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CHAPTER # 1

Introduction and Notation

1.1 Obiecti

The objective of this paper is to investigate three methods of
estimating variance components for both the bajanced two-way mixed
effects and random effects models with interaction. These methods
of estimation are the analysis of variance, restricted maximum likelihood,
and pretest methods.

This paper consist of a statistical derivation and/or explanation
for each method of estimating variance components as well as a brief
discussion of their properties and shortcomings. Lastly, all three
methods are compared by a computer simulation study. The results
of the simulation form the basis for a discussion of empirical conclusions
associated with each method of estimation.

Before examining these three methods of estimation, the two-way

mixed and random effects models are described.

1.2 Fixed and Random Effects

The two-way model considered involves a set of treatments (or
populations) generated by a cross classified system involving the
levels of two factors. The experimental design used to generate the
data is a completely randomized design where each treatment is observed
on an equal number of experimental units.

The purpose of the analysis of variance is to make inferences
concerning the levels of the two factors and the interaction between

the two factors. If the levels of a factor are predetermined and the
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inferences apply to those treatments alone, then the factor is defined
as a fixed effect. To visualize sampling for factors with fixed effects
consider "... data as being one possible set of data involving these
same treatments that could be derived in repetitions of the experiment,
repetitions in which the differences in observations on each occasion
would be a random sample from a population of differences having a mean
of zero and a variance 0; ...", Searle (1971). From this point on Ué will
represent the variability in observations due to random sampling error.

On the other hand, if the inferences concerning the levels of a
factor are to apply to a population of levels corresponding to that
factor, then the factor is defined as a random effect. Here we select
a random sample of treatments from a population of possible treatments and
our primary interest is in the population as a whole.

In selecting observations for a random effects model there are two
sources of variation present. First, by selecting a random sample
of similar treatments we do not restrict ourselves to a specific
group thereby allowing a degree of variability from treatment to
treatment. Secondly, as with the fixed effects model, for whatever
treatments selected there is variation observed within these
treatments. This type of variability was defined previously as random
sampling error.

The varjability associated with random sampling for both the
random and mixed effects models will have mean zero and variance
U; . For the random effects model, the variability associated with
the random effect will constitute a sample from a population with
mean zero and variance 0%.

In order to construct a model, we use the rule that if an interaction

involves a random factor, then the interaction is also a random effect.



For both the mixed and random effects models, the interaction is a
random effect with mean zero and variance o2j7. ATl the random effects
and the sampling error are assumed to be uncorrelated.

The parameter of interest for a random effect is the corresponding
variance of the population of levels while the parameters of interest
for a fixed effect are the means of the corresponding levels. It
is often assumed that the distribution associated with each random

effect is the normal distribution with mean zero and the effects variance.

The AQV method of estimation discussed in Chapter 2 does not require
this assumption, but for distributional properities of the estimators to

be examined the assumption of normality is a convenience.

1.3 Models

This section degcribes the two-way mixed and random effects models
which are used in the simulation study.

A two-way mixed effects model consists of a two-way factorial with
interaction where the levels of one factor are fixed and the levels
of one factor are random. A linear model describing the observations

from this type of design is

Yijk = u+ & + Tj + Gij + &jk (1.3.1)
i'—'l,...,a j=1,c-¢’t k=1,¢..1n 3
where 1} is the common mean for all observations,
o is the ith fixed effect associated with
factor A,
Tj is the jth random effect associated

with factor T, Tj " N(O, o2%71),



Gj j is the random interaction effect
between ith level of factor A and
jth level of factor T, 6ij v N(0, 02aT),
€ ik is the random sampling error cjj)vN(0,0%);
and Yi jk is the kth observation for
the ith level of factor A and jth level
of factor T.

Throughout this paper model (1.3.1) will be referred to as the
mixed effects model. The variance of an observation from this model

is
VAR (Yjjk) = %1 + O%aT + 0%

where 021, 92p1, and 92, are the components of the variance of an obser-
vation Yijk-

A two-way random effects model consists of a two-way factorial
where the levels of both factors are random. A linear model describing

observations from this type of design is

Yijk = W+ Aj + Tj + Gij *+ &jk (1.3.2)
f=1l5...58 J = lygswst K® loissall =
where u is the common mean of all observations,
A4 is the ith level of random factor A

Aj v N(0, o%p),

T is the jth level of random factor T
T v N(0, 027),

Gy j _is the interaction between ith level of
A and jth level of T

Gij ~ (0, a2pT)s



€ijk is the random sampling error
&ijk "~ N(0, 9%),
and Yijk is the kih observation of the ith

level of A and jth level of T.

This model will be referred to as the random effects model throughout

this paper. The variance of an observation from this model is
VAR (Y1Jk) = GZA + O'ET + UZAT ¥ Uze

where 925, 027, 02a7, and 92, are the components of the variance of the
observation Yjjk.

This paper is concerned with obtaining estimates of the variance
components for models (1.3.1) and (1.3.2). There are several methods
for estimating variance'components, three of which are discussed in

Chapter 2.



CHAPTER # 2

Methods of Estimating Variance Components

2.1 Introduction

The purpose of this chapter is to describe in detail the three methods
of estimating variance components that are employed in the simulation
study. These methods are the analysis of variance, restricted maximum
likeljhood, and pretest method. Various properties and shortcomings of
each method are presented. Also, similarities between methods are dis-

cussed.

2.2 Analysis of Variance (AOV) Estimators

The first method presented is the method of analysis of variance (AQV).
This method is explained with respect to models(1.3.1) and (1.3.2).
First, the mean squares associated with each source of variation are
computed as if the model were two-way fixed effect. Second, the expected
value of the mean squares are computed with respect to the conditions
of the correct model,i.e., either (1.3.1) or (1.3.2). The next step is to
generate a system of equations by equating these expectations to their
corresponding mean squares. The solutions of the resulting system of
equations yield the AQV estimators of the variance components.

The two-way fixed effect model is defined as
ijk =%y Ty 855+ 84

.i=1,-|-,a j=1’--.’t k=1,...,n:

where I is the common mean for all observations,



aj is the ith fixed effect of factor A,
T; is the jth fixed effect of factor T,
85 3 is the interaction between ith level of

A, and jth Tevel of T,

€3k is the random sampling error
€ijk ~ N(0, 9%),
and Yijk is the kth observation of the ith

level of A and jth level of T.

The mean squares from the analysis of variance of the two-way fixed

effects model are

a — st
MSA =nt ) (Yi. .- Y. . )2/(a-1),

i=1
MST = na (?ij_- Y . )#/(t-1),

J=1

L. L (2.2.1)
MSAT = n I (Yi5.- Yi..- Y.5.¢ Y, )%/(a-1)(t-1), and

i=1 j=1

MSE = % E g (Yijk - Yij.)%/at(n-1).
i=l j=1 k=1

By taking the expected value of the mean squares (2.2.1) with respect
to the conditions of the mixed effects model (1.3.1), it can be shown

that

E[MSA] = o%¢ + noaT + 2o (o - 8,)2

1

ne~1 %

i

E[MST] = 025 + no%p7 + nad?t (2.2.2)



E[MSAT] = 0% + no?pT and
E[MSE] = Uae .

A system of equations is generated by equating equations (2.2.2) to
their corresponding mean squares. The AQV estimates are the solution to

the resulting system of equations, which are presented in Table 2.2.1.

Table 2.2.1: AQV estimators for the mixed effects model

G2aT = (MSAT - MSE)/n
527 = (MST - MSAT)/an
G%2¢ = MSE

By taking the expectation of the mean squares (2.2.1) with respect

to the conditions of the random model (1.3.2), it can be shown that

E[MSA] = 2% + no?aT + nto?p

E[MST] -= 2% + no?pT + nas?T (2.2.3)
E[MSAT] = 2g + no?pT and

E[HSE] = O'ze.

For the random model, a similar set of equations is generated by equating
equations (2.2.3) tc their corresponding mean squares. The AQV estimates
are the solution to the resulting system of equations, which are presented

in Table 2.2.2.



Table 2.2.2: AQV Estimators for Random Model

325 = (MSA - MSAT)/nt
G2p = (MST - MSAT)/na
G2pr = (MSAT - MSE)/n
02, = MSE

The AQV estimators in tables (2.2.1) and (2.2.2) can be easily
shown to be unbiased, although this unbiasedness is restricted to the
balanced design case, see Searle (1971).

The AQV estimates can be shown to have minimum variance for the set
of all unbiased estimates which are quadratic functions of the observations
see Graybill and Hulquist (1961).

Up to this point everything discussed so far concerning the AQV
estimates holds with or without the assumption of normality as
defined in equations (1.3.1) and (1.3.2). The assumption of normality
allows us to say that the AQV estimates have minimum variance for all
unbjased estimators, regardless of whether or not they are quadratic
functions of the observations, see Graybill (1954) and Graybill and
Wortham (1956).

With AQV estimates in table 2.2.1 and 2.2.2 there exists the possibility
of obtaining negative estimates. This is a distinct disadvantage as a
variance component is defined to be non-negative. Searle (1971) suggests
several courses of action when negative estimates are observed. One
is to set the value of the variance component to zero. The next two
methods presented, consider two different approaches to eliminating

the possibility of negative estimates.
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2.3 Restricted Maximum Likelihood Estimators (REML)

The REML estimates employ a method of estimating variance components
which eliminates the possibility of observing a negative estimate. The
idea is to maximize the 1ikelihood function of equations (1.3.1) and
(1.3.2) over a restricted positive parameter space, one that is free of
the fixed effects. This reﬁults in a system of equations which can be
solved for the variance component estimates. The resulting estimates are
free of the fixed effects, invariant under translation similar to the
maximum likelihood estimates, and also reduce to the AQV estimators in
certain cases for the balanced design, see Corbeil and Searle (1976).

The following is a general derivation of the Restricted Maximum

Likelihood Estimators. Consider the model

Y=Xu+Up by +Usby +. . .+ Uchec +e (2.3.1)
where Y is an N x 1 vector of observations,

u is a K x 1 vector of fixed effects,

X is an N x K design matrix of rank K,
U;j is an N x M;j design matrix for the ith random factor

c
i=1,...,¢ , ] Mj +K<N
i=1
bj is an Mj x 1 vector of random effects associated with

factor i , bj ~ N(0, ¢%iI), and
e is an N x 1 vector of unobservable independent random

variables e ~ N(0, 0% Ip). ,
|
1 %%

q

This model has E[Y] = X u and VAR[Y] = o%cH where H =
i

ne—10

Uj U'y + Iy and 02§ is the variance of the ith random factor. H is a

positive definite matrix of rank N.
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Assume Y ~ N[Y; Xu, o2g H].

