Numerical solutions to some inverse problems

by

Cong Tuan Son Van

B.A. Saint John’s University, USA, 2011

AN ABSTRACT OF A DISSERTATION

submitted in partial fulfillment of the
requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Mathematics
College of Arts and Sciences

KANSAS STATE UNIVERSITY

Manhattan, Kansas

2017



Abstract

In this dissertation, the author presents two independent researches on inverse problems:
(1) creating materials in which heat propagates a long a line and (2) 3D inverse scattering
problem with non-over-determined data. The theories of these methods were developed by
Professor Alexander Ramm, see”,'® and are presented in Chapters 1 and 3. The algorithms
and numerical results are taken from the papers of Professor Alexander Ramm and the
author, see'® and?’, and are presented in Chapters 2 and 4.

In Chapter 1, the theory of heat transfer in a complex medium consisting of many small
impedance particles of an arbitrary shape is presented. Equation for the effective limiting
temperature is derived when the characteristic size a of the particles tends to zero while the
number of particles tends to infinity at a suitable rate, while the distance d between closest
neighboring particles is much larger than a, d > a.

In Chapter 2, the theory is developed for creating a material in which the heat is trans-
mitted along a given line. This gives a possibility to transfer information using heat signals.
This seems to be a novel idea. The technical part of the theory is the construction of the
potential ¢(z). This potential describes the heat equation u; = Au — ¢(z)u in the limiting
medium which is obtained after the small impedance particles are distributed in a given
domain. A numerical method is also established to construct numerically such a potential.

In Chapter 3, the Dynamical System Method (DSM) for solving ill-posed problems are
presented. The corresponding theory is developed by Professor Ramm. The literature of
the DSM is huge. In this chapter, we just present the results that will be used in chapter 4.

In Chapter 4, the 3D inverse scattering problem with non-over-determined scattering
data is considered. The data are the scattering amplitude A(f, ag, k) for all 8 € S2, where

S is an open subset of the unit sphere S? in R?, ap € S? is fixed, and k € (a,b),0 < a < b.



In this chapter, a numerical method is given for solving the inverse scattering problem with

non-over-determined scattering data and the numerical results are presented.
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Chapter 1

Heat transfer in a complex medium

In this chapter the theory of heat transfer in a complex medium consisting of many small
impedance particles of an arbitrary shape is presented. Equation for the effective limiting
temperature is derived when the characteristic size a of the particles tends to zero while the
number of particles tends to infinity at a suitable rate, while the distance d between closest
neighboring particles is much larger than a, d > a.

These results are used for developing a method for creating materials in which heat is
transmitted along a line in Chapter 2. Thus, the information can be transmitted by a heat
signals.

The content of this chapter is based on Professor Ramm’s papers cited in the bibliography,

especially® 4 and?.

1.1 Problem statement

Let many small bodies (particles) D,,, 1 < m < M, of arbitrary shapes be distributed in
a bounded domain D C R3, a = %maxm(diam D,,), diamD,,: diameter of D,,, and the

boundary of D,, is denoted by &,, and is assumed twice continuously differentiable. The



small bodies are distributed according to the law

N(A) = — /N(x)da:[1+0(1)], 0= 0. (1.1)

a2—n

Here A C D is an arbitrary open subdomain of D, x € [0,1) is a constant, N(x) > 0 is
a continuous function, and N (A) is the number of the small bodies D,, in A. The heat

equation can be stated as follows:

M

up=Vou+ f(r) in Q=R*\(JDn ulim=0, (1.2)
m=1

uy =Gpu on S, 1<m< M, Re¢,, > 0. (1.3)

Here N is the outer unit normal to S,

N hlrm)
S::USma Cm: a,:la Tm € Dy, 1§m§M7

m=1

and h(x) is a continuous function in D. Since one assumes Re(,, > 0 in equation (1.3), one

has the following assumption for h(z):

Reh > 0. (1.4)

Our goal is to study the limiting behavior as a — 0 and M = M(a) — oo of the heat
distribution in €2, to derive the equation of the limiting distribution of the temperature u,
and to give numerical methods for calculating the solution to problem (1.2) - (1.3) when M
is large. We do not assume periodicity in the location of the small bodies and our approach
differs from the usual approach developed in homogenization theory.

In the next sections, we derive a linear algebraic system for finding the Laplace transform

of the solution to problem (1.2) - (1.3), an integral equation for the limiting temperature as



a — 0, and state the main theorem and result.

1.2 Derivation of the equation of the limiting temper-

ature

Denote the Laplace transform of u(z,t) by

U:=U(x,\) :/ e Mu(w, t)dt.
0

Then, taking the Laplace transform of equations (1.2) - (1.3) one gets:

— VU =)""f(z) in Q,

Uy =CU on S, 1<m< M.

Let
e_ﬁm_y‘

= A= —n—
9(x,y) = g(z,y, A) ypp—

FaX) =5 [ aea)iwy

Look for the solution to (1.5) - (1.6) of the form

U(z,\) = F(z,\) + Z/ g(x, $)om(s)ds,

where

Uz, N) =U(z) = U,

and U(x) depends on A.

(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(1.10)

The functions o,, are unknown and should be found from the boundary conditions (1.6).



Equation (1.5) is satisfied by U of the form (1.9) with arbitrary continuous o,,. Indeed,

apply the operator —V? + X to equation (1.9), one has

(=V2 + MU(x, \)

_ % /Rs(—Vz + Ng(w, y) f (y)dy + mzzl /m(—V2 +N)g(w, 5)om(s)ds

=3 [0 =016+ 3 [ ot = oon (o

=\ f(z), zeEQ.

