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Abstract

Capillary transit time, defined as the time required for blood to traverse the microvas-

cular network, is a cornerstone parameter in the study of hemodynamics. The study of

capillary transit time, the foundation of which was laid by August Krogh in his seminal 1919

work, has come a long way since its advent. At present, capillary transit time analysis is

being used to assess microvascular function and tissue oxygenation in conditions like stroke,

tumors, and neurodegenerative diseases, guiding treatment strategies in radiotherapy and

thrombolysis. It also helps optimize drug delivery by revealing how blood flow heterogeneity

affects therapeutic agent distribution and retention in target tissues. With the advancement

of blood flow simulation using computational human phantoms (CHP), a potential novel use

of capillary transit time analysis in the field of internal and external dosimetry has arisen,

where it may be used to predict the distribution of dose imparted by the radiophermaceuti-

cals and the distribution of irradiated white blood cells in tumors. Various experimental and

mathematical methods have been developed over the years to measure and predict capillary

transit time. However, these models lack applicability in particle tracing applications. On

the other hand, existing Monte-Carlo particle tracing codes lack the functionality of tracing

particles inside vasculatures. Hence, the aim of the present work is to develop a path tracing

algorithm that follows blood flow in the vasculature, including the capillary bed, using the

principles of Monte-Carlo simulation and existing blood flow framework found in contem-

porary literature (The VoM-PhyS framework) to facilitate the calculation of mean transit

time.

One of the main challenges in developing a path tracing framework is finding a suitable

probability distribution of possible next steps, based on which each step of the random

walk of the particles is chosen. In the present study, this probability distribution is derived

based on the outgoing flow rate at a particular node. Flow rate is calculated from governing



equations, including Hagen-Poiseuille and Darcy’s equation of porous media, depending on

particle location in the network. Using this probability distribution, random particle tracks

are generated for increasing particle numbers and the associated elapsed-times are calculated.

Variability of the elapsed time resulting from variation in the particle’s velocity considering

its position with respect to the centerline of arterial and venous vessels is accommodated in

this framework, as well. In the VoM-PhyS model, blood takes an instantaneous jump from

the terminal of the segmentable vessels to a nearby tissue voxel within a specified sphere

of influence. A method of estimating the time elapsed in this jump was also developed

and implemented. The transit time distributions and the mean transit times were derived

from these data. It was found that the distribution of mean transit time follows a gamma-

variate distribution, which flattens with increasing sphere of influence, i.e., the variation in

times increases. It was also found that the peak of the distributions shifts to increasing

time values and the mean transit time increases with increasing sphere of influence. Finally,

results of various statistical tests are presented to verify the statistical significance of the

data generated using the proposed framework.
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Chapter 1

Introduction

Blood is the most vital liquid, found in vertebrates and some invertebrates, facilitating the

transport of nutrients, gases, and waste. Blood is categorized as a specialized connective

tissue consisting of cellular components, i.e., red blood cells, white blood cells, and platelets,

suspended in a liquid extracellular matrix named plasma1;2. In humans and other verte-

brates, the system that sustains the blood flow is known as the cardiovascular system. This

system is responsible for not only transporting nutrients, gases, and waste, but also for regu-

lating body temperature, balancing pH, and homeostasis. The cardiovascular system consists

of the heart, arteries, capillaries, and veins. The heart serves as the pumping machine for

blood, and the arteries, capillaries, and veins serve as conduits2.

The study of blood flow, known as hemodynamics, is of vital importance to medical

professionals, researchers, and engineers. It underpins our understanding of cardiovascular

physiology, the diagnosis and treatment of circulatory disorders, and the development of

advanced medical devices. The dynamics of blood flow is quantitatively governed by the

heart’s pumping action, vascular resistance, blood viscosity, vessel elasticity, and many more

parameters3–5. From a radiobiological perspective, the study of blood flow is crucial because

of its impact on tissue oxygenation, which eventually influences the effectiveness of radiation

treatment6. Radiation dose calculation, delivery, and treatment planning is highly reliant on

the knowledge of blood flow. Hypoxic regions caused by insufficient blood perfusion exhibit

1



reduced sensitivity to radiation, which requires higher doses to achieve therapeutic effects7.

This, in turn, might increase the risk of collateral damage to healthy tissues. Understanding

blood flow dynamics helps model the oxygen distribution and its resulting radiobiological

response, enabling the development of advanced treatment protocols like dose painting, where

higher doses are targeted to hypoxic areas.

Particle tracing is a well-known computational technique used to simulate the trajectories

of individual particles as they move through a medium. This technique is usually under-

pinned by some law of physics, e.g., pressure field, electromagnetic interaction, or Newton’s

laws. The Monte-Carlo method is a very famous particle tracing technique. The Monte-

Carlo methods are a class of stochastic techniques that use random sampling to model and

simulate complex systems and processes8. They account for various probabilistic behaviors,

such as diffusion, collision, transition of states, fluctuations due to perturbations, etc. In the

context of blood particle tracing, these methods can simulate the movement of blood cells

or drug particles within the cardiovascular system, considering factors like fluid dynamics9,

interactions with vessel walls, and concentration gradient. By incorporating Monte-Carlo

techniques, uncertainties and variability in particle behavior, such as the distribution of

white blood cells or the transport of nanoparticles for drug delivery, can be modeled with

high fidelity.

Capillary transit time (CTT), defined as the time required for blood to traverse the

microvascular network, serves as a fundamental hemodynamic parameter that critically in-

fluences oxygen delivery and metabolic exchange in tissues. Since its foundation laid by the

pioneering work of August Krogh10 in 1919, CTT analysis has evolved into an indispens-

able tool for understanding blood flow in microvasculature as well as studying diseases like

stroke and cancer. The average time that it takes for the blood particles to travel through

a specific vascular region is known as the mean transit time (MTT)11;12. MTT is dependent

on blood volume, flow rate, heart rate, perfusion, etc13. The knowledge of MTT can play

a very important role in internal and external radiotherapy. In internal radiotherapy (e.g.,

radiopharmaceutical therapy), MTT is crucial for predicting the distribution and retention

of radioactive agents within target tissues. Prolonged MTT in tumors may enhance radiation

2



dose deposition due to extended radiopharmaceutical retention, while rapid MTT in healthy

tissues reduces off-target exposure14. Conversely, in external beam radiotherapy, MTT serves

as a surrogate for tissue oxygenation; shorter MTT correlates with better oxygen delivery,

thereby increasing radiation efficacy via the oxygen enhancement effect (OER)15. MTT

is essential for mapping oxygen availability in tissues, as oxygen enhances the efficacy of

ionizing radiation through the formation of reactive oxygen species16. Computational mod-

els incorporating CTT heterogeneity17 further refine dose planning by identifying hypoxic,

radioresistant tumor subregions that may require dose escalation.

The brief introductory remarks stated so far signify the importance of blood flow modeling

and particle tracing and how they can be of service in radiation biology and medicine. The

prime goal of this work is to find a way of combining these two to create a framework for

better calculating the MTT.

1.1 Problem Statement and Scope of Research

Figure 1.1 illustrates the objectives of this thesis. The first step is to identify a blood

flow framework that closely aligns with the desired goals of the study. The suitable type of

simulation domain and control equations to be analyzed are dictated by the framework. Once

the domain is set up accordingly, the simulation is run to generate the blood flow quantities,

e.g., pressure and flow rate. Finally, for modeling particle transport, an algorithm is needed

to utilize the blood flow quantities to generate tracks, and equations to calculate the time

elapsed. Standard statistical procedures are to be carried out to calculate the MTT, its

associated uncertainties, and the statistical significance of the result. The distinct objectives

are described in more detail as follows.

1. Identifying a suitable blood flow framework

A multitude of methods can be found in the literature that have been proposed to

simulate the blood flow inside biological domains. Chapter 2 of this thesis sheds light

on a select few of them that bear pertinence. For the purpose of the current research,
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Figure 1.1: Outline of the proposed research activities.

the criteria being sought after are ease of handling, robustness, versatility and person-

alizeability. These criteria are chosen so that the resulting framework be applicable

in the field of radiation therapy. Among the discussed frameworks, the most befitting

one according to the stated criteria will be chosen.

2. Proposing a path tracing algorithm in conjunction with the blood flow

framework and its implementation

In chapter 3, the equations and methods behind the chosen blood flow framework will

be briefly discussed. A path tracing algorithm will be developed using the results of the

blood flow framework. The necessary assumptions, rules, equations and rationales will

be provided. Chapter 3 will also delineate the necessary steps regarding the prepro-

cessing of the computational domain, preparation of the coding scripts, computational

resources, and actions of running the simulation.

3. Simulating blood flow, tracing paths and justifying the results

Chapter 4 of this work will present the results obtained from the simulation of blood

flow and path tracing. It will pose the results in the form of various plots and contours,

4



discuss and interpret various aspects of it. Chapter 4 will also show the results of

statistical tests to verify the generated data.
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Chapter 2

Literature Review

This chapter focuses on the review of existing scientific literature that inspired the current

work and shed more light on the aims of this research. The first section expounds on the

methods of calculation and the use of Capillary Transit Time (CTT) and Mean Transit Time

(MTT) in various sectors of the study of hemodynamics. Succinct descriptions of different

approaches of calculating or estimating the MTT, which ranges from experimental to purely

mathematical, their advantages, and potential shortcomings in the light of the current state

of scientific advancement will also be a goal of this section.

The prime objective of this work is to propose a path tracing framework inspired by

Monte-Carlo simulation. Hence, it is imperative to shed light on the Monte-Carlo methods.

The section following the review of CTT is going to present a brief introduction to the Monte-

Carlo path tracing techniques. This section will provide a brief description of the steps that

run inside the black-box of a typical Monte-Carlo software package. It will also provide a

brief description of various existing Monte-Carlo software packages and their functionalities.

In modern times, the study of hemodynamics has become highly reliant on computational

techniques. New methods of representing the vasculature to .increasingly finer detail are

being invented. The methods of simulating blood flow within this vasculature are also

becoming increasingly sophisticated, ranging from in-house models to full-fledged commercial

software packages. Computational human phantoms are models that represent accurate

6



anatomical structures of the organs and human body in a computer environment. These are

the tools of a dosimetrist to study the effect of radiation on tissues and hemodynamics in a

human body. The subsequent two sections are going to present an introductory account of

the computational phantoms and a short review of the relevant blood flow simulation models

along with their vascular representation techniques in the existing literature. This will lay

the foundation to make a judicious choice of a suitable blood flow simulation model for the

purpose of this study.

Finally, the main goal of this study, which is to develop a path tracing framework inside

the vasculature and calculate the MTT, is revisited and elaborated. Shortcomings of ex-

isting models are identified and how the proposed solution addresses those shortcomings is

discussed. The challenges of the proposed solution are elucidated to conclude this chapter.

2.1 Capillary Transit Time

Capillary transit time (CTT) is a fundamental hemodynamic parameter that quantifies the

duration blood spends traversing the microvascular network. This metric is critical for un-

derstanding oxygen delivery18, metabolic exchange17, and waste clearance19 in tissues, with

profound implications for both physiological function and pathological conditions such as

stroke20, Alzheimer’s disease21, and cancer22. In radiation therapy, CTT plays a vital role.

It affects the distribution of chemotherapeutics23 and radiosensitizers in the case of inter-

nal radiotherapy, while it regulates the distribution of reactive oxygen species24 to tumor

and healthy tissues which affects radiation induced DNA damage in the case of external

radiotherapy. The calculation of CTT involves a complex interconnection between microvas-

cular architecture, hemodynamics, and regulatory mechanisms, which necessitates diverse

methodological approaches.

Over the years, researchers have approached the study of CTT from many different angles,

ranging from direct experimental measurements to sophisticated mathematical modeling.

The current section of literature review will focus on some of the prominent methods used

in quantifying CTT.
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2.1.1 Experimental Approaches

Experimental measurements of CTT are often carried out using the magnetic resonance (MR)

techniques with intravascular tracers. These techniques derive blood volume estimates by

measuring the area under the dynamic contrast-time curve. Flow, on the other hand, is

determined from the curve’s first moment, applying the Central Volume Principle. Weiskoff

et al.11 describes the method of measuring tissue blood flow using intravascular tracers in

MR imaging. Using the Central Volume Principle (CVP), derived from indicator-dilution

theory, they prove that

MTT =
V

F
=

∫ ∞

0

th(t) dt (2.1)

where V is the volume of blood in the organ, F is the flow rate, and h(t) is the distribution

of times required for the tracer to move through the system, i.e. the transit time. They

also critique the method challenging the correct interpretation of MTT under the Central

Volume Principle. Weiskoff demonstrated that the first moment of the concentration-time

curve obtained from tomographic imaging does not directly equate to MTT, which is given

by the ratio of blood volume (V ) to flow (F ). Instead, the authors show that the first

moment of the MR signal corresponds to a higher-order moment of the underlying transit-

time distribution, which necessitates careful modeling or relative comparisons for accurate

flow estimation. For an outflow experiment, MTT is calculated as the normalized first

moment of the tracer concentration at the exit vein:

MTT =

∫∞
0
tcout(t)dt∫∞

0
cout(t)dt

(2.2)

where cout(t) is the tracer concentration at the outlet. However, in MR imaging, the signal

reflects the fraction of total tracer remaining in the tissue, R(t), rather than the outflow

concentration. The relationship between R(t) and the transit time distribution h(t) is given
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by:

R(t) = 1−
∫ t

0

h(t)dt (2.3)

The first moment of the MR signal, <tMR>, is related to the second moment of h(t), leading

to:

<tMR> =

∫∞
0
tR(t) dt∫∞

0
R(t) dt

=
< t2 >

2 < t >
(2.4)

where <t> and <t2> are the first and second moments of h(t). According to Weiskoff,

this discrepancy means that <tMR> systematically underestimates the true MTT unless

corrected for vascular topology.