The log of the likelihood function is
=N Tog 2r - %N log o2e - %log |H|-%(Y - Xu)'H-1 (Y - Xu)/oZe. (2.3.2)

Patterson and Thompson (1971) suggest the singular transformation of
Y'[S,H"1X] to partition the above log likelihood function into two parts,

one of which is free of the fixed effects. Let

S 1 1 1 K+ 1
U SV S WCHE AT
K
where the notation J*B denotes an NxN blocked designed matrix with B as
t=1

the diagonal matrices. Since a balance design is assumed ny = np = ...=
ng = n, where n is the number of obtservations associated with each fixed
effect. The matrix S is NxN symmetric and idempotent of rank N-K. The

distribution of SY is

where S Y and X'H-1Y are independent.

The distribution of S Y is free of fixed effects in the original model.
need for another transformation. To modify for singularity, the nth,
(ng + ng)th, vun w GO P D ¥ sue + nK)“I rows of S are deleted. The

resulting matrix, denoted by T, has order (N - K) x N of rank N-K, where

+

; (In-1 - % dn-1s = 3 dp-1)s (2.3.3)

11 0

T =
t

see Corbeil and Searle (1976).

)
—
-
I
w

It can be shown that TX =0 and T'(T T
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To modify for the singularity of S H S, Corbeil and Searle suggest
the following transformation to break up the likelihood function into two

parts, again one being free of the fixed effects.

Let Z = i Y, which results in Z being distributed as
X'l
12
Z~N Iy : [ . T HT 0% '] (2.3.8)
x'H-1y X'HIxu 0 X'H1xo%

where T Y and X'H-1lY are independent.

The log of the likelihood function of T Y is free of the fixed effects
and is
A = -%(N-K)log 2r -%{N-K)log o2¢ - %log |THT'|-5 Y'T'(TH T )'1_ Y/o?
By differentiating A with respect to the variance components and equating

them to zero, the REML estimators can be obtained.

The derivative of A with respect to o2 is

Sh 1T 1 "1 L
Ez: = -%(N-K)/Uze + BY'T (T HT ) li/c e

— — — -

¥, (2.3.5)

Similarly for the other variance components,

o = etV (T H )T )

FEYTOHT) TG T T RT ) T Y% . (2.3.6)

Consider the two-way mixed effects model (1.3.1). By expressing equation



(1.3.1) in terms of equations (2.3.1), we obtain

Xu = (in ® 4t ®1a) W+ o |
H+ O

where - L

X is an N x a design matrix of rank a,and

U is an a x 1 vector of fixed effects,

Uibs = (n ® 1t ®da) T
T2
T

where
U1 is an N x t design matrix of rank t,and

by is a t x 1 vector of random effects,

and Uby = Un®It®L) [ 611 7
G1t
Ga1
_Gat |
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Us is an N x ta design matrix of rank ta, and
b2 is a ta x 1 vector of random effects.

The notation A CD B represents the abxst matrix
axs bxt

rﬂbn Abyz . - . Ab1t
Abp1  Abpz . . . Abpt

Abp;  Abp2 . . . Abpt

b

where bij is the element in the ith row and jth column of the matrix B.

The two-way Mixed effects model has

E[Y] = Xu and VAR[Y] = H 0% ,

2
where H = %°F UjU'j + %71 UaU'p * IN
Uzé cﬁe

2 (In @1t @) + FaT (@1t ®La) + In,

e cze

(2.3.7.%)

%149

Jdpn is an n x n matrix of ones,
Jt is a t x 1 vector of ones,

Is is an s x s identity matrix, and

a .
L= Z * (In -1 - %‘ dn -1 ¢ - % dn -1)  ni=...=ng=n (2.3.7.b)

By solving equations (2.3.5) and (2.3.6) with respect to (2.3.7 a & b),

the REML estimators for the variance components are cbtained as shown in

Table 2.3.1.



Table (2.3.1) Reml estimators for the mixed model

a«zAT } {'MSAT - MSE)/n

N {MST -DMSAT)/na

.

02y = Y'T'(THT')=1TY/(N-K)

MSE

if MSAT > MSE
if MSAT < MSE
(2.3.8)

if MST> MSAT
if MST < MSAT

Consider the two-way random model with interaction as defined by

(1.3.2). Expressing equation (1.3.2) in terms of equation (2.3.1) it

follows that

Y =JNu * Uiby + Upbp + Ugb3 + e

where Jyu is an N x 1 vector containing the constant u,

Uiby = Un @it (®1a)

where

A

| Aa

[ AL ]

e

Uj is an N x a design matrix of rank a, and

by is an a x 1 vector of random effects,

Ugbo

where

.lt(:lia)

Ty
T2

Tt

.

et

Us is an N x t design matrix of rank t, and

bs is a t x 1 vector of random effects,
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and  Usby = (n®I1t®L) [ 611 |
G1t
Ga1

| Gat __

where
U3 is an N x ta design matrix of rank ta, and

b3 is an at x 1 vector of random effects.

The two-way random effects model has

E(Y] = Xu, and VAR[Y] = H o2, ,

where H = o2y UjU'y + o1 Upl'p + .01 U3U'3 + Iy
L
e e e

= o (I @It @Ia) + P1 (In @)Lt () da)
2
“e Te. (2.3.9.a)
+opT (Un®I®1a) + In.
g
e
and T = %;* (1 1, s ok 4 (2.3.9.b)
. 521 ing-1 - nt-"t'l * nt—"t'l)'

By solving equations (2.3.5) amd (2.3.6) with respect to equations
(2.3.9.a) and (2.3.9.b), the REML estimators are obtained as shown in

table 2.3.2.
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Table (2.3.2): Reml estimators for the random model

a7 = (MSAT - MSE)/n MSAT > MSE
0 MSAT > MSE

Y - (MST - MSAT)/na MST > MSAT
0 MST > MSAT

é,zA . (MSA - MSAT)/nt MSA > MSAT (2.3.10)
0 MSA < MSAT

o2 = MSE

The Reml estimators have a unique characteristic in that they
reduce to the AQV estimators when there is "no chance" of observing a
negative estimate. This results in the Reml estimators possessing propertie
similar to those associated with the AQV estimators.

In the event of a chance for a negative AQV estimate, the REML
estimators are no longer identical to the AQV estimates and obviously

no longer unbiased.

2.4 Pretest Method

The pretest method employs a model building approach to estimating
variance components. Each variance component is examined individually
prior to being estimated. If there is evidence that a particular source
of variability is present then it is estimated. If the source of variabilit
is found to be negligible, then it is eliminated from the model and a
new model is defined. This process is repeated until all variance
components have been examined.

To determine if a source of variation is present the following

hypothesis is tested,
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Hot 923 = 0 Ha: 02i> 0 2413

where o2; is the variance of the ith random factor.

If at a specified type I error rate, the variance component is
found to be negligible (Fail to Reject Hy) then the sum of squares due
to that effect is pooled with the appropriate effect based on expected
mean squares. Then zero is chosen as the estimate of the variance
component and a new model is constructed where that variance component

is set equal to zero. This will result in developing a new ANOVA table
where certain mean squares have been modified.

On the other hand, if the variance component was found to be sig-
nificant,no pooling would take place and it would then be estimated by
the AQOV method.

The hypothesis stated in (2.4.1) is then tested for the
next variance component. The test statistic for hypothesis (2.4.1) is
based on the most recently defined ANOVA table. Similarly, if this
component is significant it is estimated by the AQV method. If the
variance component is found to be negligible then it is set equal to
zero and the appropriate sums of squares are pooled. This process is
continued until all variance components have been estimated or equated
to zero.

The first variance component examined will be the one involving the
most factors. This will be the interaction variance component for models
(1.3.1) and (1.3.2).

Consider the model defined by (1.3.1). The sources of variation
corresponding to the random effects and their expected mean squares are

given in Table 2.4.1.



13

Table 2.4.1. Random sources of variation for model (1.3.1)

SOURCE EMS
T a%-+nﬁAT+an¢T
AT 024 + noZpT
ERROR 02q

First, the interaction effect is tested, i.e.,

Ho: 92aT1 = 0 no interaction
(2.4.2)

Ha: o2a7 > 0 interaction present.
If this effect is found to be negligible then BZAT would be set equal
to zero. The sums of square due to interaction would be pooled with
sampling error as directed by the expected mean squares. The pooling
would result in new values for certain mean squares in the ANOVA table.

Otherwise, if the interaction effect was significant, the interaction
variance component would be estimated by the AOV method in Table (2.2.1),
from the original ANOVA table with no pooling taking place.

The T effect is tested next, i.e.,

Ho: 37 =0 no T effect

(2.4.4)

Ha: 927 > 0 T effect present.
If the T effect is found to be negligible then EZT would be set equal
to zero. The sums of square due to the T effect would be pooled with
either the sums of square error or interaction, depending upon the outcome
of the first test of hypothesis (2.4.2). Again, this results in modifying
values in the previous ANQVA table.

If the T effect was found to be significant, then it would be

estimated by the AOV method using values from most recently updated

ANQVA table.
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After the variances of both the T and interaction effects have been
estimated, the estimate of the sampling error is the final value of
MSE after all pooling has taken place.

The pretest method does not allow for 'retesting upward'. 'Retesting
upward' means, if the interaction effect was found to be significant and
the T effect was negligible, interaction would not be retested based on
the sums of squares obtained by pooling SST with the SSAT. A hypothesis
is tested only once.

However, this method does allow for 'reestimation upward'. For
example, if the interaction effect was found to be significant it would
be estimated by the AOV method. Then, assume the T effect was found to
be negliglble. This results in a modification to the values of the ANQOVA
table. This method will reéstimate the interaction variance component
based on a new pooled mean square interaction due to the negligible T
effect.

For the mixed effect model (1.3.1), the pretest method allows four
different possible estimates of each variance component. Tables 2.4.2.a
and 2.4.2.b define all possible estimates of the variance components
when interaction is both negligible and significant, respectively.

The tables also show a detailed path of the hypotheses tested and their
conclusions that yield the respective estimates. There is only one
occurrence where reestimation upward is used, i.e., in Table 2.4.2.b,
path M3.

The notation in Tables 2.4.2.a and 2.4.2.b with the prefixes S5, MS,
and I represent a particular effects sums of squares, mean square, and

degrees of freedom, respectively.
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Table 2.4.2.a Pretest Estimators for mixed model, no interaction

Ho: o%p7 = 0
FaT = MSAT/MSE
"Fail to Reject Hy"
d2p7 = 0
SSE1 = SSE + SSAT
IDF1 = IEDF + IATDF
MSE1 = SSE1/IDF1

HO: O—ZT = 0
/ Fr = MST/MSEl \)

"Fai] to Reject Hy" _ "Reject Hy"
4" "\12 _

o2r = 0 027 = (MST - MSEI)/na
SSE2 = SSE1 + SST

IDF2 = IDF1 + ITDF

MSE2 = SSE2/IDF2

» W

B2aa = F2pr = 0

2aT = 0 | AT

Y2r =0 $21 = (MST - MSE1)/na
G2 = MS2 G2, = MSEL

M1 M2
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Table 2.4.2.b Pretest Estimators for Mixed Model, with interaction

Ho: o237 = 0

FAT = MSAT/MSE
| "Reject Hp"
¥2p7 = (MSAT - MSE)/n

Ho: 927 = 0
FT = MST/MSAT
“Fail to Reject Hy" "Reject Hy"
d21 =0 ¥21 = (MST - MSAT)/na
SSAT3 = SSAT + SST |
IDF3 = IATDF + ITDF
MSAT3 = SSAT3/IDF3
_ \ 4
®aT = (MSAT3 - MSE)/n S2pr = (MSAT - MSE)/n
ger=0 S21 = (MST - MSAT)/na
G2 = MSE d2, = MSE
M3 M4

"Reestimation upward" 'AOV estimators'
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Consider the random effects model (1.3.2). The random sources of

variation and their expected mean squares are in table 2.4.3.

