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Abstract

Causal inference with observational data has been of great interest in various areas of
study. One of the important research questions in observational studies is how to estimate
the treatment effect when the treatment is assigned to a single unit. To address this problem,
the Synthetic Control Method (SCM) was proposed to construct a weighted combination of
control units that approximates the treated unit. However, SCM has several limitations,
including difficulties in conducting formal statistical inference. The Generalized Synthetic
Control Method (GSCM) was proposed to address the issues of SCM. GSCM is based on
a factor modeling framework that requires rank selection and creates some difficulties with
making statistical inferences. We address these issues by developing a Bayesian GSCM. The
proposed approach enables Bayesian inference through Markov chain Monte Carlo (MCMC).
We further extend the model to allow for flexible, time-varying treatment effects using B-
spline representations. To improve computational efficiency, we incorporate parameter ex-
pansion (PX) within the MCMC framework to enhance mixing and convergence. In addition,
rank selection is performed using posterior model probabilities. To demonstrate the validity
of the proposed method, we conduct simulation studies and compare the proposed method
with existing SCM and GSCM. Finally, the proposed method is applied to two different real
datasets to study treatment effects in distinct empirical settings.

This dissertation consists of five chapters. In Chapter 1, we discuss the background
and motivation for our study. In Chapter 2, we develop a fully Bayesian approach for
estimating the treatment effect when the treatment is assigned to a single unit. Chapter
3 extends the Bayesian framework to model time-varying treatment effects and introduces
a parameter expansion technique to improve the efficiency of the Gibbs sampler. Chapter
4 introduces a Bayesian procedure for rank selection in the generalized synthetic control

framework. Chapter 5 discusses some remarks and future directions.
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of the proposed method, we conduct simulation studies and compare the proposed method
with existing SCM and GSCM. Finally, the proposed method is applied to two different real
datasets to study treatment effects in distinct empirical settings.
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and motivation for our study. In Chapter 2, we develop a fully Bayesian approach for
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Chapter 1

Introduction

Causal inference is a fundamental approach for understanding relationships between causes
and their effects. A key challenge is that we only observe one potential outcome for each
unit, while the counterfactual outcome is unobserved, and estimating it is the fundamental
problem. A key assumption in many causal methods is the parallel trends assumption, which
means that, in the absence of treatment, the treated and control groups would have followed
similar outcome trends before the intervention. Difference-in-differences is often used for
causal inference and requires the parallel trends assumption. In practice, it can be difficult
to establish the parallel trends assumption, especially in the real world. The synthetic control
method (Abadie and Gardeazabal, 2003) (Abadie et al., 2010) and the generalized synthetic
control method (Xu, 2017) do not require this often-violated assumption.

The Synthetic Control Method (SCM) constructs a weighted combination of groups as
controls, to compare the treatment group. The weights are determined using a statistical
optimization algorithm, which aims to find weights that make the synthetic control group
as similar as possible to the treatment unit prior to the intervention. The Synthetic Control
Method is a powerful and flexible tool for causal inference. Earlier SCM faced limitations in
formal statistical inference, sometimes depending on placebo or permutation tests to assess
uncertainty. Recent methodological developments have introduced more formal inferential

frameworks, including approaches based on conformal inference and prediction intervals.



Despite these advances, SCM still faces several challenges, such as sensitivity to donor pool
selection, the choice of predictors and optimization procedures, and its traditional focus on
settings with a single treated unit.

The generalized synthetic control method (GSCM) extends the synthetic control frame-
work and addresses several of its limitations. By incorporating an interactive fixed effects
structure, GSCM can accommodate multiple treated units and allow treatment effects to
vary over time. These extensions broaden the applicability of synthetic control methods in
empirical research. However, despite these improvements, several methodological challenges
remain. In particular, determining the appropriate factor rank is still an important issue.
In practice, the rank is typically selected using cross-validation, but this approach may pro-
duce unstable results across samples, which can affect the reliability and robustness of the

estimated treatment effects.

1.1 The Synthetic Control Method and its challenges

The Synthetic Control Method (SCM), developed by Abadie and Gardeazabal (2003), pro-
vides an effective approach for estimating effects when there is only one treated unit. SCM
constructs a synthetic control unit as a weighted combination of untreated units. SCM does
not rely on strong assumptions about the Data Generate Process (DGP) of the outcomes,
making it very flexible for causal inference in observational studies.

In the field of causal inference, the Synthetic Control Method has attracted the attention
and admiration of an increasing number of researchers from a variety of disciplines. This
introductory section draws on the research of many experts (Abadie et al., 2015; Ben-Michael
et al., 2021; Kreif et al., 2016; McClelland and Gault, 2017) to explain why the SCM is
important and describe its scope and requirements.

The Synthetic Control Method has become one of the most widely used approaches in
causal inference because it solves the issue of determining the effect of an approach on a
single unit, such as a region, nation, or entity. Traditional statistical methods frequently

fail when there are no control groups with comparable characteristics prior to treatment



(Abadie and Gardeazabal, 2003). The SCM provides a principled framework for estimating
treatment effects under such challenging conditions.

The Synthetic Control Method builds a synthetic unit to represent the counterfactual
outcome without treatment. The control unit is thoroughly constructed by combining un-
treated units in a weighted sum until their pre-treatment characteristics match those of the
treated unit. By comparing the treated unit with the synthetic control, researchers can
estimate the causal effect.

Abadie et al. (2010) illustrate that the SCM is appealing because it can be adapted to
a wide range of research questions and is data-driven, allowing researchers to more easily
estimate causal effects from observational data. Since it does not rely on specific parameter
values, it can be used to solve problems from a variety of disciplines. When randomized
experiments cannot be conducted for practical or ethical reasons, the SCM becomes a crucial
tool in a number of fields of study, including policy evaluation, economics, epidemiology, and
the social sciences (Amjad et al., 2018; Bonander et al., 2021; Freire, 2018; Goh and Yu,
2022).

The SCM offers a promising path to causal inference, but it is not lacking of challenges.
Abadie and Gardeazabal (2003) cite the absence of a sufficient collection of control units
that replicate the pre-treatment trajectory of the treated unit as a significant challenge.
This can be challenging, particularly when dealing with unconventional or rare approaches.
In addition, although SCM provides point estimates of treatment effects, conducting formal
statistical inference can be challenging. Recent methodological developments, such as pre-
diction interval approaches implemented in R’s scpi package (Cattaneo et al., 2025), have
begun to address this limitation by providing more formal measures of uncertainty.

However, SCM has several limitations, including challenges in formal statistical inference
and in capturing time-varying treatment effects. Despite recent advances, reliable inference
remains difficult in practice. Researchers have begun to place greater emphasis on probabilis-
tic methods that provide not only point estimates but also quantifications of the uncertainty
in causal impact estimations. The Bayesian Synthetic Control Method (BSCM) provides a

promising framework for overcoming these challenges. Researchers explore the motivation,



development, and application of the Bayesian SCM (Kim et al., 2020; Kurz et al., 2019; Pang
et al., 2022; Pinkney, 2021) aiming to advance the field of causal inference with observational
data.

Recent developments in SCM have increasingly incorporated Bayesian frameworks to
improve flexibility and uncertainty quantification. Chandra et al. (2023) propose a Bayesian
nonparametric framework that generates synthetic control groups by matching treated units
with similar subpopulations in external datasets. Pang et al. (2022) develop a Bayesian
alternative to the synthetic control method based on a dynamic latent factor model, allowing
for heterogeneous and time-varying treatment effects. Ma et al. (2026) introduce a Bayesian
synthetic control approach with horseshoe priors to handle sparsity and multiple treated
units. Klinenberg (2023) proposes a synthetic control method with time-varying coefficients
using a state-space model with Bayesian shrinkage. Xu and Zhou (2025) relaxes the simplex
constraint and incorporates spike-and-slab priors for variable selection.

Despite these developments, existing approaches primarily focus on either flexible weight-
ing schemes or dynamic outcome modeling, with limited attention to integrating flexible
treatment effect specifications within a Bayesian factor model framework. This dissertation
addresses this gap by combining Bayesian generalized synthetic control methods with flexible

modeling of dynamic treatment effects.

1.2 The Generalized Synthetic Control Method and its

challenges

While the synthetic control method (SCM) is a useful tool for estimating causal effects
in settings with a single treated unit, it has several limitations that restrict its use in more
complex situations. In particular, SCM relies on fixed weights to construct the counterfactual
and does not explicitly account for unobserved heterogeneity. It may perform poorly when
the relationship between treated and control units evolves over time.

To address these limitations, Xu (2017) proposed the Generalized Synthetic Control



Method (GSCM), which extends the SCM framework by incorporating an interactive fixed
effects factor model structure. Under this framework, the outcome is modeled as

Yit = TitDig + B + N fi + €,

where the latent factor structure captures unobserved heterogeneity across units and over
time. The factor structure flexibly accounts for unobserved heterogeneity, helping the model
more closely reflect the true data-generating process.

The GSCM builds on earlier work on interactive fixed effects models (Bai, 2009) and
relates to approaches that combine synthetic control ideas with panel data methods (Gobillon
and Magnac, 2016). It also relates to matrix completion approaches for causal inference,
which leverage low-rank structures in panel data (Athey et al., 2021).

By introducing a model-based structure, GSCM improves estimation accuracy and al-
lows for time-varying treatment effects. It works well for high-dimensional panel data. The
method extracts the essential structure more efficiently. This helps improve the accuracy of
treatment effect estimation. Given these advantages, GSCM has been widely applied in em-
pirical research across a variety of fields. For example, Sheridan et al. (2022) uses GSCM to
estimate the impact of extreme weather events on population health, demonstrating its use-
fulness in environmental and epidemiological settings. Wang et al. (2024) study the impact
of informal payments on doctor engagement in an online health community, finding evidence
of a crowding-out effect of monetary incentives. Letellier et al. (2025) extend the generalized
synthetic control method to a two-stage framework to estimate heterogeneous health effects
of extreme weather events, demonstrating its flexibility in environmental applications. Some
other applications of the GSCM (Goin et al., 2025; Mader and Riittenauer, 2022; Sheridan
et al., 2022; Wen et al., 2023).

The GSCM also introduces new challenges. A key issue is the selection of the number
of latent factors, which can substantially influence estimation results. In practice, the factor
rank is typically chosen using cross-validation, this approach may produce unstable results
across samples and does not fully account for model uncertainty. Furthermore, statisti-
cal inference remains challenging, as uncertainty arising from factor estimation and model

selection is difficult to quantify within the standard framework.



1.3 Motivation and dissertation outline

The generalized synthetic control approach offers a framework that is flexible for predicting
counterfactual outcomes through latent factor models. Its conventional applications mainly
depend on point estimation and large-sample approximations for inference. In empirical
applications, however, the number of treated units is generally small, and uncertainty in the
calculation of latent components and factor loadings can be significant. A Bayesian approach
to GSCM addresses these limitations by treating all unknown quantities including latent
factors, factor loadings, and counterfactual outcomes as random variables and integrating
over their posterior distributions. This method creates a consistent framework for uncertainty
quantification and enables for valid finite sample inference of treatment effects.