Define the effective (self-consistent) field U, (x) of U, acting on the m-th particle, by the

formula:

Un(z) = Uy () = U(x) — /S oz, 5)om()ds, (1.11)

As a — 0, the dependence on m disappears, i.e.

limU,.(z) = U(z), (1.12)

a—0

since

/ g(x,8)om(s)ds — 0 as a — 0.

m

Then the solution U(x) can be written as

U(z) = U (x) +/ g(x, 8)om(s)ds. (1.13)

To satisfy the boundary condition (1.6) one applies (1.13) to the boundary condition (1.6)

and obtains

e ) + i/s 9(8,8)0m(8)ds" = (ulhe () + Cu(Tmom)(s), (1.14)

ON ON



where s € §,,, 1 <m < M and the operator T}, is defined by the formula:

(Toorm)(s) 1= / o(s, ' )om(s')ds'. (1.15)

m

Let us apply the known formula for the outer limiting value on &,, of the normal derivative

of a simple layer potential (see Chapter 11 of®):

. 0 / / r (Amam)(8> - Um(s)
Ilig{ IN s g(x, 8" )om(s")ds" = 5 ) (1.16)
where A,, 1s:
(An0m)(s) := 2 / 005.5) ; (s)ds (1.17)
mOm)(8) = . TN, om(s)ds’, )

and x — s~ means x goes to s € S, from the outside of D,,,. Equation (1.14) then becomes

OU.(s) N (Amom)(8) — om(s)

— —_— pr— < < .
N 5 Cnlhe(8) = Cu(Trnom)(s) =0 on S, 1<m<M

(1.18)
We now apply the ideas and methods for solving many-body scattering problems devel-

oped in® -°. The idea has two parts: in the first part, one derives the asymptotic formula

for U:

M

U(xz,\) = Fx,\) + Zg(x,xm)Qm, a—0, x,€D,,

m=1

where ),,,1 < m < M are scalars which are found asymptotically in the second part.

Derivation of the asymptotic formula for /:

One has, from (1.9),

U(z,\) = F(z,\) + Z 9(x, 2m)Qu + Z/s lg(z,8) — gz, x)]|om(s)ds, x, € Dy,

(1.19)



where

= [ o)

Define

M
= 9@, 2m) Q.

m=1

n=3 / ol 5) ~ gl zalon(s)ds

One can prove that

|Jo] < |1l asa — 0

provided that

. a
TR

where d(a) = d is the minimal distance between neighboring particles.

Lemma 1.2.1. One has

Jl = ‘g(xvxm>Qm’ >

Proof. By (1.23) one has

Qm

92, ) Q| 2 22,

|z — x| > d.

Since | — 2| > d > a and |s — 2,,,| < @, one has

9609~ ste )] < max{o () 0 (4]}

and

%<O( +ka><<1.

/ [g(&?, 8) - g(x,xm)]am(s)ds = JQ, a— 0.

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)



Lemma 1.2.1 is proved. O

By lemma 1.2.1, each term in J; is neglectible compared to the corresponding term in

J1, so (1.22) holds. Thus, problem (1.5) - (1.6) is solved asymptotically by the formula

M
U(x, \) )+ Zg Ty ) Qm, a— 0, (1.28)
m=1
provided that asymptotic formulas for @,,, as a — 0, are found.

Derivation of the formulas for @),,:

To find the formulas for @,,, let us integrate (1.18) over S,,, and get

OU.(s) (Amom)(s) — om(s)
L +1,+ 13+ 1 ::/ ds—i—/ ds—
1 2 3 4 s aN s 92

(1.29)

- Cmle(s)ds — Cn(Tom)(s)ds = 0.
Som S

The idea is to estimate the order of the terms in the equation (1.29) as a — 0, and keep the
main terms, that is, neglect the terms of higher order of smallness as a — 0.

We get

i [ s [ s - o) (1:30)
s, ON D,

Here we assumed that |V?U,| = O(1),a — 0. This assumption is valid since U = lim,_,o U,

is smooth as a solution to an elliptic equation.

One has

I = /m (Am“m)(‘;) —om(8) 4 Q4+ 0(1)], a = 0. (1.31)



Indeed, one has
o e VAls—t|
Sim 8NS 47T|8 — t|

- 9 (1—vXs—t|+O0N\s—t]?)
- Q/Sm 9N ( dr|s — 1| om(t)dt

(Amom)(s) :=2 (t)dt

= (Ago,) () +/ O(|s — t])on(t)dt

m

~ (Aoom)(s) asa— 0, (1.32)

where
1

0
(A()O'm)(S) = 2/Sm a—]\fsmam(t)dt

Let us show that

/ (o) (5)ds = - / oult)it = -Gy, (1.33)

This is an exact relation. One has

o 1
A =2 _—— 1.34
/Sm( oom)(5)ds /S ds/sm e L (1.34)
o 1
_/m dtam(t)2/sm R

here we have used the known formula:

o 1
o L _gs——1, tes,. 1.36
/Sm ONganls—t] 0~ 0 '€ (1.36)

Proof of this formula is given in Section 11.1 in®.

Equation (1.33) implies (1.31).



Furthermore,

I3 := - U,(8)ds = —C| SlUe() = O(a® "), a— 0, (1.37)
Sm

h(@m)

ac

where |S,,| = O(a?) is the surface area of S,,, ¢, :=

Finally,
I, = —Cm/ ds/ 9(s,8)om(s')ds' = —Cm/ dS/Um(SI)/ dsg(s, s')
= Qn0(a'™"), a—0, (1.38)
since
/ g(s,s)ds =O(a), a—0
S’m
Thus,

|| < ||, || < ||, as a—0, ke€]l0,1).

Therefore, from equation (1.29) the main term of the asymptotic of Q,,, as a — 0, is

Qm = _Cm’SmV/{e(xm) (139)
Formulas (1.39) and (1.28) yield
M
Uz, N) = F(2,7) = Y 9@, Zm) | S Ue (1, M), (1.40)
m=1
and (1.11) yields
M
U@, N) = F(@m, X) = > 9@ T )t | S | Ue (s, N). (1.41)

m/#m,m/=1



Denote

Z/{e(l’m, /\) = Z/{'rm F(‘Trm )‘) = me g(xmwrm’) = Gmm/,

and write (1.41) as a linear algebraic system for U,,:

le = Fm - CLQ_H Z gmm/hm/cm/b{m/, 1 S m S M,

m/#m

where Ny = (@), (G = % Co = | Spr|a™2.

K )

(1.42)

Solving the linear algebraic system (1.42) for U, then substituting U,, into (1.40), one gets

an analytic formula for U(z, ). Taking Laplace inverse of U(x, \), one obtains an analytic

formula for u(x,t).

1.3 Derivation of the integral equation of the limiting

temperature

Consider a partition of the bounded domain D, in which the small bodies are distributed,

into a union of P << M small nonintersecting cubes A,, 1 <p < P, of side b,

b>>d, b=0ba)—0 asa—0 lim——==

Let z, € A, |A,| = volume of A,. One obtains

M

P
a’> " Z G Pt Co Uy = >~ Z Gpp Py CorUpy Z 1=

m/=1,m'#m p'=1,p'#p Ty €Ay

= Z pp Py Uy N (2 )| A |[1 + 0(1)], @ — 0.

p'#p

10

(1.43)



Thus, (1.42) yields a linear algebraic system (LAS) of order P << M for the unknowns U,
P
U, = I, — Z Gop hy Cw Nyl | By |, 1 <p < P. (1.44)
p'#pp'=1

Since P << M, the order of the original LAS (1.42) is drastically reduced. This is crucial
when the number of particles tends to infinity and their size a tends to zero. We have

assumed that
By = hy[l+0(1)], ¢ =cy[l +0(1)], Uw =Uy[1+0(1)], a — 0, (1.45)
for x,,, € A,. This assumption is justified, for example, if the functions h(x), U(z, \),

c(r) = lim S|

2, €Aza—s0 a2

m

and N(x) are continuous, but these assumptions can be relaxed.

