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Abstract

This dissertation addresses the regularity of solutions for nonlocal diffusion equations over

the space of periodic distributions. The spatial operator for the nonlocal diffusion equation is

given by a nonlocal Laplace operator with a compactly supported integral kernel. We follow

a unified approach based on the Fourier multipliers of the nonlocal Laplace operator, which

allows the study of regular and distributional solutions of the nonlocal diffusion equation,

as well as integrable and singular kernels, in any spatial dimension. In addition, the results

extend beyond operators with singular kernels to nonlocal super-diffusion operators. We

present results on the spatial and temporal regularity of solutions in terms of the regularity

of the initial data or the diffusion source term. Moreover, solutions of the nonlocal diffusion

equation are shown to converge to the solution of the classical diffusion equation for two

types of limits: as the spatial nonlocality vanishes or as the singularity of the integral kernel

approaches a certain critical singularity that depends on the spatial dimension. Furthermore,

we show that, for the case of integrable kernels, discontinuities in the initial data propagate

and persist in the solution of the nonlocal diffusion equation. The magnitude of a jump

discontinuity is shown to decay over time.

In addition, we present a spectral numerical method for nonlocal equations on bounded

domains. These spectral solvers exploit the fact that integration in the nonlocal formulation

transforms into multiplication in Fourier space and that nonlocality is decoupled from the

grid size. Our approach extends the spectral solvers developed in [1] for periodic domains

by incorporating the two-dimensional Fourier Continuation (2D-FC) algorithm introduced

in [2]. We evaluate the performance of the proposed methods on two-dimensional nonlocal

Poisson and nonlocal diffusion equations defined on bounded domains. While the regularity

of solutions to these equations in bounded settings remains an open problem, we conduct

numerical experiments to explore this issue, particularly focusing on studying discontinuities.
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Chapter 1

Introduction

Nonlocal models are continuum models that involve nonlocal interactions. These models

capture complex phenomena, such as fractures, discontinuities, and long-range interactions

in materials [3]. Nonlocal models have applications across various fields, including materi-

als science [4], engineering [5], financial markets [6], and mechanobiology [7], among others.

Peridynamics is a nonlocal theory for continuum mechanics, which is oriented towards mod-

eling problems involving discontinuities and deformation in complex materials. Particles

interact through nonlocal forces within a fixed finite distance, and evolution is described by

an integro-differential equation whose solution is in general integrable with respect to spatial

variable with no additional regularity [3].

A nonlocal Laplace operator is defined by

Lδ,βu(x) =

∫
Rn

γ(x, y)(u(y)− u(x))dy, x ∈ Rn (1.1)

for a symmetric kernel γ(x, y) = γ(y, x) with compact support. In peridynamics, the compact

set is the ball of radius δ centered at x. In this dissertation, we focus on radially symmetric

kernels with compact support of the form

γ(x, y) = cδ,β
1

∥y − x∥βχBδ(x)(y),

1



where χBδ(x) is the indicator function of the ball of radius δ > 0 centered at x, the exponent

satisfies β < n+ 2, and the scaling constant cδ,β is given by

cδ,β =
2(n+ 2− β)Γ(n

2
+ 1)

π
n
2 δn+2−β

.

Nonlocal integral operators with compact support of the form (1.1) have their roots in

peridynamics [8, 9] and have been introduced in nonlocal vector calculus [10]. These opera-

tors have been used in different applied settings such as dynamic brittle fracture [5], image

processing [11], tumor growth [7], material failure and damage [4], among others. There have

been several mathematical analysis and computational studies involving nonlocal Laplace op-

erators and peridynamic operators, see for example [1, 12–21]. On the mathematical side,

the work in [17] introduces the Fourier multipliers for nonlocal Laplace operators, studies

the asymptotic behavior of these multipliers, and then applies the asymptotic analysis in

the periodic setting to prove regularity results for the nonlocal Poisson equation. In this

dissertation, we apply this Fourier multipliers approach to study the regularity of solutions

to the nonlocal diffusion equation given by


ut(x, t) = Lδ,βu(x, t) + b(x), x ∈ T n, t > 0,

u(x, 0) = f(x),

(1.2)

over the space of periodic distributions Hs(T n), with s ∈ R. Here T n denotes the periodic

torus in Rn and Lδ,β is a nonlocal Laplace operator defined in (1.1).

On the computational side, we propose an efficient and accurate spectral method for

solving nonlocal equations on bounded domains. Spectral methods are accurate and efficient

for solving nonlocal equations because they transform integrals in the nonlocal formulation

into multiplication in Fourier space. For example, the application of the operator Lδ,β on

a function u results in multiplication in Fourier space, and this runs at a computational

cost of O(N logN) for an N -point discretization grid. For comparison of the efficiency and

accuracy of spectral methods versus standard numerical methods such as finite differences,

2



see [1]. Some spectral methods for nonlocal equations have been developed in [1, 22–26].

The work in [23] introduces a boundary-adapted spectral method for peridynamic diffusion

problems with arbitrary boundary conditions. A spectral method for nonlocal equations on

periodic domains has also been developed in [1], which has been shown to be highly accurate.

One difficulty that arises in adapting the spectral method developed in [1] to solve nonlocal

equations on bounded domains is that the solutions are in general nonperiodic, therefore

exhibiting the Gibbs phenomenon as the Fourier coefficients of the solution decay slowly.

One way around this is to use Fourier Continuation. The idea behind Fourier Continuation

is to reduce the impact of slowly decaying Fourier coefficients of a smooth but nonperiodic

function on a given domain by constructing a smooth periodic extension of the function over

a larger domain.

Our approach builds on the Fourier spectral method developed in [1] for periodic do-

mains and incorporate the two-dimensional Fourier Continuation (2D-FC) algorithm from

[2] to solve two-dimensional nonlocal equations on bounded domains. We also use this ap-

proach to perform numerical experiments aimed at exploring the regularity of solutions for

nonlocal equations, with particular focus on discontinuities. For integrable kernels, numer-

ical simulations indicate that discontinuities may develop in the solution. In contrast, for

singular kernels with β > n+1 = 3, the solution appear to remain continuous in the interior

of the domain, and no discontinuities are observed.

1.1 Fourier multipliers

In this section, we give a summary of the Fourier multipliers’ results introduced in [17],

which are relevant to the work presented in Chapters 2 and 3. The Fourier multipliers mδ,β

of the nonlocal operator Lδ,β are defined through Fourier transform by

L̂δ,βu = mδ,βû, (1.3)

3



where mδ,β(ν) is given by the integral representation

mδ,β(ν) = cδ,β
∫
Bδ(0)

cos(ν · z)− 1

∥z∥β dz, (1.4)

for β < n + 2. These multipliers are used to obtain the eigenvalues of the nonlocal op-

erator Lδ,β in the case of periodic domains by evaluating them on a lattice of points (see

Section 4.1 of [17]). The following theorem gives a representation of these multipliers using

the hypergeometric function, 2F3, which is defined by

2F3(a1, a2; b1, b2, b3, z) :=
∞∑
k=0

(a1)k(a2)k
(b1)k(b2)k(b3)k

zk

k!
,

where (a)k = a(a+ 1)(a+ 2) · · · (a+ k − 1) is the rising factorial.

Theorem 1.1. Let n ≥ 1, δ > 0, and β < n + 2. Then the Fourier multipliers can be

written as

mδ,β(ν) = −∥ν∥2 2F3

(
1,
n+ 2− β

2
; 2,

n+ 2

2
,
n+ 4− β

2
;−1

4
∥ν∥2δ2

)
. (1.5)

The hypergeometric function 2F3 on the right hand side is well-defined for any β ̸=
n+ 4, n+ 6, · · · , hence, using (1.5), the definition of the multipliers is extended to the case

when β ≥ n + 2 with β ̸= n + 4, n + 6, · · · . Consequently, the operator Lδ,β is extended

to these larger values of β using the Fourier transform. In particular, for the case when

β = n+ 2, and since mδ,n+2(ν) is equal to −∥ν∥2, the extended operator Lδ,β coincides with

the classical Laplace operator ∆. For the case, n + 2 < β < n + 4, the extended operator

Lδ,β corresponds to a nonlocal super-diffusion operator [1].

The representation (1.5) is used to provide the asymptotic behavior of mδ,β(ν) for large

∥ν∥. This is given by the following result [17].
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Theorem 1.2. Let n ≥ 1, δ > 0 and β /∈ {n+ 2, n+ 4, n+ 6, . . . }. Then, as ∥ν∥ → ∞,

mδ,β(ν) ∼


−2n(n+2−β)

δ2(n−β)
+ 2

(
2
δ

)n+2−β Γ(n+4−β
2 )Γ(n+2

2 )
(n−β)Γ(β

2 )
∥ν∥β−n, if β ̸= n,

−2n
δ2

(
2 log ∥ν∥+ log

(
δ2

4

)
+ γ − ψ

(
n
2

))
, if β = n,

(1.6)

where γ is Euler’s constant and ψ is the digamma function.

5



Chapter 2

Regularity of solutions for nonlocal

diffusion equations with initial data

In this chapter, we apply the Fourier multipliers approach developed in [17] to study the

regularity of solutions to the nonlocal diffusion equation with initial data given by


ut(x, t) = Lδ,βu(x, t), x ∈ T n, t > 0,

u(x, 0) = f(x).

(2.1)

To study the existence, uniqueness, and regularity of solutions to nonlocal diffusion equations

over the space of periodic distributions, we consider the identification U(t) = u(·, t), with
U : [0,∞) → Hs(T n).

2.1 Eigenvalues on periodic domains

Let Lδ,β be defined on the periodic torus

T n =
n∏

i=1

[0, ri], ri > 0, i = 1, 2, · · · , n.

6



Define

νk =

(
2πk1
r1

,
2πk2
r2

, . . . ,
2πkn
rn

)
,

for any k ∈ Zn. Let ϕk(x) = eiνk·x. Then,

Lδ,βϕk(x) = mδ,β(νk)ϕk(x), (2.2)

which shows that ϕk is an eigenfunction of Lδ,β with eigenvalues mδ,β(νk). We will often use

m(ν) to denote mδ,β(ν) to simplify the notation.

Consider the nonlocal diffusion equation defined in (2.1). For s ∈ R, let Hs(T n) be the

space of periodic distributions h on T n such that

∥h∥2Hs(Tn) :=
∑
k∈Zn

(1 + ∥k∥2)s|ĥk|2 <∞.

2.2 Distributional solutions for nonlocal diffusion equa-

tion

Let f ∈ Hs(T n) and define U, V : [0,∞) → Hq(T n) for some q ∈ R, by

U(t) =
∑
k

f̂ke
m(νk)teiνk·x, (2.3)

V (t) =
∑
k

f̂km(νk)e
m(νk)teiνk·x. (2.4)

Observe that for any t ≥ 0, U(t) and V (t) are well-defined periodic distributions, since em(νk)t

and m(νk)e
m(νk)t are both bounded functions in k.

Theorem 2.1. Let n ≥ 1, δ > 0 and β < n+4. Let ε1 and ε2 be such that 0 < ε1 < ε2 < 1.

Assume that f ∈ Hs(T n) for some s ∈ R. Then for any fixed t > 0, U(t) ∈ Hp(T n) and

7



V (t) ∈ Hr(T n), where

p =


s, if β < n,

s+
4nt

δ2
(1− ε1), if β = n,

∞, if β > n,

r =


s, if β < n,

s+
4nt

δ2
(1− ε2), if β = n,

∞, if β > n,

(2.5)

with H∞(T n) :=
⋂
s∈R

Hs(T n).

Proof. We observe that

∑
0̸=k∈Zn

(1 + ∥k∥2)p|Ûk|2 =
∑

0̸=k∈Zn

(1 + ∥k∥2)p−s(1 + ∥k∥2)s|f̂kem(νk)t|2.

Since f ∈ Hs(T n), then the result that U(t) ∈ Hp(T n) follows by showing that

(1 + ∥k∥2)p−se2m(νk)t

is bounded for k ̸= 0. To see this, we consider three cases. For the case β < n, then p−s = 0

and

e2m(νk)t(1 + ∥k∥2)p−s = e2m(νk)t,

which is bounded since m(νk) ≤ 0.

