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CHAPTER 1

INTRODUCTION

Only the true capillaries in the living circulation approximate tubes of
constant diameter, all others show some taper. The tapered nature of blood
vessels has been reported by Knisely and Jeffords [1] as well as by Bloch
[2]. 1In Bloch's article, the mesentric arterioles and venules of rats and
frogs were found to exhibit angles of taper varying from 0°5' to 2°12'. The
angle of taper is small, but because of the complexity of the rheological
behavior of blood, even a very slight convergence or divergence in the walls
of a vessel can have a significant influence on the resistance to flow. More-
over, as the resistance is proportional to the pressure drop, general pressure
drops measured in the vascular bed indicate that the resistance of the
arterioles constitutes the largest portion of the whole. For example, data
presented by Burton [3] on the distribution of intravascular pressures in the
systemic circuit shows that the relative resistance of arterioles amounts to
60%. These facts reveal that arterioles must be considered as sections of
cones and they offer the major resistance in the vascular bed. The arterioles
are believed to be responsible in part for the local regulation of the
circulation. Hence an understanding of the flow behavior of blood in tapered
vessels 1s requisite to any serilous Investigation of regulation in the
circulatory system.

In order to investigate the flow behavior of blood in a tapered vessel,
it is first necessary to consider the rheological behavior of blood. Blood is
a suspension of cells in plasma. Plasma is essentially a Newtonian fluid.

Although non-Newtonian behavior of plasma system was reported by several
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investigators, their findings have been considered to be an artifact as
pointed out by Copley [4]. Red cells compose about 97% of total cell volume
in blood. Hence, red cells play an important role in determining the flow
properties of blood. The red cell has a biconcave discoid shape when it is
not flowing. At low shear rates, human red cells as well as those from some
other species aggregate face-to-face to form rouleau which causes the apparent
viscosity of blood to increase. The aggregation breaks up when shear is
increased, eventually to single cells when shear rates are sufficiently high.
This variation of structure with shear rate makes the flow behavior of blood
complex. The Casson model has been found to be quite suitable for describing
this behavior, although Scott-Blair [5] has cautioned against its usage on
physical grounds.

The measurement of blood flow properties in the living body, i.e. in
vivo, is more difficult than measurement of the blood sample removed from a
living body, i.e. in vitro. The in vitro measurement, however, will encounter
the problem of clotting. To prevent the blood for in vitro measurement from
clotting, several anticoagulents may be added to the blood sample. The
treatment of whole blood with heparin, sequestrene, or oxalate has been shown
to have little effect on the flow properties of blood [6].

Besides the properties of blood, the taper of the vessel is another
problem to be considered. Newtonian and non-Newtonian fluid flows in a
tapered tube have been examined theoretically and to a limited extent experi-
mentally. These works will be discussed in detail in Chapter 5.

The purpose of the present work is to experimentally verify a theoretical
pressure-flow relation for blood flow in a tapered tube developed in this

work., The pressure flow relation is derived for steady, laminar flow of an
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incompressible non-Newtonian fluid in a tapered tube of small angle of taper.
In the derivation, a semi-empirical rheological model for blood, the approxi-
mate Casson model, is assumed. This model requires the experimental determina-
tion of the rheological parameters by independent viscometric measurement.
The thesis presents several chapters concerned with the rheological
measurements, the approximate Casson model, and data treatment which are
vital inputs to the overall objective. Chapter 2 provides a description of
a novel colled capillary viscometer which was used to gather data to test the
approximate Casson model for tube flow presented in Chapter 3. Chapter 4
describes a computer aided data analysis which was used to evaluate the
rheological parameters from measurements obtained with a buret viscometer.
These parameters were employed in the tapered tube pressure flow relation.
The theoretical treatment of the tapered tube flow is presented in Chapter 5
along with experimental comparisons. Experimental pressure flow data for
heparinized whole bovine blood in 1° and 2° tapered tubes are compared with
the approximate relation. Chapter 6 gives some recommendations for further

studies.
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CHAPTER 2

A COILED CAPILLARY VISCOMETER WITH CONTINUOUSLY
VARYING PRESSURE HEAD

2.1 Abstract

This chapter provides a description of a coiled capillary viscometer with
a continuously varying pressure head and the theory behind its operation.
Flow curves are presented for whole bovine blood and aqueous silica suspen-
gions. The data are compared with results from a true bore capillary
viscometer as well as with the generalized friction factor correlation of
Metzner and Reed. Favorable results were obtained for a shear stress range

from 0.1 to 16 dynes/cmz.
2.2 Introduction

The determination of the rheological properties or flow curves of
homogeneous fluids and suspensions is an integral part of a variety of experi-
mental and analytical biorheological studies., Quite frequently these proper-
ties are desired under conditions of low shear and in some cases over a wide
range of shear. A wide varilety of viscometers are available for this purpose
[1], which encompass a spectrum of costs, working range, accuracy and simplic-
ity of operation. Ideally as with any instrumentation it is desirable to have
a simple, inexpensive and accurate unit which can be readily adapted to a wide
range of working conditions. Unfortunately this is not the case with most if
not all of the presently available viscometers. Although a variety of inetru-
ments are avallable to choose from, only two basic types are utilized to any

appreciable extent; the capillary viscometers and the rotational viscometers.
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Among these, the capillary viscometer is the simplest, least expensive,
and most accurate., It has been used extensively in the past for rheological
measurements. Over the past ten years however, the rotational viscometers
have become increasingly popular and have to a certaln extent replaced the
capilllary instruments. This has come about for a variety of reasons, among
which is the interest in the flow properties of non-Newtonian fluids under
conditions of low shear and oscilatory flow.

The capillary viscometer is basically not well suited for low shear
measurements (unless certain modifications are made). This is largely due to
the difficulties in obtaining accurate measurements of very small pressure
drops and volumetric flow rates. In addition the data amalysis is often quite
sensitive. On the other hand, the rotational instruments, with their sophis-
ticated methods for the generation of small angular velocities and the
measurement of small torques, are well suited to low shear application. With
some, the data analysis is quite simple. Unfortunately, increasing sophistica-
tion is accompanied by cost and operational disadvantages. The cost of many
rotational viscometers of superior quality may be prohibitive for many
researchers. In addition, highly skilled personnel will in general be
required for the operation and maintenance of superior instruments. 1In the
case of suspensions, data interpretation 1s still in question at low shear
(v <1 sec_l).

Several attempts have been made to partially resolve the measurement
difficulties associated with the low shear operation of capillary viscometers.
Maron and Belner [2] described an absolute viscometer with a continuously
varying pressure head. This instrument utilized gravity flow, with pressure

drops and volumetric flow rates being related to the height of a fluid
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meniscus which could be readily and accurately measured. The viscometer was
tested over a shear stress range of 0.06 - 20 dynes/cmz.

Caraher [3] described a low shear viscometer which employed a 200-foot
length of 1/4-inch I.D. Tygon tubing. This instrument employed a constant
head gravity flow system with volumetric flow rates being measured with the
aid of water and diethyl phthalate manometers. The viscometer was tested over
a shear stress range of approximately 2 x 10—3 -5x 10-1 dynes/cmz. This
viscometer is not well suited to routine laboratory use due to the large
sample required.

Benis [4] described a low shear viscometer which is basically a micro
version of Caraher's instrument. It consists of a coiled 4-8 meter length of
1 mm I.D. polyethylene capillary. A large applied pressure is employed to
drive the fluid meniscus over a small distance. Benis reported data over the
shear stress range 0.1 - 10 dynes/cmz.

Other modifications such as the use of a differential pressure transducer
to measure both pressure difference and volumetric flow rate [5] have been
employed with some success. However this type of approach has a high cost
associated with it due to the associated supporting instrumentation and will
not be considered further in this report.

The purpose of this report 1s to describe a capillary viscometer which is
similar in construction to the viscometer of Benis [4], but is operated with a

continuously varying pressure head as the viscometer of Maron and Belner [2].
2.3 Description of the Viscometer

The viscometer 1is shown schematically in figure 1. It consists of a

length of polyethylene capillary tubing A colled about a retaining spool B,
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approximately 12 cm in diameter. In this study 7 & 8 meter lengths of
"Intramedic' tubing (size PE 190, I.D. £ 1 mm) were used. The viscometer
capillary is connected in parallel with a bypass C between two flowmeter tubes
of the same diameter. In the present work, flowmeter tubes of 0.940 and

0.798 cm I.D. were utilized to provide measurements over a wide range of flow.
Graduated bubble flowmeters with a side arm feature (10 ml and 25 ml) were
found suiltable as well as precision bore tubing. Luer-Lok comnectors D were
employed to facilitate filling and cleaning of the capillary. The apparatus
was immersed in a temperature bath at 25.00 * 0.02°C, such that the test
fluids were under water level during the whole course of a run. The left

hand flowmeter was connected through stopcock 2 to an insulated ballast bottle
E of 10 liter capacity which permitted an essentially constant driving pres-
sure to be applied to the test fluid. A U-tube manometer F was included in
the system for monitoring the driving pressure. In this work two interchange-
able manometers were used, one contalning mercury and the other water, to
permit operation over a wide range of driving pressures.

In operation the capillary A and flowmeter tubes were filled with the
test fluid so that on equilibration of the liquid levels the flowmeter tubes
were about one half full. In the case of blood, the viscometer was flushed
with saline solution before filling with test fluid. The system was discon-
nected from the pressure source by turning stopcock 2 and the inflation bulb G
was used to raise the pressure in the ballast bottle E to a selected level.
With bypass C closed and the fluid levels equilibrated, stopcock 2 was opened
to apply the driving pressure to the fluid., Simultaneously a stopwatch was
started and the rise of the meniscus in the right hand flowmeter was timed at

selected height intervals. A stopwatch with a split-hand feature was used to
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obtain a set of height versus time data. Heights were measured by one of two
methods; with graduated flowmeters the graduations were directly used as
reference points, with non-graduated flowmeters a cathetometer was utilized.
After a set of height versus time data was taken, the system was again discon-
nected from the pressure scurce and the bypass C was opened to speed up the
liquid level equilibration. The bypass also provided for the mixing of
suspensions in between rumns.

