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Abstract

Moments of L-functions are central objects in analytic number theory, providing insight
into the size, distribution, and arithmetic behavior of L-functions. This report presents a
detailed and self-contained exposition of Soundararajan’s asymptotic formula for the fourth
moment of Dirichlet L-functions associated with primitive Dirichlet characters modulo ¢ at
the central point s = %, valid uniformly for all moduli, including large highly composite ones.
The proof relies on a splitting technique applied to the approximate functional equation.
The diagonal terms of the short range sum yield the leading asymptotic of order ¢(logq)?,
while the remaining contributions are shown to be of lower order using analytic estimates.
The report develops the necessary background, establishes key lemmas, and carefully ana-
lyzes both main and error terms. This work provides a clear and accessible treatment of a
significant result in the theory of L-functions, serving both as a reference for Soundarara-
jan’s method and as an introduction to the analytic techniques underlying higher moments

of Dirichlet L-functions.
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Chapter 1

Introduction

The study of L-functions occupies a central position in modern number theory, connecting
arithmetic and geometry. Their special values, particularly at the central point s = %, encode
deep arithmetic information and are closely related to problems such as non-vanishing and

equidistribution. This naturally leads to the study of moments of L-functions.

1.1 Moments of Dirichlet L-functions

In this report, we focus on moments of Dirichlet L-functions associated with primitive
Dirichlet characters modulo ¢q. For a positive integer k, the k'™ moment of Dirichlet L-

functions associated with primitive Dirichlet characters y (mod ¢) at s = % is defined by
1 * 1
M) = = 3|25

vra) 4=
where Z is the sum over primitive characters and ¢*(q) is the number of such
X (mod g)

k

Y

characters. Individual values of ‘L (%, X) ‘ can be large or small, and are difficult to estimate.

However, their averages over x often admits precise asymptotic formulas.

The first moment measures the average size of |L (%, X) ‘, indicates whether these values
tend to be biased toward being large or small, and in particular can be used to detect non-

vanishing. However, the first moment can be deceptive; since one or two massive values



could pull the average up even if most values are tiny. Thus, from the first moment alone,
one cannot tell whether large values are typical or instead rare but extreme. In contrast,
very large values of ‘L (%, X) ‘ are much more visible in the second moment than in the first,
because squaring amplifies their contribution relative to typical values. Higher moments
continue this process; by raising the values to higher powers, they increasingly emphasize
the contribution of extreme values. As the order of the moment increases, the number
of summation variables arising from the Dirichlet series expansion also increases, leading
to arithmetic relations among these variables. After applying the approximate functional

equation and expanding the 2k moment, one is led to the expression, roughly of the form

Z* Z X(n1n2 e nk)y(mlmQ e mk) W
)
n n . .. n m m ... m
x (mod q) ™12, Nk \/ 1752 ke TR k
mi1,ma, - Mg

where W is a smooth rapid decay function. Orthogonality yields congruence conditions of
the form

ning -+ Nk = mymeg---my (mod q).

The main asymptotic contribution arises from the diagonal terms. The off-diagonal terms
become substantially more difficult to handle for higher moments due to the emergence of

shifted convolution sums

> di(a)d(a 1),

a<x

where dj(a) is the divisor function when a = ajas . . . ay.

Modern perspectives on moments are guided by conjectures from random matrix theory.
Following Katz and Sarnak, families of L-functions are classified into three principal sym-
metry types: unitary, symplectic, and orthogonal, each leading to different growth rates for
moments at the central point. The family of Dirichlet L-functions associated with primitive

Dirichlet characters modulo ¢ is unitary. In this setting, random matrix theory predicts



that the 2k™ moment grows on the order of (log q)k2. In particular for the fourth moment,
1 * 1
M=~ X 2 (5]

v 2=
1.2 Historical Background and the Fourth Moment

4
= (log q)4.

Historically, the problem of computing moments dates back to Hardy and Littlewood®.

They studied the integrals of the type

[+

in order to study the Lindelof hypothesis!. They mentioned the Lindeléf hypothesis is

2k
dt, k>1

equivalent? to obtaining sharp bounds on all the positive, even integral moments. Since
then, the moments of the Riemann zeta-function and of more general L-functions have

become natural objects of study. In 1916, Hardy and Littlewood! computed the second

[ leGee)

Later in 1926, Ingham? obtained an asymptotic formula for the fourth moment of ¢(s) as

[ G)

Tt states that as t — oo, C(%Jrit) < t¢, Ve > 0. For the family of Dirichlet L-functions with Dirichlet
character modulo ¢, it states that for any e <0, L (%, f) < q°.
2Let ¢ (3 +it) < t¢, Ve > 0. If this holds then for any fixed k,

1

’C (2+Zt>

T 1 . 2k
/0 C <2+Zt)

The converse part of this equivalence is straight-forward. One can also prove the equivalence for the family
of Dirichlet L-functions. In 1918, Backlund? mentioned a necessary and sufficient condition for the Lindel6f

hypothesis. It states that LH is equivalent to the statement that the number of non-trivial zeros of the

Riemann zeta function with R(s) > 3 and imaginary part between T and T + 1 is o(log T) as T — oc.

moment of ((s) as follows

2
dt ~ TlogT.

4
T 4

2k
< t2ke < tE.

Therefore,

T
dt <</ tedt = T1+e,
0




More precisely
4

T
dt =
2

2

(log T)* + O(T (log T)?).

[+

In 1979, Heath-Brown* improved this result as follows

[+

and a3 = % (47 —1—log(2m) — %;(2)) In the Theorem 3 of the 1980
paper®, Iwaniec mentioned that

2
T+T3Te 1
_ t
| <(2 “>

In 1978, Heath-Brown® proved the t-aspect bound for the twelfth moment of the Riemann

[+

One can also obtain the Weyl-strength sub-convexity bound as

4 4
dt =3 a,T(log T) + O (T%+€> ,

1=0

where a4 = #,

4
dt <, Tste.

zeta function as follows

12
dt <. T**.

1
<(§ +z’t) < tote,

In 1993, Motohashi”’® proved an exact spectral formula for a smoothed fourth moment of
the Riemann zeta function: after applying a smooth weight, one can express the integral
of }( (% + z't) ‘4 in terms of a sum over automorphic forms, specifically involving the cubic
central values L (%, f)3 of Maass forms f for SLy(Z). No other asymptotic formulas for

higher moment of ((s) has been computed so far.

The family of Dirichlet L-functions with primitive character y modulo ¢ is analogous
in some ways to the Riemann zeta function in t-aspect. But for the Riemann zeta func-
tion, moments arise from continuous averaging over the parameter t, while for Dirichlet

L-functions one averages discretely over characters. In 1979, Ramachandra® conjectured



that, for Dirichlet characters modulo some prime p,

> ()

X (mod p)
In 1981, for a general ¢ Heath-Brown'® showed that
* LA ¢@pp=p)? 4 3
L= = 1 0 (2 Dq (1 1.1

> (Z,X)‘ sl | 7y les) (2"@q(logq)’),  (1.1)

x (mod q) plg

4

p
~ ﬁ(logp)4-

where w(q) denotes the number of distinct prime divisors of g. Since there are no primitive

characters with ¢ = 2 (mod 4), see Lemma 3.2, we can assume that ¢ #Z 2 (mod 4). Given

1\? 1 1 1
* = 1— - 1—- ) = d 1+ -] xlogl
#19) qH< p) al ( p) loglogg’ ™" 11 ( +p> eet

plg P<Puw(q) P<Puw(q)
we obtain
. * 1 4 (l_p_l)s —1\5
_ Main terms growth _ ¢ (¢)(log q) Hp|q ) _ logg H (I—p)
9= Error terms growth 2v(9)q(log q)3 ~ quwla) | (1+p1)
pla
log q

= 2@ (loglog ¢)°
If w(q) < (@ — e) log log g then as ¢ — oo,

log q 2elog10gq
g - loglog ¢ =
og 2

—eloglog ¢ (log log ¢)° (loglog q)8

— OQ.

Thus, when w(q) < (1022 — e) loglog ¢ (which holds for almost all ¢), the main term dom-

inates the error term, and (1.1) gives a g-analog of Heath-Brown’s result for {(s). But if ¢

is a large and highly composite® (or product of small primes) with w(q) > %’ then as

q — 00,

1
< - 0.
9= (loglog g)° —

Therefore, the error term dominates the main term in (1.1). To improve the Heath-Brown’s '’

3We call a number z highly composite if V n < z, d(n) < d(z).



result, in 2007 Soundararajan'® provided the following theorem suggesting an asymptotic

formula for the fourth moment valid for all ¢ including the large highly composite ones.

Theorem. For all positive integer ¢ we have

) ST 0 (5 ) )

X (mod q) plg
(1.2)

Here O (ql”f)g’; ﬁ) is the primary error and O (q(log q)%> is the secondary error term.

Now one can observe that, as ¢ — oo,

q(log q) _ 1 _ (loglogq)*
N 1—p—1)3 - 1 1—p—1)5 1
o*(a) [, Gy logg)t (logq)2 [, Gty (logq)

Using the classical bounds, see Lemma 3.7 and Lemma 3.8,

lo

d
oglogg p(q) >

loglogq’

one can see that as ¢ — oo,

w(g) [ q 1
< — 0.
logq \ ¢(q) — Vloglogg
Therefore indeed Soundararajan’s theorem provides an asymptotic formula for the fourth

moment, valid for all q.

1.3 Outline of the Report

The purpose of this report is to present a detailed and self-contained account of Soundarara-
jan’s proof of the fourth moment of Dirichlet L-functions associated with primitive charac-
ters, with particular emphasis on the uniformity of the argument in the modulus ¢q. The
report develops the necessary analytic tools, establishes the required background lemmas,
and carefully carries out the estimation of both the main and error terms. Soundararajan’s

proof relies on a delicate splitting technique, in which the approximate functional equation



for ‘L (%,X)’2 is decomposed into a short-range sum B(x) and a long-range sum C/(x),

with a cut-off parameter Z = One can observe that it is relatively easy to extract

_4q
qw(q)
an asymptotic from the diagonal structure of B(x), while the contribution of C'(x) can be

bounded effectively.

Chapter 2 introduces the splitting method and presents heuristics for extracting the
asymptotic formula for the fourth moment. It proves Soundararajan’s theorem using some

important background lemmas and propositions from Chapter 4, 5 and 6 respectively.

Chapter 3 collects preliminary material, including Dirichlet characters, Dirichlet L-
functions, the Dirichlet hyperbola method, the Mellin transform, and several other related
things. Section 3.5 contains a collection of important lemmas required for proving the main
background lemmas and propositions used in Soundararajan’s work. This chapter also dis-

cusses the proof of the classical bounds w(q) < log)igq, ﬁ < loglogq, and d(n) <. n®.

In addition, it includes the proofs of several properties of the divisor function, including the
shifted divisor sum result by Heath-Brown (Lemma 3.11) and another result (Lemma 3.10)

due to Linnik and Vinogradov.

Chapter 4 establishes the key background lemmas required for the analysis. Lemma 4.1
recalls the orthogonality relations for primitive Dirichlet characters. Lemma 4.2 provides
a sharp uniform bound for off-diagonal solutions to certain multiplicative congruences, en-
suring that off-diagonal terms contribute only lower order errors. Lemma 4.3 gives a precise
asymptotic formula for harmonic sums restricted to integers coprime to a modulus, allowing
for the clean extraction of main terms. Lemma 4.4 establishes sharp bounds and asymptotics
for divisor-weighted sums under coprimality conditions, enabling the precise evaluation of

diagonal contributions.



