in Table A.1 and A.2 in the
Appendix. In simulation study, we comprehensively assess the performance of all the meth-
ods and demonstrate the utility of proposed RBVSS-BI due to accommodating robustness,
spike-and-slab priors and structured variable selection simultaneously.

The longitudinal response variable is generated from model (2.1) with sample size n =
200. Specifically, we consider two types of random effects: (1) the random intercept model,
and (2) the random intercept-slope model, which are corresponding to h = 1 and 2 in model
(2.1), respectively. The number of time points k is set to 5. We set the lipid factors L;;
with dimensions m = 30 and 60. The dimension of the factors T;; is p = 3. Therefore the
dimension of lipid by treatment interaction is pm. In ANOVA, the factors can be represented
by a group of dummy variables. Therefore, we generate a group of three dummy variables by
dichotomizing the vector at the 30th and 70th percentiles. In addition, the lipid factors are
simulated from a multivariate normal distribution with mean 0 and the variance covariance
matrix following a AR(1) structure with marginal variance 1 and auto-correlation coefficient
p=0.5.

The fixed effects in model (2.1) have been generated from a uniform distribution U(0.4, 0.8)
for a total of 26 important effects, consisting of 1 for the intercept, 3 for treatment dummy

variables, 4 for lipid main effects, and 18 for 6 groups of lipid-treatment interactions. The
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nonzero coefficients for the main effects are corresponding to the 2nd, 4th, 7th and 12th
lipids in the design matrix and the nonzero coefficients for the interactions effects are cor-
responding to groups (or interactions) 2, 4, 6, 7, 12 and 15 with group size 3. Therefore,
18 nonzero coefficients need to be identified through regularized Bayesian estimation. The
intercept and treatment dummy variables are not subjected to selection. Each component
in the A by 1 vector of random effect a;, where h=1 and 2 for the random intercept and
random intercept-slope models, has been generated from a uniform distribution U(0, 1). The
remaining coefficients were all set to zero. The model errors have been simulated from N(0,1)
(Error 1), £(2) (Error 2),Laplace(0, 2) (Error 3),20%Laplace(0, 1)+80%Laplace(0, v/5) (Error
4),and LogNormal(0, 1) (Error 5). All the distributions have heavy-tails except N(0,1).
Identification and estimation criteria are adopted to assess the performance using poste-
rior samples from the Gibbs sampler. In terms of identification, we use the median proba-
bility model (MPM) to identify predictors that are associated with the response variable for
methods with spike-and-slab priors (Barbieri and Berger (2004)). Suppose we have collected
H posterior samples from MCMC after dropping burn-ins. At the hth MCMC iteration, the
Ith predictor is included in the model if the corresponding indicator gbl(h) = 1. Therefore, the

posterior probability of including the [th predictor in the final model is defined as:

H
. 1 h
PzZW(¢z=1Iy)=§Z¢§ ),lzl,...,m.
h=1

In general, higher posterior inclusion probability p; suggests stronger empirical evidence
that the [th predictor has a non-zero coefficient and thus a stronger association with the
response variable. The MPM model is defined as the predictors that have been selected
in the model when the posterior inclusion probability is at least 0.5 (Barbieri and Berger
(2004); Barbieri et al. (2021)). For the non spike-and-slab methods, the 95% credible interval
(95% CI) has been adopted to select important main and interaction effects. Performance
in identification is assessed in terms of the number of true positives (TP) and false positives
(FP).

The estimation accuracy is evaluated by using the L1 difference between the estimated
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and true regression coefficients over multiple simulation replicates. For convenience, we
define T' = (vy2,73) ", for the coefficients corresponding to the genetic main effects and G xE
interactions that are subject to selection in model (2.1). We calculate the total mean absolute

deviations, or TMAD, for the coefficient vector I, as:

M
1 . (i)
TMAD = — " —-T
M;! |/pr

where pr is the dimension of I' and f‘(i) is the estimated value of I' in the ith simulated
dataset, ¢ = 1,...,M. M is the total number of simulation replications. In addition,
we also compute the mean absolute deviations corresponding to the true nonzero and zero
coefficients, denoted as MAD and NMAD, respectively.

We collect the posterior samples via Gibbs sampler with 10,000 MCMC iterations where
the first 5,000 are burn-ins, and compute the Bayesian estimates using posterior medians.
All methods under comparison have been evaluated under both the random intercept-slope
model and random intercept model. We have listed identification and estimation results in
tables and highlighted the best method in boldface. Table 3.3 and Table 3.2 present the iden-
tification results under random intercept-slope model for m=30 and 60 respectively, at the
50% quantile level (§=0.5), which clearly shows the advantage of incorporating (1) robust-
ness, (2) the spike-and-slab prior, and (3) bi-level selection of main and interaction effects.
Under heavy tailed errors and data contamination, the robust Bayesian variable selection
methods outperform the non-robust alternatives in general. For instance, under ¢(2)(Error
2), while the proposed RBVSS-BI and its non-robust counterpart BVSS-BI have similar TP
counts, the FP count reduces dramatically from 7.59 to 0.08 across 100 replicates, indicating
the strength of robust methods in the presence of data heterogeneity. Besides, the methods
with spike-and-slab priors have outperformed the ones without adopting the priors to impose
exact sparsity. For instance, in Table 3.3, under N(0,1) (Error 1), the proposed RBVSS-BI
and its non-spike-and-slab counterpart RBV-BI both have a small fraction of FP counts,

but TP count of main and interaction effects improves from 14.00 to 21.25. Similarly, under
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the Laplace(0,2) (Error 3), still between the two robust methods, the TP counts increases
dramatically from 11.80 to 21.35 given similar number of FP counts. Furthermore, we can
also observe the superior performance of the best method highlighted with boldface due to
appropriately accommodate the bi-level sparsity. For example, with #(2)(Error 2), RBV and
RBVSS, the two robust methods that ignore the structured sparsity, both lead to inferior
identification performance with smaller TP counts and higher FP counts, compared to those
identified by RBVSS-BI. Same patterns have been observed under the high-dimensional set-
ting as well in Table 3.2.

Table 2.3 and Table 2.4 have reported the estimation accuracy of all methods under the
random intercept-slope model with (n,m,p)=(200,30,3) and (200,60,3) respectively. The
mean absolute deviations between the estimated and true coefficients under the nonzero
true coefficients (MAD), zero true coefficients (NMAD) and all coefficients (TMAD) have
been provided for all the error distributions at 50% quantile level (=0.5). In Table 2.3, under
Error 2, RBVSS-BI leads to a MAD of 0.045(sd0.017), NMAD of 0.002(sd0.003), and TMAD
of 0.009(sd0.004), all of which are the smallest among all methods under comparison. Such
a pattern indicates the superiority of the proposed RBVSS-BI over the other 7 competing
methods due to account for robustness, structured variable selection and exact sparsity. The
trend also applies under the high dimensional setting as well in Table 2.4.

In addition to the simulation results on the random intercept-slope model as shown in
Table 3.3 to Table 2.4, we have also conducted simulations under the random intercept model,
and tabulate the identification results in Table B.2 and Table B.3, and the estimation results
in Table B.7 and Table A.6 respectively in the appendix. Besides, the performance has been
assessed at 30% and 70% quantile levels. In the appendix, when 6 = 0.3 under random
intercept-slope model and random intercept model, the identification results are provided
in Table A.7 to Table A.10, while the estimation accuracy can be found in Table A.11 to
Table A.14. With the 70% quantile level, Table A.15 to Table A.18 report the identification
results, and Table A.19 to Table A.22 show the parameter estimation performance.

In addition, we have provided graphical display of tabulated results under random intercept-

slope model to assist quick observations of the superior performance of RBVSS-BI. In the
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Appendix, Table A.23 demonstrates the correspondence between Figures A.1, A.2, A.3, A4
and their associated Tables. For example, Figures A.1 shows the TP and FP counts of all
methods across 3 quantile levels and 5 error distributions with m=30, corresponding to Ta-
bles 3.3, A.7, A.15, respectively. Under the N(0,1) error (Error 1), the proposed RBVSS-BI
and its non-robust cousin BVSS-BI both lead to the largest number of TPs compared to oth-
ers while maintaining very small FP counts, which manifests the importance of incorporating
spike-and-slab priors and accommodating the interaction effects due to the ANOVA design.
In the presence of heavy-tailed errors, although the non-robust counterpart still yields high
TP counts, its FP number also increases remarkably. Meanwhile, other alternatives have
detected a much smaller number of true signals. Bar-plots of TP and FP counts in Figure
A.2 which corresponds to Table 3.2, A.8, A.16 with m=60, also shows a similar pattern.
Besides, the estimation performance of all methods under evaluation has been visualized
in Figures A.3 and A.4 in the Appendix. Specifically, Figure A.3 presents the bar-plots of
estimation errors from Tables 2.3, A.11 and A.19 under the random intercept model with
m=30. The Figure clearly shows that RBVSS-BI has the best estimation performance, espe-
cially under heavy-tailed errors. On the other hand, BV has the worst estimation accuracy,
which is reasonable since this approach is non-robust, ignores spike-and-slab priors and can-
not accommodate the interaction structure. We can observe the same trend in A.4 that
corresponds to Table 2.4, A.12 and A.20. Overall, Figures A.1, A.2, A.3 and A4 in the

Appendix shows the advantage of RBVSS-BI compared to the alternatives.
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Table 2.1: Identification results for n = 200,m = 30,p = 3. Mean (sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at the 50th quantile.

n =200 m =30 Main Interaction Total
6 =0.5 TP FP TP FpP TP FP
Error 1 RBVSS — BI 3.75(0.71) 0.02(0.82) 17.50(0.12) 0.02(0.32) 21.25(1.41) 0.04(0.83)
N(0,1) RBVSS 3.75(0.71) 0.02(0.82) 14.30(0.71) 1.50(0.71) 18.05(1.41) 1.52(0.71)
RBV-BI 2.50(2.12) 0.50(0.54) 11.50(1.31) 0.60(0.71) 14.00(2.34) 0.60(0.89)
RBV 2.50(1.41) 0.60(0.71) 8.50(0.55) 1.50(0.81) 11.00(1.41) 2.10(1.41)
BVSS-BI 3.55(0.82) 0.04(0.51) 17.30(0.23) 3.80(1.64) 20.85(0.65) 3.84(1.64)
BVSS 3.50(2.12) 0.05(0.21) 14.12(0.33) 0.20(0.45) 17.62(2.02) 0.25(0.45)
BV-BI 2.05(1.41) 0.10(0.31) 10.14(2.42) 2.40(0.55) 12.19(2.31) 2.50(0.55)
BV 2.09(0.81) 0.25(0.45) 8.55(0.45) 0.85(0.56) 10.64(0.45) 1.10(0.58)
Error 2 RBVSS — BI 3.85(1.41) 0.03(0.41) 17.90(0.21) 0.05(0.21) 21.75(1.41) 0.08(0.51)
t(2) RBVSS 3.84(1.52) 0.05(0.53) 15.30(1.41) 0.50(0.71) 19.14(1.52) 0.55(0.72)
RBV-BI 2.02(0.81) 0.02(0.13) 10.17(0.44) 0.70(0.90) 12.19(0.85) 0.72(0.86)
RBV 1.80(1.41) 0.03(0.25) 8.50(1.83) 0.20(0.45) 10.30(1.30) 0.23(0.45)
BVSS-BI 3.20(0.71) 0.04(0.25) 17.89(0.23) 7.55(0.21) 21.09(0.56) 7.59(0.31)
BVSS 3.02(0.45) 0.07(0.89) 12.40(2.41) 0.60(0.89) 15.42(0.59) 0.60(0.89)
BV-BI 2.30(0.55) 0.50(0.45) 9.50(1.23) 0.45(0.56) 11.80(1.52) 0.95(0.55)
BV 2.20(0.57) 0.60(0.55) 7.50(0.56) 0.57(0.45) 9.70(1.48) 1.17(0.58)
Error 3 RBVSS — BI 3.85(0.71) 0.09(0.71) 17.50(2.12) 0.07(0.17) 21.35(1.14) 0.16(0.41)
Laplace(0,2) RBVSS 3.50(0.21) 0.50(0.71) 14.40(0.89) 0.16(0.31) 17.90(0.89) 0.66(0.43)
RBV-BI 2.30(0.55) 0.40(0.21) 9.50(1.30) 0.67(0.46) 11.80(1.30) 1.07(0.48)
RBV 2.20(0.45) 0.70(0.91) 7.50(1.52) 0.40(0.32) 9.70(1.82) 1.10(0.29)
BVSS-BI 3.20(1.30) 0.21(0.25) 17.89(0.31) 7.35(0.32) 21.09(1.30) 7.35(0.42)
BVSS 3.04(1.25) 0.02(0.21) 10.40(3.36) 0.80(1.30) 13.44(4.04) 0.82(1.30)
BV-BI 2.60(1.14) 0.40(0.31) 8.50(2.55) 0.90(0.34) 11.10(2.07) 0.94(0.53)
BV 2.40(1.10) 0.55(0.76) 7.20(1.84) 0.75(0.54) 9.60(1.79) 1.30(0.45)
Error 4 RBVSS — BI 3.55(0.71) 0.03(0.11) 17.95(0.05) 0.15(0.12) 21.53(0.25) 0.15(0.31)
20%Laplace(0,1) RBVSS 3.50(0.73) 0.02(0.41) 15.30(1.41) 0.30(0.65) 18.80(0.67) 0.32(0.85)
+80%Laplace(0,v/5) RBV-BI 2.50(0.75) 0.40(0.31) 12.50(0.71) 0.85(0.91) 15.00(1.82) 1.25(0.86)
RBV 2.50(0.71) 0.55(0.43) 11.40(1.45) 0.95(0.76) 13.90(1.30) 1.50(0.80)
BVSS-BI 2.80(1.41) 0.02(0.38) 17.23(0.31) 8.27(0.34) 20.03(0.68) 8.29(0.33)
BVSS 2.80(0.35) 0.02(0.54) 13.67(2.52) 0.10(0.31) 16.47(2.62) 0.12(0.31)
BV-BI 2.50(0.77) 0.07(0.25) 11.57(2.64) 0.13(0.35) 14.07(2.90) 0.20(0.48)
BV 2.30(0.84) 0.08(0.25) 9.25(2.26) 0.17(0.38) 11.55(2.76) 0.25(0.50)
Error 5 RBVSS — BI 3.50(0.72) 0.04(1.83) 17.50(2.12) 0.45(1.43) 21.00(1.32) 0.49(1.85)
Lognormal(0,1) RBVSS 3.50(0.73) 0.03(0.65) 15.23(0.25) 0.75(0.21) 18.73(0.83) 0.78(0.76)
RBV-BI 2.04(1.41) 0.45(0.56) 10.50(0.55) 1.55(0.76) 12.50(0.55) 3.59(0.46)
RBV 2.50(0.71) 0.50(0.71) 7.50(0.75) 0.55(0.72) 10.00(0.57) 1.05(0.78)
BVSS-BI 3.05(0.84) 0.02(0.11) 17.96(0.32) 6.56(0.21) 21.01(0.84) 6.58(0.51)
BVSS 3.20(0.45) 0.04(0.22) 13.60(0.89) 1.20(1.30) 16.80(1.14) 1.24(1.30)
BV-BI 2.60(0.89) 0.05(0.35) 11.80(0.84) 1.09(0.71) 14.40(1.14) 1.14(0.71)
BV 2.50(0.74) 0.07(0.45) 9.70(0.84) 1.11(0.71) 12.20(1.21) 1.18(0.71)
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Table 2.2: Identification results for n = 200, m = 60,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at the 50th quantile.

n =200 m =60 Main Interaction Total
6 =0.5 TP FP TP FP TP FP
Error 1 RBVSS — BI 3.97(0.52) 0.04(0.22) 17.70(0.67) 0.04(0.17) 21.67(0.54) 0.08(0.11)
N(0,1) RBVSS 3.85(0.43) 0.03(0.21) 15.22(0.27) 0.40(0.14) 19.07(0.76) 0.43(0.25)
RBV-BI 3.40(0.55) 0.12(0.31) 11.80(0.84) 1.50(0.51) 15.20(1.10) 1.62(0.51)
RBV 3.30(0.71) 0.06(0.32) 9.78(1.41) 0.80(0.89) 13.08(2.00) 0.86(0.89)
BVSS-BI 3.75(0.73) 0.03(0.32) 17.40(0.35) 0.03(0.65) 21.15(0.75) 0.06(0.52)
BVSS 3.65(0.85) 0.05(0.21) 15.21(0.31) 0.55(0.24) 18.86(0.34) 0.60(0.74)
BV-BI 3.30(0.45) 0.02(0.15) 12.75(1.64) 1.55(0.54) 16.05(2.00) 1.57(0.76)
BV 3.25(0.55) 0.04(0.25) 11.20(2.78) 0.56(0.67) 14.45(3.12) 0.60(0.87)
Error 2 RBVSS - BI 3.87(0.47) 0.02(0.21) 17.75(0.42) 0.03(0.35) 21.62(0.34) 0.05(0.45)
t(2) RBVSS 3.76(0.51) 0.03(0.35) 15.14(0.21) 0.07(0.51) 18.90(0.56) 0.10(0.25)
RBV-BI 2.80(1.79) 0.09(0.33) 11.50(3.24) 1.75(0.45) 14.30(2.44) 1.84(0.35)
RBV 2.75(1.41) 0.08(0.34) 8.80(3.11) 0.76(0.45) 11.55(3.96) 0.84(0.67)
BVSS-BI 3.55(0.55) 0.03(0.16) 17.86(0.31) 20.51(0.41) 21.41(0.55) 20.54(0.56)
BVSS 3.50(1.14) 0.20(0.45) 13.55(4.16) 0.80(1.79) 17.05(4.64) 1.00(1.73)
BV-BI 2.40(0.55) 0.35(0.65) 10.25(1.67) 1.27(0.45) 12.65(2.10) 1.62(0.45)
BV 2.40(0.55) 0.27(0.76) 8.55(1.64) 0.20(0.45) 10.95(1.95) 0.47(0.58)
Error 3 RBVSS - BI 3.78(0.58) 0.07(0.47) 17.90(0.45) 0.03(0.33) 21.68(0.56) 0.10(0.47)
Laplace(0,2) RBVSS 3.70(0.35) 0.08(0.52) 15.20(0.84) 0.05(0.29) 18.90(0.84) 0.13(0.34)
RBV-BI 2.75(0.89) 0.15(0.35) 11.54(1.95) 0.57(0.26) 14.29(1.79) 0.72(0.58)
RBV 2.65(1.14) 0.07(0.25) 9.75(1.82) 0.43(0.15) 12.40(1.48) 0.50(0.25)
BVSS-BI 3.55(0.55) 0.07(0.43) 17.95(0.44) 19.31(0.22) 21.50(0.55) 19.38(0.23)
BVSS 3.40(0.89) 0.05(0.21) 12.20(2.49) 0.32(0.45) 15.60(3.21) 0.37(0.55)
BV-BI 2.65(0.84) 0.15(0.32) 10.60(1.34) 0.56(0.34) 13.25(1.95) 0.61(0.89)
BV 2.55(0.84) 0.08(0.26) 8.85(1.10) 0.09(0.22) 11.40(1.14) 0.17(0.45)
Error 4 RBVSS — BI 3.95(0.21) 0.04(0.23) 17.95(0.31) 0.02(0.21) 21.95(0.52) 0.06(0.23)
20%Laplace(0,1) RBVSS 3.85(0.33) 0.03(0.27) 15.82(0.55) 0.03(0.24) 19.67(0.55) 0.06(0.14)
+80%Laplace(0,v/5) RBV-BI 3.03(0.71) 0.10(0.45) 12.45(0.84) 1.57(0.67) 15.48(1.48) 1.67(0.67)
RBV 2.80(1.10) 0.08(0.25) 9.57(1.23) 0.08(0.45) 12.37(1.64) 0.16(0.56)
BVSS-BI 3.75(0.89) 0.02(0.45) 17.77(0.21) 20.15(0.33) 21.52(0.89) 20.17(0.45)
BVSS 3.55(0.84) 0.03(0.25) 12.55(2.88) 0.03(0.00) 16.10(3.36) 0.06(0.15)
BV-BI 2.55(0.71) 0.04(0.31) 11.25(1.14) 0.05(0.26) 13.80(1.14) 0.09(0.25)
BV 2.45(0.55) 0.06(0.15) 9.50(1.14) 0.04(0.25) 11.95(1.10) 0.10(0.45)
Error 5 RBVSS — BI 3.90(0.42) 0.03(0.21) 17.95(0.21) 0.04(0.22) 21.85(0.45) 0.07(0.33)
Lognormal(0,1) RBVSS 3.85(0.31) 0.04(0.35) 14.50(0.24) 0.05(0.28) 18.35(0.56) 0.09(0.23)
RBV-BI 2.75(0.84) 0.05(0.31) 10.40(1.52) 0.45(0.23) 13.15(2.30) 0.50(0.56)
RBV 2.70(0.45) 0.04(0.45) 8.50(2.31) 0.08(0.37) 11.20(2.68) 0.12(0.59)
BVSS-BI 3.55(1.52) 0.05(0.45) 17.92(0.33) 18.24(0.31) 21.47(1.52) 18.29(0.52)
BVSS 3.50(1.30) 0.05(0.45) 13.40(2.61) 0.60(1.34) 16.90(2.91) 0.65(1.35)
BV-BI 2.80(0.84) 0.06(0.53) 10.25(2.30) 0.40(0.55) 13.05(2.17) 0.46(0.58)
BV 2.57(0.71) 0.07(0.56) 8.55(2.07) 0.60(0.89) 11.12(2.30) 0.67(0.88)
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Table 2.3: Estimation accuracy for n = 200, m = 30, p = 3 under random intercept - slope
model based on 100 replicates at the 50th quantile.

n=200 m=30 0=05 MAD NMAD TMAD
Error 1 RBVSS — BI 0.025(0.010) 0.001(0.003) 0.005(0.003)
N(0,1) RBVSS 0.052(0.026)  0.003(0.001)  0.007(0.008)
RBV-BI 0.085(0.030)  0.035(0.010)  0.046(0.013)

RBV 0.158(0.048)  0.051(0.005)  0.062(0.012)

BVSS-BI 0.045(0.005)  0.005(0.004)  0.012(0.003)

BVSS 0.053(0.013)  0.006(0.005)  0.017(0.007)

BV-BI 0.121(0.008)  0.058(0.001)  0.074(0.003)

BV 0.165(0.009)  0.063(0.001)  0.081(0.008)

Error 2 RBVSS — BI 0.045(0.017) 0.002(0.003) 0.009(0.004)
£(2) RBVSS 0.087(0.014)  0.004(0.005)  0.013(0.003)
RBV-BI 0.123(0.027)  0.035(0.009)  0.045(0.015)

RBV 0.136(0.032)  0.059(0.007)  0.057(0.015)

BVSS-BI 0.071(0.024)  0.025(0.005)  0.045(0.004)

BVSS 0.092(0.018)  0.035(0.001)  0.053(0.003)

BV-BI 0.195(0.020)  0.136(0.009)  0.152(0.052)

BV 0.223(0.019)  0.142(0.009)  0.163(0.011)

Error 3 RBVSS — BI 0.086(0.037) 0.001(0.011) 0.014(0.007)
Laplace(0,2) RBVSS 0.126(0.035)  0.002(0.005)  0.034(0.005)
RBV-BI 0.144(0.041)  0.047(0.012)  0.085(0.025)

RBV 0.185(0.033)  0.057(0.007)  0.095(0.009)

BVSS-BI 0.164(0.045)  0.024(0.015)  0.045(0.015)

BVSS 0.182(0.098)  0.032(0.003)  0.052(0.019)

BV-BI 0.195(0.011)  0.117(0.005)  0.128(0.004)

BV 0.258(0.045)  0.145(0.004)  0.156(0.008)

Error 4 RBVSS — BI  0.075(0.024) 0.002(0.005) 0.025(0.005)
20%Laplace(0,1) RBVSS 0.125(0.075)  0.002(0.003)  0.034(0.015)
+80% Laplace(0,/5) RBV-BI 0.142(0.027)  0.053(0.006)  0.057(0.007)
RBV 0.157(0.041)  0.065(0.005)  0.077(0.008)

BVSS-BI 0.145(0.036)  0.002(0.017)  0.056(0.019)

BVSS 0.167(0.123)  0.004(0.003)  0.076(0.020)

BV-BI 0.184(0.010)  0.108(0.003)  0.145(0.003)

BV 0.195(0.011)  0.115(0.004)  0.154(0.004)

Error 5 RBVSS —BI  0.062(0.071) 0.003(0.005) 0.019(0.013)
Lognormal(0,1) RBVSS 0.156(0.045)  0.005(0.011)  0.037(0.008)
RBV-BI 0.164(0.036)  0.053(0.014)  0.087(0.017)

RBV 0.176(0.057)  0.086(0.008)  0.095(0.011)

BVSS-BI 0.145(0.057)  0.009(0.012)  0.027(0.036)

BVSS 0.153(0.108)  0.012(0.024)  0.036(0.025)

BV-BI 0.174(0.015)  0.117(0.035)  0.108(0.013)

BV 0.189(0.023)  0.214(0.045)  0.125(0.023)
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Table 2.4: Estimation accuracy for n = 200, m = 60, p = 3 under random intercept - slope
model based on 100 replicates at 50th quantile.

n=200 p=60 6=05 MAD NMAD TMAD
Error 1 RBVSS — BI  0.004(0.001) 0.001(0.003) 0.003(0.004)
N(0,1) RBVSS 0.015(0.003)  0.004(0.001)  0.012(0.001)
RBV-BI 0.185(0.023)  0.024(0.017)  0.038(0.027)

RBV 0.238(0.033)  0.032(0.003)  0.044(0.005)

BVSS-BI 0.008(0.004)  0.002(0.001)  0.007(0.001)

BVSS 0.013(0.003)  0.003(0.002)  0.015(0.002)

BV-BI 0.157(0.043)  0.023(0.008)  0.039(0.011)

BV 0.174(0.031)  0.078(0.017)  0.047(0.015)

Error 2 RBVSS — BI  0.015(0.027) 0.005(0.002) 0.012(0.006)
£(2) RBVSS 0.143(0.016)  0.024(0.002)  0.037(0.003)
RBV-BI 0.154(0.025)  0.041(0.005)  0.047(0.008)

RBV 0.198(0.041)  0.054(0.002)  0.058(0.004)

BVSS-BI 0.045(0.038)  0.013(0.030)  0.025(0.014)

BVSS 0.075(0.035)  0.029(0.014)  0.036(0.007)

BV-BI 0.254(0.123)  0.115(0.123)  0.124(0.134)

BV 0.298(0.131)  0.125(0.145)  0.135(0.132)

Error 3 RBVSS — BI  0.012(0.006) 0.002(0.001) 0.007(0.001)
Laplace(0,2) RBVSS 0.023(0.005)  0.007(0.004)  0.012(0.004)
RBV-BI 0.207(0.017)  0.028(0.001)  0.045(0.002)

RBV 0.253(0.027)  0.043(0.003)  0.062(0.005)

BVSS-BI 0.031(0.023)  0.012(0.007)  0.038(0.005)

BVSS 0.054(0.025)  0.017(0.012)  0.019(0.012)

BV-BI 0.245(0.024)  0.025(0.003)  0.056(0.004)

BV 0.257(0.018)  0.034(0.003)  0.075(0.004)

Error 4 RBVSS — BI  0.013(0.009) 0.005(0.002) 0.006(0.001)
20%Laplace(0,1) RBVSS 0.019(0.002)  0.007(0.006)  0.008(0.005)
+80% Laplace(0,/5) RBV-BI 0.198(0.032)  0.027(0.005)  0.048(0.004)
RBV 0.232(0.036)  0.034(0.003)  0.053(0.006)

BVSS-BI 0.043(0.029)  0.011(0.012)  0.027(0.013)

BVSS 0.054(0.028)  0.013(0.006)  0.035(0.007)

BV-BI 0.184(0.015)  0.048(0.004)  0.135(0.031)

BV 0.231(0.036)  0.057(0.005)  0.175(0.007)

Error 5 RBVSS — BI  0.015(0.004) 0.004(0.002) 0.006(0.004)
Lognormal(0,1) RBVSS 0.022(0.021)  0.005(0.003)  0.008(0.003)
RBV-BI 0.197(0.074)  0.046(0.013)  0.059(0.016)

RBV 0.281(0.077)  0.143(0.239)  0.082(0.224)

BVSS-BI 0.023(0.037)  0.021(0.007)  0.028(0.010)

BVSS 0.039(0.038)  0.035(0.010)  0.035(0.012)

BV-BI 0.216(0.040)  0.052(0.008)  0.066(0.011)

BV 0.314(0.056)  0.065(0.009)  0.156(0.031)
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According to (Liet al. (2015)), the convergence of the MCMC is eveluated by the potential
scale reduction factor (PSRF) (Gelman and Rubin (1992)Brooks and Gelman (1998)). The
chains converge to the stationary distribution if the PSRF values close to 1. We use 1.1
as the benchmark of the convergence in our study according to (Gelman et al. (2004)). We
compute the PSRF for the nonzero parameters and find the convergence of all chains after the
burn-ins. Figure A.5 and Figure A.6 in the Appendix show the convergence of the proposed
method for both models under Error 2. The Figures A.1, A.2, A.3 and A.4 represent the
corresponding tables 3.3, 3.2, 2.3, 2.4, A.7, A.8, A. 11, A.12, A.15, A.16, A.19 and A.20. The
computational cost was presented in Table A.24. The sensitivity analysis represents in Table
A.25 and Table A.26. The credibility of identification results can be found in Table A.27.
The identification performance and estimation accuracy between the proposed method and

interep are represented in Table A.28 and Table A.29.

2.4 Real Data Analysis

We analyzed the longitudinal lipidomics data generated from Dr. Wang’s lab. Details of the
data collection and cleaning process been described in (King et al. (2015)). In the study, 60
female CD-1 mice have been randomly assigned with 4 different treatment, which are control
(ad libitum feeding and sedentary), AE (exercise and ad libitum feeding), PE (exercise and
pair feeding), and DCR (sedentary and 20% dietary calorie restriction). The mice’s body
weight is the phenotype of interest. We measure the mice’s body weight every week for 11
weeks. In the control group, mice are sedentary and fed with ad libtium feeding as much
as they want without doing treadmill exercises. In the AE group, mice are given ad libitum
feeding with treadmill exercise every day at speed of 0.5 mph, 1 hour per day, and 5 days
a week. In the PE group, mice are on treadmill exercise in the same way as AE group but
with pair fed, which means they are given the same amount of food as the control mice. In
the DCR group, mice are sedentary and fed with ad libitum with 20% less calorie than the
control group but with the same level of protein, vitamins, and minerals. We have measured

the composition of 176 plasma neutral lipid species and focus on diacylglycerols. We have
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excluded diacylglycerol lipid species with most of samples below the detection limits so that
the dataset contains 31 lipid features, leading to 93 lipid-treatment interactions.

In total, there are 8 methods under comparison. Our simulation suggests that methods
with spike-and-slab priors generally outperform their counterpart without incorporating the
priors. Therefore, we adopt these 4 methods, which are RBVSS-BI, RBVSS, BVSS-BI and
BVSS to analyze the real data at the 50% quantile level. Table 2.5 shows the results for the
analysis of the association of body weight with weight control treatment and lipids using
the proposed RBVSS-BI under random intercept - slope model. The left column shows
the phospholipid species, where the leading C denotes as carbon. For example, C18:2/16:1
represents that the phospholipid specie has two chains. One chain has 18 carbons with 2
unsaturated bonds and the other chain has 16 carbons with 1 unsaturated bond. In the
analysis, control mice is selected as the reference group. Column AE, PE, DCR in the
table represent their interaction effects. The proposed method identifies 4 lipid species that
are significantly associated with body weight of the mice while having no interaction with
treatments. The 4 lipid species are: C18:2/16:1, C16:1/16:0, C20:6/C16:0, C18:1/C20:4. The
proposed method identifies 7 lipid species that have different association with the body weight
of mice in exercise and/or caloric restricted mice comparing to that of control mice. Among
them, C20:0/16:1 has a positive association with body weight in control mice, however it
has negative interactions in all the other three groups. The results indicate that mice with
an increased amount of C20:0/16:1 tend to have elevated body weights in control group, but
lower body weights in AE, DCR or PE group. For AE mice, the largest positive interaction
is observed in lipid specie C20:0/18:3, with regression coefficient 1.272. For DCR mice,
all the interactions are negative except for C18:2/20:4. The interaction for C18:2/20:4 in
PE mice is also positive, which is 0.982. It implies that C18:2/20:4 is positively associated
with body weight in DCR and PE group. Lipid species that have positive interactions
in PE mice also include C18:1/16:0, and C18:2/18:1. Species have negative interactions
include C20:0/16:1, C20:0/18:3, C18:2/18:2,C18:1/18:2 for PE mice. We also conducted
similar analysis using proposed method under the random intercept model. The selected

lipids and their regression coefficient for main effects and interactions are summarized in
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Table 2.6. Compared to random intercept - slope model, random intercept model selected
lipids with more unsaturated bonds. For example, C20:3/16:1 has the strongest positive
interactions for all three groups. C20:5/16:1 has a positive interaction in AE and PE group,
but negative interaction in DCR group. Under both the random intercept - slope model and
random intercept models, all the lipid we found have at least one chain of poly unsaturated
fatty acids. Overall, the current findings confirm that weight control treatments via exercise
and /or controlled dietary intake have interactions with phospholipid profile in the association
with body weight. Especially, poly unsaturated fatty acids may play a critical role in this
process as what we have observed previously (Ouyang et al. (2010)).

In the Appendix, Table A.30 — Table A.35 show the identification results from RBVSS
(Table A.30-A.31), BVSS-BI (Table A.32-A.33, and BVSS (Table A.34-A.35), respectively.
Selection of individual instead of groups of lipid—environment interactions by RBVSS and
BVSS is not consistent with the group nature of E factors, and thus of much less important
implications. Furthermore, it can be observed that in general, the magnitude of coefficients
has more heterogeneity in non-robust methods. For example, in Table A.32, under the
random intercept-slope model of BVSS-BI, the top 2 largest magnitude are 8.083 and 6.523,
while the smallest one is merely 0.053.

The advantage of RBVSS-BI can be partially justified through evaluating prediction
performance of all methods under comparison. Using the posterior median estimates, we
have computed the mean absolute deviation (MAD) across all samples and time points
according to model (2.1). Under random intercept - slope model , the proposed method
has the smallest MAD of 2.67, compared to 3.84,18.27,19.75, which have been yielded from
RBVSS, BVSS-BI and BVSS, accordingly. Besides, under the random intercept model,
RBVSS-BI again has the smallest MAD of 2.74. The MAD calculated from the other three

alternatives are 3.92,19.78 and 21.21, respectively.
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Table 2.5: Real data analysis result from RBVSS-BI under random intercept - slope model
Lipid AE DCR  PE

C18:2/16:1  -1.409  0.000 0.000 0.000
C20:0/16:1  0.138 -0.849 -0.265 -0.239
C16:1/16:0 -0.116  0.000 0.000 0.000
C18:1/16:0  0.000 0.578  -0.980  0.191
C20:6/16:0 -0.705  0.000 0.000 0.000
C20:0/18:3 -0.727 1.272 -0.156 -0.094
C18:2/18:2  0.000 -0.282 -0.762 -0.747
C18:1/18:2  -0.163  0.117 -0.220 -0.396
C18:2/18:1  0.000 0.561  -0.256  0.417
C18:2/20:4 0.000 -0.432 0.122 0.982
C18:1/20:4  0.845 0.000 0.000 0.000

Table 2.6: Real data analysis result from RBVSS-BI under random intercept model

Lipid AE DCR  PE
C20:0/16:1  -1.029  0.000  0.000  0.000
C18:3/16:1  0.000 -1.698 -1.060 -5.429
C20:5/16:1  -0.568 1214 -0.075  0.616
C20:6/16:0  0.060  0.000  0.000  0.000
C20:0/18:3 1245 -1.174 -0.289  0.412
C18:2/18:2  0.000 -0.635 -0.220 -0.051
C18:1/18:2 -1.760  0.000  0.000  0.000
C20:3/16:1  0.305  3.259  1.816  0.527
C22:6/18:1  0.094  0.000  0.000  0.000
C18:2/20:4  0.000 0.134 -0.607 -0.074
©22:3/16:1  0.352  0.000  0.000  0.000

2.5 Discussion

(King et al. (2015)) has generated the longitudinal lipidomics data to conduct a classical
one-way repeated measure ANOVA analysis. With high-dimensional lipid measurements,
the goal of selecting important main and interaction effects in ANOVA problems (Yuan
and Lin (2006b)) leads to the proposed Bayesian longitudinal GxE interaction study that
accommodates robustness for heterogeneous repeated measures, intra-cluster correlations
among longitudinal observations and structured sparsity of gene-environment interactions.

Therefore, although the motivating data comes from a cancer prevention study using animal
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models, the sparse Bayesian quantile mixed effect model developed in our study is broadly
applicable to the longitudinal ANOVA with high-dimensional omics features.

The robustness of the proposed longitudinal Bayesian variable selection methods lies in
the robust likelihood function based on the asymmetric Laplace distributions, which corre-
sponds to the quantile check loss within the frequentist framework. The merit of the proposed
method, as well as other Bayesian quantile variable selection methods over their non-robust
counterpart have been fully revealed in the simulation study where four heavy-tailed errors
have been used in the data generating model. The case study also suggests that the proposed
method can outperform all the alternatives.

Interaction studies with a complex high-dimensional structure has been extensively stud-
ied, such as gene-gene (G x G) and gene-environment (G x E) interactions. Our study
mainly focuses on the identification of the lipid-treatment interactions arising from the re-
peated measure ANOVA with high-dimensional genetic factors. In literature, longitudinal
gene-gene interactions has not been widely examined (Fan et al. (2012b)). The proposed
model can be further extended to handle the G x G interactions, although it is computation-
ally more challenging due to the high dimensionality of the high order interactions among

the main genetic effects.
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Chapter 3

Bayesian Regularized Semiparametric
Quantile Mixed Models for

Longitudinal Studies.

3.1 Introduction

In genome-wide association studies (GWAS), millions of single nucleotide polymorphisms
(SNPs) have been explored to identify important associations with complex disease traits
such as case-control disease status, blood pressure, body mass index (BMI), among oth-
ers. In classical GWAS, disease phenotypes are cross-sectional, which emphasizes phenotype
measured at a single time point. The significance of associations can be established through
hypothesis testing (Wu et al., 2012; Cantor et al., 2010). The proposed study extends beyond
this realm in the following aspects. First, we consider repeatedly measured phenotypes that
are contaminated with outliers due to the heterogeneity of complex diseases. The heavy-
tailed nature of the longitudinal disease phenotype demands models that are robust against
outliers and can handle intra-cluster correlations among repeated measures. Second, appro-
priate modeling of nonlinear time-varying effects and structure identification when genetic

contributions of SNPs to disease phenotypes are not time-varying or there are no genetic
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effects at all. Third, valid statistical inferences on different genetic effects in robust models.
These extensions allow us to gain a much deeper understanding of the genetic architecture
under complex longitudinal disease traits.

Specifically, our work has been partially motivated by the Childhood Asthma Manage-
ment Program (CAMP), which involves children aged 5 to 12 years who were diagnosed with
chronic asthma (Group, 1999; Covar et al., 2012a). These children were monitored through
follow-up visits over a period of 4 years. The disease trait of interest is the forced expiratory
volume in one second (FEV1), which measures the amount of air one can expel in one sec-
ond. Our analysis focuses on FEV1 measurements recorded through the 12 follow-up visits
after applying treatment of nedocromil, budesonide, and Control. The left panel of Figure
3.1 shows that pooled repeated measures of FEV1 over all time points have a heavy-tailed
distribution. Besides, we can observe a significant nonlinear time-varying effect of SNP XXX
on the longitudinal trait, which should be properly accommodated. It is worth noting that
not all SNPs have non-linear time-varying effects. They may have a main effect only or no

genetic effect at all.
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Figure 3.1: Distribution of the FEV1 (left) and non-linear interaction effect of SNP
rs10167668 (right) from the CAMP data. The blue dashed lines denote the 95% credible
interval.
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In the literature, a broad spectrum of longitudinal variable selection models have been
proposed, mostly from the generalized estimation equation (GEE) or mixed-effects model
framework (Wang et al., 2012; Fan and Li, 2012; Zhou et al., 2019, 2022a). While the GEE
is well known to be vulnerable to outliers in response variables, the mixed effect model is
also not robust to data heterogeneity under the least square loss (Fan and Li, 2012). Al-
though robust Bayesian mixed models have also been developed for longitudinal studies,
they are usually low-dimensional and cannot achieve the selection of omics features. With
nonparametric longitudinal models for nonlinear interactions, the regularized varying coef-
ficient model proposed in Wang et al. (2008) and the corresponding quantile VC model in
Tang et al. (2013) cannot achieve the separation of interaction and main effects. Moreover,
both studies (Wang et al., 2008; Tang et al., 2013) assume independence among repeated
measures, leaving the intra-cluster correlation unmodeled. Therefore, no published models
can comprehensively take care of all the defining characteristics from CAMP data.

Here, we have developed Bayesian regularized semiparametric quantile mixed models for
longitudinal GWAS data. We adopt the asymmetric Laplace distribution to specify the like-
lihood function, which has a natural correspondence with the frequentist quantile regression
robust to heterogeneity in the response variable. To account for non-linear time-varying ef-
fects, we utilize varying coefficient modeling in the fixed effects. In particular, through basis
expansion, we achieve structured modeling by separating the main and interaction effects.
The Laplacian shrinkage and structured spike-and-slab priors have been imposed to select
parametric and nonparametric fixed effects. To capture the intra-cluster correlations among
repeated measures, we adopt a random intercept-slope model as random effects. With the
Bayesian hierarchical model, we have developed Gibbs samplers and corresponding MCMC
algorithms. The advantage of our proposed model has been convincingly demonstrated in
extensive simulations in terms of identification, estimation, and statistical inference. In
particular, our numerical results suggest that the incorporation of spike-and-slab priors fa-
cilitates valid statistical inference by producing Bayesian credible intervals with nominal
coverage probabilities on parametric main effects and nonparametric nonlinear time-varying

effects simultaneously. Applications of the proposed method on longitudinal CAMP data
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shed novel insight on asthma etiology.

3.2 Data and Model settings

3.2.1 Partially Linear Varying Coefficient Model

Consider a longitudinal study on n subjects with J; repeat measurement for each subject.
let Y;; be the phenotype for the ith subject at the jth time point ¢;;.(1 <i <n,1 < j <
J;) -We use a m-dimensional indicator vectors A;; and D;; to denote the additive and
dominant effects of SNPs for the ith subject at time point j, where A;; = (Aij1, ..., Aijm) "
and D;; = (Djj1,. .., Dijm)T. Also, C;; represents low-dimensional clinical factor, where
Ci; = (Cij, . .. ,C’ijq)T. We include age for ¢;;. Gender serves as clinical covariates, making
g = 1. To model the effects of the additive and dominant effects of SNPs that are collectively
associated with the longitudinal phenotype exhibiting heavy-tailed distributions, we propose

the following quantile mixed-effects model at a given quantile level 6 (where 0 < 6 < 1):

q m m
Yij = ao(tiy) + Z a11,6(tij)Cije + Z Buro(ti) Aiji + Z Boro(tiy) Dijk + Z5Ci0 + €ijo-
=1 k=1 k=1
(3.1)

(

1, if the genotype of SNP k is AA,

Aije =90,  if the genotype of SNP k is Aa,

—1, if the genotype of SNP £ is aa,

\

0.5, if the genotype of SNP £ is Aa,
D;jx =

—0.5, if the genotype of SNP k is AA or aa,

where the fixed effects include (a) the varying intercept ag(¢;;) and the varying coeflicients
ai9(t;;) for the clinical factors Cjj; (b) The coefficients Bq,9(t;5) and Ba,9(t;;) represent

the varying effects of the additive and dominant components associated the design matrices
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of additive and dominant effects, denoted by A;; and D;;, respectively. The above model
also incorporates the random effect (; ¢ with the corresponding design matrix Z;;. The
s x 1 vector Z;; corresponds to the random intercept-slope model and the random intercept
model when s = 2 and 1, respectively. The model errors €;;¢9 are independent with the
fth quantile being 0. For simplicity, we will omit the subscript “#” from the regression
coefficient vectors for both fixed and random effects moving forward. For example, the
varying intercept, the varying coefficients for the clinical factors, the varying additive and
dominant effects can be further expressed as ag(ti;), a1(ti;) = (11(tij), ..., a14(ti;)) ",

Ba(ti;) = (Braltij), - Brm(tiy) " and Ba(tiz) = (Bai(tiy), - - -, Bam(tis)) "

3.2.2 The reparameterization on random effect

Consider the quantile linear mixed effect model is as follows:
Yij = pij + 2356 + €5, 6 ~ N(0,A). (3.2)

where fu; = ao(ti;) + Xocy area(tiy)Cije + 22521 Pea(tiy) Aije + 2251 Bawo(tij) Dig 1s the
mean vector of the fixed effects, and ¢; is a s x 1 vector of unobservable random effects with
covariance matrix A.

To ensure that A is positive semidefinite, we use the Cholesky decomposition, resulting
in

A=AAT,

where A is a s X s lower triangular matrix with nonnegative diagonal entries. Similar to

(Ibrahim et al. (2011)), the model (3.2) can be re-expressed as follows:
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where b, & Zz.—'; is a Kronecker product between b, and Zi—'; :

b Q) Z = bnZ) b Zy. ..., bu 2 b Z] .. b2 ]
Here 6" = (8],...,8)) is a 1 x s(s + 1)/2 vector, where §; consists of the non-zero lower
triangular elements of the Ith row of A, ie., & = (§1,...,6u) ,l=1,...,s, J, is a trans-
formation matrix with size s x s(s + 1)/2 such that vec(A) = J 8, I, denotes the s X s
identity matrix. By reparameterizing the linear predictor in this manner, selecting mixed
effects becomes analogous to the issue of grouped variable selection in regression models with
missing covariates. In this context, the design matrix of the random effects (b, &® Z;)J s

can be viewed as missing covariates. In our case, s = 2, then

091 022

the transformation matrix Jo would have the following form

3.2.3 Basis expansion for structure identification of additive and
dominant effects

As we discussed, it is crucial to differentiate between main-effect-only and nonlinear inter-
action, as incorrect specification of these effects can lead to overfitting. The following basis
expansion is essential for distinguishing the various types of effects. Let N, represent the
number of uniform interior knots, and O denote the polynomial degree, then L = N,,+ 0O +1

(Schumaker (2007)) is the number of basis functions. The varying coefficient function i j(%;;)
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and (s (t;;) are approximated by the basis expansion, respectively.

~ T~
Blk zj ZBl ku(tij ’Yl ku = Bl,k(tij) 1,k-

~ T~
Bo.k(tij) ZBz ku(tij) Vo ou = Bag(tij) Yo,k

where By (ti;) = (Bim(ty), .-, Bisr(tyy))" and Bag(ti;) = (Boga(tiy), ... Bajr(tiy)"
are sets of normalized B spline basis, and 41,k = (F1.41, - - V16r) " and 2.6 = (o1, - - -, YorL)
are the coefficient vectors. By changing of basis, the previously mentioned basis expansions

are equivalent to

L
61 k zg Z Bl Jku 13)71 ku — /71 k1t Bl kx (tzg) Y1 ekt
u=1

52 k 1] Z BZ ku 13)72 ku — 72 k1t B2 kx (tzg) Yok
u=1

where By ga(tij) = (Buga(tij), -, Birr(ti;)) T and B g (tij) = (Baga(tij), - -, Bagr(ti) T
Yikr and Y1 ke = (Vik2, - - - ,fyl,kL)T correspond to the constant and varying components of
Bik(ti;), respectively. In addition, yo1 and vy, = (Y282, - - ,Y21) " correspond to the

constant and varying components of ﬁz’k(tij), respectively.

3.2.4 Basis expansion for varying intercept and clinical effect

The varying coefficient function a(t;;) and oy .(¢;;) are approximated by the basis expansion.

