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Abstract

Due to technological advancements, problems at nanoscale have gained significant interest
in recent years. Material properties at nanoscale exhibit size-dependent behavior which
can be attributed to the influence of surfaces and interfaces. Correspondingly, problems at
nanoscale have to take into account surface energy. Here, we consider two problems involving
an isotropic half-space subjected to either nanoscale contact or nanoscale patch loading.

In the first problem, we consider an isotropic half-space subjected to nanoscale contact
with a rigid punch. The surface energy in the Steigmann-Ogden form is used to model the
half-space while linear elasticity is used to model the bulk of the material. The nanoin-
dentation problem is solved using Boussinesq’s displacement potentials and Hankel integral
transforms. The problem is reduced to a single integral equation, the character of which is
studied, and a numerical method of solution to the corresponding integral equation using
Gauss-Chebyshev quadrature is presented.

In the second problem, we consider another problem at nanoscale in which an isotropic
half-space is subjected to a nanoscale patch load. The surface effects are considered on
a circular subset of the surface by assuming the Steigmann-Ogden model on the subset,
while the remainder of the surface is assumed to not have surface effects. Using techniques
presented previously in the work, the problem is reduced to a system of singular integro-
differential equations with boundary conditions. Solutions corresponding to the dominant
systems with Cauchy kernels are explored. A numerical method of solution of the system
of integral equations using approximation by Chebyshev polynomials and Gauss-Chebyshev
quadrature for computation of the integrals is presented and results are compared to those

available the literature.
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half-space is subjected to a nanoscale patch load. The surface effects are considered on
a circular subset of the surface by assuming the Steigmann-Ogden model on the subset,
while the remainder of the surface is assumed to not have surface effects. Using techniques
presented previously in the work, the problem is reduced to a system of singular integro-
differential equations with boundary conditions. Solutions corresponding to the dominant
systems with Cauchy kernels are explored. A numerical method of solution of the system
of integral equations using approximation by Chebyshev polynomials and Gauss-Chebyshev
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Chapter 1

Introduction

In recent years, technological advancements have allowed scientists the ability to study mate-
rials at nanoscale, discovering that the behavior of materials exhibit size dependence at these
smaller scales. Properties such as melting point, electrical conductivity, magnetic permeabil-
ity, and many other observable effects change as a function of the size of the material at this
scale [15, 53, 65]. Even the movement of electrons changes at this scale compared to larger
scales, making light react differently and changing the observable color of a material. It has
been shown that the size dependency of material properties at nanoscale are attributed to
quantum effects and physical effects such as expanded surface area. The study of materials
at this scale is necessitated by industrial efforts that utilize the special properties of materials
at nanoscale. The ability for an observable property of a material to be ‘fine tuned’ allows
for medical applications where precision tests are developed to find bio-markers for diseases
that were previously undetectable [61]. The large surface area of nanomaterials also has
applications in renewable energy as well as water purification.

At these small scales, it has been shown that the behavior of materials is influenced by
surface effects [1, 6, 7, 19, 20, 43, 49, 58, 77, 78]. For a nanomaterial, the surface area to
volume ratio is far greater than for a larger scale object of similar proportions. The effect
of the surface has been observed to be in the inverse relationship between material hardness

and the indenter size.



The study of the influence of surface mechanics on the behavior of solid materials has
its beginnings over a century ago, in the works of Gibbs [21]. A systematic derivation of
the theory of surface elasticity, the study of how the surface of a material will react to force
by bending or deforming, using a variational formulation of the problem was first presented
by Gurtin and Murdoch [26, 27]. The theory, referred to as the Gurtin-Murdoch theory of
surface elasticity, treats the surface of the material as an infinitely thin membrane which
resists stretching and may have an applied prestress. Steigmann and Ogden [59, 60] pointed
out that the Gurtin-Murdoch surface elasticity model does not support compressive surface
loads. To avoid the contradiction this creates, Steigmann and Ogden developed a model
for the surface by augmenting the Gurtin-Murdoch model with the ability of the surface to
resist to bending. The mathematical significance of the extension from the Gurtin-Murdoch
model to the Steigmann-Ogden model is that the boundary conditions on the surface contain
a combination of tractions and higher order derivatives of the displacements. The Steigmann-
Ogden model of surface elasticity has been shown to play an important role at the smallest
scales, observed in the context of fracture problems [71].

The study of contact problems, where two bodies come into contact with one another to
cause a deformation, and patch loading problems, where the surface has an applied external
load, with the presence of surface effects has been considered by several authors, especially in
recent years. Problems in both two- and three-dimensional settings have been studied [18, 79—
81]. The effect of the surface’s resistance to bending on a patch-loaded semi-space using the
Steigmann-Ogden model of surface elasticity has been studied [37, 44]. The Flamant solution
for a semi-plane with the Steigmann-Ogden model of surface elasticity has been studied by
Li et al. [39]. A Hertzian contact problem with the Gurtin-Murdoch model has been studied
for both semi-plane and semi-space [40, 41]. The problems have been reduced to integral
equations of the first kind with additional conditions. The contact problem for a semi-plane
with the Gurtin-Murdoch model has been explored and the problem reduced to an integral
equation of the second kind on a semi-infinite interval [50, 51]. Solutions for frictionless and
adhesive contact problems of a rigid stamp indentation into a semi-plane with the Steigmann-

Ogden model on the surface have been derived [69, 70]. The nanoindentation of a cylindrical



roller onto a semi-plane, assuming the Steigmann-Ogden model of surface elasticity, has
also been explored [38]. Axisymmetric problems for transversely isotropic materials with
the Gurtin-Murdoch model of surface elasticity have been investigated [55, 64]. Contact
problems with curvature-dependent surface tension have also been studied [63].

The study of aspects and applications of the Gurtin-Murdoch and Steigmann-Ogden
models of surface elasticity is an active field. The existence and uniqueness of weak solu-
tions has been studied from a variational perspective in [13, 14]. Problems involving fracture
mechanics with the surface modeled using the Steigmann-Ogden model of surface elasticity
have been studied in [69, 71, 72]. The influence of surface elasticity on fibers and spherical
inclusions has been studied [2, 28, 46, 73, 74]. Antiplane and plane problems for a thin
inclusion where the Gurtin-Murdoch model of surface elasticity is used have been studied in
[3, 47]. A penny-shaped crack problem has been studied using the Gurtin-Murdoch model
of surface elasticity in [29] and using the Steigmann-Ogden model in [76]. The interaction
between a line edge dislocation using the Steigmann-Ogden model of surface elasticity to
model the two elastic half-planes has been studied in [10]. Plane and anti-plane fractures us-
ing the Gurtin-Murdoch model of surface elasticity have been studied in [22, 30-35]. A model
with a different type of curvature dependence of the surface energy has been investigated in
[16, 54, 62, 66, 67, 75].

A particular case of a problem of axisymmetric contact of a rigid punch and a semi-
space, modeled with the Steigmann-Ogden model of surface elasticity was studied in [36].
The problem presented within Chapter 3 of the current work differs from the literature in
several ways. First, the problem presented in the current work assumes the punch to be
of an arbitrary smooth axisymmetric shape whereas the work by Li and Mi [36] assumes a
punch of approximately spherical shape. The most important distinction in our work is that
the kernel of the integral equation is written as a single integral instead of a double integral.
This allows for more computational efficiency since both kernels involve oscillatory integrals
on a semi-infinite interval which are notoriously difficult to compute. The reason for this is
simple to understand. When computing an integral numerically, it is approximated using

a finite set of data points and because of the oscillatory behavior, whole intervals of either



positive or negative values of the function may not be taken into account. Fortunately in the
problem presented in Chapter 3, the type of kernel can be computed accurately and efficiently
using the available ITPBF algorithm [42, 52]. Finally, the form of the kernel presented in the
current work allows for a study of the type of equation that is obtained. The work contained
in this chapter is published, see reference [76].

The patch loading problem on the semi-space has been solved by Mi [44] where the surface
is modeled using the Steigmann-Ogden model of surface elasticity. The work contained in
Chapter 4 differs from the available literature in that surface effects are considered on only
a subset of the surface. The Steigmann-Ogden model of surface elasticity is assumed on
this subset, while the remainder of the surface is assumed to have no surface effects present.
Because the surface has two regions with differing assumptions on the influence of surface
effects, care is needed at the shared boundary of these two subsets. The problem reduces to
either one singular integral equation or a system of two singular integral equations depending
on the surface effects, with additional tip conditions. The equations may be transformed
into integral equations of Fredholm type of the second kind. In both the Steigmann-Ogden
model and Gurtin-Murdoch model of surface elasticity, the prestress plays a large role in
the behavior of the solution near the boundary of the surface subset. This can be seen in
the numerical exploration done in this chapter. The numerical solution using the boundary
conditions assumed in Mi’s paper [44] and the boundary conditions assumed in this work
are compared numerically in order to explore the influence of the prestress on the behavior
of the solution.

For the remainder of this work, the material is assumed to be linearly elastic. This means
that the deformations are assumed to be small, and the material obeys Hooke’s law. The
material is also assumed to be isotropic, meaning it has the same measurable properties in
all directions. Some examples of isotropic materials are metals and glass.

The remaining chapters are outlined as follows. The model of linear isotropic elasticity,
used to model the bulk of the material, and the Steigmann-Ogden model of surface elasticity,
used to model the surface, are detailed in Chapter 2. Chapter 3 describes a contact problem

between a rigid stamp and a material given by the upper semi-space in three dimensions at
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nanoscale. In Chapter 4, a patch-loading problem at nanoscale on a semi-space is presented,
where only a subset of the surface is modeled using the Steigmann-Ogden model of surface

elasticity. Finally, conclusions and future directions of work are presented in Chapter 5.



Chapter 2

Models for the bulk and the surface of

the material

In this chapter, the models used for the bulk and surface of the solid material are introduced.
For the problems discussed in this work, the conditions that allow for modeling by linear
elasticity are assumed for the bulk of the material. The material is also assumed to be
isotropic, meaning it has the same measurable properties in all directions. The solid body
is assumed to occupy the upper semi-space with surface boundary z = 0. An external force
or displacement is applied on a circular region of the surface of the material.

For the two problems discussed in later chapters, it will be helpful to rewrite the equations
for the bulk and surface elasticity in cylindrical coordinates. The cylindrical coordinate
system generalizes the polar coordinate system in two dimensions by defining a point in
three dimensional space by (r,0,z) where r is the radial coordinate, € is the azimuthal

coordinate, and z is the vertical coordinate. The unit coordinate vectors are given by

cos —sin6 0
€ = |sinf|, € = | cosf |, € = |0
0 0 1

The origin of the coordinate system is taken to be at the center of the circular region on the



surface where the external force or displacement is applied.

The remainder of this chapter is as follows: Section 2.1 is devoted to discussion of the
model of linear elasticity for an isotropic material in cylindrical coordinates. Boussinesq
potentials are used to represent the displacements and stresses in terms of integrals involving
Bessel functions. It is assumed that the displacements and external forces acting on the
material are axisymmetric. Specifically, these functions are rotationally symmetric about
the z-axis and independent of the value of #. Section 2.2 outlines the Steigmann-Ogden
model of surface elasticity, which is derived using variational methods. The equations are

then specified for cylindrical coordinates under the axisymmetric assumption.