Chapters 5 and 6 are devoted to the proofs of the main propositions leading to the final
result. Proposition 1 facilitates the extraction of the asymptotic formula for the fourth
moment of Dirichlet L-functions associated with the primitive Dirichlet characters. The
expansion of |B(x)|? leads to quadruple sums whose averages over characters impose mul-
tiplicative congruence conditions. The diagonal contribution of the B(x) part produces
a main term of size (logq)?*, while all off-diagonal terms are shown to be of lower order.

Proposition 2 shows that both the diagonal and off-diagonal contributions arising from C'(x)

are also of lower order.

Chapter 7 looks at the bigger picture of L-function research and explains where this
report fits into the field. It compares the progress made on the fourth moment from prime
to general moduli, with recent breakthroughs on the sixth, eighth moment, and twelfth
moments. As a further direction, the author has noticed and mentioned a few research

questions in these works.



Chapter 2

The Splitting Technique and the
Fourth Moment of Dirichlet
L-Functions

Assuming the work in the Chapters 4, 5 and 6, this chapter establishes an asymptotic

formula for the fourth moment of Dirichlet L-functions,

1 *
> |k

©*(q)

x mod g

4

(57)()

Using the approximate functional equation, we outline the main strategy of the proof: de-
composing the character sum A(x) (a Dirichlet polynomial of length ¢, stated explicitly
later.) into a short-range part, B(x), and a long-range part, C(x). We justify the specific
choice of the cut-off parameter, 7 = ﬁ, and subsequently show how the asymptotic result
is derived primarily from the diagonal contribution of B(x), while the off-diagonal terms of

B(x) and the whole of C'() only contribute to the error.

2.1 The splitting, A(x) = B(x) + C(x)

Let x (mod ¢q) be a primitive Dirichlet character. The approximate functional equation for
the fourth moment of L(s, x) on the critical line s = % is given by

L2

4

= 4JAQI, (2.1)




where

A =) &\/azb(b)% (W—ab> (2.2)

a,b>1 q

is a Dirichlet polynomial of length ¢ and W, (x) is defined as in (3.4).

The orthogonality for the primitive Dirichlet characters is as follows, see Lemma 4.1.

If (r,q) = 1, then

= Y u(4) ek,

x (mod q) k|(g,r—1)

If ¢ is prime, the character sum is easy to handle, since k£ can be just 1 and ¢q. However,
when ¢ is highly composite or product of small primes, we must deal with 2% separate

congruence conditions, because of the 2¥(@ many square-free divisors of ¢. Let us consider

A(x) = B(x) + C(x),

— q
where Z = %, and

B0 = X MO, (), 23)

a,b>1,
ab<Z
x(a)x(b) .. (mab
Clx)= ) ~—=—W, . (2.4)
a,b>1, ab q
ab>Z7

An important question is why we split the range and why we choose the specific cut-off
7 = 5uy- Let k be a small divisor of ¢ and consider integers 1 < a,b,¢,d < Z with ab < Z,
and cd < Z. Heuristically, the number of off-diagonal solutions (a, b, ¢, d) to the congruence
ac = +bd (mod k) is of the same order of magnitude as %2; that is,

ZQ
Z 1x?.

ab,cd=Z,
ac#bd,
ac=+bd (mod k)

While dealing with off-diagonal part of the short range sum B(y), one come across a sum

10



like the below one and heuristically,

Zﬁ(%) o) > \/(;71 = u2<%) @Z =<2v@z.

k|q ab,cd=<Z,
ac#bd,
ac=+tbd (mod k),
(abed,k)=1

If Z < ¢ (in particular, if Z = ¢), then the term 2%(9q would dominate the main term
q(log q)*. Indeed, when ¢ is large and highly composite (for example, a product of many
small primes), the factor 2w(a) can exceed (log q)*, thereby preventing us from obtaining the

desired moment structure. In contrast, choosing Z such that 2¥(9 7 < ¢ preserves the main

q

Ju@- With this choice, it is easier to

term. This motivates our choice of the cut-oftf Z =
derive an asymptotic formula for B(x) and to obtain a satisfactory bound for C(x). The

idea is explained heuristically through the lemmas below.

q

Lemma 2.1. For positive integers a,b,¢,d,q > 1, and Z = 5,

> = (log )",

ab<Z,cd<Z, abed
ac=bd,
(abed,q)=1

Proof. Let (r,s) = 1. With the change of variables a = gr,b = gs,c = hs,d = hr, we have
ac = ghrs = bd, and ab = g*rs, cd = h*rs. Since (r,s) = 1, n = rs is squarefree and the

number of ways of writing n = rs is d(n) = 2*(™). Therefore,

- Y Aoy Ey
n
ab< Zed<z, ¥ abed n<z, v/ Z g
(lC:bCL (nvq):17 - n’
(abed,q)=1 n is square-free (9,9)=1

Using Lemma 4.4, and Lemma 4.3 respectively,

2o (o(q) . Z\' _ [e@))® 2v(m) Z\*
= — | —Flog—) x| —= log =) = (logq)*.
s< 3 T(FPeer) <(B0) 2 B (eey) = 0em)

n<Z, n<Z,
(n,9)=1, (n,q)=L,
n is square-free n is square-free

11



Lemma 2.1 shows that the diagonal contribution to the weighted sum in the short range
is asymptotic to (logq)*. Thus, the short range determines the asymptotic structure of
the fourth moment. Moreover, to bound the off-diagonal in the short-range, we get 2@ 7,
which is natural since it does not exceed ¢. This is why it is easy to obtain an asymptotic

formula for B(x).

Lemma 2.2. Let m,n, q be positive integers and Z = 515 For sufficiently large ¢, let

1 1
S = E , and Sy = E —_—
vmn v mn
m,n<Z, Z<mm<q,
m=n m=n

Then, SQ = O(Sl).

Proof. Case 1: Short-range, m,n < Z.

1 log 2
51:Z—xlogZzlogq—w(q)logQngq . = logq.
L= m log log ¢

Case 2: Mid-range, Z < m,n < q.

q w(q) logg : log g
Sy < log = =log 2" < ——— = —
2= 087 =08 loglogq’ using - w(q) log log g
Therefore,
S, 1
lim =2 < 1

= lim =
g—o0 Sp qioo loglog g

O

Thus, Lemma 2.2 implies that for sufficiently large ¢, the diagonal contribution from the

interval [1, Z] is significantly larger than the one from (Z, ¢|.

Lemma 2.3. Let m, g be positive integers. For all ¢ > 0,

Sa(n(F)) <

m>q

12



Proof. Let us consider a dyadic interval 2¢¢ < m < 2¥+1¢, then

=L (n(7) -2 2 (7))

m>q 2kg<m<2k+tlg

Since + < leq, = 28 Wo(x) <. x7¢, we have

k
d 1 2kc ok d 1
S<<02272 2q<<62(ﬁ) <. L.
k k
O

Therefore all the other digonal terms has smaller contribution than the diagonal contri-

bution of the range [1, Z].

Lemma 2.4. Let ¢ be a large positive integer, Z = and k be a divisor of q. Then

_4q
qw(q)

k 3
S Y e
kla, abcd>1, anc
k is square-free ab,cd<Z,
ac#bd, k|(actbd), (abed,k)=1

Proof. Let us break the range ab, cd < Z into dyadic blocks and consider one such dyadic
block as Z; < ab < 27, and Zy < cd < 27,. Using Lemma 4.2,

k
> Z1Z5(log Z1Z)* < \/ Z1Z>(log q)*.
Z1<ab<27,, v abcd

Z2<cd<2Z>,
ac#bd, k|(actbd), (abed,k)=1

The total dyadic contribution is
d —d
DY VA Z(logq) < (VZ)(VZ)(logg)® = Z(logg)®.
W <Z Z2<Z

Therefore,

Y. Z(logg)’ =2"Z(logg)’ = gq(logg)®.

klg,
k is square-free

13



Lemma 2.5. Let ¢ be a large positive integer, Z = —%~. Then

2w(q) *

a,b,c,d>1,
Z<ab,cd<q,
(abed,q)=1, ac#bd, q|(actbd)

1
< q(log q)3.
—— q(log q)

Proof. Considering the dyadic block with 71, Z5 < ¢, and applying Lemma 4.2, we have,

> —
Z1<ab<27y, ade

Z9<cd<2Z2,
ac#bd, (abed,q)=1,
q|(actbd)

< leg(log 2122)3.

Total dyadic contribution is
d —d
> > VZiZy(logg)® < (Va)(va)(logq)* = q(log g)*.
Z1<q Z2<q

]

Thus the contribution to off-diagonal terms of short-range (ab,cd < Z) and mid-range

(Z < ab,cd < q) is O(qlogq)®.

Lemma 2.6. Let m,n, q be positive integers. Then V¢ > %,

1 ™n ™
—Wo | — W — | <q.
> () ()

m#n

Proof. Consider two dyadic intervals 28 < m < 25+!¢, and 2'¢ < n < 2"¢. Then Ve > 3,

1 ™n ™ d 1 ™n ™
S ()n(T) -2 2 () (T)
m,r;é>q, mn q q kil 2kg<m<aktlg, mn q q

2lg<n<2!tlq,
m#£n

d ok ! 1 “lc o—ke
<o Y (2%) (29) SRR, 27°2
Tl

k l
<eqg 3 (ch_é) Zd<261_§> <o q.

k l

14



Thus, all off-diagonal terms are of smaller order, while the diagonal of the short-range

sum B(x) provides the main contribution to the asymptotic of the fourth moment.

2.2 Proof of the main theorem

Let us the recall the Soundararajan’s theorem.

Theorem. For all positive integer ¢ we have

)] S e (0 G4 o)

x (mod q) plg

In Soundararajan’s paper'!, there are two important propositions. The above main

theorem follows from these two key propositions.

e Proposition 1:

> e - EL T oo (140(BD)). 29)

x (mod q) plg

e Proposition 2:

5
»\q
Y Il < q(ﬂ) (w(q)log q)* + gq(log q)°. (2.6)
x (mod q) a
In Proposition 2, we are using ZX (mod q) instead of Z*x (o 0 because of the easier

orthogonality of Dirichlet characters than the primitive ones (see Lemma 4.1).