Consider L be the number of basis functions, then the basis expansion can be expressed as:

tij) ~ Z Bou(tij)Fou = Bo(ti;) " Fo-

L

alc Z 3cu i ,}/3CU_B3C(t'IJ) ’730
=1
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Where BO,u(tij) = (B()J(tz‘j), e ,BQL(tZ‘j))T and B3,c(tij) = (B?),cl (tij)7 ey Bgch(tij‘))T are
sets of normalized B spline basis. 4o = (501, -,%r)" and s, = (Y3.¢1,- - -, 73.0) " are the

coeflicient vectors correspond to the varying components of ag(t;;) and oy (t;;)-

3.2.5 The quantile mixed effects varying coefficient model

Define v, = (71,k17’)’1T,k*)T» V2,6 = (72,1c1,’)’2T,k*)T,
Bus(ti) = (1, Buga(tis) )" = (Biga(ty), ..., Buern(tiy)) |, and Bag(ti;) = (1, Baga(ti;)T) " =
(Baja(tij), - - Bager(ti)) "

Then, model (3.1) can be represented as

}/ij — BO(tz])T'YO Z B3 c(tz]) '73 ch]c + Z Bl k:(tzg) 71 kAzgk: + Z B2 k(tz]) Y2 kDUk
k=1 k=1
+(b] R Z,)T 6 + €y
- BO(t'LJ) 70 + Z B3 c(t'LJ) 73 COZ]C + Z z]k'yl k1 ‘l' k71 k* + Z ZJk’72 k1 + k72 k*)
k=1

k=1
+(b] R) Z.) T8 + €5
(3.3)

where Wi, = (Byga(tij) Aijis - - -, Bran(ti;) Aiji) T and Vijg = (Baa(ti;) Dijky - - - Bagr(tij) Diji) T

3.2.6 The Bayesian formulation of the quantile varying coefficient
model with longitudinal traits

The histogram of repeatedly measured FEV1, shown in Figure 3.1, reveals a heavy-tailed
distribution with outliers. This underscores the need for robust longitudinal methods. Re-
cently, robust Bayesian analysis has proven to be a powerful approach for investigating G xE
interactions in the presence of data heterogeneity associated with complex disease traits
(Ren et al. (2023)). To achieve robustness in a Bayesian framework, it is essential to define
the likelihood using a heavy-tailed distribution. In our approach, we assume that the error

terms ¢;; are independently and identically distributed (i.i.d.) according to an asymmetric
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Laplace distribution with the following density function

f(ei|0,7) = 0(1 — O)rexp{—Tpo(e;;)}, i=1,....n, j=1,...,J;

where 77! is the scale parameter indicating the skewness of the asymmetric Laplace distri-
bution (ALD), and pg(-) is the check loss function with quantile level § € (0,1):(Yu and
Moyeed (2001),Yu and Zhang (2005))

ot. if + >0,
po(t) =
—(1-=0)t, ift<0,

which is crucial for the Bayesian formulation of quantile regression. The heavy-tailed nature
of the Asymmetric Laplace Distribution (ALD) becomes evident when it simplifies to the
well-known double exponential (or Laplace) distribution at the 50% quantile level.

Given the above probabilistic assumption on model error, by conditioning on the fixed
and random effects, as well as the associated regression coefficients defined in model (3.2),

the distribution of Y;(¢;;) can be described as:

JF(Yijl iz, Gis Zij, 7) = 0(1 — 0)rexp{—7pg(Yij — prij — bT®ZT )J:0)}

where the mean function p;; is defined as p;; = Eg(tij)Tﬁo + > Bg,c(tij)Tig,cCijc +
> et (A + ng’h ke) 2k (Dije Y2 + ng'YQ o) -

(Kozumi and Kobayashi (2011)) presented an equivalent formulation of the skewed Laplace
distribution as a combination of an exponential distribution and a scaled normal distribution.
This formulation aids in establishing a Bayesian hierarchical model for quantile regression.
Specifically, with & = and & = \/79) at quantile level 0 < 6 < 1, the error term ¢;;

follows the ALD with a scale parameter 771 as

€ij = Tﬁlélvij + 7—7152\/'111']'2,@7
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where v;; is the standard exponential distribution, Exp (1), and z;; is a standard normal

random variable. Subsequently, model (3.2) can be rewritten as:

Yvﬁ = M4ij + bT ® J 0+7" 51/01] +7 52\/7}1 Zig

Let 0;; = 7 'vy;, then 0 nd Exp(r7!) for i = 1,..,n and j = 1,...,J;. The Bayesian

hierarchal model has the following representation :

Yij = Mzg bT ® J 0 + flvzg +7 1/252 \V Uzjzzj7
Uij| T nd Texp(—T7;;),
2z N(0,1).
3.2.7 The Bayesian regularized quantile mixed effects model for
longitudinal study

Because of the “ large p, small n ” setting for the proposed semi-parametric model, variable
selection method needs to be adopted. Also, due to the heavy-tailed distribution for the
response variables, quantile Bayesian variable selection method needs to be accomodated.

The loss function can be defined as following:

:U’ZJa ZZPG zg — Mij — bT®ZT J 5

i=1 j=1

The coresponding penalized loss function can be written as

Lpijs )+ ) sl +22 ) visella 2 D ol > 1vamella+2s > 1161]l2- (3.4)
k=1 k=1 k=1 k=1 =1

where 71 1 is the main additive effect for the kth SNP and the l; norm of the spline coefficients
|[Y1.5+l|2 is corresponding to the varying parts of f1x(ti;). If ||} .||z = 0, then the time -

varying additive effect of the kth SNP is identically zero. Furthermore, if v, 3; = 0, then A,
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has no mainadditive effect and is not associated with the phenotype. Likewise, 7,41 is the
main effect for the dominant effect for the kth SNP and the [, norm of the spline coefficients
|[Y2.14||2 is corresponding to the varying parts of By (ti;). If |[v44./l2 = 0, then the time -
varying dominant effect of the kth SNP is identically zero. Furthermore, if 551 = 0, then
D;ji, has no main dominant effect and is not associated with the phenotype. The Iy norm of
||81|2 corresponding to the group level regularization on the random effect.

Because of the low dimensionality of the clinical factors, we are only interested in appying
robust Bayesian variable selection on both the individual level of 7, 41, 7241 and the group
level of vy pu, Yor«(k=1,...,m), and &;.

Selecting the fixed effects and random effects with Laplacian shrinkage

To determine the main additive effects linked with the phenotype, we apply an indepen-
dent and identical Laplace prior to 7 1 as follows:

m

TA
7T(’Yl,n, s ,’Yl,mﬂﬂ )\1) = H TIGXP(—T)\H%,MD-
k=1

Meanwhile, to identify the varying additive effects, we employ group-level shrinkage by

applying a multivariate Laplace prior to 1 g«

7(’)’1,k*|7'7 Ag) = Cp<7—/\2)peXp(_7—/\2||71,k*”2)‘

where p = L — 1, C,, = 2-®P+D/2(27)(=P=D/2 )T ((p + 1) /2) with gamma function I'(-), and p
is the group size.
Similarly, to identify the main dominant effects associated with the phenotype, we impose

an independent and identical Laplace prior on 74 as follows:

T T3
7T(72,11,---a’72m1|7 >\3 :HT XP T>\3|72k1|)

Meanwhile, to identify the varying additive effects, we use group-level shrinkage by imposing
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a multivariate Laplace prior on va g«

7T(727k* |Ta )‘4> = CP(T/\4)peXp<_T/\4| |72,k* | |2)

where p = L — 1, C,, = 2-®P+D/2(27)(=P=D/2 /T ((p + 1) /2) with gamma function I'(+), and p
is the group size.

The Bayesian regularization on the random effects can be done by imposing multivariate
Laplace prior on d;:

T(0s|T, As) = Cs(TAs) exp(—TAs|[ds]2)-

The joint posterior distribution of fixed effects and random effects is given by:

f(’yl,kla V2,k15 Y1,k Y2,k qu;’ 6|YZ]7 Hij, T, >‘17 >‘27 >‘37 >‘47 )‘5)

n J;
ocexp{ —TZZpg(Y;j — fij — bT®ZT J9) —T)\lz|’71k1|

i=1 j=1

oS b —TAQZHM*HQ—WZIW*HQ—lel&leQ}.
k=1 k=1 k=1 =1

where the power of the exponential kernel aligns with the objective function in Equation
3.4. We set up the Bayesian hierarchical model by defining 7, as 7A;. Consequently, the
i.i.d. Laplace priors on 7, x1, which represent the main additive effects, can be expressed as

follows.

m m 2

2
i )" (=g, s

™
YA = = — =
(V1115 - Yim1|Ts A1) H 5 exp{—m|7ml} ]I[l/o . /27r51 k 29 p 2

The aforementioned Laplacian priors can be hierarchically represented as a scale mixture of

normals once s; j is integrated out:

7T(’Y1,k1\31,k) (S N(O, 31,k>7
9 (3.5)

ind
S1,k ™ %6 P{—%Sl k}
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Similarly, we set up the Bayesian hierarchical model by defining 13 as 7A3. Consequently, the
i.i.d. Laplace priors on 7, k1, which represent the main dominant effects, can be expressed

as follows.

2

3
—?Sgyk)ds;g’k.

2
72]61)7] ex (

ml|Ty A3) = — — =
7T(’YQ,11, » V2, 1\7 3) 2€XP{ 773‘72,k1’} g/o \/ngk ( 2531

k=1

Then the above Laplacian priors can be hierarchically expressed as scale mixture of normals

after ss, is integrated out:

ind
T(Yak1]83%) ~ N(0,s3%),
i 12 2 (3.6)
Sz ~ 336 P{—§353,k}-

Additionally, using the reparameterization 7y = 72, the multivariate Laplace prior on 71 g«

can be expressed as:

T (Y1, [m2) EM-Laplace(v1,k|72)

=Cpnyexp( =12/ [ V1, x]|2)

172

2/9\(p+1)/2
/2P e e — ) s

& 1
= 21s _p/2eX — AT s X ——————F———S8 ex —
/0 ( 2,k) p{ 2827k71’k*71’k } P(l%l) 2.k p(

Then, the prior of 74k« can be expressed as the hierarchical representation below:

ind

T(Y1,kx|52.6) ~ Np(0, s24.1p),
p+1 773)

2 72

(3.7)

ind
So ~ Gamma(

2
where ’%1 is the shape parameter and %2 is the rate parameter of the gamma distribution.

Besides, with the reparametrization 74 = 74, the multivariate Laplace prior on s g«

57



can be written as:

(Y2, kx| 74) é1\/[-11":11)18@6(’7’2,k* 174)

=Cpnyexp(—1al[ V2,4 |2)

oo - 1 (7]2/2)(p+1)/2 "y 772
:/0' (271'847]6) p/zeXp{—mﬁ/;:k*')’z,k*} X Z}(p—ll)sé(fk )/ exp( — ?4847]6)6184’]@.

2

Then, the prior of 2 g« can be expressed as the hierarchical representation below:

ind
7T(72,k*|34,k) ~ Np(0734,kIp)7

p+1 n

_)7

2 72

(3.8)

S4k nd Gamma(

2
where ’%1 is the shape parameter and %4 is the rate parameter of the gamma distribution.
Similarly, using the reparameterization 75 = 75, the multivariate Laplace prior on &;

can be expressed as:

7(8i|m5) é1\/I—L8Lplauce((5[|775)

=Cnsexp(—ns||6i/|2)

oo B 1 (772/2)(8+1)/2 _1\/2 772
= 2 5/2 5 Te Y ML) T (s _ 5 Ndse
) e a0 PRl e~ o

Then, the prior of §; can be expressed as the hierarchical representation below:

m(81)s51) % N(0, s5, 1),
s+1 n? (3.9)

9 a?))

ind
s5; ~ Gamma(

2
where % is the shape parameter and %5 is the rate parameter of the gamma distribution.

Selection of fixed and random effects with structured spike-and-slab priors
In the Bayesian hierarchical model, the prior formulations of univariate and multivariate
Laplace priors in (3.5), (3.6), (3.7), (3.8) and (3.9) result in shrinkage estimation for identi-

fying fixed effects and random effects, respectively. However, a known limitation of Laplace
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priors is that they do not yield exact zero estimates. To achieve precise sparsity, we enhance

the prior formulation by integrating spike-and-slab priors.

To identify varying additive effects, we have

ind

Vi, kx| P2 ks S2 ~ P2xNp(0, diag(sar, .- -, 52.%)) + (1 — Pax)00(V1,44),

Dok n Bernoulli(7s),

p+1 n§)

I 2 N

ind
Sor ~ Gamma(

To identify varying dominant effects, we have

ind .
Yo kon | Pakes Sk ~ ParNp(0, diag(sap, ..., Sak)) + (1 — dar)do(V2,kx),

Gk n Bernoulli(m),

in, 1 7
S4k % Gamma(j%, %4)

To identify the random effects d;, we have

01| P51, S50 (S 5N (0, diag(ssi, - - ., s51)) + (1 — ¢51)90(67),

by X Bernoulli(rs),

in, 1 2
s % Gamma(%, %)

(3.10)

(3.11)

(3.12)

The slab component N, (0, sox1,), N,(0, s4 1) and Ng(0, s5,.1s) model the large and diffuse

signals, while the spike distribution do(v1,kx), d0(7¥2,kx) and do(d;) represent the point mass

at Opx1 and Osyq, with parameter m € [0,1], my € [0,1] and 75 € [0,1]. The ¢o, Psx, for

1 <k <m, and ¢5, for 1 <[ < s are latent binary indicator variables for fixed effects and

random effects, indicating whether the corresponding fixed and random effects are selected.

When ¢y, = 0, ¢ps = 0 and ¢5 = 0, the coefficient vector 41 g«, 2,6+« and d; have a point

mass density at zero, implying that there is fixed and random effect. Conversely, if ¢5; = 1,

¢sr = 1 and ¢5 = 1, the spike-and-slab prior in (3.10), (3.11) and (3.12) reduce to the

multivariate Laplace prior in (3.7), (3.8), and (3.9) resulting in the Bayesian quantile group
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LASSO, indicating that the fixed and random effects are associated with the longitudinal
phenotypic traits. Furthermore, the prior formulation in (3.10), (3.11) and (3.12) can be
interpreted as the following multivariate spike-and-slab priors after integrating out ¢, 2,

¢4,k, S4.k ¢5 and s5;:
ind
Y1,kx|12 ~ P2 M-Laplace(v1k«|n2) + (1 — ¢2.5)00 (V1)

ind
Yo, kx |1 ~ Qs pM-Laplace(yz,k«|11) + (1 — @ar)d0(V2,kx),

ind

0|ns ~ ¢siM-Laplace(d;|ns) + (1 — ¢51)d0(0y),

where the parameter my € [0, 1], 74 € [0,1] and 75 € [0, 1].
For identification of main additive and dominant effect, we impose the univariate spike-

and-slab priors for v 41 and 251 k = (1, ...,m) as follows:

ind

Ykt |P1g St ~ G1eN(0, s16) + (1 = d1.1)00(V1,81),

1k £ Bernoulli(my), (3.13)
2
Y

N
2)'

ind
s1 ~ Gamma(l,

ind

Yot | @3k 36 ~ D36N(0,53%) + (1 — d31)00(V2,81)s

O3k £ Bernoulli(7 (3.14)

3),
53 w Gamma(1, %g)
where the spike component dg(v1 x1) and do(7y2,x1) are point mass at 0. ¢ ; and ¢3 j determine
whether the spike or slab component is in action, with m € [0,1] and 75 € [0,1] . The prior
specified in (3.13) and (3.14) are equivalent to the univariate Laplace prior in (3.5) and (3.6)
when ¢, = 1 and ¢3; = 1, indicating that the kth SNP has a main additive or dominant
effect. Otherwise, when ¢, = 0 and ¢35 = 0, the kth SNP does not have a main additive
or dominant effect.

We assign conjugate beta priors m; ~ Beta(ry, wy) and my ~ Beta(rg, wy), m3 ~ Beta(rs, ws),
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74 ~ Beta(ry,wy) and 75 ~ Beta(rs,ws) and gamma priors 7 ~ Gamma(a,b;) and
n3 ~ Gamma(as, by), gamma priors 7 ~ Gamma(as, b3), n7 ~ Gamma(ay,bs) and 72 ~

Gammal(as, bs). 7 ~ Gamma(c,d). In particular, we set all the hyperparamters to 1.

3.2.8 Gibbs Sampler

The joint posterior distribution can be expressed as

N x 2 2 2 2 2
7T(7Oa BEY) ’71,k1771 ks Y2,k15 V2 ) 57 S1,ks S2,ks S3,ks S,k S50, 11, N2> M35 N4> N5, 1, T2, T3, Ty, Th, T|Y;j)

_1 z 1 _1
< ( HH% :

i=1 j=1
ol 5 @;( e oa—

1 |
X exp (—270 by 70) X HeXp (—573 o 73>

m L 1
X H < 1 — 7T1 27T817k) 2€Xp(——’}/ik1)l{%’kl?§0} + 7T150<’}/17k1)>

k=1 251k
» _1 1
X H (1 —m3)(2ms3,0) 26Xp(__'7§,k1)1{72,k1750} + 1300 (V2,k1)
k=1 253,k
n J;
te(<r323 )
i=1 j=1
X 7 texp(—dr)
2ya1-1 W TT T 0}
X (7)™ exp(—biny) E 5 OXD (—Eslk)

2 1 2 . 77% 77%
X (772)a2_ eXp(—bz772) H 7€Xp (—582k>

X 7T;1 1(1 — 7T1)w1_1

X 7Tg2 1(1 — 7_‘,2)11;271

P 1
X H < 1 — 7T2 27827]{)756Xp(—?
2

B 71T,k*71,k*)1{'71,k*¢0} + 200 (’71,k*))
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m

_p 1
X H < (1 —mq) (2754 ) 2eXP<_m?’;k*’)’z,k*)l{hkﬂm} + 7450(’)’2,k*))
s . 1
X H < 1 — 7T5 271'551) 26Xp(—§5l6;—51)1{5l¢0} + 7T5(50<(5l))

m 2\ pt+1 2
az— pn pil_ n
et [T (P2) )% e (<)

k=1

m 2\ ptl 2
as— pn pil_ n
x (nf)™exp(—bami) | | <—24) ()7 exp (—5484,k>

k=1

S 2 s+l a+1 772
1 (75) (775) 1exp (—35851>

-

x (13)* exp(—bsn3)
[

X ’/Tgs 1(1 — 7_(3)111371
X 7T£4 1(1 — 7_‘,4)11)471
x g (1 — ms) L

Let pij—5,) = E(Yi;) —Bo(ti;) ™4y, (i =1,...,n,5 =1,...,.J;), representing the mean effect
without the contribution of 4.
The full conditional distribution of 7, is a multivariate normal distribution N(u5,, X5, )with

mean

2707'5'2 ZZ = Hij(—5,) — bT® J(s flvz])

i=1 j=1

and variance

X5, = (Z + 78 anz 71B0(tza)B0(tzJ) ) .

Let pij—5,.) = E(Y;;) — Bg,c(tij)—rﬁf&c, (i=1,...,n,j=1,...,J;), representing the mean
effect without the contribution of ;...
The full conditional distribution of v . is a multivariate normal distribution N(y5, , X5, with

mean

Has . = 25 7_52 ZZU = Hij(—73,.) — bT® J(S 51%])

=1 j5=1
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and variance

. -1
Yy, = <E + 7652 ZZ~_1B3,c(tij)B3,c(tij)T) :

=1 j=1

Let pij—r, ) = E(Yij) — Aijrgyie and lip = 7(y101 = Olrest), the conditional posterior

distribution of the coefficient of constant additive effect v; j; is a spike-and-slab distribution:

71,k1|reStN(1 - ll,k)N(p’h,kN E'Yl,kl) + ll,k(SO(le,kl)?

where
2 - T
Ho = 71k1T€2 ZZU 1AUk = Hij(=v1,51) b ® )J 0 — élvu>
=1 j=1
_ —1
S = (67 i )
i=1 j=1 Lk
j=
And
iy = i

m+ (1 - 7r1)(51,16)7%(271 kl)%exp{ X, k1(7—52 > it Z] 1 ~;1Awk}~/ij)2}'

where Yi; = Yij = flij(—y, 1) — (] @ Z;;)J 6 — &1
The posterior distribution of 7, 51 is a mixture of a normal distribution and a point mass at
0. At each iteration of MCMC, v 41 is drawn from N(pu,, ,,, 3., ,,) with probability (1 —11 )

and is set to 0 with probability [; ;. If 7141 is set to 0, then we have ¢, = 0. Otherwise,
o1 = 1.
Let fhi(—ny ) (tij) = E(Yi(ti;)) — Digya,er and lp g, = 7(y2,11 = O|rest), the conditional posterior

distribution of the coefficient of constant dominant effect 7 1, is a spike-and-slab distribution:

72,k1‘reStN(1 - l2,k)N(ﬂ'Yz,k1’ E’Y?,kl) + l2,k60<72,k1)7
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where

Hrg o = Yoy TS sz_lngk — Mij(—va51) — bT® 0 — &),

=1 j5=1
= (1&2 le + _)—1
"/2 k1 T 2 ijk
S2.k
=1 j=1

And

Up)
T2 + (1 _77-2)(32,16)_%(272 kl)%exp{ 272 k1 (7-52 Zz 12 1 Vij zyk:gij)2}.

log =

o) — (0] @ Z5) T 6 — &1

The posterior distribution of v, %1 is a mixture of a normal distribution and a point mass at

where g;; = Yi; — ¢

0. At each iteration of MCMC, 7341 is drawn from N(g,,,, %,,,,) with probability (1 —1Ia)
and is set to 0 with probability ly . If v241 is set to 0, then we have ¢3; = 0. Otherwise,
P3p = 1.

The posterior distribution of the varying coefficient of additive effects v, ;.(k = 1,...,m)
is also a spike-and-slab distribution. Denote pj—,,.) = E(Yy;) — WiTjk'yl,k* and ) =
(Y1 = Olrest), the conditional posterior distribution of v, ;, is a multivariate spike-and-

slab distribution :

71,k*|reStN(]— - l3,k>N(:U”71’k*7 E’ylyk*) + l3,k50(71,k*)7

where

M’h,k*: Y1,k §2 ZZ _IW’LJ’f — Hig( —V1,kx) bT® J5 glv%])

’Lljl

1 _
Yoy = 752 ZZ ka Ip) g

=1 j5=1 2’k
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And

T2

_p n J; —Q~— - )
o+ (1 — 7T2)(52,k) g|2’71,k* | 2eXp{ ||271 Fex Zi:l Zj:l s 2Uij1Wiijijk||%}

3 =

where Rij = Yij — flij(—y ) — (0] @ Z5)T 0 — &1

The posterior distribution of 4, ;, is a mixture of a multivariate normal distribution and
a point mass at 0. At each iteration of MCMC, =44, is drawn from N(su, , , %, ) with
probability (1 —I3;) and is set to 0 with probability l5. If v, , is set to 0, then we have
@2 = 0. Otherwise, ¢g) = 1.

The posterior distribution of the varying coefficient of dominant effects v, ;. (k = 1,...,m)
is also a spike-and-slab distribution. Denote pj(—n,,.) = E(Yi(ti;)) — V”k'72 e aNd Ly =

T(Yoxs = Olrest), the conditional posterior distribution of v, , is a multivariate spike-and-

slab distribution :

’72,k*’reStN<1 - l4,k)N(:u‘Yz,k*’ 272,k*) + l47k’50(’72,k*)’

where
lu72,k* = 72k*7—£2 Z U Uk ,Uz'(—"ygk bT® J o — flﬂm)
=1 j=1
_ 1 1
‘sz* = 7-52 ZZ 1‘/1 yk+ Ip) .
=1 j=1 S4.k
And
L = i

_p Ji o~ - ’
Ta + (1 — ma)(sa) g|272,k* QGXP{ ||E'72 e Qi1 2j:1 7&5 QUijIVijkrij”g}

where 7ij = Yij = flij(—yy ) — (0] @ Z5) T 0 — E135).
The posterior distribution of v, , is a mixture of a multivariate normal distribution and

a point mass at 0. At each iteration of MCMC, 7,4, is drawn from N(u.,, . ,%,,,,) with
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probability (1 —l4x) and is set to 0 with probability Iy . If vy, is set to 0, then we have
¢a1, = 0. Otherwise, ¢4 = 1.

The full conditional posterior distribution of (s1 ;)" is:

Inverse—Gamma(l,g) if 161 =0

(51) Hrest~ -
Inverse-Gaussian(n?, 7;71 ) iy #0
1,k1

The full conditional posterior distribution of (s3,)~" is:

2
Inverse—Gamma(l,%?) if vo61 =0
(337k)’1|rest~
2
Inverse-Gaussian(n3, WUTQ) if Y901 #0
2,k1

Similarly, The full conditional posterior distribution of (sg;)™" is:

ptl
9

N

Inverse-Gamma( ) if v14s =0

(527;{)_1 |[rest~

2
. 2 ',7 .
Inverse-Gaussian(ns, m) if ¥y 4 70

Similarly, The full conditional posterior distribution of (syx)™" is:

ptl 13 ; _
P 7?) if 72,]% =0

2
Inverse-Gaussian(ny, / EAE i*H%) it Y2,k #0

The full conditional posterior distribution of n?:

Inverse-Gamma(
(s44) " |rest~

Z;nzl S1,k

n?[rest~Gamma(a; + m, by + 5 ).

The full conditional posterior distribution of n3:

ZZL:I 83,k

n3 |[rest~Gammal(az + m, by + 5 ).
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Likewise, the full conditional posterior distribution of n3:

m(p+1)

2 _— ).

n5|rest~Gamma(ay + )

9 b2 +
Likewise, the full conditional posterior distribution of n3:

m(p+ 1) b4 4 Z?:l 847k).

n;|rest~Gamma(ay + 5 5

The full conditional posterior distribution of :

m1|rest~Beta(r; + Z Iy =0y, w1 + Z Liyy 20})
k=1 k=1

The full conditional posterior distribution of s:

ms|rest~Beta(rs + Z Iy, =0y, w3 + Z L(y, 00)-
k=1 k=1

Similarly, the full conditional posterior distribution of :

To|rest~Beta(ry + Z Ly, =0}, Wa + Z Ly, . #0})-
k=1 k=1
Similarly, the full conditional posterior distribution of m4:

m4|rest~Beta(ry + Z I{vz,k*ZO}a Wy + Z 1{72%*;&0})-
k=1 k=1

The full conditional posterior distribution of ;:

2
~ . T
¥yj|rest~Inverse-Gaussian(ag,,, LS} + 27).

&

where

. - £ + 26 .
K (Yij — pij — (b @ Z3)T 6 — &10;)?
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The full conditional posterior distribution of 7:

T|rest~Gamma(c + %, br).
where
n J;
br =d+ Z Z(ﬁij + (263)_161'; ( — Hij — bT ® J 6 — fﬂiz]) )
i=1 j=1

Let Fy; = (b ® ZJ)J s- The posterior distribution of the random effect coefficient §;(I =
1,...,s) is also a spike-and-slab distribution. Denote pi;;—s,) = E(Yi;) — FJ,& and l5; =
m(d; = Olrest), the conditional posterior distribution of §; is a multivariate spike-and-slab

distribution :

51|rest~(1 — 1571)]\7(#5“ 261) + 157150(51),

where

= Z&ﬂfQ Z Z _le — Mij(—&) — Fijl)a

=1 j=1
n
1 -1
_ 2 E 2 ~—1
& — 7—52 U F zgl IS) :
=1 j=1 5.1

where Ej = Fiﬂél — 5161']' And

T

ms + (1= ) (s5.0) 5[ S [Pexp {2193, S0, 0L, 765 20, Fan Ry 12}

lsy =
where RZ] = Y ,u’Lj( &) 51171]
The full conditional posterior distribution of (s5;)~*" is:

Inverse—Gamma(%,%) if 9, =0
(s5,) *|rest~

) ifd £0

Inverse-Gaussian(n;,
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The full conditional posterior distribution of n2:

s
2 [rest~Gammal(as + ,bs +

(s+1)
2

The full conditional posterior distribution of s:

s |rest~Beta(rs + Z Ls,—0y, ws + Z Lis,20})-
=1 =1

3.3 Summary of all methods

D =1 551

Table 3.1: Summary of comparisons among all Bayesian reqularized mixed-effects models.

Methods Robustness Likelihood Variable Selection Structure Identification
RBVSS-SI Yes Asymmetric Laplacian ~ Spike-and-slab prior Bi-level MPM
RBVSS Yes Asymmetric Laplacian ~ Spike-and-slab prior  Group level MPM
RBV-SI Yes Asymmetric Laplacian ~ Laplacian shrinkage Bi-level Credible interval
RBV Yes Asymmetric Laplacian  Laplacian shrinkage  Group level Credible interval
BVSS-SI No Gaussian Spike-and-slab prior Bi-level MPM
BVSS No Gaussian Spike-and-slab prior  Group level MPM
BV-SI No Gaussian Laplacian shrinkage Bi-level Credible interval
BV No Gaussian Laplacian shrinkage  Group level Credible interval

Bi-level: both the group and individual level.
MPM: Median Probability Model.

3.4 Simulation

The eight methods being compared can be categorized based on three criteria: whether they

incorporate robustness, whether they use spike-and-slab priors, and whether they consider

structure identification in variable selection for longitudinal traits. In our simulation study,

we thoroughly evaluate the performance of all the methods and show the advantages of

the proposed RBVSS-SI, as it simultaneously incorporates robustness, spike-and-slab priors,
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and structured identification. We consider RBVSS as another proposed method, but it does
not include structural identification. It does not differentiate between the nonzero constant
effect and the nonlinear effect. In RBVSS, without implementing structural identification,
the coefficients of L basis functions of 1, and [y are selected together as one group at a
certain group level. We illustrate the benefit of structural identification in detecting interac-
tion effects by comparing RBVSS-SI with RBVSS. Similarly, the methods being compared
without spike-and-slab priors are RBV-SI and RBV, where RBV-SI distinguishes between
constant and varying effects, but RBV does not. The remaining four methods—BVSS-SI,
BVSS, BV-SI, and BV—do not incorporate robustness. The goal of the proposed method is
to highlight the benefits of using the spike-and-slab prior and to demonstrate the importance
of including structural identification.

In our simulation setup, we consider two examples. The response variables are generated
from model (3.1) under all settings with n = 400 and m = 200. After basis expansion, the
total dimension of the regression coefficients to be estimated is significantly higher than the
sample size n = 400. For instance, when the number of basis function L = 5, the effective
dimension of the regression coefficient is 505. In each example, we evaluate performance in
terms of both identification and estimation. We use the integrated mean absoulte deviation
(IMAD) and the integrated mean squared error (IMSE) to assess the accuracy of the esti-
mation for the nonlinear effects. The time points of observation ¢;; were generated using a
methodology similar to that described by (Huang et al. (2002)). Each subject was assigned a
series of "scheduled” time points {1,...,30}, with each scheduled time having a 60% chance
being skipped. Subsequently, the actual observation time was derived by adding a ran-
dom perturbation from Uniform (-0.5,0.5) to the scheduled times that were not skipped. Let

Blk(t,-j) and ng(tij) denote the estimates of the nonparametric functions f1(¢;;) and Bax(ts5),

Ngrid

g1 represent the grid points at which gy, and By are evaluated. For

respectively, and let {¢,
the methods that incorporate robustness, the integrated mean absolute deviation (IMAD)
of Bix(tiy) and Box(ti;) are defined as IMAD (Bi(t;))) = 7= g7 |Bik(ty) — Bu(ty)| and
IMAD (Ba(t)) = nglm.d S o2 |Bar(ty) — Bor(ty)|. Note that IMAD (B1r) and IMAD (Ba)

reduce to MAD(BM) and MAD(B%) respectively when S, and [, are constant. For the
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methods that do not incorporate robustness, the integrated mean squared error (IMSE) of
Bu(ti;) and Bay(t;;) are defined as IMSE (Bu(tiy)) = 7= 3071 {Binl(ty) — Bu(ty)}* and
IMSE (Bax(tij)) = n—”dz’”‘g”d{ﬁ%( 4) — Bo(ty)}2. Note that IMSE (fy;) and IMSE ()
reduce to MSE(BM) and MSE(B%) respectively when (1, and (35, are constant. Identification
accuracy is evaluated based on the number of true positives and false positives.
Ezxample 1

First, we generate an n X m matrix of gene expressions, where n = 400 and m = 200,
from a multivariate normal distribution with zero mean vector. We use an autoregressive
(AR) correlation structure for gene expression data, where the correlation coefficient between
genes j and k is p?~* with p = 0.5. We evaluate whether the proposed method performs
better than the alternatives on simulated single-nucleotide polymorphism (SNP) data. The
SNP genotype data X; are simulated by dichotomizing gene expression values at the 1st and
3rd quartiles, assigning a 3-level genotype scheme (2, 1, 0) for the genotypes (AA, Aa, aa),
respectively. The genetic variables A; and D; were coded as (1, 0, -1) and (-0.5, 0.5, -0.5) for
the genotypes (AA, Aa, aa), respectively, following an orthogonal quantitative genetic model
(Cockerham (1954)). The longitudinal response variable is generated from model (3.1) with a
sample size of n = 400. Specifically, we consider two types of random effects: (1) the random
intercept model, and (2) the random intercept-slope model, corresponding to s= 1 and 2 in
model (3.1), respectively. The model errors were simulated as follows: N(p, 1) (Error 1), ¢(2)
with mean = p (Error 2), LogNormal(u, 1) (Error 3), 80%N(u, 1) + 20%N(u, 3) (Error 4),
and Laplace(u, b) with the scale parameter b = 1 (Error 5). All distributions except N(0,1)
have heavy tails. The parameter pu is is chosen so that the #th quantile of each distribution
is equal to 0.
The coefficients are generated as follows: ag(t;;) = 2 + 2sin(27t;;), B11(ti;) = 2.5exp(2.5;; —
1), Bar(tiy) = 3t7;—2ti;+2, Pra(tiy) = =4t} +3, Prs(tiy) = 3—2ty, P2 = 0.8, faz = —1.2, B1y =
0.7, B4 = —1.1. We set all the remaining coefficients to 0.
Ezxample 2

In this example, we generate a nxm matrix of SNP genotype data using a pairwise linkage

disequilibrium (LD) structure. For the two minor alleles A and B of two adjacent SNPs, let

71



¢1 and ¢y represent the minor allele frequencies (MAFs) for these alleles, respectively. The
frequencies of four haplotypes are calculated as pap = ¢1g2 + 6, pay = (1 — ¢1)(1 — ¢2) + 9,
pay = q1(1 —q2) — 6, and p,p = (1 — q1)g2 — J, where 6 represents the linkage disequilibrium
(LD). Under Hardy-Weinberg equilibrium, the SNP genotype (AA, Aa, aa) at locus 1 can
be generated from a multinomial distribution with frequencies (¢%,2¢1(1 — q1), (1 — q1)?).

Using the conditional genotype probability matrix, we can simulate the genotypes for locus

2. With MAFs 0.3 and pairwise correlation r = 0.5, we have § = ry/q1(1 — q1)g2(1 — qo).
Identification and estimation criteria are employed to evaluate performance using the
posterior samples obtained from the Gibbs sampler. For identification, we use the me-
dian probability model (MPM) to identify predictors associated with the response variable
for methods that incorporate spike-and-slab priors (Barbieri and Berger (2004)). Assume
we have collected H posterior samples from MCMC procedure after discarding the burn-in
period.. At the Ath MCMC iteration, the kth predictor is included in the model if the
corresponding indicator aﬁ,ih) = 1. Therefore, the posterior probability of including the kth

predictor in the final model is defined as:

H
. 1 h
pe=#e=1y) = %> 6" k=1....m.
h=1

In general, higher posterior inclusion probability p, indicates stronger empirical evidence
that the kth predictor has a non-zero coefficient and therefore a stronger association with
the response variable. The MPM model is defined as the set of predictors selected when
the posterior inclusion probability is at least 0.5 (Barbieri and Berger (2004)). For the non
spike-and-slab methods, the 95% credible interval (95% CI) is used to identify important
main and interaction effects. Performance in identification is evaluated based on the number
of true positives (TP) and false positives (FP).

Tables 3.2 presents the identification results for the random intercept-slope model for
m=200, at the 50% quantile level (#=0.5). These tables clearly demonstrate the advantages
of incorporating (1) robustness, (2) the spike-and-slab prior, and (3) structured identification.

Under heavy-tailed errors and data contamination, the robust Bayesian variable selection
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methods generally outperform the non-robust alternatives. In particular, we can see that
the proposed method performs better than RBVSS. RBVSS fails to identify any non-zero
constant effects and has a high rate of false positives for detecting varying effects because
it lacks structural identification to distinguish between main-effect-only cases and varying
effects. In contrast, RBVSS-SI identifies most of the true effects with very few false positives.
For example, in Example 1 under under ¢(2)(Error 2), the proposed RBVSS-SI detected
almost all of the varying effects, achieving a true positive rate of 3.98 (sd0.69) and a small
number of false positives, with a rate of 1.83 (sd 0.33). It also identifies 3.97 (sd0.24) of
the 4 true constant effects, with a smaller false positive rate of 1.54 (sd0.68). Its non-robust
counterpart, BVSS-SI, achieved a comparable true positive rate of 3.74 (sd0.56) for varying
effects but had a much higher false positive rate of 3.26 (sd0.75). Additionally, it had a
smaller true positive rate of 2.54 (sd0.53) for constant effects and a higher false positive rate
of 2.88 (sd0.95). This highlights the strength of robust methods in the presence of data
heterogeneity. Additionally, methods with spike-and-slab priors have outperformed those
without such priors in imposing exact sparsity. For instance, RBVSS-SI detected a true
positive rate of 3.98 (sd0.69) and a false positive rate of 1.83(sd0.33) for the true varying
effects, which is better compared to the true positive rate of 3.92 (sd0.57) and false positive
rate of 3.89 (sd0.51) achieved by RBV-BI. Besides, it identifies 3.97 (sd0.24) out of the 4
true constant effects with a smaller false positive rate of 1.54 (sd0.68), which is better than
the true positive rate of 2.88 (sd 0.56) and false positive rate of 3.96 (sd 0.29) achieved by
RBV-BIL.

The estimation performance also been eveluated by the MADs and MSEs. The results
were listed in Table 3.3 for Example 1. The IMAD and IMSE for all true varying effects, MAD
and MSE for constant effects, as well as the total absolute deviation and the total squared
errors for all coefficient estimates are provided in the Table. Overall, the proposed method
has the smallest IMAD, MAD and the total absolute deviation among all the alternative
methods. For example, in Table 3.3 under #(2)(Error 2), the RBVSS-SI has the smallest
total absoulte deviation 0.292(sd 0.104) among all the approaches. The key of the superior

performance lies in (1) robustness to deal with heavy-tailed error, (2) the spike and slab
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priors for achieving sparsity and (3) structural identification for the constant and varying
effects. Compared with RBV-SI which has (1) but without spike and slab prior, RBVSS-SI
performs better when estimating both varying and constant coefficients. For instance, under
t(2)(Error 2), the IMAD and MAD on ag(t;;) and S22 are 0.102(sd 0.430) and 0.097(sd 0.047),
respectively. While RBV-SI yields 0.291(sd 0.104) and 0.103(sd 0.063), correspondingly.
Besides, compared with RBVSS which adopts the spike and slab priors without considering
structured Bayesian variable selection, RBVSS-SI has comparable estimation performance on
coefficients. Overall, the methods incorporating robustness outperform the methods without
robustness under heavy tailed distributed errors.

After fitting the proposed method to the data generated for each replicate, we obtained
the posterior median estimates and the 95% credible intervals. The median estimates, along
with the lower and upper bounds of the credible intervals, were averaged across 100 repli-
cates to produce the estimated varying coefficients and their corresponding 95% credible
intervals, as displayed in Figure B.1. Additionally, we assessed the empirical 95% coverage
probabilities of 8 Bayesian methods using their pointwise 95% credible intervals over the
N = 25:1 grid points for the varying coefficients, as long as the 95% coverage probabilities
for the constant coefficients. For methods with structural identification, the empirical 95%
coverage probabilities were applied on the varying coefficients and 95% coverage probabilities
for the constant effects, while the methods without structural identification, the empirical
95% coverage probabilities were applied on the varying coefficients and constant coefficients.
Table B.11 in the Appendix presents the 95% coverage probabilities for 5 varying coefficient
functions and 4 constant coefficients under simulated gene expression data with i.i.d. t(2)
€rrors.

In addition to the simulation results of example 1 on the random intercept-slope model
as shown in Table 3.2 to Table 3.3, we have also conducted simulations of example 2 under
the random intercept - slope model, and tabulate the identification results in Table B.1 and
the estimation results in Table B.2 respectively in the appendix. Besides, the performance
has been assessed at 30% and 70% quantile levels. In the appendix, when # = 0.3 under

random intercept-slope model, the identification results are provided in Table B.3 and Table

74



B.5, while the estimation accuracy can be found in Table B.4 and Table B.6. With the 70%
quantile level, Table B.7 and Table B.9 report the identification results, and Table B.8 and

Table B.10 show the parameter estimation performance.

Table 3.2: Simulation results in example 1 for n = 400, m = 200. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at 50th quantile with i.i.d. errors. True effects that are subject to selection: 4 varying effects,
4 constant effects.

n =400 m =200 Varying Constant
TP FP TP FP
Error 1 RBVSS-SI  3.98(0.69) 1.83(0.33) 3.97(0.27)  1.54(0.68)
RBV-SI  3.96(0.10) 4.20(0.83) 3.70(0.46)  3.49(0.76)
BVSS-SI 3.99(0.15) 1.75(0.21)  3.94(0.31) 1.65(0.24)
BV-SI 3.95(0.12) 4.34(0.25)  3.75(0.78)  3.53(0.67)
RBVSS 3.96(0.18) 5.13(0.37) 0.00(0.00)  0.00(0.00)
RBV 3.93(0.15) 7.62(0.66) 0.00(0.00) 0.00(0.00)
BVSS 3.95(0.32) 5.15(0.43) 0.00(0.00) 0.00(0.00)
BV 3.91(0.19)  7.71(0.27)  0.00(0.00)  0.00(0.00)
Error 2 RBVSS-SI  3.96(0.69) 1.27(0.74) 3.95(0.24)  1.26(0.57)
RBV-SI 3.92(0.57) 3.89(0.51) 2.88(0.56)  3.96(0.29)
BVSS-SI 3.74(0.56)  3.26(0.75)  2.54(0.53)  2.88(0.95)
BV-SI 3.06(0.81)  3.95(0.76) 2.07(0.64) 5.52(1.31)
RBVSS 3.93(0.45) 5.16(0.51)  0.00(0.00)  0.00(0.00)
RBV 3.89(0.34) 6.78(1.11)  0.00(0.00)  0.00(0.00)
BVSS 3.73(0.45)  7.79(1.95) 0.00(0.00) 0.00(0.00)
BV 3.11(0.26)  8.68(1.27)  0.00(0.00)  0.00(0.00)
Error 3 RBVSS-SI  3.97(0.48)  0.88(0.35) 3.93(0.54) 1.08(0.76)
RBV-SI 3.96(0.54) 2.56(0.25) 2.47(1.82) 3.07(0.15)
BVSS-SI 3.68(0.89) 2.96(2.78) 1.98(0.27) 2.15(0.45)
BV-SI 2.98(0.84) 4.48(0.26)  1.84(1.10)  4.97(0.22)
RBVSS 3.92(0.38) 5.13(0.37) 0.00(0.00)  0.00(0.00)
RBV 3.87(0.49) 7.62(1.66) 0.00(0.00)  0.00(0.00)
BVSS 3.69(0.25)  7.28(0.35)  0.00(0.00)  0.00(0.00)
BV 3.09(0.37) 8.87(0.29) 0.00(0.00)  0.00(0.00)
Error 4 RBVSS -SI  3.96(0.33)  0.74(0.27)  3.89(0.55) 1.98(0.24)
RBV-SI  3.89(1.10) 1.85(0.25) 2.19(1.23)  2.98(0.45)
BVSS-SI 3.76(0.84) 2.07(0.25) 1.79(2.88) 2.18(1.06)
BV-SI 3.05(0.23) 4.79(0.15)  1.81(1.14) 3.19(0.25)
RBVSS 3.91(0.44) 5.24(0.37)  0.00(0.00)  0.00(0.00)
RBV 3.88(0.29) 7.27(1.66) 0.00(0.00)  0.00(0.00)
BVSS 3.73(0.38) 6.37(0.58) 0.00(0.00)  0.00(0.00)
BV 3.06(0.19)  7.65(1.68)  0.00(0.00)  0.00(0.00)
Error 5 RBVSS-SI  3.92(0.31) 0.94(0.35) 3.88(0.24) 2.01(0.28)
RBV-SI 3.90(0.45) 2.14(0.45) 2.77(1.31) 2.76(0.37)
BVSS-SI  3.67(1.30) 2.87(0.45) 1.96(2.61) 2.65(1.34)
BV-SI 3.12(0.71)  5.11(0.56) 1.89(1.07)  3.98(0.89)
RBVSS 3.94(0.26) 4.69(0.60)  0.00(0.00)  0.00(0.00)
RBV 3.93(0.39) 6.48(0.84) 0.00(0.00)  0.00(0.00)
BVSS 3.71(0.26)  5.77(0.95) 0.00(0.00)  0.00(0.00)
BV 3.10(0.29) 7.67(0.95) 0.00(0.00)  0.00(0.00)
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Table 3.3: Estimation accuracy in example 1 for n = 400, m = 200 under random intercept
- slope model, mean(sd) of IMSE, MSE, total squared errors for all estimates (Total) based
on 100 replicates at 50th quantile with i.1.d. errors.