2.1 Linear Elasticity in the bulk and Bossinesq dis-

placement potentials

By assuming that the displacements of the points of the material are small, the solid object
may be modeled using a linear relationship between stress, the force acting in the material
per unit area, and strain, the relative change in the shape of the material. When body
forces are neglected, Navier’s equations of equilibrium for an isotropic bulk material can be

expressed in a vector form by [4]
V(V-u)+ (1 -2v)V?u =0,

where v is Poisson’s ratio, V2 is the vector Laplacian differential operator, and u is the vector
of displacements. In terms of cylindrical displacement components (u,, ug, u,) the equations

may be written as:

v u, 2 Oug 1 2 ou, u 1 % ou,\ 0
YT T 290 T1-war \or r r o0 0z ) 7

2y 4 2 _Uo 1O fOur  uy  10us  Ou.)
Vot 00 2 r(l=2v)00\or r rofd 0z =0



Viu, +

1 0 (8% u,  10ug (9uz) _0

1—wao:\aor "7 Troe T as

The strategy to obtain solutions of Navier’s equations given in the literature finds its
origins in potential theory and is used to solve coupled differential equations similar to the
ones above. The method involves writing the unknown functions in terms of a scalar and
a vector potential [4, 24]. This method simplifies the equations by reducing the number
of unknowns. For problems with axial symmetry, we only need two of these displacement

potentials. The following Boussinesq [5] representations for the displacements can be used

0P(r, 2) N 28(1)3(7", 2)

2uu,(r, z) = B o (2.1)
2uu,(r, z) = % — (3 —4v)P3(r, 2) + z%,

where g is the shear modulus of the material and &y, ®3 are both harmonic functions.
This representation is a special case of the more complete Papkovich-Neuber displacement
potentials. Using the strain-displacement relation and the generalized Hooke’s law, the

corresponding stresses can be expressed as:

0P D(r, 2) 0?Ps(r, 2) 0Ps3(r, 2)

0ra(12) = ordz tz ordz (1—2v) or (2:2)
o 82(1)0(’/”, Z) 82<I>3(r, Z) 8(133(7", Z)

0..(r, 2) = 5.2 +z 52 2(1 - V)T

A harmonic function in cylindrical coordinates @ is a twice-differentiable function which

satisfies A® = 0, where A is the Laplace operator in cylindrical coordinates given by

L 10 1

“ o T ror TrRoe T a2

For the semi-space z > 0, the solution to the cylindrical Laplacian can be found by separation

of variables. This method of solution is commonplace in solving partial differential equations



and assumes there is a solution of the type
V(r,0,z) = R(r)P(0)Z(z).

Plugging this in to the Laplacian and dividing by V' gives

1 9R(r) 1 OR(r) 1 P06) 1 82Z(2)

R(r) oOr? +7’]%(7") or +T2P(9) 062 +Z(z) 022 =0

which can be rewritten as three equations

0*Z(z)

= NZ(z) =0,
0*P(6
&gg ) n*P(0) = 0,

O?R(r) OR(r)
2
" or? tr or

+ (N1 —=n*)R(r) = 0.

The first two equations have exponential type solutions and the last equation is a scaled

Bessel equation of order n, resulting in solutions given by
Z(z) =, P) = R(r) = J,(\r) and/or Y, (\r),

where the Bessel function of the first kind of order n, .J,, is regular at » = 0 and the Bessel
function of the second kind of order n, Y,,, has a singularity at » = 0. By asserting there
are no singularities at » = 0, only the Bessel function J,, is used in the final solution. The
solution is also assumed to approach zero as z — oo, forcing the input A to be restricted to
the set of positive reals. Noting that the values of A are taken on a continuum, we can write

the solution as a linear combination of the terms given by
V(r,0,z) = Z/ (U () cos(nb) + wy(N) sin(nd))J, (Ar)e 2dA.
—Jo

For the axisymmetric case, only the first term in the summation over n is nonzero, resulting



in the solution to the Laplacian in cylindrical coordinates for axisymmetric functions:
V(r, z) = / v(\)Jo(Ar)e M d.
0

For the semi-space z > 0, the functions ®, and ®3 appearing in (2.1), (2.2) may be written

as

ol = /ooo AN Jo(Ar)e™dA, — @s(r.2) = /OOO BO)Jo(Ar)ed,

where A(A) and B()) are unknown functions to be determined by satisfying the boundary

conditions at the plane boundary. The displacement components may be written as:

2, (1, 2) = /0 h MAN) + zB\)Jy(Ar)e dA, (2.3)

2uu,(r, z) = — /OOO()\A()\) + (3 — 4v 4+ A2) B(\)) Jo(Ar)e M d .

The corresponding stresses are:

0..(r,2) = /000 AMAAN) 4 (2 = 2v 4+ A2) B(A)) Jo(Ar)e ™ d), (2.4)

Ora(r,2) = — /OOO AMAAN) + (1 =2v + A2) B(\)) Jh(Ar)e ¥ dA.

Note since our problem is axisymmetric, ug or any stress component with 6 equals zero. This
concludes the information on the model for the bulk of the material. Next, the model used

to represent surface elasticity is presented.

2.2 The Steigmann-Ogden model of surface elasticity

For the problems discussed in later chapters, the surface of the material is modeled by
the Steigmann-Ogden model of surface elasticity [59, 60]. The Steigmann-Ogden model of
surface elasticity can be obtained using a variational formulation [13, 68, 73]. Below is a brief

derivation of the equations. This derivation relies on the principle of virtual work, which
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asserts that the total virtual work done by the applied forces and internal forces must be
zero. This may be written as:

OFE = 0P

where FE is the functional of strain energy and P is the functional of work of external forces.

The strain energy is defined as the sum of volumetric and surface terms

E:///de—i—/ Uda,
1% A,

where VW and U are the bulk and surface strain energy densities, respectively. The set A; is
the subset of the surface where surface energy is applied.

For an isotropic bulk, the following constitutive equations hold:

(Vu+ (Vu)"),

DN | —

1
W =pe:e+ 5)\tr2e, o=2ue+ Ntre, e=

where e is the strain tensor, A is Lamé’s first constant, p is the shear modulus of the bulk,
the function denoted by the symbol : is the scalar double-dot product of two second-order
tensors, u is the displacement vector, and V is the gradient operator.

For the surface strain energy, first define the function v = u|4,. The surface strain energy

density is given by:

1 1
U =oo(l+tre) + 5()\0 + oo)trie + (g — op)e s €+ XK : K + ECtrzn, (2.5)
1
e=3 (Vov - L+ L - (Vov)), (2.6)
1
K=—3 (Voo - Li+1,- (Va)T), 9=V,n-v)—V-v, (2.7)

where the physical parameters on the surface for the Steigmann-Ogden model are the surface
Lamé constant \g, shear modulus pg, residual surface stress oy, and the flexural rigidity
parameters described by the constants ¢, y. When the last two terms accounting for flexural

rigidity are set to zero, the Steigmann-Ogden model is equivalent to the Gurtin-Murdoch

11



model. Also appearing in the equations is the surface identity tensor I, = I — n ® n and
surface gradient operator Vg = I,- V. The quantity € describes the measure of surface strain
and k is the bending strain measure, called the tensor of curvature.

Consider the variation of the surface energy:

oU = %//AS UV + tov)] ‘tzoda:// (2 (Veov)" + M : k] da

S

where

3 = ooIs + (Ao + 09)(tre)Is + 2(ug — 0g)e + 0o Vv,
M = ((trr)I; + 2xk.

The tensors ¥ and M are the surface stress and bending moment tensors, respectively.

Simplifying the variational equation results in the boundary condition
n-oc=V,-X+V, (V,-Mn— (Vy-n)n-(V,-M)n+ T, (2.8)

where T(™ the vector of external stresses applied to the material surface. This equation
directly modifies the conventional boundary condition across the material surface.

Also the tip conditions on the free boundary of the surface A, can be written as [14, 74]:
0
V-ZH—V-(VS-M)n—l—a—[(u-M-‘r)n]:O, (2.9)
s

v-M-v=0, O0A,, (2.10)

where 7 is the unit tangent to the edge of the surface modeled by the Steigmann-Ogden

boundary and v is the unit normal to the edge such that v -n = 0.

12



2.2.1 Steigmann-Ogden boundary conditions in cylindrical coor-
dinates

For the semi-space z > 0 the outward unit normal to the plane boundary, surface projection

tensor, and surface gradient differential operator can be represented as follows:

n—-—e I.=e,®Re, +teg®e V*ea—i—ela
- 2 s — Cp r 0 05 s — T(()r 07‘88'
Using the differential identities %egr = ey and 899 = —e, and denoting the vector of displace-

ments on the surface v(r,6,0) = (v,,0,v,) we find that

(%r 8’Uz 1
Viv=—e, e+ —e,Qe, + —v,€ X ey,
or or r
(%T Uy
g = er ® er _I_ _eG ® ea?
or r
=—5.©, Kk=—_-5€ r - I ’
or or? 87" e

5o (Lo +2M08—+00<1+&> & ®e +00 e, me,
or r or r or

v, Uy
+ 9 Ao + — +2M0—+00 <1+—> €y X ey,
or r r

2 2
M= {(C+2 )a = Clavz}er@@eﬁ{Ca = +<<+2x)1mz}ee®e9.

or? r Or

By substitution and simplification it can be seen that

v, 10v, v, v, 10v,
Vi - 2 =R + 2u0) <8r2 +; or _ﬁ) er + 00 <8r2 +Fﬁ)e

ort r ors r2 Or? r3 Or

4 3 1 9
VS . (VS M)n: _(<-_|_2X) (a (o 28 (0 8 Vy 1 8UZ> o..

13



Due to the infinite radii of the curvature of the plane boundary, only the displacement
component normal to the the surface enters into the final expression. This also causes the
third term in the force-balance condition (2.8) to play no role in the surface elasticity of the
boundary, i.e. (Vs -n)n-(Vy-M)n = 0.

In the second problem, discussed in Chapter 4, the Steigmann-Ogden model of surface
elasticity is only assumed on a subset of the surface, unlike the problem in Chapter 3 where
surface effects are assumed on the entire surface. The region where surface effects are assumed
is a circular membrane. For this case, the boundary conditions on the edge of the disk
where the Steigmann-Ogden model is assumed are given by (2.9), (2.10). Using cylindrical
coordinates, the boundary of the surface model interface is given by r = a, resulting in
the unit tangent to the boundary 7 = ey and the inward unit normal vector v = —e,. By

substitution the boundary conditions on the edge 0A,; may be written as:

17
|:00 + (2[1,0 + /\D)'Ur,r + ()\0 + JD);UT = 0, (211)
o (F 10\ 1|
{—aovw + (2)( + C)E (% + ;5) Uy . =0, (2.12)
1]
|:(2X + C)Uz,rr + C;Uz,r - 07 (213)

where (2.11), (2.12) come from equating the components of the vectors e, and e, in the first

equation in the boundary condition (2.9), and (2.13) from the second equation (2.10).