Proof. Since A(x) = B(x) + C(x), we have

= ()|

x (mod q)

—4 Y (!B(x)!2 LR [BOR)ICW)] + |c<x>\2).

x (mod q)
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Since R [B( 9
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arz inequalit
Y,

Thus,

>
o0

=

w ey
S~— q
\I/ g
— b
q N~—
L =
w9

// = "

7\,2) O /.ll.\ —~
s T s
Y g ~
— (b\ — Q
Lm Fo— g EE
- ™ | 2 gENGC P
O —~ jwy SN— o w =
> s Z T
- = g Q =
N—— N—— = - /W\iq 3
— g S ~——

_ - N - N
> a0 = = =
-~ e S &
! 3 < e g T
Q| & SN— 3 T E] :
||+ > N | | 3 o
— | f o & ~— :
] A o T R e
—= |5 g~ o= z e
o . —
F > 5 5 - = ==
=% = Hm 2 H
* N——— = = )
=1 (@2% — <
I w o e — |§
+ I °© >
— + I
g
= — |
h (\
)
3 ~

16



The last line normalization is clear, since,
Ver@yalogg)’wle) g wle) wlg) [q [ele) _wlg) [q
©*(q)(log q)* Vet logg  logq\ w(q)\ ¢*(q) = logq '\ »(q)

qu(q)(log q)*
©*(q)(log ¢)*

and
w(q)
(log q)%

<

Thus, we obtain
1 * 1
L=

> |e(5)

v*(q)
To summarize, the asymptotic structure of the fourth moment comes from the diagonal

4 B 1 (1 — p*l)S . A w(q) q q(log q)%
X (mod q) s lpg Ty 87 (HO (logq) so(q))+0 ( »*(q) ) |

contribution of the short-range terms. All off-diagonals have smaller contribution. Moreover,

C'(x) is hard to estimate but easier to bound. Therefore, the decomposition A(y) = B(x) +

C'(x) makes the extraction of the asymptotic structure transparent.
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Chapter 3

Preliminaries

This chapter covers some preliminaries including Dirichlet characters, Dirichlet L-functions,
the Dirichlet hyperbola method, the Mellin transform and its inversion, and explains how
these tools are used to derive the functional, and approximate functional equations, along
with several related concepts. The chapter also introduce a few lemmas which are immensely

helpful to prove the background lemmas of Soundararajan’s work.

3.1 Dirichlet Characters

Definition 1 (Dirichlet Character). A function x : (Z/qZ)* — C* is called a Dirichlet
character (mod gq) if x is a completely multiplicative group homomorphism with a period ¢
i.e. V'm,n € Z, the function x satisfies x(mn) = x(m)x(n), x(m+¢q) = x(m), and x(1) = 1.
If x is a Dirichlet character with moduli ¢ then it can be extended to an arithmetic function

X :Z — C via

) — 0 if (m,q) > 1,
x(m) {X(mmodq)#o if (m,q) = 1.

Hence a Dirichlet character (mod ¢) is a completely multiplicative arithmetic function
with period ¢ such that x(m) = 0 whenever (m,q) > 1. Conversely, any such function is a

Dirichlet character (mod q).
Here we mention some properties of Dirichlet characters.
1. Vm € (Z/qZ)™, x(m) is a ¢(q)™ root of unity.

18



Proof. Since |(Z/qZ)"| = ¢(q), we have m?@ = 1, ¥m € (Z/qZ)*. Therefore,
X(m)#@ = x(m#@) = x(1) = 1. 0

2. Let G be the set of all Dirichlet characters y (mod ¢). Then G is a finite abelian

group of order ¢(q) under point-wise multiplication, (x1x2)(m) = x1(m)xa2(m).

Proof. 1t is straightforward to verify that G is a group. Indeed, the complete mul-

tiplicativity of x ensures closure and associativity, and the identity element is the

)0 if(n,q) > 1,
XO(H)_{l if (n,q) = 1.

principal character

The inverse of the character y is x defined by

() = 0 if (n,q) > 1,
« *{m it (n.) = 1.

Thus G really forms a group and it is exactly Hom ((Z/ qZ)* ,(CX).

Let ¢ = [[;_, p{". Then by Chinese remainder theorem, we have

X ~ X X X
L, = Zp?l X Zpg2 X ... X Zpgr.

If p is odd then for any positive integer «, Z). is cyclic group of order ¢(p®). For
p =2, 25 = {e}, L} = Zs, and for a > 3, Zjoa = Zg X Zga-2. In particular

|Z5o| = 2971 = ¢(2*). Now using the Chinese remainder theorem

G| = Hw(p?") = w(pr”) = ¢(q).

Moreover,
(X1x2)(m) = x1(m)xa2(m) = x2(m)x1(m) = (x2x1)(m).

Thus G forms an abelian group. O]

3. Ifa#1in X = (Z/qZ)" then 3 a character x of X in G such that x(a) # 1.
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Proof. Since X is a finite abelian group, by the fundamental theorem of finite abelian

group, we can express

X =20, xCpy X - xCy,,

where each C),; is a cyclic group of order n;. Let a = (ay, ag, ..., ax) € Cpy X -+ x C, .
Since a # 1, there exists at least one j such that a; # 1. Let C,,, =< >, for some 7.

Thus for some k # 0 (mod n;), we have a; = y*. Define a mapping

2mim

Bj : an — C* by ﬁ](’}/m) =e " .

Take two elements ™, 7™ € C,,,. Then

27i(mq+mg)

Bi(y™My™) =e = B;(v™)B8i(v™),
and
Bi(1) = B;(7") = 1 =€ = B(y").
Hence, f3; is a well-defined character on Cy,;.

As a consequence,
2mik

6]'(@]‘) =e " 7é 1.

Consider the projection map m; : X — C,,,. The projection 7; is a group homomor-

phism. Then x = 3; o m; is a character. Explicitly,

x(99") = Bj(m;(99") = Bi(m;(9)m;(9")) = B;(7;(9))Bi(7;(9") = x(9)x(d)-

Subsequently
x(a) = B;(a;) # 1.
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4. Let g € N, and n € Z such that (n,q) = 1. Then Vn € Z we have

Z x(m)x(n) = 0 otherwise .

x (mod q)

— {sO(Q) ifm=n (modg),

where ZX (mod q) — ZXeG :

Proof. If m = n, then the sum consists of ¢(q) terms, each equal to 1. Hence the
result follows. Let m # n. Using the property 3, 3 x; € G such that x;(m) # x1(n).
Define

Therefore

ximpa(mT =Y xamxmxamxm) = Y xax(mxx(n).

x  (mod g) X (mod q)

Now since x1x € G, we have

Z xix(m)xix(n) = Z x(m)x(n) =T.

x (mod q) X (mod g)

Thus we have

ximxi(n)T =T = (xl(m)xl(n) - 1) T =0.

But x1(m)xi(n) # 1. Therefore, T'= 0. Hence,

]

There are two types of Dirichlet characters modulo ¢ : “primitive” and “non-primitive”.

Let d|qg and let x* be a character (mod d). Define

) = {X*(n) if (n.q) = L.

0 otherwise.
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Then y is a Dirichlet character (mod ¢) induced by the character y*. Note that if a prime
plg but p 1 d then x does not have a period d. If all the prime divisors of ¢ and d are same
then x(n) = x*(n), Vn € Z.

Definition 2 (Conductor). Let x (mod ¢) be a Dirichlet character. A divisor d of ¢ is
called a quasi-period of y if x(m) = x(n) whenever m = n (mod d) and (mn,q) = 1. The

least of all such quasi-periods is called the conductor of y.

Definition 3 (Primitive Character). A Dirichlet character x (mod ¢) is called a primitive

character if ¢ is the minimum quasi-period of y or, it has the conductor q.

Therefore using the primitive character idea, we can redefine the conductor of y as
dy =min{d : d | ¢ such that 3 a primitive character x* (mod d) and x = x* o7, where 7

is the projection map from Z; — 7 }

Definition 4 (Non-primitive Character). A Dirichlet character x (mod ¢) is called non-
primitive if and only if the smallest positive divisor d of ¢, for which x(n + d) = x(n), ¥n,

is strictly smaller than ¢ that is xy has minimum period < g.
Lemma 3.1. Let x be a Dirichlet character modulo ¢q. The following are equivalent:
1. x is primitive.

2. If d | ¢ with d < ¢, then there exists an integer ¢ = 1 (mod d) which is coprime to ¢
such that x(c) # 1.

3. If d| ¢ with d < ¢, then for any a € Z we have Y 1<n<q x(n) =0.

n=a (mod d)
Proof. (1) = (2). Let x be a primitive character and let d|q, d < g. Since x does not factor
modulo d, there exists n such that x(n + d) # x(n). Since x(n) and x(n + d) are defined,
we have (n,q) = 1, (n+d,q) = 1. Let ¢ € Z such that ¢ = n(n + d)™' (mod ¢). Then
(¢,q) =1and c=1 (mod d), but x(c)x(n+d) = x(n) = x(c) # 1.
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(2) = (3). Define

1<n<q
n=a (mod d)

Then consider the map ¢ +— cn. Since (¢,q) = 1, this map is a permutation of the residue

class modulo ¢q. Therefore

S= Y xem)= > xx(m)=x(e) > x(n)=x()s.

1<n<q 1<n<q 1<n<q
n=a (mod d) n=a (mod d) n=a (mod d)

Thus we have (x(c¢) —1)S = 0. Since x(c) # 1, S =0.
(3) = (1). If let possible x is not primitive. So x has a period d such that d|q,d < gq. Then

for any n =1 (mod d) with (n,q) =1,

Hence we obtain

S #0,
which is a contradiction. Hence y is a primitive character. O
Lemma 3.2. If ¢ = 2 (mod 4) then there exists no primitive characters y (mod gq).

Proof. Assume g = 2 (mod 4) then ¢ = 2r with odd r, with » > 1. Therefore by Chinese

Remainder Theorem, we have
Ly =Ly 27y XL} Z{e} XL =1L
That implies every character modulo ¢ = 2r is induced by a character modulo r. And since

r < 2r = q, there exists no primitive character modulo gq. O

Lemma 3.3. Let ¢*(¢) denote the number of primitive Dirichlet characters with modulo

q. Then ¢* is a multiplicative function, and for a prime p we have

p—2 if k=1,

o = pk<1—%>2 ifE>2
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Proof. Using the orthogonality for the primitive Dirichlet characters (discussed in the Lemma
??), for r = 1 we have
x * q
)= Y x(1)= Zu(@w(;ﬂ ,
x (mod q) dlq
where 1 is the Mobius function. Since both p and Euler’s totient function ¢ are multiplica-

tive, their Dirichlet convolution u * ¢ = * is also multiplicative.

Let ¢ = p*. The only divisors d of p* with pu(d) # 0 are d = 1 and d = p. Therefore

e (") = n(1)e(@") + nP)e(®@*") = (") — (" ).
o If k=1, then p(p) =p—1and p(1) =1. So
e (p)=p) —p(l)=(p-1)—-1=p-2

3.2 Dirichlet L-functions

For a Dirichlet character y mod ¢, the associated Dirichlet L-function L(s, x) is defined by

L(s,x) = i Xg) =11 < - M)_l,

s
n=1 p p

which converges absolutely only for R(s) > 1.
For the trivial Dirichlet character 1 (it is the unique Dirichlet character of period 1),

L(s,1) = ((s). For the principal character 1,, of modulus m induced by 1 we have

Lis. 1) = () TT0 ) ~ == [T -5,

plm plm
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The product on the right is finite as s — 17. The L-function L(s, 1,,) has a simple pole at

s =1 of residue

Res,—1 L(s,1,,) = H(l —pH= @
plm

Lemma 3.4. Let x (mod ¢) be a Dirichlet character.
1. If x is non-principal then L(s,y) extends to a holomorphic function on R(s) > 0.

2. If x = xo is the principal character, then

L(s.xo) = ¢(s) [J —p7)
plg

extends to a meromorphic function on R(s) > 0 with a simple pole at s = 1 and no

other singularities.

