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Abstract 

Noble metal nanomaterials represent one of the most actively pursued research areas in 

modern science, driven by their wide range of applications in medicine, catalysis, sensing, and 

optoelectronics. The intriguing optical features observed in these systems have sparked 

considerable interest, motivating investigations from both experimental and theoretical 

perspectives. This dissertation focuses on the theoretical front of this endeavor. 

In theoretical chemistry, the choice of computational method is a critical decision, one 

that must carefully balance the desired level of accuracy with the computational cost involved. In 

this dissertation, we center our approach around density functional theory (DFT), one of the most 

widely adopted and powerful methods for modeling noble metal nanoclusters, which we employ 

for ground-state calculations. From there, we take a step further into the excited-state regime 

through time-dependent density functional theory (TDDFT), a natural and elegant extension of 

DFT that opens a window into the absorption and photoluminescent properties of these systems. 

Together, these two complementary frameworks allow us to explore and understand light-matter 

interactions at their fundamental level. 

This dissertation is built around two central objectives, the first of which is addressed in 

Chapters 3 and 4, where we explore how surrounding environmental factors influence the optical 

properties of noble metal nanomaterials. In Chapter 3, we investigate the effect of static electric 

fields on three geometrically distinct Ag10 dimer configurations: end-to-end, parallel, and 90° 

angled arrangements, using TDDFT. We systematically explore how the direction of the applied 

electric field affects the optical response of these systems, as well as the resulting changes in 

their molecular orbital characteristics. Building on this theme, Chapter 4 extends our 

investigation to the electronic structure and excitation characteristics of the Au42(SCH3)32 



  

nanorod, examined across different solvation media. This nanorod is of particular interest due to 

its experimentally and theoretically validated near-infrared (NIR) absorption peak and dual 

emission character in its photoluminescence spectra. In this chapter, we further probe its 

molecular orbital characteristics and investigate the sensitivity of this NIR absorption peak to 

changes in the surrounding environment, deepening our understanding of how solvation 

conditions modulate the optical behavior of this system. 

The second objective of this dissertation shifts focus towards reducing the computational 

cost of conventional theoretical frameworks without compromising their accuracy, addressed in 

Chapters 5 and 6. In Chapter 5, we introduce a machine learning force field (MLFF) for gold 

hydride nanoclusters, capable of efficiently predicting relative potential energies across diverse 

cluster configurations at DFT-level accuracy, offering a computationally tractable alternative 

where exhaustive configurational sampling would otherwise be expensive. Chapter 6 extends the 

TDDFT plus tight binding (TDDFT+TB) method, which is an approximation to TDDFT, to 

explore the excited-state potential energy surfaces of open-shell molecular systems, through the 

derivations and implementation of unrestricted analytical excited-state gradients. A key 

advantage of TDDFT+TB is its computational efficiency; by introducing approximations at the 

level of the two-electron integrals, which is the primary computational bottleneck, the method 

achieves a dramatic reduction in cost compared to conventional TDDFT, while retaining 

accuracy. 

Overall, this dissertation explores light-matter interactions from a theoretical perspective, 

investigating the influence of external environmental factors on the optical properties, while 

advancing efficient computational approaches that push the boundaries of theoretical chemistry 

without sacrificing accuracy.  



  

Lighting up nanoclusters: Path to efficient quantum chemical approaches 
 
 

by 
 
 

Don Sulalith Nadun Dinuksha Samarasinghe 
 
 
 
 

B.S., University of Colombo, 2020 
 
 
 

A DISSERTATION 
 
 

submitted in partial fulfillment of the requirements for the degree 
 
 
 
 

DOCTOR OF PHILOSOPHY 
 
 
 
 

Department of Chemistry 
College of Art and Sciences 

 
 
 

KANSAS STATE UNIVERSITY 
Manhattan, Kansas 

 
 

2026 
 
 

  
 

 
 

Approved by: 
 

Major Professor 
Christine M. Aikens 

  



  

Copyright 

© Don Sulalith Nadun Dinuksha Samarasinghe 2026. 

 

 

  



  

Abstract 

Noble metal nanomaterials represent one of the most actively pursued research areas in 

modern science, driven by their wide range of applications in medicine, catalysis, sensing, and 

optoelectronics. The intriguing optical features observed in these systems have sparked 

considerable interest, motivating investigations from both experimental and theoretical 

perspectives. This dissertation focuses on the theoretical front of this endeavor. 

In theoretical chemistry, the choice of computational method is a critical decision, one 

that must carefully balance the desired level of accuracy with the computational cost involved. In 

this dissertation, we center our approach around density functional theory (DFT), one of the most 

widely adopted and powerful methods for modeling noble metal nanoclusters, which we employ 

for ground-state calculations. From there, we take a step further into the excited-state regime 

through time-dependent density functional theory (TDDFT), a natural and elegant extension of 

DFT that opens a window into the absorption and photoluminescent properties of these systems. 

Together, these two complementary frameworks allow us to explore and understand light-matter 

interactions at their fundamental level. 

This dissertation is built around two central objectives, the first of which is addressed in 

Chapters 3 and 4, where we explore how surrounding environmental factors influence the optical 

properties of noble metal nanomaterials. In Chapter 3, we investigate the effect of static electric 

fields on three geometrically distinct Ag10 dimer configurations: end-to-end, parallel, and 90° 

angled arrangements, using TDDFT. We systematically explore how the direction of the applied 

electric field affects the optical response of these systems, as well as the resulting changes in 

their molecular orbital characteristics. Building on this theme, Chapter 4 extends our 

investigation to the electronic structure and excitation characteristics of the Au42(SCH3)32 



  

nanorod, examined across different solvation media. This nanorod is of particular interest due to 
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Chapter 1 - Introduction 

It all began with a “Big Bang”! Tracing back in time, our universe is estimated to be 13.8 

billion years old (or 12.5 billion, depending on which technique you use to calculate the time).1-3 

At the very beginning, the fundamental forces governing nature existed as a unified entity. 

Within approximately ~10-10 seconds, the electromagnetic force split to become independent.1,2 

In this brief instant, quarks combined to create protons and neutrons, the fundamental 

constituents of atomic nuclei.1,2,4 Minutes later, simple nuclei had emerged. However, it took 

considerably longer time (approximately 380,000 years) for an atom to form, with electrons 

bound to a central nucleus.1,2,4 Through the cosmic expansion and the passage of time, a branch 

of science known as chemistry emerged with the dedication to understanding these various atoms 

and their culminations (e.g., molecules and clusters), exploring not only their remarkable 

properties but also transforming this understanding into practical applications that shape our 

daily lives. 

In the modern era, the field is no longer a singular discipline but has evolved through 

countless discoveries to branch into numerous specialized subsections, from understanding 

simple reaction coordinates to synthesizing complex nanoclusters applicable to diverse medicinal 

applications such as cancer therapy. Yet throughout this evolution, two fundamental concepts 

have remained intertwined and central to scientific investigations from the very beginning: 

matter and light. Therefore, in the following section, we will delve deeper into the nature of 

matter and light and explore why their relationship is so fundamentally important. 
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1.1 Light and matter: What? Why? And how? 

Since ancient times, philosophers have been intrigued by the question of how we see. To 

explain this phenomenon, they developed various theories. Some of these theories proposed that 

vision results from light emitted by both objects and the eyes themselves. However, philosophers 

such as Epicurus suggested that light originates from sources other than the eye and that vision 

occurs when light reflected from objects enters the eye.5 In the late 17th century, Sir Isaac 

Newton demonstrated that white light can be separated into its component colors using a prism. 

When light passes through a prism, it bends due to refraction as it transitions from one medium 

to another.5,6 In 1905, Albert Einstein explained the photoelectric effect, which elucidated the 

interaction of light with matter at the atomic level, for which he was awarded the Nobel Prize in 

Physics.5,7 

In the modern era, we understand visible light as a form of electromagnetic radiation, an 

energy flow characterized by oscillating electric and magnetic fields that are mutually 

perpendicular and transverse to the direction of wave propagation.8 This energy can travel 

through free space or through a material medium. From the classical perspective, 

electromagnetic radiation manifests as waves, with the electromagnetic spectrum spanning a 

broad range of frequencies that encompasses not only visible light but also microwaves, infrared 

radiation, ultraviolet radiation, X-rays, and gamma rays. With the advent of quantum mechanics, 

electromagnetic radiation came to be described through a fundamentally different lens. In 

quantum terms, electromagnetic radiation is understood as a stream of photons, which are 

discrete packets of energy known as quanta.5 More importantly, quantum mechanics changes our 

understanding not only of light but also of matter, leading to theories that explain how the 
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electronic structure of atoms with quantized energy levels can exist.5,9 In the next section, we 

will discuss how light interacts with electronic structure in more detail. 

From an experimental standpoint, proper methods were needed to understand and study 

the interaction between matter and light (or electromagnetic radiation). This gave rise to 

spectroscopy, a suite of methods developed specifically to investigate the interaction of matter 

and light. Spectroscopic techniques are used to study the absorption, emission, or scattering 

phenomena of different materials, providing valuable information about their properties. 

Depending on which wavelengths of electromagnetic radiation and which type of phenomena are 

of interest, a vast variety of methods can be applicable. Among these numerous techniques, 

ultraviolet-visible spectroscopy measures absorption profiles in the ultraviolet and visible regime 

and is useful for understanding the optical properties and electronic transitions of materials, 

while the corresponding emission measurements are obtained through fluorescence spectroscopy. 

Infrared spectroscopy is primarily used for identifying vibrational modes and functional groups 

within systems, whereas X-ray diffraction methods provide information about crystal structures 

and atomic arrangement of materials.5,10 To date, spectroscopic methods have been employed not 

only in chemistry but across most scientific disciplines, including physics, astronomy, biology, 

and many others. 

As evident from these examples, the interaction between light and matter is 

fundamentally important for understanding the structure-property relationships of different 

materials. In the research field, knowledge of these fundamental aspects provides the foundation 

for addressing broader scientific challenges. 
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1.2 Potential energy surface (PES) 

Energy is ubiquitous in nature, and molecular systems are no exception, as each atomic 

configuration of a molecule has an associated potential energy. Through the collective efforts of 

brilliant minds, methods have been developed to describe the energetic landscape of molecular 

systems. This is accomplished through a potential energy surface (PES), which defines molecular 

potential energy as a function of the relevant nuclear degrees of freedom. As discussed by 

Schlegel,11 a PES can exhibit fascinating topological features that resemble mountainous terrain, 

complete with peaks, valleys, and saddle points. While a PES can span an enormous 

configurational space, the stationary points on this surface play unique roles in elucidating 

different physical aspects of the molecular system. These may include determining reaction 

energies, reaction rates, and vibrational spectra. 

The ground state of a molecule represents its lowest possible energy state, where 

electrons occupy the orbitals closest to the nucleus in their most stable arrangement. But what 

happens when these molecules are exposed to an external energy source (electromagnetic 

radiation)? If the energetics are favorable, electrons in the ground state will absorb this energy 

and transition to higher electronic levels, resulting in less stable configurations compared to the 

ground state. Now we have transitioned from the ground state to an excited state. As with the 

ground state, each excited state possesses its own distinct PES, and the energy separation 

between electronic states gives rise to the system’s electronic absorption spectrum. Similar to the 

ground state PES, excited state PESs provide valuable information about molecular properties in 

excited states, including excited state geometries, excitation energies, and emission energies (via 

fluorescence and phosphorescence).11-13 
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Figure 1.1 provides a clear depiction of the PES in the form of a Jablonski diagram for 

both ground and excited states, and understanding this general representation is fundamental to 

the discussion that follows. It is important to note that electronic transitions between energy 

levels can be categorized into two main types: radiative and non-radiative transitions. The key 

difference between these two types lies in whether photons are involved or not, where radiative 

transitions result due to the absorption or emission of photons, whereas non-radiative transitions 

occur without photon exchange. These transitions are further characterized according to the spin 

multiplicity of the electronic states participating in the process. Transitions between two 

electronic states of the same spin multiplicity include fluorescence, internal conversion, and 

vibrational relaxation, while transitions between different spin multiplicities include 

phosphorescence and intersystem crossing.11-13 

 

Figure 1.1.  Jablonski diagram summarizing radiative (absorption, fluorescence, and 
phosphorescence) and nonradiative (vibrational relaxation, internal conversion, and 
intersystem crossing) transitions. Reprinted with permission from J. Chem. Educ. 2024, 
101 (11), 5097–5104. Copyright 2024, American Chemical Society. 

 

As Figure 1.1 illustrates, light-matter interactions are far from simple, as they can 

proceed through various pathways that ultimately yield different outcomes; outcomes that prove 
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significantly useful for applications across diverse fields. In this dissertation, we will focus on 

atomically precise metal nanoclusters and their corresponding light-matter interactions. 

Therefore, in the following section, we will discuss atomically precise nanochemistry and why it 

represents an important field for investigating light-matter interactions. 

 

1.3 Atomically precise metal nanoclusters 

Most methods of making nanomaterials create particles that vary in shape, size, and 

composition. These differences matter because they affect how the materials behave.14-18 

Therefore, making nanomaterials with exact atomic control is crucial. When we know exactly 

how structure relates to properties, we can design materials that works consistently and 

predictably for many different uses. Atomic-level control becomes essential when materials 

reach ultrasmall dimensions, typically in the range of 1 to 3 nm in diameter for nanoparticles (or 

nanoclusters).15,16 As Yu et al. aptly stated, at this scale “every atom counts”.14 In other words, 

changes in the number of atoms and even the changes in atom positions can lead to significant 

changes in materials behavior (for example, conformational changes of Au nanoclusters can lead 

to different optical and chiroptical measurements19-21), reflecting that achieving atomic precision 

is crucial when working at this scale. 

Advances in nanochemistry over recent decades have made it possible to synthesize 

atomically precise nanomaterials, with metal nanoclusters being a prominent example.14 Since 

the twentieth century, metal nanoparticles have attracted considerable interest owning to their 

distinctive optical phenomenon called localized surface plasmon resonance (LSPR), which arises 

from the collective oscillation of conduction band electrons when exposed to electromagnetic 

radiation.16,22,23 But at the level of atomic precision, metal nanoclusters occupy an intermediate 
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position between atomistic and plasmonic nature, displaying characteristic molecular-like 

behavior.16 Therefore, understanding the light-matter interactions of these atomically precise 

metal nanoclusters represents one of the forefronts of modern research. Figure 1.2 shows a 

selection of gold nanoclusters with emission wavelengths spanning from the visible to near-

infrared regions.15 These intriguing optical properties, combined with the enhanced stability and 

biocompatibility exhibited by metal nanoparticles, have led to proposed applications in medical 

diagnostics,17,24,25 catalytic processes,26,27 chemical sensing,24,28 light harvesting,29 and 

beyond.15,16 

 

Figure 1.2.  Selected luminescent homogold NCs and their PL properties (QY and peak 
position). The ligands on the NCs are omitted for clarity. NIR = near-infrared, I: 700–1000 
nm, II: 1000–1700 nm. Reprinted from the permission from Adv. Mater. 2024, 36 (8), 
2309073. Copyright 2023 The Authors. Advanced Materials published by Wiley‐VCH 
GmbH. 

 

Among these atomically precise nanoclusters, investigation of Au, Ag, and Cu based 

clusters are at the forefront. A key challenge with these metals is that their tendency to aggregate 

when unprotected, driven by their high surface energy.18 To prevent this aggregation, protective 

ligands are essential for stabilizing the nanoclusters. Researchers have developed diverse 

synthetic strategies that utilize a wide range of stabilizing ligands, including mono- and 
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multidentate ligands (thiolates, phosphines, and stibines), as well as halides, alkynyls, and 

various other protecting groups.18 Figure 1.3 illustrates the atomic structure of a gold nanocluster 

with mixed phosphine-stibine ligand shell protection.30 

 

Figure 1.3.  (A) Chemical structure of the mixed phosphine–stibine ligand (SbP3); (B) total 
structure of [Au6(SbP3)2]2+ cluster; (C) structure of the Au6 core comprised of two Au4 
tetrahedra which assemble together by sharing a common Au2 edge (highlighted in green) 
(colour labels: brown/green = Au; orange = P; blue = Sb, grey = C; H atoms are not shown 
for clarity). Reprinted with permission from Nanoscale 2023, 15 (15), 6934–6940. 
Copyright 2023, Royal Society of Chemistry. 

 

Thus far, we have examined the developments and discoveries that have brought 

atomically precise metal nanocluster systems to their current state in the research field. While 

experimental advances have been crucial, achieving atomic-level precision also enables profound 

theoretical insights into these systems. The following section describes how theoretical analysis 

bridges experimental observations with the underlying electronic structure of the metal 

nanoclusters. 
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1.4 From experimental to theoretical understanding 

In any theoretical treatment of metal nanoclusters, the “Jellium model” stands as a 

cornerstone concept. This model provides crucial insights into why certain cluster sizes exhibit 

enhanced stability and distinct physicochemical characteristics. Put simply, the spherical jellium 

approximation treats valence electrons as delocalized throughout a uniformly charged sphere, 

rather than localized on individual metal atoms, resulting in discrete quantized energy levels.18,31 

This delocalization gives rise to electronic shell structures of metallic nanoclusters reminiscent of 

atomic orbitals (or “superatomic” orbitals).18,32 Therefore, this approaches paved a path that 

connects between the metal nanoclusters with the atoms at the electronic structure level, which 

can be extensively applicable for theoretical understanding of these types of systems.26,33,34 

Since the introduction of the first density functional theory (DFT) model for the 

Au32(SCH3)24 nanocluster in 1999, computational techniques have evolved significantly.35 

Today, theoretical insights have become essential when new atomically precise nanoclusters are 

synthesized and characterized. With enhanced theoretical capabilities, we can now support 

experimental observations and substantially deepen our understanding of these systems. In this 

dissertation, we will employ and develop methods applicable to understanding and determining 

the properties of metal nanocluster systems, ultimately providing valuable insights that 

complement experimental investigations. 

 

1.5 Objectives of the dissertation 

In this dissertation, I present four main research projects that can be divided based on two 

primary objectives. The first objective, addressed in Chapter 3 and 4, focuses on elucidating the 

impact of external perturbations and environmental factors that influence the optical behavior of 
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nanowires and nanoclusters. Specifically, Chapter 3 investigates the impact of an external static 

electric field on the optical properties of silver nanowire dimers in different special 

arrangements. Chapter 4 explores how different solvent environments modulate near-infrared 

absorption and dual emission phenomena of an atomically precise gold thiolate protected 

nanorod. These investigations utilize a combination of computational approaches: DFT, linear-

response time-dependent DFT (LR-TDDFT), complemented by detailed analysis of electronic 

structures, molecular orbitals, and characterization of optical properties (both absorption and 

emission). The second objective, pursued in Chapters 5 and 6, tackles computational challenges 

inherent in conventional theoretical frameworks by developing methods that enhance efficiency 

without sacrificing accuracy. Chapter 5 introduces a machine learning-based force field designed 

to gain quantum-level accuracy in predicting potential energies for gold hydride nanoclusters. 

Chapter 6 describes the implementation of analytical excited state gradients for open-shell 

systems using the time-dependent density functional theory plus tight binding (TDDFT+TB) 

approach, thereby facilitating efficient exploration of excited state potential energy surfaces in 

open-shell systems. 

Before exploring the research landscape in detail, we establish the theoretical principles 

that guide our path. While numerous computational approaches could illuminate nanocluster 

properties, Chapter 2 examines the methods chosen for this work, their fundamental 

underpinnings, strengths in capturing the physics of these systems, and why they emerge as the 

most appropriate tools for the investigations ahead. 
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Chapter 2 - Theory and methods 

Quantum mechanics is a fundamental formalism of modern science that describes the 

behavior of light (or energy) and matter at atomic scales. As briefly demonstrated in Chapter 1, 

computational and theoretical approaches based on quantum mechanics can both illuminate 

experimental observations and predict outcomes before experiments are performed. Given the 

wide variety of such approaches available, this chapter delves deeper into the specific concepts 

and methods employed throughout this dissertation, systematically answering: What are the 

methods? Why were they selected? And how are they applied? 

At the heart of quantum mechanics lie two cornerstone concepts: wave-particle duality, 

demonstrating that matter at the quantum scale possess both particle and wave characteristics, 

and the Schrödinger equations, which provide the mathematical description of a system’s 

quantum state. These principles provide the foundation for understanding matter at the 

microscopic level, from the electronic structure of atoms and molecules to the collective 

behavior of particles in complex environments.1,2 

 

2.1 Schrödinger and electronic structure theory 

In its most commonly encountered form, the time-independent Schrödinger equation for a 

single particle in one dimension is represented as (Equation 2.1):2-4 

𝐻.Y(𝑥) = 𝐸Y(𝑥) =
−ℏ!

2𝑚
¶!

¶𝑥!
Y(𝑥) + 𝑉(𝑥)Y(𝑥) (2.1) 

where 𝑚 denotes the particle mass, ℏ is the reduced Planck constant (ℏ = ℎ 2𝜋⁄ ), and Y(𝑥) is 

the wavefunction describing the quantum state of the system. The time-independent Schrödinger 

equation applies the Hamiltonian operator (𝐻.) to the wavefunction to obtain the total energy of 
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the system, 𝐸, which is comprised of both the kinetic, "ℏ
!

!$
¶!

¶%!
Y(𝑥), and potential energy, 𝑉(𝑥), 

contributions.2-4 

It is important to note that Equation 2.1 represents a simplest form of the Schrödinger 

equation, corresponding to a single particle in one dimension. However, for molecular systems, 

we must account for three spatial dimensions. Moreover, as systems grow larger, the number of 

electrons increases, and the Hamiltonian operator must account for all electrons and the nuclei 

along with their mutual interactions, which collectively contribute to the total energy. This 

increasing complexity makes the time-independent Schrödinger equation progressively more 

difficult to solve for larger systems. Accounting for all these factors, we can present a more 

general form of the Schrödinger equation from Equation 2.1:5 

?@
−ℏ!

2𝑚&
∇&!

&

−@
ℏ!

2𝑚'
∇'!

'

+ @
𝑒!

C𝑟& − 𝑟(C&,(*&

−@
𝑒!𝑍'

|𝑟& − 𝑅'|&,'

+ @
𝑒!𝑍'𝑍+
|𝑅' − 𝑅+|',+*'

HY(𝑟, 𝑅) = 𝐸Y(𝑟, 𝑅)(2.2) 

where 𝑟 and 𝑅 are vectors that represent the positions of the electronic and nuclear degrees of 

freedom, respectively; 𝑖 and 𝑗 index the electrons; 𝐴 and 𝐵 index the nuclei; and 𝑍 denotes the 

atomic charge. The first two terms describe the kinetic energy of the electrons and nuclei, 

respectively, while the third and the fifth terms account for electron-electron and nuclear-nuclear 

interactions. The fourth term represents the electron-nuclear interactions. 

The complexity of this equation can be dramatically reduced through the Born-

Oppenheimer approximation,5,6 which addresses the large mass difference between electrons and 

nuclei and the consequences of this. Since electrons are much lighter than the nuclei, they move 

much faster. This vast difference in their respective motion allows us to treat the nuclei as 

stationary while electrons move. Under this framework, Equation 2.2 simplifies considerably, 
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where the nuclear kinetic energy term vanishes, and the nuclear-nuclear potential energy term 

can be treated as a constant. 

While the Born-Oppenheimer approximation simplifies Equation 2.2, it does not solve 

our fundamental problem. We still do not know the exact form of the many-electron 

wavefunction itself. To address this issue, we can employ the orbital approximation and use a 

Slater determinant, which constructs the many-electron wavefunction from single-electron 

wavefunctions.7 The Slater determinant elegantly addresses two requirements at once: it provides 

a practical mathematical framework for the wavefunction while ensuring antisymmetry, thereby 

satisfying the Pauli exclusion principle that governs electron behavior.8 For an 𝑁-electron 

system, the wavefunction from the Slater determinant can be given as in Equation 2.3, where 

each 𝜒 represents a spin-orbital (or a single particle wavefunction).7 

Y(𝑥,, ⋯ , 𝑥-) =
1
√𝑁!

𝑑𝑒𝑡[𝜒,(𝑥,),⋯ , 𝜒-(𝑥-)] (2.3) 

This Slater determinant form is typically used to evaluate the Hartree-Fock equation, 

which employs a variational approach to solve the time-independent Schrödinger equation. Due 

to the variational principle, the energy obtained from Hartree-Fock calculations is always higher 

than the exact ground-state electronic energy.3,9 We introduce an iterative refinement to the spin-

orbitals (which can be represented as a linear combination of atomic orbitals, as described in the 

following section), to produce new spin-orbitals by adjusting specific parameters in the trial 

wavefunction (these are coefficients within the orbital representation and are optimized at each 

iterative step) and the calculations proceed until minimal (or no) changes are observed (i.e., the 

energy is converged at this point). This process is known as the self-consistent field (SCF) 

approach, and upon convergence, the resulting wavefunction will yield the minimum energy 

achievable within the chosen framework.10 To enable this iterative optimization, we require a 
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flexible mathematical representation of the trial wavefunction. This is where basis sets come into 

the picture. 

 

2.2 Basis sets: A representation of molecular orbitals 

A basis set comprises a collection of mathematical functions that are linearly combined to 

approximate molecular orbitals. These basis functions often represent the atomic orbitals of 

constituent atoms and are introduced in quantum chemical calculations to overcome the inherent 

difficulty of solving the equations that define molecular orbitals analytically. Ideally, an infinite 

basis set would be employed to achieve the Hartree-Fock limit, defined as the solution to the 

Hartree-Fock equations with an infinitely large basis set. However, this is clearly impractical. 

The optimal approach is therefore to use as few basis functions as possible while still 

approaching the accuracy of the Hartree-Fock limit, thereby balancing computational efficiency 

with chemical accuracy.11 

Over the years, basis sets have been formulated using different functional forms. Slater-

type orbitals (STO) and Gaussian-type orbitals (GTO) are some of the most widely adopted in 

quantum chemical calculations. Beginning with the STO, their mathematical form is represented 

in Equation 2.4, where 𝑁 is a normalization constant, 𝑟 is the distance of the electron from the 

atomic nucleus, ζ (Zeta) represents the orbital exponent that controls the radial extent of the 

orbital, 𝑌.,$(𝜃, 𝜙) is the spherical harmonics term, while 𝑛, 𝑙, and 𝑚 represent the principle, 

angular, and magnetic quantum numbers, respectively.3,11-13 

𝜓/,.,$012 (𝑟, 𝜃, 𝜙) = 𝑁𝑟/",𝑒"34𝑌.,$(𝜃, 𝜙) (2.4) 

A key advantage of STOs is that they accurately reproduce the correct exponential decay 

of the orbital with increasing distance from the nucleus. However, the analytical evaluation of 
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integrals involving STOs is computationally challenging. To address this limitation, GTOs were 

introduced as a more tractable alternative, offering expressions that are easier to solve 

analytically. The functional form of a GTO is expressed in Equation 2.5:3,11-13 

𝜓&,(,5612(𝑥, 𝑦, 𝑧) = 𝑁𝑥&𝑦(𝑧5𝑒"78! (2.5) 

When expressed in Cartesian coordinates, GTOs take the form of a Gaussian function 

multiplied by polynomial terms in 𝑥, 𝑦, and 𝑧, where the exponents 𝑖, 𝑗, and 𝑘 on these variables 

collectively define the total angular momentum of the basis function, 𝐿 = 𝑖 + 𝑗 + 𝑘. 𝛼 represents 

the orbital exponent, while the remaining terms are analogues to those of STOs. It is important to 

note that GTOs also exhibit certain drawbacks. Most notably, these orbitals do not exhibit the 

correct behavior at the nucleus, where they fail to represent the characteristic cusp, and their 

radial decay is excessively rapid compared to the true orbital behavior.3,11-13 

To better capture the correct behavior both at the nucleus and at larger distances, a linear 

combination of Gaussian functions was introduced. This combination of primitive GTOs, 

commonly referred to as contracted GTOs (cGTOs), is widely employed in electronic structure 

calculations.11,13 Figure 2.1 illustrates this contrasting radial behavior of STOs, GTOs, and 

cGTOs. 
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Figure 2.1.  Example GTO and cGTOs intended to represent the hydrogenic 1s atomic 
orbital, overlayed with an STO for comparison. The GTO uses one Gaussian function to 
reproduce the shape of the 1s function; cGTO(2) and cGTO(3) are linear combinations of 
two and three Gaussian functions to better represent the cusp and exponential decay for 
longer distances. Reprinted with permission from Mathematical Physics in Theoretical 
Chemistry; Elsevier, 2019; pp 31–61. Copyright 2019, Elsevier Inc. 

 

To incorporate greater flexibility into the wavefunction, the basis set can be 

systematically expanded (e.g., by increasing the ζ-level).11,13 Up to this point we have talked 

about only single-ζ (SZ) basis sets, where a single basis function is used to represent each orbital. 

In a double-ζ (DZ) basis set, the number of basis functions for each orbital type is doubled 

relative to a minimal basis set. This expansion can be extended further: a triple-ζ (TZ) basis set 

employs three functions per orbital, quadruple-ζ (QZ) uses four, and so on to even higher levels. 

It is important to note, however, that each increase in ζ-level comes with a corresponding 

increase in computational cost, which becomes particularly significant as molecular systems 

grow larger in number of electrons.11,13 

It is important to note that additional functions can be incorporated into basis sets to 

improve the description of the wavefunction. Two of the most commonly employed types are 
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polarization functions and diffuse functions. Polarization functions add higher angular 

momentum functions to the basis set, providing greater mathematical flexibility in describing 

molecular orbitals, which is particularly important for systems exhibiting hypervalent bonding or 

significant electron correlation effects (or, indeed, any bonding that distorts the orbitals away 

from their ideal spherical harmonic forms).11,13 Diffuse functions, on the other hand, are essential 

for systems with weakly bound electrons that exhibit spatially extended electron densities, such 

as anions or excited states.11,13 

Aside from STOs and GTOs, other types of basis sets are employed in quantum chemical 

calculations. One notable alternative is plane wave basis sets, which can be viewed as a grid 

basis in momentum space based on Bloch’s theorem.14,15 Because they span the entire real space, 

plane waves work especially well for systems with periodic boundary conditions. Another 

advantage is that plane wave basis sets can be improved step by step without creating redundant 

functions.14,16 Similar to GTOs, plane waves also have the limitation of not accurately 

representing the electron-nuclear cusp. However, this issue is usually addressed by using special 

pseudopotentials.14,17 

Through this dissertation, we employ both STO basis sets (using the Amsterdam Density 

Functional (ADF) package18) and plane wave basis sets (using the Vienna Ab initio Simulation 

Package (VASP)19). It is important to note that the choice of basis set for each study is guided by 

careful consideration of both accuracy and computational efficiency. 

 

2.3 Density functional theory 

Despite its simplicity and early promise, according to Becke,20 the Hartree-Fock-Slater 

method remained fundamentally incomplete as a model rather than a rigorous theory, which 
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offered no explanation for dynamical correlation or the correlation contribution to the kinetic 

energy. These deficiencies were investigated in part through the landmark theoretical framework 

developed by Hohenberg and Kohn in 1964,21 followed by Kohn and Sham in 1965,22 which 

provided a rigorous mathematical foundation that validated the earlier intuitive work by Thomas, 

Fermi, Dirac, and Slater.20 The pivotal 1964 Hohenberg-Kohn theorem demonstrated that the 

ground-state electronic density 𝜌(𝑟) alone completely and uniquely determines all properties of 

an N-electron system, establishing density as the fundamental variable in electronic structure 

calculations and giving birth to modern density functional theory.20,21 This revelation emerges 

from two complementary theorems. The first Hohenberg-Kohn theorem states that a unique one-

to-one mapping exists between the ground-state wavefunction and its electronic density, meaning 

that all properties of the system are functionals of the electronic density. The second theorem 

establishes that a ground-state density functional exists such that the energy of this functional 

reaches its minimum at the true ground-state density, effectively applying variational principles 

to density functional theory.20,21 However, a critical challenge remains: the exact form of this 

ground-state density functional is unknown.20 

The challenge of calculating the ground-state electron density for interacting many-

electron systems motivated Kohn and Sham’s insight to replace the complex interacting system 

with a non-interacting electronic system that produces an identical density.22 This mapping 

converts the intractable many-body problem into a series of single-particle Schrödinger-like 

equations, where non-interacting electrons move through an effective potential that implicitly 

captures all interaction effects.22-24 Therefore, the Kohn-Sham equation can be given as follows: 

ℎg𝜙&90(𝑟) = h−
∇!

2 + 𝑣(𝑟) + j
𝜌(𝑟:)
|𝑟 − 𝑟:| 𝑑𝑟

: + 𝑣%;(𝑟)k 𝜙&90(𝑟) = 𝜖&𝜙&90(𝑟) (2.6) 
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where 𝑣(𝑟) is the external potential, 𝑣%;(𝑟) denotes the exchange-correlation (xc) term, − ∇!

!
 is 

the kinetic energy operator in atomic units, and 𝜖& corresponds to the orbital eigenvalue (i.e., the 

orbital energy). Therefore, the resulting ground-state density emerges as 𝜌(𝑟) = ∑ C𝜙&90(𝑟)C
!=;;.

&?, , 

where the sum runs over all occupied orbitals.20,22-24 

Equation 2.6 indicates that the Kohn-Sham orbital energy, 𝜖&, naturally decomposes into 

kinetic energy, external potential (Coulombic term), electron-electron repulsion (∫ @A8"B
|8"8"|

𝑑𝑟:), 

and xc contribution terms. The xc term can be written as 𝑣%;(𝑟) = 𝛿𝐸%; 	𝛿𝜌(𝑟)⁄ , where 𝐸%; 

denotes the xc potential. Herein lies a key challenge, where the exact form of the 𝐸%; is 

unknown, requiring the development of various approximation approaches to solve this 

issue.20,23-26 

 

2.4 Types of exchange-correlation (xc) functionals 

The popularity of Kohn-Sham DFT has spurred the development of numerous 

approximations for the exchange-correlation functional. Notably, the first approximation was 

introduced by Kohn and Sham themselves in their original 1965 paper.22 This simplest 

approximation is known as the local density approximation (LDA), and assumes that the 

exchange-correlation energy at each point in space equals that of a homogeneous electron gas 

with the same local density 𝜌(𝑟). Mathematically, this can be expressed as shown in Equation 

2.7, where 𝑒%;DE6  represents the exchange-correlation energy per electron of the homogeneous 

electron gas.22,25 

𝐸%;FG' = j𝑑H𝑟𝜌(𝑟)𝑒%;DE6r𝜌(𝑟)s (2.7) 
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This was only the beginning. As computational chemistry advanced, other exchange-

correlation functionals were developed and systematically categorized into distinct families. 

