4 STUDY OF THE PLANE STRESS OR STRAIN FINITE ELEMENT ANALYEIS

FOR S0LUTION OF STRESS DISTRIBUTION IN PLANE ELASTIC CONTINUA

THOMAS C. HELBING

B.S., Kansas State University, 1965

£ MASTER'S REPCRT

submitted in partial fulfillment of the

requirements for the degree

MASTER OF ARCHITECTURE

College of Architecture and Design

KANSAS STATE UNIVERSITY
Manhattan, Kansas

1969

Approved by:

i

o A
i 7
4 ey
- . 4
= e AL ef LS L 2

Major Prafessor



o
~ & = ;;":.
=
PR
L

SYNOPSIS « » « .

INTRODUCTION .

DERIVATIOHE . . . .

FINELEM PROGRAM NOTATION .

FLOW CHART SYMBOLS .
FINELEM FLOW CHARTS
MATN PROGRAM . .
SUBROUTINE LOAD .
SUBROUTIVE FEM .
SURROUTIIVE S0LVE
SUBRCOUTINE

SUBROUTINE PRIN .

SUBROUTINES MATTM, MATM,

FINELEM PROGRAM LISTING

DATA PREPARATION FOR FINELEM .

NUMERICAL EXAMPLES . .

EXAMPLE 1:

EXAMPLE 2:

STRESS .

DEFLECTION

3
&
1
o)
]
€2
2
po=in
-
I
=k
i
[}

. . . . .
. . .
. .
.
. . s e .
+ e 0 s
. .
. . . .
. . I
. P T R ) .
- .

AND MATINV .

. .
. . . - . .
. . - L . .

AND STRESSES, SIMPLY

STRESSES NEAR RECTANGULAR HOLE,

SUFPCRTED BEAM .+ .+ « « + «

CONCLUSIONS

.
.
-

REFERENCES . .+ . &
APPENDIX A - EXAMPLE

APPENDIX B - EXAMPLE 2,

1, DATA AND CUTPUT . . . .

DATA AWD QUTFUT . . . .

. .
P
s =2 = s
s & = .
.
. .
. .
- -
. s .
« & . .
s s e e =
.
. . -
.
. .

SUFPCRTED

SIMPLY

. . -
. -
-

. . .
. - .

- =
. .
- .
.
.
. .
. -
[ . .
-
.
. .
.
. .
. .

BREAM

b
NS - S 'O B R | £
N W N no o N (V] [ 1}
[§h]

AN
A\

. T8



SYNOPSIS

The "finite element method" for sclution of stress distributicon in a
plane elastic continuum is studied in this report. This approximate method
of snalysis can be used for obtaining a solution o previcusly intractable
problems. An existing "finite element method" computer program is made
operational as a reguirement of the report. A simple problem will be solved
using a classical "exact method" and will then be analyzed using the 'Tinite
element method” to get an idea of the correspondence of the results of the
two methods. A problem for which a "classical method" does not exist will

1

then be snalyzed using the "finite element method" to illustrate the power

of its application.
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Structural analysts are becoming increasingly aware of the power of
numerical methods in providing reasonably accurate sclutions to complex
problems which heretofore relied upon approximate calculations of doubtful
validity. The plane stress or strain finite element analysis is one of these
numerical methods which, when coupled with a high-speed computer, can provide
quick solutions that converge to "exact method” answers.

0. €. Zienkiewicz and Y. K. Cheungl, in their bock, have presented the
thecry behind the finite element method and a computer program which applies

the plane stress or strain finite element analysis to a plane elastic continua.

()]

The plane elastic continua is divided into a finite number of nodal
points which are interconnected to form triangular elements. Force-
displacement relationships are determined for these triangular elements.
"Displacement method" equa,tions2 in matrix notaticn are formed with the dis-
placements of the nodel points as unknowns. Inversion of the force-
displacement matrix and multiplication by the force matrix leads tc a solution
for the unknown displacements. These displacements are used to calculate
the stresses at the centroids of the ftriangular elements which are then con-
verted to principal stresses and their angle of deviation from the original
¥-Y coordinate system.

The general "displacement method" equation is given as

A LI AEN N

in which {j}e represents the force matrix composed of forces at the nodal

. e 5 . .
points, [k} represents the force-displacement or stiffness matrix
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determined from the element properties, {5}" represents the nodsl dis-

- - . - a T &
placement for z particular element, and {F}IJ represents the nodal forees
due to body forces.

The general eguation used to solve for the stresses is given as
e e .0 € 5
GACIRCON £
. ox e e G %
in which {g} represents the stress matrix composed of the stress in the
i = 7 L -~ P -~ o ~ - 3 ,_‘e . . 4
¥- and Y-dirsctions and the shear stress, and 3 represents the stress-

determined from the material properties.

derivations.
The finite element method computer program taken from reference
report is written in FORTRAIN IV language and in its

included in this

form is intended for use on an IBM 36C-series computer.

Even though it is limited to the solution of problems which 1lie

¥-Y¥ plane, the finite element program (FINELEM) has a wide range
+tion. Each element can have one of up tc 10 different sets of elastil

given problem and any ccnstant thickness.

a -

s not limited to isctropic materials. Anisctropic

of the strata, can also be solved.

When the divection of the strata

A further

1 and

pressant

and have rotational symmetry in the plane

in a

transversely isotropic material is inclined tc the X-axls, a transformation

matrix included in the program relates the stresses back tc the major X-Y

coordinates.

e



The aceuracy of the stress sclutions cbtained using FINELEM is depen-
dent upon the fineness of the triangular grid. An area of a certaln problem
with an expected high stress or variable stress should be divided into a
finer grid than an area with an expected constant stress. An infinite
number of combinations of loading conditions and support conditions can be
approximated using this method.

In this report, a simple problem with a solution based on a well-known
'classical" method is compared with the solution using FINELEM. The correct-
s of the program and the accuracy of the methed is studied using this

e

]

simple problem. Once the program is judged to be performing correctly, a

oblem is solved to illustrate the method's usefulness and

0
Q
=
}_5
[41]
»
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containing the unknown displacements will now be presented in more detailed

mathematical form.
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ig. 1. A Plane Stress Region Divided Into Finite Elements.

A typical finite element, e, is defined by nodes

e

s Jj» m, etc., and

straight-line boundaries. The displacements at any point within the element

will be defined as a column vector, {f(x,yj} or

m o n

oo, e

¥
¥

(£} =[] ()" - [Hi,Nj,Hm, i s 5]

A

‘VJ is a position matrix dependent upon the element gecmetry and

{*}e is, as defined previously, a matrix composed of X and Y ncdal point

e ]
P
H

R
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displacements for a certain element. In the case of plane stress

represents horizontal and vertical translocation of a typical nodal point

within the element and

(8:) ={ ~ (5

n
R

Ea

the corresponding displacements of a node i. The six components of element

displacements are listed as a vector

o

(AN

{s)° = (s, (

The displacements within an element are uniquely defined by these six value

€3]
.

Two linear polynomials

u = o, tasX + o,y
-+ = -/

{7
Vo= ot oasd + oy




displacements, two sets of three simultaneous equations will arise in which

the six constants a can be evaluated. For example,

Uy = ok agXy tazyy
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in terms of the nodal displacements uj,

7
Uy and w,. We would finsally cbtain for the horizontal displacement
o= = (a: + b:x + csyus + (a: + bax + coyus + (g, + b x + Ju
v R S i¥ Ui a4 = ¥ 45 ™ m Y YU
(9)
in which
&y = Xj¥m ¥
by =¥j ~ ¥n
Cs -7-}&,1-}?1,!
%5 = i T ¥
b = ¥y - Vi (10)
¢y =Xy - My



¢
1
L
(1

Al % M3
2n = det |1 x 2 2(area of triangle ijm) (11)
1 Xp Yy
Similarly, the eguation for vertical displacement would be
,_7-]-#" +b‘v,n1r\!’—i—( + bex + w) T + 1 + ar Yar
= R Lag i% Ci¥ ,"ei 3 aJ j_.. C(:J VJ (am CmX T Cm‘,ffvnl
(12)
with the same coefficients as were given in egquation (10
We can represent the relationships in equations (9) and (12) in the
form of equation (3)
v e e
¢y = = I lis = [, o If’:]{ } 1
(£} [v] (&) [ 0, Lo ] (e (1%)
v
with I a two by two ldentity matrix and
N {ag + bix + ciy)
A5 = =y
- 2 L] \
ol = (aj + byx + cjv) (1L
J 2/ )
( o o}
0t o= {8y + DpX + Oy )
m 24

oefficients can
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he ca

taken from the centroid of the element.

be simplified if the coordinates are

;= 3 x 1,
The relationships
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and (15)
s A _
2 75 T % T

would result.

The displacement functions above automatically guarantee continuity of
displacements with adjacent slements.

The strains, €, at any point can now be determined from the displace-

ments known at all points within the element. Written in matrix notation,

this relstiocnship is

ORIEIC (

The total strain at any point within the element for the plane stress case

]
O

can be defined in terms of the displacements by well-Known relaticnships5

- ~N
() du
€y =
X
v -
= = — 'l{\l
{€j> < v g < 3y > ¥
) v
\_Ky_) oy 5}(
. v
Taking the sppropriate partial derivatives of egquations (9) and (12), we have
— —
by 0, by 0, brs o

I

ot

®
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o

(e} :-gz T, ey, O, C4ys O Cm {

which defines the matrix [B:] of eguation (16).

\O



The relationship between stress and strain will be linear assuming

general slastic behavior; therefore,

!
O

& -1

where [D—] is an elasticity matrix containing the sppr
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o
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properties. For the plane stress case, three components of stress correspond

to the strains slready defined

The matrix [D] is now obtained from the usual isctropic stress-strain

E_ = i fo & o
X i X E ¥
- L 1 £
= = e = + = g, tili!
vy "E X E
- 5
el )

—_—— T
Xy E bl

Solving for {g} in ferms of {E}, we get the appropriate terms for the
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4 similar matrix can be formed for the plane strain case. Let

o
i"‘:l

]
—_
N
\H
P

()

be the distributed load on the element in which X and VY are the "body

=
L

force” components and {p} is defined as the distributed loads acting on a
unit volume of material within the material with directions corresponding to
those of the displacements {f} at that peint.

The simplest method to make the nodal forces statically equivalent to
the actual boundary stresses and distributed loads is to impose an arbitrary
{virtual) nodal displacement and to eguate the external and internal work
done by the various forces and stresses during that displacement.

let the virtual displacement be {Ef)e at the nodes. By equations (13)

and {16), the displacement strains within the element would be equal to

&) 00 = @) BN @

respectively.
The work done by the nodal forces is equal to the sum of the products

of the individual force components and corresponding displacements; that is,

in matrix language

"D
Ut
—r

T
" e e ;
() () (
Similarly, the internal work per unit volume done by the stresses and dis-

tributed forces is

N

o
(@A
g

EYEY - T E)



T ;
() (T @ -1 @) @)
Equating the external work with the total internal work obtained by inte-

grating cver the volume of the element, we get

() @3- (60 J (T @ oo - [OT7 @ o)

(28)
Since this relation is valid for any value of the virtual displacement, the
equality of the multipliers must exist. Therefore, substituting egua-

tions (16) and (19), we have

Mo
\O

Ol tin o OS e FO T

which is in the form of eguation (1), the general equation with

[k]e = f [B]T[D][B]d{\rol) (30)

)
&)
Q.