For the case when n < β < n+ 4, let q ∈ R be arbitrary. Then,

(1 + ∥k∥2)q−se2m(νk)t =
(1 + ∥k∥2)q−s

e2t|m(νk)|
,

which vanishes as ∥k∥ → ∞, and hence boundedness follows. Thus, U(t) ∈ Hq(T n) for all q

and therefore,

U(t) ∈
⋂
q∈R

Hq(T n) = H∞(T n).

8



For the case when β = n, then p− s = 4nt
δ2
(1− ε1). From Theorem 1.2, we have

m(νk) ∼ −4n

δ2
log ∥νk∥,

which implies that

lim
∥νk∥→∞

m(νk)

−4n
δ2

log ∥νk∥
= 1. (2.6)

Thus, for any ε1 > 0, there exists N ∈ N such that

−4n

δ2
(1 + ε1) log ∥νk∥ ≤ m(νk) ≤ −4n

δ2
(1− ε1) log ∥νk∥, (2.7)

for all ∥νk∥ ≥ N . Therefore,

e2m(νk)t ≤ e−
8nt
δ2

(1−ε1) log ∥νk∥ = ∥νk∥−
8nt
δ2

(1−ε1). (2.8)

Since there exists A > 0 such that A∥k∥ ≤ ∥νk∥, then

(1 + ∥k∥2)p−se2m(νk)t ≤ (1 + ∥k∥2) 4nt
δ2

(1−ε1)

∥νk∥
8nt
δ2

(1−ε1)
≤ (1 + ∥k∥2) 4nt

δ2
(1−ε1)

(A∥k∥) 8nt
δ2

(1−ε1)
,

which is bounded.

Similarly, to show that V (t) ∈ Hr(T n), we show that

(1 + ∥k∥2)r−sm(νk)
2e2m(νk)t

is bounded for k ̸= 0. For the case when β < n, then r − s = 0 and there exists a constant

C > 0 such that |m(νk)| ≤ C. Thus,

(1 + ∥k∥2)r−sm(νk)
2e2m(νk)t = m(νk)

2e2m(νk)t

9



is bounded. For the case when n < β < n+ 4, then for an arbitrary q′ ∈ R, we have

(1 + ∥k∥2)q′−sm(νk)
2e2m(νk)t =

m(νk)
2(1 + ∥k∥2)q′−s

e2t|m(νk)|
,

which vanishes as ∥k∥ → ∞, and therefore boundedness follows. Thus, V (t) ∈ Hq′(T n) for

all q′ ∈ R and hence,

V (t) ∈
⋂
q′∈R

Hq′(T n) = H∞(T n).

When β = n, then r − s = 4nt
δ2
(1− ε2). From (2.7),

|m(νk)|2 ≤
(
4n

δ2
(1 + ε1)

)2

(log ∥νk∥)2. (2.9)

In addition, there exists N2 ∈ N such that

log(∥νk∥) ≤ ∥νk∥
4nt
δ2

(ε2−ε1), (2.10)

for all ∥νk∥ > N2. Moreover, there exists B > 0 such that ∥νk∥ ≤ B∥k∥. Hence, by using

(2.8), (2.9), and (2.10), we obtain

(1 + ∥k∥2)r−s|m(νk)|2e2m(νk)t ≤ (1 + ∥k∥2) 4nt
δ2

(1−ε2)
(
4n
δ2
(1 + ε1)

)2
(B2∥k∥2) 4nt

δ2
(ε2−ε1)

(A∥k∥) 8nt
δ2

(1−ε1)

= M
(1 + ∥k∥2) 4nt

δ2
(1−ε2)

∥k∥ 8nt
δ2

(1−ε2)
,

where

M =

(
4n
δ2
(1 + ε1)

)2
B

8nt
δ2

(ε2−ε1)

A
8nt
δ2

(1−ε1)
.

This shows boundedness and therefore completing the proof.

For any J ∈ Hs(T n), s ∈ R, define

Lδ,βJ =
∑
k∈Zn

m(νk)Ĵke
iνk·x. (2.11)
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Lemma 2.1. Let U and V be as defined in (2.3) and (2.4) respectively, then Lδ,βU(t) = V (t).

Proof. By (2.11), we have

Lδ,βU(t) =
∑
k∈Zn

m(νk)Ûk(t)e
iνk·x

=
∑
k∈Zn

m(νk)f̂ke
m(νk)teiνk·x

= V (t).

Proposition 2.1. Let N ∈ N ∪ {0} and define

U (N)(t) =
∑
k

f̂km(νk)
Nem(νk)teiνk·x,

V (N)(t) =
∑
k

f̂km(νk)
N+1em(νk)teiνk·x.

Then d
dt
U (N)(t) = V (N)(t), for all t ∈ (0,∞). Equivalently,

dN

dtN
U(t) =

∑
k

f̂km(νk)
N+1em(νk)teiνk·x,

where the differentiation here is in the sense of Gateaux differentiation.

Remark 2.1. We note that U (0)(t) = U(t) and V (0)(t) = V (t). In addition, similar to the

argument in Theorem 2.1, for any t ≥ 0, both U (N)(t) and V (N)(t) are in Hs(T n) when β ≤ n

and both are in H∞(T n) when n < β < n+ 4.

Proof. Let t > 0, we show that d
dt
U (N)(t) = V (N)(t), where the differentiation is in the

Gateaux sense, which is given by

lim
h→0

∥∥∥∥1h [
U (N)(t+ h)− U (N)(t)

]
− V (N)(t)

∥∥∥∥2

Hq(Tn)

= 0,
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where q = s when β ≤ n and q is arbitrary when n < β < n+4. Equivalently, we show that

lim
h→0

∑
k∈Zn

(1 + ∥k∥2)q|f̂k|2m(νk)
2N

[
1

h

(
em(νk)h − 1

)
em(νk)t −m(νk)e

m(νk)t

]2
= 0. (2.12)

This result follows from passing the limit inside the sum, which we justify next by the

dominated convergence theorem.

When β < n, then q = s and there exists a constant C1 > 0 such that |m(νk)| < C1.

Moreover, there exists C2 > 0 such that

∣∣∣∣em(νk)h − 1

h

∣∣∣∣ < C2, (2.13)

for all k, and for sufficiently small h. Combining this with the fact that f ∈ Hs(T n), it

follows that the summand in the left hand side of (2.12) is uniformly bounded.

For the cases β > n and β = n, we note that the summand in (2.12) can be written as

(1 + ∥k∥2)s|fk|2
(
em(νk)h − 1−m(νk)h

h

)2

e2m(νk)tm(νk)
2N(1 + ∥k∥2)q−s.

Since f ∈ Hs(T n), then it is left to show that

(
em(νk)h − 1−m(νk)h

h

)2

e2m(νk)tm(νk)
2N(1 + ∥k∥2)q−s (2.14)

is uniformly bounded. By Taylor’s Theorem,

(
em(νk)h − 1−m(νk)h

h

)
≤ m(νk)

2

2
, (2.15)

for all h ∈ (0, 1). Therefore,

(
em(νk)h − 1−m(νk)h

h

)2

e2m(νk)tm(νk)
2N(1 + ∥k∥2)q−s ≤ 1

4
(1 + ∥k∥2)q−sm(νk)

2N+4e2m(νk)t.
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For β = n, then q − s = 0 and since m(νk) → −∞ as ∥k∥ → ∞, then

1

4
m(νk)

2N+4e2m(νk)t → 0

as ∥k∥ → ∞, showing that (2.14) is uniformly bounded.

For β > n, then by using Theorem 1.2, we have that

1

4
(1 + ∥k∥2)q−sm(νk)

2N+4e2m(νk)t =
(1 + ∥k∥2)q−sm(νk)

2N+4

4e2|m(νk)|t
→ 0

as ∥k∥ → ∞, showing that (2.14) is uniformly bounded and therefore completing proof.

The following theorem summarizes the results in this section.

Theorem 2.2. Let f ∈ Hs(T n), β < n+4, and s ∈ R. Then, there exists a unique solution

U(t) to the nonlocal diffusion equation


dU

dt
= Lδ,βU(t),

U(0) = f.

(2.16)

Moreover, U ∈ C∞((0,∞);Hp(T n)), where p is as defined in (2.5).

Remark 2.2. The time regularity in Theorem 2.2 is in the sense of Gateaux differentiation.

Proof. The existence follows from Lemma 2.1 and Proposition 2.1 by taking N = 0. For the

uniqueness, let Q(t) be another solution of (2.16). We define W (t) = U(t) − Q(t). Then,

W (t) satisfies 
dW

dt
= Lδ,βW,

W (0) = 0.

Represent W (t) by its Fourier series

W (t) =
∑
k∈Zn

Ŵk(t)e
iνk·x.
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Lemma 2.1 implies that

Lδ,βW (t) =
∑
k∈Zn

m(νk)Ŵk(t)e
iνk·x,

and
dW

dt
=

∑
k∈Zn

dŴk

dt
(t)eiνk·x.

From (2.16) and the uniqueness of Fourier coefficients, we have that

dŴk

dt
(t) = m(νk)Ŵk(t),

for all k. This implies that Ŵk(t) = Aem(νk)t, where A is a constant. Since Ŵk(0) = 0,

then Ŵk(t) = 0, for all k which implies that W (t) = 0. Therefore, U(t) = Q(t). The spatial

regularity follows from Theorem 2.1.

2.3 Regular functions as solutions of the nonlocal dif-

fusion equation

In this section, we focus on functions f that satisfy
∑

k∈Zn

|f̂k| < ∞. The following theorem

gives a class of functions that satisfy this condition, see [27].

Theorem 2.3. Let s be a nonnegative integer and let 0 ≤ α < 1. Assume that f is a function

defined on T n all of whose partial derivatives of order s lie in the space of Holder continuous

functions of order α. Suppose that s+α > n/2. Then f has an absolutely convergent Fourier

series.

Next, we provide results on the temporal regularity of the nonlocal diffusion equation.

Proposition 2.2. Let f ∈ Hs(T n) such that
∑

k∈Zn

|f̂k| <∞ and let β < n+ 4. Then,

u(x, ·) ∈ C∞((0,∞)), ∀x ∈ T n.
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Proof. We use the Leibniz integral rule for the counting measure to differentiate under the

summation. Let gk(t) = f̂ke
m(νk)teiνk·x and consider

∑
k∈Zn

|gk(t)| =
∑
k∈Zn

|f̂kem(νk)teiνk·x|

=
∑
k∈Zn

|f̂k|em(νk)t

≤
∑
k∈Zn

|f̂k|.

Since
∑

k∈Zn

|f̂k| <∞, then gk(t) is summable for any fixed t. Moreover,

dgk
dt

= f̂km(νk)e
m(νk)teiνk·x,

is continuous for all k. Now fix t > 0, then there exist τ such that 0 < τ < t. We define

θk := |f̂k||m(νk)|em(νk)τ . When β < n, then there exists C > 0 such that |m(νk)| ≤ C. Thus

θk = |f̂k||m(νk)|em(νk)τ ≤ C|f̂k|,

showing that θk is summable. When β ≥ n, then em(νk)τ → 0 as ∥k∥ → ∞. Thus

|m(νk)|em(νk)τ ≤ 1 for sufficiently large ∥k∥. Hence θk ≤ |f̂k|, showing that θk is summable.

Moreover

∣∣∣∣dgkdt
∣∣∣∣ = |f̂k||m(νk)|em(νk)t

≤ |f̂k||m(νk)|em(νk)τ

= θk.
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Therefore, we can differentiate under the summation,

∂u(x, t)

∂t
=

d

dt

∑
k∈Zn

gk(t)

=
∑
k∈Zn

dgk
dt

=
∑
k∈Zn

f̂km(νk)e
m(νk)teiνk·x.

For higher derivatives, we observe that

dNgk
dtN

= f̂k|m(νk)|Nem(νk)teiνk·x.

Define ψk = |f̂k||m(νk)|Nem(νk)τ . Then ψk is summable by following similar arguments as

above. Furthermore,

∣∣∣∣dNgkdtN

∣∣∣∣ = |f̂k||m(νk)|Nem(νk)t

≤ |f̂k||m(νk)|Nem(νk)τ

= ψk.