RBVSS-SI RBV-SI BVSS-SI BV-SI RBVSS RBV BVSS BV

Error 1

IMSE

w(t) 0.024(0.007)  0.039(0.088)  0.025(0.024)  0.039(0.097)  0.025(0.005)  0.040(0.009)  0.025(0.004)  0.041(0.006)
B11(t)  0.032(0.015)  0.088(0.035)  0.031(0.026)  0.089(0.065)  0.030(0.006)  0.101(0.013)  0.085(0.006)  0.090(0.014)
B21(t)  0.051(0.017)  0.102(0.045)  0.050(0.018)  0.103(0.056)  0.043(0.008)  0.124(0.011)  0.047(0.006)  0.124(0.012)
Bi2(t)  0.017(0.012)  0.098(0.041)  0.019(0.026)  0.110(0.036)  0.015(0.008)  0.119(0.020)  0.017(0.007)  0.120(0.015)
B1s(t)  0.035(0.018)  0.111(0.051)  0.035(0.026)  0.112(0.036)  0.033(0.008)  0.131(0.022)  0.035(0.009)  0.132(0.033)
MSE

B2 0.009(0.018)  0.035(0.038)  0.011(0.021)  0.032(0.032)  0.015(0.023)  0.039(0.029)  0.012(0.019)  0.038(0.021)

Bas 0.003(0.005)  0.021(0.022)  0.005(0.022)  0.029(0.028)  0.004(0.009)  0.019(0.009)  0.007(0.018)  0.028(0.028)

Bia 0.006(0.008)  0.032(0.030)  0.009(0.025)  0.041(0.032)  0.008(0.023)  0.038(0.009)  0.011(0.038)  0.039(0.029)

B2a 0.008(0.009)  0.018(0.022)  0.012(0.035)  0.022(0.024)  0.007(0.028)  0.022(0.048)  0.014(0.059)  0.025(0.054)
Total ~ 0.134(0.040)  0.752(0.196)  0.138(0.037)  0.764(0.265)  0.149(0.026)  0.821(0.018)  0.153(0.020)  0.835(0.062)

Error 2

IMSE

w(t) 0.096(0.430)  0.157(0.104)  0.218(0.287)  0.376(0.841)  0.093(0.007)  0.160(0.103)  0.213(1.431)  0.372(0.675)
Bi1(t)  0.031(0.011)  0.229(0.112)  0.328(0.844)  0.557(0.988)  0.029(0.015)  0.228(0.144)  0.326(0.720)  0.551(0.421)
B21(t)  0.083(0.041)  0.147(0.099)  0.289(0.397)  0.385(1.666)  0.084(0.020)  0.147(0.107)  0.283(0.444)  0.379(0.223)
Bi2(t)  0.075(0.056)  0.186(0.121)  0.333(0.378)  0.485(0.718)  0.076(0.033)  0.184(0.146)  0.328(0.385)  0.483(0.321)
B13(t)  0.068(0.061)  0.168(0.138)  0.397(0.561)  0.471(0.555)  0.071(0.045)  0.164(0.151)  0.401(0.375)  0.468(0.329)
MSE

B2 0.097(0.047)  0.126(0.063)  0.196(0.079)  0.240(0.537)  0.112(0.045)  0.128(0.045)  0.192(0.038)  0.251(0.085)

Bas 0.058(0.551)  0.095(0.009)  0.121(0.285)  0.265(0.672)  0.067(0.089)  0.092(0.048)  0.129(0.088)  0.271(0.048)

Bia 0.011(0.008)  0.068(0.061)  0.134(0.577)  0.316(0.673)  0.013(0.045)  0.062(0.079)  0.139(0.078)  0.323(0.057)

Baa 0.014(0.003)  0.034(0.037)  0.107(0.213)  0.193(0.167)  0.018(0.089)  0.039(0.058)  0.114(0.045)  0.189(0.067)
Total ~ 0.292(0.104)  1.382(0.340)  1.372(0.456)  2.091(0.556)  0.316(0.022)  1.672(0.518)  1.563(0.889)  3.021(0.574)

Error 3

IMSE

w(t) 0.071(0.040)  0.137(0.237)  0.145(0.598)  0.435(0.589)  0.072(0.036)  0.135(0.153)  0.142(0.587)  0.434(0.897)
Bi1(t)  0.282(0.113)  0.510(0.256)  0.657(0.462)  0.859(0.319)  0.281(0.046)  0.506(0.284)  0.652(0.239)  0.861(0.495)
Ba1(t)  0.193(0.073)  0.302(0.161)  0.342(0.441)  0.626(0.285)  0.190(0.130)  0.305(0.202)  0.339(0.520)  0.623(0.246)
Bi2(t)  0.163(0.188)  0.278(0.262)  0.312(0.497)  0.512(0.381)  0.164(0.112)  0.277(0.270)  0.309(0.456)  0.509(0.321)
Bis(t)  0.081(0.098)  0.209(0.111)  0.341(0.287)  0.499(0.311)  0.080(0.109)  0.208(0.281)  0.339(0.212)  0.494(0.211)
MSE

Baz 0.139(0.107)  0.196(0.099)  0.205(0.030)  0.321(0.541)  0.141(0.098)  0.192(0.111)  0.211(0.041)  0.329(0.418)
Bas 0.050(0.130)  0.142(0.117)  0.182(0.240)  0.460(0.270)  0.042(0.128)  0.145(0.121)  0.179(0.224)  0.472(0.117)
Bia 0.034(0.057)  0.131(0.146)  0.148(0.616)  0.332(0.671)  0.038(0.049)  0.137(0.132)  0.151(0.099)  0.299(0.511)
Baa 0.016(0.025)  0.078(0.075)  0.088(0.194)  0.214(0.378)  0.014(0.031)  0.084(0.087)  0.092(0.071)  0.234(0.211)

Total ~ 0.416(0.295)  1.455(0.623)  1.619(0.323)  2.127(0.289)  0.892(0.456)  1.715(0.720)  1.929(0.456)  3.127(0.321)

Error 4

IMSE

w(t) 0.025(0.006)  0.079(0.009)  0.113(0.214)  0.724(0.943)  0.026(0.006)  0.077(0.009)  0.112(0.093)  0.721(0.967)
B11(t)  0.018(0.026)  0.045(0.093)  0.068(0.235)  0.118(0.239)  0.017(0.007)  0.043(0.128)  0.068(1.415)  0.116(0.352)
Ba21(t)  0.019(0.021)  0.054(0.023)  0.079(0.808)  0.211(0.891)  0.017(0.007)  0.054(0.046)  0.077(0.494)  0.209(0.331)
B12(t)  0.016(0.047)  0.045(0.075)  0.058(0.351)  0.262(0.892)  0.015(0.008)  0.043(0.088)  0.056(0.962)  0.259(0.047)
B1s(t)  0.014(0.039)  0.039(0.046)  0.051(0.22)  0.209(0.822)  0.013(0.011)  0.037(0.038)  0.048(0.711)  0.207(0.089)
MSE

B2 0.006(0.026)  0.011(0.009)  0.035(0.032)  0.097(0.218)  0.008(0.045)  0.014(0.011)  0.041(0.067)  0.091(0.043)
Bas 0.003(0.004)  0.007(0.006)  0.042(0.290)  0.088(0.672)  0.005(0.012)  0.009(0.013)  0.038(0.211)  0.094(0.051)
Bia 0.005(0.003)  0.013(0.025)  0.065(0.632)  0.079(0.349)  0.004(0.008)  0.015(0.031)  0.059(0.041)  0.084(0.067)
B2a 0.003(0.005)  0.012(0.013)  0.045(0.581)  0.088(0.786)  0.005(0.028)  0.015(0.022)  0.048(0.078)  0.093(0.038)
Total ~ 0.081(0.092)  0.123(0.182)  0.213(0.425)  0.444(0.521)  0.127(0.052)  0.267(0.416)  0.495(1.780)  1.578(0.952)

Error 5

IMSE

w(t) 0.054(0.023)  0.178(0.013)  0.224(0.019)  0.415(0.146)  0.051(0.010)  0.176(0.036)  0.226(0.101)  0.413(0.122)
Bi1(t)  0.027(0.032) 0.123(0.217)  0.213(0.018)  0.327(0.513)  0.027(0.006)  0.124(0.018)  0.210(0.027)  0.325(0.061)
B21(t)  0.014(0.021)  0.114(0.120)  0.157(0.019)  0.215(0.765)  0.012(0.007)  0.115(0.021)  0.156(0.030)  0.214(0.044)
Bi2(t)  0.032(0.024)  0.206(0.341)  0.217(0.015)  0.412(0.654)  0.033(0.008)  0.204(0.025)  0.216(0.033)  0.410(0.065)
Bis(t)  0.019(0.038)  0.109(0.222)  0.199(0.039)  0.277(0.312)  0.017(0.011)  0.108(0.043)  0.200(0.073)  0.275(0.077)
MSE

B2 0.013(0.023)  0.028(0.051)  0.076(0.045)  0.134(0.123)  0.011(0.029)  0.035(0.049)  0.083(0.054)  0.139(0.111)
Bas 0.048(0.021)  0.068(0.025)  0.116(0.058)  0.189(0.325)  0.054(0.039)  0.074(0.043)  0.123(0.071)  0.197(0.048)
Bia 0.018(0.024)  0.041(0.029)  0.098(0.034)  0.187(0.256)  0.022(0.045)  0.051(0.045)  0.111(0.178)  0.195(0.123)
B2a 0.021(0.013)  0.099(0.034)  0.117(0.067)  0.210(0.111)  0.025(0.061)  0.111(0.243)  0.126(0.078)  0.208(0.321)

Total  0.185(0.028)  0.214(0.056)  0.312(0.124)  0.459(0.135)  0.265(0.025)  0.541(0.114)  0.823(0.268)  1.084(0.480)
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3.5 Real Data Analysis

Asthma is a chronic respiratory disease characterized by lung inflammation and reversible
airflow obstruction, leading to breathing difficulties. According to the Centers for Disease
Control and Prevention (CDC), over 25 million Americans suffer from asthma, including 7.7
percent of adults and 8.4 percent of children (for Disease Control et al.Akinbami (2006)).
Asthma is the most common chronic disease among children. Our case study analyzes
data from the Childhood Asthma Management Program (CAMP)(Group et al. (1999), Sze-
fler et al. (2000), Covar et al. (2012b)), utilizing SNP and phenotype datasets (accession
pht000701.v1.p1l) that have been downloaded and pre-processed. We selected subjects aged
5 to 12 years diagnosed with chronic asthma and monitored them over four years. Before
treatment, there were three visits spaced 1-2 weeks apart. After treatment, thirteen visits
were conducted: the first two visits two months apart, followed by twelve visits four months
apart, which we focused on in our study. Two types of treatments, Budesonide and Ne-
docromil, were administered to 30% of the subjects, while the remainder received a placebo.
We considered treatment, age, and gender as environmental factors. The phenotype of in-
terest, forced expiratory volume in one second (FEV1), which measures the total volume of
air expelled from the lungs in one second, was repeatedly measured during each visit. Each
subject’s genotype data included over nine hundred thousand SNPs. We matched genotypes
with phenotypes using subject IDs, removed SNPs with a minor allele frequency (MAF)
less than 0.05 or those deviating from Hardy-Weinberg equilibrium, and obtained a working
dataset of 438 Caucasian subjects and 447,850 SNPs.

For computational ease in studies involving extremely high-dimensional data, like Genome
Wide Association Studies (GWAS) and multi-omics integration studies, it is necessary to
conduct marginal feature prescreening first. This allows for the application of regularization
on datasets of a more manageable size.(Fan and Lv (2010),Wu et al. (2019)) For example
(Li et al. (2015), Jiang et al. (2015),Wu et al. (2014)) have utilized single SNP analysis for
prescreening prior to implementing their proposed variable selection methods in longitudinal

and multivariate GWAS studies, respectively. In this case, we utilize a marginal time varying
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coefficient model with FEV1 as the response variable to filter SNPs. The predictors in the
marginal model include a time-varying intercept and the time-varying effects of both the ad-
ditive and dominant effects for a single SNP. The proposed RBVSS-SI method was utilized
to identify the significant additive and dominant effects. Additive or dominant effects with a
standard deviation of the estimated varying coefficients greater than 0.2 are retained. This
screening process resulted in 400 additive and dominant effects passing the filter.

We analyzed the data using the proposed method, along with RBVSS, BVSS-SI, and
BVSS. The RBVSS method lacks structural identification, while BVSS-SI and BVSS do
not account for robustness. Methods RBV-SI, RBV, BV-SI and BV demonstrated inferior
performance in simulations and were therefore excluded from the real data analysis. The
proposed method identified 4 SNPs with constant additive effects and 5 SNPs with con-
stant dominant effects, along with 23 SNPs displaying varying additive effects and 22 SNPs
exhibiting varying dominant effects. In contrast, RBVSS identified 25 SNPs with varying
additive effects and 30 SNPs with varying dominant effects. BVSS-SI identified 3 SNPs with
constant additive effects and 3 SNPs with constant dominant effects, as well as 16 SNPs
with varying additive effects and 15 SNPs with varying dominant effects. BVSS identified
19 SNPs with varying additive effects and 20 SNPs with varying dominant effects. The
identification results for varying and constant effects are summarized in Table 3.4 and Table
3.5. In Table 3.4, it is clear that the four SNPs (rs10085668, rs12474254, and rs17247848)
identified as having constant additive effects only by RBVSS-SI are also selected by RBVSS.
Similarly, Table 3.5 shows that the five SNPs (rs2736100, rs10085668, rs7294610, rs11852876,
and rs17247848) recognized as having constant dominant effects exclusively by RBVSS-SI
are also selected by RBVSS. However, due to the absence of structural identification, RBVSS
categorizes them as SNPs with varying effects. Additionally, due to a lack of robustness,
BVSS-SI and BVSS identify fewer constant and varying effects, or only varying effects, for
both additive and dominant effects. Out of all the additive effects selected by the proposed
RBVSS-SI method, 3 were uniquely identified, not detected by other methods. These SNPs
are associated with the genes CYP1A1l, FCER1A and ZNRF3. In addition, out of all the

dominant effects selected by the proposed RBVSS-SI method, 1 was uniquely identified, not
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detected by other methods. The SNP is associated with the gene TBX21. Figure 3.3 presents
the estimated coefficient functions for the varying intercept and the gender effect. The in-
tercept shows an increasing trend between ages 6 and 10 and 14 to 16, while it decreases
between ages 10 and 14, reflecting the increase in FEV1 as lung development and treatments
take effect over time. Regarding the gender effect, the decline before age 10 is attributed to
young females growing faster than young males prior to age 12. The rise between ages 10 and
14 suggests that boys begin to develop more lung capacity along with other body functions.
There is also a decreasing trend observed between ages 14 and 16. The 23 additive and 22
dominant varying coefficients of age identified by RBVSS-SI are presented in Figure 3.4 and
Figure 3.5.

We wrap up this section by analyzing the heritability identified by the models and the her-
itability attributed to individual SNPs. Heritability refers to the proportion of trait variation
that can be attributed to genetic factors. Evaluating heritability is crucial for comprehending
the genetic structure of complex diseases and is a common practice in genome-wide associa-
tion studies (GWAS). Since we are selecting a relatively small subset of SNPs, the heritability
discussed here represents only the heritability attributable to our submodel, rather than the
overall heritability of the disease. This is particularly important because it allows us to more
directly observe how heritability changes with age. We assess both the overall heritability of
all selected SNPs and the heritability of individual SNPs.

For the methods with robustness, the total heritability of all SNPs is calculated using

the formula:

H(FEV) = RSAD(FEV|Gender) B RSAD(FEV|Gender, SNPy,...,SNP,)
~ RSAD(FEV/|Gender) RSAD(FEV|Gender)

Here, the RSAD (Residual Sum of Absolute Deviation) is defined as the sum of the absolute

deviated residuals, given by:

n Ji
RSAD = Z Z lyi(ti;) — 9i(ti;)]

i=1 j=1
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For the methods without robustness, the total heritability of all SNPs is calculated using

the formula:

_ RSS(FEV|Gender)  RSS(FEV|Gender, SNPy,...,SNP,)

H(FEV) =
(FEV) RSS(FEV|Gender) RSS(FEV|Gender)

Here, the RSS (Residual Sum of Squares) is defined as the sum of the squared residuals,
given by:

noJi

RSS =) > (wilty;) — 9iltyy))’
i=1 j=1
where ¢;(t;;) represents the fitted value obtained from the model using the posterior

median estimates, which takes into account the fixed effects and the random effects. The
total heritability for RBVSS-SI is 41.246%, which is noticeably higher than that of RBVSS
(36.786%), BVSS-SI (33.542%), and BVSS (29.318%). Additionally, we estimate the time-
varying heritability for all SNPs.
Finally, we calculate the heritability of individual SNPs. This is determined by the order
in which each SNP is selected into the model during the stepwise selection procedure. Let

SNP(k) be the k-th SNP to be selected into the model; its heritability is then calculated by:

_ RSS(FEV|Gender, SNP(1),...,SNP(k — 1))
B RSS(FEV|Gender)

RSS(FEV|Gender, SNP(1),...,SNP(k — 1), SNP(k))
- RSS(FEV|Gender)

H(SNP(k))

Tables 3.7 and 3.8 display the heritability of individual SNPs for both additive and dominant
effects using the proposed method. The heritability of the SNPs ranges quite evenly between

2 and 8 percent.
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Table 3.4: Identification results for varying and constant effects for the additive effects.

RBVSS-SI RBVSS BVSS-SI BVSS
SNP Gene V(Age) C V(Age) V(Age) C V(Age)
rs7750817  CDKN2B 2.488  Varying
rs10085668 CILP2 -1.058 Varying Varying
rs2078323 CD36 Varying Varying -1.156
rs1986953 INHBB Varying Varying Varying
rs10208874 KCNJ2 Varying Varying Varying Varying
rs12472552 RPH3A Varying Varying Varying
rs2108622 CYP4F3 Varying Varying Varying Varying
rs9303277  IL33 Varying Varying
rs13103603 LEPR Varying Varying
rs11943130 ESRI1 Varying Varying Varying Varying
rs1048943  CYP1Al Varying
rs12539562 CDKAL1 Varying Varying 2.761  Varying
rs10108740 GLI2 Varying Varying Varying Varying
rs2427828  FCERI1A Varying
rs12474254 TL18R1 2.973 Varying 1.989 Varying
rs16923238 ZNRF3 Varying
rs4837929  NCAMI1 Varying Varying Varying Varying
rs10828439 TRIBI1 Varying Varying
rs10783445 PTGERA4 Varying Varying Varying Varying
rs1109760  FTO Varying Varying Varying Varying
rs1557075  IRF1 Varying Varying
rsd770659  LCORL Varying Varying
rsd842910  TRIBI1 Varying Varying Varying Varying
rs10937405 TP63 Varying Varying
rs2825653  GALNT10 Varying Varying Varying Varying
rs12170951 SLC22A5 Varying Varying Varying Varying
rs11852876 TBX5 Varying Varying Varying
rs17247848 TCFTL2 2.345 Varying Varying Varying
rs135058 CYP2A6 Varying Varying Varying
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Table 3.5: Identification results for varying and constant effects for dominant effects.

RBVSS-SI RBVSS BVSS-SI BVSS
SNP Gene V(Age) C V(Age) V(Age) C V(Age)
rs1986953  INHBB Varying Varying Varying
rsd645225  CYP1A2 Varying
rs2736100  TERT 2.463 Varying
rs10085668 CILP2 -0.940 Varying Varying
rs6679930  ANK3 Varying Varying Varying Varying
rs11207487 KLF7 Varying Varying Varying Varying
152427828  FCERI1A Varying Varying
rs2108622 CYP4F3 Varying Varying Varying Varying
rs9303277  IL33 Varying Varying Varying
rs10167668 LPA Varying Varying -1.235 Varying
rs12474254 IL18R1 Varying Varying
rs7640124  SORT1 Varying Varying
rs2321761  PPARG Varying Varying Varying Varying
rs13103603 FAMT78B Varying Varying
rs2427837  TBX21 Varying
rs10108740 GLI2 Varying Varying Varying Varying
rs7845059  CPED1 Varying
rs12675273 BCARI1 Varying Varying
rs10937405 TP63 Varying Varying
rs1339760  DISP1 Varying Varying Varying Varying
rs16923238 ZNRF3 Varying Varying Varying Varying
rs4837929  NCAMI1 Varying Varying Varying Varying
rs10122210 TRIB1 Varying Varying Varying
rs10828439 TRIB1 Varying Varying Varying
rs2135829  CFH Varying Varying Varying Varying
rs17066875 ZHX2 Varying Varying
rs4842910  TRIB1 Varying Varying 4.081 Varying
rs12170951 SLC22A5 Varying Varying Varying Varying
rs7294610 MYOI1C 3.027  Varying 2.991 Varying
rs1718375  PTPRJ Varying Varying
rs11852876 TBX5 3.555  Varying
rs17247848 TCF7L2 3.395  Varying Varying
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Table 3.6: The numbers of varying effects and constant effects identified by different ap-
proaches and their overlaps.

Additive Varying Constant

RBVSS-SI RBVSS BVSS-SI  BVSS RBVSS-SI RBVSS BVSS-SI  BVSS
RBVSS-SI 23 19 11 13 4 0 1 0
RBVSS 25 13 18 0 0 0
BVSS-SI 14 13 3 0
BVSS 18 0
Dominant Varying Constant

RBVSS-SI RBVSS BVSS-SI  BVSS RBVSS-SI RBVSS BVSS-SI  BVSS
RBVSS-SI 22 20 11 15 5 0 1 0
RBVSS 30 13 18 0 0 0
BVSS-SI 14 12 3 0
BVSS 19 0
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Table 3.7: Heritability of single additive effetcs SNPs by RBVSS-SI

SNP Gene Heritability
rs7750817  CDKN2B 5.475%
rs10085668 CILP2 6.128%
rs2078323 CD36 4.189%
rs1986953 INHBB 7.137%
rs10208874  KCNJ2 3.912%
1512472552 RPH3A 2.998%
rs2108622  CYP4F3 5.321%
rs9303277 IL33 4.921%
rs13103603 LEPR 2.768%
rs11943130 ESR1 2.589%

rs1048943 CYP1A1 3.058%
rs12539562 CDKALIL 2.194%

rs10108740 GLI2 3.139%
rs2427828  FCERI1A 8.159%
rs12474254 IL18R1 6.987%
rs16923238 ZNRF3 4.555%
rs4837929 NCAM1 1.987%
rs10828439 TRIB1 4.324%
rs10783445 PTGERA4 2.005%
rs1109760 FTO 3.167%
rs1557075 IRF1 4.196%
rs4770659 LCORL 1.897%
rs4842910 TRIB1 2.578%
rs10937405 TP63 2.957%

rs28256563 GALNTI10 7.773%
rs12170951  SLC22A5 5.578%
rs17247848  TCFT7L2 3.112%
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Table 3.8: Heritability of single dominant effetcs SNPs by RBVSS-SI

SNP Gene Heritability
rs2736100 TERT 6.147%
rs10085668  CILP2 5.569%
rs6679930 ANK3 3.776%
rs11207487 KLF7 3.895%

rs2427828 FCERIA 2.176%
rs2108622  CYP4F3 2.097%
rs9303277 IL33 3.326%
rs10167668 LPA 1.868%
rs1247254 IL18R1 1.999%
rs7640124 SORT1 7.436%
rs2321761 PPARG 6.914%
rs13103603 FAMT78B 5.487%

rs2427837 TBX21 4.335%
rs10108740 GLI2 6.113%
rs12675273  BCARI 1.898%
rs10937405 TP63 3.788%

rs1339760 DISP1 4.234%

rs16923238  ZNRF3 2.789%
rs4837929  NCAMI1 2.559%

rs10828439  TRIB1 3.437%
rs2135829 CFH 3.662%
rs17066875 ZHX2 8.289%
rs4842910 TRIB1 5.987%

rs12170951 SLC22A5 2.786%
rs7294610 MYO1C 4.685%
rs11852876 TBX5 3.472%
rs17247848 TCFT7L2 5.011%
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Figure 3.3: Real data analysis for the proposed method (RBVSS-SI). Black line: median
estimates of varying intercept and varying coefficients for gender for RBVSS-SI. Blue dashed
lines: 95% credible intervals for the estimated varying intercept and varying coefficients for
gender.
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Figure 3.4: Real data analysis for the proposed method (RBVSS-SI). Black line: median
estimates of varying additive effects coefficients for RBVSS-SI. Blue dashed lines: 95% cred-

wble intervals for the estimated varying additive effects coefficients.
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Figure 3.5: Real data analysis for the proposed method (RBVSS-SI). Black line: median
estimates of varying dominant effects coefficients for RBVSS-SI. Blue dashed lines: 95%
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Appendix A

Appendices for chapter 2

A.1 Summary of all models under comparison

We have provided a summary of all methods under comparison in Table A.1 and A.2. All
the 8 mixed-effects model based Bayesian methods have been proposed for the first time and
can accommodate intra-cluster(or intra-subject) correlations through random effects. Unlike
the GEE (generalized estimating equation) based methods that focus on population-level
estimates, the mixed-effects models are subject-level methods which capture the correlations
among repeated measures through modeling the random effects. As shown in Table A.2,
these methods can be categorized based on three criteria: whether they include robustness,
whether they utilize spike-and-slab priors, and whether they account for bi-level main and
interaction effects in the repeated measures ANOVA design. The “bi-level” in Table A.2
refers to both the individual level (main lipid effects) and group level (lipid by treatment
interactions). Therefore, all 4 methods— RBVSS-BI, RBV-BI, BVSS-BI and BV-BI —can
effectively accommodate the interaction structures that arise from the ANOVA design. The

rest 4 methods ignore the interaction structure and only conduct individual level selections.
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Table A.1: Summary of all Bayesian reqularized mized models under comparison.

Type Method Fixed effects Random effects Reference
RBVSS-BI Robust Bayesian variable Random intercept-slope Proposed for the
selection on both individual and random intercept first time
and group level with spike- model
and-slab priors
RBVSS Robust Bayesian variable Random intercept-slope Proposed for the
Robust selection on individual level and random intercept first time
with spike-and-slab priors model
RBV-BI Robust Bayesian variable Random intercept-slope Proposed for the
selection on both individual and random intercept first time
and group level model
RBV Robust Bayesian variable Random intercept-slope Proposed for the
selection on individual level and random intercept first time
model
BVSS-BI Bayesian variable selection Random intercept-slope Proposed for the
on both individual and and random intercept first time
group level with spike-and- model
slab priors
BVSS Bayesian variable selection Random intercept-slope Proposed for the
Non-robust on individual level with and random intercept first time
spike-and-slab priors model
BV-BI Bayesian variable selection Random intercept-slope Proposed for the
on both individual and and random intercept first time
group level model
BV Bayesian variable selection Random intercept-slope Proposed for the

on individual level

and random
model

intercept

first time

Table A.2: Summary of comparisons among all Bayesian reqularized mized-effects models.

Methods Robustness Likelihood Variable Selection Structure Identification
RBVSS-BI Yes Asymmetric Laplacian  Spike-and-slab prior Bi-level MPM
RBVSS Yes Asymmetric Laplacian ~ Spike-and-slab prior  Individual level MPM
RBV-BI Yes Asymmetric Laplacian  Laplacian shrinkage Bi-level Credible interval
RBV Yes Asymmetric Laplacian  Laplacian shrinkage Individual level Credible interval
BVSS-BI No Gaussian Spike-and-slab prior Bi-level MPM
BVSS No Gaussian Spike-and-slab prior Individual level MPM
BV-BI No Gaussian Laplacian shrinkage Bi-level Credible interval
BV No Gaussian Laplacian shrinkage Individual level Credible interval

Bi-level: both the group and individual level.
MPM: Median Probability Model.
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A.2 Additional simulation results

A.2.1 Identification results for § = 0.5 in simulation

These results also hold under the random intercept model, which can be found in Table B.2,
Table B.3, Table B.7, and Table A.6 in the Appendix. In general, the methods incorporating
the spike - and - slab priors have better performance than the ones without spike - and -
slab priors across all the error settings. For instance, under Error 1, RBVSS - BI has higher
identification than RBV - BI, with the total TP is 21.97(0.14) and the total FP is 0.02(0.23).
For the main effect, the TP is 3.99(0.21) and the FP is 0.01(0.15). For the interaction effects,
the TP is 17.98(0.34) and the FP is 0.01(0.31). Also, the performance of the methods with
bi - level selection over the methods without bi - level selection. For instance, under Error 2,
RBVSS - BI has higher performance than RBVSS, with the total TP is 21.90(0.45) and the
total FP is 0.10(0.67). For the main effect, the TP is 3.95(0.42) and the FP is 0.02(0.56).
For the interaction effects, the TP is 17.95(0.45) and the FP is 0.08(0.15). Under heavy
tailed errors and data comtamination, the robust Bayesian variable selection methods beat
the nonrobust Bayesian variable selection methods. For instance, under Error 2, RBVSS
- BI has higher total TP 21.90(0.45) and lower FP is 0.10(0.67) than BVSS - BI. For the
main effect, the TP is 3.95(0.42) and the FP is 0.02(0.56). For the interaction effects, the
TP is 17.95(0.45) and the FP is 0.08(0.15). Although the TPs for the interaction effects are
comparable between RBVSS - Bl and BVSS - BI, the FP for the RBVSS - BI is significant
lower than the BVSS - BI. Within the heavy tailed errors and data contamination, the
proposed method RBVSS - BI outperforms the other methods. Among all the methods with
spike - and - slab priors, the proposed method RBVSS-BI has better performance among
the alternatives for the identification under heavy tailed errors and data contamination. For
instance, under the mixture Laplace error (Error 3), the total TP is 21.77(0.77) and the total
FP is 0.12(0.55). For the main effect, the TP is 3.87(0.35) and the FP is 0.02(0.33). For the
interaction effects, the TP is 17.90(0.55)and the FP is 0.10(0.55). Same patterns have been

observed under the high dimesional setting as well in Table B.3. In terms of the estimation
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accuracy, for random intercept and slope model of the 8 methods under 8 = 0.5 were shown in
Table B.7 and Table A.6, In general, the proposed method has the best estimation accuracy
than the other methods across all the error settings. This trend also applies under the high

dimensional setting as well in Table A.6.
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Table A.3: Identification results for n = 200,m = 30,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept model based on 100 replicates at the
50th quantile.

n =200 m =30 Main Interaction Total
6 =0.5 TP FP TP FP TP FP
Error 1 RBVSS - BI 3.99(0.21) 0.01(0.15) 17.98(0.34) 0.01(0.31) 21.97(0.14) 0.02(0.23)
N(0,1) RBVSS 3.97(0.45) 0.07(0.25) 15.11(0.35) 0.07(0.25) 19.08(0.33) 0.14(0.35)
RBV-BI 3.25(0.54) 0.45(0.82) 12.55(0.37) 1.95(1.77) 15.80(0.39) 2.40(1.73)
RBV 3.20(0.26) 0.55(1.12) 10.25(0.26) 2.45(1.81) 13.45(0.28) 3.00(1.89)
BVSS-BI 3.57(1.01) 0.03(0.18) 17.85(0.32) 0.08(0.92) 21.42(1.24) 0.11(0.92)
BVSS 3.50(1.45) 0.05(0.24) 14.45(0.26) 0.27(0.31) 17.95(0.18) 0.32(0.25)
BV-BI 3.02(1.15) 0.25(0.38) 11.54(0.32) 0.57(0.68) 14.56(0.45) 0.82(0.86)
BV 3.09(0.67) 0.37(0.43) 9.75(0.47) 0.89(0.53) 12.84(0.27) 1.26(0.95)
Error 2 RBVSS — BI 3.95(0.42) 0.02(0.56) 17.95(0.45) 0.08(0.15) 21.90(0.45) 0.10(0.67)
t(2) RBVSS 3.85(0.25) 0.04(0.45) 15.45(0.56) 0.45(0.82) 19.30(0.54) 0.49(0.81)
RBV-BI 3.14(0.45) 0.23(0.85) 11.89(0.24) 2.15(0.98) 15.04(0.37) 2.38(0.97)
RBV 3.03(0.58) 0.43(0.86) 9.95(0.37) 1.15(0.96) 12.98(0.48) 1.58(0.57)
BVSS-BI 3.31(1.01) 0.05(0.28) 17.78(0.31) 7.24(0.33) 21.09(1.01) 7.29(0.18)
BVSS 3.25(1.08) 0.08(0.25) 13.74(2.56) 0.31(0.47) 16.99(2.69) 0.39(0.86)
BV-BI 2.97(1.07) 0.47(0.73) 10.43(3.82) 1.54(1.07) 13.40(4.49) 2.01(1.28)
BV 2.75(1.05) 0.57(0.73) 8.75(3.66) 0.96(1.03) 11.50(2.12) 1.53(1.45)
Error 3 RBVSS — BI 3.87(0.35) 0.02(0.33) 17.90(0.55) 0.10(0.55) 21.77(0.77) 0.12(0.55)
Laplace(0,2) RBVSS 3.65(0.45) 0.09(0.35) 14.77(0.68) 0.80(1.03) 18.32(0.85) 0.89(1.26)
RBV-BI 3.23(0.54) 0.45(0.58) 12.21(1.78) 2.56(1.00) 15.44(1.46) 3.01(1.17)
RBV 3.15(0.48) 0.57(0.86) 10.25(1.41) 1.23(1.03) 13.40(1.75) 1.80(1.48)
BVSS-BI 3.55(0.71) 0.03(0.18) 17.59(0.33) 8.28(0.33) 21.14(0.71) 8.31(0.18)
BVSS 3.50(0.54) 0.10(0.31) 12.43(2.08) 0.27(0.45) 15.93(1.17) 0.37(0.62)
BV-BI 2.75(0.68) 0.35(0.54) 9.77(1.72) 0.50(0.57) 12.52(2.08) 0.85(0.91)
BV 2.50(0.76) 0.47(0.78) 7.55(1.81) 0.60(0.72) 10.05(2.16) 1.07(1.05)
Error 4 RBVSS - BI 3.97(0.45) 0.07(0.25) 17.58(0.32) 0.05(0.34) 21.65(0.35) 0.12(0.25)
20%Laplace(0,1) RBVSS 3.85(0.31) 0.08(0.25) 14.83(0.38) 0.77(0.97) 18.68(0.38) 0.85(0.95)
+80%Laplace(0,v/5) RBV-BI 3.30(0.25) 0.58(0.98) 11.35(1.27) 1.76(1.38) 15.65(1.26) 2.34(1.84)
RBV 3.13(0.25) 0.75(1.02) 10.75(1.48) 0.97(0.89) 13.88(1.48) 1.72(1.25)
BVSS-BI 3.34(0.68) 0.12(0.18) 17.88(0.33) 6.17(0.23) 21.22(0.68) 6.29(0.18)
BVSS 3.12(0.55) 0.15(0.25) 13.03(1.73) 0.33(0.55) 16.15(1.71) 0.48(0.62)
BV-BI 2.65(0.47) 0.35(0.73) 9.85(1.75) 0.67(0.84) 12.50(1.83) 1.02(1.03)
BV 2.55(0.56) 0.47(0.63) 7.75(1.65) 0.75(0.92) 10.30(1.78) 1.22(0.99)
Error 5 RBVSS —BI 3.96(0.31) 0.02(0.21) 17.55(0.35) 0.02(0.42) 21.51(0.31) 0.22(0.41)
Lognormal(0,1) RBVSS 3.97(0.15) 0.03(0.18) 15.10(0.31) 0.33(0.76) 19.07(0.31) 0.36(0.77)
RBV-BI 3.24(0.51) 0.47(0.73) 12.45(0.56) 2.30(1.37) 15.69(0.43) 2.77(1.52)
RBV 3.12(0.25) 0.53(0.57) 10.27(0.40) 0.97(0.96) 13.39(0.43) 1.50(1.25)
BVSS-BI 3.75(0.54) 0.07(0.25) 17.79(0.33) 8.32(0.37) 21.54(0.70) 8.39(0.25)
BVSS 3.45(0.25) 0.12(0.56) 14.50(0.94) 0.63(0.96) 17.95(1.14) 0.75(0.96)
BV-BI 2.58(0.63) 0.30(0.60) 10.75(1.52) 1.13(1.33) 13.33(1.76) 1.43(1.48)
BV 2.27(0.67) 0.43(0.66) 8.56(1.68) 0.85(1.46) 10.83(2.06) 1.28(1.63)
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Table A.4: Identification results for n = 200,m = 60,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept model based on 100 replicates at the
50th quantile.

n =200 m =60 Main Interaction Total
6 =0.5 TP FP TP FP TP FP
Error 1 RBVSS - BI 3.95(0.11) 0.08(0.45) 17.95(0.31) 0.02(0.14) 21.90(0.35) 0.10(0.45)
N(0,1) RBVSS 3.95(0.23) 0.12(2.13) 15.23(0.58) 0.15(0.58) 19.18(0.45) 0.27(1.58)
RBV-BI 3.37(1.34) 1.80(1.92) 10.56(3.27) 1.80(2.05) 13.93(2.21) 3.60(3.91)
RBV 3.25(0.84) 2.75(2.22) 8.54(1.87) 0.86(0.78) 11.79(2.59) 3.61(1.97)
BVSS-BI 3.97(0.23) 0.14(0.45) 17.75(0.21) 0.03(0.33) 21.72(0.35) 0.17(0.52)
BVSS 3.84(0.33) 0.22(0.51) 15.15(0.15) 0.05(0.12) 18.99(0.34) 0.27(0.34)
BV-BI 3.34(0.34) 0.34(0.34) 12.37(1.14) 1.56(0.37) 15.71(1.14) 1.90(0.67)
BV 3.12(0.16) 0.46(0.56) 10.80(0.84) 0.76(0.37) 13.92(1.23) 1.22(0.56)
Error 2 RBVSS — BI 3.97(0.34) 0.05(0.23) 17.85(0.24) 0.04(0.28) 21.82(0.33) 0.09(0.32)
t(2) RBVSS 3.86(0.42) 0.07(0.31) 15.55(0.56) 0.08(0.76) 19.41(0.15) 0.15(0.34)
RBV-BI 2.85(0.45) 0.13(0.42) 11.40(1.82) 0.26(0.46) 14.25(0.89) 0.39(0.54)
RBV 2.57(0.32) 0.23(0.56) 9.56(1.06) 0.14(0.32) 12.13(1.10) 0.37(0.35)
BVSS-BI 3.25(1.06) 0.08(0.32) 17.77(0.35) 20.14(0.22) 21.02(1.67) 20.22(0.47)
BVSS 3.20(1.10) 0.11(0.35) 14.56(2.60) 0.28(0.45) 17.76(0.87) 0.38(0.58)
BV-BI 2.25(0.58) 0.21(0.67) 10.23(2.97) 1.20(0.32) 12.48(2.06) 1.41(0.57)
BV 2.14(0.71) 0.25(0.45) 9.25(1.12) 0.06(0.45) 11.39(1.74) 0.27(0.45)
Error 3 RBVSS — BI 3.88(0.54) 0.02(0.75) 17.54(0.45) 0.07(0.31) 21.42(0.78) 0.09(0.47)
Laplace(0,2) RBVSS 3.75(0.32) 0.05(0.18) 15.26(0.31) 0.09(0.35) 19.01(0.89) 0.14(0.34)
RBV-BI 2.85(0.89) 0.13(0.56) 10.56(0.45) 0.45(0.32) 13.41(0.76) 0.58(0.43)
RBV 2.55(1.23) 0.15(0.58) 9.40(0.58) 0.05(0.13) 11.95(1.14) 0.20(0.57)
BVSS-BI 3.15(1.48) 0.08(0.34) 17.76(0.33) 19.05(0.31) 21.91(1.48) 19.13(0.18)
BVSS 3.10(0.78) 0.11(0.35) 13.20(3.49) 0.60(0.55) 16.30(2.49) 0.71(0.43)
BV-BI 2.10(0.84) 0.23(0.45) 10.27(1.82) 0.95(0.21) 12.37(2.17) 1.18(0.32)
BV 2.07(0.05) 0.27(0.51) 8.45(1.23) 0.15(0.23) 10.52(1.82) 0.42(0.34)
Error 4 RBVSS — BI 3.79(0.32) 0.02(0.21) 17.56(0.36) 0.01(0.12) 21.35(0.41) 0.03(0.15)
20%Laplace(0,1) RBVSS 3.75(0.13) 0.04(0.17) 15.23(0.38) 0.07(0.14) 18.98(0.45) 0.11(0.18)
+80%Laplace(0,v/5) RBV-BI 3.40(0.89) 0.18(0.31) 11.20(1.92) 0.23(0.34) 14.60(1.95) 0.41(0.54)
RBV 3.25(0.89) 0.19(0.23) 9.57(1.52) 0.15(0.23) 12.82(1.58) 0.34(0.52)
BVSS-BI 3.34(0.84) 0.09(0.31) 17.79(0.32) 20.15(0.33) 21.13(0.84) 20.24(0.31)
BVSS 3.21(0.45) 0.20(0.45) 12.40(1.82) 0.15(0.32) 15.61(1.92) 0.35(0.45)
BV-BI 2.24(0.84) 0.23(0.46) 10.50(1.30) 0.95(0.15) 12.74(1.95) 1.18(0.56)
BV 2.17(0.55) 0.31(0.51) 8.55(1.10) 0.18(0.23) 10.72(1.52) 0.49(0.42)
Error 5 RBVSS — BI 3.89(0.15) 0.03(0.45) 17.95(2.68) 0.02(0.31) 21.84(0.32) 0.05(0.18)
Lognormal(0,1) RBVSS 3.76(0.18) 0.05(2.15) 15.60(1.34) 0.06(1.56) 19.36(1.34) 0.11(1.67)
RBV-BI 3.15(0.45) 0.20(0.45) 12.51(2.13) 0.28(0.45) 15.66(1.47) 0.48(0.89)
RBV 3.05(1.30) 0.25(0.23) 9.80(1.96) 0.08(0.23) 12.85(1.64) 0.33(0.25)
BVSS-BI 3.25(1.52) 0.09(0.15) 17.59(0.31) 18.07(0.12) 21.84(1.52) 18.16(0.15)
BVSS 3.05(0.98) 0.12(0.25) 14.60(0.89) 0.08(0.26) 17.65(0.83) 0.20(0.15)
BV-BI 2.40(1.82) 0.25(0.15) 11.15(1.10) 0.25(0.45) 13.55(1.92) 0.50(0.45)
BV 2.09(1.30) 0.31(0.45) 8.77(1.58) 0.07(0.45) 10.86(1.30) 0.38(0.45)
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Table A.5: Estimation accuracy for n = 200, m = 30,p = 3 under random intercept model

based on 100 replicates at the 50th quantile.

n=200 m=30 0=05 MAD NMAD TMAD
Error 1 RBVSS —BI 0.011(0.005) 0.004(0.012) 0.002(0.001)
N(0,1) RBVSS 0.026(0.003)  0.008(0.004)  0.005(0.001)
RBV-BI 0.066(0.013)  0.050(0.006)  0.053(0.006)
RBV 0.088(0.014)  0.067(0.006)  0.059(0.006)
BVSS-BI 0.017(0.005)  0.002(0.005)  0.004(0.001)
BVSS 0.028(0.003)  0.003(0.007)  0.005(0.001)
BV-BI 0.071(0.002)  0.045(0.001)  0.055(0.001)
BV 0.095(0.005)  0.069(0.001)  0.058(0.001)
Error 2 RBVSS —BI 0.015(0.115) 0.002(0.008) 0.012(0.021)
£(2) RBVSS 0.035(0.037)  0.004(0.012)  0.052(0.007)
RBV-BI 0.062(0.017)  0.034(0.006)  0.062(0.006)
RBV 0.084(0.018)  0.053(0.006)  0.078(0.007)
BVSS-BI 0.123(0.133)  0.024(0.015)  0.050(0.034)
BVSS 0.247(0.109)  0.035(0.002)  0.062(0.020)
BV-BI 0.345(0.020)  0.138(0.012)  0.148(0.013)
BV 0.456(0.021)  0.145(0.014)  0.155(0.014)
Error 3 RBVSS — BI  0.024(0.016) 0.005(0.008) 0.011(0.003)
Laplace(0,2) RBVSS 0.048(0.012)  0.007(0.012)  0.013(0.002)
RBV-BI 0.116(0.026)  0.024(0.034)  0.056(0.014)
RBV 0.123(0.034)  0.046(0.009)  0.085(0.016)
BVSS-BI 0.037(0.014)  0.016(0.004)  0.024(0.003)
BVSS 0.064(0.042)  0.024(0.006)  0.035(0.008)
BV-BI 0.179(0.011)  0.127(0.004)  0.138(0.004)
BV 0.184(0.011)  0.134(0.005)  0.145(0.005)
Error 4 RBVSS — BI  0.035(0.002) 0.001(0.008) 0.009(0.005)
20%Laplace(0,1) RBVSS 0.053(0.005)  0.005(0.012)  0.012(0.001)
+80% Laplace(0,v/5) RBV-BI 0.121(0.028)  0.082(0.009)  0.075(0.015)
RBV 0.146(0.029)  0.084(0.009)  0.083(0.015)
BVSS-BI 0.058(0.031)  0.017(0.005)  0.018(0.009)
BVSS 0.073(0.005)  0.025(0.007)  0.024(0.015)
BV-BI 0.184(0.013)  0.130(0.004)  0.141(0.004)
BV 0.192(0.014)  0.144(0.004)  0.148(0.005)
Error 5 RBVSS — BI  0.026(0.009) 0.007(0.004) 0.010(0.002)
Lognormal(0,1) RBVSS 0.067(0.008)  0.012(0.005)  0.030(0.001)
RBV-BI 0.085(0.015)  0.043(0.005)  0.054(0.005)
RBV 0.117(0.017)  0.054(0.005)  0.067(0.006)
BVSS-BI 0.093(0.009)  0.014(0.002)  0.028(0.002)
BVSS 0.123(0.008)  0.023(0.008)  0.035(0.001)
BV-BI 0.138(0.009)  0.100(0.004)  0.105(0.005)
BV 0.141(0.009)  0.105(0.005)  0.110(0.005)
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Table A.6: Estimation accuracy for n = 200, m = 60, p = 3 under random intercept model

based on 100 replicates at the 50th quantile.

n=200 m=60 0=05 MAD NMAD TMAD
Error 1 RBVSS — BI  0.006(0.002) 0.002(0.001) 0.002(0.001)
N(0,1) RBVSS 0.012(0.021)  0.016(0.010)  0.018(0.011)
RBV-BI 0.171(0.056)  0.074(0.030)  0.083(0.031)
RBV 0.252(0.066)  0.143(0.088)  0.135(0.085)
BVSS-BI 0.011(0.002)  0.004(0.001)  0.003(0.001)
BVSS 0.018(0.003)  0.006(0.000)  0.004(0.001)
BV-BI 0.114(0.020)  0.027(0.002)  0.035(0.004)
BV 0.129(0.032)  0.029(0.003)  0.038(0.006)
Error 2 RBVSS — BI 0.034(0.021) 0.009(0.006) 0.012(0.007)
£(2) RBVSS 0.145(0.022)  0.032(0.002)  0.043(0.001)
RBV-BI 0.117(0.030)  0.043(0.003)  0.038(0.005)
RBV 0.121(0.017)  0.057(0.003)  0.057(0.003)
BVSS-BI 0.111(0.058)  0.033(0.013)  0.040(0.015)
BVSS 0.124(0.055)  0.046(0.007)  0.053(0.010)
BV-BI 0.228(0.057)  0.053(0.046)  0.105(0.044)
BV 0.238(0.045)  0.093(0.043)  0.116(0.043)
Error 3 RBVSS —BI 0.015(0.004) 0.005(0.002) 0.006(0.002)
Laplace(0,2) RBVSS 0.021(0.004)  0.008(0.001)  0.008(0.002)
RBV-BI 0.136(0.015)  0.025(0.002)  0.040(0.002)
RBV 0.156(0.019)  0.034(0.002)  0.055(0.003)
BVSS-BI 0.065(0.030)  0.026(0.008)  0.030(0.009)
BVSS 0.085(0.005)  0.036(0.005)  0.046(0.005)
BV-BI 0.211(0.025)  0.049(0.004)  0.053(0.005)
BV 0.219(0.027)  0.059(0.005)  0.074(0.005)
Error 4 RBVSS — BI 0.017(0.003) 0.005(0.001) 0.006(0.005)
20%Laplace(0,1) RBVSS 0.028(0.004)  0.008(0.001)  0.008(0.001)
+80% Laplace(0,v/5) RBV-BI 0.133(0.011)  0.030(0.001)  0.039(0.002)
RBV 0.145(0.020)  0.047(0.003)  0.048(0.004)
BVSS-BI 0.075(0.022)  0.026(0.006)  0.030(0.008)
BVSS 0.089(0.014)  0.035(0.002)  0.070(0.003)
BV-BI 0.186(0.016)  0.060(0.004)  0.081(0.004)
BV 0.205(0.017)  0.075(0.004)  0.094(0.004)
Error 5 RBVSS — BI 0.018(0.006) 0.005(0.002) 0.006(0.002)
Lognormal(0,1) RBVSS 0.023(0.004)  0.007(0.001)  0.008(0.001)
RBV-BI 0.119(0.030)  0.039(0.013)  0.046(0.014)
RBV 0.144(0.023)  0.045(0.012)  0.054(0.012)
BVSS-BI 0.041(0.021)  0.023(0.009)  0.025(0.010)
BVSS 0.052(0.005)  0.029(0.003)  0.045(0.003)
BV-BI 0.165(0.019)  0.055(0.007)  0.065(0.007)
BV 0.178(0.027)  0.064(0.007)  0.076(0.007)
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A.2.2 Identification results for 6 = 0.3 in simulation

Table A.7: Identification results for n = 200,m = 30,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at the 30th quantile.

n =200 m =30 Main Interaction Total
6=0.3 TP FP TP FP TP FP
Error 1 RBVSS — BI 3.97(0.25) 0.03(0.04) 17.97(0.11) 0.04(0.21) 21.94(0.25) 0.07(0.21)
N(0,1) RBVSS 3.86(0.41) 0.04(0.05) 15.25(0.25) 0.08(0.25) 19.11(0.31) 0.12(0.56)
RBV-BI 3.15(0.55) 0.14(0.32) 11.65(0.89) 0.40(0.82) 14.80(1.30) 0.54(0.89)
RBV 3.10(0.52) 0.17(0.24) 9.25(2.55) 0.32(0.34) 12.35(3.05) 0.49(0.37)
BVSS-BI 3.85(0.24) 0.05(0.12) 17.25(0.23) 0.05(0.68) 21.10(0.56) 0.10(0.67)
BVSS 3.75(0.23) 0.08(0.23) 15.07(0.12) 0.09(0.23) 18.82(0.24) 0.17(0.23)
BV-BI 3.05(0.15) 0.15(0.41) 10.87(1.30) 0.55(0.21) 13.92(1.30) 0.70(0.41)
BV 3.01(0.14) 0.16(0.52) 8.79(2.30) 0.12(0.32) 11.80(2.30) 0.28(0.32)
Error 2 RBVSS — BI 3.87(0.25) 0.01(0.45) 17.56(0.23) 0.02(0.28) 21.43(0.43) 0.03(0.26)
t(2) RBVSS 3.75(0.43) 0.04(0.51) 14.80(0.45) 0.20(0.45) 18.55(0.45) 0.24(0.45)
RBV-BI 3.08(0.46) 0.17(0.25) 10.75(1.79) 0.85(0.89) 13.83(1.79) 1.02(0.89)
RBV 2.97(0.45) 0.19(0.35) 8.25(1.67) 0.24(0.43) 11.22(0.78) 0.43(0.37)
BVSS-BI 3.15(0.79) 0.04(0.35) 17.59(0.21) 8.08(0.22) 20.74(1.48) 8.12(0.08)
BVSS 3.02(1.73) 0.08(0.23) 13.78(1.48) 0.12(0.33) 16.80(2.07) 0.20(0.08)
BV-BI 2.30(1.79) 0.18(0.44) 9.25(1.32) 1.55(0.45) 11.55(1.78) 1.73(0.42)
BV 2.10(1.73) 0.23(0.32) 7.55(1.85) 0.54(0.32) 9.65(1.36) 0.77(0.51)
Error 3 RBVSS — BI 3.95(0.35) 0.02(0.47) 17.92(0.43) 0.01(0.25) 21.87(0.18) 0.03(0.57)
Laplace(0,2) RBVSS 3.85(0.46) 0.05(0.45) 14.40(0.89) 0.05(0.17) 18.25(0.89) 0.10(0.45)
RBV-BI 3.13(0.55) 0.12(0.34) 10.40(2.41) 0.95(0.25) 13.53(2.45) 1.07(0.34)
RBV 2.97(0.45) 0.14(0.45) 8.80(3.56) 0.24(0.35) 11.77(3.94) 0.38(0.86)
BVSS-BI 3.24(0.55) 0.08(0.56) 17.77(0.15) 7.12(0.18) 21.01(0.55) 7.20(0.02)
BVSS 3.15(0.23) 0.12(0.78) 13.20(1.10) 0.06(0.18) 16.35(1.10) 0.18(0.43)
BV-BI 2.53(0.41) 0.21(0.85) 10.15(1.30) 0.95(0.27) 12.68(1.30) 1.16(0.56)
BV 2.35(0.83) 0.28(0.40) 7.70(2.41) 0.17(0.38) 10.05(2.47) 0.45(0.52)
Error 4 RBVSS - BI 3.95(0.17) 0.01(0.16) 17.95(0.25) 0.05(0.15) 21.90(0.23) 0.05(0.25)
20%Laplace(0,1) RBVSS 3.95(0.23) 0.04(0.21) 15.14(0.21) 0.09(0.14) 19.09(2.00) 0.13(0.17)
+80%Laplace(0,v/5) RBV-BI 3.55(0.31) 0.18(0.22) 11.25(0.37) 0.96(0.25) 14.80(0.43) 1.14(0.25)
RBV 3.32(1.06) 0.25(0.31) 9.25(2.62) 0.03(0.18) 12.57(1.27) 0.28(0.18)
BVSS-BI 3.22(0.68) 0.10(0.25) 17.87(0.21) 8.06(0.22) 21.09(0.68) 8.16(0.35)
BVSS 3.13(0.35) 0.15(0.34) 13.67(2.52) 0.10(0.31) 16.80(2.62) 0.25(0.31)
BV-BI 2.45(0.77) 0.24(0.25) 9.85(2.64) 0.35(0.25) 12.30(2.90) 0.59(0.48)
BV 2.16(0.84) 0.34(0.28) 7.85(2.72) 0.17(0.38) 10.01(3.19) 0.51(0.54)
Error 5 RBVSS - BI 3.93(0.25) 0.10(0.31) 17.80(0.76) 0.10(0.55) 21.73(0.79) 0.20(0.61)
Lognormal(0,1) RBVSS 3.75(0.35) 0.15(0.25) 14.27(1.31) 0.13(0.43) 18.02(1.46) 0.28(0.55)
RBV-BI 3.14(1.04) 0.24(0.25) 11.35(2.14) 0.17(0.38) 14.49(2.76) 0.41(0.50)
RBV 3.05(1.22) 0.32(0.31) 9.33(2.60) 0.21(0.45) 12.38(3.39) 0.53(0.31)
BVSS-BI 3.15(0.81) 0.15(0.18) 17.97(0.15) 7.11(0.17) 21.15(0.81) 7.26(0.18)
BVSS 3.10(0.71) 0.21(0.24) 12.37(2.54) 0.23(0.57) 15.47(2.60) 0.44(0.57)
BV-BI 2.32(0.89) 0.43(0.18) 9.25(2.15) 0.43(0.31) 11.57(2.41) 0.86(0.43)
BV 2.21(0.95) 0.52(0.31) 7.33(2.26) 0.27(0.25) 9.54(2.70) 0.79(0.46)
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Table A.8: Identification results for n = 200,m = 60,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at the 30th quantile.