S =- [ ( 31)
)2 - - f 07 (o) atven) (31

e Ay . . . g

The terms [:] and {3:} can be written in simpler forms by performing
D

the integrations indicated on a general triangular element.

Equation {30) can be written as

[9° - | TEe ax o

s
n
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where t is the constant thickness of the element and the integration is
taken over the area of the triangular element. Since neither of the matrices

in eguation (%2) contains x nor we have
L 2

L
AW ]

(T - B0 »

where A 1is the area of the triangle as defined by eguation (11). The
i
{

. =€ .- e e T ;
matrix [%J appears in the program FINELEM in this form. Equation (%1)

can bhe written as

ol
o

ST X ax ey
- Y

; X . R &
which, when further simplified™, can be shown to be

£

_\v,

o
-
)

This simply means that the total forces acting in x- and y-directions due

=

to the body forces are distributed to the nodes in three egqual parts. The

matrix {F}»g appears in FINELEM in this form.

=
=
——

Jeneral equaticn is applicable tc any typical element in a con-
tinuum. To obtain a complete solution for the entire continuum, two

conditions - namely, displacement compatibility and equilibrium - have to



1k
be satisfied throughout. The requirement of displacement compatibility is

sutomatically satisfied for a system of nodal displacements (:5}

(s} =4 -9 (36)

in which all of the elements participate.

Since equation (1) establishes egquilibrium within a typical element,
a1l that is necessary for overall equilibrium is to establish equilibrium
at the nodes of the structure.

Consider the structure to be loaded by external forces {R}

Ry

{r} =< B (37)

R
L

applied at the nodes in addition to the distributed loads applied to the

individual elements.

To establish equilibrium conditions for a typical node, 1, each com-
ponent of R; has, in turn, to be eguated to the sum of the component forces
contributed by the elements meeting at the node. Thus, considering all the

forece components, we have

(rs) - ), (&) (3
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the surmation being taken over all the elements. The stiffness matrices of

each element will clearly alwsys be square and of the form

[9°-| <
A Fmg

-

AN
O
—

in which kii’ etc., are submatrices which are square and of the size t X t,
where t dis the number of force components to be considered at the nodes.
Introducing the characteristics of the element given by equation (1) and
taking note only of the appropriate forces Pi, by using the submatrices

of equation {39), the above equations become

(rs) Z_ Cod (n) +), (7o) 5 (v0)

The inside summation is taken over all the elements of the structure indi-
cated by the superscript a. Once all elements have been considered, the
overall system of equations is established.

Equation (40) can be written in & simpler form as

(K3} = (&} - {F), (b1)

in which the submatrices are
m=n
P a
[0-)). [
m=t
{r}, L (=)
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with summations including all elements. The system of equations resulting
from equation (41) can be solved once prescribed support displacements have
been substituted.

Once the solution of the unknown displacements has been cobtained, the
stress and internal forces are obtained by applying equation (2} to each
element in turn.

The general eguaticn

,
N

e _ efr.y e /

{3 =0 (5
will now be presented in a more detailed mathematical form. Once the ncdal
displacements {Ei} € have been determined by solution of equation (1), the
stresses at any point of the element can be found from the relaticnships in

equations {16) and (19) which give

(Y - [EGY )
(7" (3

is the element stress matrix as it will be found in FINELEM. In FINELEM

the stresses are assigned to the centroid of each element and are converted

<t

o principal stresses and their directions.

In order to reduce the vhysical size of the stiffness matrix, equa-
tion {33), a partitioning scheme is used. The nodal points of the structure
are divided into a number cf partitions. Only the elements concerned with

the nodal points in a particular partition are used in the calculations.
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The partitioning system is known as a "tridiagonal” system. Fhysically,
this corresponds to the fact that the partitions are connected in series,

as illustrated in Figure 2.

- A
Elements needed for
Partition T
I I J \
b Elements nseded

for Partition IT

Partition
Lines

\IIL _ I

Fig. 2. Partitioning of a Btructure.



The partitioning system allows the stiffness matrix tc be written in

the following tridiagonalized form:

B A w e ™
K; o O o . . 0 0 o| |5 P
m
T g C o 0 0 0
c Frr b e Bt P
("IT ~ -
0  C1r  Kppp Cppr C g 01 | ®111 Frir

N > =< - > (45)

9 g Q K1 Sy -1 Py
c o o o . . ¢, X By B
L T 5 J 00 \_ y,

This system of equations will be solved as follows: The first two matrix

equations can be written as
(<) {or) + L) (erry = (21)

[CIJT oy + )Gy ]Gy = (Bro)

E;J
[4H]

first equation will yield

(o0} = (e (o0} - Dol [en] Corr) (47)

and substituting into the second yields

([KIIJ - [CﬂTE‘ﬂ_l[Cﬂ) (rr)y + [(Cor]) (Brir) (L8)
Prr) "[CI]T[ki]-l {71)



By defining new symbols,

EEIIJ = ([KII] - [CI]Tl}:ﬂ_l[SI:])

m—

=
O
~

(Pr1) = (Frr) - [CTJT[KLJ-I ()

equation (48) may be written as

[® {551} +'E"II]{°III}= (Fr1) (50)
from which (SII} can be obtained as in equation (47) and substituting
into the next row equation to give [I_{III] and.{EIII}.
Tnis process of substitution and elimination goes on until the last

row is reached, that is,

(%)

where a direct inversion will yield {SH}

{(Fx ) (51)

The process is then reversed and the known di splacement values are
back-substituted into equations in the form of equation (47), giving solu-
tions for all of the unknowns.

To check the errors introduced in the solution of eguation (Ls), the

residuals are calculated as

T
o
Mo

(=3 - (&} -[x]{s)



NPROEB

NPART

NPOTN

NELEM

NBOUN

HYM

NCOLN

NFREE

NF

NCARD

NCONC

X

NOD

FINELEM PROGRAM NOTATION

number of problems to be done in one execution of program
total number of partitions

total number of ncdal points

total number of elements

total number of nodal pcints with prescribed displacements
total number of different elastic properties

total number of load vectors to be read in

number of degrees of freedom per node

NP = 0, plane strain case

NP 1, plane stress case

number of cards read in for the previous set, used in checking
number of points with ccncentrated loads
X,Y coordinates of the nodal points
the three nodal numbers defining a triangular element, counting
anticlockwise
elastic property number relevant to the triangular element
angle which the X-axis of orthotropy of element made with
the global X-axis (in degrees)
thickness of each element
nodal point number 1 with prescribed displacements

NB(1,1) displacement in X-direction is prescribed

1}
j-
-

uB(1,2) = 0, displacement in Y-direction is prescribed

[
C
.

NB(1,1)

1}
=
-

displacement in X-direction is not prescribed

NB{(1,2)

1}
-
-

displacement in Y-direction is not prescribed



BV

EARTH

DENSIT

NSTART

NEND

NFIRST

NLAST

GE

BV{1,1)

prescribed value of displacement in

I

Bv(1,2) = prescribed value of displacement in
force per unit volume in X-directicn
force per unit volume in Y-direction
first element in each partition

last element in each partition

first nodal point in each partition
last nodal point in each partition
loads in X- and Y-directions

Young's modulus in X-direction
Young's modulus in Y-direction
FPoisson's ratio in X-direction
Poisson's ratio in Y-direction

shear modulus

n
-

¥-direction

Y-direction



FLOW CHART SYMECLS

OPERATIONAL STATEMENT COR

STATEMENTS

INFUT OR CUTPUT STATEMENT (

DO LOOP STATEMENT 20
20 = LAST STATEMENT CF DO LOOP

{I =1,M) = GE OF VARIABLE IN DO LOOP I=1,M
STATEMENT NUMBER O

IF STATEMENT ¢




FINELEM FLOW CHARTS

A detailed flow chart of the program FINELEM is shown on the left side

of the page and an explanation of the adjacent flow chart operation is given

on the right side of the page.

MATN PROGRAM

Start

READ,
NFROB

20

L4 = 1, NPROB

|

READ & WRITE,
NPART, NPOIN,
NBOUN, NCOLN,
NFREE, NCONC,
EARTH

NELEM,
NYM, NP,
DENSIT,

"

30

I =1, NPOIN

~3-

EAD & WRITE
I 1), X(I,2)

£
|
|
|
|

\

A

b &

r<1 = 1, NELEM

®+

Indicate number of problems toc
be worked.

Indicate parameters of a particular
problem; no. partitions,
no. elements, etc.

Indicate X and Y coordinates of
each nodal point.



¥

READ & WRITE
NOD(I,J), J = 1,3
AN(I)

THICK(I)

NEP(I)

o —

\J

G

4 I = 1, NBOUN

-
READ & WRITE

4 I = 1, NPART
-

,+\ READ & WRITE
NSTART(I)
NEND(I)
NFIRST(I)
NLAST(I)

N
F=

Indicate nodal points, angle of
deviation, thickness and material
property number for each element.

Indicate nodal polints with
prescribed displacements.

Indicate nodal points and elements
in each partition in order.



A

READ & WRITE,
E1(I)

E2(1)
P1(I)
P2(I)
GE(I)

I =1, NPOIN

N p

READ & WRITE,
U(2*1-1,J)
U(e*1,J)

AN

~

/_

NPOIN2 = NPOIN*2|

~

68

65
N
J = 1, NCOLN |

L
\Cjé J A

T = 1, NPOIN2

Indicate different sets of
elastic properties.

Indicate number of points with
concentrated loads. The first
option allows only load vectors
at specific nodes to be read in.

The second option requires that
the load vectors at all nodes
be read in.



|~
|
+ I 1, NCONC
e
~ ~r
K
U(2*K-1,1}
Je U{2*K,1)

<0
~

>0, <0

™\
~
CONTINUE

.
880

A1l data is now in the computer.

If uniform body loads are present,
the subroutine LOAD 1s called to
calculate the body forces due to
these loads.

n

[Gh
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880

NCOLN = NCOLN+1
-r

LOAD
{X,XE,NOD,NCOLN

NPOIN, THICK,L,
DENSIT,EARTH,
JELEM)

A~

INTER =

70
II = 1, NPART

NST = NSTART(II)
WEN = NEND(II)
K = NFIRST(II)

L = NLAST(II)
MINUS = K-1

The subroutine LOAD is called.

The appropriate matrices are
formed teking the partitions
one at a time.

