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Abstract

This dissertation develops analytical and computational foundations for the study of
peridynamic and nonlocal models, with a particular focus on solution regularity, nonlocal-
to-local limits, and the analysis and numerical treatment of discontinuities.

We first investigate the regularity of solutions to the nonlocal wave equation in the
framework of periodic distributions. The spatial operator is given by a nonlocal Laplace
operator with a compactly supported kernel, encompassing both integrable and singular
interactions. Using a unified Fourier multiplier approach, we characterize the spatial and
temporal regularity of solutions in terms of the initial data and forcing terms. This framework
extends naturally to nonlocal pseudo-differential operators and applies in arbitrary spatial
dimensions. Furthermore, we establish convergence of solutions to those of the classical wave
equation under two limiting regimes: vanishing nonlocality and increasing kernel singularity
toward a critical, dimension-dependent threshold.

Building on this scalar framework, we then study the peridynamic equilibrium and evo-
lution equations for linear state-based models in multi-dimensional settings. Working in
the space of periodic vector-distributions, we analyze both integrable and singular kernels
through the asymptotic behavior of the Fourier multipliers associated with the peridynamic
operator. This analysis yields explicit regularity results for solutions in terms of the data,
kernel singularity, and spatial dimension. In addition, we establish nonlocal-to-local conver-
gence results for both the operator and the corresponding solutions, again under regimes of
vanishing horizon and increasing kernel singularity, thereby connecting peridynamic models
to classical linear elasticity.

Finally, we investigate the formation and propagation of discontinuities in the one-
dimensional nonlocal Poisson equation with discontinuous source terms. We show that the

regularity of the solution is governed by the interplay between the smoothness of the kernel



and that of the source term. In particular, singularities of the kernel at the origin induce
blow-up in derivatives of the solution, while discontinuities of the kernel or its derivatives at
the horizon generate cascades of derivative discontinuities at shifted locations. Motivated by
this analysis, we develop a semi-analytic spectral method for accurately resolving discontinu-
ities. The method employs explicit smoothing transformations to remove the discontinuities,
enabling high-order spectral approximation and reconstruction of the original solution. Nu-
merical experiments demonstrate that this approach effectively mitigates Gibbs oscillations
and significantly improves both accuracy and convergence.

Together, these results provide a unified analytical and computational framework for
understanding regularity, singular behavior, and efficient numerical approximation in peri-

dynamic and nonlocal models.
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Abstract

This dissertation develops analytical and computational foundations for the study of
peridynamic and nonlocal models, with a particular focus on solution regularity, nonlocal-
to-local limits, and the analysis and numerical treatment of discontinuities.

We first investigate the regularity of solutions to the nonlocal wave equation in the
framework of periodic distributions. The spatial operator is given by a nonlocal Laplace
operator with a compactly supported kernel, encompassing both integrable and singular
interactions. Using a unified Fourier multiplier approach, we characterize the spatial and
temporal regularity of solutions in terms of the initial data and forcing terms. This framework
extends naturally to nonlocal pseudo-differential operators and applies in arbitrary spatial
dimensions. Furthermore, we establish convergence of solutions to those of the classical wave
equation under two limiting regimes: vanishing nonlocality and increasing kernel singularity
toward a critical, dimension-dependent threshold.

Building on this scalar framework, we then study the peridynamic equilibrium and evo-
lution equations for linear state-based models in multi-dimensional settings. Working in
the space of periodic vector-distributions, we analyze both integrable and singular kernels
through the asymptotic behavior of the Fourier multipliers associated with the peridynamic
operator. This analysis yields explicit regularity results for solutions in terms of the data,
kernel singularity, and spatial dimension. In addition, we establish nonlocal-to-local conver-
gence results for both the operator and the corresponding solutions, again under regimes of
vanishing horizon and increasing kernel singularity, thereby connecting peridynamic models
to classical linear elasticity.

Finally, we investigate the formation and propagation of discontinuities in the one-
dimensional nonlocal Poisson equation with discontinuous source terms. We show that the

regularity of the solution is governed by the interplay between the smoothness of the kernel



and that of the source term. In particular, singularities of the kernel at the origin induce
blow-up in derivatives of the solution, while discontinuities of the kernel or its derivatives at
the horizon generate cascades of derivative discontinuities at shifted locations. Motivated by
this analysis, we develop a semi-analytic spectral method for accurately resolving discontinu-
ities. The method employs explicit smoothing transformations to remove the discontinuities,
enabling high-order spectral approximation and reconstruction of the original solution. Nu-
merical experiments demonstrate that this approach effectively mitigates Gibbs oscillations
and significantly improves both accuracy and convergence.

Together, these results provide a unified analytical and computational framework for
understanding regularity, singular behavior, and efficient numerical approximation in peri-
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Chapter 1

Introduction

1.1 Overview on peridynamics

In classical solid mechanics, many problems, such as fracture and crack propagation, involve
the emergence of discontinuities that were not initially present. The standard continuum
mechanics framework relies on partial derivatives to describe the forces and displacements
between particles; however, these derivatives become undefined at discontinuities. Although
various techniques have been developed to bypass this limitation, they typically require
special treatment in the neighborhood of the crack. Consequently, the location of these
discontinuities often must be predetermined, a requirement that is frequently unrealistic in
complex modeling scenarios.

The peridynamics theory, as proposed by Silling, reformulates continuum mechanics by
replacing the differential operators of classical theory with integral operators. This shift
ensures that the governing equations remain valid even where displacement derivatives are
undefined, allowing a single mathematical framework to be applied across the entire domain.
As a nonlocal theory, peridynamics allows particles within a finite distance, defined as the
horizon, to interact without physical contact. This inherent consistency eliminates the need
for a priori knowledge of crack locations or specialized treatments at singular points. As a

result, complex phenomena such as crack initiation and propagation emerge naturally from



the solution without the need for tracking algorithms or predetermined failure zones.
Peridynamics has emerged as a versatile tool for engineering analysis, largely due to its

inherent compatibility with discontinuities. It has been used in various fields, including

6 11H14
)

the study of material deformation®®, crack propagation™’, dynamic brittle fracture

15H18

impact fragmentation In addition, the nonlocal nature of the theory facilitates the

19H22 23H26

modeling of corrosion damage , composite failure , and transport phenomena such as

27H29 30H33

diffusion and porous flow . A thorough overview of these multifaceted applications

can be found in several recent summaries>9,

For a basic formulation of peridynamics, suppose that in the region of interest 2 C R",
each pair of particles interact through a vector-valued function f. Assume that at any point

x € €2 and at any time ¢ > 0, the force density L is a function of the displacement vector

field u,
Lu(z,t) = / fu(2',t) —u(z,t), 2" — x)dVy.
Then the peridynamic equation of motion is given by
32
p(x)ﬁu@,t) = Lu(xz,t) + b(x,t), 2€Q,t>0
and the associated peridynamic equilibrium is

Lu(z) +b(z) =0, ze€.

Here p is the mass density, f is called the pairwise force function, while b is the prescribed
force loading density. Denoting by ¢ the horizon (nonlocality) of the domain, we have the

following peridynamic assumption
|z' —z|| > § = f(u(a’,t) —u(z,t), 2" —2) =0, Vu.

As a result, any point x in the material body interacts only with points 2’ in its neighborhood



Figure 1.1: Interactions in peridynamics®

Bs(x) (see Figure [L1]).

1.2 Overview on the peridynamic-type scalar nonlocal

models

To establish a nonlocal analog for second-order scalar elliptic boundary-value problems,

a nonlocal vector calculus was developed in®®%.  As a rigorous foundation for nonlocal
problems, this framework is designed to replicate the structure of classical vector calculus,

where the nonlocal Laplacian operator is defined as

Lu(z) = / (uly) — u(@) K(wg)dy, ©€QCR"

Here, Q) is a bounded domain in R™ and K (z,y) represents a scalar kernel that dictates the
interaction between points.

In the classical calculus, interactions are strictly local, allowing external influences on a



domain € to be fully captured as a flux across the boundary 9€2. In the nonlocal calculus,
however, long-range interactions bypass the boundary, making traditional boundary integrals
insufficient. Consequently, one must define a nonlocal interaction domain €);, representing

the region outside 2 that remains coupled to the interior as

Qr :={y € R"\ Q such that K(z,y) #0 for some x € Q}.

Because of this shift in the nature of particle coupling, standard boundary conditions are
insufficient to ensure the well-posedness of the system; instead, a volumetric constraint must
be prescribed over ;5.

Drawing inspiration from peridynamics, a physically significant special case occurs when
K possesses compact support. Specifically, the interactions are restricted to a neighborhood

of radius § (the horizon), such that

K(z,y)=0 if |z—y|>o. (1.1)

Given the compact support of the kernel K, the interaction domain €2; is defined as

Qr={yeR"\ Q | dist(y,Q) < d}.

This region characterizes a “collar” of thickness ¢ surrounding the boundary 0f2 (see Figure

13).

Nonlocal models featuring this operator framework have been applied to diffusion®? 4,

12443 14445

mechanics , and image processing . Its mathematical flexibility also extends to mul-

46547

tiscale modeling and the analysis of stochastic processes*®*? demonstrating its efficacy

in capturing long-range interactions across diverse physical and computational settings.



Figure 1.2: The domain €2 and its corresponding nonlocal interaction domain €2,
1.3 Mathematical and computational challenges in non-

local models

Despite the growing success of peridynamic and nonlocal models, several fundamental theo-
retical and computational challenges remain. While progress has been made in understanding
solution regularity and establishing connections to classical local models, a comprehensive
analytical theory is still under development. In particular, key issues such as the proper
formulation of nonlocal boundary conditions and the mechanisms governing the formation
and propagation of discontinuities are not yet fully understood.

From a computational perspective, designing numerical methods that accurately capture
nonlocal interactions, especially in the presence of discontinuities, while maintaining com-
putational efficiency remains a significant challenge. Existing approaches often struggle to
balance accuracy, stability, and cost, particularly in high-dimensional or highly non-smooth

settings.

1.4 Contributions of this dissertation

This dissertation addresses several of these challenges by developing both analytical and
computational tools for peridynamic and nonlocal models. The main contributions are sum-

marized as follows:



e In Chapter [2| we study the regularity of solutions to the nonlocal wave equation within
the framework of periodic distributions. The nonlocal Laplacian is first analyzed as
an integral operator with integrable and singular kernels and is then extended to a
broader class of pseudo-differential operators. Using asymptotic analysis of Fourier
multipliers, we characterize the spatial and temporal regularity of solutions and exam-

ine convergence to the classical wave equation under different limiting regimes.

e In Chapter [3] we extend this analysis to peridynamic models, establishing regularity
results for both evolution and equilibrium equations. By formulating a state-based
peridynamic operator with a kernel structure analogous to the scalar case, we derive

rigorous regularity bounds and analyze convergence to classical linear elasticity.

e In Chapter ] we investigate the formation and structure of discontinuities in the one-
dimensional nonlocal Poisson equation with piecewise smooth source term. We show
that the regularity of solutions is governed by the interplay between the smoothness of
the kernel and that of the source term. To address the associated numerical challenges,
we develop a semi-analytic spectral method that combines smoothing techniques with
spectral approximations to achieve high-order accuracy in the presence of discontinu-

ities.



Chapter 2

Regularity of solutions for the
nonlocal wave equation on periodic

distributions

This chapter is focused on the regularity of solutions to the nonlocal wave equation

(

up(z,t) = Lyu(z,t) + b(x), reT” t>0

u(z,0) = f(x), rxe T ;

w(x,0) = g(z), zeT"

\

where T" is the periodic torus in R". Here L, is a nonlocal Laplace operator of the form

Lyu(e) = [ (uly) = ua)(w. )i, 2.1)

with « being a symmetric kernel with compact support. This type of operator, in the case
when u is a vector field and ~ being a second order tensor field, originated in peridynam-
ics#U2ll - For the case of scalar fields u, this operator has been introduced in Nonlocal

Vector Calculus®. Regularity of solutions for nonlocal equations associated with operators



of form has been studied under different settings. The work in®? studies a Dirichlet-
type (volume-constraint) problem for scalar nonlocal equations and the work in®® studies
the periodic nonlocal Poisson equation. The regularity of the nonlocal diffusion equation
over periodic distributions is studied in®*. Peridynamics Dirichlet-type constraint problems

20700 The work in®® addresses nonlocal wave equations on

have been studied in the works
bounded domains and the work in® discusses the solvability of peridynamics equations in
R™. Regularity of solutions for peridynamics equations, associated with non-compactly sup-

ported integral kernels, is addressed in®Y.

Dispersive effects in peridynamics and nonlocal
wave equations have been investigated in®*2. The well-posedness of nonlinear peridynamic
models has been studied in®"®. There are several numerical and computational studies of
nonlocal wave equations and peridynamics equations including the works in®%*,
In this work, we focus on integral kernels of the form

P
Y(z,y) = MXB(S(:E) (v)

where x p;(») denotes the indicator function of the ball centered at x with radius 6 > 0, P
a scaling constant, and the kernel exponent § < n + 2.

For 6 > 0 and 3 < n + 2, the nonlocal Laplace operator L>? is defined by

LBu(z) = 05,6/ M dy = C(w/ u(z + 2) 5_ u(z) dz, (2.2)
Bs(z) |y — | B;(0) 2]l

where the scaling constant ¢*? is given by

56 _ 2(n+2-p)T (2+1)
n/24n+2-08

In®4 the Fourier multiplier of this operator is shown to have a hypergeometric represen-
tation, which then is used to extend the multiplier, and consequently the operator, to the
case in which 8 > n+2, with 8 # n+4,n+6,... We exploit the Fourier multipliers results

that were developed in®? to study the regularity of the nonlocal wave equation over the space



of periodic distributions H9(T"), with ¢q € R.

2.1 Overview and some results on the nonlocal Lapla-
cian

In this section, we present some previous as well as new results on the nonlocal Laplace
operator (2.2). In addition, we provide some results on the space of periodic distributions

that will be used in subsequent sections.

2.1.1 The nonlocal Laplace operator and its multiplier

The Fourier multiplier m®? of the operator L%, in (2.2), are defined through the Fourier
transform by

—_—
LoBy = m®? 4

)

where m%? is of the form

cz)—1
m‘s’ﬁ(y) = AP M dz. (2.3)
B
Bs(0) 2]l

In subsequent sections, we will make use of the following results, which are proved in®.

Theorem 1. Let n > 1, 6§ > 0 and 8 < n + 2. The Fourier multipliers m®® have the

following representation

n+2—6;2
2

n+2 n+4-p5 1
() = —|lu|? 2 (1, - uu\|262).

—= 2.4
Y 2 ) 2 Y 4 ( )

The hypergeometric function 5F3 on the right hand side is well-defined for any [ #
n+4,n+06,---, since for these values the parameter ’Hgl;ﬁ becomes a non-positive integer,
which leads to singularities in the definition of the generalized hypergeometric function due to

poles in the Gamma functions appearing in its coefficients. Hence, using (2.4]), the definition



of the multipliers is extended to the case when § > n + 2 with 8 # n+4,n+6,---.
Consequently, the operator L% is extended to these larger values of 3 using the Fourier
transform. In particular, for the case when 3 = n+2, and since m®"*2(v) is equal to —||v/||?,
the extended operator L% coincides with the classical Laplace operator A.

For clarity, we reiterate the fact that the operator L%? is an integral operator for 8 < n+2,
having an integral kernel when 8 < n and a singular kernel when n < f < n + 2. When
B >n+2 with B #n+4,n+6,..., the operator L>? can be recognized as an integral-
differential operator, as we show in Section [2.1.2] In particular, when n+2 < 8 < n+4, the
operator L%? can be interpreted as a super-diffusion operator in the setting of heat diffusion

or conduction, as discussed in".

Corollary 1. Let n > 1 and v € R™. Then the Fourier multipliers m®® converge to the

Fourier multipliers of the Laplacian as follows

lim m* (v) = —||v||?, for BER\{n+4,n+6,n+8, ...}, (2.5)

6—0t

and

: 5B — (]2
5E££Lzm (v) lv||*, for §>0. (2.6)

The asymptotic behavior of the multipliers for large v is described through the following

result.

Theorem 2. Letn>1,0>0and € R\ {n+2,n+4,n+6,...}. Then, as ||v| — oo,

2n(n+2—p) gynt2—8 D(=)0(22) s,
—mp 1T2(5 — WY g n,
m®P (1) ~ 32(n—p) (5) (n—B)r(2) Il f B #

2 (210g [Iv]| +1og () +7— v(3)) i =n,

where v is Buler’s constant and 1 is the digamma function.

10



2.1.2 Explicit formula for the extended operator for g <n +4

The extended operator L°# as described in Section is only defined indirectly through
the Fourier transform as a pseudo-operator for the case § > n+2. In this section, we provide
an explicit differential-integral formula for L>® when 8 < n + 4. We emphasize that such

representation can be generalized in a similar way to > n+4 with 8 #n+6,n+8,...

Theorem 3. Let 5 < n+ 4. Then the nonlocal Laplace operator defined as the pseudo-
differential operator through its multipliers given in (2.4)) can be represented explicitly in the

form

dz, (2.7)

LPPu(x) = Au(z) + ¢ / ulz +7) ~ule) ~ VVulo) 75
B5(0) el

for sufficiently differentiable fields u. Moreover, its multipliers can be expressed as

cos(u‘z)—l—l—%

m®?(v) = —||v||* + 05,/3/ dz. (2.8)

B;s(0) HZHB

Proof. We begin with representing u(z) through its Fourier transform as

1 SN v
u(x) = 2n) /n u(v)e™ dv.

11



Applying the operator L% gives

u(z + z) —u(x) — VVu(x) : 2=

d
EE :

L%Pu(z) = Au(x) + 05’5/

Bs(0)
1

= (27?)”/R a(z)Ae™*dy
B ) )
+ (27T>n \/B o H || —B </ w (I+Z)dy _/ u(y)ew-xdy) dZ
8 2Qz
-5 w-T .
~ e / |2l (/n v)VVe" *dv ) 5 dz

— oy [ A=)

n

667/8

||z||_ﬁ/ a(v)e™® (e”* — 1) dvdz
(2m)n /35(0) n ( )
05,5 / || || -3 (/ A( )( ® ) iz/-:rd ) Ay Zd
— z u(v) (—v@v)e*dy | : z
(27'(') Bj;(0) n 2

2 | 58 COS(V'Z)—1+%
—||VH + dz
Bs(0)

+

a(v)e™“dy

12119

’LI/Z‘dV

Moreover, using the spherical coordinates v - z = ||v||r cos ¢, we obtain

cos(%z)—l—l—@
(17

w88 () = — v +C‘5’5/ dz

B5(0)
5
= —||v||* + c‘w/ 7“"_1_6/ [cos(||v||r cospy) — 1
0 g1
+|v)*r? cos® ¢1 /2] dgn-1Vdr

5
= —||v||* + 05’5/0 r"lﬁ/ B [cos(||v||r cos ¢1) — 1] dgn-1Vdr

c&,ﬂnynz é T
/ s / cos? ¢y sin" 2 ¢1dd1.Sy,_odr.
0 0

2

12



Using™ equation (15) we have

o (—allvlr

0
e A S 2
1

k=1
AB|v||? /6 Py {F("Tl) B F(%)} 27T(n—1)/2dr
2o Iz res3) e
k
gnopt2k 5§28 (n — 1)7/2
- 2 s ad) T i U )
klP( k)yn— 3+ 2k n+2-—p3 T(%2)

P wz 4||Vu §r—+2k
KT(2+k)n—B+2k

The series in the last equality was shown in®? to coincide with the hypergeometric function
given in ([2.4)), thus showing the result.
O

Proposition 1. Let 3 < n + 2. Then, the definition of L*Pu given in (2.7) coincides with
that in (2.2). Moreover, the multipliers given in (2.8)) coincide with that in (2.3)).