Table 2.4.3 Sources of Variation for Model (1.3.2)

SOURCE EMs
A 025 + nto2y + noaT
T 024 + nac?t + no?pT
AT 0?q + noiT
ERROR 02,

For the random effects model there are two cases to consider
depending upon the outcome of the first test.

First, if the interaction effect is found to be negligible, the
sum of squares due to‘that effect are pooled with the sum of squares
due to sampling error as directed by the expected mean squares
in Table 2.4.3. Then for each subsequent main effect that is found
to be negligible, their sums of squares are also pooled with sum of
square error.

Secondly, if the interaction effect is significant then no initial
pooling occurs. For subsequent main effects found to be negligible, their
sum of squares are pooled with the interaction sum of squares, not the
sum of squares error.

Similar to the mixed effects model, there is no retesting upward.

For the random effects model there are eight different ways to
estimate the variance components. Tables 2.4.4.a and 2.4.4.b give a
detailed description for all estimates when interaction is negligible
and significant, respectively. Reestimation upward occurs in Table 2.4.4.a

on path R3 and in table 2.4.4.b in paths R5, R6, and R7. Finally, there
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are different estimates of the sampling error depending an which sums of

squares are pooled.
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Table 2.4.4.2 Pretest estimators for Random Model, no interaction
Ho: @aT = 0
FAT = MSAT/MSE
"Fail to Reject Hy"
afar = 0
SSE1 = SSE + SSAT
IEDF1 = [EDF + [ATDF
MSE1 = SSE1/IEDF1

Ho: 827 =0

/ Fr = MST/MS1
“Fail to Reject Ho" "Reject Ho"
G270 iy = (MST-MSE1)/na
SSE2 = SSE1 + SST
1EDF2 = IEDF1 + ITDF
MSE2 = SSE2/IEDF2

Ho: 923 = 0 Hg: 93 = 0
/ Fa = MSA/MSE2 jr,. . IGMPEEI\

"Fail to Reject Hy"  "Reject Hg" “Fail to Reject Hy" "Reject Ho"
eip = 0 o?p = (MSA-MSE2)/nt 933 =0 o2p =(MSA-MSE1)/nt
SSE3 = SSE2 + SSA SSE4 = SS1 + SSA
IEDF3 = [EDFZ + IADF [EDF4 = [EDF1 + [ADF
MSE3 = SSE3/IEDF3 MSE4 = SSE4/IEDF4
oA =0 a?p = (MSA-MSE2)/nt a2y = 0 o?p = (MSA-MSEl)/nt
o1 =0 2?7 % 0 * o2y = (MST-MSE4)/na ci=(MST-MSE1)/na
o = 0 9T = 0 a7 =0 a¥ar = 0

ée - EES a_ze % EEZ aze = HSE4 Uze = MSEL

R1 R2 R3 R4
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Table 2.4.4.b Pretest Estimators for Random Model, with interaction
Ho: 9%aT = 0
FAT = MSAT/MSE
"Reject Hy"
a2p7 = (MSAT - MSE)/n

Ho: 927 =10
<_/ Fr = mzmr\

Fail to Reject Hy Raject Hg
gir = 0 aip = (MST-MSAT)/na
SSAT1 = SSAT + SST
IATOF1 = IATDF + ITDF
MSAT1 = SSAT1/IATDF1

>°'A =0 Ho 9%4 = 0

/ Fp = nsum1\ j Fa * m/m\
Fail to Reject Ho Reject Hg Fail to Reject Hy Reject Hg
a2y = 0 a2y = (MSA-MSAT1)/nt a2y = @ 92y = (MSA-MSAT)/nt
SSAT2 = SSAT1 + SSA SSAT3 = SSAT + SSA
IATOFZ = IATDF1 + IADF IATDF3 = [ATDF + IADF
MSATZ = SSAT2/IATDF2 MSAT3 = SSAT3/IATDF3
v

g2p = ( a2y = (MSA-MSAT1)/nt g2y = 0 AQv
g2t = 0 g2r = * g2r = (MST-MSAT3)/na estimators

* a7 = (MSAT2-MSE)/n  * o2371=(MSAT1-MSE)/n  * 02p1=(MSAT3-MSE)/n
¥ dze.s MSE 0'3' = MSE dze = MSE

RS R6 R7 R8

*cases where reestimation upward is employed.
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Negative estimates with the pretest method are very unlikely,
although the possibility does exist. If the presence of a variance
component was tested with a very large type I error rate, it may be
found to be significant. This can result in the AQV method yielding a
negative estimate when it should be set to zero. When the AOV method is
used to estimate negligible variance components, negative estimates
are likely to occur. Assuming the pretest method is employed at a reason-
ably small type I error rate, say .0l to .10, no negative estimates should
be obtained.

In the case where all sources of variation are very large, the
pretest method is identical to the AQV method (Table 2.2.1 and 2.2.2)
as is the REML method. This is shown by Table 2.4.2.b path M4 and Table
2.4.4.b path R8.
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CHAPTER # 3

The Simulation

3.1 Introduction

This chapter presents a computer simulation study that compares the
three methods of variance component estimation presented in the previous
chapter. The general layout of the computer program is also presented
as well as the reasoning behind the determination of initial parameter
values. Three different parameter specifications are considered for
the mixed effects model and four different parameter specifications are
considered for the random effects model. Statistics associated with each
method of estimation are examined as well as any pertinent graphs for

both the mixed and random effects model.

3.2 The Computer Program

The computer program in the simulation study consists of both a
Fortran and SAS job step.

The Fortran step first generates observations for a two-way completely
randomized design with interaction. The dataare generated according to
models (1.3.1) and (1.3.2) where each effect is added in at its appro-
priate level. Each effect must be defined at all the levels in which it
occurs in the design.

Random effects are defined by multiplying the standard deviation of
that effect by a standard normal random variable generated by the
FORTRAN function RNOR(@), i.e. Ojx Z. This is repeated for all levels wher
the random effect is defined. The standard deviation of the random effect

is held constant where as the standard normal random variable is
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generated at all appropriate levels.
For example, the random effect interaction is defined for all
combinations of rows and columns, therefore a unique interaction effect

is defined for all combinations as,

DO OVER ROWS
DO OVER COLUMNS

INTER(ROW, COL) =o 7 * RNOR(P)

END COLUMNS
END ROWS.

Fixed effects are defined by simply adding in a pred;termined
constant at the appropriate levels, where the constant represents the
value of the fixed effect.

Once all the effects for both fixed and random effects have been
initialized at their appropriate levels, the observations are generated
by adding all the effects in at once. For example, the observations
for the mixed effects model as defined by equation (1.3.1) are generated
by

DO OVER ROWS
DO OVER COLUMNS
DO OVER REPLICATIONS

0BS = u + A(ROW) + SIGT(COL)
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+ INTER(ROW,COL) + oe *RNOR(@)

END REPLICATIONS
END COLUMNS
END ROWS.

The observations for the random model (1.3.2) are generated in a
similar manner. The subroutines used to generate observations for the
mixed and random effects model are MIXGEN* and RANGEN* , respectively.

Once the data is generated, an analysis of variance table is
computed under the assumption of having a two-way fixed effects model
with interaction, (see 2.2.1). The AQOV estimates of variance components
are then computed by the equations in table (2.2.1) and (2.2.2) and stored
on a disk. Estimates of variance components based on the pretest method
are computed by subroutines PRETST* and RANTST*. The pretest method is
employed at alpha levels of .01, .05, .10, .25, and .50. These estimates
are also stored on a disk. Hypotheses tested by this method are deemed
significant or not by comparing the predefined alpha values to a computed
alpha a. or PR>F. The PR>F is computed by a convergent series expansion
of positive terms for an F-distribution with the corresponding degrees
of freedom within the function subroutine FPROB*, (see American Statistician.
55, pg. 944).

The SAS step reads in the AQV and pretest estimates from disk storage.
A data set based on REML estimates of equation (2.3.8) and (2.3.10) is
obtained by restricting estimates in the AOV data set over a positive

estimation space, i.e. negative estimates are set equal to zero. The

*see Appendix I for actual source code.
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pretest estimates are then separated into 5 data sets which correspond
to the level of significance employed when the estimate was obtained.

Once all data sets of estimates are defined with respect to the
method of estimation, then basic statistics such as the mean, mean square
error and bias are computed.

The estimates generated in the Fortran job steps are stored on a
permanent disk in catalogued data sets for further accessing and analyzing

if initial results deem it appropriate.

3.3 Initial Parameter Values

This section defines all parameter initializations that are examined
in the simulation for both the mixed and random effects models.

The parameters that need to be initialized for the mixed effects
model (1.3.1) are u, aj, i=1,...,a, 02T, o?AT, and o%g. For the mixed
effects model U, aj, and o2g will remain constant throughout the simulation
study. The variance components o?T and o2aT are varied. The initial
values of 02T and o?pT are expressed in terms of the ratio o?j/o%e, where
o2j is the variance of the ith random effect. A ratio larger than one
implies the presence of a particular random effect. Similarly a ratio
much smaller then one implies a negligible random effect relative to the
random sampling error.

First consider the case when both o?T and o2pT are very large relative

to sampling error, i.e.,
027/0%a > 1 and o?p71/0%e > 1.

This type of parameter initialization implies a large MST and MSAT

relative to MSE, which would cause the AOV and REML estimates of equations
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(2.2.23) and (2.3.8) respectively, to yield identical results. When
both o217 and 0237 are large relative to o2y the pretest method reduces
to the AQV method. Therefore estimates from all three methods should
be identical ( and possess the same distributional properties) assuming
the pretest method is employed at a reasonably small Type I error rate, say
less than 10%.

Consider the other extreme, when both o217 and o2pT are negligible
relative to o2, i.e.,
UZT/UEG << 1 and GzAT/UZE << 1. (3.3.1)

As 027 and o2p7 approach zero, then the expected mean squares for T,

AT, and ERROR approach equality. This implies values of MST, MSAT,

and MSE that are of about the same magnitude. This presents the pos-
sibility of obtaining negative estimates by the AOV method, zero estimates
by the REML method, and estimates based on pooling by the pretest method,
as well as zero estimates. Expression (3.3.1) will be the basis for the
first parameter initialization in the simulation study for the mixed effect
model, as each method is likely to obtain different estimates.