Østergaard12 uses the CVP in his methodological framework for calculating MTT using

Dynamic Susceptibility Contrast MRI (DSC-MRI) which is a bolus-tracking method that

quantifies cerebral perfusion. The calculation of MTT is rooted in tracer kinetics and relies on

the interplay between Cerebral Blood Flow (CBF), Cerebral Blood Volume (CBV), and the

residue function, where the residue function describes the fraction of contrast agent present

in the vasculature at any given time after injection. The process involves several theoretical

and computational steps, each supported by specific equations. Using the CVP in this

context, the definition of MTT becomes MTT = CBV/CBF . This equation elegantly links

MTT to two fundamental hemodynamic parameters. To derive MTT, Østergaard’s work

first explains how CBV is obtained by integrating the area under the tissue concentration-

time curve Ct(t) during the first pass of the contrast agent. The concentration-time curve is

derived from MRI signal changes using the following relationship.

Ct(t) = −
k log

(
S(t)
S(t0)

)
TE

(2.5)

where S(t) is the signal intensity at time t, S(t0) is the baseline signal, TE is the echo time,

and k is a proportionality constant. CBV is then given by the ratio of the integrals of the
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tissue and arterial concentration-time curves.

CBV = −
∫∞
−∞Ct(t) dt∫∞
−∞Ca(t) dt

(2.6)

Here, Ca(t) represents the Arterial Input Function (AIF), which is measured in a major

artery supplying the tissue. In practice, absolute CBV quantification is challenging due to

partial volume effects. Partial volume effect underestimates the blood volume because it

takes the weighted-average of the MR signal if both tissue and blood vessel are detected in

a single voxel. In such cases, relative CBV is often reported by integrating the tissue curve

alone.

The extraordinary contribution of Østergaard’s work to science is the determination of

CBF. It is determined by deconvolving the tissue concentration-time curve with the AIF. This

process isolates the residue function R(t), which describes the fraction of tracer remaining

in the vasculature at time t after an ideally instantaneous injection. The relationship is

expressed by the following convolution integral.

Ct(t) = CBF · Ca(t)⊛R(t) (2.7)

Solving this equation for R(t) requires deconvolution, which can be performed using model-

independent methods like Singular Value Decomposition (SVD) or Fourier transforms, or

model-dependent approaches that assume specific vascular structures. The SVD method

is particularly robust, as it minimizes noise-related instabilities and provides the residue

function directly. CBF is then derived from the initial height of R(t). Since, the whole

tracer volume was retained in blood initially, i.e., R(0) = 1, CBF equals the initial height

of R(t). Once CBV and CBF are determined, MTT is computed using the central volume

principle.

Mouridsen et al.25 and Larsson et al.26 improve further on Østergaard’s work. The paper

by Mouridsen et al. presents a parametric approach for estimating the MTT of blood through

the cerebral microvasculature using DSC-MRI. The method is based on tracer kinetic theory,
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which is similar to Østergaard’s. The authors calculate the corrected tracer concentration

using the following equation:

κCt(t) = CBF · Ca(t)⊛R(t) (2.8)

where κ is a constant accounting for hematocrit and tissue density. To model the residue

function, the authors assume a gamma distribution for capillary transit times, given by:

h(t|α, β) = −dR
dt

=
1

βαΓ(α)
tα−1e−t/β (2.9)

where h(t) is the transit time distribution, and α and β are shape and scale parameters,

respectively. The MTT is derived asMTT = αβ, and the capillary transit time heterogeneity

(CTH) is CTH = β
√
α.

Larsson et al. use the same method as Østergaard for calculating the MTT of blood

through brain capillaries using dynamic contrast-enhanced T1-weighted MRI (DCE-MRI).

The authors model h(t) using the following gamma-variate function instead of a general

gamma distribution.

h(t) =

[(
t− t0

tmax − t0

)α

exp

(
α

(
1− t− t0

tmax − t0

))]/
A (2.10)

where t0 is the minimal transit time, tmax is the time to peak, α is a shape parameter, and

A is a normalization constant. For this gamma model, MTT and CTH (standard deviation

of h(t)) are calculated as:

MTT =
α + 1

α
tmax, CTH =

√
α + 1

α
tmax (2.11)

The analysis involves fitting the gamma-variate model to DCE-MRI data.

Sassaroli et al.14 in their 2015 study investigate the impact of CTT distributions on

hemodynamic models used in coherent hemodynamics spectroscopy (CHS). The study ex-

tends Fantini’s27 original hemodynamic model, which assumes a single CTT value, by in-

11



corporating a gamma-distributed (Eq. 2.9) CTT to better reflect physiological variability.

The goal is to evaluate how this distribution affects the model’s predictions of oxy- and

deoxyhemoglobin concentrations, as well as average capillary and venous saturations. The

study concludes that the original model suffices for narrow CTT distributions but requires

extension for broader ones.

Klitzman and Johnson’s28 1982 study represents a crucial investigation into the microcir-

culatory dynamics of skeletal muscle, specifically examining how capillary network geometry

influences red blood cell (RBC) distribution and oxygen delivery. In their work, CTT was

used as a key measure to assess oxygen delivery efficiency and flow heterogeneity in the ham-

ster cremaster muscle. The measurements taken by their experiment enabled the calculation

of several derived parameters, including geometric resistance, R = 8L/π(D/2)4, blood flow

Q = (V/1.35) × π(D/2)2, where V is the RBC velocity, incorporating the F̊ahræus effect,

RBC Transit time, T = L/V , and hematocrit, H = (100× 4×Frbc×MCV )/(πD2V ), where

MCV (mean corpuscular volume) was determined to be 63.5 ± 0.3 µm3 for hamster RBCs.

The study examined 218 capillary bifurcations, where fractional flow, Q⋆ = Q1/(Q1 + Q2)

and fractional RBC flux, F⋆ = F1/(F1 + F2) were calculated to assess preferential RBC

distribution.

Presson et al.29 investigates capillary recruitment and transit time in the rat lung, fo-

cusing on how changes in blood flow and pressure affect MTT and gas exchange efficiency.

In this study, the researchers used isolated, pump-perfused rat lungs to measure CTT un-

der varying conditions, including increased flow and elevated venous pressure. Their goal

was to determine how capillary recruitment and transit time distribution influence oxygen

uptake, particularly in species with high metabolic rates like rats, which may have limited

gas-exchange reserves compared to larger animals. To measure transit times, the researchers

employed indicator dilution techniques using fluorescein isothiocyanate-dextran as a plasma

marker. Dye injections were made into the pulmonary artery, and passage through subpleural

capillaries was recorded via video microscopy. The input (arteriolar) and output (venular)

dye concentration curves were analyzed to derive the CTT distribution. The mean transit

time, t was calculated via numerical integration. The variance σ2 and relative dispersion
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RD = σ/t̄ of transit times were also computed to assess distribution homogeneity.

2.1.2 Mathematical Models

Various mathematical models have been proposed to calculate CTT and MTT, ranging

from probabilistic frameworks to network flow. Karst et al.30 presents a methodology for

calculating the MTT in microvascular networks by analyzing transit time distributions across

multiple steady-state configurations. The approach focuses on the probabilistic pathways

of RBCs through the network, incorporating flow dynamics, hematocrit distribution, and

network geometry. The authors apply this methodology to three types of mesh networks,

namely, regular honeycomb, perturbed honeycomb, and fully random, each having distinct

geometric properties. For each network, they identify multiple equilibrium states by solving

nonlinear systems of equations governing flow, pressure, and hematocrit. The calculation of

MTT begins with defining the transit time for a single capillary, derived from the ratio of

vessel volume to flow rate (τ = V/Q). For a network, the transit time of a RBC traversing a

specific pathway is the sum of transit times across all vessels in that path. The probability

of an RBC taking a particular pathway is determined using a Markovian assumption, where

the likelihood of transitioning to the next vessel depends only on the current vessel instead

of the entire history. This simplifies the pathway probability calculation to a product of

conditional probabilities as follows.

P (v1, v2, v3, ..., vn) = P (v1)
n−1∏
i=1

P (vi+1|vi) (2.12)

where P (v1) is the probability of entering the network through vessel v1, and P (vi+1|vi)

is the probability of moving to vessel vi+1 given the current vessel vi. These probabilities

are derived from RBC flow rates and hematocrit values at each bifurcation. The transit

time distribution is constructed by enumerating all possible pathways from inlets to outlets,

computing their associated transit times, and summing the probabilities of pathways with

identical transit times. The MTT is then simply the first moment of this distribution,
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representing the average transit time across all pathways.

Huang et al.31 presents a stochastic simulation model to calculate the MTT of red blood

cells in the human pulmonary circulation, incorporating anatomical and elasticity data of

pulmonary blood vessels. The model simplifies the complex vascular network by converting

connectivity data into probability matrices, enabling efficient computation of transit times

without reconstructing the entire vascular structure. The approach focuses on steady blood

flow conditions and incorporates the hierarchical branching of pulmonary arteries, capillary

sheets, and veins. The method begins with morphometric and elastic property data derived

from silicone elastomer casts of human pulmonary vessels. The vessels are organized using

the Diameter-Defined Strahler System, which classifies them into 15 orders for both arteries

and veins. Connectivity matrices describe the branching patterns between these orders, and

these matrices are transformed into probability matrices. These probabilities determine the

paths red blood cells take through the network, simulating their flow stochastically. For each

path, the transit time is calculated by summing the times spent in arterial segments, the

capillary sheet, and venous segments.

In Huang’s work, the pressure-flow relationships in arteries and veins are modeled using

Poiseuille’s law, adapted for elastic vessels. The vessel diameter D changes linearly with

transmural pressure ∆P , as described by D/D0 = 1 + β∆P , where D0 is the zero-pressure

diameter and β is the compliance coefficient. The flow rate Q in each vessel segment is

derived from a fifth-power law as follows.

640µβD0L

π
Q = D5

0

[
(1 + β∆Pentry)

5 − (1 + β∆Pexit)
5
]

(2.13)

where µ is blood viscosity, L is vessel length, and ∆Pentry and ∆Pexit are transmural pressures

at the segment ends. The capillary sheet is modeled using sheet flow theory, where the

thickness h depends on the pressure difference between blood and alveolar gas satisfying
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h = h0 + α(P − PA). The flow rate through the capillary sheet is given by

Q̇ = k

{[
h0 + α(PartPA)

]4 − [
h0 + α(PvenPA)

]4}
(2.14)

where the constant k incorporates geometric and viscous factors. Transit times for individual

segments are calculated by integrating the flow rates and volumes. For example, the volume

V of an elastic vessel is given by

V =
π

4
D2

0L
(
1 + βPentry + βPexit +

1

3
β2P 2

entry +
1

3
β2P 2

exit +
1

3
β2PentryPexit

)
(2.15)

where Pentry is the pressure at the entrance and Pexit is the pressure at the exit of the vessel.

The transit time for such a segment is then V/Q. The total transit time for a red blood

cell is the sum of times across all segments in its path. By simulating thousands of such

paths, the model generates a frequency distribution of transit times from which the MTT is

derived.

Payne et al.32 present a comprehensive approach of calculating the MTT in vascular

networks, focusing on how transit time distributions encode information about vascular

structure and flow dynamics. The analysis begins with the fundamental equation for transit

time (TT) in a single vessel, derived from the Hagen-Poiseuille equation, which states that

TT depends on the driving pressure drop ∆P , blood viscosity µ, and the geometric ratio of

vessel length to radius (L/R). For a single vessel, the transit time T is given by

T =
8µ

∆P

(
L

R

)2

(2.16)

This equation is extended to a pathway i consisting of multiple vessels, where the total

transit time Ti is the sum of the transit times of each vessel along the pathway.

T =

Ji∑
j=1

8µij

(∆P )ij

(
L

R

)2

ij

(2.17)
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Here, Ji represents the number of vessels in pathway i, and ∆Pij is the pressure drop across

vessel j in pathway i. The constraint that the total pressure drop across the network ∆PN is

the sum of the pressure drops across all vessels in any pathway is also imposed. To simplify

the calculation, the pressure drop fraction xij is introduced, defined as xij = ∆Pij/∆PN .

This allows the transit time to be rewritten in terms of non-dimensional viscosity µ′
ij and

slenderness ratio sij, where µ
′
ij = µij/µ0 and sij = (Rij/R0)/(Lij/L0). The characteristic

values R0 and L0 are used to define a small parameter ϵ = R0/L0 . The transit time

expression then becomes,

Ti =
8µ0

∆PNϵ2

Ji∑
j=1

µ′
ij

xijs2ij
(2.18)

The paper further connects MTT to the network’s permeability kp, which relates the network

flow rate qN to the pressure drop ∆PN by kp/µ0 = qN/∆PN . Substituting this into the transit

time equation yields

Ti =
8kp
qnϵ2

Ji∑
j=1

µ′
ij

xijs2ij
(2.19)

The central volume principle (CVP) is then employed to relate MTT to cerebral blood

volume (CBV) and cerebral blood flow (CBF) as MTT = CBV/CBF .

Goirand et al.33 investigates the role of microvascular network architecture in determining

blood flow and transport quantities, including the MTT of blood through the cerebral mi-

crocirculation. The study employs highly resolved simulations of blood flow in microvascular

networks with high degree of anatomical realism, coupled with a Continuous-Time Random

Walk (CTRW) theory, to analyze the distribution of blood travel times and their implica-

tions for oxygen delivery and waste clearance. The authors simulate blood flow in a dense

capillary network (∼ 15,000 vessels) that was digitized from a mouse cortex, incorporating

non-linear behavior of blood rheology and red blood cell dynamics. The flow rate Q in each

vessel is computed, and the transit time t for a single vessel is derived as t = lπd2/4Q, where

l is vessel length and d is diameter. The probability density function of vessel transit times
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follows a Cauchy distribution given by the following equation.

pt(t) =
2

πtc

(
1

1 + ( t
tc
)2

)
(2.20)

Where, tc is a characteristic transit time. This distribution exhibits a power-law decay

pt(t) ∼ t−2 for long transit times, reflecting the broad heterogeneity of flow rates in the

network. The authors develop a mean-field transport model to describe the PDF of network

travel times pT (T ), which transitions from a power-law to a stretched exponential behavior.

pT (T ) ∼
((
T − T0)/τ1 + L0

)−2

for T < Tc , (2.21)

pT (T ) ∼
(
T

Tc

)−3/4

exp

(
− Lc

L∗

(
T

Tc

)1/4)
for T > Tc . (2.22)

where L0 and Lc are characteristic lengths, L∗ is a parameter of the exponential decay, and

τ is the diffusion time. This model accounts for the dipole-driven (i.e., driven by a source

and a sink) distribution of trajectory lengths and provides a good approximation for oxygen

transport, which is dominated by shorter travel times. For solutes with lower diffusivity, such

as amyloid-β, the authors extend the model using CTRW theory to incorporate random flow

fluctuations in the capillary network, yielding a power-law decay pT (T ) ∼ T−3.