Proof. This is a direct application of the following observation. For 8 < n+2 and sufficiently

differentiable u, we have

5,8
Au(z) = C—/ rez dz : VVu(z).
Bs(0) 1121”7

On the other hand, for v € R"

5,6 3,8 . 2)?
||u|y2:1:<y®y):{c—/ Z®;dz}:(u®y)zc—/ W2y,
2 Bs(0) [l 2|l 2 Bjs(0) Bl

]

In®3, the convergence of the original operator L>® for 3 < n+2 in (2.4)) to the Laplacian
operator A under two limits as 6 — 0% or as § — (n + 2)~ has been established. We
now generalize this result to the extended operator L%’ in ([2.7) under the assumption that

B < n+3. A similar result can be obtained when n+ 3 < 8 < n + 4 in requirement of more

13



regularity imposed on u(x).

Theorem 4. For u € C3(R"), we have

lim L*%u(z) = Au(z) for B <n+ 3,

6—0t

and

lim L%u(x) = Au(x) for § > 0.

B—n+2

Proof. Verifying that (2.7)) is well-defined for 3 < n + 3 and u € C3(R") is straightforward.

Thanks to the Taylor’s theorem, we get the following expansion of u around x:
1
u(z + 2) = u(x) + Vu(z) : 2+ EVVu(x) 12 ® 2+ R(u;z, 2),
where the remainder R(u;x, z) is of the form
1
R(u;z, z) = EVVVu(x +52):2Q2Q 2,

for some scalar s € [0,1]. Observe that (2.7) now becomes

D)~ o) = o) [ e [ B
B;(0) HZH Bs(0) ||Z||

The first expression on the right hand side is identically zero due to symmetry. Hence, this

shows that

I=11°

|L%Pu(z) — Au(z)| = < H,|c>"| dz.

Rlu:
C(S,,B/ (uvxﬁa’Z)dz
Bs(0) 2]l

Bs(0) 2|8
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Here H, denotes

1
H, := - max |VVVu(x + sz)|.
6 se0,1]
2€Bs(0)

A simple calculation yields that

/ ||Z||3 /2 §3+n—p
de = — .
Bs(0) |12l F(§)3+”—5

This observation indicates that

2n\2+n—ﬁ|6

|L%Pu(x) — Au(z)| < H, p——

from which the convergence follows. [

2.1.3 Monotonicity of the multipliers

In this section, we include a result on the monotonicity of the multipliers as a function of 5.
This lemma will be essential to prove convergence of solutions of the nonlocal wave equation

to the solution of the classical wave equation in the limit as § — n+2, as given in Theorem [0

Lemma 1. Fizing 6 > 0 and v # 0, the function B — m®P(v) is monotonically decreasing

for B € (”Tﬂ,n—kél).

Proof. We express the multipliers as

1
m>P (W) = —|v||?oF5 [ 1,a;2,a + 1,b; —=||v||*6?
) ) ) 4 )
where
2 — 2
a:u and b:n+ )
2 2

15



For z < 0 define the function
o(a) :=oF3(1,a;2,a+ 1,b; 2).
Hence, if we let z = —16%||v||?, then
m*?(v) = —|[v|*¢(a).

Note that if ¢(a) is strictly monotonically decreasing in @ and v # 0, then m®?(v) is strictly
monotonically decreasing in .

We begin with an application of ™ Eq. (16.5.2), which provides the representation
1
oF5(1,a;2,a+1,b;2) = / 1Fa(a;a+ 1,b; 2t) di.
0
Thus, a sufficient condition for the monotonicity of ¢ is that the function
¥(a) :=1Fz(a;a+1,b;2)

is strictly monotonically decreasing for any z < 0. In general, differentiating hypergeometric
functions with respect to their parameters is messy, but the special structure of the arguments

in this case makes it relatively straightforward. Written as a series,

R (@) 2 S a 12
¢(a>_kzzo(a+1)k(b)ky_kzzoa—kkﬁﬁ'
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According to the Weierstrass M-test, the series converges uniformly. Thus,

k+1

/ o & k 1 Zk_ - 1 L =
VO RO R 1R B

z > a—+1)? 1 2k
_ 3 (a+1)
S b(a+ 1P (a+ 14K (D+ 1) k!
 b(a+1)2 &= (a+2)i(a+2)(D+ 1)y k!
— m2F3(a+1,a+1;a+2,a+2,b+1;z).

Since z < 0, if we show that oF3(a + 1,a + 1;a + 2,a + 2,b + 1;z) > 0, it follows that
Y'(a) < 0. Now consider™. As described in the introduction of that paper, we may start

from the identity that

3 3
o F3 (a—i—l,a—l—l;a—i—l,a—l—5,2(@—1—1);—#) =5 (a+1;a+§,2(a+1);—x2>

I (at3)”

N (z/2)2at1 “at (x)* 2 0.

[N

Following that, we may use the transference principle (see™ Prop. 2.1) to assert that, since
a+2>a+3/2>a+1and b+1>2(a+1) (as long as 3 > 1) it follows that ¢'(a) < 0
as desired. O]

Remark 1. We note that a version of Lemmahas appeared in®¥, however the proof contained
an error. This is fixed in Lemma [I| above, whose proof is based on the hypergeometric
representation (2.4)). In addition, a simpler proof based on the representation given by ([2.8)),

but for a more restrictive condition on £, is included below for clarity of the presentation.

Lemma 2. Letn+2 < <n—+4 and assume ' < 3. Then, for all v # 0,
m®8(v) < m®# (v) < 0.
Proof. Obviously, when 8 < n + 2, ¢>® > 0. From (2.3) we have m*?(v) < 0. Otherwise,

17



when n+2 < 3 <n+4, > <0. From (2.8), we also get m*?(v) < 0.

e Case ' <n+2 < 3: We have P > 0> %8, This leads to

m*(v) < ~[lv|* < m* (v).

e Casen+2 < f' < f < n+4: By changing the variable z = dw

cos(v - dw) — 1 + &ow’
mé,ﬁ’(u) _ _HVH2 + Cé,ﬁanﬁ/ (7/ w) _ 2 dw
B1(0) [[]]
, 28— (n+2)T(2+1) cos(v - dw) — 1 4 &2
= —|v||* - g2 3 dw.
m B1(0) [[w]|

Notice that whenn +2 < ' < <n+4, wehave f —(n+2) >3 —(n+2)>0. In
addition, ||w||? < |lw||®" and cos(v - dw) — 1 + @ > 0 for w € B1(0). Combining

these facts yield

m®P(v) < m® (v).

2.1.4 The periodic torus and the eigenvalues of L’

Define the periodic torus as

T" =Jl0.27],  with j=12...,n

J=1

The functions {€*%}czn form a complete set in L?(T"). Moreover, when 8 < n + 2,
] 6ik-z -1 ] ]
Lé,ﬁezk.x — <06,6/ 3 dZ> ezk:-x — m5,ﬂ(k)ezk:-a:7
Bs(0) Bl
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which implies that e?** is an eigenfunction of L%? with eigenvalue m®®(k).
In fact, the above observation on the eigenvalues of L%? for B < n + 2, carries over to
the extended operator with any > n + 2 with 8 #n+4,n+6,---. To see this, we give a

proof for the case when § < n + 4.

Proposition 2. Let f < n+4. Then, for k € Z*, (m>P(k), e**) is an eigenpair for the
operator defined in (2.7)).

Proof. We observe that

ik-(z+z) _ Likx _ vV ikx . 2Qz
. . e (& (& :
L(S,,Bezk-a: — A@lkm—f-Cé’B/ 5 2 dz
Bs5(0) 2]
ik-z __ ik-x ik . 202
= et + b f St it d 1L S s
B5(0) 2]

2 5.8 cos(k-z) — 1+ _(k;)g ik-x 5.8 ik-x
= —|lk||*+¢ ) EE dz | e™* =m(k)e™*.
§

Throughout the remaining part of this chapter, and to simplify notation, we use my to
denote m®?(k) for any k € Z". We observe that for the case 8 = n + 2, the eigenvalue my

is equal to —||kl|?.

2.1.5 Sobolev spaces on the torus

For ¢ € R, let H%(T™) denote the space of all periodic distributions g on T™ such that

D (L IKIP)Ygel < co.

kezm

Define the norm on H%(T™) by

1/2
19| s (rm) = (Z(H ||k||2)q|§k!2> < o0,

kezZm™
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for any g € H(T").

Lemma 3. Let f € HI(T"). For any nonzero k € Z", there exists C > 0 such that

5 C
| fl < : (2.9)
£l
Proof. For any k # 0 in Z", there is a constant D > 0 satisfying
(1+ [|&[*)* = DIk|*.
Thus, using the fact that f is in H4(T"), we obtain
00> > (L+ KIS =D Y IKIPfl
0£keZn 0£kEZ™
This implies that || k||2|fx|2 — 0 as ||k|| — oo, from which the result follows. O

In subsequent sections, we consider maps from the real line to periodic distributions and

use the following notion of derivative for these maps.

Definition 1. Suppose T : [0,00) — HI(T™) maps t > 0 to a periodic distribution T(t) in

H(T™). Define the derivative of T at t in the sense of Gateaur derivative

where the limit is with respect to the norm in HI(T™).

Let p € Nand g € R, and denote by C?([0, 00), HI(T")) the space of all maps from [0, co)

to HY(T™) that is p times differentiable.

Lemma 4. Given a map T : [0,00) — HY(T") and suppose that the derivative T'(t) exists.
Then for any k € Z", the Fourier coefficient T(t) of T'(t) is the derivative, in the classical

sense, of the Fourier coefficient Tk(t)
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Proof. Represent T'(t) and T"(t) as

and

T'(t) = > Ti(t)e™.

kezn

From the derivative definition, we have

T(t+h)—=T(t
0 = lim (t+h) ()—T’(t)
h—0 h Ha(T™)
2
t+h)—1T .
—hmz 1+ ||k[[?) Ti ) ()—T,;(t)
kezZn
This proves that
T+ h) = Th(t)
for any k € Z", from which the result follows. O

Definition 2. Suppose T : [0,00) — HY(T") is such that for any t > 0, T'(t) has the form

t)="> Ti(t)e*".

keznr

Then, define the map L¥PT : [0,00) — HI(T™) through the representation

LOPT(t) Z miTy ()™,

kezm
for any t > 0.

In particular, when ¢ < 0, the above notion extends the definition of the nonlocal Lapla-
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cian L%? to periodic distributions. We emphasize that the discussion and results here apply

for the extended nonlocal Laplace operator.

2.2 The nonlocal wave equation

In this section, we focus on the following nonlocal wave equation

(

P (x,t) = LBz t) +b(x), xeT" t>0,
U(w(% 0) = f(x)v (21())

uy’(2,0) = g(x).

\

We emphasize that the results of this section hold for any nonlocal operator L>® with 8 <

n—+4. We recall from Sections[2.1.1]and [2.1.2[that 5 < n corresponds to an integrable kernel,

n < B < n + 2 corresponds to a singular kernel, 3 = n + 2 corresponds to L>® = A (the
Laplacian), and n 4+ 2 < 8 < n + 4 corresponds to an integro-differential operator as given
in .

In order to study the existence, uniqueness, and regularity of solutions to over
the space of periodic distributions, we consider the identification U(t) = u(-,t), with U :
[0,00) — H(T"), for some ¢ € R. In the following sections, spatial regularity refers to
U(t) being in H(T™), for some ¢ € R, for a fixed ¢ > 0. Temporal regularity refers to the

differentiability of the map U as a function of time ¢.
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2.2.1 Spatial and temporal regularity over periodic distributions

Fix b € H*(T"), f € H*(T") and g € H**(T"), with so, s; and so in R. For any ¢t > 0,
define

l]éﬁ 2{: Lh: zkm

kezm
2

.
= (fo+ got + 505) (2.11)

+ i cos(v/—mut) +

sm(v i) —|— — [cos(\/ i) — 1] e

We will show in Theorem E] that U%? is the unique solution to the nonlocal wave equation.

We begin by studying the spatial and temporal differentiability of U%?.

Theorem 5. Letn > 1,0 >0, and B <n+4. For anyt >0, U*(t) € H*(T"), where U%?
is given by [@.11)), s = min{sy, sa + 6, 50 + 20} with § = max{0, 2 a8

Proof. Observe that

) R ~ 12
D HED T OF < D0 IR AP+ Y <1+”k”2>3%

kezn 0#£keZn 0#£kezn |

+4 > (L4 k)P |’“’

0#£keZ™
;2 2,2 | 1} 2t4
+ 1 fol® 4 9ol “t" + [bo| 1

Since f € H*' and s < s1, we get

STOAHIRPIALE < ST (ISP < o

0A£keZn 0£keZn
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Additionally, notice that

ol 1+|fc|>s .
> ey - Z " (1 4+ [E]2) ]2,

0#£keZn

(1+ |K|f2)>— i
S (4 K '—— Z u ”) (Gl i TR
04£keZn ke

Hence, the proof will be complete provided that

(1+ [[k]?)>—= (1+ [k][?)>—°
and
|| mj

are bounded for large values of || k||. To show this, we consider two cases. First, when 5 < n,
then s < s3, s < 59 and by Theorem [2| there exists r; > 0 and Cy > 0 such that |my| > C}
for ||k|| > r1. This leads to

(L4 B _ 1 (L [[B2) > _ 1

< — and < —
|| -G m; Ct

Similarly, for g > n, then s < s9 + 5%", s < 50+ [ —n and by Theorem 2| there exists ry > 0

and Cy > 0 such that |myg| > Cy||k||#~™, for ||k|| > ro. This leads to

B=n _
A+ [k = _ 1 T4k 2 ond LR T 1 1+ R ’
LY N AN (1 mj; RSN Ik

which are bounded. O

Theorem 6. Letn > 1, 5 > 0, and 8 < n +4. Let U>® be the map given by [2.11)) with

50, 51,52 € R, and s = min{sy, sy + 0, 50 + 20} with § = max{0, £ 5*}. Thus,
1. if B < n, then U € C*([0,00), HI(T")), for any q < s,
2. if B =n, then U € C=([0,00), HI(T")), for any q < s, and

3. if B > n, then U € CP*1([0,00), HI(T™)), for any q¢ € R and any positive integer p
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satisfying

f=n_,
"<

—n
qg—s1+(p+1) q—82+pﬁT§0 and q—so+(p—1)

Proof. We will show this result using induction. Suppose U is already differentiable up to p

times, then by Lemma [4 we have

Z d? 098 ()
dtp Uk '

kezn

where & U7 (t) is given by
dP 55 A p . 1. p
SO0 () =fulv = cos (vt + BT ) + g/ sin (Vo + 2

A a—— 2 cos (y/—mkt + %) ,

for £ # 0 and %Ug’ﬁ(t) = Go + bot, %Ug’ﬁ( ) = by and &

dtp

U (t) = 0 for all p > 3. We will

show that

5.8(1) — A 58 ik
dtp+1 ( ) - dtp+1 Uk (t)e :
kezn
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Observe that using the mean value theorem,

T - = ;;Ut;ﬁ(t+h) ;;Uéﬁ( ) . art! Aéﬁ(wezkw
ht= h dtr+1F
kEZ" Hq(j]‘n)
LI h) - LT e, [
= D (L k]| — g Ui
kezn
2Ng| 7 (2 1 (p+ )7
< D AR (=) |eos ( V=m(t + &) + =
0#keZn

o 520

2
i <\/——mk(t - mpa) + M)

+ D A IRIP) e (—mi)? 5

0£keZn

—sin (\/——erw)r

2
b3 e oos (e + ) + 2T
0#£keZn

2

_COS(\/—tJr(pzl) )‘ |

for some &, i, Mp ks (i € (0, h). This means that as h — 0, each term of the summation will
approach 0. The proof will be complete if we are able to pass the limit inside the summation.

This is possible provided that the following terms are uniformly bounded

ag o= (L4 [[K[I%)7 (=mi) P, by = (14 [[K]%)72 (=)

and ¢ := (14 ||k[|*)T % (—my )Pt

To establish the bound for these terms, we will consider three cases when 5 < n,  =n and
B > n.

When § < n, from Theorem [2, —my, is bounded, and this provides the uniform boundedness
of ay, by and ¢, provided that ¢ < min{sy, $2, 5o }-

When § = n, fix an ¢ > 0. From Theorem [2] there exists C,r > 0 such that —m, <
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Clog ||k|| < C(1+ ||/-<:||2)€/2 whenever ||k|| > r. Then for large ||k,

ap < C(l + ||k||2)q_81+(p+1)6/27 bk < O(l + ||k||2)q—52+p6/2

and ¢, < C(1+ ||k»||2)q—80+(p—1)5/2‘

This yields the uniform boundedness of ay, by and ¢, as long as ¢ — sy + (p+ 1)e¢/2 < 0,
q—S2+pe/2<0and g—sy+ (p—1)¢/2 < 0. So given ¢ < min{sy, sq, So}, we can always
pick a sufficiently small e that satisfies these inequalities.

When 8 > n, from Theorem [ there is C,r > 0 such that —m; < C[k||°™ < C(1 +
|&[|2)%#=™)/2 for ||k|| > r. Then for large ||k|,

@ < O+ [R5 b < O+ R s

and ¢, < C(L+ [K?)7 @077,

This shows that the uniform boundedness of ay, b, ¢, are established given the conditions

B—n b—mn

- 1

and ¢ —so+(p—1)

]

The following theorem is a direct application of Theorem [5]and Theorem[6] The assumptions

are to guarantee that the second derivative exists.

Theorem 7. Letn > 1,6 > 0, and f < n+4. Let b € H*(T"), f € H**(T") and
g € H*2(T"), with sg, s1,52 € R. Let ¢ € R be such that

1. ¢ < min{sy, s2, S}, in the case when < n,
2. ¢ < min{sy, $2, So}, in the case when f =n, and

3. q—s1+(8—-n)<0,q—s24+(8—n)/2<0 and q < sg, in the case when [ > n.
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Then, U%P(t) defined by ([2.11)) is in H(T™), fort > 0. Moreover, U%" is the unique solution

to the nonlocal wave equation

LUsB(t) = LU () +b, t>0

datz

Uss0)  =f, (2.12)

LUP(0) =g.

\

Furthermore, when 3 < n, U € C>([0,00); H*(T")) where s = min{sy, so, 80}, and when

B >n, UM € C*([0,00); H*(T™)) where s = min{sy, sy + 5=, 5o+ 8 — n}.

2.2.2 Convergence to the classical wave equation solution

In this section, we will provide some results on the convergence of the solutions of the nonlocal
wave equation (2.12)) to the solution of the corresponding local wave equation for two types
of limits: as § — 0T, with 8 < n + 4 is being fixed, or as  — n + 2, with § > 0 is being

fixed. The local wave equation is defined by

;

LUAE) = AUAt) +b, t>0

UA(0) = f, (2.13)

#US0) =g,

la

and its solution is given by

N . t?
UA(t) == (f0+90t+50§)

+ > | fucos( IIkIIt)+—Sln(|lkllt)+ [cos([Ikflt) = 1]} e (2.14)

by,
= %] —[Ik]?

Theorem 8. Letn >1,0>0,t >0, and f < n+4. Suppose b € H*(T"), f € H*(T")
and g € H*2(T™) for some g, 51,52 € R. Let UA(t) € H**(T") and U%5(t) € H*(T") be
the solutions to the local and nonlocal wave equations (2.13) and (2.12)), respectively, where
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sa = min{sy, so + 1,50 + 2} and s = min{sy, sy + 0, 59 + 20} with = max{0, 2 5*}. Then,
when < n+ 2,
lim U (t) = UA(t) in  H*(T"),

§—0t
and whenn+2 < <n+4

lim U (t) = UA(t) in  H™(T™).