Proof. e Case 1: Let x (mod ¢) be a non-principal character. Define T': Rsy — C by

Therefore, since y is non-principal
Tx+q) —T(@) = Y  x(n)= Y x(n)=0.
z<n<a+q nez/qL

Thus T'(x) is periodic modulo ¢ and is therefore bounded. For $(s) > 1, writing

L(s,x) as a Stieltjes integral and integrating by parts yields

x(n) _ / Dt dT() = [T ()]

ns 1 1
=0- / T(x) (—sx* Y dw
1
= / s T(z)x " du.
1

o0

L(57X) =

n>1

- /1 T (@) ()

Since T' is bounded, the right-hand side integration converges for (s) > 0, and the

integrand defines a holomorphic function on R(s) > 0.
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e Case 2: Let y = xo be the principal Dirichlet character modulo ¢q. Then

T(x) = ZXO(n) = Z 1.

n<x n<z,
(n,q)=1

Let © = kq + m such that 0 < m < ¢. The first kq integers contains exactly k¢(q)

many coprime integers. Thus

T(x) =ke(q) +0(1) = #(x —m)+0(1) = #w

Using the Stieltjes form, for R(s) > 1 we obtain

L(s, x0) = S/loo T(x)z* tde = sw /100 7+ O(s) = ¢(q)

q q

+ O(s).

Thus the function L(s,xo) defined for %(s) > 1 extends to a meromorphic function

on R(s) > 0 with a pole at s = 1.

The completed L-function A(s, x) is given by

sta

se0= (1) () s,

and satisfies the functional equation

F—Q

Ms) = A1 =) = e A=)

where 7(x) is the Gauss sum given by

2min

)= Y, x(ne s,

and

0, if x(—1)=1,
o = .
1, if y(=1) = -1

(3.1)

(3.2)

(3.3)

The functional equation expresses a symmetry of the Dirichlet L-function. It relates values
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in the right half-plane R(s) > 1, where the Dirichlet series converges, to values in the
left half-plane (s) < 0, where the series no longer well defined. This also ensures the

meromorphic continuation of L-function to C, except the possible simple pole at s = 1.

3.2.1 Approximate Functional Equation

For z, ¢ > 0, and « as in (3.3) we define the following smooth function,

s+ita 2
1 c+i00 T (—22 > ds
Wa(z) = — ) s 3.4
(x) 2mi c—1i00 I (ﬂ) ’ S ( )
2

Let s = o +it with ¢ large and o fixed. Then log |I'(s)| = R(log'(s)). By Stirling’s formula,

we have

1 1 1
logI'(s) = (s— 5) logs — s+ §log27r+0<?|).

Therefore

log [I'(s)] < R ((a — % + it) log(o +it) — (o + zt)) < <0’ — %) log |t] — g]ﬂ,

since

1 1
log(o + it) = log(it) + log (1 + %) = log(it) + O(H) = log |t| + igsgn(t) + 0O <|t_|)

Hence, for fixed ¢ in a bounded strip,
T(s) < e 31 |¢|(0=3). (3.5)

Thus, I'(s) decays rapidly along vertical lines, ensuring the convergence of the integral

defining W, (z) in (3.4).

Lemma 3.5. For any ¢ > 0 and some € > 0 we have

W) = 1+ 0(227), ifa <1,
0@, if x > 1.
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Proof. Case 1: Let x > 1. If we shift the contour to the right, o increases and |x~*| decreases,

so the integrand decays. Hence using (3.5), we have
Wo(x) = Oc(z7°).

Case 2: Let © < 1. If we shift the contour to the right, |z~*| does not decrease, and the

integrand can grow. To ensure a better bound, we should move it to the left- but how far?

Fora =0, T’ (S+ 2t > has poles at s = —3, and for a = 1, the poles occur at s = —5 Since

we do not want to cross any poles of I ( +22+a>, we can shift the contour to R(s) = —5 +e€

for some e > 0. Shifting contour to ¢ = —% + e and applying Cauchy’s residue theorem,

s+i+a)\ 2
F<%) - _1_0(;5%_6) :1+O(x%_e).

(%))

W (z) = Ress—g

m
With the change of variable s — % + s, the functional equation 3.2 becomes
1 1 _
A §+37X :E(X)A E_va ) |€(X)|:1
Thus we have,
1 1 1 1
A<2 + 5 X>A<2 +8,X> = A(§ — S,X)A(§ —s X)
For ¢ > %, consider
1 c+zooA<%+S7X)A(%+Svy> ds
— —. (3.6)
S

Since L(3+s,x) = Za>1 %+ and L(3 +5,%) = > b1 IE—?S, using the completed L-function,

1
A= A= — (4 r }:

28



Thus,
s+%+a

N OR-T P&%)) Q(ng)s%'

ate mwab zta
. (—) — () (2) ,
q v

where A(x) is as defined in (2.2). By shifting the contour to R(s) = ¢ < 0 in (3.6), we

Therefore,

~
I
=_
ﬂ\@/
Sl
=
TN
ERES
N~

encounter a simple pole at s = 0. Applying Cauchy’s residue theorem, we obtain,

C2mi

s /+°° A(% o X)1A<% : S’Y) B 4 Res,g Ag+s, Xl)é: (+5.%)
mesies (r (ﬁ“)) (=) s

With a change of variable and using the functional equation (3.2), we obtain,
eI e
L ),
c+ioo +a - lia
(r(5)) (r ()
2
e +SX)A(%+SX)d (3 A(3)

2w

N |—

270 Joine (F ( ;a>> 5 (F

Thus we have,
Ly 1
21 = () L(—,X)
s 2

Hence the approximate functional equation becomes

L2

4

= 4JAQ0I*.
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3.3 Dirichlet Hyperbola Method

The hyperbola method, first introduced by Dirichlet, is a technique for estimating sums of

the form

> fn)

n<x

where f = g % h is the Dirichlet convolution of arithmetic functions g and h. A classical
application is to the divisor function d(n) = (1% 1)(n), which counts the number of divisors
of n. This method is useful to find an asymptotic formula for

> d(n).

n<z
First we will start with a naive approach.

YOIES 3) TS ) IEH 3D SEED 3) SED DIEI B S CRRTEH) ]

n<x n<z dn d<x n<z, d<z kd<z d<z kg% d<z d<z
din

The sum then becomes x log x4+ O(x). This works well when d is small. In our computation,
we have used the approximation |Z]| = £ + O(1). However the error term O(1) can be

problematic in some cases.

e When d is small, or more precisely, for any fixed n € N, d < x%, we have £ > 2w,

1 . .
Therefore, for any fixed n, as + — oo, x'™» — oo. Hence, in this range, the error

term O(1) is small.

e If dislarge and close to x, say v <d< x, then for each %, 30 < ¢ <1 such that {5 <
d < x. In this case 1 < 7 < 1+ 9. So we can write Z=1+¢ with 0 <e< 1 It
follows that the main term |%] =1 and the fractional part (error) {4} < 1. Hence,

both the error and main term are of size O(1).

30



So we need to treat these two cases separately, which is the central idea behind the hyperbola

method. Since f = g x h, we can write,

STrm) =323 gdh (g) = 3" g(d)h(e), n = de.

n<x n<z d|n de<zx

Consequently, we have

D dn)=> 1.

n<x delx

Thus the sum counts the number of lattice points on or below the hyperbola de = x. This
geometric interpretation explains why the method is called the Dirichlet hyperbola method.

We split our analysis into two parts with a parameter A such that 1 < A < z.

o [fd < A. Then

> 1:221:Z(§+O(1)) :a:(logA—i—’y—i-O(%)) +0(A)

de<z, d<Ae<? d<A
d<A

:xlogA+7x+O(A+%).

Here, ~ is the Euler-Mascheroni constant, defined as

"1
v = lim ( ——log(n—i-l)).
n—oo k
k=1
o [f d > A. Then we have

SEED DD DT I CEVERCt)) D SERVD BEER D N

de<z, e< % A<d<?% e<% e<%

s tan o)) (% o) o)

=zlogr —xzlogA+vyzx+O(A) —x — O(A) +O(%)

=zlogr —xlog A+ (v — 1):1:—}—0(%).
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Now combining the two cases together, we have
x
Z l=xzlogx + (27 — 1)x+O<A+Z>.
de<z
Choosing an optimal split A = y/z, we have
Z d(n) = zlogx + (2y — 1)x + O(/z).
n<x

Here the error O(y/x) beats the error O(z) obtained from our naive approach.

Theorem. (Dirichlet Hyperbola Method)
Let f,g,h be some arithmetic functions such that

fn) = (g*h)(n) =" g(d)h(e).

de=n

Define,
G(r)=> g(n), and H(z)=> h(n).

n<x n<x

Then for all real number 1 < A < x we have

D fm) =" gld)h(e) = g(d) H@) + 3" ) G(%) —G(A) H(%) .

n<lz de<z d<A e<Z

Proof. Let us do a similar approach to before

Y f) = gldh(e)+ Y g(d)hle) =Y g(d) Dy hle)+ Y hle) 9(d)

e ot ot =h = i
S ) s (e() -aw)
_ d;g(d) H(%) + :j h(e)G (f) — G(4A) ; h(e)
=> g H(5)+ = hd) G(%) - G(A) HE%)

IsH
A
F
™
IA
bSE!
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3.4 The Mellin Transform and Its Inversion

The Mellin transform plays an important role in analytic number theory, particularly in the

study of the Riemann zeta function or general L-functions. It can be viewed as a Fourier

dz

transform on the multiplicative group G = (R™, x), whose Haar measure is du(z) = <, and

whose continuous characters are given by y,(z) = z® such that s € C.

Definition 5 (Mellin Transform). Let f : Rt — C be a measurable and locally integrable
function, satisfying suitable decay and growth conditions as x — oo and = — 0T, respec-

tively. For s = 0 + it € C, the Mellin transform of f is defined by

M) =Fo) = [ 1w

For the Mellin integral to converge, the function f(z) must have suitable behavior as
x — 0% and © — oo. For large = > 1, suppose that as © — oo, with a > 1 (requires for the

local integrability of f) the function satisfies f(z) = O(x~*). Then
|f($)IS_1‘ < 1‘0_1_&,

and the convergence of floo f(z) z*~dz requires 0 — 1 —a < —1 & o < . For small z, with
0 < x < 1, suppose that as x — 07 with 8 > —1 (requires for the local integrability of f)
the function satisfies f(z) = O(2”). Then

[fz) 2" < 2

and the convergence of fol f(x) x*~*dx requires 0 — 1+ 3 > —1 & o > — 3. Thus the Mellin
transform exists in the fundamental strip —f3 < 0 < «, and defines an analytic function.
The change of variable z = €, wu € R, maps the the additive group (R,+) onto

multiplicative group (RT, x). Under this substitution,

fls) = /000 flx)a*tdr = /_OO fle)els=Duet dy = /_OO f(e*)e*™ du.
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In other words, the Mellin transform on (R, x) is the Fourier transform (up to normal-

ization) of the function u — f(e*).