The oversgll stiffness matrix
for a particular partition is
initialized. ST(50,100)

The first and last nodes and
elements in the partition are
specified to be sure the
proper partition is used.

M
—~J



80
LK = NST,NEN

—
[MM = LK-INTER

—~d

A=

e

I=1,3

S
JJ = NOD(LK,I)
¥E{I,1) = X(0T,1)
Xe(I,2) = X{(JJ,2)

. N, N
sy AN
'd
T~
/f\ A \
A

ANG = AN(LK)
TH = THICK(LK)
J = NEP({LK)
™1 = E1(J)
M2 = E2{J)
PR1 = P1(J)
PR2 = P2(J)
G = GE(J)
\.{/
CALL  \
FEM
(XE,YM1,YM2,FR1,
PRZ,G,ANG, C, NP,
TH, MM )
~4
80
IL = 1,3

The appropriate matrices for the
individual elements are formulated
one at a time.

The X and Y components ¢f the
element being considered are
retrieved.

The properties of the element being
considered are retrieved.

The subroutine FEM is called to
formulate the stress and stiffness
matrices for the particular element
being considered.

o
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<0

EEEE

égngz—ﬁOD(LK,KK)—Kj>

>0

sJ,

>0 HOD(LK,KK);Lf)

G, <0

= NFREE*(LL-1)

INFREE* (NOD(LK, KX )-K)
NFREE* (NOD{1K,LL)-K)
NFREE* (KK-1)

=

By
=0, >0 ~

1

NFREE

/N

NFREE .

e

Checks are made to determine
which partition the nodal pcints
of the element are in. Nodal
points in the partition form the
K terms of equation (45) and
nodal peints out of the partition

form the C terms of equation (L5).

These coefficients specify the
lccation of the element stiffness
matrix in the cverall partition
matrix. The K and C terms of
equation (45) are being formed.
The subscript on the terms of
equation (45) indicate the
partition being considered.



MMI = M + MI
NNJ = N + NJ \\\\
™I = I + MI

+

JRd =

|
[

The individual element

ST(MMI,NNJ) =
a(
ST}

4~ T <} mz,mm + c{IMI,JNT) stiffness is inserted
in the overall partition
A matrix.
/\\ _J/\
\ Pans
= ;
\ ’(86 o
' 290
I =1, NBOUN N\
™ The prescribed displace-
ments are introduced.
M= NF(I})-K
MM = NF(I)-1]
~-
<0
Only prescribed dis-
s placements at the nodal
peoints in the partition
being considered are
AN AN introduced.
N =1, 20
230
(’ J = 1, NFREE ~
T} )
=0
T~ ~

(20) 230




00O © O

~
[ i1 = wFREE*M+T |
~
ST(NMI,NMI) =
ST{NMI,NMI )*.1E+12 The prescribed dis-
) placepents are multiplied
by a large number.
233
A 4 A
JJ = 1, NCOLW
~J
A AN N * JHNJ = NFREE-MM+J
U(JNT,JT) =
ST (NMI, NMI )*EV( (1,J) The known displacements
are inserted in the dis-
placement matrix.
N
1% ~No AN
% %
7, (230
2901 J
7
INTER = NEN
MI = NFREE*MINNUS+L
IJ = NFREE*L
A A M = NJ-MI+l
~
<0, >0
((II - NPART Y5~ A check is made to see
. if the last partition
=V was being considered.
NA = M+1
L

115




[R¥]
o

3>{117

N = NA-M
MM = M+l

~¥

WRITE,13,

M{IJ{{ST(E,J),I 1,M),J 1,M),
({st(1,J),I 1,M),Jd MM,NA),
((u(1,J),I MI,NJ),J 1,
NCOLN

/ .
e

REWIND 10
REWIND 11
REWIND 12
REWIND 13

~

SOLVE
(HPART,NCOLN )

~

REWIND lEl

-

/ CALL E

STRESS
(NPART, NFIRST,
WLAST, NCOLN , NELEM,
NOD, NFREE, NPO I

T~
n
o

END

e [ €], [ ] and xnown ais-
placement terms of the tri-
disgonalized stiffuness matrix,
equation (45), are stored for
future use.

The subroutine S0LVE calculates
the unknown displacements by
following the theory given in
equations (45) through (51).

An error check is made according
to equation (52). All of the
terms of equation (41) are
known; therefore, all terms are
defined.

The stresses are calculated at
the centroid of each element and
are resolved into principal
stresses and their angle of
deviation from the original
coordinate system.



p]
AN

SUBRQUTINE LOAD

LOAD,
{X,¥®,NOD,NCOLN, THICK,
U,DENSIT,EARTH, NELEM )
~+
NPOIN#2 |

AY

4\ IU{I,HCOLN) :_QJ The load vector due to the body

forces is initialized.

The nodal points of the element
being considered are retrieved.

s
~
JJ = NODLIT, T)
(R(TF;1) = Kl Jdssd )
Nl x;(1,2) = %(37,2)
L @ This operation is equation (11)

times the element thickness
divided by 6, which when multi-

VOL = .16666T*THICK{II )* plied by the appropriate body
(xE(2,1)*(XE(3,2) - X8(1,2)) force per unit volume yields
+XE(1,k *(XE{2,2) - XE(3,2}) the terms that make up
E(3, 1 (®(1,2) - xE(2,2))) equation (35)

VT = 'OL * DENSIT
UT = VOL * EARTH

@
Q)7



)

na
P

\
7

U(2*JT-1,NCOLN} =
1T{2*JJ-~ 1: COLKN JHUT
U(2*JJ,NCOLN ) =
U(o*3J, Nﬂ’mmxm

The terms that make up
equation (35) are arranged

in the appropriate p-acex
to yield eguation {35

\_rl



SURROUTINE

FEM
(¥E,YM1,¥YM2,PR1,PR2,
G,ANG,C,NP, TH,MM)

FEM

i L

Initiaslize matrices.

Initialize matrices.

WM

A



AN
[ORY

.

Locate the centrocid of a
particular element relative to
the original X,Y ccordinate
system.

Locate nodal points relativ
an X,Y coordinate system th
the element centroid.

= (D

to
ough

7zx(1) = xE(2,2) - XE(3,2) Tne terms of equation (10) are
zx(2) = ¥E(3,2) - XE&(1,2) formed in the following order:
zx(3) = x®{1,2) - ¥E(2,2) B3,b35bp,C15C55 Cpdr8ys and 3y
Zy(1) x3§5,1) - ¥XE(2,1) where a; = aj = &y
7¥(3) = xE(2,1) - XE(1,1)
ZE = ¥E(2,1)8E15,2) ~
- 3 -~ f —~
¥E(3,1)*¥E(2,2)
~
Z = 3.*ZK The relationships of
equation (15) are made use of
S
A(1,1) = Z¥/2 _ N
a{z,1) = zx(1)/2 The term N; of equations (13)
A(3,1) = ZY{l}[Z and (14) is formed.
alh,2) = A(1,1)
A(5,2) = a{2,1)
Alg,2) = A(3,1)
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.
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{
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e

-

U owy

ny =

RO I S AT AU I el e

&l
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\H

~

- ZX¥EEXPR1¥**2
= YMI*(1-PR2)/DEN
YMe*PR1 /DEN

D{2,1)

= M2 (L-EE*PR1*%2)/
1 PRZ2)*DEN)

= G

11

) ¥M1/DEN
) _ PRI*YM?/DEN

5 @

The term N!
and (14%) is"formed.

The term N; of
and (14) is formed.

The relationships of equa-

of equations (13

equations (1

M

tions (9) and (12) are formed.

This is an intermediate
in the formaticn of the ma
of equation (16).

step

o
+
[

The formation of the plane
or plane strain matrix is
specified.

The elasticity matrix for the

plane strain case ig formed.

The elasticlty matrix for the

plane stress case is formed,
equation (22)

[#7]
ot
'1
4]
5]
wm

rix

-]

y
§
P}



D(1,2) = PR HM/DHI
D(2,2) = ¥M1/DEN
Bl 2By =

A,.il/;.,/.‘( =g

cs = 7453)

SS = 8 'Lwiu -017453)

R{l_@} = (S**2

R{2,1) = 8s*x2 A matrix for transforming
R(3,1) = 88%C3 a transversely isotropic
R{1,3) = R{2,1) material from an axis
R(2,2) = R(1,1) inclined to the major axis
R(3,2) = -R(3,1) back to the major is formed.
R(1,3) = 2%R(3,2)

R<2:,?}} = E*R{E)li

R(5,3 = 71{1;1} - ?{E,l)

o
e}



m

~
I —t
- Py
p{I,J) =0
e P -

BCTI) = DEET) + The axis transformation
s (Kl ¥ matrix is formed.

The [ﬁ:}and [E] matrices are
muitiplied together as a step
in the formation of the stress
and stiffness matrices.




The [ﬁBA matrix is formed.
Th [p5n1 matyr in the program
not tlon is cke Stress metrix

E?j in

in the

EIEY
(?J in

The el ent stress matrix is
shtored on a disc for use later
in al culating the stresses at
.

the centroid of the element.

eguation (%3)



This is a preliminary step
in the formation of the
element stiffrness matrix.

The element stiffness
matrix, eguation (33), is
formed.



/ 1hh
AN
7N
N LL = 1, WPART
~-
READ, 13,
M, I, { {aM({L,J),I = 1,M)
J = 1,M), ((®M(1,J),I = L,M),
J = L,N), ((F(I,J), I = L,M),
J = 1,NCOLN)

ul

Initialize matrices.

The terms of the tridiagonalized
stiffness matrix, equation {(L3),
for each partition are read in
one at a time. These terms ar

[ﬂ, [CJ, and [P:l of eguaticon

=
(u5).



aM(I,J)

AM(I,J) - ™(I,J)

The [P] matrix of equation (L&)
is formed.

The [K:] matrix of equation (46
is formed.

This subroutine inverts the [ﬁ]
matrix and multiplies it by the
[P] matrix to form the first
term toc the right of the egual

sign in equation (47).

The term formed above is stored
for future use.



- MATM
{AM,F,DIS,
M,M,NCOLY )

$

MATTM
(®M,DIS,TF,
W, M, NCOLN)

o

This subroutine multiplies the
inverted [ﬁj matrix by the [?]
matrix to form part of the second
term to the right of the equal sign

in equation (47).

This subroutine transposes the [?]
matrix of equation (46) and multiplies
it by the first term to the right of
the equal sign in equation (47]) to
form the second term to the right of
the equal sign in eguation (48).

The inverted [ﬁ] matrix is multi-
plied by the [ C | matrix to form part
of the second term of the first two
terms enclosed in the first paren-
thesis of egquation (48).



AT

AaM{1,J) = aM(I,J) + he term formed in the last
A+ BM{K,I) * TM{X,J) operation is multiplied by the
§ i

transposed [?:]matrix to form

the second term of the two terms
enclosed in the first parenthesis
of equation (48).