n =200 m =60 Main Interaction Total
6=0.3 TP FP TP FP TP FP
Error 1 RBVSS - BI 3.89(0.24) 0.08(0.25) 17.95(0.25) 0.06(0.24) 21.84(0.34) 0.14(0.25)
N(0,1) RBVSS 3.72(0.25) 0.12(0.35) 15.00(0.00) 0.12(0.16) 18.72(0.35) 0.24(0.25)
RBV-BI 3.26(0.84) 0.20(0.45) 10.00(3.67) 0.20(0.45) 13.26(3.77) 0.40(0.55)
RBV 3.08(1.00) 0.24(0.32) 8.57(2.07) 0.07(0.23) 11.65(3.05) 0.31(0.54)
BVSS-BI 3.35(0.43) 0.13(0.89) 15.25(0.34) 0.15(2.80) 18.60(0.43) 0.28(1.80)
BVSS 3.31(0.18) 0.15(0.25) 13.15(0.57) 0.23(0.35) 16.46(0.69) 0.38(0.35)
BV-BI 2.97(0.87) 0.24(0.35) 10.53(2.42) 1.35(0.18) 13.50(3.02) 1.59(0.18)
BV 2.27(1.04) 0.33(0.24) 8.25(2.48) 0.89(0.25) 10.52(3.17) 1.22(0.25)
Error 2 RBVSS — BI 3.97(0.35) 0.01(0.48) 17.95(0.31) 0.02(0.18) 21.92(0.27) 0.03(0.25)
t(2) RBVSS 3.85(0.68) 0.03(0.32) 15.11(0.28) 0.08(0.34) 18.96(0.45) 0.11(0.35)
RBV-BI 3.35(0.84) 0.16(0.67) 12.34(2.41) 0.59(0.42) 15.69(2.78) 0.75(0.36)
RBV 3.15(1.14) 0.19(0.35) 10.57(2.51) 0.23(0.26) 13.72(2.92) 0.42(0.51)
BVSS-BI 3.23(1.01) 0.07(0.25) 17.94(0.11) 20.08(0.00) 21.17(1.01) 20.15(0.25)
BVSS 3.03(1.05) 0.09(0.25) 13.45(1.99) 0.30(0.60) 16.48(1.85) 0.39(0.67)
BV-BI 2.75(0.83) 0.15(0.34) 9.86(1.76) 0.95(0.23) 12.61(2.27) 1.10(0.24)
BV 2.25(0.72) 0.24(0.47) 7.26(1.60) 0.45(0.17) 9.51(2.02) 0.69(0.35)
Error 3 RBVSS — BI 3.94(0.21) 0.01(0.22) 17.94(0.21) 0.03(0.15) 21.88(0.19) 0.04(0.16)
Laplace(0,2) RBVSS 3.80(0.45) 0.02(0.15) 15.32(3.74) 0.05(0.25) 19.12(3.96) 0.07(0.42)
RBV-BI 3.32(0.84) 0.14(0.35) 11.45(1.00) 0.55(0.35) 14.77(1.64) 0.69(0.53)
RBV 3.08(0.89) 0.18(0.52) 9.54(1.14) 0.15(0.24) 12.62(1.92) 0.33(0.46)
BVSS-BI 3.31(0.45) 0.08(0.41) 17.56(0.19) 18.14(0.23) 20.87(0.45) 18.22(0.43)
BVSS 3.06(0.89) 0.12(0.56) 12.54(2.59) 0.60(0.55) 15.60(2.49) 0.72(0.55)
BV-BI 2.25(0.71) 0.24(0.32) 10.08(1.10) 0.72(0.33) 12.33(1.48) 0.96(0.57)
BV 2.14(0.45) 0.35(0.76) 8.07(1.00) 0.34(0.37) 10.21(1.30) 0.69(0.15)
Error 4 RBVSS — BI 3.85(0.45) 0.04(0.56) 17.40(1.34) 0.05(0.23) 21.25(1.30) 0.09(0.32)
20%Laplace(0,1) RBVSS 3.60(0.55) 0.06(0.34) 15.52(1.92) 0.08(0.24) 19.12(3.36) 0.14(0.45)
+80%Laplace(0,v/5) RBV-BI 3.21(0.71) 0.15(0.32) 11.85(1.79) 0.98(0.21) 15.06(1.16) 1.13(0.25)
RBV 3.15(0.71) 0.23(0.34) 9.45(1.82) 0.25(0.34) 12.60(2.07) 0.48(0.43)
BVSS-BI 3.43(0.55) 0.07(0.31) 17.45(0.21) 20.19(0.21) 20.88(0.55) 20.26(0.31)
BVSS 3.20(0.84) 0.09(0.22) 12.23(2.88) 0.15(0.36) 15.43(2.88) 0.24(0.35)
BV-BI 2.85(0.55) 0.16(0.35) 10.16(1.52) 0.54(0.34) 13.01(1.41) 0.70(0.24)
BV 2.54(0.45) 0.19(0.21) 8.47(1.34) 0.35(0.42) 11.01(1.64) 0.54(0.35)
Error 5 RBVSS — BI 3.80(0.45) 0.02(0.35) 17.20(0.68) 0.03(0.45) 21.00(0.00) 0.05(0.38)
Lognormal(0,1) RBVSS 3.60(0.55) 0.06(0.45) 14.60(1.95) 0.05(0.45) 18.20(2.49) 0.11(0.55)
RBV-BI 3.33(1.34) 0.23(0.32) 10.54(4.69) 0.20(0.45) 13.87(5.90) 0.43(0.45)
RBV 3.15(1.10) 0.34(0.25) 8.66(2.35) 0.23(0.42) 11.81(3.12) 0.57(0.52)
BVSS-BI 3.35(0.89) 0.07(0.21) 17.89(0.21) 19.07(0.24) 21.24(0.89) 19.14(0.16)
BVSS 3.23(0.89) 0.09(0.17) 12.76(2.97) 0.16(0.15) 15.99(3.81) 0.25(0.23)
BV-BI 2.22(0.45) 0.45(0.25) 9.87(2.24) 0.57(0.24) 12.09(2.59) 1.02(0.45)
BV 2.02(0.25) 0.55(0.15) 7.57(2.19) 0.20(0.45) 9.59(2.19) 0.75(0.45)
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Table A.9: Identification results for n = 200,m = 30,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept model based on 100 replicates at the
30th quantile.

n =200 m =30 Main Interaction Total
6=0.3 TP FP TP FP TP FP
Error 1 RBVSS — BI 3.96(0.13) 0.04(0.28) 17.96(0.22) 0.04(0.13) 21.92(0.33) 0.08(0.27)
N(0,1) RBVSS 3.87(0.35) 0.08(0.45) 15.27(0.16) 0.08(0.17) 19.14(0.34) 0.16(0.23)
RBV-BI 3.35(0.27) 0.18(0.37) 11.34(0.56) 0.98(0.29) 14.69(0.45) 1.16(0.67)
RBV 3.28(0.89) 0.24(0.45) 9.54(0.35) 0.45(0.32) 12.82(0.31) 0.69(0.32)
BVSS-BI 3.75(0.84) 0.06(0.45) 16.75(0.34) 0.08(0.92) 20.50(0.84) 0.14(0.45)
BVSS 3.53(0.78) 0.08(0.34) 14.89(0.18) 0.10(0.31) 18.42(0.18) 0.18(0.31)
BV-BI 3.28(0.34) 0.22(0.38) 10.89(0.32) 1.39(0.63) 14.17(0.32) 1.61(0.86)
BV 3.18(0.42) 0.33(0.43) 8.98(0.37) 0.57(0.73) 12.16(0.37) 0.90(0.89)
Error 2 RBVSS — BI 3.98(0.25) 0.03(0.79) 17.85(0.24) 0.05(0.34) 21.83(0.45) 0.08(0.25)
t(2) RBVSS 3.75(0.34) 0.05(0.81) 15.21(0.23) 0.15(0.25) 18.96(0.37) 0.20(0.31)
RBV-BI 3.22(0.56) 0.15(0.37) 11.25(0.37) 0.59(0.33) 14.47(0.52) 0.74(0.53)
RBV 3.12(0.47) 0.23(0.47) 9.29(0.43) 0.23(0.45) 12.41(0.34) 0.46(0.48)
BVSS-BI 3.43(1.01) 0.09(0.18) 17.85(0.23) 8.11(0.20) 21.28(1.01) 8.20(0.18)
BVSS 3.37(1.00) 0.17(0.25) 13.03(4.89) 0.27(0.64) 14.40(5.69) 0.33(0.76)
BV-BI 2.97(1.07) 0.47(0.73) 10.43(3.82) 0.97(1.07) 13.40(4.49) 1.43(1.28)
BV 2.35(1.05) 0.56(0.73) 8.90(3.66) 0.90(1.03) 11.25(4.32) 1.46(1.33)
Error 3 RBVSS - BI 3.87(0.35) 0.03(0.11) 17.90(0.55) 0.06(0.55) 21.77(0.77) 0.09(0.55)
Laplace(0,2) RBVSS 3.58(0.35) 0.06(0.35) 14.77(0.68) 0.08(1.03) 18.35(0.85) 0.14(1.26)
RBV-BI 3.27(0.41) 0.17(0.66) 11.74(1.39) 1.10(1.00) 15.01(1.46) 1.27(1.10)
RBV 3.13(0.48) 0.32(0.86) 9.52(1.51) 0.97(1.03) 12.65(1.64) 1.29(1.36)
BVSS-BI 3.33(0.71) 0.06(0.18) 17.96(0.17) 7.06(0.17) 21.29(0.71) 7.12(0.18)
BVSS 3.28(0.54) 0.10(0.31) 13.43(2.08) 0.27(0.45) 16.71(2.11) 0.37(0.62)
BV-BI 2.75(0.68) 0.43(0.68) 9.77(1.72) 0.50(0.57) 12.52(2.08) 0.93(0.91)
BV 2.25(0.76) 0.56(0.78) 7.97(1.81) 0.60(0.72) 10.22(2.16) 1.16(1.05)
Error 4 RBVSS — BI 3.98(0.45) 0.07(0.25) 17.97(0.18) 0.02(0.15) 21.95(0.27) 0.09(0.25)
20%Laplace(0,1) RBVSS 3.89(0.25) 0.09(0.25) 15.83(0.38) 0.09(0.97) 19.72(0.38) 0.18(0.95)
+80%Laplace(0,v/5) RBV-BI 3.35(0.18) 0.33(0.98) 11.25(1.27) 1.53(1.38) 14.60(1.26) 1.86(1.84)
RBV 3.24(0.25) 0.83(1.02) 9.27(1.48) 0.97(0.89) 12.51(1.48) 1.80(1.22)
BVSS-BI 3.53(0.68) 0.09(0.18) 17.88(0.21) 8.08(0.23) 21.41(0.68) 8.17(0.18)
BVSS 3.34(0.52) 0.13(0.25) 12.56(1.73) 0.85(0.55) 15.90(1.71) 0.40(0.62)
BV-BI 2.87(0.47) 0.43(0.73) 10.80(1.75) 0.95(0.84) 13.67(1.83) 1.38(1.03)
BV 2.75(0.56) 0.47(0.63) 8.97(1.65) 0.70(0.92) 11.72(1.78) 1.17(0.99)
Error 5 RBVSS — BI 3.99(0.26) 0.04(0.13) 17.87(0.34) 0.02(0.16) 21.86(0.34) 0.06(0.15)
Lognormal(0,1) RBVSS 3.87(0.45) 0.07(0.18) 15.10(0.31) 0.33(0.76) 18.97(0.31) 0.40(0.77)
RBV-BI 3.38(0.45) 0.27(0.73) 11.27(0.43) 1.30(1.37) 14.65(0.43) 1.57(1.52)
RBV 3.29(0.31) 0.35(0.57) 9.10(0.40) 0.97(0.96) 12.39(0.40) 1.32(1.25)
BVSS-BI 3.53(0.70) 0.07(0.25) 17.56(0.12) 7.11(0.12) 21.09(0.70) 7.18(0.25)
BVSS 3.34(0.25) 0.12(0.35) 13.50(0.94) 0.63(0.96) 16.84(1.14) 0.75(0.96)
BV-BI 2.67(0.61) 0.20(0.60) 11.36(1.48) 1.13(1.33) 14.03(1.76) 1.33(1.48)
BV 2.45(0.67) 0.33(0.66) 8.67(1.68) 1.23(1.46) 11.12(2.06) 1.56(1.63)
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Table A.10: Identification results for n = 200, m = 60,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept model based on 100 replicates at the
30th quantile.

n =200 m =60 Main Interaction Total
6=0.3 TP FP TP FP TP FP
Error 1 RBVSS - BI 3.87(0.27) 0.07(0.35) 17.77(0.42) 0.07(0.45) 21.64(0.35) 0.14(0.35)
N(0,1) RBVSS 3.73(0.25) 0.14(1.42) 15.23(0.45) 0.12(1.99) 18.96(0.45) 0.26(1.06)
RBV-BI 3.34(1.52) 0.26(4.21) 11.78(2.70) 1.68(1.21) 15.12(2.92) 1.94(1.36)
RBV 3.24(1.14) 0.40(0.58) 9.80(1.10) 0.98(1.65) 13.04(1.95) 1.38(1.85)
BVSS-BI 3.75(0.35) 0.09(0.25) 17.25(0.35) 0.09(0.34) 21.00(0.25) 0.18(0.52)
BVSS 3.55(0.25) 0.13(0.35) 14.98(0.45) 0.13(0.45) 18.53(0.76) 0.26(0.48)
BV-BI 3.12(0.45) 0.24(0.25) 11.60(1.14) 0.96(0.25) 14.72(1.14) 1.20(0.56)
BV 3.05(0.45) 0.35(0.31) 8.89(0.84) 0.54(0.47) 11.94(1.14) 0.89(0.33)
Error 2 RBVSS — BI 3.98(0.26) 0.03(0.45) 17.99(0.25) 0.04(0.36) 21.97(0.26) 0.07(0.38)
t(2) RBVSS 3.87(0.43) 0.05(0.57) 15.04(0.11) 0.08(0.25) 18.91(0.39) 0.13(0.59)
RBV-BI 3.35(0.57) 0.14(0.36) 11.22(0.71) 0.13(0.23) 14.57(0.71) 0.27(0.45)
RBV 3.24(0.22) 0.23(0.29) 9.45(1.10) 0.23(0.45) 12.69(1.10) 0.46(0.45)
BVSS-BI 3.33(1.67) 0.09(0.45) 17.59(0.18) 20.12(0.15) 20.92(1.67) 20.21(0.34)
BVSS 3.20(1.10) 0.12(0.00) 13.25(1.60) 0.20(0.45) 16.45(1.66) 0.32(0.45)
BV-BI 2.45(1.14) 0.34(0.34) 10.45(2.97) 0.96(0.32) 12.90(1.06) 1.30(0.45)
BV 2.23(0.71) 0.45(0.42) 8.99(2.12) 0.45(0.28) 11.22(2.74) 0.90(0.45)
Error 3 RBVSS — BI 3.95(0.21) 0.02(0.13) 17.95(0.33) 0.02(0.24) 21.90(0.35) 0.04(0.32)
Laplace(0,2) RBVSS 3.89(0.45) 0.03(0.28) 15.25(0.23) 0.13(0.45) 19.14(0.89) 0.16(0.23)
RBV-BI 3.40(0.89) 0.15(0.45) 11.12(0.21) 1.45(0.35) 14.52(0.89) 1.60(0.67)
RBV 3.30(1.00) 0.24(0.57) 9.25(0.55) 0.56(0.67) 12.55(1.14) 0.80(0.55)
BVSS-BI 3.34(1.48) 0.08(0.35) 17.77(0.21) 19.07(0.13) 21.11(1.48) 19.15(0.35)
BVSS 3.27(0.78) 0.12(0.34) 13.20(1.49) 0.60(0.55) 16.47(1.49) 0.72(0.56)
BV-BI 2.98(0.84) 0.35(0.45) 10.26(1.82) 0.95(0.35) 13.24(2.17) 1.30(0.43)
BV 2.87(1.14) 0.45(0.56) 8.99(1.23) 0.56(0.32) 11.86(1.82) 1.01(0.30)
Error 4 RBVSS — BI 3.95(0.25) 0.03(0.35) 17.98(0.41) 0.02(0.54) 21.53(0.32) 0.05(0.35)
20%Laplace(0,1) RBVSS 3.87(0.38) 0.05(0.48) 15.32(0.45) 0.08(0.34) 19.19(0.45) 0.13(0.57)
+80%Laplace(0,v/5) RBV-BI 3.36(0.89) 0.13(0.47) 11.20(1.92) 0.98(0.32) 14.56(1.95) 1.12(0.29)
RBV 3.28(0.79) 0.24(0.21) 9.26(1.52) 0.27(0.37) 12.54(1.58) 0.51(0.35)
BVSS-BI 3.43(0.84) 0.08(0.32) 17.85(0.16) 20.15(0.23) 21.28(0.84) 20.23(0.15)
BVSS 3.32(0.45) 0.12(0.45) 12.40(1.82) 0.13(0.42) 15.72(1.92) 0.25(0.45)
BV-BI 2.76(0.84) 0.20(0.38) 10.51(1.30) 1.25(0.38) 13.27(1.95) 1.45(0.58)
BV 2.15(0.55) 0.34(0.45) 8.25(1.10) 0.34(0.43) 10.40(1.52) 0.68(0.14)
Error 5 RBVSS —BI 3.97(0.78) 0.06(0.31) 17.55(1.68) 0.08(0.43) 21.52(0.34) 0.14(0.12)
Lognormal(0,1) RBVSS 3.85(0.35) 0.09(1.03) 15.60(1.34) 0.12(0.42) 19.45(1.34) 0.21(1.45)
RBV-BI 3.32(0.45) 0.20(0.45) 12.60(3.13) 0.20(0.45) 15.92(1.58) 0.40(0.89)
RBV 3.20(1.30) 0.26(0.32) 10.80(1.96) 0.27(0.31) 14.00(1.64) 0.53(0.47)
BVSS-BI 3.25(1.52) 0.13(0.32) 17.55(0.23) 18.12(0.23) 20.80(1.52) 18.25(0.25)
BVSS 3.20(0.58) 0.18(0.28) 13.60(0.89) 0.15(0.35) 16.80(0.89) 0.33(0.15)
BV-BI 2.40(1.82) 0.34(0.41) 10.27(1.10) 1.25(0.45) 12.67(1.92) 1.59(0.45)
BV 2.23(1.30) 0.42(0.37) 8.24(1.58) 0.82(0.45) 10.47(1.30) 1.24(0.45)
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Table A.11: Estimation accuracy for n = 200,m = 30,p = 3 under random intercept -
slope model based on 100 replicates at the 30th quantile.

n=200 m=30 0=03 MAD NMAD TMAD
Error 1 RBVSS — BI 0.023(0.015) 0.001(0.035) 0.007(0.003)
N(0,1) RBVSS 0.056(0.026)  0.004(0.001)  0.009(0.008)
RBV-BI 0.090(0.038)  0.029(0.010)  0.038(0.013)
RBV 0.162(0.048)  0.048(0.005)  0.057(0.012)
BVSS-BI 0.039(0.009)  0.005(0.004)  0.012(0.003)
BVSS 0.064(0.013)  0.007(0.005)  0.021(0.007)
BV-BI 0.135(0.008)  0.059(0.001)  0.067(0.003)
BV 0.158(0.009)  0.068(0.001)  0.079(0.008)
Error 2 RBVSS — BI 0.032(0.017) 0.004(0.015) 0.011(0.008)
£(2) RBVSS 0.074(0.014)  0.008(0.023)  0.015(0.003)
RBV-BI 0.135(0.027)  0.027(0.009)  0.042(0.015)
RBV 0.146(0.032)  0.042(0.007)  0.059(0.015)
BVSS-BI 0.065(0.024)  0.033(0.005)  0.057(0.003)
BVSS 0.085(0.018)  0.045(0.006)  0.068(0.007)
BV-BI 0.176(0.025)  0.121(0.009)  0.143(0.058)
BV 0.235(0.019)  0.157(0.014)  0.176(0.015)
Error 3 RBVSS — BI  0.046(0.054) 0.007(0.026) 0.018(0.007)
Laplace(0,2) RBVSS 0.117(0.025)  0.015(0.005)  0.025(0.008)
RBV-BI 0.156(0.045)  0.053(0.014)  0.075(0.035)
RBV 0.192(0.035)  0.064(0.007)  0.084(0.012)
BVSS-BI 0.176(0.045)  0.032(0.015)  0.037(0.015)
BVSS 0.185(0.098)  0.045(0.003)  0.057(0.019)
BV-BI 0.205(0.015)  0.108(0.008)  0.112(0.007)
BV 0.247(0.045)  0.149(0.004)  0.135(0.008)
Error 4 RBVSS — BI 0.055(0.027) 0.006(0.009) 0.022(0.005)
20%Laplace(0,1) RBVSS 0.108(0.075)  0.011(0.003)  0.041(0.015)
+80% Laplace(0,v/5) RBV-BI 0.139(0.027)  0.053(0.006)  0.057(0.007)
RBV 0.163(0.038)  0.070(0.012)  0.082(0.011)
BVSS-BI 0.156(0.036)  0.012(0.023)  0.062(0.019)
BVSS 0.172(0.138)  0.024(0.011)  0.084(0.023)
BV-BI 0.196(0.023)  0.103(0.024)  0.133(0.015)
BV 0.221(0.045)  0.123(0.027)  0.165(0.033)
Error 5 RBVSS — BI  0.044(0.076) 0.005(0.045) 0.014(0.016)
Lognormal(0,1) RBVSS 0.096(0.055)  0.007(0.032)  0.027(0.012)
RBV-BI 0.144(0.023)  0.032(0.025)  0.039(0.022)
RBV 0.176(0.057)  0.086(0.008)  0.095(0.011)
BVSS-BI 0.158(0.063)  0.009(0.012)  0.038(0.056)
BVSS 0.163(0.128)  0.018(0.035)  0.045(0.056)
BV-BI 0.154(0.015)  0.104(0.054)  0.102(0.016)
BV 0.182(0.023)  0.192(0.048)  0.136(0.027)
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Table A.12: Estimation accuracy for n = 200,m = 60,p = 3 under random intercept -
slope model based on 100 replicates at the 30th quantile.

n=200 m=60 0=03 MAD NMAD TMAD
Error 1 RBVSS — BI 0.021(0.018) 0.003(0.011) 0.012(0.005)
N(0,1) RBVSS 0.039(0.035)  0.004(0.024)  0.018(0.008)
RBV-BI 0.076(0.042)  0.029(0.010)  0.043(0.015)
RBV 0.163(0.028)  0.053(0.009)  0.069(0.025)
BVSS-BI 0.043(0.013)  0.008(0.023)  0.024(0.008)
BVSS 0.054(0.025)  0.015(0.026)  0.037(0.023)
BV-BI 0.154(0.011)  0.034(0.017)  0.057(0.018)
BV 0.164(0.012)  0.054(0.022)  0.068(0.011)
Error 2 RBVSS — BI 0.026(0.024) 0.004(0.015) 0.011(0.008)
£(2) RBVSS 0.055(0.021)  0.008(0.037)  0.019(0.012)
RBV-BI 0.143(0.027)  0.013(0.019)  0.032(0.027)
RBV 0.152(0.043)  0.022(0.011)  0.045(0.015)
BVSS-BI 0.075(0.024)  0.028(0.005)  0.043(0.011)
BVSS 0.088(0.026)  0.035(0.008)  0.052(0.009)
BV-BI 0.182(0.034)  0.117(0.011)  0.089(0.082)
BV 0.207(0.027)  0.133(0.043)  0.143(0.068)
Error 3 RBVSS — BI 0.033(0.084) 0.005(0.016) 0.015(0.011)
Laplace(0,2) RBVSS 0.098(0.053)  0.011(0.005)  0.021(0.017)
RBV-BI 0.128(0.057)  0.047(0.029)  0.043(0.035)
RBV 0.153(0.045)  0.070(0.032)  0.054(0.012)
BVSS-BI 0.168(0.053)  0.041(0.038)  0.046(0.021)
BVSS 0.190(0.081)  0.053(0.009)  0.052(0.029)
BV-BI 0.201(0.037)  0.098(0.010)  0.104(0.007)
BV 0.221(0.045)  0.112(0.013)  0.141(0.018)
Error 4 RBVSS — BI  0.029(0.023) 0.006(0.009) 0.027(0.009)
20%Laplace(0,1) RBVSS 0.095(0.075)  0.013(0.009)  0.047(0.027)
+80% Laplace(0,/5) RBV-BI 0.119(0.033)  0.047(0.011)  0.062(0.011)
RBV 0.145(0.039)  0.061(0.021)  0.075(0.031)
BVSS-BI 0.173(0.029)  0.023(0.039)  0.069(0.025)
BVSS 0.184(0.138)  0.035(0.034)  0.081(0.032)
BV-BI 0.201(0.035)  0.112(0.054)  0.109(0.021)
BV 0.232(0.062)  0.127(0.015)  0.143(0.047)
Error 5 RBVSS — BI 0.039(0.064) 0.003(0.065) 0.026(0.021)
Lognormal(0,1) RBVSS 0.087(0.072)  0.009(0.056)  0.032(0.028)
RBV-BI 0.138(0.039)  0.041(0.039)  0.042(0.031)
RBV 0.165(0.084)  0.072(0.019)  0.085(0.026)
BVSS-BI 0.143(0.032)  0.011(0.027)  0.031(0.036)
BVSS 0.165(0.128)  0.021(0.073)  0.051(0.086)
BV-BI 0.178(0.025)  0.098(0.064)  0.088(0.025)
BV 0.192(0.036)  0.175(0.123)  0.153(0.067)
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Table A.13: Estimation accuracy for n = 200, m = 30, p = 3 under random intercept model

based on 100 replicates at the 30th quantile.

n=200 m=30 0=03 MAD NMAD TMAD
Error 1 RBVSS — BI  0.019(0.024) 0.002(0.011) 0.004(0.015)
N(0,1) RBVSS 0.023(0.013)  0.006(0.018)  0.011(0.021)
RBV-BI 0.055(0.026)  0.033(0.011)  0.043(0.011)
RBV 0.071(0.045)  0.043(0.012)  0.061(0.021)
BVSS-BI 0.023(0.012)  0.004(0.014)  0.008(0.011)
BVSS 0.028(0.021)  0.007(0.017)  0.012(0.014)
BV-BI 0.063(0.018)  0.023(0.031)  0.035(0.021)
BV 0.081(0.035)  0.049(0.025)  0.052(0.015)
Error 2 RBVSS — BI  0.021(0.121) 0.004(0.011) 0.009(0.021)
£(2) RBVSS 0.041(0.027)  0.006(0.019)  0.023(0.007)
RBV-BI 0.071(0.021)  0.028(0.009)  0.052(0.011)
RBV 0.080(0.023)  0.047(0.006)  0.081(0.011)
BVSS-BI 0.129(0.138)  0.028(0.015)  0.048(0.034)
BVSS 0.236(0.117)  0.042(0.008)  0.068(0.026)
BV-BI 0.333(0.043)  0.114(0.021)  0.124(0.035)
BV 0.411(0.043)  0.151(0.038)  0.149(0.014)
Error 3 RBVSS — BI  0.023(0.016) 0.003(0.008) 0.016(0.012)
Laplace(0,2) RBVSS 0.037(0.025)  0.008(0.021)  0.022(0.006)
RBV-BI 0.105(0.026)  0.019(0.034)  0.056(0.014)
RBV 0.129(0.034)  0.035(0.019)  0.079(0.016)
BVSS-BI 0.041(0.024)  0.018(0.004)  0.031(0.007)
BVSS 0.058(0.033)  0.029(0.006)  0.040(0.008)
BV-BI 0.164(0.015)  0.128(0.004)  0.119(0.004)
BV 0.178(0.019)  0.141(0.008)  0.135(0.005)
Error 4 RBVSS — BI  0.028(0.007) 0.003(0.009) 0.011(0.005)
20%Laplace(0,1) RBVSS 0.048(0.008)  0.007(0.024)  0.021(0.010)
+80% Laplace(0,/5) RBV-BI 0.117(0.033)  0.022(0.011)  0.055(0.034)
RBV 0.139(0.029)  0.034(0.012)  0.073(0.026)
BVSS-BI 0.047(0.043)  0.022(0.019)  0.021(0.009)
BVSS 0.091(0.011)  0.033(0.012)  0.029(0.015)
BV-BI 0.164(0.023)  0.121(0.009)  0.139(0.012)
BV 0.188(0.034)  0.152(0.009)  0.158(0.005)
Error 5 RBVSS — BI  0.033(0.011) 0.007(0.032) 0.018(0.002)
Lognormal(0,1) RBVSS 0.058(0.008)  0.012(0.000)  0.030(0.001)
RBV-BI 0.076(0.019)  0.033(0.005)  0.061(0.005)
RBV 0.123(0.018)  0.058(0.015)  0.078(0.006)
BVSS-BI 0.075(0.009)  0.022(0.004)  0.025(0.002)
BVSS 0.119(0.008)  0.037(0.008)  0.035(0.001)
BV-BI 0.141(0.009)  0.098(0.004)  0.112(0.005)
BV 0.157(0.011)  0.114(0.005)  0.125(0.005)
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Table A.14: Estimation accuracy for n = 200, m = 60, p = 3 under random intercept model

based on 100 replicates at the 30th quantile.

n=200 m=60 0=03 MAD NMAD TMAD
Error 1 RBVSS —BI 0.017(0.002) 0.002(0.001) 0.009(0.001)
N(0,1) RBVSS 0.023(0.021)  0.011(0.014)  0.021(0.016)
RBV-BI 0.181(0.039)  0.064(0.036)  0.079(0.031)
RBV 0.242(0.066)  0.138(0.098)  0.146(0.085)
BVSS-BI 0.021(0.012)  0.004(0.005)  0.011(0.011)
BVSS 0.028(0.011)  0.006(0.006)  0.026(0.001)
BV-BI 0.198(0.026)  0.087(0.002)  0.087(0.004)
BV 0.253(0.032)  0.156(0.003)  0.154(0.006)
Error 2 RBVSS — BI 0.025(0.021) 0.003(0.006) 0.012(0.007)
£(2) RBVSS 0.056(0.022)  0.012(0.002)  0.031(0.001)
RBV-BI 0.109(0.030)  0.033(0.003)  0.040(0.005)
RBV 0.124(0.017)  0.059(0.006)  0.060(0.003)
BVSS-BI 0.121(0.058)  0.031(0.013)  0.033(0.015)
BVSS 0.135(0.065)  0.046(0.012)  0.059(0.018)
BV-BI 0.207(0.029)  0.058(0.033)  0.099(0.044)
BV 0.241(0.035)  0.073(0.043)  0.116(0.043)
Error 3 RBVSS — BI  0.020(0.014) 0.004(0.010) 0.010(0.002)
Laplace(0,2) RBVSS 0.033(0.004)  0.008(0.001)  0.015(0.002)
RBV-BI 0.126(0.013)  0.015(0.002)  0.039(0.012)
RBV 0.145(0.029)  0.028(0.005)  0.052(0.003)
BVSS-BI 0.054(0.035)  0.021(0.008)  0.025(0.009)
BVSS 0.075(0.012)  0.033(0.011)  0.036(0.008)
BV-BI 0.202(0.035)  0.042(0.015)  0.049(0.005)
BV 0.223(0.027)  0.062(0.013)  0.065(0.012)
Error 4 RBVSS — BI 0.018(0.003) 0.005(0.001) 0.011(0.000)
20%Laplace(0,1) RBVSS 0.025(0.011)  0.008(0.001)  0.015(0.006)
+80% Laplace(0,/5) RBV-BI 0.129(0.016)  0.027(0.011)  0.035(0.002)
RBV 0.141(0.020)  0.038(0.010)  0.051(0.004)
BVSS-BI 0.058(0.022)  0.032(0.009)  0.036(0.012)
BVSS 0.078(0.018)  0.056(0.002)  0.059(0.003)
BV-BI 0.172(0.016)  0.069(0.004)  0.076(0.004)
BV 0.198(0.017)  0.082(0.004)  0.089(0.008)
Error 5 RBVSS — BI  0.022(0.009) 0.005(0.002) 0.011(0.002)
Lognormal(0,1) RBVSS 0.034(0.004)  0.007(0.001)  0.019(0.001)
RBV-BI 0.113(0.030)  0.029(0.013)  0.036(0.014)
RBV 0.138(0.023)  0.045(0.012)  0.054(0.012)
BVSS-BI 0.048(0.021)  0.027(0.011)  0.029(0.010)
BVSS 0.056(0.005)  0.037(0.003)  0.049(0.011)
BV-BI 0.155(0.019)  0.059(0.007)  0.069(0.007)
BV 0.181(0.017)  0.069(0.011)  0.079(0.011)
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A.2.3 Identification results for 6§ = 0.7 in simulation

Table A.15: Identification results for n = 200, m = 30,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at the 70th quantile.

n =200 m =30 Main Interaction Total
6=0.7 TP FP TP FP TP FP
Error 1 RBVSS — BI 3.92(0.31) 0.01(0.12) 17.24(0.34) 0.03(0.25) 21.16(0.25) 0.04(0.21)
N(0,1) RBVSS 3.79(0.23) 0.06(0.09) 15.48(0.38) 0.12(0.35) 19.27(0.31) 0.18(0.56)
RBV-BI 3.21(0.55) 0.18(0.22) 12.12(0.84) 0.39(0.72) 15.33(0.56) 0.57(0.79)
RBV 3.08(0.34) 0.20(0.35) 10.17(1.23) 0.43(0.74) 13.25(1.79) 0.63(0.17)
BVSS-BI 3.86(0.37) 0.03(0.21) 16.97(0.23) 0.05(0.68) 20.83(0.56) 0.08(0.67)
BVSS 3.69(0.27) 0.08(0.23) 14.97(0.17) 0.14(0.23) 18.66(0.24) 0.22(0.63)
BV-BI 3.12(0.39) 0.23(0.54) 11.28(1.25) 0.55(0.21) 14.40(1.30) 0.78(0.41)
BV 3.03(0.14) 0.31(0.52) 9.26(1.30) 0.46(0.32) 12.29(1.82) 0.77(0.32)
Error 2 RBVSS — BI 3.85(0.38) 0.04(0.52) 17.97(0.23) 0.01(0.38) 21.82(0.67) 0.05(0.36)
t(2) RBVSS 3.70(0.43) 0.08(0.62) 14.85(0.55) 0.18(0.25) 18.55(0.29) 0.26(0.45)
RBV-BI 3.10(0.39) 0.15(0.25) 10.33(1.79) 0.78(0.89) 13.43(1.79) 0.93(0.49)
RBV 2.87(0.48) 0.20(0.45) 8.29(0.67) 0.58(0.43) 11.16(0.78) 0.78(0.37)
BVSS-BI 3.13(0.59) 0.08(0.35) 17.58(0.33) 8.06(0.17) 21.13(1.48) 8.08(0.08)
BVSS 3.00(1.54) 0.18(0.28) 13.14(1.59) 0.25(0.43) 16.14(2.07) 0.43(0.08)
BV-BI 2.45(1.89) 0.24(0.65) 10.12(1.45) 0.98(0.52) 12.57(1.78) 1.22(0.42)
BV 2.17(1.49) 0.38(0.46) 7.23(1.19) 0.68(0.54) 9.40(1.36) 1.06(0.51)
Error 3 RBVSS — BI 3.88(0.54) 0.02(0.47) 17.75(0.46) 0.04(0.49) 21.63(0.38) 0.06(0.57)
Laplace(0,2) RBVSS 3.75(0.46) 0.07(0.55) 14.78(0.84) 0.11(0.23) 18.53(0.59) 0.18(0.45)
RBV-BI 3.08(0.38) 0.17(0.48) 10.21(1.41) 0.95(0.25) 13.29(0.45) 1.12(0.34)
RBV 2.77(0.69) 0.23(0.62) 8.85(1.28) 0.68(0.52) 11.62(1.94) 0.91(0.86)
BVSS-BI 3.18(0.55) 0.16(0.56) 17.82(0.23) 8.05(0.20) 21.00(0.55) 8.21(0.22)
BVSS 3.10(0.23) 0.21(0.78) 13.12(1.15) 0.11(0.38) 16.22(1.15) 0.32(0.43)
BV-BI 2.49(0.41) 0.29(0.85) 9.97(1.30) 0.76(0.27) 12.46(1.33) 1.05(0.56)
BV 2.28(0.36) 0.41(0.56) 7.28(1.38) 0.54(0.88) 9.56(1.47) 0.95(0.52)
Error 4 RBVSS — BI 3.92(0.43) 0.01(0.39) 17.95(0.25) 0.05(0.15) 21.97(0.23) 0.06(0.35)
20%Laplace(0,1) RBVSS 3.85(0.23) 0.04(0.21) 15.36(0.38) 0.12(0.43) 19.21(2.00) 0.16(0.37)
+80%Laplace(0,v/5) RBV-BI 3.31(0.36) 0.18(0.22) 12.12(0.37) 0.90(0.35) 15.43(0.43) 1.08(0.25)
RBV 3.22(1.06) 0.25(0.31) 9.73(1.62) 0.56(0.14) 12.95(1.27) 0.81(0.38)
BVSS-BI 3.35(0.68) 0.16(0.25) 17.89(0.11) 8.11(0.14) 21.14(0.68) 8.27(0.35)
BVSS 3.13(0.55) 0.25(0.34) 13.26(1.52) 0.25(0.31) 16.39(0.62) 0.50(0.31)
BV-BI 2.38(0.77) 0.34(0.25) 10.12(1.64) 0.52(0.55) 12.50(0.90) 0.86(0.48)
BV 2.15(0.87) 0.49(0.36) 7.54(1.72) 0.42(0.38) 9.69(1.19) 0.91(0.54)
Error 5 RBVSS - BI 3.93(0.25) 0.07(0.41) 17.80(0.56) 0.03(0.35) 21.73(0.79) 0.10(0.61)
Lognormal(0,1) RBVSS 3.70(0.35) 0.15(0.25) 15.12(0.31) 0.13(0.43) 18.82(1.46) 0.28(0.55)
RBV-BI 3.26(1.04) 0.23(0.25) 12.12(1.14) 0.15(0.38) 15.38(0.76) 0.38(0.50)
RBV 3.14(1.22) 0.38(0.35) 10.11(1.60) 0.21(0.45) 13.25(1.39) 0.59(0.25)
BVSS-BI 3.28(0.81) 0.19(0.28) 17.56(0.14) 8.05(0.11) 20.84(0.81) 8.24(0.18)
BVSS 3.12(0.71) 0.28(0.33) 12.17(1.92) 0.29(0.37) 15.29(2.60) 0.57(0.27)
BV-BI 2.75(0.49) 0.35(0.18) 9.99(2.03) 0.58(0.31) 12.74(0.41) 0.93(0.43)
BV 2.33(0.55) 0.52(0.42) 7.19(0.89) 0.42(0.41) 9.52(2.70) 0.94(0.46)
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Table A.16: Identification results for n = 200, m = 60,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at the 70th quantile.

n =200 m =60 Main Interaction Total
6=0.7 TP FP TP FP TP FP
Error 1 RBVSS - BI 3.93(0.54) 0.04(0.55) 17.29(0.35) 0.03(0.44) 21.22(0.34) 0.07(0.25)
N(0,1) RBVSS 3.82(0.47) 0.09(0.35) 15.18(0.37) 0.09(0.21) 19.00(0.35) 0.18(0.25)
RBV-BI 3.31(0.84) 0.18(0.85) 11.18(1.72) 0.28(0.45) 14.49(3.77) 0.46(0.55)
RBV 3.19(1.00) 0.24(0.32) 9.21(1.07) 0.19(0.23) 12.40(1.05) 0.43(0.54)
BVSS-BI 3.71(0.53) 0.08(0.86) 16.13(0.34) 0.08(1.80) 19.84(0.43) 0.16(1.80)
BVSS 3.61(0.18) 0.10(0.25) 14.12(0.57) 0.12(0.35) 17.73(0.69) 0.22(0.35)
BV-BI 3.15(0.87) 0.24(0.35) 10.53(2.42) 0.53(0.18) 13.68(2.02) 0.77(0.18)
BV 3.04(1.04) 0.33(0.24) 8.35(0.48) 0.52(0.25) 11.39(1.17) 0.85(0.25)
Error 2 RBVSS — BI 3.92(0.35) 0.01(0.48) 17.95(0.36) 0.01(0.38) 21.87(0.37) 0.02(0.35)
t(2) RBVSS 3.79(0.68) 0.07(0.32) 15.09(0.21) 0.07(0.34) 18.88(0.45) 0.14(0.35)
RBV-BI 3.29(0.84) 0.21(0.67) 10.89(1.41) 0.72(0.42) 14.18(0.78) 0.93(0.36)
RBV 3.11(1.14) 0.31(0.35) 8.87(0.51) 0.51(0.26) 11.98(0.92) 0.82(0.51)
BVSS-BI 3.21(1.01) 0.12(0.25) 17.45(0.13) 20.11(0.14) 20.66(1.01) 20.23(0.25)
BVSS 3.08(1.05) 0.19(0.31) 13.12(1.19) 0.21(0.60) 16.20(1.85) 0.40(0.67)
BV-BI 2.82(0.83) 0.27(0.34) 9.72(0.76) 1.27(0.23) 12.54(2.27) 1.54(0.24)
BV 2.62(0.72) 0.39(0.47) 7.12(1.60) 0.98(0.17) 9.74(1.02) 1.37(0.55)
Error 3 RBVSS — BI 3.89(0.21) 0.02(0.32) 17.86(0.21) 0.03(0.12) 21.75(0.39) 0.05(0.28)
Laplace(0,2) RBVSS 3.72(0.45) 0.08(0.28) 15.12(0.74) 0.09(0.25) 18.84(1.96) 0.17(0.42)
RBV-BI 3.21(0.84) 0.19(0.35) 11.21(1.08) 0.89(0.35) 14.42(1.64) 1.08(0.53)
RBV 3.15(0.89) 0.27(0.52) 9.12(1.14) 0.76(0.32) 12.27(1.92) 1.03(0.46)
BVSS-BI 3.28(0.45) 0.11(0.41) 17.26(0.16) 20.12(0.13) 20.54(0.45) 20.23(0.43)
BVSS 3.19(0.89) 0.12(0.56) 12.23(0.59) 0.28(0.55) 15.42(0.49) 0.40(0.55)
BV-BI 2.31(0.81) 0.28(0.45) 10.27(1.10) 0.85(0.43) 12.58(1.48) 1.13(0.57)
BV 2.21(0.45) 0.38(0.31) 8.28(1.00) 0.41(0.37) 10.49(1.30) 0.79(0.15)
Error 4 RBVSS — BI 3.91(0.57) 0.02(0.56) 17.92(1.34) 0.01(0.31) 21.83(1.30) 0.03(0.32)
20%Laplace(0,1) RBVSS 3.73(0.32) 0.06(0.34) 15.17(1.92) 0.10(0.24) 18.90(0.36) 0.16(0.45)
+80%Laplace(0,v/5) RBV-BI 3.19(0.52) 0.19(0.32) 11.17(1.79) 0.88(0.21) 14.36(1.16) 1.07(0.25)
RBV 3.09(0.71) 0.29(0.31) 10.12(1.82) 0.68(0.34) 13.21(1.07) 0.97(0.43)
BVSS-BI 3.34(0.47) 0.12(0.31) 17.25(0.15) 20.06(0.12) 20.59(0.59) 20.18(0.41)
BVSS 3.18(0.62) 0.19(0.22) 13.10(1.92) 0.11(0.28) 16.28(1.28) 0.30(0.35)
BV-BI 2.91(0.55) 0.26(0.35) 10.17(1.52) 0.82(0.34) 13.08(1.41) 1.08(0.24)
BV 2.61(0.37) 0.33(0.31) 8.59(1.34) 0.47(0.42) 11.20(1.64) 0.80(0.35)
Error 5 RBVSS — BI 3.86(0.45) 0.02(0.35) 17.43(0.68) 0.03(0.45) 21.29(1.08) 0.05(0.38)
Lognormal(0,1) RBVSS 3.71(0.55) 0.07(0.45) 15.11(1.75) 0.09(0.45) 18.82(0.49) 0.16(0.55)
RBV-BI 3.41(1.34) 0.21(0.28) 10.29(0.69) 0.30(0.45) 13.70(2.70) 0.51(0.45)
RBV 3.26(1.10) 0.34(0.25) 8.35(1.35) 0.37(0.42) 11.61(1.12) 0.71(0.32)
BVSS-BI 3.48(0.89) 0.09(0.21) 17.56(0.15) 20.14(0.23) 21.04(0.74) 20.23(0.38)
BVSS 3.27(0.39) 0.12(0.22) 12.98(1.97) 0.16(0.15) 16.25(1.81) 0.28(0.23)
BV-BI 2.45(0.32) 0.35(0.54) 10.07(1.24) 0.62(0.24) 12.45(0.59) 0.87(0.45)
BV 2.32(0.25) 0.55(0.15) 8.01(1.12) 0.42(0.45) 10.33(2.19) 0.97(0.45)
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Table A.17: Identification results for n = 200, m = 30,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept model based on 100 replicates at the
70th quantile.