Experiments consisted of obtaining a minimum of three sets of height
versus time data for a given driving pressure. These experiments were
repeated over a range of driving pressures from 10 cm HZO to 30 cm Hg to
provide sufficient data for the establishment of the flow curve for the test

fluid.
2.4 Theoretical Development

The analytical approach that was employed is similar to that utilized by
Maron and Belner [2]. Because the capillary is coiled, curvative effects
should be taken into consideration. However, according to the arguments
presented by Benis [4] for Newtonian flow, these effects are not significant.
Experimental results also indicate that curvature effects are negligible. The
present viscometer is similar to that of Benis with the exception that the
radius of the coil is more than twice as large which insures that curvature
effects can be neglected for all practical purposes.

Reference is made to figure 2 which is a simplified diagram of the

viscometer. The pressure drop across the capillary at any time t is given by

AP = APm +pg (x - y) (1)
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where
p = fluid density
g = acceleration of gravity

APm = the driving pressure

At hydrostatic balance x and y are equal. Noting these values as X, and

¥s respectively equation (1) can be expanded to
AP = AR+ pg (x - x)) -pg (y - ¥,) @
Since the two flowmeter tubes are of the same diameter and since there is
no loss of fluid in the system it is apparent that
weg = =lysy) (3)

Substituting equation (3) into equation (2) and noting y - y, as h gives

AP = APm -2pgh (4)

The corresponding volumetric flow rate at any time can be expressed as

2
Q:ﬁZQ_:_IﬁR--—F-d_AP. (5)
dt 2pg dt

Here RF is the flowmeter tube radius.
Using a quasi steady-state approach, the pressure drop and flow rate can
be related for a Newtonian fluid to give

wRi AP
Rl = (6)

where

Rc = capillary radius
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<l
I

capillary length

coefficient of wviscosity

£ |
I

Substitution of equation (5) into equation (6) followed by rearrangement

and integration gives

log), AP = %‘J— t +C 7)

where B is an instrumental constant defined by

g B
9,212 1. RF

and C is a constant of integration.

From equation (7) it follows that a plot of loglo (AP) versus t should be
linear, hence the viscosity can be evaluated from the slope. It should also
be noted that the slope should remain constant irrespective of the driving
pressure, This 1s valid only if the fluld is Newtonian and if the flow is
slow enough to neglect losses due to the fittings and end effects.

With non-Newtonian fluids the semi-log plot may or may not be linear. In
the case of linear plots the slope will change with driving pressure. The
resulting data can be utilized to evaluate the wall shear rate (?W) as a
function of wall shear stress (TW), which in turn can be employed to calculate
viscosity as a function of shear. A method similar to that developed by
Krieger and Maron [6, 7, 8] was used to obtain the necessary relations. This
approach 1s a modification of that used to formulate the Rabinowitsch-Mooney
equation [9, 10].

Differentiation of equation (7) with respect to t gives



2-10

d log10 (AP)
dt

=-2-u 9)
ne

Here Ne is the effective viscosity and m is the slope of the semi-
logarithmic plot at any point. Introduction of the effective fluidity
(¢e = l/ne) permits rearrangement of equation (9) to define ¢e in terms of

the slope m.

¢ = - —E-S- (lo)

It can be readily shown [9, 10] for flow in a cylindrical tube that the
volumetric flow rate Q and the wall shear stress T, are related by the follow-

ing relation.

3
R Tw 2
Q =—§ ;Y 1% £(1) dn (11)
T 0
W
with Tw defined as
RcﬂP
WL (12}
AP
JLE I (13)
and
f(1) = ¥ (14)

where ¥ notes the shear rate and T the shear stress.
This relation is subject to the restrictions of:
(1) steady laminar flow of an incompressible fluid

(2) time independent fluid, that is the shear rate at any point is a
function only of the shear stress at that point (i.e. v = £(1))

(3) no slip at the tube wall.
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Multiplying equation (11) by [AlRirw] and recognizing that

(15)
RgTW €
gives the relation
T
b= SVt yan (16)
L 0

Equation (16) applies in general, no matter how complex the functional rela-

tionship between Yy and 1, provided that the stated conditions are satisfied.
Differentiation of equation (16) with respect to T (with the aid of

Leibnitz's Rule) gives on simplification the relation for the wall shear rate

Yog®

d log ¢
Y, =0, T, [1+7 :

w e W % 4 d log Tw] Q7

The derivative in equation (17) can be evaluated for the viscometer under
consideration with the ald of the following relationms.

From equation (10) it can be shown that

4 dog g, ™ 2.%03 gf’ (18)
and
Rc (AP)
YT T s
from which it follows
d log T = d log (AP) = m d t. (20)

The later equality results from equation (9).
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Substitution of the results in equations (18) and (20) (along with the

definition of ¢e provided by equation (10)) into equation (17) gilves

.. m
w

\ Bp

1  dm
9.212 m? 4t

[1+ (21)

Equation (21) permits calculation of the wall shear rate from the slopes of a

semilogarithmic plot of AP versus t.

2.5 Data Analysis

A set of h versus t data can be obtained by converting either the refer-
ence points on the flowmeter or the readings from the cathetometer into height
differences (h's). For a given driving pressure, three sets of h versus t
data were averaged and equation (4) was used to calculate a set of AP versus t
data. A semilogarithmic plot of AP versus time was then made, from which
slopes were determined.

In the case of Newtonian behavior m, coupled with equation (9), can be
used to calculate the viscosity if the instrumental constant B is known. For
calibration purposes m can be used to determine the instrumental constant B
when a fluid of known viscosity is employed.

With non-Newtonian fluids two types of behavior are observed in the log
AP versus time plots. The first type as illustrated by figure 3 shows a near
linear plot, but the slope changes with the level of the driving pressure.
This is observed when the shear stress range covered by a run is small (high
driving pressure). In this case the expression for the wall shear rate,

equation (21), simplifies to

(22)
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pension concentration of ¢ =020, using the 25 ml
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The second type of behavior as illustrated by figure 4, shows notable
curvature, and requires the evaluation of the slope from point to point on
the curve. This can be accomplished graphically or by curve fitting tech-
niques. Maron and Belner [2] presented a convenient method for improving
graphical accuracy. It is also necessary to evaluate dm/dt in this case.
This can be determined from a plot of m versus t. The results at each point

are then substituted into equation (21) for the calculation of ?w.
2.6 Viscometer Calibration

Since the polyethylene capillary employed in this study was not a true
bore tube and because of its excessive length the average radius (RC) was
determined from flow measurements with distilled water at 25°C. TFrom the slope
of the semilogrithmic plot (m), the viscosity and denmsity of water at 25°C,
the tube length (L) and the radius of the flowmeter tube (RF), the radius of
the tube can be calculated with the relation

9.212 n L R%

Ro=1 o8 ] m (23)

which is obtained from equations (7) and (8).

Determinations were made over a range of driving pressures (10.0 cm HZO
< APm < 70.3 cm H20) with a reproducibility of 0.3-0.5% on the radius.

The radius of the flowmeter tubes was obtained by measuring the distance
between the initial and final graduations, the known volume and the proper
geometric relation. In the case of the capillary flowmeter the radius was
obtained from the mass of the thread of mercury which filled the tube, the

length and the proper geometric relation.
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The capillary and flowmeter radii are summarized in Table 1. Slope
values, m, for distilled water are shown in Table 2 for various driving

pressures,
2.7 Test Fluid

Whole bovine blood was employed as test fluid. Whole bovine blood was
collected directly into a flask heparinized with 1,000 units of heparin per
200 ml of blood. The blood was stored at 0 ~ 4°C prior to use. It was fil-
tered through glass wool and warmed in the constant temperature bath prior to
each experiment. Hematocrit values of the blood samples used range from 29

to 38.
2.8 Results

The data from the experimental studies were used to construct flow
curves. Typical wall shear stress versus wall shear rate data for whole
bovine blood are presented in figure 5. As shown in figure 5 the range of
shear covered by the present viscometer is from .3 dyne/cm2 to 16 dyne/cmz.
Since almost the full range of available driving pressures has been employed
in this experiment, the extension of the flow curve in figure 5 can only be
accomplished by using a capillary of different dimensions. Although
hematocrit is not the sole factor determining blood behavior, the two blood
samples in figure 5, show very similar flow curves. This flow curve can be
approximated by a straight line (slope different from unity) on the log-log
plot. Similar behavior was observed in other experiments,

Figure 6 presents the flow curve of silica suspensions covering a shear

range of 0.2 ~ 2. dyne/cmz. From this figure, it appears that the suspension



Table 1 Dimensions of capillaries and flowmeter tubes
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Capillary II

I.D. (cm) Length (cm)
10 ml1 flowmeter 0.798 -
(graduate)
25 ml flowmeter 0.940 -~
(graduate)
#
Capillary flowmeter 0.278 =
%
P. E. Coiled 1046 800.
Capillary I
P. E. Coiled .1086 692.

%
Dimensions employed by Cala

[13].



Table 2 Slopes of semi-log plots of distilled water
with different driving pressures, 25°C

driving pressure, APm slope, m
(cm HZO)
—4
10.0 -6.83 x 10
-4
24.5 -6.86 x 10
46.7 6,62 x 107
-4

70.3 -6.76 x 10

2-18
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ond capillary Flowmeters.