This implies that u(x, ·) is N-times continuously differentiable and

∂Nu(x, t)

∂tN
=

dN

dtN

∑
k∈Zn

gk(t)

=
∑
k∈Zn

dNgk
dtN

=
∑
k∈Zn

f̂k|m(νk)|Nem(νk)teiνk·x.

Since N is arbitrary, it follows that u(x, ·) ∈ C∞((0,∞)).

From Theorem 2.1 and Proposition 2.2 we obtain the following regularity result.

Theorem 2.4. Let n ≥ 1, δ > 0, ε > 0 and β < n + 4. Assume that f ∈ Hs(T n) and its
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Fourier coefficients are summable. Then,

1. u ∈ C∞((0,∞);Hs(T n)) for β < n,

2. u ∈ C∞
(
(0,∞);Hs+ 4nt

δ2
(1−ε)(T n)

)
for β = n,

3. u ∈ C∞((0,∞);H∞(T n)) for β > n.

The following lemma will be used to prove Theorem 2.5 on the convergence of solutions

of the nonlocal diffusion equation as δ → 0+.

Lemma 2.2. Let n < β < n+ 2 and δ ≤ 1. Then, there exist c1 > 0 and c2 > 0 such that

mδ,β(ν) ≤ max{−c1∥ν∥β−n,−c2∥ν∥2}, ∀ν ∈ Rn

Proof. From Theorem 1.2, we have

m1,β(ν) ∼ c∥ν∥β−n,

where

c = (2)2n+2−βΓ
(
n+4−β

2

)
Γ
(
n+2
2

)
(β − n)Γ

(
β
2

) > 0.

This is equivalent to

lim
∥ν∥→∞

m1,β(ν)

−∥ν∥β−n
= c,

which implies that there is c1 > 0 and N > 0 such that for all ∥ν∥ > N

m1,β(ν) ≤ −c1∥ν∥β−n. (2.17)

On the other hand, from [17], we have

lim
∥ν∥→0

m1,β(ν)

−∥ν∥β−n
= 1.
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Thus, there exists c2 > 0 such that for all ∥ν∥ < N,

m1,β(ν) ≤ −c2∥ν∥2. (2.18)

Combining (2.17) and (2.18), we have

m1,β(ν) ≤ max{−c1∥ν∥β−n,−c2∥ν∥2}, (2.19)

for all ν ∈ Rn. Using (2.19) and the fact that mδ,β(ν) = 1
δ2
m1,β(δν), which follows from

(1.5), we obtain

mδ,β(ν) =
1

δ2
m1,β(δν) ≤ 1

δ2
max{−c1∥δν∥β−n,−c2∥δν∥2}

= max{−c1∥ν∥β−nδβ−(n+2),−c2∥ν∥2}.

Since δ ≤ 1, then −δβ−(n+2) ≤ −1 and hence

mδ,β(ν) ≤ max{−c1∥ν∥β−n,−c2∥ν∥2}.

Convergence of solutions of the nonlocal diffusion equation (2.1) to the solution of the

corresponding classical diffusion equation is given next in Theorem 2.5 and Theorem 2.6.

Theorem 2.5. Let n ≥ 1, s ∈ R and let f ∈ Hs(T n). Suppose u is the solution of the

classical diffusion equation ut = ∆u with initial condition u|t=0 = f . For any δ > 0, let uδ,β

be the solution of the nonlocal diffusion equation in (2.1). Then, for t > 0 and β ≤ n,

lim
δ→0+

uδ,β(·, t) = u(·, t), in Hs(T n),
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and for n < β ≤ n+ 2,

lim
δ→0+

uδ,β(·, t) = u(·, t), in H∞(T n).

Proof. The Fourier coefficients satisfy ûδ,βk = f̂ke
m(νk)t and ûk = f̂ke

−∥νk∥2t. When β ≤ n,

then

∥uδ,β(·, t)− u(·, t)∥2Hs(Tn) =
∑

0 ̸=k∈Zn

(1 + ∥k∥2)s |ûδ,βk − ûk|2

=
∑

0 ̸=k∈Zn

(1 + ∥k∥2)s |em(νk)t − e−∥νk∥2t|2 |f̂k|2.

To pass the limit δ → 0+ inside the sum, it is sufficient to show that |em(νk)t − e−∥νk∥2t|2 as a
function of k is uniformly bounded. Using (1.4), it is straightforward to see that m(ν) ≤ 0

for ν ∈ Rn. Thus,

∣∣∣em(νk)t − e−∥νk∥2t
∣∣∣2 ≤ (em(νk)t + e−∥νk∥2t)2 ≤ 4.

Since, lim
δ→0+

m(νk) = −∥νk∥2, then

lim
δ→0+

uδ,β(·, t) = u(·, t), in Hs(T n).

For the case β > n, fix an arbitrary p ∈ R. Then,

∥uδ,β(·, t)− u(·, t)∥2Hp(Tn) =
∑

0̸=k∈Zn

(1 + ∥k∥2)p|ûδ,βk − ûk|2

=
∑

0̸=k∈Zn

(1 + ∥k∥2)s (1 + ∥k∥2)p−s |em(νk)t − e−∥νk∥2t|2 |f̂k|2.

Since (1 + ∥k∥2)s|f̂k|2 is summable, then to pass the limit inside the above sum, we show
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that the following function in k that is given by

(1 + ∥k∥2)p−s|em(νk)t − e−∥νk∥2t|2,

is uniformly bounded. First, we rewrite the above expression as

(1 + ∥k∥2)p−s|em(νk)t − e−∥νk∥2t|2 = (1 + ∥k∥2)p−s e2m(νk)t
(
1− e−(m(νk)+∥νk∥2)t

)2

.

Then, we observe that

mδ,β(νk) + ∥νk∥2 = −∥νk∥2 2F3

(
1,
n+ 2− β

2
; 2,

n+ 2

2
,
n+ 4− β

2
;−1

4
∥νk∥2δ2

)
+ ∥νk∥2

= ∥νk∥2
(
1− 2F3

(
1,
n+ 2− β

2
; 2,

n+ 2

2
,
n+ 4− β

2
;−1

4
∥νk∥2δ2

))
.

Since 2F3

(
1, n+2−β

2
; 2, n+2

2
, n+4−β

2
;x
)
≤ 1 for all x ≤ 0, then mδ,β + ∥νk∥2 ≥ 0. Therefore,

1− e−(m(νk)+∥νk∥2)t < 1.

Using this fact, we have

(1 + ∥k∥2)p−s
∣∣∣em(νk)t − e−∥νk∥2

∣∣∣ = (1 + ∥k∥2)p−s e2m(νk)t(1− e−(m(νk)+∥νk∥2t)2

< (1 + ∥k∥2)p−s e2m(νk)t.

Lemma 2.2 implies that there exist c1 > 0 and c2 > 0 such that

em(νk)t ≤ max{e−c1∥νk∥β−n t, e−c2∥νk∥2t}.

Consequently,

(1 + ∥k∥2)p−s e2m(νk)t ≤ (1 + ∥k∥2)p−s

min{exp(2c1∥νk∥β−n t), exp(2c2∥νk∥2t)}
,
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which is bounded for sufficiently large k for all δ ∈ [0, 1].

Theorem 2.6. Let n ≥ 1, s ∈ R and let f ∈ Hs(T n). Suppose u is the solution of the

classical diffusion equation ut = ∆u, with u|t=0 = f , and for any β < n + 4, let uδ,β be the

solution of the nonlocal diffusion equation (2.1), then for t > 0,

lim
β→n+2

uδ,β(·, t) = u(·, t), in H∞(T n).

Proof. Let q ∈ R be arbitrary. Consider

∥uδ,β(·, t)− u(·, t)∥2Hq(Tn) =
∑
k∈Zn

(1 + ∥k∥2)q−s
∣∣∣em(νk)t − e−∥νk∥2t

∣∣∣2 (1 + ∥k∥2)s∥f̂k∥2.

We observe that for β near n + 2, m(νk) → −∞ as ∥k∥ → ∞. Thus, we can pass the limit

in β inside the sum above, since f ∈ Hs(T n) and the expression

(1 + ∥k∥2)q−s
∣∣∣em(νk)t − e−∥νk∥2t

∣∣∣2 ,
is uniformly bounded. Since lim

β→n+2
m(νk) = −∥νk∥2, then the result follows.

2.4 Propagation of discontinuities for the nonlocal dif-

fusion equation

In this section, we study the propagation of discontinuities for the nonlocal diffusion equation

in (2.1). We emphasize that Theorem 2.4 implies that the nonlocal diffusion equation satisfies

an instantaneous smoothing effect when the integral kernel is singular with β > n and

a gradual (over time) smoothing effect for when β = n. However, for integrable kernels

(β < n), the nonlocal diffusion equation is non-smoothing. In this section, we investigate

this latter case further by studying the propagation of discontinuities. To this end, given a

discontinuous initial data f ∈ L2(T n). Then, we show that for certain conditions on f and

β, discontinuities persist and propagate. In particular, we show that in one-dimension, if f
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is piecewise continuous, then the solution u is piecewise continuous and both f and u share

the same locations of jumps.

To study the propagation of discontinuities, we look for a decomposition of u, the solution

of (2.1), of the form

u(x, t) = v(x, t) + g(t)f(x),

for some function v(x, t), which is continuous in x and satisfies v(x, 0) = 0, and some

function g satisfying g(0) = 1. This would imply that any discontinuity in f will persist to

be a discontinuity in u for all t > 0. We show that the magnitude of a jump discontinuity

decays as t increases.

We observe that v satisfies the following

vt = ut − g′(t)f(x)

= Lδ,βu− g′(t)f(x)

= Lδ,βv + g(t)Lδ,βf(x)− g′(t)f(x).

Since β < n, we observe that

Lδ,βf(x) = cδ,β
∫
Bδ(x)

f(y)− f(x)

∥y − x∥β dy = h(x)− αf(x),

where

h(x) = cδ,β
∫
Bδ(x)

f(y)

∥y − x∥β dy =

(
cδ,β

∥ · ∥βχBδ(0)(·)
)
∗ f(x), (2.20)

and α is a constant given by

α = cδ,β
∫
Bδ(x)

1

∥y − x∥β dy =
2n(n+ 2− β)

δ2(n− β)
. (2.21)
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Therefore,

vt = Lδ,βv + g(t)h(x)− αg(t)f(x)− g′(t)f(x)

= Lδ,βv + g(t)h(x)− f(x) (αg(t)− g′(t)) .

Since g(t) is unknown and we are looking for v(x, t), a continuous function in x which is

independent of f(x), we set αg(t)− g′(t) = 0. Thus g(t) = e−αt and v solves


vt = Lδ,βv + e−αth(x), x ∈ T n, t > 0,

v(x, 0) = 0,

(2.22)

and therefore,

u(x, t) = v(x, t) + e−αtf(x). (2.23)

Hence,

v̂k = ûk − e−αtf̂k

= f̂ke
m(νk)t − e−αtf̂k

= f̂k
(
1− e−(m(νk)+α)t

)
em(νk)t. (2.24)

It remains to find conditions on f and β to guarantee the continuity of v. Towards this end,

we make use of the following lemma, whose proof is similar to the proof of Theorem 3.2 in

[17]. We note that the constant α appears in the asymptotics formula (1.6).

Lemma 2.3. Let ν ∈ Rn and let β < n. Suppose α is as defined in (2.21). Then

m(ν) + α ∼


4(n+ 2− β)Γ

(
n
2
+ 1

)
δ2
Γ
(
n
2

)
Γ
(
n+2−β

2

)
Γ
(
β
2

) (
δ∥ν∥
2

)β−n

, if n−1
2
< β < n,

4(n+ 2− β)Γ
(
n
2
+ 1

)
δ2
(n− β)Γ

(
n
2

)
4
√
π

(
δ∥ν∥
2

)−n+1
2
, if β ≤ n−1

2
.

23



In addition, we make use of the following lemma.

Lemma 2.4. Let α be as defined in (2.21). Then,

(
1− e−(m(νk)+α)t

)
em(νk)t ∼


C1te

−αt

∥k∥n−β
, if n−1

2
< β < n,

C2te
−αt

∥k∥n+1
2

, if β ≤ n−1
2
,

for some positive constants C1 and C2.