The next consideration is when one effect is large and one effect
is negligible.
The second parameter initialization is when the interaction effect

is negligible and the T effect is large relative to sampling error,

expressed as

021/92, > 1 and O2p7/9%g << 1. (3.3.2)

The third parameter initialization is when the T effect is negligible

and the interaction effect is large relative to sampling error, expressed

as
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027/025 << 1 and 02j7/0% > 1 (3.3.3)
The results of the simulation for cases 3.3.1-3 are presented in section
3.4.

The parameters that need to be initialized for the random effects
model (1.3.2) are u, 023, 021, 62p7, and 92, For this model u and 0%
will remain constant for all four parameter initializations throughout
the simulation study. Similar to the mixed effects model, parameter
initializations for 025, 027, and 0257 are expressed as a ratio, with
the same interpretation as defined earlier.

As with the mixed effects model, when all components are large
relative to 02 the REML and pretest methods are identical to the
AOV method.

The other extreme is when all components are negligible relative

to 024, expressed as
g2y /02, << 1, 027/0%5 << 1, and 02p7/02%g << 1. (3.3.4)

This is the first case considered in the simulation study for the random
effects model.
The remaining three parameter initializations consists of a com-

bination of negligible and large variance components relative to 024,

The second case is when both the A and T effect are large and the

interaction effect is small relative to sampling error, expressed as
o2p/02, > 1, 027/0%g > 1, and o2pT/0% << 1. (3.3.5)

The third case is when both the A and T effects are negligible and
the interaction effect is large relative to sampling error, expressed

as
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o2p/02g << 1, 027/025 << 1, and 02pT/0%a > 1, (3.3.6)

The last case is when the A effect is negligible, T effect is large,

and the interaction effect is moderate, expressed as

UZA/Uze oy Ulecze > 1, and UaAT/Uze =1 (3.3-7)

The results of the simulation for cases 3.3.4-7 are presented in

section 3.5.

3.4 Mixed Model Results

This section presents the results of the simulation study for the
mixed model parameter initializations defined by expressions (3.3.1-3).
The parameters‘u, 02s, and @5 for i=1,2, and 3 remain constant throughout
the simulation at the following values 10, 100, -25, 0, and 25, respectivel)

A comp]eteiy randomized design with three levels of the fixed effects
and four levels of the random effect is examined. Four observations are
generated for each of the twelve possible treatment combinations.

The simulation generates the completely randomized design and
estimates the variance components by each method one hundred times. Basic
statistics of the estimates are then computed and presented in tabular
form. These tables consist of the mean, mean square error (MSE), and
average bias (BIAS) of the estimates for all methods. The MSE and

(BIAS) are defined as

100 : 100 =
] (0% -923)2  and ] (0%, - d%)
j=1 - i=1

100 100

respectively, where o?, is the parameter value and 321 is the

estimate of the appropriate variance component.
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The first case considered is expression (3.3.1), where both the T
and interaction effects are negligible relative to the random sampling
error. The initial values of o?7 and o?pT are 2.25 and 4.0 respectively.
Table 3.4.M1 presents basic statistics computed from the actual estimates
of the variance components obtained in the simulation.

The mean of the estimates based on the AQOV method for o2y, o2paT, and
024 are very accurate relative to their MSE at 1.32, 4.97 and 100.12.
The mean square errors for the AOV estimators are larger than those for
the other two methods. This implies a very wide range for possible
estimates. This could be attributed to the fact that negative estimates
are possible and also more likely in this case where both 02T and o?p71 are
small relative to 025. The average bias for the estimators based on the
AQV method are negligible which is consistent with the statement of
qnbiasedness in chapter two. As there is no chance of ever obtaining a
negative estimate for 02,, the AQOV and Reml method yield the same estimates

The mean of the REML estimators for 027 and o%pT are greater than
the means based on the AQV method, implying that negative estimates
were observed and zero was taken as the estimate. The AOV method is
shown to be both analytically and empirically unbiased, which implies the
REML estimates yield a negative bjas, i.e. overestimate, as the REML esti-
mates are greater than or equal to the AQOV estimates when 02T and 027
are small relative 025. The case of a negative bias for the REML
estimates was observed for this parameter configuration. The REML
estimates also yielded a smaller mean square error then the AQV estimates

when negative estimates were observed.
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The pretest method was employed for parameter initialization (3.3.1)
at alpha levels of .01, .05, .10, .25, and .50. The results for this
method are also presented in table 3.4.Ml.

The mean of the estimates for both o?T and o2?jT increase as alpha
increases. This seems reasonable for as alpha increases an effect is
more likely to be deemed significant and consequently estimated. Similarly,
as alpha decreases an effect is more likely to be found to be non-
significant, resulting in an estimate of zero. The average estimates for
0% increase as alpha decreases. This results as the T and interaction
effects are more likely to be negligible and their sums of squares pooled
with sums of square error at smaller alpha values.

The MSE gives a feel for the range of the occurences of estimates
and the BIAS indicates at approximately what level of alpha the pretest

‘method yields nearly unbiased estimators.

By visual inspection of the MSE and BIAS, optimal alpha values can be
determined for estimating each variance component. Optimal alpha values
for estimating o271, o2pT. and 0%, where the Pretest estimators are nearly
unbiased (i.e. BIAS -~ 0) are approximately .09, .04, and .05. Qptimal
alpha values for estimating o7, o2aAT, and o2, where the Pretest estimators
yielded a minimal MSE are .05, .01, and .25. From this point an overall
optimal alpha value for estimating all of the variance components in the
model will be based on the average of the individual optimal alpha values.
For this parameter initialization, the overall optimal alpha values for the
Pretest method being both nearly unbiased and having minimal MSE are
approximately .06 and .09 respectively.

As alpha increases one would expect all the random effects to be
deemed significant. This results in the pretest method reducing to the

AQV method. This is obviously not the case as indicated by table 3.4.Ml.
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The reason being is that o2 and o2jT are still found to non-significant
at an alpha value as high as .50, resulting in estimates that are based
on pooling or equated to zero which differ from estimates based on the
AQV method.

Assuming an optimal alpha level is determined the pretest method
is seemingly better then both the AQOV and the REML method, for this
parameter initialization.

The next case considered is expression (3.3.2), where the interaction
effect is negligible and the T effect is large relative to the random
sampling error. The initial values of o217 and o2p7 are 400.0 and 9.0
respectively. Table 3.4.M2 presents basic statistics computed from the
estimates obtained in the simulation.

The mean of the estimates obtained by the AOV method are very accurate
with a small average bias relative to the estimates mean square error.
The T effect is large relative to the random sampling error which implies
all three methods of estimation are the same, or equally good in terms
of estimators.

For this particular parameter initialization the main interest is
in estimating o237 and o2%. |

Due to differences in the mean of the estimates between the AQV and
REML method for o2pT, it follows that negative estimates were observed.
Simular to the previous case, the REML method yields biased estimators,
although they do posess a smaller mean square then the AOV method. From
a standpoint of wanting an unbiased estimator, the AOV method would seem
preferable, whereas the REML method would be better from a minimal MSE
viewpoint.

For the pretest method there is no change when estimating o7 at

different alpha levels. This results as o?T is very large relative to
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o2a. The average estimates of o2pT increase and oc?, decrease as alpha
increases by the same reasoning explained for the first parameter config-
uration.

Individual optimal alpha values for estimating o2j7 and o2y, by the
Pretest method, that yield estimators which are nearly unbiased and have
a minimal MSE are approximately .09, .10, and .05, .25, respectively.
Overall optimal alpha value for this parameter initialization are .095
and .15 for obtaining both nearly unbiased and minimal MSE estimators.

A particular point of interest for this parameterrconfiguration is
the value of the MSE for the estimates of o2pT by the Pretest Method at
a = .01, which is 710.02. This value is inconsistent with the corres-
ponding MSE's obtained by the other methods of estimation. This unusually
large va]ué resulted as °2T was found to be nonsignificant at « = .01,
and o2p7 was found to be significant. Consequently, the SST were pooled
with SSAT and o2jT was estimated. The estimate was extremely large at
EZAT = 227.45. This is an obvious flaw in the Pretest method strategy.
This situation implies the possibility of bad estimation if the method
employs too small of an optimal alpha value. Assuming this erroneous
estimate is deleted the MSE would be 232.95, which is more consistent
with the other methods.

The last case examined for the mixed effects model is parameter
initialization (3.3.3), where the T effect is negligible and the inter-
action effect is large relative to the random sampling error. The initial
values used for this case are o?T = 9.0 and o?pT = 324.0. Table 3.4.M3
presents basic statistics computed from the estimates obtained in the
simulation study for this parameter initialization.

A1l three methods of estimation yielded almost identical results

when estimating o?p7. This is due to the magnitude of o2pT relative to
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02s. Therefore, the main interest in comparing the three methods is in
the estimation of o2T.

Both the AOV and REML methods do not estimate o217 with a good deal
of accuracy, based on the MSE and BIAS. The AQV method does posess a
smaller BIAS than does the REML method. Although, as seen before, the
REML method has a smaller MSE than the AQV method.

For the Pretest Method, the estimates of o?jT and o2 are similar
if not identical across all levels of alpha. The 1little change in o2
is caused by sums of squares from negligible-T effects which are usually
being pooled with sums of squares interaction, not sums of square error.
This results in estimates of o217 increasing, and estimates of o?p7
decreasing as o increases. At small values of alpha, zero is taken as the
estimate of o7 and SST are pooled into the interaction effect. Simarly
for larger values of alpha, o?7 is estimated more often and equated to
zero less frequently.

Optimal alpha values for estimating o2, based on both a zero bias
and minimal MSE are .03, and .01. As o®7 was the only variance component
of interest for this parameter initialization, the individual optimal

alpha values will also serve as overall optimal alpha values.
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By visual inspection of the statistics in tables 3.4.1.M1-M3, the
following overall optimal alpha values for obtaining both nearly unbiased
and minimal mean square error estimators when estimating o7, o2p7, and
o?g are observed to be .06, .095, .03, and .09, .15, .01, respectively.

Using the overall optimal alpha values based on estimators that are
nearly unbiased, graphs of the estimates obtained by the Pretest method
are presented. Graphs of estimates obtaied by the AOV method are also
presented. Estimates based on the REML method are not presented as these
graphs can be intuitively visualized by examining the AQV graphs.

The estimates of the variance components o2T and o257 are examined.
The best estimate of o2 was MSE, hence eliminating the need to consider
pretest plots of these estimates. The graphs of the estimates for o217 and
o2pT are displayed for parameter initialization 3.3.1, 3.3.2, and 3.3.3.