14



Chapter 3

A frictionless indentation of a

semi-space by a rigid stamp

In this chapter, we introduce a problem in which an axisymmetric rigid stamp is pressed into
the surface of a semi-space. Steigmann-Ogden surface elasticity is used to model the surface,
while linear isotropic elasticity is used to model the bulk. The chapter is organized in the
following way. First, in Section 3.1 the boundary conditions on the surface are given for the
problem using the axisymmetric representation of the Steigmann-Ogden model of surface
elasticity outlined in Chapter 2.2. An auxiliary problem is introduced, and the problem is
rewritten in terms of a function that represents the unknown pressure in the normal direction.
In Section 3.2, the displacements and stresses are expressed using the representations by
Boussinesq potentials in the form of Hankel transforms of unknown functions. Inverting the
Hankel transforms results in reframing the problem as an integral equation of the first kind
with a condition on the total applied force. Section 3.3 covers the solvability of the integral
equation by studying the type of integral kernel, depending on the values of the surface
parameters. Finally, a numerical scheme is presented and the results are given in Section

3.4.
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Figure 3.1: An upper semi-space in three dimensions with cylindrical coordinates.
3.1 Boundary conditions for a frictionless contact prob-
lem in the presence of the Steigmann-Ogden sur-

face elasticity

Consider an elastic upper semi-space with surface boundary z = 0 in three-dimensional space
subjected to an indentation by a rigid stamp. The region of contact is given by the circle
r < a on the surface. Using the axisymmetric representation of the Steigmann-Ogden model
of surface elasticity given in Chapter 2.2, the boundary conditions for the problem are given
by

2uu,(r,0) = g(r), 0<r<a, (3.1)

o (0 1
= — —(=+= <
(1, 0) (Ao + 2Mo)ar (87“ + T) ur(r,0), 0<r<a,
o (0 1
0. (1,0) = —(N\o + QMO)E (E + ;) u.(r,0), r>a,
9% 10 92 10\
OZZ(T’ O) = —0o (ﬁ + ;&) U'Z(Ta O) + (C + QX) (ﬁ + ;E) UZ(T, O)a r > a,

where g(r) is a known function.

We reformulate the problem by introducing a function p(r) which represents the external
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normal stress o,.(r,0) inside the region of contact needed in order to generate the known
displacement on the surface g(r). This function p(r) is initially unknown and needs to be
determined by solving the problem. By introducing this pressure function, it is possible to

substitute the first equation (3.1) with the following equation

0 10 > 109\
0..(r,0) = —0og (ﬁ + - T ) u(r,0)+ (C+2x) (m + —5) uy(r,0)—p(r), 0<r<a.
(3.2)
The advantage to reframing the problem using this unknown function p(r) is that we
can write the functions A(\) and B(\) in terms of the unknown function p(r) by inverting

Hankel transforms.

3.2 Reformulating the problem as a singular integral
equation

Substituting the representations (2.3), (2.4) into the boundary conditions results in two

equations

//\ (A2 + VA + (1 — 20)B(N)) Jy(Ar)dA = 0 (3.3)

o0

/ A (1A 47227 + A AN) + ((3 = 40) (132 +72A) + (2 = 2v)) B(A)) Jo(Ar)dA

—p(r), 0<r<a

- (3.4)
0, r>a

where the constants v;, 72, 73 describe the properties of the surface by v = (Ao + 210) /21,
Yo = 00/21, v3 = (¢ + 2x)/2u. The constant 7, represents the ability of the surface to
resist stretching, the parameter v, represents the surface tension, also referred to as surface

prestress, and the parameter 3 represents the surface’s resistance to bending. The equations
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(3.3), (3.4) can be thought of as Hankel transforms of order one and zero, noting that
Ji(x) = —Ji(z). Apply the inverse Hankel transform to each equation to obtain the system

of linear equations of A(X), B(\):

A2 4+ A 1—2v A(N) 0
YA+ A+ A (3 —4v) (1A + ) +2—2v| | B(A) — Jo tp(t)Jo(At)dt

resulting in the functions A()), B(\) represented by the formulas

AN) = % /Oa rp(r)Jo(Ar)dr, B(\) =

_’}/1)\ + 1
q(A)

/Oa rp(r)Jo(Ar)dr, (3.5)
with

ag(\) =173 — 4N + 932 = 20N + 1B =)V + (1 + )2 - 2)A+ 1. (3.6)
Equation (3.1) can be written in terms of these functions A(X), B(\) resulting in the equation

/0 TG + (3 — ) BOY)Jo(Ar)dA = g(r). (37)

We manipulate this equation by first taking a derivative with respect to r and then substitute
the representations of A(A) and B()) in terms of the unknown function p(r). This results

in the equation

| ROV [ oo = o),
0 0
where R(\) = )‘(71(3_3(”))\;\”_2”) with the function ¢()) in the denominator given by (3.6).

An additional condition given by foa tp(t)dt = % is necessary to enforce the depth of the

stamp penetration where Y is the total force applied to the stamp. Switching the order of

integration, results in

/0 CK () p(t)dt = (),
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where K(t,7) = [ R(A)J{(Ar)Jo(At)dA. Rescaling from r € [0,a] to r € [0,1] and new

notations: ap(at) = P(t) and ag’(ar) = G(r), the integral equation and additional condition

become

/ 1 K(t,r)tP(t)dt = G(r), (3.8)

2ma

1
Y
/ tP(t)dt = —. (3.9)
0
Note that the equation (3.8) is an integral equation of the first kind with an additional
condition given by (3.9). The following section will explore this equation for various cases
of surface parameters v, v2, V3.

3.3 Solvability of the singular integral equation for var-

ious values of surface coeflicients

3.3.1 The classical case

In the absence of all surface effects, 7, = 79 = 73 = 0, the integral equation is given by

/ 1 tK(t,r)P(t)dt = G(r),

where K(t,7) = (2 — 2v) [;7 AJ{(Ar) Jo(At)dA with the condition fol tP(t)dt = 5. The

integral kernel can be computed explicitly [23]:

CEC) g
4 1— T -7 (T/t), r<t7
K(tr) = 2L=0) ) rwE (3.10)

T E(t/r)
The equations (3.8), (3.9) can be extended to the segment [—1,1] by defining [12]

tK(t,r) =

2—2v 1 n 1
t+r t—

T) H(t,r),

™
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where

CE(r/t) - 5K (r/t), <t
H(t,r) =
LE(t/r), t<r.

Note that the function H(¢,r) is Holder continuous on the set (0,1) x (0,1). Using the

symmetric continuations of the functions on the segment (—1, 0] defined by

the integral equation may be written as

22 /1 L b Pyt = o), < 1. (3.11)

s 1t—r

with condition

/ (= L (3.12)

Ta

The equation (3.11) is a singular integral equation with index zero [48], and can be
regularized by inverting the Cauchy kernel with the assumption that the solution P(r) has
square root singularities at the boundary points » = +1. The method involves writing the
problem as a Riemann-Hilbert problem using the Sokhotski-Plemelj formula. This produces
a regularized equation with one real constant which can be used to satisfy the condition
(3.12). The solution of a frictionless contact problem is well known in the literature and can

be found in Green and Zerna’s ‘Theoretical Elasticity’ [24].

3.3.2 The Gurtin-Murdoch model without prestress

In this case the surface of the semi-space resists stretching but does not have prestress,
and does not resist bending. This corresponds to the surface coefficients taken as: v, # 0,

Y2 = 73 = 0. The integral equation (3.8) has the kernel K(t,r) = [° R(A)J{(Ar)Jo(At)dA
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with R(\) = )‘(717/1 ?S&;ﬁ;g;ﬁf”) We can write the kernel as

K(t,r) = ;:;Z /OOO ATHAr)Jo(At)dA + %% /OOO L) T (M)A
_a(l-2w)? [ 1 .
1 (2 — 2v)? /0 Y1 /a(2 — W)\ + 1J0()\ ) Jo(At)dA.

The first integral in the sum will be the same as in the classical case given by (3.10). The

second integral can be computed explicitly [23], given by

o0 —1/r, t<m,
/ Jo(Ar) Jo(At) = (3.13)
0 0, r <t.

The third integral in the sum is regular since the integrand converges with order A\=2 as
A — oo for all values of (¢,7) € (0,1) x (0,1). In this case, equation (3.8) with the condition
(3.9) is the same type of equation as the classical case. This means that the problem can
be reduced to a Cauchy singular equation on (—1,1) with index zero. The equation can
be regularized similar to the classical case and the solution is expected to have square root
singularities at the endpoints » = +1. There will be one free constant, making it possible to
enforce the additional condition (3.9). This result shows that the case where the surface is
modeled by the Gurtin-Murdoch model of surface elasticity without prestress is similar to

the classical case in the type of solution that arises and the solvability of the problem.

3.3.3 The Gurtin-Murdoch model with non-zero prestress

For the case of the complete Gurtin-Murdoch model where both the surface resistance to
stretching and surface prestress are taken into account, the values of the surface parameters
satisfy 71,72 # 0 and 3 = 0. The rational function has asymptotic R(A) ~ O(1) as A — oo,
and the kernel K (¢,7) has the form

a /OO (71/a(2 = 2v)\ + 1) J§(Ar) Jo(At)dA

a o0
K(t = — J ) Jo(A)d\ — — .
(t.7) 72/0 0(Ar)Jo (M) Yo Y2 a?(3 —4v)N2 + (1 + 72)/a(2 — 2v)A + 1
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The first integral in the kernel can be computed explicitly using (3.13) so that the kernel
can be written as
at

tK(t,r) = ———xo0(t) + L(t,7),
(t:1) = = xn(®) + L(t7)

where X0, (%) is the characteristic function of the interval [0,r]| and L(,7) is continuous in
both r and ¢. The integral equation for P(t) is
2 pyar + / CPWL(E Pt = G,
T2Jo0 T 0
which can be reduced to a Fredholm integral equation of the second kind using differentia-
tion with respect to r. The resulting Fredholm equation of the second kind has at most a
logarithmic singularity at ¢ = r in the kernel. Using Fredholm theory, the integral equation
(3.8) can be solved uniquely as long as the corresponding adjoint homogeneous problem has
only trivial solution. While the integral equation has a unique solution, we cannot enforce

the condition (3.9) in general.

3.3.4 The Steigmann-Ogden model

Finally, consider the case where the full Steigmann-Ogden model is assumed, with surface
bending rigidity taken into account. This case is characterized by the surface parameter
73 # 0. The rational function R(\) decays as R(\) ~ O(A™?) at infinity and the integral
equation (3.8) is a Fredholm integral equation of the first kind. In general, the Fredholm
equation of the first kind does not have solutions unless the right hand side of the equation
satisfies additional conditions (see, for instance [25, 26]). This means that the problem (3.8),
(3.9) with the assumption that the surface is modeled using the complete Steigmann-Ogden
model represents an ill-posed problem.

In the case a solution does exist, the work below justifies the manipulations done in order

to obtain the Fredholm equation (3.8). Consider the displacement function w,(r, z) given by
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(2.3) and differentiate by the following operator

0* 19\ > _

2/J (w + ;E> UZ(T, 2) = — /0 )\4()\_/4()\) + (3 - 4V)B()\))J0()\T)€ Azd/\ (314)
From the solution of the problem we obtain the representations for A(\), B(\) in terms of an
integral function with the traction function p(r) given in (3.5). By substitution, the function

inside the integral representation of w,(r, z) is given by

MO + (3= 4)B(\) = — 22 *q((i)_ vy /0 " rp(r) o)

The convergence of integrals correspondingly depends on the asymptotic behavior of [ rp(r)Jo(Ar)dr

for A near infinity. Note that for Ar large we have

C

|J0(>\T‘)| < N

for a constant ¢. Then

/0 () o () dr

< / /rp(r)|dr

so assuming /7p(r) is integrable on [0,a] we obtain at least O(A~'/2) asymptotics for the

integral. Then the following approximation of the asymptotic behaviors hold:
AAN) + (3 —4v)B(A) = O(XN7/?),

MAAN) 4 (3 — 4v)B(N)) = O(A7V/2).