n =200 m =30 Main Interaction Total
6=0.7 TP FP TP FP TP FP
Error 1 RBVSS - BI 3.95(0.21) 0.02(0.17) 17.96(0.22) 0.03(0.22) 21.91(0.13) 0.05(0.12)
N(0,1) RBVSS 3.89(0.35) 0.03(0.55) 16.12(0.16) 0.10(0.17) 20.01(0.34) 0.13(0.23)
RBV-BI 3.43(0.37) 0.15(0.57) 12.05(0.56) 0.85(0.29) 15.48(0.65) 1.00(0.67)
RBV 3.32(0.89) 0.20(0.45) 10.12(0.45) 0.58(0.62) 13.44(0.31) 0.78(0.32)
BVSS-BI 3.81(0.84) 0.02(0.85) 17.13(0.28) 0.03(0.56) 20.94(0.84) 0.05(0.65)
BVSS 3.61(0.59) 0.11(0.34) 14.33(0.28) 0.10(0.31) 17.94(0.34) 0.21(0.31)
BV-BI 3.37(0.47) 0.21(0.38) 11.12(0.45) 1.57(0.38) 14.49(0.51) 1.78(0.57)
BV 3.20(0.38) 0.31(0.43) 9.05(0.48) 0.88(0.67) 12.25(0.56) 1.19(0.79)
Error 2 RBVSS — BI 3.89(0.38) 0.02(0.79) 17.89(0.24) 0.03(0.34) 21.78(0.55) 0.05(0.45)
t(2) RBVSS 3.74(0.34) 0.09(0.71) 15.32(0.37) 0.15(0.25) 19.06(0.37) 0.24(0.31)
RBV-BI 3.19(0.56) 0.18(0.37) 11.15(0.49) 0.98(0.35) 14.34(0.52) 1.16(0.53)
RBV 3.09(0.47) 0.25(0.47) 8.98(0.43) 0.45(0.75) 12.07(0.34) 0.70(0.38)
BVSS-BI 3.35(1.14) 0.08(0.22) 17.76(0.16) 8.04(0.15) 21.11(1.01) 8.12(0.18)
BVSS 3.29(0.78) 0.12(0.45) 12.97(0.89) 0.33(0.64) 16.26(1.69) 0.45(0.76)
BV-BI 2.75(1.07) 0.35(0.53) 9.98(0.82) 1.55(1.07) 12.73(1.49) 1.90(1.28)
BV 2.48(1.05) 0.48(0.73) 8.90(2.12) 0.97(1.03) 11.38(1.32) 1.45(1.33)
Error 3 RBVSS — BI 3.91(0.35) 0.02(0.33) 17.96(0.55) 0.02(0.55) 21.87(0.77) 0.04(0.55)
Laplace(0,2) RBVSS 3.81(0.35) 0.08(0.35) 14.89(0.68) 0.08(1.03) 18.70(0.55) 0.16(1.46)
RBV-BI 3.39(0.47) 0.21(0.64) 11.85(1.39) 1.15(1.00) 15.24(1.46) 1.36(1.10)
RBV 3.30(0.48) 0.37(0.86) 10.12(0.51) 0.82(1.03) 13.42(1.64) 1.19(1.36)
BVSS-BI 3.42(0.71) 0.06(0.18) 17.56(0.23) 8.11(0.15) 20.98(0.71) 8.17(0.18)
BVSS 3.34(0.54) 0.10(0.31) 12.87(1.08) 0.22(0.45) 16.21(0.11) 0.32(0.62)
BV-BI 2.95(0.68) 0.41(0.38) 10.12(1.72) 1.23(0.57) 13.07(1.08) 1.64(0.91)
BV 2.82(0.76) 0.51(0.78) 8.05(1.81) 0.73(0.32) 10.87(1.16) 1.24(1.05)
Error 4 RBVSS — BI 3.92(0.45) 0.03(0.25) 17.77(0.37) 0.02(0.32) 21.69(0.27) 0.05(0.25)
20%Laplace(0,1) RBVSS 3.82(0.25) 0.09(0.25) 15.14(0.38) 0.13(0.97) 18.96(0.38) 0.22(0.95)
+80%Laplace(0,v/5) RBV-BI 3.47(0.18) 0.37(0.98) 11.17(1.27) 1.42(1.22) 14.64(1.26) 1.79(0.84)
RBV 3.39(0.25) 0.52(1.02) 9.54(1.48) 0.97(0.39) 12.93(1.48) 1.49(1.22)
BVSS-BI 3.62(0.68) 0.09(0.18) 17.35(0.12) 7.79(0.17) 20.97(0.65) 7.88(0.18)
BVSS 3.51(0.52) 0.12(0.32) 11.95(1.73) 0.71(0.45) 15.46(1.71) 0.83(0.62)
BV-BI 3.02(0.47) 0.38(0.42) 10.22(1.75) 0.85(0.84) 13.24(1.83) 1.24(1.03)
BV 2.82(0.56) 0.47(0.63) 8.97(1.65) 0.65(0.52) 11.79(1.78) 1.12(0.99)
Error 5 RBVSS — BI 3.88(0.26) 0.02(0.13) 17.99(0.44) 0.01(0.36) 21.87(0.34) 0.03(0.15)
Lognormal(0,1) RBVSS 3.79(0.45) 0.06(0.18) 16.12(0.31) 0.28(0.76) 19.91(0.31) 0.34(0.77)
RBV-BI 3.41(0.51) 0.21(0.73) 12.21(0.43) 1.54(1.37) 15.62(0.43) 1.75(1.52)
RBV 3.33(0.31) 0.30(0.37) 10.15(0.40) 0.97(0.96) 13.48(0.40) 1.27(1.25)
BVSS-BI 3.47(0.64) 0.07(0.25) 17.47(0.21) 8.04(0.33) 20.94(0.70) 8.11(0.25)
BVSS 3.39(0.25) 0.15(0.35) 13.22(0.94) 0.52(0.86) 16.61(1.14) 0.67(0.96)
BV-BI 2.98(0.61) 0.28(0.60) 10.29(1.48) 1.15(1.33) 13.27(1.76) 1.43(1.48)
BV 2.79(0.67) 0.33(0.66) 8.89(1.68) 1.11(1.33) 11.68(0.79) 1.44(1.43)
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Table A.18: Identification results for n = 200, m = 60,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept model based on 100 replicates at the
70th quantile.

n =200 m =60 Main Interaction Total
6=0.7 TP FP TP FP TP FP
Error 1 RBVSS - BI 3.89(0.33) 0.03(0.35) 17.88(0.32) 0.03(0.33) 21.77(0.35) 0.06(0.35)
N(0,1) RBVSS 3.76(0.34) 0.10(1.22) 15.09(0.75) 0.10(0.99) 18.85(0.45) 0.20(1.06)
RBV-BI 3.41(1.52) 0.19(4.21) 11.11(0.70) 1.54(1.21) 14.52(0.92) 1.63(1.36)
RBV 3.33(1.14) 0.32(0.58) 9.85(1.10) 0.95(1.65) 13.18(0.95) 1.27(1.85)
BVSS-BI 3.79(0.39) 0.05(0.25) 17.10(0.35) 0.07(0.34) 20.89(0.25) 0.12(0.52)
BVSS 3.52(0.25) 0.15(0.44) 14.19(0.45) 0.18(0.25) 17.71(0.76) 0.33(0.48)
BV-BI 3.16(0.45) 0.24(0.25) 11.25(1.14) 0.95(0.31) 14.41(1.14) 1.19(0.56)
BV 3.07(0.39) 0.39(0.32) 8.53(0.84) 0.68(0.47) 11.60(1.14) 1.07(0.33)
Error 2 RBVSS — BI 3.92(0.32) 0.04(0.38) 17.75(0.43) 0.02(0.36) 21.67(0.36) 0.06(0.41)
t(2) RBVSS 3.81(0.38) 0.09(0.38) 15.21(0.33) 0.11(0.38) 19.02(0.39) 0.20(0.59)
RBV-BI 3.41(0.38) 0.21(0.29) 10.28(0.81) 0.89(0.41) 13.69(0.71) 1.10(0.45)
RBV 3.35(0.41) 0.33(0.39) 8.37(1.15) 0.41(0.45) 11.72(1.10) 0.74(0.45)
BVSS-BI 3.42(0.67) 0.11(0.29) 17.69(0.12) 20.06(0.31) 21.11(1.67) 20.17(0.34)
BVSS 3.31(1.08) 0.22(0.33) 13.47(1.60) 0.23(0.45) 16.78(1.66) 0.45(0.45)
BV-BI 2.86(1.21) 0.38(0.42) 11.12(1.97) 1.12(0.32) 13.98(1.06) 1.50(0.45)
BV 2.41(0.86) 0.51(0.29) 9.10(0.12) 0.86(0.28) 11.51(1.74) 1.37(0.45)
Error 3 RBVSS — BI 3.96(0.15) 0.02(0.17) 17.96(0.21) 0.03(0.15) 21.92(0.13) 0.05(0.30)
Laplace(0,2) RBVSS 3.78(0.32) 0.07(0.18) 15.07(0.18) 0.08(0.45) 18.85(0.89) 0.15(0.23)
RBV-BI 3.47(0.59) 0.19(0.35) 10.89(0.31) 1.75(0.35) 14.36(0.89) 1.94(0.67)
RBV 3.37(1.21) 0.29(0.57) 8.87(0.34) 0.62(0.67) 12.19(1.14) 0.91(0.55)
BVSS-BI 3.35(1.48) 0.11(0.35) 17.54(0.18) 17.79(0.15) 20.89(1.48) 17.90(0.35)
BVSS 3.26(0.75) 0.18(0.34) 13.56(0.49) 0.55(0.45) 16.82(1.49) 0.73(0.56)
BV-BI 3.03(0.86) 0.25(0.45) 10.74(1.82) 1.08(0.35) 13.77(0.17) 1.33(0.43)
BV 2.92(1.14) 0.43(0.56) 8.34(1.23) 0.68(0.32) 11.26(1.82) 1.11(0.30)
Error 4 RBVSS — BI 3.88(0.25) 0.02(0.35) 17.78(0.41) 0.04(0.54) 21.66(0.32) 0.06(0.35)
20%Laplace(0,1) RBVSS 3.73(0.38) 0.08(0.48) 14.98(0.51) 0.10(0.34) 18.61(0.45) 0.18(0.57)
+80%Laplace(0,v/5) RBV-BI 3.32(0.69) 0.17(0.47) 11.12(0.13) 0.82(0.32) 14.44(1.95) 0.99(0.29)
RBV 3.20(0.79) 0.26(0.31) 9.75(1.52) 0.33(0.37) 12.95(1.58) 0.59(0.35)
BVSS-BI 3.51(0.76) 0.09(0.32) 17.59(0.17) 20.05(0.33) 21.10(0.84) 20.14(0.15)
BVSS 3.37(0.45) 0.18(0.55) 12.21(0.82) 0.18(0.42) 15.58(1.92) 0.36(0.45)
BV-BI 2.74(0.75) 0.25(0.38) 9.98(1.30) 1.45(0.68) 12.72(1.95) 1.70(0.58)
BV 2.45(0.55) 0.38(0.45) 8.25(1.10) 0.47(0.43) 10.70(1.52) 0.85(0.14)
Error 5 RBVSS —BI 3.95(0.56) 0.02(0.31) 17.77(0.68) 0.05(0.43) 21.72(0.34) 0.07(0.12)
Lognormal(0,1) RBVSS 3.80(0.35) 0.07(1.12) 15.07(1.34) 0.10(0.42) 18.87(1.34) 0.17(1.45)
RBV-BI 3.47(0.45) 0.25(0.35) 13.01(0.13) 0.95(0.45) 16.48(1.58) 1.10(0.89)
RBV 3.33(1.35) 0.38(0.32) 10.27(0.96) 0.52(0.31) 13.60(1.64) 0.90(0.47)
BVSS-BI 3.48(1.52) 0.19(0.22) 17.49(0.15) 19.56(0.18) 20.97(0.52) 19.65(0.25)
BVSS 3.27(0.58) 0.25(0.28) 12.79(0.59) 0.19(0.35) 16.06(0.59) 0.44(0.15)
BV-BI 2.78(0.82) 0.38(0.38) 9.98(1.15) 1.58(0.57) 12.76(1.92) 1.96(0.45)
BV 2.45(1.38) 0.47(0.33) 8.12(1.58) 0.92(0.45) 10.57(1.30) 1.39(0.45)

119



Table A.19: Estimation accuracy for n = 200,m = 30,p = 3 under random intercept -
slope model based on 100 replicates at the 70th quantile.

n=200 m=30 0=0.7 MAD NMAD TMAD
Error 1 RBVSS — BI 0.021(0.045) 0.002(0.015) 0.005(0.011)
N(0,1) RBVSS 0.048(0.056)  0.006(0.006)  0.011(0.008)
RBV-BI 0.085(0.018)  0.025(0.013)  0.041(0.013)
RBV 0.143(0.048)  0.051(0.013)  0.061(0.012)
BVSS-BI 0.029(0.011)  0.005(0.004)  0.009(0.003)
BVSS 0.064(0.013)  0.011(0.013)  0.026(0.009)
BV-BI 0.141(0.007)  0.049(0.001)  0.055(0.003)
BV 0.152(0.009)  0.063(0.001)  0.069(0.008)
Error 2 RBVSS — BI 0.028(0.017) 0.003(0.022) 0.015(0.008)
£(2) RBVSS 0.067(0.014)  0.009(0.023)  0.019(0.003)
RBV-BI 0.122(0.047)  0.017(0.005)  0.032(0.015)
RBV 0.149(0.032)  0.033(0.007)  0.059(0.015)
BVSS-BI 0.057(0.024)  0.041(0.012)  0.038(0.003)
BVSS 0.071(0.018)  0.053(0.012)  0.055(0.007)
BV-BI 0.132(0.025)  0.118(0.009)  0.143(0.048)
BV 0.219(0.019)  0.143(0.014)  0.167(0.015)
Error 3 RBVSS — BI 0.031(0.024) 0.004(0.026) 0.011(0.007)
Laplace(0,2) RBVSS 0.109(0.025)  0.018(0.005)  0.022(0.008)
RBV-BI 0.147(0.025)  0.043(0.017)  0.062(0.035)
RBV 0.181(0.035)  0.068(0.009)  0.089(0.012)
BVSS-BI 0.165(0.055)  0.036(0.027)  0.041(0.015)
BVSS 0.178(0.098)  0.055(0.003)  0.049(0.019)
BV-BI 0.221(0.015)  0.102(0.011)  0.109(0.007)
BV 0.251(0.035)  0.141(0.008)  0.147(0.008)
Error 4 RBVSS — BI 0.035(0.027) 0.004(0.011) 0.025(0.007)
20%Laplace(0,1) RBVSS 0.098(0.055)  0.008(0.005)  0.033(0.015)
+80% Laplace(0,v/5) RBV-BI 0.122(0.031)  0.031(0.006)  0.043(0.007)
RBV 0.151(0.038)  0.049(0.015)  0.062(0.015)
BVSS-BI 0.144(0.036)  0.017(0.033)  0.032(0.019)
BVSS 0.166(0.121)  0.028(0.017)  0.065(0.023)
BV-BI 0.188(0.023)  0.112(0.024)  0.124(0.015)
BV 0.203(0.075)  0.131(0.029)  0.169(0.033)
Error 5 RBVSS — BI 0.033(0.056) 0.005(0.045) 0.019(0.016)
Lognormal(0,1) RBVSS 0.055(0.015)  0.007(0.032)  0.023(0.012)
RBV-BI 0.149(0.023)  0.027(0.025)  0.031(0.022)
RBV 0.169(0.057)  0.046(0.008)  0.055(0.011)
BVSS-BI 0.147(0.043)  0.011(0.012)  0.031(0.056)
BVSS 0.154(0.128)  0.020(0.035)  0.052(0.086)
BV-BI 0.165(0.015)  0.111(0.054)  0.109(0.016)
BV 0.187(0.023)  0.176(0.048)  0.146(0.027)

120



Table A.20: FEstimation accuracy for n = 200,m = 60,p = 3 under random intercept -
slope model based on 100 replicates at the 70th quantile.

n=200 m=60 0=0.7 MAD NMAD TMAD
Error 1 RBVSS — BI 0.026(0.018) 0.002(0.012) 0.015(0.005)
N(0,1) RBVSS 0.036(0.032)  0.007(0.024)  0.023(0.008)
RBV-BI 0.079(0.042)  0.021(0.018)  0.049(0.015)
RBV 0.159(0.028)  0.044(0.009)  0.069(0.025)
BVSS-SI 0.033(0.013)  0.008(0.023)  0.024(0.008)
BVSS 0.047(0.025)  0.015(0.026)  0.037(0.023)
BV-BI 0.161(0.019)  0.041(0.017)  0.052(0.018)
BV 0.171(0.021)  0.059(0.033)  0.077(0.018)
Error 2 RBVSS — BI 0.031(0.023) 0.004(0.015) 0.011(0.008)
£(2) RBVSS 0.044(0.021)  0.008(0.037)  0.020(0.012)
RBV-BI 0.139(0.028)  0.013(0.019)  0.039(0.027)
RBV 0.159(0.043)  0.026(0.021)  0.051(0.021)
BVSS-BI 0.067(0.024)  0.028(0.005)  0.043(0.011)
BVSS 0.085(0.026)  0.039(0.008)  0.057(0.011)
BV-BI 0.172(0.034)  0.121(0.013)  0.085(0.082)
BV 0.211(0.029)  0.141(0.043)  0.139(0.048)
Error 3 RBVSS — BI 0.027(0.084) 0.003(0.016) 0.014(0.011)
Laplace(0,2) RBVSS 0.059(0.053)  0.014(0.005)  0.028(0.017)
RBV-BI 0.127(0.057)  0.038(0.029)  0.047(0.035)
RBV 0.148(0.045)  0.058(0.032)  0.062(0.012)
BVSS-BI 0.159(0.053)  0.045(0.038)  0.051(0.021)
BVSS 0.190(0.081)  0.059(0.009)  0.062(0.029)
BV-BI 0.268(0.037)  0.087(0.010)  0.113(0.007)
BV 0.291(0.045)  0.113(0.013)  0.157(0.018)
Error 4 RBVSS — BI  0.026(0.023) 0.003(0.009) 0.022(0.019)
20%Laplace(0,1) RBVSS 0.063(0.075)  0.015(0.011)  0.049(0.027)
+80% Laplace(0,v/5) RBV-BI 0.121(0.033)  0.041(0.017)  0.067(0.019)
RBV 0.152(0.039)  0.067(0.021)  0.079(0.031)
BVSS-BI 0.165(0.031)  0.027(0.039)  0.054(0.025)
BVSS 0.179(0.112)  0.036(0.034)  0.076(0.032)
BV-BI 0.213(0.039)  0.114(0.054)  0.111(0.021)
BV 0.241(0.062)  0.131(0.025)  0.151(0.047)
Error 5 RBVSS — BI 0.019(0.064) 0.003(0.065) 0.014(0.021)
Lognormal(0,1) RBVSS 0.048(0.072)  0.009(0.056)  0.029(0.028)
RBV-BI 0.129(0.019)  0.038(0.035)  0.047(0.031)
RBV 0.154(0.084)  0.077(0.021)  0.062(0.026)
BVSS-BI 0.139(0.032)  0.012(0.027)  0.038(0.026)
BVSS 0.159(0.128)  0.026(0.073)  0.054(0.086)
BV-BI 0.181(0.031)  0.057(0.064)  0.076(0.025)
BV 0.191(0.036)  0.089(0.123)  0.164(0.067)
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Table A.21: Estimation accuracy for n = 200, m = 30, p = 3 under random intercept model

based on 100 replicates at the 70th quantile.

n=200 m=30 0=0.7 MAD NMAD TMAD
Error 1 RBVSS — BI 0.018(0.044) 0.001(0.011) 0.012(0.015)
N(0,1) RBVSS 0.031(0.013)  0.008(0.018)  0.019(0.021)
RBV-BI 0.061(0.026)  0.036(0.018)  0.033(0.012)
RBV 0.075(0.045)  0.049(0.014)  0.068(0.023)
BVSS-BI 0.031(0.012)  0.005(0.014)  0.019(0.011)
BVSS 0.042(0.028)  0.009(0.037)  0.027(0.032)
BV-BI 0.071(0.018)  0.019(0.033)  0.039(0.027)
BV 0.085(0.035)  0.037(0.025)  0.057(0.015)
Error 2 RBVSS — BI 0.023(0.134) 0.003(0.016) 0.007(0.025)
£(2) RBVSS 0.045(0.027)  0.009(0.023)  0.019(0.007)
RBV-BI 0.067(0.023)  0.021(0.009)  0.043(0.011)
RBV 0.084(0.043)  0.037(0.006)  0.063(0.011)
BVSS-BI 0.132(0.138)  0.021(0.026)  0.050(0.034)
BVSS 0.217(0.117)  0.039(0.008)  0.072(0.026)
BV-BI 0.312(0.035)  0.121(0.021)  0.124(0.035)
BV 0.424(0.043)  0.158(0.038)  0.143(0.014)
Error 3 RBVSS — BI 0.028(0.016) 0.004(0.008) 0.014(0.012)
Laplace(0,2) RBVSS 0.039(0.035)  0.009(0.025)  0.028(0.006)
RBV-BI 0.108(0.026)  0.022(0.034)  0.046(0.014)
RBV 0.125(0.034)  0.039(0.019)  0.068(0.016)
BVSS-BI 0.046(0.024)  0.017(0.004)  0.034(0.007)
BVSS 0.055(0.036)  0.025(0.011)  0.045(0.008)
BV-BI 0.159(0.015)  0.125(0.012)  0.113(0.004)
BV 0.172(0.019)  0.141(0.008)  0.142(0.005)
Error 4 RBVSS — BI  0.028(0.007) 0.003(0.009) 0.011(0.005)
20%Laplace(0,1) RBVSS 0.042(0.008)  0.008(0.014)  0.026(0.010)
+80% Laplace(0,/5) RBV-BI 0.119(0.033)  0.019(0.011)  0.042(0.036)
RBV 0.134(0.029)  0.031(0.012)  0.062(0.026)
BVSS-BI 0.058(0.043)  0.026(0.019)  0.027(0.019)
BVSS 0.074(0.011)  0.036(0.018)  0.036(0.015)
BV-BI 0.143(0.023)  0.115(0.009)  0.122(0.012)
BV 0.163(0.034)  0.142(0.012)  0.153(0.005)
Error 5 RBVSS — BI 0.035(0.031) 0.005(0.032) 0.011(0.002)
Lognormal(0,1) RBVSS 0.047(0.012)  0.012(0.000)  0.034(0.001)
RBV-BI 0.072(0.019)  0.035(0.005)  0.045(0.005)
RBV 0.112(0.018)  0.057(0.015)  0.058(0.006)
BVSS-BI 0.069(0.011)  0.024(0.004)  0.023(0.002)
BVSS 0.107(0.009)  0.041(0.008)  0.038(0.001)
BV-BI 0.138(0.011)  0.072(0.012)  0.117(0.005)
BV 0.169(0.015)  0.112(0.005)  0.128(0.006)
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Table A.22: FEstimation accuracy for n = 200, m = 60, p = 3 under random intercept model

based on 100 replicates at the 70th quantile.

n=200 m=60 0=0.7 MAD NMAD TMAD
Error 1 RBVSS —BI 0.015(0.008) 0.002(0.001) 0.011(0.001)
N(0,1) RBVSS 0.025(0.027)  0.015(0.014)  0.026(0.016)
RBV-BI 0.163(0.039)  0.036(0.039)  0.068(0.031)
RBV 0.221(0.066)  0.118(0.098)  0.125(0.085)
BVSS-BI 0.023(0.012)  0.004(0.005)  0.021(0.011)
BVSS 0.031(0.015)  0.012(0.006)  0.031(0.001)
BV-BI 0.159(0.026)  0.069(0.002)  0.054(0.004)
BV 0.228(0.032)  0.132(0.003)  0.164(0.006)
Error 2 RBVSS — BI  0.020(0.021) 0.001(0.006) 0.009(0.007)
£(2) RBVSS 0.041(0.025)  0.009(0.002)  0.021(0.001)
RBV-BI 0.106(0.033)  0.022(0.003)  0.046(0.005)
RBV 0.132(0.017)  0.061(0.006)  0.062(0.003)
BVSS-BI 0.127(0.058)  0.025(0.013)  0.024(0.015)
BVSS 0.141(0.035)  0.036(0.012)  0.038(0.018)
BV-BI 0.211(0.029)  0.059(0.033)  0.076(0.044)
BV 0.252(0.035)  0.075(0.043)  0.118(0.043)
Error 3 RBVSS —BI 0.031(0.014) 0.004(0.016) 0.012(0.002)
Laplace(0,2) RBVSS 0.042(0.004)  0.011(0.009)  0.023(0.002)
RBV-BI 0.136(0.015)  0.023(0.007)  0.037(0.012)
RBV 0.152(0.029)  0.037(0.005)  0.055(0.008)
BVSS-BI 0.061(0.037)  0.021(0.008)  0.028(0.009)
BVSS 0.078(0.015)  0.036(0.019)  0.038(0.008)
BV-BI 0.214(0.035)  0.049(0.015)  0.050(0.005)
BV 0.234(0.029)  0.068(0.017)  0.067(0.012)
Error 4 RBVSS — BI 0.016(0.003) 0.003(0.001) 0.017(0.003)
20%Laplace(0,1) RBVSS 0.034(0.016)  0.012(0.001)  0.028(0.006)
+80% Laplace(0,/5) RBV-BI 0.117(0.016)  0.024(0.011)  0.039(0.002)
RBV 0.133(0.027)  0.043(0.017)  0.062(0.004)
BVSS-BI 0.061(0.022)  0.037(0.009)  0.025(0.012)
BVSS 0.081(0.019)  0.063(0.012)  0.052(0.003)
BV-BI 0.153(0.023)  0.075(0.011)  0.078(0.004)
BV 0.185(0.026)  0.088(0.004)  0.092(0.008)
Error 5 RBVSS — BI 0.027(0.016) 0.005(0.002) 0.019(0.002)
Lognormal(0,1) RBVSS 0.039(0.004)  0.007(0.001)  0.028(0.012)
RBV-BI 0.124(0.036)  0.035(0.013)  0.041(0.014)
RBV 0.140(0.029)  0.056(0.012)  0.058(0.012)
BVSS-BI 0.052(0.021)  0.038(0.011)  0.031(0.017)
BVSS 0.065(0.042)  0.052(0.006)  0.053(0.011)
BV-BI 0.168(0.017)  0.069(0.007)  0.071(0.009)
BV 0.189(0.024)  0.078(0.011)  0.088(0.011)
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A.2.4 Figures corresponding to Tables of identification and esti-
mation results

To facilitate better extraction of key information from Tables listing the identification and
estimation results, we have provided Figures A.1-A.4 to display the results using bar-plots.

Table A.23 shows the correspondence between Figures and their associated Tables.

Table A.23: Correspondence between Figures 2-5 and associated Tables with n=200 and
p=3. m is the number of lipids and 0 is quantile level.

Figure Table 6 m Random Effects Results
Al 3.3 50 30 Random intercept-slope model Identification
Al A7 30 30 Random intercept-slope model Identification

Al A.15 70 30 Random intercept-slope model Identification

A2 3.2 50 60 Random intercept-slope model Identification
A2 A8 30 60 Random intercept-slope model Identification
A2 A.16 70 60 Random intercept-slope model Identification

A3 2.3 50 30 Random intercept-slope model  Estimation
A3 A11 30 30 Random intercept-slope model  Estimation
A3 A19 70 30 Random intercept-slope model  Estimation

A4 24 50 60 Random intercept-slope model  Estimation
A4 A.12 30 60 Random intercept-slope model  Estimation
A4 A20 70 60 Random intercept-slope model  Estimation
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Figure A.1: Identification results for n = 200, m = 30,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at the 30th, 50th and 70th quantile levels.
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Figure A.2: Identification results for n = 200, m = 60,p = 3. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
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Figure A.3: Estimation accuracy for n = 200,m =

Error 1

Il I i

0.00
0.05
0.10

0.15

Error 2 Error 3 Error 4 Error 5
| |
| | |
| |
|
|
|
| |
| | |
|
|
|
| |
o [Te) o o] o Te) o o] o Te) o Te] o o] o
Q Q — - Q < - - < < - - < Q -
o o o o o o o o o o o o o o o

slope model based on 100 replicates at the 30th, 50th and 70th quantile levels.
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Figure A.4: Estimation accuracy for n = 200,m =
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A.2.5 Computational cost

We have examined computational costs of the proposed RBVSS-BI under the random intercept-
slope model (Model I) and the random intercept model (Model II) in the presence of #(2)
error (Error 2). Table A.24 shows the computational time under different combinations of
sample size and dimensionality given k=5 repeated measures and p = 3 environmental fac-
tors. The coefficient vector of regression coefficients corresponding to intercept, main and
interaction effects combined is pm +m + 1. For instance, if the number of lipids is m=1000,
then the coefficient vector is of dimension 1000x3+1000+43+1=4,004. We can observe from
the table that even if under such a large study size with n=800 and a total dimension of

4,004, the computational time is still reasonable being around 50 minutes to run 10,000

MCMC iterations.

Table A.24: Computational time for RBVSS-BI with k = 5 repeated measurements under random
intercept - slope model (Model I) and random intercept model (Model II) under t(2) error (Error
2) at the 50th quantile. m: number of lipids. Time: CPU time (in minutes) for 10,000 MCMC
iterations. The total number of regression coefficients to be estimated is pm +m + 1, where p is the
number of environmental factors. In this study, p = 3.

Model I
n = 200 n = 500 n = 800
# of lipids Time # of lipids Time # of lipids Time
m = 100 1.15 m = 400 21.88 m = 600 35.06
m = 200 1.89 m = 500 23.12 m = 800 41.60
m = 300 7.64 m = 600 30.71 m = 1,000 50.84
Model 11
n = 200 n = 500 n = 800
# of lipids Time # of lipids Time # of lipids Time
m = 100 1.09 m = 400 21.55 m = 600 34.88
m = 200 1.79 m = 500 22.97 m = 800 40.87
m = 300 7.58 m = 600 29.95 m = 1,000 50.28
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A.2.6 Hyper-parameters sensitivity analysis

We illustrate the sensitivity of RBVSS-BI in variable selection to the choice of hyperparame-
ters for m and mo. We consider five different Beta priors: (1) Beta(0.5, 0.5), which represents
a U-shaped curve between (0, 1); (2) Beta(1, 1), which is essentially a uniform prior; (3)
Beta(2, 2), which forms a quadratic curve; (4) Beta(1, 5), which is highly right-skewed; and
(5) Beta(5, 1), which is highly left-skewed. As an example, we use the random intercept-
slope model (Model I) and the random intercept model (Model IT) with n = 200, m = 60 to
generate data under ¢(2) error (Error 2). Table A.25 displays the identification performance
of the median probability model (MPM) with different Beta priors. For all choices of Beta
priors, the MPM model demonstrates high stability. Additionally, RBVSS-BI accurately
identifies most true effects with low false positives across all cases. Consequently, we use

Beta(1, 1) as the prior for m and 7y in this study.
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Table A.25: Sensitivity analysis of RBVSS - BI under random intercept - slope model (Model 1)
and random intercept model (Model II) with n = 200,m = 60,p = 3 . mean(sd) of true positives
(TP), false positives (FP) and total mean absolute deviation (TMAD) based on 100 replicates.

n=200 m=60 p=3 Total
TP FP TMAD

Model 1

6=0.3 Beta(0.5,0.5) 21.94(0.27) 0.04(0.25) 0.012(0.008)
Beta(1,1) 21.92(0.27)  0.03(0.25) 0.011(0.008)
Beta(2,2) 21.91(0.29) 0.05(0.45) 0.012(0.011)
Beta(1,5) 21.92(0.18) 0.03(0.28) 0.011(0.065)
Beta(5,1) 21.92(0.15)  0.04(0.71)  0.010(0.031)

0=0.5 Beta(0.5,0.5) 21.66(0.28) 0.04(0.15) 0.011(0.003)
Beta(1,1) 21.62(0.54)  0.05(0.45) 0.012(0.006)
Beta(2,2) 21.62(0.54) 0.06(0.49) 0.012(0.011)
Beta(1,5) 21.63(0.18)  0.05(0.38)  0.011(0.085)
Beta(5,1) 21.62(0.14) 0.04(0.35) 0.011(0.061)

0=0."7 Beta(0.5,0.5) 21.88(0.37) 0.04(0.35) 0.010(0.008)
Beta(1,1) 21.87(0.37)  0.02(0.35) 0.011(0.008)
Beta(2,2) 21.87(0.17)  0.02(0.39) 0.011(0.011)
Beta(1,5) 21.86(0.25) 0.03(0.48) 0.012(0.055)
Beta(5,1) 21.88(0.27)  0.04(0.75) 0.012(0.035)

Model 11

6=0.3 Beta(0.5,0.5) 21.96(0.26) 0.07(0.38) 0.012(0.007)
Beta(1,1) 21.97(0.26)  0.07(0.38)  0.012(0.007)
Beta(2,2) 21.98(0.39) 0.06(0.39) 0.014(0.010)
Beta(1,5) 21.97(0.24)  0.05(0.18)  0.013(0.075)
Beta(5,1) 21.95(0.54)  0.04(0.25) 0.012(0.029)

0=0.5 Beta(0.5,0.5) 21.79(0.35) 0.10(0.45) 0.012(0.007)
Beta(1,1) 21.82(0.33)  0.09(0.32)  0.012(0.007)
Beta(2,2) 21.81(0.39) 0.10(0.29) 0.011(0.016)
Beta(1,5) 21.83(0.18) 0.09(0.35) 0.013(0.035)
Beta(5,1) 21.82(0.17)  0.11(0.25)  0.012(0.061)

0=0.7 Beta(0.5,0.5) 21.70(0.36) 0.06(0.41) 0.010(0.007)
Beta(1,1) 21.67(0.36)  0.06(0.41)  0.009(0.007)
Beta(2,2) 21.66(0.28) 0.07(0.39) 0.010(0.010)
Beta(1,5) 21.67(0.21) 0.06(0.68) 0.010(0.025)
Beta(5,1) 21.65(0.19) 0.06(0.35) 0.011(0.031)

We also assess the sensitivity of RBVSS-BI to the selection of Gamma hyperpriors on
n?, n3, and 7. Specifically, we test the shape parameter of the Gamma prior with five
different values: {0.1,0.5,1,2,5}, covering a range from highly skewed exponential shapes
to highly diffuse unimodal shapes. The rate parameter is fixed at {1,2,5}, and we explore
different combinations of shape and rate parameters on a two-dimensional grid. Table A.26
presents the simulation results for some representative cases under Error 2. The RBVSS-BI

consistently shows stable performance with high true positives (TP) and low false positives

(FP) across various Gamma priors. Similar patterns were observed for all other cases. For
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this study, we use Gamma(1, 1) for n?, n3, and 7 across all scenarios.

Table A.26: Sensitivity analysis of RBVSS - BI under random intercept - slope model (Model
I) and random intercept model (Model II) with n = 200,m = 60,p = 3 . mean(sd) of true positives
(TP), false positives (FP) and total mean absolute deviation (TMAD) based on 100 replicates.

n=200 m=60 p=3 Total
TP FP TMAD

Model I

0=0.3 Gamma(0.1,1) 21.90(0.32) 0.02(0.15) 0.013(0.003)
Gamma(0.5,2) 21.93(0.28) 0.04(0.45) 0.012(0.006)
Gamma(1,1) 21.92(0.27) 0.03(0.25) 0.011(0.008)
Gamma(1,5) 21.90(0.18)  0.03(0.38)  0.013(0.085)
Gamma(2,5) 21.89(0.14)  0.02(0.35)  0.014(0.061)
Gamma(5,1) 21.91(0.14)  0.03(0.35) 0.011(0.061)

#=0.5 Gamma(0.1,1) 21.64(0.26) 0.05(0.17)  0.011(0.003)
Gamma(0.5,2) 21.63(0.54) 0.04(0.25) 0.011(0.006)
Gamma(1,1) 21.62(0.54) 0.05(0.45) 0.012(0.006)
Gamma(1,5) 21.58(0.16)  0.05(0.38)  0.013(0.077)
Gamma(2,5) 21.63(0.13)  0.04(0.37)  0.011(0.061)
Gamma(5,1) 21.62(0.14)  0.03(0.35)  0.012(0.061)

0 =0.7 Gamma(0.1,1) 21.88(0.28) 0.03(0.15) 0.011(0.003)
Gamma(0.5,2) 21.85(0.54) 0.05(0.45) 0.012(0.006)
Gamma(1,1) 21.87(0.37)  0.02(0.35) 0.011(0.008)
Gamma(1,5) 21.89(0.18) 0.03(0.38)  0.010(0.085)
Gamma(2,5) 21.87(0.14)  0.04(0.35) 0.011(0.061)
Gamma(5,1) 21.88(0.14)  0.04(0.35)  0.012(0.061)

Model 11

0 =0.3 Gamma(0.1,1) 21.96(0.28) 0.06(0.15) 0.011(0.003)
Gamma(0.5,2) 21.97(0.54) 0.05(0.45) 0.012(0.006)
Gamma(1,1) 21.97(0.26)  0.07(0.38)  0.012(0.007)
Gamma(1,5) 21.99(0.18)  0.03(0.38)  0.010(0.085)
Gamma(2,5) 21.96(0.14)  0.04(0.35) 0.012(0.061)
Gamma(5,1) 21.99(0.14)  0.04(0.35) 0.011(0.061)

0=0.5 Gamma(0.1,1) 21.83(0.28) 0.08(0.15) 0.011(0.003)
Gamma(0.5,2) 21.80(0.54) 0.06(0.45) 0.012(0.006)
Gamma(1,1) 21.82(0.33)  0.09(0.32)  0.012(0.007)
Gamma(1,5) 21.84(0.18) 0.03(0.38) 0.013(0.085)
Gamma(2,5) 21.79(0.14)  0.04(0.35) 0.014(0.061)
Gamma(5,1) 21.81(0.14)  0.04(0.35) 0.012(0.061)

0 =0.7 Gamma(0.1,1) 21.67(0.28) 0.04(0.15) 0.010(0.003)
Gamma(0.5,2) 21.66(0.54) 0.05(0.45) 0.012(0.006)
Gamma(1,1) 21.67(0.36)  0.06(0.41)  0.009(0.007)
Gamma(1,5) 21.71(0.18)  0.03(0.38)  0.013(0.085)
Gamma(2,5) 21.66(0.14)  0.04(0.35) 0.012(0.061)
Gamma(5,1) 21.67(0.14)  0.04(0.35)  0.009(0.061)
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A.2.7 Credibility of identification results

The theoretical underpinnings and advantage of adopting MPM (median probability model)
for variable selection with spike-and-slab priors have been justified in Barbieri and Berger
(2004); Barbieri et al. (2021) among many others. Note that MPM can only be adopted if
spike-and-slab priors have been incorporated. For demonstration purpose, we show the iden-
tification performance of RBVSS-BI using both the MPM model and 95% credible interval
in Table A.27, under the random intercept - slope model (Model I) and the random intercept
model Model II). The data has been generated with n = 200, m = 60,p = 3 and #(2) error
(Error 2). The total number of true positives is 25. Table A.27 indicates that for RBVSS-BI
that incorporates spike-and-slab priors, the 95% credible interval yields smaller number of
true positives compared to those obtained under the MPM model. The 95% credible inter-
val generally yields inferior identification results for methods incorporating spike-and-slab

priors.

Table A.27: Credibility of identification results with n = 200, m = 60,p = 3 for RBVSS -
BI by adopting both MPM and 95% CI. Mean (sd) of true positives (TP) and false positives
(FP) based on 100 replicates.

n=200 m=60 p=3 Main Interaction Total
TP FP TP FP TP FP

Model 1

0=0.3 MPM 3.97 (0.35) 0.01 (0.48) 17.95(0.31) 0.02 (0.18) 21.92 (0.27) .03 (0.25)
95% CI  2.89 (0.24) 0.01 (0.27) 16.52 (0.19) 0.02 (0.13) 19.41 (0.31) 0.03 (0.15)

0=0.5 MPM 3.87 (0.47) 0.02 (0.21) 17.75 (0.42) 0.03 (0.35) 21.62 (0.54) 5 (0.45)
95% CI  2.85(0.21) 0.01 (0.13) 16.92 (0.32) 0.02 (0.17) 19.77 (0.34) 3 (0.13)

0=0.7 MPM 3.92 (0.35) 0.01 (0.48) 17.95 (0.36) 0.01 (0.38) 21.87 (0.37) 0.02 (0.35)
95% CI 295 (0.21) 0.02 (0.31) 16.02 (0.25) 0.01 (0.28) 18.97 (0.14) 0.03 (0.46)

Model II

60=0.3 MPM 3.98 (0.26) 0.03 (0.45) 17.99 (0.25) 0.04 (0.36) 21.97 (0.26)  0.07 (0.38)
95% CI  2.86 (0.31) 0.02 (0.37) 16.88 (0.32) 0.04 (0.53) 19.74 (0.31) 0.06 (0.27)

0=0.5 MPM 3.97 (0.34) 0.05 (0.23) 17.85(0.24) 0.04 (0.28) 21.82 (0.33) 0.09 (0.32)
95% CI 291 (0.31) 0.03 (0.13) 16.36 (0.28) 0.03 (0.33) 19.27 (0.34) 0.06 (0.43)

0=0.7 MPM 3.92 (0.32) 0.04 (0.38) 17.75 (0.43) 0.02 (0.36) 21.67 (0.36) 0.06 (0.41)
95% CI 291 (0.28) 0.04 (0.31) 16.21 (0.47) 0.03 (0.34) 19.12 (0.34) 0.07 (0.36)
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A.2.8 Comparison between RBVSS-BI and interep

We further assess the performance of the proposed Bayesian method against interep, a reg-
ularized variable selection method based on penalized GEE (Generalized Estimating Equa-
tion) for interaction analysis with repeated measure data Zhou et al. (2019, 2022b). The
frequentist interep has also been proposed to conduct gene-environment interaction analysis
under repeated measure ANOVA design with high-dimensional omics features King et al.
(2015); Zhou et al. (2019). Simulations in our study indicates that RBVSS-BI has superior
performance over the rest of Bayesian methods under comparison, therefore we conduct a
direct comparison between RBVSS-BI and interep in terms of identification results and es-
timation accuracy. The method interep has been implemented via R package interep Zhou
et al.. The tuning parameters have been chosen by using the cross-validation function pro-
vided by package interep. Besides, we have specified “AR-1" correlation in the numerical
experiments. The package has also implemented two other correlation structures, “inde-
pendence” and “exchangeable”. Both correlations lead to similar results which have been
omitted. More details of using the package are available in Zhou et al. (2022b).

The data has been generated under random intercept-slope model with n = 200, m =
60,p = 3 according to Section 2.3. We simulate data based on exactly the same data
generating model described in Section 2.3. So the total number of true positives is still 25
with fixed effects generated from the same uniform distribution U(0.4,0.8). Overall, RBVSS-
BI has outperformed interep in terms of both identification and estimation, especially under
heavy-tailed errors. Table A.28 shows that under all the 3 quantile levels, the number of TPs
of RBVSS-BI and interep are very close, with interep having slightly larger FPs. When we
examine the performance under heavy-tailed errors, we can observe a much higher number
of FPs generated by interep. For example, with §=0.5 and Error 2, the interep has resulted
a FP of 19.49 (sd 0.25), which is much larger than the number of FPs produced by RBVSS-
BI. Similarly, we observe the same pattern for estimation errors shown in Table A.29 which
indicates interep has much larger estimation errors under the heavy-tailed errors.

Overall, numerical comparison shows inferior performance of interep under heavy-tailed
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errors, which is consistent with published studies regarding non-robustness of GEE based
methods Qu and Song (2004); Fitzmaurice et al. (2012). Although GEE can provide con-
sistent parameter estimates even when correlation structure is mis-specified, it is not ro-
bust to data contamination and outliers in the responses Qu and Song (2004); Fitzmaurice
et al. (2012). In addition, the poor performance may also be due to the data generating
model. We have simulated data under the mixed-effects model described in Section 2.3,
which is an individual-level model and utilizes random effects to capture correlations among
repeated measurements. On the other hand, GEE is a population-level method that provides

population-averaged parameter estimates Fitzmaurice et al. (2012).
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Table A.28: Identification performance of RBVSS-BI and interep under random intercept -
slope model with n = 200,m = 60, p = 3. mean(sd) of true positives (TP) and false positives
(FP) based on 100 replicates.

n=200 m=60 p=3 Main Interaction Total
TP FP TP FP TP FP
0 =0.3
Error 1 RBVSS - BI 3.92(0.24) 0.07(0.25) 17.97(0.25) 0.04(0.24) 21.89(0.34) 0.11(0.25)
interep 3.87(0.56) 0.53(0.21) 16.89(0.27) 1.37(0.14) 20.76(0.76) 1.90(0.25)
Error 2 RBVSS — BI 3.96(0.35) 0.02(0.48) 17.96(0.31) 0.03(0.18) 21.92(0.27) 0.05(0.25)
interep 3.89(0.68) 9.09(0.32) 16.98(0.28) 9.89(0.34) 20.87(0.45) 18.98(0.35)
Error 3 RBVSS — BI 3.95(0.21) 0.01(0.22) 17.95(0.21) 0.03(0.15) 21.90(0.19) 0.04(0.16)
interep 3.85(0.45) 9.14(0.15) 17.02(0.74) 9.59(0.25) 20.87(0.96) 18.73(0.42)
Error 4 RBVSS - BI 3.90(0.45) 0.04(0.56) 17.61(1.34) 0.04(0.23) 21.51(0.30) 0.08(0.32)
interep 3.87(0.55) 9.74(0.34) 17.21(0.92) 10.01(0.24) 21.08(0.36) 19.75(0.45)
Error 5 RBVSS - BI 3.89(0.45) 0.02(0.35) 17.51(0.68) 0.05(0.45) 21.40(0.47) 0.07(0.38)
interep 3.84(0.55) 9.38(0.45) 17.18(0.95) 9.39(0.45) 21.02(0.49) 18.77(0.55)
0 =0.5
Error 1 RBVSS — BI 3.93(0.24) 0.04(0.22) 17.90(0.67) 0.03(0.17) 21.83(0.54) 0.07(0.11)
interep 3.89(0.76) 0.49(0.21) 16.93(0.27) 1.29(0.14) 20.82(0.76) 1.78(0.25)
Error 2 RBVSS — BI 3.91(0.47) 0.02(0.21) 17.88(0.42) 0.02(0.35) 21.79(0.34) 0.04(0.45)
interep 3.88(0.51) 9.48(0.35) 17.29(0.21) 10.01(0.51) 21.17(0.56) 19.49(0.25)
Error 3 RBVSS - BI 3.86(0.58) 0.05(0.47) 17.94(0.45) 0.03(0.33) 21.80(0.56) 0.08(0.47)
interep 3.83(0.35) 9.28(0.52) 17.31(0.84) 9.99(0.29) 21.14(0.84) 19.27(0.34)
Error 4 RBVSS — BI 3.94(0.21) 0.03(0.23) 17.94(0.31) 0.02(0.21) 21.88(0.52) 0.05(0.23)
interep 3.89(0.33) 9.72(0.27) 16.96(0.55) 10.18(0.24) 20.85(0.55) 19.90(0.14)
Error 5 RBVSS — BI 3.93(0.42) 0.02(0.21) 17.95(0.21) 0.03(0.22) 21.88(0.45) 0.05(0.33)
interep 3.87(0.31) 9.79(0.35) 16.85(0.24) 10.25(0.28) 20.72(0.56) 20.04(0.23)
0=0.7
Error 1 RBVSS — BI 3.93(0.54) 0.03(0.55) 17.58(0.35) 0.03(0.44) 21.51(0.34) 0.06(0.25)
interep 3.85(0.47) 0.64(0.35) 17.08(0.37) 1.19(0.21) 20.93(0.35) 1.83(0.25)
Error 2 RBVSS - BI 3.94(0.35) 0.01(0.48) 17.93(0.36) 0.02(0.38) 21.87(0.37) 0.03(0.35)
interep 3.84(0.68) 9.82(0.32) 17.53(0.21) 9.89(0.34) 21.37(0.45) 19.71(0.35)
Error 3 RBVSS - BI 3.92(0.21) 0.02(0.32) 17.90(0.21) 0.03(0.12) 21.82(0.39) 0.05(0.28)
interep 3.89(0.45) 9.48(0.28) 17.37(0.74) 10.04(0.25) 21.26(0.96) 19.52(0.42)
Error 4 RBVSS — BI 3.92(0.57) 0.03(0.56) 17.88(1.34) 0.02(0.31) 21.80(0.30) 0.05(0.32)
interep 3.85(0.32) 9.19(0.34) 16.99(0.92) 9.79(0.24) 20.84(0.36) 18.98(0.45)
Error 5 RBVSS — BI 3.89(0.45) 0.02(0.35) 17.57(0.68) 0.03(0.45) 21.46(0.28) 0.05(0.38)
interep 3.84(0.55) 9.53(0.45) 17.46(0.75) 10.02(0.45) 21.30(0.49) 19.55(0.55)
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Table A.29: Estimation accuracy of RBVSS-BI and interep under random intercept - slope
model with n = 200, m = 60,p = 3. mean(sd) of true positives (TP) and false positives (FP)

based on 100 replicates.

n=200 m=60 p=3 MAD NMAD TMAD
60=03
Error 1 RBVSS — BI  0.020(0.018) 0.002(0.011) 0.011(0.005)
interep 0.031(0.035)  0.009(0.024)  0.016(0.008)
Error 2 RBVSS — BI  0.024(0.024) 0.003(0.015) 0.013(0.008)
interep 0.124(0.021)  0.093(0.037)  0.109(0.012)
Error 3 RBVSS — BI 0.031(0.084) 0.005(0.016) 0.014(0.011)
interep 0.132(0.053)  0.102(0.005)  0.114(0.017)
Error 4 RBVSS — BI  0.028(0.023) 0.003(0.009) 0.021(0.009)
interep 0.137(0.075)  0.106(0.009)  0.112(0.027)
Error 5 RBVSS — BI 0.036(0.064) 0.004(0.065) 0.023(0.021)
interep 0.126(0.072)  0.101(0.056)  0.111(0.028)
0=05
Error 1 RBVSS — BI 0.023(0.018) 0.002(0.012) 0.013(0.005)
interep 0.029(0.032)  0.004(0.024)  0.015(0.008)
Error 2 RBVSS — BI 0.028(0.023) 0.003(0.015) 0.011(0.008)
interep 0.118(0.021)  0.101(0.037)  0.111(0.012)
Error 3 RBVSS — BI 0.026(0.084) 0.003(0.016) 0.012(0.011)
interep 0.122(0.053)  0.099(0.005)  0.118(0.017)
Error 4 RBVSS — BI  0.027(0.023) 0.004(0.009) 0.024(0.019)
interep 0.119(0.075)  0.100(0.011)  0.116(0.027)
Error 5 RBVSS — BI 0.016(0.064) 0.003(0.065) 0.011(0.021)
interep 0.118(0.072)  0.104(0.056)  0.115(0.028)
0=0.7
Error 1 RBVSS — BI  0.024(0.018) 0.002(0.012) 0.013(0.005)
interep 0.030(0.032)  0.005(0.024)  0.017(0.008)
Error 2 RBVSS — BI  0.027(0.023) 0.003(0.015) 0.010(0.008)
interep 0.125(0.021)  0.106(0.037)  0.114(0.012)
Error 3 RBVSS — BI  0.025(0.084) 0.002(0.016) 0.011(0.011)
interep 0.131(0.053)  0.100(0.005)  0.120(0.017)
Error 4 RBVSS — BI  0.024(0.023) 0.003(0.009) 0.019(0.019)
interep 0.128(0.075)  0.103(0.011)  0.112(0.027)
Error 5 RBVSS — BI 0.020(0.064) 0.002(0.065) 0.013(0.021)
interep 0.118(0.072)  0.099(0.056)  0.100(0.028)
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A.3 Assessment of the convergence of MCMC chains