2.2 Path Tracing Techniques: A Dosimetric Perspec-

tive

Radiation dosimetry is the scientific measurement, calculation, and assessment of the ab-

sorbed dose delivered by ionizing radiation to matter. It is a fundamental aspect of radiation

protection, medical imaging, and cancer therapy, used to ensure that radiation is adminis-

tered safely and effectively in diagnostic and therapeutic procedures. Dosimetry involves

quantifying how much energy from radiation is deposited in a given mass of material, usu-

ally expressed in units such as the gray (Gy) or sievert (Sv), depending on the context.
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Radiation dosimetry plays a vital role in both external beam radiotherapy and radiophar-

maceutical therapy, focusing on the accurate calculation of absorbed doses in both target

and surrounding healthy tissues. Its goal is to maximize therapeutic effectiveness while

minimizing potential side effects.

Dose calculation primarily relies on solving the Boltzmann Transport Equation (BTE).

Deterministic and stochastic methods are the two main approaches for tackling this equation.

Deterministic methods solve the transport equation directly using numerical techniques like

the finite difference or the finite element methods. These approaches provide smooth, fast,

and repeatable results by approximating the solution to the Boltzmann transport equation

under defined boundary and source conditions. They are efficient for simple geometries and

high-throughput clinical planning systems but may struggle with highly heterogeneous me-

dia, complex geometries, or low-dose regions due to resolution and approximation limits.

In contrast, stochastic methods, primarily Monte-Carlo (MC) simulations, rely on random

sampling of particle histories to statistically estimate energy deposition and radiation trans-

port. At its core, the Monte-Carlo method involves simulating a process many times with

randomized inputs drawn from known probability distributions. The law of large numbers

ensures that, as the number of simulations increases, the results converge to an accurate

approximation of the true value. This makes the method particularly useful for modeling

phenomena with inherent randomness or complex geometries. These methods track millions

of particles through detailed geometries, using probabilistic models for interactions based on

cross-section data. Monte-Carlo methods are widely considered the gold standard for dose

calculations because of their high accuracy and versatility, particularly in complex anatom-

ical regions or mixed radiation fields.

2.2.1 The Monte-Carlo Method

Monte-Carlo methods in radiation dosimetry simulate the complex journeys of particles, such

as, photons, electrons, and neutrons, through matter, scoring energy depositions to evaluate

absorbed dose34. In software packages such as MCNP35 and PHITS36, the primary objective
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is to numerically solve the BTE, which governs how particles interact with heterogeneous

media. The continuous-energy Boltzmann transport equation for a particle species is as

follows8.

1

v

∂ψ(r, E,Ω, t)

∂t
+ Ω · ∇ψ + Σt(r, E)ψ =

∫
E

∫
4π

Σs(r, E
′ −→ E,Ω′ −→ Ω)ψ dE ′dΩ′ + S

(2.23)

Where ψ denotes angular flux as a function of position r, energy E, direction Ω and time

t, Σt and Σs are total and scattering cross sections, and S is the source term. Monte-Carlo

simulation interprets this equation by tracking individual particles, also known as ‘histo-

ries’, from source emission until absorption or leakage, sampling interaction lengths, event

types, scattering angles, and energy deposition based on underlying probability distributions

sampled from nuclear and atomic cross-section databases.

The Monte-Carlo algorithm begins by sampling an initial position, direction, and energy

from a defined source. The distance to the next interaction is found using the following

formula8.

l = − ln ξ

Σt(E)
(2.24)

Where, ξ is a uniform random number between 0 and 1. At each step, a collision is sampled

according to the relative probabilities of competing interaction channels. For photons this

might include photoelectric absorption, Compton scattering, or pair production; for elec-

trons, a continuous-slowing-down approach with condensed history methods is employed. A

detailed treatment of this method can be found here8.

Commercial codes like MCNP typically tally doses via energy deposition or track-length

flux tallies graded by cell. For example, the local absorbed dose in a volume V is estimated

19



by the following formula.

D =
1

ρV

n∑
j=1

wjEdep,j (2.25)

Where, wj is the statistical weight, Edep,j is energy deposited during the jth history in

that cell, and ρ is the mass density. Dose uncertainty is quantified by tracking the sample

variance, which typically converges as 1/
√
N , N being the number of histories. Dose scoring

may also use fluence-based estimators such as mass-energy-absorption coefficients.

D =

∫
ψ(r, E) µen(E)

E

ρ
dE (2.26)

Where, µen is the energy-absorption coefficient. Alternatively, direct energy deposition tallies

are used, especially with coupled photon-electron transport.

2.2.2 Existing MC frameworks, software packages and their use

in dosimetry

Several MC frameworks and software packages have been developed, each with unique fea-

tures tailored to specific applications in reference dosimetry, detector response simulations,

and treatment planning. Among the most widely used MC systems are EGSnrc37, PENE-

LOPE38, GEANT439, MCNP35, PHITS36, and FLUKA40, each employing different algo-

rithms for particle transport, particularly in handling electron interactions and interface

effects34.

EGSnrc, an evolution of the EGS4 system, is one of the most established MC codes in

medical physics. It incorporates advanced electron transport algorithms such as PRESTA41

(Parameter Reduced Electron-Step Transport Algorithm) and PRESTA-II42 to address boundary-

crossing artifacts and improve accuracy in heterogeneous media. EGSnrc is widely used

for calculating stopping-power ratios (SPRs), perturbation correction factors for ionization

chambers, and small-field dosimetry. The BEAMnrc43 and DOSXYZnrc44 user codes, built
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on EGSnrc, specialize in simulating linear accelerator (linac) treatment heads and patient

dose distributions, respectively. These tools are critical for validating treatment planning

systems (TPS) and benchmarking experimental measurements.

PENELOPE (Penetration and Energy Loss of Positrons and Electrons) is another ro-

bust MC system, known for its sophisticated handling of low-energy electron transport and

condensed-history techniques. Unlike EGSnrc, PENELOPE avoids interface artefacts by dy-

namically adjusting step sizes near material boundaries. This makes it particularly suitable

for simulating ionization chambers and other detectors where electron scattering effects are

significant. User codes like PENLINAC45 and PRIMO46 extend PENELOPE’s capabilities

to model clinical linacs and compute 3D dose distributions in patient CT datasets. PRIMO,

for instance, integrates linac head simulations with patient dose calculations, providing a

streamlined workflow for clinical applications.

GEANT4, originally developed for high-energy physics, has been adapted for medical

dosimetry due to its flexibility in geometry modeling and support for diverse particle types.

It employs an interaction-by-interaction approach, making it highly accurate but computa-

tionally intensive. The GAMOS47 framework simplifies GEANT4 for medical applications,

offering pre-configured physics models and scoring options for radiotherapy simulations.

GEANT4 is often used in proton and heavy-ion therapy, where nuclear interactions play

a significant role, as well as in brachytherapy dose calculations.

MCNP (Monte-Carlo N-Particle), developed by Los Alamos National Laboratory, is

widely used in radiation protection and shielding but also finds applications in radiother-

apy. MCNP6, the latest version, includes enhanced electron-photon transport and support

for complex geometries, making it useful for brachytherapy source modeling and kilovoltage

(kV) dosimetry. However, its adoption in megavoltage (MV) photon beam simulations is

less common compared to EGSnrc or PENELOPE due to historical focus on neutron and

nuclear physics.

FLUKA, another multi-particle transport code, excels in simulating mixed radiation

fields, including neutrons and high-energy hadrons. While less common in conventional pho-

ton/electron therapy, it is valuable in proton therapy and space radiation studies. FLUKA’s
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detailed nuclear interaction models make it suitable for secondary neutron dose calculations

in radiotherapy bunkers and proton therapy systems.

MC simulations serve three primary roles in radiotherapy– reference dosimetry, detector

response modeling, and treatment planning. MC calculates fundamental dosimetric quan-

tities such as SPRs (e.g., water-to-air) and mass energy-absorption coefficients, which are

essential for converting detector readings to absorbed dose. Codes like EGSnrc and PENE-

LOPE are preferred due to their validated electron transport algorithms. MC models how

detectors (ionization chambers48, diodes49, diamond detectors50) perturb radiation fields,

correcting for effects like cavity displacement, wall attenuation, and stem scattering. The

software packages employs various variance reduction techniques (e.g., correlated sampling)

to efficiently compute chamber-specific correction factors. Such simulations are critical for

small-field dosimetry, where detector size and composition significantly influence measure-

ments. MC-based TPS (e.g., PEREGRINE51, XVMC52, DPM53) simulate dose distributions

in patient CT datasets, addressing limitations of analytical algorithms in heterogeneous tis-

sues.

2.3 Computational human phantoms in dosimetry

Computational human phantoms (CHPs) are digital models of human anatomy that play a

crucial role in estimating radiation doses absorbed by tissues and organs. These models are

widely used in medical imaging, radiation therapy, and radiation protection, where direct

measurement of internal doses is difficult or in some cases impossible to determine. Over the

years, CHPs have evolved from simple geometric representations to highly detailed, patient-

specific models, enabling more accurate and personalized dose calculations54;55. Their devel-

opment has been driven by advances in medical imaging, computational power, and simula-

tion techniques, making them indispensable tools in modern dosimetry.

The earliest CHPs were stylized or mathematical phantoms, which used basic geometric

shapes like spheres and cylinders to approximate organs and tissues. While computation-

ally efficient, these models lacked anatomical accuracy. Voxel-based phantoms, derived from
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CT or MRI scans, improved realism by representing anatomy as a 3D grid of voxels. How-

ever, their discrete nature introduced stair-step effects, limiting precision for small or thin

structures. Boundary representation (BREP) phantoms, such as NURBS or polygon mesh

models, overcame this by using smooth surfaces to define organ boundaries, allowing for

deformations like posture changes and organ motion. Hybrid phantoms combine voxel and

BREP techniques to balance accuracy and computational efficiency, while newer tetrahedral

mesh phantoms further optimize simulations by reducing the number of surface facets.

Different MC packages utilize CHPs in distinct ways. Geant4, for example, supports

BREP and tetrahedral mesh phantoms directly, enabling detailed simulations without vox-

elization. It is widely used in ionizing and non-ionizing radiation studies, including MRI

safety assessments56. MCNP (e.g., MCNP6) and PHITS traditionally rely on voxel phantoms

but are adapting to mesh formats for improved accuracy, particularly in radiation protection

and nuclear medicine dosimetry. EGS4 and PENELOPE often employ voxel phantoms for

radiotherapy and diagnostic imaging dose calculations. GPU-accelerated codes like GATE57

leverage voxel or hybrid phantoms for rapid simulations in complex scenarios, such as 4D

radiotherapy planning.

2.4 Combination of Hemodynamic Simulation and Par-

ticle Transport Using Computational Phantoms In

Radiation Therapy Models

Particle transport using computational phantoms has been briefly discussed in section 2.3.

Primarily it has been used for dose calculation in external radiotherapy and radiation pro-

tection purposes. But with the advancement of latest technologies like FLASH and various

radiophermaceuticals for internal radiotherapy, accounting for the distribution of blood to

various organs has become very important. Blood flow simulation tools, used in conjunction

with particle transport, can potentially create highly accurate dose volume histograms.
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Correa-Alfonso et al.58 presented a novel computational approach to model the hep-

atic vasculature within the liver to enhance dosimetric accuracy for radiopharmaceutical

therapies. The research focuses on differentiating radiation dose deposition between liver

parenchyma and blood vessels, which is critical for accurate dose assessment in nuclear

medicine. The study utilizes the International Commission on Radiological Protection

(ICRP) adult mesh-type reference computational phantoms (MRCP)59 for the adult male

(AML) and female (AFL) livers. These phantoms are tetrahedral mesh models, which offer

flexibility in representing complex anatomical structures compared to traditional voxel-based

models. The liver was segmented into eight anatomical regions based on the Brisbane 2000

system60, ensuring alignment with clinical liver anatomy.

To model the hepatic vasculature, the study employed a constrained constructive opti-

mization (CCO)61 algorithm to generate virtual binary trees representing the hepatic arterial

(HA), hepatic portal venous (HPV), and hepatic venous (HV) circulations. The algorithm

constructs these trees by iteratively adding vessel segments, ensuring adherence to physi-

ological principles such as Poiseuille’s law62 for blood flow and Murray’s law63 for vessel

bifurcations. The vessels were modeled as rigid cylindrical pipes with radii ranging from

several millimeters down to 0.1 mm, excluding smaller structures like capillaries and sinu-

soids. The algorithm updated pressures and flow rates dynamically as new vessels were

added, maintaining conservation of blood flow and minimizing intersections between vas-

cular trees. The study used the PHITS Monte-Carlo radiation transport code to simulate

energy deposition from alpha particles, electrons, positrons, and photons accounting for ra-

dionuclide decay sites within the liver vessels as well as outside of the vessels within the liver

blood pool. The tetrahedral mesh models were coupled with PHITS to compute specific

absorbed fractions (SAFs), which quantify the energy deposited in target regions per unit

source activity. The absorbed dose D(rT ) to a target region rT was calculated using the

MIRD schema64, which is as follows.

D(rT ) =
∑
rs

Ã(rs)S(rT ← rs) (2.27)
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Where, Ã(rs) is the time-integrated activity in the source region, and S(rT ← rs) is the

mean absorbed dose to the target region per nuclide decay in the source region.

