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Abstract

In this paper the author’s invited plenary talk at the 7-th PACOM
(PanAfrican Congress of Mathematicians), is presented.

Asymptotic solution to many-body wave scattering problem is given
in the case of many small scatterers. The small scatterers can be parti-
cles whose physical properties are described by the boundary impedances,
or they can be small inhomogeneities, whose physical properties are de-
scribed by their refraction coefficients. Equations for the effective field
in the limiting medium are derived. The limit is considered as the size
a of the particles or inhomogeneities tends to zero while their number
M(a) tends to infinity. These results are applied to the problem of
creating materials with a desired refraction coefficient. For example,
the refraction coefficient may have wave-focusing property, or it may
have negative refraction, i.e., the group velocity may be directed oppo-
site to the phase velocity. This paper is a review of the author’s re-
sults presented in MR2442305 (2009g:78016), MR2354140 (2008g:82123),
MR2317263 (2008a:35040), MR2362884 (2008j:78010), and contains new
results.

MSC: 85J05, 65R20, 65205, 74Q10
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1 Introduction

In this paper the author’s invited plenary talk at the 7-th PACOM (PanAfrican
Congress of Mathematicians), is presented. This PACOM was held in August
3-8, 2009, in Yamoussoukro, Ivory Coast.

Wave scattering by small bodies is a classical area of research which goes
back to Rayleigh (1871) (see, e.g., [10],[11]) who understood that the main part
of the field scattered by a small body is the dipole radiation. For spherical and
ellipsoidal bodies the dipole moment can be calculated analytically. For small



bodies of arbitrary shapes analytical formulas for the S-matrix for acoustic and
electromagnetic wave scattering were derived by the author ([15]-[18]). Wave
scattering by many bodies was studied extensively because of high interest to
this problem and its importance in applications. A review of this research area
is given in [11]. It contains 1386 references, but the bibliography is far from
complete. Monograph [18] contains a systematic presentation of the author’s
results on wave scattering by many small bodies of arbitrary shapes, formulas for
polarizability tensors for dielectric and conducting bodies of arbitrary shapes,
for electrical capacitances of perfect conductors of arbitrary shapes, and for S-
matrices for acoustic and electromagnetic (EM) wave scattering by small bodies
of arbitrary shapes.

In recent works [19]-[34] the author has developed an asymptotically ex-
act theory of wave scattering by many small bodies (particles) embedded in an
inhomogeneous medium. The medium can be dielectric and conducting. The
particles can also be dielectric and/or conducting. Acoustic and EM wave scat-
tering theory was developed in the cited papers. This theory is presented in
Sections 2 and 4.

The novel feature of the author’s approach is to seek not some boundary
functions on the surface of the small scatterers, but rather some numbers @,,,
1 < m < M, where M is the total number of the scatterers, and we are es-
pecially (but not only) interested in the case M > 1. This approach not only
simplifies the derivations drastically and allows the asymptotic treatment of the
many-body wave scattering problem, but also has a clear physical meaning.
Namely, the numbers @,, can be interpreted as ”total charges” of the m—th
small body (particle), as will become clear in Section 2. This approach allows
one to avoid solving boundary integral equations for the unknown boundary
functions (analogous to the surface charge distributions or surface currents),
and to find the main terms of @, asymptotically, when the characteristic size
a of the particles tends to zero, while their total number M = M(a) tends to
infinity at an appropriate rate. The numbers @,, define the effective field in
the medium with many embedded particles. Another novel feature of our the-
ory is the treatment of the scattering by many small particles embedded in an
inhomogeneous medium, rather than in a free space or in a homogeneous space.

In Section 3 a method is given for creating materials with a desired refrac-
tion coefficient by embedding many small particles into a given material. The
embedded small particles may be balls without loss of generality, because using
small balls with a suitable boundary impedance one can already create material
with a desired refraction coefficient. The physical properties of the embedded
small balls are described by their boundary impedances. The radius of these
small balls is a. The smallness of the particles is described by the assumption
ka < 1, where k is the wave number in the original material. We formulate
a recipe for creating materials with a desired refraction coefficient and, also,
two technological problems, which have to be solved in order to implement our
recipe practically.

We do not discuss in this paper possible applications of the materials with a
desired refraction coefficient. These applications are, probably, numerous. We



mention two of these applications:

1) Creating materials with a desired wave-focusing properties (see [24], [25],
[27]),

and

2) Creating materials with negative refraction, i.e., materials in which the
direction of the group velocity of waves is opposite to the direction of their phase
velocity (see [24], [22], [31]).

In Section 5 we develop a theory of wave scattering by small inhomogeneities.
The difference between a small inhomogeneity and a particle in this paper can
be explained as follows: physical properties of a small particle are described
by its boundary impedance, while these properties of an inhomogeneity are
described by its refraction coefficient. One may hope that the advantage of
using small inhomogeneities, rather than small particles, for creating materials
with a desired refraction coefficient, consists of relative ease in preparing small
inhomogeneities with a desired constant refraction coefficient, which may have
a desired absorption property and a desired tensorial character. A disadvantage
of using small inhomogeneities comes from the fact that their number is O(),
which is much larger than the number O(az‘#,m)7 k € (0,1), of small particles,
used for preparing material with a desired refraction coefficient.

In Section 6 some auxiliary results are given. These results include a justi-
fication of a version of the collocation method for solving operator equations of
the type (I +7T)u = f in a Banach space X. Here I is the identity operator and
T is a linear compact operator in X. These results are used in our paper for a
justification of the limiting procedure a — 0, and for a derivation of the integral
equation for the effective field in the limiting medium obtained by embedding
M = M(a) small particles as M — oo. In Section 6 we also derive two lemmas
which allow one to pass to the limit in certain sums as a — 0.

Numerical results, based on our theory, are not presented here. The reader
can find these results in [3], [35], [4], [8], [2].