N

500

REWIND 13

™~

WRITE, 12,

A

BACKSPACE 11
BACKSPACE 11

N

READ, 11,

2L = :
J=1,M), ((B(T,7),T
J:l,N),iiF‘;I,J} =
J=1,NCOLN)

Lyl
( J =1, NCOLN

(B4

Store the inverted [K]
matrix times the [P] matrix
for future use.

Read the second line of
equation (45) which includes
some of the terms in
equation (L4L6).

This subroutine multiplies

ESJ times (5}

second term of equation (L46).

/

to form the



¥

The second term of sgua-
tion (46) is subtracted
from the third term of
equation (46) and set equal
to the Tirst term of
equation (46},

Multiply the term formed
(AM,F,DIS, above by the inverted K
I-E,M,I‘ICGLI%?) matrix to form (& This
process is repeste i until
(DI} of equation (51) is
calculated.

All the diqpla_ements of
equation (45) are stored.

WRITE
"RESIDUALS"
T 500
4 LL = 1, NPART
M
READ, 13, The kncown {é} are back
{(AM{F{JJ’I:'l’M;’ substituted into egqua-
‘Iz]ﬂﬂf’<(Bh(I’J>’ tion (45) to make an
I=1,M),J=1,N), order of error check.
((r(1,7),I=1,M),
J=1, NCOLN)




W1
<
>

“TN
N
s
=
AN
N Iy
N

@ 6 &

J=1, NCOIN)

Y

BACKSPACE 12

~

READ, 12,
((DI8(I,J),I=1,M),

J=1, NCOLN)

~4

BACKSPACE 12
BACKSPACE 12

S

READ, 12,
((TF(I:J):I = l:N):

s

510

J = 1, NCOLN

=

(9]



(BM,DIS,RS,
N,M,NCOLY)
-~

WRITE, 12,
((F(IJ J):I = l)M):

J=1,NCOLN)

L {500

N\

RETURN

The R term of
equation (52) is
formed.

The residuals of
equation (52) are
printed ocut. If the
magnitude of the
residuals is too great
they can be used as &
load vector and the
problem can be
reworked.



SUBROUTINE STRESS

STRESS,
{NPART,NFIRST,NLAST,NCOLN,
NELEM, NOD, NFREE, NPOII )

~

600
(F II = 1, NPART

A

™~

JJ = NPART 1 * II
M = NFREE * (NFIRST{JJ)-1) +
¥ = NFREE * NLAST{JJ)

1

-

READ, 12,
((U(1,J),I=M,N),
J=1, NCOLN

\ :

600

/ WRITE,
"X - DISP, Y - DISP"

WRITE, 12,
( (I:U(2*I'13J)JU{2*I)J):
I=1,NPOIN),J=1,NCOLN)

~

WRITE,

"ELEMENT NUMBER, FIRST
NODE, SECOND NODE,

THIRD NODE, X & ¥
COORDINATES OF CENTROID"

~

WRITE,

"y - STRESS, Y - STRESS,

gy - STRESS, STRESS - 1,

STRESS - 2, PRINCIPAL
ANGLE"

The nodal displacements

are recalled from storage.

The node number and its X
and Y displacements are
printed out.



N
—

:: 20
= 1, NELEM

7

: The element stress matrices
(DBA\I J),I 1,3), are recalled from storage.
J=1,6),0RX,CRY

~"

:: 620
= 1, NCOLN

JJ = NOD(LL,I

c(e*I-1, J) U(e*JJ-1,J)
c(e*1,J) = U(e*xJJ,J)

/\

k ——-ié




DB(I,J) = DB(I,J) +

| ’ I DBA(I,K) * C(K,J)

e
\ , —t — 630
A
WRITE, 12,
LL, (NOD(LL,J)J =1,3),
| ORX, ORY
~

PRIN
(DB, A,lJCOLN)

~

WRITE, 12,
((DE(I,J),I = 1,3)J(A(I}J),
_ I= l,j),J= l,NCOLN)

T <0,>0
(TCOLN - 1y

=0

25

WRITE, 12,
(A(I,l),l=l,3)

— @

640

A

J = 2, NCOLN

Ul
o

The stress matrix is multi-
plied by the displacement
to form the stress matrix
of equation (2).

The element number, its
ncdal points, and the X and
Y coordinates of the centroid
of the element are printed
out.

The principal stresses are

calculated.

The principal stresses are
printed out.




g
AN

~ —“N
i DBA(I)J) =0 \
~
=
640 ™
/ K l,J
[N
DRA(I,J) = DBA(I,J) +
DB(I,K)
/P o
L
A \ _
ﬁ/
PRIN
(DBA, A,NNCOLN )
/WRITE, 12,
((DBA(I,T),(=1,3),(A(I,J),
I=1,3),J=2,NCOLN
AT -~
WRITE, 12,
(A{ T, NEOLN ), D=1, 5]

“N

RETURN



R

SUBRCUTINE PRIN

c(1,3) = (D(1,3) + D{2,3))
*,5 - sgrT((D(1,J) - D(2,J))
»*2 /4, + D(3,J)**2)

~N

c(3,J) = 57.3 * ATAN((C(1,J)
-D(2,J))/D(3,J))

— 46

RETURN

ot

The maximum principal stre
is calculated from oy = D{
= Dp(2,J), and T __ = D(

using Mohr's circle.

The minimum prinecipal stress
is calculated from oyx, oy

and TKY'

The angle of deviation in
(degrees) of the maximum
principal stress from the
X-axis is calculated.
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SUBROUTINES MATTM, MATM, AND MATINV

SUBROUTINE MATTM (D,B,DB,L,M,N)
MATTM is a standard IBM subroutine which transposes the matrix
D(L,M), multiplies it by the matrix B(M,N), and assigns the

product to the matrix DB(L,N).

SUBROUTINE MATM (D, B,DB,L,M,N)
MATM is a standard IBM subroutine which multiplies the matrix
D{(L,M) by the matrix B(M,N) and assigne the product to the

matrix DB(L,N).

SUBRCUTINE MATINV (A,N,B,M)
MATTITV is a standard IBM subroutine which inverts the matrix
A{N,N), multiplies it by the matrix B(W,M), and assigns the

product to the matrix B(N,M).



The control cards, main program, subroutines, and data location are

shown in this section. The Fortran statements listed in this section in

ot
oy
4]
©
-
£
(D
=
ct
=y
(1]
=
W
I~
1l
!
e
o]
ot
(4]
.
L]
9
g
e
5
{D
a3
3
e}
aq
=
&
r
=
[
£
&
=
-
=
[E
2]
o
&
pis
-
=
b
&
=]
>
5
o
1k

I

THESF 4%+ CONTROL CARNS

J/7 FINELEM O
/7
FIFDPRTLSYSIN

! Lglsh i PE Lzl
SUR AP G PARM LEZL="LLST L Tyeil?

C MATN Prli<an

E THESE A7 (CONTRAOL CARDS
F/GCLFTIZ2F00L DD OSNAM-=RUSKSoTC UNIT=(SYSLAZSaP=FTLLIF T L), X
/7 DCB=ARECEH =V, LRILL=295, 0 LKS]Zu =97} 4 SPAL = (CYLy(10,10))
F/GDGFTL3TCO] DD DSHAMe=6DSKSETN, UM IT={SYSCA,SCP=FIL2F 011, X
i DCE=ARECFM=VLRICL =293, ELKSTZE=29T},5PAC:={CY¥L, (10,101}
FIGHGSYSTN (B3] #

C DATA CA“DS 5N HERS



10

3C
il
35

1140
111

40
46
45

128

[
<

A0

36

A\
=3

MATH PROGDAN

DIF'*STx; K{350y214X =(7,21,UE!’“},HF(50 21 BYE3T: 204830145093 )
INEPLAST 2 ANMI4E0] THICK{45D) 21 010) 922 k100 ,PLLI0)2201100),
Z“E(lf.}'.,;T«ﬂT{lf].‘-.”‘-' 1‘2)([‘[;@51'{1“1]'\& 5”1'1)

CIMMAN (U668 00AC3, 61,003,601, 8060603003301 5TER0, Lot U(Tu0,4)

READ (Ly1T) NPRCE
FORMATUHT4,20 1644
D 24 Las1,NPROP
RPEWING L
REwIMNE L3

ATING ANMD PRIMTING OF DATA
AFEAD (1, 10)NPART TP T yNrLor g NELUT Ly NN g MY 4y P G NFREF O tS IT g L ARTH
WRITE(3, IOIHPART  MPO TN NTEEM BTG UN, ML g NY AP NFRUZ DS TTyTARTH
DN 30 1=1,%MP0IN :
OFEAD [1,35) X{T.10,X(1,2)
WRITF L 3,27 e XT3, xt1,7}
FNRMAT( L4, 4Xy 2F1ELF)
FORMAT(Flb6sB s Flad)
READ (i,10) NCARD
IF (MCARD=-NPDIND L10,111,1140
STOP
CONT I M)~
DO 40 [=].dNILEM
READ{ Ly &I NUM 1NODLT, 00,021,230 ,MIP11
WRITEL 2,66 UM, (HODUT ) 4 J J=143),MEP1
FORMATIST4,2F1ba 5
FARMET(31%4,7F 167,141}
READ {1Ly10) NCARE
TF (NCARD=HILEM) 120,121 ,12¢C
STOPR
CONT T MUE
0o oSG ii,r-‘i QN
READ (1449) MFITY NELT 1), MNE (Da2 by PVl1el)BILL20)
WRITSE{3,43) ME(THaMNE (T4, MO g Z g U (T 1)aBVITL2)
o 60 I=1,NPART
REAL {1le17) NSTARTL
WRITE(3,10) MNSTARTH
0N &6 [=1,07H

) AMLT )} THICKLET)
T) AT THICKUTD )

NFIRSTOTY,HLASTOD)
NFTRSTUIN, HLASTLD)

="
T
|

T
TY,Mz0

- -

READ {l,ﬁb) F1011ar2iT,PLLTY,P200) 6001
WHITE (3,261 FILINGCZ0IE,2001 1,27 010 G! =1
FOD"‘T[/FLD;“'EE:‘.,Q1§—15\.-'§]

READ(1,10YHCONC
DO 6% J=1,MCOLN
[F (NCON() G474 6
DO 6 I=1,MPOIN



6&

&8

69
33

65

582
980

gg1l

75

£ES

131
132

DFAD (1435) wt2xl=1sd),002%1,4)
WRITE (353,35) Lioxt=1.01,Ul2%1,J4])
6O T 65

NPOIN2=MD ]y

DN 68 I=1,4PDINZ

Utl,11= 4

N0 69 1=1,5NC0KC

READ (14330 KoaUlZFE=141)Utz%k 1)
WRITF (25,33) K U(2%F=1,1),UtzvE,1)
FORMAT (44201645

MOONC= 0

CONT MU -

CALCULATTION NF LOADS OUs TN OOy FORCLES
TF (CFENSIT) 8BUR82,0R10

1F (FARTIN) ERQ,ERL, 8RO
MCOLM=NLULN+L

CALL LA LK KE GOy NCOLNy NPUT W, THICK U DS T Ty c AR TH, WTL.