The 2021 study by Shin et al.65 introduces Hematological Dose (HEDOS), a compu-

tational framework designed to estimate radiation dose to circulating blood cells during

external beam radiotherapy. HEDOS employs a discrete-time Markov process to simulate

blood circulation across 28 organs, based on ICRP Publication 8966 reference values for blood

volumes and flow rates. The framework models blood as discrete Blood Particles (BPs), each

representing 0.053 mL of blood, and tracks their spatiotemporal distribution. They use the

transition probability matrix, P, to simulate the Markov process. The matrix consists of

elements like the following.

pij =
Fj

Vi
(2.28)

Here, pij is the probability of a BP moving from organ i to organ j, Fj is the outflow rate

to organ j, and Vi is the volume of organ i. To ensure realistic blood flow dynamics by

preventing newly entered BPs from exiting too quickly, a time-dependent Weibull model is

used.

li(τ ;λ, κ) = 0.5
(
1− exp(−(τ/λ)κ)

)∑
i ̸=j

pij (2.29)

Here, τ is residence time, and λ, κ are Weibull parameters. The model accounts for re-

circulation, where BPs may re-enter irradiated organs multiple times during treatment, sig-

nificantly affecting cumulative dose. For dose calculation, HEDOS convolves the blood path

distribution with time-dependent organ dose-volume histograms (DVHs) from treatment

plans. The dose to each BP is computed by randomly sampling dose values from DVHs

during irradiation and accumulating dose over time, accounting for re-entry into irradiated

fields.

The study by Shu Xing et al.9 presents a novel four-dimensional (4D) dynamic liver blood

flow model designed to estimate the absorbed dose to circulating blood cells, particularly
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lymphocytes, during liver-directed external beam radiotherapy. The study utilized polygon-

mesh computational phantoms derived from the International Commission on Radiological

Protection (ICRP) reference adult male (AM) and adult female (AF) models66;67. These

phantoms included detailed anatomical representations of the liver, segmented into eight

functional regions based on the Couinaud classification68;69 to reflect physiological blood

supply patterns. This study combines the method developed by Correa-Alfonso et al.58

and Shin et al.65 to model the vasculature and the blood flow. The vascular trees were

constructed using an in-house algorithm based on the CCO method.

The study employed a two-tiered approach to simulate blood flow: whole-body circulation

and explicit tracking within the liver vasculature. For whole-body circulation, a discrete-

time Markov Chain model was used to simulate the spatiotemporal distribution of blood

particles (BPs) across 28 organs. Each BP represented a finite volume of blood cells, and

its trajectory was determined probabilistically based on organ-specific blood volumes and

flow rates derived from ICRP Publication 8966. The model simulated 100,000 BPs with

a 1-second time resolution over a 10-minute period, ensuring statistical robustness. Key

parameters included cardiac outputs of 6.5 L/min (AM) and 5.9 L/min (AF) and liver

residence times of 19.2 s (AM) and 14.4 s (AF).

For BPs entering the liver, an explicit Monte-Carlo simulation was implemented to track

their propagation through the vascular trees. The simulation recorded the spatial coordinates

of each BP every 0.1 seconds as it traversed the HA, PV, or HV trees. BPs entering via the

HA or PV trees were routed probabilistically at bifurcations, with branching probabilities

proportional to the squared vessel radii in accordance with Murray’s law. Upon reaching

terminal vessels, BPs transitioned to the HV tree and exited the liver via the inferior vena

cava. This approach allowed for precise dose accumulation as BPs interacted with time-

varying radiation fields. The dose to circulating blood was computed by integrating the dose

rate over the BP paths during radiation delivery. The accumulated dose for a BP after one
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fraction was calculated as follows.

di =
∑
k

dk(x, t)∆t (2.30)

where dk(x, t) is the dose rate at position x and time t, and ∆t is the time step (0.1 s).

The study by Hammi et al.70 introduces a four-dimensional (4D) computational blood

flow model designed to estimate radiation dose to circulating blood cells, particularly lympho-

cytes, during intracranial radiotherapy. By integrating detailed vascular anatomy, explicit

blood particle tracking, and dynamic dose accumulation, the framework provides insights

into how treatment parameters, such as modality, dose rate, and patient physiology, af-

fect lymphocyte depletion. The study combines anatomy-based and generic computational

voxel phantoms to simulate cerebral blood flow. Major vasculature (e.g., anterior/posterior

cerebral arteries, superior sagittal sinus) was segmented from high-resolution 3D MRI data

(T1/T2-weighted) using thresholding and 3D thinning algorithms in MATLAB. The blood

flow model uses explicit Monte-Carlo tracking of blood particles (BPs) to model spatiotempo-

ral dose accumulation. A Markov Chain approach simulates BP distribution across 32 organ

compartments (e.g., heart, lungs) based on ICRP Publication 8966 hemodynamic data. The

model accounts for cardiac output (6.5 L/min for adults), blood volume (5.3 L), and organ-

specific flow rates. For BPs entering the brain, the model tracks their propagation along

vascular paths with a time resolution of 10 ms. The BP count is derived as follows.

NB =
∑
i

fBP

v̄

∫
pi dxdydz (2.31)

Here, fBP is the pulsing rate, v̄ is average blood speed (90 mm/s), and pi represents vascular

trajectories. Dose to each BP is computed by integrating dose rates along its path during

beam delivery.

DID =
N∑

path

ḋ(x, t)

v̄(x)
∆x (2.32)
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Where, ḋ(x, t) is the voxel-specific dose rate, ∆x is the step length, and N is the number of

BP re-entries into the radiation field.

Beekman et al.71 proposed an improved method over HEDOS65. Beekman divided the

human body into 32 organ compartments (e.g., heart, lungs) based on ICRP Publication

89 hemodynamic data (blood volume, flow rates). Blood flow is modeled as a stochastic

Markov process, where blood particles (BPs) transition between compartments with dwell-

time-dependent probabilities. For high-resolution dose calculation, organs like the liver or

lungs can be replaced with detailed vasculature graphs (e.g., hepatic arterial trees). These

are represented as directed graphs. A surrogate capillary vessel corrects for unmodeled

microvasculature, preserving MTT. The model tracks 100,000 BPs, which is scalable as per

the user’s requirement, with a 50 ms time resolution to simulate continuous flow.

The extraordinary improvement that this work offer over HEDOS is the use of diffeo-

morphic image registration, i.e., to warp phantom vasculature to patient anatomy while

preserving topology. It introduces patient-specific adjustments (e.g., cardiac output, tumor

perfusion) via imaging or literature. It also introduced random walk for BPs in stochastic

compartments instead of uncorrelated jumps in HEDOS, better mimicking vascular flow. In-

stead of assuming exponential transit times, which causes equilibrium shifts, this work uses

Weibull distributions (corresponds to κ = 2 in Eq. 2.29) to ensure realistic transit delays.

It introduces a hazard function based on survival analysis to correctly model dwell-time-

dependent transitions, where HEDOS relies only on the Weibull distribution. The hazard

function is given by

p(τ) ≃ h(τ)∆t =
f(τ)∆t

s(τ)
(2.33)

Here, h(τ) is the hazard function which describes the probabilistic rate at which particles

leave, s = 1 − F is the survival function, where F is the cumulative density function of

transit times, and f(τ)∆t is the probability the particle leaves in the time window τ +∆t.
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2.5 Challenges of Using Existing Methods for Path-

Tracing in Computational Phantoms

At this juncture, it is important to take a closer look at the existing literature mentioned so

far and make evaluations on how they fall short in addressing the goals of this research. The

primary goal of the current research is to develop a path-tracing framework that can follow

the vascular networks inside the phantom. The developed framework should be flexible and

robust so as to meet patient-specific requirements, easily transferrable to different types of

phantoms, and accommodating to facilitate determination of secondary quantities, such as

MTT.

The first challenge to achieve these goals is to determine a computational phantom that

not only provides a realistic representation of the vascular networks but also preserves the

anatomical accuracy, i.e., actual structure, surface, and volume of a patient’s body or a

particular organ of interest. The mesh phantoms are highly accurate in representing the

surface of the organ. They are developed using voxel phantoms by fitting analytical surfaces

over the outer periphery. This is a toilsome process that requires tremendous effort and

pre-processing. The voxel phantoms are generated with greater ease using CT/MRI imaging

data. This takes much less time and effort than the mesh phantoms, which translates to

high patient specificity. Voxel phantoms conserve organ-volume, which is essential in dose

calculation. The key setback of using traditional voxel phantom is its stair-step surface

condition. This stair-step effect introduces overestimation in surface area which results

in error in temperature distribution. Amare et al.72 proposes a structured mesh cleaving

method which can reduce the surface error to only 16%, which makes the use of voxel

phantoms more promising. Hence, this work will focus on using voxel phantoms.

The next challenge is to obtain a realistic vascular network for the flow simulation. In

voxel phantoms, vascular structures are segmented from the imaging data. The vasculature

in the human body ranges from centimeters to microns in radius, with typical values being

1.25 cm for aorta, 3 µm at the capillary bed, and 1.5 cm at vena cava73. CT/MRI imaging

29



devices cannot resolve features across this range. It can only resolve up to a few millimeters.

Hence, a large portion of vascular structures are lost if voxel phantoms are used and the net-

work becomes discontinuous. To simulate the vessels beyond this point, one has to perform

mathematical modeling of blood vessels or use some vasculature generation algorithm. The

works of Correa-Alfonso et al.58, and Xing et al.9 rely on algorithmic vascular generation

using CCO model. They grow the vascular network up to 100 µm diameter, covering an

acceptable range of diameters. But the challenge of using this method with voxel phantoms

is that the modeling of smaller vessels require smaller voxels, which can cause the total voxel

count to skyrocket. Consequently, it will become a computational burden. Another impor-

tant aspect of Correa-Alfonso’s and Xing’s works is that the arteries are directly connected

with the veins at their terminal end. They completely disregard the capillary bed. Blood

flow is the slowest in capillary bed and important phenomena like gas and nutrients exchange

occur at this level. Omitting them introduces major errors in flow distribution across the

tissues and makes the model unfit for many potential uses like study of oxygen exchange

and MTT calculation. Hodneland’s74 work proposes a mathematical model to simulate the

pressure continuity of the blood flow beyond the segmentable vessel. In his work, flow in the

capillary bed is modeled by a porous medium assumption while the unresolved vasculature

representing arterioles and venules smaller than the segmented vessels but bigger than the

capillary bed is modeled by a pressure drop parameter accounting for the flow resistance of

this level.

Another challenge in employing voxel phantom is to find a suitable blood flow model

that successfully couples the 1D vessel flow with 3D porous medium. The VaPor model by

Blowers et al.75 provides a solution to this problem. It takes all the voxels that intersects

a terminal vessel and exchanges blood with these voxels, while the other voxels rely solely

on perfusion. This mass transfer across the domains is controlled by the inter-domain mass

transfer parameter. This model lacks the ability to couple pressure gradient with the inter-

domain mass transfer. Moreover, calculation of flow rate at every terminal becomes difficult

in large domains. A more robust way to couple the terminals to the tissue voxels is found in

the works of Heltai et al.76 In this work, the tissue is modeled as a 3D elastic matrix, while
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the vasculature is represented as a 1D network of cylindrical vessel segments. Each vessel is

defined by its centerline and radius. The coupling is achieved by introducing hypersingular

forcing terms in the 3D elasticity equations. These terms represent the effect of blood

pressure on the tissue without explicitly resolving the 3D vessel geometry. They use the

Dirac delta function, approximated by a modified cosine function, providing a smooth and

compact support to enable numerical implementation. This model very efficiently handles

the decoupling of 1D vasculature from 3D mesh, enabling efficient simulation of complex

networks. It also avoids explicit 3D discretization of thin vessels, relying instead on 1D

centerline data. However, this method does not have any provision to handle the oxygenated

and deoxygenated state of blood. Hodneland’s74 framework provides a complete model of

blood flow simulation encapsulating both 1D vessels representing segmentable arteries and

veins and the 3D tissue approximated by two-compartment porous medium. In this model,

the blood flow in arterial and venous vessel is modeled with classical Hagen-Poiseuille pipe

flow equations, whereas the capillary bed is modeled using Darcy’s equation for porous

medium. The unsegmented vasculature, which is the point of coupling in 1D-3D domain, is

governed by a Dirac delta distribution with the pressure coupling provided by the pressure

drop parameter. Later Amare, in his 202072 and 202277 work, adapted this method into

a full fledged multiphysics simulation framework, named VoM-PhyS, to simulate mass flow

and heat transfer in voxelized domains. The present work adopts this framework for the

blood flow simulation. A more detailed overview of this framework is given in section 3.1.

Finally, the last component of a complete blood-flow driven path-tracing framework is

the path-tracing algorithm. The existing Monte-Carlo algorithms are developed to facilitate

the path tracing of subatomic and charged particles like proton, neutron, photon, electron

and alpha particles. These particles take random tracks according to their respective inter-

action probabilities (i.e., cross sections) through the given medium. Hence, the existing MC

packages cannot be readily used to track the blood corpuscles or other particles of interest

that follow the vasculature. The work of Shin et al.65 suggests a discrete time Markov pro-

cess to simulate the probabilistic nature of blood particle tracks, but this method cannot

be used directly in the case of this study, because it generates the path distribution using
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transition probabilities depending on whole body organ network, not explicitly described

vascular tree. Xing et al.9 proposes a modified Monte-Carlo simulation for the path tracing

through the vascular tree inside the liver. In this work, BPs entering via the HA or PV

trees were routed probabilistically at bifurcations, with branching probabilities proportional

to the squared vessel radii. This model also fails to be applicable to the current study be-

cause of the nature of vascular tree it uses. The vascular tree used in this work is shunted

at the arterial terminal with the venous terminal, which disregards capillary bed. For the

purpose of the current work, a new Monte-Carlo framework relying solely on flow rate will

be developed in chapter 3, which accommodates not only tracing inside the vasculature, but

also the capillary bed and the conjunction of these two domains.