Our work can be considered as a work in the area of the homogenization
theory. The homogenization theory was discussed in many papers and books,
see [5, 9, 12, 14] and references therein. On the other hand, our theory differs
from the earlier ones in several respects: we do not assume periodic structure
in the medium, which is often assumed in the cited literature, our differen-
tial expressions are non-selfadjoint, in contrast to the usual assumptions, and
our boundary conditions are non-selfadjoint as well, so we treat non-selfadjoint
operators.

2 Wave scattering by small bodies embedded in
an inhomogeneous medium

Let us assume that a bounded domain D C R? is filled with a material with
refraction coefficient nZ(z). The scattering problem consists of solving the



Helmholtz equation

Loug := [V? + k*n3(z)]Jug =0 in R®, k = const > 0, (1)
up = eikmx + v, (2)
0 1
avro—ikvo:o<r>, ri=|z| — oo, (3)
where the radiation condition (3) holds uniformly in directions £ := 3. Here

k is wave number, n3(z) = 1 in D’ := R3\ D, Im nd(z) > 0 in D, a € 52
is the direction of the incident plane wave, S® is the unit sphere, n3(z) is a
Riemann-integrable function, that is, a bounded function whose discontinuities
form a set of Lebesgue measure zero. It is known that problem (1)-(3) has a
unique solution (see [22]). A proof of this can be obtained by considering the
following integral equation

) ik|lz—y|
un(o) = 47 11 [ oy R ebe) - Unawdy.  glovy) = o — . ()
D Ar|z —y|
Equation (4) is a Fredholm-type equation in the Banach space C(D), and the
corresponding homogeneous equation has only the trivial solution. By the Fred-
holm alternative equation (4) is uniquely solvable. It is easy to check that equa-
tion (4) is equivalent to problem (1)-(3). By C(D), L*(D) and H(D), C*(D),
we denote the usual functional spaces of continuous functions, square-integrable
functions, Sobolev spaces, and Holder spaces, respectively.
Suppose now that M = M (a) small bodies D,,, 1 <m < M, are embedded
inD,a= %maxlngMdiam D, ng := maxgep |ng(x)|.
Assume that

kang <1, d> a, (5)

where d is the minimal distance between two neighboring particles. The distri-
bution of the embedded particles is described as follows. Let x,, € D,,, Dy,
is the m-th small particle, 1 < m < M, z,, is a point in D,,. If D,, is a ball
of radius a, as we assume for simplicity, then z,, is the center of this ball. Let
A C D be an arbitrary open set in D, N(z) > 0 is a given continuous function,

and
N = — /N(x)dx[1+o(1)], 0<r<l, (6)
AN

a2—n

is the number of points x,, in A, in other words, the number of the particles
embedded in A. The numerical parameter x we can choose as we wish. The
distribution law (6) is quite natural and general. It includes the case of uniform
distribution of particles if N(z) is independent of z, and periodic structures, if
N(z) is, for example, a periodic sequence of narrow smooth pulses (mollified
delta-functions supported at the locations of the vertices of periodic cell).

On the surface S,,, of the m—th particle D,,, an impedance boundary condi-
tion holds. The scattering problem can be formulated as follows:

Loupyy =0 in R*\UM_ D, (7)



8’U,M
ov

=C(nupy onS,, 1<m<M, (8)

up = Ug + Vv, (9)

where ug solves problem (1)-(3), the operator Ly is defined in (1), the boundary
impedance (,,, = %, where h(x) is a continuous function in D, it is assumed
that Imh(z) < 0in D, uys is the total field, vy is the scattered field satisfying
the radiation condition (3), and v is the normal to S,, pointing out of D,,.

By d(z) the delta-function will be denoted.

Lemma 1 ([22]). If Im n3(x) > 0 and Im h(z) < 0, then problem (7)-(9) has
a unique solution, and this solution can be found in the form

M
up(x) = up(x) + Z /SG(x,s)am(s)ds, (10)

where G is the Green’s function of the operator Ly:
LoG(z,y) = —b(z —y) inR?, (11)
and o, (8), 1 <m < M, are some functions.

The function o,,(s) solves the following equation which comes from the
boundary condition (8):

Uey — Cmue +
The regularity of the function o, depends on the regularity of the boundary
Sy and on the regularity of u.. In this paper S,, and u. are smooth, and so
are o,,.
In equation (12) u(x) is the effective field acting on the m-th particle. This
field is defined by the formula:

ue(x) = upr(x) —/S G(z,8)om(s)ds. (13)

This definition is used in equation (12) when |z — x,,| ~ a. Thus, the field u,,

defined in (13), depends on m, when z is in a neighborhood of D,,, and on «,
Ue(z) = ul™ (x,a). On the other hand, if |z — z,,| > a, then uc(x) ~ ups(x) as

a — 0, because

CaQ—rz

o(1), |z—zm|>a, a—0, (14)

/Sm G(z,8)om(s)ds

Siz
| — 2]

where ¢ > 0 is a constant independent of a, and x € (0,1) is a constant from
(6). The operators A, and T, in equation (12) are defined as follows:

Ao =2 / OGS, 1) o (dt, Tyom = / Gls, om(t)dt. (15
S 81/5 S

m m



Thus, A,, is a normal derivative on S,, of a potential of single layer, and T, is
a potential of single layer. It is proved in [22] that

1
dr|z — y|

and one can differentiate this formula. Let

0 1 1
Ao, .:/S — _on(t)dt, Tom .:/S —— _o(t)dt.  (17)

m871/527r|s—t|0m - 471'\s—t|J

G(z,y) = 1+ O0(z—yll, |z—yl—0, (16)

Then
[Am — Al = o([|Al]), |T =Tl =o([T]]); a—0, (18)

where the norm is in C(S,,) or L2(S,,), and ||T|| = O(a), || A|| = O(a) if S,, are
smooth surfaces uniformly with respect to m, 1 < m < M, and we make this
assumption. Let us also assume that

h(zm, - 1

Ajglgza d ::()(aggi)a A47::()(44447)3 K€ (Ovl)a (19)

a2—m

Cm/:: ar
where d is the distance between neighboring particles, h € C(D) is an arbitrary
given function, Im h < 0, and the points z,,, € D, 1 < m < M, are distributed
in D according to formula (6).

