
On the fourth moment of Dirichlet L-functions: revisiting
Soundararajan’s approach

by

Palash Khanra

B.Sc., Ramakrishna Mission Vivekananda Centenary College, India, 2021
M.Sc., Ramakrishna Mission Vidyamandira, India, 2023

A REPORT

submitted in partial fulfillment of the requirements for the degree

MASTER OF SCIENCE

Department of Mathematics
College of Arts and Sciences

KANSAS STATE UNIVERSITY
Manhattan, Kansas, USA

2026

Approved by:

Major Professor,

Prof. Xiannan Li



Copyright © 2026 by Palash Khanra. All Rights Reserved.

Re-distributed by the author under license with the author.

This work is licensed under a Creative Commons Attribution-
NonCommercial 3.0 United States License.
http://creativecommons.org/licenses/by-nc/3.0/us/

This dissertation will be online at:
https://krex.k-state.edu/home

http://creativecommons.org/licenses/by-nc/3.0/us/
http://creativecommons.org/licenses/by-nc/3.0/us/
https://krex.k-state.edu/home


Abstract

Moments of L-functions are central objects in analytic number theory, providing insight

into the size, distribution, and arithmetic behavior of L-functions. This report presents a

detailed and self-contained exposition of Soundararajan’s asymptotic formula for the fourth

moment of Dirichlet L-functions associated with primitive Dirichlet characters modulo q at

the central point s = 1
2
, valid uniformly for all moduli, including large highly composite ones.

The proof relies on a splitting technique applied to the approximate functional equation.

The diagonal terms of the short range sum yield the leading asymptotic of order q(log q)4,

while the remaining contributions are shown to be of lower order using analytic estimates.

The report develops the necessary background, establishes key lemmas, and carefully ana-

lyzes both main and error terms. This work provides a clear and accessible treatment of a

significant result in the theory of L-functions, serving both as a reference for Soundarara-

jan’s method and as an introduction to the analytic techniques underlying higher moments

of Dirichlet L-functions.
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Chapter 1

Introduction

The study of L-functions occupies a central position in modern number theory, connecting

arithmetic and geometry. Their special values, particularly at the central point s = 1
2
, encode

deep arithmetic information and are closely related to problems such as non-vanishing and

equidistribution. This naturally leads to the study of moments of L-functions.

1.1 Moments of Dirichlet L-functions

In this report, we focus on moments of Dirichlet L-functions associated with primitive

Dirichlet characters modulo q. For a positive integer k, the kth moment of Dirichlet L-

functions associated with primitive Dirichlet characters χ (mod q) at s = 1
2

is defined by

Mk(q) =
1

φ∗(q)

∑∗

χ mod q

∣∣∣∣L(1

2
, χ

)∣∣∣∣k ,
where

∑∗

χ (mod q)
is the sum over primitive characters and φ∗(q) is the number of such

characters. Individual values of
∣∣L (1

2
, χ
)∣∣ can be large or small, and are difficult to estimate.

However, their averages over χ often admits precise asymptotic formulas.

The first moment measures the average size of
∣∣L (1

2
, χ
)∣∣, indicates whether these values

tend to be biased toward being large or small, and in particular can be used to detect non-

vanishing. However, the first moment can be deceptive; since one or two massive values

1



could pull the average up even if most values are tiny. Thus, from the first moment alone,

one cannot tell whether large values are typical or instead rare but extreme. In contrast,

very large values of
∣∣L (1

2
, χ
)∣∣ are much more visible in the second moment than in the first,

because squaring amplifies their contribution relative to typical values. Higher moments

continue this process; by raising the values to higher powers, they increasingly emphasize

the contribution of extreme values. As the order of the moment increases, the number

of summation variables arising from the Dirichlet series expansion also increases, leading

to arithmetic relations among these variables. After applying the approximate functional

equation and expanding the 2kth moment, one is led to the expression, roughly of the form

∑∗

χ (mod q)

∑
n1,n2,··· ,nk
m1,m2,··· ,mk

χ(n1n2 · · ·nk)χ(m1m2 · · ·mk)
√
n1n2 · · ·nk m1m2 · · ·mk

W,

where W is a smooth rapid decay function. Orthogonality yields congruence conditions of

the form

n1n2 · · ·nk ≡ m1m2 · · ·mk (mod q).

The main asymptotic contribution arises from the diagonal terms. The off-diagonal terms

become substantially more difficult to handle for higher moments due to the emergence of

shifted convolution sums ∑
a≤x

dk(a)dk(a± l),

where dk(a) is the divisor function when a = a1a2 . . . ak.

Modern perspectives on moments are guided by conjectures from random matrix theory.

Following Katz and Sarnak, families of L-functions are classified into three principal sym-

metry types: unitary, symplectic, and orthogonal, each leading to different growth rates for

moments at the central point. The family of Dirichlet L-functions associated with primitive

Dirichlet characters modulo q is unitary. In this setting, random matrix theory predicts
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that the 2kth moment grows on the order of (log q)k
2
. In particular for the fourth moment,

M4(q) =
1

φ∗(q)

∑∗

χ mod q

∣∣∣∣L(1

2
, χ

)∣∣∣∣4 ≍ (log q)4.

1.2 Historical Background and the Fourth Moment

Historically, the problem of computing moments dates back to Hardy and Littlewood1.

They studied the integrals of the type∫ T

0

∣∣∣∣ζ (1

2
+ it

)∣∣∣∣2k dt, k ≥ 1

in order to study the Lindelöf hypothesis1. They mentioned the Lindelöf hypothesis is

equivalent2 to obtaining sharp bounds on all the positive, even integral moments. Since

then, the moments of the Riemann zeta-function and of more general L-functions have

become natural objects of study. In 1916, Hardy and Littlewood1 computed the second

moment of ζ(s) as follows ∫ T

0

∣∣∣∣ζ (1

2
+ it

)∣∣∣∣2 dt ∼ T log T.

Later in 1926, Ingham3 obtained an asymptotic formula for the fourth moment of ζ(s) as∫ T

0

∣∣∣∣ζ (1

2
+ it

)∣∣∣∣4 dt ∼ T

2π2
(log T )4.

1It states that as t → ∞, ζ( 12+it) ≪ tϵ, ∀ϵ > 0. For the family of Dirichlet L-functions with Dirichlet
character modulo q, it states that for any ϵ < 0, L

(
1
2 , f
)
≪ϵ q

ϵ.
2Let ζ

(
1
2 + it

)
≪ϵ t

ϵ, ∀ϵ > 0. If this holds then for any fixed k,∣∣∣∣ζ (1

2
+ it

)∣∣∣∣2k ≪ t2kϵ ≪ tϵ.

Therefore, ∫ T

0

∣∣∣∣ζ (1

2
+ it

)∣∣∣∣2k dt ≪ ∫ T

0

tϵdt = T 1+ϵ.

The converse part of this equivalence is straight-forward. One can also prove the equivalence for the family
of Dirichlet L-functions. In 1918, Backlund2 mentioned a necessary and sufficient condition for the Lindelöf
hypothesis. It states that LH is equivalent to the statement that the number of non-trivial zeros of the
Riemann zeta function with ℜ(s) > 1

2 and imaginary part between T and T + 1 is o(log T ) as T → ∞.
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More precisely ∫ T

0

∣∣∣∣ζ (1

2
+ it

)∣∣∣∣4 dt =
T

2π2
(log T )4 + O(T (log T )3).

In 1979, Heath-Brown4 improved this result as follows∫ T

0

∣∣∣∣ζ (1

2
+ it

)∣∣∣∣4 dt =
4∑

i=0

aiT (log T )i + O
(
T

7
8
+ϵ
)
,

where a4 = 1
2π2 , and a3 = 2

π2

(
4γ − 1 − log(2π) − 12ζ′(2)

π2

)
. In the Theorem 3 of the 1980

paper5, Iwaniec mentioned that∫ T+T
2
3+ϵ

T

∣∣∣∣ζ (1

2
+ it

)∣∣∣∣4 dt ≪ϵ T
2
3
+ϵ.

In 1978, Heath-Brown6 proved the t-aspect bound for the twelfth moment of the Riemann

zeta function as follows ∫ T

0

∣∣∣∣ζ (1

2
+ it

)∣∣∣∣12 dt ≪ϵ T
2+ϵ.

One can also obtain the Weyl-strength sub-convexity bound as

ζ

(
1

2
+ it

)
≪ t

1
6
+ϵ.

In 1993, Motohashi7’8 proved an exact spectral formula for a smoothed fourth moment of

the Riemann zeta function: after applying a smooth weight, one can express the integral

of
∣∣ζ (1

2
+ it

)∣∣4 in terms of a sum over automorphic forms, specifically involving the cubic

central values L
(
1
2
, f
)3

of Maass forms f for SL2(Z). No other asymptotic formulas for

higher moment of ζ(s) has been computed so far.

The family of Dirichlet L-functions with primitive character χ modulo q is analogous

in some ways to the Riemann zeta function in t-aspect. But for the Riemann zeta func-

tion, moments arise from continuous averaging over the parameter t, while for Dirichlet

L-functions one averages discretely over characters. In 1979, Ramachandra9 conjectured
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that, for Dirichlet characters modulo some prime p,

∑
χ (mod p)

∣∣∣∣L(1

2
, χ

)∣∣∣∣4 ∼ p

2π2
(log p)4.

In 1981, for a general q Heath-Brown10 showed that

∑∗

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣4 =
φ∗(q)

2π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4 + O

(
2w(q)q (log q)3

)
, (1.1)

where w(q) denotes the number of distinct prime divisors of q. Since there are no primitive

characters with q ≡ 2 (mod 4), see Lemma 3.2, we can assume that q ̸≡ 2 (mod 4). Given

φ∗(q) ≍ q
∏
p|q

(
1 − 1

p

)2

,
∏

p≤pw(q)

(
1 − 1

p

)
≍ 1

log log q
, and

∏
p≤pw(q)

(
1 +

1

p

)
≍ log log q,

we obtain

g =
Main terms growth

Error terms growth
≍

φ∗(q)(log q)4
∏

p|q
(1−p−1)3

(1+p−1)

2w(q)q(log q)3
≍ log q

2w(q)

∏
p|q

(1 − p−1)5

(1 + p−1)

≍ log q

2w(q)(log log q)6
.

If w(q) ≤
(

1
log 2

− ϵ
)

log log q then as q → ∞,

g ≥ log q

2
log log q
log 2

−ϵ log log q (log log q)6
=

2ϵ log log q

(log log q)6
−→ ∞.

Thus, when w(q) ≤
(

1
log 2

− ϵ
)

log log q (which holds for almost all q), the main term dom-

inates the error term, and (1.1) gives a q-analog of Heath-Brown’s result for ζ(s). But if q

is a large and highly composite3 (or product of small primes) with w(q) ≥ log log q
log 2

, then as

q → ∞,

g ≤ 1

(log log q)6
−→ 0.

Therefore, the error term dominates the main term in (1.1). To improve the Heath-Brown’s10

3We call a number x highly composite if ∀ n ≤ x, d(n) ≤ d(x).
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result, in 2007 Soundararajan11 provided the following theorem suggesting an asymptotic

formula for the fourth moment valid for all q including the large highly composite ones.

Theorem. For all positive integer q we have

∑∗

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣4 =
φ∗(q)

2π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

√
q

φ(q)

))
+ O

(
q (log q)

7
2

)
.

(1.2)

Here O
(

w(q)
log q

√
q

φ(q)

)
is the primary error and O

(
q(log q)

7
2

)
is the secondary error term.

Now one can observe that, as q → ∞,

q(log q)
7
2

φ∗(q)
∏

p|q
(1−p−1)3

(1+p−1)
(log q)4

≍ 1

(log q)
1
2

∏
p|q

(1−p−1)5

(1+p−1)

≍ (log log q)6

(log q)
1
2

−→ 0.

Using the classical bounds, see Lemma 3.7 and Lemma 3.8,

w(q) ≪ log q

log log q
and φ(q) ≫ q

log log q
,

one can see that as q → ∞,

w(q)

log q

√
q

φ(q)
≪ 1√

log log q
−→ 0.

Therefore indeed Soundararajan’s theorem provides an asymptotic formula for the fourth

moment, valid for all q.

1.3 Outline of the Report

The purpose of this report is to present a detailed and self-contained account of Soundarara-

jan’s proof of the fourth moment of Dirichlet L-functions associated with primitive charac-

ters, with particular emphasis on the uniformity of the argument in the modulus q. The

report develops the necessary analytic tools, establishes the required background lemmas,

and carefully carries out the estimation of both the main and error terms. Soundararajan’s

proof relies on a delicate splitting technique, in which the approximate functional equation

6



for
∣∣L (1

2
, χ
)∣∣2 is decomposed into a short-range sum B(χ) and a long-range sum C(χ),

with a cut-off parameter Z = q
2w(q) . One can observe that it is relatively easy to extract

an asymptotic from the diagonal structure of B(χ), while the contribution of C(χ) can be

bounded effectively.

Chapter 2 introduces the splitting method and presents heuristics for extracting the

asymptotic formula for the fourth moment. It proves Soundararajan’s theorem using some

important background lemmas and propositions from Chapter 4, 5 and 6 respectively.

Chapter 3 collects preliminary material, including Dirichlet characters, Dirichlet L-

functions, the Dirichlet hyperbola method, the Mellin transform, and several other related

things. Section 3.5 contains a collection of important lemmas required for proving the main

background lemmas and propositions used in Soundararajan’s work. This chapter also dis-

cusses the proof of the classical bounds w(q) ≪ log q
log log q

, q
φ(q)

≪ log log q, and d(n) ≪ϵ n
ϵ.

In addition, it includes the proofs of several properties of the divisor function, including the

shifted divisor sum result by Heath-Brown (Lemma 3.11) and another result (Lemma 3.10)

due to Linnik and Vinogradov.

Chapter 4 establishes the key background lemmas required for the analysis. Lemma 4.1

recalls the orthogonality relations for primitive Dirichlet characters. Lemma 4.2 provides

a sharp uniform bound for off–diagonal solutions to certain multiplicative congruences, en-

suring that off-diagonal terms contribute only lower order errors. Lemma 4.3 gives a precise

asymptotic formula for harmonic sums restricted to integers coprime to a modulus, allowing

for the clean extraction of main terms. Lemma 4.4 establishes sharp bounds and asymptotics

for divisor-weighted sums under coprimality conditions, enabling the precise evaluation of

diagonal contributions.

7



Chapters 5 and 6 are devoted to the proofs of the main propositions leading to the final

result. Proposition 1 facilitates the extraction of the asymptotic formula for the fourth

moment of Dirichlet L-functions associated with the primitive Dirichlet characters. The

expansion of |B(χ)|2 leads to quadruple sums whose averages over characters impose mul-

tiplicative congruence conditions. The diagonal contribution of the B(χ) part produces

a main term of size (log q)4, while all off–diagonal terms are shown to be of lower order.

Proposition 2 shows that both the diagonal and off-diagonal contributions arising from C(χ)

are also of lower order.

Chapter 7 looks at the bigger picture of L-function research and explains where this

report fits into the field. It compares the progress made on the fourth moment from prime

to general moduli, with recent breakthroughs on the sixth, eighth moment, and twelfth

moments. As a further direction, the author has noticed and mentioned a few research

questions in these works.
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Chapter 2

The Splitting Technique and the
Fourth Moment of Dirichlet
L-Functions

Assuming the work in the Chapters 4, 5 and 6, this chapter establishes an asymptotic

formula for the fourth moment of Dirichlet L-functions,

1

φ∗(q)

∑∗

χ mod q

∣∣∣∣L(
1

2
, χ)

∣∣∣∣4 .
Using the approximate functional equation, we outline the main strategy of the proof: de-

composing the character sum A(χ) (a Dirichlet polynomial of length q, stated explicitly

later.) into a short-range part, B(χ), and a long-range part, C(χ). We justify the specific

choice of the cut-off parameter, Z = q
2ω(q) , and subsequently show how the asymptotic result

is derived primarily from the diagonal contribution of B(χ), while the off-diagonal terms of

B(χ) and the whole of C(χ) only contribute to the error.