The continuity of the U(z, \) is a consequence of the fact that this function satisfies
elliptic equation, and the continuity of ¢(x) is assumed. If all the small bodies are identical,
then ¢(x) = cg = const, so in this case the function ¢(z) is certainly continuous.

The sum in the right-hand side of (1.44) is the Riemannian sum for the integral

P
}LZ% Z gpp’ hp/ cp/N(:ch/)L{p/ |A;| ==

p'=1,p'#p

/D g(z,y)h(y)c(y) N (y)U(y, \)dy,

and the left-hand side of (1.44), by (1.12), is

limU, =U.

a—0

11



Therefore, the linear algebraic system (1.44) is a collocation method for solving integral

equation

U N) = Fla.N) = [ gl y)elw)b) Ny, Ny, (146

D
Convergence of this method for solving equations with weakly singular kernels is proved in 4,
see also'® and'®. If one solves equation (1.46) for U(x, \), or the linear algebraic system
(1.44) for U,(N), then one can Laplace-invert U(z, A) for u(z,t). Numerical methods for

Laplace inversion from the real axis are discussed in!” -1%,

1.4 Existence and uniqueness theorem of the limiting

temperature

The following main theorem and its proof are taken from®°

Theorem 1.4.1. The limit U(xz, \) of the field U.(x,\) as a — 0 does exist and solves

equation (1.46). The solution to this equation is unique.

Proof. Only the last statement of Theorem 1.4.1 is not yet proved. To prove it, it is sufficient
to prove that the corresponding homogeneous equation (with F' = 0) has only the trivial

solution. Apply the operator —V? + X to (1.46) with F' = 0 and get
(-V?+ A+ csh(z)N(z))U =0 in R (1.47)

This is a Schrodinger equation with a potential g(z) = c¢gN(z)h(x) which has compact
support €2, and U decays at infinity exponentially as follows from the homogeneous equation
(1.46). The assumption Reh > 0 (see (1.4)) guarantees that the only solution to equation

(1.47) is the trivial solution & = 0. Let us prove this claim.

12



Multiply (1.47) by U and integrate the result over D = {x : |z| < R}. The result is

/ IVU|*dx + )\/ ]Z/{]Qda;+/ q(z)[U|)*dx = 0. (1.48)
Dg Dg Dr

Since A > 0, the assumption Req > 0 and formula (1.48) imply & = 0. The assumption
Req > 0 is equivalent to the assumption Reh > 0 which was done in formula (1.4). Theorem

1.4.1 is proved. 0

1.5 Creating a medium in which heat transfers by a
potential

Applying the operator —V?2+ X to equation (1.46) one gets an elliptic differential equation:

(—A+NU(x,\) = @ —c(z)h(z)N(x)U(z, \). (1.49)

Taking the inverse Laplace transform of this equation yields
w = Au+ f(z) —q(@)u, q(z) = c(z)h(z)N(z). (1.50)

Therefore, the limiting equation for the temperature contains the term g(z)u. Thus, the
embedding of many small particles creates a distribution of source and sink terms in the
medium, the distribution of which is described by the term ¢(x)u. We will use this result

in Chapter 2 to create material in which heat propagates along a line.

13



Chapter 2

Creating materials in which heat

propagates along a line

In this chapter a theory is developed for creating a material in which the heat is transmitted
along a given line. This gives a possibility to transfer information using heat signals. This
seems to be a novel idea. The technical part of the theory is the construction of the potential
q(z). This potential describes the heat equation u; = Au — ¢(z)u in the limiting medium
which is obtained after the small impedance particles are distributed in a given domain. A
numerical method is also established to construct numerically such a potential. The content

of this chapter is obtained from the paper!® by the author and Professor A. G. Ramm.

2.1 Introduction

To create materials in which heat propagates along a line, one needs to create a medium in

which the heat transfer is governed by the equation

uw=Au—q(z)u inD, uls=0, uli—=f(x), (2.1)

14



where D is a bounded domain with a piecewise-smooth boundary S, D = Dy x [0, L],
Dy C R? is a disc of radius R orthogonal to the axis x1, © = (71,22, 23), T2,73 € Dy,
0<xz <L.

Such a medium is created by embedding many small impedance particles D,,, 1 < m <
M, into a given domain D filled with a homogeneous material. Let us assume that the

distribution of small particles is:

N(A) = {K/AN(x)dm(Ho(n), ) (2.2)

a2

where N (A) is the number of small particles in an arbitrary open subset A € D, k € [0,1) is
1

a number that can be chosen by an experimenter as desired, ¢ = = max max |z —y| and
2 1<m<M z,y€Dpm

N(z) > 0 is a continuous in D function that can be chosen by an experimenter as desired.

As a — 0, it is proved (see?,®) that the solution u(x,t,a) to the problem

M
u = Au inD\UDm,uN:Cmu on S, 1<m<M, (2.3)
m=1
h(xm,
o = F(), G = ") Reg, > 0 (2.4)

where z,, € R? is an arbitrary point in D,,, has a limit, u(x,t) = lim,_ou(z,t,a) which

solves problem (2.1) with

q(z) = csN(z)h(z), c5:=—5 = const, (2.5)

so c¢g does not depend on m, but the shape of S,, may depend on m. Therefore, given

a potential ¢(x) (which makes heat propagate along a line), one can choose an arbitrary

q(z)

SN and can

continuous function N(z) > 0, can construct a continuous function h(z) =

distribute the small bodies according to the rule (2.2) to obtain the medium in which heat

propagates along a line.