Our first goal is to find asymptotic formulas for o,,, for u.(z), and for
Qm = [g om(t)dt as a — 0.

Our second goal is to derive an integral equation for the limiting field u(s) =
lim, o u.(x), and to prove the existence of this limit assuming (6) and (19).
Since k and ng are fixed, the first condition (5) is satisfied when a — 0.

The usual approach to finding o, consists of solving M boundary integral
equations for the unknown functions o, in (10). If M is large, this approach is
not possible to use numerically or theoretically in order to achieve our goals. By
this reason we have developed a new approach. We are looking for M numbers

Qma
m = m d
Q /S R0

for which we derive an asymptotic formula. We prove that these numbers de-
termine the main term of the asymptotics of the scattered field vy, as a — 0.
Compared with the standard approach, when one is looking for the unknown
functions o, (s), rather than numbers @,,,, our approach allows one to solve the
many-body scattering problem when the scatterers are small.

To find asymptotics of @Q,,, let us rewrite (10) as

M M
up (x) = up(z)+ Z Gz, 2m)Qm + Z / [G(z,s)— G(s,2m)|om(s)ds. (20)
m=1 m=1 Sm
We will show that the term

Im = /S [G(z,s) — G(S, Tm)]om(s)ds

m



is negligible compared to the term I, := |G(x, 1 )@m| as a — 0, that is,

|| < | L, 1<m< M.
If this is proved, then
M
up(x) ~ up(z) + Z Gz, Tm)Qm, a— 0. (21)
m=1

Formula (21) is valid for x € R3\ UM_, D,,,. Consequently, the solution to the
scattering problem (7)-(9) is reduced, as a — 0, to finding the numbers Q,
rather than the functions o,,(s).

In the following lemma we give an asymptotic formula for @, and o,,, = o(s)
as a — 0. It turns out that the main term of the asymptotics of o(s) as a — 0
does not depend on s when S,,, are spheres.

Lemma 2. If assumptions (19) hold, then
Qum = —A4ATh(zm )ue(T)a* "1 +0(1)], a — 0, (22)
Om = —h(Tm)te(xm)a "1+ 0(1)], a— 0. (23)

The quantities Uy, 1= ue(Zy,) in (22) and (23) are not known. They can be
found from a linear algebraic system (LAS):

M
uj = ugj — 4w Z G(zj, Tm)hmuma® ™",
m=1,m#j (24)
qu = UO(LCJ')7 hm = h(xm), ]. S] S M,
where u; := u.(z;). This LAS is uniquely solvable for all sufficiently small a,

as follows from the results in Section 6 on the convergence of the collocation
method. These results are taken from [33]. If assumption (6) holds, then the
limiting form of the LAS (24) as a — 0 is the integral equation

u(z) = uo(x) — 4 /D Glay)NWh(y)uly)dy, =B, (25)

where N(y) is the function from (6).
Proof of Lemma 2. Let us integrate equation (12) over S, and use the divergence
theorem. The result is

/ V2, (y) d—hm/ ()ds—Q—m
/Amams——/ ds/ G(s,t)o,,(t)dt = 0.

The solution u to equation (25) is in C?(R3), if, for example, N (z)h(z) is Hélder-
continuous. We prove that u is the limit in C'(D) of u. as a — 0. If u, € C*(R3),
then

(26)

/ V2u,(y)dy = O(a®), / ue(s)ds = O(a?).
D, Sm



Using (18), we may replace A,, and T,, by A and T with negligible error as
a — 0. It is known that

/ Aoc,,ds = —/ Omds = —Qum.
Sm Sm

Changing the order of integration and replacing Green’s function G(z,y) by
glx,y) = m, which is possible by (18) if a — 0, one gets

/S (1) /5 dsgls.0) = 0@y, (27)

where we have assumed for simplicity that D,, is a ball B,, centered at x,, and
of radius a, and used the formula

/ ot a S—Tpm|=a
|y, —t|=a 47T|S - t| ’ " .
If D,, = B,,, then
/ Ue(8)ds = 4maue(x,,)[1 4 o(1)].
Sm

Collecting this information, we rewrite (26) as

h
(1 + $a> Qum = —47a* " hptie () + O(a®), 0< k< 1. (28)
If a — 0, then (28) implies (22).

To prove (23) one may argue as follows. As a — 0, the main term of the
asymptotic of 0,,(s) is a constant o,, independent of s, and

Qm = am/ dt = 4ra’a,,.
S.

m

This and (22) imply (23). The physical meaning of the above argument consists
of the following: if a — 0 then (,, = ZT — 00, so that the boundary condition
(8) tends to the Dirichlet condition, see [1] for a detailed study of this limiting
process. Therefore the body B,, can be considered as a perfect conductor and
om(8) is its charge distribution on S,,. If D,, is a ball B,,, and its suraface is
kept under constant potential, then the surface charge distribution on its surface
Sm, Om(8) = Om, is a constant. If D, would have an arbitrary shape and Sy,
is smooth, then 0 < o0 < om(8) < 0(1)7 where (@ and ¢ are constants. In
this case the order of 0,,(s) is O(a™"*). We will use only the order of o,,(s) as
a— 0.

Lemma 2 is proved. O

Lemma 3. If assumptions (19) hold, then |J,| < |L,| in the region R3 \
UM_, B, (2, m(a)), where lim,_ % =0.