A.3.1 The convergence of MCMC chains under random intercept

- slope model
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Figure A.5: Potential scale reduction factor (PSRF') against iterations for nonzero coeffi-
ctents in simulation with n = 200, m = 60 and p = 3 under Error 2 at 50th quantile. Black
line: the PSRF. Red line: the threshold of 1.1.
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A.3.2 The convergence of MCMC chains under random intercept

model
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Figure A.6: Potential scale reduction factor (PSRF') against iterations for nonzero coeffi-
cients in stmulation with n = 200, m = 60 and p = 3 under Error 2 at 50th quantile. Black
line: the PSRF. Red line: the threshold of 1.1.
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A.4 Estimation results for data analysis

Table A.30: Real data analysis result from RBVSS under random intercept - slope model
Lipid AE DCR  PE
C18:3/16:1  -0.546  1.376  0.046  0.871
C20:0/16:1  -0.969  0.606 0.000  0.918
C18:1/16:1  -1.232  -0.111  0.000 -1.340
C20:4/16:0  0.000  0.000  0.000  1.232
C16:1/18:2  0.000  0.000 1.501  0.000
C18:4/16:0  1.320  0.000 0.376  0.000
C18:3/16:0  0.000  1.014 1.221  0.000
C18:2/181 0010 -0.943 0.000  0.000
C20:2/18:1 0.172  0.466 0.000 1.139
C18:2/20:4  0.000  0.365  0.000  0.391
C18:3/20:4  0.000  0.000  0.000 -0.500

Table A.31: Real data analysis result from RBVSS under model random intercept model
Lipid AE DCR PE
C18:2/16:1  0.000  0.000 0.119  1.325
C20:0/16:1  -1.570  -0.746  0.000  0.000
C18:1/16:0  0.000  0.000  0.000 -4.460
C20:6/16:0  1.378  0.000 0.410  0.000
C20:0/18:3  0.000 1486 0.000 0.783
C16:1/18:2 -0.198  0.000  0.000  0.000
C18:2/182 -0.155 0.000 1.215  0.000
C18:1/182  0.000 1953  0.000  0.000
C22:6/181  0.000  0.895 0.000 1.320
C18:2/20:4  0.000  0.000 0.000  0.658
C18:1/20:4  1.083  0.000  0.000 -0.877
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Table A.32: Real data analysis result from BVSS-BI under random intercept - slope model
Lipid AE DCR  PE
C18:2/16:1  0.000  0.716 -0.773  0.433
C16:1/16:0 -1.988  0.000  0.000  0.000
C20:6/16:0 0585  0.667 -3.315 -0.537
C20:0/18:3 6523  0.000  0.000  0.000
C16:1/18:2  0.000 1.861 2331 1175
C18:1/18:2 8083  0.000  0.000  0.000
C18:2/18:1  0.263  0.000  0.000  0.000
C22:6/18:1  0.000  3.049  0.361  1.120
C18:2/20:4  0.000 -0.396 0.053  1.729
C18:1/20:4  3.881  0.000  0.000  0.000

Table A.33: Real data analysis result from BVSS-BI under random intercept model
Lipid AE DCR  PE
C16:1/16:0  0.000  0.301  -0.868 -1.489
C18:1/16:0  0.000 1.789 -0.710 -0.285
C20:6/16:0 -5.132  0.799  -0.849 -1.765
C20:0/18:3 -1.005  0.000  0.000  0.000
C16:1/182 -0.971  0.000  0.000  0.000
C18:2/182  0.000 0217 -0.213 -1.839
C18:1/182  0.000 -0.511 -1.144 -0.364
C18:2/20:4  0.000 -0.032  0.001  -1.037
C18:1/20:4 2625  0.000  0.000  0.000
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Table A.34: Real data analysis result from BVSS under random intercept - slope model

Lipid AE DCR  PE
C18:2/16:1  -4.946  0.000  0.000  0.000
€20:0/16:1  -1.179  -1.956  0.000  0.000
C18:1/16:0  0.000  0.000  0.000 -4.453
C20:6/16:0 1280 -0.940  0.000  0.761
C16:1/18:2  0.000  0.000 -0.611  1.697
C18:2/18:2 -0.104  0.000  0.000  2.893
C18:1/18:2 1975  0.000  0.000  0.000
C18:2/181  0.000  0.000  0.000  1.659
C18:1/20:4 4561  0.000  0.000  0.000

Table A.35: Real data analysis result from BVSS under random intercept model

Lipid AE DCR  PE
C18:2/16:1  0.000 0.186  0.000  0.000
C20:0/16:1  -3.741  0.000 0.000  -0.446
C16:1/16:0 -2.165 0.000 0.000  0.052
C18:1/16:0  0.000  0.000 0.000  0.261
C20:6/16:0  0.544  0.000 -0.447  0.000
C20:0/18:3 -0.858 0.000 0.000  0.000
C16:1/18:2  0.000 0.000 0.000  1.584
C18:1/182  0.000 0.000 0.000 -1.902
C18:2/20:4 0312 0.000 0.000  0.776
C18:1/20:4  0.648  0.000 -0.045 -1.239
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A.5 Posterior inference

A.5.1 RBVSS-BI

Priors

)/ij = X,L-—;")/o +Ti}—"}’1 + L;rj’)/z + Wi—lj—’)% + Z;_az —|—§11~)Z‘j + 7_1/252\/@ijzij 1= 1, oo, j = 1, .

ind

5 MN(0,1) i=1,...n j=1,....k
17U|Tiﬁfl7exp(ﬂ7ij) i=1,....n j7=1,... )k
Yo ~ N3(0, %)
T~ Np(0> %)
|, s~ SuN(0, s11) + (1 — ¢u)do(r2r) 1=1,...,m
bu £ Bernoulli(m) [=1,...,m

Yat| P21, S (S dpaMVN(0, diag(say, ..., 521)) + (1 — por)do(ys) [=1,....m

Pa < Bernoulli(mg) [=1,...,m
2 2
iid
suln? < mexp(—n—lsll) I=1,...,m
2 2
mn 1 2
L f\flGamma(p; ,%) l=1,....m

7 ~ Gamma (¢, d)
n? ~ Gamma (ay, b;)
ns ~ Gamma (asg, by)
a; ~MVN(0,¢°I) i=1,...,n
¢* ~ Inverse-Gamma(e, f)
m ~ Beta(ry, wy)

o ~ Beta(ry, wo)
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Gibbs Sampler

o Let flij(—~o) = Hij + Zz.-;a,- — X;'J;yo, (t=1,...,n,j =1,...,k), representing the mean
effect without the contribution of ~p.
The full conditional distribution of g is a multivariate normal distribution MVN (g, 3+,)

with mean

=3y TES Z Z _1X = Hij(—vo0) — Zq;-;ai — &1045),

=1 j5=1

and variance

-1
N —( _1+T§2222j—1k~_1XZJXT> :

e Denote fij(—~,) = pij + Zz.-; o — Ti;'._'yl, then the full conditional distribution of -7 is

a multivariate normal distribution MVN(g.,,, 3,,) with mean
- E’71752 Z Z 6_1T — Mij(—~1) — Z;J—az - 51@]‘)7
=1 j=1

and variance

-1
3., (El_l + 7852 Z Z 05 T TT> .

=1 j=1

o Let flij(—vy) = Hij + Zi—]r.ai — Lijivyar and ly; = m(y9 = O|rest), the conditional posterior

distribution of the coefficient of lipid factor 79 is a spike-and-slab distribution:

Yar|rest~(1 — L) N(piyy, 2ry)) + ludo(y21),
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where

n k
T ~
fyg = 2y TES Z Z Ul = Hij(—ya) — Zij Qi — 511)1']'),
o~ —1
'Y2l = 7-62 ZZU 1Lz]l + — s .
=1 j5=1 ll
Where
li = i

N

(= w)%eXp{ 2721(7-52 > i 123 1 zjl Ul(res>)2}'

m 4+ (1 —m)(su)”

=V — . 7Ty — £.7.
where res = Yi; — fij(—,) Zijoaz §10ij.

The posterior distribution of 7, is a mixture of a normal distribution and a point mass
at 0. At each iteration of MCMC, ~y is drawn from N(p.,,,%,, ) with probability
(1 —1y;) and is set to 0 with probability ly;. If 79 is set to 0, then we have ¢y; = 0.
Otherwise, ¢1; = 1.

The posterior distribution of the interaction between the /th lipid and treatment factors
¥si(l = 1,...,m) is also a spike-and-slab distribution. Denote fi;j(—~g,) = fti; + Z;';ai —
W';z73l and ly = m(7ys = O|rest), the conditional posterior distribution of ~s; is a

?

multivariate spike-and-slab distribution:

")’31|I'€St~(]. - l2[>MVN(IJ’73l7 2’731) + l2l50 (73l)7

where
gy = By T Z Z Wi (Y, T Bij(—ys) T Zi-;ai = &i0y),
i=1 j=1
_ 1 -1
B - (23N W W+ L)
i=1 j=1
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And

T2

_p 1 1 n o~ ’
Ty + (1 — m2)(s21) §|2731 | QGXP{%HEE/M D i1 Z?:l 7€, 2UijIVVijl (ves)|[5}

Iy =

where res = Y;j — /Lij(—’}’sl) — Z;'J_az — glﬁij-
The posterior distribution of ~g; is a mixture of a multivariate normal distribution and
a point mass at 0. At each iteration of MCMC, -3 is drawn from MVN(u,, ,3,,,)

with probability (1 — ly) and is set to 0 with probability ly;. If 4z, is set to 0, then we
have ¢o; = 0. Otherwise, ¢o = 1.

The full conditional posterior distribution of (sy;)~! is:

» Inverse-Gamma(1, %) if 79, =0
(s17)” |rest~

Inverse-Gaussian(n?, ;’—;) if o1 # 0
21

Similarly, The full conditional posterior distribution of (sg)~! is:

Inverse—Gamma(l%l, g) if v31 =0
(591) " H{rest~
2
Inverse-Gaussian(n3, H,ijHQ) if v3, #0
2
The full conditional posterior distribution of 7?:
s
ni|rest~Gamma(a; + m, by + %)

Likewise, the full conditional posterior distribution of n3:

1 m
na|rest~Gamma(ay + M by + @>

2 9
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e The full conditional posterior distribution of :

1 |rest~Beta(r; + Z I, =0y, wi + Z Ig,401).
I=1 I=1

e Similarly, the full conditional posterior distribution of ms:

mo|rest~Beta(ry + Z Iy =0y, w2 + Z I{'73z750})'
=1 =1

e The full conditional posterior distribution of v;;:

2 9 2 9
fZJij]restNInverse—Gaussian(\/ &+ 26 & +2r).

(Yij — pij — Z;;ai)g’ &

e The full conditional posterior distribution of 7:

n k
3nk . el -
7|rest~Gamma(c + — ,d+ Z Z(vij + (2£5) 1'02.3.1(}@ — i — Zi;a,- — &0;5)%).

i=1 j=1

e The full conditional posterior distribution of o;:

ou|rest~MVN (., Xa;)

where
T Z(Y; Mg §10; )
Ba, = 5 aiz S @..J .
2 j=1 )
k T
Z; 1 \-1
T 1j4;
S, = (— 7% —I)
g2 0, @

e Lastly, the full conditional posterior distribution of ¢:

9 nh I~ T
0] |rest~1nverse—Gamma(7 +e, f+ 3 ; o, o)
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A.5.2 RBVSS

Priors

Yij = X,'T-’Yo + Ti;’)’l + L;rj’)’z + Wi;’)’s + Z;Oéi + &10;5 + 7_1/252\/ Vijzi; t=1,...

J

2 ANO,1) i=1,...n j=1,... .k
17ij\7125l7exp(76ij) i=1,....n j=1,...,k
Yo ~ N3(0, Xo)
71~ Np(0, X4)
vl by 51 % duN(0, 51) + (1 = pu)do(yar) I=1,...,m
ou ES Bernoulli(y )
V3q|P2g5 524 £ P2gN(0, 82¢) 4+ (1 — P2g)d0(73g) a=1,...,pm

oy Bernoulli(7ry)

2
iid
sulm; ~ %eXp(—%su) I=1,....m
2

5 iid T 7
52q|772 ~ Eexp<_532q) q= 17 c.e,pm

T ~ Gamma (¢, d)
n? ~ Gamma (a, b;)
ns ~ Gamma (asg, by)
o; ~N(0,¢°T) i=1,....n
¢* ~ Inverse-Gammale, f)
m ~ Beta(ry, wy)

Ty ~ Beta(ry, wo)
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Gibbs Sampler

o Let flij(—~o) = Hij + Zz.-;a,- — X;'J;yo, (t=1,...,n,j =1,...,k), representing the mean
effect without the contribution of ~p.
The full conditional distribution of g is a multivariate normal distribution MVN (g, 3+,)

with mean

=3y TES Z Z _1X = Hij(—vo0) — Zq;-;ai — &1045),

=1 j5=1

and variance

-1
N —( _1+T§2222j—1k~_1XZJXT> :

e Denote fij(—~,) = pij + Zz.-; o — Ti;'._'yl, then the full conditional distribution of -7 is

a multivariate normal distribution MVN(g.,,, 3,,) with mean
- E’71752 Z Z 6_1T — Mij(—~1) — Z;J—az - 51@]‘)7
=1 j=1

and variance

-1
3., (El_l + 7852 Z Z 05 T TT> .

=1 j=1

o Let flij(—vy) = Hij + Zi—]r.ai — Lijivyar and ly; = m(y9 = O|rest), the conditional posterior

distribution of the coefficient of lipid factor 79 is a spike-and-slab distribution:

Yar|rest~(1 — L) N(piyy, 2ry)) + ludo(y21),
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where

n k
T ~
fyg = 2y TES Z Z Ul = Hij(—ya) — Zij Qi — 511)@']'),
o~ —1
'Y2l = 7-62 ZZU 1Lz]l+ s .
=1 j5=1 ll
and
1

by =

N

(= m)%exp{ 2721(7-52 > i 123 1035 Ul(res>)2}'

m 4+ (1 —m)(su)”

res = Yij = flij(—m) — L0 — &1
The posterior distribution of 79 is a mixture of a normal distribution and a point mass
at 0. At each iteration of MCMC, ~y is drawn from N(u.,,,%,, ) with probability

(1 —1y;) and is set to 0 with probability ly;. If 79 is set to 0, then we have ¢y; = 0.
Otherwise, ¢y; = 1.

The posterior distribution of the interaction between the ¢th lipid and treatment
Y3q(¢ = 1,...,pm) is also a spike-and-slab distribution. Denote fi;j(—v,,) = ti; +
Zigai — Wijqv3q and lag = (73, = O|rest), the conditional posterior distribution of ~s,

is a spike-and-slab distribution:

73q|reStN(l - l2q)N(:U”}'3q7 E’Y3q> + l2q50(73q)7

where

~ T -
frsg = gy T2 Z Z 1qu — Hij(—ysg) = L350 — &1045),

=1 j5=1

1.
’YSq: 7_62222]_1k _1W73q+_) 1'

S2q
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and

2
T+ (1 — 772)(32q)7% (Z’YSQ)%GXP{%EW&J (Z?:l 2?21 7-5272771‘;1Wijq(res))2}

log =

res = Yij — Hij(—ysy) — Ly 0 — &1

The posterior distribution of ~3, is a mixture of a normal distribution and a point
mass at 0. At each iteration of MCMC, 3, is drawn from N(,, , X, ) with probabil-
ity (1 —1y,) and is set to 0 with probability lo,. If 73, is set to 0, then we have ¢o, = 0.
Otherwise, g9y = 1.

The full conditional posterior distribution of (sy;)~" is:

. Inverse-Gamma(1, %) if v =0
(s17)” |rest~

Inverse-Gaussian(n?, 4/ ;77%) if vy # 0
21

Similarly, The full conditional posterior distribution of (sg,)7" is:

2 .
B Inverse-Gamma(™=, 2)  if 53, =0
(S24) " |rest~
2
Inverse-Gaussian(n3, ;772) if 34 # 0
3q
The full conditional posterior distribution of nj:
s
n? [rest~Gamma(a; + m, by + %)

Likewise, the full conditional posterior distribution of n3:

pm
qg=1 S2q )

15 |rest~Gamma(ay + pm, by + 5
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e The full conditional posterior distribution of :

1 |rest~Beta(r; + Z I, =0y, wi + Z Ig,401).

e Similarly, the full conditional posterior distribution of ms:

pm pm
To|rest~Beta(ry + Z Igy, —oy,ws+ Z Igp,,+01).

g=1 q=1

e The full conditional posterior distribution of v;;:

& + 28 7'51
(Yij — pij — Zi—;ai)g’ &

Ui ]restNInverse—Gaussian(\/ + 27).

e The full conditional posterior distribution of 7:

3nk .
T|rest~Gamma(c + — d+ Z Z V5 + (265)" Uy (Y;j — ij — Zi—;ai — flvij)2)-

=1 j=1

e The full conditional posterior distribution of a;:

a;|rest~MVN(pq,;, Xa;)

where

T Z’L Y; — Mij gf]z
Pa, = 5_220‘1‘2 i (Y J 10i5)
2

j=1 Ui
k T
Z: 7. 1 \-1
o, = (12 Iy —2I)
2 5 Vij ¢

e Lastly, the full conditional posterior distribution of ¢:

nh 1«
¢2|rest~1nverse—Gamma(7 +e, f+ 3 ; o] a;)
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A.5.3 RBV-BI

Priors

Yij = X,'T-’Yo + Ti;’)’l + L;rj’)’z + Wi;’)’s + Z;Oéi + &10;5 + 7_1/252\/ Vijzi; t=1,...

J

ind

5 MN(0,1) i=1,...n j=1,....k
17ij\7125l7exp(76ij) i=1,....n j=1,...,k
Yo ~ N3(0, Xo)

Y1~ Np(()? %)
~Yor|s1; " N(@O,sy) I=1,....,m

Yot sz~ MVN(0, diag(sar, . ., s21)) 1 =1,...,m
2

iid
sulm %GXP(—%SU) l=1,...,m
in 1 2
so1|m5 JGamma(p; ,%) I=1,....m

7 ~ Gamma (c, d)
n7 ~ Gamma (a, b;)
n5 ~ Gamma (ag, by)
o; ~N(0,¢*T) i=1,...,n

¢2 ~ Inverse-Gamma( €, f )

Gibbs Sampler

o Let fiij(—vo) = pij + Z;gai — X;’yo, (i=1,...,n,j=1,... k), representing the mean

effect without the contribution of ~p.

The full conditional distribution of g is a multivariate normal distribution MVN (g, 34,)
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with mean

=3y TES Z Z _1X — Hij(—y0) — Z;ai — &1045),

i=1 j=1

and variance

) ( Lyrey ZZ b X XT>1.

=1 j=1

Denote fij(—~,) = fij + Z;'; oy — 11.;'.—'71, then the full conditional distribution of - is

a multivariate normal distribution MVN(g.,,, 3,,) with mean

=2y, T8y Z Zﬁ_lT = Hij(—y1) — Z;;ai - 51%‘),

=1 j5=1

and variance

-1
3., <211+752 ZZ b T TT> .

=1 j5=1

Let fhij(—vyy) = Hij + Zi—;a,— — L;j7y2 , the full conditional distribution of 74 is a normal

distribution with mean
n k
_9 _ T ~
Moy = 233 T Z Z Zjl — Hij(—ya) — Zij Qg — £1vij)7
=1 :

variance

Dy = 7_52 ZZ _1L13l+81) 1'

i=1 j=1 !

7,

Denote fij(—~g) = Mij + Z;'J_. o; — W.;r.l'ym, then the full conditional distribution of ~g;

is a multivariate normal distribution with mean

P, = By 76 Z Z 033 Wit (Yij = i e — Zij i — E105),

=1 j=1
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and variance
n k

B = (762 3 Y0 WigW, + L)

=1 j5=1 521

The full conditional posterior distribution of (sy;)~" is:

771)

(517) ! [rest~Inverse-Gaussian(n?,
Vo

Similarly, The full conditional posterior distribution of (sg)~! is:

05

(321)_1|feStNInverse—Gaussian(ng, —2
‘ ‘73l ‘ |2

The full conditional posterior distribution of nj:

Z?il Su

2 )

n? [rest~Gamma(a; + m, by +

Likewise, the full conditional posterior distribution of n3:

mp+1) Sy

n5|rest~Gamma(ay + ) i

The full conditional posterior distribution of ;:

& +28 &t
(Yij — pij — Z;;ai)27 &

Uij |rest~1nverse—Gaussian(\/ + 27).

The full conditional posterior distribution of 7:

3n k
T|rest~Gamma(c + —, d + Z Z oy + (265) 71 0y Y(Yij — iy — Z;- — &7;5)%).

i=1 j=1
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e The full conditional posterior distribution of a;:

a;|rest~MVN (o, , Xa;)

where

e Lastly, the full conditional posterior distribution of ¢?:

9 nh lem~ T
o) ]resthnverse—Gamma(T +e, f+ 3 ; a,; ;)
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A.54 RBV

Priors

)/ij = X,L-T")/o +Ti}—"}/1 + L;rj’)’z + Wi—lj—’)% + Z;_az +§11~)Z’j + 7_1/252\/@ijzij 1=1,....n j7=1,...

J

ind

5 MN(0,1) i=1,...n j=1,....k
17ij\7125l7exp(76ij) i=1,....n j=1,...,k
Yo ~ N3(0, Xo)
71~ Np(0, X4)
~Yor|s1; " N(@O,sy) I=1,....,m

ind
73q|32q ~ N(O7S2q) g=1,....,pm

2 2
i1d
suln; ~ ﬁeX]D(—n—lm) I=1,....m
2 2
2 2
iid ) n
32q|77§ ~ ;eXP(_g%q) q= 17 -, pm

7 ~ Gamma (c, d)
n7 ~ Gamma (a, b;)
n5 ~ Gamma (ag, by)
o; ~N(0,¢*T) i=1,...,n

¢2 ~ Inverse-Gamma( €, f )

Gibbs Sampler

o Let fiij(—vo) = pij + Z;gai — X;’yo, (i=1,...,n,j =1,... k), representing the mean

effect without the contribution of ~p.

The full conditional distribution of g is a multivariate normal distribution MVN (g, 3., )with
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mean

k
Py = B0TE 2 Y Y 05 X (Vi — pijno) — 2oy — &),

and variance

e Denote fjj—~y) = ij + Z;Jr. o; — Ti}yl, then the full conditional distribution of ~; is

a multivariate normal distribution MVN(g.,,, 3,) with mean

=X 7é Z Z ~_1T — Hij(—v) — Z;';ai — &1745),

=1 j=1

and variance

>, _<21 +7& ZZ ;T TT> .

=1 j=1

o Let flij—ny) = pij + Zz.—;oc,- — L;j7v2 , the full conditional distribution of 74 is a normal

distribution with mean

My = 2y TES Z Zﬁ_lLUl = Hij(—y2) — Z;az — &ivy),

=1 j=1

variance

’YQl: T€2 ZZ 71Lwl+81 1'

i=1 j=1 t

o Let flij(—rysy) = Hij+ Z;J'_. o; — Wijqvsq » the full conditional distribution of 73, is a normal

distribution with mean

Horzg = E%ngQ Z Z v IVVZJQ G Zz-lg_ai - 616ij)?

i=1 j=1
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and variance
n k

Yy = T&zQZZU*IWEq )_1-

=1 j=1

e The full conditional posterior distribution of (sy;)~?! is:

771)

(517) ! [rest~Inverse-Gaussian(n?,
Vsl

e Similarly, The full conditional posterior distribution of (sg,) "

2

n
=)
3q

(824) ! |rest~Inverse-Gaussian(n3,

e The full conditional posterior distribution of 7?:

Zﬁl S1

n? [rest~Gamma(a; + m, by + 5 ).

e Likewise, the full conditional posterior distribution of 73:

15 |rest~Gammal(ay + by +

2 2

e The full conditional posterior distribution of v;;:

m(p+1) g1 52

£ + 263

0;;|rest~Inverse-Gaussian \/

e The full conditional posterior distribution of 7:

k

3nk .
T|rest~Gamma(c + — d+ Z Z Bij 4 (283) 710, (Yij — pij —

=1 j=1
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e The full conditional posterior distribution of a;:

a;|rest~MVN (o, , Xa;)

where

e Lastly, the full conditional posterior distribution of ¢?:

9 nh lem~ T
o) ]resthnverse—Gamma(T +e, f+ 3 ; a,; ;)
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A.5.5 BVSS-BI

Priors

n

k 2
}:( — iy — Z&n>}i:1w”m =1,

=1 j=1

nk ]_
Y|’}’0,’)’1=')’2;’)’3,Oéi702 X (02) 2 exp{ T 9.2

Yo ~ N3(0a 20)
Y1~ Np(07 El)

yarldus 72, 0% F puN(0,0%72) + (1 — ¢u)do(ya) [=1,...,m

b X Bernoulli(7;)

Ys1| P, TQZ, o2 0l puMVN(0, diag(c? TQZ, .. 027'22l)) + (1 —¢po)do(ys) =1,....m

G2 (S Bernoulli(7g)

242 ud )‘% % 2
Tl AL ~ —exp(—?ﬁl) l=1,....m

p+1pA

2112 tnd
75| A5 ~ Gamma( 5 g

) I=1,....m
A ~ Gamma (ay, by)
A3 ~ Gamma (as, by)
o; ~N(0,¢*T) i=1,...,n
$* ~ Inverse-Gammale, f)
m ~ Beta(ry, wy)
o ~ Beta(ry, wy)
9 1

JN;

Gibbs Sampler

o Let plij(—o) = Mij + Z;ai — X;;’YO, (t=1,...,n,5 =1,...,k), representing the mean
effect without the contribution of ~g.

The full conditional distribution of g is a multivariate normal distribution MVN (g, 3., )with
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mean

and variance

Denote fij—~y) = ij + Z;Jr. o; — Ti;'yl, then the full conditional distribution of ~; is

a multivariate normal distribution MVN(g.,,, 3, )with mean

n k
foy = By 02 Y Y TV — g — Zggou),
i=1 j=1
and variance

n k -1
3, = (211 +o ) TijTi}) .

i=1 j=1

Let fij(—ny) = Hij + Z;Jr.a,- — Lijiyor and ly; = (v = Olrest), the conditional posterior

distribution of the coefficient of lipid factor 79 is a spike-and-slab distribution:

Yar|reste~(1 — 1) N (g, Xryy) + 1100 (v2r),

where

3
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Where

T
_1 1 n k :
T+ (1= m)(77) 72 (B0 2exp{ 555 Bnn (2101 2051 Lint(Yij — Hij(—nm) — Z3j00:))?}

ly =

The posterior distribution of 7, is a mixture of a normal distribution and a point mass
at 0. At each iteration of MCMC, 7y is drawn from N(u.,,,>,, ) with probability
(1 —1y;) and is set to 0 with probability ly;. If 9 is set to 0, then we have ¢y; = 0.
Otherwise, ¢1; = 1.

The posterior distribution of the interaction between the th lipid and treatment ~yz; (I =
1,...,m) is also a spike-and-slab distribution. Denote fi;;(—~g) = tij + Zi—;ai — Wi—]'.—ﬂg,l

and ly = m(~3 = O|rest), the conditional posterior distribution of ~s; is a multivariate

spike-and-slab distribution :

Yar|restr~ (1 — o) MVN (phyg,, 07 Sy ) + ldo(s1),

where i
Poyss = S Y > Win(Yij = pijvar) — Ziyti),
i=1 j=1
n k 1
T -1
2’7& = (Z Z WijlWijl + 7'_21m) .
i=1 j=1 2
And
l 2
28 = _m 1 1 n k .
o+ (1 =) (75) 72 B |7 exp{ 552 [ B 2 Doiy Doy Wign(Yig — Hij(—vya) — )3}

(A.1)
The posterior distribution of ~3; is a mixture of a multivariate normal distribution and
a point mass at 0. At each iteration of MCMC, s, is drawn from MVN (., 0°2.,)
with probability (1 — ly) and is set to 0 with probability ly;. If vz, is set to 0, then we
have ¢9 = 0. Otherwise, ¢ = 1.
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The full conditional posterior distribution of (73)~! is:

() rest Inverse—Gamma(l,/\;) if 9, =0
Ti) " |rest~

Inverse-Gaussian(A?,, / %) if 9, # 0

Similarly, The full conditional posterior distribution of (73)~! is:

(2) rest Inverse—Gamma(mTH,TAg) if v51 =0
T5) " |rest~

: 2\
Inverse-Gaussian(\3, H‘fymﬁz) if v3 # 0
2

The full conditional posterior distribution of A\?:

mo 2
NJvest~Gamma(a; +m, by + =71
Likewise, the full conditional posterior distribution of A\%:

A3 |rest~Gamma(ay +

m(p+ 1 m> T
(p2 >,b2+ Zé_l 21>‘

The full conditional posterior distribution of :

71 |rest~Beta(r; + Z Iy —0y,wi+ Z I{»le;éO})~
=1 =1

Similarly, the full conditional posterior distribution of ms:

mo|rest~Beta(ry + Z Iy -0y, wo + Z Iy, 201)-
=1 =1
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e The full conditional posterior distribution of o

o?|rest~Inv-Gamma(p,2, Xy2 )

with shape

nk + Z;il I{72z750} +m Z;il I{‘)’aﬁéo}
2

fg> =

and scale

n k m — m _
> ict Zj:1(yij — Hij — Zi—;a”:)2 + 30 () e+ 20 (7)Y Ya

S, =
2

e The full conditional posterior distribution of a;:

a;|rest~MVN(pq,;, Xa;)

where i
fo, = (0%) "B, Y Zi(Yij — pij)
j=1
k T
ZZJZ 1 -1
_ ij
Yo, = (Z St EI>

Jj=1

e Lastly, the full conditional posterior distribution of ¢?:

9 nh I~ -
o) ]rest~Inverse—Gamma(7 +e, f+ 2 ; a; ;)
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A.5.6 BVSS

Priors

n k

1
204 /£
=1 j=1

Y|70,71=72773,0éi7020<(02)_2eXP{__2 Z(Yij—uzj—Z;ai)} i=1...,n j=1,...

Yo ~ N3(0, Xo)
71 ~ Np(0, y)
Yol b, 75 0% puN(0, 02 78) + (1 — ¢u)do(va) L=1,....m
du £ Bernoulli(7; )
V34l D245 7—22(17 o2 $2gN (0, 02722q) + (1= ¢2g)d0(v3g) ¢=1,...,pm

bag nd Bernoulli(7g)

i )\2 )\2
TN & —1exp(—?17'12l) l=1,....m
2 1)\2 iid )‘_% __% 2 -1
T2q| 2 ™ 29Xp( 27-2(1) q=1...,pm

A ~ Gamma (ay, by)
A3 ~ Gamma (asg, by)

o; ~N(0,¢*T) i=1,...,n
$* ~ Inverse-Gammale, f)
m ~ Beta(r, wy)

o ~ Beta(ry, wy)

9 1

JN;

Gibbs Sampler

o Let plij(—o) = Mij + Z;ai — X;;’YO, (t=1,...,n,5 =1,...,k), representing the mean
effect without the contribution of ~g.

The full conditional distribution of ¢ is a multivariate normal distribution MVN (g, 3+,)
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with mean
Pop = o0 2D Y G = VX5 (Vi = ptijimo) — Ziyui),
=1

and variance

n k -1
2.70 = <20_1 + 0'72 Z Z X,LJX;‘;> .

i=1 j=1

Denote fijj(—~,) = pij + Zi—; o; — fl“i—]'.—'yl, then the full conditional distribution of ~; is

multivariate normal distribution MVN(p,,, 3., )with mean

n k
Py = B0 2 Y TV — pigom) — Ziyens),

i=1 j=1

and variance

n k -1
2’)’1 = (Zl_l + 0'72 Z CFLJT;;) .

i=1 j=1

Let fij(—ny) = Hij + Zi;ai — Lijiyar and ly; = (v = O|rest), the conditional posterior

distribution of the coefficient of lipid factor 79 is a spike-and-slab distribution:

721|reStN(1 - lll>N(:u’Y2l7 Em) + l1150(72l)7

where

k
Hryyy = 2721(02)—1 Z Lijl(Y;j = Mij(—~y) — Zi-]r'ai),
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Where

T
_1 1 n k :
T+ (1= m)(77) 72 (B0 2exp{ 555 Bnn (2101 2051 Lint(Yij — Hij(—nm) — Z3j00:))?}

ly =

The posterior distribution of 7, is a mixture of a normal distribution and a point mass
at 0. At each iteration of MCMC, ~y is drawn from N(u.,,,%,, ) with probability
(1 —1y;) and is set to 0 with probability ly;. If 9 is set to 0, then we have ¢y; = 0.
Otherwise, ¢1; = 1.

o Let fuyj(—ns,) = Mij —i—Z;ai—VVijq’ng and ly, = 7(7y3, = O|rest), the conditional posterior

distribution of the coefficient of interaction factor 73, is a spike-and-slab distribution:

73q|reStN(1 - l2q>N<:u73q7 E’Y3q) + l2q50(’73q)7

where i
Hrsg = Do (0*)~ Z Wijq(Yij = Bij(—ysg) — Z;;ai)’
i=1 j=1
n k 1
2 2 -1
Yy =0 ( Z VVZ]Q + 7_2)
i=1 j=1 2q
Where
l2q = e

_1 1 n k ’
T + (1 - 72)(72%1) 2 (E%q)QeXP{ﬁZ%q(Zizl Zj:l Wijq(Y;j T Hij(—ryzq) T Zi—;ai))Q}

e The full conditional posterior distribution of (73)" is:

() rest Inverse—Gamma(l,/\;) if v, =0
Ti) " |rest~

Inverse-Gaussian(A?,, / %) if 9, # 0
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e Similarly, The full conditional posterior distribution of (7'22q)*1 is:

Inverse—Gamma(l,%g) if 3, =0
(qu)_1|rest~

. 2)\2 .
Inverse-Gaussian(\3, Uvg 2) if g, #£0
q

The full conditional posterior distribution of A\?:

Z?il 7-121 )
—2 .

M |rest~Gamma(a; + m, by +

Likewise, the full conditional posterior distribution of A\2:

Zzl T22q )

A\3|rest~Gammal(ay + pm, by + 5

The full conditional posterior distribution of 7y:

71 |rest~Beta(r; + Z Iy —0y, wi+ Z I{«m;&o})-
=1 =1

Similarly, the full conditional posterior distribution of ms:

pm pm
To|rest~Beta(ry + Z I, —oy,ws+ Z Ip,,201)
q=1 q=1

The full conditional posterior distribution of o

o?|rest~Inv-Gamma(p,2, Xy2)

with shape

s — nk 4330 L0y + Doy Linsgz0y
ot 2
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and scale

n k m — m —
Dict Zj=1(Yij — Hij — Z;jai)2 + 20 (i) Tt + Z:1<T22q) 17§q

N, =
2

e The full conditional posterior distribution of «;:
a;|rest~MVN(pq,, Xa;)

where .
fo, = (0%) "B, Y Zi(Yi; — pij)
j=1

k Z@JZ-IJ— 1 >—1

Zai:(z 021 +gl

=1

e Lastly, the full conditional posterior distribution of ¢:

h 1
¢2|rest~1nverse—Gamma(% +e, f+ 3 Z o) a;)
i=1
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A.5.7 BV-BI

Priors

n k

1
204 /£
=1 j=1

Y|70,71=72773,ai7020<(02)_2eXP{__2 Z(Yz‘j—ﬂz‘j—Z;OéO} i=1...,n j=1,...

Yo ~ N3(07 EO)
T~ NP(()? El)
Ya|r1y, 02 £ N(0,0%m3) l=1,...,m

')/3l|7'22l, o2 MVN(O, diag(a27'22[, . ,027221)) l=1,...,m

A2 A2

éexp(—jﬁ%) l=1,....m
in 1 /\2

7| A3 o Gamma(%,%

LTI, ~
) l=1,....m
A} ~ Gamma (a;, b;)
A2 ~ Gamma (as, by)
o; ~N(0,¢°T) i=1,...,n

¢* ~ Inverse-Gammale, f)

1
o? ~ =
o2

Gibbs Sampler

o Let plij(—no) = Mij + Zi-';oc,- — X;g’)/o, (t=1,...,n,j =1,...,k), representing the mean
effect without the contribution of ~p.
The full conditional distribution of ¢ is a multivariate normal distribution MVN (g, 3+,)

with mean
n k

Pog = g0 2D Y Xij(Vyj — tige) — Ziye),

i=1 j=1
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and variance

1=

n -1
Yo = (20—1 +o 2y > = 1’fX,-in§> :
1

Denote fij(—~y) = fij + Zi—;ai - Ti;'yl, then the full conditional distribution of ~; is

multivariate normal distribution MVN(u,,, %, ) with mean
n k
Py = g0 2 Y TV — pigmn) — Ziyens),
i=1 j=1

and variance

n k -1
¥, = (21—1 +o ) TijTJ) .

i=1 j=1

Let flij(—vy) = pij + Z;ai — Lijiya, the conditional posterior distribution of the coef-

ficient of lipid factor v, is a normal distribution:

n k
P = S0y (02 D Lin(Yig = i) — Ziyus),
i=1 j=1
and variance i
n 1 .
2721 :UQ(ZZL?jZ_'_T_Q) .
i=1 j=1 u

Denote flij(—vg) = Hij + Z; o; — Wgﬂgl.T he posterior distribution of the interaction

between the (th lipid and treatment factors s, (I = 1,...,m) is a multivariate normal

distribution:

n k
By = B D> Winn(Vij — pijenn) — Zag0ts),

i=1 j=1
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And variance

"/31_ E :

The full conditional posterior distribution of (1)~
(73) " rest~Inverse-Gaussian (],
Similarly, The full conditional posterior distribution of (73)~
(13) " *|rest~Inverse-Gaussian (3,

The full conditional posterior distribution of \?:
M |rest~Gamma(a; + m, by +
Likewise, the full conditional posterior distribution of A\2:
A3|rest~Gamma(ay +

The full conditional posterior distribution of o:

with shape

and scale

g2 =

E?:l Z?ﬂ(yij

n

=1

k
> WingW,, + I )
j=1 2l

m(p+ 1) b

Ho2 =

o?|rest~Inv-Gammal( 2, Xy2)

nk +m +pm

ZF o)+ 0 (T T+ o (

4 p Zlnil 7'221
5 )

2
21

)—1

’7;;'; Y31
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e The full conditional posterior distribution of a;:

a;|rest~MVN (o, , Xa;)

where i
Po; = (05) ' 8a, Y Zii(Yij — pij)
j=1
k T
Zi; 4. 1 \-1
_ ij
o, = (Z St @I>
j=1

e Lastly, the full conditional posterior distribution of ¢?:

nh

lem~ T
5 —l—e,f—iréZaiai)

=1

¢*|rest~Inverse-Gammay(
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A.5.8 BV

Priors

n k
n ]-
Y io? o (077 {— 5z (
|707717727737a , 0 X (0 ) exXp 2 — ]Zl

Yo ~ N3(0a 20)

Y1~ Np(07 El)
ind
V2l|7'1217<72 ~ N(07027'121)

2 9 ind
Vaq|T2g 0" ~

iid A\ A2
AT~ éeXP(—jﬁQz) I=1,.
zzd AZ )\2
a5~ Srexp(=F ) a=1,

A} ~ Gamma (a;, b;)

A2 ~ Gamma (as, by)

I=1,...

(OO‘TQq) g=1,...

o; ~N(0,¢°T) i=1,...,n

¢* ~ Inverse-Gammale, f)

1
o? ~ =
o2

Gibbs Sampler

o Let Hig(—vo) = Hij + Z;a, — X;;’j/o, (Z = 1, .

effect without the contribution of ~p.

7n7j:17“'7

k), representing the mean

The full conditional distribution of ¢ is a multivariate normal distribution MVN (g, 3+,)

with mean
n

k
=000 2D Y Xy (Vi — g
i=1 j=1
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and variance

n k -1
¥, = (20—1 +o ) Xin;> :

i=1 j=1

Denote fij(—~,) = ij + Z;Jr. o; — Ti;'yl, then the full conditional distribution of ~; is

a multivariate normal distribution MVN(g.,,, 3+,) with mean
n k
foy = By 02 Y Y T(Vig — g — Zgjou),
i=1 j=1

and variance

n k -1
3, = (211 +o ) TijTi}) .

i=1 j=1

Let flij(—vy) = tij + Zi-;a,- — Lijiya, the conditional posterior distribution of the coef-

ficient of lipid factor v9; is a normal distribution: with mean

n k
Hryg 2721(02)7122111]&}/;1 Foij(—~ar) Z;JFO%)a
i=1 j=1
and variance i
n 1 .
S D) DI
i=1 j=1 U

Let pij(—ysy) = Mij + Z;ai — WijqV3q, the conditional posterior distribution of the

coefficient of interaction factor s, is a normal distribution: with mean

Foyag = D (02)_1 Z Zj = 1kWijq(Yij  Hij(—rysg) — Z;;ai),
i=1
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and variance
n

1 .-
273q :O’Q(Z Wéq—i-g) 1.
- - q

=1 j=1

The full conditional posterior distribution of (73)7! is:

2)2
o2\

)
7%1

(15) " rest~Inverse-Gaussian (],

Similarly, the full conditional posterior distribution of (73,)~" is:

(13.) "} |rest~Inverse-Gaussian(\; \/ —JQA%)
2q - 29 ,7??
q

The full conditional posterior distribution of A\}:

m 2
M rest~Gamma(a; + m, by + %)

Likewise, the full conditional posterior distribution of A\3:

gzl T22q )

A3|rest~Gammal(ay + pm, by + 5

The full conditional posterior distribution of o

o?|rest~Inv-Gamma(i,2, Xy2)

with shape
nk +m +pm
U2 = ———F——
2
and scale
n k m _ m _
L Zi:l Zj:l(yij — Mij — Zi—;ai)2 + 21:1(712l) 17%1 + 2521(722q) 17§q

2
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e The full conditional posterior distribution of a;:

a;|rest~MVN (o, , Xa;)

where i
Po; = (05) ' 8a, Y Zii(Yij — pij)
j=1
k T
Zi; 4. 1 \-1
_ ij
o, = (Z St $I>
j=1

e Lastly, the full conditional posterior distribution of ¢?:

nh

lem~ T
5 —l—e,f—iréZaiai)

=1

¢*|rest~Inverse-Gammay(
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Appendix B

Appendices for chapter 3

B.1 Additional simulation results

B.1.1 Identification results for 6 = 0.5 in simulation
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Table B.1: Simulation results in example 2 for n = 400, m = 200. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at 50th quantile with i.i.d. errors. True effects that are subject to selection: 4 varying effects,
4 constant effects.

n =400 m = 200 Varying Constant
TP FP TP FP
Error 1 N(0,1) RBVSS - ST 3.93(0.27)  1.76(0.21)  3.98(0.27)  1.61(0.14)

RBV-SI 3.91(0.21)  4.15(0.32)  3.82(1.41)  3.58(0.89)
BVSS-SI  3.94(0.13) 1.73(0.21)  3.95(0.31)  1.68(0.24)
BV - SI 3.91(0.55) 4.28(0.25)  3.87(0.78)  3.71(0.67)

TP FP
RBVSS 3.94(0.32) 5.45(0.16)
RBV 3.91(0.28) 7.29(1.22)
BVSS 3.93(0.19) 5.54(0.20)
BV 3.90(0.19) 7.27(1.17)
Error 2 (2) RBVSS - ST 3.98(0.14)  1.29(0.74) 3.88(0.24)  1.33(0.57)

RBV - ST 3.94(1.79) 3.58(0.33) 3.04(0.24)  3.76(0.45)
BVSS-SI  3.80(0.55) 3.17(0.16)  2.65(0.31)  2.77(0.41)

BV - SI 3.12(0.55)  4.06(0.76)  2.21(1.64)  5.24(0.45)
TP FP
RBVSS 3.98(0.14) 5.04(1.47)
RBV 3.93(0.10) 6.64(0.99)
BVSS 3.82(0.44) 7.51(0.20)
BV 3.13(0.41) 8.29(1.17)

Error 3 Lognormal(0,1) RBVSS-SI  3.91(0.35) 0.93(0.52)  3.95(0.84)  1.21(0.29)
RBV -SI  3.89(0.14) 2.71(0.25) 3.02(0.82)  3.76(0.15)
BVSS-SI  3.71(0.89) 3.15(0.21)  2.08(0.49)  2.91(0.45)

BV - SI 3.07(0.84)  4.59(0.26)  2.04(1.10)  4.79(0.22)
TP FP

RBVSS 3.91(0.10) 5.51(1.05)

RBV 3.87(0.47) 6.86(1.22)

BVSS 3.69(0.59) 7.27(1.29)

BV 3.06(0.63) 8.98(0.94)
Error 4 80%N(0,1) RBVSS - ST 3.92(0.23)  0.88(0.27)  3.92(0.55)  1.95(0.24)
+20%N(0,3) RBV - SI  3.86(0.12) 1.77(0.25) 3.43(0.53)  3.10(0.45)

BVSS - SI  3.72(0.84) 2.33(0.25) 2.57(2.88)  2.11(0.15)
BV - SI 3.07(0.55)  5.14(0.15)  2.05(1.14)  3.98(0.25)

TP FP
RBVSS 3.90(0.34) 4.93(0.67)
RBV 3.85(0.44) 6.95(0.98)
BVSS 3.72(1.08) 5.85(0.20)
BV 3.07(0.99) 7.70(1.97)

Error 5 Laplace (0,1)  RBVSS-SI  3.95(0.31) 1.21(0.35) 3.94(0.24)  1.87(0.28)
RBV - ST  3.84(0.45) 2.25(0.45) 3.05(0.31)  3.05(0.37)

BVSS-SI  3.69(1.30) 2.75(0.45) 2.67(0.61)  2.79(1.34)

BV - SI 3.12(0.71)  4.89(0.56)  2.32(0.47)  4.05(0.89)

TP FP
RBVSS 3.95(0.10) 4.66(0.90)
RBV 3.88(0.30) 5.98(0.51)
BVSS 3.69(0.37) 5.29(0.53)

BV 3.13(0.41) 7.29(1.67)
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Table B.2: Estimation accuracy in example 2 for n = 400, m = 200 under random intercept
- slope model, mean(sd) of IMSE, MSE, total squared errors for all estimates (Total) based
on 100 replicates at 50th quantile with i.1.d. errors.