Definition 6 (Mellin Inversion). Suppose f(s) converge in a vertical strip a < o < b. We
define the inverse Mellin transform as
1 ferioc _
f(z) = 5 /Cioo f(s)z™%ds, c€ (a,b).
Note that for R(s) > 0, the Gamma function I'(s) = [®e 2" 'dz is the Mellin
transform of the function f(x) = e™®. With the change of variable z = 7n?t, we obtain

[(s) =m n [° e~™t¢=1 dt. Now consider the function w(t) = S°°° =™t then

7 °T'(s)((2s) = /000 w(t) t? %,

where the interchange of summation and integration is justified by the rapid convergence of

the integral. For ¢ > %, the Mellin inversion yields

w(t) = —- / T T (s) C(29) 5 ds.

210 Joling

Finally, after a change of variables s — 3, we obtain

c+ioo
w(t) = 4%”/ W_SF(S)((S) T2 ds.

Lemma 3.6. For all s € C\ {0, 1}, we have

()T (5) 7 = S(Sl_ 3 +/ﬁmw(t> dt.

Proof. We know that,

0o 1 00
g(:;)r(%) T3 :/O w(t)téldt:/o w(t)téldwr/l wt)t2dt =1 + I,
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Using the functional equation® of w(t), we have

1t 1 1 [t
I = —/ t2‘1‘5<2w(—) +1)dt - —/ t2 1t dt
2 Jo t 2 Jo
1 s ]_ ]_ 1 s 1 s e s+1 1
:/ t2— w(—) dt + —(/ 1575 dt — / r2! dt) :/ t_%w(t) dt + ———.
0 t 2\ Jo 0 1 s(s—1)

N

The right-hand side of the above lemma is an analytic function Vs € C, except the simple
poles at s = 0,1. The integral converges absolutely for f(s) > 1 and, in fact, defines an
entire function of s. Consequently, the right-hand provides an meromorphic continuation of

¢(s) F(%) 772 to the whole C with the possible simple poles at s = 0, 1. Therefore,

1— - 1 el !
C(l—S)F( 28> 77'_2:—)—‘[—/ b tie U)(t)dt,
1

s(s—1 2
1 sl
= ——w(t)dt
s(s—1) +/1 2 wit) dt,
S _s
=()r(3) 7

Define the completed ¢ function using the Riemann Xi-function as

=(s) = C(s)F(%) 75

Then we have the functional equation of Riemann Zeta function as
=(s) =Z(1 — ).

We now illustrate how Mellin transform provides a natural framework for deriving the
functional equation and the approximate functional equation associated with an Dirichlet L-

function. Let x (mod ¢) be a primitive Dirichlet character. For R(s) > %, I'(s) 7 *L(2s, x)

Duwlt)+1=a"2 <2w<1> +1>.
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is the Mellin transform of the function
wy(t) = Zx(n) et 1> 0.
n>1

For R(s) > 1, using the functional equation” satisfied by w, (t), we obtain
—x

 gieigy O [ (LY e
Is:/ wy (t) 27 dt = / w(—)t2dt.
()= | wult) R

1
q2t7

With the change of variable u =

I(s) =i r(0) T (1 ; ) P L1 - 5,%).

Therefore,

r (—) W_%L(s,x) =I(s)=i“7(x)¢°T (1 ; S) i L(1 —s,%),

(X)L, <1—8) _1-s _
= ——>q¢2°T 7z L(1—s,%),
Va 2 ( )

1 1— —s
:E(X)QQ_SF( 5 S) s L(1—s,%).

Multiplying both sides by

and using the parity of characters, we obtain

S S —S —S (o] 1_
ERE) (8 ; a) L(s,x)=e(x)gz n 2T (%) L1 —s,X).

Hence the functional equation follows as

A(s, x) = e(x)A(1 = s, ),

a 1
ZFor ¢ > 0 and primitive characters, w, (t) = %wy (i>
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where the completed L-function is

S+ «

A(s,x) =q2 75T ( ) L(s,x).

Let G(u) be a an entire function with rapid decay on vertical lines and satisfying G(0) = 1.

Fix ¢ > 0, we define its inverse Mellin transform as

1 c+ioco

—100

For t = we then have

X
V5 [ oo (5) e

Since G is entire and decays rapidly on vertical lines, we can consider a closed rectangle

contour with vertical sides (u) = +c and R(u) = —c. Using the Cauchy’s residue theorem,
-c+1i00 ¢ +1i00

the integral around the rectangle is

2mi Res,—o G(u) <%>_u = 2mi.

Due to the decay of (G, the integral along the horizontal segments vanish. Hence

/C " G (%)* du + / ) (%)* du = 2,

—100 c—100

) [ o0 () e

c—100

or equivalently,
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Using this identity, we can express the L-function as

X(n) X(n) ( n ) 1 et w
L _ 1= V(= i X“L(s+ d
(s, %) > o e + omi ) G(u) (s +u, x) du,
n>1 n>1
X(n) ( n > 1 c+1i00 7u
= E V= — G(—u) X " L(s— du.
~ n X * 27 J oo (=u) (s —u, x) du

Using the completed L-function and functional equation, we can express

~1
Lo —u) = 75 (P (25552)) eoan—s ),

2
1_g 1—s+uta
o (4} %m_m,@.

Thus we have the approximate functional equation as

o =S (2) 4 () S L [t ()

I, converges absolutely for $(s) > 0, since V (%) decays rapidly. In addition, I converges

My (1) ) S gy,

absolutely for ®(s) < 1. The approximate functional equation helps us to represent an
L-function near the critical line as a finite length sum. It allows analysis where the Dirichlet

series fails to converge.

3.5 A Few Other Important Things

Lemma 3.7. Let g be a sufficiently large highly composite number or it is product of many

small primes. Let w(q) be the number of distinct prime divisors of g. Then

log q
wig) < loglogq

Proof. Let, w(x) be the prime counting function. Therefore by prime number theorem,

Puw(q)

w(g
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Let,
w(q)

q= Hrf‘ such that r; <ry < ... <7ryg)-
i=1
Let p1, pa, ..., Du(q be the first w(q) known primes. Therefore Hz”_((f) pit < H;”:(;]) rit = q.

Consequently

log g > aylogpi + aslogps + ... + Qu(g) 10g Pu(q)

> min(oy, g, ..., Qu(g)) Z logp

pgpw(q)

> Y logp = 0(pu(y);

prw(q)

where 6 is the Chebyshev function. By prime number theorem,
O(Puie) ~ Puta) = 1084 > Pugy)-
O

Lemma 3.8. Let ¢ be a sufficiently large highly composite number or it is product of many

small primes. Then,

Proof. We know that,

Thus it suffices to show that

1 1
H 1—=]> :
P log log q

plg

Let ¢ = Hl.”:([f) rit so that 1y < 1o < ... < Ty, and let pi, po, ..., Pu(g) be the first w(q)

(2

known primes. Thus p; < r; for each ¢. Consequently



p log Pw(q)

1 1
II 1—=)> .
( p) log log ¢

pgpur(q)

By Mertens’ theorem, Hp<p w (1 — l) = —L  Then, using the prime number theorem,
~FPw(q

Lemma 3.9. Let d(n) be the divisor function and n € N. Then for any € > 0, we have

d(n) < n and Z @ < (logz)*.

n<x

Proof. Let n € N, and n = [[; ") % Then d(n) = HZU(1) (a; +1).
For a fixed € > 0, define f(n) = % Then we have

a; + 1 a—+1 a—+1
e

p=>2¢ p<2¢

o=

If p§ > 2, that is p; > 2¢,

then p® > 2% > (o; + 1). This implies % < 1, and

subsequently [] O‘jel) <1.

>2€

Define P = {p is prime : p < 2%}. Then P is a finite set.

For p € P, let f,(a) = %L, Tt is easy to see that lim, . f,() = 0. The critical point

pae .

— 1 is obtained by solving f () = 0.

Qcritical = € 1ng

Hence, the local maxima of f,(a) is f'™ = max{f,(1), fp(Qaitical)} < +00, since both

values are finite. Therefore

(a+1)

[I = <+
. D

p<2¢

Thus we have

< +00.

nE ! pOéE ! pCYE
p>2°¢ p<2¢
Hence

d(n) < nt.
Since € was chosen arbitrarily, this bound holds Ve > 0.
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Recall that, for any n € N, the divisor function satisfies d(n) = >, 1. Therefore,

5w zzl—zz -y b (mg(d)ﬂw())zd

n<z n<lz d<z n<z, d<z m<3
din

1

d<zx

]

Lemma 3.10 (Vinogradov, Linnik'?). Let k > 1, (r,k) = 1 and 2 > k'*? for a fixed § > 0.
Let n € N, then

k
g d(n) < %mlog x.
n<x,
n=r (mod k)

Proof. Since 3, (noa ) 1 = 0 whenever (a, k) # 1, and since d(n) = _,,_, 1, it follows

that
1
Yoodmy=>" > 1= > (%Jr()(l)):% Y —+40@) =L+,
n<z, alz b<‘"c a<lz, a a<lz, a
n=r (mod k) ab=r (mod k) (a,k)=1 (a,k)=1

Here I, = O(x). Since z > k', we have 10% > %. Therefore for some ¢ > 0,

k log k
%xlogw > %xlogx’ >c(14 5)%3: > .
Now,
T 1 T 1 T 1
leE(s(a,k):l P Zﬂ(d)Za:EZM(d)ZE
a<lz d|(a,k) a<z d|k a<:r:
_ o pd 1
TR Y
dlk m<a
x (k) d
= log< ) +v+0 .
p(k)
k2
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Remark: In 1980, P. Shiu'? extended the Lemma 3.10 for any positive, multiplicative,

arithmetic function.

Lemma 3.11 (Heath-Brown!Y). If k, [ are positive integers with Ik < 21 for the plus case

and xz < [k for the minus case. Then

> dn)d(kl £n) < z(logz)*y d.

n<z, (n,k)=1 d|l

Proof. Since

d(kl +n) Z 1,

al(klt£n)

we have

S= > dn)dklEn)= Y > d(n).

n<z, (n,k)=1 1<a<klEn n<z, (n,k)=1,
n= :I:kl (mod a)

Now (a, k) = 1, otherwise it contradicts the fact that (n, k) = 1. Then

S< ) > d(n).

1<a<klt+z, n<z, (n,k)=1,
(a,k)=1 n=4kl (mod a)

Let d = (a,l). Then Ja; € Z such that a = da;. Consequently (al, é) = 1. Since (a,k) =1,

it follows that (a;,k) = 1, and hence (al,iki) = 1. Fix an € > 0, and suppose that
1

a; < '€, Then 36 > 0 such that 1 +§ < —=— - and, aH‘S < a;* < x. Having satisfied all

the conditions of Lemma 3.10 we have

Therefore

S<<xlogxz Z wla

i ay<zl-e djl dl dll

42



Let a; > #'~¢. Since kl < 21 and ai|a, we have
5 5
o <kl+z<zt+zx<Kari.

Therefore

Sl

r<a KL xt.

