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Variational principles for resonances. I

A.G. Ramm?®

Department of Mathematics, Kansas State University, Manhattan, Kansas 66506

(Received 23 June 1981; accepted for publication 7 August 1981)

Variational principles for calculating the complex poles of Green’s function are given.

Convergence of the numerical procedure is proved.

PACS numbers: 03.65.Nk

1. INTRODUCTION

This note is a continuation of Ref. 1, where the follow-
ing problem was considered:

(=VP—kHu=0 in £, u|,=0. (1)
Here {2 is an exterior domain, I is its closed smooth bound-
ary, and D = R’\ £2 is bounded. Problem (1) has nontrivial
solutions if and only if {(=iff} k is a complex pole k, of the
Green’s function G (x,p,k ) of the exterior Dirichlet problem.
In Ref. 1 a stationary variational principle for resonances,
i.e., complex poles k , was given

k?=st{(Vu,Vu)/(uu)}, (2)

where st is the symbol of stationary value,

(u,v) = lim
€— + 0,

f:fn, r=|x|. (3)

In Ref. 1 the test functions for (2) were taken in the form

N .
uy = r7explikn) 3 3t Yt (4)
j=0

exp( — erln rju(x)v(x) dx,

where n = x|x| ', Y, are the spherical harmonics, c;,, are
constants, & is a parameter, and g(x)>0 is a fixed smooth
function vanishing on I" and equal to 1 outside of some ball
containing D. It was not proved in Ref. 1 that the numerical
procedure suggested there converges. The question formu-
lated in Ref. 1 concerning the justification of the numerical
approach is still open. The purpose of this note is to formu-
late another variational principle for calculating the com-
plex poles &, and to prove the convergence of the numerical
procedure. The method in Ref. 1 is similar to Ritz’s method.
The method suggested in this note is similar to Trefftz’s
method. The advantage of this method is that one deals with
the compact operators, while in Ref. 1 the operator was not
compact. Qur construction is natural in the framework of
the singularity and eigenmode expansion methods.” The
convergence of the method will be proved. A result which is
of general interest, as it seems to the author, is a construction
of a stationary variational principle and a proof of conver-
gence for a class of non-self-adjoint symmetric operators
(B * = B), which occur frequently in the scattering theory.

“Supported by AFOSR 80024; AMS subject classification 47A 10, 78A45,
81F05, 35J05.
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Il. A VARIATIONAL PRINCIPLE

The starting point is the following observation: £ is a
complex pole of G (x,p,k ) iff the equation

Af—:*Jrg(s,t,k \f(t)dt =0, Imk <O,

gls,t,k) = explik |s — t|)/(4m|s — t]), (5)

has a nontrivial solution. This observation and some conse-
quences are discussed in Ref. 3. For the convenience of the
reader let us note that

- 9G (1.2)
G=g fr glx,1,2) ay, d, (6)
where NV, is the unit outer normal to I” at the point . If kisa
complex pole of G of order r one can multiply (6) by (z — k)"
and take z—k and x = sel". This yields Eq. {5) (see Ref. 3, pp.
290-291) with f=0.

Let us formulate the following variational principle

F(f)=|4f|t = min, || fl|=1, {7
where | f|, is the norm in the Sobolev space H, = W4(I"),
I £l = | fl,. From the above observation it follows that (7)

has solutions and the min is zero if k = k, where k, are the
polesof G (x,y,k ). Ifk #k, theninf, ;, _, [4f], > 0. Indeed, if
there exists a sequence || £, || = 1, |4f,|,—0, then
Jo—=Al fil = 1, Af =0, and therefore k = k, (see Ref. 3, p.
291). The only point which is to be explained is the conver-
gence in H: f, —f. In Ref. 3 it is explained that 4 is a pseudo-
differential operator of order — 1, that is,

al'f}p—]<|Aflp<aZ'flp—l‘ {8)
Here a,,a, > 0 are some constants, — o <p< w0 if'CC™,
and the fact that K 7k, was used essentially: if kK #k_ then
kerA=[ fi Af =0} = [0} and 4 maps H, onto H,, _ ,. If
[Af,|;—0and | f, || = 1, then (8) with p = 1 shows that
|| £..||—0. This contradicts the equation || f, || = 1. Therefore

ilnf Af] >0 if Kk #k,. (9)
Slf=1

Consider a numerical method for solving problem (7).
Let { f;} be a basis of H,

f=f"=3cf (10

J=1
The necessary condition for £{ f} to be minimal and
min F(f") =0, || /|| = 1, yields:

S 4e. =0 1<j<n, (1)

m=1
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ajm = jm(k) =(Afm!Afj‘)l Z |c |2>O (12)
j=1
Thus
deta,, (k)=0 1<jm<n. (13)

Let k" denote the roots of Eq. (13). Our first result is

Theorem 1: There exists lim, . k" =k, and k, are
the poles of Green’s function G (x,p,k ). Every pole &, isalimit
of a sequence k ", where & "' are the roots of (13). Conver-
gence is uniform in g for any finite interval 1<g<Q.