(from Cala [13])
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behaves as a Newtonian fluld at higher shear rates and a non-Newtonian fluid
at lower shear rates. Similar results were observed in other experiments but
the change to Newtonian behavior could not be observed for ¢ = 0.2 up to

T = 16.

For the purpose of comparison with an absolute viscometer, the same
sample of whole bovine blood was run in the present viscometer and a buret-
capillary viscometer which has been described by Cerny [11]. The buret-
capillary viscometer for this study consisted primarily of a 50 ml buret and
a precision bore capillary tube (19.9 cm in length and 0.102 cm in diameter).
The results of the comparison are given in Table 3 and figure 7. The agree-
ment is reasonably good, particularly when one considers the deviations pos-
sible in the same instrument. In Table 3, the discrepancy in shear stress at
the same shear rate varies from 37 to 10% and it is larger when the rate of
shear is lower. This greater discrepancy at lower shear may be the result of
the inherent inaccuracies of the buret-capillary viscometer when rate of shear
is low. These 1naccuracies are assoclated with both pressure drop and flow
rate measurement.

The accuracy of the experimental data was also tested by comparison with
the generalized correlation of Metzner and Reed [12]. For this correlation,

the friction factor f is defined as

2 Tw
£fo——¥ (24)

o (Q/7R2)

and the generalized Reynolds number as
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Table 3 Comparison between shear stress data of this viscometer
and that of an absolute viscometer for heparinized
whole bovine blood

Shear rate, ?W T of coiled Ty of Buret-
sec_l capillary viscometer capillary viscometer
265 15.0 15.5
170 9.8 10.8
100 6.2 6.9

70 4.6 5.1
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n 2-n
2R )™ 517

ﬂRC
Re' = (25)
gk g
where
n
k= kG (26)

k is the consistency index and n the flow behavior index of the power law
fluid. Here, n is evaluated from the slope of a log-log plot of T, versus ?w
such as figure 5 and k has the value log T when ?w = 1 on log T, versus
log T, plot.

The theoretical correlation states that all laminar flow data should

fall on the line given by
f = —— ' (27)

Volumetric flow rates were calculated from slopes determined from the h versus
t data and equation (5). The comparison with the theoretical relationship was
quite favorable as indicated in figure 8 for both blood and silica suspensions.

This result indicates that the data are substantially correct.
2.9 Discussion

The viscometer described in this chapter has a number of desirable
features particularly from the point of view of routine laboratory application.
The first of these is that the instrument is relatively inexpensive. The
components for the most part are readily available in any laboratory or can be
purchased at a modest price. In addition the unit can be assembled in the
laboratory by the user and does not require the services of any skilled

personnel for assembly or repair.
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The operation is simple and any user can obtain reliable data after a few
trial runs. In most cases the resulting data can be analyzed, without dif-
ficulty, by graphical methods, as a result of linear behavior for the log AP
versus t plot (i.e. ?w = —Twm/Bp).

A comparison with other low shear capillary viscometers is also in order.
Although the construction is basically similar to the viscometer of Benis [4]
the operation and data interpretation are not. The present method is far
superior in accuracy to the steady state method proposed by Benis and in
addition permits the working range of the instrument to be extended con-
siderably. As an example, in determining the radius by the method of Benis
the results differed by as much as 10% whereas with the present method a
deviation of the order of 0.5% was observed. Consideration of equation (4)
which gives the pressure drop across the capillary reveals that AP can only be
considered constant when APm << 2pgh. This basically restricts Benis's
approach to producing a single data point per experimental run and in addition
sets a rather severe lower limit on the applied pressure that can be utilized.

The operation of the viscometer is similar to that proposed by Maron and
Belner [2], that is, the rise of a fluid column towards an equilibrium posi-
tion is measured as a function of time. Data interpretation is also similar.
The basic difference between them 1s the feature that the present instrument 1s
capable of producing low shear data with a relatively high pressure drop
across the capillary whereas with the other the pressure drop is quite small.
This is a direct consequence of the excessive length of capillary employed in
the present unit. In addition, the distance from equilibrium is magnified

with the present viscometer, providing for greater accuracy.



2-27

The instrument also poses some disadvantages, however in situations
involving biological fluids this will be of little consequence. One restric-
tion on the instrument arises from the use of polyethylene for the viscometer
capillary. This material should be suitable with most aqueous solutions and
suspensions, however a test for swelling of the capillary should be conducted
before using organic liquids. In addition it should be mentiomed that
appreciable pressure losses (associated with the connectors) may be
encountered at high flow rates. In the present study, non-linear semi-
logrithmic plots were observed 1n the experiments with water when the driving
pressures were of the order of 30 cm Hg and greater. This difficulty could
be resolved to a certain extent by proper design of the connectors.

Mention of the working range of the viscometer is also in order at this
point. In the present study two lengths and one I.D. were used and a shear
stress range of approximately 0.1 - 16 dynes/cm2 was covered. The shear
stress range can be raised or lowered by changing the capillary I.D., length
or both although no attempt was made to do seo in the present work. Because
of the difficulties at high flow rate it is suggested that the instrument be
restricted to low shear application.

As a result of the simplicity and low cost of the instrument it should be
quite suitable for student laboratory experiments as well as routine labora-

tory use by the non-specialist.
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CHAPTER 3

THE APPROXIMATE CASSON MODEL FOR TUBE FLOW

3.1 Abstract

An approximate Casson model for tube flow is derived based on order of
magnitude considerations. The approximation is expressed in terms of a pseudo
shear rate and is principally of value for tube flow measurement in which Q
and AP are experimentally measured. Data for heparinized bovine blood and
silica suspensions are in good agreement with the approximate expression.

The model is compared with an approximation proposed earlier by Merrill and

co—-workers.

3.2 Introduction

A number of empirical models describing the bulk rheological behavior of
non-Newtonian fluids are available in the literature [l1, 2]. Perhaps one of
the lesser known models is the Casson model which is semi-empirical in nature.
It is particularly adaptable to dispersed systems composed of interacting
particles. Casson [3] originally proposed the model in an effort to describe
the rheological behavior of printing inks and lithographic varnishes. The
original manuscript was reviewed by Scott-Blair who discovered that the model
could describe the rheology of blood [4]. Other workers including Charm and
Kurland [5] and Merrill and co-workers [6] verified the findings of Scott-
Blair, and the Casson model found widespread use in describing blood
rheology. However, Scott-Blair [7] has argued against the use of this model
for blood on physical grounds, and Schmidt-Sch8bein et al. [B] Indicate that

the model should only be applied to intermediate shear rates.



In the development of the model, Casson considered a system of interact-
ing particles which would tend to aggregate into rod-1like structures. The
length of the rod was related to the level of the shear. 1In an effort to
relate the viscosity change of the suspension due to the change in structure,
the energy dissipation rate by the rod was considered. The rate of dissipa-
tion was related to the rod length and the orientation of the rod with respect
to the flow of the medium. The relation between the length-width ratio and
level of shear, however, was only given theoretically at extremely high and
low shear rates. Hence a linear equation which fitted a limited range of
shear rate was arbitrarily selected. The parameters of this linear equation
were empirically determined. The resulting model of the suspension was
expressed in terms of the parameters of the linear equation, rod volume
fraction in the suspension, viscosity of the medium, and a parameter deter-
mined by the orientation of the rod.

The resulting semi-empirical model can be expressed as
f{=/§+s/w7 (1)

In which Ty is the apparent yield stress and S is the Casson constant. Oka

[9] has presented and discussed a more general form of the Casson model.
Merrill and co-workers [6] developed an alternate form of the Casson

model which i1s approximate in nature. Thelr model is expressed in terms of

what we choose to term a pseudo shear rate, U,

7- -2 2)
ZWRC

The resulting relation was expressed as
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VT = VT + 2/2 §U (3)

This equation is principally of value for tube flow measurements in which Q
and AP are the measured experlmental values. From these measurements and a
square root plot of T versus U, the apparent yleld stress Ty, and the Casson
constant S, can be determined. This considerably simplifies the required data
analysis, in comparison to the determination of shear rate.

In the development of equation (3), Merrill and co-workers employed the
following treatment which contains assumptions that do not appear to be

justified. From the Rabinowitsch equation [1], ?w_was expressed in terms of

U as

¥ 20 (3 + N) (4)
where

N = %%—% 5

Substitution of equation (4) into equation (1) gives
i, = 48120 + 012G (6)

Merrill et al. [6] then made the assumption that N can be considered constant
over limited range of L. and in addition assumed N = 1 (the case of
Newtonian behavior). With these assumptions, equation (3) results from
equation (6). At first glance, the assumption of N = 1 does not appear
realistic, nor does the constant N assumption. Fortunately, for the case of
blood the end result is reasonably correct (Iif the shear rate 1s not too low),
but the assumptions employed give no indication of the conditions under which

this approximation is wvalid.



In this chapter we will present an alternative approach to obtaining an
approximate expression of the form of equation (4) on the basis of order of
magnitude considerations., The specific limitations follow directly from the
analysis. The resulting expression is tested with data for blood and silica

*
suspensions and compared with Merrill's approximation.
3.3 Analytical Consideratioms

The classic relation between volume flow and shear stress for flow in a
cylindrical tube has been presented in a variety of standard texts [1, 2], and
is generally presented as

Tw 2

R - P ey de 7)

1
nR3 t3 0
w

where

f(t) = shear rate.

The result of equation (7) is based on the assumptions of:
1. steady-state, laminar flow
2. 1incompressible fluid
3. time-independent fluid (i.e., ¥ = f(1) alone)
4. no slip at the tube wall.
When a constitutive equation is available (i.e., f£(tr) is a known function of
T in terms of rheological constants), equation (7) can be integrated to obtain
an expression for the volume flow in terms of T and the rheological constants.