These families differ in both their complexity and the predictive accuracy. In terms of accuracy 

itself, LDA functions occupy the lowest rung of Jacobs’s ladder (introduced by John Perdew 

where the lowest rung represents the least accurate xc functionals and accuracy increases as one 

ascends the ladder).27 The next level is represented by the generalized gradient approximation 

(GGA), which improves upon LDA by recognizing that real electron densities are inherently 

non-uniform. GGA functionals achieve this improvement by incorporating not only the local 

density 𝜌(𝑟), but also its gradient ∇𝜌(𝑟), thereby capturing spatial variations in the electron 

distribution (Equation 2.8).25 

𝐸%;66' = j𝑑H𝑟𝜌(𝑟)𝑒%;66'r𝜌(𝑟), ∇𝜌(𝑟)s (2.8) 

Ascending the ladder, we encounter meta-GGA functionals (mGGA), which extend GGA 

by incorporating the kinetic energy density τ(𝑟) and/or the Laplacian of the density ∇!𝜌(𝑟), as 

shown in Equation 2.9.25 

𝐸%;$66' = j𝑑H𝑟𝜌(𝑟)𝑒%;66'r𝜌(𝑟), ∇𝜌(𝑟), ∇!𝜌(𝑟), τ(𝑟)s (2.9) 

Climbing further, we reach hybrid functionals, which combine standard DFT functionals 

(𝐸%;GI1; typically used with GGA as shown in Equation 2.10, but mGGA and LDA are also 

applicable) with a percent of exact exchange from the Hartree-Fock theory (𝑐%𝐸%EJJ, where 𝑐% 

denotes the percentage). This mixing of DFT functionals and exact Hartree-Fock exchange 

significantly improves accuracy for many chemical systems.25 

𝐸%;
DKL8&M = 𝑐%𝐸%EJJ + (1 − 𝑐%)𝐸%;66' (2.10) 
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At the summit of Jacob’s ladder lies the random-phase approximation (RPA), which 

depends on empty Kohn-Sham orbitals. As it represents the highest rung, it reflects the greatest 

chemical accuracy among DFT approximations.25 However, this enhanced accuracy comes at a 

significant computational cost. Therefore, selecting an appropriate functional requires balancing 

accuracy against computational feasibility for the system and the property of interest. 

Beyond these traditional exchange-correlation functionals, additional corrections can be 

incorporated to enhance their accuracy. One important enhancement is introducing dispersion 

corrections (typically applied to LDA and GGA functionals), which accounts for long-range van 

der Waals (London dispersion) forces, enabling accurate modeling of non-covalent 

interactions.28 Addressing similar long-range interaction deficiencies, long-range corrected 

functionals have been developed. These functionals employ 100% Hartree-Fock exchange at 

long-range while utilizing standard exchange-correlation functionals (such as GGA) for short-

range electron interactions, providing a balanced treatment across all distance scales.29 

Having established methods for calculating ground-state properties, the question naturally 

arises: how do we address excited-state properties? Since the main objectives of this dissertation 

involve the investigation of excited-state characteristics, particularly the optical properties of 

molecules and nanoclusters, the following section will explore how the theoretical framework of 

ground-state DFT can be extended to treat electronic excitations. 

 

2.5 Time-dependent density functional theory (TDDFT) 

Time-dependent density functional theory (TDDFT) emerged in 1984 through the 

pioneering work of Runge and Gross,30 extending the ground-state DFT formalism developed by 

Hohenberg, Kohn, and Sham.21,22,31 Since then, TDDFT has emerged as a thriving research 
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domain with an extensive global network of researchers and method developers, distinguished by 

continual innovation and progressively broader applications. Today, it stands as one of the most 

dynamic areas in computational chemistry. 

The work of Runge and Gross established that a unique one-to-one mapping exists 

between the time-dependent external potential 𝑣(𝑟, 𝑡) and the time-depended electron density 

𝜌(𝑟, 𝑡), analogous to the Hohenberg and Kohn theorems for ground-state DFT.30,31 

Consequently, the time-dependent density of an interacting system can be mapped to the time-

dependent density of a non-interacting system. Following the Kohn-Sham formalism, this leads 

to the time-dependent Kohn-Sham equations, which can be expressed as follows (Equation 

2.11):30,31 

𝑖
𝜕
𝜕𝑡 𝜙&

(𝑟, 𝑡) = h−
∇!

2 + 𝑣(𝑟, 𝑡) + j
𝜌(𝑟:, 𝑡)
|𝑟 − 𝑟:| 𝑑𝑟

: + 𝑣%;(𝑟, 𝑡)k 𝜙&(𝑟, 𝑡) (2.11) 

The terms in Equation 2.11 are analogues to those in the ground-state Kohn-Sham equations, but 

now they are time-dependent. As with ground-state DFT, determining the exact form of the time-

dependent exchange-correlation potential remains a challenge. 

The next step involves calculating how the ground-state electron density responds to an 

electromagnetic field (such as light). This leads to the linear-response formalism, where the poles 

of the response function correspond to excitation energies. By solving the linear-response 

equations, one can determine the excitation energies and oscillator strengths that characterize the 

optical properties of the system. 

 

2.5.1 Linear-response time-dependent density functional theory (LR-TDDFT) 

The Casida approach (introduced by Mark Casida) provides a practical framework for 

solving the TDDFT eigenvalue problem to obtain excitation energies.32 A key feature of this 
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approach is that the linear-response equations can be reformulated as a matrix eigenvalue 

problem, as shown in Equation 2.12:32 

{ 𝐴 𝐵
𝐵∗ 𝐴∗| {

𝑋
𝑌| = 𝜔 {1 0

0 −1| {
𝑋
𝑌|

(2.12) 

where 𝐴 and 𝐵 are the Hessians of orbital rotation, 𝑋 and 𝑌 denote the transition density vectors 

for single particle transitions, and 𝜔 denotes the excitation energy. The Casida equation can be 

transformed into a more compact form (for pure functionals), Ω𝐹 = 𝜔!𝐹, where Ω and 𝐹 are 

represented as,33 

Ω = (𝐴 − 𝐵)
,
!(𝐴 + 𝐵)(𝐴 − 𝐵)

,
! (2.13) 

𝐹 = (𝐴 − 𝐵)"
,
!(𝑋 + 𝑌) (2.14) 

To solve these equations, we must evaluate the elements of (𝐴 + 𝐵) and (𝐴 − 𝐵). Within the 

LR-TDDFT framework, they take the following forms:34 

(𝐴 + 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" + 2(𝑖𝑎𝜎|𝑗𝑏𝜎:) + 2r𝑖𝑎|𝑓PP"
%; |𝑗𝑏) 

−𝑐%𝛿PP"[(𝑗𝑎𝜎|𝑖𝑏𝜎) + (𝑎𝑏𝜎|𝑖𝑗𝜎)] (2.15) 

(𝐴 − 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" + 𝑐%𝛿PP"[(𝑗𝑎𝜎|𝑖𝑏𝜎) − (𝑎𝑏𝜎|𝑖𝑗𝜎)] (2.16) 

where 𝑖 and 𝑗 denote the occupied molecular orbitals in the ground state, 𝑎 and 𝑏 denote virtual 

(unoccupied) molecular orbitals in the ground state, and 𝜎 and 𝜎: represent spin indices. The 

term 𝜖QP represents the orbital energy of a general orbital 𝑝 with its respective spin, while 𝑐% 

denotes the Hartree-Fock exchange percentage. The two-electron integrals are represented as 

(𝑖𝑎𝜎|𝑗𝑏𝜎:) and r𝑖𝑎|𝑓PP"
%; |𝑗𝑏), where the exchange-correlation kernel is given by 𝑓PP"

%; .34 It is 

important to note that evaluating these two-electron integrals represents the primary 

computational bottleneck in the LR-TDDFT formalism due to their steep scaling with system 

size. However, once the Casida equations are solved, the resulting excitation energies and their 



27 

corresponding oscillator strengths can be used to construct theoretical absorption spectra. These 

calculated spectra enable direct comparison with experimental measurements and provide 

detailed insights into the electronic structure of the system.35,36 

As discussed earlier in this chapter, a major limitation of TDDFT is its computational 

cost, which scales significantly with system size and the level of theory employed. However, this 

limitation presents an opportunity to explore alternative approaches that are less computationally 

demanding than TDDFT while still maintaining the accuracy. Therefore, the following section of 

this chapter focuses on these approximation methods and how they can be applied to our target 

computations. 

 

2.5.2 Approximation methods to time-dependent density functional theory 

As theorists began tackling larger systems, such as nanoclusters, the need arose to move 

beyond traditional TDDFT toward new approaches. Some approximation methods targeted not 

only excited states but also ground states, such as the density functional tight-binding (DFTB) 

approach. DFTB was introduced as an approximation to DFT calculations and subsequently 

extended to excited states, yielding time-dependent density functional tight-binding (TDDFTB). 

While this method proved computationally efficient, it had limitations in its accuracy. The 

approximations introduced at the ground state led to large errors compared to standard TDDFT, 

with deviations reaching 1.0 eV.37 Furthermore, the method’s applicability was substantially 

constrained by its reliance on its parameterization.38-40 

A shift in perspective emerged. What if the approximations were restricted to the excited 

states? This is precisely what Grimme et al. accomplished when they developed the simplified 

time-dependent density functional theory (sTDDFT) and simplified Tamm-Dancoff 
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approximation (sTDA) methods,41-43 retaining the DFT ground state while employing a 

TDDFTB-type approximation for the excited states. Importantly, however, these methods were 

only applicable when using hybrid functionals. To address this for pure functionals, Rüger et al. 

introduced an alternative approximation method known as time-dependent density functional 

theory plus tight binding (TDDFT+TB).39 Notably, the distinction in the use of xc functionals 

among sTDDFT, sTDA, and TDDFT+TB is significant, as TDDFT+TB still yields less 

computationally expensive calculations. While computational efficiency was the driving force 

behind these developments, the accuracy of these methods cannot be overlooked. It has been 

demonstrated that the TDDFT+TB method requires only a fraction of the computational time 

demanded by a standard TDDFT calculation, with approximation errors in excitation energies 

not exceeding 0.15 eV.37 This achievement can be attributed to the retention of the DFT ground 

state, with approximations only introduced at the primary computational bottleneck of TDDFT 

calculations. This is accomplished by applying a first-order monopole approximation to the 

transition density, 𝜙&P(𝒓)𝜙OP(𝒓) ≈ ∑ 𝑞&OP,'𝜁'(𝒓)' , where the atomic transition charges (𝑞&OP,') 

and a spherically symmetric function (𝜁'(𝒓)) on atom A are utilized within the linear response 

framework.39,40,44 Chapter 6 examines TDDFT+TB in comprehensive detail, walking through the 

derivation and implementation of analytical excited state gradients for open-shell systems, a 

methodological extension that enhances the capabilities of the ADF software package. 

 

2.6 Implicit and explicit solvent models 

The surrounding environment plays a crucial role in determining how molecular systems 

behave. As such, accounting for solvent effects is essential, especially given that accurate 

prediction of solution-phase properties underpins numerous applications. Therefore, two primary 
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modeling strategies have been developed to capture these effects: implicit and explicit solvation 

approaches. 

Implicit solvent models, often called continuum models, treat the solvent as a uniform 

medium defined by macroscopic properties like dielectric constraint and surface tension, thereby 

eliminating the need for explicit solvent coordinates. Explicit solvent models take a 

fundamentally different approach by representing individual solvent molecules, which can 

include over thousands of molecules that surround the solute. This molecular-level representation 

captures the spatial arrangement and dynamic fluctuations of the solvent environment.45-48 

Several implicit solvent models are widely used in quantum chemical calculations, 

including the conductor-like screening model (COSMO),49-51 polarizable continuum model 

(PCM),52,53 and solvent model based on density (SMD),54 among others.48 Throughout this 

dissertation, the COSMO model serves as our primary solvation approach. The COSMO model 

operates as a dielectric continuum model wherein a solute molecule occupies a cavity shaped to 

its molecular geometry, where this cavity is immersed in a dielectric medium defined by the 

solvent’s dielectric constant.49-51 In contrast, explicit solvation is typically handled through 

molecular dynamics or Monte Carlo simulations, as well as by hybrid quantum mechanics/ 

molecular mechanics (QM/MM) methods. 

Both explicit and implicit solvent models present direct advantages and limitations. 

Explicit solvent simulations provide a highly detailed, physical picture of the solvent structure 

and dynamics surrounding the solute, capturing specific interactions such as hydrogen bonding, 

ion pairing, and local density fluctuations.45,48 Conversely, implicit models inherently lack these 

microscopic structural details. However, accurately modeling bulk behavior with an explicit 

solvent requires simulating thousands of solvent molecules. When applied within a quantum 
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chemical framework, such calculations become computationally very expensive. Implicit solvent 

models resolve this by removing discrete solvent atoms, significantly reducing the system size 

and computational cost while still capturing the bulk macroscopic electrostatics.45,47,48 A 

schematic representation of these approaches is provided in Figure 2.2. The figure illustrates a 

gas-phase model (in vacuum), alongside implicit, explicit, and a hybrid implicit-explicit model, 

arranged in order of increasing computational demand.48,55 

 

Figure 2.2.  Schematic representation of solvent models. Reprinted with permission from 
Top. Catal. 2022, 65, 118–140. Copyright 2021, The Author(s), Springer Nature. 

 

Therefore, choosing between solvent models inevitably involves balancing accuracy 

against computational cost, with the optimal choice dictated by the nature of the problem under 

investigation. Chapter 4 explores the influence of solvent environment through the use of an 

implicit solvation model, revealing systematic trends in optical properties while illuminating 

pathways toward explicit solvation treatment that reflect deeper insights into both structural and 

optoelectronic behavior of atomically precise metal nanoclusters. 
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2.7 Machine learning approaches and quantum chemistry 

The rise of modern artificial intelligence methods has the potential to transform how 

computers are used in science. According to Choudhary et al., the convergence of big data and 

artificial intelligence represents the fourth paradigm of science,56-58 evidenced by the remarkable 

expansion of applications with chemistry, including models that predict interatomic potential 

energies,59,60 molecular forces,61 molecular polarizabilities,62 and many other properties.63 

Among the various artificial intelligence approaches, machine learning occupies a particularly 

interesting position as a technique that employs statistical algorithms capable of improving 

through training. Importantly, machine learning tools are especially effective for tackling 

complex problems that traditional methods cannot solve efficiently, if at all.56 Figure 2.3 

illustrates the evolution of computational chemistry research workflows leading to the 

integration of machine learning approaches. 
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Figure 2.3.  Evolution of the research workflow in computational chemistry. The standard 
paradigm spanning from first-generation to third-generation computational approaches is 
shown alongside the four stages of machine learning model training, with common 
methodological choices listed in the bottom panel. Reprinted with permission from Nature 
2018, 559, 547–555. Copyright 2018, Macmillan Publishers Ltd., part of Springer Nature. 

 

As noted above, machine learning centers on algorithms that learn to solve problems 

through training. This learning process begins with data, the essential raw material from which 

patterns emerge. The workflow starts by collecting and preprocessing a dataset tailored to the 

problem at hand. With the data prepared, the next step is selecting an algorithm suited to the 

specific task, as different algorithms excel at different types of problems. Once chosen, the 

algorithm ingests the training data and begins building a predictive model. After training 

completes, rigorous evaluation determines whether the model has truly learned to perform as 

intended.64 
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The learning process itself mirrors human development. Consider how children acquire 

language: they begin by uttering single words, then gradually expand their vocabulary and 

comprehension as they encounter more examples. Machine learning follows the same trajectory. 

Given sufficient high-quality data and appropriate configuration, these models progressively 

refine their predictions, moving from crude approximations toward increasingly accurate results. 

A critical decision in applying machine learning is choosing the right learning approach 

for the problem. While many methods exist, two fundamental approaches dominate the field: 

supervised and unsupervised learning. Supervised learning operates when labeled data is 

available (i.e., datasets where the correct answers are already known). The algorithm studies 

these examples, learning to recognize patterns that connect inputs to their corresponding labels. 

Once trained, it can then predict outcomes for new, previously unseen data. This approach excels 

when you want to replicate human judgment or known relationships at scale. On the other hand, 

unsupervised learning takes a fundamentally different path. Here, no labels exist to guide the 

algorithm, Instead, the system explores the data independently, discovering hidden structures, 

grouping, and relationships that may not be immediately apparent. This approach proves 

invaluable when you want the algorithm to reveal patterns you did not know to look for.64 

As datasets expand, so does the computational cost of training machine learning models. 

Traditional passive learning approaches experience this challenge as the algorithm must process 

every data point in a predefined dataset, regardless of how informative each of them actually is. 

Therefore, this approach becomes considerably impractical as data volumes increase. In contrast, 

active learning offers a more intelligent alternative. Rather than passively training through all 

available data, the algorithm actively participates by selecting which data points will be most 

valuable for learning. This selective strategy dramatically reduces computational costs by 
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focusing training on the most informative data points, often achieving comparable or superior 

performance with only a fraction of the data.64,65 

Chapter 5 of this dissertation adopts a supervised learning strategy that integrates both 

active and passive training approaches. The core methodology relies on Gaussian process 

regression, (GPR), a flexible probabilistic technique applicable to diverse machine learning 

challenges.66,67  What distinguishes GPR from conventional models is its capacity to deliver not 

just predictions, but full probability distributions that capture inherent uncertainty.66,68 While 

standard deterministic approaches yield fixed outcomes, GPR provides a spectrum of possible 

results weighted by likelihood, an attribute that proves indispensable in domains like 

autonomous navigation and computational sciences where gauging confidence matters as much 

as accuracy. This capability arises from GPR’s kernel-based architecture, which allows tailored 

adaptation to specific problem characteristics.66 For our purpose, we utilize this probabilistic 

method to characterize potential energy surfaces in nanocluster systems, where both energy 

predictions and confidence bounds illuminate the complex energetic landscape governing 

chemical phenomena. 
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nanowire dimers 
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3.1 Abstract 

We theoretically studied the introduction of static electric fields to Ag10 nanowire dimer 

systems, including the effects of this field on optical absorption characteristics and the orbitals 

responsible for these excitations. Linear-response time-dependent density functional theory 

(TDDFT) computations were performed on three distinct dimer systems: end-to-end, parallel, 

and 90° angle dimer systems separated by a closest interparticle distance of 7.0 Å. The 

calculations were performed in the presence of a 0.1 V/Å electric field strength applied in the z 

and y directions. The orientation of the dimer system and the direction of the applied static 

electric field each play a significant role in the resulting absorption spectra and the electronic 

structure of the nanowires. As a result, a dimer system can exhibit a blue shift for the 

longitudinal excitation and a red shift for the transverse excitation in the presence of one 

direction of the static electric field, but not for the other direction. Notably, electron density 

shifts from one nanowire to the other in the presence of the static electric field. Changes in 

optical characteristics and electronic structure suggest that usage of a static electric field with a 

particular spatial configuration of nanowires provides a way to tune the optical properties of the 

system. 

mailto:cmaikens@ksu.edu
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3.2 Introduction 

Interest in nanowires has sparked both theoretical and experimental research during the 

last few decades. These one-dimensional nanostructures have many applications due to the 

structures' unique properties. Due to their flexibility and stretchability in addition to their 

electrical properties, metallic nanowires have become extremely desirable.1,2 Flexible light-

emitting diodes (LED),3,4 flexible solar cell devices,5 bendable screens,6-8 wearable articular 

thermotherapy,9,10 and antibacterial and medicinal applications11,12 are just a few of the many 

applications that are currently in use. 

Another essential attribute of nanoparticles is their unique optical properties, which have 

been discovered to be a key feature that can be fine-tuned depending on the structural, 

geometrical, and environmental parameters of the nanoparticles.13,14 These unique optical 

characteristics arise from their surface plasmon resonances, which is a collective oscillation of 

conduction band electrons in metal nanoparticles in response to an electromagnetic field.15-17 

Research on nanowires and their optical properties includes both linear18,19 and nonlinear18-20 

optical characteristics, from both experimental20,21 and theoretical18,19 perspectives. 

Plasmonic coupling is a phenomenon that occurs when two or more plasmonic 

nanoparticles come into close proximity, greatly affecting the optical characteristics of the 

nanoparticles.22-29 A nanoparticle dimer system is the simplest situation in which to witness this 

effect. Silver nanowire dimer systems exhibit absorption spectra with coupled longitudinal and 

transverse mode excitations.25-28 Recent research in this field has employed time-dependent 

density functional theory (TDDFT)24,27,28,30-32 and approximate TDDFT approaches27,29,33 in 

dimer systems to examine their optical properties from a theoretical perspective. 
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Research on the optical properties of nanoparticles under applied external static electric 

fields is in its infancy. Even so, Farain et al.34,35 made two important experimental contributions 

in one of the few investigations in the literature that used silver nanowires and an external static 

electric field. In the initial experiment, they investigated the rotational dynamics of silver 

nanowires in viscous dielectric liquids under the influence of a static uniform electric field.34 

This study demonstrated that the dimensions and electrical characteristics of the nanowires have 

no bearing on the rotational dynamics under the influence of the static electric field. As a result, 

this has a significant impact on controlling how well nanowires align in devices.34 Their second 

study focused on the fast mobility of silver nanowires within a similar environment as the initial 

work. This investigation has potential applications on thin membrane piercings using 

nanowires.35 In addition to silver nanowires, rotational dynamics and alignment modifications 

with AC electric fields have been considered for gold,36-38 platinum,38 and nickel38 nanowires. 

In this study, we use TDDFT computations to examine the impact of an external static 

electric field on several silver nanowire dimer systems. Our main goal is to analyze how the 

electric field affects these systems' optical properties, which includes understanding how the 

electric field impacts the molecular orbitals and how the field affects which orbitals are 

responsible for the excitations of interest. Therefore, we compare the results of the nanowire 

systems with and without an applied static electric field. In addition, we assess how the 

properties vary in response to the direction of the electric field. 

 

3.3 Theory and computations 

All linear-response TDDFT calculations were conducted using the ADF2021 software 

package.39,40 For the systems of interest, we have used three different Ag10 nanowire dimer 
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systems. Optimized geometries of the monomers were obtained from a previous study in our 

group.28 The Ag10 dimer systems include end-to-end, parallel, and 90° angle dimers, with a 

closest interparticle distance of 7.0 Å. As for the symmetry point groups of these systems, the 

end-to-end dimer is 𝐷RS, the parallel dimer is 𝐷!S, and the 90° dimer is 𝐶!T. Figure 3.1 indicates 

these three different dimers and the spatial orientation used in this work; the coordinates are 

given in the Appendix A. 

 

Figure 3.1.  Geometries and orientations of the dimer systems. 

 

Linear-response TDDFT calculations for all systems were performed using a double-zeta 

(DZ) basis set with three different functionals: BP86,41,42 a long-range corrected (LC) version of 

BP86,41,42 and LC CAMY-B3LYP.43-45 Both LC functionals used a range separation parameter 

(gamma) of 0.75; it should be noted that the CAMY-B3LYP functional does not include 100% of 

the correct exchange at long-range.  It should also be noted that the CAMY-B3LYP functional 

has a different form than the CAM-B3LYP functional due to a different switching function.43-45 

The selection of LC functionals was based on their previously reported success with silver 

nanoparticle systems.46-49 
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These calculations were conducted with and without a static electric field, which is 

applied with a 0.1 V/Å strength in the z and y directions. Because a static electric field in the x 

direction would be perpendicular to the nanowire chains in all configurations and thus the effects 

of this field would be expected to be small, it is not considered for this study. The absorption 

spectra were obtained from these calculations using a 0.08 eV full-width-half-maximum 

Gaussian broadening. In this work, we will describe the results acquired from the LC-BP86/DZ 

level of theory, with results from additional levels of theory included in the Appendix A (Figures 

A.1-A.3, Tables A.1-A.3). Previous work has shown that inclusion of long-range correction 

helps with charge transfer issues present in nanowire dimers when using functionals such as 

BP86.28 

 

3.4 Results and discussion 

3.4.1 Ag10 end-to-end dimer system 

Effects of a static electric field in the z-direction 

The absorption spectra obtained for the end-to-end dimer system with the z-polarized 

static electric field reveal a surprising difference when compared to the one without the static 

electric field. As shown in Figure 3.2a, the maximum of the absorption peak without the electric 

field is calculated to lie at 1.1932 eV, whereas the maximum changed to 1.2070 eV when the 

electric field is applied in the z-direction. This results in a blue shift of 0.0138 eV with the 

presence of a z-directional electric field. 
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Figure 3.2.  (a) Calculated absorption spectra for Ag10 end-to-end dimer system with and 
without the static electric field applied in the z-direction. (b) Allowed transitions of the 
excitations: without an electric field (left) and with the application of a static electric field 
in the z-direction (right). 
 

Further analysis of the orbital contributions to these excitations generates novel findings. 

The major contributions for the strong excitation in this dimer without the electric field arise 

from HOMO→LUMO and HOMO-1→LUMO+1 transitions. However, with the presence of the 

z-directional electric field, this changes to HOMO→LUMO+2 and HOMO-4→LUMO (Figure 

3.2b). 

In the presence of the z-directional electric field, electron density on nanowires ultimately 

shifts from one nanowire to the other. As shown in Figure 3.3, upon application of the electric 

field, the molecular orbitals of the dimer system significantly change.  Examining the number of 

nodes on these orbitals reveals that, while their appearance has changed, the number of nodes in 

their respective orbitals is similar both with and without the static electric field. For example, the 

HOMO orbital has nine nodes without the electric field, and even with the shifts due to the 

presence of the z-direction electric field, we can distinguish the nine nodes within the molecular 

orbitals. However, in the presence of a y-directional electric field, the orbitals of the nanowires 

are similar to the orbitals when no electric field is applied. “Effects of the static electric field on 
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orbitals” section will go through the changes in the “one-electron” densities arising from the 

molecular orbitals in detail. 

Depending on the molecular orbital interactions between the monomeric levels, the 

orbitals can be considered as either bonding or antibonding, where bonding orbitals have the 

same phase in the lobes between the wires and antibonding orbitals have different phases in these 

lobes.28 Therefore, the HOMO→LUMO transition in the field-free case is considered to be 

antibonding→bonding, while HOMO-1→LUMO+1 is considered to be bonding→antibonding. 

As previously stated, these orbital contributions alter in the presence of the z-directional electric 

field. However, investigating them in terms of bonding and antibonding orbitals reveals that 

transitions from antibonding to bonding orbitals continue to occur for both HOMO→LUMO+2 

and HOMO-4→LUMO transitions. 

 

Figure 3.3.  Illustrations of major molecular orbitals of Ag10 end-to-end dimer system, with 
and without the static electric field of 0.1 V/Å. Two views (with different iso-surface values) 
are provided for the z-direction field. Respective iso-surface values are denoted within the 
parentheses. 
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Effects of a static electric field in the y-direction 

When the static electric field is changed to the y-direction, the change in the absorption 

spectrum of the end-to-end system (Figure 3.4a) is substantially smaller than when the static 

electric field is applied in the z-direction. The longitudinal absorption peak lies at 1.1933 eV, 

with a 0.0001 eV blueshift compared to the one without the electric field. Analyzing the orbital 

contributions to the excitations also reveals identical transitions to those observed in the absence 

of the electric field: HOMO→LUMO and HOMO-1→LUMO+1. 

 

Figure 3.4.  (a) Calculated absorption spectra for Ag10 end-to-end dimer system with and 
without the static electric field applied in the y-direction. (b) Allowed transitions of the 
excitations with the y-directional static electric field. 
 

The analysis of the molecular orbitals reveals that they are identical to the orbitals found 

in the absence of an electric field (Figure 3.3). In contrast to the molecular orbitals of the end-to-

end dimer in the z-directional electric field, no orbital alterations are seen with the y-directional 

field. This means that the y-directional static electric field has less of an influence on the end-to-

end dimer system than the z-directional field. 
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Effect of the static electric fields on orbitals 

Without the presence of the static electric field (Figure 3.5a), the one-electron density for 

each orbital is evenly spread through the dimer. When the z-directional electric field is present, it 

will affect the electron density of the two nanowires and shift the electron density from one wire 

to the other (Figure 3.5b). Therefore, in the presence of the z-directional electric field, most of 

the electron density for this orbital can be found in the left nanowire rather than being evenly 

spread through the dimer (as in Figure 3.5a). Further considering the nodal structure of the two 

nanowires indicates five nodes for each case, whether with or without the presence of the electric 

field.  It should be noted that Figure 3.5b uses a much smaller iso-surface value for the right 

nanowire, which indicates that this orbital has significantly less electron density on the right 

nanowire. 

 

Figure 3.5.  Graphical interpretation of the static electric field effect on the HOMO-4 
molecular orbital of the end-to-end Ag10 dimer system; (a) without the electric field, (b) 
within the z-directional electric field, and (c) with the y-directional electric field (the yz 
plane shows the nanowires' geometric orientation). The iso-surface values are the same as 
in Figure 3.3. However, to appropriately demonstrate the effect, the molecular orbitals in 
the z-directional electric field is shown as a composite of multiple iso-surface values (with 
0.015 for the left nanowire and 0.0009 for the right nanowire). 
 

This can be described as the electric field affecting the delocalized orbitals in the 

direction of the delocalization. As a result, it is evident that no changes in the molecular orbitals 
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are observed when the y-directional field is present (Figure 3.5c) because the pull of the electron 

density is perpendicular to the nanowires. This suggests that the simple presence of an electric 

field is not sufficient to change the electronic structure, as the relative orientation of the field and 

the dimer system are important components. 

 

3.4.2 Monomer vs. dimer systems 

When the z-directional static electric field is applied only to a single Ag10 monomer, its 

longitudinal peak shifts to 1.2539 eV from 1.2500 eV (Figure A.4, Table A.4), resulting a 

smaller 0.0039 eV blue shift compared to the shift observed in the Ag10 end-to-end dimer system 

(0.0138 eV blue shift). The blue shift for the y-direction field is only 0.0001 eV, which matches 

with the blue shift experienced by the dimer with this field, so both the monomer and dimer 

experience greater blue shifts with z-direction fields. 

The Ag10 end-to-end dimer system with 7.0 Å separation between the monomers behaves 

very differently from a single longer silver nanowire monomer, Ag20. In the presence of the z-

directional static electric field, the longitudinal peak of Ag20 shifts from 0.7622 eV to 0.7718 eV, 

indicating a 0.0096 eV blue shift (Figure A.5, Table A.5). This blue shift is over twice the blue 

shift experienced by the Ag10 monomer itself but is not as large as the blue shift experienced by 

the Ag10 end-to-end dimer system, so the magnitude of the blue shift is not directly proportional 

to the number of silver atoms in the system. Regardless, compared to the Ag10 monomer, the 

Ag20 monomer results clearly suggest that the blue shift of the longitudinal peak becomes more 

significant in the presence of the z-directional electric field, similar to the Ag10 end-to-end dimer 

system. Figure A.6 and Figure A.7 indicate the molecular orbital changes occurring for Ag10 and 

Ag20 monomers, respectively, in the presence of the static electric field, and reflect the fact that 
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the longer systems exhibit more noticeable changes in electronic structure. Distortion of the 

molecular orbitals in the direction of the applied field can be observed, especially in the presence 

of a field that aligns along the long axis of the system. These results suggest that the electric field 

effect on absorption peak energies becomes stronger as the length of the nanowire increases, 

when the electric field peak direction is the same as the elongation direction of the system. In 

contrast, a y-directional static electric field results in 0.0001 eV blue shifts in the longitudinal 

peaks for both Ag10 and Ag20 monomers, which is identical to the Ag10 end-to-end dimer system 

with the y-directional static electric field. 

 

3.4.3 Ag10 parallel dimer system within a static electric field 

For the Ag10 parallel dimer system (Figure 3.1), comparable absorption spectra are 

produced upon the application of static electric fields in both y- and z-directions compared to no 

applied field (Figure 3.6). The results show that the absorption peak without an electric field is 

centered at 1.3792 eV and shifts to 1.3800 eV with a z-directional static electric field. This 

results in a significantly smaller blue shift of 0.0008 eV with the presence of the z-directional 

electric field. Furthermore, if the field direction is changed to y, the absorption peak appears at 

1.3793 eV, which results in a significantly lower blue shift of 0.0001 eV. When compared to the 

end-to-end dimer system in the z-directional electric field, the parallel dimer system in the 

presence of either z-directional or y-directional static electric fields does not exhibit a 

considerable effect on the longitudinal absorption peak. 
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Figure 3.6.  Calculated absorption spectra for Ag10 parallel dimer system with and without 
the static electric field (a) applied in the z-direction and (b) applied in the y-direction. 

 

For the molecular orbitals (Figure 3.7), the presence of the y-directional electric field 

results in significant effects in the one-electron density compared to the case without the electric 

field. As the y-directional field induces changes in the electron density of the two nanowires, the 

one-electron density for each orbital eventually shifts from one nanowire to the other; the parallel 

alignment of the Ag10 dimer system demonstrates this effect as the y-directional electric field 

induces the electron density to move across the short axis of the system. However, in all cases, 

the monomers have the same number of lobes and nodes in the orbitals. For the electric field in 

the z-direction, changes in the electron density will still be induced and the field will pull the 

electron density parallel to the system. As a result, fewer changes occur in this case because the 

one-electron density remains on the same nanowire. The distortion in the orbitals of the parallel 

system with the z-direction field are minor compared to the end-to-end case. 
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Figure 3.7.  Illustrations of major molecular orbitals of Ag10 parallel dimer system, with 
and without the static electric field of 0.1 V/Å. 

 

The orbital contributions in the excitations with the applied static electric fields are also 

identical to the case where there is no electric field present. The excitations involve transitions 

from HOMO→LUMO+1 and HOMO-1→LUMO. Considering the monomeric interactions, 

these transitions occur from antibonding→antibonding and bonding→bonding orbitals, 

respectively. In the case of the z-direction field, the minor distortions in the orbitals result in a 

very small (0.0008 eV) shift in the absorption spectrum, as discussed above. Although the y-

directional field affects the orbitals more in the parallel dimer, very little change is observed in 

the absorption spectrum because the one-electron densities for the HOMO and LUMO+1 are 

located on the same wire, and the one-electron densities for the HOMO-1 and LUMO are located 
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on the other wire, so the HOMO→LUMO+1 and HOMO-1→LUMO transitions are essentially 

similar to HOMO→LUMO transitions on a single monomer. 

 

3.4.4 Ag10 90° dimer system within a static electric field 

In the case of the 90° dimer system, no major changes are seen in the presence of the z-

directional static electric field (Figure 3.8a). Without the electric field, two prominent absorption 

peaks of 1.1892 eV and 1.2994 eV are observed. In the presence of the z-directional electric 

field, the absorption energies are calculated at 1.1904 eV and 1.3003 eV, which correspond to 

0.0012 eV and 0.0009 eV blue shifts, respectively. The peak shifts are significantly less 

compared to the shifts observed with the end-to-end dimer system with the z-directional electric 

field. 

The changes observed when the static electric field is considered in the y-direction 

(Figure 3.8b) are reminiscent of results obtained previously for the end-to-end dimer with the z-

directional electric field, as the shifts in the absorption are more pronounced in this case 

compared to the 90° dimer system with the z-directional electric field. In this case, the 

absorptions occur at 1.2019 eV and 1.3043 eV, resulting in 0.0127 eV and 0.0049 eV blue shifts, 

respectively. The results indicate that with the y-directional static electric field, we can observe a 

prominent blue shift in the 90° dimer. The y-direction field can be thought of as the field that 

affects the end-to-end coupling of the two nanowires for this configuration. 
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Figure 3.8.  Calculated absorption spectra for the Ag10 90° dimer system with and without 
the static electric field (a) applied in the z-direction and (b) applied in the y-direction. 