Proof: We will prove that: (i) Eq. (13) has roots in the
circle |k — k| < € for any fixed € > 0 however small if
n > n(e) is large enough. (ii) If n > n(€) and there are no points
k, in the circle |k — z| <€ then Eq. (13) has no roots in the
circle |k — z| < €. An important part of the proof is the re-
duction of the problem to the problem with the operator
I+ T'(k), where T (k) is compact.

Let us fix € > 0 such that in the circle [k:|k — k| < €}
= K, therearenoother poles. The operator4 = A4 (k )canbe
written as

A(k) =AM+ T(k]], (14)
where
Ay=A(0), A¥=4,>0 in H=LXI),
fat
Ao = f darr,’ (13)
and
Tk)=4, '([4(k)—4,]. (16)
The operator A(, is a bijection of H, onto H, , |;
by| flo<|40S11<b2| fosb1,b2 = const > 0, (17)

while T (k) is compact as a map H,—H,, (see Ref. 3 for de-
tails) because A (k) — A, is an operator with a nonsingular
kernel. Let us rewrite functional (7) as

F(f)=|AI + T)f|} =min, |f]=1. (18)

From (18) and (17} it follows that the problem (7) is
equivalent to

Fo(f)=|I+T)f[s =min, |fl|=1 (19)
The matrix of the system (11) can be written as
@G =T+ T) [ ll + T)£)s (20)

where (.,.) denotes the scalar product which is metrically
equivalent to the scalar product in H. This means that
d\(f, [lo<{ S, F)<dy{ f, f)o» whered, > 0 and d, are constants,
JfeH is arbitrary. In the sequel we will not discriminate be-
tween (.,.) and (.,.}o. This is possible because (I + T') f,
(I+T)fYyand (I + T)f, (I + T)f), attain their zero values
simultaneously. The system (11) can be considered as the
system which corresponds to the Ritz method for functional
(19) with the test functions { f;}. This completes the reduc-
tion of the original problem to the problem with the operator
I+ T'(k), where T (k) is a compact analytic-in-k operator
function on H. To prove (i) let us assume that for a fixede > 0
and k, and all n there are no roots k " of Eq. (13) in the circle
|k — k,| < €. The system (11) with the matrix (20) says that

I+ TV "I +T)f)=0 1<j<n, f"#0, (21)
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where

=S¢ 22)

ji=1
In particular, our assumption means that
(T=T+T*+T*T,I+T=I+T*I+T)),

(I+P,Tk)f"=0=f"=0, k—k,|<e  (23)

where P, denotes the projection in H onto the linear span of
{ firn fo }- Equation (23) says that 7 + P, T'(k ) is invertible
inthecircle [k — k| < €. If nis large enough this implies that
I+ Tk ) is mvert1ble in the circle |k — k, | <€, because
(*)||f+ T(k)— I+P, Tk )|l—>0asn—>oo This is a contra-
diction since I + T(k ) is not invertible. Let us explain (*).
Weneed toshow that ||(I P,)T||—0asn— oo .Since T (k )is
compact it can be written as Ty, + By, where ||By|| <dy,
dy—0as N—w0, and T, is a finite-dimensional operator. It
is sufficient to prove that ||( — P, )T ||—0 as n— 0. With-
out loss of generality one can assume that 7', is a one-dimen-
sional operator, T, f= ( f,v)u. Then

I = P Tuf || = I — P, Jull|(f)]
<[AU ol llu — P,ul|—0 as n—oco, (24)

since P,—I strongly. Thus the statement (i) is proved. Note
that the orthogonality of P, is not used in (24). In order to
prove (ii) we suppose that forany €, > 0, €,—0, Eq. (13) hasa
root k " in the circle |k — z| <€, and show that under this
assumption z has to be a pole of the Green’s function. The
assumption means that

[[+TE™If"=0, [f7=1 k"—z (25

Since || f"'|| = 1, one can extract a weakly convergent in H
subsequence which is denoted again f"';f "' —f(— means
weak convergence). Since T (k) is compact the sequence

T (z) f™ converges strongly in H:

T(@f">Tk)f. (26)
On the other hand,

IT(k,) — Tz)||>0. (27)
From (25)-(27) it follows that

S~ 1 fl=1 (28)
and

U+T@)f=0 [fll=1 (29)

The proof is complete.