For the Casson fluid, f£(t) is

*
Data for silica suspensions are from Cala [11].
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L

S2

£(1) = [t - 2v"r_y? + 'ry] (8)

Hence equation (7) can be integrated readily with the aid of equation (8) to

yield
T T T 1/2 T 4
Q . Wl Ly S 3 Loy (9)
3 2 %% 31 7% 841
mR S W W w

Equation (9) can be expressed in terms of the pseudo shear rate U by dividing

both sides by 2.

T i T 1/2 T4
TP P T . T L
i A 87 ) ] U
8 W w w
T
A similar 4th power term in ¥x~results when the Bingham model is employed
w

as £(t) to generate Buckingham's equation. For that case a good approximation
is obtained by neglecting the 4th power term on the basis of order of

magnitude consideration [1l]. In the present case this simplification is also

justified.
- Tg o1 1Ty 4T U2
U=;;'§'[2+§“T gl 2 (11)
w W

T

Equations (10) and (11) agree to within 1,5% for 1ﬁﬂ-f_0.4 and for practically
T w

encountered values of ¥z-the two equations can be considered identical (i.e.,
W

T 5 28T Y
w y

Equation (11) can be solved explicitly for T by noting that the equation
can be expressed as a quadratic in terms of ftw, The algebraic manipulations

result in
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188 32 57 <L/ 20 T 2 -
T PYNSLLIL I S ST (12)
¥ S 147 S

As a further simplification, it can be noted that for most practical

cases

s &

%T‘ >> ___1._4 (13)
S 147 §

The inequality can alternatively be expressed as

’
U >> .0034 —%—. (14)
S

T
Since ~%~is in general of order of magnitude of 1 or less it appears that

T
-~1LZ-will be negligible for U greater than about 0.1 - 1. This is about
147 s

the lower limit of measurement with capillary tubes. With this simplification

introduced equation (12) becomes

1/2

32 V2 s 1
188 vy =1/2 9 =

B ™ 127-Ty + 7 4] + 88U (15)

Equation (15) is approximately the square of an expression of the form
T = xfi;4-y SYG (16)

A slight modification of the coefficient of the Ty term in equation (15)
will make the expression an exact square of an expression of the form of
equation (16). The fractional coefficient of the Ty term of equation (15) is
188/147. Changing this coefficient to 192/147 gives an exact square. This is

about a 27 change in the value of the coefficlent, and will be relatively
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unimportant since this term contributes only a small part to the sum of the
right hand side of equation (15). It will be important, of course, at low
values of ﬁ, but here the restriction of Tw > 2.5 Ty will be in effect and
hence equation (15) itself, would not be valid. Within the limits of the
values on Ty and U imposed previously, this change in coefficient is quite
192 _ 64

—3 equation (15) can be expressed as:

acceptable., Noting that 1a7 = 39°

_ 64, 32 V2 8 /2 51/2

7
w " 49 Ty 7 v +8 8" U (17)

Taking the square root of equation (17) gives

/%—=%/E;+2J2_s/ﬁ (18)

W

Equation (18) is quite similar to Merrill's approximation equation (3),
= 28T (3)

The result of equation (18) has been obtained on the basis of order of

magnitude considerations and the limits of application in terms of T, and U
have been established. As with Merrill's approximation, equation (18) pre-
dicts a linear V?;-Versus il plot. However the intercept does not give V?;
directly, with /?; being about 147 lower than the intercept. The two equa-
tions do however indicate the same value of S from a square root-square root

plot.
3.4 Experimental

A coilled capillary viscometer, with a continuously varying pressure head,
was used to obtain experimental data. A schematic diagram of the viscometer

is shown in figure 1. The capillary was 7 meters long and had a radius
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of 0.05 cm., A detailed description of the viscometer and its operation is
presented in 2.3, The raw data consisted of a set of fluid level (height)
versus time data. For each fluid sample, a minimum of three sets of data
were taken while maintaining the same driving pressure. The three sets of
data were averaged and were used to calculate shear stress, shear rate and U
values. The driving pressures ranged from 10 cm H20 to 30 cm Hg to provide
sufficient data for the establishment of a flow curve for the test fluid.
The fluids studied were whole heparinized bovine blood. The blood

samples had a hematocrit range of 29-38, Data for silica suspensions by Cala

[11] are also presented for comparison.
3.5 Data Analysis

The analysis of the data is similar to the approach used by Maron and
Belner [10]. Details of the data treatment for the coiled capillary visco-
meter have been given in 2.5, however, the principal equations will be
briefly outlined. Reference should be made to figure 2 and the nomenclature
presented at the end of the text.

The shear stress at tube wall is given by

RCAP

L T {19)

where AP = APm - pgh

5 W 1 dm
y o= - [1+—b— dm (20)
w Ba 9.212 m? 9t

where B is defined as
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6 R
B = 5 (21)

9.212 LRf

and m 1s the slope from a log10 AP versus t plot. Most of the semilog plots
of AP versus t are linear, especially when the driving pressures are high.

In this case, equation (20) reduces to

f =g (22)

For the case of curvature in the loglo AP versus t plot, the term %% in
equation (20) must also be evaluated through a plot of m versus t. The
pseudo shear rate (U) is evaluated from the flow rate which can be obtained

readily from a known m value and the following relation,

_ dh _ _ 2.303 mAP
Q= Af at Af g (23)
d log AP
- S0 _ dh
Here, note that m = qt =~ 37303 AP dt

3.6 Results and Discussion

The experimental data were plotted as V1 versus f? and ¥T versus V%Ain
accordance with equations (1) and (18). Figures 3 and 4 present the results
for bovine blood. TFigures 5 and 6 are for silica suspensions. In all cases,
the data fit straight lines reasonably well. The lines shown in the figures
are the result of least square fitting of the data points. As can be seen
from the plots, both test fluids can be described by the Casson fluld models
provided that the shear rate is not sufficiently high to give Newtonian
behavior as is the case in figure 6. The bovine blood data in figures 3 and

4 do not show a transition to Newtonian behavior up to shear rates of
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approximately 350 sec_l. Charm and Kurland [5] have reported observing Casson
fluid behavior with blood up to lO5 sec—l. It can also be noted from the
figures, that the two methods of plotting do not produce the same intercept.
In all cases the /?;.versus Vﬁ.plot gives the larger intercept as predicted by
equation (18). From the slopes and intercepts of the best fit lines of the
square root plots, values of the yileld stress Ty and Casson constant S were
calculated according to equations (1) and (18). The results are presented in
Table 1 for comparison.

As indicated in Table 1, S values compare remarkably well for the exact
and approximate expressions. The values of Ty show some deviation (up to 18%
in one case) but these deviations are both positive and negative. It is most
likely that these deviations result from experimental errors. For the most
part, agreement is reasonably good.

The approximate Casson fluid model, expressed in terms of the pseudo
shear rate (U), appears to provide a good approximation to the exact model,
expressed in terms of shear rate. The approximate form is based only on order

of magnitude considerations and specific limits on its application have been

established. These limits are

(1) L 268 Ty

T
(2) U > 0.1 - 1 here the criterion is U >> .0034 —% ;
S

-
In the second limitation, ~§-generally is of the order of one or less and the
S

inequality provides an approximate guideline. For most tube flow measure-
ments, these limitations on T, and U will be below the values that can be

measured with reasonable accuracy.



Table 1

Experimental results of whole bovine blood
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Hematocrit from V1 vs. /$
T S T S
¥ y
36 0121 211 .0122 221
37.6 .0259 .219 .0289 . 219
37 .0899 .218 .0858 .219
37 .0042 .188 . 0044 .168
29 .168 .185 .150 185

Experimental results of silica suspensions

*

Solid volume

from VT vs. J?
S

from VT vs. ﬁj

fraction ¢ . " g
vy y
0.20 0.438 0.126 0.443 0.129
0.05 0.028 0.0789 0.0329 0.0781

*
Cala [11].
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The approximation is very similar in form to Merrill's approximation with
the only difference in the YT term (see equations (3) and (18)). Merrill's
equation predicts that the VT versus /Y and V7 versus U plots should give
the same intercept. His experimental data seem to verify this prediction
[6]. One explanation for this could be due to the fact that the U and ¥ data
are from different instruments. In addition the difference in intercepts is
small, about 147 according to equation (18). These two factors could be

responsible for Merrill's results.
3.7 Conclusion

The Casson model is widely employed for describing the bulk rheological
behavior of blood. 1In simple tube flow measurements it has been observed
that a square root-square root plot of shear stress versus pseude shear rate
is linear. By means of order of magnitude considerations, the functional
relation between v7T and /U can be established along with its limits of
application. The resulting relation is given by equation (18). The expres-
sion permits the estimation of the Casson fluid parameters Ty and S, from

measurements of Q and AP for tube flow.
3.8 Nomenclature

Af: cross—-sectional area of the flowmeter, cmz.

L: length of the capillary tube, cm,

N: defined by equation (5).

AP: pressure drop across the capillary tube, dyne/cmz.
APm: the driving pressure, see figure 2, dyne/cmz.

Q: volumetric flow rate, cm3/sec.
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radius of the tube, cm.

radius of the capillary tube, cm.

radius of the flowmeter, cm.

the Casson constant, defined by equation (1).

the speudo shear rate, defined by equation (2), sec—l.

gravitational scceleration, 980.6 cm/secz.

difference between height of fluid column and the equilibration
level, see figure 2, cm.

slope from a loglO AP versus t plot.

shear rate, sec_l.

density of the fluid, g/cmB.

shear stress, dyne/cmz.

apparent yield stress, dyne/cmz.
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CHAPTER 4

COMPUTERIZED DATA TREATMENT FOR A BURET-CAPILLARY VISCOMETER

4.1 Abstract

A computer-ailded data treatment 1s presented for a buret-capillary
viscometer. The technique employs a nonlinear parameter estimation method
coupled with a well-established flow curve determination procedure to con-
struct a flow curve. Data for a non-Newtonian fluid are used to illustrate
the technique. The flow curve for the non-Newtonian fluid can be readily

obtained.