2.6 Research Goals Revisited

Section 2.5 elaborates on the challenges in applying the current state-of-the-art presented

in the preceding sections to meet the aims of the current research. It also points out the

junctures where the current research can take up the existing knowledge and use it to advance

the goal of this study. This section summarizes the goals of this research, outlining how

insights gathered from the literature review will be applied to accomplish the intended goals.

• To represent the anatomical structures and vascular geometry, this study will resort to

the voxelized domains used in the works of Hodneland74 and Amare77. The imaging

data and computational domains available from the stated works will be used through-

out this work.

• To simulate the blood flow in the stated domain, the VoM-PhyS Framework developed

by Amare et al.77 will be invoked. The details of this simulation procedure will be

described in chapter 3. The pressure map obtained from the simulation will be heavily

relied on to develop the intended path tracing framework.

• Since no existing MC framework suits the purpose of the current study, a new path-

tracing framework inspired by the ideas of MC methods will be developed in chapter 3.
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This framework will depend on the flow rate at desired locations to generate the random

paths. The framework will also include the calculation of transit time in each path

accommodating for the time elapsed in the unsegmented vasculature.

• Chapter 4 will show the results obtained from the simulation of the proposed frame-

work, discuss its important features, and establish its validity.
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Chapter 3

The Path Tracing Framework

A brief review of various path tracing frameworks and algorithms is provided in chapter 2.

Limitations of these methods in accommodating the needs of the current study have also

been discussed. The current chapter describes a novel path tracing framework to address

the goals of the current study. This path tracing framework is developed based on the VoM-

PhyS Framework77, which is a multidimensional coupled blood flow and heat transfer solver

that operates on voxel phantoms. The proposed framework uses the blood flow modality

of VoM-PhyS and directly uses the results from the blood flow solver to calculate various

quantities that are useful in different stages. The framework is implemented in the voxelized

frog tongue data found in the literature to demonstrate its functionality.

3.1 The VoM-PhyS Blood Flow Solver

A brief review of the blood flow solver within the VoM-PhyS framework is warranted to

ensure continuity and coherence with the path-tracing framework. The VoM-PhyS blood

flow solver relies on Hodneland’s74 mixed-dimensional blood flow simulation framework,

which models macro and micro scale blood flows in a coupled fashion for continuous blood

flow. A schematic of the mixed-dimensional framework is provided in Figure 3.1. In the
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macro-scale, the flow is governed by the Hagen-Poiseuille pipe flow equation.

q̇ji =
πR4

ji

8µLji

(pj − pi) (3.1)

Here, q̇ji is the flow rate from node j to node i, the radius and length of the vessel with

end-nodes j and i are represented by Rji and Lji respectively. µ is the viscosity of blood

and pk is the pressure at node k.

Figure 3.1: Mixed dimensional coupling proposed by Hodneland74. It shows the segmented
vasculatures as tubes and the capillary bed as two-compartment porous medium. The 1D-3D
discontinuity is also visible.

The macro-scale represents the segmentable blood vessels, i.e., vessels that can be recre-

ated from CT or MRI imaging data. These vessels are modeled as 1D pipe networks. Blood

is assumed to be a Newtonian fluid in a steady state laminar flow and pulsatile behavior

is ignored. The micro-scale represents the capillary flow which is modeled as a 3D porous

medium. The porous medium comprises of tissue and capillary bed, which is henceforth

referred to as tissue domain. The transport of oxygen and carbondioxide occurs at this level.

To accommodate the oxygenated and deoxygenated state of blood, each voxel in the tissue
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domain is divided into two compartments, one representing the arterial capillary bed and as-

sociated tissue, the other representing the venous capillary bed and associated tissue. They

are referred to as arterial compartment and venous compartment of the voxel, respectively.

The flow in the tissue domain is dictated by Darcy’s equation for porous medium, which is

as follows.

u = −K
µ
∇P (3.2)

where K represents the permeability of the porous medium and P is the pressure field. The

equation is applicable to both the arterial and the venous compartments, demarcated by

subscripts a and v, respectively.

The transition of blood from oxygenated to deoxygenated state is represented by perfusion

from arterial to venous compartment. This perfusion is driven by the pressure difference of

arterial and venous compartment. The following equation governs this flow.

uperf = α(Pa,i − Pv,i) (3.3)

Here, the parameter α is known as the perfusion proportionality factor, which represents the

flow resistance between the compartments of a voxel. Incorporating Eq. 3.2 and Eq. 3.3 in

the conservation of mass equation ∇ · u = G,

−∇ ·
(
Ka

µ
∇P

)
= −α(Pa − Pv) +

∑
i

Ga,i (3.4a)

−∇ ·
(
Kv

µ
∇P

)
= α(Pa − Pv)−

∑
j

Gv,j (3.4b)

In Eq. 3.4a, the positive source term Ga represents the emergence of oxygen-rich blood from

arterial terminals and the negative perfusion term represents the relocation of blood to the

venous compartment transitioning to deoxygenated state. Conversely, the negative source

term Gv in Eq. 3.4b represents the departure of deoxygenated blood to venous terminals and

the positive perfusion term represents the relocation of blood from the arterial compartment.
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A voxel can receive blood from multiple arterial terminals. Hence, in Eq. 3.4a, the sum of Ga

is over all such terminals. Similarly, a voxel can deliver blood to multiple venous terminals,

which is represented by the sum over all such terminals in Eq. 3.4b.

The exchange of blood between a voxel and a terminal vessel, i.e., Ga and Gv is governed

by the Dirac function, which is as follows.

Gϵ(x) =

∫
Ω

G(y)ηϵ(x− y)dy (3.5a)

ηϵ(x) =
1

ϵn
η(
x

ϵ
) (3.5b)

η(x) =


C exp( 1

|x|2−1
), if |x| < 1

0, if |x| ≥ 1

(3.5c)

∫
Ω

ηϵ(x)dx = 1 (3.5d)

Eq. 3.5a gives the amount of blood that a voxel at location x exchanges with a terminal

artery or vein, where G(y) represents the amount of blood flow in the terminal vessel. Each

voxel receives a different amount of blood depending on its position x, i.e., the distance from

the terminal. Each terminal has a characteristic radius ϵ, which defines its sphere of influence

(SoI). Only the voxels that falls inside the SoI of a particular terminal can exchange blood

with that terminal, described by Eq. 3.5b. The superscript n in Eq. 3.5b is the number of

dimensions of simulation domain. Eq. 3.5c gives the precise definition of the function used

in Eq. 3.5b, which is a modified normal distribution function. Finally, Eq. 3.5d gives the

normalization condition, which means that summing the fractions of flow received by all the

voxels inside the domain Ω of a particular terminal must give the total flow of that terminal.

The last equation that completes the system is the pressure continuity equation between

the terminal and the voxels inside its SoI. In reality, a finer network of vessels exist beyond

the terminal artery or vein, which is not resolvable due to spatial resolution limits of imaging

and limitations of computational capabilities. However, these fine structures pose resistance

to the flow. The following equation relates the pressure at the terminal vessel to the pressures
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at the voxels, incorporating the resistance of the unresolved network.

q̇β,k =
γβ
µ

(
pβ,k −

∑
j

ηϵβ,k(xj − xk)Pβ,jVj
)

(3.6)

Here, q̇β,k is the flow to terminal node k, γβ is the pressure drop parameter which represents

the flow resistance in the unresolved network, pβ,k is the pressure at the terminal node and

Pβ,j is the pressure at the voxel. The subscript β is a placeholder for either the arterial side

a or the venous side v.

Discretization of Eqs. 3.4a and 3.4b can be achieved by invoking the finite volume two-

point flux approximation (TPFA)78. These discretized equations, along with Eqs. 3.1 and 3.6,

form a complete set of linear equations that can be solved to get the pressure at each node

inside the simulation domain. Detailed treatment of the discretization and matrix formation

can be found in the original work of R. Amare et al77.

3.2 The Path Tracing Framework

In accordance with the VoM-PhyS framework, the path that a particle of interest will follow

is comprised of four segments. These include, the path traced in the arterial vasculature, the

path traced in the arterial compartment of the tissue domain, the path traced in the venous

compartment of the tissue domain, and the path traced in the venous vasculature. Each of

these segments has its own rules of choosing steps to trace out a path in its own territory.

The times taken at each step are also calculated using their respective formulae.

To define the framework for the proposed path-tracing algorithm, several simplifying

assumptions are necessary. Firstly, the particles used for path tracing are modeled as point-

like entities that do not undergo any chemical or nuclear interaction with the medium or

each other. Additionally, these particles experience no collisions, either with vascular walls

or other particles, and move purely advectively, possessing the same velocity as the local

blood flow without perturbing it. Vascular junctions are assumed to behave as ideal mixing

chambers, ensuring that path selection is independent of specific locations with respect to
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the centerline of the vessel. Under these conditions, simulating N particles is equivalent to

randomly sampling N paths according to the rules described below.

3.2.1 Path tracing in the arterial vasculature

The path-tracing algorithm begins at the inlet node and iteratively progresses through sub-

sequent nodes, recording each traversed node. In the case of multiple inlets, an inlet is

randomly chosen under the condition that all the inlet nodes are subject to equal probabil-

ity of being chosen. At any branching node where multiple vessels diverge, the next node is

selected stochastically according to a probability distribution proportional to the flow rate to

that node from the current node. Specifically, if n nodes branch from node i, the probability

Pk of selecting node k as the successor is given by:

Pk =
q̇ki∑n
j=1 q̇ji

(3.7)

where q̇ki is the flow rate from node i to node k. The flow rate q̇ is obtained from the

Hagen-Poiseuille equation (Eq. 3.1). Pk is obtained from the blood flow simulation using the

VoM-PhyS model. Figure 3.2 depicts the algorithm in a flow chart.

Figure 3.2: Flow-chart of the path tracing algorithm in arterial vasculature.
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When the terminal node is reached, the particle jumps to a neighboring voxel located

inside the SoI of that terminal node. The probability of a voxel being chosen as the landing

voxel is proportional to the flow being delivered to that voxel. For voxel k within the SoI of

a terminal arterial node j, the probability of being chosen as the landing voxel is also given

by Eq. 3.7. The flow a voxel receives from a terminal arterial node or discards to a terminal

venous node is dictated by the Dirac function given in Eq. 3.5a.

The time taken at each step of the path is calculated simply by dividing the length of

the vessel segment by the speed of the particle in that vessel segment, i.e., t = L/u, where L

is the length of the vessel segment and u is the velocity of the particle. The velocity of the

particle inside the vessel segment depends on the position of the particle along the radial

direction. According to the Hagen-Poiseuille theory of laminar flow in a cylindrical pipe of

radius R, the velocity of a particle at a distance r from the center of the pipe is given by the

following equation.

u =
∆P

4µL
(R2 − r2) (3.8)

Here, ∆P is the pressure drop in the vessel segment. The position of the particle is sampled

from a uniform distribution of points on the cross-sectional face of the vessel. Essentially,

for a vessel of radius R, a random number r is chosen from 0 to R− δ which represents the

distance of the particle from the center of the vessel. This particle may be located anywhere

on the circle of radius r concentric to the vessel. The parameter δ represents the average

radius of an RBC. This parameter is used to emulate the fact that the center of an RBC

located at the outer edge of the cylindrical vessel lies one radius away from the edge. This

provision also helps eliminate sampling a number equal to or infinitesimally close to the

radius R of the vessel where the velocity of the particles is zero or very close to zero. An

example distribution of points sampled on the face of a cylinder is shown in Figure 3.3.

Once a position r for the particle is sampled, the time t elapsed by this particle to cover

40



Figure 3.3: Uniform sampling of points on the face of the vessel. Note the distance δ from
the vessel wall, which bounds the extent of position sampling.

the length L of the vessel segment is obtained. The final equation is

t =
4µL2

∆P (R2 − r2)
(3.9)

At this point, it is important to note that the time elapsed by the particle to jump from

the terminal arterial node to a neighboring voxel is not negligible. No such jump occurs in

a real organ or system inside a living being. Vascular structures exist between these two

locations, which implies that there is a finite time for a particle to traverse this distance.

This inadequacy of the framework in calculating transit time is addressed later in Section 3.3

and a solution is proposed to calculate the time elapsed in this jump.
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3.2.2 Path tracing in the arterial compartment

Once the particle reaches a neighboring voxel of a certain arterial terminal, it traces its path

in the arterial compartment of the tissue domain. Since the tissue domain is a 3D array of

voxels, each voxel in this domain has up to six voxels as its neighbor. Only the voxels that

share a face with a given voxel are accepted as its neighbors. The voxels sharing an edge or

a corner are not considered as neighbors since the VoM-PhyS model allows the blood to flow

only in x, y and z directions. Figure 3.4 depicts the neighbors of a typical voxel in the tissue

domain. At each step, the next node is chosen from the neighboring six nodes according

to a probability distribution. Of the six neighboring nodes, the ones that do not maintain

a negative pressure gradient, i.e., at higher pressure with respect to the current node, are

filtered out. A probability distribution is then determined for the remaining nodes with the

flow rate to these nodes from the current node. The flow rate q̇ to a neighboring node k

from the current node j inside a porous domain is dictated by Darcy’s equation,

q̇kj =
KaA

µ

(Pj − Pk)

∆s
(3.10)

where Ka is the permeability of the arterial compartment of tissue domain, A is the cross-

sectional area of the voxel perpendicular to the direction of flow, and ∆s is the distance

between the centers of voxels k and j. In the VoM-PhyS model, each voxel in the tissue

Figure 3.4: neighbors of a voxel of interest (red). Voxels sharing the six faces with the red
voxel are counted as neighbors. The grey voxels are not considered as neighbors. All the
neighbors are not shown.
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domain is assumed to be comprised of two compartments, the arterial compartment and

the venous compartment, to accommodate the oxygenated and the deoxygenated state of

blood respectively. Hence, transitioning the particle to the venous compartment is allowed

in the tissue voxels. The perfusion-driven flow rate is governed by the pressure difference

in the arterial and the venous compartment of a given voxel. This flow rate is given by the

following equation.

q̇perf = α(Pj,a − Pj,v)∆V (3.11)

Here, α is the perfusion proportionality constant, Pj,a and Pj,v are the pressures in the arterial

compartment and the venous compartment, respectively, and ∆V is the volume of the voxel.