The problem (3.8), (3.9) may be rewritten equivalently as

1
/ tP(t)Ko(t,r)dt =G(r), 0<r<1,
0

with Ko(t,7) = [;° 71/“(3;&”/)(3”_2” Jo(At)Jo(Ar)dA. Observe that the kernel Ko(t,r) of the

23



integral equation is continuously differentiable in both variables twice and the partial deriva-
tives exist up to second order. Observe also that the kernel Ky(t,r) is symmetric so it is
self-adjoint. All eigenvalues are real and the eigenfunctions may be chosen so that they are
real and orthogonal. There is at most a countable number of eigenvalues and the only limit
point is zero.

Consider the eigenfunctions ;(r) with corresponding eigenvalues );. Then

Api(r) = / i(D)EC(t, 7).

Observe that the right hand side is twice continuously differentiable. Correspondingly, so
should the left-hand side. The eigenfunctions corresponding to A = 0 constitute the solution

to the homogeneous equation

/1 PO K (1, 7)dt = 0.

Continuity for these functions cannot be guaranteed. The solution to the equation (3.8)
exists as long as G(r) € Range(K). Observe that {¢;} is a complete set over Range(K).

Then G(r) can be expanded in a series of eigenfunctions
G(r)=>_ <G,p; >
i=1

where none of the eigenfunctions in the series correspond to A = 0. Expand ¢P(t) into this

series as well

P = A
=1

and assume there are no eigenfunctions corresponding to the eigenvalue A = 0 in this series

either. Substitute into the equation and obtain

S A [ Ktnetd =3 <G>
i=1 0 i=1
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or by using the eigenfunction property,
Y Adipi(t) =) <G o>
i=1 i=1

then using the orthogonality of ¢,

1
Ai = —< G, FE>
N ST
Correspondingly, if the solution ¢P(t) exists, it is a twice differentiable function as long
as the homogeneous equation has only trivial solution. From [57], p.3, formula (3.2), we

obtain the following predicted asymptotics of the integral

/0 " p(r) o (Ar)dr = O(A2).

The integral representation of the derivative operator acting on w.(r,0) given by (3.14) is

ensured through the boundary conditions (3.1).

3.4 Numerical approximations and results

In this section, a numerical scheme for equations (3.8), (3.9) is developed. In the cases
where the Steigmann-Ogden model or the Gurtin-Murdoch model with non-zero prestress
are assumed the solution is understood in the approximate sense. To obtain numerical
approximations for the solution of (3.8), (3.9) the computation of the integral over ¢ is done
using the method of Gauss-Chebyshev quadrature.

The Chebyshev nodes of the first and second kind are used to evaluate the integrals:
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By evaluating the integrals at these nodes, the equations can be written as

N+1

ﬁ ; tjp(tj)K(tj,Tk)m — G«(rk)7

These equations form a system with N 4 1 equations and N + 1 unknowns. Note that the
kernel K (t,r) is an oscillatory integral so care must be taken in order to evaluate it. These
types of integrals are notoriously difficult to approximate numerically, but for the specific
integrand in K (¢,7) this computation is accomplished using the IIPBF algorithm [42, 52].
The [TPBF algorithm uses extrapolation on a sequence of partial sums and requires writing
the product of Bessel functions as the sum of two more well behaved functions. Once K(t,7)
is computed numerically at the values selected, the system is solved for values of the function
P(r) at the nodes 7. Using the values found for P(r), the values of the displacements and
stresses are computed using the integral representation formulas (2.3), (2.4).

In order to test the accuracy and efficiency of the algorithm we compare solutions to
the known classical solutions by setting all surface parameters equal to zero. These classical
solutions are well known in the literature [24]. The material we model is Si[100] which
correspondingly has the values p = 40.23 GPa for the shear modulus and v = 0.33 Poisson’s
ratio. The comparison to the classical solution and the numerical solutions obtained by
varying the number of evaluation points is presented in fig. 3.2. The graphs are plotted for
the straight stamp G(r) = 0 and the total force Y/a? =5 - 10 Pa. It can be seen that even
at N = 30 evaluation points the solution is in close agreement to the classical solution. In
the remaining part of this section the number of evaluation points is set to N = 50.

Further testing the algorithm, we compare the contact pressure p(r) to results in given
by Pinyochotiwong [51] in the case of the complete Gurtin-Murdoch model. The following
parameters were used in the rest of this exploration, p = 26.13 GPa, v = 0.345, \y = 6.8511
N/m, po = —0.376 N/m, 0o = 1 N/m, and 7; = 0.116707. In order to compare with the
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Figure 3.2: Comparison of the results with the exact solution in the case of no surface effects.
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Figure 3.3: Comparison of the results for the contact pressure to known results.

results by Pinyochotiwong [51] all the geometric parameters were normalized as ag = a/v,
ro = /v, do = d/v1 where d = u,(0,0) is the penetration depth of the stamp at the
center of the contact radius. The solid lines of the figure denote the results from the current
study while the dashed lines correspond to results by Pinyochotiwong [51]. Finally, the dot
results correspond to the classical solution. The rescaled values of the contact radius ay that
are considered are ag = 0.5,1, and 1.5. It can be seen from fig. 3.3 that the results are
very close to those in Pinyochotiwong’s [51] which were obtained using different theoretical
and computational methods. Unless stated otherwise, the following parameters are used in
the remainder of this chapter: p = 40.23 GPa, v = 0.33, \g = 4.4939 N/m, ug = 2.7779
N/m, oy = 0.6506 N/m, and x/(2u) = ¢/(2p) = 1.9915-1073%y m?® where the values of ~y are
v =0,1,10,100. These parameter values are based on atomistic simulations [8, 9, 11, 45, 56].
The value of a = 10 nm is assumed unless stated otherwise and Y is taken to be Y/a? = 5-10°
Pa.

Fig. 3.4 shows the values of the stresses o,.(r,0), 0..(r,0) and displacements w,(r,0),
u,(r,0) on the semi-space boundary z = 0 for various values of the parameter v. The
numerical results presented in fig. 3.4 are derived for a flat stamp profile G(r) = 0. The
plots for the classical results with no surface effects are solid black lines, the plots for the
complete Gurtin-Murdoch model in the absence of surface resistance (y = 0) are dashed

lines, plots for the Steigmann-Ogden model with v = 1 are shown with dot lines, plots
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Figure 3.4: Comparison of the results for different values of the surface bending resistance
parameter ~ for a flat stamp profile.

for the Steigmann-Ogden model with v = 10 are shown with dash-dot lines, and plots for
the Steigmann-Ogden model with v = 100 are shown with dots. The stresses o,,(r,0) for
the parameter 7 # 0 may exhibit oscillations in a neighborhood close to the tip of the
contact region. The condition numbers for the corresponding systems of linear equations
with N = 50 terms are approximately within the range of 10* — 107.

Figure 3.4 shows that the presence of surface effects causes a smoother behavior near the
edge of the contact radius. The stresses can be seen to decrease near the end of the contact
interval. It can also be seen from fig. 3.4c that the presence of surface effects corresponds to
a reduction in the indentation depth of the stamp into the semi-space and correspondingly,
an increase in the hardness of the material. This effect depends strongly on the value of the

bending resistance of the surface.

It can be seen in equations (3.8), (3.9) that the contact radius a has a proportional
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Figure 3.5: Comparison of the results for different values of the contact radius a for a flat
stamp.

relationship with the coefficients involving the surface parameters. These relationships 7, /a,
v2/a, and 73 /a® are explored numerically in fig. 3.5 by keeping all parameters constant, with
~v = 10, and varying values of a where a = 5, 10, 20 nm. Fig. 3.5 shows the displacements
and stresses for a flat profile stamp at the surface z = 0 for a = 5, 10, 20 nm. The classical
solution represented as a solid black line, results for ¢ = 5 nm are dashed lines, a = 10 nm
are dot lines, and a = 20 nm are dot-dashed lines. As the value of the contact radius a gets
larger, the results converge toward the classical solutions while for smaller values of a we see
that solutions appear to be smoother. For larger values of a the scaled surface parameters
proportionally get smaller, and thus approximate the classical solution in the absence of
surface effects. Similarly, for smaller values of a the surface effects become more pronounced
and the smoothing that was seen in fig. 3.4 is also seen in fig. 3.5.

The hardness of a material, its resistance to being deformed, can be represented by the
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Figure 3.6: Indentation hardness for various parameters v and a flat stamp profile (a) or a
parabolic stamp profile (b).

ratio of the total force applied to the depth of penetration,

Y

H = )
u,(0,0)

Fig. 3.6 shows the ratio of the indentation hardness of the results with surface effects to the
hardness of the classical result H¢. The total pressure Y is set to Y/a* =5 - 10° Pa for the
straight stamp (fig. 3.6a) and Y/a? = 50 - 10 for the paraboloidal stamp (fig. 3.6b). The
parameter vy assumes the values 0, 1, 10, and 100. All other parameters are fixed and set to
the values given above. For larger values of v the material with assumed surface effects has a
greater resistance to deformation compared to the classical solution. The surface parameters
also have a much greater contribution for smaller values of the contact radius a but as the
values of a are taken to be larger, we see that surface parameters effect on the hardness

diminish.
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Chapter 4

A patch-loaded circular membrane

attached to a surface of a semi-space

The problem presented in the following chapter is motivated by the solvability of the full
Steigmann-Ogden case of Chapter 3. In Section 3.3 it is discovered that unique solvability
for a frictionless contact problem is not guaranteed in the most general case. This result
motivates an exploration of differing models for surface elasticity of an object with infinite
surface area. In this chapter, we consider a circular membrane attached to a surface of a
semi-space loaded with an axisymmetric normal stress. The membrane is modeled by the
Steigmann-Ogden model of surface elasticity and surface effects are assumed to be absent
on the rest of the semi-space.

The chapter is organized as follows. First, Section 4.1 covers the boundary conditions for
the membrane on the surface of the semi-space, modeled by the Steigmann-Ogden surface
elasticity model. These conditions are derived from the variational formulation in Section
2.2. The displacements and stresses are represented through Boussinesq potentials in the
form of Hankel transforms of unknown functions in Section 4.2. In Section 4.3, a re-framing
of the problem is used to write the unknown functions in terms of new unknowns given
by differential equations of the surface displacement functions. The unknowns with the

boundary conditions form a system of singular integral equations whose character depends
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on the value of the surface parameters. The solvability of the system of equations with
boundary conditions for each case is covered in Section 4.4 by studying the kernels of the
equations. Finally, a numerical method using Gauss-Chebyshev quadrature is presented in

Section 4.5.

4.1 Boundary conditions for a patch-loaded membrane

with the Steigmann-Ogden surface elasticity

Figure 4.1: Material with surface z = 0 with a circular membrane attached, modeled by
Steigmann-Ogden surface elasticity on the region r < a. The material is subjected to an
axisymmetric pressure p(r) in a circular region.