15



Suppose that

(=A+q(2))pn(z) = Adn,  Guls =0, ||@nllL2p) = llonll = 1, (2.6)

where {¢,} is an orthonormal basis of L*(D) := H, and (f,¢,) := [}, f(2)dn(z)dz. Then

the unique solution to (2.1) is

=Y e, 6n)bn(). (2.7)

If g(z) is such that Ay = 0, Adg > 1, and Ay < A3 < ..., then, as t — oo, the series (2.7) is

well approximated by its first term (see” ):
u(z,t) = (f,¢1)¢1 +O(e™), = oo. (2.8)
Thus, our problem is solved if ¢(x) has the following property:
|p1(2)| decays as p grows, p= (224 22)"/2. (2.9)

Since the eigenfunction is normalized, ||¢1]| = 1, this function will not tend to zero in
a neighborhood of the line p = 0, so information can be transformed by the heat sig-
nals along the line p = 0, that is, along s—axis. Here we use the cylindrical coordinates:
x = (11,19,73) = (5,p,0), s =1, p= (2 + 22)'/2. In Section 2 the potential ¢(x) will not

depend on 6.
The technical part of the solution is the construction of ¢(x) = csN(x)h(z) such that

A =0, X>1; |¢1(x)| decays as p grows. (2.10)
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Since the function N(z) > 0 and h(x), Reh > 0 are at our disposal, any desirable ¢, Req > 0,
can be obtained by embedding many small impedance particles in a given domain D.

In section 2.2, the method for finding such a potential g(z) is presented. In section 2.3, the
numerical method is presented for finding this ¢, and in section 2.4, the numerical results
are presented. In section 2.5, another numerical method is presented based on the method

described in section 2.4.

2.2 Construction of ¢(x)
Let q(z) = p(p) + Q(s), where s := z1, p := (22 + 22)/2. Then the solution to (2.1) is

p
u = v(p)w(s), where

— U = PV + P(P)Om = ¥, 0 < p < R Jun(0)] < 00, vp(R) = 05 (2.11)

m

IN

—w; + Q(s)w; = wvuw;, 0 < s L, w;j(0) = w;(L) = 0. (212)

Our task is to find Q(s) such that 14 = 0, v, > 1 and p(p) such that pu; = 0, us > 1, and

|um(p)| decays as p grows.
We use the solution to inverse spectral problem for finding a potential which have the

desired properties. The spectral function g(\) of the Dirichlet differential operator fw =
—w” 4+ Q(s)w (see formula (2.12)) is defined by the formula

& .
l/j<)\ J

where «; are normalizing constants. If () = 0, then the eigenvalues of the corresponding
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i
fj) , 7 =1,2, ..., the corresponding normalized eigenfunctions are

/2 ' | L
T sin jz&:’ and the normalizing constants ajy = \// sin? jz&: z=4/3 If @ is un-

known, then the corresponding eigenfunctions are unknown and the role of the normalizing

operator ¢ are vjy = (

constants can play arbitrary positive numbers which have the right asymptotic. If L = =

then o; = /77 (1 —i—O(%)), VUi =3+ % +0(7?), and w; = Smg—”) +0(j7%) as j — oo.

Let us recall the procedure, due to Gel’fand and Levitan (see',?) for finding the potential

@ from the known spectral function. One defines the kernel

L) = [ SI(VAZ) SINVAD) 30— o))

A

where o(A) is the spectral function of the operator ¢ with the potential @ = Q(s), and go(\)
is the spectral function of the operator ¢ with the potential () = 0 and the same boundary
conditions.

Consider the Gel’fand-Levitan (GL) integral equation for the kernel K (x,y):

K(x,y)+ / K(z,s)L(s,y)ds = —L(z,y), 0<y<uz.
0

The solution to this equation allows one to calculate the potential:

dK (x,x)
=2
Q) =2
From now on we set L = m. Then vy = j°. Let 1y = 0,15 = 11,13 = 14, v; = vjo for j > 3.
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Then the kernel L(z,y) in the GL equation is defined as follows

L(z,y) = 3zy + z(smi/y_z?x) Sin(\;/y_?y) n Sin(\/y_’:sx) Sin%”)—

3 T
2

- ( sin x siny + sin(2z) sin(2y) + sin(3z) sin(3y)> , (2.13)

where we set the normalizing constants a; = 7,7 > 3,01 = %3 The term xy is the value of

the function S22 ot 3 — 0 and = = ||| = [T 22dz.
Solve the GL equation:
K(s,7) +/ K(s,s")L(s',7)ds' = —L(s,7), 0<7<s, (2.14)
0

which is uniquely solvable (see [1], [2]). Equation (2.14) has finite-rank kernel and therefore
can be solved analytically, being equivalent to a linear algebraic system. If K (s, 7) is found,

then
B 2dK(s, s)

Q(s) T (2.15)

and this ((s) has the required properties: v; = 0,15 > 1,v; < vj4y.

Consider now the operator (2.11) for v(p). We want to calculate p(p) such that p; = 0, o >

L, pm < pnt1, [um(p)| decays as p grows.

We reduce this problem to the previous one that was solved. To do this, set v = \%. Then

equation —v” — %v’ + p(p)v = pw, is transformed to the equation

1
-y = 4—/)21/) +plp)Y = . (2.16)
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Let p(p) = # + Q(p), where Q(p) is constructed above. Then equation (2.16) becomes

— 9"+ Q(p)Y =, Y(R)=0, (0)=0. (2.17)

It has the desired eigenvalues p1 = 0, o > 1, i, < fhmy1-

The eigenfunction ¢y (z) = vy (p)w;(s), where v1(p) = wl—(pp), decays as p grows, and the eigen-
values \,, = i, +14. Since p; = v1 = 0 one has \y = 0. Since vp = 11, uo = 11, Ay = 11 > 1.
Thus, the desired potential is constructed: g(x) = Q(s) + (ﬁ + Q(p)), where Q(s) is given

by formula (2.15).

This concludes the description of our procedure for the construction of q.

2.3 Numerical procedure

In section 2.3.1, a numerical method to construct g(z) is presented. In section 2.3.2, a
procedure is presented to check whether the constructed potential ¢(z) is valid, by finding

the eigenvalues of ¢(z).

2.3.1 Numerical construction of q(x)

From the construction of ¢(z) in Section 2.2, if one can construct ((s) then one gets

a(@) = Qs) + (1 + Q).

To construct ((s), one can use equation (2.15) and rewrite it as
0K
| 9Ks7) ) , (2.18)

or

O(s) = 2dK(s,s) _y <8K(5,T)

ds 0s
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One can get K, := aKégj’T) and K, := aKa(f’T) numerically by the following procedure.

The function L(z,y) in (2.13) can be written as

T,y) = Zaj(-’r)bj(y), (2.19)

3x 2 sin(/15) 2 sin(/v3) 2 .
where ay(z) = et as(x) = e asz(x) = P as(x) = - sin(x), as(z) =
2 2
——sin(2z), ag(xr) = ——sin(3z) and bi(x) = z, beo(x) = sin(\/12x), bs(z) = sin(y/v3x),
T T

by(x) = sin(z), bs(z) = sin(2x), bg(z) = sin(3x).