Xu (2017) proposes selecting the number of latent factors in the generalized synthetic
control method using cross-validation. From a Bayesian approach, selecting the number
of factors can be viewed as a model comparison problem, where each potential rank cor-
responds to a separate latent factor model. Rather than relying on cross-validation, the
Bayesian framework gives a formal mechanism for comparing models through their marginal
likelihoods. In this framework, uncertainty about the factor dimension is accounted for
directly within the inferential procedure, rather than being resolved through external vali-
dation methods. We develop a Bayesian rank selection procedure in this dissertation, which
is based on the maximization of the posterior probability of the rank r using a Laplace
approximation of the marginal likelihood.

In numerous statistical problems, it is challenging to sample directly from the joint distri-
bution of the parameters. This problem is neatly solved by the Gibbs sampler (Casella and
George, 1992; Smith and Roberts, 1993). This dissertation develops Bayesian extensions of
the generalized synthetic control method for causal inference in panel data. It addresses two
central challenges: recovering unobserved potential outcomes for treated units and modeling
treatment effects in the post-treatment period.

Chapter 2 focuses on completing the missing potential outcomes using a Bayesian factor

model. We develop a Gibbs sampling based Bayesian GSCM framework to impute counter-



factual outcomes for treated units during post-treatment period. This chapter emphasizes
model estimation, uncertainty quantification, and the recovery of unobserved components of
the outcome matrix.

Chapter 3 parameterizes the Average Treatment Effect on the Treated (ATT) using
a flexible B-spline basis function. This technique allows the model to capture nonlinear,
time-varying treatment effects, which is important for studying long-term interventions.
A significant challenge in Bayesian latent factor models is the slow convergence of Markov
Chain Monte Carlo (MCMC) samplers, often caused by high correlation between factors and
their corresponding loadings. To address this issue, Chapter 3 incorporates the Parameter
Expansion (PX) algorithm into the Gibbs sampling framework.

Chapter 4 is about the marginal likelihood-based method for selecting the number of
latent factors. Rather than relying on cross-validation, we use a Laplace approximation to
construct a Bayesian criterion that determines the factor dimension from the pre-treatment
data. Two rank selection simulations based on settings of Chapters 2 and 3 are conducted.

We close with a final Chapter 5 that summarizes our conclusions.



Chapter 2

Bayesian Generalized Synthetic
Control Method with Single

Treatment Unit

Causal inference methods are essential for identifying and understanding causal relation-
ships between variables in various fields, such as epidemiology, economics, social sciences,
and public policy. There are some common and popular methods in causal inference includ-
ing difference-in-difference from Card and Krueger (1993) or propensity score matching by
Rosenbaum and Rubin (1983). Both approaches suffer from selection bias and restrictive
assumptions.

The Synthetic Control Method, introduced by Abadie and Gardeazabal (2003) and
Abadie et al. (2010), offers an alternative by constructing a weighted combination of control
units that closely matches the treated unit’s pre-treatment characteristics and outcome path.
By emphasizing pre-treatment fit, SCM provides a transparent and data-driven approach to
counterfactual construction and reduces reliance on extrapolation.

The Generalized Synthetic Control Method is widely used by researchers to assess the
causal effects of treatments, interventions, or policy changes in observational studies. The

GSCM extends the functionality of the SCM to handle more intricate scenarios. Examples



of the usage of GSCM in the literature include Huang et al. (2022) who studied air pollution
control measures of G20 Hangzhou summit and Silva et al. (2021) study of the policies to
combat poverty in Brazil. While the GSCM has been a valuable tool, it represents only
one perspective of the multifaceted inference of causality. To fill this gap and provide an
alternative perspective, we proposed a new method in a Bayesian framework.

The structure of this chapter is as follows. In Section 2.1, we specify the model set-
tings and the priors for unknown parameters. In Section 2.2, we introduce a fully Bayesian
approach to the GSCM including details of posterior computation. Simulation studies are
presented in Section 2.3. The proposed method is applied to real data in Section 2.4. Finally,

concluding remarks are given in Section 2.5.

2.1 Model setup and prior specification

Suppose y;; is the outcome for unit ¢ at time ¢, for units ¢ = 1,..., N and time periods
t=1,..,T. Let Ty, represent the number of pretreatment periods for unit i. To simplify
the notation, we assume that all treated units begin receiving the treatment at a common
time point, denoted by Ty, so that Ty; = T, for all treated units. Let 7 and C denote
the sets of units in treatment and control groups, respectively. Let Ni. and N, denote the
numbers of treated and control units, respectively. While this framework accommodates
multiple treatment units, the focus of this dissertation is on a more specific case: the single
treatment unit scenario, in which only one unit is exposed to the treatment. Assume that

yir follows a linear factor model:
Yit = TauDi + 3,8 + X i + €,

where 7;; is the treatment effect on unit ¢ at time ¢, D;; = 1 when ¢ € T and t > T, and
Dy = 0 otherwise. x; is a (k x 1) vector of observed covariates, 3 is a (k x 1) vector of
unknown parameters, f; is an (r x 1) vector of unobserved common factors, A; is an (r x 1)

. iid
vector of unknown factor loadings, and we assume the error terms €; ~ N(0, c?).



For unit 7, the data generating process when no treatment is assigned can be written as:

where Y; = (yi1,...,vir) is a (T x 1) vector, X; = (x;1,...,X;7) is a (T x k) matrix,
B is a (k x 1) vector, F = (fi,...,fr) is a (T x r) matrix, A; is an (r x 1) vector, and
€ = (€i1,...,67) isa (T x 1) vector with €; ~ N7(0,X), and ¥ = o217,

For time ¢, we can rewrite the model as:

Yt — Xt/B —l— Aft + ét7 (22)
where Y, = (y1r,...,yne)' is a (N x 1) vector, X; = (Xy,...,xn) is a (N x k) matrix,
B is a (k x 1) vector, f; is an (r x 1) vector, A = (A1,...,Ay)" is a (N X r) matrix, and
€ = (€14,...,€nt) is a (N x 1) vector with € ~ Ny (0, c%Ly).

Likelihood identifiability is an important property of statistical models because it ensures
that the parameters of the model can be estimated accurately and uniquely from the observed
data. We assume F has the following form to guarantee likelihood identification (Geweke,

1996):

where F* is a (T' — r) x r full-rank matrix.

The choice of priors is an important aspect of Bayesian factor analysis model and should
be carefully considered, inverse gamma priors are often used for modeling the error variances,
and normal or truncated normal priors are commonly used for modeling the factor loadings.
We also use normal priors for observed covariates and the corresponding parameters.

To complete the model specification, we assign prior distributions to the model parame-

ters B, A, F, and X.

10



We first specify a multivariate Gaussian prior for the regression coefficients:
16 ~ Nk<07 UOIk})a

where vy is a pre-specified hyperparameter.

For the factor loadings, we assume independent Gaussian priors:

iid

AiNA/‘r(O?gOIT)a i:17"'7N7

where & is a hyperparameter.

Similarly, we assign a multivariate Gaussian prior to the latent factors:
£, S N.(0,CoL), t=1,...,T,

where C is a hyperparameter.

For the idiosyncratic variance, we assume an inverse-gamma prior:

b
2 L1 (% 20
o G<2,2 ,

where ag and by are hyperparameters.

2.2 Posterior Inference

Let Y;(1) and Y;(0) denote the potential outcomes under treatment and control, respectively.
The model is specified as

Y (0) = X;t,@ + )\;ft + €t

and

Yie(1) = 1 + X;tﬁ + )\;ft + €5t

11



The individual treatment effect for treated unit ¢ at time ¢ is
T = Yyu(1) = Yy(0), €T, t>T.

For treated units in the post-treatment period, Yj(1) is observed, while Y;;(0) is not
directly observed. Under the factor model, the counterfactual outcome is determined by the
model parameters, allowing inference to proceed through the posterior distribution of the
parameters.

Specifically, Bayesian inference is based on the posterior
(B, AF, 2 |Y),

where Y denotes the observed outcome matrix.
To sample from this posterior distribution, we employ a Gibbs sampler that iteratively

draws from the full conditional distributions:
1. B~7(B|Y,FX),
2. A~n(A|Y,F,%,0),
3. F~n(F|Y,A X0,
4. % ~n(Z|Y,AF, B).

Given posterior draws of the model parameters, the counterfactual outcomes for treated

units in the post-treatment period are obtained as
Yie(0) ~ N (X8 + Xy, 0°), ‘€T, t>T,.

The full conditional posterior distributions are derived using standard conjugate Bayesian
updating. First, it can be shown that the conditional distribution of y; given B and €2 is
multivariate normal,

12



where Q = §FF + X. The proof is provided in Appendix A.

Based on this result, the full conditional posterior distributions can be obtained in closed
form. The detailed process of the full conditional posterior distribution is provided in Ap-
pendix B.

The prior B and the likelihood function are derived from equation (2.1). By Bayes’

theorem, the conditional posterior distribution of 3 is given by
BY.Q~N(Bgbs,Bg),

where

N -1 N
/ 1 /
-1 -1
Bs = ( E X0 X, + —U01k> , bs = E X, QY.

=1 =1

The conditional posterior distribution of the factor loadings is
)\i ‘ F7 167 27 y ~ N(B)\b)\,’h B)\) )

where

, 1.\ ,
B, = (F SF + g—Ir) ., bu=FX Y, -X;0).
0

The prior f; and the likelihood function are derived from equation (2.2). By Bayes’

theorem, the conditional posterior distribution of f; is given by
ft ’ A7ﬁ7 27y ~ N<bef>t7Bf> )

where

/ -1 ’ ~ ~
By = (0 2AA+C'L) by =0 A (Y- X8).

The conditional posterior distribution of the variance parameter is

TN
02|A7ﬁ,F,y~IG(a0+ S“’O),

2 T2
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where
2

5o |Y - %8 - Af,
t=1

These conditional distributions admit closed-form expressions, enabling efficient posterior

inference via a Gibbs sampling algorithm.

2.3 Simulation study

In this section, we conduct a Monte Carlo simulation study to examine the performance of
the proposed generalized synthetic control method. Given N=40, T=100, T5=60, and p=4,
we simulate the data {(Yi,Zy):i=1,..,N,t=1,..,T} from the following linear factor

model:

Vi = ai+y+¢Zy+ (054 /t/2)Dy + €,
where Dy=1(i=1, t > Tp), o S N(0,02) with 02 = 0.5, S N(yi-1,02) with 02 = 0.1 and
7% =0, c=(1,1,1,1)7, Z is a three-dimensional (N x p x T)) matrix with Z;~N,(1,,2L,),
and € ~ N(0, 1).