2.1 The splitting, A(χ) = B(χ) + C(χ)

Let χ (mod q) be a primitive Dirichlet character. The approximate functional equation for

the fourth moment of L(s, χ) on the critical line s = 1
2

is given by∣∣∣∣L(1

2
, χ

)∣∣∣∣4 = 4|A(χ)|2, (2.1)

9



where

A(χ) =
∑
a,b≥1

χ(a)χ(b)√
ab

Wα

(
πab

q

)
(2.2)

is a Dirichlet polynomial of length q and Wα(x) is defined as in (3.4).

The orthogonality for the primitive Dirichlet characters is as follows, see Lemma 4.1.

If (r, q) = 1, then ∑∗

χ (mod q)

χ(r) =
∑

k|(q,r−1)

µ
( q
k

)
φ(k).

If q is prime, the character sum is easy to handle, since k can be just 1 and q. However,

when q is highly composite or product of small primes, we must deal with 2w(q) separate

congruence conditions, because of the 2w(q) many square-free divisors of q. Let us consider

A(χ) = B(χ) + C(χ),

where Z = q
2w(q) , and

B(χ) =
∑
a,b≥1,
ab≤Z

χ(a)χ̄(b)√
ab

Wα

(
πab

q

)
, (2.3)

C(χ) =
∑
a,b≥1,
ab>Z

χ(a)χ̄(b)√
ab

Wα

(
πab

q

)
. (2.4)

An important question is why we split the range and why we choose the specific cut-off

Z = q
2w(q) . Let k be a small divisor of q and consider integers 1 ≤ a, b, c, d ≤ Z with ab ≍ Z,

and cd ≍ Z. Heuristically, the number of off-diagonal solutions (a, b, c, d) to the congruence

ac ≡ ±bd (mod k) is of the same order of magnitude as Z2

k
; that is,

∑
ab,cd≍Z,
ac̸=bd,

ac≡±bd (mod k)

1 ≍ Z2

k
.

While dealing with off-diagonal part of the short range sum B(χ), one come across a sum

10



like the below one and heuristically,

∑
k|q

µ2

(
q

k

)
φ(k)

∑
ab,cd≍Z,
ac̸=bd,

ac≡±bd (mod k),
(abcd,k)=1

1√
abcd

≍
∑
k|q

µ2

(
q

k

)
φ(k)

k
Z ≍ 2w(q)Z.

If Z ≍ q (in particular, if Z = q), then the term 2w(q)q would dominate the main term

q(log q)4. Indeed, when q is large and highly composite (for example, a product of many

small primes), the factor 2w(q) can exceed (log q)4, thereby preventing us from obtaining the

desired moment structure. In contrast, choosing Z such that 2w(q)Z ≍ q preserves the main

term. This motivates our choice of the cut-off Z = q
2w(q) . With this choice, it is easier to

derive an asymptotic formula for B(χ) and to obtain a satisfactory bound for C(χ). The

idea is explained heuristically through the lemmas below.

Lemma 2.1. For positive integers a, b, c, d, q ≥ 1, and Z = q
2w(q) ,∑

ab≤Z,cd≤Z,
ac=bd,

(abcd,q)=1

1√
abcd

≍ (log q)4.

Proof. Let (r, s) = 1. With the change of variables a = gr, b = gs, c = hs, d = hr, we have

ac = ghrs = bd, and ab = g2rs, cd = h2rs. Since (r, s) = 1, n = rs is squarefree and the

number of ways of writing n = rs is d(n) = 2w(n). Therefore,

S =
∑

ab≤Z,cd≤Z,
ac=bd,

(abcd,q)=1

1√
abcd

=
∑
n≤Z,

(n,q)=1,
n is square-free

2w(n)

n

 ∑
g≤
√

Z
n
,

(g,q)=1

1

g


2

.

Using Lemma 4.4, and Lemma 4.3 respectively,

S ≍
∑
n≤Z,

(n,q)=1,
n is square-free

2w(n)

n

(
φ(q)

q
log

Z

n

)2

≍
(
φ(q)

q

)2 ∑
n≤Z,

(n,q)=1,
n is square-free

2w(n)

n

(
log

Z

n

)2

≍ (log q)4.

11



Lemma 2.1 shows that the diagonal contribution to the weighted sum in the short range

is asymptotic to (log q)4. Thus, the short range determines the asymptotic structure of

the fourth moment. Moreover, to bound the off-diagonal in the short-range, we get 2w(q)Z,

which is natural since it does not exceed q. This is why it is easy to obtain an asymptotic

formula for B(χ).

Lemma 2.2. Let m,n, q be positive integers and Z = q
2w(q) . For sufficiently large q, let

S1 =
∑

m,n≤Z,
m=n

1√
mn

, and S2 =
∑

Z<m,n≤q,
m=n

1√
mn

.

Then, S2 = o(S1).

Proof. Case 1: Short-range, m,n ≤ Z.

S1 =
∑
m≤Z

1

m
≍ logZ = log q − w(q) log 2 ≍ log q

(
1 − log 2

log log q

)
≍ log q.

Case 2: Mid-range, Z < m,n ≤ q.

S2 ≍ log
q

Z
= log 2w(q) ≍ log q

log log q
, using w(q) ≍ log q

log log q
.

Therefore,

lim
q→∞

S2

S1

≍ lim
q→∞

1

log log q
= 0.

Thus, Lemma 2.2 implies that for sufficiently large q, the diagonal contribution from the

interval [1, Z] is significantly larger than the one from (Z, q].

Lemma 2.3. Let m, q be positive integers. For all c > 0,

∑
m>q

1

m

(
Wα

(
πm

q

))2

≪c 1.

12



Proof. Let us consider a dyadic interval 2kq ≤ m < 2k+1q, then

S =
∑
m>q

1

m

(
Wα

(
πm

q

))2

=
∑d

k

∑
2kq≤m<2k+1q

1

m

(
Wα

(
πm

q

))2

.

Since 1
m

≍ 1
2kq

, m
q
≍ 2k, Wα(x) ≪c x

−c, we have

S ≪c

∑d

k

1

2kq
2−2kc 2kq ≪c

∑d

k

(
1

22c

)k

≪c 1.

Therefore all the other digonal terms has smaller contribution than the diagonal contri-

bution of the range [1, Z].

Lemma 2.4. Let q be a large positive integer, Z = q
2w(q) , and k be a divisor of q. Then

∑
k|q,

k is square-free

∑
a,b,c,d≥1,
ab,cd≤Z,

ac̸=bd, k|(ac±bd), (abcd,k)=1

k√
abcd

≪ q(log q)3.

Proof. Let us break the range ab, cd ≤ Z into dyadic blocks and consider one such dyadic

block as Z1 ≤ ab < 2Z1 and Z2 ≤ cd < 2Z2. Using Lemma 4.2,

∑
Z1≤ab<2Z1,
Z2≤cd<2Z2,

ac̸=bd, k|(ac±bd), (abcd,k)=1

k√
abcd

≪
√

Z1Z2(logZ1Z2)
3 ≪

√
Z1Z2(log q)3.

The total dyadic contribution is

∑d

Z1≤Z

∑d

Z2≤Z

√
Z1Z2(log q)3 ≪ (

√
Z)(

√
Z)(log q)3 = Z(log q)3.

Therefore, ∑
k|q,

k is square-free

Z(log q)3 = 2w(q)Z(log q)3 = q(log q)3.

13



Lemma 2.5. Let q be a large positive integer, Z = q
2w(q) . Then

∑
a,b,c,d≥1,

Z<ab,cd≤q,
(abcd,q)=1, ac̸=bd, q|(ac±bd)

1√
abcd

≪ q(log q)3.

Proof. Considering the dyadic block with Z1, Z2 ≤ q, and applying Lemma 4.2, we have,

∑
Z1≤ab<2Z1,
Z2≤cd<2Z2,

ac̸=bd, (abcd,q)=1,
q|(ac±bd)

1√
abcd

≪
√
Z1Z2(logZ1Z2)

3.

Total dyadic contribution is

∑d

Z1≤q

∑d

Z2≤q

√
Z1Z2(log q)3 ≪ (

√
q)(

√
q)(log q)3 = q(log q)3.

Thus the contribution to off-diagonal terms of short-range (ab, cd ≤ Z) and mid-range

(Z < ab, cd ≤ q) is O(q log q)3.

Lemma 2.6. Let m,n, q be positive integers. Then ∀c > 1
2
,

∑
m,n>q,
m̸=n

1√
mn

Wα

(
πm

q

)
Wα

(
πn

q

)
≪ q.

Proof. Consider two dyadic intervals 2kq ≤ m < 2k+1q, and 2lq ≤ n < 2l+1q. Then ∀c > 1
2
,

∑
m,n>q,
m̸=n

1√
mn

Wα

(
πm

q

)
Wα

(
πn

q

)
=
∑d

k,l

∑
2kq≤m<2k+1q,
2lq≤n<2l+1q,

m̸=n

1√
mn

Wα

(
πm

q

)
Wα

(
πn

q

)

≪c

∑d

k,l

(2kq) (2lq)
1

2l/2 2k/2 q
2−lc 2−kc

≪c q
∑d

k

(
1

2c− 1
2

)k ∑d

l

(
1

2c− 1
2

)l

≪c q.
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Thus, all off-diagonal terms are of smaller order, while the diagonal of the short-range

sum B(χ) provides the main contribution to the asymptotic of the fourth moment.

2.2 Proof of the main theorem

Let us the recall the Soundararajan’s theorem.

Theorem. For all positive integer q we have

∑∗

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣4 =
φ∗(q)

2π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

√
q

φ(q)

))
+ O

(
q (log q)

7
2

)
.

In Soundararajan’s paper11, there are two important propositions. The above main

theorem follows from these two key propositions.

• Proposition 1:

∑∗

χ (mod q)

|B(χ)|2 =
φ∗(q)

8π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

))
. (2.5)

• Proposition 2:

∑
χ (mod q)

|C(χ)|2 ≪ q

(
φ(q)

q

)5

(w(q) log q)2 + q(log q)3. (2.6)

In Proposition 2, we are using
∑

χ (mod q) instead of
∑∗

χ (mod q)
because of the easier

orthogonality of Dirichlet characters than the primitive ones (see Lemma 4.1).

Proof. Since A(χ) = B(χ) + C(χ), we have

∑∗

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣4 = 4
∑∗

χ (mod q)

(
|B(χ)|2 + 2ℜ

[
B(χ)C̄(χ)

]
+ |C(χ)|2

)
.
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Since ℜ
[
B(χ)C̄(χ)

]
≤ |B(χ)C(χ)|, by Cauchy-Schwarz inequality,

∑∗

χ (mod q)

∣∣B(χ)C(χ)| ≤
( ∑∗

χ (mod q)

|B(χ)|2
) 1

2
( ∑∗

χ (mod q)

|C(χ)|2
) 1

2

≤
( ∑∗

χ (mod q)

|B(χ)|2
) 1

2
( ∑

χ (mod q)

|C(χ)|2
) 1

2

.

Thus,

∑∗

χ (mod q)

∣∣B(χ)C(χ)| = O

(( ∑∗

χ (mod q)

|B(χ)|2
) 1

2
( ∑

χ (mod q)

|C(χ)|2
) 1

2
)

= O

(√
φ∗(q)(log q)2

√
q

(
φ(q)

q

)5

(w(q) log q)2 + q(log q)3
)

= O

(√
φ∗(q)(log q)2

√
q

(
w(q) log q

(
φ(q)

q

) 5
2

+ (log q)
3
2

))
= O

(√
φ∗(q)

√
q

(
w(q)(log q)3

(
φ(q)

q

) 5
2

+ (log q)
7
2

))
.

Hence, we have

∑∗

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣4 =
φ∗(q)

2π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

))

+ O

(√
φ∗(q)

√
q

(
w(q)(log q)3

(
φ(q)

q

) 5
2

+ (log q)
7
2

))

+ O

(
q

(
φ(q)

q

)5

(w(q) log q)2 + q(log q)3

)

=
φ∗(q)

2π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

))
+ O

(
q

(
φ(q)

q

)5

(w(q) log q)2

)

+ O

(√
φ∗(q)

√
q

(
w(q)(log q)3

(
φ(q)

q

) 5
2

))
+ O

(
q(log q)

7
2

)
=

φ∗(q)

2π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

)√
q

ϕ(q)

)
+ O

(
q(log q)

7
2

)
.
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The last line normalization is clear, since,√
φ∗(q)

√
q(log q)3w(q)

φ∗(q)(log q)4
=

√
q

φ∗(q)

w(q)

log q
=

w(q)

log q

√
q

φ(q)

√
φ(q)

φ∗(q)
≤ w(q)

log q

√
q

φ(q)

and
qw(q)(log q)2

φ∗(q)(log q)4
≤ w(q)

(log q)2
.

Thus, we obtain

1

φ∗(q)

∑∗

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣4 =
1

2π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

)√
q

φ(q)

)
+O

(
q(log q)

7
2

φ∗(q)

)
.

To summarize, the asymptotic structure of the fourth moment comes from the diagonal

contribution of the short-range terms. All off-diagonals have smaller contribution. Moreover,

C(χ) is hard to estimate but easier to bound. Therefore, the decomposition A(χ) = B(χ) +

C(χ) makes the extraction of the asymptotic structure transparent.
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Chapter 3

Preliminaries

This chapter covers some preliminaries including Dirichlet characters, Dirichlet L-functions,

the Dirichlet hyperbola method, the Mellin transform and its inversion, and explains how

these tools are used to derive the functional, and approximate functional equations, along

with several related concepts. The chapter also introduce a few lemmas which are immensely

helpful to prove the background lemmas of Soundararajan’s work.

3.1 Dirichlet Characters

Definition 1 (Dirichlet Character). A function χ : (Z/qZ)× → C× is called a Dirichlet

character (mod q) if χ is a completely multiplicative group homomorphism with a period q

i.e. ∀ m,n ∈ Z, the function χ satisfies χ(mn) = χ(m)χ(n), χ(m+q) = χ(m), and χ(1) = 1.

If χ is a Dirichlet character with moduli q then it can be extended to an arithmetic function

χ : Z → C via

χ(m) =

{
0 if (m, q) > 1,

χ(m mod q) ̸= 0 if (m, q) = 1.

Hence a Dirichlet character (mod q) is a completely multiplicative arithmetic function

with period q such that χ(m) = 0 whenever (m, q) > 1. Conversely, any such function is a

Dirichlet character (mod q).

Here we mention some properties of Dirichlet characters.

1. ∀m ∈ (Z/qZ)×, χ(m) is a φ(q)th root of unity.

18



Proof. Since
∣∣(Z/qZ)×

∣∣ = φ(q), we have mφ(q) = 1, ∀m ∈ (Z/qZ)×. Therefore,

χ(m)φ(q) = χ(mφ(q)) = χ(1) = 1.

2. Let G be the set of all Dirichlet characters χ (mod q). Then G is a finite abelian

group of order φ(q) under point-wise multiplication, (χ1χ2)(m) = χ1(m)χ2(m).

