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INTRODUCTION

In 1912, Poincare described intuitively the concept of dimension, stressing
its inductive nature and the pessibility of decomposing a space into subSets of
lower dimensicn.

Before this time, mathematicians used "dimension" orly in a vague sense;

a configuration was said to be n-dimensional if n was the least number of real
parameters required to describe its points. Fallacies of this approach vere
exhibited by Cantor,and, especially, Peano during the last part of the nine-
teenth century. Cantor disproved the notion that a plane is richer in points
than the line, while Peano constructed wha£ is now known as his space filling
curve; this is z continuous mapping from the interval I = [0,1] onto the square
12 = I x I. The latter demonstrated that the "dimension" could be raised and
lowered by a continuous map.

Up to this time, it was not known whether or not the Euclidean n-space
and the Euclidean m-space were topolegically the same. In 1911, Brouwer
answered this question negatively, and more important, he later introduced the
notion of "Dimensiongrad", an integer valued function defined on the class of
all spaces which turned out to be a topological invariant. Moreover, he showed
that the "Dimensiongrad" of a Euclidean n-space is exactly n. The "Dimension=-
grad" of a space is now known as the strong inductive dimension of that space,
ef. [1.14].

While Brouwer was doing this important work, Lesbesque had taken another
approach to the same problem. He observed that a square can be covered by
arbitrarily small "bricks" in such a marner that no point of the square is
éontained in more than three bricks. He also noted that if the bricks were

sufficiently small, at least three of them had a common point. Similarly, he



observed that a cube in a Euclidean n-space could be decomposed into arbitrarily
small bricks so that at most n+l of these bricks met. Lestesque conjectured
that any deccmposition of this cube inic bricks wculd have at least n+l of the
bricks containing a commen peint. The conjecture was proved by Brouwer, and
this gave another topological invariant. This invariant is now known as the
covering (Lesbesque) dimension of a space, cf. [1.13].

We see that the new concepts of dimension gave a precise meaning to the
statement that a Buclidean n-cspace has dimension n. Another important feature
of the dimension was the wide class of spaces to which they could be applied.

In 1941, W. Hurewicz and H. Wallman published their bock, Dimension Theory,

which gave a dimension theoryrfor the class of all separabie metric spaces.

We note, that for this class of spaces, i1t was shown that the strong inductive
‘dimension used by Brouwer is equivalent to the covering dimersiocn of Lesbesque,
and furthermore, that both were equivalent to the weak inductive dimension
formulated by Menger and Urysohn.

In the last twenty-five years, advances in general topology have made
possible the development of a dimension thesry for general metric spaces. It
is this theory which will be presented here. However, rather than giving a
strictly traditional developmert, we shall use the approach that applies the
notion of normal families, first developed by W. Hurewicz for separable metric
spaces and later extended to general metric spaces by Morita. The purpose of
this approach is to demonstrate the usefulness of normal families in the field
of dimension theory.

In section I we shall state some noticns from general topology which will
be used throughout the paper. Alsc, certain notations will be introduced. We

shall then develop scme fundamental properties about normal families which we




apply in IIT to prove some notions about O-dimensional spaces, Repeating this
process, We develop aaditional properties for normal familiss which we apply in
V to obtain some characteristics about n-dimensional spaces, including the Sum
Theorem, Product Theorem and Deconposition Theorem. With this background, we
shall show that the notions of strong inductive dimension and covering dimen-
sion coincide on the class of metric spaces, and that they both coincide with
the notion of weak inductive dimension of the élass of separable metric spaces.
Section VII gives an extended decomposition theorem, while the last section
states some characterizations of dimension, specifically including an embedding

theorem.



I. PRELIMINAEIES

In this report, we assume a basic knowledge of general topology. However,
this section contains a review of some important notions we will be using.
Proofs which can be found in [1] will not be given.

Since every metric space is paraccompact, and in particular, normal,we be-

gin by discussing properties of these spaces.

1.1 Theorem A space Y is normal if and only if for each closed set F and each

open set G containing F, there exists an open set V such that Fc VcC VcaG.

1.2 Definition A covering {Aa | @ € & } of a space Y is said to be ﬁoint-
finite if for each point y in Y there are at most finitely many indices &

in o4 such that y is in A

1.3 Theorem (Shrinking Theorem) The following properties are equivalent:
(1). Y is normal.
(2). If {Ua | & € ¢A } is any point-finite covering of Y by open sets,
| then there exists a covering {Vﬁ | o € ¢4} of Y by open sets such
that V; « U, for each a in ok and V, is not empty whenever Uy 1s

not.

Coverings are important in the development of a dimension theory for gene-
ral metric cspaces. Thus, we shall now exhibit some notions about coverings, es-

pecially those related to refinements.,

1. Definition Let Y be a space and % = [Ua | @ € & } be an open covering of
I. Then a covering 8 = [DB I 8 € 8} is said to be a refinement of %,de-
noted by 8 < 91, if for every B in B there exists an @ in ¢& such that

D U.
8 '
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We say a covering 9 is an open (closad) ccvering if. each member of Y is
open (closed)_. Similarly, we call a refinement B of a covering open (closed)
if each member of B is open (closed).

A refinement of a covering may contain wrors sets than the given covering.
We shall call a refinement [BB | 8 €8} of {Aa | & € o4 } precise if B8 = ¢4 and

B c A for each a.
o (¢4

1.h.5 Defirition Let Y be a space and 9 an cpen covering of Y. Then % is szaid
to be a locally finite (= neighborhood finite) covering of Y if for each
point y € Y there exists a neighborhood ¥ of X that meets only finitely

many members of 9,

1.5 Theorem If the covering {Aa | 0 € 4 } of a space Y has a point-finite
(locally finite) refinement, {BB | B €8}, it also has a precise point-
finite (locally finite) refinement,, [CO‘. | @ € &Y. Furthercre, if each

BB is an open set, then each Ca may be chosen to be open.

1.6 Definition Let 9 ={U, | o € 4 ] be a covering of a space Y. For any
Bc Y, the set J [Ua l B N Uu # #} is called the star of B with respesct to

®, and is denoted by S(B,%).

1.7 Definition A covering 8 is called a barycentrie refinement of a covering

91 whenever the covering {S8(y,R) | ¥ € Y} refines 9.

1.8 Theorem Let Y be normal and ¥ = (Ua | @ € & } a locally finite open

covering of Y. Then % has an open barycentric refinement.

1.9 Theorem A Tl space Y is paracompact if and only if each open covering of

Y has a barycentric refinenent.



1.10 Definition A covering R = {VB | 8 € 8} is called a star refinement of the

covering Y whenever the covering St[VB,ﬁ} refines 91,

1,11 Theorem A barycentric refinement C of a barycentric refinement 8 of a

covering ¥ is a star refinement of 9.

Thus, the above theorems show that every open covering of a metric space
has a star refinement.

We now wish to fix wvarious notations that will be used throughout the re-
port. For any subset U of a space Y, we shall denote the bouncary of U in X by
B(U). If Uc A c X, then the boundary of U with respect to the subspace A will
be denoted by BA(U)' Furthermbre, if o = [Uy | o € A} is a collection of sub-
sets of a space Y, we shall denote the collection [B(Ud) | & € 4 } by BY).

For a family of collections {¥, | a € & }, we set

I@
A{Elqlaécﬁ'}={ﬂ[Ua|a€&}aneﬂaforeagh&ECA}.

We note that A{9, | @ € ¢4} is a covering of Y whenever each ch is a
covering of Y,

A collection 9 of subsets of a space Y shall be called a g-locally finite
collection wherever it can be decomposed into an at most countable family of
locally firite collections. It is well known that every metric space has a
o-locally finite basis. Howevor, we desire to choose this basis so that it
satisfies an additional property. To describe this property, we require the
following terminology.

If 91 is a collection of subsets of a metric space Y, we define the mesh of

%, dencied Ty mesh %, to be the supremum of the set {diameter U | U € u},

1.12 Theorem Let Y be a metric space with metric d. Then there exists a
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o-locally finite basis 31 = [J %, for the open sets of X such that
i=]

lin mesh ¥, = O.

ke i

Proof: For each positive integer i, let

c; =N, (3 | yen,
where

Nl/i (y) = {x € Y| dlx,y) < 1/i}.

Then, for each i, let ?,'.i be a locally finite refinement of Ci. By putting

u=({vlve %, 1= 1,2,...0,

we have that % is a c-locally finite basis for Y having the desired property.

Thus, the theorem is proved.

The basis constructed in the above E)roof shall henceforth be referred to
as the canonical basis.

At this time, it is convenient to define two important dimension funztions
for general metric spaces, nanely, covering dimension and strong inductive

dimension.

1.13 Definition Let M be a collection of subsets of 2 topological space X and
p be a 'point in X. Then by the order of 9 at p we mean the numter of
merbers of M which contain p, and we denote it by ordp?!. If there exist

infinitely many such members, then ordpSI = +eo,

The order of ¥ will be the supremum of ordp?I over p € X and will be deno-

ted by ord W.



1.1l Definition If for any finite open covering ¥ of a topclogical space X
there exists an open covering B such that 8 < ¥ and ord R < n+l, then X
has covering dimension < n, dim X £ n. The space X has covering dimension
n, dim X = n, if it is true that dim X < n, and it is false that dim X < n-1.
If the statement, dim X < n, is false for every integer n, then dim X = +e,

We define dim @ = -1.

1.15 Definition (a). A topological space X has strong inductive dimension -1,
Ind X = -1, if X = #.
(b), If for any two disjoint closed sets F and G of a topological space X

there exists an open set U such that
FcUcX -G, IndB(U) <n-1,

then X has strong inductive dimension £ n, Ind X £ n. IT it is true that
4
Ind X £ n, and it is false that Ind X € n-1, then Ind X = n. 1If the

statement, Ind X < n, is false for every integer n, then Ind X = +e,

We shall show that for any general metric space X, Ind X € n is equivalent
to dim X € n. There is a third notion of dimension which is called weak induc-
tive dimension. However, P. Roy [5] proved that it is not equivalent to the
two precedirg notions of dimension for general metric spaces. However, all

three agree for separable metric spaces.