We simulate the data {(Y;,X;) : i =1,..., N} from the data {(Y;;,Zy) : i =1,...,N,t =
1,...,T}. Xis a three-dimensional (T x p x N) matrix, X; is a (T x p) matrix with X; = Z,.
Y= (Y;,...,Y;;) is a (T x N) matrix. We use hyperparameters vy = 100, & = 1, Cp = 1,
a, = 1, and b, = 1.

In the data generating process, the treatment effect of unit =1 at time t > Tj is given

by:

Tt = 0.5+ AV t/2

For posterior computation, we run the Gibbs sampler for 10,000 iterations, with the first
2,000 iterations discarded as burn-in. The remaining samples are used for posterior inference.

To evaluate the performance of estimation among SCM, GSCM, and Bayesian GSCM,
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Table 2.1: Summary of simulation study over 100 runs.

Method MSE S.E. Avg. 95% CI Width
SCM 10.05 0.21 10.36
GSCM with CV rank 1.10 0.02 4.25
GSCM with true rank 2 1.03  0.02 4.01
Bayesian GSCM 0.94 0.05 3.37

we consider the mean squared error (MSE) and the standard error (S.E.):

1 T

MSE = 7= D (Fu—m)’,
t=Tp+1

P XY, (MSE® ~ ASE)

SE. = ,
VN

where 71, denotes the estimated treatment effect and 7y; is the true treatment effect. The
mean squared error (MSE) quantifies the average squared deviation between the estimated
and true treatment effects over the post-treatment period. In addition, the standard error
(S.E.) is calculated as the standard deviation of the MSE across simulation runs divided by
the square root of the number of simulations. The average 95% confidence interval width is
defined as the mean length of the 95% intervals for the estimated treatment effects, computed
over the post-treatment period and averaged across simulation replications.

Table 2.1 summarizes the results of simulations that are conducted to compare the per-
formance of different methods in estimating the average treatment effects over 100 runs.
The proposed method, Bayesian GSCM, has the smallest MSE demonstrating superior per-
formance in terms of MSE compared to both SCM and GSCM, highlighting its potential
for enhanced prediction accuracy. However, it is crucial to take into account the trade-off
associated with the standard error, since it offers valuable information regarding the accu-
racy of the estimations. In addition, the Bayesian GSCM produces the narrowest intervals,
indicating more precise estimation compared to SCM and GSCM.

Using the true factor rank leads to improved performance compared to the rank selection

with cross-validation, indicating the importance of accurate rank specification. This moti-
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vates the development of a Bayesian rank selection approach, which is presented in Chapter

4.

2.4 Empirical example

For empirical application, we used the California tobacco control program dataset originally
analyzed Abadie et al. (2010) in their study of the effects of California’s tobacco control
policy. The dataset contains annual state-level observations on per capita cigarette sales for
the treated unit, California, and a set of potential control states in the United States. The
sample period is from 1970 to 2000. The policy intervention of interest is the implementation
of California Proposition 99, a voter-approved tobacco control program passed in 1988. This
policy substantially increased cigarette taxes and provided funding for anti-smoking educa-
tion and media campaigns aimed at reducing tobacco consumption. In this study, California
is considered the treated unit, while the remaining U.S. states serve as potential donor units
used to construct the synthetic control. The outcome variable is annual per capita cigarette
sales, measured in packs per person. The pre-treatment period spans 1970-1988 and is used
to construct the synthetic control unit, while the post-treatment period covers 1989-2000
and is used to estimate the effect of the tobacco control program. In this real data applica-
tion, the Gibbs sampler is run for 15,000 iterations, with the first 30% of iterations discarded
as burn-in.

Figure 2.1 presents the path plot obtained from the classical synthetic control method.
The solid black line represents the observed per-capita cigarette sales in California, while
the dashed blue line represents the synthetic California constructed from a weighted com-
bination of control states. As shown in the figure, the synthetic control closely tracks the
observed California trajectory during the pre-treatment period, indicating that the model
provides a reasonable counterfactual approximation for California prior to the implementa-
tion of Proposition 99. A visible divergence between California and the synthetic California
after the passage of Proposition 99. Specifically, the observed cigarette sales in California

decline more rapidly than those predicted by the synthetic control. This divergence suggests
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that Proposition 99 had a substantial negative effect on cigarette consumption in California
relative to the counterfactual trajectory implied by the donor pool.

The estimated treatment effect is illustrated more directly in the gap plot Fig. 2.2. The
gap is defined as the difference between the observed outcome and the synthetic control.
During the pre-treatment period, the gap fluctuates around zero, indicating a good pre-
treatment fit. Following the policy implementation, the gap becomes negative and grows
in magnitude throughout the 1990s, implying that cigarette sales in California were signifi-
cantly lower than what would have occurred in the absence of the policy. The shaded region
represents the post-treatment prediction interval obtained using the scpi package. These
intervals are constructed using the inferential framework for synthetic control methods de-
veloped by Cattaneo et al. (2021), which quantifies the uncertainty in the counterfactual
prediction.

Figure 2.3 displays the results obtained using the generalized synthetic control method.
Similar to the SCM results, the pre-treatment trajectories of California and its estimated
counterfactual align closely, demonstrating that the factor model underlying GSCM captures
the underlying structure of the panel data effectively. The observed path diverges notice-
ably from the estimated counterfactual after the treatment year. The gap between the two
series grows steadily over time, suggesting a sustained reduction in cigarette sales following
Proposition 99.

The gap plot Fig. 2.4 provides a direct visualization of the treatment effects. Prior to
the treatment year, the estimated effects remain close to zero, confirming the adequacy of
the pre-treatment fit. After the treatment year, the treatment effect becomes increasingly
negative. The shaded region represents the 95% confidence interval obtained from the boot-
strap procedure implemented in the generalized synthetic control framework. This interval
quantifies the statistical uncertainty associated with the estimated treatment effects.

Figures 2.5 and 2.6 present the path and gap plots obtained from the proposed Bayesian
generalized synthetic control method. The path plot displays the observed California series
together with the posterior mean of the counterfactual trajectory and its associated 95%

credible band. The close alignment of the observed and counterfactual paths in the pre-
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Figure 2.1: Trends in per-capita cigarette sales: California vs. synthetic California by
the SCM. The shaded area presents 95% prediction interval for the estimated counterfactual
outcome n the post-treatment period.

treatment period indicates that the Bayesian model provides a close fit before the policy
intervention.

After the implementation of Proposition 99, the observed trajectory falls well below the
estimated counterfactual path, suggesting a substantial reduction in cigarette consumption
attributable to the policy. The shaded region around the counterfactual trajectory repre-
sents the 95% posterior credible interval, which reflects the uncertainty in the counterfactual
predictions derived from the posterior distribution of the model parameters.

The gap plot Fig. 2.6 presents the posterior mean treatment effects along with their cor-
responding 95% credible intervals. Before the treatment year, the estimated effects fluctuate
around zero, indicating that the model fits the pre-treatment data well. After 1989, the
treatment effects become strongly negative, and the credible intervals suggest that the re-
duction in cigarette consumption is statistically significant during most of the post-treatment

period.
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Figure 2.2: Per-capita cigarette sales gap between California and synthetic California by
the SCM. The shaded area presents 95% prediction interval for the estimated treatment effect
in the post-treatment period.
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Figure 2.3: Trends in per-capita cigarette sales: California vs. synthetic California by the
GSCM. The shaded region marks the 95% C.1. obtained by a bootstrap approach.
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Figure 2.4: Per-capita cigarette sales gap between California and synthetic California by
the GSCM. The shaded region marks the 95% C.I. obtained by a bootstrap approach.
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Figure 2.5: Trends in per-capita cigarette sales: California vs. synthetic California by the
B-GSCM. The shaded region marks the 95% credible interval for synthetic CA.
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Figure 2.6: Per-capita cigarette sales gap between California and synthetic California by
the B-GSCM. The shaded region marks the 95% credible interval for treatment effect.

2.5 Discussion

In observational studies, the synthetic control method and the generalized synthetic control
method are regarded as the most influential technologies. These two methods attempt to
deal with a problem that the parallel trend assumption frequently fails to address. The
GSCM and SCM are based on a modeling framework, but SCM ignore the model when
comes to estimate the weights. The SCM can also provide some statistical inferences by
applying placebo tests.

This chapter presents the Bayesian generalized synthetic control method from a matrix
completion perspective. By treating the untreated post-treatment outcomes of the treated
unit as missing entries in a partially observed outcome matrix, the proposed framework
connects causal inference with matrix completion and offers a probabilistic approach to
recovering the missing counterfactual outcomes. This perspective is especially useful because

it emphasizes the role of latent structure in reconstructing the unobserved portion of the panel
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and provides a natural motivation for the Bayesian modeling framework developed in the
next chapter. Although the proposed MCMC algorithm performs reasonably well, there is
still room for improvement. In particular, computational efficiency and convergence may be
further enhanced through more advanced sampling strategies, such as parameter expansion

(PX), which will be introduced in Chapter 3.
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Chapter 3

Bayesian Generalized Synthetic
Control Method with Treatment

Modeling

In this chapter, we introduce an alternative approach based on treatment modeling. It
directly models the treatment process rather than focusing only on outcome reconstruc-
tion. This method allows for a more structured incorporation of covariate information and
temporal dynamics. Additionally, a key innovation in our framework is the incorporation
of Parameter Expansion (PX) into Bayesian factor models, following Ghosh and Dunson
(2009). PX introduces auxiliary parameters that temporarily expand the parameter space
during posterior sampling. This expansion reduces the posterior dependence between factor
loadings and latent factors, leading to improved convergence and efficiency in Markov chain
Monte Carlo (MCMC) sampling, while preserving proper prior distributions and stable pos-
terior inference. By leveraging PX, our Bayesian generalized synthetic control model achieves
faster convergence, more reliable estimates of latent factors, and more accurate treatment
effect estimation compared with the standard GSCM.

The structure of this chapter is as follows: Section 3.1 describes the model setup and

prior specifications, including the introduction of the parameter expansion approach. Sec-

23



tion 3.2 presents a fully Bayesian approach to GSCM with treatment modeling, including
technical details of posterior computation. The calculation of the full conditional posterior
distributions is shown in Appendix C. Section 3.3 conducts a simulation study, followed by
an empirical example involving carbon taxes and COy emissions data in Section 3.4. We

conclude this chapter in Section 3.5.