Now since V3 > 0,

d(n) < n® < 2,

we have
> dme @ % i< (Zrow) <
nlx nlx a1
nz:l:ké _(mod ai) nz:tké _(mod ai)
Thus

S < Z xe-l—ﬂ < x%-&-e-ﬁ-ﬁ‘

5
gl-e<ay<z4

Since z(log z)? < 2%, for all 8 > 1 we have 1+ 2¢ > 2 4 +¢. Hence, for all § > I, the

contribution from the case a; < '~ dominates the contribution from the case a; > z'=¢. O

Lemma 3.12. For every positive integer ¢, we have

3 p(d) logd _ ¢(q) 3 logp
d

-1
dlq q plg p

Proof. For R(s) > 1, define,

Therefore
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Taking derivative for both sides

j Zp logp Zlogp7 where

plg P pla pr=1
doudyd™ | == p(d)d logd.
dlg dlq

Hence for s = 1, we have

yo pdd) Joed p(d 10gd P = -F(1)Y 8P logp Z p(d Z;o% __»(9) Z logp

dlq g U dlq plg TP !
[
Lemma 3.13. Let ¢ > 2 and $(s) > 1. Then we have,
SIAASIOR s B
(;5)1:71 ns ¢(2s) oo 1+ps
Proof. Let m,n € N with (m,n) = 1. The arithmetic function 2*( is multiplicative.

Define,

5 ~J 1 if condition holds,
Condition = () otherwise.

Since O q)=1 is multiplicative, 2“’(”)(5(”,@:1 is also multiplicative.

e Case 1: Let plg. Then (n,q) = 1 implies p { n. Hence (p*,q) = 1 only when k = 0.
k

2”(” )5 w

Therefore, the local factor at a prime plg is > ;- pk‘spk’”:l = 21(51) = 1. Thus, no

Euler factor appears for plgq.

e Case 2: Let ptq. Then (p*,q) = 1 for all integers k > 0, and hence Ophg=1 = 1, Vk.

The local factor at a prime p 1 ¢ is therefore

[e.e]

>, gt 2 1+4p®
Z ks :1+Zﬂ:1_p—s
=0 P = P p
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Therefore we have

gu(n) < 9v(7") 5 s 1+p 1 +p
> =1 —" =H__SZH H
(s ! pio P g LD Hp
n7q =
Loy Hl— -~ CQ(S)Hl—P_S
_ 1 _
L= 5 tre C(2s) 214w

Lemma 3.14. For any = > 2,

2u(n) log x
D <
n>x

Proof. Consider a dyadic interval (28z, 251z, k > 0. Now

n>z k>0 2kp<n<2k+tig k>0 n<2kt+lgp
<y
k>0 d<2k+1
< Y's Y
k>0 d<2k+1;c

w(n) d qw(n
DYDY n<ZM > 2

2k+1$

1

L L k1
< EZ S log(2"" )

k>0

l~d 1 logze~d 1
<<EZ 93k—2 + 24 Z 94k—1
£>0 £>0
log x
x4
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Chapter 4

Background Lemmas

This chapter presents the key lemmas required for analyzing the fourth moment of Dirichlet
L-functions. These results supply the analytic tools needed to isolate the main and error

terms in Soundararajan’s proof.

4.1 Orthogonality of Primitive Characters

Lemma 4.1. If (r,q) = 1, then
* q
S = Y u(3)elk).
x (mod q) kl(q,r—1)

Proof. By orthogonality of Dirichlet characters,

Z X(r) = {90(61) ifr=1 (mod q), _ {¢(q) if g | (r—1), |

0 otherwise 0 otherwise
x (mod q)

Define, h,.(k) = Z*x (o ) x(r). Let (r,q) = 1 then

D=3 3T xn= 3 xm:{g@ |7 =1),.

otherwise
klq klg x (mod k) X (mod gq)

Using Mobius inversion, we have

S IO A IO ET

otherwise
kl(q,m—1)
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4.2 Uniform Bounds for Off-Diagonal Solutions

Lemma 4.2. Let k be a positive integer, and let Z;, Z5 > 2 be real numbers. If 7,7, > k%,

then
7
L2 (log(2175)) .

=%

a,b,c,d>1,
Z1<ab<27;,
Z2<cd<2Z2,
(abed,k)=1, ac#£bd,
ac=+bd (mod k)

It 717, < klo then for any € > 0, the above estimated quantity is < M.

Proof. Without loss of generality, assume that ac > bd. The condition ac = +bd (mod k)

implies that k£l < ac + bd for some [ € Z. Consequently, we have

kl < ac+ bd < 2ac < 2abed < 87, Zs. (4.1)
Therefore,
1<i< 8ZlZ27 and b — YAV < 8Z1Z2.
2ac kl

Let n = bd, and m = ac = kl+n. The original sum S counts each quadruple (a, b, ¢, d) exactly
once. Hence, the number of quadruples is equal to ( number of ways to express n = bd ) x
( number of ways to express m = ac ) = d(n)d(m). Thus,

S< > Y dmydm) < > > d(n)d(m)

1<1<3%1Z2 83717y 1<l<82122 <8ZélZQ
n<m, (n,k)=1

Since (abed, k) = 1 and ac = +bd (mod k), we have (n,m) = 1. Therefore using Lemma

3.9, we have

d(n)d(m) = d(mn) = d(abed) < d(Z12,) < (Z1Z5), Ve > 0.
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If Zl ZQ k’ 10 then
k
A

2) < logk, and < k.

(Z 14
log
Thus,

S <« d(n)d(m) < (Z12,)°¢ 82,12,
> 2 >

1<i<¥1%2 32172 1< 22

< % <log (ZIkZ?) +0 (Zlkzg) - o<1)>
(2122)&1.

k

<

Hence the second part of the lemma is done.

If 7,75 > k:%, then we break the analysis into two cases: kl < (21Z2)%, and kl > (ZlZz)%.

Case 1: \
87175\ 5
kl < (Z:2:)% < (Z125)% = ki < ( kll 2) .
11
Thus we can use Lemma 3.11. Let L = @ Applying the Lemma 3.11, we have
Z1Zs 7175\ \? = 1 Z1Zs o 1
I<L djl I<L d|l
YAVA
< ! 2) 10g2122 Z Z—
I<L © d|l
AVZ
< > (log Z1 Z5) Z Z -
d<L de<L
AVZ L
< > (log Z1 Z5)* dQ <log <d) + O(l))
d<L

AVA AV
<<< ? )(1ongZz logLZ—<<< ’ )(longZg)?’.

d<L
Case 2: Let kl > (Z1Z;)®. Therefore for some § > 0, by equation (4.1), we have

11
(Z122)20 S m S 42122 and n S 82122 N 4ZIZQ ﬂ k1+6
2 n kl n - 2

48



Then using Lemma 3.10 we have

S< Y > dm)dklEn) < Y d(n) Z d(m)

1<z 802 n< 821722 (74 2) 20
n<kltn, (n, k) 1 2

<m< 4Z1 Z2
m=+n (mod k:)
(m,n)=1

4Z1Z2> (42122)
< d(n ( log

< (legZ?)log(leQ) > @.

Now using Lemma 3.9,

Z0 7 82172\ \°
S<<< 1k2)log(Z1Z2) (log< l;l 2))

AVA
< 222 (log(Z,12,))* .

4.3 Asymptotics of Coprime Harmonic Sums

Lemma 4.3. Let ¢ be a positive integer and x > 2 be a real number. Then

1 ow(q) |
Z _:_<p(q) logx—i—’y—l—z +O<—ng>.
n q x

n<z, p\q
(n,g)=1

In addition, we have

lo
iﬁ < 1+ logw(q).
plg

Proof. Using a Mobius function identity, we have

YIRS DERTREES SED SRTCED DI DRTCED SIS St

n<x, n<zx n<zx d‘ n q) n<x d‘n,d‘q d‘q n<x 7ci"r],
(n,q)=1
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Since d|n, e € Z such that n = de. Using the property

#4) = H (1 — l) = M and the Lemma 3.12, we have,

d d
dlq dlq dlq
©(q) log p p(d)  (d
— =i Yol 2
ogx + +Z|:p_1 > .
piq

Since 32%(@ square-free divisors of ¢, we have

() <o ) o) 0 (2505,

T T
dlq dlq

Hence, the first part is proved. Let ¢ = Hw:((f) pit. Therefore

)

w(q) w(q)

Z log p _Z log p; _Zlogpi+1ﬂz(q:)M:Il+IQ.

el e R e e

Now [ is a convergent sum, and by Merten’s theorem
Iy = log pu(g) + O(1).
By prime number theorem, we have

Pu(q) ~ w(q)logw(q).

Hence

1
Z pogz; < logw(q) + loglogw(q) + 1 < 1+ logw(q).
plg
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4.4 Divisor-weighted Sum Asymptotics under Copri-
mality Constraints

Lemma 4.4. Let ¢, n be positive integers such that ¢ > 2, and n is square-free. Then

> 21::1) < (SOE.IQ))z(lOgQ)Q-

n<gq,
(n,q)=1

Furthermore, for x > /¢ we have

2uw(n) r\2 (logz)* 1—pt 1+ log w(q)
loe £\ = 1 ST )
; n <Ogn> 12¢(2) lpg<1+p1)( +O( log q ))
(na)=1

Proof. By Lemma 3.13, we have

2w(n) 2
G(s) = Z > :g

—S

(s)ypl-»r
2 )glers

n>1, ( 5
(n,g)=1
If n < ¢, then % < 1+ . Let ¢ = =, therefore
logq
2w<n> 1+e¢) ypl—p 19
n T (2+20 T 0
n<gq, plg
(n1Q):1
—(14€)
Now qu m becomes
e—clogp 1 2 2
Hl_——H 5(1—elogp+0(€ (logp)?))
1+ e—elogp 1—|—1(1—610gp+0(€2(10gp)2))
plg pla
1 1 1 L 1
1 1-3+3+0(;) 1] (1-3) (L + 7+ o))
b=t 0 (5 i (1+2) (1= 0 ()
1

:H%<l+ﬁ+0<ﬁ>> <1+;%+O<zﬁ))

pla

o1



And €049 pecomes

¢(2+2¢)
S+Z4+00) (1 2, 1
(@100 ( te T O”)) @ Lo
1 (logg)*
S W

Hence, the first part is done.

For 0 = R(s) > 0 and ¢ > 0, y > 1, we know the Mellin identity,

2 c+ioo ys
logy)? = — Y ds.
Therefore
2w(n) T\ 2 2 c+ico s 2w(n) 2 c+ioo e
Yo (een) man | S gy, FUrag
n<z, €100 n<z, c—100
(n,q)=1 (n,q)=1

Now the factor (*(1 + s) in F(1+ s) has a pole of order 2 at s = 0, while % has a pole of
order 3 at s = 0. Hence, the integrand has a pole of order 5 at s = 0. Since the non-trivial
zeros of ((s) lie on the strip 0 < o < 1, the non-trivial zeros of ((2 4 2s) lie on the strip

-1 <0< —%. These zeros therefore give rise to poles of the integrand. To avoid these

poles, we shift the contour to o = —% + €, for some € > 0. Thus
2w(n) 2 2 —%+6+i00 s s
3 <10g f) . F(1+s)=ds + 2Res, (F(l + s)x—3> — I+ 1.
~— n n 2mi —Le—ico S 5
(n.q)=1
Now the part [],, ii:—m of F(1+ s) becomes
1—p! slogp 1—p! slogp
140 = 140
H<1+p‘1)( i ( p 11 1+p! IT{r+ p
plq plq pla
1—p! log p
= 140
() (o (25
plg pla
1—p!
— | T (14+ 0 (s(1+logw(q)))) .
plg



Therefore F(1 + s) % becomes

Lop 1 2y, 1
g (1 +p_1) (140 (s(1+1logw(q)))) (6—2 = O(l)) 0] (14 O(e))

1 logz (logz)? (logz)® s(logz)? )
X(s3+ 52 52! 3 4l O )

Now the residue at s = 0 is the coefficient of the factor % Therefore the required residue is

1 1—p 1\ [(ogz)* ~(logz)? 2
@E(le){ 4 T o1 4 tog (e o))

~@ll(5m) "5 o (T

plg

“a ) M o ()

plg

Since x > ,/q, we have

I, = 2Res, <F(1 + S)z%:) = (Eié); 11 G Iii) (1 +0 (%» '

plg

Let s = o +it. The classical convexity bound for ((s) in the critical strip 0 < o <1 is
Clo+it) < |t] 2%, Ve>0.
Thus we obtain
C(l+s) < |77 and  C(2+2s) = (24 20 +i2t) < [2¢] 7277 < || 2o

Since for R(s) > 0,

pla plq
we have
x® CQ(l + S) 1 —p_(1+5) |x8| s L
F 1 = ¢ t 2 € 2+6 . 2+€.
‘ ( +8)s3 §(2+25) H'1+p—(1+s) |53| < H z <L T
plq
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Thus I, = O <x—%+€) . Thus I is negligible, since for small € < %, as & — 00, 27 — 0.