 

As shown in Figure 3.9, there are no notable differences between the molecular orbitals 

of the Ag10 90° dimer within the z-directional static electric field compared to the one without 

the electric field. However, adjusting the electric field direction to y has a considerable effect 

since noticeable electron density shifts are seen (Figure 3.9). These observations can be 

interpreted as the z-direction field inducing shifts in the electron density of the nanowires toward 

or away from the interaction point between the two nanowires, whereas the y-direction field 

induces the electron density to shift from one wire to the other. 
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Figure 3.9.  Illustrations of major molecular orbitals of the Ag10 90° dimer system, with and 
without the static electric field of 0.1 V/Å. Orbitals from HOMO-2 to HOMO-5 are given in 
Figure A.8. 
 

For the orbital contributions responsible for the excitations, the 90° dimer system without 

any electric field exhibits HOMO→LUMO and HOMO-1→LUMO+1 transitions for the 

~1.1904 eV absorption peak and HOMO-1→LUMO and HOMO→LUMO+1 transitions for 

~1.3003 eV absorption. Considering the monomer levels and their interactions, these transitions 

occur through antibonding→bonding and bonding→antibonding for the initial absorption peak 

and bonding→bonding and antibonding→antibonding for the second peak. Further investigation 

of the excitations in the presence of a z-directional electric field reveals that they are identical to 

the excitations in the absence of an electric field. 

With the presence of the y-directional static electric field, the transitions involved in the 

excitations changed dramatically compared to the results without the field. In this case, the 

reported transitions involve HOMO→LUMO+2 for ~1.2019 eV and HOMO-5→LUMO for 
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~1.3043 eV absorptions. Furthermore, this indicates that these transitions are from 

antibonding→bonding and bonding→bonding respectively, which is the same as the character of 

the transitions in the absence of an applied field, although the orbitals have changed. 

 

3.4.5 Transverse excitations in Ag10 dimer systems within a static electric field 

Up to this point, we have investigated the impact of the external static electric field on the 

longitudinal excitations of the Ag10 dimer systems. We now shift our attention to the transverse 

excitations and observe a significant impact from the presence of a static electric field. One main 

distinction between longitudinal and transverse excitations is that the transverse excitations red 

shift in the presence of a static electric field. 

In this work, we find that transverse peak shifts are prominent in systems where a static 

electric field has a significant effect on longitudinal peaks. As a result, the presence of a z-

polarized static electric field results in a significant red shift on the transverse peak when 

compared to the presence of a y-polarized static electric field on the end-to-end dimer system, as 

shown in Figure 3.10a. Without any static electric field, the transverse peak occurs at 5.7914 eV, 

but this peak is shifted to 5.7612 eV when an electric field is introduced in the z-direction, 

resulting in a red shift of 0.0302 eV. This can also be seen in the 90° dimer system, as shown in 

Figure 3.10c, where the system exhibits a strong red shift (0.0132 eV) when the y-directional 

static electric field is applied, which shifts the transverse peak from 5.7927 eV to 5.7795 eV. 

Similar to the previously observed results for the parallel dimer system longitudinal absorption 

peak, the presence of both z- and y-directional static electric fields has no significant influence 

on the transverse absorption peak (Figure 3.10b). Table A.6 in the Appendix A contains an 
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extensive comparison of the transverse peak energies with their orbital contributions for the 

excitations of the dimer systems. 

 

Figure 3.10.  Calculated absorption spectra indicating the transverse excitation for (a) Ag10 
end-to-end dimer system (b) Ag10 parallel dimer system (c) Ag10 90° dimer system, with and 
without the static electric field applied in the z- and y-directions. 

 

3.5 Conclusion 

In summary, we investigated the effect of static electric fields on three distinct Ag10 

dimer systems (end-to-end, parallel, or with a 90° angle) using linear response TDDFT 

simulations. The results show that different applied static electric fields (applied in the z-

direction or in the y-direction) will alter the excitations and the molecular orbitals in these 

different arrangements of Ag10 nanowires. Significantly, depending on the arrangement of the 

dimers and the direction of the electric field, the electron density of the delocalized orbitals will 

shift in the direction of the delocalization. The Ag10 end-to-end dimer with the z-directional 

electric field exhibits a noticeable shift in its longitudinal and transverse absorption peaks due to 
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changes in its electronic structure. On the other hand, in some cases the absorption spectrum 

stays quite similar to the results obtained without the electric field, as in the case of the Ag10 end-

to-end dimer with the y-directional electric field. In this case, although the orbitals are affected 

by the electric field, offsetting effects decrease the shifts in the excited states responsible for the 

absorption spectrum. Furthermore, the electron density on the nanowires is similar to the density 

without the static electric field in this case. For the 90° system, the observations depend on the 

relative orientation of the nanowires and the applied electric field. With the geometry used in this 

system, the z-directional electric field causes minor effects on the electronic structure, whereas 

the y-directional electric field causes more noticeable effects on the electronic structure, which 

shifts its absorption spectrum. 

Overall, the effects on the longitudinal and transverse excitations resulting from the 

presence of a static electric field indicate blue shifts for the longitudinal and red shifts for the 

transverse peaks. In dimer systems, the specific configuration of monomers and the applied 

direction of the static electric field play crucial roles in orbital shifts and excitations. 

 

3.6 Appendix A - Supporting information 

Absorption spectra and excitation information from BP86 and (LC) CAMY-B3LYP 

functionals; absorption spectra, excitation information, and orbitals for Ag10 and Ag20 monomer 

calculations; additional orbitals for the Ag10 90° dimer system; excitation information for 

transverse excitations; and coordinates used in this work. 
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4.1 Abstract 

Gold nanoclusters with atomically precise structures exhibit tunable optical properties, 

with certain systems demonstrating efficient near-infrared (NIR) absorption and photothermal 

conversion. These characteristics make them particularly promising for cancer and photothermal 

therapy. We investigate the NIR excitation characteristics and electronic structure of the 

Au42(SCH3)32 nanorod in different solvation media using density functional theory (DFT) and 

time-dependent density functional theory (TDDFT) methods. Starting from the Au42(SCH2Ph)32 

crystal structure and simplifying the ligands to SCH3, we performed geometry optimization and 

optical property calculations at the BP86-D3/TZP level of theory. Analysis of the NIR absorption 

in gas phase reveals two closely spaced excitations at 1.35 eV and 1.40 eV, both arising from 

coupled HOMO → LUMO and HOMO-1 → LUMO transitions with varying weights. The 

HOMO and LUMO display superatomic character localized in the metal core with distinct nodal 

structures, whereas the HOMO-1 exhibits ligand-centered character with dominant sulfur 

contributions. Solvent effects were examined using the COSMO implicit solvation model in six 

solvents spanning a range of dielectric constants (toluene, dichloromethane, acetone, N,N-

dimethylbenzamide, N,N-dimethylformamide, and N,N-dimethylacetamide). Increasing solvent 

polarity preferentially red shifts the HOMO → LUMO dominated excitation while leaving the 

HOMO-1 → LUMO transition nearly unchanged. This differential solvent response 

mailto:cmaikens@ksu.edu
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demonstrates that the NIR absorption wavelength can be tuned through solvent selection without 

structural modification, offering a route to optimize photothermal performance for specific 

applications. 

 

4.2 Introduction 

Localized surface plasmon resonance (LSPR) arises in gold nanoparticles when incident 

light drives collective oscillations of surface conduction electrons.1–4 In elongated nanostructures 

like nanorods, this produces two resonance modes: the transverse mode polarized along the short 

axis and a longitudinal mode along the long axis, appearing in the visible to near-infrared (NIR) 

spectral range.5 It is important to note that this absorbed energy can be converted into heat 

through electron-phonon and phonon-phonon processes.6,7 This efficient photothermal effect, 

combined with the known biocompatibility of gold nanoparticles, has enabled medical 

applications where targeted irradiation at the LSPR wavelength generates localized heating for 

cancer therapy and diagnostics.8–13 Clinical photothermal therapy typically employs 808 nm 

lasers, which operates within the NIR biological transparency window where tissue absorption 

and scattering are minimized.9,11,13 Consequently, gold nanostructures must be designed (or 

tuned) with LSPR absorption near 808 nm to maximize the therapeutic efficiency. 

As nanoparticle size decreases to the ultrasmall regime, typically 1-3 nm in diameter, 

they transition into the nanocluster regime where atomic precision becomes achievable.14,15 Note 

that this size reduction fundamentally alters their electronic structure, where the continuum of 

plasmonic states in larger nanoparticles collapses into discrete molecular-like energy levels.16,17 

Consequently, the LSPR absorption is replaced by discrete electronic transitions resembling 

those of molecules.18 Elucidating optical properties at this atomic scale constitutes an active 
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research frontier. While NIR LSPR is absent in this ultrasmall size regime, a critical advantage 

of nanoclusters is that they can be atomically precise and therefore these structures enable 

deterministic control over properties. This atomic-level control opens pathways for rational 

design: by systematically varying composition, structure, and ligand environment, optical 

responses that can be tailored for specific applications. Therefore, these insights have enabled 

applications of gold nanoclusters in diverse fields such as medical,19,20 catalytic,21,22 sensing,23,24 

opto-electronic,17,25 and beyond. For example, Liu et al.14 highlighted gold nanoclusters designed 

to exhibit photoluminescence properties in both NIR-I (700 – 1000 nm) and NIR-II (1000 – 1700 

nm) windows. Interestingly, these clusters can also display NIR absorption characteristics similar 

to the LSPR observations in nanoparticles, highlighting that atomically precise nanoclusters are 

capable of exhibiting NIR excitation behavior comparable to larger nanoparticle systems. 

Among the gold nanoclusters that exhibit NIR absorption character, Au42(SR)32 occupies 

a unique position and serves as the focus of this study. Jin and coworkers first reported the 

synthesis of this cluster with R = CH2Ph ligands in 2022.6 Structurally, Au42(SR)32 features an 

Au20 kernel at its cluster core, arranged in a hexagonal closed-packed structure with two terminal 

gold atoms, yielding an elongated geometry with an aspect ratio of 6.2. The protecting ligand 

shell is comprised of two types of staple motifs: (1) two pairs of Au4(SR)5 units at both ends of 

the core, and (2) six monometallic Au(SR)2 units encircling the body (Figure 4.1). A key finding 

from this work is the intriguing optical properties that make this cluster relevant for photothermal 

applications. In toluene, the cluster displays a strong NIR absorption centered at 815 nm with a 

molar absorption coefficient exceeding 1´105 M-1 cm-1.6 Thus, this absorption is close to the 

therapeutic 808 nm laser wavelength. Therefore, photothermal measurements under 808 nm 

irradiation demonstrated rapid heating, where a 50 µg/mL cluster solution (in toluene) reached a 
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temperature rise of approximately ~27 °C in just 5 minutes, confirming efficient light-to-heat 

conversion.6 To elucidate the origin of this NIR feature, Li et al.6 performed density functional 

theory (DFT) and time-dependent density functional theory (TDDFT) calculations, which 

revealed that the NIR absorption corresponds to a longitudinal excitation. Building on this 

foundation, several other studies have explored additional properties of this system. 

 

Figure 4.1.  Structure of the Au42(SR)32 nanorod (color labels: gold = core Au; dark green = 
Au from Au4(SR)5 motifs; light green = Au from Au(SR)2 motifs; yellow = S). R groups of 
the staple motifs are omitted for clarity. 

 

Building on this initial work, Jin and coworkers later investigated26  the 

photoluminescence properties of Au42(SR)32 with R = CH2CH2Ph groups in dichloromethane 

(DCM) and discovered a dual emission phenomenon in the NIR region, in which they observed a 

fluorescence peak at 875 nm and phosphorescence peak at 1040 nm. The NIR absorption peak 

for this system was observed at 806 nm.26,27 Theoretical calculations by the Pei group28 

complemented these experimental findings as well as the proposed mechanisms of the 

photoluminescence pathway, further revealing that structural flexibility significantly influences 

the emission behavior of nanorod shaped clusters.28,29 To understand how cluster size affects the 

optical properties, Jin and coworkers then examined a periodically elongated nanorod series 

(with R = CH2CH2Ph): Au42(SR)32 (Au20 core), Au60(SR)44 (Au32 core), Au78(SR)56 (Au44 core), 
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Au96(SR)68 (Au56 core), and Au114(SR)80 (Au68 core).30 As the core aspect ratio increases with 

rod length, the HOMO – LUMO gap systematically decreases, accompanied by progressive red 

shifting of the NIR absorption peak. These trends are confirmed by DFT and TDDFT 

calculations. Notably, Au42(SR)32 exhibited the longest excited-state lifetime (2122 ns) among 

the series, suggesting potential for applications requiring long-lived charge carriers.30 

Recent work by Knappenberger and coworkers31 examined the electronic relaxation 

dynamics of Au42(SR)32 (with R = CH2CH2Ph) and demonstrated that the NIR longitudinal 

excitation is molecular rather than in plasmonic in origin. As part of an ongoing collaboration 

between us and the Jin and Knappenberger groups, the present computational study investigates 

the NIR absorption characteristics in greater depth, with particular focus on solvent dependent 

effects. Given the established significance of the Au42(SR)32 system, we employ DFT and 

TDDFT to elucidate the fundamental nature of its structure and optical transitions. This study 

addresses two key objectives: (1) characterization of the molecular orbital contributions 

governing the NIR excitations, and (2) systematic investigation of solvent effects on NIR 

absorption properties. These computational insights reveal the potential for environmental tuning 

to impact the NIR peak, enabling wavelength control through solvent selection without structural 

modification. 

 

4.3 Theory 

We examined the electronic structure and optical properties of the Au42(SCH3)32 nanorod 

using DFT and TDDFT methods. Starting from the experimentally determined crystal structure 

of Au42(SCH2Ph)32 reported by Li et al.,6 we simplified the ligands by replacing the phenyl (Ph) 

groups with hydrogen atoms using a visualization tool (MacMolPlt),32 yielding Au42(SCH3)32. 
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Ground-state geometry optimizations employed the BP86 generalized gradient approximation 

(GGA) exchange-correlation functional33,34 with a triple-ζ (TZP) basis set. Dispersion corrections 

were incorporated via Grimme’s D3 method,35 and scalar relativistic effects were treated using 

the zeroth-order regular approximation (ZORA).36,37 We applied a tight convergence criterion: 1 

´ 10-8 for the self-consistent field procedure, 1 ´ 10-4 Hartree for energy, and 1 ´ 10-3 Hartree/Å 

for gradients. Following ground-state geometry optimization, linear-response TDDFT 

calculations were performed to obtain the optical absorption spectrum using the same level of 

theory. Then, vertical excitation energies were computed and broadened with Gaussian functions 

using a full-width half-maximum (FWHM) of 0.08 eV to simulate the absorption spectrum. 

Subsequently, excited-state geometries were optimized using analytical excited-state gradients 

within the TDDFT framework.38 

All calculations described above were initially performed in the gas phase. To assess 

solvent effects on the electronic structure and optical properties, we extended the study by 

incorporating implicit solvation through the conductor like screening model (COSMO).39–41 

Ground-state geometry optimizations and excited-state calculations were performed in six 

different solvents: toluene, DCM, acetone, N,N-dimethylbenzamide (DMBA), N,N-

dimethylformamide (DMFA), and N,N-dimethylacetamide (DMAc). These solvents were 

selected to span a range of dielectric constants and assess the influence of solvent polarity on the 

cluster’s properties. All calculations were carried out using the Amsterdam Density Functional 

(ADF2021) software package.42,43 
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4.4 Results and discussion 

4.4.1 Gas phase studies 

Table 4.1 compares the average bond lengths between the experimental crystal structure 

and the BP86-D3/TZP gas-phase optimized ground state (S0), with atomic labels shown in Figure 

4.2. These calculated bond lengths show good agreement with experimental values. Within the 

Au20 core, the calculated average Au-Au bond length (2.852 Å) exceeds the experimental value 

(2.812 Å) by just 1.42%. Across all bond types examined, deviations remain modest, with the 

maximum discrepancy of 2.95% appearing in the Au (core) - S (edge) bonds of the Au(SR)2 

staple motifs (average bond length calculated: 2.387 Å; experimental: 2.319 Å). It is important to 

note that our computational model employs methylthiolate (SCH3) groups, whereas the 

experimental crystal structure contains phenylmethanethiolate (SCH2Ph) ligands. The absence of 

phenyl groups in our model may contribute to the slight bond elongations observed, as the 

aromatic substituents can influence packing and sterics in the experimental structure. 

Additionally, Häberlen et al.44 demonstrated that GGA functionals tend to overestimate Au-Au 

bond lengths in gold clusters. Nevertheless, all calculated bond lengths deviated by less than 

3.00% from experimental values, demonstrating that the simplified ligand model captures the 

essential structural features of the nanorod. 
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Figure 4.2.  Atom definitions for Au42(SR)32. 

 

Table 4.1.  The comparison of average bond lengths between the experimental crystal 
structure and gas-phase optimized geometry (at the BP86-D3/TZP level of theory). Percent 
deviations (∆) are calculated relative to the crystal structure values. Bond lengths are 
reported in Å. 

Bond Crystal structure Gas phase (S0) Δ(%) 

Au core – Au core 2.812 ± 0.016 2.852 ± 0.016 1.42 

Au core – edge S from 

Au4(SR)5 motif 

2.353 ± 0.013 2.401 ± 0.005 2.03 

Au from Au4(SR)5 motif – S 

from Au4(SR)5 motif 

2.301 ± 0.004 2.344 ± 0.002 1.86 

Au core – edge S from 

Au(SR)2 motif 

2.319 ± 0.008 2.387 ± 0.003 2.95 

Au from Au(SR)2 motif – S 

from Au(SR)2 motif 

2.289 ± 0.009 2.347 ± 0.001 2.51 

 

Electronic structure analysis of Au42(SCH3)32 nanorod indicates a HOMO-LUMO energy 

separation of 1.14 eV (Figure 4.3a). Visualization of the frontier molecular orbitals (Figure 4.3b) 
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shows that electron density is primarily located on the central Au20 core in both HOMO and 

LUMO, although with distinct nodal patterns. The HOMO contains four nodal planes creating 

five lobes with overall 𝜎U symmetry, whereas the LUMO features five nodal planes producing 

six lobes with 𝜎V symmetry. To understand the origin of these molecular orbitals, we 

investigated the individual atomic orbital contributions. Gold 𝑠 orbitals dominate in both HOMO 

and LUMO. However, a key distinction emerges in that the LUMO incorporates considerably 

higher gold 𝑝 character than the HOMO. These observations indicate that both the HOMO and 

LUMO are metal-centered molecular orbitals. Complete atomic orbital contributions are 

provided in the Appendix B (Table B.1). 

 

Figure 4.3.  (a) HOMO and LUMO orbitals (Iso-surface = 0.01) and (b) energy level 
diagram for Au42(SCH3)32 at the BP86-D3/TZP level of theory. 

 

To elucidate the electronic origins of the experimentally observed NIR absorption band, 

we perform TDDFT calculations on the Au42(SCH3)32 nanorod system. As mentioned earlier, the 

experimental absorption spectrum exhibits a characteristic NIR peak at 1.54 eV (806 nm), which 

is a primary focus of our theoretical investigations.6,26,27,30 The calculated absorption spectrum, 
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shown in Figure 4.4a, successfully captures this NIR absorption feature (the overall theoretical 

absorption spectrum in Figure B.1 and its agreement with the experimental spectrum are 

presented in the Appendix B). Our TDDFT analysis reveals that this NIR peak arises from two 

closely spaced excitations at 1.35 eV (918 nm) and 1.40 eV (885 nm). Both transitions are red-

shifted relative to experiment by 0.19 eV and 0.14 eV, respectively. This systematic 

underestimation of excitation energies is characteristic of GGA functionals and has been 

observed in previous studies as well.45–47 To further characterize the nature of these excitations 

and understand the specific contributions to the NIR absorption, we have analyzed the electronic 

transition characters of each excitation (Figure 4.4b and Table 4.2). Previous theoretical studies 

by Li et al.,6 and Luo et al.28 have investigated the electronic structure and optical properties of 

this system. Li et al.,6 employed the B3LYP/def2-SV(P) level of theory and reported the lowest 

excitation at 1.68 eV (738 nm; blue-shifted relative to experiment), attributed to a HOMO → 

LUMO electronic transition. Luo et al.28, using the B3LYP/DZ level of theory, calculated this 

excitation at 1.35 eV (920 nm, red-shifted relative to experiment), also with dominant HOMO → 

LUMO character. Both studies confirmed that these frontier orbitals are localized on the gold 

core, consistent with our findings. 

Our BP86-D3/TZP level of theory calculations yield two closely spaced excitations with 

HOMO → LUMO character, separated by only 0.05 eV. However, the ground state (S0) → first 

excited state (S1) excitation at 1.35 eV (918 nm) has a higher electronic transition contribution 

from HOMO-1 → LUMO compared to the S0 → second excited state (S2) excitation at 1.40 eV 

(885 nm). Comparison of oscillator strengths reveals that the excitation at 1.40 eV dominates the 

optical intensity in this spectral region, making it the primary contributor to the observed NIR 

absorption peak.  Analysis of HOMO-1 shows that it has a different character than HOMO and 
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LUMO, where this orbital consists mainly of sulfur 𝑝 atomic orbitals from the thiolate ligands, 

with some contributions from gold 𝑑 orbitals (see Figure 4.4c and Table B.1 for detailed atomic 

orbital contributions). Therefore, unlike HOMO and LUMO which are located on the gold core, 

HOMO-1 is localized at the metal-ligand shell. As a result, the two excitations have different 

dominant electronic transition character. The excitation at 1.35 eV (S0 → S1) involves electronic 

transition from the metal-ligand shell → metal core, while the excitation at 1.40 eV (S0 → S2) 

involves electronic transition within metal core → metal core.  Inclusion of scalar relativistic 

effects via ZORA decreases the splitting between the orbitals arising primarily from s electrons 

(such as the HOMO) and those with significant d character (such as HOMO-1), which enables 

the efficient coupling of transitions arising from these orbitals. 

 

Figure 4.4.  (a) NIR region of the theoretical absorption spectrum at the BP86-D3/TZP 
level of theory, (b) energy level diagram of the molecular orbitals showing atomic orbital 
character and the corresponding electronic transitions of the two excitations, and (c) 
HOMO-1 of the Au42(SCH3)32 nanorod (Iso-surface = 0.01). 
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Table 4.2.  Excitation properties of the Au42(SCH3)32 nanorod obtained from TDDFT 
calculations at the BP86-D3/TZP level of theory, including excitation energies, oscillator 
strengths, and the corresponding electronic transitions with their orbital contribution 
weights. 

Excitation energy Oscillator strength (a.u.) Transitions Weight 

1.35 eV (918 nm) 0.194 HOMO-1 → LUMO 0.70 

HOMO → LUMO 0.29 

1.40 eV (885 nm) 0.475 HOMO → LUMO 0.66 

HOMO-1 → LUMO 0.29 

 

To investigate the dual emission properties, we optimized the geometries of the S1 state 

and first triplet excited state (T1) to obtain theoretical fluorescence and phosphorescence 

emission energies (Figure 4.5). The calculated fluorescence energy is 1.24 eV (1000 nm), 

underestimating the experimental value of 1.42 eV (875 nm) by 0.18 eV. Similarly, the 

computed phosphorescence energy of 1.02 eV (1215 nm) lies below the experimental value of 

1.19 eV (1040 nm) by 0.17 eV. Importantly, both emission energies exhibit red shifts of 

approximately ~0.18 eV, matching the systematic offset observed in our absorption calculations. 

This consistent deviation across both absorption and emission suggests that our BP86-D3 level 

of theory systematically underestimates electronic transition energies by a nearly constant 

amount, while correctly reproducing the relative energetics and Stokes shifts. Specifically, the 

calculated energy separation between fluorescence and phosphorescence matches the 

experimentally observed gap between the dual emission peaks (~0.23 eV).26,27 Luo et al.28 

reported emission energies (1.43 eV for fluorescence and 1.11 eV for phosphorescence) using 

the hybrid B3LYP functional in closer agreement with experimental energies albeit with an 

energy separation that is too large. However, our GGA results correctly capture the 
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photophysical behavior and provide accurate relative energy spacings. Analysis of molecular 

orbitals in the optimized excited-state structures reveals characteristics similar to those in the 

ground state (detailed comparison is provided in Figure B.2). 

 

Figure 4.5.  Jablonski diagram depicting photophysical processes in Au42(SCH3)32 nanorod: 
absorption (A1 and A2), fluorescence (F1), and phosphorescence (P1) with calculated 
energies at the BP86-D3/TZP level of theory. 

 

4.4.2 Solvation effects on the structure geometry and the excitation characteristics 

To examine how solvent environment influences the NIR absorption features, we 

performed further theoretical calculations using the COSMO implicit solvation model with 

room-temperature dielectric constants to represent the solvent medium. Initial investigations 

focused on two solvents: toluene and DMAc, representing low and high polarity environments. 

Following the same computational protocol as for the gas phase, we first optimized the ground-

state geometry in each solvent. The results reveal no structural deviations, where all calculated 
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bond lengths in solvation media are as same as from the gas-phase values (Table 4.3), indicating 

that implicit solvation exerts negligible influence on the cluster’s equilibrium geometry. This 

lack of structural change suggests that solvent effects on the optical properties, if present, arise 

primarily from electronic rather than geometric changes. 

Table 4.3.  Average bond lengths for ground state optimized geometries using toluene and 
DMAc phases (at the BP86-D3/TZP level of theory). Bond lengths are reported in Å. 

Bond Toluene (S0) DMAc (S0) 

Au core – Au core 2.851 ± 0.015 2.852 ± 0.015 

Au core – edge S from Au4(SR)5 motif 2.401 ± 0.006 2.401 ± 0.005 

Au from Au4(SR)5 motif – S from 

Au4(SR)5 motif 

2.344 ± 0.002 2.344 ± 0.002 

Au core – edge S from Au(SR)2 motif 2.387 ± 0.003 2.387 ± 0.003 

Au from Au(SR)2 motif – S from 

Au(SR)2 motif 

2.347 ± 0.001 2.347 ± 0.001 

 

Next, we examined how solvent affects the absorption spectrum. Figure 4.6 shows that 

solvation causes a clear red shift in the NIR absorption peak. Analysis of the underlying 

excitations (Table 4.4) reveals systematic changes in energy, electronic transition character, and 

the oscillator strength. Recall that in the gas phase, the NIR absorption peak contains two closely 

spaced excitations, both having mixed HOMO → LUMO and HOMO-1 → LUMO character. In 

solution, these two excitations shift differently: the excitation with stronger HOMO → LUMO 

character (labeled as 𝛼) red shifts significantly compared to the gas-phase results. In contrast, the 

other excitation (labeled as 𝛽) with strong HOMO-1 → LUMO character shows much smaller 

shifts: its energy is 1.37 eV in toluene and 1.36 eV in DMAc, both very close to the gas-phase 
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excitation energy (1.35 eV). This differential shift causes 𝛼 to be the lowest energy excitation (S0 

→ S1) in both toluene (1.32 eV) and DMAc (1.26 eV). The red shift is larger in DMAc than in 

toluene due to its higher polarity. 

 

Figure 4.6.  Theoretical NIR absorption spectra at the BP86-D3/TZP level of theory for 
toluene and DMAc compared with the gas phase absorption spectrum. 

 

Table 4.4.  Excitation properties of the Au42(SCH3)32 nanorod within toluene and DMAc 
solvation media obtained from TDDFT calculations at the BP86-D3/TZP level of theory, 
including excitation energies, oscillator strengths, and the corresponding electronic 
transitions with their orbital contribution weights. 

Excitation energy Oscillator strength (a.u.) Transitions Weight 
Toluene    

1.32 eV (939 nm) 0.861 HOMO → LUMO 0.74 

HOMO-1 → LUMO 0.24 

1.37 eV (905 nm) 0.340 HOMO-1 → LUMO 0.75 

  HOMO → LUMO 0.23 

DMAc    

1.26 eV (984 nm) 1.826 HOMO → LUMO 0.94 

  HOMO-1 → LUMO 0.05 

1.36 eV (912 nm) 0.206 HOMO-1 → LUMO 0.95 

HOMO → LUMO 0.04 
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The solvation medium also affects how these transitions behave. As mentioned earlier, in 

the gas phase, both 𝛼 and 𝛽 involve mixed electronic transition character. When the continuum 

solvation medium is introduced, this mixed transition character simplifies as the excitation tends 

to become dominated by a single electronic transition. For example, the 𝛼 excitation HOMO → 

LUMO contribution grows from 66% in the gas phase to 74% in toluene and further increases to 

94% in DMAc. As this transition becomes more purely HOMO → LUMO, it simultaneously 

becomes stronger, with its oscillator strength increasing in the same progression from gas phase 

to toluene to DMAc (Tables 4.2, 4.4). The 𝛽 excitation follows a similar pattern for the HOMO-

1 → LUMO transition contribution but shows much smaller changes in its oscillator strengths 

(Tables 4.2, 4.4). 

These observations demonstrate that the 𝛼 and 𝛽 excitations respond differently to the 

solvent environment. To examine whether these changes correlate with solvent polarity, we 

extended the study to include four additional solvents spanning a range of dielectric constants: 

DCM, acetone, DMBA, and DMFA. The results are shown in Figure 4.7, with detailed excitation 

energies, oscillator strengths, and orbital contributions provided in Table B.2. 
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Figure 4.7.  Solvent dependent excitation properties of the Au42(SCH3)32 nanorod as a 
function of dielectric constant: (a) excitation energies, (b) oscillator strengths, (c) HOMO 
→ LUMO electronic transition contribution, and (d) HOMO-1 → LUMO electronic 
transition contribution for both 𝜶 and 𝜷 excitations. 

 

Figure 4.7 demonstrates that the NIR absorption properties depend strongly on solvent 

dielectric constant (i.e., solvent polarity). The trends across all seven media reveal clear 

systematic relationships between each spectroscopic parameter and the dielectric environment. 

Figure 4.7a shows that the 𝛼 excitation energy decreases markedly with increasing polarity: from 

1.40 eV in the gas phase to 1.26 eV in DMAc, representing a 0.14 eV red shift. In contrast, the 𝛽 

excitation remains nearly constant at ~1.36 eV across all solvents, indicating minimal solvent 
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sensitivity. To understand this differential solvent response, we examined the energies of the 

ground and excited states separately in each environment (Table B.3). This analysis reveals that 

the excited state corresponding to the 𝛼 excitation is preferentially stabilized by polar solvents; 

as the dielectric constant increases, the excited state energy decreases relative to the ground state, 

reducing the energy gap between the two states (reflecting solvatochromism). Therefore, the 

resulting red shift (bathochromic shift) follows from the decreased energy gap between the two 

states.48,49 The excited state corresponding to 𝛽 excitation (i.e., has dominant HOMO-1 à 

LUMO character) experiences little solvent stabilization, which explains why its excitation 

energy remains constant. 

To understand the oscillator strength variations in Figure 4.7b, we must examine the 

underlying total transition dipole moments. The transition dipole moment is a vector quantity 

that determines both the intensity and transition dipole direction of an electronic transition.50 Li 

et al.6 previously showed that the 𝛼 excitation exhibits a strong transition dipole moment along 

the 𝑥-axis (the long axis of the metal core), characteristic of a longitudinal metal core → metal 

core transition. Our calculations confirm this finding, in which the transition dipole moment in 

the 𝑥-axis (which is along the long axis of the cluster in the coordinates used in our work) 

dominates in all environments (Table B.4). Since oscillator strength scales as the square of the 

transition dipole moment magnitude, changes in the dipole strength directly affect absorption 

intensity.50 For the 𝛼 excitation, the transition dipole moment increases systematically with 

solvent polarity (as shown in Table B.4), causing the oscillator strength to rise correspondingly. 

The 𝛽 excitation’s transition dipole moment, by contrast, remains essentially less varied across 

all solvents, explaining why its oscillator strength shows minimal variation in Figure 4.7b. 
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For elucidating the electronic transition contribution changes in Figure 4.7c and 4.7d, we 

must examine the transition dipole moments for each individual orbital transitions. Table B.5 

provides the complete breakdown of these individual transition dipole moment components for 

HOMO → LUMO and HOMO-1 → LUMO contributions in each solvent and excitation. As we 

observed earlier, the total transition dipole moment is stronger for the 𝛼 excitation, and their 

individual contributions indicates that it is mainly governed by the HOMO → LUMO electronic 

transition. Investigating this 𝛼 excitation (Figure 4.7c and 4.7d) reveals that the HOMO → 

LUMO contribution increases from 66% in gas phase to 94% in DMAc as solvent polarity 

increases, while the HOMO-1 → LUMO contribution decreases accordingly. Examining the 

underlying transition dipole moments explains this shift: the HOMO → LUMO transition dipole 

moment contribution strengthens with increasing dielectric constant, thereby increasing its effect 

on the overall oscillator strength of the excitation. Conversely, the HOMO-1 → LUMO 

transition dipole moment weakens, reducing its contribution. The 𝛽 excitation shows systematic 

but opposite behavior. With increasing solvent polarity, the HOMO-1 → LUMO transition 

dipole moment increases in its weight in the 𝛽 excitation while the HOMO → LUMO weight 

weakens, causing their transition dipole moment contributions to reflect this shift. 

These results demonstrate that the NIR absorption peak is highly tunable: systematic 

variation of solvent polarity enables control over excitation energy, oscillator strength, and 

orbital character. This tunability has potential implications for applications requiring 

wavelength-specific optical responses in gold nanocluster systems. It is important to note that the 

present analysis employs implicit solvation, which treats the solvent as a continuum dielectric 

medium. A potential extension of this work would be to incorporate explicit solvation, where 

individual solvent molecules are included in the calculation. Therefore, the explicit solvation 
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would capture specific solute-solvent interactions, local solvation shell structure, and dynamic 

effects that implicit models cannot describe, providing a more complete picture of how solvent 

interactions influence the optical properties of these nanoclusters. 

 

4.5 Conclusion 

We have investigated the electronic structure and excitation characteristics of the 

Au42(SCH3)32 nanorod across a range of solvent polarities. Gas-phase absorption calculations 

reveal that the NIR peak is comprised of two closely spaced excitations separated by only 0.05 

eV. Both transitions arise from coupled HOMO → LUMO and HOMO-1 → LUMO transition 

contributions with different weights. Similar dual transition contributions have been observed in 

other NIR absorbing nanoclusters, such as Au20Ag32(tBuPA)24Cl12 (PA – phenylacetylene).51 

Despite the systematic underestimation of absolute energies, a known GGA characteristic, our 

approach correctly captures relative photophysical properties, including the dual emission 

behavior and the experimentally observed gap between the dual emission peaks (~0.23 eV). 

Solvent effects were examined using an implicit solvation model (COSMO). While 

geometry remains essentially unchanged across all media, the optical properties show 

pronounced sensitivity to dielectric environments. The excitation dominated by HOMO → 

LUMO red shifts systematically with increasing solvent polarity, whereas the HOMO-1 → 

LUMO transition remains nearly invariant. These excitation energy shifts are accompanied by 

systematic changes in oscillator strength and orbital character, reflecting solvent-induced 

variations in transition dipole moments. The strong polarity dependence demonstrates that the 

NIR absorption wavelength can be tuned through solvent selection, which is potentially a useful 
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strategy for optimizing photothermal applications. Therefore, this study establishes a foundation 

for understanding environmental control of NIR optical properties in Au42(SCH3)32. 