6—0t

Proof. Tt is easy to check that H*A(T") C H*(T") when § < n + 2 and H*(T") C H**(T")
when n +2 < 8 < n+ 4. Hence all the limits make sense. From (2.11)) and (2.14)), the
Fourier coefficients U,f”g(t) in the nonlocal case and U,f(t) in the classical case (5 =n + 2)

is determined by

UM () = fi, cos(v/—myt) +

/\

||k‘||

m sin(y/—myt) + — [cos(\/—t) —1],

Ui (8) = ficcos(||l[t) + o sin||[[) + [cos([Ik[[£) — 1],

by
—[k]?

for nonzero k and UJ”(t) = UL (t) = fo+ ot + gog. From these observation, for § = s when

B <n+2and § =sa when n+ 2 <  <n+ 4, one can get

05(0) =~ Uy = Y (L4 DRI 0) - BRI
0A£keZn
< (1 )Pl cos(/mat) — cos([K])F
0#£keZn
51 sin(y/—myt sin(||k||£) |
b Iyl [Pt sk
o eI
2
—myt) — 1 k|lt) —1
55T (1 ey | ) L et
P22 e T

Since b € H*(T™), f € H**(T") and g € H*>(T™), one can pass the limit as § — 07 term by
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term inside the summation provided the uniform boundedness of

sin(y/=iet) _ sin([[K]1) |
N ]

(L+ [IE1%)* " cos(v/=mut) — cos([lk[[)[*, (1 +[[[|*)*

and
2

?

aviosy [COS(V—mut) =1 cos(+/||k||t) — 1
1+ lP) = S

for large ||k||. It is obvious that given § < s,

(1 + [I[1*)*=" | cos(v/=mut) — cos(||k][t)|* < 4.

For the second term, one gets

—|sin(v/=mgt)  sin(||k]|t) | s 1 12
(14 [|&]*)* — < (14 ||k|[)5* ),
V=, %]l N
2
o |cos(y/=mgt) — 1 cos(\/||k|lt) — 1 s 1 1 \?
(14 [|&]*)5 — <A1+ k)P [ — + .
m —||%][2 —my |[k|?

We consider two cases. When 3 < n, then § — s, < 0 and § — sg < 0. From Theorem ,
there exists 1 > 0 and C; > 0 such that —my > C) for ||k|| > r;. When § > n, then
§5—5, < (f—mn)/2 and § — sg < B —n. From Theorem [2| there exists 5 > 0 and Cy > 0
such that —my > Cyl|k||~™ for ||k|| > ro. These results lead to the uniform boundedness of
the right hand sides. Now, taking the limit as 6 — 0" inside the summation term-wise and

applying the pointwise convergence of (2.5)) completes the proof. ]

Theorem 9. Letn > 1, § > 0, and < n+ 4. Suppose b € H*(T"), f € H*(T")
and g € H*2(T™) for some g, 51,52 € R. Let UA(t) € H**(T") and U%P(t) € H*(T") be
the solutions to the local and nonlocal wave equations and , respectively, where
sa = min{sy, sy + 1,50 + 2} and s = min{sy, s3 + 6, so + 20} with 6 = max{0, 5%"} Then,

for any t > 0 and for any € € (0,2) and € < n/2,

. 6,8 —_J7A : Se (TN
522&2[] (t) =U=(t) in H*(T"),
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where s, = min {81,82 + %,30 +2— e}.
Proof. Fix an € € (0,2),e < n/2 and define p’' =n+2—¢€ > ”T+4. For simplicity, we would
still denote

mi = m®%(k) and  m} = m®% (k).

Then for any 3 such that \ﬂ—(n+2)|<eor%‘<B’<ﬁ<n+2—|—e<n+4,wehave

B%" > % This shows that s, sa > s, so the limit makes sense.

12 (t) = U2 (#)] Jil?l cos(v/=mut) — cos(|[k[|¢) [

Hoe(ry < Z (1 + [|&[1%)*

0#£keZn
) _ )
Y (4 Rl | mt)  sinClE )
o =N
2
+ Z (1+ k]2 Bk|2 cos(y/—myt) — 1 B cos(+/|[k[[t) — 1
0#keZ™ my _HkHQ

Similar to the previous theorem, we need to establish the uniform boundedness of

2

sin(v/—myt) _ sin(|[k[|t)

(L4 1RI%) ™ cos(v/=mut) — cos([k[IE)[*, (L + [[K[]*)*
v il

?

and
2

se—so |COS(v/=myt) =1 cos(y/[[k[[t) — 1

my, —[Ik[*

(L+[1&]1%)

9

for large ||k||. Again, the first term is always bounded by 4 given s, < s;. For the second

and third term, from Theorem [2| there exists r > 0 and C,D > 0 such that \/—mj >
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2—¢

C(1+ ||k|>)7 and ||k|| > D(1 + ||k||?)"/? for ||k|| > 7. This implies that

2

sin(v/—mgt) _ sin(|[k]|t)
e 1&]

2
e 1 1
< (14 ||k]P)% +
/= K]

2
2—e 1 1
< (14 ||k|1*) = +
C(1+ k25T D+ [k[>)1/2

1 2 1
~ o T eDa A R T DA 1 R

(L4 I)7)

and

cos(y/“mst) — 1 cos(/[IE[E) — 1|

my, — || k|2
1 1 \?
< 4(1 + || k|*)*e ( + )
(14 [[&]]%) e

2
1 1
§1+k2276 — +
(L4 ) &m+wm2 DﬂﬂWm)

1 2 . 1
D21+ |[R[1%)

(1 + [[Fel %)

~ T CDUF kPP

This shows the uniform boundedness required to pass the limit inside the summation term-

wise. The proof is then complete by using (2.6]). O

32



2.2.3 Spatial and temporal regularity over L?(T")

The solution U%(t) € H*(T") given in (2.11)) is a distribution when s < 0, and when s > 0

defines a regular function

2

u®P(x,t) :=U (t)(z) = (fo ~+ got + 80%)

+ Z i cos(v/—mgt) +

oLrcon \/— sin(v/—myt) + — [COS(\/—t) —1]|e

(2.15)
Let the data be regular functions; b € H*°(T"), f € H*(T") and g € H**(T") with sy > 0,

s1 >0 and sy > 0. In this section, we focus on conditions that guarantee that u®?(z,t), the

solution of (2.10), is a regular function u®#(-,t) € L?(T").

Functions with absolutely summable Fourier coefficients

In this section, we state some well-know results on the differentiablity and summability of
series in multidimensions. These results will be used in subsequent sections and are included
here for completeness of the presentation.

The following theorem is a special case of Theorem 3.2.16 in®

Theorem 10. Suppose that f is a function defined on the torus T" satisfying the (-Holder
continuity condition for some ¢ > n/2. Then, the Fourier coefficients of f are absolutely

summable.

The following fact on differentiating a series term by term will be used in subsequent

sections.

Lemma 5. Let T be an open subset of RT, K is a measurable space equipped with the

counting measure and fi : T — R. Suppose that
1. fr(t) is summable over k for eacht € T.

2. For almost all k € K, the derivative 4 S fk(t) exists and is continuous for allt € T
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3. There is a summable sequence 0y, such that |4 fi(t)] < 0y for allt € T and almost all

ke K.

Then, for allt €T,

S MAGED SEATL

In addition, we include the following useful fact about the summability of certain series

in multi-dimensions.

Lemma 6. In R", the series

> W (216)

converges if and only if r > n.

Temporal regularity with respect to the Gateaux derivative

The following Theorem [11]is a special case of Theorem [5| when sy > 0, s; > 0 and s, > 0.
It is included here for the completeness of the section and for comparison with result in

Theorem [12]

Theorem 11. Letn > 1, 6 > 0, and f < n+ 4. Let b € H*(T"), f € H**(T") and
g € H2(T"), with so > 0, s; > 0 and sy > 0. Suppose that

1. sg,81,82 > 0, in the case when 5 < n,
2. 50,581,582 > 0, in the case when § =n, and
3. 50>0, 51> —nand sy > (8 —n)/2, in the case when B > n.

Then, the function u®?, where u®?(x,t) = UP(t)(z), with U defined in (2.11)), is the
unique solution to the nonlocal wave equation (2.10)) in L*(T™). Moreover, when 3 < n,
then u®P(x,t) € C=([0,00); H*(T™)), where s = min{so, 51, 52}, and when B > n, then

u®P(z,t) € C?([0,00); H*(T™)), where s = min{sy, 5o + ’B%", so+ f —n}.
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Temporal regularity with respect to the classical derivative

Theorem 12. Letn > 1,5 > 0 and B <n. Letb € H*(T"), f € H**(T") and g € H*(T"),
with so > 0, s1 > 0 and so > 0. Suppose that b, f and g satisfy the a-Holder continuity
condition with o > n/2. Then for u®? given by (2.15)), u>#(x,-) € C*°[0, 00), for any x € T™.

Proof. Fix a value of p in Z>,. Consider the following series

—m
0#£keZn k

Z i cos(v/—mpgt) e Z Ik sin(v/—myt)e**
0£keZr

and Z b [cos(v/=myt) — 1] e

mg
0£keZn

From Theorem [2] v/=my, is bounded for large value of ||k||. Hence,

i cos(y/—myt)e® | < |fk‘>
dP . -
ﬁ(fk cos(v/—myt)e™ )| <

sin(v/—myt)e
7= )

dp g : ik-x I YN N
dw (ﬁk—mk sin(v/=mit)e” )‘ < (V=] < Clawl,

<

b—k [cos(\/—mkt) — 1} ehel < M < C|Bk|,

my ||

ar by, ik-x P—2|}, b
e [cos(\/—mkt) — 1] e < (V=m)P"%|bi| < Clbgl,

as ||k|| — oo. From Theorem [10| the Fourier coefficients by, fr and g are absolutely

summable. Now applying Lemma [5| completes the proof. O

Theorem 13. Letn > 1,5 >0 and B =n. Letb € H*(T"), f € H**(T") and g € H*(T"),

with so >0, 51 >0 and s, > 0. Suppose so > n, s1 > n and sy > n. Then, for u? given by

2.15), u®?(z,-) € C>[0,00) for any x € T".
Proof. Fix a value of p in Z>( and choose € > 0 such that s;—pe/2 > n and so—(p—1)e/2 > n
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and sg — (p — 2)¢/2 > n. From Theorem [2| we have that for large value of ||k||, there exists
constant D, E > 0 such that

—my < Dlog k]| < E|Jk]F.

Consider the following series

—m
0#£keZn k

Z fkcos(\/—mkt)eik'x, Z Ik sin(\/—mkt)eik'x
0£kEZn

and Z L3 [cos(v/—myt) — 1] €.

m
O#kezn |k

Note that from Theorem [, —my, is bounded from below by some constant for large ||k

Then use Lemma we have

. . A C
i cos(v/—myt)e™*| < |fk’ < e
s ik-x p| £ C
o e cos(V=myt)e™) | < (V=mp)"| fi] < TRz’
sin(v/—myt)e < < ,
iy n(Vmml)e™| < T2 S ey
dar Jr:

sin(\/——mlt)e““'z)

C
/_ p—14 -
S ( mk) |gk| S ||k||52—(p_1)5/27

tpP — M

cos(v/—myt) — 1] e

—

b .
||

my,
ﬁl;_k [COS( /_mkt) _ 1} eik~m < ( /_mk)p_2|l;k| < #
dtP my, - = ||k|[po—ce-272
as ||k|| = oo. Applying Lemma |§| and Lemma |5 completes the proof. H

Theorem 14. Letn > 1, >0 andn < f <n+4. Let b € H*(T"), f € H*(T") and
g € H*>(T™), with sy > 0, s1 > 0 and so > 0. Suppose that there exists p € Z>o such that
s1 > n—{—pﬁ%" and sy > n+ (p — 1)'82;” and sp > n+ (p — 2)’8%” Then, for u®® given by

B15), ub¥(x,-) € C7]0, ), for any a € T,
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Proof. From Theorem [2| for large || k||, there exists Dy, Dy > 0 such that

Dy ||k[|P~™ < —my, < Dsl|k||P~™. Consider the following series

Z i cos(v/—mpt)e™ Z
0£kEZn o£kezr ¥V

and Z b— [cos(v/=myt) — 1] €™

sm (vV/—myt)e™

Otkezn Uk
Using Lemma 2.9 we get
fr cos(v/—myt) ™| < ‘fk‘ < ’k||S1
C
ik-x
dtp(fk cos(v/=myt)e™ )| < (v=mp)?|fil < TR P72
Sln(\/_—kt) ik-x ‘gk’ < C

o = Ve T

dp gk . 1k _1 C
% (\/_—Tnlksln(\/ _mk;t)e )‘ S (V - ) |gk‘| = HkHsQ p 1 n)/27

by, " || C
t 1R < <
g (o0 Zmet) =1 ) < 1oL S e
d? bk ik-x p—2 C
dtp My [COS(\/ t) - 1:| < (\/ —m ) ‘bk" > ”]{]HSO (p—2)(B—n)/2’

as ||k|| — co. The summability of these series follows from Lemma [ Applying Lemma
completes the proof. O
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Chapter 3

Regularity of solutions for the
peridynamic equilibrium and
evolution equations on periodic

distributions

In this chapter, we study the regularity of solutions to the peridynamic evolution equation

/

uy(z,t) = Lu(z,t)+b(z), ze€T" t>0
u(z,0) =f(z), zeT" (3.1)

w(z,0) =gx), zeT"

\

and the peridynamic equilibrium equation

Lu(z) =b(z), zeT" (3.2)

Here T" is the periodic torus in R", with n > 1, u is the displacement field, f : T" — R”

and g : T" — R” are the initial displacement and the initial velocity, respectively, and
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b : T™ — R" is the external force field. The operator L is the state-based linear peridynamic
operator defined by , see Section for more details about this operator.

Several studies have addressed the well-posedness and regularity of solutions for peridy-
namics and nonlocal integral equations of the peridynamic type. The existence and unique-
ness of solutions for the linear peridynamic equilibrium equation on bounded domains were
established in™. Well-posedness for the peridynamic evolution equation with a bounded
operator was demonstrated in™ and4”. For a nonlinear bond-based peridynamic evolution
equation on R, existence, uniqueness, and stability were proven in™.

Regularity of solutions for the nonlocal Poisson equation on bounded domains with in-
tegrable kernels was investigated in®#®?. Additionally,®! analyzed a linear nonlocal vector
wave equation of peridynamic type defined on R™ with a singular integral kernel. This work
establishes existence, uniqueness, and regularity results under a “regularity gap” condition,
where the initial displacement uy € H*(R™) and initial velocity vy € H*~*(R"), with s € R
and n + 2« representing the order of singularity for 0 < o < 1. Furthermore, it shows that,
under this regularity gap, the distributional solutions of the nonlocal problem converge to
the distributional solution of the classical vector wave equation.

The work in® provides regularity results for bond-based linear peridynamics equations

CURISS! provide regularity results for

on bounded domains in one-dimension. The works in
the bond-based peridynamics evolution equation for different cases related to the type of the
integral kernel and the spatial dimension.

In this work, we improve on previous results and provide a comprehensive description of
the regularity of solutions for peridynamic equations over the space of periodic distributions
in any spatial dimension. The results are presented for linear state-based peridynamics
equilibrium and evolution equations. The analysis results apply to bond-based peridynamics
as a special case of the more general state-based peridynamics.

The approach followed in this work builds on previous works on scalar peridynamic or

230480 I3 the Fourier multipliers of the nonlocal Laplacian

nonlocal equations given in
were derived and represented in an integral form as well as in terms of hypergeometric

functions, which was key to characterize the multipliers asymptotic behavior and then to
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develop regularity of solutions analysis for the periodic nonlocal Poisson equation.

This work builds also on the work in®’, which studied the tensor multipliers of the
state-based peridynamic operator. It was shown that the multipliers and the eigenvalues of
the peridynamic operator have integral representations as well as hypergeometric represen-
tations. These representations are central to the current work and allow for studying the
asymptotic behavior of the tensor multipliers and the eigenvalues, and their nonlocal-to-local
limiting behavior.

The current work generalizes the approach in®?, building on the explicit representations of
the multipliers in®”, to characterize the asymptotic behavior of the state-based peridynamic
operator. We then utilize the asymptotic analysis to establish regularity of solutions for the
equilibrium peridynamic equation as well as spatial and temporal regularity of solutions for
the peridynamic evolution equation. Furthermore, we study the convergence of the solutions
of peridynamic equations to their local counterparts governed by the Navier operator. The
nonlocal-to-local convergence of solutions analysis is shown for two types of limiting behavior
as the peridynamic horizon (nonlocality) vanishes or as the integral kernel becomes hyper-

singular.

3.1 Multipliers and eigenvalues of the linear peridy-

namic operators

For a homogeneous isotropic solid, the linear peridynamic operator®* has the form

(el
tute) = p [ T — ) @ (o =)o) — ula))dy

+p//Q/Q’Y(Hy—:L’H)”Y(Hz—xH)(y—x)®(z—x)(u(z)—u(x))dzdy
+p’/9/97(”9—37”)7(”2—Z/”)(?J—x)®(z—y)(u(z) —u(y))dzdy,
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where 7 is a scalar field, and p, p/ are scaling constants including the material properties. In

the case 2 = R", due to the symmetry, the formula reduces to

I (T P
tute) = p [ Tl =) @ (o =)o) = ula))dy

o [ A=tz = i) - 2) @ = = yu(:)dzdy.

In this work, we will focus on radially symmetric kernels with compact support of the form

1
Yy = zl]) = C(SﬁMXBa(x)(y)a (3.3)

where 8 is given by

oo Ant2-BT (5 +1)
: n/2§n+2-8 ’

Here, x () denotes the indicator function of the ball centered at x with radius § > 0, and
the kernel exponent [ satisfies § < n + 2. The linear peridynamic operator, parameterized
by the nonlocality parameter 0 and the integral kernel exponent 5 can then be represented

as

LYu(z) = (n+ 2)@05’5/3 - (v |_|yx>—(i|\(g+; z) (u(y) —u(z))dy

05’5)2 z—vy
+ (A" / / u(z)dzdy, (3.4)
4 Bs(z) J Bs(y Hy—xHﬁ Iz —yll”

where p and \* are Lamé parameters. (Here we use \* to denote the second Lamé parameter

and save A to denote the eigenvalues later).
Integral kernels of the form (3.3)) appear in the original works on peridynamics, see for

2090 Tn addition, this kernel’s explicit form provides explicit results, in terms of

example
the kernel’s singularity and the spatial dimension, for the characterization of the peridy-
namic operators’ Fourier multipliers®” and, consequently, for the regularity of solutions for

peridynamic equations.
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For convenience, we will decompose £%# into the sum of two operators £, and £, where
these operators refer to the first and second term in the summation respectively. After

changing variables, we can rewrite those operators as following

@ w
L%(z) = (n + 2)pc™? / WO (@ 4+ w) — u(z))dw, (3.5)
’ Bs(0) ][+
and
6,,6’)2 w q
L2Pa(x) = (N — p) (e / / —— ® ——u(z + w + ¢)dgdw. (3.6)
4 Bs(0) J Bs(0) [wl[?  [lql?

We will be using the following results , Theorem - Theorem [19 on the multipliers of

Ly, Lo, and £%7 which were presented in®7.

Theorem 15. Ezxpressing u through its Fourier transform as

1 SO v
u(z) = Gn) /n u(v)e” “dv,

we have the representations

1 = W
LPPu(z) = (27‘(‘)”/ MY (v)a(v)e™ *d,
1 o
L3%a(z) = (27‘(‘)"/ M (v)u(v)e™ “dv,
where
M) =+ [ 22 (cos(v - w) — 1)dw
’ : B5(0) l|lw][P+2 7
and
5,,6’)2 w w
Mf’ﬁy:—)\*—u(c (/ —sin%wdw)@(/ —sinu~wdw).
=m0 S T ™ o TP )
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In addition, the multipliers M%® of L8 is given by M%® = Mf’ﬁ + M2P, which satisfies

Lo8u = MOA4.