Proof. One has

I = 6l <0 (45,

aa?= " (29)
J < G — G m d S O ’
al < [ 16(.5) = Galon s < 0 (s
where the estimates
cls — x| a
G -G m =0 , 30
| (Z‘,S) (.1‘,.’1? )| — |5L'*1'm|2 (T2(CL)> ( )
and
| lon(lds = 0@, ao, (31)
Sm
were used. Note that
[ tomlds~ 1 [ s
S Sm
as a — 0, because o,,(s) ~ o, and o, does not depend on s.
From the estimates for I,,, and J,, one gets
a
Tl L=t = O(—) = o(1), 0, 32
Tlln| 1 = O(5) = 0(1), a = (32)
as claimed. One can also prove under the assumptions (19) that
M M
I Tl €1 G(@,2m)Qmlo(1), a— 0. (33)
m=1 m=1
Lemma 3 is proved. O

Lemma 3 justifies formula (21).

Theorem 1. If assumptions (6) and (19) hold, then there exists the limit
lim [lue(z) — u(@)]|o@rs) = 0, (34)

and u(x) is the unique solution to equation (25).

Proof. First, we prove that equation (25) is uniquely solvable because the in-
tegral operator Tu = 4= [, G(z,y)h(y)N(y)u(y)dy is compact in the Banach
space X = C(D), and the corresponding homogeneous equation u = —Tu has
only trivial solution in C(D). Indeed, if u = —Tu, then, applying Ly to this
equation, one gets

Lou — p(z)u = [V2 + k* — q(z)]u = 0, (35)

10



p(x) = 4nh(z)N(z), q(z) = qo(x) +p(z), qo(z) = k*[1 —nj(z)].  (36)

The operator Ly = V? + k*nd(z) = V? + k* — go(x). If u = —Twu, then
u satisfies the radiation condition and solves equation (35), where g(z) = 0
in D' := R3\ D, Img(x) < 0. Therefore u = 0 (see [22]). This and the
Fredholm alternative imply that equation (25) has a unique solution in C(D).
This solution is uniquely extended to the unique solution to equation (25) in
C(R?), because the right-hand side of (25) defines a function in C(R?) which
solves equation (35) in R3.

Secondly, let us prove the existence of the limit (34). The asymptotic of u.(x)
as a — 0 follows from (13), (21) and (22). This asymptotics is of the form:

ue(e) = (@) =473 | Gl mn) () ue@n)a [+ o1, a =0,

o (37)
where Z/1<m<M means that if |z—z,;| < a, then the term with m = j is dropped
in the sum. Therefore u.(x) is defined for all x € R3. The quantity wue(x,,) =
U, 18 found from the LAS (24). The sum (37) is of the type (107) (see this equa-
tion in Section 6) with ¢(a) = a*=" and f(zn) = —47G(x, T ) W@ m ) e (T)-
Using Lemma 7 in Section 6, one concludes that this sum converges, as a — 0,
to the integral [, G(z,y)p(y)uc(y)dy, where p(x) := 4w N(z)h(z), and formula
(37) in the limit a — 0 yields equation (25), which has a unique solution u(z)
as we have already proved. This solution u € H?(D), if p(x) € L?(D), where
HY(D) are the Sobolev spaces, and if p(x) € C*(D), s > 0, then u € C***(D),
by the Schauder’s estimates (see [7]). Equation (25) is of the form of equation
(83) in Section 6 with

Tu = / Gla,y)p(y)uly)dy, plz) = drh(z)N(z). (33)
D

Applying the collocation method to equation (25) one gets a linear algebraic

system
P

uj = ugj — 4w Z G(j, Yp)h(Yp) N (yp)up| Dyl (39)
p=1,p#j

where UleAp = D and diamA, > qa, for example, diam A = 0(a'’?), a — 0.
It follows from the assumption (6) that
1
SNWIAI= Y L Gluyup)h(up) = Glyjs wm)h(wm) (1 +6y),
Tm EANp
where 6, — 0 as a — 0, j # p. Therefore one may rewrite (39) as

M
u(z;) = up(x;) — 4w Z G (i, T ) M@ ) (2 )a® ™", (40)

m=1,m#i

11



which is equation (37) with = x; and the term 1 + o(1) replaced by 1. The
points x; in (40) are distributed in D so that (6) holds, and the points x; depend
on a.

LAS (40) is obtained from LAS (39), which is a particular case of system
(86) with T, = 47G(y;,yp)|Dp|h(xp) N (yp), where |A,| is the volume of A,
and f; = upj. By Theorem 3 one obtains convergence in C(D) of the sequence
u(™ (), defined in formula (88) of Section 6, to the function u(z), the solution to
equation (25). By Lemma 5 of Section 6 there is a one-to-one correspondence be-
tween the solution {u; }le to LAS (39) and the function (™ (). The role of the
parameter n in formula (92) is played by the parameter a. Therefore, the func-
tion u(x) converges in C(D) as a — 0 to the solution of equation (25), because
condition (84) of Section 6 holds for the kernel T'(z,y) = 47G(z,y)h(y)N(y),
as follows from the estimate

V.G, y)| < —,
V.G <

where ¢ > 0 is a constant. This inequality implies condition (84).
Theorem 1 is proved. U

Let us summarize some of the basic results of this Section.

We are given a material, possibly inhomogeneous, with a refraction coeffi-
cient n?(z), in which the waves are described by equation (1), or, equivalently,
by the equation

Loug = [V* +k? — go(2)]uo = 0, qo(x) := K*[1 — nj(x)], (41)

where go(z) =0 in D' =R3\ D.

We embed into D small particles D,,, namely, balls of radius a centered at
the points z,,, where the points z,,, are distributed in D according to formula
(6). The total number of the embedded particles is M = M(a) = O ().

We solve the scattering problem (7)-(9) asymptotically, as a — 0, and proved
that the effective field u(x) in the limiting material, obtained in the limit a — 0,
is the unique solution of equation (25).