Proof. When n−1
2

< β < n, then by using Lemma 2.3 and the definition of νk, there exists

C1 > 0 such that

lim
∥k∥→∞

(m(νk) + α)∥k∥n−β = C1,

which implies that for any ε > 0,

C1(1− ε)

∥k∥n−β
< m(νk) + α <

C1(1 + ε)

∥k∥n−β
,

for sufficiently large ∥k∥. Thus

∥k∥n−β

(
1− e

−C1(1−ε)t

∥k∥n−β

)
< ∥k∥n−β

(
1− e−(m(νk)+α)t

)
< ∥k∥n−β

(
1− e

−C1(1+ε)t

∥k∥n−β

)
,

and consequently,

C1(1− ε)t < lim
∥k∥→∞

∥k∥n−β
(
1− e−(m(νk)+α)t

)
< C1(1 + ε)t.

Since ε is arbitrary, we obtain

lim
∥k∥→∞

∥k∥n−β
(
1− e−(m(νk)+α)t

)
= C1t,

and thus, (
1− e−(m(νk)+α)t

)
em(νk)t ∼ C1te

−αt

∥k∥n−β
.
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The proof is similar for the case β ≤ n−1
2
.

Conditions on f and β to guarantee the continuity of v, the solution of (2.22), are given

in the following result.

Theorem 2.7. Let v(x, t) be as in (2.23) and assume that f̂k satisfies

f̂k ∼


1

∥k∥β+ε , if n−1
2
< β < n,

1

∥k∥
n−1
2 +ζ

, if β ≤ n−1
2
,

for ε, ζ > 0. Then, v(x, t) is continuous.

Proof. For n−1
2
< β < n with f̂k ∼ 1

∥k∥β+ε , then by using Lemma 2.4, we have

v̂k = f̂k
(
1− e−(m(νk)+α)t

)
em(νk)t ∼ Cte−αt

∥k∥n+ε
.

Similarly, for β ≤ n−1
2

with f̂k ∼ 1

∥k∥
n−1
2 +ζ

, then

v̂k = f̂k
(
1− e−(m(νk)+α)t

)
em(νk)t ∼ Cte−αt

∥k∥n+ζ
.

By Proposition 3.3.12 in [27], we conclude that for t > 0, v(·, t) is continuous in both

cases.

The following theorem summarizes the results in this section.

Theorem 2.8. Let β < n and let u be as given in (2.23) and assume that

f̂k ∼


1

∥k∥β+ε , if n−1
2
< β < n,

1

∥k∥
n−1
2 +ζ

, if β ≤ n−1
2
,

for some ε, ζ > 0. Then, if f is discontinuous at x then u is discontinuous at x.
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Figure 2.1: The slow decay of a discontinuity in the nonlocal diffusion equation with β < n.

Corollary 2.1. If f ∈ L2(T ) is piecewise continuous, then u is piecewise continuous and f

and u share the same locations of jumps. Furthermore, the magnitude of a jump decays as t

increases.

This is an immediate consequence of Theorem 2.8, since for a piecewise continuous func-

tion f ∈ L2(T ), we have f̂k ∼
C

|k| , for some C > 0.

A one-dimensional example for the propagation of a discontinuity in the nonlocal diffusion

equation is described below. Figure 2.1 shows the results of a numerical solution to the

periodic nonlocal diffusion problem ut = Lδ,βu on the interval (−10, 10) with δ = 1, β = 1/3,

and initial condition

u(x, 0) =


x+ 1 if − 1 < x ≤ 0,

x− 1 if 0 < x < 1,

0 otherwise.

In Figure 2.1, function values for x < 0 were plotted separately from those for x > 0

so that the jump is apparent. The dashed lines indicate the values ±e−αt, showing the

theoretical extremes of the jump.
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Chapter 3

Regularity of solutions for nonlocal

diffusion equation with a diffusion

source

In this chapter, we focus on the following nonlocal diffusion equation with a diffusion source

and zero initial data
ut(x, t) = Lδ,βu(x, t) + b(x), x ∈ T n, t > 0,

u(x, 0) = 0.

(3.1)

To study the existence, uniqueness, and regularity of solutions to nonlocal diffusion equations

over the space of periodic distributions, we consider the identification U(t) = u(·, t), with
U : [0,∞) → Hs(T n).

Let b ∈ Hs(T n) and define U, V : [0,∞) → Hq(T n) for some q ∈ R, by

U(t) = b̂0t+
∑

0̸=k∈Zn

em(νk)t − 1

m(νk)
b̂ke

iνk·x, (3.2)

V (t) =
∑
k∈Zn

em(νk)tb̂ke
iνk·x. (3.3)
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Observe that for any t ≥ 0, U(t) and V (t) are well-defined periodic distributions, since

em(νk)t−1
m(νk)

and em(νk)t are bounded functions in k.

Theorem 3.1. Let n ≥ 1, δ > 0, and β < n + 4. Assume that ε1 > 0 and b ∈ Hs(T n) for

some s ∈ R. Then for any fixed t > 0, U(t) ∈ Hp(T n) and V (t) ∈ Hr(T n), where

p =


s, if β ≤ n,

s+ β − n, if β > n,

and r =


s, if β < n,

s+
4nt

δ2
(1− ε1), if β = n,

∞, if β > n.

(3.4)

Proof. We observe that

∥U(t)− b̂0t∥2Hp(Tn) =
∑

0̸=k∈Zn

(1 + ∥k∥2)p|Ûk(t)|2

=
∑

0̸=k∈Zn

(1 + ∥k∥2)p−s

|m(νk)|2
(em(νk) − 1)2(1 + ∥k∥2)s|b̂k|2.

Since b ∈ Hs(T n) and em(νk)t is bounded because m(νk) < 0, then the result follows by

showing that
(1 + ∥k∥2)p−s

|m(νk)|2
,

is bounded for k ̸= 0. When β ≤ n, then p − s = 0 and by using Theorem 1.2, there exist

C1 > 0 and r1 > 0 such that |m(νk)| ≥ C1, for all ∥k∥ ≥ r1. Thus,

(1 + ∥k∥2)p−s

|m(νk)|2
≤ 1

C2
1

.

When β > n, then p− s = β − n, and by using Theorem 1.2, there exist C2 > 0 and r2 > 0

such that |m(νk)| ≥ C2∥k∥β−n, for all ∥k∥ ≥ r2. This implies that

(1 + ∥k∥2)p−s

|m(νk)|2
≤ 1

C2
2

(
1 + ∥k∥2
∥k∥2

)β−n

,

which is bounded. The proof of V (t) ∈ Hr(T n) is similar to the proof of Theorem 2.1.
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Lemma 3.1. Let U and V be as defined in (3.2) and (3.3), respectively. Then

V (t) = Lδ,βU(t) + b.

Proof. By using (2.11), for any x ∈ T n and t > 0, we have

Lδ,βU(t)(x) = Lδ,β(b̂0t) +
∑

0̸=k∈Zn

m(νk)Ûk(t)e
iνk·x

=
∑

0̸=k∈Zn

m(νk)
(em(νk)t − 1)

m(νk)
b̂ke

iνk·x

=
∑

0̸=k∈Zn

b̂ke
m(νk)teiνk·x −

∑
0 ̸=k∈Zn

b̂ke
iνk·x

= V (t)(x)− b(x).

Proposition 3.1. Let U(t) and V (t) be as defined in (3.2) and (3.3), respectively. Then,

dU

dt
= V (t).

Moreover, for N ≥ 1,
dNU

dtN
=

∑
k∈Zn

b̂km(νk)
N−1em(νk)teiνk·x,

for all t ∈ (0,∞), where the differentiation here is in the sense of Gateaux differentiation.

Proof. We show that

lim
h→0

∥∥∥∥1h [U(t+ h)− U(t)]− V (t)

∥∥∥∥2

Hq(Tn)

= 0,

where q = s when β ≤ n and q is arbitrary when β > n. Equivalently, we show that

lim
h→0

∑
0̸=k∈Zn

(1 + ∥k∥2)q|b̂k|2
[
1

h

(
em(νk)h − 1

) em(νk)t

m(νk)
− em(νk)t

]2
= 0. (3.5)
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This result follows from passing the limit inside the sum, which we justify next by the

dominated convergence theorem.

When β < n, then q = s and similar to (2.13), there exists a constant C2 > 0 such that

∣∣∣∣em(νk)h − 1

h

∣∣∣∣ < C2,

for all k, and for sufficiently small h. Moreover, em(νk)t and 1
m(νk)

, for k ̸= 0, are bounded.

Combining this with the fact that b ∈ Hs(T n), it follows that the summand in the left hand

side of (3.5) is uniformly bounded.

For the cases β > n and β = n, we first note that the summand in (3.5) can be written

as

(1 + ∥k∥2)s|bk|2(1 + ∥k∥2)q−s e
2m(νk)t

m(νk)2

(
em(νk) − 1−m(νk)h

h

)2

.

Since b ∈ Hs(T n), then it is left to show that

(1 + ∥k∥2)q−s e
2m(νk)t

m(νk)2

(
em(νk) − 1−m(νk)h

h

)2

(3.6)

is uniformly bounded. Using (2.15), we have

(1 + ∥k∥2)q−s e
2m(νk)t

m(νk)2

(
em(νk) − 1−m(νk)h

h

)2

≤ 1

4
(1 + ∥k∥2)q−sm(νk)

2e2m(νk)t.

When β = n, then q − s = 0 and since m(νk) → −∞ as ∥k∥ → ∞, then

1

4
m(νk)

2e2m(νk)t → 0

as ∥k∥ → ∞ showing that (3.6) is uniformly bounded.

When β > n, then by using Theorem 1.2, we have that

1

4
(1 + ∥k∥2)q−sm(νk)

2e2m(νk)t =
(1 + ∥k∥2)q−sm(νk)

2

4e2|m(νk)|t
→ 0
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as ∥k∥ → ∞, showing that (3.6) is uniformly bounded and therefore completing the proof

of the first part.

The second part of this proposition follows from arguments similar to those in the proof

of Proposition 2.1.

The following regularity theorem summarizes the results of this subsection.

Theorem 3.2. Let b ∈ Hs(T n) with s ∈ R. Then there exists a unique solution U to the

nonlocal diffusion equation


dU

dt
= Lδ,βU(t) + b,

U(0) = 0.

(3.7)

Moreover, U ∈ C∞((0,∞);Hp(T n)), where p is as defined in (3.4).

Remark 3.1. The temporal regularity is in the sense of Gateaux differentiation.

Proof. The existence follows from Lemma 3.1 and Proposition 3.1. For the uniqueness, the

proof is similar to the proof of uniqueness in Theorem 2.2. The spatial regularity follows

from Theorem 3.1 and the temporal regularity follows from Proposition 3.1.

3.1 Regular functions as solutions of nonlocal diffusion

equation with diffusion source

In this section, we focus on functions b with absolutely summable Fourier coefficients,∑
k∈Zn

|b̂k| <∞.

Proposition 3.2. Let b ∈ Hs(T n) such that
∑

k∈Zn

|b̂k| <∞ and let β < n+ 4. Then

u(x, ·) ∈ C∞((0,∞)),

for all x ∈ T n.
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Proof. We use the Leibniz rule to differentiate under the sum. Let gk(t) =
em(νk)t−1
m(νk)

b̂ke
iνk·x

and consider

∑
0 ̸=k∈Zn

|gk(t)| =
∑

0̸=k∈Zn

∣∣∣∣em(νk)t − 1

m(νk)
b̂ke

iνk·x
∣∣∣∣

=
∑

0̸=k∈Zn

|b̂k|
∣∣∣∣em(νk)t − 1

m(νk)

∣∣∣∣
≤

∑
0̸=k∈Zn

|b̂k|
1

|m(νk)|
,

where in the last inequality, we used the fact that m(νk) < 0. Since 1
|m(νk)|

, k ̸= 0, is bounded

and
∑

k∈Zn

|b̂k| <∞, then gk(t) is summable for any fixed t. Moreover,

dgk
dt

= b̂ke
m(νk)teiνk·x,

is continuous for all k. Now fix t > 0, then there exists τ such that 0 < τ < t. We define

θk := |b̂k|em(νk)τ . Since m(νk) ≤ 0, for all k, then

θk = |b̂k|em(νk)τ ≤ |b̂k|,

showing that θk is summable. Moreover,

∣∣∣∣dgkdt
∣∣∣∣ = |b̂k|em(νk)t ≤ |b̂k|em(νk)τ = θk.