CONT IRU-

FOARMATINY OF MATRICES
INTER=TG

DO 7C¢ 11=1,NPAKT

nn 75 [=1.50

ne 75 J=1,100
STII,4)=0C
MST=NSTART(I1)

K=NFIRSTA{(II)}

L=NLASTL{EL)

MIMUS=K-1

DO B0 LK=MST,MNEN

MMz K-T"ITER

GO 8% 1=1,3

JJ=MNEDILE L)

KE‘I?}’:X(JJyl)

ANG=ANLILEK )

TH=THIIKALKX

J=MEPLLK)

YHI=ELL Y]

YM2=2214)

PR1=P1{J)

PRZ=PZ2(J4)

G=GE(J]

CALCULATION OF CLZMENT STIFFNSSS AND STRZSS MATKICES
EALL r::{‘i‘-(E,Y?—ﬁi,‘s’"ﬂZ,P:‘L{'DL{z'{;' L‘EG'QJvanyi“’-{’

DD A0 LL=1,3

D0 80 Kh=1,3

IF (NMODILK ¥K)I-K} BO,L
TR(HIOLR g KK Y=L 1132,132
C=NFRESEAONOD (LK, KK)-K)
M=NFREE=INOD(LK,LL)=-K)

y 131
a0

31
24

A\

oo



O

242
243

145

1

1
1

L5
16
17

7G

[=MFPES
J=NFEEC
1Fine
0o oSoNJ
pA 5 M
M =N
NHJsMNEYy
Irl=1+
NENEINE S
STIMMT,
CRNTIMNY
[HT=O0U
oa 290

T{KR-1)
{LL-11
¢ M2, 900
=13 NFREE
i

J

i

J

Vi Y ESTUNET e C Ty JTd)

CTINY OF pPRESCRE

T=1,WPOUN

M=NFLL)-¢

EESE T A |
1F ¥y 2
TFIM-24
DY 236

IF i (]
MMI=NE 2
STUMNMT
po 233

NJ=NF2 2

-1

Fiig 2424247

yra A 243,200
J=l s NFREF

p )1 1230,345, 230
=Mt

L YI=STUIAIT 700 T
Jd=1,HC0LT

PRy

BED ODISPLACEMENTS

UM, JI ) =STENMT, MY ERV T, )

CONTING
CANTINU

INTERF=M=0

MI=MFR
NJ=MFR
M=rd=M]

IF(TE-

NAZNFRIC

GO T}
Na=M+]
MN=MNA-M
MM=M+]1
WRITZ(L
Li(uUelJ
REWIMND
REWIND
AEWIND
BEWIND
SOLUTIN
CALL 50
REWIN:
CAaLCULA
CAaLL ST
CONTINU
sTOP
EMD

+

-FMINHUSHL
L

e

VERTI1I1IE,116,110
FUVLASTEIT+1 =W
22

£ I

M, N, L USTLT, ),

Yl =Ml NI s J=1 M
1t

i2

13

g OF TRIGIAGONAL
LY TANPART $NCGLA)
12

TIny OF STRES

| oo
)
2555 INPART W MFIL

T uits)

‘1-9?"‘1‘.]:‘;1?'-):‘(ST(IrJ)vI:l""}|J:i"!iﬂ‘,4-6‘1

I=1
COLNG

GAT=ECES

ST MHLAST N

A CALCULATICH MF RZS5ILUALS

-
i

I8
Lt

Iy MELEM MU T2y niPu ™)

i)

0
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RS

Bé
20

[O)Y
O

SURRBUTINS FOR CALCULATION UF LOADS OUS TO cusy FORC oS
SUBROUTIMN= ”AD(X-Xi,WQD.WCEL!.‘?WIN,THILK,U.UQQiIT,iLEfH,u—L%PJ
DIMENS oy X 35U ) g X[ 4y 2) y MO I650 3 ) o THICK{G3O] 2 UL AT ,2)
NPOINZ=NPOIN®Z
no 10 I=1 404
LT NCOLNY=0
pno20 [i=1,MELEY

DO 25 1143

JJ=n00( 1,11

XELT,1 =20JJdy 1}

XE(I|EI:;’:‘JJ‘2]

YOL= . 16ttt a T*THICKIT T ®(XE LI I G Il =k VARG I 5 SR SN
TUXF(2,2)—XS{3,2))+XT {3, IR AT L, 2)=Xc 220 1)
YT=vNLFLoNSTT

UT=VOL*-alTH

00 86 I=143

JI=mMT0(IT, 1)

UL25Jd-1 NCOLNY=Ut 25 30-1,NCOLN I +UT

BLZ2%JI NEDLNI=UCZEI 0 MCOLNI+VT

COMT ITHUl

RETURM ©

END

—_r
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[
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e
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SURRNOUTT i7 FNR FORMATENN NF CLEMENT STIFFNELS AND STRISS MATRICES
SUBROUTIME FEMILE YL ¥YM2 3PP Gy ANG, AP s THy M)

DIMINSTi U033 «PTORA LAYy XEL342 )38 {3,5) 78031, 7Y 13)snr1i3,3)
COMMDN {5, A)  LRAI3, 003000360 A 060 0) 4B L8]y S5TES0, 1000, 00700,4]
N 20 J=1.48

nag 21 [=1.3

BlI,J)=0.

DELE,yd)=100

DPACLsJY=0s

LY 26 1=1s0

AT ddh=.
BTIDEA(T,J1=0
CtIsdd=5s

0N 22 J=Ll.5

no 22 I=1i.3

Q‘(Ip\j,:ua

nl[vdl='u-\
CRX=(X={1, L)+XE(7, LI+XEL{3,1h)%,
ﬁ%Y:(X:(1.2)+XE€E,2)+KF‘(‘}'Z}]*.
na & I=1,3

XF(],42)=0E(]1,2)-0RY
IXELN=X7(2,2)-KE(3,7)
IX(2)=X2(3,2)-X2(1.2)
IX{3)=X"(LyZ)-XE(2,7)
I¥({ll=Ko

I¥Y{3) =4~ (24 11-XZ(1,1)
TK=YEL2, i VEAEL3, 2 = XEL3, LIFAF( 20 )
1=3,%1IK
All,1)=7¢¥/12
Az, )=Txt LV /1
A3, 1)=2¥01)/7
Al4,2V=411,11
&(512.::‘2"1]
AlB,2)=0(3,1])
All,2)=2871

A 2,y31=74821/12
Al3,2)=2¥(2}/2
AlSy&)=0(2,3)
Alhyal=a3,43)
Al1.5)=Fk/E
Al2,5)V=7Xx{31/2
A(3.,5¥=7Y13}/7
»"‘("1';5.2,:;-{11:)]
&.(516]1:,—1(213}
AlB,6)=413,45)
BE(l,2)=1.
B(3,3)=1,
R(3,5)=1,



81

15

73
70

100

110

g

40

127

Bl2,6)=1,

IF (NP) 75,481,715

ELASTICITY MATRIX FOR PLANE STRAIN CASE
EE=¥YMZ2/YM]

DEN=]4=iH2~2, *EE*PR]1**2-
D(1,y13=YMi*(1la~PRZ}/DEN
DIU2y1)=Yrk2=PR1/DEN

DI1,2)=002,41)
D(2,2)=YM2% (] ,=FEXPRYI =2}/ ( (1 +PRZI¥LEN)
D‘3v3’='

GO TN 13

CLASTICITY MATRIX FCR PLANE STRFSS CASE
DEN=(1,-PAL*PRZ]

D{1,1}=¥Yr1/DEN

DI2,1)=PRAIXYMZ/DEN

D‘1'2’=L|211|

Di2,2Y=Yr2/DEN

D'3'3]=;

IF (AMG)T3,72,70

CS=CDSIANG*,01T7453)

SS=SINIAMNG®,017453)

R{lyl)=L5%%2

R(2y1)=558%%2

R{3,1}=55%5

RI1,2)1=(241)

RiZ2421=201,1)

R‘312l=‘gt311}

R(1;3'=21*RI3|2)

R(2|3'=2|¢R‘3,1,

p(3|3‘=3(1'1,'ﬂ‘2n1)

Do 100 J=1, 3

pDa 1en I

rE].‘IQJ)=
DO 100 K
P1{I,J)=2
oo o11¢ J=
noo1l1c I=
DUl Jd)=U.
DD 110 k=143

DOTod)=0ipJI+RITKIZFRINK, D)

0D 30 J=1,6

00 30 I=1,3

DO 3C K=1,3

DRITyJI=DRIT JI+0{ T KIFN LK, J)

00 40 J=14+6

DO &40 [=1,3

N0 40 K=1,6

DBAL T J)=DBA(T  JI+DE (4K IHALK, )

STRESS “ATRIX IS FORMED

IF (MM) 126,1264127
WRITE(LOIC(ORAL L4 d) 9 T=1y3)30=1,6)y0RL,0ORY

UIWLJH

1,
Al
143
Tl JI+DI T K IR (4 K)
143
1a3



12&

&C

CONTIMUL

VL= ExTH*Z
DT 50 J=1,6
nn s¢ [=1.6
NN SG K=143

RTDRA(T J1=RTDHALT y JI4R1K, TIHOBAIK, JI=VOL

NN A0 J=1.6

nn 18 I’i!d

DO EBG K=146

ClIad =001y d)+A0F, TIRPTORALK 4 B}
STIFFMTLS MATRIX C 15 FORMAED
BETYRM

tND



141

140

i5cC

425

424

112
144
437

6

SUBRMUTINE FOR SOLUTION OF SQUATIONS,CALCULATION AND PrINTT AL W 251D
SURROUTIME SNLYVE (MPARTSNCOLM)

DIMENSION AMISO,57 1y FMIS0,50) oYM (50,50) 3 THIS03 44 BS {50 al s Flhusb]y
10ISU50,44%)

COMMON Clhe6) 20821206 0B [3,6) 806,860 B1346),5TIED,1C00,LITUl4]
EQUIVALENCT(AMIL 1Yo STLL, 10 (B ELy1,STULeSL ) (TRUL L) ULLn1d ),
T(DISIIe i) gL g2) ) gl S 1) oUlLy2) )y {FlLsl)sullesl)

D0 140 [=1,50

DN 14l g=1,NI0OLN

TF{IuJ'=5§|

RS(I!JI=:-U

nn 140 J=1,50

YM(L4Jd)=0

DN 144 LL=1,NPART
QEAD:]%’Q“:,‘Wl‘(5‘-\"'1‘[pJ',]:loM,rJ=1|M'v‘(E"’”E'J]vl:l'""i’j.ltlyf”ip
LIGFUTad) s 1=laM)yd=1,N000LM)

0O 424 [=1,1

DO 425 J=1,.NCOLN

F(I|J’:F[{,J)"TF[]QJ)

DIS(IsJ)=F(l,+J)

DN 424 J=1,4

BMUT,J)=AMT,J)=YY(I,0)

CALL MATIHV{AM, M, DIS,NCOLM)

HATINY e STANDARN IBM THVERSION PRUGRAN
WRITELLLIMaNy (AN T d) ol =1am)d=1yM) { (AT, d1,0=180 401,70,
LIGFIT e ) I=14M)yJ=14NCOL" )

IF{MPART-LLY&42T,437,432

CALL MATHIAALFDIS, My ,NCNLYY

CALL MATTMUERM LIS, TF NV NCTLM

00 110 J=14N

DN 110 [=14M

YMII,J)=0.