Consider a material occupying the upper semi-space in three dimensions with surface
boundary given by z = 0 subjected to a nanoscale force in a circular region. We will model
the bulk of the material using linear isotropic elasticity with shear modulus p and Poisson’s
ratio v. The boundary of the material given by the plane z = 0 will be thought of as the
union of two sets, one of which is a circular patch-loaded region with radius r = a, while the
other region on the surface is the complement of this circle on the plane. The circular region
on the surface will be modeled by the Steigmann-Ogden model of surface elasticity.

The axisymmetric representation of the Steigmann-Ogden model of surface elasticity, as
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well as the boundary conditions where surface effects are assumed inside the circle » = a
have been derived in Chapter 2.2. The conditions on the surface of the semi-space in the

axisymmetric case with vector displacement function u(r, z) = (u,(r, 2),0,u.(r,2z)) can be

written as:
o (0 1
0. (r,0) = —(Ng + Q'UO)E o + . ur(r,0), 0<r<a, (4.1)
9”2 10 9 10\
=—0g| = +-= — o= — <
0,.(r,0) o (87"2 + 7’87") u(r,0) + (2¢ + x) (87‘2 -+ 7’87’) uy(r,0)—p(r), 0<r<a,

0r2(r,0) =0, o0,,(r,0)=0, r>a.

The function p(r) represents the applied external traction in the direction normal to the
surface. Using the cylindrical coordinate representation of the Steigmann-Ogden model the
boundary conditions on the membrane edge are given by (2.11-2.13), as shown in Chapter

2.2.

4.2 Boussinesq potentials for the stresses and strains

Using the theory of linear elasticity for the bulk, the displacements and stresses may be
represented in terms of integral equations with unknown functions A(\) and B(\) as detailed
in Section 2.1. For the axisymmetric case this results in the representations (2.3), (2.4) on
the surfaces.

The conditions (4.1) with (2.11-2.13) form a mixed boundary problem, where there are
different conditions on the part of the surface assuming the Steigmann-Ogden model and the
remainder of the surface. This means that we cannot solve the problem directly by inverting

Hankel transforms.
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4.3 A system of singular integral equations for the so-

lution of the problem

Consider the auxiliary problem

—ng(r), 0<r<a, ho(r) —p(r), 0<r<a,
Orz (T, O) = Ozz (T’ 0) =

0, r > a, 0, r > a,

where the functions g(r) and ho(r) are initially unknown. Substituting into the traction

balance condition for the Steigmann-Ogden surface model, produces two integral equations

o

/ / mg(r), 0<r<a
AAAN) + (1 = 2v)B(N)) Ji(Ar)dA = (4.2)
0 0, r>a
7 ho(r) —p(r), 0<r<a

AAAN) + (2 —2v)B(XN)) Jo(Ar)dh = (4.3)
0 0, r > a.

These integrals with Bessel functions can be seen as a Hankel transforms of order one and
order zero respectively, noting that J)(z) = —Ji(x). Applying the inverse Hankel transform

to each equation results in a system of equations:

Al=2v| [AN] Y1 [y tg(t) Jo(At)dt
A 2—2v| |B(\) o t(ho(t) — p(t)) Jo(At)dt

The functions A(\), B(\) can be written as:
AA) = (2 =2)m /a tg(t)Jo(At)dt — (1 —2v) /at(ho(t) — p(t))Jo(At)dt,

BO) = = [t F00t+ [ thalt) = ple) a0
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where the surface parameters are defined by v = (Ao + 2p0)/21, Y2 = 00/2u, and 73 =
(2¢ 4 x)/2u. Note these are the same definitions used in Chapter 3.

If g(r) and ho(r) were known, then these equations would satisfy the boundary conditions
(4.1) identically. The goal is to find the functions g(r) and ho(r) that also satisfy (2.11-2.13).

These functions can be written in terms of the displacements by noting that

talr) = (1) 4 T10) ) = (), (4.4

with
o (0 1 0? 10
g(r) = Q/LE (E + —) ur(r,0), h(r)=2u (ﬁ + ;E) u(r,0).

r

The last two equations may also be rewritten as

r

" 0o 1 I 2 9,
o =4 = - 2 o=
/o g(t)dt +c1 =2p (8r + r) u,(r,0), /0 th(t)dt + . uaruz(r, 0),

where ¢; is a constant whose character will be discussed later. Assuming that the derivative
of u,(r,0) at » = 0 is smooth, forces c; = 0. The character of the function hy(r) changes
depending on the values of the surface parameters s, v3. By the orthogonality property of

Bessel functions, the equations simplify to

[ st = = 2)ti) - ) - w2 K agode w)

1

L th(tdt = (1 - w)mglr) - LY / "R () — pO)dE, (46)

where the kernel K(¢,r) is a constant multiple of the kernel from the last chapter given by
(3.10).

The next step is to substitute h(r) for its representation in terms of ho(r) in order to
write the two equations in terms of the two unknown functions g(r) and ho(r) as well as
the known external pressure p(r). The following section will isolate the different cases and

discuss the analysis of solvability for each case.
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4.4 The integral equations for various assumptions on

the surface effects

4.4.1 The complete Steigmann-Ogden model

This section covers the case where the membrane is modeled using the Steigmann-Ogden
model with all surface parameters taken into account, represented by the surface parameters
1, 72, 73 # 0. The relationship between ho(r) and h(r) given by (4.4) is a second order
ODE. The solution is found by the method of variation of parameters, where the fundamental
system of solutions for the homogeneous equation consists of the modified Bessel functions

of order zero. The general solution is given by

h(r) = (03 + % /O T tKO(kt)hO(t)dt) Io(kr) + (04 - % /O ' t]o(k:t)ho(t)dt) Ko(kr)

where k = \/72/73 and I,(x), K,(x) denote the modified Bessel functions of order « of the
first and second kind, respectively. This representation for h(r) allows for the integral of

h(r) on the left side to be written as

%/Or th(t)dt = C—]j’h(k:?“) - C—; (K1 (kr) —1/kr) + k’i’)@ /OT B(t,7)ho(t)dt (4.7)

where

B(t,r) = tKo(kt) Iy (kr) + tTo(kt) Ky (k) — % (4.8)

Substitute (4.7) into (4.5), (4.6), and rescale from (r,t) € (0,a) x (0,a) to (r,t) €

(0,1) x (0,1) using the new functions:
ap(ar) = P(r), ahg(ar) = Hy(r), a2—19(ar) = G(r),

acy = Cl, a203 = 03, (1204 = 04.
Continue the equations by symmetry onto (r,t) € (—1,1) x (—1,1) by introducing the
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functions
E(r/t), r<t,
Hl(t,'f’) - (49)
T T2— 2
LE(t/r) - =EK(t/r), t<r,

rt

%E(t/r), t<r,
Hg(t,’l") =

CE(r/t) - S K(r/t), r<t,

T

and note that tK(r,t) = (;L—lr + L) Hi(t,r) and tK(t,r) = (—H% + =) Ha(t, 7). Also,

define the following symmetric continuations on (—1,0]:
G(—r) = =G(r), Ho(=r)= Ho(r), P(=r)=P(r),

B(t, —T’) = _B<t7 |T|>7 B(—t,?“) = —B(‘ﬂ,?”),
Hl(—t, —7”> = Hl(t,T) = H1<t, —T) = Hl(—t,T>,
HQ(—t, —7") = Hg(t, T) = Hg(t, —7") = HQ(—t, T’).

Introducing the functions

Ou(t,r) = 2—-2v (Hl(t,r) — 1) C Oultr) = 2—-2v (Hg(t,T') — 1) 7 (4.10)

s t—r ™ t—r

the integral equations may be written as

% 07«| G(t)dt + Cy = (1 — 20)(Ho(r) — P(r)) + > ;2” / 11 G(t)tci—tr + / 11 G(t)Qu (¢, 7)dt,
%Sgn(r)ll(lmh"b — % (sgn(r)Kl(k:a|r|) — %) + % /OT B(akt, akr)Hy(t)dt

~ (-2 - 222 [ TR te) - Py

us 1 t—r 1

Following the method outlined by Erdogan [12], first write the equations so that the

kernel is a sum of a Cauchy singular kernel and the regular part of the kernel. This results
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in the equations:

(1= 20)Ho(r) + ;2” /1 Gt(f)ft - /1 Ri(t, )G (#)dt = pr (1), (4.11)
(1-wo) - 222 [ B[ i = ). (012

where

pi(r) = (1 —=2v)P(r) + Cy,

po(r) = %sgn(r)]l(ka|r|) - % (sgn(r)Kl(ka|r|) - L)

a akr
2—2u (1 dt
-2 [
-1 —T

s t

- / Qu(t, )P (1),

2
a a
Ri(t,r) = %X[O,M](t) —Qui(t,r), Ra(t,r) = oo, X0 (t)B(akt, akr) + Qa(t, ).

Assuming, for now, that the regular part of the integral equation is known, the system of

dominant equations has the form

(1= 20)Hy(r) + =2 /1 GWdt _ p ), (4.13)

s 1 t—r

~2—2v (' Hy(t)dt

s 1 t—r

(1 - 20)G(r) = Py(r), (4.14)

where

1 1

Rl(t, T)G(t)dt, PQ(T) = pg(?“) + / Rg(t, T)Ho(t)dt

-1

Pu(r) = i) + |

-1

Dividing (4.13) by i and adding that to (4.14) gives

u—2m¢wy+2f2y/‘¢@mt:Tv% (4.15)

s 4 t=r
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where T'(r) = Po(r) —iPy(r), ¢(r) = G(r) — iHy(r). The known function 7'(r) is assumed
to be Hoélder continuous on [—1, 1] including the endpoints. The solution is sought to be in
the class h(—1, 1) which is defined as the collection of functions that are Holder continuous
on the interior of the domain but may have integrable singularities at the ends. To match
formulae in [17], divide (4.15) by /4v — 3.

A Cauchy singular integral equation (4.15) may be written as a Riemann-Hilbert problem

o(r) -i-/:“*”ﬁ.

" omi 1 t—r

by defining

Then using the Sokhotski-Plemelj formula [17]

@Wﬂ+¢7m=i/qﬂmﬁ

), t—r
and rewriting (4.15) in terms of ®* and ®~ gives the Riemann-Hilbert problem,

-1 n 1
3 —4v

T(r), re(—1,1). (4.16)

Solving the homogeneous problem first, call v = ﬁ so that the homogeneous problem

may be written as

XT(r)=ax"(r), re(=11).