3.1 Model setup and prior specification

Suppose y;; is the outcome for unit ¢ at time ¢, for units ¢ = 1,..., N and time periods
t =1,..,T. Let Tq; represent the number of pretreatment periods for unit . The sets
T and C denote the treatment and control groups, respectively. Let N, and N, denote
the number of treated and control units. The total number units N = N;. + N,,. This
framework accommodates multiple treatment units, while the focus of this dissertation is on
a more specific case: the single treatment unit scenario, in which only one unit is exposed

to the treatment. Assume that y;; is given by a linear factor model:
Yit = T Dir + 2,8 + X fi + €ar, (3.1)

where 7, is the treatment effect on unit ¢ at time ¢, D;; = 1 when ¢ € 7 and ¢ > To;
and D = 0 otherwise. x; is a (k x 1) vector of observed covariates, 8 = (i, o Be) s a
(k x 1) vector of unknown parameters. A; = (A, ..., \ir) is an (r x 1) vector of unknown
factor loadings, f; = (fu, ..., fr) is an (r x 1) vector of unobserved common factors, €; is
the random error term for unit ¢ at time ¢ and we assume €; N (0,02).

Gibbs sampling is applied for posterior inference in next section. However, the Gibbs
sampler can exhibit poor convergence properties, resulting in slow mixing. To reduce the

burden of computation, we define the following PX-factor model:

Yit = Ti Dy + w;tﬁ + A;ft* + €it, A S M“(Oa ‘I’) (3-2)
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where f; = (f7, ..., f2) is a vector of working factors, and ¥ = diag(¢y, ..., ;).
To relate the working model parameters in (3.2) to the inferential model parameters in

(3.1), we use the following transformation:

ftl:S(fl7)¢;1/2ft77 t:]-u"'7Tal:]-7"'7Ta

where S(z) = —1 for x < 0 and S(z) =1 for x > 0.

The selection of priors is a crucial aspect of the Bayesian factor analysis model that
should be carefully considered. To complete our Bayesian modeling, we need to attribute
appropriate priors to unknown parameters. For algebraic and computational convenience,

we assign the multivariate Gaussian prior for 3 as follows:
B ~ Ni(0,v0ly),

where vy is a hyperparameter.

We induce a prior distribution on F through a prior distribution for F*, we have

;}%/\/’(0,1), t=1,...,7,1=1,...,min(¢,r),
fir~do, t=1,....r—=11=t+1,...,m
where dq is the point mass distribution at 0.

Given the structure of the priors, we can now express the resulting matrix F* asa T x r

lower triangular matrix. This leads us to the following form for F*

fr 0 0O --- 0

for foo O - 0

F* = fa1 fs2 f3z - 0
: : : . 0

fro Jra Trsoor Try
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Inverse gamma priors are frequently used to characterise error variances. We assign the

following inverse gamma priors to o2, ¢;:

o2 % 1G(ay/2,b,/2),

1id

Py ~ IG<CL¢/2> b¢/2)a

where a,, b,, ay, and by, are hyperparameters.

Our final goal is to obtain the main quantity of interest 7;;, for¢ =1 and ¢t = Ty, +1, ..., T.
For simplicity, we denote this as 71, which we assume follows a normal distribution with mean
f1(t) and variance 62, 6% ~ IG (%, %), expressed as

T~ N (u(t), 0%).

Now, we model p(t) using a B-spline basis expansion:

p(t) = Z%Bj(t),

where B;(t) are the B-spline basis functions and «; are the corresponding basis coefficients.

We can express this in matrix form as:

where B is a matrix with elements [B|;; = B;(t;) and o = (v, ..., k)" is the K x 1 vector

of basis coefficients.

3.2 Posterior inference

In order to derive the posterior distribution and implement the Gibbs sampler efficiently, it

is convenient to rewrite the PX-factor model in matrix form. This representation allows the

26



likelihood and the full conditional distributions to be expressed more compactly and makes
the posterior computation easier to present. Specifically, we consider two equivalent forms
of the model: a unit-specific representation obtained by stacking observations over time
for each unit, and a time-specific representation obtained by stacking observations across
units for each time period. These two forms are useful for deriving the conditional posterior
distributions of different blocks of parameters in the Gibbs sampler.

For unit ¢, we can rewrite the (3.2) model as:

where €; ~ N7(0,X), and ¥ = diag(c?,...,0%). Additionally, y; ~ Nz(7; © D; + X;3, 2%),
with Q* = F*F* + .

For time ¢, we can rewrite the model in (3.2) as:

S’t = 170 Dt + Xt,B + Aft* + gt; (34)

where € ~ N (0,071y).

We propose that the main quantity of interest 7;; can be generated from the posterior
distribution by the following steps:

Step 1. Obtain the estimated values 3, A, F*, and 3. We propose using a parameter
expansion approach (Liu and Wu, 1999) to improve the behavior of the Gibbs samplers and
using only the control group data.

Step 2. Derive the inferential factors F from the working factors F* through the trans-
formation.

Step 3. Draw the treatment effect 7;; from the posterior distribution, where 7;; ~
N(u(t),60?%), for i =1 and t = Tp; + 1,...,T.

To accomplish Step 1, we used a Gibbs sampler under the PX-factor model that gen-
erates samples from the joint posterior distribution by iterating the following steps until

convergence:
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1. Generate 8 from 7(3 | Y,F* %),
Generate A from 7(A | Y, ¥, F* X 3),
Generate F* from 7(F* | Y, A, ¥, 3, 3),
Generate X from (% | Y, A, ¥, F* 3),

AR S

Generate ¥ from 7(¥ | Y, A, F* 3 3).

To determine the full conditionals, note that equation (3.2) can be rewritten by moving
the treatment effect term 7;D; and the covariate component x,3 to the left-hand side,
yielding y},. Hence, following Ghosh and Dunson (2009), the full conditional distributions
of B, \;, 7, o2, and 1; are derived using standard conjugate updating; see Appendix C for
details.

First, for the coefficients 3:
Bl1Y,X ~N (Mg, V;)

where

N
1
Vs = X)X+ —I) ],
; (Z (@)%, + 1)
N
Mj = Vs ) X(Q) (yi — 7 © D)),
i=1
For each i = 1,..., N, the full conditional posterior of \; is
Ai ’ F*7ﬁ7 EvY ~ N(MA,Z'7V)\,7Z) )

where

, —1
Vi = (F SOUF \Irl> ,

My, =V ,F'ES ' (y, - X;B8-7,0D)).
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The full conditional posterior of f;" is
ft* | A)/Ba Z,Y ~ N(Mf,tvvfat) ’
where

Vi, = (07200, Ag, + T)

Mf,t = Vf7t0-t_2A;€t <S/t — Xt/B — Tt ® Dt> .

where ¥, = (Y1, ..., yne) and Xy = (Xq4, ..., xXn¢), for t = 1,..., T, k; = min(t,7), and Ay,
is an N X k; matrix of loadings.

Finally, the variance parameters follow Inverse-Gamma distributions:

o N ba 4
0?|...~IG(a + +etet>, I=1,....T

2 2
N b N oa2
¢z|...~fc:<“1"_2F : “22” ”), l=1,...,r

where e, = y; — Xtﬁ — Af; — 7, © Dy represents the vector of residuals at time ¢.

Step 2 is to recover the inferential factors F from the working factors F*. Given the
PX-factor model, the sampled working factors F* are transformed into the inferential factors
F using the transformation defined in Section 3.1. This step ensures that the factor structure
satisfies the identification restrictions required for the inferential model.

The remaining procedure for attaining Step 3 is as follows. To derive posterior distribu-

by
2

‘71%2 ! / o} 2 o} -
71 | rest ~ N I—i—ﬁ Y1t—X1tB—)\1ft+§Ba , 0, I+§ ,

where “rest” denotes all remaining model parameters and observed data. To eventually

tion of 7 with prior distribution 6% ~ IG (%9, ), we have the full conditional distribution:

determine the distribution of 7y, we must first derive the full conditionals of a and 62.
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These can be found as follows.

a|7,B,0° ~N ((BB)"'B'm,6*(B'B)™")

T1 —f-ag ||T1 —Ba||2+bg
2 2

62|7'1,a,B~IG(

The results follow from standard conjugate updating; see Appendix C for the detailed

derivations.

3.3 Simulation study

In this section, we conduct a Monte Carlo simulation study to examine the performance of
the proposed generalized synthetic control method. Given N=40, T=100, T,=60, and p=4,
we simulate the data {(Yi,Zy):i=1,...,N,t=1,..,T} from the following linear factor

model:

Y;t = O + Yt + )\;ft + ClZit + 10g<t — 60) Dit -+ €it,

where D;,=1(i=1, t > Ty), a; ~ N(0,02,) with 02, = 0.5, % ~ N (31, 02) with 02 = 0.1 and
v =0, f; = (f11, f2¢)" denote the latent factor vector, where f; ik N(0,1), A; = (N1, \in) de-
note the corresponding factor loading vector. The factor loadings follows \; ~ U (—\/3 , \/5) ,
c = (1,1,1,1), Z is a three-dimensional (N x p x T) matrix with Z;~N,(1,,2L,), and ¢;
% N(0, 0.1).

We simulate the data {(Y;,X;) :i=1,..., N} from the data {(Y,Zy) : i1 =1,...,N,t =
1,...,T}. X is a three-dimensional (7 x p x N) matrix, X; is a (T x p) matrix with X; = Z;.
Y = (Y;,...,Y;r) is a (T x N) matrix. We use hyperparameters vy = 100, a, = 1, b, = 1,
ap =1,by =1, ap = 100, and by = 1.

In the data generating process, the treatment effect of unit i= 1 at time t > T} is given
by:

11 = log(t — 60) .
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For posterior computation, we run the Gibbs sampler for 10,000 iterations, with the first
2,000 iterations discarded as burn-in. The remaining samples are used for posterior inference.
For the Bayesian GSCM specification, we model the treatment effect 71, using the B-spline
functional form for the mean u(t): We employ a cubic B-spline (degree = 3) with df degrees

of freedom:

daf
pu(t) = Z a; B;(t)

where Bj;(t) represents the B-spline basis functions. In this simulation, we set df = 4.
Figure 3.1 illustrates a representative simulation result for the B-spline treatment effect
specification. The black line represents the true treatment effect trajectory, while the blue
solid line shows the posterior mean estimate obtained from the Bayesian B-spline model.
The dashed lines represent the 95% credible interval. The estimated treatment effect closely
tracks the true effect across the post-treatment period, indicating that the proposed method

successfully recovers the underlying treatment dynamics.

Table 3.1: Summary of simulation study over 100 runs with a lower-noise setting.

Method MSE S.E. Avg. 95% CI Width
SCM 9.751 0.249 10.62
GSCM with CV rank  0.132 0.004 1.61
GSCM with true rank 4 0.120 0.003 1.44
B-spline Bayes GSCM  0.096 0.045 0.63

Table 3.1 summarizes the results of simulations that are conducted to compare the perfor-
mance of four different methods: SCM, GSCM with cross-validation rank selection, GSCM
with the factor true rank, and B-spline Bayesian GSCM in estimating the average treatment
effects, the performance of various estimation methods is evaluated based on their Mean
Squared Error and Standard Error. SCM exhibits the highest MSE among all methods eval-
uated, this indicates a relatively high level of error and less precision in estimation. The
SCM shows a very high MSE, which might be explained by it cannot properly capture latent
factor dynamics. The performance of GSCM is significantly better than that of SCM, as
evidenced by its considerably reduced MSE of 0.132 and standard error of 0.004. This indi-
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Figure 3.1: True treatment effect, Bayesian B-spline estimate, and 95% credible interval
from the simulated example.

cates improved precision and accuracy in comparison to the baseline method. The B-spline
method achieves the smallest MSE of 0.096 among all methods.