1.16 Definition (a). A topological space X has weak inductive dimension -1,
ind X = -1, if X = @,
(b). 1If for every neighborhood U{p) of every point p in X there exists an

open neighborhood V such that



p € Vc U(p)
and

ind B(V) < n-1,

then X has weak inductive dimension £ n, ind X £ n, If it is trm.e that
ind X = n, and it is false that. ind X < n-1, then ind X = n. If the

statement ind X < n iz faise for every positive integer n, then ind X = +=,

1.17 Proposition Let b - [Ga. I a € N} be a2 locally finite system of open
sets in a topological space R and let {F I o € 0} be a systen of closed

sets such that FCL = Gc. for each ¢ € Q. Then
L
b = Atsu" R = Fa}
is a locally firite open covering of R satisfying
» b)) cg,.
Proof': Every non-empty set G' of b ' can be expressed in the form

(1) G' naa] [ﬁR-F]

where f* is a subset of Q. Since ¥ is locally finite, [’ is always a finite
set, We shall show that & ' is locally finite. Let p be a pcint in E. Then
there exists a neighborhood U(p) such that the set Iy(p) of indices & for
which U(p) N G, # @ is a finite subset of Q. If a set G' of B ', expressed |
in the form (1) intersects U(p), then Lc f’u(p). Hence the rumber of members
of Y ' meeting U(p) is finite. Therefore &' is locally finite.

" We shall now urove that &' is an open covering. Let p be a point in

¢'ed . 1rs U‘(p), then U¢y N Gy = @, and hence, Ur ) C R - Fg.
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Therefore,
N G (R-F)nupl-N & nup) ca
[ae.[' el [ae% (p)- ¥ 1= 8%

is a neishborhood of p. Thus G' is an open set. Finally if ¢'n Fa # ¥, then

¢' G, which shows tkat S(Fy, &') e gy for all F . This completes the proof.

1.18 Definition Let § = {F, |e€ch) and & = {Gct | @ € &} be families of
subsets of a space X. Then we say § is similar to }1 if for any subset R
of A, N FB is not empty if and only if N GB is not empty.

per pen

1.19 Proposition Let & = (o, | o €0} be a locally finite system of open sets
in a space & and § = {Fa | « €} a system of closed sets in R such that
Fa c Ga for each 4 in Q. Then there exists a system of open seis [Ua |

a € 0} such that

4
Facllac Un,CGo. s, 0 €Q
and

[ﬁa | a € A} is similar to N

Proof: Let us assume that the set of indices ¢ consists of all ordinal num-
bers which are less than a fixed ordinal wo. If we let ml be the system of
sets which are expressible as finite intersections F, N ... N F, of sets of
3 and are disjoint to Fl, then ml is locally finite, since J is lgcally fini;e.
Hence if we denote the vnion of all members of ml by Sl’ we have that Sl is

closed in R and Fl N Sl = f. Therefore, there exists an open set Ul such that

FcUcUcoa
1l 1 1l 1

and



i

Ul R - Sl.
If we let
9l = {‘ﬁl, 2 F3,...}

then 9!1 is similar to 3.
We shall now complete the proof by transfinite induction. For this pur-
pose, let us assume that for any B less than some fixed ordinal & < wO there

exists an open set U_ such that

B

FBCUBCUBCGB

and

!Iﬂ=[ﬁy|vSB}U{Fle<y<wo} is similar to §.

Now, if we let

’

u =8 =U Y | B<a}={Uylv<Ct]U{FB |¢$B<w0}s

or

= < -
B = {4 | v <w}

It is clear from the induction hypothesis that R is locally finite and
similar to . Hence, by the method described above, we can construct an open

set Uu such that
if
Fc:. (5] Ua o » o Gu.
and

o = (T < F <y <
=T lvsad uff |e<y<u])



is similar to §.

The system
= T 1
a [ba ] o€ Qb

of open sets has been constructed in such a way that it is similar to .

Therefore, the theorem is completely proved.

FE’\



IT. INTRODUCTICH TO NORMAL FAMILIES

Normal families shall be consistently applied to develop a dimension
theory for gereral metric spaces. Our immediate goal is to obtain those‘
properties of nomnral families which will be useful in discussing O-dimensional
spaces.

Throuéhout the following chapters, all spaces are ﬁetric unless the con-
trary is explicitly stated.

By a locally countable covering R of a space ¥, we mean a covering of Y
such thet for each y in Y there exists a neighborhood U of y that meets at most

countably many members of 8,

2.1 Definition We shall say that a family P of topological spaces is a
normal family if the following two conditions are satisfied:
(a). If Y is a subspace of a space X, and X is an element of 72 , then
Y is an element of 7 .
(b). If {Aa} is a locally countable closed covering of a space X, and

each subspace Aa is an element of %7, then X is an element of 7.
The following proposition gives a more applicable form of the definition.

2,2 Proposition A family %% is a normal family if and only if it satisfies
the following conditions:
(a). If Y is a subspace of a space X and X is an element of L, then
Y is an element of 72 .
(b'). 1If [Ai] is a countable closed covering of X, and each 4; is an
element of 9%, then X is an element of 77t .

(p'"). 1f {Au] is a locally finite closed covering of X, and if each Aa



is an element of 7, then X is an element of 9.

Proof: Since (b) is a stronger condition than (b') and (b“), ve need only

Asho\w that (b') and (b'") imply (v).
Let 71 be 2 familly satisfying (2), (b') and (b'') of the proposition. If

[Fu. | a € e} is a locally countable closed covering of a space X such that
each F, is an element of 7 , then for each point p in X we can fird a neigh-
borhood V(p) that meets at most countably many elements of [Fa] . Since X is
paracompact, and in particular, normal, 1,3 gives the existence of a locally
finite open covering {UB | B € 8} such that [Tfs | 8 € B} refines {¥(p) | p € xI.
'."L‘hus each UB intersects at most countably many of the {Fa} ywWhich implies by
(b') that each TJ'B is a memberrof Pn . But now ['U'B | 8 € )} is a locally finite

closed covering of X, each of whose members is an element of 9k so that, by

(b''), we have that X is a member of 7.

4

2.3 Definition Let %% be a family of spaces. We define 2n' to be a femily
of spaces such that ml = {X I for any pair of a closed set F and open
set U of X with F C U, there exists an open set V of X such that

Fc VcUand B(V) € 22t}.

2.ly Proposition Let X be a (metric) space and (Q.Ii} a countable collection of
locally finite systems 9, such that & = {U | U€n, i=1,2,...} isa
basis for the open sets of X. Let %4 be a normal family. If B(U) be-

longs to %n for each open set U of 9, then X belongs to 7',

Proof: Let F and G be a pair of subsets of a space X with F closed, G open,
and F € G. To prove the proposition, it suffices to find an open set V of X

such that Fc Vc G and B(V) € 2. By the normality of X, and in particular,
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1.1, we can find arn open set L such that Fe Lc T« G. Let 9, = {U(da) |

o € a}i}. For each point p of X we can find an open set U of 8 such that
peETU,

(1). Uc G, in case p € L, and

(2). TNI=¢incasep gL

We denote U by U{i(p), &(p)). Let Hj be the union of those U(i(p), o(p)) for

which i{p) = j and p is in L, and let KJ_ be the union of those U(i(p), &{p))

for which i(p) = j and p is not in L. Then Hj and K. are open sets, and, from
J

the locally finiteness of the ?lj , wWe have

B(Hj) = U (B(U(i(p), alp))) | i(p) = j, p €T}

and

B(Kj) c U {B(U(i(p), alp))) | i(p) = J, p £ L}.
It then follows from properties (a) and (b) of 2.1, that
(3). B(H,) € 7, B(K, ) € 7.
i %

Now let

Then



[
On

. x= U F,u(U T,
j=1 J j=1 J)

—
\n
S
.
-
£
n

g, ?5 cG QNI =4g,

o~
N
St
o
—~—
©
e
m

M, B(Qj) € .

The statement in (l}) follows immediately from the way the sets involved were de-
fined, while the statements in (5) are cotained from (1) and (2). To see (6),
we note that for each i, B(Pj) C:B(Hi), and since each B(Hi) is a member of 3
We See E(Pi) is in 9R. The remaining statenent of (6) is obtained similarly.

Finally, let
‘vV=X-Q.

Since QN L = @ and L is open, we have Y N L = @, which yields Fc Lc V.

On the other hand,

’

[- -] -]
V=X-0cXx- UQeU?P ca,
i=1 * 4= 1

so that

(7). FcVcoa.

Since P, = P, UB(P,), Q, = Q, U B(Q,), we obtain by (L) that
i i i i i i
- -] -}
8. X=PyuQu({U BEHYU(U B(Q,)
(i=1 1 ) (i=l & )

It follows from (5) and the openness of P that P N J = @. Hence
FNn BQ) = d.

By intersecting B(Q) with both sides of {8) we have
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B(Q) = U B(P) U U BkQ)
i=1
Thus, by virtue of (a) and (b''), B(Q) € 2. Recalling the way V was.defined,
it is clear that B(V) « B(Q), and hence

(9). B(V) € 7.

Consequently, V has the desired properties {7) and (9), so the proposition

is now proved.
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IITI. O-DIMENSIUNAL SPACES

The class of spaces having either strong inductive dimension equal to zerc
or covering dimension equal to zero will be referred to as O-dimensional spaces,
No ambiguity will arise from this, since the two nopions coincide on this set of
spaces, cf. [3.1]. 1In this section we wish to prove some fundamental properties
of O-dimensional spaces.

A necessary and sufficient condition for a space X to have strong inductive
dimension less than or equal to zero is the existence of an open and closed set
V corresponding to each pair of disjoint closed sets F and G such that Fa Vc
X-— G. We note that this is_equivalent to showing the existence of an open and

+

closed set V corresponding Lo each pair of an open set G and a closed set F

such that F € V c G.
3.1 Proposition For any space X, dim X < 0 if and only if Ind X < 0.

Proof: Assume that dim X < 0 and let F and G be disjoint closed subsets of
X. Then {X - F, X - G} is an cpen covering of X which has a precise open re-
finement of order 1. Let U be the member of the refinement contained in X - G.
Then U is an open and closed set satisfying Fc Uc X - G which implies, by
definition, that Ind X < O.