The solution of a homogeneous Riemann-Hilbert problem is presented in Muskhelishvili’s
‘Singular Integral Equations’ [48] as well as Gakhov’s ‘Boundary Value Problems’ [17]. There
are no special ends, meaning that the function G(r) = ~ is not a real positive quantity on

the endpoints. The solution to the homogeneous problem is given by

®(r) = x(r)Co,
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where

co=vi(2) -0 o=+ (B ey

with w = log(y)/2m and a complex constant Cy. Note that the exponent iw has an imaginary
component, which causes oscillatory behavior to appear in the solution. The solution to the

inhomogeneous Riemann-Hilbert problem (4.16), is then given by

r) (Y —yT(t
B(r) = égm) /_1 X+(g(t(_)r>dt+00x(7’)-

Using the Sokhotski-Plemelj formulas, the equation may be written in terms of the unknown

function ¢(r):

-2, 2 —2v Z(r) /1 T(t) dt

3—4dv m J_4 Z(t) t—r + ﬁ(Q - 2V)COZ(T), (417)

where Z(r) = %)ﬁ(r). Observe that the constant Cj is restricted to real values to preserve
the parity of the functions G(r) and Hy(r). Note that the function Z(r) has oscillatory
singularities at » = £1. Since singular integrals preserve oscillatory singularities, the second
term in the sum for the solution ¢(r) given by (4.17) does not have oscillatory singularities.
The only term that contributes to possible oscillatory behavior at the boundary of the
membrane is the term with Cy. In order to avoid this behavior, the constant () is taken to

equal zero, allowing the solution to be written as:

(4.18)

1—2v 2 —2v Z(r) /1 T(t) dt

= — T .
2(r) 3—4v (T)+3—41/ w o) Z)t—r

Name the real and complex components of Z(r): ReZ(r) = Zg(r), ImZ(r) = Z;(r). By
substituting the function 7'(r) into the solution (4.18), the original system of two singular

integral equations (4.11), (4.12) may be reformed into a system of two Fredholm equations
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in terms of G(r), Hy(r):

+/1 K (7, T)G(T)d7+/lK2(T, r)Ho(T)dT = qi(r), (4.19)

1

Ho(r) + Ks(7,7)G(T)dT + /1 Ky(7,7)Ho(7)dT = qa(r),

-1

with the functions

1—-2v 12 —-2v

i | Oz Oz

—-Tr

@) = 3 aemn(r) = 222 [ [)2(er) (02 (0]

- T

and the kernels

12—2v (! dt
Ki(rr) = 23— [ Rinzitn =

- T

12—2 (! dt 1—2v
K == A
2(7’,7’) 7T3—4V/_1R2(T7t) Q(t,T)t_r+3_4VR2(T,T),

12—-2v dt 1—-2v
K Zs(
3(7',7’ 7'('3 4]// Rth Qtr) —T+3—4VR1(T7T)’
2 —2u dt
K = —— )2, (t
i(7r) 7r3—41//1R2(T ) 1(’T>t—r

where

ZR(T)ZR(t) + Z](?“)Z[(t)
Zp(t)? + Zi(t)*

ZR(r)Z;(t) — Z1(r) Zg(t)
Zr(t)? + Z(t)?

Zy(t,r) = Zo(t,r) =

The kernels and known functions on the right side of each equation will have integrable
singularities at the endpoints of the interval r = 4+1. As they are, the known functions and
kernels of the two equations do not satisfy the conditions to use Fredholm theory. The

infinities at the endpoints can be eliminated by solving instead for the functions Hy(r) =
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Hy(r)v/1 =12, G(r) = G(r)v/1 — r? and performing a change of variables. The kernels will
have at most logarithmic singularities at 7 = r and satisfy the conditions necessary to use
Fredholm theory. The system of integral equations can be solved uniquely as long as the
corresponding homogeneous adjoint problem has only trivial solutions.

For the boundary conditions given by (2.11-2.13), the equations can be rescaled similarly
to the integral equations. The displacements (2.3) may be substituted in with the definitions
for A(\) and B(\). This results in:

o0 + / G+ 26, - %0 =210 (9 _ o) / CGUEW) — K@)t

TUQ

_ (002;—2”0)“ — ) /_11 tP(t)dt = 0,

3 1 1 3 1
Ma <Cg + a—/ tKo(k'CLt>H0(t)dt) + NaC4 — (Na + D) 2) a_/ t[o(kat)H()(t)dt = 0,
73 Jo k*a* ) s Jo

1
/ FHo ()t = 0,
0

where M, = (22—;:0]0(/{@) - h,i];a) and N, = %Ko(ka) + W These conditions

given by the three equations above allow for solving for the constants C, C3, Cy uniquely.

4.4.2 The Steigmann-Ogden model in the absence of prestress

Consider the case where the Steigmann-Ogden model of surface elasticity is assumed on the
membrane with resistance to surface bending and stretching, but without prestress. This
case is characterized by the surface parameters v3,v; # 0 and 75 = 0. The relationship
between hg(r) and h(r) given by (4.4) is a second order ODE. We may solve the differential

equation by the method of variation of parameters. This results in the function

h(r) = c3log(r) + cs + % /OT(log(T) — log(t))tho(t)dt.
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The integral of h(r) appearing in equation (4.6) can then be written as

I r(2log(r) — 1) r 1 [T[trQ2log(r/t) —1)
- th(t)dt = -+ — — | ho(t)dt. (4.2
7"/0 ®) “ 4 +C42+73 0 4 +4r ot) (4.20)

First substitute the representation of the integral of h(r) into (4.6) and rescale (r,t) from

(0,a) x (0,a) to (0,1) x (0,1) with
aho(ar) = Ho(r), ap(ar) = P(r), az%g(ar) = G(r),

ac; = Ch, CL203 = (s, CL204 = (y,

Extend the equations to (r,t) € (—1,1) x (—1,1), using the equations Q(t,r), Qa(t,r)

defined by (4.10) and the symmetric continuations on (—1,0]:
G(—r) = =G(r), Ho(=r) = Ho(r), P(=r)=P(r).

The two integral equations extended to r € (—1, 1) are given by

@ e+ Oy = (1 — ) (Hy(r) — P(r) + 272 / o) ‘i + / MG,

Y1 Jo - -
O3T(210g arl =1 +Chm + @ [ L(t,r)Hy(t)dt = (1 = 2v)G(r)
4 2 73 Jo
2—2v [ (H, — P(t))d 1
- / ( o(t)t - r<t>> t / Qult. ) (Holt) ~ P(t))at
where
3
Lit,r) = tr(2log Z/t| - 1) N i_r' o

The solution is found by following the method used in Section 4.4.1, with the functions p; (),
po(r) and the kernels Ry (t,r), Ro(t,r) in this case defined as:

pi(r) = (1 —2v)P(r) + Cy,
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r(2loglar| — 1)

pa(r) = Cs 4 5

/ po- [ e P,

1 t—r
Ry(t,r) = %X[alrl}(t) —@Qut,r), Rat,r) = %:X[O,r](t)L(ta”’) + Q2(t, 7).

Solutions G(r), Ho(r) are sought in the class h(—1,1). As shown in Section 4.4.1, the system
may be rewritten as two Fredholm equations, given by (4.19) with the functions p;(r), pa(r)
and the kernels R;(t,r), Ra(t,r) for this case substituted in. The kernels appearing in this
system of Fredholm equations will have at most logarithmic singularities at ¢t = r and square
root singularities at the endpoints » = 4+1. Transforming the two Fredholm equations further,
by substitutions and relabeling, the singularities at » = 1 may be eliminated, leaving the
logarithmic singularities at t = r. By Fredholm theory, a unique solution exists so long as
the homogeneous adjoint equation as a solution.

The boundary conditions, rescaled to r» = 1, in this case are derived from (2.11-2.13)

given by

Ya Ho ! 2 2 _ M9, '
/0 %G(t)dtJrOl—E(Q—Qy)/o G(t)(E(t") — K(t%))dt = ,ua(l 2 )/0 tP(t)dt,

1
/ LH(£)dt = 0,
0

Cs(log(a) +1/2) + Cy — i‘;—?’/l (log(a) — log(t) + 1/2 — t*/2) tHy(t)dt = 0.

These conditions given by the three equations above allow us to solve for the constants C',

C3, Cy4 uniquely.

4.4.3 The Steigmann-Ogden model with prestress and without re-
sistance to stretching

This section will cover the case where the membrane is modeled using the Steigmann-Ogden
model with resistance to bending and a nonzero prestress, but without resistance to stretch-
ing. The parameters are characterized by 72,73 # 0 and 7, = 0. In this case, the problem

reduces to solving only one integral equation, given by (4.6). The function h(r) is the same
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as in the case of complete Steigmann-Ogden in Section 4.4.1. The integral of A(r) on the
left side of equation (4.6) is given by (4.7). The integral equation is rescaled and extended

so that r € (—=1,1). To do so, first define the functions
aho(ar) = Ho(r), ap(ar) = P(r), a’c3 =C3, a’cy = Cy.

Extend the equation to (r,t) € (—1,1) x (=1, 1), using the equation Qz(¢,r) defined by (4.10)

and the symmetric continuations on (—1,0]:

The equation (4.6) can be written as

1" Hot)dt _ F(r) — /1 k(t,r)Ho(t)dt,

T™)_, t—r 1

with
F(r) = %/1 P(t)t Oitr + 5 _121/ /1 Qo (t,r)P(t)dt — ﬁsgn(r)h(kar)
Cy 1
+ k(2 —2) (sgn(r)Kl(k:ar) - %) :

—2v

The kernel is given by k(t,r) = 5= (%ZX[O’T] (t)B(akt, akr) + Qa(t, r)) , with B(t,7) defined
by (4.8) and Q2(t,7) defined by (4.10). Using regularization by solving the dominant equa-
tion, we assume first that the function on the right side of the equation is known. The
solution Hy(r) will be sought for in the class h(—1,1). The singular integral equation may

be written as a Fredholm equation of the second kind given by [17]

Ho(r) + /_ K( ) Ho(t)dt = f(r) (4.22)
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with
/ (1,t \/ﬁdT
7T\/1 — 72 —r
) = / \/1 — t2dt Co
B m Vi

The one free constant Cy may be used to obtain a bounded solution at » = 1. The kernel

K(t,r) =

K(t,r) and free term f(r) will have square root singularities at the endpoints r = £1. As
they are now, they do not satisfy the conditions of Fredholm theory. A change of variables
for Ho(r) and the variable of integration eliminates these singularities at the ends.

The kernel of the Fredholm equation after eliminating the square root singularities is

given by

K(tr)= - [ B VLT / Qult, VI~ 727
7 o 2 — 21/ T

Y37 (2 — 2v) T—7 —r

The first integral in the kernel equation does not have any singularities. The kernel Qs(t, 7)
has a logarithmic singularity at ¢ = 7, meaning the second integral in the kernel has a
logarithmic-squared singularity at ¢ = r. The kernel K(¢,r) has a logarithmic-squared
singularity at ¢ = r. Then by Fredholm theory, the equation will be solvable as long as the
homogeneous adjoint equation has only trivial solution.

The boundary conditions given by (2.11-2.13) rescaled and evaluated on the edge r = 1

can be written as:

/01 tP(#)dt — —

1—2v’

3 1 1 3 1
Ma <03 + Cl_ tKo(kat)Ho(t)dt) + NaC4 — (Na + B 2) a—/ t]o(kat)Ho(t)dt = 0,
73 Jo k*a* ) s Jo

1
/ tHy(t)dt = 0,
0

where M, (2X+C)I (ka) — % and N, = @é—;OKo(k‘a) + %{;lﬂm The first condition
restricts the value of the total force applied to the semi-space. The second two conditions

will allow us to solve for the constants C5, Cy uniquely.
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4.4.4 The Steigmann-Ogden model without resistance to stretch-
ing or prestress

This section will cover the case where the membrane is modeled using the Steigmann-Ogden
model of surface elasticity with resistance to bending and without resistance to stretching
or prestress. The parameters are characterized by 3 # 0 and 7,7, = 0. In this case, only
one integral equation is needed to solve. The function A(r) is the same as in the case where
the Steigmann-Ogden model of surface elasticity is assumed without any prestress, covered
in Section 4.4.2. The integral of h(r) on the left side of the equation (4.6) is given by (4.20).
The equation (4.6) can be rescaled and extended to (r,t) € (—1,1) x (=1, 1) by defining the

scaled functions
aho(ar) = Ho(r), ap(ar) = P(r), a*cs=Cs, a’cy = Cy,
and symmetric continuations
Ho(—r) = Hy(r), P(—r)=P(r).