Applying to equation (25) the operator Lo and using the equation LoG(x, y) =
—d(x — y), we obtain the following equation for w:

Lu =0 in R3, L:=V?+k —qx), q(@)=q@) +p), (42)

where p(x) = 4nh(z)N(x).
Equation (42) can be written as

Lu:=[V?+ k*n?(z)Ju=0 in R?, (43)

where



We conclude that any desired refraction coefficient n*(z) of the limiting material
can be created by choosing suitable function p(x). Any suitable function p(x) can
be created by choosing functions h(x) and N(x), such that p(x) = 4w N (z)h(x).
The functions h(xz) and N(x) are at our disposal.

A recipe for creating materials with a desired refraction coefficient is formu-
lated and discussed in Section 3.

At the end of this Section let us formulate some observations which are of
interest for physicists.
Claim 1. The limit, as a — 0, of the total volume of the embedded particles is
zero.

Proof. The volume of a single particle is O(a?®), the number of the embedded
particles is O (=5 ), the total volume of the particles is O(a*~2*) — 0 as
a — 0 since k > 0. O

Claim 2. The order of the distance d = d(a) = O(az‘TTN) between neighboring
particles is uniquely determined by the order of M = M (a) as a — 0.

Proof. Assume ( without loss of generality) that D is a unit cube. The number of
particles along a side of this cube is O(ﬁ). Therefore, the total number M (a)

of particles embedded in D, is O(d%m)) = M(a) = O(a®>~*). Thus, d = O(az%),
see formula (19). O

3 Recipe for creating materials with a desired
refraction coefficient

Step 1. Given the original refraction coefficient n?(z) and the desired refraction
coefficient n?(x), calculate p(z) by formula (44),

p(@) = k*[ng(z) — n’(x)].

This step is trivial.

Step 2. Given p(x) = 4mwh(x)N(x), calculate the functions h(z) and N(z). These
functions satisfy the following restrictions:

Imh(x) <0, N(z) > 0.

This step has many solutions. For example, one can fix N(z) > 0 arbitrary,
and find h(x) = hi(x) + iha(x), where hy =Re h, hg = Im h, by the
formulas

— pi(x) _ p22)
hn(x) = 47N (z)’ ha(w) = 47r2N(a:)’ (45)

where p; =Re p, po =Im p. The condition Imh < 0 holds if Imp < 0, see
formula (44).
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Step 3. Prepare M = —— [, N(z)dz[1+0(1)] small balls By, of radius a with the

boundary impedances ¢, = h(:;”), where the points z,,,, 1 <m < M, are

distributed in D according to formula (6). Embed ball B, with boundary
impedance (,, so that its center is at the point z,,, € D, 1 <m < M. The
material, obtained after the embedding of these M small balls will have
the desired refraction coefficient n?(z) with an error that tends to zero as
a — 0. This follows from Theorem 1.

Step 3 is the only difficult step in this recipe.

Two technological problems should be solved in order to implement this step.

The first technological problem is:

How can one embed many, namely M = M (a), small balls in a given material
so that the centers of the balls are points x,, distributed according to (6)?

Possibly, the stereolitography process can be used.

The second technological problem is:

How does one prepare a ball B, of small radius ¢ with large boundary
impedance ¢, = %7

4 Scattering by small inhomogeneities

Consider the following scattering problem:

Lyrups == [V2 + k2 —pM(x)]uM =0 in RS, (46)
: a’UM . 1
w=e*"" tuy, - —ikvy =0 <) ;o |z| = oo, (47)
0| ]

where

M
pM(:E) = Z Qm(x)a Qm(m) - Ame<x)a Ap = const, M = M(CL), (48)
xm(x) =1 z€ By :={z : |z —zy| <a}, Xm(z) =0 & Bp. (49)

Problem (46)-(48) has a unique solution. The points z,, are distributed in
a bounded domain D according to the formula:

N(A) = ﬁ/AN(x)da:[l +o(1), a—0, (50)

where N'(A) is the number of points z,, in the domain A, V(a) = % is
the volume of a ball B,, :={z : |z — 2| < a}, and N(z) > 0, N(x) € C(D).
Since V(a)N(A) is the total volume of the balls of radius a, embedded in the
domain A so that these balls do not have common interior points, one has
JA N(z)dz < P|A|, where |A] is the volume of A, and 0 < P < 1. Here P is

the ratio of the total volume of the packed spheres divided by |A|. Since the
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domain A is arbitrary, one concludes that N(z) < P < 1. It is conjectured that
P < 0.74, see [36].

There is a large literature on optimal packing of spheres (see, e.g., [6], [36]).
For us the maximal value of P is not important. What is important is the
following conclusion: one can choose N(x) > 0 as small as one wishes, and
still create any desired potential q(x) by choosing suitable A(x) > 0, where
A(zm) = Ap.

The problem we are interested in can now be formulated:

Under what conditions there exists the limit

lir% upr = ue(x), (51)

and
Lue := [V? + k% — q(z)jue =0 in R3, (52)

where q(x) is the desired potential?
Our answer is formulated in Theorem 2.

Theorem 2. Let q(z) be an arbitrary given Riemann-integrable function in D,
where D C R? is an arbitrary large fized bounded domain, and two functions
A(z) and N(z) are such that q(x) = A(x)N(x), where N(x) is the function from
(50) and A(x) satisfies the conditions A(xy,) = Am, where the constants Ay,
are from (48). Then there exists the limit (51) and this limit solves equation
(52) with the given q(z).

Proof. The function ups(z) is the unique solution to the equation
etklz—yl

prp—, uo(x .

uMcw:=uomﬂ—/;guapr(qu(wd%gxmﬂn:=

Equation (53) can be written as

’

up(z) = up(z) — Z 1SmSMg(x,xm)AmuM(xm)V(a)[l +o(l)], a—0, (54)

where Z/1<m<M denotes the sum in which the term with m = j is dropped if
z € Bj. Equation (54) leads to the following linear algebraic system (LAS) for
the unknown wps () := Um

M

Uj = Ug; — Z 9(xiy ) ApunVia), 1<j< M. (55)
m=1,m#j

This system is a collocation-type system corresponding to the integral equation
ue) = (o) ~ [ gle,n) AN w)uls)dy, (56)

D
provided that the points z,,, 1 < m < M = M(a), are distributed in D accord-

ing to the formula (50). The solution u(x) to equation (56) is the effective field
ue(z), defined in formula (51).
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Convergence of the collocation method is established in Section 6. Equa-
tion (56) is similar to equation (83) of Section 6, and the operator Tu :=
Jp 9(z,y)A(y)N (y)u(y)dy is compact in C(D). Moreover, the operator I + T
is injective, and condition (84) holds. Therefore, the results of Section 6 are
applicable. These results yield the existence of the limit (51). This limit
ue(z) = u(x) solves equation (56). Applying to equation (56) the operator
V2 + k2, one obtains equation (52) with ¢(z) = A(z)N(z).