DO 110 K=1,M

YM(TedI=YR{T,d)+A L, KPERMIE, )

DO 111 J=1,%

D2 111 1=1,4M

AM{T +Jd1=0,

nn 111 K=1,M

ARIT 2 J)=AM{ I, 3 +EAK, TIRYMIK,40)

poo o112 I=1,%

00 112 J=1s14

YM{T,Jh=aMiT,J)

CAMT ITRUL

AEWINDG 13

WRITE (i@ (LOISIIvd) yT=14M) =1, NCOLY)

IFINPART=1)600,600,601

NA=NPART -1

DN &6l LL=1,NA

BACKSRADE L1

BACKSPACEF 11



TR

“n

512

8]
—t
(an}

500

600

O
\n

QF&U(lll%.ﬂ.((&N(I.JE.I=1¢M1,J=1.”!,((8H{[.Ji.I=1.Hl,J=x.ﬁ).
TOUFU e 3 l=ieMlyd=1,0H000LN)

CALL MATY{EBMsOIS,TF My, MOTL)

N0 &&4 A=1 ,NC0DLN

00 G448 T=1,4

Fllydi=t (T4 =TF1T,J)

CALL MATFLAM, FLO18, Py My NOTHLY )

WRITE (12Y0(0IS(Tsd)yT=13M)yd=1400GLN)
WRITE (54315)

FORMAT(1(H RESICUALS)

nn s00 LLi=1,nMPART

READ (L2 hi, Ny ({AMIT 041 = sy JT L MY BRI s d =) e d=1 M),
TE{F LT3 d),TI=1yM),yd=1,00CNLN)

RACKSSALT 1.

READ (LY UIDIStI s T=1,480yd=1.NLOLY)
RACKESPALF 12

RACKSPALE 12

PEAD (LZM0CTROIJ)a0=1aMd=1,NCLLKY

DN S10 =1, NC0LN

DO E1G 1=1,M

Fllsd)=f 0l d)-H5{1,44)

DO 512 K=1,M™
Fllsdi=F Ty Jh=aM(T4k1=DES(K, 1)

00 51C L=1,N
FOTIaJV=F (L ) =B8N0, LYSTF (L S)

CALL MATTMEAIMZDIS RS,y ™ NCULN)

ARTTF [3,31) ((F(T4J)sel=lsM),d=1,MC0OLN)
FRRMET(LH ,12FE3.2)

CONTIMNUL

RETURM

EMD



(]

SUBROUTI®IC FOR CALCULATIGH OF STRESS:S

SUBRIOUT [ME GTRESSUIMPART y METRST yMLAST y NOOL Ny HELE Ny MO0 o HFRIE, «PIIN)
DIMENSTOY NOADR{453C,3)yMFIRSTI15),HLAST(LS)

COMMCN i(h,b).UHA(B,E‘;?%{?,&),Lib,(l,E(inéi;ST(?&,lLﬂ!'u{luL,Q)

00 600 LEI=1,NP4RT

JAd=MPART+ | -T1

M=MNFREZ=(NFIRSTOIIN-11+]

N=NFRECHNLAST(JY)
E0G READ (LZI01UCT 0],y T=tyn)y J= L NOCELN)

WRITF (35,615]
615 FORSAT(SH NOUE,16H X=-DISPLACEMENTS,10H Y-DISP2LALLMENTS)

WRTTE (3,220 ((1aUl2sT=1,3),Lt2% 1, d) =1, NPUl i),y 3=, N0OLY)
32 FORMAT(LH ,16,2E16.8)%

WRITEL3,625)
625 FORMAT(IeH ELEMINT MUMCER o lont FIRST KDL s 16 STIO Y Johs

1,16H THIND HDOCE S 3EH X aMD Y CN=0GROIATES OF CeHTRIUIL }

WRITE (2,439)

PRIMCIPLS AMGLE 1S Tv 7 ANGLS BETwicoH ¥ AXIS &ND STRELS-1
635 ENRMATLLOH X=5TRESS y LELIY-STRTLS ’
116H XY¥Y-STRESS y 161 STHRESS-1 1611 STRISS5-

216H PRINCIPLE ANLLF)

PO 20 LL=1,MFLEM
READ (1) [{DBATT b 113 ,d=1a8)7iiXTinY
DO 620 J=1,NL0LN
oo 620 [=1,2
JJ=NDDBILL, 1)
Clz=xl-1,4)=0l2%JJ-1,J)

620 C(z2%14Jd)=Ut2®dd,d)
DO 620 J=1,NCOLN
D0 630G 1=1,3
DBA l'J]:U"
po 630 K=1l,6

630 DRI JI=CBECLyJI+DPALT k) =C{E,d)
WRITE (3,100 LL, (00 (LLy Yy d=is2 b, 0RX,00Y
TALL PR1INLUS,A,NCALY)
WRITE {2,319 (40RET 00,0213, 00t 43) 410,30 v0=1,0000 1)
TF {NCOLN=13110,25,110

55 WRITEI3,33) (A(T,1),1=1,43)
GO T 20

110 0O 640 =2 ,NLOLN
NO 6470 11,3
DRACT J)1=0.
D 640 K=1,4

64C DRALT 4 JI=D0AIT J)+0RITK)
CALL PRIN{UBA,&,NITLN)
WRITE (3,310 CLDRACT ), T=y3 b {alTadlai=lya)ad=ynilind
WRTTE (3,33) (A{T,NCOLM)yE=1,3)



CONTINU-

FORMAT( b Ht |'5':1f3|§‘i'F1’:nFr)
FARKITLLHP y5E 1265}
FORMATILH 4alb,2F]1&a4R)
RETUR®

r-k!D

(o}
-
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SUBPOUTINS PRINID,C 4 k)

DIMENSIIN DL3,0)4C1E,6)

N0 &S50 J=1,M

Clled) = (DILsd)14T{Z4I1)%e5 4 SORTOIOI1,0)=012,0) V%5274,
L o+ DU3,0)%%2)

CU2ed) = (DILy 14002, 000%,5 = SCRTUIDLIL,d1 =024 )%55204,
1 %+ D(3,0)%%2)

650 Cl3,J) = STe3FATANIICIL e JI=DI2, 40V /D(3,4))

110

RETURM
£8D

DF gLy Myii)

SUBRDUTENT MATTY (D, T
2 BIS0,4),,02050,6)

NDIMEMSTIN DIBG50) 8
DN 110 d=1.1

npno11e I=1l.L

Nl d)=0s

DD 110 K=1,M

RETURN

END

n -

SUBRDUT[HS MATM (N, F o Dl, LMyt
DIMENSII Y DI5G,50 )42 (80,8 ),00(50,4)
00 110 J=1,H4

BN 110 I=2,L

DEBL]Jd)}=0C0

DO 117 K=1,#
DBIT.J)=0B(I43)+DUT,KI¥D(K,3)
RETURYN

EMND
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SUBTOUTTIMNS MATINVIA N, T M)

MATZIX TWW=8SICn UITY ACCOMPaNYINn SubUiIce O LTNIZAR cluaTliiNg
INITIALTZATION

NDIMENS TN IPIVOTLS0, 4150, 50 )4 HU50,.4), [HDELL(RT,2),PIVETIE0])

Nna 20 J=1,.4

IPIVITLINI=0

N 550 T=1,44

SEARCH FOR PIVOT ELFMENT

&¥_1ax:r_-—

no 105 J=1,7

1F (1PL¥TtuY-11 &0, 105, &C

GO0 100 Ii=1yN

[F (IPIYnTIKi—1) AG, 100, 740

IF { ASS{AMAX Y= ARSIAUJ,K])Y) 85, 100, LU

1804=J

[COLUM=K

EMAX=A(J.K )

CONTINUL

CONTINUL

IPIVOTHICOLUM)=IRPIVHT LIS OLUN) +]

INTFRECHAMGS ROWS TN PUT PIVOT CLaMENT 0% DIaGDNAL
IF (IROW-ICOLUMY 18C, 260, 130

NN 200 L=1+4

SWAP=ALTIRAtd.L

ALIRNW R, LI=ALTC0LLY, L)

ACICOLUY L) =5HAP

[FLi#) 24y 2&C, 210

DN 2860 L=1, M

SWAP=D (T 0y L)
SUIROW,L)=311C0LUM,L)

BLICOLU JLI=SWLP

ITMOFX (L, ) =120

INDEX[T,2)=100LU™

PIYNTOL=A [COLUNM, ICDLUM]

DIVINE BIVOT ROWw RY PIVYDT ELEMIMT
ACICDILUS, ICOLUME=1. 0

N0 2E0 L=1414
A(ICAL 4LI=4T
IFIM) 3.0, 3R0, 3
D0 3TZ L=14+M
PLICTILU U )= 0 TOT LU, LI /PTYITLLY
REDUCFE 0= pPIVOT 70wt

00 556 Li=1l+N

IF{LI-TLOLUM) 400, T80, 400
T=A(L L, 000LuUMy

AlLLICiLuMI=0a0

BN 450 L=1,.N

AlLL L )= Ll Li—A0 I 0LUM LT
IF(MY 590, 280, &A0D

—

~
i

—

COoLuM, LY/PIVnT0L)

o



460
G0
550

DO
A10
s20
630
H4Q
A5C
660
670
700
705
71C
T40

O SCC L=1,M

BlLY L= lelyb)- i

COMT ITMNU-
TNTERCHALGE COLUNMNS
DO 710 =1,
L=N+1-1

s L =T

IF (INDIX(L,1)-T40EXILe2)) 630,

JROW=TH0 KLy 1)
JCOLUM=INDOCL (L, 2)
DO T05 K=l+Y
SWAP=ALE, J20w)

ALK, JROWI=ALE  JITOILUY

UK, JC L h=Swa?
CONT MU

CONT NG

RETURMN

END

}

7o



AN

1 Card
Columns
1 -4
1 Card
Columns
1 -4
5 - 8
9 - 12
13 - 16
17 - 20
21 - 2k
25 - 28
29 - 32
%% - L8
Lg - 64
1 Card
Columns
1-16
17 - 32
1 Card
Columns
1 -4

DATA PREPARATION FOR FINELEM

Number of problems to be run in one executicn
of program

Number of partitions (< 15)
Number of nodal points (< 350)
Number of elements (< 450)

Number of nodal points with prescribed
displacements (< 45)

Number of load vactors (< 4)

Number of different elastic properties (S 10)
0: plane strain 1l: plane stress

Number of degrees of freedom per node

Force per unit volume in y-direction

Force per unit volume in x-direction

for each nodal point (in ascending order)

x-coordinate of nodal point

y-coordinate of nodal point

Number of nodal point cards to be read in

Format

L3l

'

o
O

Th

{92

m



5. 1 Card for each element (in ascending order)

Columns
1-4
5 -8
g - 12
1% - 16
17 - 20
21 - 36
37 = 3%
6. 1 Card
Columns
1 -4

Element number

Nodal peints in anticlockwise rotation
Nodal points in anticlockwise rotation
Nodal points in anticlockwise rotation
Elastic property number

Angle which the x-axis of orthotropy makes
with the global x-axis

Thickness of element

Mumber of element cards to be read in

T 1 card for each nodal point with prescribed displacement

Columns
1-4 Nodal point number
5 -8 Displacement in x-direction
0: fixed 1l: free
g - 12 Displacement in y-direction
0: fixed 1: free
1% - 28 Prescribed value of displacement in x-direction
29 - Li Prescribed value of displacement in y-direction
8. 1 card for each partition (in ascending order)
Columnsg
1 -4 First element in partition

5 - 8

Last element in partition

—]
no

Format

F 16.