Proof. It is straightforward to verify that G is a group. Indeed, the complete mul-

tiplicativity of χ ensures closure and associativity, and the identity element is the

principal character

χ0(n) =

{
0 if (n, q) > 1,

1 if (n, q) = 1.

The inverse of the character χ is χ̄ defined by

χ(n) =

{
0 if (n, q) > 1,

χ(n) if (n, q) = 1.

Thus G really forms a group and it is exactly Hom
(
(Z/qZ)× ,C×).

Let q =
∏r

i=1 p
αi
i . Then by Chinese remainder theorem, we have

Z×
q
∼= Z×

p
α1
1

× Z×
p
α2
2

× ...× Z×
pαr
r
.

If p is odd then for any positive integer α, Z×
pα is cyclic group of order φ(pα). For

p = 2, Z×
2

∼= {e}, Z×
4

∼= Z2, and for α ≥ 3, Z×
2α

∼= Z2 × Z2α−2 . In particular

|Z×
2α| = 2α−1 = φ(2α). Now using the Chinese remainder theorem

|G| =
r∏

i=1

φ(pαi
i ) = φ

(
r∏

i=1

pαi
i

)
= φ(q).

Moreover,

(χ1χ2)(m) = χ1(m)χ2(m) = χ2(m)χ1(m) = (χ2χ1)(m).

Thus G forms an abelian group.

3. If a ̸= 1 in X = (Z/qZ)× then ∃ a character χ of X in G such that χ(a) ̸= 1.
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Proof. Since X is a finite abelian group, by the fundamental theorem of finite abelian

group, we can express

X ∼= Cn1 × Cn2 × · · · × Cnk
,

where each Cnj
is a cyclic group of order nj. Let a = (a1, a2, ..., ak) ∈ Cn1 × · · · ×Cnk

.

Since a ̸= 1, there exists at least one j such that aj ̸= 1. Let Cnj
=< γ >, for some γ.

Thus for some k ̸≡ 0 (mod nj), we have aj = γk. Define a mapping

βj : Cnj
→ C× by βj(γ

m) = e
2πim
nj .

Take two elements γm1 , γm2 ∈ Cnj
. Then

βj(γ
m1γm2) = e

2πi(m1+m2)
nj = βj(γ

m1)βj(γ
m2),

and

βj(1) = βj(γ
0) = 1 = e2πi = β(γnj).

Hence, βj is a well-defined character on Cnj
.

As a consequence,

βj(aj) = e
2πik
nj ̸= 1.

Consider the projection map πj : X → Cnj
. The projection πj is a group homomor-

phism. Then χ = βj ◦ πj is a character. Explicitly,

χ(gg′) = βj(πj(gg
′)) = βj(πj(g)πj(g

′)) = βj(πj(g))βj(πj(g
′)) = χ(g)χ(g′).

Subsequently

χ(a) = βj(aj) ̸= 1.
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4. Let q ∈ N, and n ∈ Z such that (n, q) = 1. Then ∀n ∈ Z we have

∑
χ (mod q)

χ(m)χ(n) =

{
φ(q) if m ≡ n (mod q),

0 otherwise .

where
∑

χ (mod q) =
∑

χ∈G .

Proof. If m = n, then the sum consists of φ(q) terms, each equal to 1. Hence the

result follows. Let m ̸= n. Using the property 3, ∃ χ1 ∈ G such that χ1(m) ̸= χ1(n).

Define

T =
∑

χ (mod q)

χ(m)χ(n).

Therefore

χ1(m)χ1(n)T =
∑

χ (mod q)

χ1(m)χ(m)χ1(n)χ(n) =
∑

χ (mod q)

χ1χ(m)χ1χ(n).

Now since χ1χ ∈ G, we have

∑
χ (mod q)

χ1χ(m)χ1χ(n) =
∑

χ (mod q)

χ(m)χ(n) = T.

Thus we have

χ1(m)χ1(n)T = T =⇒
(
χ1(m)χ1(n) − 1

)
T = 0.

But χ1(m)χ1(n) ̸= 1. Therefore, T = 0. Hence,

∑
χ (mod q)

χ(m)χ(n) = 0.

There are two types of Dirichlet characters modulo q : “primitive” and “non-primitive”.

Let d|q and let χ∗ be a character (mod d). Define

χ(n) =

{
χ∗(n) if (n, q) = 1,

0 otherwise.
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Then χ is a Dirichlet character (mod q) induced by the character χ∗. Note that if a prime

p|q but p ∤ d then χ does not have a period d. If all the prime divisors of q and d are same

then χ(n) = χ∗(n), ∀n ∈ Z.

Definition 2 (Conductor). Let χ (mod q) be a Dirichlet character. A divisor d of q is

called a quasi-period of χ if χ(m) = χ(n) whenever m ≡ n (mod d) and (mn, q) = 1. The

least of all such quasi-periods is called the conductor of χ.

Definition 3 (Primitive Character). A Dirichlet character χ (mod q) is called a primitive

character if q is the minimum quasi-period of χ or, it has the conductor q.

Therefore using the primitive character idea, we can redefine the conductor of χ as

dχ = min
{
d : d | q such that ∃ a primitive character χ∗ (mod d) and χ = χ∗ ◦ π, where π

is the projection map from Z×
q → Z×

d

}
.

Definition 4 (Non-primitive Character). A Dirichlet character χ (mod q) is called non-

primitive if and only if the smallest positive divisor d of q, for which χ(n + d) = χ(n), ∀n,

is strictly smaller than q that is χ has minimum period < q.

Lemma 3.1. Let χ be a Dirichlet character modulo q. The following are equivalent:

1. χ is primitive.

2. If d | q with d < q, then there exists an integer c ≡ 1 (mod d) which is coprime to q

such that χ(c) ̸= 1.

3. If d | q with d < q, then for any a ∈ Z we have
∑

1≤n≤q
n≡a (mod d)

χ(n) = 0.

Proof. (1) ⇒ (2). Let χ be a primitive character and let d|q, d < q. Since χ does not factor

modulo d, there exists n such that χ(n + d) ̸= χ(n). Since χ(n) and χ(n + d) are defined,

we have (n, q) = 1, (n + d, q) = 1. Let c ∈ Z such that c ≡ n(n + d)−1 (mod q). Then

(c, q) = 1 and c ≡ 1 (mod d), but χ(c)χ(n + d) = χ(n) =⇒ χ(c) ̸= 1.
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(2) ⇒ (3). Define

S =
∑

1≤n≤q
n≡a (mod d)

χ(n).

Then consider the map c 7→ cn. Since (c, q) = 1, this map is a permutation of the residue

class modulo q. Therefore

S =
∑

1≤n≤q
n≡a (mod d)

χ(cn) =
∑

1≤n≤q
n≡a (mod d)

χ(c)χ(n) = χ(c)
∑

1≤n≤q
n≡a (mod d)

χ(n) = χ(c)S.

Thus we have (χ(c) − 1)S = 0. Since χ(c) ̸= 1, S = 0.

(3) ⇒ (1). If let possible χ is not primitive. So χ has a period d such that d|q, d < q. Then

for any n ≡ 1 (mod d) with (n, q) = 1,

χ(n) = χ(1) = 1.

Hence we obtain

S ̸= 0,

which is a contradiction. Hence χ is a primitive character.

Lemma 3.2. If q ≡ 2 (mod 4) then there exists no primitive characters χ (mod q).

Proof. Assume q ≡ 2 (mod 4) then q = 2r with odd r, with r ≥ 1. Therefore by Chinese

Remainder Theorem, we have

Z×
q = Z×

2r
∼= Z×

2 × Z×
r
∼= {e} × Z×

r
∼= Z×

r .

That implies every character modulo q = 2r is induced by a character modulo r. And since

r < 2r = q, there exists no primitive character modulo q.

Lemma 3.3. Let φ∗(q) denote the number of primitive Dirichlet characters with modulo

q. Then φ∗ is a multiplicative function, and for a prime p we have

φ∗(pk) =

p− 2 if k = 1,

pk
(

1 − 1
p

)2
if k ≥ 2

.
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Proof. Using the orthogonality for the primitive Dirichlet characters (discussed in the Lemma

??), for r = 1 we have

φ∗(q) =
∑∗

χ (mod q)

χ(1) =
∑
d|q

µ(d)φ
(q
d

)
,

where µ is the Möbius function. Since both µ and Euler’s totient function φ are multiplica-

tive, their Dirichlet convolution µ ∗ φ = φ∗ is also multiplicative.

Let q = pk. The only divisors d of pk with µ(d) ̸= 0 are d = 1 and d = p. Therefore

φ∗(pk) = µ(1)φ(pk) + µ(p)φ(pk−1) = φ(pk) − φ(pk−1).

• If k = 1, then φ(p) = p− 1 and φ(1) = 1. So

φ∗(p) = φ(p) − φ(1) = (p− 1) − 1 = p− 2.

• If k ≥ 2, then φ(pk) = pk−1(p− 1) and φ(pk−1) = pk−2(p− 1), hence

φ∗(pk) = pk−1(p− 1) − pk−2(p− 1) = pk−2(p− 1)2 = pk
(

1 − 1

p

)2
.

3.2 Dirichlet L-functions

For a Dirichlet character χ mod q, the associated Dirichlet L-function L(s, χ) is defined by

L(s, χ) =
∞∑
n=1

χ(n)

ns
=
∏
p

(
1 − χ(p)

ps

)−1

,

which converges absolutely only for ℜ(s) > 1.

For the trivial Dirichlet character 1 (it is the unique Dirichlet character of period 1),

L(s, 1) = ζ(s). For the principal character 1m of modulus m induced by 1 we have

L(s, 1m) = ζ(s)
∏
p|m

(1 − p−s) ∼ 1

s− 1

∏
p|m

(1 − p−s).
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The product on the right is finite as s → 1+. The L-function L(s, 1m) has a simple pole at

s = 1 of residue

Ress=1 L(s, 1m) =
∏
p|m

(1 − p−1) =
φ(m)

m
.

Lemma 3.4. Let χ (mod q) be a Dirichlet character.

1. If χ is non-principal then L(s, χ) extends to a holomorphic function on ℜ(s) > 0.

2. If χ = χ0 is the principal character, then

L(s, χ0) = ζ(s)
∏
p|q

(1 − p−s)

extends to a meromorphic function on ℜ(s) > 0 with a simple pole at s = 1 and no

other singularities.

Proof. • Case 1: Let χ (mod q) be a non-principal character. Define T : R≥0 → C by

T (x) =
∑

0<n≤x

χ(n).

Therefore, since χ is non-principal

T (x + q) − T (x) =
∑

x<n≤x+q

χ(n) =
∑

n∈Z/qZ

χ(n) = 0.

Thus T (x) is periodic modulo q and is therefore bounded. For ℜ(s) > 1, writing

L(s, χ) as a Stieltjes integral and integrating by parts yields

L(s, χ) =
∑
n≥1

χ(n)

ns
=

∫ ∞

1

x−s dT (x) =
[
x−sT (x)

]∞
1
−
∫ ∞

1

T (x) d(x−s)

= 0 −
∫ ∞

1

T (x) (−sx−s−1) dx

=

∫ ∞

1

s T (x)x−s−1 dx.

Since T is bounded, the right-hand side integration converges for ℜ(s) > 0, and the

integrand defines a holomorphic function on ℜ(s) > 0.

25



• Case 2: Let χ = χ0 be the principal Dirichlet character modulo q. Then

T (x) =
∑
n≤x

χ0(n) =
∑
n≤x,

(n,q)=1

1.

Let x = kq + m such that 0 ≤ m < q. The first kq integers contains exactly kφ(q)

many coprime integers. Thus

T (x) = kφ(q) + O(1) =
φ(q)

q
(x−m) + O(1) =

φ(q)

q
x + O(1).

Using the Stieltjes form, for ℜ(s) > 1 we obtain

L(s, χ0) = s

∫ ∞

1

T (x)x−s−1dx = s
φ(q)

q

∫ ∞

1

x−s + O(s) =
φ(q)

q

s

1 − s
+ O(s).

Thus the function L(s, χ0) defined for ℜ(s) > 1 extends to a meromorphic function

on ℜ(s) > 0 with a pole at s = 1.

The completed L-function Λ(s, χ) is given by

Λ(s, χ) =

(
q

π

)( s+α
2

)

Γ

(
s + α

2

)
L(s, χ), (3.1)

and satisfies the functional equation

Λ(s, χ) =
i−ατ(χ)
√
q

Λ(1 − s, χ) := ϵ(χ) Λ(1 − s, χ) (3.2)

where τ(χ) is the Gauss sum given by

τ(χ) =
∑

n mod q

χ(n)e
2πin
q ,

and

α =

{
0, if χ(−1) = 1,

1, if χ(−1) = −1
. (3.3)

The functional equation expresses a symmetry of the Dirichlet L-function. It relates values
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in the right half-plane ℜ(s) > 1, where the Dirichlet series converges, to values in the

left half-plane ℜ(s) < 0, where the series no longer well defined. This also ensures the

meromorphic continuation of L-function to C, except the possible simple pole at s = 1.

3.2.1 Approximate Functional Equation

For x, c > 0, and α as in (3.3) we define the following smooth function,

Wα(x) :=
1

2πi

∫ c+i∞

c−i∞

Γ
(

s+ 1
2
+α

2

)
Γ
(

1
2
+α

2

)
2

x−sds

s
. (3.4)

Let s = σ+ it with t large and σ fixed. Then log |Γ(s)| = ℜ(log Γ(s)). By Stirling’s formula,

we have

log Γ(s) =

(
s− 1

2

)
log s− s +

1

2
log 2π + O

(
1

|s|

)
.

Therefore

log |Γ(s)| ≪ ℜ
((

σ − 1

2
+ it

)
log(σ + it) − (σ + it)

)
≪
(
σ − 1

2

)
log |t| − π

2
|t|,

since

log(σ + it) = log(it) + log
(

1 +
σ

it

)
= log(it) + O

(
1

|t|

)
= log |t| + i

π

2
sgn(t) + O

(
1

|t|

)
.

Hence, for fixed σ in a bounded strip,

Γ(s) ≪ e−
π
2
|t| |t|(σ−

1
2
). (3.5)

Thus, Γ(s) decays rapidly along vertical lines, ensuring the convergence of the integral

defining Wα(x) in (3.4).

Lemma 3.5. For any c > 0 and some ϵ > 0 we have

Wα(x) =

{
1 + O

(
x

1
2
−ϵ
)
, if x ≤ 1,

O(x−c), if x > 1.
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Proof. Case 1: Let x > 1. If we shift the contour to the right, σ increases and |x−s| decreases,

so the integrand decays. Hence using (3.5), we have

Wα(x) = Oc(x
−c).

Case 2: Let x ≤ 1. If we shift the contour to the right, |x−s| does not decrease, and the

integrand can grow. To ensure a better bound, we should move it to the left- but how far?

For α = 0, Γ
(

s+ 1
2
+α

2

)
has poles at s = −1

2
, and for α = 1, the poles occur at s = −3

2
. Since

we do not want to cross any poles of Γ
(

s+ 1
2
+α

2

)
, we can shift the contour to ℜ(s) = −1

2
+ ϵ

for some ϵ > 0. Shifting contour to c = −1
2

+ ϵ and applying Cauchy’s residue theorem,

Wα(x) = Ress=0


Γ

(
s+ 1

2
+α

2

)
Γ
(

1
2
+α

2

)
2

x−s

s

+ O
(
x

1
2
−ϵ
)

= 1 + O
(
x

1
2
−ϵ
)
.

With the change of variable s 7→ 1
2

+ s, the functional equation 3.2 becomes

Λ

(
1

2
+ s, χ

)
= ϵ(χ) Λ

(
1

2
− s, χ

)
, |ϵ(χ)| = 1.