Then equation (2.14) becomes
6

K(s,7)+ ij(r) /OS K(s,s)a;(s)ds'" = — Zaj(S)bj<T), 0<7<s. (2.20)

j=1

Let (s / K (s,5")a;(s")ds', then equation (2.20) becomes

K(s,7)+ > _bi(m)(s) = = > aj(s)bj(r), 0<7<s. (2.21)

j=1 j=1
Multiply (2.21) with a,,(7),1 < m < 6 and integrate it with respect to 7 to get
6 s
)+ Z (/ )dT> Gis) = = ay(s) (/0 bj(T)am<T>dT> 222

j=1

For a fix s = 59, equation (2.22) is a 6 X 6 linear system which can be solved for 1;(sg), 1 <
Jj < 6. So, we can solve equation (2.22) to get v;(s) analytically and numerically. Differ-

entiating equation (2.22), one can get a similar linear system to (2.22) and can get (s)
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analytically and numerically from the linear system:

6

05+ 3 ([ bran(riar) vi(s) =
=3 (6 ([ B0 ) + @6 + b)) . 22)

After finding 9;(s) and ¢}(s), one can find K, and K, by differentiating equation (2.20)

with respect to s and 7

6

Ky(s,7) ==Y (aj(s)bj(7) + bj(T)e(s)) . (2.24)

J=1

Ko(s,7) ==Y (a;(s)(7) + Vj(T)e5(s)) - (2.25)

j=1
From equation (2.24) - (2.25), one finds K(s,7)|,=s and K,(s,7)|,=s, and then finds Q(s)

numerically using equation (2.18).

2.3.2 Checking the eigenvalues of q(x)

To check whether the constructed potential ¢(z) is the correct potential, one has to check
whether the eigenvalues generated by the constructed potential ¢(z) satisfy the conditions
formulated in Section 2.2. It is sufficient to check the eigenvalues of Q(s) are vy = 0,15 =

11,0 = 14,1 = j2,j > 4.

One can find numerically the eigenvalues of the Dirichlet operator —% + Q(s) on the
interval [0, 7] by minimizing the following functional where w is taken from an N-dimensional

subspace of functions uy, N is a large integer:

Jo (W' + Qlul?)da
foﬂ |u|?dx .

(2.26)
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We take
N
Uy = ch¢n(x)a
n=1

and @, () == \/g sin(nz),1 <n < N. The minimization is taken over parameters c,. The
eigenvalues of the resulting matrix approximate the eigenvalues of the Dirichlet operator
—% + Q(s) on the interval [0, 7]. Finding minima of the functional (2.26) is equivalent to

finding the minima of the quadratic form

N N N
Z n?|ca|? + Z CnCmQnm, under the restriction Z lenl® =1, (2.27)
n=1 n,m=1 n=1

2 7T
where ¢, 1= —/ Q(z) sin(nz) sin(mz)dz, ¢um = ¢mn. Minimizing (2.27) is equivalent to
T Jo

minimizing
N N N
fler, ..y en) = Z7z2|cn|2 + Z CnCimGnm — V (Z 2 — 1) . (2.28)
n=1 n,m=1 n=1
. : ) :
A necessary condition for a smooth function f(cy,...,cy) to have minima is e 0. This
Cn
leads to a linear system with respect to cq,...,cn:
N
nc, + Z GrmCm — V¢, = 0. (2.29)
m=1
Linear system (2.29) can be written as
PC =vC, (2.30)

where P is a symmetric matrix with entries P, := n%5,m + ¢nm, and C is a column vector
C = (c1,...,cn). Then the eigenvalues of the Dirichlet operator —% +Q(s) on the interval

[0, 7] are approximated by the eigenvalues of the matrix P. The approximation is the better
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the larger is V.

2.3.3 Calculating q,,,

In section 2.3.2, one needs to calculate

Qnm = %/Oﬂ Q(z) sin(nzx) sin(maz)dz

to construct the matrix P. One can calculate the matrix P by using the formula 2sin Asin B =

cos(A — B) — cos(A + B). So, one first calculates
- I
q(k) = —/ Q(z) cos(kx)dz, 0<k <2N,
T Jo
and then calculates ¢,,, by the formula

Gnm = cj(]n - m|) - (j(n + m)

2.4 Numerical results

Based on the numerical procedure in section 2.3, a computer algorithm /program is developed

with the following main steps:

1. Partition the interval [0, 7] into M equal-distanced intervals with the endpoints z;,

1<i< M+ 1.

2. For each z;,1 <i < M + 1, one solves the linear systems (2.22) and (2.23) for v;(z;)

3. Find K (x;,x;) and K, (z;,x;) by using equations (2.24) and (2.25).
4. Find Q(z;),1 <i < M+ 1.
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5. Construct the matrix P in equation (2.30) by calculating ¢y, using the procedure in

section 3.3, where ¢(k) is calculated using the Riemann sum

(j(k:) = l (I’H_l — ZL‘Z)

™

ﬁ—? Q(x;) cos(kw;) + g(ﬂﬁm) cos(kzit1)

6. Find the eigenvalues of P using the Jacobi eigenvalue algorithm see, for example®.

The above algorithm is run five times with M = 100, 150, 200, 250, and 300. The constructed

potentials Q(s) are as in the following graph.

400 T T T T T T
200 //\‘ 1
o i 4
-200 4
-400
-600
-800 £
-1000 1
-1200 - : : : : .
] 0.5 1 15 2 25 3 3.5

Figure 2.1: Numerically constructed potentials Q(s).

The relative error of the eigenvalues is calculated by the following formula:

v — vl
Op = max :

1<j<M V;

The following table gives the relative errors of the eigenvalues of the constructed potentials

Q(s) for M = 100, 150, 200, 250, and 300.
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M | Relative errors 0y
100 57.12%
150 5.01%
200 1.65%
250 0.67%
300 0.32%

Table 2.1: Relative errors for equal-distance small intervals.

From the above table, one can construct the potential Q(s) with M = 250 equal-distance
small intervals and gets the relative error of the eigenvalues less than 1%. The above result

also shows that the constructed Q(s) is valid.

2.5 Another method to calculate eigenvalues

In the numerical results in section 2.4, one needs M = 250 equal-distance small intervals
to get the relative error less than 1%. From the graph of the constructed Q(s), since Q(s)
is pretty steep close to 7, one can improve the method in section 2.4 by distributing more
equal-distanced intervals My in the interval [%, 7] and less equal-distanced intervals M in
the interval [0, 2%].