RBVSS-SI RBV-SI BVSS-SI BV-SI RBVSS RBV BVSS BV
Error 1 N(0,1)
IMSE
Bo (t) 0.032(0.009)  0.123(0.021)  0.032(0.027)  0.124(0.014)  0.031(0.012)  0.121(0.011)  0.033(0.008)  0.123(0.011)
B1(t) 0.028(0.018) 0.131(0.013) 0.031(0.084) 0.134(0.051) 0.027(0.017) 0.129(0.024) 0.031(0.008) 0.135(0.026)
Ba (t) 0.027(0.024)  0.118(0.032)  0.031(0.041)  0.118(0.089)  0.025(0.015)  0.119(0.019)  0.032(0.011)  0.115(0.023)
Ba(t) 0.021(0.017) 0.110(0.021) 0.022(0.035) 0.111(0.065) 0.019(0.052) 0.111(0.031) 0.023(0.010) 0.112(0.029)
Ba(t) 0.018(0.017)  0.115(0.021)  0.020(0.035)  0.116(0.065)  0.016(0.052)  0.113(0.031)  0.019(0.010)  0.114(0.029)
MSE
<1 0.007(0.014) 0.013(0.015) 0.011(0.064) 0.015(0.054) 0.008(0.015) 0.015(0.123) 0.010(0.045) 0.018(0.017)
Co 0.005(0.007)  0.017(0.025)  0.006(0.078)  0.021(0.067)  0.006(0.012)  0.018(0.031)  0.005(0.047)  0.022(0.071)
C3 0.003(0.005) 0.018(0.016) 0.004(0.088) 0.023(0.065) 0.004(0.015) 0.019(0.021) 0.006(0.071) 0.025(0.031)
Ca 0.006(0.006)  0.021(0.015)  0.015(0.014)  0.034(0.045)  0.007(0.008)  0.023(0.016)  0.016(0.021)  0.033(0.071)
Total 0.123(0.041)  0.287(0.024)  0.125(0.034)  0.293(0.015)  0.158(1.167) 1.090(0.142)  0.163(0.038) 1.112(0.029)
Brror 2 t(2)
IMSE
Bo(t) 0.111(0.104)  0.162(0.077)  0.222(0.305)  0.342(1.841)  0.110(0.066)  0.163(0.120)  0.219(0.901)  0.339(0.272)
B1(t) 0.026(0.011)  0.231(0.112)  0.343(0.841)  0.553(0.988)  0.024(0.074)  0.229(0.202)  0.341(0.366)  0.550(0.559)
Ba(t) 0.065(0.041) 0.171(0.099) 0.419(0.397) 0.585(1.666) 0.066(0.171) 0.169(0.143) 0.421(0.491) 0.584(0.301)
B3 (t) 0.082(0.056)  0.197(0.121)  0.398(0.358)  0.585(0.718)  0.080(0.140)  0.195(0.200)  0.400(0.368)  0.584(0.346)
B4 (t) 0.036(0.056)  0.152(0.121)  0.311(0.358)  0.498(0.718)  0.034(0.140)  0.149(0.200)  0.309(0.368)  0.496(0.346)
MSE
<1 0.088(0.047)  0.124(0.063)  0.220(0.079)  0.253(0.537)  0.091(0.056)  0.128(0.071)  0.228(0.073)  0.261(0.025)
Co 0.062(0.009) 0.092(0.061) 0.142(0.285) 0.273(0.067) 0.071(0.011) 0.098(0.081) 0.148(0.038) 0.284(0.321)
<3 0.014(0.008)  0.074(0.063)  0.146(0.577)  0.298(0.067)  0.018(0.023)  0.081(0.034)  0.151(0.023)  0.314(0.035)
¢4 0.011(0.003)  0.024(0.025)  0.104(0.213)  0.203(0.045)  0.016(0.023)  0.031(0.039)  0.113(0.029)  0.214(0.038)
Total 0.285(0.104)  1.271(0.340)  1.317(0.302)  1.991(0.256)  0.402(1.318)  1.721(0.658)  1.643(0.941)  3.577(0.232)
Error 3 Lognormal(0,1)
IMSE
Bo (t) 0.085(0.088)  0.142(0.373)  0.139(0.592)  0.385(0.927)  0.083(0.060)  0.141(0.173)  0.141(0.504)  0.381(0.044)
B1(t) 0.271(0.160)  0.529(0.288)  0.710(0.579)  0.842(0.441)  0.268(0.079)  0.526(0.340)  0.708(0.301)  0.839(0.611)
Ba (t) 0.184(0.194)  0.298(0.320)  0.335(0.460)  0.595(0.819)  0.185(0.189)  0.296(0.198)  0.333(0.497)  0.600(0.250)
Bz (t) 0.154(0.308) 0.275(0.508) 0.343(0.508) 0.605(0.165) 0.155(0.108) 0.274(0.279) 0.339(0.573) 0.602(0.363)
Bya(t) 0.177(0.308) 0.238(0.508) 0.319(0.508) 0.533(0.165) 0.178(0.108) 0.236(0.279) 0.316(0.573) 0.531(0.363)
MSE
¢ 0.145(0.071)  0.205(0.072)  0.227(0.031)  0.334(0.233)  0.153(0.088)  0.217(0.045)  0.233(0.067)  0.341(0.067)
Co 0.071(0.237)  0.158(0.123)  0.217(0.579)  0.455(0.617)  0.079(0.038)  0.163(0.056)  0.225(0.038)  0.464(0.079)
<3 0.051(0.171)  0.183(0.160)  0.193(0.599)  0.368(0.627)  0.061(0.078)  0.189(0.076)  0.201(0.045)  0.389(0.047)
Cq 0.021(0.143) 0.098(0.086) 0.111(0.173) 0.372(0.158) 0.029(0.035) 0.095(0.039) 0.119(0.038) 0.381(0.048)
Total 0.459(0.471) 1.328(0.637) 1.457(1.248)  2.282(0.438)  0.786(0.857) 1.515(0.773) 1.862(1.381)  3.231(0.008)
Error 4 80%N(0,1)+ 20%N(0,3)
IMSE
Bo(t) 0.035(0.033) 0.115(0.060) 0.134(1.112) 0.743(1.387) 0.036(0.009) 0.113(0.013) 0.135(0.967) 0.741(0.230)
B1(t) 0.022(0.024)  0.061(0.039)  0.087(0.198)  0.122(0.527)  0.020(0.012)  0.059(0.075)  0.090(0.438)  0.119(0.554)
Ba (t) 0.019(0.034)  0.046(0.027)  0.088(0.606)  0.223(0.921)  0.018(0.011)  0.047(0.032)  0.086(0.877)  0.222(0.183)
B3 (t) 0.014(0.025) 0.033(0.043) 0.051(0.830) 0.234(0.843) 0.012(0.025) 0.031(0.085) 0.048(0.890) 0.235(0.592)
Ba(t) 0.031(0.025)  0.051(0.043)  0.069(0.830)  0.199(0.843)  0.030(0.025)  0.049(0.085)  0.068(0.890)  0.200(0.592)
MSE
<1 0.013(0.030)  0.015(0.013)  0.033(0.265)  0.099(0.919)  0.019(0.035)  0.018(0.038)  0.041(0.038)  0.102(0.048)
¢o 0.007(0.011)  0.018(0.020)  0.047(0.321)  0.111(0.692)  0.009(0.041)  0.020(0.029)  0.051(0.045)  0.114(0.038)
<3 0.008(0.027) 0.021(0.038) 0.061(0.927) 0.123(0.131) 0.010(0.054) 0.028(0.039) 0.069(0.041) 0.125(0.046)
¢a 0.007(0.011)  0.027(0.025)  0.081(0.987)  0.095(0.278)  0.011(0.038)  0.031(0.089)  0.083(0.056)  0.096(0.047)
Total 0.115(0.048) 0.154(0.153) 0.233(0.278) 0.487(0.688) 0.211(0.443) 0.282(0.271) 0.554(0.533) 1.677(0.592)
Error 5 Laplace (0,1)
IMSE
Bo (t) 0.043(0.026)  0.154(0.033)  0.236(0.036)  0.388(0.049)  0.042(0.031)  0.152(0.055)  0.234(0.119)  0.388(0.143)
B1(t) 0.033(0.045) 0.148(0.082) 0.221(0.059) 0.335(0.077) 0.031(0.012) 0.149(0.048) 0.220(0.032) 0.334(0.067)
Ba (t) 0.012(0.066)  0.117(0.049)  0.148(0.077)  0.199(0.063)  0.011(0.018)  0.116(0.032)  0.147(0.053)  0.197(0.178)
B3 (t) 0.035(0.064)  0.196(0.088)  0.222(0.035)  0.389(0.092)  0.034(0.015)  0.195(0.050)  0.221(0.038)  0.387(0.075)
By (t) 0.052(0.064) 0.185(0.088) 0.207(0.035) 0.325(0.092) 0.051(0.015) 0.184(0.050) 0.206(0.038) 0.323(0.075)
MSE
< 0.012(0.077) 0.031(0.029) 0.066(0.109) 0.125(0.077) 0.018(0.034) 0.039(0.047) 0.071(0.035) 0.131(0.045)
Co 0.038(0.048)  0.057(0.035)  0.098(0.070)  0.176(0.044)  0.040(0.051)  0.058(0.051)  0.111(0.048)  0.181(0.059)
¢s3 0.015(0.014)  0.054(0.057)  0.082(0.063)  0.191(0.049)  0.019(0.045)  0.061(0.059)  0.086(0.047)  0.195(0.039)
Cq 0.025(0.029) 0.086(0.052) 0.121(0.106) 0.235(0.054) 0.028(0.091) 0.088(0.058) 0.128(0.045) 0.241(0.048)
Total 0.191(0.124)  0.233(0.234)  0.449(0.139)  0.726(0.579)  0.277(0.450)  0.430(0.179)  0.950(0.472) 1.372(0.556)
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B.1.2 Identification results for ¢ = 0.3 in simulation

Table B.3: Simulation results in example 1 for n = 400, m = 200. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at 30th quantile with i.i.d. errors. True effects that are subject to selection: 4 varying effects,
4 constant effects.

n =400 m = 200 Varying Constant
TP FP TP FpP
Error 1 N(0,1) RBVSS-SI 3.91(0.22) 1.66 (0.33)  3.95(0.27) 1.62(1.78)
RBV-SI 3.88(0.10) 3.99(0.83) 3.64(0.46)  3.32(0.76)
BVSS-SI 3.92(0.31) 1.72(0.21) 3.92(0.31) 1.71(0.24)
BV-SI 3.82(0.12) 4.58(0.25) 3.59(1.78)  3.61(0.67)
TP FP
RBVSS 3.91(0.33) 5.36(0.37)
RBV 3.89(0.21) 7.38(1.66)
BVSS 3.92(0.43) 5.31(0.24)
BV 3.83(0.21) 7.55(1.27)
Error 2 t(2) RBVSS-SI 3.98(0.14) 0.57(1.74) 3.94(0.24) 1.89(0.57)

RBV-SI 3.94(0.27)  2.97(0.51)  2.95(0.50)  3.88(0.29)
BVSS-SI  3.83(0.56)  3.34(0.75)  2.63(1.53)  3.17(2.05)

BV-SI 3.14(0.81)  3.82(0.76)  1.97(1.64)  5.74(1.31)
TP FP
RBVSS 3.97(0.45) 5.08(0.51)
RBV 3.92(0.37) 6.55(1.11)
BVSS 3.89(0.45) 7.44(1.05)
BV 3.14(0.30) 8.24(1.27)

Error 3 Lognormal(0,1) RBVSS-SI 3.94(0.15) 0.79(0.35) 3.86(0.54)  1.07(0.76)
RBV-SI  3.91(0.54) 1.98(0.25) 2.99(1.82)  3.25(0.15)
BVSS-SI  3.74(0.89)  2.75(0.78)  2.52(0.27)  3.15(0.45)

BV-SI 3.11(0.84)  4.31(0.26)  1.99(1.12)  4.67(0.22)

TP FP

RBVSS 3.93(0.18) 5.27(0.37)

RBV 3.89(0.29) 7.12(1.66)

BVSS 3.87(0.33) 7.05(0.44)

BV 3.11(0.52) 8.55(1.27)
Error 4 80%N(0,1) RBVSS -SI  3.94(0.33)  0.84(0.27)  3.75(0.55)  1.26(0.24)
+20%N(0,3) RBV-SI 3.91(1.10)  1.48(0.25)  3.02(1.23)  2.54(0.45)
BVSS-SI  3.82(0.84) 2.86(0.25) 2.85(1.88)  2.22(1.06)
BV-SI 3.15(0.18)  4.21(0.15)  2.02(1.14)  3.21(0.25)

TP FP

RBVSS 3.94(0.11) 4.74(0.26)

RBV 3.91(0.32) 6.27(1.66)

BVSS 3.82(0.29) 5.77(0.58)

BV 3.15(0.18) 6.55(1.68)
Error 5 Laplace (0,1) RBVSS-SI  3.95(0.31)  1.14(0.35)  3.91(0.24)  1.92(0.28)
RBV-SI 3.70(0.45)  2.18(0.45)  3.15(1.31)  2.64(0.37)
BVSS-SI  3.83(1.30)  4.88(0.45)  3.02(1.61)  2.71(1.34)
BV-SI 3.05(0.71)  5.03(0.56)  2.12(1.07)  3.53(0.89)

TP FP

RBVSS 3.95(0.18) 4.71(0.60)

RBV 3.71(0.22) 5.88(0.84)

BVSS 3.81(0.26) 5.47(0.95)

BV 3.06(0.29) 7.24(1.95)
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Table B.4: Estimation accuracy in example 1 for n = 400, m = 200 under random intercept
- slope model, mean(sd) of IMSE, MSE, total squared errors for all estimates (Total) based

on 100 replicates at 30th quantile with i.1.d. errors.

RBVSS-SI RBV-SI BVSS-SI BV-SI RBVSS RBV BVSS BV
Error 1 N(0,1)
IMSE
Bo (t) 0.028(0.007)  0.115(0.088)  0.031(0.024)  0.113(0.097)  0.027(0.005)  0.114(0.009)  0.029(0.004)  0.115(0.006)
B1(t) 0.025(0.015) 0.110(0.035) 0.031(0.026) 0.121(0.065) 0.023(0.006) 0.108(0.013) 0.032(0.006) 0.120(0.014)
Ba (t) 0.036(0.017)  0.135(0.045)  0.041(0.018)  0.139(0.056)  0.035(0.008)  0.134(0.011)  0.040(0.006)  0.138(0.012)
Ba(t) 0.022(0.012) 0.077(0.041) 0.021(0.023) 0.082(0.036) 0.021(0.008) 0.074(0.020) 0.020(0.007) 0.079(0.015)
Ba(t) 0.041(0.012)  0.086(0.041)  0.053(0.023)  0.079(0.036)  0.040(0.008)  0.086(0.020)  0.052(0.007)  0.077(0.015)
MSE
<1 0.011(0.018) 0.028(0.038) 0.012(0.021) 0.033(0.032) 0.017(0.035) 0.031(0.061) 0.015(0.025) 0.041(0.045)
Co 0.005(0.005)  0.023(0.022)  0.007(0.022)  0.026(0.028)  0.009(0.012)  0.029(0.037)  0.008(0.021)  0.027(0.031)
C3 0.011(0.008) 0.032(0.030) 0.014(0.025) 0.039(0.032) 0.016(0.031) 0.038(0.052) 0.019(0.037) 0.041(0.052)
Ca 0.006(0.009)  0.016(0.022)  0.005(0.035)  0.018(0.024)  0.009(0.025)  0.019(0.038)  0.008(0.041)  0.021(0.079)
Total 0.129(0.040) 1.097(0.196)  0.132(0.037) 1.111(0.265)  0.151(0.026) 1.099(0.018)  0.134(0.020) 1.114(0.062)
Brror 2 t(2)
IMSE
Bo(t) 0.102(0.430)  0.191(0.104)  0.279(0.287)  0.412(0.841)  0.101(0.007)  0.190(0.103)  0.278(1.431)  0.411(0.675)
B1(t) 0.027(0.011)  0.214(0.112)  0.331(0.844)  0.612(0.988)  0.026(0.015)  0.215(0.144)  0.330(0.720)  0.611(0.421)
Ba(t) 0.086(0.041) 0.157(0.099) 0.311(0.397) 0.415(1.666) 0.087(0.020) 0.156(0.107) 0.310(0.444) 0.412(0.223)
B3 (t) 0.045(0.056)  0.207(0.121)  0.312(0.378)  0.435(0.718)  0.042(0.033)  0.206(0.146)  0.310(0.385)  0.433(0.321)
B4 (t) 0.068(0.056)  0.233(0.121)  0.342(0.378)  0.501(0.718)  0.066(0.033)  0.230(0.146)  0.341(0.385)  0.499(0.321)
MSE
<1 0.083(0.047)  0.103(0.063)  0.220(0.079)  0.251(0.537)  0.085(0.032)  0.104(0.051)  0.231(0.045)  0.263(0.071)
Co 0.047(0.551)  0.081(0.009)  0.132(0.285)  0.271(0.672)  0.051(0.042)  0.083(0.038)  0.140(0.052)  0.279(0.038)
<3 0.017(0.008)  0.048(0.061)  0.138(0.577)  0.406(0.673)  0.021(0.028)  0.052(0.021)  0.139(0.041)  0.410(0.077)
¢4 0.022(0.003)  0.044(0.037)  0.111(0.213)  0.205(0.167)  0.024(0.018)  0.051(0.045)  0.115(0.032)  0.207(0.045)
Total 0.275(0.104)  1.228(0.340)  1.237(1.456)  2.111(0.556)  0.378(0.022)  1.557(0.518)  1.525(0.889)  3.424(0.574)
Error 3 Lognormal(0,1)
IMSE
Bo (t) 0.064(0.040)  0.124(0.237)  0.151(0.598)  0.536(0.589)  0.062(0.036)  0.122(0.153)  0.150(0.587)  0.534(0.897)
B1(t) 0.252(0.113) 0.433(0.256) 0.578(0.462) 0.843(0.319) 0.251(0.046) 0.432(0.084) 0.572(0.239) 0.841(0.495)
Ba (t) 0.175(0.073)  0.288(0.161)  0.311(0.441)  0.588(0.285)  0.173(0.130)  0.286(0.202)  0.310(0.520)  0.586(0.246)
B3 (t) 0.222(0.188)  0.265(0.262)  0.333(0.497)  0.517(0.381)  0.221(0.112)  0.264(0.270)  0.331(0.456)  0.513(0.321)
Ba(t) 0.243(0.188)  0.321(0.262)  0.428(0.497)  0.603(0.381)  0.240(0.112)  0.319(0.270)  0.426(0.456)  0.600(0.321)
MSE
¢ 0.126(0.107)  0.186(0.099)  0.212(0.030)  0.331(0.541)  0.133(0.038)  0.192(0.041)  0.221(0.025)  0.341(0.025)
Co 0.042(0.130)  0.132(0.117)  0.172(0.240)  0.430(0.270)  0.051(0.047)  0.141(0.049)  0.181(0.049)  0.441(0.041)
<3 0.029(0.057)  0.121(0.146)  0.187(0.616)  0.322(0.671)  0.035(0.051)  0.126(0.035)  0.189(0.028)  0.323(0.051)
Ca 0.021(0.025)  0.068(0.075)  0.111(0.194)  0.229(0.378)  0.027(0.049)  0.072(0.045)  0.114(0.041)  0.231(0.056)
Total 0.515(0.295) 1.255(0.623) 1.419(1.323)  2.017(1.289)  0.792(0.456) 1.412(0.720) 1.594(0.456)  2.982(0.321)
Error 4 80%N(0,1)+ 20%N(0,3)
IMSE
Bo(t) 0.031(0.006) 0.065(0.009) 0.123(0.214) 0.803(0.943) 0.029(0.006) 0.064(0.009) 0.121(1.093) 0.802(2.967)
B1(t) 0.022(0.026)  0.075(0.093)  0.114(0.235)  0.528(0.239)  0.020(0.007)  0.071(0.128)  0.113(1.415)  0.526(0.352)
Ba (t) 0.021(0.021) 0.065(0.023) 0.099(0.808) 0.213(0.891) 0.019(0.007) 0.063(0.046) 0.096(0.494) 0.211(0.331)
B3 (t) 0.017(0.047) 0.042(0.075) 0.066(0.351) 0.362(0.892) 0.015(0.008) 0.039(0.088) 0.064(0.962) 0.360(0.047)
Ba(t) 0.029(0.047)  0.056(0.075)  0.079(0.351)  0.308(0.892)  0.028(0.008)  0.054(0.088)  0.077(0.962)  0.305(0.047)
MSE
<1 0.011(0.026)  0.019(0.009)  0.047(0.032)  0.111(0.218)  0.018(0.031)  0.025(0.011)  0.058(0.067)  0.118(0.045)
¢o 0.007(0.004)  0.013(0.006)  0.052(0.290)  0.075(0.672)  0.011(0.045)  0.019(0.061)  0.061(0.048)  0.088(0.041)
<3 0.005(0.003) 0.016(0.025) 0.081(0.632) 0.117(0.349) 0.009(0.031) 0.021(0.054) 0.089(0.076) 0.129(0.122)
¢a 0.001(0.005)  0.009(0.013)  0.061(0.581)  0.082(0.786)  0.006(0.041)  0.017(0.027)  0.069(0.041)  0.091(0.023)
Total 0.092(0.092) 0.118(0.182) 0.229(0.425) 0.413(0.521) 0.131(0.052) 0.258(0.416) 0.475(0.781) 0.524(0.951)
Error 5 Laplace(0,1)
IMSE
Bo (t) 0.044(0.023)  0.162(0.013)  0.312(0.019)  0.467(0.146)  0.042(0.010)  0.160(0.036)  0.309(0.101)  0.464(0.122)
B1(t) 0.022(0.032) 0.114(0.217) 0.203(0.018) 0.333(0.513) 0.020(0.006) 0.112(0.018) 0.200(0.027) 0.334(0.061)
Ba (t) 0.023(0.021)  0.122(0.120)  0.161(0.019)  0.223(0.765)  0.021(0.007)  0.121(0.021)  0.159(0.030)  0.224(0.044)
B3 (t) 0.041(0.024)  0.313(0.341)  0.326(0.015)  0.521(0.654)  0.039(0.008)  0.310(0.025)  0.322(0.033)  0.519(0.065)
By (t) 0.039(0.023) 0.213(0.341) 0.298(0.015) 0.444(0.654) 0.038(0.008) 0.211(0.025) 0.299(0.033) 0.443(0.065)
MSE
< 0.022(0.023)  0.031(0.051)  0.086(0.045)  0.144(0.123)  0.028(0.041)  0.039(0.038)  0.091(0.028)  0.149(0.047)
Co 0.053(0.021) 0.078(0.025) 0.122(0.058) 0.196(0.325) 0.061(0.045) 0.084(0.035) 0.129(0.045) 0.200(0.049)
¢s3 0.028(0.024)  0.051(0.029)  0.186(0.034)  0.287(0.256)  0.034(0.038)  0.059(0.074)  0.193(0.056)  0.296(0.059)
Cq 0.019(0.013) 0.088(0.034) 0.111(0.067) 0.222(0.111) 0.028(0.051) 0.091(0.033) 0.119(0.045) 0.229(0.045)
Total 0.174(0.028)  0.222(0.056)  0.287(0.124)  0.389(0.135)  0.254(0.025)  0.441(0.114)  0.756(0.268)  0.999(0.480)
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Table B.5: Simulation results in example 2 for n = 400, m = 200. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at 30th quantile with i.i.d. errors. True effects that are subject to selection: 4 varying effects,
4 constant effects.

n =400 m = 200 Varying Constant
TP FP TP FP
Error 1 N(0,1) RBVSS - ST 3.95(0.17)  1.88(0.21) 3.97(0.27)  1.54(0.14)

RBV-SI 3.91(0.21)  3.69(0.29) 3.89(1.41)  3.75(0.89)
BVSS-SI  3.94(0.13) 1.67(0.21)  3.93(0.31)  1.61(0.24)
BV - SI 3.93(0.55)  3.77(0.25)  3.90(0.78)  3.91(0.67)

TP FP
RBVSS 3.95(0.41) 5.21(0.16)
RBV 3.92(0.31) 6.31(1.22)
BVSS 3.94(0.21) 5.33(0.20)
BV 3.91(0.18) 6.37(1.17)
Error 2 (2) RBVSS - ST 3.91(0.14)  1.35(0.74) 3.86(0.24)  1.46(0.57)

RBV - ST  3.88(1.79) 3.10(0.33) 3.25(0.24)  2.59(0.45)
BVSS-SI  3.85(0.55) 2.87(0.16) 2.85(0.31)  2.88(0.41)
BV - SI 3.27(0.55)  4.55(0.76)  2.02(1.64)  6.24(0.45)

TP FP
RBVSS 3.91(0.14) 5.27(1.47)
RBV 3.88(0.10) 6.63(0.99)
BVSS 3.85(0.44) 7.11(0.20)

BV 3.31(0.41) 8.12(1.17)

Error 3 Lognormal(0,1) RBVSS-SI  3.86(0.35) 1.11(0.52)  3.75(0.84)  1.51(0.29)
RBV -SI  3.78(0.14) 2.44(0.25) 3.11(0.82)  3.88(0.15)

BVSS-SI  3.81(0.89) 3.27(0.21)  2.79(0.49)  3.11(0.45)

BV - SI 3.08(0.84) 4.71(0.26)  2.17(1.10)  3.88(0.22)

TP FP

RBVSS 3.86(0.10) 5.78(1.05)

RBV 3.74(0.47) 6.89(1.22)

BVSS 3.81(0.59) 7.36(1.29)

BV 3.06(0.63) 8.19(0.94)
Error 4 80%N(0,1) RBVSS - ST 3.89(0.18)  0.99(0.27)  3.95(0.55)  1.84(0.24)
+20%N(0,3) RBV - ST  3.84(0.12) 1.99(0.25) 3.03(0.53)  2.99(0.45)
BVSS- ST  3.72(0.84) 2.71(0.25) 2.12(2.88)  2.21(0.15)
BV - SI 3.11(0.55) 4.82(0.15)  2.08(1.14)  3.22(0.25)

TP FP

RBVSS 3.90(0.11) 4.83(0.67)

RBV 3.83(0.56) 6.85(0.98)

BVSS 3.71(1.08) 5.35(0.20)

BV 3.13(0.99) 7.11(1.97)

Error 5 Laplace (0,1)  RBVSS-SI  3.91(0.31) 1.09(0.35) 3.91(0.24)  1.37(0.28)
RBV - ST  3.78(0.45) 2.12(0.45)  2.97(0.31)  2.99(0.37)

BVSS - SI  3.89(1.30) 2.69(0.45)  2.36(0.61)  2.77(1.34)

BV - SI 3.31(0.71)  4.57(0.56)  2.12(0.47)  4.11(0.89)

TP FP
RBVSS 3.90(0.10) 4.54(0.90)
RBV 3.78(0.43) 5.69(0.51)
BVSS 3.88(0.37) 5.34(0.53)

BV 3.33(0.41) 7.23(1.67)
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Table B.6: Estimation accuracy in example 2 for n = 400, m = 200 under random intercept-
slope model, mean(sd) of IMSE, MSE, total squared errors for all estimates (Total) based on

100 replicates at 30th quantile with i.1.d. errors.

RBVSS-SI RBV-SI BVSS-SI BV-SI RBVSS RBV BVSS BV
Error 1 N(0,1)
IMSE
Bo (t) 0.026(0.009)  0.116(0.021)  0.029(0.027)  0.120(0.014)  0.024(0.012)  0.114(0.011)  0.028(0.008)  0.122(0.011)
B1(t) 0.031(0.018) 0.122(0.013) 0.034(0.084) 0.125(0.051) 0.029(0.017) 0.122(0.024) 0.033(0.008) 0.124(0.026)
Ba (t) 0.032(0.024)  0.121(0.032)  0.033(0.041)  0.123(0.089)  0.030(0.015)  0.119(0.019)  0.032(0.011)  0.121(0.023)
Ba(t) 0.025(0.017) 0.131(0.021) 0.028(0.035) 0.134(0.065) 0.023(0.052) 0.130(0.031) 0.027(0.010) 0.132(0.029)
Ba(t) 0.041(0.017)  0.138(0.021)  0.038(0.035)  0.139(0.065)  0.040(0.052)  0.137(0.031)  0.037(0.010)  0.138(0.029)
MSE
<1 0.009(0.014) 0.015(0.015) 0.008(0.064) 0.017(0.054) 0.013(0.026) 0.019(0.045) 0.010(0.041) 0.021(0.031)
Co 0.006(0.007)  0.019(0.025)  0.007(0.078)  0.021(0.067)  0.009(0.034)  0.023(0.045)  0.009(0.032)  0.028(0.041)
¢s 0.004(0.005)  0.021(0.016)  0.005(0.088)  0.023(0.065)  0.008(0.021)  0.028(0.032)  0.008(0.056)  0.030(0.035)
Ca 0.005(0.006)  0.017(0.015)  0.005(0.014)  0.022(0.045)  0.009(0.014)  0.023(0.041)  0.009(0.034)  0.029(0.025)
Total 0.127(0.041)  0.265(0.024)  0.131(0.034)  0.271(0.015)  0.192(1.167) 1.112(0.142)  0.201(0.038) 1.118(0.029)
Brror 2 t(2)
IMSE
Bo(t) 0.132(0.104)  0.171(0.077)  0.245(0.305)  0.356(1.841)  0.131(0.066)  0.170(0.120)  0.243(0.901)  0.354(0.272)
B1(t) 0.031(0.011)  0.243(0.112)  0.332(0.841)  0.497(0.988)  0.029(0.074)  0.244(0.202)  0.331(0.366)  0.496(0.559)
Ba(t) 0.071(0.041) 0.182(0.099) 0.421(0.397) 0.591(0.666) 0.070(0.171) 0.180(0.143) 0.420(0.491) 0.590(0.301)
B3 (t) 0.075(0.056)  0.203(0.121)  0.376(0.358)  0.591(0.718)  0.074(0.140)  0.202(0.200)  0.374(0.368)  0.589(0.346)
B4 (t) 0.061(0.056)  0.221(0.121)  0.389(0.358)  0.543(0.718)  0.060(0.140)  0.222(0.200)  0.387(0.368)  0.541(0.346)
MSE
<1 0.097(0.047)  0.133(0.063)  0.234(0.079)  0.262(0.537)  0.111(0.052)  0.140(0.037)  0.239(0.081)  0.271(0.045)
Co 0.071(0.009) 0.097(0.061) 0.161(0.285) 0.282(0.067) 0.079(0.035) 0.111(0.025) 0.171(0.032) 0.291(0.032)
<3 0.011(0.008)  0.068(0.063)  0.138(0.577)  0.276(0.067)  0.016(0.041)  0.075(0.031)  0.143(0.041)  0.284(0.039)
¢4 0.014(0.003)  0.034(0.025)  0.113(0.213)  0.224(0.045)  0.019(0.035)  0.043(0.045)  0.118(0.071)  0.229(0.078)
Total 0.292(0.104) 1.283(0.340) 1.346(3.302) 1.888(0.256) 0.389(1.318) 1.657(0.658) 1.548(1.941) 3.476(0.232)
Error 3 Lognormal(0,1)
IMSE
Bo (t) 0.091(0.088)  0.151(0.373)  0.311(0.592)  0.325(1.927)  0.090(0.060)  0.149(0.173)  0.310(0.504)  0.324(1.044)
B1(t) 0.330(0.160)  0.539(0.288)  0.776(0.579)  0.886(0.441)  0.328(0.079)  0.536(0.340)  0.775(0.301)  0.884(0.611)
Ba (t) 0.176(0.194)  0.308(0.320)  0.367(0.460)  0.635(0.819)  0.175(0.189)  0.306(0.198)  0.365(0.497)  0.633(0.250)
Bz (t) 0.162(0.308) 0.270(0.508) 0.351(0.508) 0.626(0.165) 0.160(0.108) 0.268(0.279) 0.349(0.573) 0.624(0.363)
Bya(t) 0.207(0.308) 0.312(0.508) 0.401(0.508) 0.687(0.165) 0.206(0.108) 0.311(0.279) 0.399(0.573) 0.685(0.363)
MSE
¢1 0.155(0.071) 0.215(0.072) 0.225(0.031) 0.341(0.233) 0.166(0.091) 0.226(0.057) 0.231(0.041) 0.349(0.031)
Co 0.083(0.237)  0.173(0.123)  0.232(0.579)  0.501(0.617)  0.088(0.041)  0.181(0.045)  0.235(0.057)  0.503(0.047)
<3 0.063(0.171)  0.168(0.160)  0.202(0.599)  0.388(0.627)  0.067(0.043)  0.173(0.045)  0.211(0.048)  0.392(0.071)
Ca 0.024(0.143)  0.101(0.086)  0.124(0.173)  0.412(0.158)  0.028(0.039)  0.108(0.043)  0.129(0.048)  0.419(0.088)
Total 0.444(0.471) 1.128(0.637) 1.472(1.248)  2.322(0.438)  0.764(0.857) 1.613(0.773) 1.725(1.381)  3.179(4.008)
Error 4 80%N(0,1)+ 20%N(0,3)
IMSE
Bo(t) 0.042(0.033) 0.125(0.060) 0.141(1.112) 0.688(1.387) 0.042(0.009) 0.123(0.013) 0.139(0.967) 0.686(0.230)
B1(t) 0.029(0.024)  0.067(0.039)  0.091(0.198)  0.131(0.527)  0.028(0.012)  0.065(0.075)  0.090(0.438)  0.129(0.554)
Ba (t) 0.022(0.034)  0.058(0.027)  0.098(0.606)  0.239(1.921)  0.021(0.011)  0.057(0.032)  0.096(0.877)  0.237(1.183)
B3 (t) 0.018(0.025) 0.035(0.043) 0.064(0.830) 0.243(0.843) 0.016(0.025) 0.034(0.085) 0.062(0.890) 0.241(0.592)
Ba(t) 0.031(0.025)  0.042(0.043)  0.055(0.830)  0.207(0.843)  0.029(0.025)  0.040(0.085)  0.053(0.890)  0.206(0.592)
MSE
<1 0.017(0.030)  0.022(0.013)  0.042(0.265)  0.111(0.919)  0.019(0.045)  0.026(0.078)  0.049(0.071)  0.119(0.048)
¢o 0.009(0.011)  0.021(0.020)  0.059(0.321)  0.145(0.692)  0.011(0.034)  0.029(0.064)  0.068(0.034)  0.146(0.075)
<3 0.011(0.027) 0.031(0.038) 0.071(0.927) 0.133(0.131) 0.016(0.029) 0.035(0.078) 0.080(0.075) 0.137(0.049)
¢a 0.005(0.011)  0.023(0.025)  0.091(0.987)  0.103(0.278)  0.008(0.057)  0.029(0.045)  0.092(0.048)  0.106(0.018)
Total 0.113(0.048) 0.145(0.153) 0.241(0.278) 0.511(0.688) 0.311(0.443) 0.379(0.271) 0.666(0.533) 0.765(0.592)
Error 5 Laplace (0,1)
IMSE
Bo (t) 0.051(0.023)  0.168(0.033)  0.276(0.036)  0.396(0.049)  0.049(0.031)  0.167(0.055)  0.275(0.119)  0.395(0.143)
B1(t) 0.042(0.045) 0.152(0.082) 0.254(0.059) 0.355(0.077) 0.042(0.012) 0.151(0.048) 0.254(0.032) 0.353(0.067)
Ba (t) 0.017(0.066)  0.125(0.049)  0.157(0.077)  0.188(0.063)  0.015(0.018)  0.124(0.032)  0.157(0.053)  0.186(0.178)
B3 (t) 0.038(0.064)  0.179(0.088)  0.218(0.035)  0.376(0.092)  0.036(0.015)  0.177(0.050)  0.218(0.038)  0.377(0.075)
Bz (t) 0.022(0.064) 0.136(0.088) 0.171(0.035) 0.246(0.092) 0.021(0.015) 0.135(0.050) 0.170(0.038) 0.244(0.075)
MSE
< 0.013(0.077) 0.041(0.029) 0.077(0.109) 0.135(0.077) 0.018(0.038) 0.049(0.032) 0.083(0.028) 0.143(0.079)
Co 0.031(0.048)  0.062(0.035)  0.092(0.070)  0.166(0.044)  0.039(0.028)  0.071(0.048)  0.111(0.049)  0.174(0.038)
¢s3 0.013(0.014)  0.064(0.057)  0.092(0.063)  0.210(0.049)  0.019(0.057)  0.071(0.032)  0.096(0.032)  0.218(0.038)
Ca 0.022(0.029)  0.079(0.052)  0.124(0.106)  0.244(0.054)  0.029(0.049)  0.088(0.038)  0.129(0.071)  0.261(0.078)
Total 0.211(0.124)  0.287(0.234)  0.469(0.139)  0.876(0.579)  0.377(0.450)  0.589(0.179)  0.988(0.472) 1.415(0.556)
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B.1.3 Identification results for 6 = 0.7 in simulation

Table B.7: Simulation results in example 1 for n = 400, m = 200. mean(sd) of true positives
(TP) and false positives (FP) under random intercept - slope model based on 100 replicates
at 70th quantile with i.i.d. errors. True effects that are subject to selection: 4 varying effects,
4 constant effects.

n =400 m = 200 Varying Constant
TP FP TP FP
Error 1 N(0,1) RBVSS-SI 3.89(0.22 1.58(0.33)  3.98(0.27) 1.59(1.78)

RBV-SI 3.88(0.10
BVSS-SI 3.90(0.31

3.71(0.83)  3.72(0.46)  3.65(0.76)
1.62(0.21)  3.96(0.31)  1.64(0.24)

—_ — = =

BV-SI 3.85(0.12)  3.82(0.25) 3.68(1.78)  3.71(0.67)
TP FP
RBVSS 3.90(0.33) 5.59(0.37)
RBV 3.89(0.21) 7.21(1.66)
BVSS 3.91(0.43) 5.61(0.24)
BV 3.88(0.21) 7.33(1.27)
Error 2 t(2) RBVSS-SI  3.98(0.14) 0.46(1.74) 3.94(0.24)  1.76(0.57)

RBV-SI 3.91(0.27)  2.89(0.51) 3.17(0.50)  3.91(0.29)
BVSS-SI  3.79(0.56)  3.47(0.75)  2.91(1.53)  3.28(2.05)

BV-SI 3.18(0.81)  3.79(0.76)  2.01(1.64)  5.33(1.31)
TP FP
RBVSS 3.97(0.45) 5.28(0.51)
RBV 3.92(0.37) 6.77(1.11)
BVSS 3.78(0.45) 7.55(1.05)
BV 3.17(0.30) 8.11(1.27)

Error 3 Lognormal(0,1) RBVSS-SI  3.96(0.15)  0.83(0.35) 3.89(0.54)  1.11(0.76)
RBV-SI 3.90(0.54)  2.09(0.25) 3.18(1.82)  3.88(0.15)
BVSS-SI  3.74(0.89)  2.89(0.78)  2.88(0.27)  3.73(0.45)

BV-SI 3.04(0.84)  4.22(0.26)  2.11(1.12)  4.99(0.22)

TP FP

RBVSS 3.95(0.18) 5.25(0.37)

RBV 3.89(0.29) 7.29(1.66)

BVSS 3.75(0.33) 7.11(0.44)

BV 3.03(0.52) 8.42(1.27)
Error 4 80%N(0,1) RBVSS -ST  3.94(0.33)  0.92(0.27) 3.85(0.55)  1.31(0.24)
+20%N(0,3) RBV-SI 3.91(1.10)  1.89(0.25)  3.33(1.23)  2.49(0.45)
BVSS-SI  3.81(0.84)  2.92(0.25) 2.89(1.88)  3.12(1.06)
BV-SI 3.01(0.18)  4.33(0.15)  2.22(1.14)  4.78(0.25)

TP FP

RBVSS 3.94(0.11) 4.89(0.26)

RBV 3.91(0.32) 6.12(1.66)

BVSS 3.82(0.29) 5.81(0.58)

BV 3.02(0.18) 6.65(1.68)

Error 5 Laplace (0,1) RBVSS-SI  3.95(0.31)  1.22(0.35) 3.95(0.24)  1.85(0.28)
RBV-SI 3.81(0.45) 2.25(0.45)  3.41(1.31)  2.53(0.37)
BVSS-SI  3.79(1.30)  4.76(0.45) 3.07(1.61)  2.83(1.34)

BV-SI 3.11(0.71)  5.49(0.56)  2.25(1.07)  3.89(0.89)
TP FP
RBVSS 3.95(0.18) 4.61(0.60)
RBV 3.81(0.22) 5.75(0.84)
BVSS 3.79(0.26) 5.62(0.95)
BV 3.10(0.29) 7.14(1.95)

186



Table B.8: Estimation accuracy in example 1 for n = 400, m = 200 under random intercept
- slope model, mean(sd) of IMSE, MSE, total squared errors for all estimates (Total) based

on 100 replicates at 70th quantile with i.1.d. errors.

RBVSS-SI RBV-SI BVSS-SI BV-SI RBVSS RBV BVSS BV
Error 1 N(0,1)
IMSE
Bo (t) 0.021(0.007)  0.121(0.088)  0.026(0.024)  0.123(0.097)  0.024(0.005)  0.120(0.009)  0.022(0.004)  0.120(0.006)
B1(t) 0.028(0.015) 0.118(0.035) 0.030(0.026) 0.120(0.065) 0.025(0.006) 0.116(0.013) 0.025(0.006) 0.118(0.014)
Ba (t) 0.031(0.017)  0.129(0.045)  0.038(0.018)  0.131(0.056)  0.029(0.008)  0.128(0.011)  0.040(0.006)  0.134(0.012)
Ba(t) 0.019(0.012) 0.065(0.041) 0.021(0.023) 0.071(0.036) 0.020(0.008) 0.068(0.020) 0.019(0.007) 0.074(0.015)
Ba(t) 0.026(0.012)  0.105(0.041)  0.024(0.023)  0.113(0.036)  0.024(0.008)  0.107(0.020)  0.021(0.007)  0.112(0.015)
MSE
<1 0.015(0.018) 0.031(0.038) 0.017(0.021) 0.033(0.032) 0.014(0.023) 0.029(0.041) 0.019(0.027) 0.031(0.031)
Co 0.006(0.005)  0.028(0.022)  0.008(0.022)  0.031(0.028)  0.005(0.011)  0.027(0.032)  0.006(0.021)  0.029(0.041)
¢s 0.015(0.008)  0.034(0.030)  0.017(0.025)  0.036(0.032)  0.013(0.025)  0.035(0.019)  0.016(0.038)  0.034(0.045)
Ca 0.008(0.009)  0.022(0.022)  0.010(0.035)  0.024(0.024)  0.009(0.038)  0.021(0.038)  0.011(0.038)  0.022(0.076)
Total 0.131(0.040)  0.473(0.196)  0.132(0.037)  0.481(0.265)  0.154(0.026)  0.722(0.018)  0.157(0.020)  0.725(0.062)
Brror 2 t(2)
IMSE
Bo (£) 0.104(0.430)  0.184(0.104)  0.262(0.287)  0.442(0.841)  0.103(0.007)  0.190(0.103)  0.258(1.431)  0.437(0.675)
B1(t) 0.023(0.011)  0.203(0.112)  0.334(0.844)  0.631(0.988)  0.031(0.015)  0.201(0.144)  0.329(0.720)  0.629(0.421)
Ba(t) 0.091(0.041) 0.162(0.099) 0.321(0.397) 0.465(1.666) 0.093(0.020) 0.158(0.107) 0.319(0.444) 0.460(0.223)
B3 (t) 0.051(0.056)  0.211(0.121)  0.328(0.378)  0.454(0.718)  0.053(0.033)  0.206(0.146)  0.323(0.385)  0.450(0.321)
B4 (t) 0.038(0.056)  0.187(0.121)  0.211(0.378)  0.387(0.718)  0.032(0.033)  0.185(0.146)  0.209(0.385)  0.383(0.321)
MSE
<1 0.079(0.047)  0.112(0.063)  0.226(0.089)  0.261(0.537)  0.081(0.051)  0.113(0.051)  0.223(0.071)  0.259(0.189)
Co 0.042(0.551) 0.093(0.009) 0.152(0.285) 0.259(0.672) 0.041(0.099) 0.091(0.011) 0.149(0.111) 0.257(0.231)
<3 0.021(0.008)  0.051(0.061)  0.141(0.577)  0.391(0.673)  0.019(0.113)  0.049(0.098)  0.139(0.477)  0.389(0.067)
¢4 0.019(0.003)  0.048(0.037)  0.122(0.213)  0.287(0.167)  0.017(0.018)  0.045(0.111)  0.120(0.099)  0.282(0.123)
Total 0.268(0.104)  1.215(0.340)  1.325(1.456)  2.101(0.556)  0.389(0.022)  1.457(0.518)  1.528(0.889)  2.028(0.574)
Error 3 Lognormal(0,1)
IMSE
Bo (t) 0.071(0.040)  0.131(0.237)  0.161(0.598)  0.612(0.589)  0.069(0.036)  0.129(0.153)  0.159(0.587)  0.610(0.897)
B1(t) 0.232(0.113) 0.383(0.256) 0.478(0.462) 0.793(0.319) 0.230(0.046) 0.381(0.284) 0.475(0.239) 0.800(0.495)
Ba (t) 0.181(0.073)  0.291(0.161)  0.338(0.441)  0.677(0.285)  0.179(0.130)  0.289(0.202)  0.336(0.520)  0.675(0.246)
B3 (t) 0.231(0.188)  0.273(0.262)  0.341(0.497)  0.621(0.381)  0.229(0.112)  0.270(0.270)  0.339(0.456)  0.619(0.321)
Ba(t) 0.158(0.188) 0.231(0.262) 0.299(0.497) 0.418(0.381) 0.156(0.112) 0.229(0.270) 0.297(0.456) 0.416(0.321)
MSE
¢1 0.123(0.107) 0.191(0.099) 0.207(0.030) 0.328(0.541) 0.121(0.041) 0.189(0.048) 0.205(0.048) 0.325(0.041)
Co 0.051(0.130)  0.141(0.117)  0.181(0.240)  0.403(0.270)  0.049(0.056)  0.139(0.056)  0.179(0.058)  0.400(0.039)
<3 0.032(0.057)  0.129(0.146)  0.191(0.616)  0.343(0.671)  0.029(0.048)  0.127(0.133)  0.189(0.041)  0.341(0.541)
Cq 0.029(0.025) 0.075(0.075) 0.117(0.194) 0.238(0.378) 0.028(0.067) 0.073(0.111) 0.115(0.098) 0.235(0.126)
Total 0.413(0.295) 1.212(0.623) 1.403(0.323) 1.997(0.289)  0.727(0.456) 1.433(0.720) 1.528(0.456)  2.099(0.321)
Error 4 80%N(0,1)+ 20%N(0,3)
IMSE
Bo(t) 0.029(0.006) 0.055(0.009) 0.115(0.214) 0.779(0.943) 0.027(0.006) 0.052(0.009) 0.113(0.093) 0.776(2.967)
B1(t) 0.023(0.026)  0.085(0.093)  0.121(0.235)  0.569(0.239)  0.021(0.007)  0.082(0.128)  0.117(0.415)  0.566(0.352)
Ba (t) 0.019(0.021) 0.060(0.023) 0.102(0.808) 0.224(0.891) 0.017(0.007) 0.057(0.046) 0.100(0.494) 0.222(0.331)
B3 (t) 0.021(0.047) 0.051(0.075) 0.077(0.351) 0.382(0.892) 0.018(0.008) 0.049(0.088) 0.080(0.962) 0.379(0.047)
Ba(t) 0.017(0.047)  0.044(0.075)  0.061(0.351)  0.291(0.892)  0.015(0.008)  0.041(0.088)  0.059(0.962)  0.289(0.147)
MSE
<1 0.013(0.026)  0.023(0.009)  0.051(0.032)  0.118(0.218)  0.012(0.031)  0.021(0.078)  0.049(0.054)  0.116(0.199)
¢o 0.009(0.004)  0.018(0.006)  0.057(0.290)  0.086(0.672)  0.007(0.011)  0.016(0.014)  0.057(0.117)  0.084(0.555)
Cs 0.008(0.003)  0.021(0.025)  0.079(0.632)  0.121(0.349)  0.006(0.034)  0.019(0.111)  0.071(0.113)  0.119(0.444)
¢a 0.002(0.005)  0.011(0.013)  0.058(0.581)  0.088(0.786)  0.002(0.123)  0.010(0.121)  0.060(0.444)  0.086(0.111)
Total 0.087(0.092)  0.116(0.182)  1.232(0.425)  1.446(0.521)  0.134(0.052)  1.248(0.416)  1.428(0.781)  1.899(0.951)
Error 5 Laplace(0,1)
IMSE
Bo (t) 0.039(0.023)  0.151(0.013)  0.232(0.019)  0.489(0.146)  0.038(0.010)  0.149(0.036)  0.230(0.101)  0.487(0.122)
B1(t) 0.025(0.032) 0.122(0.217) 0.211(0.018) 0.356(0.513) 0.022(0.006) 0.121(0.018) 0.209(0.027) 0.354(0.061)
Ba (t) 0.021(0.021)  0.119(0.120)  0.151(0.019)  0.213(0.765)  0.044(0.007)  0.139(0.021)  0.195(0.030)  0.291(0.044)
B3 (t) 0.039(0.024)  0.299(0.341)  0.329(0.015)  0.499(0.654)  0.037(0.008)  0.297(0.025)  0.327(0.033)  0.496(0.065)
By (t) 0.018(0.024) 0.141(0.341) 0.199(0.015) 0.307(0.654) 0.016(0.008) 0.139(0.025) 0.195(0.033) 0.304(0.065)
MSE
< 0.024(0.023) 0.038(0.051) 0.092(0.045) 0.152(0.123) 0.022(0.034) 0.036(0.045) 0.090(0.051) 0.150(0.115)
Co 0.049(0.021) 0.081(0.025) 0.116(0.058) 0.189(0.325) 0.047(0.045) 0.079(0.056) 0.115(0.111) 0.190(0.216)
¢s3 0.027(0.024)  0.061(0.029)  0.184(0.034)  0.283(0.256)  0.025(0.067)  0.059(0.047)  0.183(0.068)  0.280(0.113)
Cq 0.021(0.013) 0.091(0.034) 0.115(0.067) 0.231(0.111) 0.019(0.095) 0.089(0.051) 0.113(0.067) 0.229(0.117)
Total 0.165(0.028)  0.216(0.056) 1.291(0.124) 1.396(0.135)  0.261(0.025) 1.154(0.114) 1.446(0.268) 1.982(0.480)
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Table B.9: Simulation results in example 2 for n = 400, m = 200. mean(sd) of true positives
(TP) and false positives (FP) under random intercept -slope model based on 100 replicates at
70th quantile with i.i.d. errors. True effects that are subject to selection: 4 wvarying effects,
4 constant effects.

n =400 m = 200 Varying Constant
TP FP TP FP
Error 1 N(0,1) RBVSS - ST 3.93(0.32) 1.36(0.21) 3.95(0.27)  1.82(0.14)

RBV-SI 3.91(0.13)  3.13(0.32)  3.91(0.41)  3.83(0.89)
BVSS-SI  3.92(0.13) 1.41(0.21)  3.94(0.31)  1.88(0.24)
BV - SI 3.90(0.55)  3.18(0.25)  3.89(0.78)  3.89(0.67)

TP FP
RBVSS 3.93(0.32) 5.31(0.16)
RBV 3.91(0.28) 6.29(1.22)
BVSS 3.92(0.19) 5.35(0.20)
BV 3.90(0.44) 6.33(1.17)
. Error 2 t(2) RBVSS - ST 3.93(0.14)  1.41(0.74) 3.89(0.24)  1.37(0.57)

RBV - ST 3.79(1.79)  3.24(0.33)  3.22(0.24)  2.76(0.45)
BVSS-SI  3.75(0.55) 3.03(0.16) 2.87(0.31)  3.02(0.41)
BV - SI 3.24(0.55)  4.61(0.76)  2.13(1.64)  5.65(0.45)

TP FP
RBVSS 3.93(0.14) 5.36(1.47)
RBV 3.79(0.10) 6.54(0.99)
BVSS 3.75(0.44) 6.99(0.20)
BV 3.24(0.41) 7.96(1.17)

Error 3 Lognormal(0,1) RBVSS-SI  3.89(0.35) 1.15(0.52)  3.83(0.84)  1.62(0.29)
RBV -SI  3.75(0.14) 2.55(0.25) 3.17(0.82)  3.93(0.15)

BVSS-SI  3.80(0.89) 3.35(0.21) 2.95(0.49)  3.21(0.45)

BV - SI 3.05(0.84)  4.69(0.26)  2.35(1.10)  3.86(0.22)

TP FP

RBVSS 3.89(0.10) 5.59(1.05)

RBV 3.75(0.47) 6.86(1.22)

BVSS 3.80(0.59) 7.27(1.29)

BV 3.05(0.63) 8.06(0.94)
Error 4 80%N(0,1) RBVSS - ST 3.92(0.32) 1.16(0.27) 3.98(0.55)  1.88(0.24)
+20%N(0,3) RBV - SI  3.81(0.12) 2.04(0.25) 3.11(0.53)  3.10(0.45)
BVSS-SI  3.77(0.84)  2.89(0.25) 2.88(0.88)  2.34(0.15)
BV - SI 3.13(0.55)  4.96(0.15)  2.22(1.14)  3.31(0.25)

TP FP

RBVSS 3.92(0.32) 4.98(0.67)

RBV 3.81(0.12) 6.51(0.98)

BVSS 3.77(1.08) 5.41(0.20)

BV 3.13(0.99) 6.99(1.97)

Error 5 Laplace (0,1)  RBVSS - SI  3.93(0.31) 1.14(0.35)  3.94(0.24)  1.44(0.28)
RBV - SI  3.81(0.45) 2.23(0.45) 3.31(0.31)  3.05(0.37)

BVSS-SI  3.90(1.30) 2.81(0.45) 2.99(0.61) 2.81(1.34)

BV - SI 3.29(0.71)  4.48(0.56)  2.38(0.47)  4.05(0.89)

TP FP
RBVSS 3.93(0.10) 4.66(0.90)
RBV 3.81(0.32) 5.72(0.51)
BVSS 3.90(0.37) 5.29(0.53)

BV 3.29(0.41) 7.09(1.67)
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Table B.10: Estimation accuracy in example 2 for n
intercept-slope model, mean(sd) of IMSE, MSE, total squared errors for all estimates (Total)
based on 100 replicates at 70th quantile with i.i.d. errors.