4.2 Introduction

Capillary viscometry i1s a convenient experimental method for rheological
measurements on fluids. With a capillary viscometer, the determination of the
flow rate at a single pressure drop is sufficient to define the flow behavior
of a Newtonian fluid. In the case of a non-Newtonian fluid, a range of shear
stress must be covered in order to generate the flow curve and this is usually
accomplished by varying the pressure drop. A viscometer operated with con-
tinuously varying pressure head was devised by Ostwald and Auerbach [1], who
allowed liquid to drain from a buret under gravity through a capillary and
recorded the times as the meniscus passed various buret graduations. This
viscometer was discussed some years ago by Cerny [2] for a study on the
absolute viscosity of water. Other viscometers with varying pressure head
were designed by Maron, Krileger and Sisko [3], and Maron and Belner [4]. They
used a well-established procedure [5, 6, 7] to obtain flow curve from the raw

data. With the varying pressure viscometer, the data from a single
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determination can cover a wide shear stress range. However, graphical dif-
ferentiations are involved in the procedure for flow curve determination.
These graphical differentiations, as a difficulty inherent in the procedure,
are usually time consuming and inaccurate. Although Maron and Belner [4]
presented a method to improve the graphical accuracy, the method is still
tedious.

In an attempt to provide an alternative approach to graphical differentia-
tion for obtaining the flow curve, a computer-aided data treatment has been
explored. The viscometer is a modification of one described by Cerny [2].
The raw flow data for a non-Newtonian fluid are expressed in terms of an
empirical equation. The parameters of the equation are evaluated via the
non-linear parameter estimation method by Bard [8]. The empirical equation
can then be used for the evaluation of shear stress and shear rate, following
the procedure established by Krieger et al. [5, 6, 7], without any graphical

differentiation.

4.3 Experimental Apparatus and Procedure

The viscometer is shown schematically in figure 1. It is a modification
of one described some years ago by Cerny [2]. The instrument consists pri-
marily of a precision bore capillary A and a 50 c.c. buret B. The capillary A
is placed horizontally with one end inserted into a rubber stopper which is
sealed to the collecting flask F and the other end connected to the buret B by
means of a plece of tygon tubing. The pinch clamp C is a convenience for
filling the viscometer. The flask F has a sidearm which is extended with a
piece of tubing to the atmosphere. The buret B is jacketed by a 2-inch

diameter glass tube. The water bath is kept at a desired temperature by a
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temperature regulator G. The regulator unit contains a pump which is used for
circulation of water through the jacket. This arrangement assures constant
temperature for the measurements.

In operation, the buret, connecting tubing, and capillary are filled with
the test fluld and the clamp C put in place. Care should be taken to avoid
trapping bubbles in the line. Generally the buret is filled well above the
top graduation. If the test fluid is not at the bath temperature, about 10
minutes should be allowed to bring it up to bath temperature before starting a
run. A run is started by opening clamp C, permitting the fluid in the buret
to flow through the capillary. A stopwatch with a split hand feature is used
to time the descent of the meniscus in the buret at selected graduations (i.e.
0, 5, 10, 15, #++). The times corresponding to the selected graduations are
recorded. Readings can be taken until the meniscus passes the last graduation
on the buret or until the descent of the meniscus 1s too slow to be measurable.
A minimum of three sets of graduation (x) versus time data are taken for a

given sample. An average of the three sets is used for data analysis.
4.4 Supporting Data

The length of the capillary can be measured directly. The radius is
determined by filling the capillary with mercury, weighing the thread of
mercury, and calculating the radius from the volume of the mercury thread.
The volume is given by V = (mass of Hg) ? (density of Hg at measurement tem-
perature). The radius then follows from R = (VIZHL)l/Z. A minimum of three
determinations are recommended,

The buret cross section is determined by measuring the distance between

terminal graduations (i.e. h0 - hSO) and dividing the buret volume by this

result.



A = 50/ (hy - hep)

A relation between the buret graduations and the height of the meniscus
relative to the capillary outlet is also required for data analysis. Noting
the buret graduation as x and the measured distance between the last buret

graduation and the capillary outlet as (h_, - hc), the following expression

50

can be written

- 50~-x

h=="% gy ~h) 1)

This gives the height of the meniscus relative to the capillary as a function
of the buret graduation reading x.
The test fluid density, if unknown, is determined at the bath temperature

with the aid of a pycnometer.
4.5 Theoretical

The theoretical development for Newtonian flow has been discussed by
Cerny [2] and is outlined below. This will be followed by the analysis for
non-Newtonian flow. The flow of a Newtonian fluid in a capillary tube is

described by the Poiseuille equatiom,

AP = .QE%: 2)
nmR

This expression relates the pressure drop AP across the capillary (of radius R
and length L) to the volume rate of flow Q and the coefficient of visceosity n.

For the viscometer the pressure drop at any moment is also given by

AP = pgh (3)



where h is the height of liquid column in the buret relative to the capillary,
p the fluid density and g the acceleration of gravity. The volume rate of

flow at any moment can be expressed as

__,dn
Q= -a )

where A is the cross sectional area of the buret. From the combination of
equations (2), (3) and (4), followed by integration an expression relating h

and t results.

4
1nh=—|:%RfA;"-n&]t+c=—%9—t+c=mt+c (5)

where

B:M
8LA

Thus a plot of logloh versus t should be linear. The viscosity of a Newtonian
fluid can be evaluated from the slope (m) provided that the instrumental
dimensions and the fluid denslity are known.

In the case of a non-Newtonian fluid, the "viscosity" is not constant and
varies with the rate of flow or more properly the rate of shear. The log h
versus t plot gives a curve with m varying from point to point. This varia-
tion can be utilized to relate the wall shear rate ?W to the wall shear stress
Ty from which a flow curve T, versus ?w can be constructed. An approach
similar to that developed by Krieger and Maron [3] is employed. First, an

effective fluidity is defined, with reference to equation (2) as

WR4BP

8LQ

(6)

1
¢ = — =
e T]e



where e is the effective viscosity. From the expressions in equation (5) it

(7)

can be seen that ¢e is given by

Under conditions of steady, laminar flow of a time-independent fluid

through a cylindrical tube, it can be readily shown [9, 10] that
(8)

T
%=L3 fwrz f(t) dr
TR T 0
w
where
RAP
T @)
£(1) = § (10)
Combination of equations (6), (8), and (9) gives
(11)

Tw 2
g t £(1) dt

-4 _ 4
14 0
w
Differentiation of equation (11) with respect to T by Libnitz's rule and

rearrangement of the result gives
(12)

l_d In ¢e

4 d 1n 1 ]
W

w—
T Tl L

w
The terms in ¢e and Ty in equation (12) are replaced by equations (7) and (9)

so that after some algebraic manipulation equation (12) becomes

w_ _om 1 dm
T BT IR (13)
w 4 m



Equation (13), coupled with equation (9), is used to determine the flow curve

of a non-Newtonian fluid.
4.6 Data Analysis

The average of the x versus time data is first converted into h versus t
with the ald of equation (1). From equations (3) and (9) we have wall shear

stress

which can be readily evaluated. To evaluate the wall shear rate from equation
(13) we need m and dm/dt. This information can be obtained from the h versus
t data with the aid of a non-linear parameter estimation technique (Bard's
method [8]). Bard's method is in the form of a computer program provided by
IBM. The user must supply the mathematical model, initial guesses and the
bounds on the parameters, and the experimental data. The outputs include the
estimated parameter values and the deviation of computed values from observed
data values. From the deviation we can judge how well the proposed model fits
the data points.

The h versus t data obtained by experiment can be described by a function

of the form
2
h = h_  exp {-kt + (a + b t)"} (15)
where

h
o

h value when t equals to zero (measured)

k,a,b = parameters to be estimated

The parameters a and b in equation (15) result from the non-linearity of a
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In h versus t plot. Note that when both a and b are zero equation (15) gives
a model for Newtonian fluids. For the initial guesses of the parameters, k
can be taken as the negative value of the slope of a line fitting the first
few points of the 1n h versus t plot. The parameters a and b can be taken as
the intercept and the slope of the least-square-fit line of a V§ versus t

*
plot, respectively, with § defined by

§ =1n h - 1In ho + kt (16)

Only a rough estimation for these parameters is sufficilent and this can be
easily done on a programmable desk calculator, or available computer program
such as the IBM scientific subroutines package.

Both upper and lower bounds must be supplied in the input. The deter-
mination of these bounds is somewhat arbitrary. The boﬁnds as suggested from

this study are the following,

1) k: initial guess x (1.00 % 0.30) (17a)
2) a: 0< |a| <0.1 (17b)
3) b: 0<b<0.01 (17¢)

where the upper bounds of Ial and b are arbitrarily chosen as one order of
magnitude greater thamn the values ordinarily encountered.
The parameters estimated by the computer program can be used to

analytically evaluate m and dm/dt. From equation (15),

~&lnh 3‘: B ook +2bGa + bt) . (18)

From equation (18), dm/dt results,

*
It is apparent that § represents the deviation of a In h versus t plot
from linearity. This deviation usually is a quadratic function of t.
Accordingly, equation (15) was formulated.
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- 2p” ., (19)

Substitution of equations (18) and (19) into equation (13) gives an expression
for ?W/TW in terms of the parameters. As presented in the program in
Appendix, the evaluation of m, dm/dt, T and ?w/TW can be done on the com-
puter with a slight addition to the original Bard's program. In this way, the

flow curve information, 1 and ¥, is obtained directly as computer output.
4,7 An Example of the Method

Pressure flow data (in the form of h versus t) for a non-Newtonian fluid
are used to illustrate the procedure. The fitted h versus t curve is then
compared with experimental values, The best fit parameters are then employed
for the determination of the flow curve for the fluid.