The probability distribution of possible candidates for the next-step is found by using

Eq. 3.7. In this case, n includes all the allowable voxels as well as the venous compartment.

The next node is chosen randomly from n subject to the probability distribution. If the

venous compartment is chosen, the path tracing transitions to the venous compartment of

the tissue domain. The process is depicted in a flow-chart in Figure. 3.5. The time the

Figure 3.5: Flow-chart of the path tracing algorithm in arterial compartment.

particle takes to go from node j to node k is calculated by t = ∆s/u, where u is the Darcy

43



velocity of the particle. The Darcy velocity is given by Eq. 3.2, which takes the following

discrete form in the arterial compartment.

u =
Ka

µ

(Pj − Pk)

∆s
(3.12)

The final equation for time is

tkj =
µ(∆s)2

Ka(Pj − Pk)
(3.13)

It is important to note that the transition from the arterial to the venous compartment

is assumed to be instantaneous in this work. This is a reasonable assumption due to the fact

that the highest pressure drop occurs in this transition, and no distance is traversed by blood

in this process inside the tissue domain according to VoM-PhyS model77. This transition is

a complex process subject to numerous parameters, the treatment of which is beyond the

scope of the current study.

3.2.3 Path tracing in the venous compartment

Once the particle transitions to the venous compartment, the path tracing continues in

the venous compartment of the tissue domain. In the venous compartment, blood can be

exchanged not only with the neighboring voxels, but also with the venous terminal nodes

as well, if the occupied voxel is inside the SoI of one or more terminals. In such cases, the

outflows from the voxel include the neighboring voxels obeying the negative pressure gradient

condition as well as the flows to the venous terminals of which the voxel in consideration is

within the SoI. The flow to the neighboring voxels is found by

q̇kj =
KvA

µ

(Pj − Pk)

∆s
(3.14)

where Kv is the venous compartment permeability. The flow to the respective venous termi-

nals is governed by the Dirac function (Eq. 3.5a). Once all these flows for a certain voxel are
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obtained, the probability distribution is calculated using Eq. 3.7. The next node is chosen

probabilistically according to this distribution. The time taken by the particle to go from

the current voxel j to the chosen next voxel k is given by Eq. 3.13 where Ka is replaced by

Kv.

tkj =
µ(∆s)2

Kv(Pj − Pk)
(3.15)

Figure 3.6 shows the flowchart of this algorithm in the venous compartment. If the particle

chooses a venous terminal, it takes a jump from the voxel to that terminal, similar to

Section 3.2.1. One method of calculating the time elapsed in this jump is presented in

Section 3.3.

Figure 3.6: Flow-chart of the path tracing algorithm in venous compartment.

3.2.4 Path tracing in the venous vasculature

Path tracing in the venous vasculature begins when the particle reaches the venous terminal

node. From there, the particle follows the rules described in Section 3.2.1. Flow is calculated

using Eq. 3.1, probability distribution using Eq. 3.7, and time using Eq. 3.9. The path tracing
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ends when the particle reaches one of the outlet nodes. The algorithm is depicted in the flow

chart in Figure 3.7.

Figure 3.7: Flow-chart of the path tracing algorithm in venous vasculature.

A generic path traced by the algorithm stated above is shown in figure 3.8. The path

starts from the inlet, tracing through the arterial vasculature, jumps to the arterial compart-

ment. Then, it walks in the arterial compartment of the tissue domain until transitioning

to the venous side, where it walks in the venous compartment, jumps to a venous terminal,

traces through the venous vasculature, and eventually finishes at the outlet. Figure 3.8 also

shows the discontinuities in the domain, i.e., the vessel endings, and the compartments.

3.3 Time In The Unsegmented Vasculature

Transit time in the segmented vasculature is well defined because the physical structure, e.g.

length, diameter, and the flow condition, e.g. velocity, pressure, are well-defined. Similarly,

in the capillary bed, the structure is well-defined due to the porous media assumption, and

consequently, flow and pressure is also well known by the virtue of Darcy’s equation (Eq. 3.2).

Hence, the transit time in the capillary bed can be calculated with relative ease. In the case of

the unsegmented vasculature between the segmented vascular network and the capillary bed,

the structure is unknown due to the lack of segmentation data. In Hodneland’s work74, the

flow in this region is handled with mathematical modeling (Dirac function (Eq. 3.5a)) that

distributes the flow from a terminal instantaneously to the voxels in a predefined region, while

the resistance of the missing network of vasculature in this region is modeled using a constant
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Figure 3.8: A generic path traced by the proposed Path Tracing Framework. The transparent
fat arrow depicts the transition from arterial to venous compartment.

parameter (γβ). Although ensuring flow continuity, the real hemodynamic information, i.e.,

the path that blood particles follow to reach those voxels, cannot be retrieved. As a result,

the time to traverse those paths is also unknown. In this section, a method will be developed

to estimate the time that a blood corpuscle (or any particle of interest following the blood

flow) would take on average to reach the destination voxels from an arterial terminal (or the

destination venous terminal from a voxel).

Before delving into details of the method, it is assumed, due to lack of data, that the

terminal and each of the voxels within its SoI are connected via a vessel or a duct of constant

circular cross section. These vessels may be bent, skewed or twisted in any desired way to

represent the tortuous path that the blood would travel in the missing vasculature as long

as these actions do not allow the vessel to intersect any plane taken along the cross-section

more than once. According to Cavalieri’s principle79, each vessel has a volume equal to the

cylinder of same cross section and length equal to the Cartesian distance of the voxel from

the terminal.

This scenario can be described by Hagen-Poiseuille equation (Eq. 3.1), where, the flow

rate to voxel i from terminal j , q̇ji is known from the Dirac equation (Eq. 3.5a), the pressures
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at the two ends of this cylinder pj and pi, i.e., the pressure at the terminal and the pressure

at the voxel, are known from the pressure solution provided by the VoM-PhyS model, and

the length Lji is known from the Cartesian distance formula. Given these values, Eq. 3.1

can be solved for the vessel radius Rij, which yields,

Rij =

[
8µLjiq̇ji
π(pj − pi)

] 1
4

(3.16)

Knowing the radius Rij, the volume of blood in the arbitrary vessel can be calculated

as πR2
ijLji. Since, the volumetric flow rate q̇ji in this path is known, the Central Volume

Principle11 (Eq. 2.1) can be invoked to calculate the mean transit time for a single jump in

the unsegmented vasculature.

MTTβ,j↔i =
πR2

ijLji

q̇ji
(3.17)

Here, MTTβ,j↔i may represent the MTT for both arterial terminal to voxel and voxel to

venous terminal.

This method can be used to fill the gaps of times for jumps in an incomplete path,

provided that incomplete paths with jumps between the terminal and the voxel are prede-

termined from the path tracing framework described in Section 3.2.

3.4 The Simulation Domain

To demonstrate the functionality of the proposed framework, the model of a frog tongue

has been adopted. This frog tongue is found in a classical biology textbook by Cohnheim80,

which represents a realistic vascular system. Figure 3.9a shows the domain as it appears in

the book. The original imaging data of this frog tongue was obtained from Hodneland’s74

work. The data consist of 634 x 515 pixels with pixel dimensions of 0.063 mm x 0.064 mm

and a thickness of 1 mm. The domain generated from this data is discontinuous because

the source and sink terms generated by the arterial and venous terminals in the domain are
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(a) An artist’s rendition of the frog tongue in
the classical Cohnheim80 textbook.

(b) Computer rendition of the same frog tongue
obtained from literature74.

Figure 3.9: Computational domain of the frog tongue.

decoupled. This prevents blood perfusion between a tissue-blood interface. To address this

problem, Hodneland’s74 work suggested that the blood vessels were completely separated

from the domain and the entire system was assumed to be tissue. The 2D frog tongue was

converted to a 3D domain by dividing the single slice into three sub-slices of 0.333 mm across

the depth. The top layer contains the segmented arterial vessels and surrounding tissues,

the middle layer consists only of tissue, and the bottom layer contains the venous vessels

and tissues. Figure 3.10 shows the slices. These slices are addressed as Layer 1, Layer 2, and

Layer 3, respectively. The little upward triangles in figure 3.10 (a), and downward triangles in

figure 3.10 (c) are the arterial inlet and venous outlet nodes, respectively. Dirichlet boundary

conditions were imposed at these nodes. The order of these layers is important because it

affects the perfusion. In the current setup with arteries on the top, veins in the bottom, and

tissue in the middle, blood enters in Layer 1, perfuses through Layer 2, and exits at Layer

3. If the slices were arranged otherwise, the tissue layer would receive less blood through

perfusion because the distances of arterial and venous terminals would decrease.
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Figure 3.10: The sliced layers of the frog tongue with voxel dimension 0.063 mm x 0.064 mm
x 0.333 mm each. The layers represent: (a) Layer 1: Arterial tree and tissue (b) Layer 2:
Tissue (c) Layer 3: Venous tree and tissue. Adapted from Amare et al.77

A shortcoming of this choice of computational domain is that the vessel structures cannot

be validated, since the original sample is not available. Moreover, the geometry is deformed.

Figure 3.9a shows that the frog tongue is stretched and pinned on a canvas, which obviously

distorted the original dimensions of the structures as they would appear in a living frog.

This distortion clearly may have an impact on the blood flow and path tracing. However,

this domain was chosen because it shows a representation of biological structures that is

more realistic than contemporary algorithm-generated vasculature. It is also simple enough

so as to demonstrate the validity of the proposed framework with manageable computational

time.

3.5 Simulation

To demonstrate the functionality of the path tracing framework, firstly, the pressure map in

the frog tongue is required. The pressure map is obtained by utilizing the VoM-PhyS blood

flow model, as mentioned in Section 3.1. The pressure map was obtained for four cases of

SoI (2 mm, 5 mm, 7 mm and 10 mm). The parameters used for these simulations are given

in table 3.1. Once the pressure map was obtained, it was used as an input for the path
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tracing framework.

Table 3.1: Simulation Parameters

Parameter Symbol Value Unit

Perfusion81 α 1× 10−6 mskg−1

Arterial permeability74 Ka 1× 10−12 m2

Venous permeability74 Kv 5× 10−10 m2

Blood viscosity74 µ 3× 10−3 Pa s
Pressure drop parameter74 γ 1× 10−14 m3

Arterial inlet pressure74 Pin 10.6 kPa
Venous outlet pressure74 Pout 1.6 kPa

Voxel dimensions74 64× 64× 333 µm3

RBC radius (Offset)82 δ 3.75 µm

For the purpose of calculating MTT, many histories of random paths were generated for

all the SoI cases using the proposed path tracing algorithm and total time calculated for each

path. Then the arithmetic average is taken to calculate the MTT. The path tracing algorithm

described in Section 3.2 was implemented in a Python code which can be found here. The

code was run on the Beocat High-Performance Computing (HPC) cluster at Kansas State

University.
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Chapter 4

Results

4.1 Flow simulation

Blood flow simulation was carried out in the frog tongue domain using the VoM-PhyS flow

solver as described in Chapter 3 with the parameters tabulated in Table 3.1. Figure 4.1

shows the pressure map of the frog tongue domain. Figure 4.1(a) is the pressure map of the

arterial compartment of Layer 1 with the arterial vessels and Figure 4.1(b) is the venous

compartment of Layer 3 with venous vessels. The pressure maps for all the SoI radii are

provided in Appendix A.

In Layer 1, blood pressure is the highest in the inlets, where Dirichlet boundary con-

ditions of 10.6 kPa were imposed. Thenceforth, pressure decreases gradually due to flow

resistance from the vascular geometry. In the tissue domain, the highest pressure is seen in

the upper left, lower left, and middle right regions where a high density of arterial terminals

are visible. Voxels of those regions receive blood from more terminals compared to other

regions. Pressure in the tissues gradually decreases towards the bottom right region where

only a few number of terminals deliver blood. The lowest pressure of about 9 kPa is found

in this region. Blood gradually perfuses through the middle tissue layer, i.e., Layer 2, and

undergoes significant drop in pressure. In Layer 3, the highest pressure in the tissue domain

is about 1.96 kPa, which indicates that blood incurs a significant pressure drop of about
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Figure 4.1: Pressure map in the frog tongue for SoI radius ϵ = 10 mm. (a) Arterial com-
partment of Layer 1. (b) Venous compartment of Layer 3.

8.6 kPa with respect to the inlets. Pressure decreases further in the venous vasculature and

finally exits at 1.6 kPa, which is the imposed boundary conditions at the outlets.

4.2 Path tracing

Once the pressure map was obtained, histories of random paths were generated for the

SoI radii mentioned in section 3.5. Four sets of data with 103, 104, 105, and 106 particle

histories were generated for each SoI radius. Particle histories in increasing order of ten

were chosen to observe how number of histories affect the transit time distribution and the

MTT. Subsequently, the total transit time for each history was calculated for the four sets

of particle histories for each SoI radius and a histogram of transit times was generated.

The MTT was also calculated from the generated data. These data were then visualized in

various plots which will be presented in the subsequent sections.
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4.2.1 Transit time distribution

Figure 4.2 shows the transit time distribution for all SoI radii, simulated with 106 particle

histories. The figure shows the transit times up to 10000 seconds which covers about 99%

of the histories. The extreme outliers that span less than about 1% of the histories are not

shown in the figures. These outliers were most likely caused by particles traveling too close

to the vessel wall or having too large jump time. However, the full range of transit times

were used to compute the MTT. The transit times were binned into 100 second bins. The

histograms were plotted to display the distribution of transit times. To determine which

distribution function describes the plotted data the best, three candidate distributions–

gamma (Eq. 2.9), gamma-variate (Eq. 2.10), and lognormal–were selected based on the

literature review and general observation of the plotted histogram. Two very well known

metrics of curve-fitting–Coefficient of Determination (R2), and Akaike Information Criterion

(AIC)83–were calculated with the 106 particle histories dataset for all SoI cases. Table 4.1

shows the obtained values of the metrics. The standard comparison rules for the two metrics

are distinct: for the R2, values closer to 1 indicate superior model fit, while for the AIC,

lower numerical values represent better model performance.