Therefore,

∂u(x, t)

∂t
= b̂0 +

d

dt

∑
0̸=k∈Zn

gk(t)

= b̂0 +
∑

0̸=k∈Zn

dgk
dt

=
∑
k∈Zn

b̂ke
m(νk)teiνk·x.
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This shows that u is differentiable with respect to t. For higher derivatives, let N ≥ 2 be an

integer, we observe that
dNgk
dtN

= b̂k (m(νk))
N−1em(νk)teiνk·x.

Define θk = |b̂k||m(νk)|N−1em(νk)τ . When β < n, then there exists C > 0 such that |m(νk)| ≤
C. Thus,

θk = |b̂k||m(νk)|N−1em(νk)τ ≤ CN−1|b̂k|,

showing that θk is summable. When β ≥ n, then em(νk)τ → 0 as ∥k∥ → ∞. Thus,

|m(νk)|N−1em(νk)τ ≤ 1 for sufficiently large ∥k∥. Hence θk ≤ |b̂k|, showing that θk is

summable. Furthermore,

∣∣∣∣dNgkdtN

∣∣∣∣ = |b̂k||m(νk)|N−1em(νk)t ≤ |b̂k||m(νk)|N−1em(νk)τ = θk.

This implies that u(x, ·) is N-times continuously differentiable and

∂Nu(x, t)

∂tN
=

dN

dtN

∑
k∈Zn

gk(t)

=
∑
k∈Zn

dNgk
dtN

=
∑
k∈Zn

b̂k|m(νk)|N−1em(νk)teiνk·x.

Since N is arbitrary, it follows that u(x, ·) ∈ C∞((0,∞)).

From Theorem 3.1 and Proposition 3.2 we obtain the following regularity result.

Theorem 3.3. Let n ≥ 1, δ > 0 and β < n + 4. Assume that b ∈ Hs(T n) and its Fourier

coefficients are summable. Then,

1. u ∈ C∞((0,∞);Hs(T n)), for β ≤ n,

2. u ∈ C∞ (
(0,∞);Hs+β−n(T n)

)
, for β > n.

Convergence of solutions of the nonlocal diffusion equation (3.1) to the solution of the

corresponding classical diffusion equation is given next in Theorem 3.4 and Theorem 3.5.
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Theorem 3.4. Let n ≥ 1 and b ∈ Hs(T n), with s ∈ R. Suppose u is the solution of the

classical diffusion equation ut = △u + b with initial condition u|t=0 = 0. For any δ > 0, let

uδ,β be the solution of the nonlocal diffusion equation


uδ,βt (x, t) = Lδ,βuδ,β(x, t) + b(x), x ∈ T n, t > 0,

uδ,β(x, 0) = 0, x ∈ T n.

(3.8)

Then, for t > 0 and β ≤ n,

lim
δ→0+

uδ,β(·, t) = u(·, t), in Hs(T n),

and for n < β ≤ n+ 2,

lim
δ→0+

uδ,β(·, t) = u(·, t), in Hs+β−n(T n).

Proof. The Fourier coefficients satisfy ûδ,βk = (em(νk)t−1)
m(νk)

b̂k and ûk = (e−∥νk∥2t−1)
−∥νk∥2

b̂k, for k ̸= 0.

For β ≤ n, then

∥uδ,β(·, t)− u(·, t)∥2Hs(Tn) =
∑

0̸=k∈Zn

(1 + ∥k∥2)s |ûδ,βk − ûk|2

=
∑

0̸=k∈Zn

(1 + ∥k∥2)s
∣∣∣∣∣(em(νk)t − 1)

m(νk)
− (e−∥νk∥2t − 1)

−∥νk∥2

∣∣∣∣∣
2

|b̂k|2.

To pass the limit δ → 0+ inside the sum, it is sufficient to show that

∣∣∣∣ (em(νk)t−1)
m(νk)

− (e−∥νk∥2t−1)
−∥νk∥2

∣∣∣∣
is uniformly bounded. Using (1.4), m(ν) ≤ 0 for ν ∈ Rn, and thus,

∣∣∣∣∣(em(νk)t − 1)

m(νk)
− (e−∥νk∥2t − 1)

−∥νk∥2

∣∣∣∣∣ ≤ 1

|m(νk)|
+

1

∥νk∥2
.

Since 1
m(νk)

, k ̸= 0, and 1
∥νk∥2

, k ̸= 0, are bounded, then

∣∣∣∣ (em(νk)t−1)
m(νk)

− (e−∥νk∥2t−1)
−∥νk∥2

∣∣∣∣ is uniformly
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bounded. For the case β > n, consider

∥uδ,β(·, t)− u(·, t)∥2Hs+β−n(Tn) =
∑

0̸=k∈Zn

(1 + ∥k∥2)s+β−n |ûδ,βk − ûk|2

=
∑

0̸=k∈Zn

(1 + ∥k∥2)s(1 + ∥k∥2)β−n

∣∣∣∣(em(νk)t − 1)

m(νk)

−(e−∥νk∥2t − 1)

−∥νk∥2

∣∣∣∣∣
2

|b̂k|2.

Since (1 + ∥k∥2)s|b̂k|2 is summable, then to pass the limit inside the above sum, we show

that the following function in k that is given by

(1 + ∥k∥2)β−n

∣∣∣∣∣(em(νk)t − 1)

m(νk)
− (e−∥νk∥2t − 1)

−∥νk∥2

∣∣∣∣∣
2

is uniformly bounded. Since m(ν) ≤ 0 for all ν ∈ Rn, then

(1 + ∥k∥2)β−n

∣∣∣∣∣(em(νk)t − 1)

m(νk)
− (e−∥νk∥2t − 1)

−∥νk∥2

∣∣∣∣∣
2

≤ (1 + ∥k∥2)β−n

(
1

|m(νk)|
+

1

∥νk∥2
)2

.

By using Theorem 1.2, there exists constant C > 0 such that |m(νk)| > C∥k∥β−n. Further-

more, using the fact that A∥k∥ ≤ ∥νk∥ ≤ B∥k∥ for positive constants A and B and since

β − n ≤ 2, then ∥νk∥2 ≥ A2∥k∥β−n. Therefore,

(1 + ∥k∥2)β−n

(
1

|m(νk)|
+

1

∥νk∥2
)2

≤ (1 + ∥k∥2)β−n

(
1

C∥k∥β−n
+

1

A2∥k∥β−n

)2

≤ max

(
1

C2
,
1

A4

)(
1 + ∥k∥2
∥k∥2

)β−n

,

showing uniform boundedness. Whether β ≤ n or n < β ≤ n + 2, we have lim
δ→0+

m(νk) =

−∥νk∥2, which implies that

lim
δ→0+

∥uδ,β(·, t)− u(·, t)∥Hs(Tn) = 0, or lim
δ→0+

∥uδ,β(·, t)− u(·, t)∥Hs+β−n(Tn) = 0,
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respectively, and therefore completing the proof.

A proof of the following lemma on the monotonicity of the multipliers can be found in

[17].

Lemma 3.2. Let β′ < β ≤ n+ 2. Then, for all ν ̸= 0, mδ,β(ν) < mδ,β′
(ν).

Theorem 3.5. Let n ≥ 1, s ∈ R and let b ∈ Hs(T n). Suppose u is the solution of the

classical diffusion equation ut = ∆u + b, with u|t=0 = 0, and for any β < n + 2, let uδ,β be

the solution of the nonlocal diffusion equation (3.8). Then, for t > 0, δ > 0, and 0 < ε < 2,

lim
β→(n+2)−

uδ,β(·, t) = u(·, t), in Hs+2−ε(T n).

Proof. For 0 < ε < 2, define β′ = n + 2 − ε. For any β > β′, we have from Theorem 3.1

that uδ,β ∈ Hs+β−n(T n) ⊂ Hs+2−ε(T n). Furthermore, u ∈ Hs+2(T n) ⊂ Hs+2−ε(T n). Thus

the limit makes sense. Consider

∥uδ,β(·, t)− u(·, t)∥2Hs+2−ε(Tn) =
∑

0 ̸=k∈Zn

(1 + ∥k∥2)2−ε

∣∣∣∣∣em
δ,β(νk)t − 1

mδ,β(νk)

−e
−∥νk∥2t − 1

−∥νk∥2

∣∣∣∣∣
2

(1 + ∥k∥2)s∥b̂k∥2.

Since b ∈ Hs(T n), in order to pass the limit in β inside the sum, we show that the expression

(1 + ∥k∥2)2−ε

∣∣∣∣∣em
δ,β(νk)t − 1

mδ,β(νk)
− e−∥νk∥2t − 1

−∥νk∥2

∣∣∣∣∣
2

is uniformly bounded for k ̸= 0 and β ∈ [β′, n+ 2). Applying Lemma 3.2,

(1 + ∥k∥2)2−ε

∣∣∣∣∣em
δ,β(νk)t − 1

mδ,β(νk)
− e−∥νk∥2t − 1

−∥νk∥2

∣∣∣∣∣
2

≤ (1 + ∥k∥2)2−ε

(
1

|mδ,β(νk)|
+

1

∥νk∥2
)2

≤ (1 + ∥k∥2)2−ε

(
1

|mδ,β′(νk)|
+

1

∥νk∥2
)2

.

From Theorem 1.2, there exists C > 0 such that |mδ,β′
(νk)| ≥ C∥k∥2−ε. Furthermore, there
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exists A > 0 such that ∥νk∥ ≥ A∥k∥. Thus,

(1 + ∥k∥2)2−ε

(
1

|mδ,β′(νk)|
+

1

∥νk∥2
)2

≤ (1 + ∥k∥2)2−ε

(
1

C∥k∥2−ε
+

1

A2∥k∥2
)2

≤ (1 + ∥k∥2)2−ε

(
1

C∥k∥2−ε
+

1

A2∥k∥2−ε

)2

,

which is uniformly bounded. Since lim
β→(n+2)−

m(νk) = −∥νk∥2, then the result follows.
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Chapter 4

Two dimensional Fourier continuation

In this chapter, we provide a description of the two-dimensional Fourier continuation (2D-

FC) following the algorithm presented in [2]. The 2D-FC method is used for constructing a

periodic extension of a smooth nonperiodic 2D function defined on a smooth two-dimensional

domain. This algorithm executes at a computational cost of O(N logN) for an N -point

discretization grid and converges with a specified dth order of convergence.

4.1 1D blending-to-zero algorithm

In the description given in [28], the 1D blending-to-zero algorithm starts by smoothly ex-

tending the vector f = (f1, f2, . . . , fN) ∈ RN of values of a complex-valued function f over

the set of uniformly spaced nodes D = {x1, x2, . . . , xN} where for a given step size h > 0,

xj = x1 + (j − 1)h.

Without loss of generality, we assume that x1 = 0 and xN = 1. The extension, which

relies on some number d of near-boundary function values {f1, f2, . . . , fd} near x = 0 and

{fN−d+1, fN−d+2, . . . , fN} near x = 1, produces a sequence {f̃j}∞j=−∞ with the property that

f̃j = fj for j = 1, 2, . . . , N . The extended vector f̃ is then blended to zero on either end by

multiplying with a suitable windowing function. This algorithm is depicted in Figure 4.1d
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and is briefly summarized below:

Let pl and pr be the unique, lowest degree polynomials such that pl interpolates {(xj, fj)}dj=1

and pr interpolates {(xj, fj)}Nj=N−d+1. Define the extension {f̃j} as follows

f̃j =


pl(xj), if j < 1,

fj, if 1 ≤ j ≤ N,

pr(xj), if j > N.

For convenience, we can represent this operation in a matrix form using the following two

Vandermonde matrices

Al =



1 x1 x21 . . . xdl−1
1

1 x2 x22 . . . xdl−1
2

...
...

...
. . .

...

1 xdl x2dl . . . xdl−1
dl


and Bl =



1 x1−M x21−M . . . xdl−1
1−M

1 x2−M x22−M . . . xdl−1
2−M

...
...