The following result is obtained
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Figure 2.2: Numerically constructed potential Q(s) for non-uniform small intervals.

M | My | Relative errors
50 | 50 4.68%
50 | 75 0.94%
50 100 0.23%

Table 2.2: Relative errors for non-uniform small intervals.

Remark 2.5.1. About calculating ¢(k)

In the constructed potential Q(s) in Figure 2, let Qaz =
Q(xz) = Qmam}a Qmin = min Q(J:Z)a and Lmin =

1<i<M+1

1§£,2%{+1 Q('rz>7 Lmaz = {xz :

{z; : Q(x;) = Qumin}- The parts of the

potential from x4, t0 T, and from x,,,, to 7 look like straight lines and one may try to
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calculate ¢(k) by

q(k) = % ( /0 o Q(x) cos(kx)dx +

+ / mm Q(x) cos(kzx)dz + (2) cos(k:x)dx)

Tmin

= [1 +[2+[3 (231)

If Q(z) is a straight line from x4, t0 Xy, and from x,,;, to m, one can calculate I and I3
analytically. However, this does not provide the desired numerical accuracy as the following

numerical experiment shows.

In this experiment, P is the numerical matrix in equation (2.30) obtained in the experiment

described in Section 5 for M; = 50 and My = 75, and P, is the numerical matrix obtained

by considering Q(x) as a straight line from %45 t0 i and from x,,;, to m. The relative

error matrix F is calculated by E,,, = | Prnm = Pl
|P lynm|

510.17. So, although the parts of the potential look like straight lines from x,,4: t0 Zpin

. Then min(E) = 0.37 but max(F) =

and from z,,;, to m, one cannot consider them as straight lines in numerical calculations.
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Chapter 3

Dynamical System Method (DSM)

The Dynamical System Method (DSM) is developed by Professor A. G. Ramm. The liter-
ature of the DSM is huge, see, for example,?,2. In this chapter, we just present the results

that will be used in chapter 4.

3.1 Problem Statement

Consider an equation

Au = f, (3.1)

where A is a linear operator in a Hilbert space H. Let fs be the "noise data”, i.e., an
element which satisfies the inequality ||fs — f|| < § and which is given together with the
"noise level” § > 0, while the exact data f is not known. The equation with the noisy data
is:

Au5 = f(g. (32)

Our goal is to find a stable solution to (3.2), which is an element us such that

I —y|| =
lim [lus — o] = 0,
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where Ay = f and y is the unique minimal-norm solution of the linear equation (3.1).
The minimal-norm solution is the solution which is orthogonal to the null space N of A,

N =N(A) ={u:Au=0}.

3.2 DSM for solving equation (3.2)

Theorem 3.2.1. The solution us(t) to the following dynamical system
s = —us + Ty A fs,  u(0) =0, (3.3)

satisfies

lim ||us(ts) — y|| = 0, (3.4)
6—0

where T, .= A*A+al, f = Ay,y L. N, and the following assumptions hold:

o«
o

a(t) > 0 is a monotonically decaying continuous function,

@
=

lim; . a(t) =0,

J,” a(t)dt = oo,

~—~~ o~ o~
W W
oo
= D

lim5_>0 t5 = 00, limg_m \/ﬁ =0.
Proof. One has, by the triangle inequality,

[lus(t) =yl < [lus(t) = u(®)|] + [[u(t) —yl|

(3.9)
=1 + I,
where u(t) solves problem (3.3) with exact data
W= —u+T A f, u(0)=0, (3.10)
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The solutions to problems (3.3) and (3.10) are of the form
t (t—s)
_ —(t—s)—1 px*
u(t) = /0 e T, A" [ ds,

t
us(t) = / 6_(t_8)Ta_(i)A*f5 ds.
0

So, one has

i ) — o) = || [T - as

By Lemma 3.2.2 below, ||T7 /| )

* 1
|| < 2¢/a(t)’ S0

—(t s) Hf5 f“
]lg/o i

t )
< / e~ (t=5) ds.
0 2 /a(s)

By assumption (3.5), which implies a(t) < a(s) if t > s,

(5 t
< e =) ds
— 24/a(t) Jo
% q_em
2 /a(t)

So, if one chooses ts such that assumption (3.8) holds, then I; — 0 as § — 0.

Let us now estimate I as § — 0. Since A*A =T, —al, f = Ay, (3.11) becomes

t t
u(t) :/ e )y ds —/ e a(s)T o(s) yds
0 0

Thus,

t
I = [lu(t) — yl| < e|lyl| + / e~ a(s)| 1T, | ds.
0
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By Lemma 3.2.3 below, one has

t
lim e’(t’s)a(s)Ta’(sl)y ds = lim a(®)[| Tyl

t—o0 0

By the spectral theorem, one has

o] 2
2Ty = / By >0 a0
0

s+a)?

Assumption (3.6) and (3.17)-(3.19) imply Io — 0 as t — oo.

Therefore, theorem 3.2.1 is proved.

Lemma 3.2.2. ForT,, A,a as in Theorem 3.2.1, one has

1
2\/a

1T, A" <
Proof. One has

A*(AA* 4 al) = (A*A + al)A*
A'Qu =T, A", Qu:=Q+al,Q:=AA"

Ta—lA* _ A* ;1,
since (), and T, are boundedly invertible.So,
T, A% = |A* QM.

Also, by the polar decomposition,

A* =U/Q,
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where U is a partial isometry,

17147 = UV QR

< [W/QQ;||, since U is a partial isometry (3.23)

1
:Supﬁz_‘
sZQS—I—(I 2\/&

Here we use the spectral theorem for the selfadjoint operator () in the last equality, namely

9(Q)[| = sup>q [9(s)]-

Therefore, Lemma 3.2.2 is proved. O

Lemma 3.2.3. Let f(x) be a continuous function on [0,00) such that f(00) 1= lim, o f(2)
exists, then

lim e~ W= f(z)dxr = f(c0). (3.24)

Yy—0o0 0

Proof. One has

y ¢ Y
eV f(a)de = | eI f@)de + [ e fa)de
/0 /0 / (3.25)

= [1 + 127

where ¢ < y is fixed. One has lim,_,., I; = 0 since [0, ¢| is compact and f(x) is continuous
on [0,00). Moreover, for any ¢ > 0, one can choose sufficiently large ¢ < y, such that

|f(c) — f(o0)| <€, and for such ¢, one has

y
lim I, = f(o0) lim e dy
— 00 o
! e (3.26)
= f(o0) lim (1 — %) = f(o0)
yA)OO
So, Lemma 3.2.3 is proved. |
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3.3 Iterative method to solve (3.2) and suggested choice
of a(t) and t;