Conversely, assume that Ind X < 0, and let 9 = [Ul,,..,Uh} be an open
covering of X. Applying the Shrinking Theorem, 1.3, We obtain a closed re-
finement [Fl,Fz,...,Fn} of 9 such that, for each i = 1,2,...,n, Fi cu..

Since Ind X € 0, we can find open and closed sets [Vl,...,Vh] such that, for

each i, F, CcV, cU,, Let
3 1

i
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. n-1
Gn = Vn - U Vi

i=1

Then [Gi’G2""’Gh} is an open refinement of ¥ of order 1. Hence dim X < O

and the proof is complete.

3.2 Proposition Let A be a subset of a space X, If dim A < Q, thea for any
pair of a closed set F and an open set G with F ¢ G, there exists an open

set V such that

FcVecG, and

B(V) NA =4g.
/
Proof: By the normality of X, and in particular, 1.3, we may choose open

sets L and M satisfying
FclclcliMckco.

Also, since dim A < O implies Ind A < 0, there exists an open and clocsed set U0
of the subspace A such that TN 4 c Up ©MNA. We note that F U Uy and
(X-a)u (A - UO) are separated ssts. (F’Erﬁg NIX~c)Uu (A - UO)] o

(F U‘U;) N{x-a6)u (4 - UO)] = @). Thus, by the complete normelity of X,

we may find an open set V of X such that F U Ub cVand VNn[(X-6)U

(A - UO)] = . Consequently, we have Fc Vc G and (V- V) N A = g, This com-

pletes the proof of the proposition,

[--]
3.3 Proposition Let ¥ = Ljﬂi be a g-locally finite open basis for the open
i=1
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sets of X such that each memter U of ¥ is open and closed. Then dim X < O,

Proof: Let 92 be the normal fanily consisting of the empty set. Then for
each U € 9, B(U) € 7 ; this gives by 2.} that X is a member of #n'. The
definition of 22 ' shows that Ind X < 0, or equivalently, dim X = O, This con-

cludes the proof of the-proposition.

3.4 Proposition Let A be a subset of a space X. If dim A £ 0, then there

exists a g-locally finite open basis ¥ of X such that for each U in 9,

(T-u)na=4g.
- u .
Proof: Let ' = U o ={u | u €%, i=1,2,...] be the cancnical basis
T 4, 1 - I A |
for the open sets of X, where each ‘Jlt = [Um l a € W'] is locally finite.
i i

For each i, put.

u o= {y |Uia.€ﬂi’ UianA;‘QS}={Um|o.€ Ai }.

i in
Also, let
[}

mll
a = U u .
j=1 1

Then, by the normality of X, we may choose closed collections (Fiu. | 0 € K ”'l
i

such that each F, < U. and each F, is not empty. Now, since Ind & < 0, we
ie 10 o

can find collections {Bia | € c#''} consisting of open and closed sets of
i

subspace A such that

U

FaﬂACBiac -

i

for each a € (Ai, 1 =12, 00m »

By letting each V;, be an open set in X, such that Vig N4 = Bia.’ We see
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1 1 N
(v, | o € ‘Ai , 1i=1,2,...} U{Um | U, €W, Uy £ }
is the desired basis.

3.5 Proposition Let X be a space satisfying dim X < O. Then for any subset A

of X, dim A < 0.

Proof: By 3.L, dim X < O implies the existence of an open and closed g-local-
ly finite basis 9 for the topology on X. Thus {UNA | U € 91} is a g-locally
finite basis for the space A, and this basis consists of open and closed sets

of A. Therefore, it follows from 3.3 that dim A £ 0, as required.

3.6 Proposition Let {Fi | i=1,2,...} be a closed covering of a space X such

that for each i, dim F:i. < 0, Then Ind X < 0.

/
Proof: Let G and H be disjoint closed subsets of X. To prove the proposi-

tion, it suffices to construct an open and closed set V of X such that Hc Vc

X - G. Since F1 N G and F1 N H are disjoint closed subsets of Fl, we can find

an open and closed set U1 of F1 satisfying

Fl NH C:Ui C:Fl - G.

It follows from F1 being closed in X that H U Ul and G U (F1 - Ul) are closed

in X. We also note that H U Ul and G U (Fl - Ul) are disjoint. Thus, by the

normality of X. there exist open sets Vi and Wi such that

"HUU cV
Ul

l,GU(Fluul)CW,

1

and

vanlr-;zs.
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Similariy, Ind F2 < O implies there exists an open and closed set U2 of F2

satisfying

F F VcUuUcF -W cF. -aG.
NACE, QL clycf, =¥ ch

Again, since vl U, and Wi U, - U2) are disjoint closed sets in X, we can

find open sets Vé and H2 of X such that

v U v, W -U)ecw
1U2C2’ 1U(F2 2) 2’

and

V20W2-=ﬁ.

Inductively, We obtain the sequences {Ui | 1 =1,2,...3, {v, | & * 12 uwalds

and {Wi | 1 = 1,2,...}, which satisfy

2 FinHCUiCFi—G (i;—"l,2,...),
(2). Ui is open and closed in Fi (i =1,2,...),

. v UcVv,W - cCW.,VNW = dV, W a
(3. ¥, VeV, W U, -1)cH, Y NE, =0, ad T, W, sre

open in Fi (1 =2,...).
Putting

" -]
Ve U v, W= U,
i=1 i=1

we obtain by (3) and (0) that
VDo H, W>G.

Also, W and V are disjoint sets. (If not, there exist i and j such that Vi N

W, # 4. If we assume i is greater than j, we have that LALRA ¥ @, which is
J
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impossible).

Again, by (3),
W, 20U F - =F
vi U i i u( i Ui) i
which implies

[-<]
VYVUWD U F. =X.
j=3 1

Thus V is the desired set, and the proof is complete.

3.7 Proposition Let [ch. | @ € 4} be a locally finite closed covering of a

space X such that dim Fu'S 0 for every & in ¢# . Then dim X < 0.

Proof: Since [Fa l @ € ¢4} is a locally finite collection, there exists a
collection {U(x) ] x € X} of sets such that each member, U(x), is a neighbor-

hood of x which intersects only finitely many members of {Fu | € 3. Let

«
% = {J % be the canonical basis for X. For each i, let C, = {C ‘ B €ER.}
j=1 i : _ i B 1

be a locally finite open refinement of {U(x) | x € X} A QIi such that

lim resh Ci = 0, and each EB meets only finitely many members of {Fu | e € cdl.
i !

-]
Then for every g € UJ Bi, there exist finitely many indices a,l,a,z ,...,u.n such
i=1
_ n
that CE c U Fa. . Thus, it follows from Ind Fu < 0 for each @ in ¢4 and 3.6
1 7 ;

n
that Ind |J F, =< 0. Moreover, 3.5 then gives
=1 3

(1). Ind -53 < 0.
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: (- -]
By applying the normality of X we obtain an open covering & = |J ﬂi =

i=1
-]
{D | B €8} of X such that for each i, and for each B € 8, D c« C_ ard
i=1 B i i’ g P
' o
ﬁg # dif CB # @. For each B € U R , it now follows from (1) that we can
i=1 1

find an open and closed set W of Eé satisfying

Thus each Wé is contained in the open CB, so that Wé is open and closed in X.
[

Therefore, since {Hh | Be U ﬂi} is a basis for the open sets of X which
kvl

satisfies the condition of 3.3, we have Ind X < 0. This completes the proof

of the proposition.
3.8 Theorem The set Qﬁb of spaces for which dim X < 0 forms a normal family.
Proof: The conditions of 2.2 are satisfied by 3.5, 3.6, and 3.7.

Example 1 Any finite nonempty metric space is an O-dimensional space.

Example 2 Any countable metric space X has dim X < 0, Since every peint in
X is closed, 3.8 proves the above statement.

Example 3 Let J be the space of irrational real numbers with the subspace
topology of the Euclidean line, El. Then J is an O-dimensional space. To see
this, we first note that ¥ = (Ne(r) | r is a rational number and € is a.'posi_-:j
tive rational number} is a countable basis for El. This implies I N J =
(N(x) N | ¥ (r) € 9} is a o-locally finite basis for space J. However,
since each member of UN J is open and closed in J, it follows that Ind J < 0.

Therefore, J # @ gives Ind J = O.
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Exémplg_g The Euclidean line, El, is not O~dimensional. This follows from
El being a connected space, or equivalently, that o contains no proper, non-

empty, open and closed subsets.
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IV, MAIN THEQORSUS ON NORMAL FAMILIES

In this section, we wish to relate the notions of O-dimensional spaces and
normal families. The following theorems, when combined with our results about
O-dimensional spaces, will indicate a natural method to study spaces of higher

dimension.

L.l Proposition Let 7 be a normal family., If a space X belongs to ' s
then there exist two subspaces A and B of X such that X = A U B, A is an

element of 22, and Ind B < 0.

Proof: Let 8 = {u, | @ € ¢#} be the canonical basis of X. By applying the
Shrinking Theorem, we can find a g-locally finite open basis § = {Fa | @ € R}
of X such that for each o € <&, FCL c Ua. Since X is a member of -.m', there

exists a collection of open sets {Va | @ € ¢#] such that for each & in 4,

/

'FacvacUu
and
B(Va) € M.
Put
A =U{B(Vu) | a € A}
and

B=X-4,

Then [B(Va) | o € ¢4} is a locally countable closed covering of A, which, by
2.2, yields that A is a member of 2L,
If we restrict [Va | & € A} to B, we see that it becomes a g-locally

finite open basis of B consisting of open and closed subsets of B. Thus, by
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3.3,
Ind B = 0.
The proposition is now completely proved.

L.2 Proposition If A and B are subspaces of a space X such that X = A U B, A

is a member of 22, and Ind B < 0, then X is a member of 2n'.

Proof: For any pair of a closed set F and open set G with F ¢ G, there
exists, by 3.2, an open set V such that FC Vc G and B(V) N B = g. Hence we
have that the B(V) c A, By condition (a) of 2.1, we see that B(V) is an ele-
ment of 7x, which shows that X is an element of 2n'. This concludes the

proof.