Hence we have

5 e BRI (0 (5222)

n<z,

(n,g)=1
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Chapter 5

Proposition 1

Claim: Let x (mod ¢) be a primitive Dirichlet character and Z = 5%, and

_ X@x®) 117 [ mab
B(X) - Z(nggé, \/@ Wa( q ) Then

* ) * 1—p')? 4 w
S B = 90875621)1—[((1 +1;_1)) (log q) (1+0(£)>.

x (mod q) plg

5.1 Decomposition into Main and Error Terms

Since |B(x)|? = B(x)B(x), we have

(bd).

=|

S BE= Y Wa (52) W () S
« (moda) ot Vabed

ab,cd<Z,
(abed,q)=1

Now x(—1) =1, or — 1, Since 1 = x(1) = x(—1)x(—1). Thus x(—1) = (—1)® such that

a = 0,1 for odd and even characters respectively. Define the indicator function,

Ox(=1)=(-1)e
{1 if x(~1) = (~1)*,
0 x(=1)# (=1 ie x(=1)=—(=1)"
_ 1+ D)=
2
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Then we have,

S x@exd)= S xaoxd) = Y x(ac)x(bd) Sy1ym(-1ye

X (mod q) x (mod gq), x (mod q)
x(=1)=(-1)¢
I - (—1)7 -
=5 2 Xaox(td) + —= > = x(ac)x(bd)x(-1).
X (mod q) X (mod q)

Applying Lemma 4.1,

S x(ae)x(bd)

x (mod q)
:% > w(k)u(%>+<_21)a > ekn(t)
k|(q,‘a07bd|) k“(qvac+bd)
=Py X ewe() 50 X ewn(f)+ 55 T ewn(])
klg, klg, k|(q,2bd)
k|(ac—bd), k|(act+bd),
ac#bd ac#£bd

Since a can take value 0,1 for even and odd characters respectively, we have

S BOP = %(Q) > o (52 v <%2%1 ) () +E=M+E,

v
0L7cc:17d,7
(abed,g)=1
q 1
where, F < k)2 <—> E(k), and where F(k) < )
%290( i () E(k) (k) b%jl —

ab,cd<Z,
ac#bd, k|(actbd), (abed,q)=1

5.2 Estimation of the Error Term

In the beginning, we divide the range 1 < ab,cd < Z into dyadic blocks. Consider an
arbitrary dyadic block as Z; < ab < 274, and Zy < cd < 2Z5. Since /2172y < Z < q, for
AV k%, the contribution of this dyadic block to E(k) is, by Lemma 4.2, given as

L 1 %12 3 NAVE: 5
< log 7,75)% <« lo ‘
ab%:x Vabed NIAVARN (log Z12,) L (logq)

Z1<ab<2Zy, Z><cd<2Zs,
ac#bd, k|(actbd), (abed,q)=1

o6



Therefore, the total contribution from all dyadic blocks to E(k) is bounded by,

g - 5 (£ ()« e - oy

71<Z Z2<Z Z1<7 Zsy<7
Since there are 2¥(@ square-free divisors of ¢, we have
q
> ek (E) E(k) < Z(logq)* Y 1 =q(logq)®.
klq, klq

19
Z1Z2>kT10

If Z,Z, < k16 then by Lemma 4.2 the contribution of one dyadic block to E(k) is

Therefore summing over all dyadic blocks when Z; 7, < k;%, the contribution is bounded by

19
1, 19 1,19 d k’lO 19
Z Z _T 10 — ]{_%"'T; E + 106"'10 E
19 Zl 19
Z1<k10Z <k10 Z1<k10 Z1<k10

1 19¢ 19 1 19¢ , 19 1
<k ot logh <5 k0T 0 T10T0 & ka0t

Thus
> el () Bk < k750 3k < kB d(g) <4 g0 = B
Hla ™ g
71 Zo<k 10

One can always find some €, , 3 such that 55 —€1— 0 > 0. Then < — 0 as ¢ — 0.

log q)3
Therefore we have

E < q(logq)®.
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5.3 Evaluation of the Main Term

Let ac = bd. Let g = (a,b), h = (¢,d) such that a = gr, b = gs, ¢ = hs, and d = hr for some
integers r, s with (r,s) = 1. So now, ac = bd = g*rs = h*rs and Vabed = ghrs. Thus

o () ) < () )
Vabed

Ua P

a7b7c7d217
ab,cd<Z,
ac=bd,
(abed,q)=1

_ ©*(q) Z Z 1 - <7rgzrs) - (’/ThQ’I’S)
2 a=0,1 g,h,r,s>1, gh’l“S q q
g%rs,h2rs<Z,

(ghrs,q)=1,
(r,5)=1

Since the number of ways of writing the square-free number n = rs with (r,s) = 1 is 2v(),

and W(z)=1+0 (x%_e) we have

n

©*(q) guw(n) 1 Tg°n 1 wh?n
M = - -
> 2. Wa 2 Wl

©*(q) 2v() 1 T9°n
— -W,
2 ’ n Z g q

Ty " e
=n= (9,9)=1
2
1
v*(q) gu(n) 1 1 (g *nz
a=0,1 (1n<q)z} 1<g§\/§, 1<9<\/77
<n< (9,9)=1 (9:9)=1

Now since

(9:9)=1

o8



we have )
1 1-2¢, Lt —¢ 7\ 2

g met <_)

¢ q

Let us divide the region n < Z into two cases

e Case l: Let n < Zy = gw@ = 18w(q) Now

7 7 1
< Zy=—= 30 = | < |2 = ——< .
h=s VZ, =V JE B0

Using Lemma 4.3, we have

qw(q)
Z é = # (log\/g—i-()(l +logw(q))> +0 7

1<9<+/Z,
(9,9)=1
( ) 7 2w(a) Jog %
. lg\/7+0( 1+logw(q)) | + O @
»l(q) )
=5 +O(1 + logw(q))-
So the contribution of this case to M is
, 2v™ (o(q), Z ’
= ¥ % (521062 + 01 + logu(a)
(ng)=1
qu(n) 7, 2
—v'@ ¥ 5 (52 (052 + 0wla) ) + 001 + g u(a) )
’I’L<Z07
(n,q)=1
gu(n) Z 2
—v'@ X 5 (521052 4 Owia) + 01 + g ula))
n<Z07 q
(n,g)=1

29



Now £ < Z; < ¢. So we have,

(A2 10520 O(w(q)))2 - (A% 5) +0 (28105 ) ) + Ofute)?)

2q n q
= (%g) log %) + O(w(q) log q).

In addition,

) (%‘” log 22 + o<w<q>>) O(1 +logw(q))
= O(logq + loggq logw(q)) + O(w(q) + w(q)logq)

= O(w(q)log q).

Therefore,

n<Zp
(n,g)=1
2 2
2w(n) 7
—ea (%) 35 () (1o ()
q n<Zp, n " 08 4q
(n,q)=1

5= o) (H . pl))z (10g )" (112;0 (52)) I =
(1o (ioge) o (Fma ™) o (i)

log ¢ w(q) w(q)+w(q)loggq
_54 d ~
wlg) < loglogg " loggq (log q)?

Since

)

we have

log g

T )
e Case 2: Zy<n<Z.
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Applying Lemma 4.3, we have

©(q)

1 1 2w(a) oo 3w(a)

Z p < Z Piai (log 3“@ + 4 4+ O(1 + log w(q))) + O < 3w(g;) ) < (g
Z <gw(@),

g{iq)\/:"_l’ g(g,q)=1

Thus the contribution of this case to M, using Lemma 4.3 is,

G-l Y 2u(r) (w(q)w(q)>2

n
Zo<n<Z q

(220 (<252 - (222 )

0

oo () (<2352 (- (223

< " (q)(w(q))*(log q)°.

Therefore,

]WZ:i;?II&i;Zﬂ?@%QV(1+O<uﬂn))+%)@f@Xw@»%bg@%.

log q
plg

5.4 Completion of the Proof

Hence,
’ 2 _ @D O=p ) w(q)
X 0P = ars B =R Ty e (1+O(10gq)>

+ O (¢*(q)(w(q))*(log 9)*) + O(qlog q)*

_ @ A=) w(q) w(g)\’

~ 8 g (1+p1) (logq) (1+O<10gQ> o ((logQ) )
q

o (w*(q) 10gq>>

I (o(i2)

log q
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Chapter 6

Proposition 2

Claim: Let x (mod ¢) be a primitive Dirichlet character and Z = 5%, and

_ M@x®) rrr ( zab
O(X) - Z(Zggé, \/@ Wa( q ) Then

ST el < Y |0<x>|2<<q(@) (w(q)logq)® + qlog g)’.

x (mod q) x (mod q)

6.1 Initial Decomposition
For 0 < z <1, Lemma 3.5 gives W, () =1+ O (x%_€>, and hence
[Wa(z)] < 1.
For x > 1, Lemma 3.5 implies
[Walo)] € 27¢ < (1+ )"

Letting ¢ = 2, we have |[W,(z)| < (1 + x)72
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Therefore,

YoolcwlP<ele) >

x  (mod q) (abed,q)=1,
ac=xbd (mod q),

(o)
q q
ab,cd>7Z

1 rab\ 2 red\ 2
< ¢(q) > (1 + ) (1 + —)
(abedigy=1, v abed q q

ac=xbd (mod q),

v abed 20:1

ab,cd>Z
1 ab\ ~* cd\ ~°
< »(q) Z _(1+ ) (1+—) .
(abed,q)=1, abed q
ac=xbd (mod q),
ab,cd>Z

Separating the diagonal and off-diagonal terms, we have

ab\ > cd\ 2
CO)E < ¢(a) ( ) (1+_> \E-D+E
Z abdz)lx/abc q

X (mod g)

ac=bd,
ab,cd>Z

1 ab\ cd\ 2
where, E < op(q) > = — (1 + —) (1 n —> .
(abed,q)=1, ac#bd, abed q q

ac=+bd (mod q),
ab,cd>7Z

6.2 Evaluation of the Diagonal part

Let ac = bd. As in 5.3 of proposition 1, let ¢ = (a,b) and h = (¢,d), so that a = gr, b =
gs, ¢ = hs, andd = hr for some integers r, s with (r,s) = 1. Thus

1 ?rs\ > h2rs\ >
D=vl) 3, ghm(H Q) (H q

(ghrs,q)=1,
g*rs,h’rs>Z,
(r,s)=1

Qw(n) 1 an -2
o B S T ()
(n,q):L g>\/§,

rs=n is square-free, (9,9)=1
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To compute further, let us consider a few cases

Case 1: If n > ¢, then

1 g*n\ " 1 [(¢*n\ " ¢ ¢ ¢
DRI CREA) R oy (AR o Y
g q g g°n n? T n
9> >z, >z
(9,9)=1 (9,9)=1 (9,9)=1

Now, by Lemma 3.14, the contribution of this case to D is

2w(n) q4
3 < ¢(q)logg.