To use the theory in section 3.2, one needs to choose the function a(t) satisfying the as-

sumptions (3.5)-(3.7). We suggest the following a(t):
a(t) = —. (3.27)

One can derive an iterative method to solve (3.2) from equation (3.11) by choosing a step

function a(t) approximating a(t):
a(t) = an, t, <t <tps1, (3.28)

where a,, = a(t,) and we choose t,, such that ¢, — t,, = hy, h, = ¢", ¢ = 2. From equation

(3.11), one computes u, = us(t,) by:

n

u, =e ' Z(eti — YT +a;_q) T A* fs, (3.29)
i=1
and one gets an iterative method for solving (3.2):
U1 = € "y 4 (1 — e " VT 4 an) " A fs,  hp = toyr — ta. (3.30)
To choose t5, we use a relaxed discrepancy principle (see?):

0.9 < ||Au, — f5]] < 1.0016. (3.31)

One stops the iterative method (3.30) when condition (3.31) is satisfied.
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Chapter 4

3D inverse scattering problem with

non-over-determined data

The 3D inverse scattering problem with non-over-determined scattering data is considered.
The data are the scattering amplitude A(S, ag, k) for all g € Sg, where Sg is an open
subset of the unit sphere S? in R3, ay € S? is fixed, and k € (a,b),0 < a < b. In this
paper, a numerical method is given for solving the inverse scattering problem with non-
over-determined scattering data and the numerical results are presented. The content of

this chapter is obtained from the paper?” by the author and Professor A. G. Ramm.

4.1 Introduction

Let us first consider the direct scattering problem:

(V24+ Kk —q(z)u=0 in R’ (4.1)

u= ek 4y, (4.2)
ikr 1

v:A(ﬁ,a,k‘)e +0(—) , 1= x| = o0, Ezﬁ., (4.3)
r r r
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where «, 3 € S? are the directions of the incident wave and scattered wave correspondingly,
S? is the unit sphere, k* > 0 is energy, k > 0 is a constant, A(S3,a, k) is the scattering
amplitude (scattering data), which can be measured, and ¢(z) € @, where @ is a set of
C'-smooth real-valued compactly supported functions, ¢ = 0 for max; |z| > R, R > 0 is a
constant. By D the support of ¢ is denoted.

The direct scattering problem (4.1) - (4.3) has a unique solution (see, e.g.,?).

Consider now the inverse scattering problem:

Find the potential ¢(z) € @ from the scattering data A(5, «, k).

The uniqueness of the inverse scattering problem with fixed-energy data (k = ko > 0 is
fixed) is proved by A.G.Ramm?: ¢(z) € @ is uniquely determined by the scattering data
A(B,a, ko) for a fixed k = kg > 0 and all o, 3 € S2. A.G.Ramm also gave a method for
solving the inverse scattering problem with fixed-energy data and obtained an error estimate

for the solution for exact data and also for noisy data,?, Chapter 5.

In this paper, we give a numerical implementation of the method proposed by A. G.
Ramm in'? for solving the inverse scattering problem with non-over-determined data, that
is, finding q(x) € Q from the scattering data A(8,k) := A(B, ap, k) for a fixed oy € S?,
all 3 € 8% and all k € (a,b),0 < a < b. The basic uniqueness theorem for this problem

is proved in'!.

In Section 4.2, the idea of this numerical method is described. This idea
and the method described in Section 4.2 belong to A. G. Ramm. In Section 4.3, the DSM
algorithm used to solve ill-posed linear system is described. In Section 4.4, the numerical

procedure is presented and in Section 4.5, some examples of the numerical inversion are

given.

The essential novel features of this inversion method are:
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1) The data are non-over-determined. So these are minimal scattering data that allow

one to uniquely recover the potential.

2) The inverse scattering problem is highly non-linear. Nevertheless, our method reduces

the inversion to stable solution of linear algebraic system (4.8).

3) The numerical difficulty comes from the fact that system (4.8) is highly ill-conditioned.

4.2 Inversion method

Let g € Q. The unique solution to (4.1) - (4.3) solves the integral equation:

eZk‘x_y‘

u(a, k) = eeoe /D o(e v W)y, )y, glz,y.k) (4.4)

e —y[’

k > 0 is a constant, ag € S? is fixed. This equation is uniquely solvable for v under our

assumptions on ¢q. Let h(x, k) = q(x)u(z, k). Then (4.4) implies

Wz, k) = gz)e™o* — g(z) /D oz, 9, K)h(y, K)dy. (4.5)

Equations (4.3) and (4.4) yield the exact formula for the scattering amplitude:

_4r A3 K) = /D ey k) dy. (4.6)

From equation (4.5) one derives the formula for ¢(z) if h(k, z) is found:

4(x) = h(z, K)[e*eos - /D o,y k)hy, k)dy] ™. (4.7)

The idea of our inversion method is: by the uniqueness theorem from!!, equation (4.6) has
a unique solution h(z, k). Solve numerically equation (4.6) for h(x, k). To do this, discretize

(4.6) and get a linear algebraic system for Ay, = h(yp, k). If hyy, are found, then g(z,)
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are found by formula (4.7), see also formula (4.9) below.

Let us partition D into P small cubes with volume A,,1 <p < P. Let y, be any point
inside the small cube A,. Choose P different numbers k,, € (a,b),1 < m < P, and P
different vectors 8; € S?,1 < j < P. Then discretize (4.6) and get a linear algebraic system
for finding Ry,

P
— AT A(By k) = Y e T, Ay 1< jm < P, (4.8)

p=1
where Ry, = h(y,, km). Solve the linear algebraic system (4.8) numerically, then use equa-

tion (4.7) to find the values of the unknown potential ¢(x,)
P —1
q(mp) — hpm ezk:mao'xp _ Z g(gjp’yp/7 km)hp’mAp/ R 1 S p S P. (49)
p'=1p'#p

Remark 1. Note that the right hand side of (4.9) should not depend on m or j. This in-
dependence is an important requirement in the numerical solution of our inverse scattering
problem, a compatibility condition for the data. This requirement is automatically satisfied

for the limiting integral equation (4.6), see formula (4.7).

The values of ¢(y,) essentially determine the unknown potential ¢(z) if P is large and ¢

is continuous. The potential ¢ is unique by the uniqueness theorem in'!.