The following theorem is the combined reéult. of L.l and L.2.

f

Lh.3 Theorem Let #mbe a normal family. Then a necessary and sufficient con-
dition that a space X belong to 71" is the existence of subspaces A and

B satisfying X = A UB, A € 7, and dim B < O.
L.i Theorem If 77 is a normal family, then ?72' is also a normal family.

Proof: ILet S € X, where X is an element of 9n'. It then follows from L.3
that we can find subspaces A and B of X satisfying X = A U B, with A in 74 and
Ind B <0, Since & € 92, it follows from the normality of the family ﬁthat
AN S is a member of 7R, Moreover, 3.5 gives that Ind (BN S) < 0, Thus, by
again applying ):.3, we obtain that S = (A N S) U (BN S) belongs to 7%, or
equivalently, 7A' satisfies (a) of 2.1.

To show (b'') holds for P1', we let [Fv | v <w} be a locally finite
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closed covering of a space X such that
(1). Fv € jﬂL', for every v < w.
Then each
(2)'G=F" F <\J
LB s UE Jue

is open in F , which implies it is an Fn set in Fv' But Fv is an Fc set in X,
v
so that ¢ is F in X,
v o
Since (1) implies that G is in 9?&', Wwe can decompose Gv as
v

G =A UB
.V v A

where

A € 7, and
v
Ind B < 0.
v

By (2) we have that qv and & are disjoint whenever v and |3 are different.
o
Hence each & is an F set in A = JfA_ | v <w}. Similarly B_ is F_ in B.
v o v AV c
Thus [Av l v <w} is a locally finite covering of A consisting of Fo sets,
each of whose members is an element of 77, which means that A is the union of a

locally countable closed collection, each member of which belongs to 72,

Since 7% is a normal family, it follows that
A€ .
Moreover, we have from 3.8 that

Ind B = 0.

Since
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X =4UB,
L.3 shows that

Xe 77m.

Therefore 71’ satisfies (b'') of 2.1. Similarly, we can show that 9% satis-

fies (b'). Thus 7' is a normal family, and the proof is complete.
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V. GENERAL PROPERTIES OF £ ~DIMENSIONAL SPACES

We now wish to obtain some properties one expects a dimension theory to
have. Our development will begin by combining previous results about normal
fanilies and O-dimensional spaces to obtain same properties of higher dimen-
sional spaces. Many of the results afe immediate; all that is required is the
following inductive interpretation of normal families.

Denote by QUL('l) the normal family consisting of the empty set. UNow, by

letting ‘nt(h+l) B Cah(h))l’ h=+1,0,1,..., we see that for each n, 5”L(n) is

the normal family cansisting of all spaces X with Ind X < n.

5.1 Theorem {The Subspace Theorem) If Y is a subspace of a space X, and if

the Ind X < n, then Ind ¥ < n,

5.2 Theorem (The Sum Theorem) If {Ad} is a locally countable closed covering

of a space X, where Ind Au < n for each member of Aa, then Ind X < n.

5.3 Theorem (The Decomposition Theorem) Let X be a space. Then Ind X £ n if
and only if X can be decomposed into the sum of n+l subspaces, each having

strong inductive dimension < O.

Example 1 The strong inductive dimension of the Euclidean line, El, is
exactly 1. To see this, we first note that E1 =Q U J, where Q is the set
of rational numbers in EV and J is the set of irrational numbers in El.
However, since Ind Q = 0, e¢f. [II, Example 2] and Ind J = O, cf. [III,
Example 3], the Decomposition Theorem yields that Ind El < 1. However, we
have already shown that Ind EL > 0, cf. [III, Example L), so we have

Ind EF = 1.
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S Theorem Let X = YU Z, If Ind Y<nm and Ind Z < n, then Ind X £ m#n+l,
Proof: By 5.3, we can decompose Y and Z such that

m+l

191 ¢

]
"

where Ind Yi €0 fori=1,2,...,ml

and

N
"

C

(X

where Ind Zj % 0 for j = 1,2, ceayntl,

Since

m+l n+i
= (L) vy m) o
it follows by the Decomposition Theoren that
Ind X < (m+1) + (n+l) = 1 = mn+l
as desired.

5.5 Theorem Let A be a subset of a space X. If Ind A < n, then for every
pair of a closed set F and an open set G satisfying F € G, there exists an

open set V such that
FcVc G, and
Ind B(V) NA<n - 1.

Proof: The proof shall be by induction.
For the case when n = 0, the theorem reduces to 3.2.

Let n > 0. Then by 5.3 there exist subsets P and Q of A such that Ind P <



n-1,Ind Q€ 0, and A = PU Q. From 3.2, it follows that there exists an open
set V such that Fc Vc G and B(V) N Q = #. Hence, we have Ind B(V) N A <

Ind B(V) N P< Ind Psn - 1, which completes the proof.

5.6 Theorem Let A be a subset of a space X and let Ind A < n. Then there

exists a Gb-set H such that
AcH and
Ind A = Ind H.

. Proof: In case n = 0, there exists, by 3.lj, a 0~locally finite open basis

#= U U of X such that each ¥; is a cover of X and such that for every U € ﬂ;
P i=]

| B(U)YNA=g. If we put

H=X- U B(V),
uén

then H is a Ga-set. Now, by letting

B={unu|uveul,

we have that R is a g-locally finite basis for the open sets of H such that for
UNHIin@, BH(U N H) € B(U) NH=¢g, Hence it follows from 3.3 that Ind H < O,
Also, if Ind A = 0, we have that A # ¢, and thus, Ind H = O, :
If n> 0, 5.3 gives the existence of n+l subsets Agshyseeah) of A satis- i
fying |
A= ;:%.Ai

and
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Ind Aiso (L& 0,1, 8500305
Thus the case for n = 0 implies that for each i there exists a Gb-set Hi such

n

that A, cH and Ind H, = 0. If we put H= |J H., then H is a G _-set of X

such that Ac H and Ind H € n, but Ind H 2 Ind A = n gives that Ind H = n, and;

A}

the theorem is completely proved.

5.7 Proposition Let A be a subset of a space X such that Ind A < n. Then
there exists a countable collection of locally finite open coverings, !Ii, .
such that ¢ = {U | U € Eli, i=1,2,...} is a basis for the open sets of |

X and Ind B(U)NA <n -.1 for each U € 9.,

Proof: Let {ai | i =1,2,...} be a countable collection of locally finite |

-]
open coverings of X such that & = |J Bi is the canonical basis for the open
i=1 i

4
sets of X. Then, for each i, let Bi be a barycentric refinement of ﬁi. It

follows that for each x in X, [St(x,gi) | 1 =1,2,...} is a basis for the

neighborhoods of x. Let Si

Shrinking Theorem to obtain a closed covering [Cm | @ € e# ] such that each
i

€ . ly the |
(D | o € ‘4:'.] For each 8, we now apply the |

Ciu c Dia' By 5.5, it now follows that there exist open sets Uia such that

GmcUiacDm for o € cﬂ-i, N (5 —

and
(1). IndB(Um)nAsn-l for o € uﬂ-i, i=1,2,...

Since u, is a refinement of f., and hence {St(x,!'!i) | £+ =1,2,...) is a basis

¢ -]

of neighborhoods at each point x of X, it follows that % = {J lli is a g-local-
i=l

ly finite basis of X satisfying (1). This completes the proof of the proposition.
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5.8 Proposition Let X be a space. If there existis a g-locally finite basis

f of X such that
Ind B(V) €n -1 for every V € f,
then Ind X < n,
Proof: To prove this we first put

~A=U{BW | ver]
and

B=R - A,

Then, since {B(V) | V € R} is a o-locally finite closed covering of A and
since Ind B{V) <= n - 1 for each V € 8, it follows from 5.2 that
Ind A <n - 1.

¥

Also, since R restricted to B is an open basis of B satisfying the condition of

3.3, we have
Ind B < 0O,
Therefore, by 5.l,
Ind X=Ind (AUB) <IndA +Ind B+ 1<n,
and the proposition is proved.
5.9 Theorem (The Prgduct Theorem) Let X and Y be spaces. Then
In<-i (XxY) < Ind X + Ind Y.

Proof: The proof shall be by induction on K = Ind X + Ind Y.



If X = -1, we have that either Ind X * -l or Ind ¥ = -1, Thus, X = g or
Y = @, which implies X x Y = # and the theorem holds.

We now éssume the theorem holds whenaver Ind X + Ind Y< K. let X and Y
be spaces suvch that Ind X € n and Ind ¥ £ m, where m + n = K. Then, by 5.7,
we can find countable collections of locally finite coverings ﬂi and ﬂi such
that W= U | v €, 1= 1,2,...} and 8 ={D | D€ By 1= 1,2,...} are bases

for the open sets of X and Y, respectively. Furthermore, these bases may be

chosen ir a manner such that

Ind B(U) sn ~ 1, for U € 9,
and '

Ind B(D) <m - 1, for D € 8.
If we put
R={UxD| U esti, D€ nj,' i=1,2,00e, j=1,2,...1,

then R is a 0-locally finite open basis for the product space X x Y.

Now, since

V) = () x ¥ ] Vet
By (Ux V) (Bx ,U,xV)U(UxBY(V)), for Ux V€A,

the induction assumption implies each sumnand is a closed set having strong
inductive dimension €« n + m - 1, and, by 5.2, we have that
Ind By.y (UxV)<€m+n-1.

Therefecre, by 5.8, we have that Ind (X x Y) € m + n. This concludes the

proof of the theorem.



36

After developing more material, we shall prove that Ind Re\"= 1, where
RN" is the set of points in the Hilbert space all of whose coordinates are
rational, cf. [VI, Example 3]. If we assume this result, the following example
demonstrates that the inequality derived in the last theorem cannot, in gene-

ral, be changed to equality.

Example 2 Since R&°= R‘\"'x R&" , Ind (R&"x R‘v’) < Ind R&°+ Ind R‘\,"

5.10 Theorem Let {X; | 1 =1,2,...} be a collection of O-dinmensional spaces.

Then Ind I{X; | i = 1,2,...} = 0.