{1i. DISCUSSION

The variational principles (19) and (18) can be viewed as
the least square method. Let us consider instead of (13) and
(20) the following equation:

det b, (k) =0,1<j,m<n, b,,=(I + T(k))f,,f;) (30)
Arguments similar to the ones given in Ref. 3, pp. 192-193
show that: (i) For any € > 0 and k, there exists a root k" of
Eq. (30). such that |k, — K| <€ 1fn > nfe). (ii) If ki 1s a
sequence of the roots of Eq. (30) and k "k, as n-—-»oo then

k, is a pole of the Green’s function. Equatlon (30) can be
viewed as a necessary condition for the linear system of the
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Galerkin method for the equation (I 4+ T'(k )) f=0to havea
nontrivial solution. The Galerkin equation is of the form

(" + T(k)f™, £)=0 1< j<n, (31)

where /" is defined in (22). The basic idea is that the poles &,
are the points at which the operator I + T (k) is not inverti-
ble. These points can be found by the Galerkin method, by
minimizing functional (19) or by some other method. It is
interesting to note that the Galerkin equation {31) can be
obtained also as a necessary condition for the stationary vari-
ational principle

+Tk)f)=st, |fI>0, (32)
where st means stationary value. This is not true for an arbi-

trary operator, but the operator B =I + T (k )is asymmetric
non-self-adjoint operator on H = L }(I'"), that is

B* =B or B(st)=B(ts)[# Bt ). (33)

Therefore the necessary condition for (32), which can be
written as

(Bfih) + (Bh, f)=0 forall heH, (34)
yields
0= (Bfh)+( B*f k)= (Bfh)+ (BSh). (35)

Let A = v, where veH is an arbitrary real-valued function.
Then (35) says that

0=B(f+f) (36)
Let 2 = iv. Then (35) says that
0=B(f-f) (37)

From (36) and (37) it follows that the equation
Bf=(I+T(k)f=0, [[f>0 (38)
is a necessary condition for (32).

Our aim is to show that Eq. (31) is a necessary condition
for the problem

(B f)=st, | fl>0. (39)
Let us take f= ™ and rewrite (39) as
S binnly =5t by = (Bf o). (40)
sm=1

In general assumption (33} does not imply the equality
b, = b,,. Therefore the following lemma is of use.
Lemma 1: Assume (33) and

f =f;’ j=1,2,. (41)
Then
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by = by (42)

The proof is immediate.

Proposition 1: Assume (33) and (41). Then a necessary
condition for (40) is the system (31).

Proof: The operator B = I + T (k) satisfies (33). From
this and Lemma 1, Proposition 1 follows.

Remark 1: The results of Sec. 111 give a convergent nu-
merical scheme for a stationary variational principle (32)
with a compact operator T satisfying condition (33), i.e.,
symmetric non-self-adjointness. Such operators occur fre-
quently in the scattering theory. A simple example is prob-
lem (1). There are other examples in Ref. 4.

Remark 2: A numerical scheme for calculating the re-
sonances based on theorem 1 is as follows: (1) Calculate ma-
trix g;,, by formula (11}. {2} Find roots of Eq. {13). The corre-
sponding solutions of (1) can also be calculated by this
numerical procedure: Find /™ by formula (10) and
u'™ = Af"™ is the approximate solution of (1), which con-
verges to the exact solution of (1) as n— . This exact solu-
tion is of the form u = 4 (k) £, f= limf"" as n— co and lim
here means the limit in H = L }(I").

Remark 3: For numerical calculations instead of princi-
ple (32) one should use the equivalent principle

Mk)ffl=st, [fl>0. (43)
The equivalence of (43) and (32) follows from the fact that the
necessary condition for (43) is the equation

AK)f=A4d+Tk)f=0, [f[>0, (44)
which is equivalent to the necessary condition (38) for (32)
because ker 4, = {0}. If one takes f = f'" as in (22), then the
analog of (30) is

det(4 (k) f,..f) =0
and the convergence of the numerical procedure follows
from the arguments given for Eq. (30).

1<m, j<n, (45)
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