Theorem 16. The hypergeometric representation of My(v) is given by
My (v) = oy (W) +apy (Vv @ v,

where I denotes the identity matriz and

5, n+2—p5 n+4 n+4-—p 1
) = et (1255 R0, P M e,
s, n+2—-0 n+4 n+4—-p 1

ol ) =~y (R B ).

Theorem 17. The hypergeometric representation of My(v) is given by

M (v) = a2 (Vv @ v,

where

2 2 4 — 1 2

8,8 — _()\* _ F __
aB) = —x = (PR R

Theorem 18. The hypergeometric representation of the multiplier M*P(v) is given by
9, 0,
M*P(v) = aj ()] + (apy (v) + o’ (W) @ v.

This shows that M>®(v) is a real symmetric matriz. Furthermore, v is an eigenvector of
M%B(v), that is
MY () = NP (),
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where

A (v) = o (v) + (agy (v) + a2 ()l

5n+2—-0 _ 3 n+4n+4-p 1
= —||v|? Fyl1,= 2 = P X
ol (3w ar (1.5, 2220 5 202 2R
. n+2—0 n+2 n+4—p5 1 2
T e N}

The other n — 1 eigenvectors are orthogonal to v. Denote any vector in R™ orthogonal to v

as v, then
M ()t = \P ()t

where

n+2—ﬁ;2
2

5, s, n+4 n+4—ﬁ 1
W0 = 0 0) =l oFa (1 AR D D).

Theorem 19. For any v in R", the eigenvalues X;”B(l/) and )\g”@(u) of M%B(v), corresponding
to etgenvectors that are parallel to v and orthogonal to v, respectively, have the following

integral representations

AP W) = (n+ 2),110‘5’5/1B v wy (cos(v - w) — 1)dw

s [P lw][?+2

9 (3.7)
- (G s waw)
— (N =) | — ——sin(v - w)dw |
2 Iy IVllwll?
and
NP ()= (n+ Q)uc‘w/ i(sin(u cw) — v - w)dw. (3.8)
’ Bs(0) VI [[w][7+2

From (3.8), one can claim that A}’ (1) < 0 for any nonzero v, while from (3.7)), the sign of

Xi’ﬁ (v) depends on the values of parameters \* and p. Throughout the remainder of this
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chapter, we will assume that some additional conditions are imposed on A\* and g such that
X;’B (v) is also negative for any non-zero v. With this assumption, we can easily show that
the multiplier matrices M%?(v) are invertible for any nonzero v. This is obvious due to the

fact that

det M (1) = X2 () (X7 ()",

3.1.1 Eigenvalues’ asymptotic analysis

The asymptotic analysis for the eigenvalues of the peridynamic operator £, provided in this
section, is key to studying the regularity of solutions of peridynamic equations in subsequent
sections.

Following a similar approach to that used in®¥, we analyze the asymptotic behavior of
the eigenvalues AJ?(v) and X)’(v) as ||v| — oo. The asymptotic behavior of XJ’(v) is

summarized in Theorem 20 below.

Theorem 20. Letn > 1,0 >0 and f < n+2. Then, as ||v|| — oo,

C2n+2-P)(n+2)  T(HHT(HE) (g)"”—ﬁ o
AP (1) ~ SRRy H ™ 5apEn) 7" if B # n,

2 —i—g‘(n +2) <210g Ilv|| + log <§> + v - LD("TQ)> if B=mn,

where v is Euler’s constant and 1 1s the digamma function.

_nt2-8 1 _ n _ vl
Proof. Let a = +T, b= %4 and z = =5+ then
NP W) = —p|v|PeFs(1,a;2,b,a 4 1; —22). (3.9)
For large |z|,™ Eq. (16.11.8) states that
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where Ey3 and Ha 3 are formal series defined in™ Eq. (16.11.1) and™ Eq. (16.11.2) respec-

tively. From those definitions, it yields that

20643

By 3(2%eFm) = (27)~1/29b+1 o220z ick(i%z)?k-
k=0
Since 2b = n + 4 and ¢y = 1, the Ey3 terms decay asymptotically like |z|_nT+7, and do
not contribute the the asymptotic behavior described in the theorem. For the remaining
term that relates to the Hs 3 function, from the remark below™ Eq. (16.11.5), Ha3 can be
recognized as the sum of the residues of certain poles of the integrand in™ Eq. (16.5.1). The

integrand for this setting is as following;:

I'1+s)I'(a+s)
F2+s)Ib+s)'(a+1+s)

['(—s) 525

[(—s)(z*)" = (s+1)(s+a)l'(b+s)

1) =

The two poles of interest are at s = —1 and s = —a. The restriction that 8 ¢ {n + 2,n +
4,n+6,...} ensures that —a is not a nonnegative integer and, therefore, that s = —a is not
a pole of T'(—s). Thus, there are only two cases to consider, either 5 # n, which implies
that s = —1 and s = —a are distinct simple poles of f, or § = n, yielding a double pole at
s=—1.

In the case where 5 # n, we have

I'(a) —2a_

1 —2
@—)rG6-1)" " (-allb-a

Hy3(2%) = Res(f, —1) + Res(f, —a) =

When § = n, the double pole makes the residue more complicated (and gives rise to the

logarithmic term):

_ 2logz —p(b—1) — @/1(1)272'

Hys(22) = Res(f, —1) = & (Ls))zzs>

ds \T'(b+ s —1 r'b-1)
Finally, using (3.9)) and substituting completes the theorem. O
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For the asymptotic behavior of A\;(v), we first decompose A;(v) into
A ) =21 (0) + A5 ),

where

5) 2 — 3 4 4 — 1
SRy f e n )

)\5,5 _ 2 F 1 e —_
) = sl oF (10,22 Pp S A Ao p

. n+2—p5 n+2 n+4-04 1 2
NB0) = PO ) o (P2 P D)

and then obtain results for A; ;(v) in Theorem 21 and for A, o(v) in Theorem

Theorem 21. Letn >1,0 >0 and § <n+2. Then, as |v|| — oo,

MR- M a-p r(E2)

ERIEEET TS IS LGS 1 F O e
¥

~%(n+2) (2log vl +1log (%) +7+2—v(252)

K if =n,
where v is Euler’s constant and 1 is the digamma function.
Proof. Let a = W,b = ”T*‘" and z = % then
AL (v) = =3u|lv||*s Fy (1, g,a;Q, ;,b,a—l— 1; —22) . (3.10)

From the setting,™ Eq. (16.11.8) states that for large |z|
) 3 2 . .
3Fy (1, 532, 3 b,a+1; —Zz) ~ gaF(b) (Hs4(2%) + B3 a(2%¢7"T) + Eza(2%€'))

2’

where Es34 and Hj 4 are formal series defined in™ Eq. (16.11.1) and™ Eq. (16.11.2) respec-
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tively. From those definitions, it yields that

E374(z2ei“) - (27T)—1/22be:t2iz ch(i%z)—ﬂ%—k‘
k=0

Since 2b = n + 4 and ¢y = 1, the E;,4 terms decay asymptotically like |z|_nT+5, and do
not contribute the the asymptotic behavior described in the theorem. For the remaining
term that relates to the Hs4 function, from the remark below™ Eq. (16.11.5), Hs4 can be
recognized as the sum of the residues of certain poles of the integrand in™ Eq. (16.5.1). The

integrand for this setting is as following:

B I(1+s)(2+s)C(a+s) o (
1) = 1o STC+ )b+ s)(at 1+ L) = °

The two poles of interest are at s = —1 and s = —a. The restriction that 5 ¢ {n+2,n +
4,n+6,...} ensures that —a is not a nonnegative integer and, therefore, that s = —a is not
a pole of I'(—s). Thus, there are only two cases to consider, either 5 # n, which implies
that s = —1 and s = —a are distinct simple poles of f, or § = n, yielding a double pole at
s =—1.

In the case where 8 # n, we have

(5 —a)l'(a)

2_2 4 2 Z—Qa.

(a— DI -1) (1—a)l(b—a)

H3’4(22) = RGS(f, —1) + ReS<f, —CL) =

When § = n, the double pole makes the residue more complicated (and gives rise to the

logarithmic term):

Hya(2%) = Res(f, 1) = % (%22) B

- ey G) & (e ™)
_ 2logz — P(b—1)—(1) + 2272.
20 (b—1)

s=—1
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Finally, using (3.10) and substituting completes the theorem. O]

Theorem 22. Letn > 1, >0 and f < n+ 2. Then, as ||v|| — oo,

2 9\ 2n+2-)
<_) H,/H2(67(n+1))_

_nt2-B 1 _n _ Sl
Proof. Let a = +T,b = %2 and z = =5 then
/\f:’g(v) = —|lv|IP(\* — p) 1Fo(a; b, a + 1; —22)% (3.11)
For large |z|, Eq. (16.11.8) states that

1Fa(a;b,a+ 1 —z2) ~ al'(b) (H1’2(22) + E172(z26_”) + E1,2(226”)) ,

where Ej 5 and H;, are formal series defined in™ Eq. (16.11.1) and™ Eq. (16.11.2) respec-

tively. From those definitions, it yields that

B, o(22et™) = (2m) 71/ 200 22 Z e (d2i7)- 2k
k=0

Since 2b = n + 2 and ¢y = 1, the Ej, terms decay asymptotically like |z|_nT+3, and do
not contribute the the asymptotic behavior described in the theorem. For the remaining
term that relates to the Hj o function, from the remark below™ Eq. (16.11.5), H;» can be
recognized as the sum of the residues of certain poles of the integrand in™ Eq. (16.5.1). The

integrand for this setting is as following:

I(a+s)
I'b+s)I'(a+1+s)

F(_S)(ZQ)S _ F(_S) 223‘

fs):= 5+ a)l(b+s)

The only pole of interest is at s = —a. The restriction that 8 ¢ {n+2,n+4,n+6,...}

ensures that —a is not a nonnegative integer and, therefore, that s = —a is not a pole of
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['(—s). Thus

[(a) _

H,5(2%) = Res(f, —a) = 20,

1,2(’2 ) eS(f7 ) F(b—a)z

Finally, using (3.11]) and substituting completes the theorem. O

The asymptotic behavior of AP (1) is summarized in Theorem [23| below.
1

Theorem 23. Letn > 1,0 >0 and f < n+2. Then, as ||v|| — oo,

nt2\[ 2 2(n+2—p)
)\‘}5(1/) ~ —(NF = ) [F( 2 )(é) )] (%) ][ 28—(+ 1)

(2Bt | on-fo IT(RET(EEL) g\
B e e e (5> "
. if B #n,
—?—g(n—i— 2) <210g lv|| + log (%) +7v+2-— ¢(%2))
\ iof B =n,

where v 1s Euler’s constant and v is the digamma function.
Y g

3.1.2 Local limits of the multipliers and the peridynamic operator

In this section, we compute the limits of the Fourier multipliers and the peridynamic operator
£% in (3.4). Two types of limits are considered as § — 0 with fixed 3 < n + 2 and as
B — n+ 27 with fixed § > 0. The results of this section will be used to study the limiting
behavior of the solutions of peridynamic equations in subsequent sections.

Denoting by N the Navier operator of linear elasticity. For any homogeneous medium,

it has the form

Nu= N+ p)V(V-u)+ pAu. (3.12)

Similar to the peridynamic operator, its multiplier is defined through Fourier transform as
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Nu = MV and can be explicitly expressed as
MY (v) = —(X + ) @ v — |21,
The multiplier of the peridynamic operator M?%? converges to the multiplier of the Navier

operator M* in the following sense (see®7):

Proposition 3. Letn > 1,0 >0 and f < n+ 2. Then for fized (3,

lim M%%(v) = MV (v).

6—0t

Moreover, for fized 9,

lim M%) = MN(v).
B—n+2~
One corollary of this result is the convergence of the eigenvalues A7 (v) and A}’ (v) of

M?%P to the eigenvalues A (v) and X} (v) of M| respectively.

Corollary 2. Letn > 1,0 >0 and 5 < n+ 2. Then for fized (3,

lim A7 (v) = —(A" + p)|v]|* = X (v),

6—0t

lim 257 (v) = —p|vl* = X' (v),

6—0t

and for fixed 9,

o lim NP W) = =+ vl = ) (),

lim X7 (v) = —pllv]” = X/ (v).
B—n+2—
The corresponding convergence of the peridynamic operator £ to the Navier operator N

as 0 — 0 or as f — n + 27 is given in the following results.
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Theorem 24. Letn > 1,6 > 0 and 8 < n+ 2. Assume that u(z) € (C*(Q))", then for
fized B,

lim £0%u(z) = pAu(z) + 2uV(V - u)(z),

6—0t

and for fixed 9,

lim  £0%u(z) = pAu(z) 4+ 2uV(V - u)(z).

B—n+2—

Proof. Using Taylor’s theorem, u is expanded about z as
1
u(x +w) =u(z)+Vu(z) : w+ §VVu(x) fw®w+ Ry(u;z,w),
where the remainder R,(u;z,w) is of the form
1
R,(u;z,w) = EVVVu(w +ow) rwRww,

for some scalar o € [0, 1]. By substituting, (3.5 becomes

wWRWwRw
[Jw][F+2

LYu(z) = (n+ 2);105’5/

B;(0)

WRUWRUWRW 1
+ (n+ 2)u05’5/ dw : =VVu(z)
Byo) w7 2

dw : Vu(z)

w R w

o WRU(U; xZ, z)dw

+ (1 +2)uc™” /
B

Due to symmetry, the integral in the first term is identically zero, which makes the whole

term vanishes. For the second term, using spherical coordinates, it is straightforward to
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show that

W; W;WEWy
(n+ 2)c‘m / — = " dw
Bs(0) [Jw][#+2

(

6, fori=j=k=1,
/ (3.13)

=42, fori=j#k=lori=k#j=lori=1+#j=k,

0, otherwise.
\

Utilizing (3.13)), observe that for any component i, we have

o 1 0%u; 1| 0% 0%, 0*u,;
2 5’6/ Wit Okt g~ T g M oIy J
(n+2)e 0 0P 20000, ~ 2 | 0a? - kz: e Z; :

= (Au);(z) +2V(V - u);(z).

This shows that the second term is pAu(z) +2pV(V -u)(z). Finally, for the third term, we

have the following bound

wW QW
(n + 2)#66’B/B o WRU(U; x, z)dw| < Myo(n+2—f),
§

where M, is a constant dependent on = only. All these arguments in combination complete

the proof. n

Theorem 25. Letn >1, 5 >0 and f <n+ 2. Assume that u € (C*(Q))", then for fized
B,

lim £%%u(z) = (N — p)V(V -u)(z) for B <n+2,

6—0t
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and for fized 9,

lim  L%u(z) = (N — p)V(V -u)(z) ford >0,

B—n+2—
for all z € R".

Proof. Firstly, rewrite (3.6]) as

(C‘w)2/ w [/ q
— —— - u(z+w+ q)dq| dw. (3.14)
4 s Il L g0y llall?

Then u is expanded about x 4+ w using Taylor’s expansion as

LPu(z) = (X" = p)

u(z+w+gq) =ulz+w)+Vulz+w):q+ %VVu(erw) 1 q®q+ R, (w2 +w,q),
where the remainder R, (u;x + w,q) is of the form
R, (w;z +w,q) = %VVVU(Q: + s51w) 1 q®qRq,
for some scalar s; € [0,1]. The inner integral in (3.14) now becomes

&
/ Lﬁ-u(x—irw—irq)dq:/ Lﬁdq-u(x—l—w) +/ q—gdq : Vu(z + w)
Bs(0) 4]l Bs(0) il Bs(0) 4]l

®q& 1
+ / Lqﬁqdq . =VVu(z +w) + / iﬁ - Rs, (w;x 4+ w, q)dq
Bs0) 4l 2 Bs(0) 4l

Note that due to symmetry, the integral in the first and third term in the expression above

vanish. In addition, since

q®q 2
——dq=—=1,
/stw) llq|I? P
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then

Cé-’ /B

" w

5,8\2
+ (N —p) (™) / v {/ 4 Ry, (w;x +w, q)dq| dw (3.16)
4 Bs(0) l1ql?

Using Taylor’s theorem, we have the following expansion
V-ulz+w)=V-ulx)+V(V-u)(z): w+ R, (u;z,w),
where the remainder Ry, (u;x,w) is of the form
R, (u;z,w) = %VV(V -u)(z + sew) T w @ w,
for some scalar s, € [0,1]. The integral in becomes

/ Lﬂv ‘u(r 4+ w)dw = / O qwv - u(z) + / wdw :V(V - u)(x)
850 [0 B B

s [[wll? 50 llwll”
(3.17)
+/ @ng(u;x,w)dw (3.18)
Bs0) Wl

In the above expression, the first term in (3.17) is identically 0 due to symmetry. About the

second term, we have

w R w 2
dw:V(V-u)(z) = —=V(V-u)lx).
/ Tl e S i) = 59w
We then get from (3.15))
8 w 8 w R w
— Vou(z+w)——=dw=V(V-u)(x)+ —/ ——Rg,(w;z,w).  (3.19)
2 JByo) [[w]]? 2 Jp0 lwl?

The second expression in (3.19) vanishes under the limit of 6 — 0% or 8 — n + 27, where
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we have used the bounds

B / w R w
o LEYR (e w)dw| < M2+ - B)
2 Jps0) llwll?

A similar result applies to (3.16|) as well, from which the statement of the theorem follows. [

3.2 The Sobolev space of periodic distributions

Consider £%# as the periodic operator on the torus

T" =[Jl0.27],  with i=12,...,n
i=1

For simplicity, from now on, for any k € Z", we will write M ,f’ﬁ and M ,f:v in replacement for
M%B(k) and MV (k), respectively. In addition, since the matrix space is finite dimensional,
all matrix norms are equivalent. Throughout this chapter, we will use the matrix operator
norm induced by the vector 2-norm.

The eigenvalues and eigenvectors of the operator £>* are determined through the multi-
pliers developed in the previous section. The following result, Theorem [26] has been proved

in®7,

Theorem 26. Let v be a fized vector in R™. For any k € 2", define
Yr(x) = ™7y,
Then,
L2 (x) = MO (k) (x) = M7 ().

The regularity of solutions for periodic peridynamic equations considered in this work is

studied over the Sobolev space of periodic vector distributions, which is defined below.
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Definition 3. For g € R, define by HY(T") the space of periodic vector distributions g :
T — R"™ such that

gtz = D (L + 1K) Igel® < co.
kezn

From this definition, we see that if g € H9(T™), then for any nonzero k € Z"

18]l ()

gkl <
%[

(3.20)

In subsequent sections, we consider maps from the real line to periodic distributions and

use the following notion of derivative for these maps.

Definition 4. Suppose U : [0,00) — HI(T™) maps t > 0 to a periodic vector distribution
U(t) in HY(T™). The derivative of U at t is defined in the sense of Gateauz derivative

where the limit is with respect to the norm of HI(T™) space.
We will denote by CP(]0,00), HI(T™)) the space of all maps from [0,00) to HI(T™) that is p

times differentiable.

Lemma 7. Given a map U : [0,00) — HY(T") and suppose that the derivative U'(t) exists.
Then for any k € Z™, the Fourier coefficient ﬁ;(t) of U'(t) is the derivative in the classical
sense of the Fourier coefficient Uy(t) of U(t).