= 400,m = 200 wunder random

RBVSS-SI RBV-SI BVSS-SI BV-SI RBVSS RBV BVSS BV
Error 1 N(0,1)
IMSE
Bo(t) 0.028(0.009) 0.119(0.021) 0.029(0.027) 0.121(0.014) 0.026(0.012) 0.118(0.011) 0.027(0.008) 0.119(0.011)
B1(t) 0.023(0.018) 0.121(0.013) 0.025(0.084) 0.123(0.051) 0.021(0.017) 0.119(0.024) 0.022(0.008) 0.120(0.026)
Ba(t) 0.032(0.024) 0.127(0.032) 0.034(0.041) 0.129(0.089) 0.030(0.015) 0.125(0.019) 0.032(0.011) 0.128(0.023)
B3 (t) 0.021(0.017) 0.095(0.021) 0.022(0.035) 0.110(0.065) 0.019(0.052) 0.094(0.031) 0.020(0.010) 0.108(0.029)
Ba(t) 0.041(0.017) 0.117(0.021) 0.041(0.035) 0.116(0.065) 0.039(0.052) 0.115(0.031) 0.039(0.010) 0.114(0.029)
MSE
< 0.012(0.014) 0.028(0.015) 0.015(0.064) 0.031(0.054) 0.011(0.067) 0.026(0.111) 0.014(0.051) 0.029(0.067)
¢o 0.005(0.007) 0.027(0.025) 0.006(0.078) 0.029(0.067) 0.008(0.061) 0.026(0.061) 0.004(0.048) 0.031(0.051)
<3 0.011(0.005) 0.031(0.016) 0.013(0.088) 0.034(0.065) 0.009(0.078) 0.029(0.065) 0.011(0.078) 0.032(0.111)
Ca 0.005(0.006) 0.017(0.015) 0.006(0.014) 0.020(0.045) 0.004(0.075) 0.015(0.111) 0.004(0.057) 0.019(0.057)
Total 0.123(0.041) 0.387(0.024) 0.125(0.034) 0.390(0.015) 0.163(1.167) 0.822(0.142) 0.165(0.038) 0.825(0.029)
Error 2 ¢(2)
IMSE
Bo (t) 0.111(0.104) 0.177(0.077) 0.271(0.305) 0.461(0.841) 0.110(0.066) 0.175(0.120) 0.269(0.901) 0.459(0.272)
B1(t) 0.027(0.011) 0.209(0.112) 0.358(0.841) 0.641(0.988) 0.025(0.074) 0.207(0.202) 0.354(0.366) 0.639(0.559)
Ba (t) 0.096(0.041) 0.158(0.099) 0.338(0.397) 0.486(0.666) 0.093(0.171) 0.154(0.143) 0.331(0.491) 0.483(0.301)
B3 (t) 0.063(0.056) 0.227(0.121) 0.416(0.358) 0.489(0.718) 0.061(0.140) 0.223(0.200) 0.414(0.368) 0.485(0.346)
B4(t) 0.088(0.056) 0.188(0.121) 0.299(0.358) 0.401(0.718) 0.087(0.140) 0.186(0.200) 0.296(0.368) 0.398(0.346)
MSE
¢ 0.097(0.047) 0.121(0.063) 0.233(0.079) 0.259(0.537) 0.095(0.054) 0.120(0.078) 0.231(0.078) 0.257(0.111)
Co 0.051(0.009) 0.092(0.061) 0.165(0.285) 0.261(0.067) 0.048(0.115) 0.089(0.056) 0.163(0.156) 0.259(0.108)
<3 0.025(0.008) 0.061(0.063) 0.151(0.577) 0.404(0.067) 0.023(0.127) 0.059(0.125) 0.149(0.211) 0.400(0.104)
Cq 0.017(0.003) 0.052(0.025) 0.133(0.213) 0.291(0.045) 0.015(0.045) 0.049(0.011) 0.130(0.191) 0.289(0.129)
Total 0.272(0.104) 1.231(0.340) 1.378(0.302) 2.137(0.256) 0.412(0.318) 1.557(0.658) 1.657(0.941) 2.215(0.232)
Error 3 Lognormal(0,1)
IMSE
Bo(t) 0.088(0.088) 0.142(0.373) 0.164(0.592) 0.603(0.927) 0.087(0.060) 0.140(0.173) 0.162(0.504) 0.602(0.044)
B1(t) 0.241(0.160) 0.391(0.288) 0.486(0.579) 0.812(0.441) 0.240(0.079) 0.389(0.340) 0.484(0.301) 0.810(0.611)
Bao(t) 0.173(0.194) 0.303(0.320) 0.341(0.460) 0.655(0.819) 0.170(0.189) 0.300(0.198) 0.342(0.497) 0.651(0.250)
B3 (t) 0.238(0.308) 0.281(0.508) 0.339(0.508) 0.609(0.165) 0.234(0.108) 0.279(0.279) 0.337(0.573) 0.607(0.363)
B4 (t) 0.238(0.308) 0.281(0.508) 0.339(0.508) 0.609(0.165) 0.236(0.108) 0.279(0.279) 0.336(0.573) 0.603(0.363)
MSE
< 0.125(0.071) 0.187(0.072) 0.205(0.031) 0.319(0.233) 0.123(0.091) 0.186(0.117) 0.202(0.041) 0.315(0.078)
¢o 0.057(0.237) 0.143(0.123) 0.192(0.579) 0.411(0.617) 0.054(0.123) 0.141(0.118) 0.190(0.378) 0.408(0.517)
<3 0.034(0.171) 0.131(0.160) 0.220(0.599) 0.351(0.627) 0.031(0.168) 0.129(0.037) 0.218(0.341) 0.349(0.478)
¢4 0.030(0.143) 0.081(0.086) 0.116(0.173) 0.241(0.158) 0.029(0.123) 0.079(0.038) 0.114(0.154) 0.239(0.146)
Total 0.459(0.471) 1.228(0.637) 1.513(0.248) 2.001(0.438) 0.764(0.857) 1.399(0.773) 1.531(0.381) 2.735(0.218)
Error 4 80%N(0,1)+ 20%N(0,3)
Bo(t) 0.041(0.033) 0.061(0.060) 0.123(0.112) 0.781(0.387) 0.042(0.009) 0.059(0.013) 0.121(0.967) 0.782(0.230)
B1(t) 0.021(0.024) 0.075(0.039) 0.125(0.198) 0.589(2.527) 0.020(0.012) 0.073(0.075) 0.123(0.438) 0.586(0.554)
Bao(t) 0.017(0.034) 0.058(0.027) 0.105(0.606) 0.213(1.921) 0.015(0.011) 0.054(0.032) 0.103(0.877) 0.210(0.183)
B3 (t) 0.024(0.025) 0.058(0.043) 0.082(0.830) 0.394(0.843) 0.022(0.025) 0.058(0.085) 0.081(0.890) 0.390(0.592)
B4(t) 0.019(0.025) 0.042(0.043) 0.071(0.830) 0.305(0.843) 0.021(0.025) 0.040(0.085) 0.069(0.890) 0.303(0.592)
MSE
¢ 0.015(0.030) 0.025(0.013) 0.061(0.265) 0.123(0.919) 0.013(0.021) 0.023(0.011) 0.058(0.218) 0.121(0.717)
¢o 0.007(0.011) 0.016(0.020) 0.052(0.321) 0.078(0.692) 0.006(0.013) 0.015(0.031) 0.049(0.245) 0.075(0.451)
<3 0.009(0.027) 0.024(0.038) 0.081(0.927) 0.123(0.131) 0.007(0.031) 0.022(0.039) 0.079(0.824) 0.124(0.319)
<4 0.003(0.011) 0.014(0.025) 0.061(0.987) 0.094(0.278) 0.002(0.028) 0.012(0.034) 0.058(0.781) 0.092(0.312)
Total 0.091(0.048) 1.122(0.153) 1.282(0.278) 1.451(0.688) 0.128(0.443) 1.241(0.271) 1.438(0.533) 1.581(0.592)
Error 5 Laplace (0,1)
IMSE
Bo (t) 0.041(0.023) 0.157(0.033) 0.233(0.036) 0.493(0.049) 0.038(0.031) 0.155(0.055) 0.231(0.119) 0.490(0.143)
B1(t) 0.028(0.045) 0.133(0.082) 0.222(0.059) 0.367(0.077) 0.026(0.012) 0.131(0.048) 0.220(0.032) 0.365(0.067)
Ba (t) 0.018(0.066) 0.117(0.049) 0.148(0.077) 0.209(0.063) 0.015(0.018) 0.114(0.032) 0.147(0.053) 0.207(0.178)
B3 (t) 0.037(0.064) 0.287(0.088) 0.318(0.035) 0.488(0.092) 0.034(0.015) 0.288(0.050) 0.316(0.038) 0.484(0.075)
B4(t) 0.037(0.064) 0.287(0.088) 0.318(0.035) 0.488(0.092) 0.035(0.015) 0.285(0.050) 0.315(0.038) 0.486(0.075)
MSE
<1 0.022(0.077) 0.037(0.029) 0.089(0.109) 0.165(0.077) 0.021(0.074) 0.036(0.031) 0.092(0.104) 0.163(0.081)
¢o 0.051(0.048) 0.086(0.035) 0.121(0.070) 0.193(0.044) 0.049(0.049) 0.085(0.041) 0.119(0.067) 0.191(0.055)
<3 0.025(0.014) 0.054(0.057) 0.182(0.063) 0.291(0.049) 0.023(0.019) 0.051(0.067) 0.179(0.078) 0.289(0.078)
Ca 0.019(0.029) 0.087(0.052) 0.114(0.106) 0.228(0.054) 0.018(0.056) 0.084(0.109) 0.112(0.112) 0.223(0.471)
Total 0.154(0.124) 1.222(0.234) 1.349(0.139) 1.426(0.579) 0.271(0.450) 1.430(0.179) 1.750(0.472) 1.907(0.556)
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Table B.11: Empirical 95% coverage probabilities under simulated SNP data and random
intercept - slope model with i.i.d. t(2) error based on 200 replicates.

t(2) error RBVSS-SI RBV-SI RBVSS RBV BVSS-SI BV-SI BVSS BV
6=03 Po(t) 0.885 0.905 0.876  0.899 0.865 0.886 0.878 0.871
Bi(t) 0.815 0.130 0.823  0.141 0.920 0.151 0915 0.163

B2(t) 0.945 0.920 0.952  0.916 0.845 0.899 0.853 0.905

Bs(t) 0.925 0.775 0.919  0.800 0.625 0.791  0.675 0.638

Ba(t) 0.930 0.875 0.934  0.887 0.555 0.865 0.600 0.605

G 0.825 0.847 0.675  0.793 0.600 0.754  0.460 0.526

Co 0.825 0.795 0.705  0.635 0.610 0.615 0.555 0.426

(3 0.680 0.721 0.545  0.715 0.440 0.486  0.220 0.427

Ca 0.885 0.905 0.875  0.840 0.765 0.785 0.730 0.610

0=05 fo(t) 0912 0.945 0.900  0.939 0.925 0.898  0.900 0.903
Bi(t) 0.871 0.136 0.860  0.128 0.853 0.143 0.861 0.152

B2(t) 0.958 0.905 0.965  0.913 0.850 0.861 0.849 0.863

Bs(t) 0.955 0.785 0.950  0.791 0.855 0.779  0.863 0.784

Ba(t) 0.950 0.875 0.950  0.881 0.489 0.504 0492 0.495

C1 0.910 0.885 0.815  0.748 0.815 0.821  0.560 0.404

G2 0.860 0.640 0.835  0.512 0.835 0.567 0.545 0.430

(s 0.770 0.770 0.620  0.498 0.620 0.654 0.405 0.415

Ca 0.910 0.850 0.935 0.814 0.875 0.819 0.760 0.624

0=0.7 PBo(t) 0.890 0.910 0.902 0917 0.871 0.931 0912 0.937
Bi(t) 0.880 0.110 0.879  0.117 0.931 0.095 0.896 0.111

B2(t) 0.935 0.930 0.941  0.928 0.851 0.835 0.877 0.841

Bs(t) 0.910 0.755 0.923  0.768 0.711 0.745 0.842 0.759

Ba(t) 0.935 0.910 0.928  0.933 0.589 0.888 0.863 0.897

C1 0.860 0.882 0.710  0.895 0.665 0.855 0475 0.525

G2 0.810 0.765 0.765  0.665 0.680 0.592 0.584 0.413

(s 0.799 0.844 0.690  0.795 0.585 0.676  0.335 0.412

Ca 0.905 0.955 0.885  0.830 0.775 0.835 0.753 0.539
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Table B.12: Empirical 95% coverage probabilities under simulated SNP data and random
intercept - slope model with i.i.d. N (0,1) error based on 200 replicates.

t(2) error RBVSS-SI RBV-SI RBVSS RBV BVSS-SI BV-SI BVSS BV
=03 Po(t) 0.885 0.905 0.876  0.899 0.865 0.886 0.878 0.871
B1(t) 0.815 0.130 0.823  0.141 0.920 0.151 0915 0.163

Ba(t) 0.945 0.920 0.952  0.916 0.845 0.899 0.853 0.905

Bs(t) 0.925 0.775 0.919  0.800 0.625 0.791  0.675 0.638

Ba(t) 0.930 0.875 0.934  0.887 0.555 0.865 0.600 0.605

C1 0.825 0.847 0.675  0.793 0.600 0.754  0.460 0.526

C2 0.825 0.795 0.705  0.635 0.610 0.615 0.555 0.426

(3 0.680 0.721 0.545  0.715 0.440 0.486 0.220 0.427

Ca 0.885 0.905 0.875  0.840 0.765 0.785 0.730 0.610

=05 fo(t) 0912 0.945 0.900  0.939 0.925 0.898  0.900 0.903
Bi(t) 0.871 0.136 0.860  0.128 0.853 0.143 0.861 0.152

B2(t) 0.958 0.905 0.965  0.913 0.850 0.861 0.849 0.863

Bs(t) 0.955 0.785 0.950  0.791 0.855 0.779 0.863 0.784

Ba(t) 0.950 0.875 0.950  0.881 0.489 0.504 0.492 0.495

C1 0.910 0.885 0.815  0.748 0.815 0.821  0.560 0.404

C2 0.860 0.640 0.835  0.512 0.835 0.567 0.545 0.430

(3 0.770 0.770 0.620  0.498 0.620 0.654 0.405 0.415

Ca 0.910 0.850 0.935  0.814 0.875 0.819 0.760 0.624

0=07  [o(t) 0.890 0.910 0.902 0917 0.871 0.931 0912 0.937
B1(t) 0.880 0.110 0.879  0.117 0.931 0.095 0.896 0.111

B2(t) 0.935 0.930 0.941  0.928 0.851 0.835 0.877 0.841

Bs(t) 0.910 0.755 0.923  0.768 0.711 0.745 0.842 0.759

Ba(t) 0.935 0.910 0.928  0.933 0.589 0.888 0.863 0.897

C1 0.860 0.882 0.710  0.895 0.665 0.855 0.475 0.525

C2 0.810 0.765 0.765  0.665 0.680 0.592 0.584 0.413

(3 0.799 0.844 0.690  0.795 0.585 0.676  0.335 0.412

Ca 0.905 0.955 0.885  0.830 0.775 0.835 0.753 0.539

191



B.1.4 The estimated quantile varying coefficient functions
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Figure B.1: FEstimation of non-zero varying coefficients under the t(2) error (Error 2) for
the proposed method (RBVSS-SI) at 50% quantile level. Red line: true varying coefficients.
Black line: posterior median estimates of varying coefficients from RBVSS-SI. Blue lines:
95% credible intervals for the estimated varying coefficients.
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B.2 Posterior inference

B.2.1 RBVSS-SI

Priors

— Mit; — (b ®Zi-trj)Jq’Y — &105

. 1 1 b Yi,
Y x (7_1)_7(1_[ Hﬁz‘tj)_ieXp{ T or-ig Z Z (

i=1 j=1 i=1 j=1
~ ind ~
U’itj|7_ ~ TeXp(TUitj)
Yo ~ N3<Oa 2’Yo)

o~ NL(O, Zao)

\/'Uij

Bl b1, Su £ duN(0, s1;) + (1 — ¢1)oo(Bnn) 1=1,...,m

o1 n Bernoulli(7y )

ind

51*\0521, Sop ~ ¢21Nq(0, diag<3217 S 521)) +

o2 S Bernoulli(7s)

iid 7]2
sll\nf ~ exp(;l) I=1,...

ind
saln ! Gamma(T T2
7 ~ Gamma (¢, d)
n? ~ Gamma (aj, b;)

ns ~ Gamma (asg, by)

Gi ~N(0,4°T)

qg+1 13

(1 — ¢21)do(Bis)

,m

)

¢* ~ Inverse-Gammale, f)

T Beta(rl, U}1>

Ty ~ Beta(ry, wo)
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Gibbs Sampler

Let fij—v) = E(Yiy) — ngyo, (t = 1,...,n,5 = 1,...,k), representing the mean effect
without the contribution of ~.
The full conditional distribution of 7y is a multivariate normal distribution N(p.,, 2,,)with

mean

foo = Do TE3 Z Z 62‘31(}/ = Hij(— Cl §10i5),

and variance

Let fij—a) = E(Yyj) — Go(Tij) e, (i = 1,...,n,j = 1,...,k), representing the mean effect
without the contribution of a.

The full conditional distribution of « is normal distribution N(f, 24 )with mean

=Yo7y Z Z Oy (Yij = fhij(-a) = 235G — E1045),

=1 j=1

and variance .
n k -
Ya (Zao + 7€ Z ZU*IGO i)Go(T35) ) :

i=1 j=1

Let pu55—g,) = E(Yi;) — Lijiyn and Iy, = m(fn = O|rest), the conditional posterior distribution

of the coefficient of lipid factor f;; is a spike-and-slab distribution:

6ll|reStN(1 - lll)N(/’LBZN 2511) + lll(sO(ﬂll)?
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where

n k
pey = S, 760 D U5t Lip(Yig — pij—pn) — ZisGi — &107),
i=1 j=1
n k 1
- -1
28, (752 Z ZvilezQ]l + 5_)
i=1 j=1 U
And
Ly = i

m A (1= ) (s1) 72 (8g,) 2exp{ 385, (765 S0y o5 05 Liju(Yij — pij—pn) — ZEG — &1635))%}

The posterior distribution of ;; is a mixture of a normal distribution and a point mass at
0. At each iteration of MCMC, /3 is drawn from N(pg,, X5, ) with probability (1 —{y;) and
is set to 0 with probability [y;. If ;1 is set to 0, then we have ¢y; = 0. Otherwise, ¢1; = 1.

The posterior distribution of the interaction between the [th lipid and treatment factors
Br(l = 1,...,m) is also a spike-and-slab distribution. Denote pj—g.) = E(Yy) — Wk B
and ly = 7w(f = Olrest), the conditional posterior distribution of [, is a multivariate

spike-and-slab distribution :

Bl*’reStN(l - ZZI)N(M&*? Eﬁl*) + l2150(ﬁl*)7

where
1g,. = Xp. TE Z Z _1M/Z = Hij(—p) — sz;gz - flf)ij),
=1 j=1
_ 1 1
g, = 7—52 ZZ IVVZ Zﬂ‘i‘ Iq) .
i=1 j=1 521
And
Iy = 2

7o+ (1= ma)(5) ™33, [Bexp{ 3133, Sy Sobey 765 205 Wi (Vi — migipn — Z05G — 6737) B}

The posterior distribution of Fj, is a mixture of a multivariate normal distribution and a

point mass at 0. At each iteration of MCMC, /3, is drawn from N(ug,, , ¥, ) with probability
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(1—1y) and is set to 0 with probability ly;. If 5. is set to 0, then we have ¢o, = 0. Otherwise,

P = 1.
1

The full conditional posterior distribution of (sy;)~" is:

Inverse—Gamma(l,g) if B =0
(517) " Yrest~

Inverse-Gaussian(n?,4/ g—;) if B #0
11

Similarly, The full conditional posterior distribution of (sg)~! is:

2
Inverse-Gamma( 2,2 ) if 8, =0
(591) * |rest~ i
Inverse-Gaussian(n3, H[;Z?HQ) if B, #0
*12

The full conditional posterior distribution of nj:

n? [rest~Gamma(a, + p, by + @

).

Likewise, the full conditional posterior distribution of n3:

1 m
n§|rest~Gamma(a2 + M by + w)

2 I

The full conditional posterior distribution of 7y:

71 |rest~Beta(r; + Z Lig,—0y, w1 + Z L, 201)-
I=1 =1

Similarly, the full conditional posterior distribution of :

To|rest~Beta(ry + Z Lig.—0y, w2 + Z I{ﬁlﬁéo})‘

=1 =1
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The full conditional posterior distribution of v;;:

2 2 2
0;;|rest~Inverse-Gaussian( SE 52 > 751 + 27).
(Yij — pij — Cz) &
The full conditional posterior distribution of 7:
T\restNGamma d + Z Z U” 252 1~i;1(}/%j — Mij — Z,ZQ — glﬁij)2>~

=1 j=1

The full conditional posterior distribution of (;:

G ’reStNN(:qu ZCi)

where .
Zii(Yoi — s — E1045
o = % > =l = 6t)
2 j=1 v
Zi; 251\
S = ( —I)
: 52; o ¢

Last, the full conditional posterior distribution of ¢?:

h IS
qﬂrestrvlnverse—(}amma(% +e, f+ 3 Z ¢ ¢)

i=1
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B.2.2 RBVSS

Priors

k n

_nk ~ 1 i = Mij — Cz flvzg
L1 R e )

i=1 j=1 =1 j=1 ij

b7 rexp(ry)
Yo ~ N3(0,%,,)
a~Ng(0,%,,)
Bilon, su ™ puNL(0, diag(sy, - .. 1)) + (1 — du)do(/3)

ou £ Bernoulli(y )

L+1n_%>
2 2

suln; * Gamma(
7 ~ Gamma (¢, d)
n? ~ Gamma (a;, b;)
G ~N(0,¢°T)
$* ~ Inverse-Gammale, f)

71 ~ Beta(ry, wy)

Gibbs Sampler

Let fij—v) = E(Yi) — XZQ;%, (1t =1,...,n,5 = 1,...,k), representing the mean effect
without the contribution of ~.
The full conditional distribution of vy is a multivariate normal distribution N(fs,, 2., )with

mean

o = BnoTES ZZU — Hij(— Cz &1045),

=1 j5=1
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and variance
n

& -1
Z ~_1
/l],l] .

Y, = (EOI + 785

i=1 j=1
Let fij—a) = E(Yy;) — Go(Tij) e, (i = 1,...,n,j = 1,...,k), representing the mean effect
without the contribution of «.

The full conditional distribution of « is normal distribution N(f, 2)with mean

=Yo7y Z va ij — Mij(—a) — Zf}@ — &10i5),

=1 j=1

and variance

I (2a0+rgg ZZNGO 1)Go(T, )> :

=1 j5=1

Bl =1,...,m) is also a spike-and-slab distribution. Denote pj(—g,) = E(Yi;) — W5 and
1, = w(5, = OJrest), the conditional posterior distribution of 3, is a multivariate spike-and-

slab distribution :

6l|reStN<1 - lll)N(Mﬂw Eﬂl) + lll(so(ﬁl)?

where
g, = EﬁlT&_ Zﬁ_ Wig( = Hij(-p) — ZZCZ = &),
=1 j=1
n k 1
_ o —1
= (6 D W+ )
And
Iy = =

_L 1 1« k 2 - ’
o + (1 — o) (s) 2 [ S [2exp{ |13, Yoy Do) 765 20, Wi (Vi — paj—py — Z5¢ — &1i5)13}

The posterior distribution of f; is a mixture of a multivariate normal distribution and a
point mass at 0. At each iteration of MCMC, f; is drawn from N(ug,, ¥,) with probability
(1—1y;) and is set to 0 with probability {y;. If §; is set to 0, then we have ¢1; = 0. Otherwise,
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o =1

The full conditional posterior distribution of (sg)~" is:

Inverse-Gamma(ZF ;) if 3,=0
(517) Hrest~

Inverse-Gaussian(n?, HngQ) if 8. #0
2

The full conditional posterior distribution of n3:

m(L 1)

1’ [rest~Gamma(a; + — b 5 ).

The full conditional posterior distribution of s:

m1|rest~Beta(r; + Z Lig—0y, w1 + Z Li,20})-
I=1 I=1

The full conditional posterior distribution of v;;:

5% +2§§ 7'51
(Yij — pig — Z5G)? &

0ij ]restrvInverse—Gaussian(\/ + 27).

The full conditional posterior distribution of 7:

3nk -
T|rest~Gamma(c ,d+ Z Z (Tij + (263) 710, (Yij — pij — 256 — &1035)°).

=1 j=1

The full conditional posterior distribution of (;:

Gilrest~N(p1¢;, X¢;)
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where

k ~
Z:(Yoi — i — &0
He¢ = 1226 E : Yy :.J S
2 O ij

Last, the full conditional posterior distribution of ¢:

9 nh 1 .
t~Inverse- Gamma( 2" 53
¢°|rest~Inverse-Gammay( 5 T e, [+ 22 G G)
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B.2.3 RBV-SI

Priors

k n
k

k _
)7 ( HH@-J 2exp{ 27_152 ZZ( Lot \/EQ 51%) }

i=1 j=1 =1 j=1

Uij| T ind Texp(T0;;)
Yo ~ N3(0, 2,,)
a~ N0, 3,,)
Bulsu % N(0,sy) 1=1,...,m
Bra|sar ' N(0, diag(sa, . . . , 521))

iid
S1z|7]1 ~ exp(gl) l=1,....m

q+177_>
2 72

So1|15 £ Gamma(
7 ~ Gamma (¢, d)
n; ~ Gamma (ay, b;)
n5 ~ Gamma (ag, by)
G ~N(0,¢°T)

$* ~ Inverse-Gammale, f)

Gibbs Sampler

Let fij—v) = E(Yi) — Xg;»yo, (1t =1,...,n,5 = 1,...,k), representing the mean effect

without the contribution of 7.

The full conditional distribution of vy is a multivariate normal distribution N(f,, 2,,)with

mean

Hoyo 707-52 ZZ z] p’l] CZ 5162])7

i=1 j=1
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and variance
n

E —1
Yo = (Eol + 7867 Z%l) :
i=1 j=1

Let fij—a) = E(Yy;) — Go(Tij) e, (i = 1,...,n,j = 1,...,k), representing the mean effect
without the contribution of «.

The full conditional distribution of « is normal distribution N(f, 2)with mean

=Yo7y Z va ij — Mij(—a) — Zf}@ — &10i5),

=1 j=1

and variance

I (2a0+rgg ZZNGO 1)Go(T, )> :

=1 j5=1

Let pij—g,) = E(Yij) — LijiBn , then the full conditional distribution of /3, is a normal

distribution with mean

n k

pey = Spa 767D > 5 Lig(Yig — ij—p) — 205G — &),

i=1 j=1
variance

n k
_ -1
) ZZ j Lo+ — 511 '

Denote ju5-g,.) = E(Yij) — ”l,é’l*, then the full conditional distribution of 5, is a multi-

variate normal distribution with mean

g, = L. TE szf Wisi(Yij = taij—pr) — Zi3G — &),

=1 j5=1

and variance
n k

1
Sa, = (162> o WyWih + —1,) '

=1 j=1 521
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The full conditional posterior distribution of (sy;)~! is:

[ 2
(51;) " trest~Inverse-Gaussian(n?, g—;)
i

Similarly, The full conditional posterior distribution of (sy)~! is:

2

(s591) ! [rest~Inverse-Gaussian(n;, L)

1813

The full conditional posterior distribution of 7?:

2;11 S1

2 )

n? [rest~Gamma(a; + m, by +

Likewise, the full conditional posterior distribution of n3:

mlg+1) | i)

5 |rest~Gammal(ay + 5 5

The full conditional posterior distribution of v;;:

& +28 S
(Yij — mij — Z5G)* &

o |rest~1nverse—Gaussian(\/ + 27).

The full conditional posterior distribution of 7:

n k
3nk - e -
T\restNGamma(c + _2 7d + Z Z(U” + (2&3) LUijl(}/;j — Mij — Z;I;Cl — flvij)2>~

i=1 j=1

The full conditional posterior distribution of (;:

Gi |reStNN(:qu EC'L)
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where
k

Zi:(Yis — 13: — 1035
He¢ = 1229‘ Z J< ’ :‘J glv])
2 54 ij

k T
T ZijZi; 1 _\7!
EQ‘:<§_%Z ~..]+E>

=1 Y

Last, the full conditional posterior distribution of ¢?:

9 nh 1 .
t~I -G - 5 i Gi
¢°|rest~Inverse-Gammay( 5 T e, [+ 5 ;1 G G)

B.2.4 RBV

Priors

Yoo (r )72 (]]

i=1j

~ ind ~

Ui|T ~ Texp(T0;5)
Yo ~ NS(O, Z'yo)
o~ NL(O, Zao)

Bl|31l iﬁ-'d N(O,diag(su,...,sll)) [ = 1,...,m

L+1 n}
=) l=1,...
2 72) Y 7m

suliit % Gamma
7 ~ Gamma (c, d)
n? ~ Gamma (a, b;)
Gi ~ N(0, ¢°T)

¢* ~ Inverse-Gammale, f)
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k n k ~
17-')_%exp{ o % (YU — tij — Z35G — &0y
ij ) =
=1 2177183 P, \/Vij
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Gibbs Sampler

Let fij—v) = E(Yiy) — ngyo, (t = 1,...,n,5 = 1,...,k), representing the mean effect
without the contribution of ~.
The full conditional distribution of 7y is a multivariate normal distribution N(p.,, 2,,)with

mean

foo = Do TE3 Z Z 62‘31(}/ = Hij(— Cl §10i5),

and variance

Let fij—a) = E(Yyj) — Go(Tij) e, (i = 1,...,n,j = 1,...,k), representing the mean effect
without the contribution of a.

The full conditional distribution of « is normal distribution N(f, 24 )with mean
=Yo7y Z Z Oy (Yij = fhij(-a) = 235G — E1045),
=1 j=1

and variance

n k -1
DI (Zao—i-TﬁQ ZZU*IGO i) Go(T; )) .

i=1 j=1

Denote ju;5—g,) = E(Yi;) — Wlﬁl, then the full conditional distribution of 3; is a multivariate

normal distribution with mean

5, = L 1E ZZ@‘ Wi (Yij — pij— Z5G — &10y5),

i=1 j=1
and variance

= (& ZZ 6 WigWih + 1I L)

i=1 j=1
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The full conditional posterior distribution of (sy;)~! is:

77%)

161113

(517) " }|rest~Inverse-Gaussian(n?,

The full conditional posterior distribution of n3:

m(L+1) by + 2%1 sll).

n?rest~Gamma(a; + 5 :

The full conditional posterior distribution of v;;:

@ij|rest~Inverse—Gaussian(\/ §1+ 26 & +or).

(Yij — pij — Z5G)? &

The full conditional posterior distribution of 7:

n k
3nk - 1 ~
T|rest~Gamma(c + - ,d + Z Z(UU + (2£2) 1vij1(Y;j — Mij — ZZ;Q — &7;5)%).

i=1 j=1

The full conditional posterior distribution of (;:

<’i |I‘eStNN(/L§“ ZQ)

where

k -
Zii(Yoi — g5 — €193
fe, = TZEQ} : i(Yij — tig — §1045)

;S Uij
k T
T ZijZi' 1 N1
SRS ST
f%jzl Vij ¢?

Last, the full conditional posterior distribution of ¢:

9 nh ] — T
t~1 -G — = E ;G
¢ |rest~Inverse-Gamma( 5 +e, f+ 2 2 G Gi)
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B.2.5 BVSS-SI

Priors

n k

Y (g2)—"7kexp{ — % ZZ (Yz-j — ij — ZZCZ>2}

i=1 j=1
Yo ~ N3(0, £5,)
a~ N0, 3,,)
Builou, 5, 0 nd dpuN(0,0*72) + (1 — ¢1)bo(Bn) 1=1,...,m
b X Bernoulli(7;)
Breldar, 2, 0% " goyN(0, diag(0?72, ..., 0°73)) + (1 — dar)do(Bye)

G2 (S Bernoulli(7g)

2142 Wd A%
Tl AT ~ exp(?) l=1,....m
m 1 )\2
75| A5 i Gamma(—q; ,—q22)

A ~ Gamma (ay, by)
A3 ~ Gamma (ag, by)
Gi ~N(0,¢°T)
$* ~ Inverse-Gammale, f)
m ~ Beta(ry, wy)
7y ~ Beta(ry, wo)

9 1

o X —&
o2

Gibbs Sampler

Let fij—v) = E(Yiy) — X%fyo, (t = 1,...,n,5 = 1,...,k), representing the mean effect
without the contribution of .

The full conditional distribution of 7y is a multivariate normal distribution N(p.,, 2,,)with
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mean
n

k
2707-52 Z 7,] /Lz] Cz glﬁij)a

i=1 j=1
and variance

n k -1
S = (EOI +77Y Y 27]1> .
=1

=1 j=1

Denote fii5—a) = E(Yij) — Go(Tij) e, (i = 1,...,n,j = 1,..., k), then the full conditional

distribution of «v is multivariate normal distribution MVN(u,, 2, )with mean

n k

fa = Sa(0%) D 0 (Vi — pij-a) — Z5G)Go(Ty),

i=1 j=1

and variance .
n k B
So = (2;3 +(0)7 Y Go(ﬂj)Go(ﬂj)T> :
i=1 j=1
Let 35—,y = E(Yi;) — Lijnfn and ly; = 7(Bn = Olrest), the conditional posterior distribution

of the coefficient of lipid factor f;; is a spike-and-slab distribution:

6ll|reStN(1 - lll)N(/’L/BZN E511) + lll(sO(ﬂll)?

where i
pen = Sa0 (07 0N Li (Vi — pajean) — 256,
=1 j=1
n k 1
1
Son = 02D L+ =)
i=1 j=1
Where
= m

_1 1 n ’
m o+ (1— 7Tl)(7_12l) 2 (Zﬁu)%}xp{ﬁEﬁu(Zi:l Z?:l Lij(Yy — Fij(—pn) — ZZCZ)P}

The posterior distribution of ;; is a mixture of a normal distribution and a point mass at

0. At each iteration of MCMC, f; is drawn from N(pug,,, ¥g,) with probability 1 — Iy, and
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is set to 0 with probability [y;. If 3j; is set to 0, then we have ¢y; = 0. Otherwise, ¢y; = 1.

The posterior distribution of the interaction between the [th lipid and treatment factors
Bl = 1,...,m) is also a spike-and-slab distribution. Denote p;—g.) = E(Vi;) — W}
and ly = 7(B. = Olrest), the conditional posterior distribution of f;. is a multivariate

spike-and-slab distribution :

6l*|reStN(1 - l%)N(Mﬁz*v 02251*) + l2150<6l*)7

where i
s, = 2, Z Z Wi (Yij — Mij—p) — ZZ}Q),
i=1 j=1
n k 1
-1
Lo, = (D) WiaWi + 7__2111) :
i=1 j=1 2
And
Iy = =2

_a 1 3 n k )
T + (1 — 7T2)(7'221) g|251* | QGXP{ﬁHZg’l* Zizl ijl Win(Yij — Hij(=pr) — ZZQ)H%}

The posterior distribution of S, is a mixture of a multivariate normal distribution and a point
mass at 0. At each iteration of MCMC, (3, is drawn from N(ug,,, 0?34, ) with probability
(1—1y) and is set to 0 with probability ly,. If 5. is set to 0, then we have ¢o, = 0. Otherwise,
¢ = 1.

1

The full conditional posterior distribution of (73)~! is:

() rest Inverse—Gamma(l,’\;) if B =0

2
Inverse-Gaussian (3, %2)1‘1) if Bn #0
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Similarly, the full conditional posterior distribution of (r3,)~" is:

(22) st Inverse—Gamma(‘“;—l,g) if B =
Ty)  |rest~

Inverse-Gaussian(A\2,/-22%,)  if B, # 0

The full conditional posterior distribution of A\%:

m_2
Alfrest~Gamma(ar +m, by + —Zl; ).

Likewise, the full conditional posterior distribution of A\3:

m(qg+1)

b
2 72+

m o
Aj|rest~Gamma(ay + %)

The full conditional posterior distribution of :

71 |rest~Beta(r; + Z Lig, =0y, w1 + Z Lig,203)-
=1 =1

Similarly, the full conditional posterior distribution of :

To|rest~Beta(ry + Z Iig,. -0y, w2 + Z Lis, 20y)-
=1 =1

The full conditional posterior distribution of o?:
o?|rest~Inv-Gammal(j,2, Xy2)

with shape

nk 4+ 30 T 200 + 0200 Lig20)
2

Ho2 =
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and scale

n k m _ m —_
Dict Zj:l(Y;j — Hij — ZE?Q)Q + 20 ()T + Zz:1(7'221) 'BLBr

S, =
2

The full conditional posterior distribution of (;:

Gi |reStNN(:qu ZCi)

where .
He = (0%)718¢ Y Zi(Yij — i)
j=1
k
ZZ]ZT; 1 )1

Y, = (Z Uzl +EI

J=1

Last, the full conditional posterior distribution of ¢:

n

h 1
qﬂrestrvlnverse—Gamma(% +e, f+ 3 Z G G)

i=1
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B.2.6 BVSS

Priors

n

k
_nk 1 2
Y o (0?) 2exp{—@ E g (Yz'j—ﬂz‘j ZZC) }
i=1 j=1

Yo ~ N3(O’ zJ’Yo)

o~ NL(O, an)

Bilu, 72,07 % puN(0, diag(o?r2, ..., o?72)) + (1 — du)do( 1)

by X Bernoulli(7s)
L+1 LX2

THIN % Gamma(=—, =7%)

A} ~ Gamma (ay, b;)

¢* ~ Inverse-Gammale, f)

T Beta(rl, U}l)

1
0'20(—2
[

Gibbs Sampler

Let piij—y) = E(Yy) — X5, = 1,...,n,5 = 1,...,k), representing the mean effect
without the contribution of ~.
The full conditional distribution of 7y is a multivariate normal distribution N(p.,, 2,,)with

mean

o = 2o TEy ZZ Uy (Yij = Bijno) — ZiGi = &10y5),

i=1 j=1

and variance

n k -1
E%=<251+T£52Z %1) :

i=1 j=1
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Denote fiij—a) = E(Yij) — Go(Ti) e, (i = 1,...,n,j = 1,..., k), then the full conditional

distribution of « is multivariate normal distribution MVN(1i4, 3, )with mean

n k

fa = Ta(0®) Y Y (Vi — i) — Z05G)Go(Ty),

and variance

n k -1
N (2 + (07! ZGO T;;)Gol w)) .

=1 j=1
The posterior distribution of G;(I = 1,...,m) is also a spike-and-slab distribution. Denote
tij—py = E(Yi;) = WlhiB and Iy = 7(6 = O|rest), the conditional posterior distribution of

[, is a multivariate spike-and-slab distribution :

Bilrest~(1 — 11)N (115, 0S5, + 1160(51),

where .
8 = 2, Z Z Wit (Yij — pij—p) — 25G),
i=1 jfl
—1
ZZWm ot I )
=1 j=1
And
l m
™+ (1= m)(m5) "2 |Zg [2exp{ 52125, 3oy 25y Win(Yy — gy — Z56)113}

(B.1)
The posterior distribution of J; is a mixture of a multivariate normal distribution and a
point mass at 0. At each iteration of MCMC, f; is drawn from N(ug,, 0*X,) with probability
(1—1y;) and is set to 0 with probability {y,. If 5, is set to 0, then we have ¢;; = 0. Otherwise,
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¢1; = 1. The full conditional posterior distribution of (7)~! is:

(1) st Inverse—Gamma(%,%‘%) if 5, =
Ti) " |rest~

2
Inverse-Gaussian(\?, lT;T‘IQ) if 3, #0
2

The full conditional posterior distribution of A\%:

m(L+ 1),b1 + ngil T12l

M|rest~Gamma(a; + 5

The full conditional posterior distribution of :

m1|rest~Beta(r; + Z Iig,—0y, w1 + Z Li,0})-
I=1 I=1

The full conditional posterior distribution of o

o?|rest~Inv-Gamma(p,2, ¥y2)

with shape

nk+ LY " Tig10)
2

Ho2 =

and scale

- Sy S (Vi — iy — ZEG? + S (7R BT By

2

The full conditional posterior distribution of (;:

Gilrest~N(p1¢;, X¢;)
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where
H¢; )T Z = 1ij)

ZijZ}; 1.\-1
EQ—<Z p +EI>

Jj=1

Last, the full conditional posterior distribution of ¢?:

9 nh 1 .
o ]rest~1nverse—Gamma(7 +e, f+ 3 Z G G)

B.2.7 BV-SI

Priors

Bl o (S N(0,0%73) 1=1,...,m
Bia|T3y, 7 £ (0, diag(0°73, . . ., 0°73)))
AT % exp(/\;) I=1,....,m
13 % Gamma (1L 229

A ~ Gamma (ay, by)
A2 ~ Gamma (ag, by)
G ~ N(0, ¢*T)
¢* ~ Inverse-Gammale, f)
9 1

o X —&
o2
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Gibbs Sampler

Let fij—v) = E(Yiy) — ngyo, (t = 1,...,n,5 = 1,...,k), representing the mean effect
without the contribution of ~.
The full conditional distribution of 7y is a multivariate normal distribution N(p.,, 2,,)with

mean

foo = Do TE3 Z Z 62‘31(}/ = Hij(— Cl §10i5),

and variance

Denote fiij—a) = E(Yij) — Go(Ti) e, (i = 1,...,n,j = 1,..., k), then the full conditional
distribution of « is multivariate normal distribution MVN(114, ¥, )with mean
n k
fa = Sa(0®) ) Y (Vi — pij-a) — Z556)Go(Ty),
i=1 j=1
and variance

Za = (2;01 + (0’2)_1iZG0 z] GO ) > .

Let p55—g,) = E(Yi;) — Lijifn and Iy, = 7(Bn = O|rest), the conditional posterior distribution

of the coefficient of lipid factor F;; is a normal distribution: with mean

n k
-1 T
HBn = 2511 Z Z LUZ ij — Hij(—Bun) Zij(l')v
=1 j=1
and variance

n k 1 .

2 2 -
i=1 j=1 u

Denote fij(-g,.) = E(Yi;) — W58 The posterior distribution of the interaction between the

Ith lipid and treatment factors fi.(I = 1,...,m) is a multivariate normal distribution with
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mean

n k
g, = g, Z Z V[/ijl(}/ij — Hij(—Br) — ZZI;CZ)a
i=1 j=1
And variance i
-1
Vo, = (DD WaWhi+ I )
=1 j=1

The full conditional posterior distribution of (73)~! is:

o2\? )
B

(7)) *|rest~Inverse-Gaussian (A3,

Similarly, The full conditional posterior distribution of (73)! is:

o2\3

TR

(73,) " ! rest~Inverse-Gaussian (3,

The full conditional posterior distribution of A\}:
M)
5 :

M rest~Gamma(a; + m, by +

Likewise, the full conditional posterior distribution of A\%:

M2|rest~Gamma(ay +

m(q+1 "2
(q2 ),b2+QZl2_l 21)'

The full conditional posterior distribution of o?:

o?|rest~Inv-Gamma(fi,2, ¥y2)

with shape
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and scale

S S (Vi — g — ZEG) A+ S () B+ S (72) T B B

S, =
2

The full conditional posterior distribution of (;:

Gi |reStNN(:qu ZCi)

where .
He = (0%)718¢ Y Zi(Yij — i)
j=1
k
ZZ]ZT; 1 )1

Y, = (Z Uzl +EI

J=1

Last, the full conditional posterior distribution of ¢:

n

h 1
qﬂrestrvlnverse—Gamma(% +e, f+ 3 Z G G)

i=1
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B.2.8 BV

Priors

n k
_nk 1 2
Vo (o) Fep{ - o5 30 (Y - - Z56) |

i=1 j=1

Yo ~ N3(0,%,,)

o~ NL<O,ZQO)

Bl|7-12[7 02 iﬁ"d N<07 diag(027'121, s 70-27—12[»
| AT o Gamma( ;L , Tl)

A} ~ Gamma (a;, b;)

Gi ~ N(0,¢°T)

¢* ~ Inverse-Gammale, f)

1
0'2OC—2
g

Gibbs Sampler

Let fij—vo) = E(Yi) — X%’yo, (1t =1,...,n,5 = 1,...,k), representing the mean effect
without the contribution of .
The full conditional distribution of vy is a multivariate normal distribution N(fs,, 2,,)with

mean

n k
fp = Sy TES Z Z 05" (Yij = Mij(—vo) — ZisCi — E1045),

i=1 j=1

and variance

i=1 j=1

n k -1
Yy = (Eol +T€52Z 62’]'1) '

Denote pij—a) = E(Y;;) — Go(Tij) e, (i = 1,...,n,j = 1,..., k), then the full conditional
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distribution of « is multivariate normal distribution MVN(114, 3, )with mean

n k

fo = Sal(0®) 7D Y (Vi — gy — Z5G)Go(Ty),

i=1 j=1

and variance L
n k -
Yo = (2;01 +(0)Y > GO(TiJ)GO(Tij)T> :
i=1 j=1
Denote pij—g) = E(Yi;) — W 6.The posterior distribution of (I = 1,...,m) is a multi-

variate normal distribution with mean

n k
8 = 2p, Z Z Win(Yij — pij—p) — 24,

i=1 j=1

And variance
n

k
ZWUZ ]l+ I )_1.
1 j=1

=

The full conditional posterior distribution of (73)~! is:

o2)\2

161113

)

(7'121)71 |restNInverse—Gaussian()\f,

The full conditional posterior distribution of A\?:

M |rest~Gamma(a; + 5 5

The full conditional posterior distribution of o?:

o?|rest~Inv-Gammal(j,2, Xy2)

with shape
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and scale

. Sy S (Vi — iy — ZEG)? + S () T BT By

2

The full conditional posterior distribution of (;:

Gi |reStNN(/”LCi’ EQ‘)

where

k
ne = (037150 Y Z5(Yig — i)

j=1

k T
ZijZij 1.\-1
e = (Z o2 + 2 )

Last, the full conditional posterior distribution of ¢:

n

h 1
¢2]rest~1nverse—Gamma(% +e, f+ 3 Z G G)

=1
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