Table 3.2 presents the average lengths of 95% interval for the average treatment effect
across 100 Monte Carlo replications for different methods. The classical synthetic control
method (SCM) yields the largest average 95% interval length, at 10.62. The classical SCM
constructs the counterfactual using a sparse convex combination of donor units. Because the
estimator places nonzero weight on only a limited subset of donors, the resulting synthetic
control can be highly sensitive to random variation in those selected units. In a simulation
setting, such sensitivity amplifies sampling variability across replications. Consequently, the
estimated treatment effects exhibit substantial dispersion, leading to a comparatively wide

95% interval. This indicates that, while SCM can recover point estimates, its inferential

32



precision is relatively low under the simulated data-generating process.

The GSCM produces an average 95% interval length of 1.61, representing approximately
an 85% reduction in interval width relative to the classical SCM. Unlike SCM, which relies
on a sparse convex combination of donor units, GSCM is based on an interactive fixed
effects factor model. The estimated treatment effects exhibit much lower dispersion, yielding
significantly tighter confidence intervals. These findings indicate that, under the simulated
setting, the factor-based structure of GSCM leads to markedly improved inferential precision
compared to the classical SCM.

The B-spline Bayesian generalized synthetic control method achieves the smallest average
95% interval length (0.63) among all competing methods. This corresponds to an interval
approximately 17 times narrower than that of the classical SCM and about 2.5 times narrower
than the standard GSCM.

The superior performance of the proposed method reflects two key features of the model.
First, the Bayesian framework provides full posterior inference through MCMC sampling,
yielding a comprehensive characterization of parameter uncertainty. By integrating over the
joint posterior distribution rather than relying solely on asymptotic approximations, the
Bayesian approach can deliver more efficient and stable inference in finite samples. Second,
the incorporation of B-spline basis functions introduces a flexible smoothing structure for
modeling the treatment effect dynamics. The spline representation reduces short run noise

and volatility while maintaining the underlying trend in the data.

Table 3.2: Summary of simulation study over 100 runs with a higher-noise setting.

Method MSE S.E. Avg. 95% CI Width
SCM 10.94 0.26 11.32
GSCM with CV rank 1.33  0.03 5.01
GSCM with true rank 4 1.24  0.03 4.73
B-spline Bayes GSCM  1.06  0.30 1.37

To assess the robustness of the proposed method, we consider an additional simulation
setting with a higher noise level. Specifically, we generate the error term as €; ~ N (0, 1).

Table 3.2 reports the simulation results under the higher-noise setting. As expected, the
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increased variance leads to larger mean squared errors and wider uncertainty intervals for all
methods. However, the proposed B-spline Bayesian GSCM continues to outperform GSCM,
achieving lower MSE and substantially shorter interval lengths.

These results suggest that the proposed method remains more stable and provides more
precise uncertainty quantification under higher noise levels. Similar results are observed in
both settings. Using the true factor rank leads to improved performance compared to the
cross-validation—selected rank, indicating that accurate rank specification remains crucial
even when incorporating flexible treatment effect modeling. This finding further motivates

the development of a Bayesian rank selection approach, which is presented in Chapter 4.

3.4 Empirical example

To demonstrate the applicability of the Bayesain Generalized Synthetic Control Method with
treatment modeling, we revisit the case study of (Andersson, 2019), which estimates the effect
of a carbon tax (Howard and Sylvan, 2015; Sumner et al., 2011; Tol, 2009) and a value-added
tax (VAT) on its per capita carbon dioxide (CO;) emissions from transport in Sweden. We
use the same data setting as Andersson (2019) and the data is obtained from the World
Bank(2015). Derived from an initial list of 25 nations belonging to the Organisation for
Economic Cooperation and Development (OECD). Excluded certain countries due to their
implementation of carbon price policies or to prevent causing interpolation bias. In the end,
we estimate COq emissions from transport in Sweden using the donor pool consisting of 14
countries. In Andersson (2019), per capita CO5 emissions from transport during 1960-2005
is used as the outcome and 4 variables (GDP per capita, number of motor vehicles, gasoline
consumption per capita, and percentage of urban population) associated with COy emissions
reduction potential are considered as the time-invariant covariates. The period from 1960 to
1989 is used to create a synthetic control group, while the period from 1990 to 2005 is used
to analyze the impact of the carbon tax reform on emissions in Sweden compared to the
synthetic Sweden. Thus, the sample period consists of 30 years of data before the treatment

and 16 years of data after the treatment. In this real data application, the Gibbs sampler is
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run for 15,000 iterations, with the first 30% of iterations discarded as burn-in.

Figure 3.2, the SCM fitted path plot, shows that the synthetic control closely follows
Sweden’s outcome in the pre-treatment period, suggesting a good fit. After the intervention,
the observed path falls below the synthetic one, indicating a negative treatment effect. These
findins are highlighted in gap plot Fig. 3.3, which fluctuates around zero before treatment,
then becomes negative afterward. This suggests that CO, emissions decreased relative to
the counterfactual, although the gap shows some variability over time.

The GSCM path plot Fig. 3.4 also fits the pre-treatment data well and produces a
smoother counterfactual trajectory. After treatment, Sweden’s observed outcome declines
relative to the estimated counterfactual, again indicating a negative effect. In the gap plot
Fig. 3.5, the pre-treatment values remain close to zero, while the post-treatment gap is
more stable and consistently negative. Compared to SCM, the GSCM results are smoother,
reflecting its ability to capture underlying latent trends.

Figure 3.6 displays per capita CO, emissions from transport for Sweden and its synthetic
counterpart using the Bayesian Generalized Synthetic Control Method with B-spline specifi-
cation during the years 1960 to 2005. Following the introduction of the carbon tax at period
30, the observed emissions remain slightly below the counterfactual mean throughout most
of the post-treatment period.

Figure 3.7 estimated treatment effect for Sweden under the Bayesian Generalized Syn-
thetic Control Method with B-spline parameterization. The solid black line represents the
posterior mean of the gap between Sweden’s observed and counterfactual COs emissions
from transport (measured in metric tons per capita). The grey dotted lines indicate the 95%
posterior credible interval. In the post-treatment period, the gap turns negative, with an
estimated effect of approximately —0.2 to —0.3 metric tons per capita, indicating a reduction
in transport-related CO, emissions relative to the counterfactual trajectory. The 95% credi-
ble interval becomes noticeably wider in the post-treatment period and consistently includes
zero. This suggests that, under the Bayesian GSCM framework, the estimated reduction
in emissions associated with the carbon tax cannot be clearly distinguished from zero at

conventional significance levels.
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Figure 3.2: Path Plot of Per Capita COy Emissions from Transport during 1960-2005:
Sweden versus Synthetic Sweden by the SCM

Table 3.3 reports the estimated treatment effects obtained from SCM, GSCM, and
Bayesian GSCM. All three methods indicate negative estimates throughout most of the
post-treatment period, suggesting that emissions decreased relative to the counterfactual.
The SCM tends to produce larger negative effects, indicating a stronger estimated impact.
In contrast, the GSCM results are generally closer to zero and show less variation over time.
The Bayesian GSCM lies between the two, with estimates that are smoother and gradually
move toward zero, reflecting its ability to capture more stable and time-varying treatment
effects.

Table 3.4 summarizes the 95% intervals and their lengths for SCM, GSCM, and Bayesian
GSCM. SCM produces the narrowest intervals, which mostly exclude zero, suggesting a
significant effect. GSCM yields much wider intervals that often include zero, indicating sub-
stantial uncertainty. The Bayesian GSCM provides intervals of intermediate width, offering

a more balanced assessment of uncertainty and generally more stable inference.
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Table 3.3: Comparison of Estimated Treatment Effects: SCM, GSCM, and BGSCM. Cell
values represent the estimated treatment effect (Sweden - Synthetic Sweden)
Year SCM GSCM BGSCM

1991 -0.154 -0.105 -0.132
1992 -0.122  -0.145 -0.147
1993 -0.270  -0.065 -0.155
1994 -0.271 -0.089 -0.158
1995 -0.286  -0.089 -0.157
1996 -0.355  -0.148 -0.151
1997  -0.337  -0.184 -0.143
1998 -0.344 -0.154 -0.130
1999 -0.314 -0.134 -0.115
2000 -0.308 -0.151 -0.098
2001 -0.339 -0.165 -0.079
2002 -0.336  -0.140 -0.059
2003 -0.390 -0.128 -0.038

2004 -0.397 -0.154 -0.016
2005 -0.375 -0.135 0.006
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Table 3.4: 95% CI of Treatment Effects (Sweden - Synthetic Sweden) and Interval Length
SCM GSCM BGSCM
Yr L U Len L U Len L U Len
1991  -0.31 -0.06 0.25 -0.41 0.20 0.61 -0.6434 0.3460 0.9894
1992 -0.29 -0.00 0.29 -043 0.14 0.56 -0.5637 0.1901 0.7538
1993 -0.45 -0.16 0.29 -0.42 0.29 0.71 -0.5807 0.1762 0.7569
1994  -0.45 -0.17 0.28 -0.45 0.27 0.73 -0.6072 0.2117 0.8189
1995 -0.46 -0.16 0.30 -0.53 0.35 0.88 -0.6236 0.2354 0.8590
1996 -0.53 -0.23 0.30 -0.64 0.34 0.98 -0.6169 0.2407 0.8576
1997  -0.53 -0.21 0.32 -0.67 0.31 0.98 -0.6133 0.2486 0.8619
1998 -0.53 -0.21 0.32 -0.72 041 1.12 -0.5889 0.2615 0.8504
1999 -0.50 -0.16 0.33 -0.72 045 1.17 -0.5556 0.2852 0.8408
2000 -0.50 -0.12 0.37 -0.75 0.45 1.21 -0.5440 0.3313 0.8753
2001  -0.53 -0.17 037 -0.91 0.58 1.49 -0.5531 0.3833 0.9364
2002 -0.54 -0.15 0.38 -0.88 0.60 1.47 -0.5452 0.4181 0.9633
2003 -0.60 -0.22 0.38 -0.90 0.65 1.55 -0.5367 0.4582 0.9949
2004 -0.60 -0.24 0.37 -0.92 0.61 1.54 -0.5290 0.5043 1.0333
2006 -0.58 -0.22 035 -0.93 0.66 1.60 -0.5550 0.5844 1.1394
AVG — — 033 — — 1.07 — — 0.90

3.5 Discussion

The results in this chapter highlight the clear benefits of explicitly incorporating treatment
modeling within the Bayesian GSCM framework. Rather than relying solely on imputing
missing counterfactual outcomes, as emphasized in Chapter 2, this extension offers a more
systematic and transparent way to capture and interpret dynamic treatment effects over
time.