Proof. Represent U(t) and U’(¢) through their Fourier series

U(t) = ) Ugt)e*,

keZm
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and

U'(t) =Y Ugt)et.

kezn

From the derivative definition, observe that

U(t+h) —U(t ?
0= tim | SEER 20O
h—0 h Ha(Tn)
N . 2
. Ui(t+h) = Ui(t) =
_ 2 k k /
= lim > (1 [[&]*)° . — UL (1)
kezZn
The statement implies that
Un(t+h) —Upt) =~
tim DR = U _ gy
h—0
for any k € Z". This is the definition for derivative in the classical sense. O]

Definition 5. Suppose U : [0, 00) — HI(T") such that for any t > 0, U(t) has the form

U(t) = ) Ugt)e.

kezn
Let L% and N be the peridynamic operator and the Navier operator respectively, then define

the maps L>%U, N'U : [0,00) — HI(T") through the representation

LY°U(t) = MU (e, and  NU(t) = MNU (e,
k J

kezn keZn
for any t > 0.

In particular, when ¢ < 0, the above notion extends the definition of the peridynamic

operator £># to periodic distributions.
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3.3 The peridynamic equilibrium equation

In this section, we present regularity results for the solutions of the peridynamic equilibrium
equation (3.2]) and study their nonlocal-to-local convergence. The equilibrium problem (|3.2)

defined over the space of periodic distributions is given by
LY = b, (3.21)

Theorem 27. Letn > 1,0 >0 and f < n + 2. If the vector field b € H*(T") with sy € R
15 such that BO = 0, then there is a unique vector field u>® € H*(T") satisfying L>u’® = b

and ﬁg’ﬁ = 0, where s = 5o +max{0, 3 —n}.

Proof. Represent b and u®? through their Fourier series and then substitute into (3.21)

yields

Z Bkeik-z — [958 (Z ﬁiﬂeik-x> _ Z M}jﬂﬁiﬁeik-x'

keZm kezm keZm

This shows that for any nonzero k, the coefficient vector Uy, is uniquely determined through

the formula
W = (M), (3.22)
It remains to show that u is in H*(T") where s = so + max{0, 3 — n}. Observe that

oAU < D (L IR Bl (L + 1R (M) )

kezn 0£keZn

Since b € H*(T™), it suffices to prove the uniform boundedness of
s—s 6,8\ —
(L4 (K[ (M) I

for large value of ||k||. Since A} (k) and A3”(k) are eigenvalues of M’ the eigenvalues of
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(M,f’ﬂ)’l are 1/)\‘%5(]{;), 1/)\(25’6(/{7)7 for k # 0. This implies that

08)=1| = max ! ! = :
(M) || = {Mfﬁ(k”’ |)\gﬁ(k)|} min{ |\ (k)[, [N (k)|}

We then consider two cases. First, when § < n, then s = s3. Using Theorem and
Theorem , there exists 1 > 0 and C; > 0 such that H(M,f”g)_lH < C) whenever ||k|| > 7.
This shows that

(L+ IRyl (M) 1 < CF

For the case when § > n, we have s = so+ 8 —n. Again from Theorem [20] and Theorem [23]

there exists 7, > 0 and Cy > 0 such that ||(M?)!|| < —%= whenever ||k| > r5. This

k(|5 —n
shows that
_ _ L
s—s 9,
(Il e < o (Sl )
which is uniformly bounded, completing the proof. O]

It is worth observing that this regularity theorem implies that the solution operator is
non-smoothing when the kernel is integrable (5 < n).

For the next two theorems, we provide some results on the convergence of the equilibrium
peridynamic equation to the corresponding equilibrium equation of linear elasticity under

two types of limits as § — 0 with fixed f <n+2or as f — (n+ 2)~ with fixed § > 0.

Theorem 28. Letn > 1,0 >0 and B < n+2. Suppose b € H*(T") with sy € R satisfying
by = 0. Let uN € H 2(T") be the solution of the Navier equation NuV = b with & =0,
where N is given by ([3.12)). Let u®® € H*(T") be the solution of L>u*’ = b with ﬁg’ﬁ =0
where s = sg + max{0, 3 —n}. Then, for fived f < n+ 2,

élim+ u? =uV, in H(T).
—0
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Proof. From |3.22] we see that

~58 -~
[0 =Ny = D> (IR0 — w1
0£kezn
s 0,8\— NY— ~
< > (RPN = (M) b
0£keZn

Each term in the summation converges to 0 under the limit using Proposition [3} The proof is
then complete if we can pass the limit inside the summation. Since b € H*0(T™), it remains to
show that (1 [k[[2)==[|(Mg”") =" = (M) ~*||? or equivalently, [|k]|*=[|(M") =" — (M)~

is uniformly bounded for large value of ||k||. Note that

1

§,8\=1 _ (agNY=1) —
I8 = M) = e S o T et <3 T

Using Theorem [20| and Theorem one can show that there exists r, C, Cy, C3 > 0 such

that whenever ||k|| > r

(

Cy 1fﬂ<n

PR XS (R < S Colog |[k]| it 8 =n

Cllkllf™ ifn<B<n+2

Since [MV (k)| = |\ + p|||k||? and [ XY (k)| = p||k||?, respectively, there is C' > 0 such that for
1 2

large ||k]|,

IO = ) < (323)
This combined with the fact that

[K[|>70 = [[R|m2EBm <l )2,
yields the desired uniform bound. O]
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Theorem 29. Letn > 1,0 >0 and B < n+2. Suppose b € H*(T") with sy € R satisfying
by =0. LetuV € Hot2(T™) be the solution the the Navier equation NuV = b with ) = 0,
where N is given by . Let u®? € H*(T") be the solution of the peridynamic equation
L58u%8 = b with ﬁg”B = 0, where s = so + max{0,5 —n} . Then, for 6 >0 and 0 < e < 2,

, lim uw=uV, in He(T"),
—n+427

where s = sg+ 2 — €.

Proof. Fix an € € (0,2). Then for any n+2—€ < f <n+2, both sp+2and s =so+8—n

are larger than s, hence the limit makes sense. Similar to Theorem 28, we have that

Se 130, -~
[ e S I [ e vl
0#£keZn
Se 67 — N\ — N
< N (RO = (M) P by .
0#£keZn

The proof is completed by showing the uniform boundedness of
RIPE 1) = (M) 7.

Using ((3.23)), we obtain

C

IR (M)~ = (M) | < TG

which is uniformly bounded. [

3.4 The peridynamic evolution equation

In this section, we study regularity results for the solution of the peridynamic evolution
equation (3.1)) and their nonlocal-to-local convergence. To extend the problem to the space

of periodic distributions, we consider the identification U(t) = u(-,t), with U : [0,00) —
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HI(T™), for some g € R. Following this identification, equation (3.1)) becomes

;

LUs(t) = LU () +b, t >0

Uu4(0)  =f, (3.24)

LU (0) =g.

In the following sections, spatial regularity refers to U%*(t) being in H?(T"), for some
q € R, for a fixed t > 0. Temporal regularity refers to the differentiability of U%? as a
function of ¢. For the matrix notation used in this section, such as cos(\/—M,f’B t), see
Section B.4.11

3.4.1 Tensor Fourier multipliers

From Theorem (19| and the assumption that A}’ (k) < 0 and A}’ (k) < 0 for any nonzero k,
we have that M ,f”B is a real symmetric invertible matrix. Hence, M ,f’ﬁ can be orthogonally

diagonalized as

NPEY 0 o0
0 NPk 0
0 0 - APk

where Py is the matrix whose columns are the orthogonal eigenvectors of M, ,f’ﬂ . Then we can

define the following matrices /—M>’, cos(1/—M>"t) and sin(y/—M>"t) as

2P (k) 0 0
0 NPy - 0
VM = P, 2 %) | PT .= PASPPT,
0 0 —\P (k)
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and

cos(y/ =\ (k)t) 0 0
cos( /——Mg’ﬁt) —p 0 cos(y/ =AY (k)t) . 0 pr
I 0 0 cos(y/ =37 (k)t)
and
[sin(\/ =2\ (k)t) 0 0 ]
<in /——M,f’ﬁt) — B, 0 sin(y/ =37 (k)t) . 0 pr
i 0 0 sin(y/ =57 (k)1) |

From these definitions, one can show that for any k£ € Z \ {0} and ¢ > 0,

<\/M,fﬁ>1max{ ! ! } !

NSNSy SNSRI

and

leos(y/ =M t)[| = max{| cos(y/ =AT* (kD)1 | cos(y/ =237 (k)]
Isin(y/ =M7)|| = max{|sin(y/ =AY (k)2)], [ sin(y/ =A3” (k)t)][}.
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These observations imply that || cos(y/—M>"t)|| < 1 and ||sin(y/—M>Pt)|| < 1 for any

k € Z\ {0} and t > 0. Taking the classical derivative with respect to ¢, we have that

cos(1/—=AP (k)t) 0 e 0
v 0 cos(y/ =\ (k)t) - 0
dtr
0 0 cos(1/=A37 (k)t)
cos(y/ = AP (k)t + ) 0 0
0 cos(y/ =N (k)t + B 0
_ ( 2 (k) 2) (Aiﬁ)p
6,8 p
0 0 ocos(y/ =AY (k) + B)

This implies that

dP
7 cos(\/ = M) = cos(\/ —M7t + pr/2) (/= M)

Similarly, we also have

ar . 8.8,\ . s 8,8 6,3
ﬁsm(\/—Mk t) :=sin(\/ =Mt + pr/2)(\/ —M.")P.

3.4.2 Spatial and temporal regularity over periodic distributions

Consider the vector fields b € H*(T"), f € H*(T"), and g € H*(T") with so, 51,52 € R.
Then, for any ¢t > 0, define

~ ~ t? ~ .
U2 (t) := £y + Bot + b + > U )et (3.25)

0£keZn

65



with

ﬁi’ﬁ(t) = cos(y/ —M,f”Bt)/fk + sin(\/—M,f’Bt)(\/ Mg,
(3.26)
+ |:COS (\/ —le’ﬂt) — I] (M,f’ﬁ)_lgk.

We will show in Theorem [32| that U%? in (3.25)-(3.26) is the unique solution to the peridy-
namic equation ([3.24). We proceed by studying the spatial and temporal regularity of U%%.

We recall that we are using the matrix operator norm throughout the chapter.

Theorem 30 (Spatial regularity). Let n > 1, § > 0 and f < n + 2. Assume that
b € H*(T"), f € H*(T"), and g € H*>(T") with sg,s1,52 € R. Then, for any t > 0,
U (t) € H(T™), where U is given by (3.25)-(3.26), s = min{sy, so + 6, s0 + 20}, and
0 = max{0, 2 =t

Proof. Tt is straightforward to see that (check Section [3.4.1)

(N/ M”t) —IH = max{| cos(r/=A (k)t) — 1|, | cos(r/=Aa(k)t) — 1|} < 2.
Using ((3.26)), it follows that

STA+IEDNTE@N < D 1+ k][

kezn 0£keZn
2
5,8\ — ~
+ > (LRI | (=)
0£keZn

5,68, — ~
) AL (RPN TP b
0#£keZn
£n2 2,2 N 2t4
+ [Ifoll* + Igoll*t" + | bol| T

Since f € H® and s < sy, then

Yo AP < Y @ IRIP) 8] < oo

0£keZn 0£keZn
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Similarly, observe that

2
SO IR =M 8l
0£kezn
2
5—58 6,8\ — s2||1a
= ) R =M) T+ RPN
0£keZn

S @HEIP IR TPl = > (L4 [ElI?) (M) T P+ [1]I?) byl
0£keZn 0£keZ™

Hence, g € H** and b € H?®, the proof will be complete provided that

(/-

are bounded for large values of ||k]|.

2

(L + [IAf1%) and (L4 [[K[1P) 0l (A7) 7P,

To show this, we will consider two cases. First, when § < n, then s < s, and s < sy3. By

2
‘(\/ -MPHY <G

Theorem [20|and Theorem , there exists r; > 0 and C; > 0 such that

and ||(M.")7Y||?> < C, for ||k|| > r1. This leads to

(-

Similarly, for 8 > n, then s < s9+ ”82;” and s < so+ 8 —n. By Theorem [20{and Theorem ,

(=M

2

(o4 Y <Coand (L PRI T < O

2
there exists ro > 0 and Cy > 0 such that < Co/(J|E||P=") and ||(MPP) 1|12 <

Cy/|| k|| for ||k|| > ro. This leads to

9 B=n
) ) R TTEN
2\ s—s9 6,8\ —1
(L4 (12 || (/- M29) SQ(TWT  and
L+ &2\
u+MMMwwﬁww§@(ﬁ$¥) |

which is bounded.
O]

Theorem 31. Letn > 1,0 >0 and 8 <n+2. Assume that b € H*(T"), f € H*(T") and
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g € H*2(T") with s, 51,52 € R. Let U be the map given by (3.25)-(3.26). Then,

1.

if B < n, then U € C>=([0,00), HI(T™)), for any ¢ < min{sy, s, 50},
if B =n, then U € C*([0,00), H4(T")), for any q < min{sy, s, 50}, and

if B > n, then U € CP*1([0, 00), H4(T™)), for any q € R and any positive integer p

satisfying

ﬁ—n<07 q—&—l—p?ﬁ& and q—so—i—(p—l)B;nSO.

g—s1+(p+1) 5 =

Proof. We will prove this result by induction. Suppose U%” is already differentiable up to p

times, then by Lemma [7} we have

where

P PN

ﬁU‘w(t) =Yy 5 Ur (t)e*,
kezm

ar

@ U(t) is given by

&~

— Uy (t) = cos (\/ —M,f’ﬁt + %) (1/ —M,f’ﬂ)p/f\k + sin (\/ —le’ﬁt + %) (1/ —M,jﬁ)p—lgk

dtp

+ cos (\/ — M2t + Zg) (\/ —M,f’ﬁ)p_zf)k,

for k # 0, and for £ = 0,

p

/g\o + BOta b= 17
dP ~ ~
%Uﬂ(t) - b07 p =2,
\0, p=>3
We will show that
qr+1 dr+t . b
dtp+1 (t) = dthrl k!(t)e °
kezn



Using the mean value theorem, we have that

2

Ut +h) - &HUR) AR IR
Th L= dt h dt — dip+l Uk(t>€ k
kezn Ha(Tn)
~ 2
L0t +h) — L0 @ -
= D (L [k | T g Ok
kezn
+ 1)m
< X P foos (/=210 4 g0 + T
0#£keZn
1 2 2(p+1) R
— cos (\/—M,f”@t + w> \/ —MOP Ak

+ > (1 k)

s (V=22 g+ 52T

0A£keZn

. + D)\ | w
Ssin (= ST 0] e

+ 1)
b X P eos (=0 + Gy + EEDT)
0£keZn

1 2 2(p—1) R

— COS (\/—M,f’ﬁt—i-@) —M;? b,

for some &, k. Npx, (i € (0,h). As h — 0, each term of the summation will approach 0, the
proof will be complete by showing that we can pass the limit inside the summation. To show

this, it suffices to prove the uniform boundedness of each the following three expressions

2(p+1)
o 1= (1 + Ky

ﬁ/_Mgﬁ

2p

b= (L ) -0
v/ — MOB

Y

2(p—1)
o 1= (L K]2)

To uniformly bound each of these expressions, we consider three cases f < n, § = n, and
B> n.

For f < n and from Theorem and Theorem, ‘\/—M,f’ﬁ

provides the uniform boundedness of ay, by and ¢, provided that ¢ < min{sg, s1, s2}.

is bounded, and this
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For f = n, let us fix an € > 0. Theorem 20| and Theorem 23] imply that there exists

2
constants C,r > 0 such that \/—M,f”g < Clog k|| < CQ + ||k||>)¥/? whenever ||k|| > r.

Then for large ||k||,

ap < 0(1 + ||k||2)q—51+(p+1)e/2,
b < C(1+ ||k||?)?*2tP</2 and

< C(1+ HkHZ)q_SOJF(p_l)E/Q-

This provides the uniform boundedness of ay, provided that ¢ — sy + (p+1)e/2 < 0, and the
uniform boundedness of by, provided that ¢ — s3 + pe/2 < 0, and the uniform boundedness

of ¢, provided that ¢ — so + (p — 1)e/2 < 0. Thus, given ¢ < min{sy, s2, 50}, we can pick €

e

satisfying these conditions.
2
For 8 > n, from Theorem |20, and Theorem , there is C,r > 0 such that <

C||k[|P~™ < C(1 + ||k[|?)B=™/2 for ||k|| > 7. Then, for large ||k|

ap < C(1+ [|k|?)e D5

b < C(1+ ||k|[2)7*"2", and

a < C(1+ ||]{;||2)Q—So+(p—1)5*T"‘

This shows that the uniform boundedness of ay, by, cp is established provided that the fol-

lowing conditions are satisfied

5;n§0, q—sz—l—p¥§0, and q—so+(p—1)5;n§0.

g—s1+(p+1)
Il

The next theorem is a direct application of Theorem [30] and Theorem [31} The assump-

tions are to guarantee that the second derivative exists.

Theorem 32. Letn > 1,6 > 0 and f < n+ 2. Assume f € H*(T"), g € H*(T"), and
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b € H*(T™) with sy, s2, 50 € R. Suppose further that
1. ¢ < min{sy, 89, S0} in the case f < n,
2. ¢ < min{sy, $2, 80} in the case f =n,
3. q—s1+(B—n)<0andqg—s2+ (f—n)/2 <0 and q < s¢ in the case B > n.

Then, U%? in (3.25)-(3.26) is the unique solution to (3.24). Moreover, when 3 < n, then

U € C>([0,00); H*(T")), where s = min{sy, so,50}. Furthermore, when 3 > n, then

U%P € C?([0,00); H*(T™)), where s = min{sy, so + Ban, so+ 8 —n}.

3.4.3 Convergence to the transient Navier-Cauchy equation solu-
tion

In this section, we will provide some results on the convergence of the solutions of the
peridynamic equation ([3.24) to the solution of the corresponding Navier-Cauchy equation
for two types of limits as § — 0T, with 8 < n+ 2 being fixed, or as § — (n+2)~, with § > 0

being fixed. The transient Navier-Cauchy equation is given by

.

CUNE) =NUN@E) +b, t >0

at?

uNo)  =f (3.27)

and its solution is given by

~ ~ 12 ~
UN(t) =fy + got + bOE + Z lCOS <\/ —Mé\/ t> f;,

0£keZn

ot () (V) e (e (20 0) < 1) () gk]

(3.28)
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Theorem 33. Letn > 1,0 >0 and B < n+ 2. Suppose £ € H*(T"), g € H*=(T"), and
b € H*(T"), for s1,82,50 € R. Let t >0, U (t) € H*(T") and UN(t) € HN(T") be the
solutions to the peridynamic equation and Navier-Cauchy equation , respectively,
with s = min{sy, so + 0, so + 20}, 6 = max{0, 5%”}, and sy = min{sy, sy + 1,50 +2}. Then,
fort >0 and fixed p < n+ 2, we have

lim U(t) = UN(t), in H(T™).

6—0t

Proof. From (3.25)), (3.26)) and (3.28), one can show that

2
U2 = OV () ey < S (1 [K]2)* || cos(y/ =218 — cos(y/ =M n)|| 1
0£keZn
2
3 (R [sin(y/ =200 (/25— sin(y -y (2| gl
0£keZn
2
T30 (U IIRIP)Y |eos(y/ = MEE) — M)~ [cos(y/ M) — TME) | [y
0£kEZN

Using Proposition [3], each term tends to 0 under the limits. Hence, the proof is complete if
we can pass the limit inside the summation. This can be accomplished using the facts that
f e H(T"), g € H*?(T"), and b € H*(T"), and by establishing the uniform boundedness
of the following expressions

1

Y

cos(\/ —M>Pt) — cos(y/—MNt)

[kl {fsin(y/=M2%0) (/=2 2) = sin(y/ M e) (/-2a)
and

= |[lcos(y/ ~ M%) — 1)~ — [eos(y/ —Me) — (M) .
as ||k|| — oo.
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It is straightforward to see that

cos(\/ —M"t) — cos(\/—M,-C’vt)H = max

This provides the uniform bound for the first term since s < s;. From Theorem [20] and

cos(v/—Ai(k)t) — cos( —)\g\/(k;)t)‘ < 2.