Note that one can choose f; and k, so that the determinant of the system (4.8) is
not equal to zero (see'®), so that the system (4.8) is uniquely solvable, but the numerical
difficulty is unavoidable: the system (4.8) is very ill-conditioned because it comes from an
integral equation (4.6) of the first kind with an analytic kernel. We use the dynamical
system method (DSM) from? to solve stably the ill-conditioned system (4.8).
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4.3 Dynamical System Method (DSM)

Equation (4.8) with noisy data is a linear algebraic system of the form

where M is the matrix of the size P x P and fs is the noisy data, that is, the noisy values
of —4wA(S;, k) in equation (4.8), ||fs — f|| = 6 for a fixed m and 1 < j < P. To solve this

ill-posed system we use the Dynamical Systems Method (DSM) in chapter 3:
us(t) = —us(t) + (T +a(t) " M* fs,  u(0) = uo, (4.11)

where T":= M*M, M* is the adjoint matrix and a(t) > 0 is a non-increasing function such

that a(t) — 0 as t — co. Equation (4.11) has a unique solution
t
us(t) = upe ™" +e / (T + a(s)) ' M* f5ds. (4.12)
0

To use the DSM method, we need to choose a(t) and find a stopping time ts5 so that wus(ts)

approximates the solution of Au = f, so that lims_,o ||us —u|| = 0, where the norm is in R” .

Choice of a(t) and t4:
In?, necessary conditions for a(t) are: a(t) is a nonincreasing function and lim;_,, a(t) = 0.

In our experiments, we choose a(t) = 1. Consider a step function a(t) approximating a(t):
Q(t) = an, tn <t <tpir, (4.13)

where a,, = a(t,) and we choose t,, such that t,,1 —t,, = h,, h, = ¢",q = 2. From equation
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(4.12), one computes u, = u(t,) by:

n

Uy = uge " e Z(eti — YT +a;_q) " M* fs. (4.14)

=1

and one gets an iterative method to solve (4.12):
Upir = € "y 4 (1 — 7" VT 4 ap) ' M* fs5,  hp = tpyr — tn. (4.15)
To choose t5, we use a relaxed discrepancy principle (see?):
0.9 < ||Mu, — fs5|| < 1.0016, (4.16)

where the norm is the vector norm: ||Z|| := /22 4 --- + 2%, @ := (z1,...,2p) € R,
One stops the iterative method (4.15) when condition (4.16) is satisfied.

4.4 Numerical procedure and results

In practice, one can measure the noisy scattering data experimentally. For our numerical

experiments, we need to construct the noisy scattering data A(5;, k).

4.4.1 Constructing noisy scattering data

Given a potential ¢(z), let us first construct the exact scattering data A(ﬁj, k..). We parti-

tion D into P small cubes and discretize equation (4.4) to get

P
U(Tp, ki) = eFmeoTy Zg(ajp, Yjs km)q(y;)uw(yj, km) A (4.17)
j=1
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One solves this linear system for u(x,, k,,) assuming that ¢(z) is known. Then the exact

scattering data are calculated by the following formula:

P

~ 1

ABj i) = = D€ gl o) A (4.18)
p=1

Then one can randomly perturb each A(8;, ky),1 < j < P by 6 = const > 0 to get the

noisy scattering data A(f;, k) = A(ﬁj, k) % 6, where the plus or minus sign is randomly

choosen. Then & := ||A(8;, k) — A(B;, k)|| := \/Zle |A(B;, k) — A(B;, k)|?, for a fixed K, is
the noise level of the data in equation (4.10).

4.4.2 Numerical procedure
The following steps are implemented in each experiment:
1. Choose D, ay, P, q(z), kp,, and 5.

2. Use (4.18) to find the exact scattering data A(B;, k), 1 < j < P. Try different values
of k,, so that the determinant of the system in (4.8) is not zero. Let k be the found

value of k,,.
3. Use the procedure in Section 4.4.1 to get the noisy scattering data A(f8;,k),1 < j < P.

4. Solve the linear algebraic system (4.8) to get hpm = h(Yp, k). Here we use the DSM

method in Section 3 with the noise

-
0= |AB;, km) = ABj, k)| := | D 1A(B), kim) — A(By, k)2, 1< < P.
j=1

5. Calculate the potential G(x,) by formula (4.9):

P -1
i(z,) = hy, | b0 — Z 9@y Yoty k) DNy |, 1<p<P.
p'=1p'#p
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See Remark 1 below formula (4.9).

6. Find the relative error of the estimate of the potential:

err ;= lla() = (@)l _ sz:l lq(zp) — G(xp)2 A,
: g ()| 25:1 @) PA,

(4.19)

4.5 Numerical results

In these experiments, we choose D to be the unit cube centered at the origin, with sides
parallel to coordinate planes, P = 1000, oy = (1,0,0), and 50 < k,, < 100 is chosen so that
the determinant of the system in (4.8) is not zero. The condition number of A is ~ 103,

In the following graphs, the z-axis is the index of the collocation points (this index varies

from 1 to 1000) and the y-axis is the value of the potential.

4.5.1 Constant potential with compact support

The inverse scattering problem with constant in D potential is used to test our inversion
method.

In this experiment, we take g(z) = 10. The following results are obtained:

Constant potential ¢(z) = 10

0 6= [|A(B;, k) — 121(6]‘, k)|| relative error

0.04 0.4348 0.0566
0.02 0.2174 0.0037
0.01 0.1087 0.00065

Table 4.1: Numerical results for constant potential ¢(z) = 10.
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Figure 4.1: Constructed potential vs original constant potential q(x) = 10 when 6 =0.01

In the figure above, the z-axis is the index p of the small cube, 1 < p < P and the y-axis
is the value of the potential at the middle of the small cube p. The potential is a function

R3? — R, but we do 1D plot here so one can see the point-wise comparison of the potentials.

4.5.2 Potential ¢(z) = exp(—|z])

|z

exp(—|z]

In this experiment, we take g(x) = 7] ). The following results are obtained:
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Potential ¢(z) = exp(—|z[)

||

o 6=||A(B,, k) — A(B,,k)|| relative error

0.04 0.0806 0.1284
0.02 0.0403 0.0547
0.01 0.0201 0.0367

Table 4.2: Numerical results for the potential ¢(z) = =2El2D,

||
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Figure 4.2: Constructed potential vs original potential q(x) = w when 6 = 0.01

In the figure above, the z-axis is the index p of the small cube, 1 < p < P and the y-axis
is the value of the potential at the middle of the small cube p. The potential is a function

R? — R, but we do 1D plot here so one can see the point-wise comparison of the potentials.
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