 

4.6 Appendix B - Supporting Information 

Full theoretical absorption spectrum, molecular orbital characteristics of the nanorod, 

excitation properties observed within different solvation media, relative ground and excited state 

energies, total and individual contributions of transition dipole moments for the respective 

excitation. 
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5.1 Abstract 

Achieving quantum-mechanically accurate molecular dynamics (MD) simulations for 

large molecular systems remains challenging due to the computational cost of density functional 

theory (DFT). Gold-hydride clusters (which have important applications in sensing and catalysis) 

can have a size and complexity that necessitate efficient computational methods, especially if 

dynamical properties are of interest. In this study, we developed a machine learning force field 

(MLFF) with DFT level accuracy for gold-hydride nanoclusters using the FLARE++ framework. 

We first employed active learning on Au13H5 and Au18H14 nanoclusters to generate the initial 

training data. The model was then refined through four passive learning iterations, which 

involved combining databases, retraining, validating predictions from LAMMPS MD against 

VASP DFT, and incorporating structures with large prediction errors. The final MLFF is trained 

on 647 structures (447 Au13H5 and 200 Au18H14) and accurately predicts relative energies for the 

training clusters as well as for larger clusters that are not included in the training set. While the 

model captures relative energy landscapes accurately, absolute energies require systematic offset 

corrections. Further validations at 200 K and 400 K show that the model works well with the 

expanded structural landscape even though it was only trained using structures sampled from 300 

mailto:cmaikens@ksu.edu
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K simulations. This MLFF provides a computationally efficient tool for exploring gold-hydride 

nanocluster dynamics and establishes a foundation for future reactive force field development. 

 

5.2 Introduction 

Atomically precise metal nanoclusters (NCs) have emerged as a rapidly growing area of 

chemistry research. These systems have attracted considerable attention owing to their promising 

applications in catalysis, photothermal therapy, cancer diagnostics, and optoelectronic devices.1–5 

The atomic-level understanding of these clusters enables rational design strategies to optimize 

their performance for targeted applications. A metal NC is typically comprised of a metal core 

(e.g., Au, Ag, and Cu) and protecting ligands (e.g., thiolates and phosphines), resulting in a 

diverse family of systems with distinct properties. Among these, metal hydride nanoclusters have 

recently attracted particular interest due to the unique influence of hydrides on cluster 

properties.6,7 For instance, Sun et al. demonstrated that hydride incorporation enhances both 

structural stability and versatility in copper NCs.8 Moreover, these hydrides can participate 

directly in catalytic mechanisms, adding another dimension to their utility.8–10 To date, the 

majority of well-characterized metal hydride NCs are copper-based systems, typically stabilized 

by a combination of hydride and other protecting ligands.6,8–12 In contrast, this study focuses on 

gold hydride NCs, which represent a less explored area. 

Similar to the copper-based systems, gold hydride nanoclusters are typically stabilized by 

a combination of hydride and other protecting ligands. These gold-hydrides are most commonly 

observed as heterometallic complexes, with Pt, Pd, or Cu as the secondary metal within the metal 

cluster.13–15 It is important to note that gold’s chemical inertness has long obscured our 

understanding of Au-H bond formation.16 Spectroscopic observations have revealed the 
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existence of gold-hydride diatomic molecules, yet questions about their stability persisted. This 

uncertainty was resolved by Wang et al., who employed both experimental and theoretical 

modeling to establish that mono-gold hydride molecules can indeed be produced under 

controlled conditions.17 Beyond molecular and nanocluster-scale, gold-hydride investigations 

extend into nanoparticle-scale, where interest centers on exploiting their potential for sensing and 

catalytic applications enhanced by the local surface plasmon resonance.18–20 Further evidence 

indicates that hydrogen present in these larger nanoparticle systems plays a critical role, 

simultaneously enhancing structural robustness and boosting catalytic performance.21,22 

Given their importance, gold-hydride clusters have been studied through both 

experimental and theoretical approaches.22 Computational methods such as density functional 

theory (DFT) have become increasingly powerful tools for understanding not only hydride-

containing nanoclusters but the entire family of metallic cluster systems. These calculations 

provide insights into electronic structure, optical properties, structural configurations, and 

numerous other characteristics.22–27 However, a major challenge remains, as these calculations 

become exponentially more expensive as system size increases. This scaling problem is 

particularly acute for gold clusters, where adding just a few atoms can dramatically increase 

computational demands. As noted previously, gold-hydride clusters are particularly relevant for 

catalytic applications. Consequently, characterizing the dynamics and interatomic potentials for a 

wide array of different hydride positions within these systems is essential for understanding and 

optimizing their catalytic performance. Therefore, selecting appropriate theoretical methods 

which reflect this information requires careful consideration of both the desired accuracy and 

available computational resources. This trade-off has spawned an active research area dedicated 

to applying and developing other methods that achieve near-equivalent accuracy to DFT at 
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significantly reduced computational cost. Alternative approaches for exploring the structural 

dynamics of these systems include classical molecular dynamics (MD) and ab initio molecular 

dynamics (AIMD). These methods have been successfully applied to metal clusters, enabling 

investigation of structural behavior and exploration of potential energy surfaces.22,25,28–31 

However, it is important to note that these methods have their own limitations. Classical MD 

simulations require carefully parameterized force fields tailored to the specific systems under 

study, which can be challenging at the development stage (and the accuracy may still not be 

comparable with AIMD). Although AIMD simulations offer high accuracy, their considerable 

computational cost confines them to relatively shorter time scales. Therefore, opportunities 

remain for further innovation. In particular, machine learning approaches offer promising 

avenues for enhancing computational efficiency while maintaining chemical accuracy. 

The application of machine learning to nanocluster systems has emerged as a dynamic 

and rapidly evolving field. Recent work in this domain includes several notable studies. Jäger et 

al. applied machine learning to predict hydrogen adsorption patterns on molybdenum disulfide 

and copper-gold clusters,32 while Vandermause et al. introduced a Bayesian active learning 

strategy to study hydrogen dynamics on platinum surfaces.33 Pihlajamäki et al. developed 

distance-based approaches for Monte Carlo simulations for gold-thiolate nanoclusters,34 and both 

Wang et al.35 and McCandler et al.36 constructed machine learning force fields (MLFFs) 

specifically designed to capture potential energy landscapes in gold-thiolate systems. Meanwhile, 

Fang et al. took a different approach, using kernel ridge regression methods to model cystine-

protected gold nanoclusters.37 Collectively, these studies showcase the breadth and adaptability 

of machine learning tools for tackling complex nanoscale systems. 
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Having established both the importance of studying gold-hydride cluster systems and 

current applications of machine learning approaches, this study combines these elements to 

develop an MLFF capable of predicting potential energies for diverse gold-hydride clusters with 

quantum-level accuracy. We employ an active learning methodology using sparse Gaussian 

process regression to generate the initial structural database along with the initial training, 

followed by interactive model training that incorporates passive learning for refinement. 

Therefore, this study will elaborate on: (1) the theoretical background of the machine learning 

approaches employed, (2) the training and testing procedures, and (3) computational validation 

of the trained MLFF. These validations assess the accuracy of predicted potential energies for 

both structures within the training set and those outside it, ultimately addressing a key question: 

can a model trained on smaller gold-hydride nanoclusters accurately predict potential energies 

for larger clusters? 

 

5.3 Theory 

5.3.1 Sparse Gaussian process (SGP) to model the machine learning force field 

In this study, we employ sparse Gaussian processes (SGP) to develop our machine 

learning force field. Standard Gaussian processes (GP) are powerful non-parametric Bayesian 

methods that provide not only predictions, but also quantitative uncertainty estimates for those 

predictions.38 However, the major limitation of standard GPs is their poor scalability with dataset 

size. SGP addresses this challenge by using variational inference methods to significantly reduce 

computational cost while maintaining predictive accuracy.39 For our modeling, we employ the 

FLARE++ package, an efficient framework for SGP based force field training that has been 
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successfully applied to develop MLFFs for predicting potential energies across diverse chemical 

systems.33,35 

Following the framework established by Vandermause et al.,33,40 the SGP based force 

field is constructed through three interconnected components. First, we define the energy model 

by expressing the total potential energy as a sum of local contributions from individual atomic 

environments. Second, each local atomic environment is mapped onto a descriptor vector, 

specifically using the atomic cluster expansion (ACE) descriptors of Drautz35,41 that serves as the 

model’s input, capturing the essential geometric and chemical information. Third, we select a 

kernel function that quantifies the similarity between any two local environments, enabling the 

model to make predictions based on learned patterns from the training data. 

Accurate representation of the local atomic environment requires symmetry preserving 

descriptors. ACE accomplishes this by efficient computations of many-body descriptors that 

respect the fundamental symmetries of the potential energy surface. In practice, each atom’s 

descriptor is constructed by examining its local neighborhood and encoding the geometric 

relationships using a basis set composed of radial functions and spherical harmonics. The 

resulting equivariant descriptors undergo transformation to ensure rotational invariance.33 The 

final descriptor dimensionality (𝑛MWX;) is determined by three factors: the types of atomic species 

present (𝑁XQW;&WX), the number of radial basis functions employed (𝑁8OM), and the highest order of 

spherical harmonics included (𝑙$O%), given by, 𝑛MWX; =

𝑁XQW;&WX𝑁8OMr𝑁XQW;&WX𝑁8OM + 1s(𝑙$O% + 1) 2⁄ . The specific values of 𝑁8OM and 𝑙$O% employed 

in each training cycle are listed in Table 5.1. 
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Table 5.1.  𝑵𝒓𝒂𝒅 and 𝒍𝒎𝒂𝒙 values employed in each training cycle. 

Training model 𝑁8OM 𝑙$O% 

OTF 8 3 

OTC-1 8 3 

OTC-2 8 3 

OTC-3 14 6 

OTC-4 14 6 

 

For predictions, the SGP model evaluates the local energy of each atomic environment by 

computing a weighted sum of kernel functions between that environment and representative 

sparse environments from the training set. Therefore, the kernel-based similarity metric 

determines how strongly each sparse environment influences the final energy prediction. For a 

local environment (𝜌&), the predicted energy (𝜀) emerges from evaluating kernels between 𝜌& and 

representative sparse environments 𝑆, as expressed in Eq. 5.1:33 

𝜀(𝜌&) =@𝑘(𝒅𝒊, 𝒅𝒕)𝛼`

-#

`∈0

(5.1) 

where 𝑑& represents the descriptor vector, 𝑘 is the kernel function that quantifies similarity 

between two local environments, 𝑁X denotes the number of sparse environments, and 𝛼 is the 

training coefficients vector. The kernel function takes the form shown in Eq. 5.2, where 𝜉 is an 

integer power applied to the normalized dot product, and 𝜎 represents a hyperparameter 

controlling the kernel scale.33 

𝑘(𝒅𝟏, 𝒅𝟐) = 𝜎! �
𝒅𝟏. 𝒅𝟐
𝑑,𝑑!

�
d

(5.2) 
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Note that the training coefficients (𝛼) in Eq. 5.1 depend on a diagonal noise matrix that 

accounts for the expected errors in the training data, encompassing noise components for energy 

(𝜎E), force (𝜎I), and stress (𝜎0).33,40 In our training process, these values were set to 96 meV, 

0.05 meV/Å, and 0.001 meV/Å3, respectively (a detailed description is provided in the Appendix 

C). Additionally, the 𝜎 term in Eq. 5.2 characterizes the variation in local energy and was set to 

2.00 eV at the beginning of the training process, consistent with the thiolate protected 

nanocluster MLFF reported by Wang et al.35 Importantly, both the noise terms and 𝜎 are treated 

as hyperparameters and optimized during the training (optimized values are provided in Table 

5.2). The cutoff radius for local atomic environments represents another critical parameter. To 

balance computational cost against adequate environment sampling, we chose a cutoff of 5.0 Å. 

Table 5.2.  Tolerance factors and the optimized hyperparameters for each training cycle. 

Training model 
Tolerance 

factor 
𝜎 𝜎E 𝜎I 𝜎0 

OTF for Au13H5 edge 5.00 × 10-2 2.13 5.94 × 10-2 -3.07 × 10-2 1.03 × 10-5 

OTF for Au13H5 bridge I 5.00 × 10-2 1.48 5.81 × 10-2 -6.50 × 10-2 9.64 × 10-6 

OTF for Au13H5 bridge II 5.00 × 10-2 1.99 8.19 × 10-2 -1.47 × 10-3 -1.31 × 10-5 

OTF for Au18H14 5.00 × 10-2 1.21 8.16 × 10-2 1.95 × 10-3 -1.90 × 10-5 

OTC-1 1.00 × 10-2 2.30 × 101 2.33 × 102 -6.46 -4.19 × 104 

OTC-2 1.00 × 10-2 2.04 9.66 × 10-2 3.74 × 10-1 2.13 × 10-5 

OTC-3 5.00 × 10-3 9.00 × 10-1 -1.01 × 10-1 4.45 × 10-1 2.13 × 10-5 

OTC-4 5.00 × 10-3 8.97 × 10-1 1.01 × 10-1 4.26 × 10-1 -2.18 × 10-5 
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5.3.2 Training procedure and structure selection 

Our approach combines two complementary strategies: active learning (on-the-fly or 

OTF), where training and data generation occur simultaneously without requiring an initial 

dataset, and passive learning (offline training or OTC), which trains on a pre-existing database. 

Our training procedure initiates with an active learning cycle that builds the model dynamically. 

The process starts by performing a DFT calculation of the initial gold-hydride structure, 

establishing both the first training point and the starting geometry for the MD exploration of the 

potential energy surface. As the MD simulation progresses, the SGP model evaluates each new 

configuration, predicting energies, forces, and stresses while simultaneously computing Bayesian 

uncertainties for its predictions.33 These uncertainties reflect how unfamiliar the current atomic 

environments are compared to those already captured in the sparse training set. The model’s 

confidence determines the next action: low uncertainty (if below the tolerance factor) signals 

reliable predictions, allowing the simulations to continue using the SGP forces to sample new 

regions of configuration space, while higher uncertainty (if above the tolerance factor) triggers a 

different mechanism, where the MD simulation is stopped at that point and moved to a DFT 

calculation to provide accurate potential energy predictions (i.e., a label for the current structure) 

for the new configuration. This new information then augments the training set, improving the 

model before simulation resumes. This active learning cycle continues until DFT calculations are 

called less frequently, indicating that the model has learned to accurately predict most 

configurations.33,35 In this study, the FLARE++ framework is coupled with the VASP package to 

perform DFT calculations,42 using the PBE43 exchange-correlation functional with a plane-wave 

basis set and an energy cutoff of 450 eV.44,45 
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Upon completion of the active learning cycles, the accumulated training dataset becomes 

available for the next phase. In the passive learning stage, we combine datasets generated across 

multiple active learning cycles into a unified database. This passive training also requires several 

iterations to converge to the final MLFF. Unlike active learning, passive (offline) training does 

not explore new configurations during the training process itself. Therefore, structures that 

exhibit large prediction errors during MLFF validation represent previously unsampled regions 

of configuration space and are candidates for inclusion in the training database to improve model 

accuracy. The testing and validation procedures are discussed in detail in section c. The training 

and testing procedures cannot be clearly separated, as they function as complementary 

components of an iterative refinement process. 

Having established the training procedure, the next critical consideration is structure 

selection. For the initial active learning cycles, we employed two gold hydride nanocluster 

systems: Au13H5 and Au18H14 (these structures are depicted in Figure 5.1). For Au13H5, we 

prepared three conformers distinguished by their hydride arrangements: two featuring bridging 

hydrides between gold atoms (“bridge I” and “bridge II”) and one with only terminal hydrides 

(“edge”). Table C.1 provides the relative energies of the three Au13H5 conformers, indicating that 

bridge I is energetically most favorable. Importantly, the icosahedral Au13+5, unit appears 

frequently as a structural building block in ligand-protected nanoclusters, particularly in gold-

thiolate systems,24,26–28,30,47 and therefore the Au13+5 unit was adopted with three different 

hydride arrangements to generate these conformers. The Au18H14 initial geometry was 

constructed by adapting previously optimized gold chloride nanoclusters from Kuda-

Singappulige et al.,46 systematically replacing chlorides with hydrogens. Following hydrogen 

substitution, all four configurations underwent geometry optimization to ensure reasonable 
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starting points for the active learning procedure. The optimizations were performed at the 

BP86/TZP level of theory48,49 in the gas phase using the Amsterdam Modeling Suite (AMS) 

2021.1 package.50,51 The convergence criteria employed were: an SCF convergence of 1´10-8, an 

energy convergence of 5´10-5 Hartree, and a gradient convergence of 1´10-4 Hartree/Å. Upon 

completion of these optimizations, we adopted Wang et al.’s multi-conformer approach,33 

initiating separate active learning cycles for each configuration. This parallel training yielded 

four independent MLFFs with their respective databases (OTF training models). 

 

Figure 5.1.  Gold hydride nanocluster systems used in the active learning phase (color 
labels: orange = Au and teal = H). 

 

As previously mentioned, upon completion of the active learning phase, we combined all 

four databases into a single unified database for passive learning. Before initiating the passive 

training, we tested the current MLFFs and identified structures with large prediction errors for 

addition to the database, thereby expanding the database beyond the original active learning 

configurations. The passive learning phase then proceeded through four iterative cycles (labeled 
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OTC-V, where V denotes the cycle number), each involving model testing, identification of 

structures with less accurately predicted potential energies, database augmentation, and 

retraining. By the fourth cycle (OTC-4), the training database comprised 647 total 

configurations: 447 Au13H5 and 200 Au18H14 structures. This database captures extensive 

configurational sampling across the potential energy surfaces of these two cluster systems. A 

detailed breakdown of the number of structures in each training cycle is provided in Table 5.3. 

Having established a model trained on only Au13H5 and Au18H14 systems, the critical question 

becomes how well it predicts energies for different gold hydride clusters. 

Table 5.3.  Structural database composition for each training cycle by cluster type. 

Training model 
Au13H5 

edge 

Au13H5 

bridge I 

Au13H5 

bridge II 
Au18H14 

Total 

structures 

OTF for Au13H5 edge 82 - - - 82 

OTF for Au13H5 bridge I - 43 - - 43 

OTF for Au13H5 bridge II - - 105 - 105 

OTF for Au18H14 - - - 81 81 

OTC-1 91 59 114 119 383 

OTC-2 108 79 134 138 459 

OTC-3 135 91 160 160 546 

OTC-4 164 91 192 200 647 

 

5.3.3 Testing and validation of the machine learning force field 

For the testing phase, we employed LAMMPS52 to perform molecular dynamics 

simulations using the trained MLFF, enabling evaluation of the model’s potential energy 
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predictions at each timestep. All MD simulations utilized an NVT ensemble with a Nosé-Hoover 

thermostat,53–55 running for 100 ps with a 1 fs time step in a cubic simulation box of 30 Å	× 30 Å 

× 30 Å. From each production run, we extracted structural snapshots at 5 ps intervals. These 

configurations were then subjected to single-point DFT calculations using VASP to obtain 

reference potential energies. Comparing the MLFF-predicted energies from the MD trajectories 

with the corresponding VASP reference values provides a quantitative assessment of model 

accuracy. All VASP calculations used the same computational settings and convergence criteria 

as the active learning phase to maintain consistency. Finally, mean absolute deviation (MAD) 

and root mean square error (RMSE) of the MLFF-predicted potential energies were calculated to 

quantify model accuracy. The equations for these metrics are provided in Eq. C.1 and C.2 in the 

Appendix C. 

A critical aspect of validation is determining which structures are used to assess model 

performance. Therefore, we conducted the validation in two distinct ways: (1) evaluating 

prediction accuracy for structures included in the training set, and (2) evaluating prediction 

accuracy for structures outside the training set. This dual approach allows us to assess both the 

model’s ability to reproduce energies within its training domain (interpolation) and its capacity 

to generalize to novel structures (extrapolation). Importantly, this analysis reveals whether an 

MLFF trained on a limited set of initial structures can accurately predict energies for 

significantly larger or structurally distinct systems. To assess model transferability beyond the 

training set, we tested the MLFF on six additional gold hydride nanoclusters: Au20H16, Au24H16, 

Au28H20, Au30H18, Au36H24, and Au38H24. Following the same protocol used for the Au18H14 

structure, these geometries were derived from previously optimized gold chloride nanoclusters 

reported by Kuda-Singappulige et al.,46 with chlorides systematically replaced by hydrogens, 
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followed by geometry optimization. The nanoclusters used for the testing phase are visualized in 

Figure 5.2. 

 

Figure 5.2.  Gold hydride nanocluster systems used for validation and testing that are not 
included in the training database (color labels: orange = Au and teal = H). 

 

Our active learning phase employed MD simulations at 300 K, establishing this 

temperature as the reference for initial model validation. However, practical applications often 

require predictions across different temperatures. We therefore tested the model’s predictive 

capability at both lower (200 K) and higher (400 K) temperatures using selected gold hydride 

systems. Since the training database lacks any configurations sampled outside 300 K, testing at 

different temperatures (particularly higher temperatures), enables exploration of configurational 

regions typically not sampled during standard 300 K simulations. This provides insight into the 

breadth of the configurational landscape the trained MLFF can accurately predict. 
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5.4 Results and Discussion 

5.4.1 MLFF vs. DFT potential energy prediction at 300 K 

To evaluate the MLFF performance, we conducted MD simulations of various gold 

hydride nanoclusters at 300 K using LAMMPS. We first assessed prediction accuracy for 

structures included in the training set by performing simulations on the three Au13H5 conformers 

and on Au18H14, and computed the respective MAD and RMSE values. The resulting MAD 

values were 5.90 meV/atom for the edge conformer, 18.07 meV/atom for bridge I, and 12.69 

meV/atom for bridge II. In contrast, Au18H14 exhibited a notably lower MAD value of 2.76 

meV/atom. Extending validation to six larger clusters absent from the training data revealed an 

intriguing pattern. While MLFF predictions consistently overestimated absolute energies relative 

to DFT, in most cases they accurately align with the shape and relative features of the DFT 

energy landscapes. Therefore, applying a constant energy offset to the MLFF predictions 

substantially reduced discrepancies, following the approach employed by Wang et al. for a gold-

thiolate nanocluster MLFF.35 This indicates that while the MLFF accurately captures relative 

energies, which are crucial for understanding structural dynamics, achieving quantitative 

accuracy in absolute energies requires further refinements. Notably, these systems that are 

outside the training database yielded MAD and RMSE values below 10.00 meV/atom, with the 

largest cluster, Au38H24, achieving an exceptionally low MAD of 3.54 meV/atom despite 

containing 62 atoms, nearly double the size of the largest trained cluster (Au18H14 with 32 atoms 

in total). Table 5.4 summarizes the tested systems along with their applied energy offsets and 

corresponding MAD and RMSE values. 
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Table 5.4.  Energy offsets, MAD, and RMSE values for tested gold hydride clusters. 

Gold hydride cluster 
Offset (meV/ 

atom) 
MAD (meV/ atom) 

RMSE (meV/ 

atom) 

Au13H5 edge - 5.90 7.56 

Au13H5 bridge I - 18.07 19.87 

Au13H5 bridge II - 12.69 15.14 

Au18H14 - 2.76 3.22 

Au20H16 8.45 5.52 7.24 

Au24H16 24.26 3.51 4.25 

Au28H20 21.81 8.40 9.84 

Au30H18 53.47 2.69 3.66 

Au36H24 47.27 3.34 4.00 

Au38H24 60.45 3.60 4.18 

 

Notably, the test systems outside the training set generally achieved lower MAD and 

RMSE values than the training structures themselves, with the Au13H5 conformers showing 

particularly large disparities. This counterintuitive phenomenon, where out-of-sample predictions 

surpass in in-sample accuracy, mirrors findings by McCandler et al. in their MLFF for gold-

thiolate protected nanoclusters.36 Yet this overall accuracy improvement masks an important 

nuance. While training clusters require minimal shifts to match DFT values, the necessary offset 

grows systematically with cluster size for the test systems (Table 5.4). This reveals the MLFF’s 

dual nature, where it has learned transferable local atomic environment descriptors that are 

enough to reproduce the potential energy landscapes and relative stabilities across a broad size 

range, but exhibit a systematic energy bias that scales with system size. Therefore, the model is 
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successful in capturing relative energetics, which is a key requirement for predicting structural 

evolution and dynamics; this demonstrates effective knowledge transfer from the compact 

training set, although the absolute energy quantification remains a challenge. Figure 5.3 

illustrates the comparison of MLFF and DFT potential energy predictions for all gold hydride 

structures tested during the validation process, while Figure 5.4 shows the per atom prediction 

accuracy for these systems. 
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Figure 5.3.  MLFF-predicted vs. DFT reference potential energies throughout the MD 
simulations for (a) Au13H5 edge, (b) Au13H5 bridge I, (c) Au13H5 bridge II, (d) Au18H14, (e) 
Au20H16, (f) Au24H16, (g) Au28H20, (h) Au30H18, (i) Au36H24, and (j) Au38H24 clusters. 

 

 

Figure 5.4.  Prediction accuracy per atom for structures (a) included in the training set and 
(b) outside the training set, after applying constant energy offsets (Figure C.1 shows 
energies before offset correction). Data points correspond to the systems presented in 
Figure 5.3. 

 

5.4.2 Structural landscape analysis 

To quantify the structural diversity explored during the MD testing simulations, we 

calculate the root-mean-square deviation (RMSD) between each sampled configuration 

(structural snapshots at 1 ps intervals) and the initial structure used to start the simulation. RMSD 

is defined by Eq. 5.3: 

𝑀𝑆𝐷 = �
1
𝑁@

[(𝑥& − 𝑥&:)! + (𝑦& − 𝑦&:)! + (𝑧& − 𝑧&:)!]
-

&

(5.3) 

where 𝑁 is the number of atoms in the system, and 𝑥&, 𝑦&, 𝑧& and 𝑥&:, 𝑦&:, 𝑧&: represent the 

Cartesian coordinates of atom 𝑖 in the initial (reference structure) and sampled structures, 

respectively (note that to minimize RMSD between configurations, we account for center-of-
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mass shifts and apply the Kabsch algorithm56 to optimize rotational alignment for best overlap). 

To decompose structural changes by component, we calculated the RMSD independently for 

gold atoms (Figure 5.5a) and hydrogen atoms (Figure 5.5b). Corresponding total RMSD 

variation for all atoms is provided in Figure C.2. As shown in Figure 5.5, Au18H14 and Au13H5 

bridge I sampled a wide range of configurations during the testing. For the other two Au13H5 

conformers (edge and bridge II), gold atom positions remained relatively stable while hydrogen 

positions exhibited relatively greater variation. Among the larger test systems, Au28H20 explored 

diverse structural configurations, whereas Au24H16 (median total RMSD: 1.06 Å) and Au30H18 

(median total RMSD: 1.78 Å) showed more limited RMSD for both gold and hydrogen. This 

sampling suggested that 300 K simulations may not adequately explore the configurational 

landscape for certain systems. To address this, we conducted additional simulations at 200 K and 

400 K to enhance configurational sampling and assess model performance across a selected set 

of structures (Au24H16, Au30H18, and Au36H24), including those with smaller structural deviations 

from the initial geometry. 
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Figure 5.5.  Box plots showing RMSDs for (a) gold atoms and (b) hydrogen atoms across all 
tested systems during 300 K MD simulations. 

 

As shown in Figure 5.6, the simulations beyond 300 K benefited by exploring further 

deviations in the structural landscape for Au24H16, Au30H18, and Au36H24 systems. This is 

especially true for the 400 K simulations, as the RMSD span is wider compared to both the 200 

K and 300 K simulations. Note that all simulations were initiated using the same structure, so 

comparisons between respective systems are feasible. Overall, at 400 K, all clusters exhibited a 
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higher median total RMSD compared to 300 K: Au24H16 with 1.54 Å, Au30H18 with 1.99 Å, and 

Au36H24 with 2.66 Å. At 200 K, the clusters shifted toward a lower median total RMSD 

compared to 300 K for Au30H18 with 1.25 Å, and Au36H24 with 1.74 Å, although Au24H16 shifted 

towards a slightly higher RMSD, with a median of 1.14 Å. A further breakdown on the gold 

atom and hydrogen atom RMSDs is provided in Figure C.3 for the respective systems. 
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Figure 5.6.  Box plots showing total RMSDs for (a) Au24H16, (b) Au30H18, and (c) Au36H24 
clusters during the MD simulations at respective temperatures. 

 

Application of the trained MLFF on this extended landscape would further shed light on 

the applicability of the MLFF to diverse cluster systems. To determine the accuracy of the 

predicted potential energies, we employed the same strategy to compute the MAD and RMSE 

values corresponding to the energy differences between MLFF and DFT predicted potential 



112 

energies. It is interesting to note that the overall MAD values across all systems at both 200 K 

and 400 K exhibited a MAD value of less than ~4.00 meV/ atom (less than ~5.00 meV/ atom for 

RMSE), which is comparable to the previously reported accuracy. As shown in Table 5.5, with 

the exception of Au24H16 at 200 K, all other systems at their respective temperatures yielded 

MAD values slightly higher than those obtained at 300 K. Overall, these results indicate that the 

trained MLFF remains applicable throughout the structural landscape sampled due to varying 

kinetic energy (reflecting the different temperature used), with both higher- and lower-energy 

structures predicted with relative accuracy by the model. Table 5.5 summarizes the prediction 

accuracies and Figure 5.7 illustrates the comparison of MLFF and DFT potential energy 

predictions for the gold hydride structures sampled during 200 K and 400 K MD simulations. 

Table 5.5.  Energy offsets, MAD, and RMSE values for selected gold hydride clusters in 
different temperatures. 

Gold hydride 

cluster 
Temperature (K) 

Offset (meV/ 

atom) 

MAD (meV/ 

atom) 

RMSE (meV/ 

atom) 

Au24H16 200 27.77 2.99 3.54 

 400 31.42 4.09 5.04 

Au30H18 200 54.17 3.37 4.19 

 400 49.92 4.09 4.73 

Au36H24 200 56.38 3.72 4.86 

 400 48.06 3.77 4.72 

 



113 

 

Figure 5.7.  MLFF-predicted vs. DFT reference potential energies throughout the MD 
simulations for (a) Au24H16 at 200 K, (b) Au24H16 at 400 K, (c) Au30H18 at 200 K, (d) Au30H18 

at 400 K, (e) Au36H24 at 200 K, and (f) Au36H24 at 400 K. 
 

Overall, the MLFF based MD simulations offer significant computational speedup 

compared to AIMD. It should be noted that this MLFF is trained on AuxHy and is therefore 

applicable to capturing the potential energies of similar gold hydride nanoclusters. A key future 

direction for this MLFF would be to extend it towards capturing hydrogen (H2) bond breaking 

and formation processes on gold surfaces. The current MLFF cannot capture these effects, as it 

lacks any knowledge of this phenomenon. Nevertheless, with these future modifications, it 
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would potentially be possible to apply this MLFF to understand gold-hydrogen interactions on 

gold surfaces. 

 

5.5 Conclusion 

A MLFF for gold hydride nanoclusters was developed by training on the configurational 

space of Au13H5 and Au18H14, achieving DFT level accuracy in predicting relative potential 

energies across larger gold hydride cluster systems. The workflow initially employed active 

learning approaches to efficiently sample the potential energy surface and construct the databases 

used in the training process. This was carried out starting from three different conformers of 

Au13H5 and one Au18H14 configuration. Upon completion of the active learning stage, it was 

coupled with a passive training approach that combined all initial databases with additional 

structures that exhibited considerable discrepancies during initial model testing, and all of which 

were configurations of Au13H5 and Au18H14. This iterative testing and training cycle was carried 

out over 4 cycles, with the final trained model (OTC-4) comprising 647 total structures (447 

Au13H5: 200 Au18H14). The model was then evaluated not only on structures within the training 

set, but also on structures outside of it, thereby validating both the applicability and predictive 

capabilities of the MLFF across diverse gold hydride cluster configurations. To further extend 

the structural landscape sampled throughout the MD simulations at 300 K, we initiated 

calculations at 200 K and 400 K on selected structures and validated the model performance to 

assess its capability of capturing correct energetics not only for structures sampled at 300 K, but 

beyond that scope as well. 

The OTC-4 MLFF model demonstrated considerable agreement between MLFF and DFT 

predicted potential energies, with MAD values below 19.00 meV/atom for structures within the 
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database and below 8.50 meV/atom for structures outside the database, while performing 

accelerated MD simulations. Comparable accuracy was observed in testing performed on 

configurations sampled during MD simulations conducted at different temperatures. However, it 

should be noted that although the model predicts relative energies with good agreement, an offset 

must be applied to achieve absolute energies, which varies with the system size tested. 

Therefore, while the model predicts relative energetics of larger gold hydride clusters with 

reasonable accuracy, indicating that the local atomic environments sampled using 447 Au13H5 

and 200 Au18H14 are sufficient to reflect the relative energetics, there remains room for 

improvement in obtaining absolute energies. This model holds strong potential as a foundation 

for further developments such as extending this model to a force field that can examine H2 bond 

dissociation/formation processes on gold. 

 

5.6 Data availability 

All input files, initial geometries, and results corresponding to the MLFF training and 

testing procedures are available across two platforms. The final trained MLFF model (MLFF-

OTC-4-Model), including three component files (lmp.flare, L_inv_lmp.flare, and 

sparse_desc_lmp.flare), is archived on Open Science Framework (OSF) at 

https://osf.io/58emp/overview?view_only=8a98b807cf5742a1a25b44badea07e1a. The remaining 

directories: (1) Initial-Optimized-Geometries – ADF optimization input files and optimized 

structures for all gold-hydride nanoclusters; (2) Training – All files related to the training 

process; and (3) Testing – all files related to the testing procedures, are available on GitHub at 

https://github.com/sulalith99/gold-hydride-nanoclusters-MLFF.git. 

https://osf.io/58emp/overview?view_only=8a98b807cf5742a1a25b44badea07e1a
https://github.com/sulalith99/gold-hydride-nanoclusters-MLFF.git
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The Training/ directory contains three subdirectories: (1) Starting-Files-For-OTF – initial 

files for on-the-fly (active learning) training, including POSCAR files (initial geometries) and 

otf_train.yaml (FLARE++ configuration file); (2) Starting-Files-For-OTC: initial files for offline 

(passive learning) training, including offline.yaml (FLARE++ input) and all_otf_dft.xyz (training 

databases with geometries and corresponding labels) for each training cycles; and (3) Databases 

– individual training databases used or generated during each training cycle. 

The Testing/ directory contains two subdirectories: (1) LAMMPS-Testing – input files 

for MLFF-based MD simulations, including lammps.in (LAMMPS input script) and initial 

structure files. Note that LAMMPS simulations also require the three MLFF model files 

(lmp.flare, L_inv_lmp.flare, and sparse_desc_lmp.flare) to be preset in the same directory. This 

subdirectory also includes representative output files: log.lammps (MLFF predicted energies at 

each timestep) and output.dump (trajectory coordinates, which can be visualized and analyzed 

using OVITO software package); and (2) VASP-Testing – DFT calculation inputs including 

INCAR, KPOINTS and POTCAR files. To run VASP calculations on trajectory snapshots, 

POSCAR files must be extracted from the LAMMPS output.dump files. 

Together, these materials ensure reproducibility of our results and provide a 

computational framework adaptable to other ligand-protected metal nanocluster systems. 