Theorem [23] there exists r, Cy,Cy > 0 such that

X)L 1257 ()] =

)

Collk|[P~ i B >n

for any ||k|| > r. Note that

sin(y/ ~M220) (/M) — sin(y/ MY 0) (/M)

L N0 sin(/ AR

1

< max + !
i=1,2 /\f’ﬁ(k’) _)\Z (k)
Tﬁ+0 if 3<n
<

(3.29)

This result combined with

1 ifB<n
[[B[]*7* <

k|| =" if B >n
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provide a uniform bound for the second term. Observe that

[cos(y/ =M;Pt) — I(MR") ™ — [cos(y/ =MV t) — 1](M}Y) ™!

it NPy k)
2 2
—1.9 5,8 + MW (k
=2 \ NP (R)] 1A (R))
iz +C if B<n
< (3.30)
D c
et e A >n
Moreover, since
1 ifg<n
[E[IP7 < :
[P i B> n
then these facts imply the uniform boundedness for the last term.
O

Theorem 34. Letn>1,0 >0 and < n+ 2. Suppose f € H*(T") and g € H**>(T") and
b € H*(T") for s1,5,50 € R. Let U%(t) € H*(T") and UV (t) € H*V(T™) be the solutions
to the peridynamic equation and Navier-Cauchy equation , respectively, with
s = min{sy, sy + 0, 5o + 20} with 0 = max{0, 552} and sy = min{sy, sz + 1,80 + 2}. Let
t >0, then for 0 < e < 2,

lim  U(t) = UN (), in H>*(T"),

B—n+2—
where s, = min{sy, sg + %, So + 2 — €}.

Proof. Fix e, with 0 < € < 2, and for any 8 < n+2 such that n+2— 3 < ¢, both U%*?(¢) and

UN(t) belong to the space H*(T"). With the same approach as in the proof of Theorem
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B3, we can show that

2

U™ (1) = UV ()13 8]

Hse(Tny S Z (L+ ||k

cos(\/ —MPt) — cos(y/—MNt)
0£kezZn
o AT Ay Ry v Ay

0£keZn
+ > (4RI fleos(y/ = MR%t) = I(MRP) ™ — [cos(y/—MPt) = T)(MRY) ™
0£keZn

Next we establish uniform bounds for each of the following expressions

cos(y/—MPt) - cos(mt)H | (3.31)

K[>

el [lsin(y/— M%) (/= M)~ — sin(y/~ M) (/=) (3.32)
and
||k Se—50 [COS( /_Mgﬁt) _ [](Mgvﬁ)_l — [COS<\/ —M,'év’t) — [](Mlév)_l (333)

The bound for 1} is the same as in Theorem [33] For (3.32)) and (3.33), and since 8 > n,
then from ((3.29) and (| -, we have

sin(y/~M220)(\/ =)t — sin(y/ MY 1) (/M)
[cos(y/ =M7t) = IJ(MP) ™" — [eos(y/ —=Mp't) — I (MP) ™!

Since ||k

D C
TS
< D n C .
=R AR

Sems2 ||k;||22;€, this implies that

sin(y/~M2P0) (/M) — sin(y/ - 0) (/M)

. Db,
T klE R =R

Se—S2

It

5



which is bounded, establishing a uniform bound for (3.32). We also have ||k|[*% < ||k|*™,

hence
Il | eost/~ME70) = 1) = ooty =M¥t) — 110
D C
< 1P~ (s + 7715w )
[ |
D N C
ke ([ Am )
which is bounded, establishing a uniform bound for (3.33)). O

3.4.4 Spatial and temporal regularity over (L*(T"))"

Let b € H*(T"), f € H*'(T") and g € H**(T") with sg, 51,52 € R. Let s = min{sy, sy +
0, s + 20} and 0 = max{0, 2"}, the solution U*(¢) € H*(T") given in (3.25)-(3.26) is a

distribution when s < 0, and when s > 0 defines a regular vector field

(2, t) = UM (1) ()

— B+ + > (cos(\/—M,f’Bt)?k+sin(\/—M,f’Bt)(\/—Mg’ﬁ)_1§k> ik

0£keZn

(3.34)

Let the initial data and the forcing term be regular vector fields, that is, so > 0, s; > 0 and

sy > 0. In this section, we focus on conditions that guarantee that u®’(z,t), the solution of

(3.24), is a regular vector field u>?(-,t) € (L?(T"))".

Functions with absolutely summable Fourier coefficients

We state some well-known results on the differentiablity and summability of series in multi-
dimensions. These results are used in proving the regularity results in Section and are
included here for completeness of the presentation.

We recall that a vector field f on R" is called a-Hdlder continuous, where a € [0, 1], if
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there exists a constant C' such that

[£(z) — £l < Clle —ylI*,

for any x,y in the domain of f.

Lemma 8. Suppose that £ is a vector field defined on the torus T" satisfying the a-Holder

continuity condition for some a > n/2. Then

D7l < oo

kezn
A version of the Lemma [10 for scalar functions can be found in.

Lemma 9. Let T be an open subset of RT, K is a measurable space equipped with the
counting measure and fy, : T"— C". Suppose that

1Y hex ()| < oo for each t € T.

2. For almost all k € K, the derivative 4f,(t) exists and is continuous for all t € T.

dt

3. There is a summable sequence 6y, such that || L, (t)|| < 0k for allt € T and almost all
keK.

Then, for allt €T,

%;fw) 0]

k

A version of Lemma [9 for scalar functions can be found inL,

Temporal regularity with respect to the Gateaux derivative

Theorem 35. Let n > 1, 6 > 0, and B < n+2. Let f € H**(T"), g € H**(T") and
b € H*(T"), with so > 0, s > 0 and sy > 0. Suppose that
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1. sg,81,82 > 0, in the case when 5 < n,
2. 80,581,582 > 0, in the case when 8 =n, and
3. 51> 0—nand sy > (f—n)/2 and sg > 0, in the case when [ > n.

Then, the vector field u®?, where u®?(x,t) = U%P(t)(x), with U? defined in (3.25)-(3.26)), is
the unique solution to the peridynamic equation (3.24) in (L*(T™))". Moreover, when 3 < n,
then u®® € C=([0,00); H*(T™)), where s = min{sy, s, s0}. Furthermore, when (3 > n, then

u®? € C%([0,00); H*(T™)), where s = min{sy, sy + B%", So+ B —n}.

Theorem is a special case of Theorem with sg > 0,57 > 0, and sy > 0. We
have included it in this section for completeness and for comparison with the next result

Theorem [36]

Temporal regularity with respect to the classical derivative

Theorem 36. Letn > 1,5 >0 and f <n. Letf € H*(T"), g € H*>(T") and b € H*(T"),
with sg > 0, s > 0 and sy > 0. Suppose that each of £, g and b satisfies the a-Holder
continuity condition with o > n/2. Then, for u>? given in (3.34)), u®?(x,-) € C*[0, 00), for

all x € T™.

Proof. Fix a value of p in Z>(. Consider the following three series

Z cos(4/ _M]f’ﬁt)fkeikm’ Z sin(\/—M,f’ﬂt)(\/—M,‘j’ﬁ)_lgkeik“,

0£keZn 0£keZn

and Z [cos (, /—M,f’ﬁt> _ ]} (M]fﬂ)—lgkeik-x'

0£keZn

From Theorem and Theorem 7 there exists C' > 0 such that H\/ —M,f’ﬂ

< (C and
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< C as ||k|| = oo. It follows that

(&)
cos(\/j,f”gt)/fkeik“

< (I

ar o P .

oty | < | Vo0 IR < ol

sty =210y -3 et < (-3 1l <l
p—1

dr ) 0,6N—1~ _ik-x
pm sm(\/—Mk’ﬁt)(\/—Mk’ﬁ) 1g,.e*
{ (\/ —M,fﬂt) - f} (M) Beete| < 2H<M£’ﬂ>*rmﬁku < 207|By.

P
% [cos (\/—M,f’ﬁt) —1} (M)7) bye H\/ MM

as ||k|| — oo. From Lemma |8 in Section m the Fourier coefficients of fj,, 8, and by are

18Il < CP gl

< H(W)

||b | < CP 2|yl

absolutely summable. The proof is now complete using Lemma [9] from Section [3.4.4] O]

Theorem 37. Letn >1,6 >0 and B =n. Letf € H*(T"), g € H**(T") and b € H*(T"),
with sg > 0, 51 > 0 and sy > 0. Suppose s; > n, sy > n and sy > n. Then for u*? as in

(3.34), u?(x,-) € C*[0,00), for any x € T".

Proof. Fix a value of p in Z>q and choose ¢ > 0 such that s; —pe >n and 5 — (p—1)e >n

and sg — (p — 2)e > n. Consider the following three series

S cos(y/ = MR S sin(y/ - M) - MPP) g

0£keZn 0£keZn

and Z [cos (\/ —M,f’ﬁt> - ]} (M,f’ﬁ)_lgkeik'x

0£keZn

From Theorem [20] and Theorem [23] there exists C' > 0 such that

o

\sc<1og||k||>1/zsc||k||a and H(x/—M,fﬁrl
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as ||k|| — co. As f € H*'(T™), g € H*(T") and b € H*°(T"), using (3.20)), it follows that

cos(4/ —M,f’ﬁt)fkeim

< [l

ar 5,5 T ika \/76ﬂ "1 cr
i/ 0| < [ 1 <
. —1 1k-x _ o~ C
sm(\/—M,f’ﬁt)(\/—M,f”B) e < H(\/ —Mg’ﬁ) Hi gl < W,
p—1 -1
Vol
5,8 55 4
ﬁsm \/ M?Pt) \/ M) g™ | < H(\/_Mk; ) gkl < S [E[==eDe
5,8 8,8\—11. ik §,8y—1 2C?
cos —M"t ) — 1| (M.") "bye SQH(Mk ) || < HkHSO

dP
ym [Cos <\/—M,f’5t) - 1] (M) byet® H\/ — M

as ||k|| — oo. The proof is complete by using Lemma [J] from Section [3.4.4] O

b
N s

Theorem 38. Letn > 1,5 >0 andn < f <n+2. Let f € H'(T"), g € H*?(T") and
b € H*(T™), with s > 0, s; > 0 and sy > 0. Suppose that there exist a nonnegative integer

p such that

51>n+pﬁ% and 82>n+(p—1)ﬁ;

b—n
5 )

and so>n+(p—2) 5

Then, for u®? given in (3.34), u®?(x,-) € C?[0,00), for any z € T".

Proof. Consider the following three series

D cos(y/~MPDERT S0 sin(y/-MP (/M)

0£keZn 0£keZn

and Z {COS (\/ —M,f’ﬁt) — I} (Mg”g)_lgke”””

0£keZn

From Theorem [20] and Theorem [23] there exists C' > 0 such that
I =M < Ok P72, and  [[(\/ =M?) M| < ClIk| =P,
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as ||k|| — co. As f € H*'(T™), g € H*(T") and b € H*°(T"), using (3.20)), it follows that

cos(4/ —M,f’ﬂt)?keik'””
dP ~
‘ pm cos( —M,f’ﬁt)fkem'x

< Il

p Cp
< ||\ —M2P <
B H * = [Feff2=F=rr2”
HSiH(\/—M;f’ﬁt)(\/—M;f’B) "Bl < H VM)

18kll < 1

C

—1
il 4,8 \/ 65 55 ~ c?
dtp sin( \/ M"t) M) ge™ H ”ng < TR DE-2
8,8 58\—11> ik-x 5,8\ —1 202
COS _Mk: t)] —1 (Mk ) bke S 2H(Mk ) ~ W,

P
T |:COS (\/—M,?/Bt) —I] (M(S’B “hyeT

=T

as ||k|| — oo. The proof is complete by using Lemma [J] from Section [3.4.4]

I < e

[]
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Chapter 4

Discontinuity analysis and
semi-analytic spectral approximation

for the nonlocal Poisson equation

We study a one-dimensional nonlocal Poisson problem with discontinuous source and inves-
tigate both the analytical structure of its solutions and the design of accurate numerical

methods for resolving the resulting discontinuities. Specifically, we consider

Lu=f in
(4.1)

u=~= in Qy,

where b is a prescribed constraint on the interaction region, and the source term f has one
or more jump discontinuities in 2 while being otherwise differentiable. Here 2 = (a4, az) is
a bounded open interval

Qr = (a1 — 9, a1] U [ag,az +90)
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denotes the associated d-collar region, where § > 0 is the horizon. The nonlocal Laplace

operator is defined by

Lu(z) = / (uly) — u() K (z.9) dy (42)

where K is the interaction kernel.

Nonlocal diffusion and peridynamic models have attracted considerable attention because
of their ability to represent long-range interactions and to naturally accommodate defects,
interfaces, and fracture. In contrast to classical local models, nonlocal formulations incorpo-
rate interactions over a finite distance, which makes them especially suitable for describing
processes in which discontinuities play an essential role. For the nonlocal Poisson prob-
lem , well-posedness under standard assumptions on K is classical. For example, if
f € L*Q) and b € L?(), then there exists a unique solution v € L*(Q2 U ;); see, for

3992 Regularity, however, depends sensitively on both the kernel and the data. For

instance,
integrable kernels,® proved that if f € C'(Q), then the corresponding solution belongs to
W2(Q).

The present work is motivated by the observation that discontinuous data arise naturally
in nonlocal and peridynamic models, particularly in the study of fracture, interfaces, and
material heterogeneities. In such situations, it is not enough to know that a solution exists:
one must also understand how discontinuities in the source term influence the continuity,
differentiability, and singular structure of the solution. This leads to the first objective of
the chapter, which is analytical in nature. Assuming that f is CV away from its jump
set, we determine how discontinuities propagate through the nonlocal operator and how the

behavior of the kernel near the origin and at the horizon endpoints +0 controls the regularity

of the solution. Our analysis identifies three principal mechanisms:

e Discontinuity inheritance: under mild conditions ensuring that u * K is continuous, f is

continuous at z if and only if u is continuous at z (Lemma [10)).

o Singular behavior at the origin: if K, or one of its derivatives K, is unbounded at the

83



origin, then the corresponding derivative uU*" blows up at the jump location (Theo-

rems [40H42)).

e Horizon effects: jump discontinuities of K, or of one of its derivatives, at +0 generate a

cascade of derivative jumps in the solution at translated locations (Theorems 43H44)).

The second objective of the chapter is computational. From the numerical point of view,
a variety of methods have been developed for nonlocal problems of peridynamic type. The
work in™ provides an extensive discussion of numerical methods, including finite element, fi-
nite difference, and spectral methods, for approximating solutions of nonlocal models. Other
notable contributions to the computational treatment of peridynamics include the peridy-

namic differential operator method®®*3 the boundary element method for peridynamics®,

95HIT 72498H104

meshfree methods , and spectral methods

Modeling and resolving fracture and discontinuities is one of the key strengths of peri-
dynamic models. At the same time, the presence of discontinuities requires special care in
order to obtain accurate numerical approximations. It is well known that, in the presence of
jump discontinuities, standard high-order methods lose their nominal convergence rates un-
less the discontinuity is explicitly incorporated into the discretization. In particular, Fourier
and spectral approximations suffer from the Gibbs phenomenon, while standard finite dif-
ference and finite element discretizations for interface and jump problems typically reduce
to first-order behavior near the discontinuity unless special interface-aware corrections are
used2H1Y7 - Several studies have therefore focused on finite element approximations for peri-

1085 T particular, the work

dynamic models with jump discontinuities; see, for example,
in'% demonstrated that a discontinuous Galerkin method can achieve O((Ax)?) accuracy
both when the location of the jump is known and, through iterative refinement, when it is
unknown. However, finite element methods become inefficient when the grid size is much
smaller than the horizon §.

The main difficulty in applying spectral methods to fracture and discontinuity problems

in peridynamics arises from two distinct sources. On the one hand, the Gibbs phenomenon

degrades accuracy whenever Fourier-based methods are applied directly to discontinuous
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data. On the other hand, standard damage models do not always possess a convolutional
structure and therefore do not reduce to simple pointwise multiplication in the frequency
domain. The latter issue was addressed in™", where damage models based on pairwise
bond failure were replaced by a local material integrity indicator. It was shown in*%! that
this formulation enables spectral solvers to reproduce benchmark fracture results accurately,
thereby providing an elegant framework for dynamic fracture computations. Nevertheless,
because the method still requires the application of the FFT to discontinuous data, its
convergence rate remains limited by Gibbs oscillations.

To overcome this limitation, we introduce a framework that combines the regularity and
discontinuity analysis developed in this work, as described in Sections and [£.2] with an
accurate and efficient semi-analytic spectral approach. The guiding idea is that the analytical
description of the discontinuity structure should not only explain the behavior of solutions,
but should also be incorporated directly into the numerical method.

Motivated by the regularity theory developed here, the computational part of the chap-
ter introduces a semi-analytic spectral framework for discontinuous nonlocal problems. The
central idea is to transform the original problem into an auxiliary smoothed problem by
successively subtracting explicitly constructed correction functions that capture the discon-
tinuity structure of the solution. The resulting smoothed problem has improved regularity
and can therefore be solved much more accurately by a spectral method. The approxima-
tion to the original discontinuous solution is then reconstructed by combining the numerical
solution of the smoothed problem with the analytic correction terms. In this way, the regu-
larity analysis is used not only to explain the behavior of discontinuous solutions, but also to
design an efficient computational method that restores high-order accuracy while retaining
the efficiency of spectral solvers.

The remainder of the chapter is organized as follows. In Section 4.1} we state the standing
assumptions and derive a useful convolution representation of the operator. Section [4.2
contains the main regularity and discontinuity results, together with examples illustrating the
sharpness of the theory for several commonly used kernels. In Section we introduce the

successive smoothing procedure and the resulting semi-analytic spectral method. Section 4.4
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presents numerical experiments demonstrating the accuracy and convergence of the proposed

approach.

4.1 Preliminaries

4.1.1 Model assumptions

In this section, we state the standing assumptions on the kernel K and the source term
f. These assumptions on K are inspired by peridynamics and its applications to material

fracture and discontinuities.

Assumption (Al). The kernel K is a positive, radial and integrable kernel that is compactly

supported. Specifically,

p
K(x,y)=K(lx —y|) >0, forallz,yeQUQy,

K(lz —y|) =0, whenever |z — y| > 0, (4.3)

K(-) € L' R).

\

In addition, we assume that K is smooth away from the origin and the horizon endpoints

+0.

Assumption (A2). The kernel K is continuous on [—0,0) U (0,d] and C* on the intervals
(—0,0) and (0,9).

The behavior of K at 0 and £6 will be discussed in Sections and where we will
consider several cases of whether K is bounded/unbounded at 0 and whether K is continuous
or has jumps at +4.

Without loss of generality, we assume that the source term f has a jump discontinuity

at 0 and is otherwise differentiable.

Assumption (B). f has a jump discontinuity at 0. f is CN, in the intervals (a;,0) and

(0,as3), for some N € N. Moreover, f and all of its derivatives are essentially bounded on
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(al, ag).

The case of multiple jump discontinuities can be treated similarly by applying the same

analysis locally near each jump point. In particular, Assumption (B) implies that f € L?().