The solution Hy(r) is sought for in the class h(—1,1). The solution is found by method of
regularization by solving the dominant equation as presented in Section 4.4.3, the equation

(4.6) can be written as a Fredholm integral equation of the second kind given by (4.22) with

B r(2loglar| — 1) r I dt 1 !
PO ==y " %ap-2) 'x /_1 PO e /_1 @ P.

1
2—2v

k(t,r) = (ka—%x[o,,.} (H)L(t, 1) + Qa(t, m) ,

with L(t,r) defined by (4.21) and Qs(t,r) defined by (4.10). The known function F(r)
belongs to the class of functions that are Holder continuous. The one free constant Cy may
be used to obtain a bounded solution at r = 1. The kernel K(¢,7) and free term f(r) will

have square root singularities at the endpoints r = +1. After a change of variables for H(t)
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and the argument of integration, the square root singularities at » = +1 can be eliminated.
The kernel of the Fredholm equation, after eliminating the square root singularities, is

given by

K(t,r) =

a? /t B(r,t)V1 —r%dr 1 /1 Qo(t, 7)V1 — T2dT
0 m(2—2v) ), '

k(2 — 20) T—r T—r

The kernel K(¢,7) has a logarithmic singularity at ¢ = r. Then by Fredholm theory, the
equation will be solvable as long as the homogeneous adjoint equation has only trivial solu-
tion.

The boundary conditions given by (2.11-2.13) rescaled and evaluated on the edge r = 1
can be written as:

1
2
/ tP(t)dt = —~
0

1—2v’

1
/ tHo(t)dt = 0,
0

Cs(log(a) +1/2) + Cy — 3—2 1 (log(a) — log(t) 4+ 1/2 — t?/2) tHy(t)dt = 0.

The first condition restricts the value of the total force applied to the semi-space. The second

two conditions will allow us to solve for the constants C5, C; uniquely.

4.4.5 The complete Gurtin-Murdoch model

This section covers the case where the membrane is modeled by the Gurtin-Murdoch model
of surface elasticity with nonzero prestress and resistance to surface stretching. This is
characterized by the surface parameters: 3 = 0 and 71,72 # 0. The function ho(r) =
—2h(r), so all that is needed to write the integral of h(r) in (4.6) in terms of ho(r) is a
direct substitution. Rescale and extend the integrals (4.5), (4.6) to (r,t) € (—1,1) x (—1,1)
by using the functions Q1 (t,r), Q2(t,7) defined in (4.10), relabeling:

aho(ar) = Ho(r), ap(ar) = P(r), aZ%g(ar) =G(r), ac =CY,
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and using the symmetric continuations:

G(—r)=—-G(r), Ho(—r)= Ho(r), P(—r)= P(r).

The two integral equations are rewritten as a system of Fredholm equations of the second
kind, following the method outlined in Section 4.4.1. The functions labeled p;(r), p2(r) and
kernels Ry (t,7), Ra(t,r) in the equations appearing in Section 4.4.1 for this case are given

by:

d 1
t_tr - /_1 Qo(t, 1) P(L)dt,

pi(r) = (1 — 2V P(r) 4+ Cy, polr) :—(2—21/)/1P(t)

a at
Ry (t, T) = —XJ[o,|7|] (t) - Ql(t> T)? RQ(tv T) = = = X[0,] (t) + Q2<t7 T)'
At Yor

The resulting two Fredholm equations are given by (4.19) with the functions p;(r), p2(r) and
the kernels Ry (t,7), Ra(t,7) for this particular case substituted in. The kernels in the system
of Fredholm equations have logarithmic singularities at ¢ = r and square root singularities
at the edge of the circular boundary » = +1. As seen in Section 4.4.1, the square root
singularities at the endpoints can be eliminated by performing a change of variables and
relabeling. By Fredholm theory, the solution will exist as long as the homogeneous adjoint
equation has only trivial solution.

For this case, the boundary conditions (2.11-2.13) reduce to
1 ~ “ 1 y 1
/ G(t)dt + ZaCy — 22 (2 - zy)/ Gt)(EW?) — K@#?)dt = ——(1 — 2y)/ tP(t)dt,
0 @ Ha 0 Ha 0
1
/ tHy(t)dt = 0.
0

The first condition allows us to solve for the constant C';. For the second boundary condition,
the constant Cy in (4.17) that was previously assumed to be zero can be taken to be real
and found by using this condition. The solutions in this case will have oscillatory behavior

near the membrane boundary.
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4.4.6 The Gurtin-Murdoch model without surface resistance to
stretching

Consider the case where the Gurtin-Murdoch model of surface elasticity is assumed on the
membrane with an applied prestress but no resistance to surface stretching, characterized
by 73,71 = 0 and 75 # 0. In this case, the function hy(r) = —72h(r) and the problem
involves only one integral equation, given by (4.6). First, rescale equation (4.6) so that
(r,t) € (0,1) x (0,1) with the functions ahg(ar) = Hy(r) and ap(ar) = P(r). The equation
can be extended to (r,t) € (—1,1) x (—1,1) using the kernel Qs(¢,7) defined in (4.10) and
the following symmetric continuations on (—1,0]: P(—t) = P(t), Ho(—t) = Hy(t).

The method of regularization by solution of the dominant equation is used where the
solution Hy(r) is sought in the class h(—1,1). Following the work in Section 4.4.3, the

equation may be written as a Fredholm integral equation of the second kind given by (4.22)

F(r) = 1/1 Py 1 /1 P()Qalt, r)dt,

1t—T’ 2_2V _1

with

1 t
btr) = 5 (2 )+ ale)).

Performing a change of variables, and solving for the function Hy(r) = Ho(r)v/1 — 12 leads
to a Fredholm equation that will satisfy the conditions of Fredholm theory.

The kernel K(¢,r) without square root singularities is given by

K(t.r) = a l/t Vi-rdr 1 /1 Qs(t, 7)V1 — 72dr
T pm(2-20)t T—r m(2—-2v) J_4 '

The first term in the sum has a logarithmic singularity at ¢ = r. The second term has

T—T

an order logarithmic-squared singularity for ¢ = r, meaning the kernel as a whole has a
logarithmic singularity at ¢ = r. By Fredholm theory, the solution exists and is unique as
long as the homogeneous adjoint problem only has trivial solution.

The boundary conditions (2.11-2.13) in this case are given by the boundary conditions
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may be written as

1 2,[,L 1
tP(t)dt = tHy(t)dt = 0.
[ pwa =2 [

Note that the first boundary condition forces a condition on the value of the total external
force applied. In this case, this condition must be satisfied to have a solution. The con-
stant Cy can be found by using the second boundary condition. The equation Hy(r) is not

guaranteed to be bounded on the ends in this case.

4.4.7 The Gurtin-Murdoch model without prestress

This section covers the case where the Gurtin-Murdoch model of surface elasticity is assumed
on the membrane, with resistance to surface stretching and no applied prestress. The surface
parameters are characterized by 3,72 = 0 and v # 0. The function hg(r) = 0, so there
is only one unknown function, g(r). This reduces the problem to the equation (4.5) with
ho(r) = 0. Rescale (r,t) from (0,a) x (0,a) to (0,1) x (0, 1) by writing the equation in terms

of the scaled functions:
ap(at) = P(t), CLQEg(at) =G(t), ac =Ch.
a

The equation can be extended to (r,t) € (—1,1) x (—1,1) by using the function @ (t,r)
defined in (4.10) and the symmetric continuations on (—1,0] given by: P(t) = P(—t),
G(t) = —G(-1).

The solution is sought in the class h(—1,1). Following the work in Section 4.4.3, the

singular equation can be rewritten as a Fredholm equation. The functions

(1—20)P(r) + C)

F =

1
k(t’ T) = 2 _ 9y (_%X[OJTH(t) + Ql (tv T)) )

in this case may be substituted into (4.22) with the desired function G(r) instead of Hy(r).
Performing a change of variables, and instead solving for the function G(r) where G(r) =

G(r)/v/1 =12 leads to a Fredholm equation that will satisfy the conditions of Fredholm
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theory. The free constant, Cj, generated by solving must be taken equal to zero in order
to preserve the parity of the function G(r). The solution G(r) is allowed to have integrable
singularities at the endpoints.

Now to investigate the character of the kernel of the Fredholm equation,

K(t,r) =

1 /t|v1—7'2d7' / Qth\/1—7'2dT
2—2y T —

(2 —2v) T—7 r

The first term in the sum will have a logarithmic singularity at ¢ = r. The second term in
the sum has a logarithmic-squared singularity for ¢t = r. The kernel K(¢,r) has at most a
logarithmic singularity at ¢ = r. Using Fredholm theory, the integral equation can be solved
uniquely as long as the corresponding homogeneous adjoint problem has only trivial solution.

In this case, the boundary conditions (2.11-2.13) reduce to one equation which, by sub-

stitution, gives

/01%61( i+~ P20 - 20 /G K (1))t

Ho
+1 - )/0 LP(t)dt —

The constant C will be uniquely determined using this condition.

4.4.8 The classical case

In the classical case, we do not have the issue of mixed boundary conditions and can therefore
use the classical method of inverting Hankel transforms in (2.4) and substituting in the
explicit results for A(A) and B(\) into the equations (2.3) to write the displacement functions
as a function of the external force p(r). Inverting the tangential stress gives the following

relationship between A(\) and B(\):

M) = —(1 — 20)B(\).
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By substituting this into the normal stress equation and inverting the Hankel transform we

have

~ / () SOt = AA(N) + (2 — 20) BN

which results in

MO = (1 - 20) / (O SO0 dt, B\ = — / T ip(t) SOt

The solution in this case are well known in the literature, and can be found in Green and

Zerna’s ‘Theoretical Elasticity’ [24].

4.5 Numerical approximations and results

This section presents a numerical scheme used to find solutions for the set of integral equa-
tions (4.5), (4.6) with the boundary conditions given by (2.11-2.13). The method used
involves approximating the unknown functions by a summation of Chebyshev polynomials.
The scheme makes use of the orthogonality of Chebyshev polynomials to form a matrix
equation where the unknown coefficients are solved for by matrix inversion.

The unknown functions Hy(r) and G(r), taking into account evenness/oddness, are rep-

resented as
N

ATn By Tom—1(7)
Z 2 2 Z \/12_771.2 :

=1
where T} is a Chebyshev polynomial of the first kind. These representations are substi-
tuted into the two integral equations (4.5), (4.6) as well as the conditions on the membrane
boundary given by (2.11-2.13). To approximate the integrals over ¢ we use Gauss-Chebyshev
quadrature where the integrals are evaluated at Chebyshev nodes of the first kind ¢, and

Chebyshev nodes of the second kind 7;:
2k —1 '
tr = cos (g) , Tj=cos (‘E) ,
2n n

o4



with k=1,...,nand 7 =1,...,n— 1. For evaluation of an integral using nodes of the first

kind the following formula is used

For evaluation at nodes of the second kind the following formula is used

1 n—1
| sy = PN

After substitution of G(r) and Hy(r), the integral equations (4.5), (4.6) are multiplied by
the Chebyshev polynomial T (r) and integrated with respect to r over (—1,1). Utilizing the

orthogonality property

/2 m=n#0
\

simplifies the equations. The Chebyshev polynomials of the first and second kind appearing
in the equations are evaluated using the formulas

i 1)6
T.(z) = cos(nB), U,(z) = %,

for @ = arccos(x). The trigonometric representations allow for faster results and maintains
the accuracy of the numerical scheme. This process allows for construction of a matrix M

such that M C = D where
C=1|4, --- Ay B, --- By C, C3 C,

which has 2N + 3 unknowns and D is a vector with values from integrals involving the
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known function P(r) and constants to be determined by the equations. This will give us the
coefficients of the polynomial expansion for Hy(r) and G(r).