Thus we have,

Λ

(
1

2
+ s, χ

)
Λ

(
1

2
+ s, χ

)
= Λ

(
1

2
− s, χ

)
Λ

(
1

2
− s, χ

)
.

For c > 1
2
, consider

I =
1

2πi

∫ c+i∞

c−i∞

Λ

(
1
2

+ s, χ

)
Λ

(
1
2

+ s, χ

)
(

Γ
( 1

2
+α

2

))2

ds

s
. (3.6)

Since L(1
2

+s, χ) =
∑

a≥1
χ(a)

a
1
2+s

and L(1
2

+s, χ) =
∑

b≥1
χ(b)

b
1
2+s

, using the completed L-function,

Λ

(
1

2
+ s, χ

)
Λ

(
1

2
+ s, χ

)
=

(
q

π

) 1
2
+s+α(

Γ

(
s + 1

2
+ α

2

))2 ∑
a,b≥1

χ(a)χ(b)

(ab)
1
2
+s

.
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Thus,

I =
∑
a,b≥1

χ(a)χ(b)√
ab

(
q

π

) 1
2
+α

1

2πi

∫ c+i∞

c−i∞

Γ
(

s+ 1
2
+α

2

)
Γ
(

1
2
+α

2

)
2(

πab

q

)−s
ds

s
.

Therefore,

I =
∑
a,b≥1

χ(a)χ(b)√
ab

(
q

π

) 1
2
+α

Wα

(
πab

q

)
= A(χ)

(
q

π

) 1
2
+α

,

where A(χ) is as defined in (2.2). By shifting the contour to ℜ(s) = c < 0 in (3.6), we

encounter a simple pole at s = 0. Applying Cauchy’s residue theorem, we obtain,

I =
1

2πi

∫ −c+i∞

−c−i∞

Λ

(
1
2

+ s, χ

)
Λ

(
1
2

+ s, χ

)
(

Γ
(

1
2
+α

2

))2

ds

s
+ Ress=0

Λ
(
1
2

+ s, χ
)

Λ
(
1
2

+ s, χ
)(

Γ
(

1
2
+α

2

))2
s

 .

With a change of variable and using the functional equation (3.2), we obtain,

I =
1

2πi

∫ c−i∞

c+i∞

Λ

(
1
2
− s, χ

)
Λ

(
1
2
− s, χ̄

)
(

Γ
(

1
2
+α

2

))2

d(−s)

−s
+

Λ

(
1
2
, χ

)
Λ

(
1
2
, χ

)
(

Γ
(

1
2
+α

2

))2

= − 1

2πi

∫ c+i∞

c−i∞

Λ

(
1
2

+ s, χ

)
Λ

(
1
2

+ s, χ

)
(

Γ
(

1
2
+α

2

))2

ds

s
+

∣∣∣∣Λ(1
2
, χ

)∣∣∣∣2(
Γ
(

1
2
+α

2

))2 = −I +

∣∣∣∣Λ(1
2
, χ

)∣∣∣∣2(
Γ
(

1
2
+α

2

))2 .

Thus we have,

2I =
( q
π

) 1
2
+α
∣∣∣∣L(1

2
, χ

)∣∣∣∣2 .
Hence the approximate functional equation becomes∣∣∣∣L(1

2
, χ

)∣∣∣∣4 = 4|A(χ)|2.
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3.3 Dirichlet Hyperbola Method

The hyperbola method, first introduced by Dirichlet, is a technique for estimating sums of

the form ∑
n≤x

f(n)

where f = g ∗ h is the Dirichlet convolution of arithmetic functions g and h. A classical

application is to the divisor function d(n) = (1 ∗ 1)(n), which counts the number of divisors

of n. This method is useful to find an asymptotic formula for

∑
n≤x

d(n).

First we will start with a naive approach.

∑
n≤x

d(n) =
∑
n≤x

∑
d|n

1 =
∑
d≤x

∑
n≤x,
d|n

1 =
∑
d≤x

∑
kd≤x

1 =
∑
d≤x

∑
k≤x

d

1 =
∑
d≤x

⌊x
d

⌋
=
∑
d≤x

(x
d

+ O(1)
)
.

The sum then becomes x log x+O(x). This works well when d is small. In our computation,

we have used the approximation
⌊
x
d

⌋
= x

d
+ O(1). However the error term O(1) can be

problematic in some cases.

• When d is small, or more precisely, for any fixed n ∈ N, d ≤ x
1
n , we have x

d
≥ x1− 1

n .

Therefore, for any fixed n, as x → ∞, x1− 1
n → ∞. Hence, in this range, the error

term O(1) is small.

• If d is large and close to x, say x
1
n < d ≤ x, then for each 1

n
,∃ 0 < δ < 1 such that x

1+δ
<

d ≤ x. In this case 1 ≤ x
d
< 1 + δ. So we can write x

d
= 1 + ϵ, with 0 ≤ ϵ < 1. It

follows that the main term
⌊
x
d

⌋
= 1 and the fractional part (error) {x

d
} < 1. Hence,

both the error and main term are of size O(1).
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So we need to treat these two cases separately, which is the central idea behind the hyperbola

method. Since f = g ∗ h, we can write,

∑
n≤x

f(n) =
∑
n≤x

∑
d|n

g(d)h
(n
d

)
=
∑
de≤x

g(d)h(e), n = de.

Consequently, we have ∑
n≤x

d(n) =
∑
de≤x

1.

Thus the sum counts the number of lattice points on or below the hyperbola de = x. This

geometric interpretation explains why the method is called the Dirichlet hyperbola method.

We split our analysis into two parts with a parameter A such that 1 < A ≤ x.

• If d ≤ A. Then

∑
de≤x,
d≤A

1 =
∑
d≤A

∑
e≤x

d

1 =
∑
d≤A

(
x

d
+ O(1)

)
= x

(
logA + γ + O

(
1

A

))
+ O(A)

= x logA + γx + O

(
A +

x

A

)
.

Here, γ is the Euler-Mascheroni constant, defined as

γ = lim
n→∞

(
n∑

k=1

1

k
− log(n + 1)

)
.

• If d > A. Then we have

∑
de≤x,
d>A

1 =
∑
e< x

A

∑
A<d≤x

e

1 =
∑
e< x

A

(
x

e
− A + O(1)

)
= x

∑
e< x

A

1

e
− A

∑
e< x

A

1 + O(1)
∑
e< x

A

1

= x

(
log x− logA + γ + O

(
A

x

))
− A

(
x

A
+ O(1)

)
+ O

(
x

A

)
= x log x− x logA + γx + O(A) − x−O(A) + O

(
x

A

)
= x log x− x logA + (γ − 1)x + O

(
x

A

)
.
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Now combining the two cases together, we have

∑
de≤x

1 = x log x + (2γ − 1)x + O

(
A +

x

A

)
.

Choosing an optimal split A =
√
x, we have

∑
n≤x

d(n) = x log x + (2γ − 1)x + O(
√
x).

Here the error O(
√
x) beats the error O(x) obtained from our naive approach.

Theorem. (Dirichlet Hyperbola Method)

Let f, g, h be some arithmetic functions such that

f(n) = (g ∗ h)(n) =
∑
de=n

g(d)h(e).

Define,

G(x) =
∑
n≤x

g(n), and H(x) =
∑
n≤x

h(n).

Then for all real number 1 < A < x we have

∑
n≤x

f(n) =
∑
de≤x

g(d)h(e) =
∑
d≤A

g(d)H
(x
d

)
+
∑
e≤ x

A

h(d)G
(x
d

)
−G(A)H

( x
A

)
.

Proof. Let us do a similar approach to before

∑
n≤x

f(n) =
∑
de≤x
d≤A

g(d)h(e) +
∑
de≤x
d>A

g(d)h(e) =
∑
d≤A

g(d)
∑
e≤x

d

h(e) +
∑
e≤ x

A

h(e)
∑

A<d≤x
e

g(d)

=
∑
d≤A

g(d)H
(x
d

)
+
∑
e≤ x

A

h(e)
(
G
(x
e

)
−G(A)

)
=
∑
d≤A

g(d)H
(x
d

)
+
∑
e≤ x

A

h(e)G
(x
e

)
−G(A)

∑
e≤ x

A

h(e)

=
∑
d≤A

g(d)H
(x
d

)
+
∑
e≤ x

A

h(d)G
(x
d

)
−G(A)H

( x
A

)
.
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3.4 The Mellin Transform and Its Inversion

The Mellin transform plays an important role in analytic number theory, particularly in the

study of the Riemann zeta function or general L-functions. It can be viewed as a Fourier

transform on the multiplicative group G = (R+,×), whose Haar measure is dµ(x) = dx
x

, and

whose continuous characters are given by χs(x) = xs such that s ∈ C.

Definition 5 (Mellin Transform). Let f : R+ → C be a measurable and locally integrable

function, satisfying suitable decay and growth conditions as x → ∞ and x → 0+, respec-

tively. For s = σ + it ∈ C, the Mellin transform of f is defined by

M{f}(s) = f̃(s) =

∫ ∞

0

f(x) xs dx

x
.

For the Mellin integral to converge, the function f(x) must have suitable behavior as

x → 0+ and x → ∞. For large x ≥ 1, suppose that as x → ∞, with α > 1 (requires for the

local integrability of f) the function satisfies f(x) = O(x−α). Then

|f(x)xs−1| ≪ xσ−1−α,

and the convergence of
∫∞
1

f(x)xs−1dx requires σ− 1−α < −1 ⇔ σ < α. For small x, with

0 < x < 1, suppose that as x → 0+ with β > −1 (requires for the local integrability of f)

the function satisfies f(x) = O(xβ). Then

|f(x)xs−1| ≪ xσ−1+β,

and the convergence of
∫ 1

0
f(x)xs−1dx requires σ− 1 + β > −1 ⇔ σ > −β. Thus the Mellin

transform exists in the fundamental strip −β < σ < α, and defines an analytic function.

The change of variable x = eu, u ∈ R, maps the the additive group (R,+) onto

multiplicative group (R+,×). Under this substitution,

f̃(s) =

∫ ∞

0

f(x)xs−1 dx =

∫ ∞

−∞
f(eu) e(s−1)u eu du =

∫ ∞

−∞
f(eu) esu du.
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In other words, the Mellin transform on (R+,×) is the Fourier transform (up to normal-

ization) of the function u 7→ f(eu).

Definition 6 (Mellin Inversion). Suppose f̃(s) converge in a vertical strip a < σ < b. We

define the inverse Mellin transform as

f(x) =
1

2πi

∫ c+i∞

c−i∞
f̃(s)x−s ds, c ∈ (a, b).

Note that for ℜ(s) > 0, the Gamma function Γ(s) =
∫∞
0

e−x xs−1 dx is the Mellin

transform of the function f(x) = e−x. With the change of variable x = πn2t, we obtain

Γ(s) = πs n2s
∫∞
0

e−πn2t ts−1 dt. Now consider the function w(t) =
∑∞

n=1 e
−πn2t, then

π−sΓ(s)ζ(2s) =

∫ ∞

0

w(t) ts
dt

t
,

where the interchange of summation and integration is justified by the rapid convergence of

the integral. For c > 1
2
, the Mellin inversion yields

w(t) =
1

2πi

∫ c+i∞

c−i∞
π−sΓ(s) ζ(2s)x−s ds.

Finally, after a change of variables s 7→ s
2
, we obtain

w(t) =
1

4πi

∫ c+i∞

c−i∞
π− s

2 Γ

(
s

2

)
ζ(s)x− s

2 ds.

Lemma 3.6. For all s ∈ C \ {0, 1}, we have

ζ(s) Γ
(s

2

)
π− s

2 =
1

s(s− 1)
+

∫ ∞

1

t
s
2
−1 + t−

s+1
2

2
w(t) dt.

Proof. We know that,

ζ(s) Γ
(s

2

)
π− s

2 =

∫ ∞

0

w(t) t
s
2
−1 dt =

∫ 1

0

w(t) t
s
2
−1 dt +

∫ ∞

1

w(t) t
s
2
−1 dt = I1 + I2.
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Using the functional equation1 of w(t), we have

I1 =
1

2

∫ 1

0

t
s
2
−1− 1

2

(
2w

(
1

t

)
+ 1

)
dt − 1

2

∫ 1

0

t
s
2
−1 dt

=

∫ 1

0

t
s
2
− 3

2w

(
1

t

)
dt +

1

2

(∫ 1

0

t
s
2
− 3

2 dt −
∫ 1

0

x
s
2
−1 dt

)
=

∫ ∞

1

t−
s+1
2 w(t) dt +

1

s(s− 1)
.

The right-hand side of the above lemma is an analytic function ∀s ∈ C, except the simple

poles at s = 0, 1. The integral converges absolutely for ℜ(s) > 1 and, in fact, defines an

entire function of s. Consequently, the right-hand provides an meromorphic continuation of

ζ(s) Γ
(
s
2

)
π− s

2 to the whole C with the possible simple poles at s = 0, 1. Therefore,

ζ(1 − s) Γ

(
1 − s

2

)
π− 1−s

2 =
1

s(s− 1)
+

∫ ∞

1

t
1−s
2

−1 + t−
1−s
2

−1

2
w(t) dt,

=
1

s(s− 1)
+

∫ ∞

1

t
s
2
−1 + t−

s+1
2

2
w(t) dt,

= ζ(s) Γ
(s

2

)
π− s

2 .

Define the completed ζ function using the Riemann Xi-function as

Ξ(s) := ζ(s) Γ
(s

2

)
π− s

2 .

Then we have the functional equation of Riemann Zeta function as

Ξ(s) = Ξ(1 − s).

We now illustrate how Mellin transform provides a natural framework for deriving the

functional equation and the approximate functional equation associated with an Dirichlet L-

function. Let χ (mod q) be a primitive Dirichlet character. For ℜ(s) > 1
2
, Γ(s) π−sL(2s, χ)

12w(t) + 1 = x− 1
2

(
2w

(
1
t

)
+ 1

)
.
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is the Mellin transform of the function

wχ(t) =
∑
n≥1

χ(n) e−πn2t, t > 0.

For ℜ(s) > 1, using the functional equation2 satisfied by wχ(t), we obtain

I(s) =

∫ ∞

0

wχ(t) t
s
2
−1dt =

i−ατ(χ)

q

∫ ∞

0

wχ

(
1

q2t

)
t
s−1
2 dt.

With the change of variable u = 1
q2t

,

I(s) = i−α τ(χ) q−s Γ

(
1 − s

2

)
π− 1−s

2 L(1 − s, χ).

Therefore,

Γ
(s

2

)
π− s

2L(s, χ) = I(s) = i−α τ(χ) q−s Γ

(
1 − s

2

)
π− 1−s

2 L(1 − s, χ),

=
i−α τ(χ)

√
q

q
1
2
−s Γ

(
1 − s

2

)
π− 1−s

2 L(1 − s, χ),

= ϵ(χ) q
1
2
−s Γ

(
1 − s

2

)
π− 1−s

2 L(1 − s, χ).

Multiplying both sides by

q
s
2 p−

s+α
2

and using the parity of characters, we obtain

q
s
2 π− s

2 Γ

(
s + α

2

)
L(s, χ) = ϵ(χ) q

1−s
2 π− 1−s+α

2 Γ

(
1 − s + α

2

)
L(1 − s, χ).

Hence the functional equation follows as

Λ(s, χ) = ϵ(χ)Λ(1 − s, χ),

2For t > 0 and primitive characters, wχ(t) =
i−ατ(χ)t−

1
2

q wχ

(
1
q2t

)
.
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where the completed L-function is

Λ(s, χ) = q
s
2 π− s+α

2 Γ

(
s + α

2

)
L(s, χ).