An interesting point displayed by the graphs is the large number
of negative estimates observed by the AOV method for certain parameter
initializations. For extremely large values of o?7 and o2pT the Pretest
method yields estimates just as good as the AQV method, i.e., they are
identical. Graph 3.4.12 shows that for a large value of o?aT relative to
02a, the Pretest method appears to be empirically unbaised with a much
smaller range of estimates than the estimates based on the AQV method,

graph 3.4.10.
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3.5 Random Model Results

This section presents the results of the simulation study for the
random model parameter initializations defined in expressions (3.3.4-7).
For all initializations considered, the parameters p and o2 remain
constant throughout the simulation at the values 10.0 and 100.0, res-
pectively.

A completely randomized design with four levels of both random
factors is considered. There are sixteen possible treatment combinations
where each contains a sample of four observations.

Similar to the mixed effects model, basic statistics which are
presented in Tables (3.5.R1-R4) form the basis for a discussion of empirical
conclusions associated with each method of estimation. There were one
hundred generations of estimates for all four parameter initializations
considered. _

The first case considered is expression (3.3.4), where all the
effects A, T, and interaction are negligible relative to the sampling
error. The initial values for o2p, o27, and o?pT are 4, 9, and 16,
respectively. Table 3.5.R1 presents statistics computed from the

estimates of the variance components.
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Based on Table 3.5.R1, there appears to be very little difference
between the REML and AQV method of estimating variance components. This
implies that few negative estimates were observed for this particular
parameter initialization. The REML method would seem to be better as
it restricts the possibility of negative estimates without severly affectin
the average bias. It also possesses a smaller mean square error then
the AQV method.

The pretest method will again be employed at the following alpha
values of .01, .05, .10, .25, and .50. The mean of the estimates of
o?p, o271, and o2aT increase and o?g decrease as alpha increases. This
is because of zero estimates for o2, o271, and o?p7 and pooling of
negligible affects with the sampling error at smaller values of alpha.

Optimal alpha values, obtained by visual inspection of statistics
in table 3.5.R1 for both nearly unbiased and minimal mean square error
estimators can be observed. For estimating the variance components
o2a, 027, and o2AT, they are .01, .04, and .25, and .01, .50, and .50
respectively. Overall optimal alpha values, which again are based on
the average of the individual optimal alpha values, are .10 and .33 for
this parameter initializations.

The second case considered is expression (3.3.5), where the inter-
action effect is negligible and the main effects are large relative to
the random sampling error. The initial values used are o%p = 256.0,

o?1 = 324.0, and o2pT = 9.0.

For this parameter initialization, all methods of estimation are
identical for large main effects, i.e., o?p and o?7. Therefore the esti-
mation of the variance of the random interaction effect is the main

interest for this case.
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The AOV method yields estimates with a smaller average bias then
the REML method when estimating oZa7. Similar to previous cases the
REML method yields a larger average bias but a smaller mean square error,
The smaller mean square error implies the occurance of negative estimates
by the AOV method.

For the pretest method o2p and o2T are almost always found to be
significant, which results in o?p, o?7, o?pT, and oo being estimated
by estimators given in path R4 and R8 as defined in Table 2.4.4., If the
interaction effect is found to be nonsignificant then path R4 is used,
otherwise path R8 is used. At smaller levels of alpha, oZpT will be
deemed nonsignificant more often and consequently path R4 employed.

This yields smaller estimates of o2a7 and larger estimates of o%q, as
SSAT will be pooled with SSE and the estimate of o?aT will be taken as
zero. At larger values of alpha less poolinj of SSAT with SSE takes
place, and consequently o?apT is estimated.

Optimal alpha values for estimating o2aT and o%g for both minimal
bias and mean square error are .10, .09 and .50, .10, respectively. The
overall optimal alpha values for both considerations are approximately
.095 and .30.

Similar to the second case for the mixed effects model, the MSE
for estimating o2a7 by the pretest method at a = .01 was observed to be
unusually large at 791.34. This is due to oc2aT being found significant
and the main effects A and T being found nonsignificant. This will result
in estimates of o2 and o2 being zero, and the sum of squares from A and
T being pooled with the sum of squares interaction. The estimate of 02T
is then grossly inflated. This situation was observed three times in the
simulation for this parameter configuration. If these unusually large
estimates of o?pT were deleted then the MSE is observed to be 171.88

which is smaller than the MSE for both the AOV and REML methods.
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The third parameter initialization is expression (3.3.6), where
the main effects A and T are negligible and the interaction effect is
large relative to the random sampling error. The initial parameter
values are o2p = 4.0, o217 = 9.0, and o?pT = 400.0.

Similar to the previous cases the AQV method yields a smaller average
bias whereas the REML method yields a smaller mean sgquare error. Both
the AOV and REML method yielded identical results for estimating o2a7
which indicates no negative AQV estimates were obsérved. Although neg-
ative AOV estimates were observed when estimating o2j and o27.

The estimates of o%p are identical for all three methods. The large
magnitude of o2pT causes subsequent pooling of main effects to occur
with SSAT and not with SSE. Therefore the MSE is the estimate of o2
at all levels of alpha.

At small alpha values SST and SSA are being pooled with SSAT. The
table shows underestimation of o2j and o27 and overestimation of o2aT
at « = .01. At o = .50 there is less pooling of SSA and SST with SSAT
and now there is overestimation of o2j and o?7 and underestimation of
o2a7- This implies the presence of some optimal alpha between .0l and .50
where just enough pooling takes place in order to obtain good estimates

of o2p, o7, and o?57.
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The optimal alpha values to be employed when estimating o2p, o?T»
and o257 for both nearly unbiased and minimal mean square error estimators,
are approximately .02, .03, .06 and .01, .01, .01. Overall optimal alpha
values for both considerations are .037 and .0l.

The last parameter initialization considered for the random effects
model is expression (3.3.7), where the T effect is large, the A effect
is negligible, and the interaction effect is moderate relative to the
random sampling error. The initial values for o2p, o?T, and oZpT are
4.0, 361.0, and 100.00, respectively.

Similar to previous cases, the estimates of o2T are very similar
for all methods (due to the large magnitude of o27). The AOV and REML
methods alsc yield identical results when estimating o2pT, where the
interaction effect was defined to be comparable to the sampling error.
For.estimating o2p the AQV method yields a negligible average bias, but
continues to observe negative estimates. This results in the REML method
posessing a smaller mean square error when estimating o24.

For the pretest method, estimates of o217 are identical for all
levels of alpha as it was defined to be large. The estimates of oZg
also vary little over all alpha values. This is due to presence of an
interaction effect. With interaction present, pooling of sum of squares
will occur between the A and the interaction effect. This results in

estimates of o2y increasing, and o2p7 decreasing as alpha increases.
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The optimal alpha values for both unbiased and minimal mean square
error estimators when estimating o2y are both approximately .007. This
value will also serve as the overall optimal alpha as the other variance
component are large.

The following pages are graphs of the estimates of o2p, o2T, and
o2p7 for both the AQV and pretest method. The pretest method is employed
at optimal alpha values associated with nearly unbiased estimators.
Graphs are presented for all four parameters initializations considered
for the random effects model.

Similar to the mixed effects model, there are a large number of
occurences of negative estimates for small values of o2?T, o2p, and o?AT
relative to o2, see graphs 3.5.1, 3.5.2, 3.5.7, etc.

For certain cases, the pretest method yields estimates with a
smaller range of estimation than the AQV estimators as implied by graphs

3.5.3 and 3.5.6.
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AOV METHOD

PARAMETER INITIALIZATION 3.3.5
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PRETEST METHOD
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PRETEST METHOD

PARAMETER INITIAL[ZATION 3.3.7
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PRETEST METHOD
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CHAPTER 4
CONCLUSIONS

4.1 Summary

This chapter first reviews and restates the objective of the simu-
lation study. Then, based on the simulation study, the advantages and
disadvantages associated with each method of estimation are discussed.

A concluding statement concerning the best method of estimating variance
components is presented. Lastly, there is a section suggesting further
investigations related to the topics of estimating variance components.

As was stated previously in chapter one, the objective of this
paper is to compare three methods of estimating variance components for
models (1.3.1) and 1.3.2).

The first method considered is the AOV method. This method provides
estimators which are minimum variance and unbiased. The AOV method has
one severe problem which is the possibility of observing a negative esti-
mate. Negative estimates are more likely to be observed when the variance
component being estimated is small relative to o%2,. When the variance
component is large relative to oc?%g, a negative estimate is less likely
but still possible. Therefore two other methods were considered to see
if the properties of the AQV estimates could be retained while at the
same time eliminating the possibility of obtaining a negative estimate.
The other two methods are the REML and Pretest method, which are both
based on the AQV method with slight modification.

The REML method yields estimates that have a smaller mean square
error than the AQOV method, resulting from negative estimates being set

equal to zero. These estimates also tend toward a negative average
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bias, i.e., they overestimate the respective parameters. The magnitude
of the average bias associated with this method is directly related
to the number of negative AQV estimates observed.

The simulation showed that the estimators based on the Pretest
method have minimum mean square error when compared to the other estimates.
The Pretest method was also shown to be nearly unbiased at some optional
alpha value. The only obvious disadvantage of the Pretest method is
determining an optimal alpha value to be employed.

It is suggested that the optimal alpha value to be employed in the
Pretest method, when estimating variance components for both the two-way
mixed and random effects models, be choosen in the interval .10 to .25.

To obtain a better feel for estimating a variance component the
Pretest method should be employed at several alpha levels, using as a
starting point the previously defined optimal alpha value.

It is the recommendation of this paper, based on both study and
simulation, that the Pretest method yields better estimates of variance
components with more accuracy than do the REML and AQV methods. Based
on the simulation study, it is the conclusion of this paper that Pretest
method can approach the properties of unbiasedness and minimum variance
associated with the AQV method, while eliminating the possibility of
observing negative estimates.

A1l conclusions from this report strictly apply to only those

parameter configurations explored.
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4.2 Additional Comments

Throughout the initial stages of the simulation study for the two-
way mixed effects model an inconsistency was observed. A very small

PR > F was observed when testing the hypothesis

Ho: 927 =0 no T effect present
(4.2.1)

Ha: o271 > 0 T effect present
for the following parameter configuration,
021 << 025 << T2,7,

The F statistic that yielded these erroneous results was computed

as follows
FT = MST/MSE,

based on the notes from ANALYSIS OF VARIANCE AND COVARIANCE, Statistics
704, and DESIGN OF EXPERIMENTS, Statistics 720.

Searle (1971) points out there are two different expected mean
squares for the two-way mixed effects model, assuming a balanced design.
These expected mean squares are presented in tables 4.2.1 and 4.2.2,

where table 4.4.2 makes the assumption that

I D~

61j= 6.‘]-:0 vj’

i=1

where a is the number of fixed effects
;7 is the interaction effect of ith 1evel of factor

A and jth 1evel of factor T.