Reference is made to Table 1. Column 2 gives the h values converted from
raw data of x versus t by equation (1). Column 3 presents In h values which
are used for the initial guess of k. A least square fit of these data in the

form of 1n he versus t 1s made with a programmable Wang calculator. The

xp'l
result for the case gives a slope of -0.0024819. Hence the initial guess of k
is taken as 0.0024819. Values of § are then calculated as indicated by
equation (16). The values of ¢ and V& are tabulated in columns 4 and 5. The
Y& data are used for the initial guesses of parameters a and b. The (/8
versus t) data are fitted by least squares with the aid of a programmable
calculator. The resulting intercept and slope give the initial guesses of a
and b, respectively. These values are presented in Table 2. Bounds for

parameters calculated by the program are also shown in Table 2. These para-

meter values are used in the program to calculate h values by equation (15).



Table 1 Results for the test fluid
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1/2 .
Time, hexp'l In — é $ hcal'd T Y
(sec) (cm) (cm) (dyne/cmz) (sec—l)
0 56.50 4.0342 0 0 56.54 74.8 1303
Tk 55.44 4.0153 55.45 73.4 1276
23.4 53.31 3.9762 53.31 70.5 1223
39.8 51.19 3.9355 51.18 67.7 1169
56.8 49,07 3.8932 0 0 49,06 64.9 1116
74.8 46.94 46.93 62.1 1063
93.6 44,82 44,80 59.3 1011
113.2 42,69 42.70 56.5 959
134.4 40.57 40,55 53.6 906
156.6 38.45 3.6492 .002 .04 38.42 50.8 854
205.1 34,20 34.19 45,2 751
231.9 32.07 32.08 42 .4 700
246,2 31.03 31.01 41.0 675
261.0 29.95 3.3995 .007 .08 29,95 39.6 649
276.5 28.89 28.87 38.2 624
292.4 27.83 27.82 36.8 624
309.2 26,76 26,75 35.4 573
326.3 25.70 25.68 34,0 548
345.1 24,64 3.2044 017 .13 24,62 32.5 523
364.1 23.58 23.56 31.2 498
384.2 22.52 22.51 29.8 473
427.3 20.39 20.41 27.0 425
450.9 19.33 2.9616 .032 .18 19.35 25.6 400
475.9 18.27 18.30 24,2 376
502.5 17.21 17.25 22.8 352
531.2 16.14 16.20 21.4 328
564.3 15.08 15.07 19.9 303
596,7 14.02 2.6405 064 +25 14.05 18.6 280
633.9 12.96 12.97 17.2 256
674.5 11.90 11.90 15.8 232
719.2 10.83 10.84 14.3 209
769.9 9.77 9.76 12.9 186
828.4 8.71 2.1645 .143 .38 8.67 11.5 162
896.0 7.65 7.58 10.0 139




Table 2 Values for various parameters
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k a b
initial guess 0.0024819 -0.031137 0.00049889
lower bound 0.0017373 -0.1 0
upper bound 0.0032265 0 0.01
estimated parameter 0.0024855 -0.025336 0.00054924
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The resulting h values are presented in column 6, Table 1. A comparison
between the best fit curve and the experimental data is given in figure 2. As
can be seen from the figure, the fitted curve describes the experimental

points very well. The error in hca as can be seen in Table 1 never exceeds

1'd
1%.

Next Ty and Yw’ as given by,

- Rpgh
T, 5T (15)
and
4 —-m 1l dm
Vi = T EE‘[l 2 Z;ﬁ'agﬂ (13)

are evaluated, using the estimated parameters. Here h, m and dm/dt are given
in terms of the parameters by equations (15, (18) and (19). The results are
shown in column 7 and 8 of Table 1 as well as in figure 3. As shown in figure
3 the shear rate range from a single determination covers about one cycle.

The flow curve of non-unit slope indicates the non-Newtonian behavior of the

test-fluid.

4.8 Conclusion

As is illustrated by the example, a convenient computer-aided technique
has been developed for the determination of the flow curve for non-Newtonian
fluid from flow data. The height versus time data are fitted to a proposed
model equation in terms of several parameters. These parameters are estimated
by a computer program for Bard's non-linear parameter estimation method.
Height versus time data are input to the program as well as the initial

guesses, and lower and upper bounds for the parameters. Only a slight
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modification of the original Bard's program provides for a direct print-out of
flow curve data. As a result of the computerized data treatment, the

capillary viscometer can be a more useful tool for routine laboratory deter-

minations, or student experiments.
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4,10 Appendix

The computer program used consists of seven decks; a main program and six
subroutines. In this appendix, details are given only for those which are
modified, along with the modifications made. Definitions of the variables
added are given in the comment statements. Names of the other subroutines are
given to show the entire structure of the program. For details of the entire

technique, reference can be made to Bard's original manual [8].
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CHAPTER 5
NON-NEWIONIAN BLOOD FLOW IN TAPERED TUBES
5.1 Abstract

Steady laminar blood flow in uniformly tapering tubes under non-Newtonian
flow condition is examined. The pressure flow relation is studied both
theoretically and experimentally. Blood rheclogy is assumed to be described
by the Casson model. Theoretical pressure flow relation for Casson model
fluid is derived by a differential-cylinder approach as well as by direct
integration. Both methods result in the same expression. Experimental data
for bovine blood flow in 1° and 2° tubes agree well with the theoretical

predictions.
5.2 Introduction

Almost twenty years ago, Jeffords and Knisely [1] presented evidence to
strongly suggest that the segments of blood vessels between branches should be
considered as segments of slowly tapering cones rather than cylinders. Data
were reported for the mesentric arterioles of frogs and mice and were later
confirmed by the independent work of Bloch [2]. Angles of taper of up to
about 2° were observed.

The arterioles are believed to be responsible in part for the local
regulation of blood flow. The resistance to flow is_related to the rheology
of the fluid, the level of shear and the geometry of the vessel. Perhaps the
most significant aspect of taper is that it provides a mechanism for increas-

ing shear while the volume flow remains constant. This feature coupled with



non-Newtonian behavior of the blood in the broadest sense could have a con-
siderable influence on the resistance to flow.

There have been numerous theoretical considerations of flow in conical
sections with various degrees of simplification involved. Experimental work
to confirm theoretical predictions on the other hand is relatively scarce.
Some of these efforts will now be reviewed.

A number of theoretical considerations of flow in uniformly tapering
vessels have appeared in the literature. The solution for the steady creeping
flow of an incompressible Newtonian fluid through conical sections has been
presented by several investigators [3, 4, 5]. The pressure development in the
vessel was related to the volumetric flow rate and angle of taper. Targ [6]
and Oka and Nishimura [7] extended the theoretical solution to the case where
the inertial effects cannot be neglected. The numerical solution for both
Newtonian and non-Newtonian converging flow in conical sections was presented
by Sutterby [8]. Cerny and Walawender [9] presented several solutions to the
problem of the viscous flow of an incompressible Newtonian liquid in a con-
verging tube. The solutions include pressure flow relatiocuns for the cases of
pulsatile and steady flow in a rigid tube and pulsatile flow in an elastic
tube. Walawender et al. [10] presented simplified solutions, for the limiting
cases of very slow and very fast flow, for a Newtonian fluid in a uniformly
tapering tube. By adding a semi-empirical inertial correction term to the
solution of very slow case, they presented a solution of practical use for a
substantially extended flow range. The steady slow motion of a power-law
liquid through a tapered tube was examined by Oka and Takami [11]. They
derived a differential equation for velocity distribution. By considering a

tapered tube as the integral of a series of differential cylindrical tubes,
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Charm and Kurland [12] derived a pressure flow relationship for Newtonian flow
in a tapered tube. The result was identical with that presented by Bond [4].
A similar approach was employed by Benis and Lacoste [13] for the flow of a
Casson fluid in a tapered vessel. They made the assumption that the local
pressure gradient at any point in the tube is the same as that in a uniform
tube of the same diameter. Recently, Oka [14, 15] described the pressure
development in non-Newtonian flow through a tapered tube. He presented a
"general formula" for the volumetric flow rate of non-Newtonian fluids, which
verifies the concept that in a slightly tapered tube the volumetric flow rate
at any point is the same as that of a cylindrical tube of the same radius.
Pressure gradient formulae were obtained based on his '"general" flow rate
formula for three types of non-Newtonian fluids: power law fluid, Bingham
body, and Casson model fluid.

Experimentally, only a limited amount of work on blood flow in tapered
tubes has been presented in the literature. Merrill et al. [16] obtained some
pressure flow data for suspensions of red cells in plasma in drawn tapered
tubes and found that there was no difference between converging and diverging
flows. However, the pressure flow data for whole blood in precision tapered
tubes obtained by Cerny and Walawender [17] indicate that the flow pattern is
different when blood is moving in the convergent or in the divergent direction.
These blood data were shown, by means of a generalized flow curve, to be super-
imposible with the data from cylindrical tubes. Charm and Kurland [12]
presented pressure flow data for suspensions of human red cells in plasma.
Their data are in agreement with their calculated results based on the con-
sideration of a tapered tube as a series of segments of cylindrical tubes and

the existence of a cell free plasma layer at the wall. Whole blood data for
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Newtonian flow in 1° and 2° tapered tubes by Walawender et al. [10] agree
very well with the simplified theoretical pressure-flow predictions they
proposed for Newtonian flow with substantial inertial losses.