Theorem 2 is proved. O

Remark 1. In the one-dimensional case, when x € R, the role of B,, is played
eiklz—yl

by the interval {x : |v — x| < a}. In this case V(a) = 2a, g(x,y) = — 55—,

N(A) = 5= [A N(z)dz[l 4 o(1)], gm(z) = { 647"’ z ; gm’ and an analog of
Theorem 2 holds.

We can formulate the following recipe for creating a desired refraction coef-
ficient n?(z) by embedding small inhomogeneities into a given domain D.
Recall that n?(x) = 1 — k~2¢(z), so n?(x) and ¢(z) are in one-to-one corre-
spondence. Therefore we formulate the recipe for creating a desired q(x).
Here is our recipe:

Step 1. Given q(x), find A(x) and N(x) from the relation q(x) = A(x)N(z). This
can be done non-uniquely. For example, one may fix an arbitrary function

N(z) > 0 and find A(z) = ]‘i,((fc)).

Step 2. Given A(x) and N(x), embed small inhomogeneities gm(x) = A(zy,) in
B, i={z : |z —2xn| < a}, gn(z) = 0, x ¢ B,,, where the points
Tm, 1 < m < M, are distributed in D according to (50). The resulting
potential ppr(z) = foil gm (x) approximates the desired potential q(x)
with an error that tends to zero as a — 0.

The convergence rate of the sup,p [pa(z) — g(z)] as a — 0 can be estimated:
it is the rate of approximation of ¢(z) by a piecewise-constant functions pys(x).
If the modulus of continuity of g(z) is wq(6), then

M

sup |q(x) — q(@m)xm(z)] < max  sup |g(z) — ¢(zm)| < cwy(a).
zeD 1 1<m<M x€B,,

m=

5 Electromagnetic wave scattering by small par-
ticles embedded in an inhomogeneous medium

Consider a scattering problem for electromagnetic (EM) waves:
V x E =iwpgH, V x H=—iwe'’E in R3, (57)

where w > 0 is the frequency, pg is the magnetic constant for the free space, € =
e(z) +i22 o(z) > 0 is the conductivity, e(z) > 0 is the dielectric parameter,

w
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€(z) = ¢ in D' = R*\ D, o(z) = 0in D', D C R3 is a bounded domain,
K?(z) = w?¢p is the wave number. Let the incident wave be a plane wave
Eo(z) = Eek* where a € S? is the direction of the incident wave, S? is the
unit sphere, £ is a constant vector, £ - a =0, k = w\/éopo = %, ¢ is the wave

velocity in D', Hy = Viuflf;", and
v 1
E(z) = Eg(x) +v, —— —ikv=o0 () , |z — o0, (58)
Olz| Ed

where v is the scattered field. Problem (57)-(58) is equivalent to the following

equations:
V x FE
VxVxE=K(2)E, H=-"", (59)
iwito

and E has to satisfy the radiation condition (58). Let us write equation (59)
for E as

~V?E - K’E=p(x)E-VV-E in R? p(x):=K?3(z)— k. (60)

One has Im K?(z) > 0, so
Imp(z) > 0. (61)

From the second equation (57) one gets

!
- E
0=V (E), V-E:—ve, . (62)
€
Using (62), rewrite (60) as
VK?(x)
2 20 _ —
Let us assume that K?(x) € C?(R?), ¢ =0 on 9D = S and
inf |K? 0. 64
inf [K(2)| > (64)
Then problem (63), (58) is equivalent to the integral equation
B@) = Bole) + [ o) b®EW + (0 E@)lds. (65)
where g(z,y) = % Integrate by parts the last term in (65) and use the

formula —V,g(z,y) = Vag(z,y), to get

E(w)=Eo(x)+/Dg(w,y)p(y)E(y)derVI/Dg(x,y)q(y)-E(y)dy~ (66)

Equation (66) is new. It is convenient in applications. The scattering problem
is reduced to finding just one vector field E. If E is found, then H is found by
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the formula H = %. Vector E is found from equation (66) uniquely, and this
equation can be used also for constructing numerical and asymptotic methods
for finding E. This important simplification in solving the EM wave scattering
problem is possible because of our assumption p = po in R3. An asymptotic
treatment of the solution to equation (66) as a — 0 is given at the end of this
Section.

Equation (66) is of the type (83) in Section 6, and the operator T is defined

by the formula:

TE = — (/D 9(x,y)p(y) E(y)dy + V. /Dg(%y)Q(y) : E(y)dy) : (67)
This operator is compact in C(D) and in H*(D), so equation (66) is a Fredholm-
type equation in these spaces.
Lemma 4. Equation (66) has a unique solution in H*(D).