F

16.

[es]



O

10.

9 - 12
13 - 16
1 Card
Columns
1 -16
17 - 32
33 - 4o
41 - 48
49 - 6L
1 Card
Columns
1-4
1 Card
Columns
1 -4
5 - 20
21 - 36

First nodal point in partition

Tast nodal peint in partition

NOTE: A partition cannot contain more than

2l nodal points numbered in consecutive
order.

for each elastic property

Young's modulus in x-direction
Young's modulus in y-direction
Poisson's ratio in x-direction
Poisson's ratio in y-direction

Shear modulus

Number of nodal points with concentrated loads

for each nodal pcint with concentrated load

NOTE:

Nodal point number
Load in x-directicn
Load in y-direction

If there are no points with concentrated loads,
omit Set 11 cards. A blank card (or card with

a zero punch in column 4) must still be included
(Set 10).

If points with concentrated loads are present,
they together form one load vector (regardless
of the number of points) which must be included
in the count in columns 17 - 20 of the second
data card. (Set 2.)

e

es |

ki

el

b

&)
@]

l_._J
O
[we)

-
LG



Format
2. 1 Card for every point {in ascending order)
Columns
1-16 Locad in x-direction F 16.8
17 - 32 Load in y-direction F 16.8

NOTE: One card must be included for every point
even if the load is zero. If only concen-
trated load exists, howsver, omit Set 12
completely.

Repeat Set 12 for every separate load vector.

Set 11 and Set 12 cards are alternatives. If
only a single load vector of a relatively small
number of arbitrarily specified loads is to be
dealt with, use Set 11. If more than one lcad
vector of arbitrarily specified lcads is to be
dealt with, then Set 12 should be used and cne
card must be included for every nodal point,
even if the lecad is zero.

For a combined loading, arbitrarily specified
loads,and computer output, the cards for the
nodes with comwbined loads should be abstracted
from the output deck and replaced by cards with
the total load.



-
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NUMERICAL EXAMPLES
EXAMPIE 1: DEFLECTION AND STRESSES, SIMPLY SUFPORTED BEAM

Determine the centerline deflection, the flexural stresses at sec-
tions A and B, and the horizontal shear stresses at section A of the simply
supported beam shown in Fig. 3{a) on page 76. Calculate the deflection and
stresses using "classical methods™ of analysis and then the computer program,
FINELEM. TFor this example, u = 0.3 and E = 30 x 10° ksi.

Solution:

The centerline deflection or maximum vertical deflection of a simply
supported beam with a concentrated load at‘midspan is calculated using the

following formls from "classical" beam theory,

Z
FL~

TPml {55}

Lpax =

in which &hax represents the deflection, P represents the coneentrated
load, I represents the beam length, E represents Young's modwlus, and

I represents the moment of inertia of the section.

The moment of inertia for this section is

Substituting the appropriate values into eguation (53) gives the

following:

B 10(60)3
“macx 48(30 x 102)416.7

= 0.0036 in.
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Fig. 3. Example |: Flexural Stresses, Simply Supported Beam



T
The centerline deflection calculated by FINELEM is found in Appendix A

as the y-displacement of nodal point £8 and eguals the following:

Do = 0.0034 in.
The FINEIEM deflection is smaller than the "classical method" deflection
by epproximately 5.5 percent.
The "classical method" for calculating the flexural stresses at a given

point along the beam makes use of the flexural Tormula

=
H,
Py
e

in which Oy represents the flexural stress in the x-direction, M, repre-
sents the moment at the point where the stress is to be determined, ¥
represents the distance from the neutral axis of the section, and I repre-
sents the moment of inertia of the beanm.

At section 4,

and

Similsrly, at section B,

x = 29.7 in.



and

29,7 = 148.5 in-kips

s

The flexural stress distributicns for sections A and B are linear and
vary from a maximum value in compressicn on the top of the beam to the same
maximum value in tension on the bottom of the beam and are calcuwlated using
equation {54} in which y varies from O inches at the neutral axis to
15 inches at the outer fiber of the beam.

The maximum flexural stress at section A is

_ kY _ 70(5) _ 46,80 kio/ing
o), - W *0.84 kip/in

The maximum flexural stress at section B is

Mg, 7¥ _ 148.5(5) _ + TR
- = - = ==t< = T71.78 kip/in-
297 I 416.7 { /

g

The "classical method" flexural stress distributions for sections A
and B are shown in Fig. 4(a) and Fig. 4(b), respectively.
The "classical method” used for calculating the horizontal shear stresses

at a given point along the beam makes use of the horizontal shear formula

Py
N
\N
~—

=1

x

in which Txy represents the horizontal shear stress, V represgents the
shear force at the point where the stress is to be determined, @ represants
the area above the point where the stress is to be determined multiplied by

the distance from the centroid of the area to the neutral axis, I represents



T2

the moment of inertis of the beam, and b represents the width of the beam
where the stress is being calculated.

Using equation (55), the horizontal shear stresses are calculated at
the neutral axis and 2.5 inches above the neutral axis. These points are
assumed to be enough to show the general shape of the shear distribution
curve.

The horizontal shear stress at the neutral axis is

_5(5)5(2.5)

T = = 0.15 kip/in®
ne T TaG() | O MR

The horizeontal shear stress 2.5 inches above the neutral axis is

_5(5)2.5(3.75)

2
= = 0.1125 kip/in
5.5 = TT18.7(5) 5 kip/

The "classical method" horizontal shear stresses are shown in Fig. 5.
The shear distribution curve is drawn through these points.

To solve the problem using the computer program, FINELEM, the beam was
divided into 200 triangular elements with 127 nodal points as shown in
Fig. 3(b). Smaller triangular elements were used near the center of the
beam in order to place the centroids of some of the elements near the outer
edge of the beam, where the flexural stresses are largest. The triangular
elements were numbered with larger numerals than the nodal points in Fig. 3(b)
in order to distinguish between the two. The elements and nodal points were
numbered consecutively and in an orderly manner. An order similar to this
should alweys be used in numbering the elements and nodal points for a
problem.

There are only two nodal points with prescribed displacements: nodal

point 1, which was fixed against displacement in the X- and Y-directions,
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and nodal point 123, which was fixed against displacement in the Y-direction.
These displacements correspond to a hinge at nodal point 1 and a roller at
nodal point 123. In order to fix a nodal point, a displacement of C.0 inches
is assigned in the direction required.

The plane stress case is specified, which causes the strain in the
Z-direction to be eliminated from the calculations.

The concentrated lecad of 10 kips was divided intec three concentrated
lecads of 3.33 kips, 3.34 kips, and 3.33 kips, and applied in the negative
Y-direction at nodal points 59, 68, and 77, respectively, in an attempt to
distribute the concentrated lcad and minimize the compression effect of a
roint concentrated load.

The nodal points were assigned consecutively to seven partitions with
no more than 24 consecutive nodal points in one partition. The partitions
of the partitioning scheme were indicated in Fig. 32(b) by Roman numerals.

The form of the data required for use in the program is shown in the
section entitled '"Data Preparation for FINELEM' starting on page 71.

The input data and significant parts of the output information for
Example 1 were included in Appendix A for reference. All of the output
information used to construct the graphs of Figs. 4 and 5 has been under-
lined in Appendix A.

The flexural stresses for the elements are found under the heading
"Y-STRESS" in Appendix A. The flexural stresses at section &4, =x = 14 in.,
were output as the X-stresses at the centroids of elements 33, 33, 38, and 40.
The flexural stresses at section B, x = 2§.7 in., were output as the
¥-stresses at the centroids of elements 85, 87, 90, 91, 9, 95, 98, and 100.
These stresses are shown in Fig. 4(a) and Fig. 4(b) along with the "classical

method" stresses.
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In Fig. k{a) the stresses calculated for section A using the finite element

method approximate the 'classical method" stresses very well.

However, in

Fig. 4(b) the stresses calculated for section B using the finite element

method show a deviation of more than 20 percent from the "classical method"

stresses near the top of the beam. This difference is attributed to the

fact that the axial compression deformation due to the concentrated loading

is ignored in the '"classical method,” but not in the finite element method.

Dividing the concentrated load into three smaller loads had some effect in

reducing the difference between the two methods, but the axial compression

effect will always be present in the finite element method making 1t a more

"realistic" method than the "classical method."



The horizontal shear stresses, which are also egual to the vertical
shear stresses, for the elements should be found under the heading "X¥-STRESS"
in Appendix A. However, it was discovered that these shear stresses do not
necessarily equal the expected shear stress calculated by equation (55).

For example, the FINELEM shear stress from Appendix A for element 33,

whose centroid is on section A, is 0.141 ksi. The horizonal shear stress

caleculated using eguation (55) is

- _vq _ 5(5)0.853(4.583)
4.167 1o 416.7(5)

= 0,046 ksi

-
|

The FINELEM shear stress is greater than the calculated horizontal shear
stress by over 200 percent; therefore, this is an incorrect interpretation of
the meaning of the FINELEM shear stress.