The present work is concerned with both theoretical and experimental
studies on blood flow in tapered tubes of small angle of taper. Laminar,
steady flow of blood in converging tapered tubes under non-Newtonian flow
conditions is examined. Blood rheology is assumed to be described by the
Casson model. An approximate pressure-flow relationship is proposed to
describe the flow behavior of blood in tapered vessels. This relationship is
expressed in terms of the rheological parameters of blood and dimensions of
the tapered tube. The experimental data are compared with the theoretical

predictions.
5.3 Analysis

In the circulatory system, the flow situation is rather complicated both
in terms of the geometry of the vessel and the rheology of the fluid as well
as the pulsatile nature of the flow. The present analysis considers a highly
simplified case however it does include the features of tapered geometry as
well as a simplified non-~Newtonian rheology. The steady laminar flow of an
incompressible non-Newtonian fluid in a uniformly~-tapering tube of circular
cross-section 1s considered. The geometry is most conveniently represented by
spherical coordinates. A schematic diagram for a section‘bfltapered vessel is
shown in figure 1. The flow in the tube is assumed to be axisymmetric hence
the ¢ component of the equation of motion is omitted. The angle of taper is

small so that the functions sin 6 and cos © can be approximated as 6 and 1

respectively. It 1s assumed that two dimensional flow 1s present, but that
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V. >V

" g* Furthermore it 1s assumed that Ve is of the same order of magnitude

as o. Order of magnitude considerations coupled with the stated assumptions

permit simplification of the equation of motion to

aVv

_r___1 3
pVr ar or rd 96 (BTBr) 1)

Note that only the r component remains. The case of a Newtonian fluid has
been discussed by Targ [6] and Sutterby [8]. Sutterby showed through numeri-
cal calculations that the © component of the equation of motion can be
neglected. As a further simplification, the case of creeping flow allows

equation (1) to be expressed as

d 1l 3
EIP‘- = - 76 38 (OTgy) (2)

Equation (2) can be integrated at a given r from 6 = 0 to 6 = 6, with the
boundary condition

Tor = 0 at 8 =0

to yield an expression for the local shear stress

_8x dp
2 dr  ter ° (3)

Equation (3) gives the local wall shear stress when & = a,

~erdp

2 dr  ‘er| e=a ° (4}

With reference to figure 1, it can be shown for the case of small a that the
following approximations can be made.
or = R (5)

2
ar & R (6)
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r=1L (7
As a consequence, equation (4) can be approximated as

R
S|
2

Bl

"RL R=R_ : ®
Equation (8) is identical in form to the expression for the wall shear stress,
for axial flow in a cylindrical tube of length dL and radius Rb‘ Recall that
in arriving at equation (8) the following assumptions have been made: 1) the
angle of taper o is small, 2) the flow is slow, i.e. the inertial effect is
negligible, 3) the pressure drop is not dependent on 8, and 4) on the basis
of order of magnitude considerations, the normal stress terms of the equation
of motion are negligible in comparison with the shear stress.

In Charm and Kurland's work [12], they suggested that a tapered tube be
considered as a series of differential cylindrical segments. If an expression
for the pressure-flow relation for tube flow is available an expression for
dP/dL can be written. The latter can be integrated to yield the pressure flow

relation for a tapered tube. For example, the case of uniform taper gives

- _dp _ 8nQ _ 2 _dp _ _8nQ_
Ro al.. For a Newtonian fluid L TR 4 R TRL or i A5
o] o] R=Ro ma L

and the integration is straightforward. The assumptions made in the deriva-
tion of equation (8) indicate the limitations on their incremental cylinder
approach for the case of non-Newtonian flow in addition to the case of
Newtonian flow.

Benis and Lacoste [13] used the method of Charm and Kurland [12] to
examine the non-Newtonlan flow of blood in a tapering tube. They employed

the approximate Casson fluid model for tube flow suggested by Merrill and



coworkers [16]. 1In this work a slightly modified form of this approximation

is employed.

RL ) 4_4 '3}'_ 'V _'Q ()

R=R wR
0 o

The conditions under which this approximation is valid have been discussed
elsewhere [18]. Substitution of equation (9) into equation (8) (with Rb = alL)
followed by integration from L = Ll to L = L2 yields the pressure drop between

Ll and L, for uniform taper,

2
5P = P - P,
_128 %y M 1285 /70 1 1
49 L, 2l 3 3/2 3/2
o L L

2 1

gs’qf1 1
23 55 | (10)

3ma L2 Ll

where P1 and P2 are the pressures at positions L1 and L2 respectively. This
expression gives the pressure drop for the flow of a Casson fluid in terms of
the flow rate, geometric parameters and rheological parameters.,

Equation (10) is valid only for slow flow. For larger flow rates, losses
due to inertia can be significant. The arithmetic average correction sug-
gested by Walawender et al. [10] is added to equation (10) to allow for

inertial losses.

L T.Q (
AP = }Zz'ég' '23 in i}' + 1?.218mS L 31/2 31/2
2 T L2 Ll

(11)
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An alternative approach to obtain equation (10) is to integrate equation
(3) directly in spherical coordinates., This derivation is given in the

Appendix.
5.4 Apparatus

The buret-capillary viscometer described some years ago by Cerny [19]
also by Cerny and Walawender [17], was modified for this work to indirectly
determine pressure-flow data for flow in a tapered tube. In addition the unit
was also used for the independent determinations of the rheological parameters
for blood using a true bore capillary. A schematic diagram of the apparatus
is shown in figure 2, The buret B is jacketed with constant temperature water
circulating inside the jacket. The capillary or tapered tube C and collection
flask F are immersed in the constant temperature bath during the course of
experiment. The temperature regulator G has the functions of controlling the
water temperature in the bath and pumping water through the jacket. The
buret and the capillary are connected by a plece of tygon tubing T. The
compressed alr reservoir and mancmeter are used to apply driving pressure so
that high shear data can be obtained for the rheological parameter determina-
tions.

Two tapered tubes were used for the experimental work. A precision bore
cylindrical capillary was used for the rheological parameter determinatipns.
The tapered tubes were previously calibrated by Cerny and.ﬁaiawender [17].

The length of the cylindrical capillary was measured and the radius deter-
mined by the conventional method of filling the capillary with mercury and
welghing the thread. Table 1 gives the dimenslons of the tapered tubes and

the capillary tube.
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Table

Dimensions of the capillary and tapered tubes

5-11

Length (cm) I.D. (cm)
Cylindrical "
Capillary 19.88 £ .01 .102
Large I.D, Small I,D. Angle
Taper tube .2159 = ,0003 .0381 + ,0003 1° + 1.5'
1
Taper tube .3886 + .0003 .0381 + .0003 1°58' + 1.5'

2
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5.5 Experimental Procedure

Heparinized whole bovine blood samples were employed in the experimental
work. The blood was collected directly into a container and at the same time
was heparinized with 1000 units of heparin per 200 mi of blood. It was stored
in a refrigerator at 0 ~ 4°C before use. Before each experiment the blood was
filtered through a plug of glass wool and warmed to temperature in the con-
stant temperature bath (25°C).

Prior to filling of the apparatus with blood, the unit was filled with
physiological saline. Any bubbles trapped in the unit were eliminated at this
stage. The saline was then displaced by blood. Measurements consisted of
timing the descent of the fluid meniscus at selected graduations on the buret,
A stopwatch with a split hand feature was used to obtain a continuous set of
time data. Each graduation on the buret can be related to a corresponding
height relative fo the flow outlet hence the measurements resulted in a set of
height versus time data. The set of height versus time data was used to
determine pressure drop and flow rate for tapered tubé flow as well as the
wall shear stress and shear rate for cylindrical capillary flow.

Each experiment for tapered tube flow consisted of at least three sets of
height versus time data with the same blood sample. The average value of the
sets was used to determine pressure flow data for the blood sample. Similar
measurements were made (using the same blood sample) for flow through a
cylindrical capillary. These data were used for the independent rheological
parameter determinafions.

Other supporting data consist of the distance between the capillary and
the lowest mark on the buret, density and hematocrit of each blcod. The

distance betweéen the capillary and the lowest mark on the buret was measured
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by means of a cathetometer, the density with a pycnometer, and the hematocrit

with a centrifuge.
5.6 Treatment of Data

The measurements of blood flow in a cylindrical capillary were used to
provide the supporting rheological parameters. The construction of the flow
curve from height versus time data in a cylindrical capillary is similar to
the approach developed by Krieger and Maron [20, 21, 22]. Details of the
approach have been presented elsewhere [23] so only a brief outline is given
below.