Let G(u) be a an entire function with rapid decay on vertical lines and satisfying G(0) = 1.

Fix c > 0, we define its inverse Mellin transform as

V (t) =
1

2πi

∫ c+i∞

c−i∞
G(u) t−u du.

For t = n
X

, we then have

V
( n

X

)
=

1

2πi

∫ c+i∞

c−i∞
G(u)

( n

X

)−u

du.

Since G is entire and decays rapidly on vertical lines, we can consider a closed rectangle

contour with vertical sides ℜ(u) = +c and ℜ(u) = −c. Using the Cauchy’s residue theorem,

the integral around the rectangle is

2πiResu=0 G(u)
( n

X

)−u

= 2πi.

Due to the decay of G, the integral along the horizontal segments vanish. Hence∫ c+i∞

c−i∞
G(u)

( n

X

)−u

du +

∫ −c+i∞

−c−i∞
G(u)

( n

X

)−u

du = 2πi,

or equivalently,

V
( n

X

)
+

1

2πi

∫ −c+i∞

−c−i∞
G(u)

( n

X

)−u

du = 1.
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Using this identity, we can express the L-function as

L(s, χ) =
∑
n≥1

χ(n)

ns
.1 =

∑
n≥1

χ(n)

ns
V
( n

X

)
+

1

2πi

∫ −c+i∞

−c−i∞
G(u)Xu L(s + u, χ) du,

=
∑
n≥1

χ(n)

ns
V
( n

X

)
+

1

2πi

∫ c+i∞

c−i∞
G(−u)X−u L(s− u, χ) du.

Using the completed L-function and functional equation, we can express

L(s− u, χ) = q−
s−u
2 π

s−u+α
2

(
Γ

(
s− u + α

2

))−1

ϵ(χ) Λ(1 − s + u, χ),

= ϵ(χ)
( q
π

) 1
2
−s Γ

(
1−s+u+α

2

)
Γ
(
s−u+α

2

) L(1 − s + u, χ).

Thus we have the approximate functional equation as

L(s, χ) =
∑
n≥1

χ(n)

ns
V
( n

X

)
+ ϵ(χ)

( q
π

) 1
2
−s ∑

n≥1

χ(n)

n1−s

1

2πi

∫ c+i∞

c−i∞
G(−u)

Γ
(
1−s+u+α

2

)
Γ
(
s−u+α

2

) ( n

X

)−u

du,

=
∑
n≥1

χ(n)

ns
V
( n

X

)
+ ϵ(χ, s)

∑
n≥1

χ(n)

n1−s
= I1 + I2.

I1 converges absolutely for ℜ(s) > 0, since V
(
n
X

)
decays rapidly. In addition, I2 converges

absolutely for ℜ(s) < 1. The approximate functional equation helps us to represent an

L-function near the critical line as a finite length sum. It allows analysis where the Dirichlet

series fails to converge.

3.5 A Few Other Important Things

Lemma 3.7. Let q be a sufficiently large highly composite number or it is product of many

small primes. Let w(q) be the number of distinct prime divisors of q. Then

w(q) ≪ log q

log log q
.

Proof. Let, π(x) be the prime counting function. Therefore by prime number theorem,

w(q) = π(pw(q)) ∼
pw(q)

log pw(q)

.
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Let,

q =

w(q)∏
i=1

rαi
i such that r1 < r2 < ... < rw(q).

Let p1, p2, ... , pw(q) be the first w(q) known primes. Therefore
∏w(q)

i=1 pαi
i ≤

∏w(q)
i=1 rαi

i = q.

Consequently

log q ≥ α1 log p1 + α2 log p2 + ... + αw(q) log pw(q)

≥ min(α1, α2, ..., αw(q))
∑

p≤pw(q)

log p

≥
∑

p≤pw(q)

log p = θ(pw(q)),

where θ is the Chebyshev function. By prime number theorem,

θ(pw(q)) ∼ pw(q) ⇒ log q ≫ pw(q).

Lemma 3.8. Let q be a sufficiently large highly composite number or it is product of many

small primes. Then,

φ(q) ≫ q

log log q
.

Proof. We know that,

φ(q) = q
∏
p|q

(
1 − 1

p

)
.

Thus it suffices to show that

∏
p|q

(
1 − 1

p

)
≫ 1

log log q
.

Let q =
∏w(q)

i=1 rαi
i so that r1 < r2 < ... < rw(q), and let p1, p2, ... , pw(q) be the first w(q)

known primes. Thus pi ≤ ri for each i. Consequently

w(q)∏
i=1

(
1 − 1

ri

)
≥

w(q)∏
i=1

(
1 − 1

pi

)
=

∏
p≤pw(q)

(
1 − 1

p

)
.
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By Mertens’ theorem,
∏

p≤pw(q)

(
1− 1

p

)
≍ 1

log pw(q)
. Then, using the prime number theorem,

∏
p≤pw(q)

(
1 − 1

p

)
≫ 1

log log q
.

Lemma 3.9. Let d(n) be the divisor function and n ∈ N. Then for any ϵ > 0, we have

d(n) ≪ nϵ, and
∑
n≤x

d(n)

n
≪ (log x)2.

Proof. Let n ∈ N, and n =
∏w(n)

i=1 pαi
i . Then d(n) =

∏w(n)
i=1 (αi + 1).

For a fixed ϵ > 0, define f(n) = d(n)
nϵ . Then we have

f(n) =

w(n)∏
i=1

(αi + 1)

pαiϵ
i

=
∏
p≥2

1
ϵ

(α + 1)

pαϵ

∏
p<2

1
ϵ

(α + 1)

pαϵ
.

If pϵi ≥ 2, that is pi ≥ 2
1
ϵ , then pαiϵ

i ≥ 2αi ≥ (αi + 1). This implies (αi+1)

p
αiϵ
i

≤ 1, and

subsequently
∏

p≥2
1
ϵ

(α+1)
pαϵ ≤ 1.

Define P = {p is prime : p < 2
1
ϵ }. Then P is a finite set.

For p ∈ P, let fp(α) = α+1
pαϵ . It is easy to see that limα→∞ fp(α) = 0. The critical point

αcritical = 1
ϵ log p

− 1 is obtained by solving f
′
p(α) = 0.

Hence, the local maxima of fp(α) is fmax
p = max{fp(1), fp(αcritical)} < +∞, since both

values are finite. Therefore ∏
p<2

1
ϵ

(α + 1)

pαϵ
< +∞.

Thus we have
d(n)

nϵ
=
∏
p≥2

1
ϵ

(α + 1)

pαϵ

∏
p<2

1
ϵ

(α + 1)

pαϵ
< +∞.

Hence

d(n) ≪ nϵ.

Since ϵ was chosen arbitrarily, this bound holds ∀ϵ > 0.
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Recall that, for any n ∈ N, the divisor function satisfies d(n) =
∑

d|n 1. Therefore,

∑
n≤x

d(n)

n
=
∑
n≤x

1

n

∑
d|n

1 =
∑
d≤x

1
∑
n≤x,
d|n

1

n
=
∑
d≤x

1
∑
m≤x

d

1

dm
=

(
log
(x
d

)
+ γ + O

(
d

x

))∑
d≤x

1

d

≪ log x
∑
d≤x

1

d
≪ (log x)2.

Lemma 3.10 (Vinogradov, Linnik12). Let k ≥ 1, (r, k) = 1 and x ≥ k1+δ for a fixed δ > 0.

Let n ∈ N, then ∑
n≤x,

n≡r (mod k)

d(n) ≪ φ(k)

k2
x log x.

Proof. Since
∑

ab≡r (mod k) 1 = 0 whenever (a, k) ̸= 1, and since d(n) =
∑

ab=n 1, it follows

that

∑
n≤x,

n≡r (mod k)

d(n) =
∑
a≤x

∑
b≤x

a
,

ab≡r (mod k)

1 =
∑
a≤x,

(a,k)=1

( x

ak
+ O(1)

)
=

x

k

∑
a≤x,

(a,k)=1

1

a
+ O(x) = I1 + I2.

Here I2 = O(x). Since x ≥ k1+δ, we have log x
k

≥ (1+δ) log k
k

. Therefore for some c > 0,

φ(k)

k2
x log x ≥ c

k
x log x ≥ c(1 + δ)

log k

k
x ≫ x.

Now,

I1 =
x

k
δ(a,k)=1

∑
a≤x

1

a
=

x

k

∑
d|(a,k)

µ(d)
∑
a≤x

1

a
=

x

k

∑
d|k

µ(d)
∑
a≤x,
d|a

1

a

=
x

k

∑
d|k

µ(d)

d

∑
m≤x

d

1

m

=
xφ(k)

k2

(
log
(x
d

)
+ γ + O

(
d

x

))
≪ φ(k)

k2
x log x.

41



Remark: In 1980, P. Shiu13 extended the Lemma 3.10 for any positive, multiplicative,

arithmetic function.

Lemma 3.11 (Heath-Brown10). If k, l are positive integers with lk ≪ x
5
4 for the plus case

and x ≤ lk for the minus case. Then

∑
n≤x, (n,k)=1

d(n)d(kl ± n) ≪ x(log x)2
∑
d|l

d−1.

Proof. Since

d(kl ± n) =
∑

a|(kl±n)

1,

we have

S =
∑

n≤x, (n,k)=1

d(n)d(kl ± n) =
∑

1≤a≤kl±n

∑
n≤x, (n,k)=1,

n≡±kl (mod a)

d(n).

Now (a, k) = 1, otherwise it contradicts the fact that (n, k) = 1. Then

S ≤
∑

1≤a≤kl±x,
(a,k)=1

∑
n≤x, (n,k)=1,

n≡±kl (mod a)

d(n).

Let d = (a, l). Then ∃ a1 ∈ Z such that a = da1. Consequently
(
a1,

l
d

)
= 1. Since (a, k) = 1,

it follows that (a1, k) = 1, and hence (a1,±k l
d
) = 1. Fix an ϵ > 0, and suppose that

a1 ≤ x1−ϵ. Then ∃ δ > 0 such that 1 + δ < 1
1+ϵ

and, a1+δ
1 < a

1
1+ϵ

1 ≤ x. Having satisfied all

the conditions of Lemma 3.10 we have

∑
n≤x,

n≡±k l
d

(mod a1)

d(n) ≪ φ(a1)

(a1)2
x log x.

Therefore

S ≪ x log x
∑
d|l

∑
a1≤x1−ϵ

φ(a1)

(a1)2
≪ x(log x)2

∑
d|l

1 ≤ x(log x)2
∑
d|l

l

d
≪ x(log x)2

∑
d|l

1

d
.
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Let a1 > x1−ϵ. Since kl ≪ x
5
4 and a1|a, we have

a1 ≤ kl + x ≤ x
5
4 + x ≪ x

5
4 .

Therefore

x1−ϵ < a1 ≪ x
5
4 .

Now since ∀β > 0,

d(n) ≪ nβ ≪ xβ,

we have

∑
n≤x,

n≡±k l
d

(mod a1)

d(n) ≪ xβ
∑
n≤x,

n≡±k l
d

(mod a1)

1 ≪ xβ

(
x

a1
+ O(1)

)
≪ xϵ+β.

Thus

S ≪
∑

x1−ϵ≤a1≪x
5
4

xϵ+β ≪ x
5
4
+ϵ+β.

Since x(log x)2 ≪ϵ x
1+2ϵ, for all β > 1

4
we have 1 + 2ϵ > 5

4
+ β + ϵ. Hence, for all β > 1

4
, the

contribution from the case a1 ≤ x1−ϵ dominates the contribution from the case a1 > x1−ϵ.

Lemma 3.12. For every positive integer q, we have

∑
d|q

µ(d) log d

d
= −φ(q)

q

∑
p|q

log p

p− 1
.

Proof. For ℜ(s) > 1, define,

F (s) =
∑
d|q

µ(d)

ds
=
∏
p|q

(
1 − 1

ps

)
.

Therefore

logF (s) =
∑
p|q

log

(
1 − 1

ps

)
.
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Taking derivative for both sides

F ′(s)

F (s)
=
∑
p|q

p−s log p

1 − 1
ps

=
∑
p|q

log p

ps − 1
, where

F ′(s) =
d

ds

∑
d|q

µ(d) d−s

 = −
∑
d|q

µ(d) d−s log d.

Hence for s = 1, we have

∑
d|q

µ(d) log d

d
= −F ′(1) = −F (1)

∑
p|q

log p

p− 1
= −

∑
d|q

µ(d)

d

∑
p|q

log p

p− 1
= −φ(q)

q

∑
p|q

log p

p− 1
.

Lemma 3.13. Let q ≥ 2 and ℜ(s) > 1. Then we have,

∑
n≥1,

(n,q)=1

2w(n)

ns
=

ζ2(s)

ζ(2s)

∏
p|q

1 − p−s

1 + p−s
.

Proof. Let m,n ∈ N with (m,n) = 1. The arithmetic function 2w(n) is multiplicative.

Define,

δCondition =

{
1 if condition holds,

0 otherwise.

Since δ(n,q)=1 is multiplicative, 2w(n)δ(n,q)=1 is also multiplicative.

• Case 1: Let p|q. Then (n, q) = 1 implies p ∤ n. Hence (pk, q) = 1 only when k = 0.

Therefore, the local factor at a prime p|q is
∑∞

k=0

2
w(pk) δ

(pk,q)=1

pks
= 2w(1)

1s
= 1. Thus, no

Euler factor appears for p|q.

• Case 2: Let p ∤ q. Then (pk, q) = 1 for all integers k ≥ 0, and hence δ(pk,q)=1 = 1, ∀k.

The local factor at a prime p ∤ q is therefore

∞∑
k=0

2w(pk)

pks
= 1 +

∞∑
k=1

2

pks
=

1 + p−s

1 − p−s
.
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Therefore we have

∑
n≥1,

(n,q)=1

2w(n)

ns
=
∏
p

∞∑
k=0

2w(pk) δ(pk,q)=1

pks
=
∏
p∤q

1 + p−s

1 − p−s
=
∏
p

1 + p−s

1 − p−s

∏
p|q

1 − p−s

1 + p−s

=

∏
p

1
(1−p−s)2∏

p
1

1−p−2s

∏
p|q

1 − p−s

1 + p−s
=

ζ2(s)

ζ(2s)

∏
p|q

1 − p−s

1 + p−s
.

Lemma 3.14. For any x ≥ 2, ∑
n>x

2w(n)

n5
≪ log x

x4
.

Proof. Consider a dyadic interval (2kx, 2k+1x], k ≥ 0. Now

∑
n>x

2w(n)

n5
=
∑d

k≥0

∑
2kx<n≤2k+1x

2w(n)

n5
≤
∑d

k≥0

1

(2kx)5

∑
n≤2k+1x

2w(n)

≪ 1

x5

∑d

k≥0

1

25k

∑
d≤2k+1x

2k+1x

d

≪ 1

x4

∑d

k≥0

1

24k−1

∑
d≤2k+1x

1

d

≪ 1

x4

∑d

k≥0

1

24k−1
log(2k+1x)

≪ 1

x4

∑d

k≥0

1

23k−2
+

log x

x4

∑d

k≥0

1

24k−1

≪ log x

x4
.
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Chapter 4

Background Lemmas

This chapter presents the key lemmas required for analyzing the fourth moment of Dirichlet

L-functions. These results supply the analytic tools needed to isolate the main and error

terms in Soundararajan’s proof.

4.1 Orthogonality of Primitive Characters

Lemma 4.1. If (r, q) = 1, then

∑∗

χ (mod q)

χ(r) =
∑

k|(q,r−1)

µ
( q
k

)
φ(k).