Table 4.2.1:

93

EMS for two-way mixed model, balance data

Source

A

T

AT
ERROR

EMS

G2, + no%p7 + ¢

025 + no2p7 + ano3y
g + nOZpT

2
e

Table 4.2.2:

EMS for two-way mixed model, balance data with restriction

Source

A

AT
ERROR

on interaction effect

The F statistics used to test hypothesis (4.2.1) are Fy = MST/MSAT

and Fp = MST/MSE corresponding to tables 2.4.1 and 2.4.2, respectively.

Based on the simulation study, table 4.2.3 presents the approximate

average value of the PR > F for both F; and Fp for all parameter config-

urations defined in chapter three that were employed in the simulation

study.



Table 4.2.3: Average PR > F values for Fy and F» for hypothesis 4.2.1

Parameter Configuration 25_2_51 PR> F2
1, o2, 0%37 <K 0%, .3733 .3120
2. 07 <L 0% KL o217 .0306 .0001
3. 027 <K 0%, KL 97 .4148 .0047

For the first two parameter configurations there appears to be no
differences in conclusions based on testing hypothesis 4.2.1 by both
F statistics. Although for the third configuration, the F statistics
yield extremely different conclusions. Fj, yields a more realistic
interpretation than does Fy for the third parameter configuration.

Based on this simulation, for the parameter initializations defined
in chapter three, Fy is recommended as the F statistic to be used
when testing hypothesis (4.2.1). For a further investigation of how
realistic the assumption is and where it is applicable the reader is

referred to chapter nine of Searle (1971) and also Hartley and Searle

(1969).

94
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COMPUTER SIMULATION STUDY FOR THE TWO-wAY MIXED EFFECTS MODEL

IMPLICIT REAL*8(A-H,0-1)

DIMENSION CELL(5+5),ROW(5),COLIS5),A(S)
READ(S5,501) SIGT,SIGAT,SIGE,OMU,.IR,IC,IK
FORMAT [4F10.3,312)

WRITE{6,601) SIGT,SIGAT,SIGE OMU,IR,IC,IK
FORMATI('1',4F10.3,314)

READ{5,502) (A{Il).I=1,IR)

FORMAT [5F10.3!

WRITEl6,602) (AlI), I=1,1R)

FORMAT(®" !',5F10.3)

THIS PROGRAM WILL GENERATE DATA FOR A TwWO=WAY ANOVA MIXED MODEL
WITH INTERACTION. IT WILL WORK FOR UP TO FIVE LEVELS OF THE
RANDOM EFFECT, FIVE LEVELS OF THE FIXED EFFECT AND FIVE
REPLICATIONS PER TREATMENT COMBIMATIONS. TO EXPAND THE SIZE CF
THE DESIGN YOU WILL NEED TC MODIFY JCL PARAMETERS AND INITIAL
VALUES OF MAXIMUM ROW{IR), COLIIC), AND REPLICATION(IK).

NITIAL SEED VALUES FOR NORMAL NUMBER GENERATOR

IX=467584331

[Y=222658302

CALL RSTARTI(IX,IY)

DG 93 M = 1,10

DD 80 I = 1,5
RON{I)=0.0D0
COLI{11=0,000
DO Bl J=1, 5

CELL{I,J)=0,000

CONTINUE

CONTINUE

TOTAL=0.000

55Q5=0.000

SSQCEL=0.000

S5QROW=0.000

SSQCOL=0.000

GENERATE DATA ACCORDING TO MCDEL (le3.1)
CALL MIXGENCICs» [RyIK,SIGTOMU+A+SIGAT,S5IGE,TOTAL+S55Q5+CELL+RCW,CCL

+3 SSQCEL ,SSQCOL » SSQROW 1 M)

COMPUTE COMPUNENTS FOR AQV TABLE

AAl=SSQROW/ ([ IK=IC)
BB2=TOTAL**2 /{ IR*IC*[K])
CC3I=SSQCOL/( IK*IR)
OD4=SSCCEL/IK
SSA=AAl-BB2
SST=CC3-8B2
SSAT=DD4-AAl-CC3+BB2
SSERR=55Q5-004
§5TAT=55Q5-882
IADF={ IR-1)

{TDF={ IC-1)

A-1



IATDF={ IR-1)*(IC-1)
IEDF={ [R*IC*{ IK~-1))
ITOTDOF=[R*IC*[K =~ 1

DOMSA=S5SA/[ADF
DMST=SST/ITDF
DMSAT=SSAT/IATDF
c
C COMPUTE THE AOV ESTIMATES CF THE VARIANCE COMPUNENTS
c
OMSE=SSERR/ | EDF
VART =(DMST-DMSAT)/(IK=*IR)
VARAT= (OMSAT=-OMSE )/ IK
c
FA=DMSA/DMSAT
FT=DMST/OMSAT
FAT=DMSAT /DMSE
ALPA=FPROB([AOF, IATOF ,FA)
ALPT=FPROB(ITDF, [ATDF,FT)
ALPAT=FPROB(IATDF s IEDF, FAT)
c
C PUT AOV ESTIMATES QUT ON DISK
c
WRITEL12) DMSE, VART, YARAT
c
C COMPUTE ESTIMATES BASED ON THE PRETEST METHQD
c

CALL PRETSTI{ALPT,ALPAT,SSERR,SSAT +SST+ITOF,[ATDF,1EDF,DMST,DM5AT,D
+MSE, IC, IRy IK M)
93 CONTINUE

sTOP
END
FUNCTION FPROB(U,V,F} FPROOO1
c
o THIS ROUTINE WILL GIVE THE PROBABILITY > FCOMP
c
CFPROC F-PROBABILITY VIA CONVERGENT SERIES OF POSITIVE TERMS FPROOO2
¢ FPROOODZ
REAL#8 F
INTEGER U,V
A=, S8y FPROGO4
B=, Sy FPROQOS
TEMP=B+ASF : FPROCOE
X=A®E /TEMP FPFUQOT
FPROB=1,0 FPRODOSA
IF(FoLEe0«0e0Re Xe LE. 0.0 IRETURN FPRCGOS
XC=8/TEMP FPROOLO
AB=A+8 FPROOL1]
CON=0. FPROULZ
SGN=+l. FPRGOL2
IF{F=-1,) 110+120,120 FPROUL4
110 TEMP=A FPRODLS
A=B FPROOL6
B=TEMP FPROOLT
TEMP=XC FPROO18
XC=% FPROJLS
X=TEMP FPROO20
CON=1. FPRPO021
SGN=-1, FPROOZ22
c CONVERGENT SERIES EXPANSICN - SEE AMS=55 PG. 344 FPPQO23

120 TOP=AB FPROO24
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80T=8+1.
SuM=]l,
TERM=],
130 TEMP=SUM
TERM=TERM*( TOP/BOT) *XC
SUM=SUM+TERM
TOP=TOP+1.
BOT=BOT+l.
[FISUM-TEMP) 140,140,120
140 FPROB=CON+SGN*EXP{A®ALOG(X) +B*ALOGI{XC)+ALGAMA{AB)-ALGAMALA)
1 —-ALGAMA[{B]} ) =SUM/B
150 RETURN
END
SUBROUTINE MIXGEN{IC.IR,IK,SIGT sMU,A.SIGAT,SIGE,TOTAL,55QS,CELL RO
+W,COL,SSQCEL ySSQCOL , SSORONWeM)
IMPLICIT REAL*8(A-H,0=1)
DIMENSION A(IR) CELLIIR,IC)+ROW(IR),COLIIC),SIGTT(S5)+SIGATL(5,5)
REAL®*8 MU

THIS SUBROUTINE WILL GENERATE DATA FOR A TWO-WAY UESIGN, MIXED
MODEL WITH AT MOST 5 LEVELS OF RANDUM EFFECT,FIXED EFFECT: AND
REPLICATION.

D0 4 J = 1,IC
SIGTT(J) = SIGT*RNOR(Q)
DO S I = 1.IR
SIGAT1(IsJ} = SIGAT#RNOR{OD}
CONTINUE
CONTINUE
00 1 J=1,IC
DO 2 I=1,IR
DO 3 N=1,IK
0BS = MU + A([) + SIGTT(J) + SIGATL(I,J) + SIGE=RNCRI(Q)
TOTAL=TOTAL + 0BS
S5Q5=55QS5 + 0BS*=2
CELL(I»J)=CELLII,J) + 0OBS
ROW(I)= ROW(I) + CBS
COL(JI= COLtJ) + CBS
3 CONT INUE
SSQCEL=SSQCEL + CELLI(I, J’*‘Z
CONTINUE
SSQCOL=SSQCOL + COL(J)==»2
1 CONTINUE
00 82 L=1,IR
SSQROW=SSQRCW + ROw(L)**2
82 CONT INUE
RETURN
END

£ N

~N

FPROO25
FPROO26
FPROO27
FPROQ28
FPROO29
FPROQ30
FPRQO31
FPROQ32
FPROO33
FPRJO034
FPRQO35
FPROO36&
FPROO27

SUBROUTIME PRETST (ALPT, ALPAT.SSERR.SSAT.SST [TDF,IATDF,IEDF-DFST,U

+HSAT|DHSE‘IC'IR (Ko M)
THE PRETEST METHOD 1S EMPLOYED AT THE FOLLOWING ALPHA VALUES

IMPLICIT REAL*8(A-H,0-2)
bo 10 I=1,5

IF{1.EQe1l) ALPHA=,0100
IF(I1.EQ.2) ALPHA=,0500
IF{1.EQ.3) ALPHA=,1000

A-3



IF{1.EQe%) ALPHA=,2500
IFI1.EQs5) ALPHA= 5000
ALPT1=0.00D0

IPATH=0

ERR=DMSE

IS INTERACTION PRESENT?

o000

IFLALPHA «GT.ALPAT GOTO 100
VARAT=0.000

SSE1=SSERR + SSAT

IDF1=[EDF + [ATDF

OMSEl=SSE1/IDF1

FTT=0MST/DMSEL

ALPT1=FPROB{ITDF, IDF1,FTT)

NO INTERACTION, IS T EFFECT PRESENT?

oo

IFLALPHA.GT.ALPTL) GOTO 200
VART=0.000
SSE2=SSERR + SST + 5SAT
IDF2=[EDF + ITOF + [ATOF
DMSE2=SSE2/10F2
ERR=0DMSE2
IPATH= 1
GaTa 999

200 VART=(DMST=DMSEL )/ (IK*{R}
"ERR=DMSEl
IPATH=2
GOTO 999

100 VARAT={DMSAT-OMSE)/IK

C
C INTERACTICN PRESENT, IS T EFFECT PRESENT?
¢ ;
IF(ALPHA.GT.ALPT) GGTA 500
VART=0.000
SSAT3=SSAT+SST
[DF3=[ATDF + [TDF
DMSAT3=SSAT3/IDF3
VARAT=(DMSAT3 -DMSE) /IK
ERR=DMSE
IPATH=3
GOTO 999
500 VART={DMST-DOMSAT)/ {IK*[R)
[PATH=&