Proof. Since equation (66) is of Fredholm-type, it is sufficient to prove that the
homogeneous equation (66) has only the trivial solution £ = 0. If £ = —-TE,
then

(=& = k*)E = p(2)E + V(q(z) - E), (68)
or
VxVxE-vE (x)v'f{j(:)K @) B =K*(x)E. (69)
Denote - (KQ( \B)
VT TR

Take divergence of (69) and get
0=V — K*(x)p = —V*) — k%) — p(x)p, k* >0. (70)

Since p(z) is compactly supported and Im p > 0, it follows that » = 0 (see
[29] for details). Thus, 1 = 0, and V - (K%(z)E) = 0. Therefore equation (68)
reduces to

(VP4 k2 +p(z)E=0 inR> (71)

where E satisfies the radiation condition, and Imp > 0. Consequently, E = 0.
Lemma 4 is proved. U

Let us write equation (66) as

E(z) = Eola) + gz, 2m) /D p(y) E(y)dy
4 Vag(@, 7m) /D ¢ Edy+ /D o) — 9o 2a)lp ) E@)dy  (72)

+ VI/D[Q(%y) —g(x,zm)la(y) - E(y)dy.
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Here z,, € D and we assume that diamD ~ a is small and ka < 1. If d =
| — 2| and % — 0as a — 0, then we prove that asymptotically, as a — 0, the
last two terms in (72) are negligible compared with the second and third terms
on the right-hand side of (72).

Denote

Vin ::/Dp(y)E(y)dy, W ::/DQ(y)'E(y)dy- (73)

It is proved in [29] that, up to the terms of higher order of smallness as a — 0,

one has:
me Am (]- - am)WOm + Bm : Vm

Vm:1_am+1_am(1_am)(1—bm)—3m-Am’ (74)
(1= ap)Wom + B - Vom
Won = (1—am)(1 _Obm) B, .OAm, (75)
where
Vom = /Dp(a:)Eo(x)da:, U = /Dp(x)g(x,xm)dx, (76)
B, = /D q(x)g(z, zp)dx, by = /D q(x)Vg(z, ) de. (77)

One obtains the following formula for the electric field, scattered by a small
body D = D,,:
E(x) = Eo(z) + (@, 2) Vin + A Wi, (78)

This formula is accurate up to the terms of higher order of smallness as a — 0.
The error of the formula (78) is of the order O (% + ka).

If there are M > 1 small bodies D,,, and diamD,, = 2a, then the formula
for the field F, accurate up to the term of the higher order of smallness as a — 0,
is

E@) = Bo(0)+ 3 g 2m) E(m) / p(y)dy

— DTVL
m=1 (79)

M 2
+ Y Vagloan) [ By

The last integral in equation (79) can be approximated by the formula:

VR pyay = pen)- [V Wy

b, K2(y) b, K2(y)

This formula and equation (79) can be used for a derivation of a linear algebraic
system (LAS) for finding E(x,,), similar to the system (56). The resulting LAS
can be used for numerical solution of the problem of EM wave scattering by
many small bodies.
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We assume here that the small bodies are embedded in the free space. If they
are embedded in an inhomogeneous medium, then one has to replace Green’s
function g(x,y) by the Green’s function G(z,y), corresponding to this inhomo-
geneous medium.

Suppose that D,,, 1 <m < M, are balls, D,, = B,, :=={z : |z — z,, < a},
and the points {z,, }._, are distributed as in (50) with V(a) = a37%,0 < k < 3,
and M = O (a%w) as a — 0. Choose

p(y) =p(r,a), r=|y—xm| in B,, 1<m<M, / p(r,a)dy = O(a3_”).

m

Let

p(ryu) =0 if t = 2 >1, p(ra)=p(r) = 41’;(1 —1)2, t<1.  (80)

Then, as a — 0, E = Ej; tends to the effective field E.(x), which is the unique
solution to the equation

E.(z) = Eo(z) + /D 9z, 9)C(y) Eely)dy, (s1)
where N
Cla) = %T(f'”)a“u +o(l)], a—0,

see [29] for details. A continuous function C(y) is uniquely defined by its values
at the set of points z,, as a — 0, because this set tends to a dense set in D as
a — 0. Therefore, by choosing the numbers v,,, 1 < m < M, one can create any
desired continuous function C(y). Applying the operator V2 + k? to equation
(81), one gets

V> + K*@)]Be =0, K2(z) =k + C(z) = k*n’(v), (82)

where n?(x) = 1+k~2C(x). Since C(z) is determined by the function N(z) and
numbers 7,,,, and the numbers ~,, and the function N(x) are at our disposal, it
is possible to create any continuous function C(y), prescribed a priori.

6 Auxiliary results

6.1. Collocation method
In this subsection the results from [33] are presented.
Consider an equation

I+T)u=f, Tu= /DT(%y)u(y)dy, (83)

where D C R? is a bounded domain. 7 is compact in a Banach space X =
L>(D), and I + T is injective. Then, by the Fredholm alternative, equation
(83) has a unique solution for any f € X.
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Let us assume that

sup / (VT (@, 9)| + T, 9))dy = co < oo, (34)
x€D JD

where ¢ is a constant. _

Consider a partition of D = U;":’le into a union of cubes D; with a side %
centered at the points z; € D. In a small boundary strip some of the cubes may
contain some points of D’, but this is not important for our arguments. Define

1, in D;,
X;(z) = { 0. in De Let
b j'
1
o () = s Jule) - u()
n le—y|<L,z,yeD

be the continuity modulus of the function u. If u € Lip, (D), then w,(4) < ¢d?,
0<a<1. Let

uj = u(xj), T ::/ T(zi,y)dy, uj(z) :=ujx;(x). (85)

D;

Consider the following linear algebraic system (LAS)
In
wi+ > Tijuj = fi, 1<40< jn, (86)
j=1
and the corresponding equation in X

w@) + Yo le) [ Ty = i), 1<i<h. 67

Define )
Jn
u™(z) := Z uix; (). (88)
j=1

Equation (87) is equivalent to the following equation in X:

I+ T)u™ = ;™ T = / T (2, y)uly)dy, (89)
D
T (z,y) = 3 xi@)T (s, y). (90)
=1

Lemma 5. Equation (89) is equivalent to LAS (86) in the following sense:
If {uj}im, solves (86), then u™ () defined in (88), solves (89).
Conversely, if u'™, defined in (88), solves (89), then the numbers {uj}g’”‘:l

solve LAS (86).
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Proof. If {uj}gll solve (86), multiply (86) by x;(z) and sum over i to get (89):

Jn

Jn
W@+ Y)Y [ Tpdyny = u £ U < (O (o)
i=1 j=1 J

Conversely, if (89) holds, let x = z; in (89) and use the relation
N G L, =17,
Xi(@i) = 8 { 0, i#],

to get (86).
Lemma 5 is proved. O

Theorem 3. Linear algebraic system (LAS) (86) has a unique solution for all
n > ng, where ng is sufficiently large, and this solution generates by formula
(88) a function u'™ (z) such that

1
[u™ —ul| <O <n> as n — oo, (92)

provided that assumption (84) holds.