To compare the outputs to previous work in the literature [44], the semi-space is treated
as an isotropic aluminium material, with shear modulus p = 26.13 GPa and Poisson’s ratio
v = 0.345. The radius of the circular membrane where surface effects are assumed is set to
a = 10 nm. The radius of loaded region, s, will be set such that s = a/4. These parameters
will be used henceforth unless otherwise specified. The function for external pressure applied

to the surface will be set to the Hertzian contact pressure

P
p(r) 3 m, r<s

2783

with average pressure p = P/(ws?).

First, we test the numerical convergence of the algorithm by comparing the solution
outputs from the scheme to the classical solution. These classical solutions are well known
and can be found in the literature [24]. The classical tangential stress on the surface o, (r, 0)
is assumed to equal zero for all values. We do not take the values of the surface parameters to
equal zero since there is division by the parameters in many of the equations. For simplicity,
we set fg, Ao, 0o = 1074 so that v, /2ua and vo/2ua are of the order 107 and ~3/2ua® is of
the order 107!°. In the numerical model, we are able to set both the number of evaluation
points and the number of terms in the Chebyshev polynomial sum approximation. The next
figures explore the convergence of the numerical approximation with either the number of
polynomials, denoted N, or the number of evaluation points, denoted n, fixed while the other
varies.

In fig. 4.2, the number of polynomials in the summation approximation for both Hy(r)
and G(r) is set to N = 50 and the number of evaluation points is varied. The functions
0..(r,0) and u.(r,0) are very close to the classical solution even for smaller numbers of
evaluation points. The convergence for o,.(r,0) and w,(r,0) is slow, but at n = 2N where
n is the number of evaluation points and NN is the number of polynomials is very close to

the classical solution. In fig. 4.3 the number of evaluation points is set to n = 200 and the
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Figure 4.2: Comparison of the fixed polynomial approximation results with the exact solution
in the case of no surface effects. The number of polynomials in the summation approximation
of G(r) and Hy(r) is given by N and the total number of evaluation points is given by n.
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Figure 4.3: Comparison of the fixed evaluation points approximation results with the exact
solution in the case of no surface effects. The number of polynomials in the summation
approximation of Hy(r) and G(r) is given by N.

number of polynomials in the summation approximation for both Hy(r) and G(r) is varied.
The number of polynomials N varies in each plot such that N = 20,50,100. For a large
number of evaluation points n > 2N the solutions tend to be very close. This is true even
for polynomial approximations with small upper summation bounds. For the remainder of
the results we set the number of polynomials in the summation approximations N = 100
and the number of evaluation points n = 2.

It is prudent to observe that the boundary conditions derived through variational methods
given by (2.11-2.13), has a term in the first equation where o appears as a constant. This
causes the behavior of the model at the boundary of the membrane to be dominated by
the value of the prestress. In fig. 4.4 the surface prestress parameter oy was set so that
o9 = v -107* where v = 1,10, 100. The surface Lamé parameters were set to pg = —0.376
and \p = 6.8511 and the bending resistance parameters were set so that ( + 2y = 1 nN.-nm
to match the values used by Mi [44]. Tt can be seen in these plots that for larger values of
0o the displacement w,(r,0) seems to have a singularity at the boundary of the membrane,
here r/s = 4 since the inner radius s is scaled such that s = a/4 and r is scaled to r/a. In
comparison, fig. 4.5 shows the results for varying the bending resistance, 73, with boundary
conditions given by (2.11-2.13). The value of 3 was set so that y3 = v - 107! where
v = 1,10,100,10%. As can be seen, the results barely change for the different values of ,
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Figure 4.4: Comparison of the results obtained varying the prestress parameter 7, so that
72 =y - C for a constant C'.

with the most notable change at the largest value for ;.

The results of this work differ from the literature in that surface elasticity is assumed
on a finite subset of the surface. The results with boundary conditions (2.11-2.13) and the
results given by Mi [44] with the “fixed tip” boundary conditions are compared in fig. 4.6.

The “fixed tip” boundary conditions are given by

0 1 )
(5 +1)wtro]| =0
o ([ 0? 10 ]
_O-OUZ,T(T’ 0) + (2X —+ C)E (ﬁ + ;5) U,Z(T, O) = 0,
2 10 1
[(ﬁ—F;E) u,(r, 0) =0,

which satisfies continuity for the auxiliary problem presented in Section 4.3. To compare
results to Mi, the following parameters are used: p = 26.13, v = 0.345, A\ = 6.8511,
po = —0.376, 09 = 1, and (¢ + 2x) = 107!, For numerical stability of the system, the
number of polynomials in the approximations of G(r) and Hy(r) is taken to be N = 8 and
the number of evaluation points is taken to be n = 160.

In fig. 4.6, the results for the model with boundary conditions given by (2.11-2.13) are
plotted with small dots and labelled ‘BC 1°; results with the numerical method presented

in this section but boundary conditions given by the “fixed tip” boundary are plotted with
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Figure 4.5: Comparison of the results when the surface parameter corresponding to the
bending rigidity is varied as y3 = v - C' for constant C'
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Figure 4.6: Comparison of the results to known results in the literature where the whole
surface is modeled with Steigmann-Ogden.

dashed dots and labeled ‘BC 2’, and results using Mi’s numerical methods are plotted in large
dots. It can be seen that for the chosen parameters the results for the “fixed tip” boundary
conditions match more closely to Mi’s results. This is to be expected since the problem
presented by Mi assumes surface effects on the entire infinite surface, which is exactly what
is defined as the “fixed tip” boundary conditions.

Continuing to use the “fixed tip” boundary conditions, in fig. 4.7 the results for varying
the prestress parameter 7, such that v, = v-C for a constant C' and v = 1, 10, 100. The other
surface parameters are given by pg = —0.376 and Ay = 6.8511 and the bending resistance
parameters were set so that ¢ + 2y = 1 nN-nm.

In fig. 4.8 the results for varying the bending rigidity parameter 73 such that v3 =~ -C
for a constant C' and v = 1,10,100. The other surface parameters are given by: surface
Lamé parameters pug = —0.376, \g = 6.8511, and prestress parameter og = 1. It can be
seen that the results using the “fixed tip” boundary conditions are almost identical, except
at the membrane boundary where there is some deviation from the behavior of the classical
solution. The results given by Mi [44] do not show this behavior since the entire plane is
modeled by the Steigmann-Ogden model of surface elasticity, so this behavior is pushed out

to infinity.
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Figure 4.7: Comparison of the results obtained using the “fixed tip” boundary conditions
varying the prestress parameter v, so that v =~ - C' for a constant C'.
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surface parameter corresponding to the bending rigidity is varied as 3 =« - C' for constant

C.
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Chapter 5

Conclusions

This work covers two problems involving deformation of a material at the nanoscale. The
surface plays a large role at this scale, where materials have been observed to have size-
dependencies of measurable properties. In each problem, the Steigmann-Ogden model of
surface elasticity is chosen to model the effect of the surface while linear isotropic elasticity
is used to model the bulk. Three parameters are used to describe the surface properties
M = (Ao + 2u0) /21, 2 = 00/21, ¥3 = (2x + ¢)/2u. The parameter ; represents the
surface’s resistance to stretching, v is the value of the prestress, and the parameter ~;
represents the resistance of the surface to bending.

Chapter 3 studies an axisymmetric problem of contact between a rigid stamp and an
elastic semi-space. In this problem, the infinite plane boundary of the semi-space is modeled
using the Steigmann-Ogden model. The problem is reduced to a singular integral equation
where the character of the kernel is dependent on the values of the surface parameters. It is
shown that the problem without surface effects matches the classical solution. In the cases
of the Gurtin-Murdoch model with prestress and the Steigmann-Ogden model, the resulting
equation is, in general, ill-posed, and can be solved only in the least squares sense.

The numerical scheme of the solution of the resulting integral equation of the first kind
is based on using the Gauss-Chebyshev quadrature. It is shown that the surface parameters

play a significant role in the behavior of the solution for contact radii in the range of 1 — 100
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nm. The influence of the surface parameters diminishes and eventually becomes negligible
for large values of the contact radius. The presence of the surface energy generally has the
effect of smoothing the stresses and displacements near the end of the contact interval, and
results in significant size-dependency. The material hardness increases due to the presence of
surface effects, an effect that has been observed experimentally [43, 49]. Similar theoretical
observations have been made before for the the Gurtin-Murdoch model [51].

In Chapter 4, a problem where an elastic semi-space is subjected to an axisymmetric
nanoscale circular patch loading is studied. A circular membrane attached to the boundary
of the semi-space is modeled using the Steigmann-Ogden model of surface elasticity. This
membrane is assumed to share its center with the loaded circular region. Outside of the
circular membrane the surface is assumed to have no surface effects. The problem is re-
duced to a system of two singular integral equations with conditions on the boundary of
the membrane. The character of these equations is shown to be dependent on the values
of the surface parameters assumed on the membrane. In the absence of all surface effects,
the solution is solved by inverting Hankel transforms. One of the integral equations in the
system only appears when the surface is assumed to resist stretching, v; # 0. When the
surface resists stretching and either has nonzero prestress or resists bending, there are two
singular integral equations that can be rewritten as two Fredholm equations of the second
kind. In the cases where the problem reduces to a single equation with singular kernel, this
equation can also be rewritten as a Fredholm equation of the second kind. The kernels in
each respective case are shown to have logarithmic singularities along the diagonal. In the
most general case of the Steigmann-Ogden model of surface elasticity, it is shown the solution
can be found uniquely provided the corresponding adjoint homogeneous equation has only
trivial solution.

The numerical method of Gaussian quadrature and approximation by Chebyshev poly-
nomials are used to obtain the approximate solutions to the problems. Values of prestress
play a dominant role in the solution. It was also shown that varying 73 did not change
the solution in a significant way, as opposed to results from other works [44] where the

Steigmann-Ogden model is taken on the whole infinite plane boundary. Assuming the fixed
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tip boundary conditions for the membrane leads to solutions that are smooth at the mem-
brane boundary. The solutions do not change for varying values of the prestress or bending
resistance parameters. This behavior differs from solutions given by assuming the boundary
conditions given in Chapter 4 or solutions for the problem discussed in Chapter 3.

The frictionless contact problem with the Steigmann-Ogden model of surface elasticity
in general, is not solvable for a stamp of arbitrary shape. The patch loading problem for a
finite-area membrane that lies on the surface of a semi-space can be solved uniquely as long
as the homogeneous adjoint problem has only trivial solution. Assuming surface effects on a
membrane attached to the surface with finite area is promising for investigations of solvability
for future problems. It is important to note the choice of conditions on the membrane has
a significant effect on numerical solutions. Further exploration of these differing choices of

boundary conditions is important for the validity of numerical solutions.
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