C
C PLACE THE PRETEST ESTIMATES CUT ON DISK
o}
999 WRITE(14) I.VART,VARAT,ERR,IPATH
10 CONTINUE
RETURN
END
//LKED. SYSPRINT DO DUMMY )
J7/7G0.FT12F001 DO DSN=EETEMPLl,DISP=(MEW,PASS)  UNIT=5YSDA,
17 SPACE={TRK,(30,30) ,RLSE) ,DCB=(RECFM=VBS,LFECL=28,BLKSIZE=3200C)
//G0FT14F001 DD DSN=GLETEMPZ2 ,DISP=(NEW,PASS) UNIT=5Y5DA,
1/ SPACE=ITRK,{30,30),RLSE),CCB={RECFM=VBS ,LRECL=36,8LKSI[ZE=3200]
//G0.SYSIN DD =
3.0 18.0 10.0 10.0 3 4 &
-25.0 0.0 25.0
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// EXEC SAS,REGION=650K
/7/DISK1 DD DSN=ELETEMPL ,0ISP=(CLD,DELETE)+UNIT=SY5DA
//01SK3 00 DSN=CLETEMP2,D1SP=(0LD,DELETE) »UMIT-:SYSDA
F/SYSIN DD *
DATA ESTIMATE;:
INFILE DISK1;
INPUT (DMSE VART VARAT ) ( 3*RBS8.);
BT = ( 9 = VART )=*2;
BAT = {324 = VARAT )*=2;
BE = ( 100 - DMSE )»=2;
DATA PRETST:
INFILE DISK3;
INPUT { INDEX VART3 VARAT3 MSE3 IPATH ) ([ I[B4«. 3#RBS,.
T=1( 9 = VART3)®=2;
AT = (324 -~ VARAT3)==2;
E = ( 100 - MSE3 )==2;
DATA REML;
SET ESTIMATE:
ODROP BT BAT BE:;
IF VART < O
THEN
VART = O:
IF VARAT < @
THEN
VARAT = 0;
Tl = { 9 - VART )==2;
ATl = [ 324 - VARAT )==2;
El = ( 100 - DMSE )=32;
DATA PRETSTOl PRETSTOS PRETST10 PRETST2S5 PRETSTSO:
SET PRETST:
IF INDEX = 1
THEN
QUTPUT PRETSTOLl:
IF INDEX = 2
THEN
OUTPUT PRETSTOS;
IF INDEX = 3
THEN
OUTPUT PRETST10:
IF INDEX = 4
THEN
OUTPUT PRETST2S:
[F INDEX = 5§
THEN
QUTPUT PRETSTSO: -
PROC PRINT DATA=ESTIMATE;
TITLE USUAL ANGVA ESTIMATES OF VARIANCE CCMPONENTS:
PROC PRINT DATA=REML; )

TITLE RESTRICTED MAXIMUM LIKELYHOOD ESTIMATES OF VARIANCE COMPONENTS;

PROC PRINT DATA=PRETSTOL:
TITLE ESTIMATES BASED ON PRETEST WITH ALPHA=.01;
PROC PRINT DATA=PRETSTOS;
TITLE ESTIMATES BASED ON PRETEST WITH ALPHA=.05;
PROC PRINT DATA=PRETST1O;
TITLE ESTIMATES BASED CN PRETEST WITH ALPHA=,10;
PROC PRINT DATA=PRETST2S;
TITLE ESTIMATES BASED ON PRETEST WITH ALPHA=,.25;
PROC PRINT DATA=PRETSTS50;
TITLE ESTIMATES BASED QN PRETEST WITH ALPHA=.50;
PROC MEANS DATA=ESTIMATE;

[B&,.
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TITLE STATISTICS OF USUAL ESTIMATES:

PROC MEANS DATA=REML:

TITLE STATISTICS OF REML ESTIMATDRS:

PROC MEANS DATA=PRETSTOI;

TITLE STATISTICS OF PRETEST WITH ALPHA=,01;
PROC MEANS DATA=PRETSTOS;

TITLE STATISTICS OF PRETEST WITH ALPHA=,05;
PROC MEANS DATA=PRETST10;

TITLE STATISTICS OF PRETEST WITH ALPHA=,10;
PROC MEANS DATA=PRETST25;

TITLE STATISTICS OF PRETEST WITH ALPHA=,253
PROC MEANS DATA=PRETSTS50;

TITLE STATISTICS OF PRETEST WITH ALPHA=.50:
/s
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COMPUTER SIMULATION STUDY FOR THE TwO-WAY RANDOM EFFECTS MODEL

IMPLICIT REAL®=8{A-H,0-1)

DIMENS [ON CELLIS5,5),ROWI(5),COLLS),A(S5)

READ{5,501) SIGT+SIGA,SIGAT,SIGE.DMU,IR+IC:IK

FORMAT [SF10.3+312)

2=51GA==2

T=SIGT>*2

AT=5[GAT>=2

E=SIGE»=2

WRITE(6¢401) ToZ,AT,EDMU,IR,IC,IK

FORMAT({'1" ,"VARIANCE OF T',F9.3/* VARIAHCE UF A',F9.3/' VARIANCE O
+F ABT!,F9,3/"' SAMPLING ERRQR®*,F10,3//" ", THE MEAN [S5'":F9.3/' RCw=
#¥, 12/ COLUMN=' ]2/ REPLICATIUGN PEP CELL IS',I13)

THIS PROGRAM WILL GENERATE DATA FOR A TWO-WAY ANOVA RANDOM MCOEL
WITH INTERACTION. [T WILL WORK FOR UP TO FIVE LEVELS OF THE
RANDOM A EFFECT, FIVE LEVELS OF THE RANDOM T EFFECT AND FIVE
REPLICATIONS PER TREATMENT COMBINATIOMS. TU EXPAMD THE SIZE CF
THE DESIGN YOU WILL NEED TC MODIFY JCL PARAMETERS AND INITIAL
VALUES OF MAXIMUM ROW(IR)y COL(IC), AND REPLICATICMI(IK).

INITIALIZE THE SEED FOR RANDOM NUMBER GENERATOR

IX=61l4250061

[Y=110036553

CALL RSTARTI{IX,IY)

DO 93 M= 1,10

DO &g [ =1,5
ROW(I)=0.000
CoLl1)=0.0D0
0O 31 4=1,5

CELL{I,J)=0.000

CONT INUE

CONTINUE

TOTAL=0.000Q

5$5Q5=0.000

SSQCEL=0.0D00

SSQROW=0.0D0

$5QC0L=0.000 .

NERATE DATA ACCORDING TL MCDEL (l.3.2)

CALL RANGEN(IC,IR,IK,SIGT,OMU,A,SIGAT,SIGE,TCTAL,SSGSCELL,ACH,CLL
+9S5QCEL,S5SQCOL,SSCRNOW,M, SIGA) =

c
C COMPUTE THE COMPONENNTS OF THE AUV TABLC

AALl=SSQROM/( [K*[C)
BB2=TOTAL*#*2/([R*[C*[K)
CC3=SSQCCL/{IK=*[R)
D04=SSQCEL/ IK
SSA=AAl-BB2
55T=CL3-BB2
35AT=0D4-AAL-CC3+8B2
SSERR=55Q5-D0%
SSTOT=55Qs-882
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(a3 Nala

sTo

cCmu

OO0 OOno

IADF={ IR~-1}

ITOP=t( 1C-1)
IATDF=(IR-1)*(IC~-1)
IEDF=( IR*IC*{IK-1))
ITOTDF=[R*[C*IK - 1
OMSA=SSA/LADF
DMST=55T/ ITDF
DMSAT=SSAT/IATDF

PUTE THE AQOV ESTIMATES

OMSE=SSERR/IEDF
VARA={OMSA-DMSAT) /(IK*IC)
VART=({ DMST=DMSAT) /(IK=IR)
VARAT=[DMSAT-OMSE)/ [K

FASQMSA/DMSAT

FT=OMST/DMSAT

FAT=DMSAT/DMSE
ALPA=FPROB( [ADF, [ATOF,FA)
ALPT=FPROB (I TDF,IATOF,FT)
ALPAT=FPROB{IATDF,[EDF,FAT)

RE THE AQV ESTIMATES CUT CN DISK
WRITE[12) DMSE, VARA, VART, VARAT
PUTE ESTIMATES BY THE PRETEST METHCO

CALL RANTST(ALPA,ALPT ALPAT ,SSERR,SST,SSA,SSAT,[ADF,[TOF,IATODF,

+IEDF,0MSA,DMST , DMSAT ,DMSE,IC, IR+ [KyM)

93

(e XnXulnkal (9]

110

CONTINUE
STOP
END

FUNCTION FPROBIU,V,F)

THIS ROUTINE WILL GIVE THE PRGBABILITY > FCCHP
F-PRCBABILITY VIA CONVERGENT SERIES OF POSITIVE TERMS

REAL=*8 £

INTEGER U,V

A=, 5%y

8=,5%y

TEMP=R+A®F

X=ASF /TEMP

FPROB=1.0

[IF{F LE.0.0+0R+X.LE.OOIRETURN
XC=8/TEMP

AB=A+8

CCN=Q.

SGN=+1,

[F{F-1,.) 110,120,120
TEMP=A

A=8

B=TEMP

TEMP=XC

XC=X

X=TEMP

FPROQOL

FPRQOOO2
FPROOC3

FPPOU04
FPROOQOE
FPROJOE
FPROQOT
FPRCQO8
FPR0Q0C9
FPRCOLC
FOPROOLL
FPPCCl2
FPRO0O13
FPROOQ1Ll4
FPROQLS
FPROUl6
FPRCCLY
FPFJIU18
FPROQL9
FPRQO20Q
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CON=1.
SGN==1,
CONVERGENT SERIES EXPANSIOM = SEE AMS—=55 PG. 944

120 TaP=AB

130

BOT=8+1.

SUM=1.,

TERM=1.

TEMPaSUM

TERM=sTERM® {TOP/BOT) *XC
SUM= SUM+TERM

TOP=TOP+1.

80T=80T+l.

IFISUM=TEMP} 140,140,130

140 FPROB=CUN+SGN*EXP [A®ALOG(X) +B*ALOGIXC)+ALGAMA(ABI-ALGAMA{A)

1 —ALGAMA{B))®SUM/B

150 RETURN

THL

SUBROUTINE RANGEN(IC,IR,IK,SIGT ,DMU,AsSIGAT,SIGE,TOTALsSSQ5+CELL.R
+0W,COL ,SSQCEL, SSQCOL , SSQROW,M,5 [GA)

IMPLICIT REAL*8({A-H,0-1)

DIMENSION A(IR)sCELL(IR+IC},ROWI(IR),COL(IC),SIGAA(S)SIGTT(S5),
+SIGAT1(5.5)

S SUBROUTINE WILL GENERATE DATA FOR A TwO-WAY DESIGN, RANDOM

MODEL WITH AT MOST 5 LEVELS GF RANDCM EFFECT AND

REP

az

LICATION.