Proof. Assumption (84) implies
lim ||T,, — T = 0. (93)
n—oo

If (93) holds, then (I + T,,)~! exists and is bounded for all n > ng, where ng

is sufficiently large. This follows from the fact that (I + 7)~! exists and is
bounded. To prove (92) one derives:

™ —ull = (I +Ta) " fu = (I +T) 71
<NT+D) o = FI+IT+T) ™ = T+ D)L (94)
<c(lfn = FI+ 1T+ T)™ = T+ D)),
where ¢ > 0 stands for various constants independent of n. If f € Lip,(D),
then || f, — f|| < cwy (). Also,
I(I+T) ™ =T +T) 7 < | T =T < CSgg/D T, y) = T (, y)ldy = en-

(95)
Let z € D;. Then |z — z;| < diamD; = O(1/n). Thus using assumption (84),

one gets:
1

Therefore, (84), (94) and (96) imply

1
i~ <0 (), (97)

because, in our case, f = ug is smooth, so wy (+) =0 (1) .
Theorem 3 is proved. O
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Remark 2. One has

T, = / T(ws,y)dy = T(xs, ;)| s, (98)

J

where |Dj| is the volume of Dj, it is assumed that T'(z;,y) is continuous in
Dj, and y; can be interpreted as a point in the mean value theorem, y; is not
necessarily the center x; of the cube D;j. The LAS (86) can be written as

in
wi+ > T(wsy)ug| Dyl = fi, 1<i< jn. (99)
j=1

Theorem 3 allows one to claim that the limiting form of the LAS (86) and
(99) is the integral equation (83), for which the LAS (99) is a collocation method
for solving equation (83). Theorem 3 is a result which proves the convergence
of this collocation method under the assumptions (84).

6.2. Limits of certain sums

Suppose now that f is a bounded Riemann-integrable function and there is
a set of points z; € D, distributed according to the following law:

N(A) = @(1@) [1+o(1)], a—0, (100)

where A C D is an arbitrary open subset of D, ¢(a) > 0 for a # 0, ¢(0) = 0,

¢ is a continuous and strictly monotone function, N(z) < 0 is a continuous

function in D. In formula (86) ¢(z) = a®>~* satisfies these assumptions.
Consider the following sum

) > flam). (101)

Ty €D

Lemma 6. If (100) holds, then there exists the limit

lim (a / fla (102)

Proof. Consider a partition of D into a union of P sets /A\;, diam/A\; < a%, where
the sets A; and A; do not have common interior points if ¢ # j, and there are
still many points z,, in A;. One can write, using (100),

> 1*7 (i)l Al[1+0(1)], a—0, (103)

T €N

where y; € A\; is some point, and

P
I(a)=<f>(a)z Zl—nyz ()l Ail(1+63),  (104)

Tm €N
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where f(xn,) = f(y:)(1 + 6;) for z,, € A; and §; — 0 as diamA; — 0, because
f is continuous. The sum in the right-hand side of (104) is the Riemann sum
for the integral in (102), and since lim,_, §; = 0, one obtains formula (102).

Lemma 6 is proved. O

In our case the sum (24) is of the type (101) with ¢(a) = a?7*, and the
corresponding integral equation (25) is of the type (83). However the function
—47G(z,y)N(y)h(y)u(y) is not bounded because |G(x,y)| — 0o as y — z.

Let us generalize Lemma 6 to include such cases. Suppose that
c

[p(z, S)*

where p(z, S) is the Euclidean distance from x to S, S is the set of points in D
at which |f| = oo, and meas S = 0. Let Ds := {z | x € D, p(x,5) > §}. We
assume that there exists the limit

|f(z)] < b <3, (105)

6—0

lim /D(5 f(x)N(x)dx ::/Df(x)N(x)dx. (106)

Let us define
I = lim I(a) == lim lim ¢(a) ze;j f(@m). (107)
Tm s

Lemma 7. If N(x) € C(D), b € (0,3), and assumptions (100) and (105) hold,
then there exists the limit (107), and

j / F(@)N (2)dz. (108)
D
Proof. In Ds the function f is bounded and Lemma 6 yields
i g(a) 3 fan)= [ f@)N@)da (109)
a— Ds

Tm€Ds

If 0 < b < 3, then limit (106) exists and the integral [, f(z)N(x)dz is un-
derstood as an improper Riemann integral. If b = 3, then this integral is
understood as a singular integral. Let us recall that the singular integral
Tu = [ps |z — y|73f(z,0)u(y)dy where 6 = ﬁ, exists if and only if (see
[13], p.221)
f(z,0)do =0, (110)
52

where S2 is the unit sphere in R? and df is the element of the surface area of
S2. One has (see [13], p.242)

0 flz,0) w 9 fla,0) —ulz z,0) cos(6, x;
8x¢/1:1u(y)|x—y|2dy_/jj (y)axi[|$—y|2]dy ()/52 oot (Zl)fla)
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If the set S consists of one points, and condition (110) holds, then the definition
of the singular integral implies the existence of the limit (106) with Ds being
the set {y : y € D, |x —y| > 0}, which corresponds to the Cauchy principal
value. Since (109) is valid when b = 3, formula (108) holds when b = 3, if the
singular integral exists.

Lemma 7 is proved. O
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