4.1.2 Convolution structure of the operator L

Before analyzing discontinuities in the solution, it is useful to first examine the structure of
the nonlocal operator when applied to functions with jump discontinuities. In particular,
the operator admits a convolution-type representation that isolates the contribution of the
kernel near singular points. This representation separates the effect of discontinuities in the
source term from the regularity properties of the kernel itself, and it will play a central role
in the analysis below.

This section develops the mentioned representation and establishes several auxiliary re-
sults that will be used throughout the remainder of the chapter.

Since K € L'(R), we use the decomposition

Lu=ux K — au, (4.4)

where o := || K||1(r), and u is extended by zero outside €2 U €;.

Lemma 10. Let f € L*(Q) and u € L*(Q U Q) be such that Lu = f in Q. Assume that

ux K € C(Q). Then, f is continuous at x € Q if and only if u is continuous at x.
Proof. This is a direct application of the decomposition in (4.4). ]

Thus, whenever u x K € C(f), the solution u and the source f have exactly the same
points of continuity and discontinuity. The following are examples in which the hypothesis

of the lemma is satisfied.
o If K € L*(R) and u € L*(QU ), then ux K € C().

o If K € L'(R) and u € L*°(R), then u* K € C(Q).
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The following is a result from®2.

Theorem 39. Suppose that K satisfies Assumption (A1). Letu € L*(QUQ;) and f € L*(Q)
such that Lu = f in €.

1. If f € L>®(Q), then u € L>®(Q).
2. If f € WHh2(Q) N L>(Q), then u € W12(Q).

Part (1) is Theorem 3.1 of*4 and Part (2) is a mild relaxation of Theorem 4.3 therein.
In Part (2), the original assumption is f € C'(Q); however, the same proof remains valid
under the weaker hypothesis f € W2(Q) N L*>(Q).

For k € N, define

.Z‘k

or(r) = ﬁX[o,oo)(l’), xr € R.

These functions serve as elementary building blocks for isolating jump contributions. Observe

that

Pen () = @n(z), T #0, (4.5)

and therefore, by (4.4)),
(Lprs1) (2) = Lop(x),  x #0. (4.6)

For a given kernel K, the functions Ly, can often be computed explicitly, and they will be
used repeatedly in the sequel.
Lemma 11. Let K satisfy Assumption (A1). Then,

1. Lyg € L2 (R) for all k.

loc

2. (Lyo) = K almost everywhere.
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Proof. 1. Observe that

00 oo , k 00 > .I'k
sok*K(x)Z/ sok(y)K(x—y)dyz/o y—K(y—x)dyz/ uK(Z)dZ

N Kl T
S (44 )k
:/x( _;! ) K(z)dz
(4.7)

Since K € L'(R), it follows from (4.7) that g+ K € L>(R). Note that 5, € L (R) by

loc

definition. From the decomposition, Lyy = g% K —agpy, we obtain that Loy € Lo (R).

2. In the case that k = 0,
5
o+ K (z) = / K(2)dz. (4.8)

Since K € L'(R), from the Fundamental theorem of Calculus, (¢o * K) = K almost
everywhere. Note that ¢f(x) = 0 for all x # 0. Differentiating the identity Ly, =
wo *x K — ayy for z # 0 completes the proof.

We denote the jump of a function ® at p by [®],, specifically,

(@], = lim ®(z) — lim ®(x).

z—pt T—p—

4.1.3 Differentiation under the integral

The next two lemmas provide the differentiation tools needed in the proofs below. Lemma
is the classical Leibniz rule on R, while Lemma |13| gives a measure-theoretic version suitable

for differentiating convolution terms under minimal regularity assumptions.

Lemma 12 (Leibniz’s theorem on R). Let g(z,y) be a function such that both g and g—g are
continuous in x and y in some xy-domain containing {(z) <y < {(z), ¢ < x < d. Suppose

that £(x) and ((x) are continuous and have continuous derivatives for ¢ < x < d. Then for
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(@) ¢(z)
! (/ﬁ g(x,ymy):g(x,<<x>>—g<m,s<x>>+ N

dr \ Jew) (z)

Lemma 13 (Leibniz’s theorem: Measure theory statement). Let X be an open set of R
and D be a measure space. Suppose that a function g : X x D — R satisfies the following

conditions:

1. g(x,w) is jointly measurable in (x,w), and is integrable over w, for almost x € X held

fixed.
2. For almost w € D, g(x,w) is an absolutely continuous funtion of x.

3. 0g/0x is locally integrable, that is for all compact intervals [a,b] contained in X

[

Then fD g(x,w)dw is an absolutely continuous function of x, and for almost x € X, its

%(x,w) dwdzr < 0.

derivative exists and is given by

d dg
4 do= | & .
T Dg(x,w) w /D (,w)dw

4.2 Effects of the regularity of the kernel on the solu-
tion

In this section, we investigate how the smoothness and singularity of the kernel influence the

behavior of the solution near discontinuity points of the source term.
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4.2.1 Unboundedness of the kernel and its higher derivatives

We first consider the case in which the kernel itself is unbounded at the origin. In this setting,
the singular behavior of K is transferred directly to the first derivative of the solution at the

jump point.

Theorem 40. Assume that the kernel K satisfies Assumptions (A1)-(A2), that K is un-
bounded at 0, and that K € L*(R).

1. Suppose that [ satisfies Assumption (B) and b € WY2(Qy). Then, for the solution
ue L2(QuUQp) of (A1), one has

[/ (0%)] = oo.

2. Suppose that u satisfies Assumption (B). Then, for f := Lu, one has

|f/(0%)] = oo

Proof. 1. Since u € L*(R) by zero extension and K € L%*(R), the convolution u * K is

continuous on R. From the decomposition

ux K —au=f in (),

it follows that u has a jump discontinuity at 0 of magnitude

where 0 < |co| < 0o. Moreover, u is continuous on Q2 \ {0}. Define

Up 1= U — CoPo- (4.9)
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Then ug € C°(Q) and ug solves

Lug = fo:= [ —colypo in €,
(4.10)

ug = b — copo in Q.

We now show that ug has enough regularity to differentiate the convolution term. Since
fo=[f—coLpo, f € L®() by Assumption (B) and Ly, € L>=(Q) by Lemma [} it
follows that fo € L*>(Q2). Moreover,

fézf/—COK

almost everywhere in €. Since f’ is essentially bounded on each side of the origin and
K € L*(R), it follows that fj € L*(Q2). Hence fo € Wh2(2) N L>(12). By Theorem [39]
we obtain ug € W%(Q). Since b € Wh2(Q;), it follows that

uy € WH(QU Q).

In particular, ug and its weak derivative uj, both belong to L?(2 U ;).

Consider

4

)
wo % K (z) = / uo(z — ) K (y)dy = / oz, 9)dy,

-4 -4

where g(x,y) := up(z — y) K (y). For each fixed x € €2, Holder’s inequality gives

g(z, )ler=ss) < lJuo(z — )26 | K | L2y < Mol 2@uan 1K || L2y < oo.

For fixed y € (=46, 6), the pointwise derivative

92



exists for almost every x, and is integrable in z because uj, € L*(Q U Q). Thus g is

absolutely continuous in x. Furthermore, for every compact interval [a, b] C €2,

b
(o) ays = [ ) e < (0= ) K 2y < o

Therefore, by Lemma

(Sag
(

5% x,y)dy = ug * K(z)

)@ = |

for almost every x € Q. Since uj € L*(R) and K € L?(R), the convolution uf, * K is
continuous on R. On the other hand, from (4.10) and Lemma

fo=1 —ck
almost everywhere. Because K is unbounded at 0 and 0 < |¢y| < 0o, we obtain
[£6(0%)] = o0

Using the decomposition

ug *x K — aug = fo,

and the continuity of (ug * K)', it follows that
[up(0F)] = o0
Finally, since u = ug + copo by , we conclude that
[W/(0%)] = o0

2. As in Part (1), since u € L*(R) by zero extension and K € L?*(R), the convolution
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u * K is continuous on R. From,

ux K —au=f in £,

it follows that f has a jump discontinuity at 0 of magnitude

[flo = —alulo,
and f is continuous on 2\ {0}.
Let
1
o = o = ~~ 1/
and define uy := u — copg. Since u satisfies Assumption (B), it follows that ug is

absolutely continuous and hence belongs to W1?(Q U Q). Therefore, by Lemma ,
(up * K) = uy x K

almost everywhere. Since uj € L*(R) and K € L?*(R), the function (ug * K)' is

continuous on R.

Let fo := f — coLyg. From the decomposition
ug *x K — aug = fo,

it follows that
| f5(07)] < 0.

On the other hand, Lemma [11] gives

fézf/—COK
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almost everywhere. Since K is unbounded at 0 and 0 < |cy| < oo, we conclude that

|f/(0%)] = 0.

Theorem [40| is illustrated by the following singular kernel:

c 3—0
5(557y):5(|$—y|):mX(—a,(S)(ﬂC—y), €5 = S5 0<pg<l

A direct computation gives

& (gtF — o1h), 0<uz<$,

—
is)

Lswo(w) = 4 £(817F — (—2)179), -5 <z <0,

otherwise.

o

It is immediate that

[(Lso)' (0F)] = oo

We next consider kernels that remain bounded at the origin, but whose first derivative is
unbounded there. In this case, the singularity is transferred to the second derivative of the

solution.

Theorem 41. Assume that the kernel K satisfies Assumptions (A1)-(A2), that K € L>(R),
that K' is unbounded at 0, and that K’ € L*(R).

1. Suppose that f satisfies Assumption (B) and b € WY2(Q). Then, for the solution
ue L2(QUQy) of (4.1), one has

[u"(0%)] = 0.
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60 - — S(x) 6 —— Lsyo(a)
50 - 1 -
40 - 2
30 - U
20 1 —2 7
_4
10
_6 =
D .
—9 ~1 0 1 2 —9 -1 0 1 2

Figure 4.1: Graphs of the kernel S(z) (left) and Lsyo(z) (right) for 6 = 0.6 and 5 = 0.4

2. Suppose that u satisfies Assumption (B). Then, for f := Lu, one has

|f7(0%)] = oo

Proof. 1. Since u € L*(R) by the zero extension and K € L*(R) because K being bounded
and compactly supported, the convolution u * K is continuous on R. From the decom-

position

ux K —au=f in (),

it follows that u is continuous on Q \ {0}, and that u has a jump discontinuity at 0 of

magnitude

where 0 < |co| < 0.
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Define

Uy := U — CoPo- (4.11)

Then uy € C°(Q) and solves

Luy = fo:= [ —colpy in €,
(4.12)

uy = b — copo in €.

Since K is continuous on [—d,0) U (0, d], it extends continuously to [—d,0] and [0, d].
Writing

44§

z+0
ug * K(x) = / uo(y) K (z — y)dy = / g9(w,y)dy,

-0 z—0
and applying Lemma [12| to each subintervals, we obtain

d x
| sewiy=gaa) =gz =)+ [

(z,y)dy
(4.13)

— o) K(0%) — up(e — 8)K(57) + / : wo(y) Kz — y)dy.

and similarly,

d z+4d

x40
[ sy =) ~gwa)+ [ ey

= up(z + 0)K(—6") — up(x)K(07) + /m ug(y)K'(z — y)dy.

(4.14)

Adding (4.13]) and (4.14)) together, we find

%(uo * K)(z) = K(=6")ug(x +6) — K(6 )ug(x — 6) + (K(07) — K(07))ug(x)

+ (ug x K)'(x)
(4.15)
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Since ug € L*(R) and K’ € L*(R), the convolution ug * K’ is continuous on R. There-

fore, (up * K)" is continuous on §.

From (4.12) and by Lemma[11] we have
i (l) =f =K

almost everywhere. Since f’ is bounded on each side of the origin and K € L*(R), it

follows that 0 < [[f{]o] < co. Let

so that 0 < |c;| < oo, and define

Uy 1= Ug — C1(p1. (4.16)

Then u; € C%(Q), u; is continuously differentiable on Q \ {£4}, and u; solves

Luy = f1:= fo—caLpy in €,
(4.17)

UL = b— CoPo — C1¥1 n Q[.

Applying Lemma [12| and proceeding as above, we obtain

A K@) = K (=5 (o ) = Ko = )+ (K(0°) ~ KOk (o)
s K) (o)

We now show that u; € WH2(Q U Q). Since

f1 = f —coLpo — c1Len,
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and f € L>®(Q2) by Assumption (B), while Lyg, Loy € L=(Q2) by Lemma [11] it follows
that f; € L*>(Q). Also,

fi=f—cK —ci1Lygg

almost everywhere, so f] € L*(Q). Hence
fi € WH(Q) N L>=(9).
By Theorem [39] this implies u; € W12(Q). Since b € W12(£y), it follows that
u; € WH(QU Q).

Therefore uj € L*(R).

By Lemma |13}

d / o /
@(ul x K')(z) = u} « K'(x)

almost everywhere. Since u| € L*(R) and K’ € L*(R), the convolution v} * K’ is

continuous on R. Hence implies
|(uy * K)"(0%)] < oo.
On the other hand, by Lemma |11}
U =f"—cK' — K
almost everywhere. Since K’ is unbounded at 0 and 0 < |¢g| < o0, it follows that
[f{/(0%)] = oo

Using the decomposition

uy x K —auy; = fi,
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we conclude that

[uy (0%)] = 0.

Finally, by (4.11) and (4.16),

lu”(0%)| = oo.

. The argument is analogous to that of Part (1). Since u * K is continuous on R, the

decomposition

ux K —au=f in €

shows that f has a jump discontinuity at 0 of magnitude

[flo = —alulo,
and is continuous on €\ {0}.
Let
co := [u]o = —é[f]m

and define uy := u — copp. Since u satisfies Assumption (B), it is C™ on (a1, 0) and
on (0,as), with a single jump discontinuity at 0. By construction the jump at 0 is
removed. Hence ug is continuous on € and remains C on each of the intervals (ay, 0)
and (0,az). In particular, ug is absolutely continuous on every compact subinterval of
), and its weak derivative agrees almost everywhere with the classical derivative on

(a1,0) U (0,az2). Since uy and ug, are both square-integrable on Q U €2, it follows that

Uy € W1’2(Q U Q[)
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Lemma [13| then implies (ug * K)" = uf, * K almost everywhere. As in (4.15)), we have

d
dx

+ (ug * K')(x).

——(ug * K)(2) = K(=6")uo(x + ) = K (07 Juo(x — 8) + (K(07) — K(07))uo(x)

(4.19)

Since ug € L*(R) and K’ € R, the convolution uy * K’ is continuous on R. Hence

(uo * K)' is continuous on €.

Define fy := f — coLypy. From

up * K — aug = fo,

it follows that f) has a jump discontinuity at 0 of magnitude

[folo = —afuglo.

Let

and define

Uy ‘= Ug — C1¥1-

Since 0 < |cy| < 0o, we may differentiate once more, as in (4.18)),

%(ul * K) (1) = K(—=0M)uj(z +6) — K(6 )uf(x —6) + (K(0T)
+%(u1 x K')(z)
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By Lemma |13}
(uy x K'Y = )« K,

almost everywhere. Since u; € L*(R) and K’ € L*(R), the convolution u} * K’ is

continuous on R. Therefore, from (4.20)),
|(ug * K)"(0%)| < oo.
Defining f := fy — c1 L1, the decomposition
uy x K —au; = fi

implies that
[f1(0%)] < oc.

By Lemma [T1],
{/ = f” — C()K, — ClK

almost everywhere. Since K’ is unbounded at 0 and 0 < |¢| < 00, it follows that

|f7(0%)] = oo

To illustrate Theorem [41] consider the kernel

— ylP
Plaog) = Plle o) =er (1= 50  xcanto - o= 0

which satisfies

|P'(0%)] = 0.
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A direct computation gives

.

cﬂx—é)—%@uﬁ—&*ﬁ), 0 <z <9,
Lrpo() =\ cp(a+0) — st (677 — (—2)*7) =0 <2 <0,
0, otherwise.

\

It follows that |(L,po)"(0%)] = oco.

80 — P(a) —— Lpyo(z)

15 1

10 -~

5 =

D -

—5 1

—10 1

—15 1

-2 -1 0 1 2 -2 -1 0 1 2

Figure 4.2: Graphs of the kernel P(z) (left) and Lpyo(z) (right) for 6 = 0.6 and 5 = 0.6

Theorems [40] and (1] admit the following generalization.

Theorem 42. Assume that the kernel K satisfies Assumptions (A1)-(A2), that
K K' ..., KUY e L®R),

that K9 is unbounded at 0, and that K9 € L*(R).

1. Suppose that f satisfies Assumption (B) and b € WY2(Qp). Then, for the solution
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uwe L2 (QuUQy) of (A1), one has

[+ (0%)] = co.

2. Suppose that u satisfies Assumption (B). Then, for f := Lu, one has

70| = o,

The proof of Theorem [A2] follows by iterating the argument used in Theorem (1] At each
step, one subtracts the appropriate jump component c¢,,p,,, differentiates the convolution
representation, and uses the singularity of K¥) at the origin to conclude blow-up of the next
derivative.

These results show that the regularity of the kernel at the origin determines the order of
derivative blow-up in the solution. In particular, the stronger the singularity of the kernel or

its derivatives at 0, the higher the order at which singular behavior appears in the solution.

4.2.2 Jump discontinuities at +¢

We next consider the effect of jump discontinuities of the kernel at the horizon endpoints £4.
In contrast to the singular behavior at the origin studied in the previous subsection, these
jumps generate a cascade of discontinuities in higher derivatives of the solution at translated

locations.

Theorem 43. Assume that the kernel K satisfies Assumptions (A1)-(A2), that

KK, . .. K9 . cL®R)

for all j, and that K has jump discontinuities at +9.

1. Suppose that [ satisfies Assumption (B) and b € WY3(Qy). Then, for the solution
u € L2(QUQy) of (4.1), and for every integer k > 1 such that the points +kd belong
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to 2, one has

0< |[u(k)]ik5| < Q.

2. Suppose that u satisfies Assumption (B). Then, for f := Lu, one has

0 <|[f"]s] < o0,

and

Fe =\ {0,£5)).

The jump propagation described below is understood only at translated points that
remain inside the spatial domain 2. Thus, whenever we refer to jumps at +kd, we implicitly

assume that these points belong to 2.

Proof. 1. Since u € L?(R) by the zero extension and K € L*(R) because K being bounded

and compactly supported, the convolution u * K is continuous on R. From

ux K —au=f in £,

it shows that u has a jump discontinuity at 0 of magnitude

where 0 < |¢g| < 0o. Moreover, u is continuous on 2\ {0}.

Define

Uy := U — CoPo- (4.21)
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Then ug € C°(Q) and ug solves

Lug = fo:= [ —colypo in €,

ug = b — copo in Q.
As in (4.15)), applying Lemma (12| yields

oy K)() = K(~5% o +8) — K (5 Yuafer — 8) + (K (0) — K(07)o()

+ (ug x K')(x).

(4.22)

Since ug € L*(R) and K’ € L*(R), the convolution uy * K’ is continuous on R. Hence

(ug * K)' is continuous on Q.

By Lemma [T1],
fé = f/ - COK7

almost everywhere. Because K has jump discontinuities at £, it follows that f) has

jump discontinuities at 0 and £4. Since (ug * K)" is continuous, the decomposition
ug x K — aug = fo

implies that u(, has jump discontinuities at the same points. In particular, using (4.21)),
we obtain

0< |[u/]:|:5| < 0.

Next, let
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where 0 < |¢;| < 0o, and define

Uy = Uy — 11 (4.23)

Then u; € C%(Q), u; is continuously differentiable on Q\ {£4}, and u; solves

Luy = f1:= fo—cLpy in €,

Uy = b— CoPo — C1¥1 n Q[.