 

5.7 Appendix C – Supporting Information 

Appendix C provides additional details on hyperparameters, Au13H5 conformer 

energetics, MAD and RMSE calculations, pre-atom energy prediction accuracy for structures 

outside the training set, R2 values for the per atom prediction accuracy, and extended structural 

landscape analysis. 
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6.1 Abstract 

Excited state potential energy surfaces are essential for understanding molecular behavior 

in excited states, including electronic transitions, reaction dynamics, and other photochemical 

and photophysical properties. When excited state minima or reaction dynamics are of interest, 

the gradients of the total excited state energy are required. Time-dependent density functional 

theory (TDDFT) is a widely used method as it provides reasonably accurate excited state 

energies compared to experiment; however, its computational cost scales unfavorably with 

molecule size. To address this limitation, methods that maintain TDDFT accuracy while 

reducing the computational cost are needed. The time-dependent density functional theory plus 

tight binding (TDDFT+TB) method offers comparable accuracy to TDDFT with significantly 

improved efficiency. Previously, Havenridge et al. implemented TDDFT+TB analytical excited 

state gradients for closed-shell molecules. This was achieved using a Lagrangian-based approach 

by taking analytical derivatives of the excitation energies with respect to nuclear coordinates. In 

this study, we extend this implementation to handle open-shell molecular systems. Our 

mailto:cmaikens@ksu.edu
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unrestricted TDDFT+TB analytical gradient implementation follows the framework of the 

unrestricted TDDFT analytical gradient code in the Amsterdam Density Functional engine 

within the Amsterdam Modeling Suite. Building on the existing closed-shell implementation, we 

focus on key modifications to the coupling matrix and the incorporation of spin indices in the 

gradient expressions required for open-shell systems. We validate the method through 

calculations on various molecular systems, comparing gradient accuracy, emission energies, and 

computational cost to demonstrate that it delivers reliable results for open-shell molecular 

excited states with improved efficiency compared to the standard TDDFT method. 

 

6.2 Introduction 

Similar to ground state potential energy surface (PES) analysis, physical insights into 

molecular properties and reactivity in excited states can be determined at stationary points on 

their excited state surface (i.e., excited state geometries, transition states, and emission energies) 

or from dynamics on these surfaces.1 Therefore, understanding excited state PESs is essential for 

numerous applications, including the enhancement of photocatalytic performance,2,3 the design 

of optoelectronic devices,4,5 the elucidation of biochemical processes,6 and the interpretation of 

spectroscopic measurements.7 

Experimental characterization of the PESs is limited to simple systems, essentially 

diatomic molecules and single internal modes in small polyatomic molecules.1,8,9 Therefore, 

theoretical and computational chemistry has emerged as an essential tool for mapping these 

complex energy landscapes. Among the various methods developed over time, accuracy and 

computational efficiency can vary significantly between approaches. The selection of an 

appropriate method depends on the specific requirements of the system of interest and the 
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desired balance between computational cost and accuracy. Among these numerous methods, 

time-dependent density functional theory (TDDFT) has emerged as one of the most popular 

approaches for investigating excited state PESs. This method has been extensively used to 

investigate the excited state optimized geometries, optical properties, molecular orbital 

distribution, etc., for molecular systems.10-18 It is important to note that benchmark studies 

comparing TDDFT excitation energies with experimental absorption data for molecular 

chromophores have consistently demonstrated accuracies within 0.3 - 0.5 eV.19,20 This 

performance has been observed across various density functionals, including pure, hybrid, and 

range-separated functionals, when benchmarked against both experimental measurements and 

correlated ab initio methods.19,20 However, a major limitation of TDDFT is its computational 

cost, which scales significantly with system size and the level of theory employed in the 

calculations. For example, even with the same level of theory, the computational cost of TDDFT 

is exponentially higher for nanoclusters (e.g., thiolate protected Au/Cd nanoclusters10) compared 

to smaller systems such as diatomic molecules. This has motivated the investigation of 

alternative approaches that are less computationally expensive than TDDFT. Consequently, time-

dependent density functional theory based tight binding (TDDFTB) was developed.21-23 This 

method is built upon the density functional tight-binding (DFTB) approach,24-27 which serves as 

an approximation to the traditional density functional theory (DFT). As expected, TDDFTB can 

calculate excited state energies at a significantly reduced computational cost compared to 

TDDFT. Therefore, this method is well suited for systems that are computationally expensive for 

TDDFT calculations28-32 such as nanoclusters.31-33 However, there are major limitations 

associated with TDDFTB usage. The reduced computational cost comes at the expense of 

accuracy, as TDDFTB relies on the approximate ground state electronic structure from DFTB 
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rather than full DFT calculations. Additionally, the applicability of the method is constrained by 

the limited availability and quality of the parameterization for the elements and element 

combinations in the system.34-36 Therefore, previous studies have demonstrated that while 

TDDFTB is considerably faster than TDDFT, the calculated excitation energies can exhibit 

considerable deviations from the corresponding TDDFT results.30,31 

Building upon these insights, Grimme et al. developed the simplified time-dependent 

density functional theory (sTDDFT) and simplified Tamm-Dancoff approximation (sTDA) 

methods37-39 that incorporate full DFT for the ground state calculations and TDDFTB-style 

approximations for the excited states. Subsequently, Rüger et al. introduced another 

approximation method known as time-dependent density functional theory plus tight binding 

(TDDFT+TB).35 Notably, both sTDDFT and sTDA methods require hybrid exchange-correlation 

functionals, while TDDFT+TB can be employed with pure exchange-correlation functionals, 

which are computationally more efficient than hybrid functionals. The TDDFT+TB method has 

shown the ability to reproduce TDDFT excitation energies with errors within 0.15 eV with just 

one tenth of the total time required by TDDFT, while comparatively larger errors of 1.0 eV are 

observed with TDDFTB.31 This substantial improvement in the TDDFT+TB method can be 

attributed to two key factors: (1) the use of full DFT for the ground state, which improves the 

accuracy compared to TDDFTB, and (2) the introduction of approximations in the computational 

bottleneck of TDDFT calculations by applying a first-order monopole approximation to the 

transition density in the linear response approach.35,36 Beyond TDDFTB based approaches, other 

approximate TDDFT methods have been developed based on minimal auxiliary basis sets. The 

time-dependent density functional theory with minimal auxiliary basis model (TDDFT-as) 

employs a single s-type Gaussian auxiliary function per atoms and was initially formulated for 
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pure functionals.40 This approach was subsequently extended to hybrid functionals, resulting in 

the time-dependent density functional theory with resolution of identity method (TDDFT-

ris).41,42 Both variants serve as computationally efficient approximations to standard TDDFT 

calculations. 

Up to this point, the novel TDDFT+TB method has been shown to be a useful approach 

that can investigate excited state energies, particularly for larger molecular systems.10,30,31 In 

2023, Havenridge et al.36 extended the method to obtain analytical excited state gradients, 

enabling the determination of optimized geometries in excited states and thereby facilitating 

more efficient exploration of excited state PESs. Importantly, this implementation was conducted 

for closed-shell molecular systems. Therefore, in this study, we extend the method developed by 

Havenridge et al.36 to apply to open-shell molecules. A Lagrangian-based approach is employed 

for the gradient derivation. Notably, this implementation incorporates an additional dimension 

for the spin component, following the framework of TDDFT analytical excited state gradient 

methodology, while introducing necessary modifications to the coupling matrix. Following the 

approach established by Havenridge et al.,36 this study will elaborate on: (1) the open-shell 

analytical excited state gradient derivation, (2) implementation in the Amsterdam Modeling Suite 

(AMS),43 and (3) computational validation using various molecular systems to compare results 

with standard TDDFT calculations. These validations were conducted to assess both accuracy 

(via gradients and emission energies) and computational efficiency (via total calculation time) of 

the new analytical excited state gradient implementation for open-shell systems in TDDFT+TB 

with the standard TDDFT method. 
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6.3 Theory 

To characterize excited state properties, a robust technique for exploring the excited state 

PESs is required. For example, analytical excited state gradients are used to find stationary 

points, where the energy gradient is zero, which represent potentially emissive molecular 

species. Hence, these gradients must be derived for excited state PESs. In 2002, Furche and 

Ahlrichs introduced a Lagrangian-based approach for deriving analytical excited state gradients 

in the TDDFT method by taking the derivative of the excitation energy expression.44 This 

approach was later adapted by Havenridge et al.36 to obtain analytical excited state gradients in 

the TDDFT+TB method for closed-shell molecular systems. For the extension of this method to 

open-shell systems, our approach begins by deriving the expression for TDDFT+TB vertical 

excitation energies with respect to nuclear coordinates. Subsequently, we introduce the 

Lagrangian approach to overcome the costly derivative of the expression obtained at the first step 

and solve for the Lagrange multipliers. Finally, the complete derivative of the TDDFT+TB 

excitation energy expression with respect to nuclear coordinates is obtained. 

 

6.3.1 Excited state properties 

The vertical excitation energies of TDDFT+TB can be expressed using a variational 

approach (Eq. (6.1)).36 The excited state energies (Ω) correspond to the stationary points of the 

functional, 

𝐺[𝑋, 𝑌, Ω] =
1
2 �
𝑋 + 𝑌
𝑋 − 𝑌

|Λ| 𝑋 + 𝑌𝑋 − 𝑌� −
1
2
Ω {�𝑋 + 𝑌𝑋 − 𝑌

|Δ| 𝑋 + 𝑌𝑋 − 𝑌� − 2|
(6.1) 

Transition density vectors of single particle transitions are represented as 𝑋 and 𝑌 in the Hilbert 

space 𝑁T&8` × 𝑁=;;⨁𝑁=;; × 𝑁T&8`, where 𝑁=;; denotes the Hilbert space of occupied molecular 

orbitals and 𝑁T&8` denotes the Hilbert space of virtual molecular orbitals. These molecular 
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orbitals (𝜙QP(𝒓)) arise from solving the static Kohn-Sham (KS) equations, with their respective 

orbital energies, 𝜀QP .44-46 In this work, 𝑝, 𝑞, … denote general molecular orbitals, which can be 

either (1) occupied molecular orbitals in the ground state, denoted by 𝑖, 𝑗, …, or (2) unoccupied 

molecular orbitals in the ground state, denoted by 𝑎, 𝑏, …. Furthermore, different atoms are 

denoted by 𝐴, 𝐵,…, while their atomic basis functions are denoted as 𝜇, 𝜈, …. In the previous 

analytical excited state gradient implementation for TDDFT+TB,36 spin indices were neglected 

as only singlet ground state systems were considered. In contrast, the current study considers 

spin, as it needs to treat doublet, triplet, and other multiplet ground state electronic 

configurations. Therefore, spin is denoted by 𝜎 and 𝜎:, which may represent a or b spin, while 

the angular momentum is denoted by 𝑙 and 𝑙:. 

The super-operators in Eq. (6.1) can be elaborated as follows: Λ = {𝐴 + 𝐵 0
0 𝐴 − 𝐵| and 

Δ = {0 1
1 0|, where 𝐴 and 𝐵 are the Hessians of orbital rotation. Solving Eq. (6.1) requires 

evaluating both 𝐴 + 𝐵 and 𝐴 − 𝐵 matrices (for pure functionals):44 

(𝐴 + 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" + 2(𝑖𝑎𝜎|𝑗𝑏𝜎:) + 2r𝑖𝑎|𝑓PP"
%; |𝑗𝑏) (6.2) 

(𝐴 − 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" (6.3) 

The TDDFT+TB approach tackles the bottleneck of computing the two-electron 

integrals, i.e., (𝑖𝑎𝜎|𝑗𝑏𝜎:) and r𝑖𝑎|𝑓PP"
%; |𝑗𝑏) (see Appendix D for formulas) in the linear response 

TDDFT formalism via a monopole approximation.21,22,35 Therefore, rather than computing the 

integrals in Eq. (6.2) explicitly, the transition densities are approximated as 𝜙&P(𝒓)𝜙OP(𝒓) ≈

∑ 𝑞&OP,'.𝜁'.(𝒓)'. , where 𝑞&OP,'. represents the atomic transition charges and 𝜁'.(𝒓) is a 

spherically symmetric function on atom A (see Appendix D). In TDDFT+TB, atomic transition 
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charges are evaluated through a Löwdin population analysis instead of a Mulliken analysis.35,36,47 

Once these changes are applied to Eq. (6.2), it will have the following form: 

(𝐴 + 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" + 4𝐾&OP,(LP" (6.4) 

where 𝐾&OP,(LP" = ∑  𝑞&OP,'.𝛾'.,+."𝑞(LP",+."'+.." + 𝑞&OP,'.𝛿P𝛿P"𝛿'+𝑊'.,."𝑞(LP",+."£ represents the 

modified coupling matrix term that now accounts for spin, and 𝛿P = 2𝛿↑P − 1 determines the 

sign of the function.21,22 The gamma function (𝛾'.,+.") is determined by the chemical hardness 

and interatomic distance between atoms A and B, whereas 𝑊'.,." refers to the magnetic Hubbard 

parameter.21,22,35,36,48 It is important to note that the magnetic Hubbard parameter becomes 

particularly significant for open-shell systems, where it enters as a second-order energy 

contribution controlling the charge populations and spin polarization on each atom or shell.48 

Therefore, the coupling matrix term can also take the form, 𝐾&OP,(LP" = 𝐾&OP,(LP"
0 + 𝐾&OP,(LP"

1 , 

where the superscripts S and T are used historically to indicate singlet and triplet excitations, 

respectively. Here, 𝐾&OP,(LP"
0  is applicable for the closed-shell systems, while 𝐾&OP,(LP"

1  is also 

included for open-shell systems (not only triplet states). Notably, both the chemical hardness and 

magnetic Hubbard parameters are obtained from atomic DFT calculations. Within the new 

implementation, these parameters are retrieved directly from the preceding ground state DFT 

step rather than being recalculated. A step-by-step evolution of the TDDFT terms to the 

TDDFT+TB approach is provided in the Appendix D [Eq. (D.1)-(D.20)]. 

 

6.3.2 Derivative of the excitation energy 

Taking the derivative of Eq. (6.1) is the primary computational challenge in this work 

because calculating the derivatives of the molecular orbital coefficients at each geometric step is 

very costly. This issue has been previously tackled through the use of Lagrangian-based methods 
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in analytical excited state gradient derivations for TDDFT,44 TDDFTB,46 and restricted 

TDDFT+TB36 methods. Following these established approaches, we introduce canonical KS 

molecular orbitals as a constraint, exploiting the fact that all physical properties remain invariant 

under unitary transformations of molecular orbitals. This constraint thereby maintains the 

invariance of the excited state formalism with respect to these transformations.44 In the basis of 

canonical KS molecular orbitals, the Fock operator (𝐹QfP) and its eigenvalue entries (𝜖QP) are 

diagonal. Therefore, the diagonal components of Eq. (6.3) and (6.4) can be replaced by 

r𝐹OLP𝛿&( − 𝐹&(P𝛿OLs𝛿PP", 

(𝐴 + 𝐵)&OP,(LP" = r𝐹OLP𝛿&( − 𝐹&(P𝛿OLs𝛿PP" + 4𝐾&OP,(LP" (6.5) 

(𝐴 − 𝐵)&OP,(LP" = r𝐹OLP𝛿&( − 𝐹&(P𝛿OLs𝛿PP" (6.6) 

where 𝐹QfP includes the core Hamiltonian (ℎQfP), Coulomb integrals (𝑝𝑞𝜎|𝑖𝑖𝜎:) and the 

exchange-correlation potential (𝑉QfP%; ): 

𝐹QfP = ℎQfP +@(𝑝𝑞𝜎|𝑖𝑖𝜎:)
&P"

+ 𝑉QfP%; (6.7) 

Therefore, an auxiliary function is defined, which equals the excitation energies and 

incorporates the molecular orbital constraints: 

𝐿[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] = 𝐺[𝑋, 𝑌, Ω] +@𝑍&OP
&OP

𝐹&OP − @ 𝑊QfP
QfP,Qgf

r𝑆QfP − 𝛿Qfs (6.8) 

Here, the Lagrangian 𝐿 serves as a fully variational treatment of the excited state energy 

functional. Notably, the Lagrange multipliers 𝑍 and 𝑊 are employed to constrain the molecular 

orbitals, and to be orthonormal, with the following restriction criteria: hF
hi$%&

= 𝐹&OP = 0 and 

hF
hj'(&

= 𝑆QfP − 𝛿Qf = 0. Since these criteria fix the molecular orbital coefficients (𝐶), 

determining the Lagrange multipliers (𝑍 and 𝑊) requires an additional condition: 
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𝜕𝐿
𝜕𝐶kQP

= 0 (6.9) 

We then proceed to determine the Lagrange multipliers with respect to the constraints. 

Consequently, to simplify 𝐿[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] into a more workable form, both sides are 

multiplied by the coefficient matrix (𝐶kfP) and summed over 𝜇 via the relation given in Eq. (6.9), 

resulting in Eq. (6.10),44 

𝑄QfP +@𝑍&OP"
&OP"

@
𝜕𝐹&OP"
𝜕𝐶kQPk

𝐶kfP = @ 𝑊8XP"

8XP",8gX

@
𝜕𝑆8XP"
𝜕𝐶kQP

𝐶kfP
k

(6.10) 

where 𝑄QfP is, 

𝑄QfP =@
𝜕𝐺[𝑋, 𝑌, Ω]
𝜕𝐶kQPk

𝐶kfP (6.11) 

Notably, four distinct conditions emerge from the molecular orbital constraints for 𝑍 and 

for components of 𝑊: occupied-occupied, virtual-virtual, occupied-virtual, and virtual-occupied. 

To simplify these expressions, we utilize the unrelaxed difference density matrix 𝑇 and the linear 

transformation definitions from TDDFT.44 After applying these constraints, we obtain the 

expressions presented in Eq. (6.12) through (6.19). A complete derivation of the resulting 

equations is given in the Appendix D [Eq. (D.21-D.29)]. 

When p and q are both occupied, Eq. (6.10) transforms to: 

𝑄&(P + 𝐻&(Pl [𝑍] = 𝑊&(P +𝑊&(P𝛿&( (6.12) 

where, 

𝑄&(P = Ω@¦(𝑋 + 𝑌)&OP(𝑋 − 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)(OP§
O

	

−@𝜀OP¦(𝑋 + 𝑌)&OP(𝑋 + 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)(OP§ + 𝐻&(Pl [𝑇]
O

(6.13) 

For p and q both virtual, 
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𝑄OLP = 𝑊OLP +𝑊OLP𝛿OL (6.14) 

where, 

𝑄OLP = Ω@{(𝑋 + 𝑌)&OP(𝑋 − 𝑌)&LP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)&LP}
&

	

+@𝜀&P{(𝑋 + 𝑌)&OP(𝑋 + 𝑌)&LP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)&LP}
&

(6.15) 

For p occupied and q virtual, 

𝑄&OP + 𝜀OP𝑍&OP + 𝐻&OPl [𝑍] = 𝑊&OP (6.16) 

where, 

𝑄&OP = 2@(𝑋 + 𝑌)&LP @𝐾OLP,(;P"
(;P"

(𝑋 + 𝑌)(;P + 𝐻&OPl [𝑇]
L

(6.17) 

For p virtual and q occupied, 

𝑄O&P + 𝜀&P𝑍&OP = 𝑊&OP (6.18) 

where, 

𝑄O&P = 2@(𝑋 + 𝑌)(OP @ 𝐾(&P,5LP"
5LP"

(𝑋 + 𝑌)5LP
(

(6.19) 

It is important to note that setting up an energy functional that is stationary with respect to the 

molecular orbital coefficients imposes the symmetry constraint relation of 𝑊&OP = 𝑊O&P.36,44 We 

can exploit this relation to obtain an equation for 𝑍: 

−(𝑄&OP − 𝑄O&P) = −𝑅&OP = (𝜀OP − 𝜀&P)𝑍&OP + 𝐻&OPl [𝑍] (6.20) 

Here, Eq. (6.20) resembles the 𝑍 vector equation, −𝑅&OP = ∑ (𝐴 + 𝐵)&OP,(LP"
1GGI1 𝑍(LP"(LP" , and 

therefore, solving this equation can yield the solution for the vector 𝑍. Once the 𝑍 vector is 

known, we proceed to determine 𝑊. A detailed derivation is provided in the Appendix D [Eq. 

(D.30) to (D.39)]. 
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For p and q both occupied, 

𝑊&(P =
1

1 + 𝛿&(
ªΩ@¦(𝑋 + 𝑌)&OP(𝑋 − 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)(OP§

O

 

−@𝜀OP¦(𝑋 + 𝑌)&OP(𝑋 + 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)(OP§ + 𝐻&(Pl [𝑃]
O

¬ (6.21) 

When p and q are both virtual, 

𝑊OLP =
1

1 + 𝛿OL
ªΩ@{(𝑋 + 𝑌)&OP(𝑋 − 𝑌)&LP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)&LP}

&

 

+@𝜀&P{(𝑋 + 𝑌)&OP(𝑋 + 𝑌)&LP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)&LP}
&

¬ (6.22) 

For p occupied and q virtual, as well as for p virtual and q occupied, 

𝑊&OP = 𝑊O&P = 2@(𝑋 + 𝑌)(OP @ 𝐾(&P,5LP"
5LP"

(𝑋 + 𝑌)5LP
(

+ 𝜀&P𝑍&OP (6.23) 

After obtaining the Lagrange multipliers (𝑍 and 𝑊), we evaluate the derivative of the 

auxiliary functional (𝐿) with respect to the nuclear coordinates (𝑅'). We adopt the notation used 

by Furche et al.,44 using superscript 𝜉 to indicate the derivatives, i.e., 𝐹&OP
d = MI$%&

Mm)
: 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] = 𝐺d[𝑋, 𝑌, Ω] +@𝑍&OP
&OP

𝐹&OP
d − @ 𝑊QfP

QfP,Qgf

𝑆QfP
d (6.24) 

With the definitions established throughout this work, Eq. (6.24) can be rewritten as: 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] = @𝐹QfP
d

QfP

𝑃QfP + 2@@(𝑋 + 𝑌)&OP
(LP"&OP

𝐾&OP,(LP"
d (𝑋 + 𝑌)(LP" 

− @ 𝑊QfP
QfP,Qgf

𝑆QfP
d (6.25) 
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It should be noted that Eq. (6.25) resembles the form of the restricted TDDFT+TB gradient 

implementation.36 The three terms represent, respectively, the Fock matrix derivative (excluding 

Hartree-Fock exchange), the coupling matrix derivative, and the contributions from the Lagrange 

multiplier 𝑊. A step-by-step derivation is provided in the Supporting Information [Eq. (D.40) to 

(D.53)], which presents the expanded derivative form of the coupling matrix. Therefore, the final 

form of the gradient can be given by: 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊]

= @ ℎknP
d

k∈',n∉',P

𝑃knP +@ @ (𝜇𝜈𝜎|𝜅𝜆𝜎:)d
p∈',q∉',P"knP

𝑃knP + @ 𝑉knP%;
*

k∈',n∉',P

𝑃knP 

+2 @ 𝑆knP
, !⁄  𝑆knP

, !⁄ £
d
(Ξ' + Ξ+)𝑈knP

k∈',n∉',P

+ 4 @ 𝛾'.,+."
d

k∈',n∉',P

𝑈'𝑈+ + 

+𝛿P𝛿P"2@𝑆knP
, !⁄  𝑆knP

, !⁄ £
d
𝛩'𝑈knP

k∈'

− @ 𝑊knP
k∈',n∉',P

𝑆knP
d (6.26) 

where the corresponding definitions for 𝑈knP, 𝑈', Ξ', and Θ' are shown in the Appendix D. 

We have implemented the unrestricted TDDFT+TB excited state gradient code in the 

Amsterdam Modeling Suite (AMS).43 Notably, this new implementation was built based on the 

existing unrestricted TDDFT analytical gradients in AMS.44 Similar to the restricted 

TDDFT+TB analytical excited state gradients, the first three terms in Eq. (6.26) are identical to 

the corresponding terms of the TDDFT analytical excited state gradients, while the fourth, fifth, 

and seventh terms likewise reflect the restricted TDDFT+TB analytical excited state gradients. 

Since the restricted TDDFT+TB analytical excited state gradients36 are already implemented in 

AMS, the new implementation introduces two key modifications: an updated coupling matrix 

(introducing the sixth term involving the magnetic Hubbard parameter) and the incorporation of 

spin indices into the gradient terms. 
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6.4 Computational approach 

To validate the accuracy and efficiency of the TDDFT+TB analytical excited state 

gradient implementation for open-shell molecules, three approaches were employed: (1) 

analytical gradients were benchmarked against numerical gradients computed using finite 

difference methods; (2) excited state geometry optimizations were performed, with the resulting 

optimized excited state geometries and emission energies compared to those obtained from 

standard TDDFT calculations; and (3) computational efficiency was assessed by comparing the 

total runtime required for excited state geometry optimizations using both TDDFT and 

TDDFT+TB methods. The TDDFT+TB method represents an approximation to the conventional 

TDDFT; therefore, this study focuses on comparing these two computational approaches rather 

than validation against experimental data. All calculations were performed using a development 

version of the Amsterdam Density Functional (ADF) engine within the AMS.43 

Validation of the new implementation was performed using a test set of 38 molecules: 9 

open-shell diatomic molecules, 6 closed-shell diatomic molecules, and 23 open-shell organic 

radicals and charged species. These 23 organic molecules are derivatives of the Thiel test set,49 

which originally includes closed-shell molecules. Since our primary objective is to validate the 

performance of the new implementation for open-shell molecules, we identified the 

corresponding open-shell counterparts from the literature. For instance, naphthalene (a closed-

shell molecule in the Thiel test set) was replaced by the naphthalene radical cation (an open-shell 

molecule). The resulting set of 23 molecules includes free radicals, radical cations, and radical 

anions. All relevant literature references for these open-shell species are listed in Table D.1 of 

the Appendix D. The validation results reported in the manuscript used the PW92/DZP level of 
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theory, where PW9250 is a local density approximation (LDA) exchange-correlation functional 

with a double-ζ polarized (DZP) basis set. All the calculations were performed without 

considering symmetry, which is essential for TDDFT+TB calculations. Given that ADF employs 

numerical integrations on a grid-based system, the numerical integration quality was set to “Very 

Good” for all test cases (the Appendix D includes a detailed description of the numerical quality 

parameters). Since this study involved testing the new implementation, additional keywords must 

be specified in the input file, as discussed in detail in the Appendix D (Figure D.1). All 

calculations were executed on a single compute node using 6 cores to maintain consistency 

across the validation studies. Finally, mean absolute deviation (MAD) and root mean square 

(rms) values were calculated to determine the accuracy of each individual analysis. The 

equations used for these calculations are provided in Eq. (D.54) and (D.55) in the Appendix D. 

To investigate the numerical vs. analytical excited state gradients, a finite difference 

calculation was performed to compute numerical gradients using a displacement of 0.001 Å, with 

the aid of the Python Library for Automating Molecular Simulations (PLAMS) code in ADF.43,51 

This approach systematically offsets the atom coordinates along the x, y, and z directions, and 

single point calculations were executed for each displaced geometry. Finally, it computes the 

numerical gradient as a 3N dimensional vector, where N represents the number of total atoms in 

the system. The analytical excited state gradient was calculated at the initial geometry (prior to 

displacements), and then deviations between analytical and numerical gradients were evaluated. 

Additionally, we investigated the effect of various displacement values on the numerical gradient 

calculations, as shown in Table D.2. It should be noted that at this stage we do not compute full 

excited state geometry optimization; rather, we are comparing the excited state gradient accuracy 

from a single geometric step on the excited state PES. 
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For the second and third validation approaches, complete excited state geometry 

optimizations were performed on each molecule. As this is a geometry optimization process, 

convergence criteria were specified using energy and gradient convergence criteria of 1´10-5 

Hartree and 1´10-4 Hartree/Å for diatomic molecules and 1´10-5 Hartree and 1´10-3 Hartree/Å 

for polyatomic molecules, respectively. Comparisons of the emission energy and computational 

runtime were conducted between both unrestricted TDDFT+TB and TDDFT calculated results. 

Therefore, both calculations used completely identical input parameters, aside from selecting 

TDDFT+TB calculations by including the “TD-DFTB” keyword in the excitation block. 

It is important to note that all the calculations presented in the manuscript employed a 

single level of theory (PW92/DZP with “Very Good” numerical quality) executed on 6-cores on 

a single processor performed on identical nodes. However, different exchange-correlation 

functionals, basis sets, numerical quality levels, and computational architectures can be 

incorporated into these calculations. To assess the robustness of our findings, we investigated the 

influence of these parameters by systematically varying exchange-correlation functionals, basis 

sets, numerical quality levels, and number of compute cores for both O2 and pyrazine radical 

cation. A detailed analysis of these results is provided in Tables D.3 – D.6 in the Appendix D. 

 

6.4.1 Numerical vs. analytical excited state gradient comparison 

Initially, we compared numerical gradients computed at different geometries for each test 

molecule and assessed the deviation from the corresponding analytical gradient values. The 

comparison between numerical and analytical excited state gradients for the first excited state 

(D1 or T1 depending on the molecule) are reported in Table 6.1 for open-shell diatomic 

molecules and in Table 6.2 for open-shell organic radicals and charged species. The reported 
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MAD and rms values correspond to the differences between numerical and analytical excited 

state gradients across all atoms in all cartesian directions. Overall, these results demonstrate good 

agreement between numerical and analytical excited state gradients, with test cases exhibiting 

MAD values below 5.00 × 10-4 Hartree/Å, comparable to the accuracy previously achieved for 

restricted TDDFT+TB excited state gradients in closed-shell systems.36 In our work, we 

demonstrate that the unrestricted TDDFT+TB method also exhibits similar accuracy for closed-

shell molecules, as shown in Table D.7, mirroring the performance observed with open-shell 

systems. 

Among these test molecules, the HHe molecule represents a notable case, as the 

optimized ground state geometry exhibited a large H-He bond distance of 4.85 Å, exceeding 

distances expected for covalent bonds (Table 6.1 provides the results for this structure). To 

assess this behavior, we evaluated the PESs of the HHe molecule for both the ground state (D0) 

and first excited state (D1) using TDDFT and TDDFT+TB methods (Figure D.2). The results 

reveal relatively shallow PESs, which often represents weak binding or minima that are not very 

stable kinetically. When the bond distance is fixed at a shorter distance (2.75 Å), comparatively 

larger MAD and rms values are obtained (4.65 × 10-5 Hartree/Å and 8.06 × 10-5 Hartree/Å, 

respectively). Similar observations for diatomic molecular systems have been previously 

reported by Havenridge et al.36 and Wang et al.47 It should be noted that the numerical gradient 

calculations are computed using finite difference methods, which can introduce numerical 

inaccuracies. Similar differences between numerical and analytical results for the existing 

unrestricted TDDFT gradients are also observed. Therefore, given the possible numerical errors 

in the finite difference calculations and the negligible differences observed between various 
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displacement values (Table D.2), these deviations fall within acceptable limits and do not 

compromise the overall accuracy of the approach. 

Table 6.1.  Numerical vs. analytical gradient differences for excited states (D1/T1) of open-
shell diatomic molecules (Hartree/Å). 

Molecule State MAD rms 

O2 T1 2.89 × 10-5  5.01 × 10-5 

SO T1 1.64 × 10-5 2.05 × 10-5 

S2 T1 5.17 × 10-6 6.41 × 10-6 

NH (Imidogen) T1 2.13 × 10-5 3.68 × 10-5 

NF T1 1.66 × 10-4 2.88 × 10-4 

HHe D1 1.64 × 10-6 2.82 × 10-6 

CN D1 1.07 × 10-4 1.74 × 10-4 

BeH D1 2.58 × 10-7 4.47 × 10-7 

BeF D1 1.71 × 10-5 2.96 × 10-5 

 

Table 6.2.  Numerical vs. analytical gradient differences for excited states (D1/T1) of small 
open-shell organic radical and charged species (Hartree/Å). 

Molecule State MAD rms 

Acetyl free radical D1 3.50 × 10-5 6.08 × 10-5 

Adenine radical cation D1 4.25 × 10-5 6.29 × 10-5 

Benzyl free radical D1 2.41 × 10-5 3.35 × 10-5 

p-benzoquinone radical anion D1 1.50 × 10-4 4.57 × 10-4 

cis-Butadiene radical cation D1 3.04 × 10-5 5.07 × 10-5 

trans-Butadiene radical cation D1 2.13 × 10-5 3.12 × 10-5 
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Cyclopentadienyl cation T1 3.64 × 10-5 5.58 × 10-5 

Cyclopentadienyl free radical D1 3.80 × 10-5 4.90 × 10-5 

Cyclopropene radical cation D1 2.80 × 10-5 6.44 × 10-5 

2-dehydroimidazolyl free 

radical 
D1 4.25 × 10-5 6.43 × 10-5 

4-dehydroimidazolyl free 

radical 
D1 4.19 × 10-5 6.69 × 10-5 

5-dehydroimidazolyl free 

radical 
D1 4.22 × 10-5 6.73 × 10-5 

Ethene radical cation D1 2.33 × 10-5 4.52 × 10-5 

1-furanyl free radical D1 3.95 × 10-5 6.95 × 10-5 

2-furanyl free radical D1 3.85 × 10-5 6.74 × 10-5 

Formyl free radical D1 5.16 × 10-5 9.00 × 10-5 

Naphthalene radical cation D1 1.77 × 10-4 2.49 × 10-4 

Pyrazine radical cation D1 3.32 × 10-5 5.31 × 10-5 

Pyridazine radical cation D1 3.13 × 10-5 5.26 × 10-5 

Pyridine radical cation D1 2.85 × 10-5 5.71 × 10-5 

Pyrimidine radical cation D1 3.66 × 10-5 5.76 × 10-5 

Pyrrole radical cation D1 5.05 × 10-5 7.57 × 10-5 

Tetrazine radical cation D1 5.84 × 10-5 8.79 × 10-5 
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6.4.2 Excited state geometry optimization 

A main goal of this implementation is to enable geometry optimization of a specified 

excited state in order to accurately represent the optimized structures on the excited-state 

potential energy surface. Accordingly, excited state geometry optimizations were performed and 

emission energy differences between respective excited states were calculated for the TDDFT 

and TDDFT+TB methods (via ∆E_Emission = 	E_Emissionsttus − E_Emissionsttuslsv). 

The comparative analysis includes open-shell diatomic molecules (in Table 6.3) and small open-

shell organic radicals and charged species (in Table 6.4). As open-shell systems, the selected test 

cases include systems with ground-state doublet (D0) and triplet (T0) configurations. We initially 

aimed to analyze the respective first excited states; however, it was not possible with some 

states. Additionally, certain excited states failed to optimize during the geometry optimization, 

requiring analysis of states beyond the first excited state. This limitation is not an issue of the 

new implementation, and it affects both TDDFT and TDDFT+TB calculations equally. This can 

be due to conical intersections with the ground state, dissociative potential energy surfaces, or 

triplet instabilities.36 Furthermore, open-shell systems are numerically more challenging to solve 

than closed-shell cases, leading to convergence issues that frequently caused geometry 

optimization failures during the testing phase. Moreover, unrestricted TDDFT is well established 

to exhibit substantial spin contamination for single transitions, arising from the incomplete 

excited-state configurational space. (Tables D.8 and D.9 reports the spin-contaminations 

observed across all testcases, along with a comparison of spin-contaminations of selected 

diatomic molecules against values reported in the literature, in Table D.10.) This spin-

contamination likely carries over into the TDDFT+TB formalism and may be a contributing 

factor to the discrepancies noted herein.22,52,53 For example, the D1 excited state geometry 
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optimization of the pyridine radical cation failed to converge in both TDDFT and TDDFT+TB 

methods while the D2 state successfully optimized in both approaches. Several other molecules 

exhibited similar behavior, requiring investigation of higher excited state PES. It should be noted 

that the cyclopentadienyl free radical exhibited the same issues across the excited states 

examined (D1 to D8). However, TDDFT+TB was able to obtain an optimized geometry only for 

the D2 state. When this TDDFT+TB optimized D2 state geometry was subsequently used as the 

initial coordinates for the TDDFT excited state geometry optimization, TDDFT was also able to 

converge to the optimized structure at the same excited state. 