D0 4 I=L,IR
SIGAA(I I= RNCR(Q)=SIGA
CONT INUE '
DO § J=1,1C
SIGTTUJ )= RNOR{Q)*SIGT
CONTINUE
00 6 K = 1,IR
porTL=1,I1C
SIGATLIK,L) = RNORIO)*SI[GAT
CONT INUE
CONTINUE
ol J=1,IC
DG 2 I = 1,IR
DO 3 N=1,IK
OBS=0MU+S IGAA(I)+SIGTT(J)+SIGATL(I,J)+RNORIQ)I*SIGE
TOTAL=TOTAL + CBS
55Q5=355Q5 + 0BS*=*>2
CELL(L,J)=CELL(I,J) + CBS
ROW(I)= ROW([) + OBS
CoLf{J)= COL(J) + QOBS
CONTINUE
SSQCEL=SSQCEL + CELL{I,J)*=2
CONT [NUE
SSQCOL=5SQCOL + COL(J)==*2
CONT INUE
DO 82 L=1,IR
SSQROW=SSQROW + ROW(L)®*%2
CONTINUE
RETURN
END

SUBROUT INE RANTSTIALPA, ALPT,ALPAT,SSE535T)55A,55AT LADF, [TOF, [ATCF

FPROOZ1
FPRO022
FPROO22
FPROO24
FPROOQ25
FPROOQ26
FPROO27
FPROOZ28
FPR0OQ29
FPRO0O30
FPRQO31
FPROO32
FPRO0O33
FPRCQ34
FPROO3S
FPROO36
FPRQQO37
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C THE PRETEST METHOD IS EMPLCYED AT THE FULLOWIMG ALPHA VALJUES

c

o000

aon

Ooan

c

C T PRESENT AND NO INTERACTIGHN.,

c

+3 [EDF,DMSA, OMST»DMSAT , OMSE, [C, IR, [K, M}

1s

IMPLICIT REAL*8(A=H,0=1)

00 10 I=1,5
IFl1.EQel)
IFl1.EQ.2)
IFt1.EQ.3)
IFl{1.EQa%)
IF(1.EQ.5)
IPATH=0Q
ALPT1=0.000
ALPAl=0.000
ALPAZ=0.0D0
ALPA3=0.000
ERR=DMSE

INTERACTION

IF(ALPHA.GT
YARAT=0.0D0
SSE1=5S5E+SS
1EDF1l= [EDF+
DMSE1=SSELl/
ERR=0MSEl

FTT=DMST/DM

ALPT1=FPRQB( ITDF, [EDF1,FTT)

INTERACTION

IF(ALPH
VART=0,.
SSE2=SS

IEDF2= IEDF+[ATDF+ITDF

OMSE2=S
ERR=0MS
FAA=DMS

ALPHA=Q.0100
ALPHA=0.0500
ALPHA=0.1000
ALPHA=0,2500
ALPHA=Q, 5000

PRESENT?
«ALPAT)
AT
LATDF
IEDF1

SEl

+ [S T PRESENT?

AGTLALPTL)
0oDo
E+SSAT+SST

SE2/IEDF2
E2
A/DMSEZ2

GATO 100

GOTO 200

ALPAl=FPROB{IADF,1EDF2,FAA)

NO INTERACTION OR T, IS A PRESENT?

300

200

IF (ALPHAGT.ALPAL)}

Ya

RA=0.000

GATO 300

SSE3=SSE+SSAT+SST+SSA

IEDF3= [EDF+IATOF+[ TOF+ [ADF

DMSE3=SSE3/ IEDF3

ER
1P

R=0MSE3
ATH=1

GOTO 999
VAR A= (DMSA-DMSEZ)/{ [K*[C}

ER
IP
GO

R=0MSE2
ATH=2
TO 999

VART=({DMST-DMSEL) /(IK=*I[R)
FAA=DMSA/OMSEL
ALPA2=FPROBI(IADF.,IEDF1,FAA)

IS 4 PRESENT?

A-10
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c
c
c

c
c

c

IFIALPHA.GT.ALPAZ) GGTO 400
VARA=(Q .000
SSE4=SSE+SSAT+S55A
[EDF4=EDF+[ATCF+[ADF
DMSE4=S5S5E4/ IEDF4
ERR=DMSE4
VART={DMST-DMSE4)/ (IK* [R)
IPATH=3

60TQO 999

VAR A= (DMSA-DMSEL )/ ( IK*[C)
ERR=0MSEl

[PATH=4

GOTO 999

100 VARAT={DMSAT-0OMSE)/IK

INTERACTICN PRESENT,IS T PRESENT?

IF{ALPHA .GT.ALPT) GJTO 500
VART=0,000

SSAT1=SSAT + SS87

IATOFl=[ATDF+ITDF

DMSAT1aSSAT1/IATOF]

FAA=DMSA /DMSATL

ALPA3=FPROBLIADF, IATDFL,FAA)

INTERACTICN BUT NO T, IS A PRESENT?

$00

IF(ALPHALGT. ALPA3) GOTO 600
VARA=0.0D0
SSAT2=SSAT#SST+SSA
[IATOF2=[ATDF+ITDF+[ ADF
DMSAT2=5SAT2/1ATOF2
VARAT=(DOMSAT2=0MSE ) /K
IPATH=S

GOTO 999
VARA=(DMSA-DMSATL) /([K*[C)
VARAT= (DMSAT1=CMSE}/IK
IPATH=6

GOTA 999

VART={DMST=DMSAT) /{ IK*[R)

INTERACTION AND T » IS A PRESENT?

700

IF(ALPHALGT.ALPA) GGTO 700
VARA=0.000

S5AT3=53AT+55A
TIATOF3=1ATDF+1ADF
OMSAT3=SSAT3/1ATCF3
VART=(DMST=-DMSAT3) /L IK*[R)
VARAT={DMSAT3=-0MSE)/IK
[PATH=T

GOTQ 999
VARA=(DMSA-OMSAT)/ (IK*[C)
[PATH=8

PUT PRETEST ESTIMATES QUT CN DISK

999 WRITE(1l4}
10 CONTINUE

I.yWARA ,VART , VARAT ,ERR, IPATH
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END

F/LKED.SYSPRINT DD DUMMY
f/GD.FT12F001 DD DSN=ESTEMPL ,DISP=(NEW,KEEP)sUNIT=SYSDA,
1/ SPACE=(TRK,{30,30),RLSE) ,DCB=(RECFM=VBS ,LRECL=36,BLKSIZE=4000)
//GO.FT14FQ01 OO ODSN=EE&TEMP2 ,DISP={NEW.KEEP) UNIT=5YS0A,
1/ SPACE={TRX,(30,30),RLSE) sOCB={RECFM=VRS yLRECL=44,BLKSI[ZE=40C0}
//G0.SYSIN DD =

' 19.0 2.0 10.0 10.0 10.0 4 4 &
7/ EXEC SAS.REGION=65QK
//DISK1 DD OSN=GEZTEMPL.,0ISP=(GLD,DELETE),UNIT=5YSDA
//701SK2 DO DSN=GETEMP2,0[SP={CLD.DELETE),UNLT=S5YSDA
//SYSIN DD =
DATA ESTIMATE:

INFILE DISKL:
INPUT (DMSE VARA VART VARAT ) ( 4*RB8.);
BT = { 9 VART )==2;
BA = { & VARA )#=2;
BAT= {400 = VARAT )*»2;
BE = { 100 — OMSE )=*%2;
DATA PRETST;
INFILE DISK2;
INPUT ( I VARA VART VARAT MSE [PATH ) ( [B4. 4*RBB. [B4. ):

T={ 9 = VART |)=»=*2;
AT ={ 400 - VARAT)=»2;
A={ 4 = VARA =22
E = ( 100 = MSE )==%2;

DATA REML;
SET ESTIMATE:
DROP BT B8A BAT BE:

IF VART < 0

THEN ’

] VART = 0;

IF VARAT < 0

THEN

VARAT = 03

IF VARA < 0O

THEN VARA = 0;
TiL=( 9 = VART )=*2;
ATl= ( 400 = VARAT)==*2;
Al = ( & = VARA )*=x2;

El = ( 100 - DMSE )*=2;
DATA PREO1 PREOS PRE1O PRE25 PRESO;
SET PRETST:
IF1=1
THEN
QUTPUT PREOL;
IFI =2
THEN
QUTPUT PREOS;
IFI1=3
THEN
QUTPUT PRELO:
IF I =4
THEN
QUTPUT PRE2S;
IFI1=5
THEN
QUTPUT PRESO;
PROC PRINT DATA=ESTIMATE;
TITLE USUAL ANOVA ESTIMATES OF VARIANCE CCMPGMENTS;
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PROC PRINT DATA=REML;

TITLE RESTRICTED MAXTMUM LIKELYHOOD ESTIMATES OF VARIANCE COMPONENTS;
PROL MEANS DATA=ESTIMATE;

TITLE STATISTICS OF USUAL ESTIMATES:
PROC MEANS DATA=REML;

TITLE STATISTICS OF REML ESTIMATORS:
PROC PRINT DATA=PREOQL:

TITLE ESTIMATES BASED ON ALPHA = ,0l;
PROC PRINT DATA=PREOS:

TITLE ESTIMATES BASED ON ALPHA = ,05;
PROC PRINT DATA=PRELQ:

TITLE ESTIMATES BASED ON ALPHA = ,10;
PROC PRINT DATA=PRE2S;

TITLE ESTIMATES BASED ON ALPHA = ,25;
PROC PRINT DATA=PRESO:

TITLE ESTIMATES BASED ON ALPHA = ,50%
PROC MEANS DATA=PREOL:

TITLE STATS OF LEVEL .01 ESTIMATES:
PROC MEANS DATA=PREQS:

TITLE STATS OF LEVEL .05 ESTIMATES:
PROC MEANS DATA=PRELO;

TITLE STATS OF LEVEL .10 ESTIMATES;
PROC MEANS DATA=PRE25:

TITLE STATS OF LEVEL .25 ESTIMATES;
PROC MEANS DATA=PRESO;

TITLE STATS OF LEVEL .05 ESTIMATES;
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ABSTRACT

This report investigates three different methods of estimating
variance components for both the two-way mixed and random effects model.
These methods of estimation are the Analysis of Variance, Restricted
maximum likelihood, and pretest methods.

A statistical derivation and/or detailed explanation for each method
of estimation is presented. Various statistical properties and short
comings are also discussed.

The three methods of estimating variance components are compared
by a computer simulation study. Empirical conclusions associated with
each method of estimation are based on statistics computed from each
methods estimates observed in the simulation. Graphs of the estimates
are presented for'further investigation.

An overall 'best' method of estimating variance components for the
two-way mixed and random effects model is selected. This report then
concludes with a discussion of topics related to variance components

for further investigation.