Proof. By orthogonality of Dirichlet characters,

∑
χ (mod q)

χ(r) =

{
φ(q) if r ≡ 1 (mod q),

0 otherwise
=

{
φ(q) if q | (r − 1),

0 otherwise
.

Define, hr(k) =
∑∗

χ (mod k)
χ(r). Let (r, q) = 1 then

∑
k|q

hr(k) =
∑
k|q

∑∗

χ (mod k)

χ(r) =
∑

χ (mod q)

χ(r) =

{
φ(q) if q | (r − 1),

0 otherwise
.

Using Möbius inversion, we have

hr(k) =
∑
k|q

µ
( q
k

){φ(q) if q | (r − 1),

0 otherwise
=

∑
k|(q, r−1)

µ
( q
k

)
φ(k).
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4.2 Uniform Bounds for Off-Diagonal Solutions

Lemma 4.2. Let k be a positive integer, and let Z1, Z2 ≥ 2 be real numbers. If Z1Z2 > k
19
10 ,

then

S =
∑

a,b,c,d≥1,
Z1≤ab≤2Z1,
Z2≤cd≤2Z2,

(abcd,k)=1, ac ̸=bd,
ac≡±bd (mod k)

1 ≪ Z1Z2

k
(log(Z1Z2))

3 .

If Z1Z2 ≤ k
19
10 , then for any ϵ > 0, the above estimated quantity is ≪ (Z1Z2)1+ε

k
.

Proof. Without loss of generality, assume that ac > bd. The condition ac ≡ ±bd (mod k)

implies that kl ≤ ac + bd for some l ∈ Z. Consequently, we have

kl ≤ ac + bd ≤ 2ac ≤ 2abcd ≤ 8Z1Z2. (4.1)

Therefore,

1 ≤ l ≤ 8Z1Z2

k
, and bd =

8Z1Z2

2ac
≤ 8Z1Z2

kl
.

Let n = bd, and m = ac = kl±n. The original sum S counts each quadruple (a, b, c, d) exactly

once. Hence, the number of quadruples is equal to ( number of ways to express n = bd ) ×

( number of ways to express m = ac ) = d(n)d(m). Thus,

S ≪
∑

1≤l≤ 8Z1Z2
k

∑
n≤ 8Z1Z2

kl
,

n<m, (n,k)=1

d(n)d(m) ≪
∑

1≤l≤ 8Z1Z2
k

∑
n≤ 8Z1Z2

kl

d(n)d(m).

Since (abcd, k) = 1 and ac ≡ ±bd (mod k), we have (n,m) = 1. Therefore using Lemma

3.9, we have

d(n)d(m) = d(mn) = d(abcd) ≪ d(Z1Z2) ≪ (Z1Z2)
ϵ, ∀ϵ > 0.
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If Z1Z2 ≤ k
19
10 , then

log

(
Z1Z2

k

)
≪ log k, and

k

Z1Z2

≤ k.

Thus,

S ≪
∑

1≤l≤ 8Z1Z2
k

∑
n≤ 8Z1Z2

kl

d(n)d(m) ≪ (Z1Z2)
ϵ

∑
1≤l≤ 8Z1Z2

k

8Z1Z2

kl

≪ (Z1Z2)
ϵ+1

k

(
log

(
Z1Z2

k

)
+ O

(
k

Z1Z2

)
−O(1)

)
≪ (Z1Z2)

ϵ+1

k
.

Hence the second part of the lemma is done.

If Z1Z2 > k
19
10 , then we break the analysis into two cases: kl ≤ (Z1Z2)

11
20 , and kl > (Z1Z2)

11
20 .

Case 1:

kl ≤ (Z1Z2)
11
20 ≤ (Z1Z2)

5
9 ⇒ kl ≤

(
8Z1Z2

kl

) 4
5

.

Thus we can use Lemma 3.11. Let L = (Z1Z2)
11
20

k
. Applying the Lemma 3.11, we have

S ≪
∑
l≤L

(
Z1Z2

kl

)(
log

(
Z1Z2

kl

))2∑
d|l

1

d
≪
∑
l≤L

(
Z1Z2

kl

)
(logZ1Z2)

2
∑
d|l

1

d

=

(
Z1Z2

k

)
(logZ1Z2)

2
∑
l≤L

1

l

∑
d|l

1

d

=

(
Z1Z2

k

)
(logZ1Z2)

2
∑
d≤L

1

d

∑
de≤L

1

de

=

(
Z1Z2

k

)
(logZ1Z2)

2
∑
d≤L

1

d2

(
log

(
L

d

)
+ O(1)

)
≪
(
Z1Z2

k

)
(logZ1Z2)

2 logL
∑
d≤L

1

d2
≪
(
Z1Z2

k

)
(logZ1Z2)

3 .

Case 2: Let kl > (Z1Z2)
11
20 . Therefore for some δ > 0, by equation (4.1), we have

(Z1Z2)
11
20

2
≤ m ≤ 4Z1Z2

n
and n ≤ 8Z1Z2

kl
⇒ 4Z1Z2

n
≥ kl

2
≥ k1+δ.
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Then using Lemma 3.10 we have

S ≪
∑

1≤l≤ 8Z1Z2
k

∑
n≤ 8Z1Z2

kl
,

n<kl±n, (n,k)=1

d(n)d(kl ± n) ≪
∑

n≤ 8Z1Z2
kl

d(n)
∑

(Z1Z2)
11
20

2
≤m≤ 4Z1Z2

n
,

m≡±n (mod k),
(m,n)=1

d(m)

≪
∑

n≤ 8Z1Z2
kl

d(n)
φ(k)

k2

(
4Z1Z2

n

)
log

(
4Z1Z2

n

)

≪
(
Z1Z2

k

)
log(Z1Z2)

∑
n≤ 8Z1Z2

kl

d(n)

n
.

Now using Lemma 3.9,

S ≪
(
Z1Z2

k

)
log(Z1Z2)

(
log

(
8Z1Z2

kl

))2

≪ Z1Z2

k
(log(Z1Z2))

3 .

4.3 Asymptotics of Coprime Harmonic Sums

Lemma 4.3. Let q be a positive integer and x ≥ 2 be a real number. Then

∑
n≤x,

(n,q)=1

1

n
=

φ(q)

q

log x + γ +
∑
p|q

log p

p− 1

+ O

(
2w(q) log x

x

)
.

In addition, we have ∑
p|q

log p

p− 1
≪ 1 + logw(q).

Proof. Using a Möbius function identity, we have

∑
n≤x,

(n,q)=1

1

n
=
∑
n≤x

1

n
δ(n,q)=1 =

∑
n≤x

1

n

∑
d|(n,q)

µ(d) =
∑
n≤x

1

n

∑
d|n, d|q

µ(d) =
∑
d|q

µ(d)
∑

n≤x, d|n

1

n
.
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Since d|n, ∃ e ∈ Z such that n = de. Using the property

φ(q)

q
=
∏
p|q

(
1 − 1

p

)
=
∑
d|q

µ(d)

d
, and the Lemma 3.12, we have,

∑
n≤x,

(n,q)=1

1

n
=
∑
d|q

µ(d)

d

∑
e≤x

d

1

e
=
∑
d|q

µ(d)

d

(
log
(x
d

)
+ γ + O

(
d

x

))

= (log x + γ)
∑
d|q

µ(d)

d
−
∑
d|q

µ(d)

d
log d +

∑
d|q

µ(d)

d
O

(
d

x

)

=
φ(q)

q

log x + γ +
∑
p|q

log p

p− 1

+
∑
d|q

µ(d)

d
O

(
d

x

)
.

Since ∃ 2w(q) square-free divisors of q, we have

∑
d|q

µ(d)

d
O

(
d

x

)
= O

∑
d|q

|µ(d)|1
x

 = O

(
2w(q)

x

)
= O

(
2w(q) log x

x

)
.

Hence, the first part is proved. Let q =
∏w(q)

i=1 pαi
i . Therefore

∑
p|q

log p

p− 1
=

w(q)∑
i=1

log pi
pi − 1

=

w(q)∑
i=1

log pi
pi

+

w(q)∑
i=1

log pi
pi(pi − 1)

= I1 + I2.

Now I2 is a convergent sum, and by Merten’s theorem

I1 = log pw(q) + O(1).

By prime number theorem, we have

pw(q) ∼ w(q) logw(q).

Hence ∑
p|q

log p

p− 1
≪ logw(q) + log logw(q) + 1 ≪ 1 + logw(q).
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4.4 Divisor-weighted Sum Asymptotics under Copri-

mality Constraints

Lemma 4.4. Let q, n be positive integers such that q ≥ 2, and n is square-free. Then

∑
n≤q,

(n,q)=1

2w(n)

n
≪
(
φ(q)

q

)2

(log q)2.

Furthermore, for x ≥ √
q we have

∑
n≤x,

(n,q)=1

2w(n)

n

(
log

x

n

)2
=

(log x)4

12ζ(2)

∏
p|q

(
1 − p−1

1 + p−1

)(
1 + O

(
1 + logw(q)

log q

))
.

Proof. By Lemma 3.13, we have

G(s) :=
∑
n≥1,

(n,q)=1

2w(n)

ns
=

ζ2(s)

ζ(2s)

∏
p|q

1 − p−s

1 + p−s
.

If n ≤ q, then 1
n
≤ e

n
1+ 1

log q
. Let ϵ = 1

log q
, therefore

∑
n≤q,

(n,q)=1

2w(n)

n
≤ eG (1 + ϵ) =

ζ2(1 + ϵ)

ζ(2 + 2ϵ)

∏
p|q

1 − p−(1+ϵ)

1 + p−(1+ϵ)
.

Now
∏

p|q
1−p−(1+ϵ)

1+p−(1+ϵ) becomes

∏
p|q

1 − e−ϵ log p

p

1 + e−ϵ log p

p

=
∏
p|q

1 − 1
p

(1 − ϵ log p + O(ϵ2(log p)2))

1 + 1
p

(1 − ϵ log p + O(ϵ2(log p)2))

=
∏
p|q

1 − 1
p

+ 1
p

+ O
(

1
p

)
1 + 1

p
− 1

p
+ O

(
1
p

) =
∏
p|q

(
1 − 1

p

)(
1 + 1

p−1
+ O

(
1

p−1

))
(

1 + 1
p

)(
1 − 1

p+1
+ O

(
1

p+1

))
=
∏
p|q

(1 − p−1)
2

(1 − p−2)

(
1 +

1

p− 1
+ O

(
1

p− 1

))(
1 +

1

p + 1
+ O

(
1

p + 1

))

≪
(
φ(q)

q

)2

ζ(2).

51



And ζ2(1+ϵ)
ζ(2+2ϵ)

becomes

1
ϵ2

+ 2γ
ϵ

+ O(1)

ζ(2) + O(ϵ)
=

(
1

ϵ2
+

2γ

ϵ
+ γ2 + O(1)

)
1

ζ(2)
(1 + O(ϵ))

≪ 1

ϵ2ζ(2)
=

(log q)2

ζ(2)
.

Hence, the first part is done.

For σ = ℜ(s) > 0 and c > 0, y ≥ 1, we know the Mellin identity,

(log y)2 =
2

2πi

∫ c+i∞

c−i∞

ys

s3
ds.

Therefore

∑
n≤x,

(n,q)=1

2w(n)

n

(
log

x

n

)2
=

2

2πi

∫ c+i∞

c−i∞

xs

s3

∑
n≤x,

(n,q)=1

2w(n)

n1+s
ds =

2

2πi

∫ c+i∞

c−i∞
F (1 + s)

xs

s3
ds.

Now the factor ζ2(1 + s) in F (1 + s) has a pole of order 2 at s = 0, while 1
s3

has a pole of

order 3 at s = 0. Hence, the integrand has a pole of order 5 at s = 0. Since the non-trivial

zeros of ζ(s) lie on the strip 0 ≤ σ ≤ 1, the non-trivial zeros of ζ(2 + 2s) lie on the strip

−1 ≤ σ ≤ −1
2
. These zeros therefore give rise to poles of the integrand. To avoid these

poles, we shift the contour to σ = −1
2

+ ϵ, for some ϵ > 0. Thus

∑
n≤x,

(n,q)=1

2w(n)

n

(
log

x

n

)2
=

2

2πi

∫ − 1
2
+ϵ+i∞

− 1
2
+ϵ−i∞

F (1 + s)
xs

s3
ds + 2Ress=0

(
F (1 + s)

xs

s3

)
= I1 + I2.

Now the part
∏

p|q
1−p−(1+s)

1+p−(1+s) of F (1 + s) becomes

∏
p|q

(
1 − p−1

1 + p−1

)(
1 + O

(
s log p

p

))
=
∏
p|q

(
1 − p−1

1 + p−1

)∏
p|q

(
1 + O

(
s log p

p

))

=
∏
p|q

(
1 − p−1

1 + p−1

)1 + O

s
∑
p|q

log p

p


=
∏
p|q

(
1 − p−1

1 + p−1

)
(1 + O (s(1 + logw(q)))) .
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Therefore F (1 + s) xs

s3
becomes

∏
p|q

(
1 − p−1

1 + p−1

)
(1 + O (s(1 + logw(q))))

(
1

ϵ2
+

2γ

ϵ
+ γ2 + O(1)

)
1

ζ(2)
(1 + O(ϵ))

×
(

1

s3
+

log x

s2
+

(log x)2

s 2!
+

(log x)3

3!
+

s(log x)4

4!
+ O(s2)

)
.

Now the residue at s = 0 is the coefficient of the factor 1
s
. Therefore the required residue is

1

ζ(2)

∏
p|q

(
1 − p−1

1 + p−1

)[
(log x)4

4!
+

γ (log x)3

3
+ O((1 + logw(q))(log x)2)

]

=
1

ζ(2)

∏
p|q

(
1 − p−1

1 + p−1

)
(log x)4

4!

[
1 +

4γ

log x
+ O

(
1 + logw(q)

(log x)2

)]

=
1

ζ(2)

∏
p|q

(
1 − p−1

1 + p−1

)
(log x)4

4!

[
1 + O

(
1 + logw(q)

log x

)]
.

Since x ≥ √
q, we have

I2 = 2Ress=0

(
F (1 + s)

xs

s3

)
=

(log x)4

12ζ(2)

∏
p|q

(
1 − p−1

1 + p−1

)(
1 + O

(
1 + logw(q)

log q

))
.

Let s = σ + it. The classical convexity bound for ζ(s) in the critical strip 0 ≤ σ ≤ 1 is

ζ(σ + it) ≪| t |
1−σ
2

+ϵ, ∀ϵ > 0.

Thus we obtain

ζ2(1 + s) ≪ϵ |t|−σ+2ϵ and ζ(2 + 2s) = ζ(2 + 2σ + i2t) ≪ϵ |2t|−
1
2
−σ+ϵ ≪ϵ |t|−

1
2
−σ+ϵ.

Since for ℜ(s) ≥ 0, ∏
p|q

∣∣∣∣1 − p−(1+s)

1 + p−(1+s)

∣∣∣∣ ≤∏
p|q

1 = 1,

we have∣∣∣∣F (1 + s)
xs

s3

∣∣∣∣ =

∣∣∣∣ ζ2(1 + s)

ζ(2 + 2s)

∣∣∣∣∏
p|q

∣∣∣∣1 − p−(1+s)

1 + p−(1+s)

∣∣∣∣ |xs|
|s3|

≪ϵ |t|−
5
2
−ϵ x− 1

2
+ϵ ≪ϵ x

− 1
2
+ϵ.
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Thus I1 = O
(
x− 1

2
+ϵ
)
. Thus I1 is negligible, since for small ϵ < 1

2
, as x → ∞, x− 1

2
+ϵ → 0.