The SCM displayed the largest Mean Squared Error, indicating a fundamental failure to
appropriately capture the latent factor dynamics of the data-generating process. In contrast,
all Bayesian techniques achieved much reduced error rates. While the frequentist GSCM
showed significant improvements over the SCM, the B-spline Bayesian GSCM attained the
highest overall accuracy, effectively decreasing the distance between the estimated and true
treatment effects. For reference, linear and quadratic parametric specifications are also
available. The detailed derivations and full conditional posterior distributions for these
polynomial models are provided in Appendix D.

A key improvement of this chapter is the introduction of the parameter expansion tech-
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nique into the Gibbs sampler. This strategy efficiently reduces the computational problems
and slow convergence that often arise in standard Bayesian factor models. By increasing
the mixing behavior of the Markov chain, the PX method leads to more stable and reliable
posterior inference.

This chapter develops a flexible approach to modeling treatment effects and improves
computation through parameter expansion. However, the performance of the factor model
also depends on choosing the number of latent factors. This issue is taken up in the next

chapter, where we propose a Bayesian approach to rank selection.
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Chapter 4

Rank selection for the Bayesian
Generalized Synthetic Control
Method

In this chapter, we develop a Bayesian procedure for selecting the number of latent factors
in the generalized synthetic control model. The number of factors is a key modeling choice
in the interactive fixed effects framework because it determines the dimension of the latent
factor structure in the model. An inappropriate choice of rank may lead to underfitting
or overfitting problems, both of which can negatively affect treatment effect estimation and
inferential accuracy. While several procedures exist for selecting the number of factors, many
of them are based on informal guidelines and are not easily incorporated into a Bayesian
framework. To address this issue, we propose a Bayesian rank selection approach based on
posterior model probabilities. The method evaluates candidate ranks through their marginal
likelihoods.

The remainder of this chapter is organized as follows. Section 4.1 reviews the moti-
vation and background for rank selection. Section 4.2 presents the model setup and the
pretreatment data used for rank estimation. Section 4.3 introduces the Bayesian rank selec-

tion criterion. Section 4.4 presents simulation results that illustrate the performance of the
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proposed method. The chapter concludes with a brief summary.

4.1 Background and motivation

The estimation and choice of the number of common factors play a crucial role in factor
analysis, as they impact the model’s ability to accurately represent the fundamental structure
of the observed variables (Bai and Ng, 2002). Identifying the correct number of common
factors helps in reducing the dimensionality of the data. Choosing an appropriate number
of factors enhances the accuracy of the model. In general, the factor rank controls the
degree of dimensionality reduction and determines how much unobserved variation can be
captured through the common factor structure (Stock and Watson, 2002). If too few factors
are included, the model may fail to account for important patterns in the data, resulting in
underfitting and biased estimation. On the other hand, if too many factors are included, the
model may fit noise rather than signal, leading to overfitting and unstable estimation.

This issue is particularly important in the generalized synthetic control method, where
the untreated potential outcomes are modeled through an interactive fixed effects structure.
In this framework, the number of latent factors determines the flexibility of the model used to
approximate the counterfactual trajectory of the treated unit. Because the factor structure
is used to approximate the untreated outcomes, selecting the wrong number of factors can
have a substantial impact on treatment effect estimation. Although some early studies, such
as Holtz-Eakin et al. (1988) and Bai (2009), proceed under the assumption that the number
of factors is known, this assumption is rarely realistic in practice. In empirical applications,
the true factor rank is unknown and must be estimated from the data before the factor model
can be reliably implemented.

A variety of methods have been proposed in the literature to determine the number of
factors. Classical approaches include the Kaiser-Guttman criterion (Kaiser, 1991), which re-
tains factors associated with eigenvalues greater than one, and the scree test (Cattell, 1966),
which identifies the rank visually from the pattern of ordered eigenvalues. Parallel analysis

(Humphreys and Montanelli Jr, 1975) compares eigenvalues from the observed data with
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those obtained from randomly generated data, and Ledesma and Valero-Mora (2019) pro-
vide practical guidance for implementing this method. Other approaches include maximum
likelihood estimation, as used by Moon and Weidner (2017), and information-criterion-based
procedures such as those proposed by Bai and Ng (2002) and Hirose et al. (2011). In the
generalized synthetic control, Xu (2017) employ cross-validation to select the factor rank by
minimizing prediction error over candidate models. The simulation results in tables 2.1, 3.1,
and 3.2 demonstrate that the performance of GSCM is sensitive to the choice of the factor
rank. In these settings, using the true rank leads to improved estimation accuracy and nar-
rower interval widths compared to the rank selection with cross-validation. These findings
indicate that misspecification of the factor dimension can result in suboptimal performance.
However, since the true rank is unknown in practice, and cross-validation may not reliably
identify the correct factor dimension, a more principled approach to rank selection is needed.

Although these approaches are widely used, they have several limitations when applied to
the generalized synthetic control framework. First, many classical methods were originally
developed for standard factor analysis and do not fully account for the panel data structure
and the missing counterfactual outcomes that arise in synthetic control applications. Second,
procedures such as the scree test and the Kaiser-Guttman rule are based on simple empirical
guidelines and can be sensitive to sampling variation. Third, cross-validation methods used to
select the rank may yield unstable results, particularly in small samples or in situations with
high noise levels, short pretreatment periods, or limited donor pools. More importantly, these
approaches are not naturally integrated into a Bayesian modeling framework and therefore
do not provide a probabilistic measure of uncertainty for the selected rank. Consequently, the
choice of rank is often treated as a preliminary tuning step rather than as a core component
of the inferential procedure.

To address these limitations, this chapter proposes a Bayesian approach for selecting the
number of factors in the generalized synthetic control model. The proposed method treats
the rank as an unknown model index and estimates it through posterior model probabilities.
For each candidate rank, the marginal likelihood is approximated using a Laplace-based

criterion, and the selected rank is the one that maximizes the resulting posterior probability.
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This approach provides a principled alternative to cross-validation by balancing model fit and
complexity within a coherent Bayesian framework. In addition, it aligns rank selection with
the broader posterior inference procedure developed for the Bayesian generalized synthetic
control model, thereby offering a unified and probabilistically interpretable method for model

determination.

4.2 Model setup for rank selection

Following the interactive fixed effects framework introduced in equation 2.1, the model can

be expressed in the matrix form:
Y =XB+AF +E,

where Y is the N x T outcome matrix, with N denoting the number of units and 7T the
number of time periods. X represents the matrix of observed covariates, and 3 is a k x 1
vector of regression coefficients associated with the k covariates. A is an N xr matrix of factor
loadings, where r denotes the number of latent factors. F is a T" X r matrix containing the
common latent factors that evolve over time. Finally, E is an N x T" matrix of idiosyncratic
error terms.

In the synthetic control framework, the outcome matrix can be partitioned according to

treatment status and time periods as

Yl,l:To Ymiss

Yo Y,

where Y, denotes the unobserved counterfactual outcomes for the treated unit in the
post-treatment period, Yi 1.1, is a (Tp x 1) vector, Yy is a (N, x Tp) matrix, and Y is a
(Neo X (T'—Tp)) matrix.

Due to the structure of our dataset, we estimate r using the observed part during the
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pretreatment periods of the dataset, then define:

Y117,
Yo

Then, we can write the reduced factor model:
Ypre == XpreﬁTo + jXTO]-:NT0 + ET()J

where Y e is a (N x Tp) matrix, Xy is a (T x k x N) matrix, Bz, is a (k x 1) vector, Aq, is
a (N x r) matrix, E7, is an N x Ty matrix of idiosyncratic error terms, and Fr, is a (Ty x r)

matrix with the following form to ensure identifiability (Geweke, 1996)

L.
FT() = )
F7,

where F7, is a (Th — r) X r matrix.

4.3 Bayesian rank selection method

From a Bayesian perspective, we can use the posterior probability of r to estimate it. By

Bayes’ theorem, the posterior can be obtained by:

f(Ypre | 7)m(r)

T(r | Y o) = .
(1 ¥ SomntNee) £(Y e | 1) (r)

)

where

f(Ypre | T) = /f(Ypre | FTm ATm BTm zDTm T)p(FTm ATO’ IBTm ETO | T) dFTo dATo dBTo dETO'
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Hence, we can estimate r by maximizing 7(r | Ypre). However, the computation of f(Ypre | 7)
is complicated since f(Ypre | 7) cannot be expressed in a closed form. We employ the Laplace
method (Tierney and Kadane, 1986) to address this issue. Let ¢ = (Frp,, A, Br,, X1,) and

¢ = argmax p(Yopue|o, ). J(¢) be the Hessian matrix of log(Ype|¢, ) evaluated at ¢. Then
¢

using the Laplace method, the marginal likelihood can be computed by

f (Ve | 1) = / P(Yore | &,7) p( | ) db
(4.1)

N

~ (2m) T [det (2)]F (Yo | 708 | 7).

. L 1-1
where 3 = [—J(¢)] .

We can further simplify the computation of the marginal likelihood. Take the logarithm
of both sides and apply Taylor expansion to equation (4.1) to improve the speed of calculating

the marginal likelihood by avoiding the computation of the Hessian matrix, we have
A - Ao 1
log f(Ypee | 7) = 10g f(Ypre | Frys A1y, Briys Xy, 1) — 5 [(To —7m)r + Nr+ k + 1] log(N),

where
N T,

10g f (Ypre | Fry, Az, By, By r) = log [ [ [ [ £ (Y35 | %658 + ¢35, 07),

i=1 j=1
where ¢;; is the (i, j)th element of C = Aq F7, and Fr,, A1, Br,, X1, are the maximizers of
the posteriors.

The maximizers of the posteriors can be obtained from the joint posterior

(FToa AToa BT()y zAJT()) = arg max 7T(FT0, AToa IBT()y ET() | Ypre) (42)

Fry, A1y .Bry, X1,

However, the direct maximization is difficult to calculate. As an alternative, we propose

iterating the full conditional posteriors listed below until convergence. Steps 1-4 are avaliable:

BTO = arg rgax 7(Br, | Ypre, F1y, 213,

To
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ATO = arg IRaX 71—(*ATO | Ypre7 FTm ZJToa IBTO)
To

FTO = arg I{.‘,lax ’ﬂ—(FTO | Ypre> AT07 ET()? IBT())

To
STO = argmax (21, | Yores Ay, Fry, Bry)
To
The result of equation (4.2) and the answer to steps 1-4 are the same once we reach
convergence. Because the full conditionals of steps 1-4 under the conjugated model previously
specified have a closed form, the maximums can be updated by the following straightforward

procedure.