...
. . .

...

1 x0 x20 . . . xdl−1
0


.

Then for any vector v ∈ Rdl , A−1
l v contains the coefficients of the polynomial interpolant

of the points {(xi, vi)}dli=1 in order of increasing degree, and BlA
−1
l v contains the values of

the same interpolating polynomial at the points {xi}0i=1−M ( for the leftward extension).

Let Al = QlRl be the QR factorization of Al and define El = BlR
−1
l . Then, we have that

BlA
−1
l = ElQ

T
l . We can do the same operation at the right endpoint to produce matrices Er

and Qr. If we then write f = (fT
l , f

T
c , f

T
r )

T , where fl ∈ Rdl , fc ∈ RN−dl−dr , and fr ∈ Rdr ,

then the extension of f can be expressed as

f̃ =



ElQ
T
l 0 0

I 0 0

0 I 0

0 0 I

0 0 ErQ
T
r



fl

fc

fr

 .
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(a) (b) (c)

(d)

Figure 4.1: In (a), a smooth and symmetric windowing function. In (b), a smooth step
function transitioning between the values 0 and 1 at α and 1 − β, respectively. In (c), the
sampling of the step at 25 equispaced nodes in the interval (α, 1−β). In (d), a demonstration
of 1D blending to zero on a smooth but nonperiodic function f(x) = sin(15x)ex on [0,1].

Finally, we blend the extended function f̃ to zero on either end by multiplying by a windowing

function which is smooth and symmetric on both sides. The smooth window, as shown in

Figure 4.1a, is determined by the smooth step-up in the transition region [−δ, 0] or [1, 1+ δ].
Let ψ ∈ C∞([0, 1]) as shown in Figure 4.1b, with 0 ≤ ψ ≤ 1, and

ψ(x) = 0, for x in a neighborhood of [0, α]

ψ(x) = 1, for x in a neighborhood of [1− β, 1]

Then, such ψ generates a smooth step-up function on [0, 1] defined by

S(x) = ψ(α(1− x) + (1− β)x).
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The window function is then defined by

W (x; δ) =



0, x ∈ (−∞,−δ) ∪ (1 + δ,∞),

1, x ∈ [0, 1],

S(1 + x
δ
), x ∈ (−δ, 0),

S(1− x−1
δ
), x ∈ (1, 1 + δ).

We need M values of ψ sampled in the transition region (α, 1−β) in order to apply W (x; δ)

to f̃ . These samples are

ψ(α + ηj) j = 1, 2, 3, . . . ,M where η =
1− α− β

M − 1
, (4.1)

and are shown in Figure 4.1c. After scaling and translation, the interval (α, 1−β) corresponds
to the interval (−δ, 0) in Figure 4.1a and the step size η corresponds to the grid step size h.

Therefore, the samples in (4.1) are the required samples of W (x; δ) in the transition region

(−δ, 0). By multiplying these samples with the columns of El and Er element-wise, we have

the following discrete windowed extension operator

f̃W =



ẼlQ
T
l 0 0

I 0 0

0 I 0

0 0 I

0 0 ẼrQ
T
r




fl

fc

fr

 ,

where Ẽl and Ẽr are the counterparts of El and Er respectively, blended to zero by ψ. A

demonstration of the 1D blending to zero is shown in Figure 4.1d.
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Figure 4.2: Geometric constructions of the 2D-FC procedure. The interior strip V − and the
exterior strip V + are defined in Section 4.2.1.

4.2 2D-FC algorithm

Let f : Ω → C be given, where the domain Ω ⊂ R2 has a smooth boundary Γ = Ω \ Ω. We

assume that the values of f are known on the uniform Cartesian grids within Ω and on the

grid points on the boundary. The algorithm first produces 1D blending to zero values for f

along directions normals to the boundary Γ, to produce continuation values that vanish on

a certain 2D tangential-normal curvilinear grid around Γ as depicted in Figure 4.2. These

continuation values are then interpolated onto Cartesian grid points inside the region V + to

produce a 2D blending to zero continuation of f . Once all the interpolated values have been

obtained at all Cartesian grid points around Γ, the 2D-FC function is then obtained via a

2D Fast Fourier Transform (FFT) given by

f c(x, y) =

Nx/2∑
k=Nx

2
+1

Ny/2∑
l=

Ny
2

+1

f̂ c
kl exp

(
2πikx

Lx

)
exp

(
2πily

Ly

)
, (4.2)

where Lx and Ly are the periods in x and y directions respectively.
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4.2.1 Curvilinear grids along a 2D tangential-normal

The curvilinear grids are introduced within the interior and exterior strips V − and V +

respectively, as shown in Figure 4.2. These strips are given by

V − = {q(θ)− n(θ)γ : 0 ≤ θ ≤ 2π and 0 ≤ γ ≤ (d− 1)k1}

V + = {q(θ) + n(θ)γ : 0 ≤ θ ≤ 2π and 0 ≤ γ ≤ Ck1},

where q(θ) = (x(θ), y(θ)) is the parametrization of Γ, n(θ) = (nx(θ), ny(θ)) is the unit nor-

mal to the boundary at q(θ), and d, C, k1 represent the number of matching points near the

boundary, the number of continuation points, and the step size along the normals respec-

tively. Consider the following uniform discretization of the interval [0, 2π]

ΘB = {θp = pk2 : 0 ≤ p < B, k2 = 2π/B}. (4.3)

Then for each θp ∈ ΘB, the curvilinear grid along the corresponding normal within V − and

V + are respectively given as

V −
θp

= {rp,q = q(θp) + n(θp)(q − d+ 1)k1, 0 ≤ q ≤ d− 1}

V +
θp

= {sp,q = q(θp) + n(θp)qk1/nr, 0 ≤ q ≤ Cr},

where Cr = Cnr for some integer refinement factor nr (Remark 4.1). LetR = [a0, a1]×[b0, b1]

be the smallest closed rectangle which contains Ω ∪ V + as shown in Figure 4.2, and define

the following Cartesian grid H on R with step size h, where the continuation function values

will be computed.

H = {zij = (xi, yj) : xi = a0 + ih; yj = b0 + jh, 0 ≤ i < Nx and 0 ≤ j < Ny}.

Remark 4.1. The refinement factor nr helps to prevent accuracy loss by making the normal-

direction grids at the exterior finer than the grids inherent by the blending-to-zero process.
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Figure 4.3: Interpolation procedure for evaluating values of f on the set V −
θp

for the case

|nx(θp)| ≥ |ny(θp)|. The black solid circles indicate the points that define the set V −
θp
. The

known values of f at the D open circles are used to interpolate the function values at the
red stars (intersection points of the normal and the vertical grid lines). The values of f at
the red points are then used to obtain the values of f at the black points.

4.2.2 Computing continuation values on V +
θp

For a given θp ∈ ΘB, a continuation of f on V +
θp

is obtained via the blending-to-zero algorithm

described in Section 4.1. We first obtain the approximations of f on the set V −
θp
, which are

indicated by black solid circles in Figure 4.3, and then using these approximations to obtain

a continuation of f via the 1D blending-to-zero procedure along the corresponding normal

direction. The values of f on V −
θp

are obtained by a two-step polynomial interpolation scheme,

using polynomials of degree D − 1. This is briefly described as follows:

Consider the case where |nx(θp)| ≥ |ny(θp)|. We first estimate the values of f at each

red point, which is the intersection of the normal line and the vertical Cartesian grid lines

as shown in Figure 4.3, by interpolating vertically the function values at the selected D

Cartesian points, shown as open circles, onto the red points. Then we interpolate the values

of f at the D red points onto the black solid circles, using a polynomial of degree D − 1.

The case where |nx(θp)| < |ny(θp)| is handled in a similar way by replacing the interpo-

lation along vertical Cartesian grid lines with interpolation along horizontal Cartesian grid

lines to obtain the function values at the red points, and then interpolating the function

values at the red points onto the black solid points.
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4.2.3 Computing continuation values on the Cartesian grid

Once all the continuation values have been obtained on V +
ΘB

= {V +
θp
, θp ∈ ΘB}, we then

obtain the continuation of f on the Cartesian grid points within V + using a two-step 1D

polynomial interpolation scheme. The 2D-FC algorithm is then completed by evaluating cor-

responding FCs in (4.2) by means of 2D FFT. The description of the two-step 1D polynomial

interpolation scheme is presented below.

For an arbitrary Cartesian point Q ∈ H ∩ V +, we first obtain the nearest boundary

parameter value, θp, around Q using a proximity map. This proximity map can be obtained

by associating with each curvilinear discretization point sp,q the nearest Cartesian point using

round operator (which rounds x and y coordinates of Q to the nearest integer), resulting

in a set P0 ⊆ (H ∩ V +) × V +
ΘB

of pairs of points. The set P0 is then modified by removing

multiple associations for a given Cartesian point, and, by adding a next nearest curvilinear

neighbor to the Cartesian points that are unassociated.

The algorithm then uses the D-nearest boundary parameter values

Sθp = {θp−Kl
, θp−Kl+1, . . . , θp, θp+1, . . . , θp+Kr},

around θp (where Kl +Kr + 1 = D) to obtain the continuation of f at Q. Parameter values

θk with negative values of k are interpreted by periodicity: θk = θB+k.

For each parameter value θj, p − Kl ≤ j ≤ p + Kr, we find the signed perpendicular

distance from point Q to the normal vector n(θj), denoted by τj in Figure 4.4a. Let bj be

the perpendicular projection of Q onto the normal vector n(θj), denoted as the blue points

in Figure 4.4. Define

T (τj) = f c(bj), p−Kl ≤ j ≤ p+Kr,

where f c(bj) is the continuation of f at bj obtained via a 1D polynomial interpolation on D

blending to zero points along n(θj) (see Figure 4.4b). Clearly, T (0) = f c(Q). It then follows

that a 1D polynomial interpolation procedure on the function T (τ), using polynomial of

degree D − 1, can be used to obtain the desired continuation of f at Cartesian point Q.
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(a) (b)

Figure 4.4: Interpolation procedure for obtaining continuation values of f on H∩V +. In (a),
the blue-star interpolation points are the perpendicular projections of the Cartesian point Q
onto the normal vectors, and the τ ’s are the perpendicular distances from Q to each normal
vector. In (b), the interpolation of continuation values from the curvilinear grids to a point
Q on the Cartesian grids.

Finally, by applying a 2D FFT to the continuation function values computed above, we

obtain the desired Fourier series expression in (4.2) for the continuation function.

4.2.4 Parameter description and selection

Here, we briefly describe the parameters used in the 2D-FC algorithm. Additionally, we

select some specific values for these parameters to get the best result.

• d: number of near-boundary points used to blend f to zero along each normal.

• C: number of continuation points (subsection 4.1).

• k1: normal step size (subsection 4.2.1).

• k2: boundary step size (subsection 4.2.1).

• h: step size used to construct Cartesian grid H (subsection 4.2.1).

• nr: refinement factor used to obtain the curvilinear grids along each normal vector.

• N = Nx ×Ny: number of points in the uniform Cartesian grid (subsection 4.2.1).

• B: number of boundary discretization points (subsection 4.2.1)
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• D − 1: the degree of the interpolating polynomial (subsections 4.2.2 and 4.2.3).

For a given step size h used to construct the Cartesian grid H, we choose normal step

size k1 and boundary step size k2 to coincide with h. The parameters C = 25, M = 25,

W = 29, α = β = 0.15, and nr = 6 were used in the 1D blending to zero procedure

described in Section 4.1. Finally, we set the interpolating polynomial degree (D − 1) = d

for all matching point numbers d considered except the interpolation-degree experiments

presented in Example 1.

In the following example, we demonstrate the performance of the 2D-FC method using

three interpolation degrees: D−1 = d, d+1, and d+2 for a given matching point number d.

Example 1. We consider the FC approximation of the function f : Ω → R given by

f(x, y) = −(x8 + y8) sin(8πx) sin(8πy) (4.4)

on the unit disk Ω = {(x, y) : x2 + y2 ≤ 1} with three different values of d: d = 4, 5, and 8;

and three different values of D: D = d+ 1, d+ 2, and d+ 3.