Hence we have

∑
n≤x,

(n,q)=1

2w(n)

n

(
log

x

n

)2
=

(log x)4

12ζ(2)

∏
p|q

(
1 − p−1

1 + p−1

)(
1 + O

(
1 + logw(q)

log q

))
.
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Chapter 5

Proposition 1

Claim: Let χ (mod q) be a primitive Dirichlet character and Z = q
2w(q) , and

B(χ) =
∑

a,b≥1,
ab≤Z

χ(a)χ̄(b)√
ab

Wα

(
πab
q

)
. Then

∑∗

χ (mod q)

|B(χ)|2 =
φ∗(q)

8π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

))
.

5.1 Decomposition into Main and Error Terms

Since |B(χ)|2 = B(χ)B(χ), we have

∑∗

χ (mod q)

|B(χ)|2 =
∑

a,b,c,d≥1,
ab,cd≤Z,
(abcd,q)=1

Wα

(
πab
q

)
Wα

(
πcd
q

)
√
abcd

∑∗

χ (mod q)

χ(ac)χ(bd).

Now χ(−1) = 1, or − 1, Since 1 = χ(1) = χ(−1)χ(−1). Thus χ(−1) = (−1)α such that

α = 0, 1 for odd and even characters respectively. Define the indicator function,

δχ(−1)=(−1)α

=

{
1 if χ(−1) = (−1)α,

0 χ(−1) ̸= (−1)α i.e. χ(−1) = −(−1)α

=
1 + (−1)αχ(−1)

2
.
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Then we have,

∑∗

χ (mod q)

χ(ac)χ(bd) =
∑∗

χ (mod q),
χ(−1)=(−1)α

χ(ac)χ(bd) =
∑∗

χ (mod q)

χ(ac)χ(bd) δχ(−1)=(−1)α

=
1

2

∑∗

χ (mod q)

χ(ac)χ(bd) +
(−1)α

2

∑∗

χ (mod q)

χ(ac)χ(bd)χ(−1).

Applying Lemma 4.1,

∑∗

χ (mod q)

χ(ac)χ(bd)

=
1

2

∑
k|(q,|ac−bd|)

φ(k)µ
( q
k

)
+

(−1)α

2

∑
k|(q,ac+bd)

φ(k)µ
( q
k

)
=

φ∗(q)

2
+

1

2

∑
k|q,

k|(ac−bd),
ac̸=bd

φ(k)µ
( q
k

)
+

(−1)α

2

∑
k|q,

k|(ac+bd),
ac̸=bd

φ(k)µ
( q
k

)
+

(−1)α

2

∑
k|(q,2bd)

φ(k)µ
( q
k

)
.

Since α can take value 0, 1 for even and odd characters respectively, we have

∑∗

χ (mod q)

|B(χ)|2 =
φ∗(q)

2

∑
a,b,c,d≥1,
ab,cd≤Z,
ac=bd,

(abcd,q)=1

W0

(
πab
q

)
W0

(
πcd
q

)
+ W1

(
πab
q

)
W1

(
πcd
q

)
√
abcd

+ E = M + E,

where, E ≤
∑
k|q

φ(k)µ2
( q
k

)
E(k), and where E(k) ≪

∑
a,b,c,d≥1,
ab,cd≤Z,

ac̸=bd, k|(ac±bd), (abcd,q)=1

1√
abcd

.

5.2 Estimation of the Error Term

In the beginning, we divide the range 1 ≤ ab, cd ≤ Z into dyadic blocks. Consider an

arbitrary dyadic block as Z1 ≤ ab ≤ 2Z1, and Z2 ≤ cd ≤ 2Z2. Since
√
Z1Z2 ≤ Z < q, for

Z1Z2 > k
19
10 , the contribution of this dyadic block to E(k) is, by Lemma 4.2, given as

∑
a,b,c,d≥1,

Z1≤ab≤2Z1, Z2≤cd≤2Z2,
ac̸=bd, k|(ac±bd), (abcd,q)=1

1√
abcd

≪ 1√
Z1Z2

Z1Z2

k
(logZ1Z2)

3 ≪
√
Z1Z2

k
(log q)3.
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Therefore, the total contribution from all dyadic blocks to E(k) is bounded by,

∑d

Z1<Z

∑d

Z2<Z

√
Z1Z2

k
(log q)3 =

(log q)3

k

(∑d

Z1<Z

√
Z1

)(∑d

Z2<Z

√
Z2

)
≪ (log q)3

k

√
Z
√
Z =

Z

k
(log q)3.

Since there are 2w(q) square-free divisors of q, we have

∑
k|q,

Z1Z2>k
19
10

φ(k)µ2
( q
k

)
E(k) ≪ Z(log q)3

∑
k|q

1 = q (log q)3.

If Z1Z2 ≤ k
19
10 then by Lemma 4.2 the contribution of one dyadic block to E(k) is

≪ (Z1Z2)
1
2
+ϵ

k
≤ k

19
20

+ 19ϵ
10

−1 = k− 1
20

+ 19ϵ
10 .

Therefore summing over all dyadic blocks when Z1Z2 ≤ k
19
10 , the contribution is bounded by

∑d

Z1≤k
19
10

∑d

Z2≤ k
19
10
Z1

k− 1
20

+ 19ϵ
10 = k− 1

20
+ 19ϵ

10

∑d

Z1≤k
19
10

k
19
10

Z1

= k− 1
20

+ 19ϵ
10

+ 19
10

∑d

Z1≤k
19
10

1

Z1

≪ k− 1
20

+ 19ϵ
10

+ 19
10 log k ≪δ k

− 1
20

+ 19ϵ
10

+ 19
10

+δ ≪ k− 1
20

+ϵ1 .

Thus

∑
k|q,

Z1Z2≤k
19
10

φ(k)µ2
( q
k

)
E(k) ≤ k− 1

20
+ϵ1
∑
k|q

k ≤ k
19
20

+ϵ1 d(q) ≪β q
19
20

+ϵ1+β =
q

q
1
20

−ϵ1−β
.

One can always find some ϵ, δ, β such that 1
20
−ϵ1−β > 0. Then

q

q
1
20−ϵ1−β

q(log q)3
−→ 0 as q −→ ∞.

Therefore we have

E ≪ q (log q)3.
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5.3 Evaluation of the Main Term

Let ac = bd. Let g = (a, b), h = (c, d) such that a = gr, b = gs, c = hs, and d = hr for some

integers r, s with (r, s) = 1. So now, ac = bd ⇒ g2rs = h2rs and
√
abcd = ghrs. Thus

M =
φ∗(q)

2

∑
a,b,c,d≥1,
ab,cd≤Z,
ac=bd,

(abcd,q)=1

W0

(
πab
q

)
W0

(
πcd
q

)
+ W1

(
πab
q

)
W1

(
πcd
q

)
√
abcd

=
φ∗(q)

2

∑
α=0,1

∑
g,h,r,s≥1,

g2rs,h2rs≤Z,
(ghrs,q)=1,

(r,s)=1

1

ghrs
Wα

(
πg2rs

q

)
Wα

(
πh2rs

q

)
.

Since the number of ways of writing the square-free number n = rs with (r, s) = 1 is 2w(n),

and W (x) = 1 + O
(
x

1
2
−ϵ
)

we have

M =
φ∗(q)

2

∑
α=0,1

∑
(n,q)=1,
1≤n≤Z

2w(n)

n

 ∑
1≤g≤

√
Z
n
,

(g,q)=1

1

g
Wα

(
πg2n

q

)
 ∑

1≤h≤
√

Z
n
,

(h,q)=1

1

h
Wα

(
πh2n

q

)

=
φ∗(q)

2

∑
α=0,1

∑
(n,q)=1,
1≤n≤Z

2w(n)

n

 ∑
1≤g≤

√
Z
n
,

(g,q)=1

1

g
Wα

(
πg2n

q

)
2

=
φ∗(q)

2

∑
α=0,1

∑
(n,q)=1,
1≤n≤Z

2w(n)

n

 ∑
1≤g≤

√
Z
n
,

(g,q)=1

1

g
+

∑
1≤g≤

√
Z
n
,

(g,q)=1

1

g
O

(
g1−2ϵn

1
2
−ϵ

q
1
2
−ϵ

)
2

.

Now since ∑
1≤g≤

√
Z
n
,

(g,q)=1

g−2ϵ ≤
∫ √

Z
n

1

g−2ϵdg ≪
(
Z

n

) 1
2
−ϵ

,
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we have ∑
1≤g≤

√
Z
n
,

(g,q)=1

1

g
O

(
g1−2ϵn

1
2
−ϵ

q
1
2
−ϵ

)
= O

((
Z

q

) 1
2
−ϵ
)

= O(1).

Let us divide the region n ≤ Z into two cases.

• Case 1: Let n ≤ Z0 = Z
9w(q) = q

18w(q) . Now

n ≤ Z0 =⇒ 3w(q) =

√
Z

Z0

≤
√

Z

n
=⇒ 1√

Z
n

≤ 1

3w(q)
.

Using Lemma 4.3, we have

∑
1≤g≤

√
Z
n
,

(g,q)=1

1

g
=

φ(q)

q

(
log

√
Z

n
+ O(1 + logw(q))

)
+ O

2w(q) log
√

Z
n√

Z
n



=
φ(q)

q

(
log

√
Z

n
+ O(1 + logw(q))

)
+ O

2w(q) log
√

Z
n

3w(q)


=

φ(q)

2q
log

Z

n
+ O(1 + logw(q)).

So the contribution of this case to M is

S1 = φ∗(q)
∑
n≤Z0,
(n,q)=1

2w(n)

n

(
φ(q)

2q
log

Z

n
+ O(1 + logw(q))

)2

= φ∗(q)
∑
n≤Z0,
(n,q)=1

2w(n)

n

(
φ(q)

2q

(
log

Z0

n
+ O(w(q))

)
+ O(1 + logw(q))

)2

= φ∗(q)
∑
n≤Z0,
(n,q)=1

2w(n)

n

(
φ(q)

2q
log

Z0

n
+ O(w(q)) + O(1 + logw(q))

)2

.
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Now Z0

n
≤ Z0 < q. So we have,(

φ(q)

2q
log

Z0

n
+ O(w(q))

)2

=

(
φ(q)

2q
log

Z0

n

)2

+ O

(
φ(q)

q
log

Z0

n
w(q)

)
+ O(w(q)2)

=

(
φ(q)

2q
log

Z0

n

)2

+ O(w(q) log q).

In addition,

2

(
φ(q)

2q
log

Z0

n
+ O(w(q))

)
O(1 + logw(q))

= O(log q + log q logw(q)) + O(w(q) + w(q) log q)

= O(w(q) log q).

Therefore,

S1 = φ∗(q)

(
φ(q)

2q

)2 ∑
n≤Z0,
(n,q)=1

2w(n)

n

((
log

Z0

n

)2

+ O(w(q) log q)

)

= φ∗(q)

(
φ(q)

2q

)2 ∑
n≤Z0,
(n,q)=1

2w(n)

n

(
log

Z0

n

)2(
1 + O

(
w(q)

log q

))
.

By Lemma 4.4, we have

S1 = φ∗(q)
1

4

∏
p|q

(
1 − p−1

)2
(log q)4

(
1 + O

(
w(q)
log q

))
12π6

6

∏
p|q

(
1 − p−1

1 + p−1

)
(

1 + O

(
w(q)

log q

)
+ O

(
1 + logw(q)

log q

)
+ O

(
w(q) + w(q) log q

(log q)2

))
.

Since

w(q) ≪ log q

log log q
and

w(q)

log q
∼ w(q) + w(q) log q

(log q)2
,

we have

S1 =
φ∗(q)

8π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

))
.

• Case 2: Z0 < n ≤ Z.
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Applying Lemma 4.3, we have

∑
g≤
√

Z
n
,

(g,q)=1

1

g
≤

∑
g≤3w(q),
(g,q)=1

1

g
=

φ(q)

q

(
log 3w(q) + γ + O(1 + logw(q))

)
+ O

(
2w(q) log 3w(q)

3w(q)

)
≪ φ(q)w(q)

q
.

Thus the contribution of this case to M , using Lemma 4.3 is,

S2 = φ∗(q)
∑

Z0<n≤Z

2w(n)

n

(
φ(q)w(q)

q

)2

≪ φ∗(q)

(
φ(q)w(q)

q

)2
((

φ(Z) logZ

Z

)2

−
(
φ(Z0) logZ0

Z0

)2
)

= φ∗(q)

(
φ(q)w(q)

q

)2(
φ(Z) logZ

Z

)2
(

1 −
(
φ(Z0) logZ0

φ(Z) logZ

)2
)

≪ φ∗(q)(w(q))2(log q)2.

Therefore,

M =
φ∗(q)

8π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

))
+ O

(
φ∗(q)(w(q))2(log q)2

)
.

5.4 Completion of the Proof

Hence,

∑∗

χ (mod q)

|B(χ)|2 = M + E =
φ∗(q)

8π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

))
+ O

(
φ∗(q)(w(q))2(log q)2

)
+ O(q log q)3

=
φ∗(q)

8π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

)
+ O

((
w(q)

log q

)2
)

+ O

(
q

φ∗(q) log q

))
=

φ∗(q)

8π2

∏
p|q

(1 − p−1)3

(1 + p−1)
(log q)4

(
1 + O

(
w(q)

log q

))
.
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Chapter 6

Proposition 2

Claim: Let χ (mod q) be a primitive Dirichlet character and Z = q
2w(q) , and

C(χ) =
∑

a,b≥1,
ab>Z

χ(a)χ̄(b)√
ab

Wα

(
πab
q

)
. Then

∑∗

χ (mod q)

|C(χ)|2 ≪
∑

χ (mod q)

|C(χ)|2 ≪ q

(
φ(q)

q

)5

(w(q) log q)2 + q(log q)3.

6.1 Initial Decomposition

For 0 < x ≤ 1, Lemma 3.5 gives Wα(x) = 1 + O
(
x

1
2
−ϵ
)

, and hence

|Wα(x)| ≪ 1.

For x > 1, Lemma 3.5 implies

|Wα(x)| ≪ x−c ≪ (1 + x)−c.

Letting c = 2, we have |Wα(x)| ≪ (1 + x)−2.
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Therefore,

∑
χ (mod q)

|C(χ)|2 ≪ φ(q)
∑

(abcd,q)=1,
ac≡±bd (mod q),

ab,cd>Z

1√
abcd

∑
α=0,1

∣∣∣∣Wα

(
πab

q

)
Wα

(
πcd

q

)∣∣∣∣
≪ φ(q)

∑
(abcd,q)=1,

ac≡±bd (mod q),
ab,cd>Z

1√
abcd

(
1 +

πab

q

)−2(
1 +

πcd

q

)−2

≪ φ(q)
∑

(abcd,q)=1,
ac≡±bd (mod q),

ab,cd>Z

1√
abcd

(
1 +

ab

q

)−2(
1 +

cd

q

)−2

.

Separating the diagonal and off-diagonal terms, we have

∑
χ (mod q)

|C(χ)|2 ≪ φ(q)
∑

(abcd,q)=1,
ac=bd,
ab,cd>Z

1√
abcd

(
1 +

ab

q

)−2(
1 +

cd

q

)−2

+ E = D + E,

where,E ≤ φ(q)
∑

(abcd,q)=1, ac̸=bd,
ac≡±bd (mod q),

ab,cd>Z

1√
abcd

(
1 +

ab

q

)−2(
1 +

cd

q

)−2

.