Step 1. Update BTO. Assume the prior
,BTO ~ N(O, UoIk).
Then

7T(ﬁTO | Ypre> FT07 Q)

0.8 p<Ypre ‘ /BTm FTm Q) W(BTO)

- / 1
X €exXp {_5 Z (Yprei - Xprei/BTo) Q_l (Yprei - Xprei/BTo) } exp {_§IBTO (UOIk)_lﬂTo}

=1

N N
1 / ’ _ 1 / ! —
X exp {_5 [IBTO (Z )(preis2 IXprei + U_Q:[k> /BTO - 2/8T0 Z }(prei(2 lYprei] } .
i=1 =1

Thus,
BTO | Yprev FTov Q~ N<B/5bﬁv B,B) )

where

N —1 N
! 1 !
Bs = (Z Xpre 0 X e, + Ik> L by =) X2 Yo,

v
i=1 0 i=1

Step 2. Update A;7,. For each i =1,..., N, assume
Ai,To ~ NT(O, fo]:r).
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Then

7T(A’L‘,To | FT07 IBTO) ET()7 Ypre)
X p<YPrei | FT07 Ai,Toa IBTO’ ETo) W(Aiﬂb)

1 1 / /
X exp {—5 [}\Z T (FTO E;OIFTO + 517«) AiTy — 2)‘i,ToFTQZi;01 (Yprei — Xprei/BTO):| } .

Hence,

Xin, | Fry. By, 21y Ypre ~ N(Byby ;. B, ,

where
1

&

Step 3. Update for fAt,TO. For each t = 1,...,T;, assume

-1
B)\ = <F/T027_“01FT0 + Ir) 5 b)\,i = F/To E;Ol (Yz - XiIBTO) .

fiz, ~ N:(0,CoL,).

Using
S’t = XtIBTO + AT().ft,To + éta

we have

ﬂ-(ft,To | AToa BT()v 0-%0)

p(yt | ft 105 ATO’ ,3T07 0’%0) ﬂ-(ft,To)

X eXp { |:ft To ( TOATO + C 1]: > ft,TO - thI,TOO-;(?A'ITO <S’t - XtBT())] } °

Thus,
ft,To ’ AT07 /BTov U:2r0 ~ N(bef,ta Bf) )

where

Bf:< 20 Agy + Cy 11) " bft_aTQATO( 5, — XtBT()).
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Step 4. Update o27,. Assume

then
ﬂ-(o-%o | AT07 18T07 FTO)
To
(8 Hp(yt ’ ft,Tm 0'%07 ATO? ﬁTo) W(U%o)
t=1
x (U%O)—(T0N+ao)/2—1
1 To ~ ’
X exp{ —=— Z (S’t — X481, — AToft,T0>
207, p—
<yt - Xt/BTo - ATo ft,To) + b0i| } :
Therefore,
ag+ToN S, +b
0-12“0 |AT()’/8T07FTONIG( - 2 - ) T02 0)7
where

To /

St =3 (30~ XeBr, — Anfim) (30— XiBr, = Arfirs )

t=1

Finally, we let

f(Ypre | T) = exXp { IOg f(Ypre | FTQ; A'TOJ BTN ST07 T)

_ % [(TO—T)T+NT+k+1]IOg(N>}7

and

(| Yore) o f(Ypre | 7)(r)
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Figure 4.1: Bar plots of the selected factor rank for the Bayesian GSCM (left) and GSCM
(right) for the 100 simulated datasets described in Section 2.3.

As a result, the rank of Bayesian generalized synthetic control method is defined as

7= argmax T(r | Ypre),
T

which can be equivalent to deriving the following

r = argmax f(Ypre | 7")7T(7’),

with 7(r) is assumed uniform distribution.

4.4 Simulation study

To evaluate the performance of the proposed rank selection method, we conduct simulation

studies under different data-generating processes. The bar plots shown in Figure 4.1 are

obtained from the simulations in Chapter 2, while those in Figure 4.2 are from Chapter 3.
In Figure 4.1, we display the results obtained by applying the GSCM and Bayes GSCM

on a simulated dataset, where the true factor rank is set to r = 2. The main objective of this
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Figure 4.2: Bar plots of the rank for the Bayesian GSCM and GSCM for the 100 simulated
datasets described in Section 3.35.

analysis is to evaluate the strength and reliability of the model rank, which is a crucial aspect
of model performance. The bar plots represent the rank values recorded over 100 iterations
for each approach. It is easy to see the rank of the Bayes GSCM remains consistent and
stable, since nearly all runs consistently selected a rank of 2. This suggests that the Bayes
GSCM consistently and accurately identifies the actual ranking of the dataset. Conversely,
the rank of the GSCM model shows instability, displaying a diverse range of values ranging
from 2 to 9 in various iterations.

Figure 4.2 shows the outcomes of applying the GSCM and Bayesian GSCM to a simulated
data set with true rank 4. Two bar plots show the rank values obtained across 100 runs of
each method. The left panel shows that the Bayesian GSCM consistently identifies the true
rank. Across the 100 simulations, the posterior model probabilities overwhelmingly select
r=4, with very little dispersion. This trend indicates that the Bayesian method is robust
to sampling variability and random noise. In contrast, the rank is unstable for the GSCM

model, as it takes on a wide range of values from 2 to 9 across different runs.
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4.5 Discussion

This chapter proposed a Bayesian procedure for selecting the number of latent factors in the
generalized synthetic control framework. The number of factors plays a crucial role in the
interactive fixed effects model, as it determines the dimension of the latent structure used
to capture unobserved heterogeneity across units and over time. An inappropriate choice of
rank may lead to either underfitting or overfitting, both of which can negatively affect the
estimation of treatment effects.

To address this issue, we developed a Bayesian rank selection method based on poste-
rior model probabilities. The proposed approach evaluates candidate ranks through their
marginal likelihoods, which are approximated using a Laplace-based criterion. This formu-
lation provides a principled way to balance model fit and model complexity while remaining
consistent with the Bayesian framework used for posterior inference.

Simulation results demonstrate that the Bayesian rank selection method consistently
identifies the true factor rank and produces more stable results compared with the fre-
quentist GSCM approach. These findings suggest that incorporating rank selection into
the Bayesian modeling framework can improve both the reliability and interpretability of
generalized synthetic control models. Simulation results from both chapters 2 and 3 illus-
trate that Bayesian rank selection is sharply concentrated on the true rank, while GSCM

cross-validation is much more dispersed.
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Chapter 5

Conclusion

In this dissertation, we have developed the generalized synthetic control method from a
Bayesian perspective. Through various simulation studies and real data analyses, we have
demonstrated the advantages of our proposed method.

Chapter 2 focuses on developing a fully Bayesian approach to the generalized synthetic
control method. The proposed framework models latent factors and counterfactual outcomes
within a probabilistic setting, providing coherent uncertainty quantification and improving
inference compared to existing approaches.

Chapter 3 expands the Bayesian GSCM by changing from basic counterfactual imputation
to explicit treatment effect modeling. To capture the non-linear and dynamic character of
policy impacts, we parameterize the treatment effect using a flexible B-spline basis. This
enables the model to track complicated temporal dynamics, such as those observed in long-
term environmental interventions, while avoiding imposing restrictive functional forms.

In Chapter 4, we developed a Bayesian procedure for selecting the number of latent factors
in the generalized synthetic control framework. The proposed method determines the factor
rank based on posterior model probabilities, with the marginal likelihood approximated
using a Laplace-based criterion. This approach provides a principled way to balance model
fit and model complexity while remaining consistent with the Bayesian modeling framework.

Simulation results demonstrate that the proposed method can accurately recover the true
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factor rank and produce more stable rank estimates compared with existing approaches.

The current Bayesian GSCM approach uses a single rank selection process based on
posterior model probabilities. For future study, exploring multiple rank selections using
Bayesian Model Averaging (BMA) could provide a more flexible approach. BMA would
enable the incorporation of model uncertainty by averaging over a variety of models with
variable ranks, which could result in more robust estimates of treatment effects.

In the current model setup, all covariates are included in the analysis. However, not
all covariates contribute significantly to the model. To eliminate irrelevant covariates by
integrating a variable selection method into the Bayesian framework. Techniques such as
Bayesian Lasso, Spike-and-Slab priors, or other shrinkage priors could be explored for variable
selection.

The current framework focuses on a single treated unit. A natural extension is to allow
multiple treated units, i« € 7 with |7| > 1, under a common treatment time. In practice,
treatment effects may vary across units due to heterogeneous responses. This can be ad-
dressed by modeling 7;; within a hierarchical framework, allowing for a shared trend with

unit-specific variation.
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Appendix A

Calculation of the Normal Linear

Factor Model

Consider the factor model

yi = Bf; + €,

where y; = (yi1, ..., Yip) is a p-dimensional observation vector for i =1,...,n, Bisap x k
matrix of factor loadings, f; is the k-dimensional vector of common factors, and €; is the
vector of specific errors.

Assume

Yi ’ fiaﬁvz ~ N(/Bfwz)v

where

Y = diag(o?,...,02), H = diag(hy, ..., hg).

TP

We derive the marginal distribution of y; by integrating out the latent factors:
v 8.2 1) = [ ply | £.6.2)plt | H)dt.
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Substituting the normal densities gives
p(yi| B, %, H) /GXP {—% [(yi — BE) S (y: — Bf;) + fH'f;] } df;.
Expanding the quadratic form yields
o /exp {—% vy, — 263y, + /(B8 + H)f] } df;.

Let
D=g3gY"'g+H"

Completing the square in f; and integrating the resulting normal density gives

1
p(yi | B, E, H) x exp {—§y£ (2 -="'gD7 '@ Yi} :

Using the matrix identity
E_l _ 2_1,8[)_1,6/2_1 _ (IBH,B/ _I_ E)_l,

we obtain

p(yi | B, %, H) < exp {—%yé(ﬁHﬂ’ + 2)1yi} .