Table 4.1: Values of Curve-fit Metrics

SoI (mm)
Metrics values

R2 AIC
Gamma Gamma-variate Lognormal Gamma Gamma-variate Lognormal

2 0.9934 0.9997 0.9786 -2164.3 -2484.7 -2046.8
5 0.9851 0.9992 0.9928 -2106.6 -2392.7 -2179.6
7 0.9683 0.998 0.9947 -2059.3 -2330.7 -2237.7
10 0.9556 0.9949 0.9955 -2081.7 -2293.1 -2311.4

From Table 4.1, it is evident that the distributions generally follow a gamma-variate

distribution, although the 10 mm SoI case fits the lognormal distribution the best. Figure 4.2

includes a gamma-variate fit for comparison. The MTT calculated from the distributions

start at about 757 seconds for ϵ = 2 mm and gradually increases to about 2300 seconds for ϵ

= 10 mm. The distribution has higher peak for ϵ = 2 mm, and the peak gradually decreases.

The mode of the distributions starts at 300-400 seconds for ϵ = 2 mm and increases to 1000-
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1100 seconds for ϵ = 10 mm. At the same time, the distribution also gets flatter and wider

as the SoI increases. Transit time distributions for all the cases of SoI radii and number of

particle histories are provided in Appendix B.

Table 4.2 shows the average percent contribution in time of the path-segments in 106

particle histories for all SoI cases. Percent contributions of combined arterial and venous

vessel time, combined arterial and venous compartment time, and combined arterial-side and

venous-side jump-time for each particle history were calculated. An overall average of the

percent contributions of each of these three combinations aggregated across all 106 histories

is then reported in Table 4.2. It is clear from Table 4.2 that for small SoI radii, the time

spent in the tissue domain dominates the total transit time. Blood from arterial terminals

is distributed among the voxels in a smaller volume in this case. Therefore, the blood relies

heavily on perfusion to reach the venous terminals. This results in smaller transit time,

which is evident from Figure 4.2a. As SoI increases, blood is distributed to greater number

of voxels since the SoI covers more voxels. Blood from arterial terminal can reach distant

arterial voxels and distant venous terminals can collect blood from venous voxels in this

case compared to smaller SoI. Hence, dependence on perfusion to reach venous terminal

decreases. Variations in flow delivery to voxels also increases, since the Dirac distribution

function in this case dictates deliveries to greater number of voxels covering a bigger range of

distance. Therefore, the span of jump times also increases. Jump times now accommodate

smaller distances with slightly longer time than smaller SoI due to the fact that a voxel

at a particular distance receives lesser flow for larger SoI compared to smaller SoI. Distant

voxels in larger SoI cases receive even lesser flow, which results in very long jump time. As

a combined effect of all these phenomena, the jump time in the unsegmented vasculature

starts dominating the total transit time for greater SoI, which is evident from Figure 4.2d.

4.2.2 Comparison of MTT

Figure 4.3 shows the MTTs for all the SoI with increasing number of particle histories. For ϵ

= 2 mm, MTT is the lowest and it settles around 757 seconds at 106 histories. The increasing
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(a) ϵ = 2 mm (b) ϵ = 5 mm

(c) ϵ = 7 mm (d) ϵ = 10 mm

Figure 4.2: Transit time distribution for SoI radii ϵ = 2 mm, 5 mm, 7 mm, and 10 mm with
106 particle histories. The mean transit time and the gamma-variate fit with estimated
parameter values are also shown.
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Table 4.2: Average % Contribution in Transit Time of Path-segments

SoI (mm)
Average % contribution

Vessels avg. Tissue avg. Jump avg.
2 ∼ 4.8 ∼ 86.8 ∼ 8.4
5 ∼ 3 ∼ 65 ∼ 32
7 ∼ 2.3 ∼ 52.3 ∼ 45.5
10 ∼ 1.5 ∼ 37.7 ∼ 60.8

trend of MTT with increasing SoI is evident from the figure. For ϵ = 10 mm, MTTs does

not seem to converge to a particular value up to 106 histories. To show the convergence,

more particle histories, up to 5 × 106, have been generated. Figure 4.4 shows the data. It

shows that for very high particle histories, the MTT for ϵ = 10 mm case tends to converge

to approximately 2297 seconds.

Figure 4.3: MTT with increasing particle histories for different SoI.
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Figure 4.4: Convergence of MTT with high number of histories for ϵ=10 mm.

4.2.3 Significance of jump time

Figure 4.5 compares MTT calculations with and without accounting for the travel time

between arterial terminals and their corresponding voxels, and venous voxels and their cor-

responding venous terminals, for 106 particle histories. The trends show that the MTTs tend

to decrease if the jump time is not accounted for, whereas they increase in the case where it

is accounted for. If the jump time is ignored, the transit time becomes highly dependent on

perfusion. As the SoI increases, the particle of interest perfuses through shorter distances

in the capillary bed to get collected by the terminal venous vessels. As a result, transit

times decrease. On the other hand, more and more voxels receive blood from an arterial

terminal, and a venous terminal can receive blood from more voxels as the SoI increases.

Consequently, paths of particles traveling through the vasculature become more varied in

length. Jump times dominate in a particle’s transit time due to smaller flow rates to the

voxels for higher SoI cases. Therefore, MTTs increase as SoI increases.
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Figure 4.5: Comparison of MTT with and without jump time.

4.2.4 Significance of modeling capillary bed

In Correa-Alfonso’s58 and Xing’s9 work, blood vessels are generated using an in house CCO

algorithm inside the computational domain. These algorithmically-generated blood vessels

cover vessels up to 100µm in diameter. In reality, blood vessels can have much smaller

diameter than that in the capillary bed, as small as 3.5 µm73. Moreover, they connect the

arterial and venous terminals at the lowest diameter level, which completely disregards the

intricate flow phenomena of the capillary bed.

In Hondeland’s74 framework, and VoM-PhyS77 model, the capillary bed is taken into

account. Since the present study relies on these works, the effect of capillary bed on MTT

is also studied. Figure 4.6 shows the percentage of histories that has spent more time in the

capillary bed than the segmented and unsegmented vasculature (i.e., the jump) combined

for all the cases of SoI. For ϵ = 2 mm, about 96% of the particles have spent more time in
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Figure 4.6: Percentage of histories elapsing higher time in capillary bed.

the capillary bed. As SoI increases, the percentage decreases, showing about 75% for ϵ = 5

mm, 56% for ϵ = 7 mm, and 30% for ϵ = 10 mm. For ϵ = 10 mm, more than 90% of the

tissue voxels directly exchange blood with the terminals84. About 32% of the histories spend

more time in the capillary bed compared to segmented and unsegmented vasculature, which

is evident from Figure 4.6. This demonstrates the importance of modeling the capillary bed

in hemodynamic analysis.

4.3 Statistical quality check

The reliability of Monte-Carlo simulations depends critically on rigorous statistical valida-

tion. Forster et al.85 introduced a set of diagnostics designed to evaluate the reliability of

Monte-Carlo tallies. These checks address different aspects of statistical convergence, ensur-

ing that results adhere to the assumptions of the Central Limit Theorem (CLT) and that

confidence intervals are valid. This diagnostic method comprises of 10 statistical checks for
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various statistical parameters, e.g. mean, relative error (RE), variance of variance (VOV),

figure of merit (FoM), etc. These tests are briefly explained in the following and the data

generated by the proposed framework in the present work will be examined against these

standards.

• Non-monotonic behavior of the estimated mean

A monotonically increasing or decreasing mean as the number of histories (N) grows

suggests that the simulation has not yet stabilized. This check ensures that the mean

oscillates around a converged value rather than drifting systematically, which could

indicate unresolved rare events or insufficient sampling. Referring to Figure 4.3, it

is evident that the MTTs are non-monotonic for all the cases of SoI. The values do

not show general convergence to any particular value, nor they show any upward or

downward trend.

• Magnitude of the Relative Error (RE)

The relative error must be below empirical thresholds, i.e., < 0.05 for point detector

tallies and < 0.10 for other tallies. Excessively high RE values signal poor statistical

precision, even if the mean appears to be stable. The relative error was calculated

using the following formula for large N.

RE =

√ ∑
x2i

(
∑
xi)2
− 1

N
(4.1)

Figure 4.7 shows the estimated relative error with increasing particle history. All of

the values are less than 0.05, which signifies high statistical precision.

• Monotonic decrease of the relative error

The RE should generally decrease as N increases, following the expected 1/
√
N trend.

If the RE plateaus or increases, it suggests that new, high-variance events are still being

discovered, violating the CLT assumption of adequate sampling. Figure 4.7 includes

a 1/
√
N trendline to clearly show the comparison. The RE of generated data follows

the 1/
√
N trend very closely.
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Figure 4.7: Estimated relative error with increasing particle history.

• Magnitude of the variance of variance(VOV)

The VOV measures the uncertainty in the RE estimate itself. A VOV < 0.10 is

recommended to ensure the RE is statistically reliable. High VOV values, i.e., > 0.10

imply that the RE is unstable and confidence intervals are untrustworthy. The VoV

was calculated using the following formula for large N.

V OV =

∑
(xi − x̄)4

(
∑

(xi − x̄)2)2
− 1

N
(4.2)

Figure 4.8 shows the variance of variance of the data. All of the data points except

one (N = 105 for ϵ = 2 mm) fall below the recommended value of 0.10. The sudden

jump of VOV for the N = 105, ϵ = 2 mm case indicates that there might be rare but

high-magnitude scores dominating the variance and the underlying distribution may

have heavy tails.

• Monotonic decrease of the VOV
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Figure 4.8: Variance of variance of the generated data with increasing particle history.

Like the RE, the VOV should decrease as N grows. Non-monotonic behavior (e.g., sud-

den jumps) may indicate infinite higher moments (e.g., fourth moment) or unresolved

rare events skewing the variance estimation. If the jump at N = 105 is overlooked for

a while, Figure 4.8 shows a declining trend. The jump behavior indicating sampling of

rare high value data goes away with increase in histories.

• 1/N scaling of the VOV

Figure 4.8 also provides a ∼ 1/N trendline to compare the values. The data points,

except for the jumps, follow the trendline very closely, which signifies overall good

quality of sampling and satisfying of CLT.

• Stability of the figure of merit (FoM)

The Figure of Merit (FoM) is a key metric in Monte Carlo simulations that quantifies

the computational efficiency and statistical stability of a tally. It is calculated using

the following formula.
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FoM =
1

RE2 · CPU time
(4.3)

A high FoM means the simulation achieves low uncertainty (high precision) per unit of

CPU time, whereas a low FoM suggests inefficiency; either the uncertainty is high, or

the runtime is excessive for the precision obtained. In a well-behaved simulation, the

FoM should remain statistically constant as the number of particle histories increases.

Increasing or decreasing trends in FoM signals unresolved rare events or poor sampling.

Figure 4.9 shows the calculated FoM for the generated data. All data were generated

using the same computer architecture to ensure comparability.

Figure 4.9: Figure of Merit of the generated data with increasing particle history.

In the case of ϵ = 10 mm, the FoM values are not dramatically fluctuating, which

can be interpreted as statistically constant. All the other cases show high downward

jumps as well as decreasing trends. This might result from undersampling or improper
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sampling which may be resolved by simulating more particles.

• Non-monotonic behavior of the FoM

The FoM should exhibit random fluctuations rather than monotonic trends. A strictly

rising or falling FoM suggests bias. Referring to Figure 4.9, overlooking the sudden

dip for the N = 105 data set, SoI cases ϵ = 2 mm, 5 mm, and 7 mm show a general

decreasing trend in FoM. More histories need to be simulated for these cases to ascertain

convergence. For ϵ = 10 mm, the plot shows random fluctuations, which indicates

good quality. This case is promising, albeit further tests are required to verify strong

reliability.

• Tail Slope of the Empirical Score Distribution

The largest history scores are fitted to a Pareto distribution to estimate the tail decay

rate. The slope is calculated using the following formula,

slope = 1 +
1

k
(4.4)

where, k is a parameter of the Pareto distribution. A slope > 3 ensures the variance

is finite, while slopes ≤ 3 violate CLT assumptions. This check is critical for detecting

unsampled high-score regions. Figure 4.10 shows the empirical history scores, i.e., the

slope of the tail of the generated distributions.

This plot clearly addresses all the suspicions of the previous tests. For N = 105, the

VOV values took a sudden jump, signifying poor sampling. From Figure 4.10 it is

clear that the slope is equal to 3 for all the SoI cases, which clearly means that the

tail of the distributions are not decaying quick enough. This is a clear indication of

undersampling of high value region. Hence, N = 105 is definitely not enough samples

to cover the whole distribution perfectly. Additionally, ϵ = 2 mm has slope ≤ 3 even

for N = 106 histories, which indicates that this case will take substantially high number

of particle histories to converge. The other SoI cases show good result for N = 106 in

this test as well as all the previous tests, which means 106 is a reasonable number of
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Figure 4.10: Empirical history score of the generated data with increasing particle history.

particle histories for declaring convergence. Although, simulating additional histories

is commonly suggested to maintain accuracy.