The emission energy differences between TDDFT and TDDFT+TB exhibit MAD and 

rms deviations of 0.085 eV and 0.125 eV, respectively, for the open-shell diatomic molecules, 

and 0.035 eV and 0.052 eV, respectively, for the small open-shell organic radicals and charged 

species. The emission energy deviations for diatomic molecules are notably higher than those 

observed for organic molecules. This trend has been previously reported by Havenridge et al.,36 

who attributed these deviations to approximations inherent in the coupling matrix.  In general, 

the TDDFT+TB approach works better on polyatomic molecules than on diatomic molecules. 

Overall, the TDDFT+TB emission energies obtained through this implementation agree well 

with TDDFT results, with deviations typically within 0.10 eV. To assess the applicability of the 

computed excitation energies, Table D.11 presents a comparison of TDDFT+TB results against 

experimental values and previously reported higher-level theoretical data for selected test cases, 

demonstrating good overall agreement. 
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Table 6.3.  Emission energy differences between TDDFT and TDDFT+TB for open-shell 
diatomic molecules. 

Molecule State Energy difference (eV) 

O2 T1 -0.05 

SO T1 -0.01 

S2 T1 0.00 

NH (Imidogen) T1 0.01 

NF T1 0.01 

HHe D1 -0.15 

CN D1 -0.06 

BeH D1 0.10 

BeF D1 0.32 

 

Table 6.4.  Emission energy differences between TDDFT and TDDFT+TB for open-shell 
small organic radical and charged species. 

Molecule State Energy difference (eV) 

Acetyl free radical D3 -0.05 

Adenine radical cation D5 -0.02 

Benzyl free radical D2 -0.07 

p-Benzoquinone radical anion D1 0.02 

cis-Butadiene radical cation D1 -0.03 

trans-Butadiene radical cation D1 -0.02 

Cyclopentadienyl cation T1 -0.08 

Cyclopentadienyl free radical* D2 0.00 
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Cyclopropene radical cation D3 0.14 

2-Dehydroimidazolyl free radical D1 -0.10 

4-Dehydroimidazolyl free radical D1 -0.04 

5-Dehydroimidazolyl free radical D2 0.01 

Ethene radical cation D2 -0.05 

1-Furanyl free radical D2 0.00 

2-Furanyl free radical D2 -0.06 

Formyl free radical D2 0.03 

Naphthalene radical cation D1 0.00 

Pyrazine radical cation D1 -0.01 

Pyridazine radical cation D1 -0.01 

Pyridine radical cation D2 -0.02 

Pyrimidine radical cation D1 -0.01 

Pyrrole radical cation D1 -0.08 

Tetrazine radical cation D1 0.04 

*TDDFT geometry optimization was started from the optimized TDDFT+TB D2 state geometry. 

 

6.4.3 Total runtime for excited state geometry optimization 

The previous analysis demonstrates that analytical excited state gradients for open-shell 

systems in TDDFT+TB achieve accuracy comparable to TDDFT emission energies and 

calculated numerical gradients. In this section, we evaluate another critical aspect of TDDFT+TB 

performance: the computational efficiency of excited state geometry optimizations. A key 

advantage of TDDFT+TB is its ability to maintain TDDFT level accuracy while significantly 
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reducing the computational cost. Table 6.5 and Table 6.6 present the computational run times 

required for excited state geometry optimization using both TDDFT and TDDFT+TB methods 

for open-shell diatomic molecules and small open-shell organic radicals and charged species, 

respectively. The data also includes the number of optimization steps required to achieve a fully 

converged structure. 

Overall, the results indicate that the TDDFT+TB method requires approximately one-

third of the runtime needed for TDDFT calculations. It is important to note that diatomic 

molecules exhibit relatively short computational time even with TDDFT. However, as the system 

size increases, the computational cost differences become more pronounced. For example, the 

adenine radical cation required just over 1 hour to complete D5 excited state optimization using 

TDDFT (with 5 optimization steps), while the TDDFT+TB method completed the same 

calculation in approximately 11 min with the same number of optimization steps. Notably, the 

emission energy difference between the two methods was only -0.02 eV. Therefore, these results 

clearly demonstrate that TDDFT+TB offers a substantial advantage for investigating larger 

molecular systems where conventional TDDFT calculations are computationally demanding. 
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Table 6.5.  Computational runtime required for excited state geometry optimization of 
open-shell diatomic molecules using TDDFT and TDDFT+TB methods. 

Molecule State Method 
Runtime 

(hh:mm:ss) 

Number of geometry 

steps 

O2 T1 TDDFT 00:01:22 7 

  TDDFT+TB 00:00:24 7 

SO T1 TDDFT 00:02:24 7 

  TDDFT+TB 00:00:38 7 

S2 T1 TDDFT 00:01:48 6 

  TDDFT+TB 00:00:32 6 

NH 

(Imidogen) 
T1 TDDFT 00:01:00 5 

  TDDFT+TB 00:00:17 5 

NF T1 TDDFT 00:03:22 14 

  TDDFT+TB 00:00:56 15 

HHe D1 TDDFT 00:01:13 15 

  TDDFT+TB 00:00:22 12 

CN D1 TDDFT 00:01:34 5 

  TDDFT+TB 00:00:28 5 

BeH D1 TDDFT 00:00:38 3 

  TDDFT+TB 00:00:11 3 

BeF D1 TDDFT 00:01:04 5 

  TDDFT+TB 00:00:21 5 
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Table 6.6.  Computational runtime required for excited state geometry optimization of 
small open-shell organic radical and charged species using TDDFT and TDDFT+TB 
methods. 

Molecule State Method 
Runtime 

(hh:mm:ss) 

Number of 

geometry steps 

Acetyl free radical D3 TDDFT 00:09:09 6 

  TDDFT+TB 00:02:10 7 

Adenine radical cation D5 TDDFT 01:01:09 5 

  TDDFT+TB 00:11:25 5 

Benzyl free radical D2 TDDFT 00:57:06 6 

  TDDFT+TB 00:11:15 6 

p-Benzoquinone radical 

anion 
D1 TDDFT 00:25:19 5 

  TDDFT+TB 00:05:23 5 

cis-Butadiene radical 

cation 
D1 TDDFT 00:21:38 9 

  TDDFT+TB 00:05:16 9 

trans-Butadiene radical 

cation 
D1 TDDFT 00:21:28 9 

  TDDFT+TB 00:04:28 8 

Cyclopentadienyl cation T1 TDDFT 00:29:36 10 

  TDDFT+TB 00:08:20 11 

Cyclopentadienyl free 

radical* 
D2 TDDFT 00:11:07 2 
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  TDDFT+TB 00:08:08 10 

Cyclopropene radical 

cation 
D3 TDDFT 00:09:31 8 

  TDDFT+TB 00:02:24 8 

2-Dehydroimidazolyl 

free radical 
D1 TDDFT 00:23:40 9 

  TDDFT+TB 00:05:03 9 

4-Dehydroimidazolyl 

free radical 
D1 TDDFT 00:22:04 7 

  TDDFT+TB 00:03:19 6 

5-Dehydroimidazolyl 

free radical 
D2 TDDFT 00:18:09 6 

  TDDFT+TB 00:04:22 8 

Ethene radical cation D2 TDDFT 00:04:53 6 

  TDDFT+TB 00:01:10 6 

1-Furanyl free radical D2 TDDFT 00:18:46 7 

  TDDFT+TB 00:03:40 7 

2-Furanyl free radical D2 TDDFT 00:15:34 6 

  TDDFT+TB 00:03:09 6 

Formyl free radical D2 TDDFT 00:01:57 5 

  TDDFT+TB 00:00:39 5 

Naphthalene radical 

cation 
D1 TDDFT 00:49:12 4 
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  TDDFT+TB 00:10:18 4 

Pyrazine radical cation D1 TDDFT 00:13:07 4 

  TDDFT+TB 00:03:07 4 

Pyridazine radical cation D1 TDDFT 00:20:48 6 

  TDDFT+TB 00:04:23 6 

Pyridine radical cation D2 TDDFT 00:30:20 6 

  TDDFT+TB 00:07:02 6 

Pyrimidine radical cation D1 TDDFT 00:18:17 4 

  TDDFT+TB 00:03:10 4 

Pyrrole radical cation D1 TDDFT 00:30:41 8 

  TDDFT+TB 00:07:16 8 

Tetrazine radical cation D1 TDDFT 00:15:01 6 

  TDDFT+TB 00:03:03 6 

*TDDFT geometry optimization was started from the optimized TDDFT+TB D2 state geometry. 

 

6.5 Discussion 

Despite the remarkable reduction of computational cost, it should be noted that 

TDDFT+TB excited-state gradients for open-shell systems represent an approximate treatment 

for TDDFT; consequently, these results are not expected to achieve the same level of accuracy as 

conventional TDDFT calculations. As discussed by Rüger et al.,35 the TDDFT+TB method 

exhibits limitations in modeling local transitions due to atomic transition charges arising from 

the monopole approximation to the transition density. This is particularly notable for diatomics. 

It is worth noting that Domínguez et al.22 have reported the same incorrect description of 
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transitions in TDDFTB method and further demonstrated that this can be overcome by applying 

on-site corrections, leading to extended TDDFTB formulations. At the current stage, the new 

implementation is able to reproduce emission energies with TDDFT level accuracy while 

significantly reducing the computational cost. More importantly, as the system size increases, the 

issues associated with modeling local transitions become less significant. Larger molecular 

systems typically exhibit lower symmetry, which reduces the impact of modeling local 

transitions, establishing TDDFT+TB to be more suitable for larger molecular systems. 

 

6.6 Conclusion 

Previous studies have demonstrated that TDDFT+TB excitation energies reproduce 

TDDFT results with significantly reduced computational cost. This was initially addressed by 

Havenridge et al.36 through their implementation of restricted analytical excited state gradients in 

the TDDFT+TB method. Building upon the restricted formalism, we present the derivation and 

implementation of unrestricted analytical excited state gradients for TDDFT+TB in AMS, with 

key modifications to the coupling matrix and incorporation of spin indices in the gradient 

expression. We validated the method through calculations on various molecular systems, 

comparing the gradient accuracy, emission energies, and computational cost, to confirm that the 

method delivers reliable results for open-shell molecular excited states with improved efficiency 

compared to the standard TDDFT method. Overall, the analytical excited state gradient 

implementation for open-shell systems in TDDFT+TB demonstrates excellent agreement 

between numerical and analytical gradients, with MAD values below 5.00 × 10-4 Hartree/Å. The 

calculated emission energies are also well within 0.50 eV for open-shell diatomic molecules and 

0.10 eV for small open-shell organic radicals and charged species relative to TDDFT values. 
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Additionally, the method reduces computational cost by approximately one-third compared to 

conventional TDDFT calculations. Importantly, the observed trends suggest that increasing 

system size results in more pronounced computational efficiency gains and improved relative 

accuracy of TDDFT+TB excited state geometry optimization. Therefore, these results establish 

TDDFT+TB as particularly well-suited for analyzing larger molecular systems where 

computational cost becomes prohibitive. 

 

6.7 Appendix D – Supporting Information 

See the Appendix D for a step-by-step derivation of the TDDFT+TB analytical excited 

state gradient, description of the numerical quality parameter in ADF, major changes related to 

the ADF input file, references for the small open-shell organic radicals and charged species, 

numerical vs. analytical excited state gradient comparison with different numerical 

displacements, effect of different parameters on the excited state geometry optimization, 

numerical vs. analytical excited state gradient comparison for closed-shell molecules, spin-

contaminations for the excited states of open-shell molecules, comparison of spin-

contaminations for the excited states of selected open-shell diatomic molecules with previously 

reported values, comparison of excitation energies of selected open-shell molecules with 

experimental and/or theoretical excitation energies, HHe molecule potential energy surface, and 

the equations for MAD and rms calculations. 
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Chapter 7 - Conclusion and next steps 

This dissertation presents a series of theoretical investigations into noble metal 

nanomaterial systems, motivated by their broad relevance across fields such as medicine, 

sensing, optoelectronics, and beyond. At its core, the work revolves around two central themes: 

understanding how external perturbations and environmental conditions shape the optical 

properties of nanowires and nanoclusters, and finding ways to overcome the computational 

limitations of conventional theoretical frameworks. To address these themes, four projects are 

presented, two chapters for each, together pushing forward both our physical understanding and 

the theoretical methods we use to get there. 

In our chapter 3, we examined the effect of static electric fields on three distinct Ag10 

dimer configurations: end-to-end, parallel, and 90° angled systems, using linear response 

TDDFT simulations. The results demonstrated that both the arrangement of the dimer and the 

direction of the applied field govern the shifts in molecular orbitals and excitation energies, with 

the end-to-end configuration under a z-directional field producing the most pronounced spectral 

changes. Overall, the static electric fields were found to induce blue shifts in longitudinal 

absorption peaks and red shifts in transverse absorption peaks, highlighting the sensitivity of 

nanowire optical properties to their geometric and field environment. 

Moving from model silver nanowire systems to a real-world nanorod, Chapter 4 

investigated the electronic structure and excitation characteristics of Au42(SCH3)32 across solvent 

environments of varying polarity. In the gas phase, the NIR absorption peak revealed a dual-

excitation character, arising from HOMO → LUMO and HOMO-1 → LUMO transitions. When 

solvent effects were introduced through an implicit solvation model, increasing polarity was 

found to systematically red-shift the HOMO → LUMO dominated excitation while the HOMO-1 



158 

→ LUMO dominated excitation remained nearly unchanged. This demonstrated that simply 

choosing the right solvent can serve as a practical tool for tuning NIR absorption wavelength 

with promising implications for photothermal applications. 

Chapters 3 and 4 addressed the first objective of this dissertation, and we now turn 

toward the next two chapters which tackle the second. Chapter 5 takes on the challenge of 

computational efficiency by developing a machine learning force field (MLFF) for gold hydride 

nanoclusters, trained on the configurational space of Au13H5 and Au18H14 through a combined 

active and passive learning workflow. The final model achieved DFT-level accuracy in 

predicting relative potential energies across diverse cluster configurations and temperatures, with 

MAD values below 19.00 meV/atom for in-database structures and below 8.50 meV/atom for 

out-of-database structures. While absolute energy predictions still have room for improvement, 

the model lays a strong foundation for future development into a reactive force field for larger 

gold hydride systems. 

Chapter 6 then took the TDDFT+TB framework a step further, extending it to explore the 

excited state potential energy surfaces of open-shell molecular systems by deriving and 

implementing the unrestricted analytical excited state gradients in AMS. The method was 

validated across a range of open-shell molecules confirming excellent agreement with numerical 

gradients, with emission energies falling within 0.50 eV for open-shell diatomic molecules and 

within 0.10 eV for small open-shell organic radicals and charged species relative to full TDDFT 

values, all while reducing computational cost by approximately one-third. What makes this 

especially promising is that the efficiency gains become more pronounced as system size grows, 

making TDDFT+TB a particularly powerful approach for studying the excited state properties of 
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larger noble metal nanomaterial systems where conventional TDDFT calculations would 

otherwise become prohibitively expensive. 

At the very heart of this dissertation lies a simple but profound question: how does light 

interact with matter, and what can theory tell us about it? As we walked through each chapter, 

two things became very clear: the surrounding environment and external perturbation play a 

decisive role in shaping light-matter interactions, and having efficient, accurate theoretical tools 

is just as important as the physics itself. Together, these threads weave into something bigger 

than any single result. But this is not the end of the road; if anything, it is a junction with many 

paths still ahead. The implicit solvation models used in Chapter 4, for instance, are just one piece 

of the picture; bringing in explicit solvation and molecular dynamics simulations would open up 

an entirely new dimension of research. Extending the study of external perturbations to larger 

nanorods and clusters holds equally exciting promise. The further development of the MLFF to 

include hydrogen bond dissociation and formation, along with extension of the model to predict 

not only hydrides but also other metal nanocluster protecting ligands, would elevate the 

applicability of this model to another level, deepening our understanding of these clusters. 

Additionally, the application of TDDFT+TB analytical excited state gradients for open-shell 

systems to probe the structural and electronic properties of open-shell gold nanocluster systems 

in their excited states (such as the neutral Au25(SH)18 nanocluster), represents a particularly 

promising avenue for future research. Furthermore, a deeper understanding of the computational 

bottlenecks of the current method would pave the way for introducing new approaches that 

further reduce computational cost while maintaining accuracy. 
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Appendix A - Supporting information for: Effects of static electric 

fields on the excitations of silver nanowire dimers 

D. Sulalith N. D. Samarasinghe and Christine M. Aikens* 

Department of Chemistry, Kansas State University, Manhattan, KS 66506, USA 

*Email: cmaikens@ksu.edu 

 

Appendix Figure A.1.  Calculated absorption spectra for Ag10 end-to-end dimer system 
with and without the static electric field applied in z-direction using (a) BP86 and (b) long-
range corrected (LC) CAMY-B3LYP functionals. 
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Appendix Figure A.2.  Calculated absorption spectra for Ag10 parallel dimer system with 
and without the static electric field applied in z-direction using (a) BP86 and (b) long-range 
corrected (LC) CAMY-B3LYP functionals. 
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Appendix Figure A.3.  Calculated absorption spectra for Ag10 90° dimer system with and 
without the static electric field applied in z-direction using (a) BP86 and (b) long-range 
corrected (LC) CAMY-B3LYP functionals. 
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Appendix Figure A.4.  Calculated absorption spectra for Ag10 monomer with and without 
the static electric field applied in the z-direction and y-direction. 
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Appendix Figure A.5.  Calculated absorption spectra for Ag20 monomer with and without 
the static electric field applied in the z-direction and y-direction. 
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Appendix Figure A.6.  Illustrations of the molecular orbitals of Ag10 monomer, with and 
without the static electric field of 0.1 V/Å. 
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Appendix Figure A.7.  Illustrations of the molecular orbitals of Ag20 monomer, with and 
without the static electric field of 0.1 V/Å. 
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Appendix Figure A.8.  Illustrations of additional molecular orbitals of the Ag10 90° dimer 
system, with and without the static electric field of 0.1 V/Å in the y-direction. 
 

Appendix Table A.1.  Longitudinal excitation energies for Ag10 end-to-end dimer system 
with and without the static electric field applied in z-direction using different functionals. 

  Ag10 end-to-end dimer   
  Transitions 

Excitation energy 
(eV) 

  

  Orbital representation Symmetry 
representation   

  
Using BP86 functional   
          

Without a static 
electric field 

HOMO → LUMO  Σu+ → Σg+ 
1.1434 

  

HOMO-1 → LUMO+1  Σg+ → Σu+   

          

In z-directional 
static electric field 

HOMO → LUMO+2  Σu+ → Σg+ 
1.1339 

  

HOMO-4 → LUMO  Σu+ → Σg+   
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Using long-range corrected (LC) CAMY-B3LYP functional   
          

Without a static 
electric field 

HOMO → LUMO  Σu+ → Σg+ 
1.1847 

  

HOMO-1 → LUMO+1  Σg+ → Σu+   

          

In z-directional 
static electric field 

HOMO → LUMO+2  Σu+ → Σg+ 
1.2006 

  

HOMO-4 → LUMO  Σu+ → Σg+   

 

Appendix Table A.2.  . Longitudinal excitation energies for Ag10 parallel dimer system with 
and without the static electric field applied in z-direction using different functionals. 

  Ag10 parallel dimer   
  Transitions 

Excitation energy 
(eV) 

  

  Orbital representation Symmetry 
representation   

  
Using BP86 functional   
          

Without a static 
electric field 

HOMO → LUMO+1 B2u → B3g 
1.3465 

  

HOMO-1 → LUMO Ag → B1u   

          

In z-directional 
static electric field 

HOMO → LUMO+1 B2u → B3g 
1.3305 

  

HOMO-1 → LUMO Ag → B1u   

          
Using long-range corrected (LC) CAMY-B3LYP functional   
          

Without a static 
electric field 

HOMO → LUMO+1 B2u → B3g 
1.3750 

  

HOMO-1 → LUMO Ag → B1u   

          

HOMO → LUMO+1 B2u → B3g 1.3746   
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In z-directional 
static electric field HOMO-1 → LUMO Ag → B1u   

 

Appendix Table A.3.  Longitudinal excitation energies for Ag10 90° dimer system with and 
without the static electric field applied in z-direction using different functionals. 

  Ag10 90° dimer   
  Transitions Excitation energy 

(eV) 

  

  Orbital representation Symmetry 
representation   

  
Using BP86 functional   
          

Without a static 
electric field 

HOMO → LUMO B2 → A1 
1.1407 

  

HOMO-1 → LUMO+1 A1 → B2   

HOMO-1 → LUMO A1 → A1 
1.2099 

  

HOMO → LUMO+1 B2 → B2   
          

In z-directional 
static electric field 

HOMO → LUMO B2 → A1 
1.1442 

  

HOMO-1 → LUMO+1 A1 → B2   

HOMO-1 → LUMO A1 → A1 
1.2117 

  

HOMO → LUMO+1 B2 → B2   
          
Using long-range corrected (LC) CAMY-B3LYP functional   
          

Without a static 
electric field 

HOMO → LUMO B2 → A1 
1.1811 

  

HOMO-1 → LUMO+1 A1 → B2   

HOMO-1 → LUMO A1 → A1 
1.2950 

  

HOMO → LUMO+1 B2 → B2   
          

In z-directional 
static electric field 

HOMO → LUMO B2 → A1 
1.1813 

  

HOMO-1 → LUMO+1 A1 → B2   

HOMO-1 → LUMO A1 → A1 
1.2951 

  

HOMO → LUMO+1 B2 → B2   
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I. Ag10 monomer within a static electric field 

Appendix Table A.4.  Excitation energies for Ag10 monomer with and without the static 
electric field (with LC BP86 functional). 

  
Ag10 monomer 

  
    
  Transitions 

Excitation energy 
(eV) 

  

  Orbital representation Symmetry 
representation   

Longitudinal excitation   
          

Without a static 
electric field 

HOMO → LUMO  Σg+ → Σu+ 
1.2500 

  

HOMO-1 → LUMO+1  Σu+ → Σg+   

          

In z-directional 
static electric field 

HOMO → LUMO  Σg+ → Σu+ 
1.2539 

  

HOMO-1 → LUMO+1  Σu+ → Σg+   

          

In y-directional 
static electric field 

HOMO → LUMO  Σg+ → Σu+ 
1.2501 

  

HOMO-1 → LUMO+1  Σu+ → Σg+   

Transverse excitation   
          

Without a static 
electric field 

HOMO-4 → LUMO+4 
and LUMO+5 Σg+ → Πu 

5.7888 

  

HOMO-1 → 
LUMO+12 and 
LUMO+13  

 Σu+ → Πg   

          

In z-directional 
static electric field 

HOMO-4 → LUMO+4 
and LUMO+5  Σg+ → Πu 

5.7815 
  

HOMO-3 → LUMO+7 
and LUMO+8  Σu+ → Πg   

          
In y-directional 
static electric field HOMO-4 → LUMO+4  Σg+ → Πu 5.7890   
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HOMO-1 → 
LUMO+12  Σu+ → Πg   

 

II. Ag20 monomer within a static electric field 

Appendix Table A.5.  Excitation energies for Ag20 monomer with and without the static 
electric field (with LC BP86 functional). 

  
Ag20 monomer 

  
  Transitions 

Excitation energy 
(eV)   Orbital representation Symmetry 

representation 
Longitudinal excitation 
        

Without a static 
electric field 

HOMO → LUMO  Σu+ → Σg+ 
0.7622 HOMO-1 → 

LUMO+1  Σg+ → Σu+ 

        

In z-directional 
static electric field 

HOMO → LUMO   Σu+ → Σg+ 
0.7718 HOMO-1 → 

LUMO+1  Σg+ → Σu+ 

        

In y-directional 
static electric field 

HOMO → LUMO  Σu+ → Σg+ 
0.7623 HOMO-1 → 

LUMO+1  Σg+ → Σu+ 

Transverse excitation 
        

Without a static 
electric field 

HOMO-8 → 
LUMO+11 and 
LUMO+12 

 Σu+ → Πg 

5.7895 HOMO-9 → 
LUMO+8 and 
LUMO+9 

 Σg+ → Πu 

        

In z-directional 
static electric field 

HOMO-9 → 
LUMO+8 and 
LUMO+9 

 Σg+ → Πu 
5.7616 

HOMO → LUMO+10 
and LUMO+11  Σu+ → Πg 
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In y-directional 
static electric field 

HOMO-8 → 
LUMO+11  Σu+ → Πg 

5.7897 HOMO-9 → 
LUMO+8  Σg+ → Πu 

 

III. Comparison of transverse excitations of different Ag10 dimer systems within static 

electric field 

Appendix Table A.6.  Comparison of the transverse excitations and their orbital 
representations for the dimer systems with and without the static electric field applied in 
the z- and y-directions. 

  Transitions 
Excitation energy 

(eV)   Orbital representation Symmetry 
representation 

Ag10 end-to-end dimer 
        

Without a static 
electric field 

HOMO-9 → 
LUMO+10 and 
LUMO+11 

 Σu+ → Πg 

5.7914 HOMO-8 → 
LUMO+8 and 
LUMO+9 

 Σg+ → Πu 

        

In z-directional 
static electric field 

HOMO-8 → 
LUMO+10 and 
LUMO+11 

 Σu+ → Πg 

5.7612 HOMO-9 → 
LUMO+7 and 
LUMO+8 

 Σg+ → Πu 

        

In y-directional 
static electric field 

HOMO-9 → 
LUMO+10  Σu+ → Πg 

5.7916 HOMO-8 → 
LUMO+8  Σg+ → Πu 

Ag10 parallel dimer 
        

Without a static 
electric field 

HOMO-8 → 
LUMO+10  B2u → B1g 

5.8250 HOMO-9 → 
LUMO+9  Ag → B3u 

        



173 

In z-directional 
static electric field 

HOMO-8 → 
LUMO+10  B2u → B1g 

5.8205 HOMO-9 → 
LUMO+9  Ag → B3u 

        

In y-directional 
static electric field 

HOMO-6 → 
LUMO+16  B2u → B1g 

5.8255 HOMO-9 → 
LUMO+9  Ag → B3u 

Ag10 90° dimer     

        

Without a static 
electric field 

HOMO-9 → 
LUMO+10  B2 → A2 5.7927 

HOMO-8 → 
LUMO+11  A1 → B1  

        

In z-directional 
static electric field 

HOMO-8 → 
LUMO+9  A1 → B1 5.7885 

HOMO-9 → 
LUMO+8  B2 → A2  

        

In y-directional 
static electric field 

HOMO-9 → 
LUMO+7  A1 → B1 5.7795 

 HOMO-8 → 
LUMO+10  B2 → A2  

 

IV. Dimer configurations and their coordinates 

Appendix Table A.7.  Ag10 end-to-end dimer coordinates. 

Atom x y z 

Ag 0.000000 0.000000 -3.500000 

Ag 0.000000 0.000000 -6.126165 

Ag 0.000000 0.000000 -8.857695 

Ag 0.000000 0.000000 -11.526395 
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Ag 0.000000 0.000000 -14.243255 

Ag 0.000000 0.000000 -16.917419 

Ag 0.000000 0.000000 -19.634279 

Ag 0.000000 0.000000 -22.302980 

Ag 0.000000 0.000000 -25.034506 

Ag 0.000000 0.000000 -27.660675 

Ag 0.000000 0.000000 27.660675 

Ag 0.000000 0.000000 25.034506 

Ag 0.000000 0.000000 22.302980 

Ag 0.000000 0.000000 19.634279 

Ag 0.000000 0.000000 16.917419 

Ag 0.000000 0.000000 14.243255 

Ag 0.000000 0.000000 11.526395 

Ag 0.000000 0.000000 8.857695 

Ag 0.000000 0.000000 6.126164 

Ag 0.000000 0.000000 3.500000 

 

Appendix Table A.8.  Ag10 parallel dimer coordinates. 
Atom x y z 

Ag 0.000000 -3.500000 -12.080340 

Ag 0.000000 -3.500000 -9.454170 

Ag 0.000000 -3.500000 -6.722640 

Ag 0.000000 -3.500000 -4.053940 
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Ag 0.000000 -3.500000 -1.337080 

Ag 0.000000 -3.500000 1.337080 

Ag 0.000000 -3.500000 4.053940 

Ag 0.000000 -3.500000 6.722640 

Ag 0.000000 -3.500000 9.454170 

Ag 0.000000 -3.500000 12.080340 

Ag 0.000000 3.500000 -12.080340 

Ag 0.000000 3.500000 -9.454170 

Ag 0.000000 3.500000 -6.722640 

Ag 0.000000 3.500000 -4.053940 

Ag 0.000000 3.500000 -1.337080 

Ag 0.000000 3.500000 1.337080 

Ag 0.000000 3.500000 4.053940 

Ag 0.000000 3.500000 6.722640 

Ag 0.000000 3.500000 9.454170 

Ag 0.000000 3.500000 12.080340 

 

Appendix Table A.9.  Ag10 90° dimer coordinates. 
Atom x y z 

Ag 0.000000 -20.584146 -8.542108 

Ag 0.000000 -18.727167 -6.685121 

Ag 0.000000 -16.795689 -4.753634 

Ag 0.000000 -14.908636 -2.866574 
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Ag 0.000000 -12.987530 -0.945460 

Ag 0.000000 -11.096617 0.945460 

Ag 0.000000 -9.175510 2.866574 

Ag 0.000000 -7.288458 4.753633 

Ag 0.000000 -5.356979 6.685121 

Ag 0.000000 -3.500000 8.542108 

Ag 0.000000 20.584146 -8.542108 

Ag 0.000000 18.727167 -6.685121 

Ag 0.000000 16.795689 -4.753634 

Ag 0.000000 14.908636 -2.866574 

Ag 0.000000 12.987530 -0.945460 

Ag 0.000000 11.096617 0.945460 

Ag 0.000000 9.175510 2.866574 

Ag 0.000000 7.288458 4.753633 

Ag 0.000000 5.356979 6.685121 

Ag 0.000000 3.500000 8.542108 
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Appendix B - Supporting information for: Theoretical insights into 

the excitation characteristics of the Au42(SCH3)32 nanorod in the 

near-infrared region 

D. Sulalith N. D. Samarasinghe†, Christine M. Aikens†* 

† Department of Chemistry, Kansas State University, Manhattan, KS 66506, United States 

*Email: cmaikens@ksu.edu 

I. The theoretical absorption spectrum 

The theoretical absorption spectrum shown in Figure S1 successfully captures the 

absorption features observed experimentally by Li et al.1 As discussed in the main text, the 

primary NIR absorption feature appears in the theoretical spectrum as two closely spaced 

features at approximately 1.35-1.40 eV. Additionally, the gradual onset and broadened 

absorption above 2.50 eV observed experimentally is well reproduced in the theoretical 

spectrum. This good agreement between theoretical and experimental spectra supports the 

validity of the present computational approach. 

mailto:cmaikens@ksu.edu
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Appendix Figure B.1.  The theoretical absorption spectrum at the BP86-D3/TZP level of 
theory (in gas phase) of the Au42(SCH3)32 nanorod. 
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Appendix Figure B.2.  Atomic orbital character for each molecular orbital for the 
respective electronic states at the BP86-D3/TZP level of theory (in gas phase). 

 

Appendix Table B.1  Molecular orbital characteristics for Au42(SCH3)32 at the BP86-
D3/TZP level of theory (in gas phase). 

Molecular 
orbital Primary characteristics 

LUMO 

Individual s and p orbitals on Au atoms (s orbital contribution is > 35.0% and p 
orbital contribution is > 15.0%); p orbitals on S atoms (has a contribution < 
10.0%) 
 
Metal core centered molecular orbital, dominated by gold atomic orbital 
contributions  
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HOMO 

Individual d orbitals (with contributions < 5.0%), and s and p orbitals on Au 
atoms (s orbital contribution is > 20.0% and p orbital contribution is < 5.0%); p 
orbitals on S atoms (has a contribution < 10.0%) 
 
Metal core centered molecular orbital, dominated by gold atomic orbital 
contributions 

HOMO-1 

Individual d orbitals (have contributions > 10.0%), and s orbitals on Au atoms 
(has a contribution < 5.0%); p orbitals on S atoms (have contributions > 15.0 %) 
 
Metal ligand shell centered molecular orbital, dominated by sulfur orbital 
contributions 

 

Appendix Table B.2.  Excitation properties of the Au42(SCH3)32 nanorod in DCM, acetone, 
DMBA, and DMFA solvation media obtained from TDDFT calculations at the BP86-
D3/TZP level of theory, including excitation energies, oscillator strengths, and the 
corresponding electronic transitions with their orbital contribution weights. 

Excitation energy Oscillator strength 
(a.u.) Transitions Weight 

DCM    
𝜶:	1.290 eV (961 
nm) 

1.454 HOMO → LUMO 0.89 
HOMO-1 → LUMO 0.09 

𝜷: 1.364 eV (909 
nm) 

0.238 HOMO-1 → LUMO 0.90 

  HOMO → LUMO 0.09 
acetone    
𝜶:	1.277 eV (971 
nm) 

1.654 HOMO → LUMO 0.92 

  HOMO-1 → LUMO 0.06 
𝜷: 1.361 eV (911 
nm) 

0.200 HOMO-1 → LUMO 0.93 

  HOMO → LUMO 0.06 
DMBA    
𝜶:	1.266 eV (979 
nm) 

1.756 HOMO → LUMO 0.94 

  HOMO-1 → LUMO 0.05 
𝜷: 1.358 eV (913 
nm) 

0.212 HOMO-1 → LUMO 0.94 

  HOMO → LUMO 0.05 
DMFA    
𝜶:	1.275 eV (972 
nm) 

1.705 HOMO → LUMO 0.93 

  HOMO-1 → LUMO 0.06 
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𝜷: 1.361 eV (911 
nm) 

0.198 HOMO-1 → LUMO 0.94 
HOMO → LUMO 0.05 

 

Appendix Table B.3.  Relative ground and excited state energies. Note: S1/S2 ordering 
reverses between gas phase and polar solvents due to differential stabilization. States are 
labeled 𝐄𝛂 and 𝐄𝛃 (𝐄𝛂: excited state corresponding to 𝜶 excitation and 𝐄𝛃: excited state 
corresponding to 𝜷 excitation) for consistency across all media (energies are reported in 
eV). 