Proof: For each X, there exists a countable collection {Qlij P 3= LeBgais} -
of locally finite open systems such that S.Zi = {U | U € uij’ i=1,2,...} is a ‘
basis for the open sets of X . Then o = {u]ue ﬁij’ =980 121
2,...} is a g-locally finite collection. If P; is the projection from NIX
onto xi, we have that [Pil(ﬂ) | vewu} ;s a subbasis for the product space
I'[Xk. Thus the basis determined by 9 is g-locally finite. Furthernore, since
each element of this basis has empty boundary, 3.2 implies Ind nXi < 0. This

proves the theorem.
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VI. EQUIVALENCE OF STRONG INDUCTIVZ DIMENSION, COVEAING DIMENSION

AND WEAK INDUCTIVE DIMENSION

In this section, we wish to prove that for every metric space X and for
every positive integer n, dim X < n is equivalent to Ind X < n. We will also
show that In the class of all separable metric spaces, the rnotion of weak in-
ductive dimension coincides with those of strong inductive dimeunsion and cove-

ring dimension.
6.) Proposition If F is a closed set in a space X, then din F < dim X.

Proof: Let C = {Cu | & € &} be ary finite open covering of subspace F.
Then for each o € ¢4 , there exists an open qi in X suchk that Ua nNerEe= Cc.
Since [Uﬁ | a € A} U {CF} is a finite open covering of X, dim X < n impliss
there exists an open refinement {VB | 3 €8} of {Ua | o € A} U {cF) satis-
fying '

order (VB | e €8/} sn + 1.
Then [Vé NF | B €A} is a refinement of {Ca | & € ¢4} such that
ord [Vs NF} <n+ 1.

Thus, by definition, dim F < n, and the proposition is proved.

6.2 Theorem Let R be a normal space, such that dim R < n. If Yy -
[Gd | o € O} is a locally finite covering of R, then there exists an open

covering 9 = {U& | 6. € Q) of crder < n*+l such that U&'C Gd for a in Q.

Proof: Since the theorem reduces to the definition of covering dimension in

case O is finite, vwe assume N = card Q %o be infinite and complete the proof



by transfinite induction.

Suppose_tﬁe theorem holds in case card ) < f# . Without loss of generalitly
We may assume b = [Gd. | o < ¥ 1.

Since 3 is locally finite there exists a closed refinement {FG. le <y}
of b . Also, for each o0 < ), we can find an open set Lu satisfying FU. = L& o
fa C:Gd. We shall now construct an opén covering {Na} by transfinite induction.

Assume that for any ordinal £ less than some fixed & < t‘? we have con-

structed open sets UBY(Y < ®¥) such that

(1). UBV=¢ forB<rY<N
2 U &L '
(2) BYCBnLY for y < B
3. F c U
(3) B YLSJB By

and -
(L). : ord U{U_ |vsBlsn+1

o<

Now we shall show the existence of open sets UO‘.Y(Y < N ) satisfying (1),

(2), (3), and (L4). If we put

‘,l s BY 3
we have
6). U = U L
( ) 1 BU B o= >

since UB < Lg and hence, the system {T | g <a}is locally finite. We shall
¥ ' BY

now prove that

(7). order {T{; | v <a} sn+ 1,
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To ses thiz we note that if

n+2 \
p € _i’l Uv
i=1 i

then there exist Ei <a, i=1,2,...,nt2 such that

n+2 j

and since there exists a P such that Bi s B<a, withy <8 fori=1,2,...,
i

n+2, we have

‘n+2

PGH[UL;U

Tnis contradicts (l).

Now, by 1.18 we know that there exist open sets v, for y < @ such that

(8). U' eV c7 oL
Y A4 Y Y
and
(93. {V& | v < a} is similar wo {u' | vy <,
Y

Also, by applying 1.17, we have that £ = A{Vﬁ, g - ﬁ&] is a locally finite

open covering of R which satisiies
(10). s(u',9) « v, fory<ae.
Y

Since we are dealing only with transiinite nurbers, we know that the
cardinal number of the family of sets |8 is not grezter thar the cardinal num-

ber of the set {y | v < 2]. Thercfore, since 6.1 yields that dim F& <



dim R < n+l, the induction assumption implies the existence of a system of open
sets {Hl | A € A} satisfying

FCLC%LJHX 2 ch Lc.’

(11). [ﬁi | X € A} refines B

order{Hx[)\eA}sn+l.

We may assume that {H)L | % € A} is locally finite because it refines the
locally finite collection B.
For all j < &, define
7 -— 1
U,.=Uf{H |HE nu #8
NENICE
Also, put
— ] r
u_ = H U = for vy < af.
o =UH I H N y ) y < a}

&

For v > @, put

Then the open sets Uay("' < ) satisfy (1), (2), (3), and (k). To prove this,

we need only to show

(12). order [{U‘; Uly | Y<edU Ul <n+ 1]

and
(13). | - quCLaﬂLy for vy < a.

By (10), (11), and the construction of the HX we have for ¥ < & that



Finally, if we put
U& = %}an for & < f?
we have from [Fu | « € 8 } forming a covering and (1), (2), (3), (L) that

U&CLQ.CGU.

and

Hence ¥ = [Uﬁ l a < ?Q } is an open covering of R whose order < n+l, To cee

this, we note that if

n+2

pe€E U U
i=1 %

then p € Uoigi, for o4 < & , 1 =1,2,.5.,n+2. Hence

P E chU 57 i=1,2,,..,n+2

for some B such that for i = 1,2,...,n+2

o, <8
and

This contradicts (l;), and so the theorem is completely proved.

6.3 Corollary Let X be a space. Then dim X < n if and only if for any open

covering ¥ of X there exists a locally finite open refinement B of % with

N



PR | o - =
(1h). oy © s\u?,..) cv, < VY c LY

and hence (13).

To prove (12), suppose

r,
X=N{u uvu_)nu

1
1 # 4
3=l Yy OV, X

where Yl < YZ < ...<y<kt.

Then, since U; N Uaﬂ =g for i = 1,2,...,r, we have
i

r ,
x*’-ﬂ(U nU)?‘ﬁ’
3=y ¥y o

so that (11) gives that r + 1 = n + 1,

If

/

r
X= N U ﬁ'v VA E

then by (7) and (8) we have
r
Xc r1v¥
i=1 i
and hence
r<n+l

is established by (7) and (9).

Thus, for any ordinal B < EQ , we have proved the existence of open sets

Ugy satisfying (1), (2), (3) and (L).

L3
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order B = p+l.

Proof: Assume dim X < n, and let ¥ be any open covering of X. Then, by the

paracompactness of X, there exists a locally finite open refinement of #l. The
corollary now follows from 6.2.
Conversely, we see that the given condition is stronger than regquired by

6.2, and the corollary is completely proved.

6.y Proposition Let tUc. | @ € &} be a localiy finite open collection in a
space X, where dim X < n, and let [Fu | @ € &} be a closed collection in
X so that Fa o Ua for every & in & . _Then there exist open collections
W&‘aé&}mﬁﬂ%‘uéﬁﬂsmh%%
Fh_c:Vﬁ C:VL c:w& c:Ua

and
!/
d W -7 € < n.
orer[o‘ ulu. Rlsn

Proof: For each & € A&, let ", - [Ua,

covering of X. Thus, we have that A{8, | @ €A} is a locally finite open

X - Fa_]. Then each QIQ is an open

covering of X,

For each point x in X, let N(x) be a neighborhood of x meeting only
finitely many of the [Fa}. If we take a common locally finite refinement of
A{%’(u | @ €AY A[N(x) | x € X}, it follows by 6.2 that there exists a locally

finite open refinement [N6 | 8 € A} of this refinement satisfying
order {N5 | 6 € A} < n+1.

Now let {K6 | 8 € A} be 2 precise closed refinement of {N6 | 6 € A}. For
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each Hb’ and Tor each Fa intersecting H&’ we define an open set NB(Fa) such that
(1). | K, © l.b(Fu) c ¥ aani =

and such that

. L}
(2). Nb(Fa) c Nb(Fa) c Na(Fa,) o1 Na(Fa.) c Na(Fu.) = NG(Fa) fore fa.

To do this, fix 6 and let F_ ,F ,...,F be the only members of {Fy | & € ¢4}

| W Ny On

which meet NG' By the normality of X, there exist open sets M6 ""’Mé such
1 n

that

N n 8, 8
Let
N(F )=M
87ey 8y
(F. ) =¥
N(F )=M
N(F. )=M .
L 5,

Thus, we obtain the NB(FG ) with the properties (1) and (2). Now let
i

v =U {N,(F,) | 8 € al.

Then, because {N | 8 € A} refires o and NG(FQ) < Ny © Uy whenever N, N Fy £ d,
W FevcecVl cu.
e have b o a by |
We shall now show that order {V& - v | @ € & } < n. Suppose not. Taen

there exist V. ,V i sV such that
u]-’ 0_2, > G‘n'-!-l




L6

n+l
{3). N (V. -V )#d, for distinct #., i
=1 %4 % 1’

1,2,...,n+l. Thus, by the

local finiteness of {N6 I 8 € A}, we know that each VCL is only a

finite union, and there exist N6 (Fa })s i=1,2,...,n+1 such that
i i

n

+1
(). N (N JT-N(F \N#8
424 ( 61 “i bi ai )
If 8; = Bj and i # j, then by (2), we have

e e ] L) )]

which is a contradiction to (3). Therefore, the members of {6i ] i 1.

n+l} are distinct. Lect

n+l
pe N _(_‘F-N (F )]
i=1
Then by (1),
n+l
(5)- PEU 6'
i=1 i

However, since {K& | 8 € A} is a covering of X, it follows that there exists a

K

s that contains p, which implies by (5), that & # 51, for L = 1,285 (o eomtd,

On the other hand, by (1) and (L), we have
n+l
i=2 “i

Thus

n+l | n+l

pEK N r] N c Ng M r1 N, »
& 16] 1=1 °%



k7

But this contradicts arder {X 8 € A} < n+l, so we have

5 |
b d ¥ - Y s n.
(6) orer{cl Va‘C‘.Erﬁ_r n
For each & € ¢4, let

'= -

u = (0, X B(V)1.