Since the "classical method" horizontal shear stress is constant at
sections where V, the shear force, is constant, it was assumed that the
correct interpretation of the "XY-STRESS" could be found by averaging the
stresses at adjacent elements., For example, the FINELEM shear stress for
element 3%, which is adjacent to element 33, is 0.007 ksi. The average of

the stresses of elements 33 and 34 is

O.141 + C.00
T = [ 0.072 ksi.
ave. o

The horizontal shear stress calculated using equation (55) for a point

midwey between the centroids of elements 33 and 34 is
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The FINELEM shear stress is smaller than the calculated shear stress by
about 10 percent; therefore, this is a more correct interpretation of the
meaning of the "XY-STRESS." The FINELEM shear stresses for the elements on
section A, 33, 35, 38, and 40, and the elements adjacent to section A, have
been shown in Fig. 5. The curve of the average of adjacent elements approxi-

mates the "classical method" shear distribution curve.
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4 Finite Element Method "XY-STRESS"

o Average of Adjacent Element Stresses

Fig. 5. Horizontal Shear Distributions Near Section A.
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The total shear force was calculated by muitiplying the average shear
force of adjacent elements by the height of the elements by their width and

then adding the results as follows:

FINELEM Average Area of Shear
Adjacent stress stress element force
elements kip/in® kip/in~ in< kips
33 0.141 3 & B _ .
1 0. 00 0.0t% x 2.5(5) 0.93
%55 0.204 -
3% 0.053 0.129 x 2.5(5) 161
37 0. 05? o - = .
38 Earey! 0.132 x 2.5(5) 1.65
39 0. 001 - 1
7 sty 0.072 ¥ 2:5(5) 0.90
Total shear force = 5.09 kips

This total shear is within less than 2 percent of the "classical method"

total shear, 5 kips.
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EXYAMPIE 2: STRESSES NEAR RECTANGULAR HOLE, SIMPLY SUPPCRTED ERAM

Determine the stresses near the rectangular hole in the simply supported
12WFL5 beam, shown in Fig. &, using the computer program, FINELEM. For this

example p = 0.3 and E = 30 X lO5 ksi.

£ Hole

s 2P
— ]
A l

(1] i 12wPy5
:”P”'TE; :=: 2L, 5 & Beam 77 ;'P :P:
» Xx=55,5" -
« L=120" N
s

Fig. 6. Simply Suppcrted Beam.

Solution:

A section A-B was cut out of the beam as shown in Fig. 7 with a constant
cross section as shown in Fig. 8 in order to make a more accurate analysis
of the section arcund the area of the rectangular hole. This procedure
allowed a finer element mesh to be used in the area of the beam, where
"classical methods' for claculating flexural and horizontal shear stresses
were questionable. Section A-B was assumed to extend far enough past the
hole on either side that the actual stress condition in the section as 1t
existed in the beam would be approximated by applying the end moments and

shears to the section as a free body.
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Fig. 8. Section Through 12WF45 Beam.

Section A-B shown in Fig. 9 was divided into a finite element mesh
using 394 triangular elements and 238 nodal points. Smaller triangular
elements were used near the perimeter of the hole in order to give a better
picture of the stresses near the hcle. 8mall triangular elements were used
along both flanges in order to try to reduce the adverse effect, which
might be caused by the great difference in thickness between the elements
in the flange and in the web. The triangular elements were numbered with
larger numerals than the nodal points in Fig. 9 in order to distinguish
between the two. The elements and nodal points were agaln numbered con-
secutively and in an orderly manner as in Example 1.

The nodal points were assigned, consecutively, to 12 partitions with
no more than 24 consecutive nodal points in one partition. The partitions
of the partitioning scheme were indicated in Fig. 9 by Roman numerals and

dashed lines, which indicate the nodal points and elements in each partition.



Jnofe quameTg *Q 914

SIHONI

SIHINI




o
O

The plane stress case was specified, which caused the strain in the
Z-direction to be eliminated from the calculations. The effect of the strain
in the Z-direction was not introduced into the solution of the problem
because it 1s normally ignored in "classical method" calculations.

The moments and shears forces on the free body, section A-BE, cannot
be used as such. These moments and forces must be put into the form of
concentrated loads to be used in the finite element method analysis.

The moments and shears on the free bedy, section A-B, were approximated
by a series of concentrated loads applied at the nodal points on either end
of the section. The series of concentrated loads were to gpproximate the
actual stress conditions at sections A and B as closely as possible. 1In
order to do this the flexural stress and horizontal shear stress distribu-
tions at sections & and B were calculated with P assumed to be 1 kip.

The maximum flexural stress at section A, calculated by equation (5%),

is

Mo, 1(24.5)6
2k.5 I 350.8

= *0.4190 kip/in?

and the flexural stress distribution for section A is shown in Fig. 10.
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Fig. 10. Flexural Stress Distribution, Section A.

This stress distribution was resolved into a series of x-direction concen-
trated loads by mltiplying the stress at a nodal point by the sum of half
the distance between the adjacent nodal points and then multiplying this
value by the flange or web thickness at the nodal point. The sum of the
moments produced by these concentrated forces applied at nodal points about
the neutral axis was checked to see if it egualed the statical moment at the
section, which was 24.5 in-kip. The small difference between the sum of the
moments and the statical moment was proportionately resolved into a series of
small concentrated loads, which were then added to the previous concentrated
loads making the sum of the moments produced by.the concentrated loads egual

to the statical moment, 24.5 in-kip. These concentrated loads are shown

in Fig. 7.



The maximum flexural stress at section A calculated by equation (5h) is

M 1(55.5)6

55:5 I 350.8

a
I

5.5 +0.9493 kip/in?

The stress distribution at section B was resolved into a series of
concentrated loads by the same method used in section A. The resultant con-
centrated loads are shown in Fig. 7.

The horizontal shear stress distributions at sections A and B, and the
stress distributions above and below the neutral axis of the sections were
identical, respectively; therefore, the horizontal stresses at nodal points 1
through 7 calculated using equation (55) were used to plot the horizontal
stress distribution. The horizontal shear stress for nodal point 7 on the
neutral axis, using eguation (55) and referring to Fig. 11, was calculated
as follows:

The distance, v, from the neutral axis to the centroid of the section

in Fig. 11 is

- _ LAy _ 8.042(0.576)5.712 + 0.33
LT 8.0k2(0.576) + 0.3

v = 4.865 in.
. _ v(ZA )y _ 1(6.455)k.865
n.a. b 350.8(0.336)

0.2664 kip/in®

il

N.8.
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Fig. 11. Section for Calculating Horizontal Shear Stress
at the Neutral Axis.

The horizontal shear stress for nodal points 1 through 6 were calcu-
lated by the same method used for nodal point 7. The horizontal shear
stresses at the nodal points were resclved into a series of concentrated
loads in the y-direction by multiplying them by the sum of half the distance
between adjacent nodal points and then multiplying this value by the flange
or web thickness at the nodal point. The small difference between the sum
of the concentrated loads at section A and the shear force at section A,

1 kip, was proportiocnately resclved inte a series of small concentrated
loads which were added to the previous concentrated loads, making the sum of
the new concentrated loads equal to the shear force, 1 kip. These concen-
trated loads are shown in Fig. 7 in the appropriate directions.

The input data and significant parts of the ocutput information for
Example 2 were included in Appendix B for reference.

The flexural and horizontal shear stresses at sections C, D, and E in
Fig. 7 are shown in Figs. 12 and 13 as a sampling of the stresses in

section A-B.
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All of the output information used to construct the graphs of Figs. 12
and 13 were underlined in Apperdix B.

The flexural stresses for the elements are found under the heading
"X-STRESS" in Appendix B. The flexural stresses at section C, x = 8.83 in.,
were output as the X-stresses at the centroids of elements 86, 89, 91, 93,
95, 97, 99, 101, and 104. The flexural stresses at section D, x = 14.83 in.,
were output as the X-stresses at the centroids of elements 178, 180¢, 181,
183, 185, 187, 188, 190, 192, 1%, 195, and 197. The flexural stresses at
section E, x = 22.17 in., were output as the X-stresses at the centroids
of elements 291, 294, 296, 298, 300, 302, 304, 306, and 309. The flexural
stresses were shown in Fig. 12.

The meximum flexural stress on section C, X = 33.33 in., calculated

using equation (54) is

§ 1(33.33)6
"33.33 350_8

033,33 = +0.559 kip/in?

The maximum flexural stress on section E, x = 46.67 in., calculated

using equation (54) is

_ 1(46.67)6
350.8

i
\
[92
~
I

‘m&67=f&7&-ﬁpﬁn2

The FINELEM stresses at sections C and E vary from the stresses calcu-

lated above by less than 3 percent.
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The horizontal shear stresses for the elements are found under the
neading "XY-STRESS" in Appendix B. Shear stresses of elements adjacent o
the elements, whose centroids are on the required sectiocn, were used to graph
the horizontal shear distributicns at sections C. D, and E. The shear

1

stresses at section C were output as the XY-stresses of elements 85 through
105. The shear stresses at section D were output as the XY-stresses of
elements 178 through 197. The shear stresses at section E were output as

the XY-stresses of slements 290 through 310. The horizontal shear stresses

were shown in Fig. 13.
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CONCLUSIONS

The computer program, FINELEM, can be used as listed in the section
titled "FINELEM Program Listing' on the IBM 360-50 Computer at Kansas State
University. An important point to note in using the program is that controcl
cards providing additional temporary disc storage must be used. These

control cards are shown on page 5b.
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inite element method" for solution of stress distribution in a
plane elastic continuum is studied in this report. This numerical method
of stress analysis can be used for obtaining a solution to problems, which
hersetofore relied upon approximate calculations of doubtful validity. The
finite element analysis, when coupled with a high-speed computer, can pro-

vide quick solutions that converge to "exact method” answers.

i

(

2 o T o k. o 2o

3. 0. Zienkiewicz and Y. K. Cheung have presented the theory behind
the Tinite element method and a computer program which applies the plane
stress or strain finite element analysis to a plane elastic continua. The

1

sowr of the finite element method and the computer program are included

A plane elastic continua is divided into a finite number of nodal
points which are interconnected to form triangular elements. Force-
displacement relationships are determined for these triangular elements.
"Displacement method” equations® in matrix notation are formed with the
displacements of the nodal points as unknowns. Inversion of the force-
jisplacement matrix and multiplication by the force matrix leads to a
solution for the unknown displacements. These displacements are used

to caleulate the stresses at the centroids of the triangular elements which

1%

are then converted to principal stresses and their angles of deviation Ifrom
the original X-Y coordinate system.

The finite element method computer program taken from reference 1 is
written in FORTRAN IV language and is intended for use on an IBM 350 series
computer. Detailed flow charts of the mein program and its subroutines are

included in the report, along with a listing of the operational program and

an explanation of the data preparation for the program.



Th

(D

accuracy of the stress solutions obtained using the finite element
method program is dependent upon the fineness of the triangular grid. An
infinite number of combinations of loading and support conditions can be
approximated using this method.

Two example problems are included in this report. One example shows

w

the solution of a simple problem based on a well-known "classical™ methed
comparsd to the solution using the computer program. The other example shows

the solution of a complex problem, namely, the calculation of the stress

distribution around a rectangular hole in the web of a wide-flange beam.