Figure 4.5 displays the relative L2 errors as functions of the number of spatial discretiza-

tion, N1D (Nx = Ny ≈ N1D + 2C), in one direction within Ω. The errors are computed on

a Cartesian grid of step size h/2 within Ω. The approximations of f on the finer grid are

obtained by means of zero padding [29]. For the case D = d + 1 (Figure 4.5a), we observe

fifth, sixth, and ninth orders of convergence for d = 4, 5, and 8 respectively, showing con-

vergence of order d + 1. However, for the case D = d + 2 (Figure 4.5b), we observe order

d + 2 convergence for d = 5 and 8, and order d + 1 convergence for d = 4. For the case

D = d + 3 (Figure 4.5c), we observe order d + 1 convergence for d = 4 and 5, and order

d+2 convergence for d = 8. The case D = d+1, which gives a similar order of convergence

(d+ 1) for the three values of d considered, will be used in all of the numerical experiments

presented in this work.

In the next example, we demonstrate the 2D-FC expansion of a two-dimensional non-

periodic function defined on a two-dimensional domain contained within the curve given
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(a) D = d+ 1 (b) D = d+ 2 (c) D = d+ 3

Figure 4.5: Convergence study for the 2D-FC approximation of the function f in (4.4) with
three choices of matching point numbers d: d = 4, 5, and 8; and three choices ofD: D = d+1,
d+2, and d+3. The integer N1D is the number of spatial grid points in one spatial direction
within Ω.

by

x(θ) = r(θ) cos(θ); y(θ) = r(θ) sin(θ), (4.5)

where r(θ) = 5 + cos(7θ)/2 + sin(4θ)/3 and 0 ≤ θ ≤ 2π.

Example 2. We choose d = 4, D = 5, h = 0.01, and employ the 2D-FC method to extend

g(x, y) = 6 + 0.5y − 0.2(x+ 1)2 + 0.6 sin(4.1
√
x2 + y2) cos(3.8(x− y)),

over the domain defined in (4.5). Figure 4.6 displays both the original function and its

extension.

(a) (b)

Figure 4.6: Demonstration of the 2D-FC expansion of a nonperiodic function defined on a
2D domain in the settings of Example 2. (a) the original nonperiodic function g. The green
curve indicates the boundary of the domain. (b) the 2D-FC expansion of the function g.
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Chapter 5

Fourier spectral method for nonlocal

equations on bounded domains

In this chapter, we present a spectral numerical method for solving two-dimensional nonlo-

cal equations on bounded domains. In particular, we solve nonlocal Poisson and nonlocal

diffusion equations within bounded domains. Spectral methods are accurate and efficient for

solving nonlocal equations because they transform the integral in the nonlocal formulation

to multiplication in Fourier space. For example, the application of the nonlocal operator Lδ,β

on a function u results in multiplication in Fourier space, as shown in (1.3), and this runs

at a computational cost of O(N logN) for an N -point discretization grid. For comparison

of the efficiency and accuracy of spectral methods versus standard numerical methods such

as finite differences, see [1]. A spectral method for nonlocal equations on periodic domains

has been developed in [1] with high accuracy, but one difficulty that arises in adapting this

spectral method to solve nonlocal equations on bounded domains is that the solutions are in

general nonperiodic, therefore exhibiting the Gibbs phenomenon as the Fourier coefficients of

the solution decay slowly. One way around this is to use Fourier continuation. The idea be-

hind Fourier continuation is to reduce the impact of slowly decaying Fourier coefficients of a

smooth but nonperiodic function on a given domain by constructing a smooth periodic exten-

sion of the function over a larger domain. Our proposed solvers build on the Fourier spectral
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method developed in [1] for the periodic case and the two-dimensional Fourier continuation

(2D-FC) method presented in Chapter 4 to solve two-dimensional nonlocal equations within

a bounded domain Ω and with Dirichlet conditions on the collar region. The collar region is

the extension of Ω by δ and it is defined by

ΩI = {y ∈ R2 \ Ω : ∥x− y∥ ≤ δ, for some x ∈ Ω}.

A description of our proposed method is given in the following sections.

5.1 Nonlocal Poisson equation

Consider the following two-dimensional nonlocal Poisson equation with Dirichlet conditions

on the collar region


Lδ,βu(x, y) = f(x, y), (x, y) ∈ Ω

u(x, y) = b(x, y), (x, y) ∈ ΩI

. (5.1)

Our approach for solving (5.1) builds on the spectral method for nonlocal Poisson equation

on periodic domains by constructing a periodic extension of the problem using the Fourier

continuation algorithm. We then solve the extended problem using the iterative linear alge-

bra solver GMRES [30] to obtain the solution within a specified tolerance. This process is

detailed below.

We first transform (5.1) into the following linear system

Au = g, A =

L

B

 , g =

f
b

 , (5.2)

where L and B are respectively the associated matrices of the nonlocal operator Lδ,β and

the boundary operator B given by the Dirichlet conditions on the collar region. To apply
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GMRES to this system, we do not need to compute A and store it in memory. Instead, it is

sufficient to express the forward operator v 7→ Av as a function. The action of the operator

B is a restriction of the values of v to the collar region. We derive the forward operator

function using the properties of Lδ,β as follows:

u→ uext → ûext → L̂uext = mδ,βûext → Luext → Lu, (5.3)

where uext is the extension of u obtained by the 2D-FC method, ûext is the Fourier transform

of uext obtained by means of the fast Fourier transform (FFT), Luext is the inverse Fourier

transform of L̂uext, and Lu is the restriction of Luext to the domain Ω. We then obtain the

solution of (5.1) by applying GMRES to the system (5.2) within a specified tolerance.

5.2 Nonlocal diffusion equation

Consider the following 2D nonlocal diffusion equation with Dirichlet conditions on the collar

region and with initial condition


ut(x, y, t) = Lδ,βu(x, y, t) + s(x, y, t), (x, y, t) ∈ Ω× (0, T ),

u(x, y, 0) = u0(x, y), (x, y) ∈ Ω,

u(x, y, t) = b(x, y), (x, y) ∈ ΩI .

(5.4)

Similar to the nonlocal Poisson solver, we first construct the periodic extension of (5.4)

using the 2D-FC algorithm. We then solve the extended problem using the fourth-order

Adams-Bashforth method. The process is detailed below.

First, consider the semi-discrete form of (5.4), where we replace u by a time dependent

vector u⃗ as follows

u⃗′ = Lδ,βu⃗+ s⃗ := f(u⃗). (5.5)
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For a given final time T > 0 and a time step-size τ , we first obtain the vectors u⃗1, u⃗2, and

u⃗3, using the fourth-order Runge-Kutta method. Then, for k = 4, 5, . . . , K, where K = T/τ ,

we obtain u⃗k by using the fourth-order Adams-Bashforth method given by

u⃗k+4 = u⃗k+3 + τ

(
55

24
f(u⃗k+3)−

59

24
f(u⃗k+2) +

37

24
f(u⃗k+1)−

9

24
f(u⃗k)

)
.

To obtain f(u⃗k), k = 0, 1, . . . , K, we apply the 2D-FC method to extend u⃗ in (5.5), as follows

u⃗k → (u⃗k)ext → (̂u⃗k)ext → ̂(Lδ,βu⃗k)ext = mδ,β (̂u⃗k)ext → (Lδ,βu⃗k)ext → Lδ,βu⃗k + s⃗k = f(u⃗k),

where (u⃗k)ext is the extension of u⃗k obtained by the 2D-FC method, (̂u⃗k)ext is the Fourier

transform of (u⃗k)ext obtained by means of FFT, (Lδ,βu⃗k)ext is the inverse Fourier transform

of ̂(Lδ,βu⃗k)ext, and Lδ,βu⃗k is the restriction of (Lδ,βu⃗k)ext to the domain Ω.

5.3 Numerical results

This section demonstrates the accuracy and performance of our proposed method for solving

nonlocal equations on bounded domains. In particular, we present the convergence study

for the spectral solvers described in Sections 5.1 and 5.2 for the 2D nonlocal Poisson and

nonlocal diffusion equations, respectively. Additionally, we study the discontinuities in the

solutions of these equations. The 2D-FC parameters are as chosen in Section 4.2.4.

5.3.1 Convergence test for nonlocal Poisson equation

Here, we construct a manufactured solution to study the accuracy and convergence of the

nonlocal Poisson equation (5.1). To this end, let

u(x, y) = sin(2πr1x) sin(2πr2y)
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δ
β=1.2

mδ,β
β=2.0

mδ,β
β=2.5

mδ,β

0.4 −82.87098585883194 −180.5053934013443 −387.0397711705603

Table 5.1: The multipliers of the nonlocal operator Lδ,β applied on u = sin(2πr1x) sin(2πr2y),
where r1 = 10.6418 and r2 = 12.6418, with a fixed δ = 0.4 and three different values of β.

be the solution of (5.1), where r1 = 10.6418 and r2 = 12.6418. Clearly, u(x, y) is a highly

oscillatory nonperiodic function. To obtain the right hand side function, f(x, y), we apply

the operator Lδ,β on u, using the property of Lδ,β given in (1.3), with fixed δ = 0.4 and three

different values of β : 1.2, 2.0, and 2.5. These values of β represents β < n, β = n, and

β > n. A direct computation of the multipliers mδ,β is provided in Table 5.1. We compute

these multipliers using the implementation of the 2F3 hypergeometric function provided by

mpmath [31], as detailed in [17]. We then use these manufactured solutions to compute the

errors as shown in the following example.

Example 3 (Convergence test for the nonlocal Poisson equation). We employ our pro-

posed spectral method to solve the nonlocal Poisson equation (5.1) over the unit disk and

study the error convergence using eight numbers of spatial discretizations Nx = Ny =

300, 400, 500, 600, 700, 800, 900, and 1000. We fix δ = 0.4, and choose three different val-

ues of β : 1.2, 2.0, 2.5. We set the boundary function b(x, y) = sin(2πr1x) sin(2πr2y) and

the right-hand side function

f(x, y) = Lδ,βb(x, y) = mδ,βb(x, y),

where r1 = 10.6418, r2 = 12.6418, and the multipliers mδ,β are as given in Table 5.1.

A convergence study for this test case is shown in Figure 5.1 for d = 4 and d = 5,

with fixed D = d + 1. We use the manufactured solution described above to compute the

L2 errors reported. We observe seventh and eighth orders of convergence for d = 4 and

d = 5, respectively, showing convergence of order d+ 3 for the three cases of β considered.

Moreover, we observe no significant difference in the errors reported for d = 4 and d = 5
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Figure 5.1: Convergence of the 2D-FC based solution of the nonlocal Poisson equation (5.1)
in the settings of Example 3 with fixed δ = 0.4, fixed D = d+ 1, and two values of d.

for these numbers of spatial discretizations. Thus, for the rest of this work, we will use d = 4

for all numerical computations of nonlocal Poisson equations.

5.3.2 Convergence test for nonlocal diffusion equation

Similarly, we construct a manufactured solution to study the accuracy and convergence for

the nonlocal diffusion equation (5.4). Let

u(x, y, t) = e−2π2κt sin(2πr1x) sin(2πr2y)

be the solution of (5.4), where κ = 0.1, r1 = r2 = 15.6455. Clearly, u(x, y) is highly

oscillatory and nonperiodic. To obtain the heat source, s(x, y, t), we apply operator Lδ,β on

u, using the property of Lδ,β given in (1.3), with fixed δ = 0.2 and three values of β : 1.0,

2.0, and 2.5. Thus,

s(x, y, t) = ut − Lδ,βu =
(
−2π2κ−mδ,β

)
u. (5.6)

A direct computation of the multipliersmδ,β is provided in Table 5.2. We compute these mul-

tipliers using the implementation of the 2F3 hypergeometric function provided by mpmath

[31], as detailed in [17].