Therefore,
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Appendix B

The full conditional distributions for

Chapter 2

We consider the prior 8 ~ N (0, v];), and the likelihood function derives from equation

(2.1). By Bayes’ theorem (Stigler, 1983),

By, Q)
< p(y | 2, 8)7(8)

X exp{— Z(Yz - Xzﬁ)/Q_l(Yz’ - Xzﬂ)} exp{—%,ﬁ/ (UoIk)_lﬁ}

=1

N —

x exp{—% K i X Q'X,8 28 f: X QY+ 48 (volk)‘lﬂ} }
B i=1 i=1
x exp{—% _5/ ( i X QX + lIk)B 24 ﬁ: X;Q_lYi} }
ocexp{ ; <ZXQ X, +—Ik> ZXQ 1Y]
(éx@ﬂ%#%h)[ (ZXQ X, —l——Ik) i 1Y]}
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Hence,

ﬁ|y,Q~N<<ZXQ X, +l1k) ZXQ Y, <ZXQ X, +lIk) 1),

=1 =1 =1

where Q = FF' + X.
To obtain 7(A; | F,3,X,y), we assume the prior \; w N;(0,&1,), and the likelihood

function come from equation (2.1). By Bayes’ theorem,

W(AZ | F7/8727Y)
p(Yi [ F, A, B, %) m(A)

o<exp{ (Y, — X,8— FA)2—1(Yi—Xiﬂ—F>\i)—ZAZIT1A}
0
ocexp{ FE 1F+€—I ))\i—QA;F'E‘I(Yi—XZﬂ)]}
0
1o\, :
ocexp{—— A - FE 1F+§—I> FE‘l(Yi—XZﬂ)]

<F SIF + 5101) [Ai - (F’z—lF + 5—101) CFEY, - Xlﬂ)} }
Hence,

A|F.B, %y ~ N((F'Z‘IF + %I) TERUY - Xi8), <F > 4 él ) 1) .
0 0

Fort=r+1,...,T, to obtain 7(f; | A,3,3,y), we consider the prior f; “ N(0,Col,.),

and the likelihood function is derived from equation (2.2). By Bayes’ theorem,

T(fi | A, B, 2,y)
p(Y. | fi.0®, A, B) 7(f2)
& exp { - %[ Fi— (02N A+ Cy'L) oA (Y, - X,8)]
x(0?A'A+Cy'lL)

<[, — (0=2A"A + C;'T,) o 2A (Y, — X,8)] }
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Thus,

FilABEy ~ N((02AA+C'L) 102N (Y= XiB), (0 2A'A+C'L) ).
We consider the prior for 02 to be an inverse gamma density function such that o2 ~
IG <a—20, %’) The likelihood function comes from equation (2.2) and is normally distributed.

By Bayes’ theorem,

m(c* | A,B.F,y)

T
X Hp(?t | ft,O'z,A,,B) 7T(02)

t=1

T
o (o2)7TN/? exp{—i (Y =XiB-Af) (Y, - X8 - Aft)}

202
t=1
bo/2
X<O_2)ao/2+1 exp{— 2OU/2 }
o (02)TN/2Ha0/241) o {_2316@ —XB—Af) (Y, —X,B—Afi)/2+ 50/2}
p 2

Hence,

ot | A, BF,y ~ JG(“” FIN S (Y, = KB ALY (Y, = XiB = Af) + bo) |

2 2
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Appendix C

The full conditional distributions for

Chapter 3

In the following sections we detail the derivation of the full conditionals needed at each step

of the posterior inference for the model specified in Chapter 3.

C.1 Step 1. Estimation of 3, A, F*, 3, and ¥

The Gibbs sampler under the PX-factor model that generates the joint posterior distributions
by iterating the following steps until convergence:
1. Generate 8 from n(3 | Y,F* X)
Generate A from 7(A | Y, ¥, F* 3, 3)
Generate F* from 7(F* | Y, A, ¥, 3 3)
Generate X from (% | Y, A, ¥, F* 3)
Generate ¥ from 7(¥ | Y, A, F* ¥ 3)

AR B o
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C.1.1 Posterior distribution of 3

We assume a prior B ~ N (0,voI;). The likelihood is defined by the integrated covariance
Q* = F*F* + ¥. The likelihood function comes from equation (3.3). By Bayes’ Theorem:

m(B Y, Q%) o p(Y | B,Q2)7(8)

X €xp [—% Z(YZ - X8 -10D) Q) (y: - XiB -1 0 Dy)
i=1
X exp [—2%}0,8%3}
1 / > / *\—1 1
X exp _5[5 ZXZ(Q) Xi+U_OIk B
i=1
N
-268' ) X(Q) (yi—T o Di):| }
i=1

By completing the square for the quadratic form 3'AB3 — 28'b, we identify:

—1 N
B|Y,Q*~N(<ZX’ ()X, +—Ik) ZX’ Q) Ny, — 1 ©D;),

=1
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C.1.2 Posterior distribution of \;

With prior A; ~ N,.(0, ®), the likelihood function comes from equation (3.3). We isolate the

terms containing A; the exponent:

TN | ..) xply: | F* N, B, 2)1(\)

1
X exp [_i(yz — Xlﬁ — T; ® Dl — F*}\Z-)'E_l
1
X (yi—XiB -1, 0D; = F'X;) — QA;‘I’_IAz‘]

1
- (A;(F*'z—lF* + U,

X exp [
_ 2)\;1;1*/2—1(}%' - X\8—-70 DZ))]
Hence, the posterior distribution is:

|~ /\/’( (FYS7'F* + \Il_l)_1 F'S™ N y; — X8 — 1 ©D;),

(FS'F* + \11—1)‘1>
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C.1.3 Posterior distribution of f;

Assuming f* ~ N(0,I;,) where k;, = min(¢,7), and the likelihood function comes from

equation (3.4):

n(f | ...) ocp(¥e | £, 0f, A, B)m(£7)

1, . ~ I
X exp [—é(yt — Xtﬁ -1 © Dt — Aktft )'Et !
ngd Ve * 1 */ px
X (yt — thg e AO) Dt — Aktft) — §ft ft
1
X €exp [_5 (ft*,(o-t_2A;ctAkt + Ikt)ft*
_ 2ft*/o-t—2A;€t (S’t - Xtﬂ —T:© Dt))]
Hence, the posterior distribution is:
£~ N( (O-t_zA;szkt + Ikt)_l Ut_2A2¢t(}~’t — Xtﬁ — 71 ©Dy),

(072 Ay, + Ikt)_l)

C.1.4 Posterior distribution of o2

Using the prior 07 ~ IG(a,/2,b,/2), and with the likelihood function comes from equation
(3.3).:
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1 - ) /
(Yt_Xtﬂ_Aft _TtQDt) ()

m(o?|...) o (62N exp {——
! K 207

by
< (o) e |
t

ue 1 L
o (af)_( F+1) exp [—— (b(, +(y: —XyB— Aff — 1, 0D,

2
207}

X (¥ — Xtﬁ —Aff -1, 0O Dt))]

Hence, the posterior distribution is:

-+ N
0§|...N1g<a ;L ,

by + (¥t — Xtﬁ —Aff — 1, 0D, (3 — Xt/B —Aff — 71, © Dt))
2

C.1.5 Posterior distribution of

With prior ¢, ~ IG(ay/2,by/2):

N
(W] ..) o HN<)\il 1 0, ¢)m ()
i=1
N o2 b
x (1) M2 exp [——ZE@L | () /24 exp [—2—;;;[}
ay+N N 2
x (m)*( “ +1) exp _b¢ + 22@021 /\il]

Hence, the posterior distribution is:

N b N o2
¢l|NIG<a¢+ ¢+Zz1>‘zl>

2 2
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C.2 Step 3. Derivation of the posterior distribution

for the treatment effect

In Step 3 of the Gibbs sampling algorithm, we derive the conditional posterior distribution of
the treatment effect vector 7, € R, This is achieved by combining the Gaussian likelihood

of the treated unit with a smooth B-spline prior.

C.2.1 The Full conditional for 7

The likelihood for the treated unit during the post-treatment period (¢t > Tp) is given by:
yue|B, AL £, 11, 02 ~ N(X B + N, + 71, 021)
We impose a B-spline prior on 77 to ensure temporal smoothness:
71|B, o, 0> ~ N (Ba, 0°1)
The posterior 7(7]...) is proportional to the product of the likelihood and the prior:

1 1
7T(’T1| .. ) X exXp <_F|’y1t - Xltﬁ - )\llft - 7'1“2> exp (_ﬁHTl - Ba||2)
t

1 o2

xexp | —5— (i —y) (1 —y)+ 9—2(7'1 —Ba)'(11 — Ba)
(= )

where y = y1; — X ;8 — A f;. By completing the square with respect to 7, we obtain:

1. 1 o2 \ !
T~ N (VT |:O__tgy + ﬁBal ,VT) ,  where V, = o7 (I + 9—21)
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C.2.2 The full conditional for spline coefficients «

Given 7, and the smoothness parameter 62, the posterior for the spline coefficients o is:

1
7(a|Ty, 6%) oc exp (——

573 (11— B (1 - Ba))

Applying standard Gaussian linear regression results:

a|7,B,0>~N((BB)'B'r,60*(BB)™")

C.2.3 The full conditional for smoothing parameter 6>

Using a conjugate Inverse-Gamma prior 62 ~ IG(%, %9), the posterior is updated using the
residuals of the spline fit:

T — B 2 a b
(P10 o (69 % exp (12200 ) ) e (31 )

2
~ (92)_(T142ra0+1) exp <_ ||7'1 — Ba” + bg)

Thus, the smoothing parameter is distributed as:

T — Ba?+b
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Appendix D

Derivations for parametric treatment

effect specifications

In Chapter 3, the B-spline basis expansion is adopted as the primary specification because
of its flexibility and ability to capture localized variation in the treatment trajectory. For
reference, linear and quadratic parametric specifications are also available. The detailed
derivations and full conditional posterior distributions for these polynomial models are pro-

vided here.

D.1 Polynomial treatment effect specification

For the treated unit (i = 1), suppose the post-treatment effect 71, follows a polynomial of

degree p. The mean function is written as
p(t) = Ma = ag + art + agt® + - -+ + at?,

where o = (v, a1, - . ., )" denotes the vector of polynomial coefficients.
Let t =Ty + 1,...,T index the post-treatment periods, and define T},oy = 1" — 1. The

corresponding design matrix M is

74



1 To+1 (Toy+1)% - (Ty+1)P

1 To+2 (Ty+2)* -+ (Ty+2)P
M =

1 T T2 TP

Model the treatment effect 71, using the following polynomial functional form for the

mean p(t):

e Linear Specification: We assume the treatment effect follows a first-order polyno-
mial:

p(t) = ag + aqt

where o and «a; are the intercept and slope coefficients estimated via the MCMC

process.

e Quadratic Specification: We assume a second-order polynomial to allow for simple
curvature:

w(t) = ag + oyt + agt?

This model is designed to capture basic acceleration or deceleration in the treatment

effect over the post-treatment period.

D.2 Gibbs sampling for the polynomial specification

Assume the hierarchical prior

7|, 0 ~NMa,0’T), 6>~ Ig(%’ %) .

The Gibbs sampler proceeds by iteratively sampling from the following full conditional

distributions.
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Let

ry =yu — Xuf — )\&ft

denote the residual for the treated unit after adjusting for observed covariates and latent

factors. Then the conditional posterior of 7 is

2 \ 1 2 2\ 1
7-1~/\/'<<I+%I) (ru+%Ma),a§(1+%I) )

Given 71, the polynomial coefficients follow the standard Bayesian linear regression up-

date:

a~N(MM)"'M'r, ¢>*(M'M)™).

The variance parameter governing deviations from the polynomial mean is updated as

02 ~ 1G (Tpost +ag |7y — Mal]® + be)
2 ’ 2 '
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