Medium Relative ground 
state energy (S0) Relative Ey state energy Relative Ez state energy 

Gas phase 0.0242 1.4196 1.3740 
Toluene 0.0118 1.3298 1.3834 
DCM 0.0064 1.2970 1.3707 
Acetone 0.0045 1.2819 1.3656 
DMBA 0.0040 1.2792 1.3626 
DMFA 0.0007 1.2670 1.3621 
DMAc 0.0000 1.2620 1.3578 

 

Appendix Table B.4.  Total transition dipole moments (in x, y, and z directions) for each 
excitation in different solvation media. 

Excitation energy 
Oscillator 
strength 
(a.u.) 

Total transition dipole moment (a.u.) 
x y z 

gas phase     
𝜷: 1.35 eV (918 nm) 0.194 -2.141 0.264 -1.101 
𝜶:	1.40 eV (885 nm) 0.475 -3.508 0.479 -1.160 
toluene     
𝜶:	1.32 eV (939 nm) 0.861 4.755 -0.604 1.922 
𝜷: 1.37 eV (905 nm) 0.340 -3.079 0.445 -0.654 
DCM     
𝜶:	1.290 eV (961 nm) 1.454 6.323 -0.783 2.322 
𝜷: 1.364 eV (909 nm) 0.238 2.631 -0.385 0.258 
acetone     
𝜶:	1.277 eV (971 nm) 1.654 -6.804 0.841 -2.419 
𝜷: 1.361 eV (911 nm) 0.200 -2.417 0.372 -0.119 
DMBA     
𝜶:	1.266 eV (979 nm) 1.756 7.078 -0.886 2.394 
𝜷: 1.358 eV (913 nm) 0.212 2.491 -0.384 0.0641 
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DMFA     
𝜶:	1.275 eV (972 nm) 1.705 -6.919 0.855 -2.440 
𝜷: 1.361 eV (911 nm) 0.198 -2.405 0.368 -0.0906 
DMAc     
𝜶:	1.26 eV (984 nm) 1.826 7.240 -0.902 2.416 
𝜷: 1.36 eV (912 nm) 0.206 2.457 -0.380 0.0223 
 

Appendix Table B.5.  Transition dipole moment contributions (in x, y, and z direction) for 
each electronic transition, corresponding to the excitations in different solvation media. 

Excitation 
energy Transitions Weight 

Transition dipole moment contribution (a.u.) 
x y z 

gas phase      
𝜷: 1.35 eV 
(918 nm) 

HOMO-1 → LUMO 0.70 0.538 -0.111 -0.705 

 HOMO → LUMO 0.29 -4.689 0.588 -1.151 
𝜶:	1.40 eV 
(885 nm) 

HOMO → LUMO 0.66 -7.009 0.880 -1.721 

 HOMO-1 → LUMO 0.29 -0.341 0.0702 0.447 
toluene      
𝜶:	1.32 eV 
(939 nm) 

HOMO → LUMO 0.74 7.625 -0.963 1.903 

 HOMO-1 → LUMO 0.24 -0.451 0.0907 0.387 
𝜷: 1.37 eV 
(905 nm) 

HOMO-1 → LUMO 0.75 -0.785 0.158 0.673 

 HOMO → LUMO 0.23 -4.154 0.524 -1.037 
DCM      
𝜶:	1.290 eV 
(961 nm) 

HOMO → LUMO 0.89 8.434 -1.068 2.122 

 HOMO-1 → LUMO 0.09 -0.322 0.0615 0.246 
𝜷: 1.364 eV 
(909 nm) 

HOMO-1 → LUMO 0.90 0.967 -0.185 -0.739 

 HOMO → LUMO 0.09 2.611 -0.331 0.657 
acetone      
𝜶:	1.277 eV 
(971 nm) 

HOMO → LUMO 0.92 -8.646 1.094 -2.204 

 HOMO-1 → LUMO 0.06 0.269 -0.0566 -0.202 
𝜷: 1.361 eV 
(911 nm) 

HOMO-1 → LUMO 0.93 -0.994 0.209 0.746 

 HOMO → LUMO 0.06 -2.157 0.273 -0.550 
DMBA      
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𝜶:	1.266 eV 
(979 nm) 

HOMO → LUMO 0.94 8.698 -1.108 2.210 

 HOMO-1 → LUMO 0.05 -0.288 0.0539 0.172 
𝜷: 1.358 eV 
(913 nm) 

HOMO-1 → LUMO 0.94 1.170 -0.219 -0.700 

 HOMO → LUMO 0.05 1.964 -0.250 0.499 
DMFA      
𝜶:	1.275 eV 
(972 nm) 

HOMO → LUMO 0.93 -8.672 1.101 -2.208 

 HOMO-1 → LUMO 0.06 0.265 -0.0535 -0.195 
𝜷: 1.361 eV 
(911 nm) 

HOMO-1 → LUMO 0.94 -1.017 0.206 0.748 

 HOMO → LUMO 0.05 -2.076 0.264 -0.529 
DMAc      
𝜶:	1.26 eV 
(984 nm) 

HOMO → LUMO 0.94 8.742 -1.113 2.225 

 HOMO-1 → LUMO 0.05 -0.275 0.0513 0.162 
𝜷: 1.36 eV 
(912 nm) 

HOMO-1 → LUMO 0.95 1.191 -0.222 -0.699 

 HOMO → LUMO 0.04 1.848 -0.235 0.470 
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Appendix C - Supporting information for: Development of a 

machine learning force field for gold hydride nanoclusters that 

predicts potential energy with quantum-level precision 

D. Sulalith N. D. Samarasinghe†, Yuchen Wang †, Christine M. Aikens†* 

† Department of Chemistry, Kansas State University, Manhattan, KS 66506, United States 

*Email: cmaikens@ksu.edu 

I. Incorporating hyperparameters 

In Eq. 5.1, the training coefficient (𝛼) depends on a diagonal matrix of noise values that 

capture the expected error related to training label, incorporating the corresponding noise 

hyperparameters for energy, force and stress.  These values were drawn from the standard noise 

parameters recommended by the FLARE++ module. Within the training process, total Gaussian 

process uncertainty (¾𝜎/! + 𝜎&7! ) can be separated into two distinct terms: the epistemic 

uncertainty (𝜎&7), which emerges from the limitations of the training data and evolves through 

the training process, and the noise term (𝜎/), which accounts for the inherent variability present 

in the training data that lies beyond the capacity of the model to reproduce, a characteristic 

behavior commonly associated with Gaussian process models. It is worth noting that all 

hyperparameters are continuously optimized as new local environments and their respective 

components are incorporated into the training set, enabling the error threshold to dynamically 

adapt to novel environments encountered throughout the simulation.1-3 A more through 

description of the hyperparameter evaluation and optimization can be found in Vandermause et 

al.1,2 

 

mailto:cmaikens@ksu.edu


185 

II. Conformers of the Au13H5 nanocluster 

Multiple conformers of the Au13H5 nanocluster can be formed from different 

arrangements of hydride ligands within the cluster structure. The relative energies of three are 

presented in Table C.1. Note that the Au13H5 bridge I conformer is energetically more favorable 

than the other two, and therefore the relative energies are represented with respect to the Au13H5 

bridge I conformer.  The bridge I structure is not necessarily the global minimum for this 

nanocluster, but the global minimum is not required for MLFF training. 

Appendix Table C.1.  Relative energies of the three Au13H5 nanocluster conformers 
considered in this work at the BP86/TZP level of theory. 

Conformer Relative energy (eV) 

Edge 1.04 

Bridge I 0.00 

Bridge II 0.37 
 

III. Mean absolute deviation (MAD) and root mean square error (RMSE) values 

Mean absolute deviation (MAD, Eq. C.1) and root mean square error (RMSE, Eq. C.2) 

were calculated as follows. For comparison between MLFF predicted potential energies (from 

LAMMPS, 𝐸{FII) and DFT reference energies (𝐸GI1), 𝑥̅ represents the average difference for 

all predictions, while 𝑥& is the potential energy difference for a single frame (𝐸{FII − 𝐸GI1). 𝑛 

denotes the total number of frames considered for the test set. Dividing the resulting MAD and 

RMSE values by the number of atoms in each system yields the per-atom error metrics used 

throughout this study. 

𝑀𝐴𝐷 =
∑ |𝑥& − 𝑥̅|&

𝑛
(C. 1) 
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𝑅𝑀𝑆𝐸 = �
1
𝑛@𝑥&!

/

&

(C. 2) 

 

IV. Prediction accuracy per atom for structures outside the training set 

 

Appendix Figure C.1.  Prediction accuracy per atom for structures outside the training set 
before offset corrections. 

 

V. Structural landscape analysis 
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Appendix Figure C.2.  Box plots showing total RMSDs across all tested systems during 300 
K MD simulations. 
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Appendix Figure C.3.  Box plots showing RMSDs at different temperatures for (a,c,e) gold 
atoms and (b,d,f) hydrogen atoms in Au24H16, Au30H18, and Au36H24, respectively. 
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Appendix D - Supporting information for: Implementation of 

analytical excited state gradients for open-shell systems in time-

dependent density functional theory plus tight binding 

(TDDFT+TB) method 

D. Sulalith N. D. Samarasinghe†, Shana Havenridge†, Christine M. Aikens†* 

† Department of Chemistry, Kansas State University, Manhattan, KS 66506, United States 

*Email: cmaikens@ksu.edu 

I. From TDDFT to TDDFT+TB 

The Casida approach [Eq. (D.1)] within the time-dependent density functional theory 

(TDDFT) is used to solve the eigenvalue problem and obtain the excitation energies.1 

{ 𝐴 𝐵
𝐵∗ 𝐴∗| {

𝑋
𝑌| = 𝜔 {1 0

0 −1| {
𝑋
𝑌|

(D. 1) 

where 𝜔 denotes the excitation energy. It is important to note that the Casida equation can be 

transformed into the form shown in Eq. (D.2),2,3 

Ω𝐹 = 𝜔!𝐹 (D. 2) 

where,

𝐹 = (𝐴 − 𝐵)"
+
!(𝑋 + 𝑌) (D. 3) 

Ω = (𝐴 − 𝐵)
,
!(𝐴 + 𝐵)(𝐴 − 𝐵)

,
! (D. 4) 

In TDDFT, (𝐴 + 𝐵) and (𝐴 − 𝐵) have the following forms,4 

(𝐴 + 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" + 2(𝑖𝑎𝜎|𝑗𝑏𝜎:) + 2r𝑖𝑎|𝑓PP"
%; |𝑗𝑏)  

−𝑐%𝛿PP"[(𝑗𝑎𝜎|𝑖𝑏𝜎) + (𝑎𝑏𝜎|𝑖𝑗𝜎)] (D. 5) 

(𝐴 − 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" + 𝑐%𝛿PP"[(𝑗𝑎𝜎|𝑖𝑏𝜎) − (𝑎𝑏𝜎|𝑖𝑗𝜎)] (D. 6) 

mailto:cmaikens@ksu.edu
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The hybrid mixing parameter is denoted as 𝑐% while the Coulomb-exchange-correlation kernel in 

the adiabatic approximation is given by 𝑓PP"
V%;.4 It is important to note that 

𝑐% = Â10
; TDHF	theory, 𝐸%; = 0
; pure density functional 

and the TDDFT+TB method can only employ pure exchange-correlation functionals (𝑐% = 0). 

Therefore Eq. (D.5) and Eq. (D.6) can be rewritten as follows, 

(𝐴 + 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" + 2(𝑖𝑎𝜎|𝑗𝑏𝜎:) + 2r𝑖𝑎|𝑓PP"
%; |𝑗𝑏) (D. 7) 

(𝐴 − 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" (D. 8) 

The Coulomb-exchange-correlation kernel (𝑓PP"
V%;) has the following form,4-6 

𝑓PP"
V%; = Ì

1
|𝒓 − 𝒓:|

+
𝛿!𝐸%;

𝛿𝜌P(𝒓)𝛿𝜌P"(𝒓:)
Í (𝐷. 9) 

where the static exchange-correlation energy functional is denoted by 𝐸%;, and the charge-

density fluctuations are denoted as 𝛿𝜌 with respect to their spin. 1 |𝒓 − 𝒓:|⁄  is the Coulomb term. 

Therefore, the full integral, 𝑓&OP,(LP"
V%; = r𝑖𝑎|𝑓PP"

V%;|𝑗𝑏), can be written as,2,7 

𝑓&OP,(LP"
V%; =Î𝜙&P(𝒓)𝜙OP(𝒓) × Ì

1
|𝒓 − 𝒓:|

+
𝛿!𝐸%;

𝛿𝜌P(𝒓)𝛿𝜌P"(𝒓:)
Í × 𝜙(P"(𝒓)𝜙LP"(𝒓) (D. 10) 

and 

𝛿!𝐸%;

𝛿𝜌P(𝒓)𝛿𝜌P"(𝒓:)
=

𝛿!𝐸%;

𝛿𝜌(𝒓)𝛿𝜌(𝒓:) + 𝛿P
𝛿!𝐸%;

𝛿𝑚(𝒓)𝛿𝜌(𝒓:) + 𝛿P
"

𝛿!𝐸%;

𝛿𝜌(𝒓)𝛿𝑚(𝒓:)

+𝛿P𝛿P"
𝛿!𝐸%;

𝛿𝑚(𝒓)𝛿𝑚(𝒓:)
(D. 11)

 

where 𝑚 denotes the magnetization, and 𝛿P = 2𝛿↑P − 1, where,  

𝛿P = Ï 1;when	𝛿↑P = 1, if	σ	is	spin − up
−1;when	𝛿↑P = 0, if	σ	is	spin − down. 

It is important to note that the key change in TDDFT+TB arises from the application of a 

first-order monopole approximation to the TDDFT formalism. This approximation addresses the 
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computationally expensive two-electron integrals ((𝑖𝑎𝜎|𝑗𝑏𝜎:) and 𝑓&OP,(LP"
%; ) in the TDDFT 

approach by applying a DFTB-like approximations. Therefore, the two electron integrals are not 

calculated; instead, the transition densities are approximated as,7-9 

𝜙&P(𝒓)𝜙OP(𝒓) ≈@ 𝑞&OP,'.𝜁'.(𝒓)
'.

(D. 12) 

𝑞&OP,'. =@ 𝐶k&P: 𝐶kOP:

k∈',.
(D. 13) 

𝐶: = 𝑆, !⁄ 𝐶 (D. 14) 

where the atomic transition charges are denoted by 𝑞&OP,'.. 𝜁'.(𝒓) is a spherically symmetric 

function, which is centered on atom A. Notably, 𝑞&OP,'. is calculated from the Kohn-Sham 

molecular orbital coefficient matrix (C) and the overlap matrix (S). Additionally, the atomic 

transition charges in TDDFT+TB employ Löwdin population analysis instead of Mulliken 

analysis.8 Therefore, the new coupling matrix (𝐾&OP,(LP") takes the following form,2,7,10 

𝐾&OP,(LP" =@ 𝑞&OP,'.
'+.."

 𝛾'.,+." + 𝛿P𝛿P"𝛿'+𝑊'.,." + 2𝛿P𝛿PP"𝐷'.,+."£𝑞(LP",+." (D. 15) 

𝛾'.,+." = Ô𝜁'.(𝒓) Õ
1

|𝒓 − 𝒓:| +
𝛿!𝐸%;

𝛿𝜌(𝒓)𝛿𝜌(𝒓:)Ö
@
Õ 𝜁+."(𝒓:)× (𝐷. 16) 

𝑊'.,." = Ô𝜁'.(𝒓) Õ
𝛿!𝐸%;

𝛿𝑚(𝒓)𝛿𝑚(𝒓:)Ö
@
Õ 𝜁+."(𝒓:)× (𝐷. 17) 

𝐷'.,+." = Ô𝜁'.(𝒓) Õ
𝛿!𝐸%;

𝛿𝑚(𝒓)𝛿𝜌(𝒓:)Ö
@
Õ 𝜁+."(𝒓:)× (𝐷. 18) 

Parameter 𝐷'.,+." has the mixed derivative components with respect to 𝜌 and 𝑚. When spin-orbit 

interactions are neglected, 𝐷'.,+." = 0.7  Then, Eq. (D.15) becomes, 
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𝐾&OP,(LP" =@  𝑞&OP,'.𝛾'.,+."𝑞(LP",+."
'+.."

+ 𝑞&OP,'.𝛿P𝛿P"𝛿'+𝑊'.,."𝑞(LP",+."£ (D. 19) 

𝐾&OP,(LP" = 𝐾&OP,(LP"
0 + 𝐾&OP,(LP"

1 (D. 19) 

Both on-site terms are approximated by Hubbard terms: (1) the gamma function (𝛾'.,+.") 

and (2) the magnetic Hubbard parameter, 𝑊'.,." =
,
!
r𝜕𝜀.↑

D2{2 𝜕𝑛."↑⁄ − 𝜕𝜀.↑
D2{2 𝜕𝑛."↓⁄ s.2,10 It is 

important to note that both chemical hardness and magnetic Hubbard parameters can be 

calculated via atomic DFT calculations.2,8 The superscripts S and T in the coupling matrix term 

(Eq. D.19) indicate singlet and triplet excitations, where 𝐾&OP,(LP"
0  will be applicable for closed-

shell systems, and 𝐾&OP,(LP"
1  will also be required for open-shell systems.  Though “S” and “T” 

are used here, these equations are applicable for all open-shell cases. 

Therefore using Eq. (D.19), the (𝐴 + 𝐵)&OP,(LP" term in Eq. (D.7) can be expressed 

according to the TDDFT+TB formalism as, 

(𝐴 + 𝐵)&OP,(LP" = r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" + 4𝐾&OP,(LP" (𝐷. 20) 

 

II. Derivation of the excitation energy 

The expanded form of Eq. (6.11) is given by: 

𝑄QfP =@
1
2

k

{𝑋 + 𝑌𝑋 − 𝑌|

⎝

⎜
⎛
𝜕(𝐴 + 𝐵)&OP,(LP"

𝜕𝐶kQP
𝐶kfP 0

0
𝜕(𝐴 − 𝐵)&OP,(LP"

𝜕𝐶kQP
𝐶kfP

⎠

⎟
⎞
{𝑋 + 𝑌𝑋 − 𝑌| 

=
1
2@@(𝑋 + 𝑌)&OP

(LP"&OP

@
𝜕(𝐴 + 𝐵)&OP,(LP"

𝜕𝐶kQP
𝐶kfP

k

(𝑋 + 𝑌)(LP" 

+
1
2
@@(𝑋 − 𝑌)&OP

(LP"&OP

@
𝜕(𝐴 − 𝐵)&OP,(LP"

𝜕𝐶kQP
𝐶kfP

k

(𝑋 − 𝑌)(LP" (𝐷. 21) 
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Substituting Eq. (6.5) and Eq. (6.6) into Eq. (D.21), 

=
1
2@@(𝑋 + 𝑌)&OP

(LP"&OP

@
𝜕r𝐹OLP𝛿&( − 𝐹&(P𝛿OLs𝛿PP"

𝜕𝐶kQP
𝐶kfP

k

(𝑋 + 𝑌)(LP" 

+
1
2@@(𝑋 + 𝑌)&OP

(LP"&OP

@4
𝜕𝐾&OP,(LP"
𝜕𝐶kQP

𝐶kfP
k

(𝑋 + 𝑌)(LP" 

+
1
2@@(𝑋 − 𝑌)&OP

(LP"&OP

@
𝜕r𝐹OLP𝛿&( − 𝐹&(P𝛿OLs𝛿PP"

𝜕𝐶kQP
𝐶kfP

k

(𝑋 − 𝑌)(LP" (𝐷. 22) 

Following Furche et al.,4 we define the unrelaxed difference density matrix 𝑇, 

𝑇OLP =
1
2
@((𝑋 + 𝑌)&OP(𝑋 + 𝑌)&LP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)&LP)
&

(𝐷. 23) 

𝑇&(P = −
1
2
@r(𝑋 + 𝑌)&OP(𝑋 + 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)(OPs
O

(𝐷. 24) 

𝑇&OP = 𝑇O&P = 0 

and linear transformations, 

𝐻QfPl [𝑇] = @Þ2(𝑝𝑞𝜎|𝑟𝑠𝜎:) + 2𝑓QfP,8XP"
%; ß

8XP"
𝑇8XP (𝐷. 25) 

It should be noted that in TDDFT, two linear transformations called 𝐻QfPl [𝑇] and 𝐻QfP" [𝑇] 

include terms involving 𝑐%.4 These terms are excluded in TDDFT+TB since we consider only 

pure functionals; this leads to 𝐻QfP" [𝑇] = 0.  

The following equations show the four distinct conditions that emerge from the molecular 

orbital constraints for 𝑍 and 𝑊 once the unrelaxed difference density matrix 𝑇 and linear 

transformation definitions from TDDFT are applied. We begin with the TDDFT formulation and 

then demonstrate how it is modified for the TDDFT+TB framework: 

For p and q both occupied, 
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𝑄&(P = Ω@¦(𝑋 + 𝑌)&OP(𝑋 − 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)(OP§
O

	

−@𝜀OP¦(𝑋 + 𝑌)&OP(𝑋 + 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)(OP§ + 𝐻&(Pl [𝑇]
O

	

+2 @ 𝑔&(P,5;P",.MP""
%;

5;P",.MP""
(𝑋 + 𝑌)5;P"(𝑋 + 𝑌).MP"" 

where, 𝑔&(P,5;P",.MP""
%; = 0 for TDDFT+TB, 

𝑄&(P = Ω@¦(𝑋 + 𝑌)&OP(𝑋 − 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)(OP§
O

	

−@𝜀OP¦(𝑋 + 𝑌)&OP(𝑋 + 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)(OP§ + 𝐻&(Pl [𝑇]
O

(𝐷. 26) 

For p and q both virtual, 

𝑄OLP = Ω@{(𝑋 + 𝑌)&OP(𝑋 − 𝑌)&LP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)&LP}
&

 

+@𝜀&P{(𝑋 + 𝑌)&OP(𝑋 + 𝑌)&LP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)&LP}
&

(𝐷. 27) 

When p is occupied and q is virtual, 

𝑄&OP =@{(𝑋 + 𝑌)&LP𝐻OLPl [𝑋 + 𝑌] + (𝑋 − 𝑌)&LP𝐻OLP" [𝑋 − 𝑌]} + 𝐻&OPl [𝑇]
L

 

+2 @ 𝑔&OP,(LP",5;P""
%;

(LP",5;P""
(𝑋 + 𝑌)(LP"(𝑋 + 𝑌)5;P"" 

where, 𝑔&OP,(LP",5;P""
%; = 0, and 𝐻OLP" [𝑋 − 𝑌] = 0, 

𝐻OLPl [𝑋 + 𝑌] = @Þ2(𝑎𝑏𝜎|𝑗𝑐𝜎:) + 2𝑓OLP,(;P"
%; ß

(;P"
(𝑋 + 𝑌)(;P 

𝐻OLPl [𝑋 + 𝑌] = 2@ 𝐾OLP,(;P"(𝑋 + 𝑌)(;P
(;P"
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𝑄&OP = 2@(𝑋 + 𝑌)&LP @𝐾OLP,(;P"
(;P"

(𝑋 + 𝑌)(;P + 𝐻&OPl [𝑇]
L

(𝐷. 28) 

For p virtual and q occupied, 

𝑄O&P =@¦(𝑋 + 𝑌)(OP𝐻(&Pl [𝑋 + 𝑌] + (𝑋 − 𝑌)&OP𝐻(&P" [𝑋 − 𝑌]§
(

 

where, 𝐻(&Pl [𝑋 + 𝑌] = ∑ Þ2(𝑗𝑖𝜎|𝑘𝑏𝜎:) + 2𝑓(&P,5LP"
%; ß5LP" (𝑋 + 𝑌)5LP = 2∑ 𝐾(&P,5LP"(𝑋 +5LP"

𝑌)5LP and 𝐻(&P" [𝑋 − 𝑌] = 0, 

Thus, 

𝑄O&P = 2@(𝑋 + 𝑌)(OP @ 𝐾(&P,5LP"
5LP"

(𝑋 + 𝑌)5LP
(

(𝐷. 29) 

An important consideration is that Eq. (6.10) transforms to Eq. (6.12), (6.14), (6.16), and 

(6.18) within the TDDFT+TB approach. The resulting relation of 𝑊&OP = 𝑊O&P can be expressed 

as follows, by subtracting Eq. (6.18) − Eq. (6.16): 

𝑄O&P + 𝜀&P𝑍&OP − 𝑄&OP − 𝜀OP𝑍&OP − 𝐻&OPl [𝑍] = 0 

𝑄O&P − 𝑄&OP = −(𝑄&OP − 𝑄O&P) = (𝜀OP − 𝜀&P)𝑍&OP + 𝐻&OPl [𝑍] (𝐷. 30) 

From the 𝑍 vector equation, 

−𝑅&OP = @(𝐴 + 𝐵)&OP,(LP"
1GGI1 𝑍(LP"

(LP"
(𝐷. 31) 

−𝑅&OP = −(𝑄&OP − 𝑄O&P) (𝐷. 32) 

𝑅&OP = 2@(𝑋 + 𝑌)&LP @𝐾OLP,(;P"
(;P"

(𝑋 + 𝑌)(;P + 𝐻&OPl [𝑇]
L

−2@(𝑋 + 𝑌)(OP @ 𝐾(&P,5LP"
5LP"

(𝑋 + 𝑌)5LP
(

(𝐷. 33)
 

@(𝐴 + 𝐵)&OP,(LP"
1GGI1

(LP"
= r𝜖OP − 𝜖(Ps𝛿&(𝛿OL𝛿PP" + 4𝐾&OP,(LP" (𝐷. 34) 
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Therefore, next step is to solve the Lagrange multiplier, 𝑊, where p and q are both occupied [Eq. 

(6.12)], 

𝑊&(P =
1

1 + 𝛿&(
r𝑄&(P + 𝐻&(Pl [𝑍]s 

𝑊&(P =
1

1 + 𝛿&(
ªΩ@¦(𝑋 + 𝑌)&OP(𝑋 − 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)(OP§

O

 

−@𝜀OP¦(𝑋 + 𝑌)&OP(𝑋 + 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)(OP§ + 𝐻&(Pl [𝑇]
O

+ 𝐻&(Pl [𝑍]¬ 

where, the relaxed one-particle difference density matrix is 𝑃 = 𝑇 + 𝑍. 

𝑊&(P =
1

1 + 𝛿&(
ªΩ@¦(𝑋 + 𝑌)&OP(𝑋 − 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)(OP§

O

 

−@𝜀OP¦(𝑋 + 𝑌)&OP(𝑋 + 𝑌)(OP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)(OP§ + 𝐻&(Pl [𝑃]
O

¬ (𝐷. 35) 

For p and q both virtual [Eq. (6.14)], 

𝑊OLP =
1

1 + 𝛿OL
𝑄OLP 

𝑊OLP =
1

1 + 𝛿OL
ªΩ@{(𝑋 + 𝑌)&OP(𝑋 − 𝑌)&LP + (𝑋 − 𝑌)&OP(𝑋 + 𝑌)&LP}

&

 

+@𝜀&P{(𝑋 + 𝑌)&OP(𝑋 + 𝑌)&LP + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)&LP}
&

¬ (𝐷. 36) 

Where p is occupied and q is virtual [Eq. (6.16)] and where p is virtual and q is occupied [Eq. 

(6.18)], 

𝑊&OP = 𝑊O&P = 2@(𝑋 + 𝑌)(OP @ 𝐾(&P,5LP"
5LP"

(𝑋 + 𝑌)5LP
(

+ 𝜀&P𝑍&OP (𝐷. 37) 
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𝑊&OP = 𝑊O&P = 2@(𝑋 + 𝑌)&LP @𝐾OLP,(;P"
(;P"

(𝑋 + 𝑌)(;P + 𝐻&OPl [𝑇]
L

+ 𝐻&OPl [𝑍] + 𝜀OP𝑍&OP(𝐷. 38) 

𝑊&OP = 𝑊O&P = 2@(𝑋 + 𝑌)&LP @𝐾OLP,(;P"
(;P"

(𝑋 + 𝑌)(;P + 𝐻&OPl [𝑃] + 𝜀OP𝑍&OP
L

(𝐷. 39) 

The full derivative of the auxiliary functional (𝐿) with respect to the nuclear coordinates 

(𝑅') can be derived as follows. 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] = 𝐺d[𝑋, 𝑌, Ω] +@𝑍&OP
&OP

𝐹&OP
d − @ 𝑊QfP

QfP,Qgf

𝑆QfP
d (𝐷. 40) 

where, 

𝐺d[𝑋, 𝑌, Ω] =
1
2 {
𝑋 + 𝑌
𝑋 − 𝑌|Ô

(𝐴 + 𝐵)&OP,(LP"
d 0

0 (𝐴 − 𝐵)&OP,(LP"
d ×{𝑋 + 𝑌𝑋 − 𝑌| 

=
1
2@@(𝑋 + 𝑌)&OP

(LP"&OP

(𝐴 + 𝐵)&OP,(LP"
d (𝑋 + 𝑌)(LP"

+
1
2
@@(𝑋 − 𝑌)&OP

(LP"&OP

(𝐴 − 𝐵)&OP,(LP"
d (𝑋 − 𝑌)(LP" (𝐷. 41)

 

Substituting Eq. (D.40) with Eq. (D.41) leads to: 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] =
1
2@@(𝑋 + 𝑌)&OP

(LP"&OP

(𝐴 + 𝐵)&OP,(LP"
d (𝑋 + 𝑌)(LP" 

+
1
2@@(𝑋 − 𝑌)&OP

(LP"&OP

(𝐴 − 𝐵)&OP,(LP"
d (𝑋 − 𝑌)(LP" +@𝑍&OP

&OP

𝐹&OP
d − @ 𝑊QfP

QfP,Qgf

𝑆QfP
d (𝐷. 42) 

Substituting Eq. (6.5) and Eq. (6.6) into Eq. (D.42) leads to: 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] =
1
2@@(𝑋 + 𝑌)&OP

(LP"&OP

Þ{𝐹OLP
d 𝛿&( − 𝐹&(P

d 𝛿OL| 𝛿PP" + 4𝐾&OP,(LP"
d ß (𝑋 + 𝑌)(LP" 

+
1
2@@(𝑋 − 𝑌)&OP

(LP"&OP

{𝐹OLP
d 𝛿&( − 𝐹&(P

d 𝛿OL| 𝛿PP"(𝑋 − 𝑌)(LP" +@𝑍&OP
&OP

𝐹&OP
d − @ 𝑊QfP

QfP,Qgf

𝑆QfP
d  
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=
1
2@@ {𝐹OLP

d 𝛿&( − 𝐹&(P
d 𝛿OL| 𝛿PP"

(LP"&OP

¦(𝑋 + 𝑌)&OP(𝑋 + 𝑌)(LP" + (𝑋 − 𝑌)&OP(𝑋 − 𝑌)(LP"§ 

+2@@(𝑋 + 𝑌)&OP
(LP"&OP

𝐾&OP,(LP"
d (𝑋 + 𝑌)(LP" +@𝑍&OP

&OP

𝐹&OP
d − @ 𝑊QfP

QfP,Qgf

𝑆QfP
d  

The relaxed difference density matrix 𝑇 is then substituted into the above equation: 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] =@𝐹OLP
d

OLP

𝑇OLP +@𝐹&(P
d

&(P

𝑇&(P + 2@@(𝑋 + 𝑌)&OP
(LP"&OP

𝐾&OP,(LP"
d (𝑋 + 𝑌)(LP" 

+@𝐹&OP
d

&OP

𝑍&OP − @ 𝑊QfP
QfP,Qgf

𝑆QfP
d (𝐷. 43) 

Eq. (D.43) can be further simplified using the relaxed one-particle difference density matrix 

relation: 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] =@𝐹QfP
d

QfP

𝑃QfP + 2@@(𝑋 + 𝑌)&OP
(LP"&OP

𝐾&OP,(LP"
d (𝑋 + 𝑌)(LP"

− @ 𝑊QfP
QfP,Qgf

𝑆QfP
d (𝐷. 44)

 

Substituting Eq. (6.7) into Eq. (D.44) leads to: 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] = @âℎQfP +@(𝑝𝑞𝜎|𝑖𝑖𝜎:)
&P"

+ 𝑉QfP%; ã
d

QfP

𝑃QfP 

+2@@(𝑋 + 𝑌)&OP
(LP"&OP

𝐾&OP,(LP"
d (𝑋 + 𝑌)(LP" − @ 𝑊QfP

QfP,Qgf

𝑆QfP
d  

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊] = @ℎQfP
d

QfP

𝑃QfP +@@(𝑝𝑞𝜎|𝑖𝑖𝜎:)d
&P"QfP

𝑃QfP +@𝑉QfP%;
*

QfP

𝑃QfP 

+2@@(𝑋 + 𝑌)&OP
(LP"&OP

𝐾&OP,(LP"
d (𝑋 + 𝑌)(LP" − @ 𝑊QfP

QfP,Qgf

𝑆QfP
d (𝐷. 45) 

Expanding the 2∑ ∑ (𝑋 + 𝑌)&OP(LP"&OP 𝐾&OP,(LP"
d (𝑋 + 𝑌)(LP" term by substituting Eq. (D.19) 

leads to: 
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2@@(𝑋 + 𝑌)&OP
(LP"

@ 𝑞&OP,'.𝛾'.,+."𝑞(LP",+."
'+.."&OP

 

+𝑞&OP,'.𝛿P𝛿P"𝛿'+𝑊'.,."𝑞(LP",+."£
d(𝑋 + 𝑌)(LP" (𝐷. 46) 

Therefore, the derivative of the term involving the gamma function is given by, 

2 @ 𝑆knP
, !⁄  𝑆knP

, !⁄ £
d
(Ξ' + Ξ+)𝑈knP

k∈',n∉',P

+ 4 @ 𝛾'.,+."
d

k∈',n∉',P

𝑈'𝑈+ (𝐷. 47) 

where, 

𝑈knP = (𝑋 + 𝑌)knP (𝐷. 48) 

𝑈' =@(𝑋 + 𝑌)&OP𝑞&OP,'.
&OP

(𝐷. 49) 

Ξ' =@𝛾'.,+."𝑈+
+

(𝐷. 50) 

The derivative of the term involving magnetic Hubbard parameter is given by, 

𝛿P𝛿P"𝛿'+ ä2@𝑆knP
, !⁄  𝑆knP

, !⁄ £
d
Θ'𝑈knP

k∈'

+ 4@𝑊'.,."
d

k∈'

𝑈'𝑈+å (𝐷. 51) 

where, 

Θ' =@𝑊'.,."𝑈'
'

(𝐷. 52) 

It is worth noting that the magnetic Hubbard parameter derivative (𝑊'.,."
d ) does not depend on 

atomic coordinates, so the second term in Eq. (D.51) is zero.10,11 Therefore, the final form of the 

gradient is given by: 

𝐿d[𝑋, 𝑌, Ω, 𝐶, 𝑍,𝑊]

= @ ℎknP
d

k∈',n∉',P

𝑃knP +@ @ (𝜇𝜈𝜎|𝜅𝜆𝜎:)d
p∈',q∉',P"knP

𝑃knP + @ 𝑉knP%;
*

k∈',n∉',P

𝑃knP 
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+2 @ 𝑆knP
, !⁄  𝑆knP

, !⁄ £
d
(Ξ' + Ξ+)𝑈knP

k∈',n∉',P

+ 4 @ 𝛾'.,+."
d

k∈',n∉',P

𝑈'𝑈+ + 

+2𝛿P𝛿P" @𝑆knP
, !⁄  𝑆knP

, !⁄ £
d
𝛩'𝑈knP

k∈'

− @ 𝑊knP
k∈',n∉',P

𝑆knP
d (𝐷. 53) 

The underlying theory, derivation, and derivative component of the 𝛾'.,+." can be found 

in the works of Frauenheim et al.10, Köhler,11 and Gaus et al.12 

 

III. Detailed description of the numerical quality parameter in ADF 

According to the ADF manual, there are several key features that determine the precision 

of a calculation: (1) level of theory applied, (2) convergence parameters, (3) density fitting 

quality, and (4) numerical integration quality.13 While we have elaborated on the first two 

features in the main text, this section will focus on the latter two aspects. It is important to note 

the significance of the density fitting procedure’s accuracy. The basic concept involves splitting 

the total electron density into atomic densities, which are then approximated by a combination of 

radial spline functions and real spherical harmonics. The algorithm for incorporating this 

approach in ADF was proposed by Becke and Delley.14,15 In the input file, this parameter is 

specified using the “ZLMFIT” block with the quality level defined by “QUALITY #level”, 

where #level can be basic, normal, good, very good, or excellent. The second aspect is the 

numerical integration quality, where ADF employs numerical integration via an integration grid 

that can significantly affect the accuracy of the calculated results and the efficiency (the effect of 

the grid quality on the calculated results is shown in the section on excited state geometry 

optimization with different parameters).16 The default numerical integration grid used by ADF is 

known as the fuzzy cells integration grid, which was developed by Becke.16,17 This is specified in 

the input file using the “BECKEGRID” keyword block with the grid quality defined by 
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“QUALITY #level”, using the same quality types as the “ZLMFIT” block. However, in our 

computations, we did not incorporate these individual keywords. Instead, we employed the 

“NUMERICALQUALITY #level” keyword, which simultaneously sets both the density fitting 

quality and numerical integration quality with a single command, applying the same quality level 

to both parameters.18 

 

IV. Transition from restricted to unrestricted calculation in ADF 

Since this study involves testing the new implementation, it is necessary to specify that 

this is an unrestricted calculation by incorporating “UNRESTRICTED YES” keyword in the 

engine block. For open-shell molecular systems, an additional keyword, “SPINPOLARIZATION 

#n” must be added, where #n corresponds to the number of unpaired electrons in the system. For 

example, the O2 molecule exists in a triplet state with two unpaired electrons, which requires #n 

= 2. For closed-shell molecules, this keyword is omitted since all electrons are paired (Figure 

D.1). 