Since the local finiteness of {Uc.} implies [Tfa - VU | e € A} isa
locally finite collection, we can find, for each point x in X, a neighborhoed,
G'(x), of x which meets only finitely many members of {Tfa - T, | @ € 41,

For each G'(x), let
6(x) = ¢'(x) -U {B(Va) | x ¢ B(Va_)}-

Then G(x) is open. By (6), it follows that each G(x) meets at most n members

of [Vu -V | @ € A}. Now, let C be 2 barycentric refinement of
A | e € A ALS() | x€x3.

Then for each point x in X, St(x,C) meets at most n members of {Vu -V |

o € Al

Now, if we put

W =7 yS(B(V,C) , for eacha € M,
a

a
then
order {w&- T |« € AY <.
Since, if not, there exists an x and W_ ,...,W such that
el
n+l
x€ N W

i=1



which implies

n+l
x€ N su(v. )-7 7
i=1 L %7 oy

where the Vu are distinet ard each Vc meets some Ci € C. But then St(x,C)
' 1

meets n+l members of [Tfa = Vo | @ € ¢&#}, which is a contradiction, and we

have that {wa | @ € A} and {Vc. | & € &} are the desired covers. Thus the

theorem is proved.

6.5 Proposition Let [Ua | o € cﬂ’i], i=1,2,... be locally finite open col-
lections in a space X with dim X < n, and {F_ | o€ cﬁfi}, i=1,2,.e. be
e

closed collections in X such that Fc. c Ua fora € U :ﬁ‘i. Then there
i=1

(-~
exist open sets V. for & € |J €& such that
a’ izl i

FcVcV'cu
o (o 8 a a
and

[ -]
order {V -V |a€ U &1} <n,
G o & i=1 1

Proof: By applying 6., we obtain apen sets

7l
Va’ wg'L for every a € :ﬂ—l,

2 .2
Vo W,  for everya € cﬁ'l U cA‘z

Vj, Wj for every 0 € & U ... U &,
o o 1 3

4 & & o = 8 & @ . s 2 = B -« a *» o s & =
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such that
FcWewcecu,
o o o o
Vel w™ cow,
& o [+
and

(1). order {H‘;-ﬁilae cA-lU cﬂéU iin¥ ﬂj}sn.

Put

. [
V =UV, forace ;
o ij o’ ’ il:.J]_ wl

where the union is over the j such that @ € ¢&.. Then for each & in
J

.-
U ¢#., let i be the smallest integef such that ¢ € ¢&. . Then
izl 1 a lﬂ.
i - +1
(2). F cV0cVv cV cW® cuU,,
o o & o o a
Thus,
. FcVcVcu
(3) a o a a
and

V -V cwa - via.
a (o a a

But, then, by (1), we have

(L). order ['de ~ ¥ | o € CJ fﬂ"i] < n,
j=1

[
Therefore (2), (3), and (L) show that [Vu. [ a € U gﬂ'i} is the desired collec-
i=1



50

tion of cpen sets, and the proposition is proved.

6.6 Proposition If there exists a g-lccally finite open besis B of a space X

such that order B(R) < n, then Ind X < n,

Proof: Let B = {V& | @ € e&#3}. The proof shall be by induction. We note
that the case for n = 0 is simply 3.3. To show the proposition holds for n > 0,
We note that 2.l indicates that it suffices to show that for each V& in R,

Ind B(Va) <n - 1.

To prove this, we first note that if we put
'
R, = {B(Ya) NV | & € A},
then By is a g-locally finite basis of B(Vﬁ). Also, since
B(B(V&) n Vﬁ;) c B(&a)
4

we have that

order By (V) | V€ R} < order (B(v,\) [a' € A < n.

B(V,,

But since B(E(Vu) n va) = B(@) = @, it follows that
order {BB(Vd)(V) | ve Ba} <n-1.

Thus, by the induction hypothesis,

Ind B(Va) <n -1,

which completes the proof of the provosition.

6.7 Theorem For any space X, dim E < n if and cnly if Ind X < n.
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Proof: Assume Ind X s n. Then, by the Decbmposition Theorem, we can ex-
press X as
n+l
X= U A
i=l
with Ind Ai < 0 for i =1,2,...,n+l1,
Let % = {Uj ‘ j = 1,...5h} be an open covering of X.

For each Ai’ Wwe shall now construct an open covering [V§ | j= 1,2,4..,h}

such that

(1). order {v; 13=1,2,...,n} =1
and

(2). V% C:Uj for each j = 1,2,...,h.

J

We first choose a covering {Dj | 3 1,...5h} of A; which consists of open and

closed sets of Ai such that Dj € Uy for j = Tulse s sl Pubbine

Jj=1
V.=D. - U "
J J ka1 Dk

we obtain the desired coverirng of Ai.

For every point x in Vj’ we choose e{x) > O such that

I‘Ig(x)(x) N Ai C Vj
and

Where

_Ne(x)(x) ={y € x| d(x,y) < e(x)}.



Let
Wy = U () 000) | x € V3.

Then

Wi = {WJ | s gl S SR, . |

is an open collection of sets which cover Ai. We also note that Wj o Uj for

j=1,2,...,h and thus, by (1), we have

order ﬂ/l <1.

Hence

is an open refinement of % and it has order < n+l. Therefcre dim R < n.
Conversely, we assume dim X < n, fet Wi = {Ua l o € c/Pi}, 4 & 125 e

be a sequence of locally finite open coverings of X such that

1
mesh ari < 51_

Then, by the normality of X, we obtain a sequence of closed coverings Si =

{F, | @ € 3, i =1,2,... such that F U, for each a. HNow applying 6.5,

-]
we obtain open sets V, for ¢ in U cﬁ‘i such that
i=1

FaCVaCVaCUc‘

and

. -]
order [Va - Va la € 181 :ﬁ’i} < n.

52
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By the choice of the ﬂi, ir particular, mesh Ni <-%% » We have that
. 2

B o=V ae U oy
i=1

is a g-locally finite basis of X, and thus, by 6.6, we have Ind R < n, and the

theorem is completely proved.

When working with separable metric spaces, it is often convenient to use
the weak inductive dimension, cf. [1.16] Therefore, we now prove its equiva-
lence to sirong inductive dimension. First, however, we require the Subspace

Theorem for weak inductive dimension,

6.8 Theorem Let X be a separable metric space such that ind X < k. Then for

any Ac X, ind A < k.

Proof: The proof will be by induction on k. We note that the theorem is
trivially true for k = -1. Assume it holds for k = n - 1. Let x € X and V
a neighborhood of x in A, Then there exists an open set V' of X such that

VN A = V. Since ind X < n, we can find an open set U' in X satisfying

xet cv'
and

ind B(U') £ n - 1.
Then U = U' N A is an open set of the space A such that
x€EUcCVCA,

Furthermore, since B(U) N A is contained in B(U') in X, it follows from the

induction hypothesis that



ind B(U) N4 <n - 1,
Therefore

ind A g£n
and the theorem is proved.

6.9 Theorem Let X be a separable metric space. Then Ind X < n if and only if

ind X < n.

Proof: We note that since each point in a metric space is a closed set, the
proof of the "only if" part of the theorem is immediate., The proof of the "if"
part of the theorem shall be by inducticm.

It is clear that the theorem holds for n = -1, Assume it is true for any
space whose strong inductive dimension is n-l. Let X te a space with ind X <

n., Then, by 1.17, there exists a basis ¥ of X such that for every U in %
!

(L) ind B(U) < n-1.

Since X is a separable metric space, and thus second countable, there exists a
countable basis [Wi | 1 =1,2,...} for the open sets of X, For each W, and

for each x in Wi, there exists Ui(x) € 9 such that
If, for each i, we put
w,o={U;(x) | x €W},

then ﬂi is an open covering of Wi and thus has a countable subcovering Ci. Now,

by putting
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c = {U;(x) | U;(x) € Cyy 1=1,2,...)

we have that C is a countable basis of X and, in particuiar, is g-locally
finite. Also, from (1) and the induction hypothesis, it follows that for each

Ui(x) € C, Ind B(Ui(x)) <n - 1. Therefore, the theorem is proved by 5.8.

Exarple 1 The set R:r of points in the Hilbert cube Id; all of whose
-]

coordinates are rational has weak inductive dimension = 0. Suppose

a = (al,aQ,...)

is an arbitrary point in I;; and U 1s a neighborhood of a in Id} . By taking
n large enough ard p,, q; sufficiently close to a;, p; €33 €q, 1=1,2,...,n,

we obtain a neignborhood of a contained in U consisting of the points

X = (xl,xz,...)

4

of I whose first n coordinates are restricted by

Yo

1). . <x <q,
(1) p; <%, <q
and whose other coordinates are restricted by
lx, | < 1/4.
i

Now, let a € R&, + By taking p. and q, to be irrational, we have a neighbor-
° i i
hood V of a, each of wlose boundary poirnts has at least one irrational coordi-

nate. Hence V has empty boundary in th and we have ind Rh. = 0,
o °

Example 2 The set HJ‘ of points in the Hilbert space all of whose coordi-
-_— ]

nates are rational has Ind HJ‘ > 0.
0
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To show this, we will prove indla» > 0, Tnerefore, it suffices to prove
[-]

that any bounded neighborhood U in R of the origin has non-enpty boundary,

oy
Consider the line, -e < x <@, 0=x,= Xy T eee o This contains poirts ir
U and points in R‘w,° - U, Therefore, we can find a rational number 2y such

that the point

is contained in U and has distance less than 1 from %J‘ - U. Similarly, by
°

considering the straight line, Xy =g, - < X, < +%,0,0,..., We deternine a

point
pv = (al,az,0,0,...)

in U such that its distance fron %ﬁ' - U is less than 1/2
©

Inductively, vwe determire a sequence [pn} such that
P, = (al,a2,...,an,o,0,...),
where each B is rational, each B is in U and
R, -U} < §
d(pn: &o u) 1/n

Then

p = (aliag: .. ':ah;ah+1n Y

is a boundary point of U.

% s
We note that ¥ a
i=1

< d?, n=1,2,..., where d is the diareter of U,

1

L
hence ¥ ai < ®», and p is a point of the Hilbert space.
i=1
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Example 3 The space, Réﬁ , of points in the Hilbert space, all of whose
coordinates are rational has din de = 1.