Example 4 (Convergence test for nonlocal diffusion equation). We employ our proposed
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δ
β=1.0

mδ,β
β=2.0

mδ,β
β=2.5

mδ,β

0.3 −130.16228859689554 −321.3202730766787 −689.8419741563309

Table 5.2: The multipliers of the nonlocal operator Lδ,β applied on u = sin(2πr1x) sin(2πr2y),
where r1 = r2 = 15.6455, with a fixed δ = 0.3 and three different values of β.

method to study the error convergence of the nonlocal diffusion problem (5.4) over the kite-

shaped domain contained within the curve given by

x(θ) = cos(θ) + 0.35 cos(θ)− 0.35; y(θ) = 0.7 sin(θ) for 0 ≤ θ ≤ 2π (5.7)

using step sizes h = 0.02/2k, k = 0, 1, 2, 3, 4 and time step size τ = 5.0 · 10−07. We fix

δ = 0.3, and choose three values of β : 1.0, 2.0, and 2.5, and we set the boundary function

b(x, y) = e−2π2κt sin(2πr1x) sin(2πr2y), where κ = 0.1, r1 = r2 = 15.6455, and the heat

source, s(x, y, t), is as given in (5.6).

A convergence study for this test case is shown in Table 5.3 for d = 4 and d = 5, with

fixed D = d + 1. We use the manufactured solution described above to compute the L2

errors reported. We observe sixth and seventh orders of convergence for d = 4 and d = 5,

respectively, showing convergence of order d+ 2 for the three cases of β considered.

Moreover, as observed in the case of nonlocal Poisson equation, we observe no significant

difference in the errors reported for d = 4 and d = 5. Thus, for the rest of this work, we will

use d = 4 for all numerical computations of nonlocal diffusion equations.

5.3.3 Study of discontinuities for the nonlocal Poisson equation

In this section, we study the behavior of the discontinuities in the numerical solutions of

nonlocal Poisson equations on bounded domains. For the case of integrable kernels (β < 2),

we emphasize that if f is discontinuous, then the solution of the nonlocal Poisson equation

is also discontinuous and will share the same location of jumps with f . However, for the

case of singular kernels with β > 3, we form a conjecture that even if f is discontinuous, the
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d h
β=1.0
ε2 Order

β=2.0
ε2 Order

β=2.5
ε2 Order

4 2.00 · 10−2 1.13 · 10−05 —– 5.33 · 10−05 —– 2.48 · 10−04 —–
1.00 · 10−2 1.51 · 10−07 6.2 9.45 · 10−07 5.8 6.81 · 10−06 5.2
5.00 · 10−3 2.07 · 10−09 6.2 1.48 · 10−08 6.0 1.45 · 10−07 5.6
2.50 · 10−3 1.87 · 10−11 6.8 9.21 · 10−11 7.3 1.22 · 10−09 6.9
1.25 · 10−3 2.43 · 10−13 6.3 1.29 · 10−12 6.2 2.29 · 10−11 5.7

5 2.00 · 10−2 7.87 · 10−05 —– 4.10 · 10−04 —– 1.93 · 10−03 —–
1.00 · 10−2 8.84 · 10−07 6.5 5.86 · 10−06 6.1 4.16 · 10−05 5.5
5.00 · 10−3 5.53 · 10−09 7.3 3.30 · 10−08 7.5 3.23 · 10−07 7.0
2.50 · 10−3 2.99 · 10−11 7.5 1.87 · 10−10 7.5 2.49 · 10−09 7.0
1.25 · 10−3 3.49 · 10−13 6.4 1.27 · 10−12 7.2 2.15 · 10−11 6.9

Table 5.3: Convergence of the 2D-FC based solution of the nonlocal diffusion equation (5.4)
in the settings of Example 4 with fixed δ = 0.3, fixed D = d+ 1, two different values of d: 4
and 5, and three choices of β: 1.0, 2.0, and 2.5.

solution will be continuous.

Example 5. Let Ω be the kite-shaped domain contained within the curve defined in (5.7).

We solve the nonlocal Poisson equation (5.1) over Ω using h = 0.0025 with δ = 0.4, and

three different values of β : 1.0, 2.0, and 3.0, and we set f(x, y) = 4 and b(x, y) = x2 + y2.

In Figure 5.2, we observe that the solutions are continuous everywhere and are the same

for the three cases of β considered. This continuity arises from the fact that the nonlocal

Laplace operator behaves like the classical Laplace operator when applied on any polynomial

of degree ≤ 2 for any value of β or δ. Since the boundary function b(x, y) is a polynomial of

degree 2, and f(x, y) = 4, then the solution u(x, y) must also be a polynomial of degree 2,

which is continuous everywhere.

Example 6. Let Ω be the unit disk. We solve the nonlocal Poisson equation (5.1) over

Ω with h = 0.0025. We choose δ = 0.2, three values of β : 1.5, 2.2, 3.1, and we set

f(x, y) = | sin(πx) sin(πy)| and b(x, y) = −x2.

Figure 5.3 presents the numerical solution for the three choices of β considered. We

observe that the solution is discontinuous at ∂Ω, and the magnitude of the jump decreases

as β increases. Specifically, we observe that for β > 3, the magnitude of the jump is small.
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(a) β = 1.0 (b) β = 2.0 (c) β = 3.0

Figure 5.2: Simulation results in Example 5 with a fixed δ = 0.4 and three choices of β.

The maximum and the minimum magnitudes of the jumps at ∂Ω for all the values of β

considered are provided in Table 5.4, and they are computed using the following formula:

magnitude of the jump = |ũ(xθ, yθ)− b(xθ, yθ)| ,

where ũ is the extension of u from the interior of Ω to the boundary ∂Ω, xθ and yθ are the

x and y coordinates of the boundary ∂Ω at θ ∈ ΘB, and b is the given boundary function.

β = 1.5 β = 2.2 β = 3.1

min magnitude 0.0538468 0.0187264 6.24 · 10−05

max magnitude 0.0646947 0.0372901 0.0097378

Table 5.4: The minimum and the maximummagnitudes of the jumps at ∂Ω in the simulations
results presented in Figure 5.3. We observe that the magnitudes of the jumps decrease as β
increases.

The following example considers the case where f(x, y) is discontinuous. As in the peri-

odic case, we expect the solution to be discontinuous at the location where f is discontinuous.

Example 7. Let Ω be the kite-shaped domain contained within the curve defined in (5.7). We

solve the nonlocal Poisson equation (5.1) over Ω with h = 0.0025. We choose δ = 0.5, four

different values of β : 1.2, 2.0, 2.5, 3.1, and we set the boundary function b(x, y) = x2 + y2

and

f(x, y) =


80, if x2 + 4y2 < 0.2

4, otherwise

.
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(a) β = 1.5 (b) β = 2.2 (c) β = 3.1

Figure 5.3: Simulation results in Example 6 with a fixed δ = 0.2 and three different values
of β. We observe that the magnitude of the jump at the ∂Ω decreases as β increases (see
Table 5.4).

In Figure 5.4, we present the numerical solutions for four different values of β: 1.2, 2.0,

2.5, and 3.1. We observe that as β increases, the magnitudes of the jump discontinuity inside

the domain Ω and at its boundary ∂Ω decrease. Furthermore, these discontinuities occur at

the exact location where f is discontinuous. Specifically, the maximum and the minimum

magnitudes of the jumps in the interior of the domain for all the values of β considered are

given in Table 5.5, and they are computed using the following formula:

magnitude of the jump = |ũint(xθ, yθ)− ũext(xθ, yθ)| ,

where ũint is the extension of u from the interior of the ellipse to the boundary of the ellipse,

ũext is the extension of u from the exterior of the ellipse to the boundary of the ellipse, and

xθ and yθ are the x and y coordinates of the boundary of the ellipse at θ ∈ ΘB.

β = 1.2 β = 2.0 β = 2.5 β = 3.1

min magnitude 1.3589861 0.3237825 0.0363031 1.75 · 10−05

max magnitude 1.3681906 0.4040726 0.0856388 0.0067363

Table 5.5: The minimum and the maximum magnitudes of the jumps in the interior of Ω
in the simulations results presented in Figure 5.4. We observe that the magnitudes of the
jumps decrease as β increases..
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(a) β = 1.2 (b) β = 2.0 (c) β = 2.5 (d) β = 3.1

Figure 5.4: Simulation results in Example 7 with a fixed δ = 0.5 and four choices of β.

To make a connection between the numerical results in this work, in particular Exam-

ple 7, and previous mathematical analysis in this area, we note that regularity results for

the nonlocal Poisson equation on periodic domains have been developed in [17]. However,

regularity of solutions for the nonlocal equation on bounded domains is still an open problem.

For the periodic case, Theorem 4.1 in [17] implies that if f ∈ L2, then u ∈ Hβ−n. In

particular, in the case when when n = 2 and 3 < β < 4, then u ∈ Hβ−2, which implies that u

is continuous using the embedding theorem. Using intuition from the periodic case combined

with the numerical observations in Example 7, we expect that this smoothing behavior as β

increases would be true in the case of bounded domains as stated in the following conjecture.

Conjecture 1. Let u be the solution of (5.1) and assume that f ∈ L2(Ω). Then, if 3 < β <

4, then u ∈ C(Ω).

5.3.4 Evolution of discontinuities for nonlocal diffusion equation

In this section, we study the propagation of discontinuity in the solution of nonlocal diffusion

equation (5.4). We emphasize that the nonlocal diffusion equation with nonlocal boundary

conditions also satisfies an instantaneous smoothing effect when β > n, a gradual smoothing

effect when β = n, and non-smoothing when β < n.

Example 8. Let Ω be the domain contained within the curve given by

x(θ) = r(θ) cos(θ); y(θ) = r(θ) sin(θ), (5.8)
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where r(θ) = 1.1 + cos(7t)/20 + sin(4t)/30, and 0 ≤ θ ≤ 2π. We solve the nonlocal diffusion

equation (5.4) over Ω at four different time instances: 0.02, 0.03, 0.04, and 0.05 with time

step size τ = 2.5 ·10−7 and spatial step size h = 0.005. We set the initial condition u0(x, y) =

sin(2πx) cos(2πy), the boundary function b(x, y) = −(1 + x2 + y2), and the heat source

s(x, y, t) = 0.

In this case, the corresponding classical heat equation is given by


ut(x, y, t) = ∆u(x, y, t), (x, y, t) ∈ Ω× (0, T ),

u(x, y, 0) = sin(2πx) cos(2πy), (x, y) ∈ Ω,

u(x, y) = −(1 + x2 + y2), (x, y) ∈ ∂Ω.

(5.9)

The first row of Figure 5.5 demonstrates the numerical solution to the classical diffusion

problem (5.9) at different times t = 0.02, 0.03, 0.04, and 0.05. The second row of Figure 5.5,

demonstrates the numerical solution for the nonlocal diffusion problem in Example 8 with

fixed δ = 0.2 and β = 1.5 for the same corresponding times t = 0.02, 0.03, 0.04, and 0.05.

For classical diffusion, we observe an instantaneous smoothing effect at ∂Ω, in particular,

the solution is continuous at the boundary. In contrast, the solution to the nonlocal problem

is discontinuous at ∂Ω, however, the magnitude of the jump decreases as time increases.

We further observe that for both local and nonlocal diffusion, oscillations in the initial data

smooth out as time increases.

Example 9. We solve the nonlocal diffusion equation (5.1) over the domain contained within

the curve given in (5.7) with spatial step size h = 0.005 and time step size τ = 2.5 · 10−7 at

four different time instances: t = 0.001, 0.005, 0.01, and 0.03. We set b(x, y) = 0, the heat

source s(x, y, t) = 0, and the initial condition

u0(x, y) =


2, if x2 + y2 < 0.3,

e−x4−y4 , otherwise.
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(a) t = 0.02 (b) t = 0.03 (c) t = 0.04 (d) t = 0.05

Figure 5.5: Simulation results in Example 8 with fixed δ = 0.2 and two different values of β:
4.0 (first row) and 1.5 (second row) at four different time instances.

In Figure 5.6, we present the numerical solutions for a fixed δ = 0.2 and two values of β:

4.0 and 1.0 at different final time. For the case β = 4.0, which corresponds to the classical

heat equation, we observe an instantaneous smoothing effect at ∂Ω compared to the nonlocal

counterpart where β = 1.0.

(a) t = 0.001 (b) t = 0.005 (c) t = 0.01 (d) t = 0.03

Figure 5.6: Simulation results in Example 9 with fixed δ = 0.2 and two different values of β:
4.0 (first row) and 1.0 (second row) at four different time instances.
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