Di<elg) )

n
n>gq, (n,q)=1

Case 2: If n < ¢, then

1 2\ 2 1 2\ 1 2p\ 7
3 _(Hw) - ¥ _(Hw) s _(HM)
9 q _ g q g q
9>z Zcg<\/1, :

(g,q)=nl7 (

Now

1/¢*n\ 2 ¢ [>® 1
25(9—) P L

Using Lemma 4.3, we obtain

\/%

| Z 9 1o 2v@ log
Z (log \/7 log > +0 g \/_
VZ<<\/i Vi \/%
(9:.9)=1
pl@), a ¢ @
= log — = — log 2"\
< 2 og 7 5 og
< #w(q).
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Now by Lemma 4.4, the contribution of this case to D is

Dy < ¢(q) (@w(@)z > 2 < ¢(q) Mw(q))2 (@ logq>2

= q q
(n,q)=1
= ¢(q) % (w(q)log q)?
=q(@> (w(q)log q)?

Thus the total contribution of both cases to D is
0(0)\’ ) e(@)\’ )
i\ (w(q)logq)” + ¥(q)logq < g e (w(q)logq)*.

6.3 Estimation of the Remaining Part

We break the range ab,cd > Z into dyadic blocks. Consider a typical dyadic block as
Z1 < ab < 221, and Z; < cd < 2Z5 such that Zl,Zg > 7. If 14y < q% then by Lemma
4.2, the contribution of one dyadic block to E is

As in the error estimation 5.2 of proposition 1, the total contribution of all dyadic blocks to

E, when 7,75, < q%, is

< 3TN gt g
9

71 < %8 %0
19 g
22577,

If Z,Z, > Z? > q% the by Lemma 4.2, the contribution of one dyadic block to E is

7\ 2 Z,\ 2 7.7
q

NAVL: q q
©(q) A 2\ o 3

65



To sum of over all dyadic blocks, we need to consider a few cases. Without loss of generality

assume that Z; < Zs.

e Case 1: If 7,75 < q, then

(1+Zl) = 0(1), and (1+%)_220(1).

q

Therefore the contribution is

R < Z leQ (log 2122) < q(logq)®.

Z1,22<q

o Case 2: If Zy,Z5 > q, then

Z\ Z Zy\ Zy\
(1 + —1) =0 ( 1) , and (1 + —2) =0 (—2) )
q q q q
The contribution of this case to the total dyadic sum is

ZiI\"2 2\ d 5 ¢ 1
Ry < Z Z122 (log Z,Z,)° r — < Z Zs (log Z) 727

Z1,%42>q q

Zay>max{q,Z1}
Let Z5 = 2%q for some positive integer s. Then we have

(logq + slog2)? 1
> g <q(ogg)® >, o <a(logg)’.

max{g,Zl}) log(max{g,zl})
§>————F——F

R, < ¢

log(

s>

log 2 log 2

Case 3: If Z; < q < Z,, then

Z Z Z,\?
(1+ 1) =0(1), and (1+ 2) :O<(—2) )
q q q
The contribution of this case to the total dyadic sum is

<<q Z \/—Z IOgZ1Z2

Z1<q Za>q 22



Let Z, = 2'q for some positive integer . Then we have

(log(Z1q) + tlog2)?
2 2

< ¢ (logq)®.

R3<<q\/_2z

Thus, the total contributions of all dyadic blocks from these three cases to E is < ¢ (log q)3.

6.4 Completion of the Proof

Combining the outcomes for D and E, we have

S el < Y |o<x>|2<<q(@) (w(q)logq)® + qlog g)’.

x (mod gq) x (mod q)
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Chapter 7

Discussion and Further Directions

7.1 Fourth Moment: From Prime to General Moduli

The study of moments of Dirichlet L-functions, particularly the fourth moment, has played
a central role in analytic number theory due to its connections with the distribution of
L-values, non-vanishing results, and conjectures such as Lindel6f and the generalized Rie-
mann hypothesis. The work of Soundararajan®! provides a significant breakthrough by
establishing an asymptotic formula for the fourth moment of Dirichlet L-functions valid
uniformly for all moduli, including large highly composite ones. As in (1.1), Heath-Brown*
refined the asymptotic result of Ingham’s® fourth moment for ((s) with an error term
O (T%“). Soundararajan'! improved the error term, so that an asymptotic formula in-
deed holds for all muduli ¢. Then it was an open problem to obtain an asymptotic formula
for >°° ) |L (3.%) ‘4 with a error term O(q'~%), for some § > 0. In 2005, J. B. Conrey,

x (mod ¢
D. W. Farmer, J. P. Keating, M. O. Rubinstein and N. C. Snaith!*, conjectured that

> ()

x (mod q)
where P2 = Zio a;x', with coefficients in terms of Euler product

2k
= ¢"(q)Pp(logq) + O (fﬁ“) :

a; = Cj H(l + fi(p)) < (loglog ¢)°

plq
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with explicit constants C; and arithmetic functions f;(p) < p~'. In 2011, M. P. Young'®
obtained a breakthrough result. For prime ¢ # 2, with some computable absolute constants

¢;, he obtained

x (mod gq) i=0

and using Ramanujan Conjecture, the error term can be of order O (ql_ﬁﬂ). In 2017, V.
Blomer, E. Fouvry, E. Kowalski, P. Michel, and D. Milicevi¢!® refined Young’s work. They

mentioned for any prime g and € > 0, with some computable absolute constants

STILE I = ¢ () Z b;(log q)" + O <q1—$+6> ,

X (mod q)

They subsequently improved the error term to O (ql’%+6> which is the best known'” result
for prime moduli, till date. They also emphasis that if the Ramanujan—Petersson conjecture
holds for Fourier coefficients of level-1 Hecke-Maass forms, then the exponent % can be
replaced by . In 2023, for general moduli ¢, X. Wu'® obtained an asymptotic formula

. . 1
with a power saving error term O <q1 148 +6> .

7.2 Higher Moments

In 1970, Huxley!'® provided upper bounds for fourth, sixth, and eight moment as below

S e (graa)| <@ i+ 2o + )

9<Q x (mod q)

> L(%ﬂt,x) < (Q*+ (Q(t] +2))2)1og”(Q(|t| +2)), and

9<Q  x (mod q)

S X [e(Griny)| <@+ 2o+ 2.

9<Q x (mod q)

In Theorem 3 of his paper, he mentioned an upper bound for general even moments for

the family of Riemann zeta function. For the family of Dirichlet L-functions with primi-
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tive characters, the upper bound for second and fourth moment can easily be turned into
asymptotic, as discussed earlier, in fact these cases do not require additional averaging over
modulus ¢. In 2006 Rudnick and Soundararajan?’ provided a lower bound for this family.
They mentioned that if p is a large prime then for any positive rational k,

> (3

x (mod p)

2k )
> p(log p)*

7.2.1 Sixth Moment

In 2012, J.B. Conrey, H. Iwaniec and K. Soundararajan?' conjectured the following

1\* 4 1
Let a3 = H (1—1—?> (1+p—|—p). Then, as ¢ — oo with ¢#2 (mod 4),

p: primes

< 120, I1 (1- 110>5 (log ¢)°

4 9 7’
plg <1+5+#>

1 Zb

b
©"(q) X (oo @

where Z . is a sum over primitive, even Dirichlet characters, and ¢”(q) is the number
(mod q)
of such characters. Towards this conjecture, they obtained an asymptotic, provided that an

additional short averaging in the t-aspect is included, that for large @,

>y / (L +it,y)|° dt

9<Q x (mod q)
i ST 8 [ (5

9<Q plq

Also their t-averaging eliminates the contribution of the so called unbalanced sums, that
is sums of ds(n)ds(m)x(m)x(n). In 2024, V. Chandee and X. Li, and K. Matoméki, and
M. Radziwilt?? managed to deal with the contribution of such sums using methods such as
spectral theory of automorphic forms and bounds of Deligne for hyper-Kloosterman sums.

As a result, they obtained an asymptotic formula for the sixth moment without any ¢-
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averaging. They obtained, as ) — oo,

(3]

where a3 = H (1 — —) (1 + 44+ ) There has been no further motivating work so far

~ 220 [ ———~ ( ) so(q)—(bg!@g,

q<Q plq (1 + + >

> ¥

¢<Q x (mod q)

on sixth moment.

7.2.2 Eight Moment

From the work of J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein and N. C.

8 (-3 oz

Snaith!*) one may derive the conjecture for eight moment that as ¢ — oo with ¢ # 2 (mod
~ 24024 a4 [ |

1
L(ﬁ’x) 9,9 1 16! 7
o (1+2+5+%) 16

1 9( 9 9 1)
ay = 1—- I+-+=5+5).
' 1;[( p) pop P

In 2014, V. Chandee, and X. Li*® obtained an asymptotic for the eight moment of

where

Dirichlet L-functions averaged over primitive, even Dirichlet characters y modulo ¢, over
all moduli ¢ < @ and with a short average on the critical line, conditionally on generalized

Riemann hypothesis. They proved the following,

> Z / (L 4it, x)[* dt

q<Q x (mod q)
1

1 - )7 16 oo Ly
N24024G4ZH< + +p)+ )(pb(q)(loiﬁq!) /_W‘F<2;Zt)‘8 dt.

9<Q plq

Recently in 2024, V. Chandee and X. Li, and K. Matomaki, and M. Radziwilt?* proved the

same result but removing the GRH condition assumed in their earlier work.

71



7.2.3 Twelfth Moment

The study of this specific moment gained prominence with the work of Heath-Brown® in

1978. For many decades this stood as a standard result for the t-aspect growth of the
Riemann zeta function. In 2021, D. Milicevic and D. White?* modified Heath-Brown’s ¢-
aspect result® to g-aspect for odd prime power moduli ¢ = p”, for the Dirichlet L-functions.

For some A > 0, and odd prime p, they established the g-aspect twelfth moment as
1
L=

> |e(3)

X (mod q)
Similar to the Heath-Brown’s result®, here the Weyl-strength sun-convexity bound for

12
<, pAq2+e )

Dirichlet L-functions in g-aspect is

1 L
() <ot
7.3 Further Directions

e To obtain an unconditional asymptotic formula for the twelfth moment of Dirichlet
L-functions for general composite moduli ¢, extending known results beyond prime

power moduli.

e To obtain an asymptotic formula for the eight moment of Dirichlet L-functions without

any t-averaging.

e To develop asymptotic formulas for higher moments.
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