To see this, we recall that we have just shown dim Rﬁ% = 1. We now shall
show that dim ENL < 1 by proving that each point in Rﬁ% can be surrounded by
arbitrarily small neighborhoods whose boundaries are O-dimensional, Let S =
{x | a{x,0) < 1}. It suffices to prove dim SN RRoS 1. For each peoint x in

S where

")

X = (xl,x

g3
associate the point
xl.-. (Xl,x_e_, ,-xi,. -).
2 i

We note that x' is an element of the Hilbert cube, Also, S has the property
that a sequence {pn} of points in S converges to a point p in S if and only if
the sequence of the ith coordinate of the {pn} converges the ith coordinate of
p for each i, JSince Iﬁ% has the same property, we see that the map from S

to Ty defired by x = x' is a homeomorphism onto a subset of I & But,
this homeaorphism sends S N de onto a subset of Hfﬁ; . Thus, since

dim R}: < 0, cf.(Example 1) it follows that dim (S N Ry ) < 0.
-]

]
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VII. GENERALIZATIUNS OF THZ DECOMPOSITION AND COVERING THEORERS

7.1 Theoren A space X has dimension < n if and only if there exists a

o-locally finite open tasis ® such that

order B(R) < n.

Proof: The "if" part of the theorem follows from 6.6, To prove the "only

if" part, we first let

be the canonical basis of X. Then, since X is normal, there exists a precise

g-locally finite open refinement

W={Wv|veitjl i

such that

Wcu
o o

-]
for eacha € U y@i. Now applying €.5, we construct open sets V& for a in
i=1

[ ]
U oﬂ& satisfying
1=}

Wh C:Vd c;UA

and

order [B(Vﬁ) ‘ a € ;ZQ a4&} <n.
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That R is a g~locally finite basis of X follows as in the proof of 6.7. Thus

B is the desired collection, and the theorem is proved,

7.2 Theorem Let {Gu. ‘ @ € & } be a locally finite system of open sets in a
space X and {F, | @ € ¢#} be a system of closed sets such that By & GO,’
for 0. € ¢, If A is a closed subset of X and dim A < n, then there
exist two systerﬁs {Ua | # € &Y and {Vy | @ € A} of open sets of X

such that
(1). FacvacvacUacGa, for a € &,
(2). order [('ﬁa-va)ﬂA | o € A} <n,

Proof: By 6.L, we obtain open collecticns [U& | e € A} and fWy, | @ € A}
such that

r
—- %
Fucwucwacuuc:f}a
and

order[(Uc't-Wa)ﬂA | e € A} =n,

Then, by the normality of X, we obtain the open collections {Va | @ € 4} and

(Ua | 0 € &} satisfying
= = 1
Fac:wacWac Vo © VQCUQCUG,CUG_CG&
Then, for each @ in &, we have
T -vcU -W
Utl Va . o

which gives
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order[(U- nAlo.Erﬂ']Sn.
7.3 Proposition Let X be a space such that dimX <n, If ¥ = L) QI is a
il

countable collection of open coverings such that ¥ is a basis for the

open sets of X, with order {B(U) | U € 9} < n, then dim n B(U N =
i=1

n-r for each finite system of distinct sets Ul,...,Ur of .

Proof: Let A = n B(U ). Then 9y, ={U' NA | U' €} is a locally finite
J=1 '

open covering of A where we assume each member of the collection is not empty.

Then H'= {w | W e ‘Jf, is= 1,2,...} is an open basis of A, Also, since

B (U NA)ecBU')YNAc ﬂB(U ) N B(U'), we have order {B (W) | WE W) s
j=1

n-r, which proves dim (A) < n-r, by 7.1, as desired.

!
7.4 Theorem Let {Ai | 1 =1,2,...} be a countable collection of closed sets

in a space X. Let [Gm |ae .}, 1 =1,2,... be a countable number of
locally finite open collections and {Fm | a € aQ-i}, i=1,2,... be a
countable number of systems of closed collections such that Fia. C Gio.
Then there exists a system of open sets H; , a € cﬂ'i, i=1,2,... such
that

(1) F, c H_ ic.’ o€ cﬂ'

(2). dim ﬂ B(H )n A.] < dim A, - r for any system of r distinct

=1 \)”.\J : J J

pairs (i\)’a\))’ v =1,2,...,r.

Proof: Let si, i=1,2,... be a countable collection of locally finite
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families of open sets such that mesh Si < %— and {D | pe Si, i=1,2,...} is
a basis for the open sets of X. HWow, for each i, let { Miﬁ ‘ B € Bi] be a
barycentric refinement of 8 . Thus, Fsip, g/i) | i = 1,2,...} is a basis for
the neighborhoods at the point p of X. Applying the normality of X, we now
obtain, for each i, a closed collection {Cia | o € cﬂ’i] satisfying C;0 © W40
since {G;, | a € &} U (W) | B € al} and {F) | o € #.1 U {Cg |

B € 91} are locally finite families with

FlaCGla’ for a € wl

and

qlB cC wlﬂ’ for B8 € Bl,

we can apply 7.2 and obtain open collections {h;-.a | « € cﬂ‘l}, {Lio. la € o‘?'l},

1 1 ,
[UIB | g€ al}, and {vle- | g € al} such that

4

1 oL 1
Fla CH]O.C H- < Llo. < Glc.’ for each a € U‘Pl,

1
1o
¢, et cul cvl cug, for eacn B €B,

18 18 18 18

and

order [{(LL . Hi'a Na lae At u [viB - Uia) na | 8e al}} < dim A,

Inductively, we obtain

c ut ! H LS B L for every a € rﬁ“i,

c c:U:!L c:U? CViDCTr'f
Z =

ip is . ip? for every B € R
b

i’
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i1 4 i i i-1 ,
Hku c H}lnc hkac: me Lkr:r_ , for every 0. € o, , k = 1,2,...,1,

_ ,  EE . FEEE :
Uisl C:U;éc Uisc:ViBC:V;B , for every B € Rk, k=1,2,...,1,
and
(1). order{[ii- i)nA (-\;T-Ui)ﬂA lee &, ,B€ER, k=1
ke B ' VkB T kp 3 k’ ie? !
2,...,i) < dim iy § = 1,2,000,1.

Let

|

Hkn = .LJ Hkn’ n € cﬂ'k

1:
and

e |

Moo ¥k
We have
B(H.) = U H - UJ BE_cl - H
e T T L -
and, similarly,
k k
B(U )c V' -U*,
(kB k3 k8

Therefore, by (1), it follows that for each j = 1,2,... the system
[B(Hiu) nas, B(Uis) N, | @ € A, B € A, 1= L2, wopr]

has order € dinm Aj. If we now note that [UiB | B € A, 1= 1,2,...} is a

basis, we see that if we restrict this basis to Aj, we may apply 7.3 and obtain



r
gim[ N BH, )NA| < dimA,.r
Lv=1 Wy 3] - d

for any r distinct pairs (iv,&v), v =1,2,...,r. Thus, the theorem is now

proved.
The proof of the following thecrem is included in the above proof.

7.5 Theorem Let Ai’ i=1,2,... be a countable number of finite dimensional
closed sets of a space X. Then there exists a countable collection of
locally finite open coverings ﬂi of X such that 9 = {U | U € ﬂi, i=1,

2,...} is a basis for the open sets of X and

r o
dim [Q B(U,) N Ai] < dim A, -r

!

for distinct sets U.,...,U_of 9,
1 r

We now have sufficient material with which we can prove a generalization

of the Decomposition Theorem.

7.6 Theorem Let A, i= 1,2,... be a countable number of finite dimensional

closed sets of a space X. Then there exists a countable number of sets

Pi’ i=0,1,2,... of dirmension £ 0 and a set P_ such that
=
[ -]
(1). X = iL;JO P, UF_.
nj
2), A, = A, ; = di .
(2) j jg% ( 3 n Pl), where n, dim Aj



Proof: Ilet % = Ni be a o-locally finite basis for the open sets of X,
i=1

with each‘.i!i a locally finite open covering of X. Also, by 7.5, ws may choose

8! so that

r
dim [le B(Uj) N Ai] < dim A;-r

for any r distinct sets Ul,...,Uh of .,

Put

r
L( N B(U.)), r = 1,2,...
TS ’

=
]

K =X,
/
Pr = Kr Kr+1’
and
o
P =N K
@ pr]. Tr

where the union is taken over all systems of r distinct sets Ul""’Ur of 9.

r
Since M restricted to [ B(U.) - Kr+1 is a basis for its open sets, and since

j=1
r r
for any U €, 5 0 [ O B(Uy) - ] =30 0 [ 1) 8] -y = e

have

r
dgim[ N BU,) - X ]so.
g1+ ™



But, since % is a g-locally finite open basis of X, we know that {B(U) ‘ UE€ 9'}

is a locally countable closed covering of P. which implies § = { ﬂ B(U ) -
. i=1

Ky | Uys...,U, €9} is also. Since each member of § is O-dimensional, we
have, by 3.8, that

dimP_=< 0
X

for r = 0,1,... .
Since (1) is obvious, we need only to show (2) to prove the theorem. To
see (2), we note that if din A. = n, it then follows from dim [ﬂ (B(U )n

A)]sd:l_mA that

n+l
P,=K -K,=U Jn B(U)nAi] U[ﬂ B(U;) M Ay

.U[fjlauj nAi]-g.

We obtain the following theorem as a direct consequence of T.L.

7.7 Theoren Let Ai, i=1,2,... be a countable numnber of finite dimensional

closed sets of a space X and [Gu | e € Uﬁ‘} be a locally finite open
covering of X, Then there exists a closed covering {-EE I ¢ € ¢4} which

consists of the closures of open sets Ha and satisfies the conditions:

ki H c©G,, &€ 1. 4

. dim [ ﬂ Hu n A;j] < dim Aj - r for any r+l1 distinct indices



indices CLO, coesll of .



VIII. CHARAGCYERIZATIONS OF DIMENSION

We have already seen some characterizations of dimension,cf. [5.6), [5.2)
] o 3 ]

[6.3], [7.1]). However, we will restate 7.l.