Applying Lemma |12{ once more, as in (4.18]), we obtain

%(ul * K)(x) = K(=0")uy(z +0) — K(67)uj (z — &) + (K(07) — K(07))u) ()

+ K'(=6)ui(z 4+ 0) — K'(6 )uy(z — ) + (K'(07) — K'(07))uy ()
+ (ug x K")(x)

(4.24)

Since u; € L*(R) and K” € L*(R), the convolution u; * K” is continuous on R.
Moreover, by assumption, K(0%) = K(07), while K(—¢") and K(§~) are nonzero.
Since u; € CY(Q), v} € C°(Q\{%d}), and v} has jump discontinuities at +4, it follows
from that (uy * K)” has jump discontinuities at 0 and 426.

On the other hand, Lemma [11] gives

(R oy

almost everywhere, so f; has jump discontinuities at 0 and +4. Therefore, from the
decomposition

up x K —ouy = fi,

we conclude that u} has jump discontinuities at 0, +4, and +24. Using (4.21)) and
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(4.23), we obtain

0 < |[u"]425] < 0.

Repeating the same argument inductively shows that each further differentiation pro-
duces jump discontinuities at the next translated locations +k¢d, which proves the

claim.

. The argument begins as in Part (1). Since u* K is continuous on R, the decomposition
ux K —au=f in (),
shows that f has a jump discontinuity at 0 of magnitude

[f]o = —@[U]O,

and that f is continuous on Q \ {0}.

Let

where 0 < |cg| < 00, and define
Ug = U — CpPo-
Then uy € C°(Q). As in (4.22), we have

Ly ) () = K (=6 ol +0) = K (5 o — 8) + (K (0%) = K(07)uofa)
+ (ug x K')(x).

(4.25)

Since ug € L*(R) and K’ € L*(R), the convolution uy * K’ is continuous on R. Hence

108



(ug * K)" is continuous on €.

Let fo := f — coLpg. From the decomposition
up * K — auy = fo,
it follows that f} has a jump discontinuity at 0 of magnitude

[folo = —euglo,

and f} € C°(Q\ {0}). By Lemma |11}

I 6 = [~k
almost everywhere. Since K has jumps only at 44, we conclude that

Fec®@\{0,+£5))  and 0 < |[f]s| < oo

Next, let

1= [ulo = — (/i

where 0 < |¢;| < oo, and define u; := ug—cyp1. Thenu; € CH(Q). Let f1 := fo—c1 L.
As in (4.24]), we have

dd—;(ul x K)(2) = K(=0")uy(x +0) = K(07)uy (2 — 6) + (K(07) = K(07))uj (z)

+ K' (=0 u(x+0) — K' (6 )uy(z — 6) + (K'(07) — K'(07))uy ()

+ (ug x K")(x).

(4.26)

Since u; € L?(R) and K” € L*(R), the convolution u; * K" is continuous on R. Because

up € CH(Q), it follows from (4.26)) that (u; * K)” € C°(Q).
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From the decomposition

uy * K —au; = fi,

we obtain f; € C°(Q\ {0}). Using Lemma[11]

T oK — e K
almost everywhere, which implies

" e C'(Q\ {0,+£5}).
Repeating the argument inductively yields

fec=(Q\ {0, £6}).

Theorem [{43]is illustrated by the truncated Gaussian kernel

_|$ —yl de

Glo.9) = Gl —ol) = coewp (<520 ) xanlo =) o= g
A direct computation gives

TG (erf(S2) — erf(1)), —d <a <0,
Lepo(x) = M+CG (erf(%) — erf(1)), 0<xz <9,

0, otherwise,
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and

/ cGexp(_d—f), —d<x <, x#0,
(Lawo) (x) =
0, r<—0 or x>0.

This kernel satisfies the hypotheses of Theorem [43] Therefore,

LGg00 € COO(R \ {0, :E(;}) and 0< |[(LG§00)/]:N:5| < 0.

25 A
— G(x) 10 - —— Lgyo(x)

20
5

15 A
0 -

10
_5 -

5 -
04 —10 -

-2 -1 0 1 2 -2 -1 0 1 2

Figure 4.3: Graphs of the kernel G(z) (left) and Lgyo(x) (right) for § = 0.6

A closely related variant arises when K is continuous at 44, but K’ has jump disconti-

nuities there. In that case, the first nontrivial jump appears one derivative later.

Theorem 44. Assume that the kernel K satisfies Assumptions (A1)-(A2), that

K K, . . . K9 . cL®R)

for all j, that K is continuous at 0, and that K’ has jump discontinuities at 0.
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1. Suppose that [ satisfies Assumption (B) and b € WY2(Qy). Then, for the solution
ue L2(QUQ) of (@), and for every integer k > 1 such that the points +kd belong
to 2, one has

0< Hu(kJrl)]ik(;’ < Q.

2. Suppose that u satisfies Assumption (B). Then, for f = Lu,
0 < [[f"]as] < o0,

and

Fe =\ {0,£5)).

4.2.3 Compactly supported smooth kernel

We finally consider the case of a compactly supported smooth kernel. In this setting, no
new singular behavior is created by the operator, and the source term and the solution have

equivalent piecewise smooth regularity.

Theorem 45. Assume that the kernel K satisfies Assumptions (A1)-(A2) and, in addition,
that K € C®*(R). Let f € L*(Q) and v € L*(QU Q) satisfy Lu = f in Q. Then f satisfies

Assumption (B) if and only if u satisfies Assumption (B). Furthermore,
mwb:—éuwh k=012, .. (4.27)
Proof. Since K € C2°(R), the convolution u % K belongs to C*°(R). The decomposition
ux K —au=f

therefore implies that v and f have the same piecewise smooth regularity. The jump relation

(4.27) follows immediately by comparing the left and right limits of the derivatives at 0. [
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An example illustrating Theorem [45|is the kernel

Heo) = Ho =) = cwesp (1= D xcsnlo—0) (129)

4.3 Semi-analytic spectral method

In this section, we introduce a semi-analytic spectral method for the accurate resolution of
jump discontinuities in the solution of . The main idea is to transform the original dis-
continuous problem into a sequence of smoother problems that are better suited for spectral
approximation.

We begin with a kernel K € C2°(R) satisfying Assumptions (A1) and (A2) and assume
that the source term f satisfies Assumption (B). Then, u has a jump at z = 0 by Theorem .
To simplify notation, in this section, we denote a jump of a function g at 0 by [g] = [g]0o =
9(07) —g(07).

By Theorem , the solution u also satisfies Assumption (B), and

Wy _ _Lrew
[u™] a[f ],
for k=0,1,2,.... Let
1
Co :[U]I—a[f]a

and define

Ug = U — CpPo

on R. Since both u and ¢y belong to C*(Q \ {0}), it follows that uy € C*(Q2\ {0}).

Moreover, the jump at 0 is removed because

[uo] = [u] = colpo] = [u] = co =0,
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Hence ug € C(12), and therefor Lug := fo € C(2) by Lemma [10] Since

fo= [ — coLo,

Theorem [45] and Lemma [T1] imply that

We then define

U ‘= Uy — C11

on R. Since v} = u' — ¢y for all x # 0, we have vy € C(Q2) and v} € C(Q2\{0}). The jump

in the derivative is removed because
[uy] =[] — c1po) = [W] — 1 = 0.

Thus v} € C(2), which implies that both u; and f; := Lu; belong to C*(Q).

Proceeding inductively, we define the sequences {cx}, {ux}, and {fi} by

(

C = _i [flgli)l] ’

Ug = Uk—1 — CkPk;, (4.29)

\fk = fi—1 — Ly,

for kK > 0, withu_y =wand f_; = f. By Theorem and by repeating the above argument
inductively, it follows that
u, fr € C*(Q), k> 0.

This motivates the two successive algorithms, Algorithms [1| and [2| for resolving the jump

discontinuities in u.
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Algorithm 1 Successive smoothing procedure for constructing the function fj; and the
coefficients ¢y, ..., cp in (4.29)).

function sMOOTH(f, M)

Jaef
for k=0,1,2,....M do

Compute ¢ in (4.29)) symbolically > Magnitude of [u(®]

Compute Ly symbolically

Ji = Je—1 — ciLpy > fr € C*(Q)
end for
return fy, co, ..., cy

end function

Algorithm 2 Construction of the semi-analytic approximation to the solution of (4.1)).
function RESOLVE(f, b, M)

far, o, c1y ..o, car <—SMOOTH(f, M)

by <= b—copg —c1p1 — ... — CuPMm

Solve Luy; = far in €, wupr = by in Qf > Using a spectral solver
w4 Uy + Z/ﬁio CrPk > Semi-analytic reconstruction
return u

end function

One limitation of using kernels in C'°(R) is that their Fourier multipliers m, defined

through
Lu= miu,

are often difficult to compute explicitly. As noted in®?, this multiplier is a central component
of the spectral method. As a practical trade-off, we therefore reduce the regularity of K while

retaining enough smoothness for Algorithms [1| and [2| to remain valid up to a finite level M.
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For example, consider the kernel

k(o) = K=o = 55 (1 |52)) xcssto ), (4.30

03

Then, K € C3(R \ {0}), and one can verify that Algorithms [1| and [2| apply up to level

M = 4. Higher levels of smoothing can be achieved by choosing a smoother kernel K by a
slight modification to (4.30]).

4.4 Numerical results

In this section, we present numerical experiments illustrating the performance of the proposed
semi-analytic spectral method. We consider both manufactured solutions, for which the exact
solution is known, and a problem with a prescribed discontinuous source term, for which
the solution is computed numerically. In all cases, the results demonstrate that successive

smoothing significantly improves both accuracy and convergence.

4.4.1 Manufactured solutions

We begin with manufactured solutions u that are continuous across the interface between (2
and €);. For each such choice of u, the corresponding source term f and constraint b in
are generated from the exact solution. More precisely, f is computed symbolically from the
definition of the operator L in (4.2]), while b is obtained by restricting u to ;.

In Examples [I| and [2| we take Q = (—8,8), ¢ = 1.6, and use the kernel K given by
. We denote by N the number of grid points in €2, by M the smoothing level used in

Algorithms (1| and , and by u}! the corresponding numerical approximation.

Example 1. Consider the manufactured solution



This function satisfies Assumption (B). The corresponding source term f = Lu is com-

puted symbolically using MATHEMATICA; its explicitly given by

(
0, r < =6,

—3P(24 — 24€™0 + 24w + 1222 + 42® + z* 4 240 + 2426 + 12226 + 4236
+120% + 1220% + 62252 + 463 + 4263 + §%),
—0<x <0,
f(@) = § —2(120 — 120" + 120z + 6022 + 202° + 5z* — 1200 + 2405¢” — 1206
—60220 — 2020 + 6062 4 6022 + 302202 — 206° 4 408%€® — 2024°
+50% + 20°€”),

0<x<,

$em (=60 + 60 — 120e° — 206%¢° — §°¢°), x> 0.
\

We then solve (4.1 using the semi-analytic spectral method described in Algorithms
and 21

For each pair (N, M), we define the error by
E]]\\? = [|Uexact — UAN4HOO

The observed order of convergence is computed from the errors corresponding to consecutive
values of N.

Table [4.1] and Figure [4.4] show the effect of smoothing on the numerical approximation.
Without smoothing, the method exhibits essentially first-order convergence, reflecting the
influence of the jump discontinuity. A substantial improvement is already visible at smooth-
ing level M = 0, where the method becomes approximately second order. For M = 1 and
M = 2, the observed convergence rate is close to fourth order, while for M = 3 and M =4

the method exhibits very rapid convergence, with errors reaching near machine precision on
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relatively modest grids. These results clearly illustrate the effectiveness of the smoothing

procedure in restoring high-order accuracy.

N No smoothing Smoothing level M =0
L error Order L error Order
41 12.09 - 0.84 -
61 8.31 0.93 0.38 1.95
81 6.33 0.95 0.22 1.97
101 5.11 0.96 0.14 1.98
121 4.28 0.97 0.10 1.98
N Smoothing level M =1 Smoothing level M = 2
L error Order L error Order
41 3.26-1073 - 2.52-1073 -
61 5.94-1074 4.20 4.58 1074 4.20
81 1.86-10~* 4.03 1.45-10* 3.99
101 7.6-107° 3.99 6.0-107° 3.99
121 3.7-107° 4.00 2.9-107° 3.99
N Smoothing level M = 3 Smoothing level M =4
L error Order L error Order
41 9.59 - 1074 - 9.60 - 1074 -
61 1.62-107° 10.07 1.62-107° 10.07
81 8.77-1077 10.13 8.81-1077 10.12
101 9.05-1078 10.18 9.14-1078 10.15
121 1.64-1078 9.36 1.43-10°8 10.16

Table 4.1: Errors and observed convergence rates for Example(l|at different smoothing levels.

Example 2. Consider the piecewise smooth manufactured solution

(

sin(z +2), =< -2
u(r) = 0, —2<zr<4-
et >4
0
This function has jump discontinuities at * = —2 and x = 4. As in Example [I] the source

term f = Lu is computed symbolically using MATHEMATICA, and its explicit expression,
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assuming that 6 < 3, is given by

(

—22(—60cos(2 + x — &) + 60 cos(2 + = + §) + 120 sin(2 + )
—206% sin(2 4+ z) + 6° sin(2 + x)),
r< —=2-—09,
—21(—40 4 80z + 60x* + 402® + 5z* — 808 + 1200z + 1206z* + 2062°
+600% + 12062z + 300%2% + 406° 4 2063z + 56* — 120 cos(2 + = — 0)
+2400 sin(2 + x) — 400 sin(2 + ) + 26° sin(2 + z)),
9 f<a< -2,
— 1P (=8 — 162 + 122% + 82% 4 2 4 16 — 2420 — 24220 — 423§
+1262 + 2420 + 62262 — 85 — 423 + §* — 24 cos(2 + x — 0)),
—2<r< -2+,
0, 94 i<r<4-3,
— 05 (120e* — 24 — 136¢*x + 60e*z? — 12¢*2® 4 e*a* — 136¢*0
+120e*z0 — 36e*2?d + 4e*as + 60e*d? — 36e*1:0? + Geta?o?
—12e16% + 4etxd® + ),
4—0<ux<d,
— 45 (600e* — 120e”™° — 680e*x + 300ez? — 60e*x® + Heta?
+680e*0 + 240e6 — 600e*zd + 180e*z25 — 20e*z36 + 300e*H?
—180e*z:0” + 30e*z?6? + 60e53 + 40e”53 — 20e x> + 5ed? + 2e76°),
4<x<4+49,

$em074(—60 4 60e® — 1205¢° — 206%¢° — §%¢°), T >4+

The semi-analytic spectral method is then applied, with the smoothing procedure carried
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out separately at each jump.

101 A b P b R R LT T
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Figure 4.4: Observed convergence rates for Example [1| at different smoothing levels.

The corresponding results are presented in Table and Figure 4.5, The same general
pattern observed in Example (1| is present here as well. Without smoothing, the method
again behaves essentially as a first-order scheme. Once smoothing is introduced, the accuracy
improves markedly. At levels M = 1 and M = 2, the method achieves approximately fourth-
order convergence, while at levels M = 3 and M = 4 the method again displays much faster
convergence. These experiments confirm that the proposed approach remains highly effective

even in the presence of multiple jump discontinuities.

4.4.2 Arbitrary source term

We next consider the case in which the source term f is prescribed directly and satisfies As-
sumption (B), rather than being generated from a known exact solution. In this setting, the
choice of the constraint b on €); becomes important. If b is imposed arbitrarily, for example
by setting b = 0, then the corresponding solution generally develops jump discontinuities

at the transition between Q and Q;; see™ 12 Since Algorithms [1] and [2] are designed to
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N No smoothing Smoothing level M =0
L error Order L error Order
21 16.15 - 2.92 -
41 9.48 0.77 0.47 2.64
81 4.88 0.96 0.12 1.97
121 3.29 0.98 5.32 - 1072 1.99
161 2.48 0.98 3.0-1072 1.99
N Smoothing level M =1 Smoothing level M = 2
L™ error Order L error Order
21 2.60-1072 - 2.32-1072 -
41 2.72-1073 3.26 3.0-1073 2.95
81 1.76 - 10~* 3.95 1.93-107* 3.96
121 3.5-107° 3.99 3.8-107° 3.98
161 1.1-107° 4.00 1.2-107° 3.99
N Smoothing level M = 3 Smoothing level M =4
L> error Order L error Order
21 1.53-1072 - 1.53-1072 -
41 1.69-107° 9.83 1.72-107° 9.80
81 1.44-1077 6.87 7.98-1078 7.75
121 1.25-1078 6.03 6.87 - 107 6.05
161 2.21-107° 6.04 1.27-107° 5.88

Table 4.2: Errors and observed convergence rates for Example [2|at different smoothing levels.

address discontinuities generated by the interior source term, but not those induced at the
transition layer, such incompatibilities lead to a noticeable loss of accuracy.

To avoid this issue, we construct a compatible constraint b numerically as follows. Let f;
denote the level-4 smoothing of f produced by Algorithm [I} with corresponding coefficients
Co, C1, C2, C3, ¢4. We enlarge the original domain in to

V' =(-2-6,2+9),
with associated collar

Q) =(—-2—-20,—2—0]U[2+,2+20).
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Figure 4.5: Observed convergence rates for Example [2| at different smoothing levels.

The set ' U )} is then extended periodically, and the problem
Lwy = fa

is solved on the torus T. By, since f; € C*4(T), the corresponding solution satisfies w, €

C(T). We then define

4

Uapprox — W4 + E CrPk,
k=0

and set

b= Uapprox ’QI .

This enables the smoothing procedure to focus on the interior jumps of the solution and

allows the spectral approximation to recover high-order behavior.
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Example 3. We consider the source term

10
62 108’ 20
fla) = 622 + 0.8

tanh(3z) +1, =<0

This function satisfies Assumption (B). We take Q = (—2,2), 0 = 0.4, and again use the
kernel K from (4.30). We denote by N the number of grid points in {2, and by M the
smoothing level used in Algorithms[I]and 2} The corresponding numerical approximation is

denoted by uy’.

Since no exact solution is available in this case, we use the following error measurement
strategy. In Table we compute a reference solution uspprox 00 a fine grid with N = 401
points in €2, and define

M M
EN = |luy — tapprox|sc-
The associated convergence rate is estimated by

log(E%/E]]‘é)
log(Nz/N1) 7

where N; and N, are two consecutive values of N listed in the table.

We observe the following trend: higher smoothing levels lead to smaller errors and sig-
nificantly improved convergence. In particular, the transition from no smoothing to even
a modest amount of smoothing produces a substantial gain, while higher smoothing lev-
els restore the high-order accuracy expected from the spectral solver once the dominant

discontinuity effects have been removed.
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N No smoothing Smoothing level M = 0
L error Order L™ error Order
21 1.124 - 1.48 - 1072 -
41 0.569 1.02 2.72-1073 2.53
51 0.457 1.01 1.68 - 1073 2.22
81 0.287 1.00 6.33-107* 2.11
101 0.230 1.00 4.03-1074 2.05
N Smoothing level M =1 Smoothing level M = 2
L*° error Order L error Order
21 6.57-1073 - 2.05-1073 -
41 3.81-107* 4.26 7.21-107° 5.00
51 1.49-10~* 4.29 2.74-107° 4.44
81 2.27-107° 4.07 3.87-107° 4.23
101 9.23-107° 4.08 1.56 - 1076 4.11
N Smoothing level M = 3 Smoothing level M = 4
L®° error Order L error Order
21 1.28 1073 - 3.89 .10 -
41 1.66 - 107° 6.50 1.90 - 1076 7.95
51 4.12-107° 6.37 4.37-107" 6.73
81 2.21-1077 6.32 2.79-1078 5.95
101 5.46 - 1078 6.34 8.02-107° 5.65

Table 4.3: Errors and observed convergence rates for Example , using a reference solution
computed on a fine grid.
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