4.4 Discussion

Section 4.2.1 illustrates the transit time distributions of the particles in the frog-tongue

computational domain for the specified sphere of influence radii. Comparison of the mean

transit time is provided in Section 4.2.2. The increasing trend of MTT with increasing SoI

noticeable from Figure 4.3 conform to the rationale given in Section 4.2.1. However, the

values of MTT are higher than expected. The minimum time a particle would’ve taken to

traverse a path, traveling at the centerline velocity of each segment, perfusing instantaneously

through the tissue domain, is approximately ∼ 1.5 seconds. A sample calculation for ϵ =

10 mm is shown in Appendix C. No account of any actual experimentally measured transit

time in a frog-tongue was found in the literature. To draw a comparison, MTT in a Sprague-
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Dawley rat lung is about 4 seconds29. It is reasonable to assume that the MTT in the frog-

tongue of a living frog would approximately be of the same order. Hence, the discrepancy is

substantial. The primary reason behind this discrepancy would be the physical structure of

the frog-tongue domain. In Figure 3.9, it is clearly noticeable that the frog-tongue has been

stretched due to the affixation to the board. As a result, the salient features, such as, the

dimensions of the vasculatures have been distorted.

Another reason for this discrepancy might arise from the assumption of single vessels,

having constant cross sections, connecting the terminals of segmented vasculatures to the

neighboring voxels, in Section 3.3. In reality, there are many levels of bifurcating arterioles of

diminishing diameters beyond the segmented vasculatures. Hence, the cross sectional area in

each branching vessel decreases and the flow resistance increases. This implies that velocity is

higher in the wider vessels and diminishes as the vessels become narrower. The assumption of

constant cross section throughout, without branching, may lead to overestimation of jump-

time for the distant voxels, since the blood is flowing at a constant velocity throughout,

rather than higher velocity in the earlier vessels and gradually decreasing in the latter. The

intricate structures of smaller arterioles might violate the assumption of Cavalieri’s principle

as well, which states that the vessels never bend in a way so as to intersect a plane along its

cross section more than once. In their smallest levels, the arterioles may take a very long and

winding path, leading to the violation of equal volume of straight and bent vessels between

vascular terminals and their delivery voxels.

Moreover, the frog-tongue do not represent an actual living condition in terms of the

parameters used. The flexibility of the proposed framework is that the parameters listed

in Table 3.1 can be tuned to represent a real simulation domain as soon as the domain

and its associated parameter values are available. For optimal statistical reliability in this

framework, increasing the number of simulated particle histories is strongly recommended.

From the statistical tests of Section 4.3, it can be inferred that a reliable result can be

obtained if the simulated number of histories is at least 106 at a SoI of 10 mm, since this

case successfully passes all the diagnostic criteria for convergence.
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Chapter 5

Summary and Conclusion

Capillary flow in living bodies is a highly complex phenomenon, and the study of capillary

transit time in realistic biological domains is a challenging endeavor. To capture every

aspect of it, one needs to understand and model not only the intricate structure of the

vascular network in a realistic domain, but also flow phenomena and particle transport.

This thesis has attempted to solve this problem by developing and demonstrating a new

particle tracking method with the help of voxel phantom and the Voxelized Multi-Physics

Simulation (VoM-PhyS) Framework where the particle tracking is performed by utilizing the

idea of Monte-Carlo method.

Chapter 2 provides a literature review of various experimental and mathematical meth-

ods that have been developed so far to calculate the MTT. It also provides a review of the

Monte-Carlo method and the existing Monte-Carlo codes and their various modalities. To

estimate the MTT of particles inside a biological organ of interest on a computer rendered

computational domain, one must have the information about the flow field inside that do-

main. Chapter 2 also provides various attempts that has been taken to simulate the flow

inside voxelized domains and how they try to overcome the difficulty of coupling the flow

physics of 1D-vessel to 3D-porous media. This chapter also provides a brief account of the

attempts taken to combine blood flow and particle tracing to facilitate dosimetric calcu-

lations. A close look on the aforementioned scientific literature revealed that the current
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state-of-the-art of hemodynamic and dosimetric studies fell short in the case of blood flow-

driven particle tracking, which would revolutionize not only the calculation of MTT, but also

pharmaceutical testing, internal and external radiation therapy in a patient-specific condi-

tion. Hence, this study made an effort to develop a blood-flow driven Monte-Carlo based

path tracing framework to extend the boundary of human knowledge.

Chapter 3 briefly describes the VoM-PhyS Framework because it is at the heart of this

study. The resulting pressure map from the VoM-PhyS Framework was used to calculate the

flow at different nodes, and subsequently, the probability distribution of the candidate nodes

for the next step. The path tracing framework was divided into four segments to delineate the

voyage of the particle of interest in arterial vessel, arterial compartment, venous compartment

and venous vessel. The time at each step inside these regions was calculated using the

velocity provided by the mathematical models that govern the flow of each respective region.

Chapter 3 also provides a method to estimate the time to cover the jump of the particle where

the computational domain becomes discontinuous, i.e., where segmented 1D-vessels meet the

3D-porous medium of capillary bed. After running python scripts that implemented this

framework, a number of histograms of particle transit times inside voxelized frog-tongue was

obtained. Chapter 4 presents the results obtained from the simulation. It was found that

the transit times of particles followed a gamma-variate distribution. The mean transit times

increased with increasing SoI. The significance of accounting for jump time and modeling

capillary bed was also demonstrated. The values of MTT obtained was higher than expected.

However, parameters like arterial and venous permeability, pressure drop parameter, inlet

and outlet pressures, etc., can be tuned to represent an actual simulation domain to obtain

more realistic results, as soon as these values are available.

The proposed framework, despite being able to successfully trace path inside the desired

computational domain, suffers from a few limitations. The limitations are addressed below,

with some recommendations on how to resolve them.

• The framework assumes Newtonian behavior of blood, which is not the case in reality.

Blood is a shear thinning fluid, which can be incorporated in the flow simulation by
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using viscosity models such as the Casson model86.

• The vasculatures are assumed rigid and pulsatile behavior is ignored. Elastic vascu-

latures may be incorporated in the light of Huang’s31 work stated in the literature

review. Variable flux of blood may be set up at inlets.

• The ideal mixing junction assumption is not completely realistic. Biases of particles’ at

bifurcations to choose the nearest branch may be estimated considering the particle’s

position with respect to the centreline of the bifurcating branches, and incorporated

with the flow-driven branch-choosing probability distribution described in the present

work to obtain a more refined probability distribution.

• To address the instantaneous transition from arterial to venous compartment, oxygen

exchange models may be introduced.

• The result of this study suffers a great deal from the distortion of the computational

domain, which shoots the mean transit time very high. Resorting to a more anatomi-

cally accurate domain will resolve the issue. Applying this framework to ICRP59 liver

or tumor models may be the next step to test this framework further.

• The parameter values lack resemblance to an ideal living condition. This is another

reason for the high discrepancy of the result. The framework has the flexibility to tune

these parameters to achieve realistic in vivo conditions. The use of ICRP59 liver may

provide realistic data for better simulation.

• The assumption regarding Cavalieri’s principle in jump-time estimation in the unseg-

mented vasculature before the capillary bed might not hold in reality. To get rid of

this assumption, finer blood vessels may be captured from imaging data, or a few more

levels of blood vessels may be generated algorithmically using the CCO algorithm.

The key contributions of the current study to the realm of scientific endeavors are the flow-

driven path tracing framework and the method of estimating jump time of the particle at

the vascular discontinuity. This research has a multidisciplinary scope of applicability. It
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has the potential to be used in drug testing, particulate sedimentation inside human body or

specific organs, internal and external radiotherapy and many other avenues. These areas are

not studied in this dissertation, but the possibilities may be suggested for future exploration.

Some recommendations for improving and advancing this framework are as follows.

• This framework can be used in neurology to correlate prolonged MTT with capillary

transit time heterogeneity to identify risk of infarction. it may also be used to simulate

amyloid-β clearance inefficiencies in Alzheimer’s disease, linking MTT variations to

early biomarker detection of the disease.

• In immunology , it can be used to model Model T-cell migration to tumors to optimize

adaptive cell therapy. It can also be used to study leukocyte dynamics in inflammation

or infection.

• In drug testing and particulate sedimentation studies, Pharmacokinetic models may be

implemented in conjunction with the particle tracing algorithm to estimate bioavail-

ability, organ-specific retention, clearance, half-life, etc. parameters.

• The simplifying assumption of no nuclear interaction may be removed to facilitate

the calculation of dose imparted by radiophermaceuticals. Detailed inhomogeneous

activity distribution can be obtained by combining this framework with a deposition

model. Then it can be used to calculate effective dose equivalent or committed effective

dose equivalent in conjunction with MIRD schema64. It can be extended to calculate

detailed organ specific dose volume histogram to facilitate dose optimization.

• This framework can be used to calculate the dose on white blood cells and oxygen

carrying red blood cells passing through a well-defined window of irradiation in the

case external radiotherapy. Tracking white blood cell distribution in tumor can be

linked to the efficacy of radiation induced tissue damage. Tracking red blood cells may

be linked to oxygen replenishment rate in FLASH87 irradiated tissues to quantify the

normal tissue sparing effect.
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• In plant physiology, the framework can be adapted to model sap flow in xylem/phloem

networks, linking root-to-leaf transit times to drought stress responses.

With all these potential pathways ahead, a new researcher taking on the task of advancing

this framework may focus on a few key channels. Firstly, the ideal mixing chamber assump-

tion should be addressed. Secondly, the Cavalieri’s principle assumption should be replaced

with a more realistic detailed vasculature. Additionally, elastic properties of vasculature may

be introduced. With these three key limitations addressed, one might look further on ex-

tending the framework’s functionalities, or applying the framework to new innovative tasks.

A nuclear engineer’s, or a dosimetrist’s focus would be to extend this framework’s capability

to predict heterogeneous radionuclide distribution in a source organ and calculate dose to a

target organ. In external radiotherapy, one may focus on dose calculation to white and red

blood cells and their subsequent distribution in tumors or cancer cells to facilitate FLASH

radiotherapy. Thus, this versatile framework will enable both practical implementation in

sophisticated applications and fundamental contributions to expanding human knowledge.
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Appendix A

Pressure Map for Various SoI Cases

Figure A.1: Pressure map in the frog tongue for SoI radius ϵ = 2mm. (a) Arterial compart-
ment of Layer 1. (b) Venous compartment of Layer 3.
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Figure A.2: Pressure map in the frog tongue for SoI radius ϵ = 5mm. (a) Arterial compart-
ment of Layer 1. (b) Venous compartment of Layer 3.

Figure A.3: Pressure map in the frog tongue for SoI radius ϵ = 7mm. (a) Arterial compart-
ment of Layer 1. (b) Venous compartment of Layer 3.
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Figure A.4: Pressure map in the frog tongue for SoI radius ϵ = 10mm. (a) Arterial com-
partment of Layer 1. (b) Venous compartment of Layer 3.
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Appendix B

Transit Time Distributions

86



(a) N = 103 (b) N = 104

(c) N = 105 (d) N = 106

Figure B.1: Transit time distribution for ϵ = 2mm.
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(a) N = 103 (b) N = 104

(c) N = 105 (d) N = 106

Figure B.2: Transit time distribution for ϵ = 5mm.
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(a) N = 103 (b) N = 104

(c) N = 105 (d) N = 106

Figure B.3: Transit time distribution for ϵ = 7mm.
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(a) N = 103 (b) N = 104

(c) N = 105 (d) N = 106

Figure B.4: Transit time distribution for ϵ = 10mm.
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Appendix C

Minimum Transit Time Calculation

To calculate a minimum transit time through the frog-tongue, the particle was assumed to

run through the centerline of the vessel segments. At a terminal arterial node, the particle

was delivered to the central outlet node fed by the terminal in the arterial compartment

of the tissue domain, instantly. Subsequently, the particle instantly perfused to the venous

compartment and jumped to the nearest venous terminal. Finally, it traced its path along

the centerline of the venous vasculatures to exit the network. The following data are taken

from a path-tracing simulation of SoI radius ϵ = 10 mm.

The nodes it follows in the arterial vasculature are,

0→1→2→3→4→48

P0 = 10 600Pa, P1 = 10 565.53Pa

µ = 3× 10−3 Pa s, L = 53, dx = 6.4× 10−5m

R = 3.5, r = 0

t1,0 =
4× µ × (L01 × dx)2

(P0 − P1)(R2
01 − r2)(dx)2

=
4× 3× 10−3 Pa s × (53 × 6.4× 10−5 m)2

(10600− 10565.53) Pa× ((3.5× 6.4× 10−5 m)2 − 02)

= 0.07983 s
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Similarly, for the other segments,

t2,1 = 0.03919 s, t3,2 = 0.05084 s, t4,3 = 0.09680 s, t48,4 = 0.07285 s.

The times in the arterial and venous compartment are identically 0, since they are as-

sumed instantaneous in this case.

The nodes followed in the venous vasculature are,

153→152→148→138→12→13→14→15→16→17→18→19→20

P153 = 1940.6552Pa, P152 = 1787.8988Pa

L = 36, R = 0.5

t152,153 =
4× 3× 10−3 Pa s × (36 × 6.4× 10−5 m)2

(1940.6552− 1787.8988) Pa× ((0.5× 6.4× 10−5 m)2 − 02)

= 0.4072 s

Similarly,

t148,152 = 0.04320 s, t138,148 = 0.10834 s, t12,138 = 0.17956 s, t13,12 = 0.07288 s, t14,13 =

0.02444 s, t15,14 = 0.04604 s, t16,15 = 0.08135 s, t17,16 = 0.05734 s, t18,17 = 0.05992 s, t19,18 =

0.07482 s, t20,19 = 0.02595 s

In total = 0.07983 s+ 0.03919 s+ 0.05084 s+ 0.09680 s+ 0.07285 s+ 0.4072 s+

0.04320 s+ 0.10834 s+ 0.17956 s+ 0.07288 s+ 0.02444 s+ 0.04604 s+

0.08135 s+ 0.05734 s+ 0.05992 s+ 0.07482 s+ 0.02595s

= 1.52055 s

Hence, the minimum time is ∼ 1.52 seconds. The histogram in Figure 4.2(d) shows the

transit time distribution for ϵ = 10 mm, simulated with 106 particles. The minimum time

found in this simulation was approximately ∼ 19.8 seconds. This time is in a reasonable

range judging by the minimum time obtained from the present calculation, provided that
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the minimum time from the simulation accounts for the travel inside the tissue domain as

well as the terminal jump.
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