6.2 Evaluation of the Diagonal part

Let ac = bd. As in 5.3 of proposition 1, let g = (a, b) and h = (c, d), so that a = gr, b =

gs, c = hs, and d = hr for some integers r, s with (r, s) = 1. Thus

D = φ(q)
∑

(ghrs,q)=1,
g2rs,h2rs>Z,

(r,s)=1

1

ghrs

(
1 +

g2rs

q

)−2(
1 +

h2rs

q

)−2

= φ(q)
∑

(n,q)=1,

rs=n is square-free,

2w(n)

n

 ∑
g>
√

Z
n
,

(g,q)=1

1

g

(
1 +

g2n

q

)−2


2

.
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To compute further, let us consider a few cases

Case 1: If n > q, then

∑
g>
√

Z
n
,

(g,q)=1

1

g

(
1 +

g2n

q

)−2

≪
∑

g>
√

Z
n
,

(g,q)=1

1

g

(
g2n

q

)−2

≪
∑

g>
√

Z
n
,

(g,q)=1

q2

g5n2
≪ ζ(5)

q2

n2
≪ q2

n2
.

Now, by Lemma 3.14, the contribution of this case to D is

D1 ≪ φ(q)
∑

n>q, (n,q)=1

2w(n)

n

q4

n4
≪ φ(q) log q.

Case 2: If n ≤ q, then

∑
g>
√

Z
n
,

(g,q)=1

1

g

(
1 +

g2n

q

)−2

=
∑

√
Z
n
<g≤

√
q
n
,

(g,q)=1

1

g

(
1 +

g2n

q

)−2

+
∑

g>
√

q
n
,

(g,q)=1

1

g

(
1 +

g2n

q

)−2

≪
∑

√
Z
n
<g≤

√
q
n
,

(g,q)=1

1

g
+
∑

g>
√

q
n
,

(g,q)=1

1

g

(
g2n

q

)−2

.

Now ∑
g>
√

q
n
,

(g,q)=1

1

g

(
g2n

q

)−2

≪ q2

n2

∫ ∞

√
q
n

1

g5
dg ≪ 1.

Using Lemma 4.3, we obtain

∑
√

Z
n
<g≤

√
q
n
,

(g,q)=1

1

g
=

φ(q)

q

(
log

√
q

n
− log

√
Z

n

)
+ O

2w(q) log
√

q
n√

q
n

−
2w(q) log

√
Z
n√

Z
n


≪ φ(q)

2q
log

q

Z
=

φ(q)

2q
log 2w(q)

≪ φ(q)

q
w(q).
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Now by Lemma 4.4, the contribution of this case to D is

D2 ≪ φ(q)

(
φ(q)

q
w(q)

)2 ∑
n≤q,

(n,q)=1

2w(n)

n
≪ φ(q)

(
φ(q)

q
w(q)

)2(
φ(q)

q
log q

)2

= φ(q)

(
φ(q)

q

)4

(w(q) log q)2

= q

(
φ(q)

q

)5

(w(q) log q)2.

Thus the total contribution of both cases to D is

q

(
φ(q)

q

)5

(w(q) log q)2 + φ(q) log q ≪ q

(
φ(q)

q

)5

(w(q) log q)2.

6.3 Estimation of the Remaining Part

We break the range ab, cd > Z into dyadic blocks. Consider a typical dyadic block as

Z1 ≤ ab < 2Z1, and Z2 ≤ cd < 2Z2 such that Z1, Z2 > Z. If Z1Z2 ≤ q
19
10 then by Lemma

4.2, the contribution of one dyadic block to E is

≪ (Z1Z2)
1
2
+ϵ

q
≪ q−

1
20

+ 19ϵ
10 .

As in the error estimation 5.2 of proposition 1, the total contribution of all dyadic blocks to

E, when Z1Z2 ≤ q
19
10 , is

≪
∑d

Z1≤q
19
10

∑d

Z2≤ q
19
10
Z1

q−
1
20

+ 19ϵ
10 ≪ q−

1
20

+ϵ1 .

If Z1Z2 ≥ Z2 > q
19
10 the by Lemma 4.2, the contribution of one dyadic block to E is

≪ φ(q)√
Z1Z2

(
1 +

Z1

q

)−2(
1 +

Z2

q

)−2
Z1Z2

q
(logZ1Z2)

3

≪ φ(q)

q

(
1 +

Z1

q

)−2(
1 +

Z2

q

)−2√
Z1Z2 (logZ1Z2)

3 .
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To sum of over all dyadic blocks, we need to consider a few cases. Without loss of generality

assume that Z1 ≤ Z2.

• Case 1: If Z1, Z2 ≤ q, then(
1 +

Z1

q

)−2

= O(1), and

(
1 +

Z2

q

)−2

= O(1).

Therefore the contribution is

R1 ≪
∑d

Z1,Z2≤q

φ(q)

q

√
Z1Z2 (logZ1Z2)

3 ≪ q (log q)3.

• Case 2: If Z1, Z2 > q, then(
1 +

Z1

q

)−2

= O

((
Z1

q

)−2
)
, and

(
1 +

Z2

q

)−2

= O

((
Z2

q

)−2
)
.

The contribution of this case to the total dyadic sum is

R2 ≪
∑d

Z1,Z2>q

φ(q)

q

√
Z1Z2 (logZ1Z2)

3

(
Z1

q

)−2(
Z2

q

)−2

≪
∑d

Z1,Z2>q

Z2 (logZ2)
3 q4

Z2
2

1

Z2
1

≪ q3
∑d

Z2>max{q,Z1}

(logZ2)
3

Z2
2

.

Let Z2 = 2sq for some positive integer s. Then we have

R2 ≪ q3
∑

s>
log

(
max{q,Z1}

q

)
log 2

(log q + s log 2)3

22sq2
≪ q (log q)3

∑
s>

log

(
max{q,Z1}

q

)
log 2

1

22s
≪ q (log q)3.

Case 3: If Z1 ≤ q < Z2, then(
1 +

Z1

q

)−2

= O (1) , and

(
1 +

Z2

q

)−2

= O

((
Z2

q

)−2
)
.

The contribution of this case to the total dyadic sum is

R3 ≪
∑d

Z1≤q<Z2

φ(q)

q

√
Z1Z2 (logZ1Z2)

3

(
Z2

q

)−2

≪ q2
∑d

Z1≤q

√
Z1

∑d

Z2>q

(logZ1Z2)
3

Z
3
2
2

.
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Let Z2 = 2tq for some positive integer t. Then we have

R3 ≪ q2
√
q

1

q
3
2

∞∑
t=0

(log(Z1q) + t log 2)3

2
3t
2

≪ q (log q)3.

Thus, the total contributions of all dyadic blocks from these three cases to E is ≪ q (log q)3.

6.4 Completion of the Proof

Combining the outcomes for D and E, we have

∑∗

χ (mod q)

|C(χ)|2 ≪
∑

χ (mod q)

|C(χ)|2 ≪ q

(
φ(q)

q

)5

(w(q) log q)2 + q(log q)3.
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Chapter 7

Discussion and Further Directions

7.1 Fourth Moment: From Prime to General Moduli

The study of moments of Dirichlet L-functions, particularly the fourth moment, has played

a central role in analytic number theory due to its connections with the distribution of

L-values, non-vanishing results, and conjectures such as Lindelöf and the generalized Rie-

mann hypothesis. The work of Soundararajan11 provides a significant breakthrough by

establishing an asymptotic formula for the fourth moment of Dirichlet L-functions valid

uniformly for all moduli, including large highly composite ones. As in (1.1), Heath-Brown4

refined the asymptotic result of Ingham’s3 fourth moment for ζ(s) with an error term

O
(
T

7
8
+ϵ
)

. Soundararajan11 improved the error term, so that an asymptotic formula in-

deed holds for all muduli q. Then it was an open problem to obtain an asymptotic formula

for
∑∗

χ (mod q)

∣∣L (1
2
, χ
)∣∣4 with a error term O(q1−δ), for some δ > 0. In 2005, J. B. Conrey,

D. W. Farmer, J. P. Keating, M. O. Rubinstein and N. C. Snaith14, conjectured that

∑∗

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣2k = φ∗(q)Pk2(log q) + O
(
q

1
2
+ϵ
)
,

where Pk2 =
∑k2

i=0 aix
i, with coefficients in terms of Euler product

ai = Ci

∏
p|q

(1 + fj(p)) ≪ (log log q)O(1)
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with explicit constants Ci and arithmetic functions fi(p) ≪ p−1. In 2011, M. P. Young15

obtained a breakthrough result. For prime q ̸= 2, with some computable absolute constants

ci, he obtained

∑∗

χ (mod q)

|L(1
2
, χ)|4 = φ∗(q)

4∑
i=0

ci(log q)i + O
(
q1−

5
512

+ϵ
)
,

and using Ramanujan Conjecture, the error term can be of order O
(
q1−

1
80

+ϵ
)

. In 2017, V.

Blomer, É. Fouvry, E. Kowalski, P. Michel, and D. Miličević16 refined Young’s work. They

mentioned for any prime q and ϵ > 0, with some computable absolute constants

∑∗

χ (mod q)

|L(1
2
, χ)|4 = φ∗(q)

4∑
i=0

bi(log q)i + O
(
q1−

1
32

+ϵ
)
.

They subsequently improved the error term to O
(
q1−

1
20

+ϵ
)

which is the best known17 result

for prime moduli, till date. They also emphasis that if the Ramanujan–Petersson conjecture

holds for Fourier coefficients of level-1 Hecke–Maass forms, then the exponent 1
20

can be

replaced by 1
16

. In 2023, for general moduli q, X. Wu18 obtained an asymptotic formula

with a power saving error term O
(
q1−

11
448

+ϵ
)
.

7.2 Higher Moments

In 1970, Huxley19 provided upper bounds for fourth, sixth, and eight moment as below

∑
q≤Q

∑∗

χ (mod q)

∣∣∣∣L(1

2
+ it, χ

)∣∣∣∣4 ≪ (Q2 + Q(|t| + 2)) log4(Q(|t| + 2)),

∑
q≤Q

∑∗

χ (mod q)

∣∣∣∣L(1

2
+ it, χ

)∣∣∣∣6 ≪ (Q2 + (Q(|t| + 2))
3
2 ) log9(Q(|t| + 2)), and

∑
q≤Q

∑∗

χ (mod q)

∣∣∣∣L(1

2
+ it, χ

)∣∣∣∣8 ≪ Q2(|t| + 2)2 log16(Q(|t| + 2)).

In Theorem 3 of his paper, he mentioned an upper bound for general even moments for

the family of Riemann zeta function. For the family of Dirichlet L-functions with primi-
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tive characters, the upper bound for second and fourth moment can easily be turned into

asymptotic, as discussed earlier, in fact these cases do not require additional averaging over

modulus q. In 2006 Rudnick and Soundararajan20 provided a lower bound for this family.

They mentioned that if p is a large prime then for any positive rational k,

∑∗

χ (mod p)

∣∣∣∣L(1

2
, χ

)∣∣∣∣2k ≫k p(log p)k
2

.

7.2.1 Sixth Moment

In 2012, J.B. Conrey, H. Iwaniec and K. Soundararajan21 conjectured the following

Let a3 =
∏

p: primes

(
1 − 1

p

)4(
1 +

4

p
+

1

p2

)
. Then, as q → ∞ with q ̸≡ 2 (mod 4),

1

φ♭(q)

∑♭

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣6 ∼ 42a3
∏
p|q

(
1 − 1

p

)5(
1 + 4

p
+ 1

p2

) (log q)9

9!
,

where
∑♭

χ (mod q)
is a sum over primitive, even Dirichlet characters, and φ♭(q) is the number

of such characters. Towards this conjecture, they obtained an asymptotic, provided that an

additional short averaging in the t-aspect is included, that for large Q,

∑
q≤Q

∑♭

χ (mod q)

∫ ∞

−∞
|Λ(1

2
+ it, χ)|6 dt

∼ 42a3
∑
q≤Q

∏
p|q

(1 − 1
p
)5

(1 + 4
p

+ 1
p2

)
ϕ♭(q)

(log q)9

9!

∫ ∞

−∞

∣∣∣Γ( 1
2

+ it

2

)∣∣∣6 dt.

Also their t-averaging eliminates the contribution of the so called unbalanced sums, that

is sums of d3(n)d3(m)χ(m)χ(n). In 2024, V. Chandee and X. Li, and K. Matomäki, and

M. Radziwi l l22 managed to deal with the contribution of such sums using methods such as

spectral theory of automorphic forms and bounds of Deligne for hyper-Kloosterman sums.

As a result, they obtained an asymptotic formula for the sixth moment without any t-
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averaging. They obtained, as Q → ∞,

∑
q≤Q

∑♭

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣6 ∼ 42a3
∑
q≤Q

∏
p|q

(
1 − 1

p

)5(
1 + 4

p
+ 1

p2

)φ♭(q)
(log q)9

9!
,

where a3 =
∏

p

(
1 − 1

p4

)(
1 + 4

p
+ 1

p2

)
. There has been no further motivating work so far

on sixth moment.

7.2.2 Eight Moment

From the work of J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein and N. C.

Snaith14, one may derive the conjecture for eight moment that as q → ∞ with q ̸= 2 (mod

4),

1

φ♭(q)

∑♭

χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣8 ∼ 24024 a4
∏
p|q

(
1 − 1

p

)7(
1 + 9

p
+ 9

p2
+ 1

p3

) (log q)16

16!
,

where

a4 :=
∏
p

(
1 − 1

p

)9(
1 +

9

p
+

9

p2
+

1

p3

)
.

In 2014, V. Chandee, and X. Li23 obtained an asymptotic for the eight moment of

Dirichlet L-functions averaged over primitive, even Dirichlet characters χ modulo q, over

all moduli q ≤ Q and with a short average on the critical line, conditionally on generalized

Riemann hypothesis. They proved the following,

∑
q≤Q

∑♭

χ (mod q)

∫ ∞

−∞
|Λ(1

2
+ it, χ)|8 dt

∼ 24024 a4
∑
q≤Q

∏
p|q

(1 − 1
p
)7(

1 + 9
p

+ 9
p2

+ 1
p3

)φ♭(q)
(log q)16

16!

∫ ∞

−∞

∣∣∣Γ( 1
2

+ it

2

)∣∣∣8 dt.

Recently in 2024, V. Chandee and X. Li, and K. Matomäki, and M. Radziwi l l24 proved the

same result but removing the GRH condition assumed in their earlier work.
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7.2.3 Twelfth Moment

The study of this specific moment gained prominence with the work of Heath-Brown6 in

1978. For many decades this stood as a standard result for the t-aspect growth of the

Riemann zeta function. In 2021, D. Miĺıcev́ıc and D. White25 modified Heath-Brown’s t-

aspect result6 to q-aspect for odd prime power moduli q = pn, for the Dirichlet L-functions.

For some A > 0, and odd prime p, they established the q-aspect twelfth moment as

∑
χ (mod q)

∣∣∣∣L(1

2
, χ

)∣∣∣∣12 ≪ϵ p
Aq2+ϵ.

Similar to the Heath-Brown’s result6, here the Weyl-strength sun-convexity bound for

Dirichlet L-functions in q-aspect is

L

(
1

2
, χ

)
≪ q

1
6
+ϵ.

7.3 Further Directions

• To obtain an unconditional asymptotic formula for the twelfth moment of Dirichlet

L-functions for general composite moduli q, extending known results beyond prime

power moduli.

• To obtain an asymptotic formula for the eight moment of Dirichlet L-functions without

any t-averaging.

• To develop asymptotic formulas for higher moments.
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L-functions. American Journal of Mathematics, 139:707–768, 2017.
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