 

Appendix Figure D.1.  Different valence electronic configurations and how the 
“SPINPOLARIZATION” keyword is used based on the number of unpaired electrons. 

 

V. Small open-shell organic radical and charged species 
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Appendix Table D.1.  Literature sources for the molecules used in this study. 

Molecule References 
NF (Nitrosyl fluoride 
radical) 

[1] Yamamoto, S.; Saito, S. The Microwave Spectrum of the NF 
Radical in the Metastable Electronic State (a 1Δ). J. Chem. Phys. 
1987, 86 (1), 102–105. https://doi.org/10.1063/1.452600. 

 [2] Kobayashi, K.; Saito, S. The Microwave Spectrum of the NF 
Radical in the Second Electronically Excited (b 1Σ+) State: 
Potentials of Three Low-Lying States (X 3Σ−,a 1Δ,b 1Σ+). J. Chem. 
Phys. 1998, 108 (16), 6606–6610. 
https://doi.org/10.1063/1.476075. 

Acetyl free radical [1] Jacox, M. E. The reaction of F atoms with acetaldehyde and 
ethylene oxide. Vibrational spectra of the CH3CO and CH2CHO 
free radicals trapped in solid argon. Chem. Phys. 1982, 69(3), 407-
422. https://doi.org/10.1016/0301-0104(82)88079-8 

 [2] Ruscis, B.; Boggs, J. E.; Burcat, A.; Császár, A. G.; Demaison, 
J,; Janoschek, R.; Martin, J. M. L.; Morton, M. L.; Rossi, M. J.; 
Stanton, J. F.; Szalay, P. G.; Westmoreland, P. R.; Zabel, F.; 
Bérces, T. IUPAC Critical Evaluation of Thermochemical 
Properties of Selected Radicals. Part I. J. Phys. Chem. Ref. Data 
2005, 34, 573-656. https://doi.org/10.1063/1.1724828. 

Adenine radical cation [1] Baptista, F. A.; Krizsan, D.; Stitch, M.; Sazanovich, I. V.; 
Clark, I. P.; Towrie, M.; Long, C.; Martinez-Fernandez, L.; 
Improta, R.; Kane-Maguire, N. A. P.; Kelly, J. M.; Quinn, S. J. 
Adenine Radical Cation Formation by a Ligand-Centered Excited 
State of an Intercalated Chromium Polypyridyl Complex Leads to 
Enhanced DNA Photo-Oxidation. J. Am. Chem. Soc. 2021, 143 
(36), 14766–14779. https://doi.org/10.1021/jacs.1c06658. 

Benzyl free radical [1] Ishiguro, K.; Nakano, T.; Shibata, H.; Sawaki, Y. Redox 
Reaction of Benzyl Radicals with Aromatic Radical Ions 
Photogenerated. The Marcus Inverted Region and the Selective 
Formation of Carbocations or Carbanions. J. Am. Chem. Soc. 1996, 
118 (31), 7255–7264. https://doi.org/10.1021/ja953689u. 

p-benzoquinone radical 
anion 

[1] Piech, K.; Bally, T.; Ichino, T.; Stanton, J. Vibronic Spectra of 
the P-Benzoquinone Radical Anion and Cation: A Matrix Isolation 
and Computational Study. Phys. Chem. Chem. Phys. 2014, 16 (5), 
2011–2019. https://doi.org/10.1039/C3CP53960A. 
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cis-Butadiene radical 
cation and trans-
Butadiene radical cation 

[1] Sastry, G. N.; Bally, T.; Hrouda, V.; Cársky, P. The C4H6•+ 
Potential Energy Surface. 1. The Ring-Opening Reaction of 
Cyclobutene Radical Cation and Related Rearrangements. J. Am. 
Chem. Soc. 1998, 120 (36), 9323–9334. 
https://doi.org/10.1021/ja981651m. 

 [2] Oxgaard, J.; Wiest, O. Rehybridized 1,3-Butadiene Radical 
Cations:  How Far Will a Radical Cation Go To Maintain 
Conjugation? J. Phys. Chem. A 2002, 106 (15), 3967–3974. 
https://doi.org/10.1021/jp020041c. 

Cyclopentadienyl cation [1] Ranasinghe, S.; Martin, C. D.; Dutton, J. L. Cyclopentadienyl 
Cations. Chem. Sci. 2025, 16 (5), 2083–2088. 
https://doi.org/10.1039/D4SC07024K. 

Cyclopentadienyl free 
radical 

[1] Applegate, B. E.; Bezant, A. J.; Miller, T. A. The Jahn–Teller 
and Related Effects in the Cyclopentadienyl Radical. II. Vibrational 
Analysis of the Ã2A2″–X̃2E1″ Electronic Transition. J. Chem. Phys. 
2001, 114 (11), 4869–4882. https://doi.org/10.1063/1.1348276. 

Cyclopropene radical 
cation 

[1] Vasilatou, K.; Michaud, J. M.; Baykusheva, D.; Grassi, G.; 
Merkt, F. The Cyclopropene Radical Cation: Rovibrational Level 
Structure at Low Energies from High-Resolution Photoelectron 
Spectra. J. Chem. Phys. 2014, 141 (6). 
https://doi.org/10.1063/1.4890744. 

2-dehydroimidazolyl 
free radical, 4-
dehydroimidazolyl free 
radical, and 5-
dehydroimidazolyl free 
radical 

[1] Safaei, Z.; Shiroudi, A.; Zahedi, E.; Sillanpää, M. Atmospheric 
Oxidation Reactions of Imidazole Initiated by Hydroxyl Radicals: 
Kinetics and Mechanism of Reactions and Atmospheric 
Implications. Phys. Chem. Chem. Phys. 2019, 21 (16), 8445–8456. 
https://doi.org/10.1039/C9CP00632J. 

Ethene radical cation [1] Mohr, M.; Zipse, H. Does the Cationic or the Radical Character 
Dominate the Reactivity of Alkene Radical Cations towards 
Solvent Molecules? Phys. Chem. Chem. Phys. 2001, 3 (7), 1246–
1252. https://doi.org/10.1039/b007990l. 

1-furanyl free radical 
and 2-furanyl free 
radical 

[1] Nascimento, J. L.; Queiroz, M. H.; Rivelino, R.; Alves, T. V. 
Predicting Pressure-Dependent Rate Constants for the Furan + OH 
Reactions and Their Impact under Tropospheric Conditions. J. 
Chem. Phys. 2024, 160 (11). https://doi.org/10.1063/5.0193553. 

Formyl free radical [1] Liu, D.; Yang, K.; Fang, D.; Li, S.; Lan, Y.; Chen, Y. Formyl 
Radical Generation from Α‐Chloro N ‐Methoxyphthalimides 
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Enables Selective Aldehyde Synthesis. Angew. Chem. Int. Ed. 
2023, 62 (1). https://doi.org/10.1002/anie.202213686. 

 [2] Butscher, T.; Duvernay, F.; Rimola, A.; Segado-Centellas, M.; 
Chiavassa, T. Radical Recombination in Interstellar Ices, a Not so 
Simple Mechanism. Phys. Chem. Chem. Phys. 2017, 19 (4), 2857–
2866. https://doi.org/10.1039/C6CP07024H. 

Naphthalene radical 
cation 

[1] Erickson, R.; Benetis, N. P.; Lund, A.; Lindgren, M. Radical 
Cation of Naphthalene on H−ZSM-5 Zeolite and in CFCl3 Matrix. 
A Theoretical and Experimental EPR, ENDOR, and ESEEM Study. 
J. Phys. Chem. A 1997, 101 (13), 2390–2396. 
https://doi.org/10.1021/jp9631994. 

 [2] West, B.; Joblin, C.; Blanchet, V.; Bodi, A.; Sztáray, B.; Mayer, 
P. M. On the Dissociation of the Naphthalene Radical Cation: New 
IPEPICO and Tandem Mass Spectrometry Results. J. Phys. Chem. 
A 2012, 116 (45), 10999–11007. 
https://doi.org/10.1021/jp3091705. 

Pyrazine radical cation [1] Eiermann, U.; Neugebauer, F. A.; Chandra, H.; Symons, M. C. 
R.; Wyatt, J. L. Radical Cations and Anions of Pyrazines: An 
Electron Paramagnetic Resonance Study. J. Chem. Soc., Perkin 
Trans. 2 1992, No. 1, 85–89. 
https://doi.org/10.1039/p29920000085. 

 [2] Rao, D. N. R.; Eastland, G. W.; Symons, M. C. R. Structures of 
Diazabenzene Cations Formed by Radiolysis. An Electron Spin 
Resonance Study. J. Chem. Soc., Faraday Trans. 1: Physical 
Chemistry in Condensed Phases 1985, 81 (3), 727. 
https://doi.org/10.1039/f19858100727. 

Pyridazine radical cation [1] Kato, T.; Shida, T. Electronic Structures of Ion Radicals of 
Nitrogen-Heteroaromatic Hydrocarbons as Studied by ESR and 
Optical Spectroscopy. J. Am. Chem. Soc. 1979, 101 (23), 6869–
6876. https://doi.org/10.1021/ja00517a014. 

 [2] Rao, D. N. R.; Eastland, G. W.; Symons, M. C. R. Structures of 
Diazabenzene Cations Formed by Radiolysis. An Electron Spin 
Resonance Study. J. Chem. Soc., Faraday Trans. 1: Physical 
Chemistry in Condensed Phases 1985, 81 (3), 727. 
https://doi.org/10.1039/f19858100727. 
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Pyridine radical cation [1] Widjaja, F.; Jin, Z.; Nash, J. J.; Kenttämaa, H. I. Comparison of 
the Reactivity of the Three Distonic Isomers of the Pyridine 
Radical Cation Toward Tetrahydrofuran in Solution and in the Gas 
Phase. J. Am. Soc. Mass Spectrom. 2013, 24 (4), 469–480. 
https://doi.org/10.1007/s13361-012-0543-3. 

Pyrimidine radical 
cation 

[1] Hamid, A. M.; Bera, P. P.; Lee, T. J.; Aziz, S. G.; Alyoubi, A. 
O.; El-Shall, M. S. Evidence for the Formation of Pyrimidine 
Cations from the Sequential Reactions of Hydrogen Cyanide with 
the Acetylene Radical Cation. J. Phys. Chem. Lett. 2014, 5 (19), 
3392–3398. https://doi.org/10.1021/jz501648q. 

 [2] Lomoth, R.; Naumov, S.; Brede, O. Genuine Pyrimidine 
Radical Cations Generated by Radiation-Induced Electron Transfer 
to Butyl Chloride or Acetone Parent Ions. J. Phys. Chem. A 1999, 
103 (15), 2641–2648. https://doi.org/10.1021/jp9829804. 

Pyrrole radical cation [1] Jatratkar, A. A.; Yadav, J. B.; Kamat, S. V.; Patil, V. S.; 
Mahadik, D. B.; Barshilia, H. C.; Puri, V.; Puri, R. K. Consequence 
of Oxidant to Monomer Ratio on Optical and Structural Properties 
of Polypyrrole Thin Film Deposited by Oxidation Polymerization 
Technique. J. Phys. Chem. Sol. 2015, 80, 78–83. 
https://doi.org/10.1016/j.jpcs.2015.01.004. 

 [2] Yadav, P. K.; Kumar, S.; Maiti, P. Conjugated Polymers for 
Solar Cell Applications. In Conjugated Polymers for Next-
Generation Applications; Elsevier, 2022; pp 367–401. 
https://doi.org/10.1016/B978-0-12-824094-6.00004-2. 

Tetrazine radical cation [1] Fischer, H.; Müller, T.; Umminger, I.; Neugebauer, F. A.; 
Chandra, H.; Symons, M. C. R. Radical Cations and Anions of 
1,2,4,5-Tetrazines: An Electron Spin Resonance and Cyclic 
Voltammetric Study. J. Chem. Soc., Perkin Trans. 2 1988, No. 3, 
413–421. https://doi.org/10.1039/P29880000413. 

 

VI. Numerical vs. analytical excited state gradient comparison using different numerical 

displacement values 

Appendix Table D.2.  Numerical vs. analytical gradient differences for excited state (D1/T1) 
of open-shell molecules at different numerical displacement values (at the PW92/DZP level 
of theory with “Very Good” numerical quality). MAD values are in Hartree/Å. 

Molecule State Method Numerical displacement values 
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0.00005 Å 0.0001 Å 0.0005 Å 0.001 Å 
O2 T1 TDDFT 3.22 × 10-4 9.56 × 10-4 1.72 × 10-5 1.51 × 10-5 
  TDDFT+TB 2.92 × 10-5 2.92 × 10-5 2.91 × 10-5 2.89 × 10-5 
SO T1 TDDFT 2.04 × 10-5 2.07 × 10-5 2.02 × 10-5 2.01 × 10-5 
  TDDFT+TB 1.65 × 10-5 1.70 × 10-5 1.66 × 10-5 1.64 × 10-5 
HHe D1 TDDFT 3.60 × 10-6 3.29 × 10-6 1.75 × 10-6 1.74 × 10-6 
  TDDFT+TB 3.18 × 10-6 3.10 × 10-6 1.83 × 10-6 1.64 × 10-6 
CN D1 TDDFT 9.75 × 10-5 1.05 × 10-4 1.04 × 10-4 1.04 × 10-4 
  TDDFT+TB 1.07 × 10-4 1.10 × 10-4 1.08 × 10-4 1.07 × 10-4 
BeH D1 TDDFT 9.36 × 10-7 9.32 × 10-7 9.74 × 10-7 1.07 × 10-6 
  TDDFT+TB 1.37 × 10-7 1.32 × 10-7 1.61 × 10-7 2.58 × 10-7 

 

VII. Excited state geometry optimization with different parameters 

In this section, we investigated how different exchange-correlation functionals, basis sets, 

numerical quality levels, and numbers of compute cores affect the overall results obtained from 

the new implementation. We examine these parameters using O2 and the pyrazine radical cation 

as test systems, with Table D.3 and Table D.4 focusing on O2 and Table D.5 and Table D.6 

presenting results for the pyrazine radical cation. All calculations in this section employed 

energy and gradient convergence criteria of 1´10-4 Hartree and 1´10-3 Hartree/Å, respectively. It 

is important to note that the individual emission energies were affected in both systems by the 

variations in exchange-correlation functionals, basis set, and numerical quality parameters for 

both TDDFT and TDDFT+TB methods, which is expected. However, the overall deviations 

(TDDFT vs. TDDFT+TB) for the emission energies in these two systems exhibited similar 

trends. Regarding the computational efficiency, the number of cores primarily affected the 

calculation speed, while the emission energies remained unchanged for both methods. 
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Appendix Table D.3.  Excited state geometry optimization for the T1 state of O2 using 
various exchange-correlation functionals (XC), basis set, and numerical quality. 

XC Basis 
set 

Numerical 
quality 

Method Runtime 
(hh:mm:ss) 

Emission 
energy 
(eV) 

Number of 
geometry 
steps 

XC 
functional       

PW92 
(LDA) DZP Very good TDDFT 00:06:10 3.46 6 

   TDDFT+TB 00:01:21 3.51 6 
Xalpha 
(LDA) DZP Very good TDDFT 00:05:02 3.48 6 

   TDDFT+TB 00:01:23 3.53 6 
RPBE 
(GGA) DZP Very good TDDFT 00:06:15 3.10 7 

   TDDFT+TB 00:02:08 3.15 7 
PBE (GGA) DZP Very good TDDFT 00:06:47 3.19 7 
   TDDFT+TB 00:02:08 3.24 7 
BP86 
(GGA) DZP Very good TDDFT 00:06:35 3.18 7 

   TDDFT+TB 00:01:54 3.23 7 
OLYP 
(GGA) DZP Very good TDDFT 00:06:36 3.22 7 

   TDDFT+TB 00:01:55 3.27 7 
BLYP 
(GGA) DZP Very good TDDFT 00:06:37 3.01 7 

   TDDFT+TB 00:02:03 3.06 7 
Basis set       
PW92 
(LDA) SZ Very good TDDFT 00:02:44 3.48 6 

   TDDFT+TB 00:00:48 3.48 6 
PW92 
(LDA) DZ Very good TDDFT 00:05:47 2.78 7 

   TDDFT+TB 00:01:06 2.79 7 
PW92 
(LDA) DZP Very good TDDFT 00:04:29 3.46 6 

   TDDFT+TB 00:01:17 3.51 6 
PW92 
(LDA) TZP Very good TDDFT 00:05:08 3.53 6 

   TDDFT+TB 00:01:26 3.59 6 
Numerical quality      
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PW92 
(LDA) DZP Basic TDDFT 00:00:35 3.46 6 

   TDDFT+TB 00:00:07 3.51 6 
PW92 
(LDA) DZP Normal TDDFT 00:01:02 3.46 6 

   TDDFT+TB 00:00:12 3.51 6 
PW92 
(LDA) DZP Good TDDFT 00:02:02 3.46 6 

   TDDFT+TB 00:00:27 3.51 6 
PW92 
(LDA) DZP Very good TDDFT 00:05:15 3.46 6 

   TDDFT+TB 00:01:29 3.51 6 
PW92 
(LDA) DZP Excellent TDDFT 00:17:28 3.46 6 

   TDDFT+TB 00:05:05 3.51 6 
*These computations were performed using a single core. 

 

Appendix Table D.4.  Excited state geometry optimization for the T1 state of O2 using 
different numbers of compute cores.  It should be noted that the O2 molecule is a very small 
test case, and thus very little gain in speedup is achieved for more than 4 cores. 

# Cores Method Runtime 
(hh:mm:ss) 

Emission 
energy 
(eV) 

Number of 
geometry 
steps 

1 TDDFT 00:04:57 3.46 6 
 TDDFT+TB 00:01:11 3.51 6 
2 TDDFT 00:02:57 3.46 6 
 TDDFT+TB 00:00:45 3.51 6 
3 TDDFT 00:01:49 3.46 6 
 TDDFT+TB 00:00:30 3.51 6 
4 TDDFT 00:01:45 3.46 6 
 TDDFT+TB 00:00:30 3.51 6 
5 TDDFT 00:01:19 3.46 6 
 TDDFT+TB 00:00:23 3.51 6 
6 TDDFT 00:01:11 3.46 6 
 TDDFT+TB 00:00:22 3.51 6 
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Appendix Table D.5.  Excited state geometry optimization for the D1 state of pyrazine 
radical cation using various exchange-correlation functionals (XC), basis set, and 
numerical quality. 

XC Basis 
set 

Numerical 
quality 

Method Runtime 
(hh:mm:ss) 

Emission 
energy 
(eV) 

Number of 
geometry 
steps 

XC 
functional       

PW92 
(LDA) DZP Very good TDDFT 00:12:22 0.86 4 

   TDDFT+TB 00:02:55 0.86 4 
Xalpha 
(LDA) DZP Very good TDDFT 00:12:44 1.01 4 

   TDDFT+TB 00:02:55 1.02 4 
RPBE 
(GGA) DZP Very good TDDFT 00:13:54 0.66 4 

   TDDFT+TB 00:04:23 0.66 4 
PBE (GGA) DZP Very good TDDFT 00:14:04 0.73 4 
   TDDFT+TB 00:04:23 0.74 4 
BP86 
(GGA) DZP Very good TDDFT 00:14:00 0.72 4 

   TDDFT+TB 00:04:21 0.73 4 
OLYP 
(GGA) DZP Very good TDDFT 00:13:52 0.66 4 

   TDDFT+TB 00:04:29 0.67 4 
BLYP 
(GGA) DZP Very good TDDFT 00:13:56 0.65 4 

   TDDFT+TB 00:04:20 0.66 4 
Basis set       
PW92 
(LDA) SZ Very good TDDFT 00:09:09 0.76 5 

   TDDFT+TB 00:01:37 0.76 5 
PW92 
(LDA) DZ Very good TDDFT 00:10:01 1.17 5 

   TDDFT+TB 00:02:12 1.17 5 
PW92 
(LDA) DZP Very good TDDFT 00:12:26 0.86 4 

   TDDFT+TB 00:02:57 0.86 4 
PW92 
(LDA) TZP Very good TDDFT 00:14:37 0.82 4 

   TDDFT+TB 00:03:26 0.83 4 
Numerical quality      
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PW92 
(LDA) DZP Basic TDDFT 00:01:13 0.88 4 

   TDDFT+TB 00:00:14 0.88 4 
PW92 
(LDA) DZP Normal TDDFT 00:02:41 0.86 4 

   TDDFT+TB 00:00:26 0.86 4 
PW92 
(LDA) DZP Good TDDFT 00:06:54 0.86 4 

   TDDFT+TB 00:01:02 0.86 4 
PW92 
(LDA) DZP Very good TDDFT 00:12:21 0.86 4 

   TDDFT+TB 00:02:55 0.86 4 
PW92 
(LDA) DZP Excellent TDDFT 00:38:20 0.85 4 

   TDDFT+TB 00:10:07 0.86 4 
 

Appendix Table D.6.  Excited state geometry optimization for the D1 state of pyrazine 
radical cation using different number of compute cores. 

# Cores Method Runtime 
(hh:mm:ss) 

Emission 
energy 
(eV) 

Number of 
geometry 
steps 

1 TDDFT 00:55:27 0.86 4 
 TDDFT+TB 00:15:33 0.86 4 
2 TDDFT 00:35:20 0.86 4 
 TDDFT+TB 00:08:36 0.86 4 
3 TDDFT 00:25:33 0.86 4 
 TDDFT+TB 00:05:50 0.86 4 
4 TDDFT 00:16:27 0.86 4 
 TDDFT+TB 00:04:20 0.86 4 
5 TDDFT 00:13:49 0.86 4 
 TDDFT+TB 00:03:16 0.86 4 
6 TDDFT 00:12:24 0.86 4 
 TDDFT+TB 00:02:56 0.86 4 

 

VIII. Numerical vs. analytical excited state gradient comparison for closed-shell molecules 
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As shown in Table D.7, a similar analysis can be performed for the closed-shell 

molecules. The observed results indicate MAD values below 5.00 × 10-4 Hartree/Å, 

demonstrating good performance for closed-shell systems as well. It is important to note that for 

closed-shell molecules, the first excited state analyzed using the unrestricted TDDFT+TB can be 

either: (1) singlet or (2) triplet. Therefore, singlet states are denoted as S1 and triplet states are 

denoted as ST1, as the transitions originate from a singlet ground state. 

Appendix Table D.7.  Numerical vs. analytical gradient differences for excited states of 
closed-shell diatomic molecules (Hartree/Å). 

Molecule State MAD rms 
H2 ST1 1.58 × 10-6 2.74 × 10-6 
N2 ST1 1.23 × 10-4 2.13 × 10-4 
Li2 ST1 7.20 × 10-7 1.25 × 10-6 
LiH ST1 2.53 × 10-4 4.38 × 10-4 
Cl2 S1 1.14 × 10-9 1.74 × 10-9 
HCl S1 3.22 × 10-6 5.57 × 10-6 
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IX. HHe molecule ground and excited state potential energy surfaces 

 

Appendix Figure D.2.  Relative energy of the HHe molecule in ground and excited states 
respect to the H-He bond length (at the PW92/DZP level of theory). The excited state 
potential energy surface represents the energy difference between D1 and D0 depending on 
the computational method used: TDDFT or TDDFT+TB. 

 

X. Excited state spin-contaminations 

Spin-contamination is a well-known issue in unrestricted TDDFT calculations, as 

documented in several studies.7,19,20 Since DFT is a one-particle method, the 𝑆æ operator for the n-

particle system must be expressed in terms of single particle operators. As TDDFT+TB is built 

upon the TDDFT formalism, this limitation naturally carries over to the new implementation. 

The extent of spin-contamination across all test cases is reported in Tables D.8 and D.9. For 

doublets and triplets, the 〈𝑆!〉}~��� values are 0.75 and 2.00, respectively, where the 〈𝑆!〉������}� 
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for each state in ADF is evaluated following the expressions given by Szabo and Ostlund.13,21 

The spin-contamination is then determined as 〈𝑆!〉������}�-〈𝑆!〉}~���. 

Appendix Table D.8.  Spin-contaminations for excited states (D1/T1) of open-shell diatomic 
molecules using TDDFT and TDDFT+TB. 

Molecule State Method Spin-
contamination 

O2 T1 TDDFT 3.33 × 10-3 
  TDDFT+TB 3.33 × 10-3 
SO T1 TDDFT 2.94 × 10-3 
  TDDFT+TB 2.95 × 10-3 
S2 T1 TDDFT 1.72 × 10-3 
  TDDFT+TB 1.72 × 10-3 
NH  T1 TDDFT 4.66 × 10-3 
  TDDFT+TB 4.59 × 10-3 
NF T1 TDDFT 2.40 × 10-1 
  TDDFT+TB 2.39 × 10-1 
HHe D1 TDDFT 1.00 × 10-5 
  TDDFT+TB 1.00 × 10-5 
CN D1 TDDFT 3.85 × 10-3 
  TDDFT+TB 3.85 × 10-3 
BeH D1 TDDFT 3.70 × 10-4 
  TDDFT+TB 3.60 × 10-4 
BeF D1 TDDFT 1.41 × 10-3 
  TDDFT+TB 1.40 × 10-3 

 

Appendix Table D.9.  Spin-contaminations for excited states (D1/T1) of small open-shell 
organic radical and charged species using TDDFT and TDDFT+TB methods. 

Molecule State Method Spin 
contamination 

Acetyl free radical D3 TDDFT 1.37 × 10-3 
  TDDFT+TB 1.39 × 10-3 
Adenine radical cation D5 TDDFT 1.51 × 10-3 
  TDDFT+TB 1.51 × 10-3 
Benzyl free radical D2 TDDFT 6.34 × 10-3 
  TDDFT+TB 5.53 × 10-3 
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p-Benzoquinone radical anion D1 TDDFT 2.19 × 10-3 
  TDDFT+TB 2.19 × 10-3 
cis-Butadiene radical cation D1 TDDFT 2.00 × 10-3 
  TDDFT+TB 2.00 × 10-3 
trans-Butadiene radical cation D1 TDDFT 2.71 × 10-3 
  TDDFT+TB 2.72 × 10-3 
Cyclopentadienyl cation T1 TDDFT 1.82 × 10-3 
  TDDFT+TB 1.81 × 10-3 
Cyclopentadienyl free radical* D2 TDDFT 5.05 × 10-3 
  TDDFT+TB 5.05 × 10-3 
Cyclopropene radical cation D3 TDDFT 1.03 × 10-3 
  TDDFT+TB 1.03 × 10-3 
2-Dehydroimidazolyl free radical D1 TDDFT 7.43 × 10-3 
  TDDFT+TB 6.94 × 10-3 
4-Dehydroimidazolyl free radical D1 TDDFT 5.89 × 10-3 
  TDDFT+TB 5.73 × 10-3 
5-Dehydroimidazolyl free radical D2 TDDFT 5.94 × 10-3 
  TDDFT+TB 5.48 × 10-3 
Ethene radical cation D2 TDDFT 1.21 × 10-3 
  TDDFT+TB 1.21 × 10-3 
1-Furanyl free radical D2 TDDFT 8.89 × 10-3 
  TDDFT+TB 8.87 × 10-3 
2-Furanyl free radical D2 TDDFT 7.19 × 10-3 
  TDDFT+TB 7.22 × 10-3 
Formyl free radical D2 TDDFT 1.15 × 10-3 
  TDDFT+TB 1.15 × 10-3 
Naphthalene radical cation D1 TDDFT 1.90 × 10-3 
  TDDFT+TB 1.90 × 10-3 
Pyrazine radical cation D1 TDDFT 1.61 × 10-3 
  TDDFT+TB 1.61 × 10-3 
Pyridazine radical cation D1 TDDFT 3.18 × 10-3 
  TDDFT+TB 3.19 × 10-3 
Pyridine radical cation D2 TDDFT 4.26 × 10-3 
  TDDFT+TB 4.24 × 10-3 
Pyrimidine radical cation D1 TDDFT 3.32 × 10-3 
  TDDFT+TB 3.32 × 10-3 
Pyrrole radical cation D1 TDDFT 1.76 × 10-2 
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  TDDFT+TB 1.76 × 10-2 
Tetrazine radical cation D1 TDDFT 1.13 × 10-3 
  TDDFT+TB 1.13 × 10-3 
 

Ipatov et al.19 investigated excited-state spin-contamination in open-shell molecules, 

providing a useful benchmark for the present work. Table D.10 presents a comparison of spin-

contamination values between their study and the current results, including a comparison against 

Tamm-Dancoff approximation (TDA) results reported therein. Notably, the TDDFT+TB results 

obtained here show good agreement with the previously reported data. 

Appendix Table D.10.  Comparison of spin-contaminations for the excited states (D1) of 
selected open-shell diatomic molecules with previously reported values by Ipatov et al.19 
Spin-contamination values are reported with respect to the method employed. 

Molecule TDDFT+TB TDDFT*19 TDDFT**19 TDA**19 
CN 3.85 × 10-3 2.90 × 10-3 1.60 × 10-2 8.40 × 10-3 
BeH 3.60 × 10-4 4.27 × 10-2 6.00 × 10-3 1.10 × 10-3 
BeF 1.40 × 10-3 1.69 × 10-1 0.00 5.00 × 10-4 

* Computed using GAUSSIAN software package (LDA functional and the Sadlej basis set).19 

** Computed using DEMON2K software package (LDA functional and the GenA3* auxiliary 

basis set).19 
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XI. Comparative analysis of electronic excitation energies with experimental and higher-

level theoretical studies 

Appendix Table D.11.  Comparison of excitation energies (ETDDFT+TB) of selected open-shell 
diatomic molecules and small open-shell organic radical and charged species with 
experimental and/or theoretical excitation energies (EReference). Excitation energies are 
provided in eV. 

Molecule State Esttuslsv E�}�}4}��} Reference Notes 
O2 T1 7.14 6.00-6.20 7,22,23 Experimental. 
CN D1 1.39 1.36 19 TDDFT calculations carried 

out with the LDA functional 
and the Sadlej basis set using 
the GAUSSIAN software 
package. 

   1.21 19 TDDFT calculations carried 
out with the LDA functional 
and the GenA3* auxiliary 
basis set using the DEMON2K 
software package. 

   1.20 19 TDA calculations carried out 
with the LDA functional and 
the GenA3* auxiliary basis set 
using the DEMON2K software 
package. 

BeH D1 2.39 2.36 19 TDDFT calculations carried 
out with the LDA functional 
and the Sadlej basis set using 
the GAUSSIAN software 
package. 

   2.25 19 TDDFT calculations carried 
out with the LDA functional 
and the GenA3* auxiliary 
basis set using the DEMON2K 
software package. 

   2.29 19 TDA calculations carried out 
with the LDA functional and 
the GenA3* auxiliary basis set 
using the DEMON2K software 
package. 

BeF D1 4.06 4.07 19 TDDFT calculations carried 
out with the LDA functional 
and the Sadlej basis set using 
the GAUSSIAN software 
package. 
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   3.98 19 TDDFT calculations carried 
out with the LDA functional 
and the GenA3* auxiliary 
basis set using the DEMON2K 
software package. 

   4.02 19 TDA calculations carried out 
with the LDA functional and 
the GenA3* auxiliary basis set 
using the DEMON2K software 
package. 

Naphthalene 
radical 
cation 

D1 0.79 1.01 20 TDDFT calculations carried 
out with VWN functional and 
ATZ2P basis set using BDF 
package. 

   1.09 20 TDDFT calculations carried 
out with BLYP functional and 
ATZ2P basis set using BDF 
package. 

   0.73 20,24 Experimental value for neutral 
geometry. 

   0.99 20,24 Calculated via 
CASSCF/CASPT2 method 
using the MOLCAS package. 

   ~1.25 25 Experimental. 
Pyridazine 
radical 
cation 

D3 3.43 2.80 25 Experimental. 

Pyrimidine 
radical 
cation 

D2 2.17 3.10 26 Experimental. 

 

XII. Mean absolute deviation (MAD) and root mean square (rms) values. 

The following equations show how the MAD and rms values were calculated throughout 

this study. For the numerical vs. analytical excited state gradient comparison, 𝑥̅ represents the 

average numerical vs. analytical gradient difference for all atoms in all directions, while 𝑥& is the 

individual numerical vs. analytical gradient difference for a single atom in one direction. In this 

case, n = 3N, where N represents the total number of atoms in the system. For the emission 

energy calculations, 𝑥̅ is the average emission energy difference (TDDFT vs. TDDFT+TB) for a 



218 

test set (diatomic molecules or small organic radicals and charged species), and 𝑥& is the 

individual emission energy difference between the two methods. For this calculation, n 

corresponds to the total number of molecular systems in the test set. 

∑ |𝑥& − 𝑥̅|&

𝑛
(D. 54) 

�
1
𝑛@𝑥&!

/

&

(D. 55) 
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