7.1 Theoretrn A space X has dimension < n if and only il there exists a oO-

locally finite basis B of X such that order B(R) < n.

8.1 Theorem A space X has dimension S n if and only if for every open collec=-
tion {U; | 1 = 1,2,...,k} and closed collection [E, | 4 =1,2,...,k) with
Fi c:Ui, there exists an open collection {Vi l is= 1,2,...,k} such that
Ficvic:U:.L
and '

order {B(Vi) | 1= },...,k} < n,

Proof: Since the "only if" part of the theorem is a special case of 6.5, we
shall prove the "if" part only. Let [Ui [ 1= l,é,...,k} be any finite open
covering of X, and [Fi | i = 1,2,...,k} be any closed covering of X such that
Fi c:Ui for i = 1,2,...,k, Then, by the normality of X and the condition of
the theorem, we know that there exists an open collection {Vi l i = 30 iwesk]

satisfying

Fc%cﬂcu for i = 1,2,...,k

i it

and

(1). order {B(YV,) | i=1,2,...,k} <.

Let
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then

order {G; | 1 =1,2,...,k} = n+l,
For, if p Were a point such that

PEG NG N...N G
L L 1042’

where
1. <i < ...<1
1

2 “n+2?

then We have

pE€ ('\?il - vil) n (Viz - viz),n " (Tiiml - vin+1)’
which contradicts (1).
Hence {Gi | i = 1,2,...,k} is a closed covering with order < n+l, and
G, €U, for i=1,2,...,%,

For each i = 1,2,...,k, let mi [Ui, X - Gi}. Also, for each point p in
X define Cp =X - LJ{Gi l p g Gi]. Then each Cp meets at most n+l members of
{c ,...,Gk}, since ord {G; | i = 1,2,...,k} < n+tl. Now, if we let § be a

barycentric refinement of {Cp | p € X}, and then choose 9 such that
(2). A< A ﬂi AR,
we see that for each point p of X

5(p,%) « St (p,n) © St

"
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for some p' € X and thus, for each p in X, S(p,) meets at most n+l members of
{o; 14=1,2,....k}.

By putting,
(3) . wi = S(Gi,ﬂ) )
it follows from Y < A Hi that

Wi cU;, fori=1,2,...,k.

1

Now, if we let 9 = [Wi ‘ i=1,2,...,k} we have order W < n+l, for otherwise

there exist i, < i < ... < in+2 such that W; N W N ... NW » # @, which

1 1 5 1n+
in turn inplies by (3) that there exist A; € 9, j = 1,2,...,n+2, such that
J n+2
A, NG #¢ andA; NA, N ... NA, Ag, Ifp€ N A then S(p,Y)

meets n+2 members of [Gl,...,Gk}, which is a contradiction. Thus, % is a
£

refinement of [Ui | i=1,2,...,k} of order £ n+l, so dim X < n, and the theorem

is completely proved.

8.2 Corollary A space X has dimension € n if and only if for every open col-
lection (Ui | i-= 1,...,n+l] and every closed collection {Fi l I =100

n+l}, there exists an open collection {Vi I i=1,...,n+1} such that

F& c Vi < Uy, for i = 1,2,...,n+l

and

n+l
N B(v;) = &.
i=1

Proof: Since the "only if" part is a direct consequence of the theorem, we

shall prove only the “if" part. Let {Ui \ i =1,2,...,k} be a given finite
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open covering of X and {Fi l i=1,2,...,k} be a given finite closed covering
of X such that Fi C:Ui for each i = 1,2,...,k. Then we number all the combi-

nations

C = {il,...,iml}
of n+l nurbers from {1,2,...,k} as

Cl, C2, *ee 3 Cm,

where m = ( k ) . By the condition and the normality of X, we can define cpen

n+l

sets Vi and Wi for i in Cl such that

F.cv“."cﬁcw}cu.
i i i i i
and
n{B(v:iL) | 1ec) =4
51 ‘ L and W
50, Wwe may define the Vi and i such that

=¥ i . _
n[wi-vi\lecl}—ﬁ.

Assume that open sets Vg and Wg, for i € Cj’ have been defined for j< £ .

Then, as above, We can define open sets Vﬁ and Wf for i in 9! so that if

.

2-1
ig U C,
k=1
then
, 1_=1_ 1
(1). F,cV;cVcW U,

if



£-1
i€ E& Ck’
then
J - wJ 9 _ =4 j
(2). Ficvicvicvic ic:wicwgcui

for every j for which 1< j<f® -1, i€ Cj’ and so that

2 .
(3). N{W; -7 |1eg =g
Let i, be fixed and let ,Pl be the largest index such that i, € Cg . Then if
we put
vi =U{vjf l-i € cif ’ A = 1:2300-,"‘]:
0 o ©
then
£
vi =V }.’
o 1
and
F. cVv. U, .
1 o 7o

Now, for.each f = lyee.,m, let

C’el = C,e

' '
Then, by the process just completed, we can construct Vi and Wi such that

both collections have the properties, (1), (2), (3) and also satisfy
IR A N
Fi»::vi cvi A <V, c:wicUi.

Then, for each i = 1,2,.;.,k, put

A =U{Vij'l 1€¢, L =1,2,...3.
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Then

F.cV. clU
i i i
and
9 2

B(Vi) c Wi - ¥y

for every ¢ satisfying 1 € Gy .

Thus, for every combination Cp of n+l mumbers from {1,2,...,k},
. i
ﬂ{B(Vi)|1€C;]cﬂ{n’i—‘fi|160,q}~¢-
Therefore, by the theorem, we conclude dim X < n, and the corollary is proved.

8.3 Theorem Let R be a topological space. Then with R as a metric space, dim
R =0 if and only if R is a dense subset of an inverse limit space of a

sequence of discrete spaces.

!

Proof: Assume dim R = 0. Then there exists a sequence, {Ni], of open

coverings of R such that for each positive integer, i, order 9Ii < 1 and

. = o
mesh !Ii < 2"1, Since R ¥ @, we may assume that each element of 8 = |J Qli
: 1=1

is nonempty. For each i, put R, = A jsiﬂjf' then R, = {Va | o € oﬂ*i} is an

open covering of R satisfying

(). ' order Ri < 1.
(2). . mesh @, < 271,
(3); R, ,q refines Bi.
‘e
(L). U R, is a basis for the open sets of R.

i=l
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Define a map f from Cﬁﬁﬁl to cﬁi by letting T (a) = § if and only if

i+1,1 i+1,i

Vﬁ C:Vb. This is well-defired because of (1) and (3).

If we consider the cﬂ&_as topological spaces, each having the discrete

topology, it is clear that { Gﬁi’ £,

.} is an inverse spectrum,
1+l,1] P

Define

by ={a ={a}m,... €2 N Vo, * @} .

We note that since mesh f, = 0, it follows that whenever Fh:l Vo, # 8, it
i T i

must be a single point,

We will now show that A_ is homeomorphic to R. Define ¢ to be a mapping

0
from Ao into R such that for each a in AO
- -]
ola) = v
2 )

where Tl; = p, | Ay where p; is the canonical projection of Ay into ¢A;. That
o is well-defined follows from the above remarks.
Let x be an element of R. By (1) we have that for each i, there exists exact]

one element V, of B, satisfying x € V. . OSince
G.i 1 Cti

v cV, , forevery i =1,2,...,
®i41 M

we have that

as= {al,az,...} € A,

and

p(a) = x.

Hence o is a surjection.
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Let a and b be distinct points of AO. Then there exists an i such that
Hi(a) ¥ ni(b). Since Vﬁi(a) n vﬂi(b) = @, by (1), we have ©(a) ¥ o(b). There-
fore v is an injection.

To see that © is an open continuous map, we note that
(5)- o [n7Mm (2] = v
iMy n;(a)

for every a in A and for every i = 1,2,... . Since ¢ is a bijective, it

0
follows from (5) that

(6). H;_I(Hi(a)) =gt [vni(a)] )

for every a € Ay and for every i = 1,2,... . But

=
191 By = [Vni(a) | a € hgs 1 = 1,2,...)
/
is a basis for the open sets of R and {Hiln(a) | 2 € Ay and i = 1,2504.} is a
basis for the open sets of Ag; so that ¢ is open by (5) and that ¢ is con-
tinuous by (6). Thus ¢ is a homeomorphism.
To complete the "only if" part, we only need to show that A, is a dense

forms a basis for the open sets of A, it suffices to show that each set of the

form p{l(ui), oy € cﬁ}i, contains a point of Aj. Since V, # ¢, there exists

!

a sequence [Vs} such that By = @y andi? ij # ¥; hence p;l(ai) contains the

=1 \ &
point © D} Vﬂj] of Aj. .Thus AO is dense in A.

Conversely, assume that R is homeomorphic to a dense subset of an inverse
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Jimit space of a sequence of discrete spaces, A Since discrete spaces are
E P )

i.
metrizable and O-dimensional, nAi is metrizable and O-dimensional, where the
latter follows from 5.10. Consequently, any subspace is metrizable and

O-dimensional., Since R is homeomorphic to a subspace of nAi, R is metrizable

and O-dimensional,
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A dimension theory for general me%tric spaces had been established. This
paper will offer a different approach to the developmert of this dimension
theory by applying the notion of normal families, A family L of metric spaces

is said to be a normal family if it satisfies

(i) if ScRand R € 91, then S € 9

(11) if {F& | Yy € '} is a locally countable closed covering
of a space R such that FY € I for each vy € L', then
RE . |

We begin by proviné that for each integer n, the class of n-dimensional
spaces is a normal family. In section V, we apply this result to obtain
many theorems of the dimension theory, including the Sum Theorem, Product
Theorem and the Decomposition Theorem.

The approach of normal families leads to the proof that EOVering dimen-
sion and strong inductive dimension agree on the class of all metric spaces.
In section VI we prove this result and also show that the above two notions
of dimension also coincide with the notion of weak inductive dimersion on
the class of all separable metric spaces.

We next give extensionsof the Decomposition Theorem and the Sum Theorem.
Finally, some characterizations of dimension are given, including an embed-

ding theorem,