As was shown by Krieger and Maron [20, 21, 22], the wall shear rate for

non-Newtonian fluids in a capillary is given by
F omop g I et (12)
w we 4 d 1n B '

where T, is the wall shear stress given by

APR
T = <
w 2L

(13)

and ¢e the effective fluidity (reciprocal of effective viscosity) defined as

ﬂPﬂRc

Here, Rb and L are respectively the radius and length of the capillary. The
flow rate Q and pressure drop across the capillary, AP, are given for this

viscometer as follows:

2 dh
Q=- RS s)
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where RF is the radius of the buret,

Pe 8 h , without driving pressure (16a)
AP =

Pe 8 h + Pn B ho» with driving pressure (16b)

where g is the acceleration of gravity, Pe and P, 2re densities of blood and
manometer fluid respectively. Equations (15) and (16) give Q and AP in terms
of the height (h) versus time (t) data obtained from the experiments. hm in
equation (16b) is the manometer reading in cm. Substitution of equations (15)

and (16) into equation (14) results in

= _ I
%o = = B )

where m is the slope of a 1n AP versus t plot, i.e.,

_d 1n AP
Tt (18)

and B is an instrumental constant given by

B = 5 - _ (19)

Substitution for ¢e in equation (12) followed by some algebraic manipulation

glves the wall shear rate as

. m 1l dm
Y, o L cees | ] g i S (20)
w W Bpf [ 4m2 dl:]

This equation coupled with equation (13) provides the information for con-
struction of the flow curve from the experimental data.
A method for the evaluation of m and %%-using a computer-aided non-linear

parameter estimation technique has been discussed in detail elsewhere [23].
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This method was employed in the present study and involves curve fitting the
h versus t data to a selected function. In the case of no driving pressure,
the h versus t data from cylindrical capillary were fitted to a model equation

of the form
h = ho exp [~ kt + (a + bt)z] (21)

where ho is the value of h at time zerc and k, a, and b are parameters to be
determined from the parameter estimation technique. After the determinations

of the parameters, m is evaluated from equation (18),

_d1n AP _dlnh _ _
T 7S k + 2b (a + bt) (22)

and dm/dt by differentiation of equation (22) is
— =25 (23)

Now T, can be determined from equations (13), (16), and (21)

_ pfghoRc

Tw - 2L

exp [- kt + (a + bt)z] (24)

And ?w is given by equation (20) with the terms m, dm/dt, and Tw replaced by
equations (22), (23) and (24) respectively.
For experiments with a driving pressure, the technique is nearly the

same, except that h is replaced by h' defined as
1 -
h' = (pegh + p gh ) / pcg (25)
In the calculation of pressure-flow data from height versus time data for

a tapered tube, equations (15) and (16a) were employed along with a similar

curve fitting technique. Equation (21) was found suitable for describing
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h versus t data for the 1° tube. For the 2° tube, the equation is more

complicated and is given by
2,2
h=hoexp[-—kt+{e—(ct+d)}] (26)

where k, e, ¢, and d are the parameters to be estimated.
The pressure drop is then obtained from equation (l6a) and the flow rate by
equation (15), with the appropriate substitutions for h and dh/dt.

The theoretically predicted pressure drop as given by equation (11) was
calculated using the independently determined rheological parameters, flow

rate data for the tapered tube, and the tapered tube dimensions.
5.7 Results

Since the Casson model was assumed for blood, T and ?w data obtained
from capilla;y flow measurements were plotted as /?;‘versus /?;l A typical
plot is presented in figure 3. As can be seen from the figure, the flow curve
can be well represented by a single straight lime. This behavior is similar
to that of human blood reported by Charm and Kurland tlZ]; according to their
measurements, human blood can be represented by the Casson model over a shear
rate range of 0 ~ 105 sec_l. Since there was no obvious break in the data
(as suggested by Merrill and coworkers [24]), the rheological parameters ry
and s were simply evaluated from a least square fit of the /?; versus /?;
data. These parameters were used In comparing theory with experiment for
tapered tube flow. Recently, Schmid~-Schobein et al. [25] reported that the

linear /?;'versus /?; plot does not apply for shear rate < 1 for bovine blood,

however it does apply for the wall shear conditions of this work.
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Typical results for the h versus t curve fit for the blood flow data in
tapered tubes are presented in figure 4, for both 1° and 2° tubes. As shown
in figure 4, the curve fit is very satisfactory. The difference between the
best fit values and the experimental data are in excellent agreement. The
largest differences observed did not exceed one per cent. From these curve
fittings, values of Q were calculated as indicated by equation (15).

Experimental data for blood flow in tapered tubes are plotted as pressure
drop versus flow rate along with the theoretical curve calculated according to
equation (11). Four sets of pressure flow data for the 1° tube and five sets
for the 2° tube were obtained. Figures 5 and 6 show typical results. As can
be seen from the figures, equation (11) provides a very good description of
the data.

Comparison of the curves in figure 5 for the 1° tube, and figure 6 for
the 2° tube, reveals the different behavior in the two tubes. The curves in
figure 5 tend to curve down while the curves in figure 6 tend to curve up.
This is due to the effect of the inertial losses. In the 2° tube the
inertial loss is significant, accounting for up to 15% of the total pressure
drop at the higher flow rates. In the 1° tube however these losses are not

very important since the flow rates are in general much lower.

5.8 Discussion

The suggestion that the terminal arteries should be considered as seg-
ments of long, slowly tapering cones, rather than cylinders was set forth some
time ago as a result of the extensive studles of Knisley and Jeffords [1] as
well as those of Bloch [2]. The consideration of flow in tapered vessels has

been rather limited and little if anything has been said with respect to the
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significance of taper and its role in microvascular hemodynamics. The
presence of taper provides a mechanism for increasing shear while maintaining
volume flow constant. It 1s well known that increasing shear provides a
means for the irreversible breakdown of the structure of blood in the case of
in vitro experiments. This breakdown is accompanied by a reduction of the
apparent viscosity.

It has long been reported that the resistance under in vivo conditions
is substantially lower than predicted on the basis of cylindrical geometry and
in vitro experiments. Varilous explanations have been proposed, but the
discrepancy still remains. The Fahraeus effect is most likely responsible for
some of the discrepancy but the influence of taper appears to warrant serious
consideration.,

In the present work a highly simplified case of flow in tapering vessels
has been examined. The assumptions of steady-homogeneous flow have been
employed and are reasonably valid for the experimental studies. Observations
of flow in the living microcirculation indicate a weak pulsatile character as
well as two phase slug-~type of flow. Nonetheless, the present work may serve
as a basis for more detailed consideratioms.

It is interesting to note that the two analytical approaches presented
here as well as the treatment of Oka [15] lead to the same result. For small
angles of taper as exist in the case of the arterioles, the analytical treat-
ments indicate that the influence of the normal stress effects is negligible
and that the problem can be considered as simple shear flow with a single
velocity component.

The experimental results for blood are in good agreement with the pre-

dicted pressure-flow relation for the Casson model fluid. In addition data
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obtained by Sutterby [8] for the flow of a Natrosol solution in a 7° tapered
tube were found to be well described by the present treatment as applied to
the case of a power law fluid.

Inertial losses are important only when the flow rate is sufficiently
high., This effect was indicated by comparison of figures 5 and 6. Although
significant inertial effects were present in the experiments with the 2° tube
it is believed that they will be negligible for arteriolar flow. For larger

vessel segments, however, they can be quite important.
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5.10 Appendix

It is here assumed that the Casson fluid behavior can be expressed by a

simplified constitutive equation of the form

=g ]

T=-1 (A1)

where n is a function of 3 and depends only on the invariants of A. For an
incompressible fluid, the first invariant is zero. The third invariant
vanishes for simple flows, and is normally neglected for more complicated

flows. Thus
n=n(L,) =n@: D) . (42)

The Casson model for simple plan flow is written as

. 1/2 1/2 .1/2

= 1T + S
yx y v
du_|1/2
1/2 x
T + 8 dy] (A3)
In more general form equation (A3) can be expressed as

_ Tl/2 2 )
T = A (A4)

- y ———+5
|A/1/2 K:Elllz

For the present flow situation, the rate of deformation tensor can be

approximated as

B v 7]
1 T
o T 98 0
v
= 1 r
A T 50 0 0 (A5)

0 0 0
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The above approximation is based on order of magnitude considerations. Then

we have

1/2 8 : 8 & (== (A6)

Therefore for flow in a tapering vessel the Casson model can be expressed as

ov_ 1/2 2
= [11/2 1_r
Top [Ty +5 (F35) ] (A7)
or
v. 1/2
1/2 _ _1/2 1 %Yy,
Tor Ty + 8 (r 30 . (A8)

Substitution for Tor from equation (3), followed by rearrangement to give an
expression for the shear rate and squaring the result gives an expression for

the local velocity gradient

v
r_r ..dp 8, _ 1/2 dp _\1/2 6.1/2
Y] ;5-[(dr r) 3) -2 T Gy ©) &) + Ty] (A9)

Equation (A9) can be integrated at constant r from a point €6 to the wall
(8 = @) to obtain the local velocity profile, with the aid of the boundary

condition

Vr =0 at 6 =290 . (A10)

The resulting profile is

2 2
_x dp 8" - 8 1/2 dp  1/2
v .(xr,8) 2 Gy —3— -3 Ty Gy o)
3/2 3/2

=) 1+
{(:,_-) - (5) } o+ Ty (6 - o)) (A11)
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The flow rate of convergent flow in the tube is given by

% 2
-Q=1/ 2mV_ede . (A12)
(o]

Substitution of V. in equation (All) into equation (Al2) followed by integra-

tion gives

3
3 1/2 T 0
_2mr” . dp o V2 dp 1/2 7/2  y

Equation (Al3) is identical to the result obtained by Oka [14] for Casson
fluid, if the fourth power yield stress-shear stress ratio term in his result

is omitted. Rearrangement of equation (Al3) gives a quadratic form in

dp _\1/2
Gy,

2
o dp  _ Y2 1/21/2 dp . 1/2 Ty __sQ _
6@ "7y Y @ tg o 35370 (Alh)

(gf-r)llz is solved from equation (Al4),

2 T O o
dp 1/2 _8 v2 1/2 1/2 s’q _ _yr.1/2
(Gr ™ « T S (A15)
o ¥
S2
Here only the positive root is physically meaningful. The term ———%lg in
8ma’r
2
equation (Al5) can be expressed as §-2%. For blood, S5 usually has a value of
81R
° T.a

0.2 and Ty is in the order of 0.1 or less. Hence Ef%g in equation (Al5) can

be omitted if ﬂil§-> 0.1; —£L§ is a criterion for blood flow study. After the
ZnRo ZNRO
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simplification, equation (Al5) is squared and rearranged to yield the pressure

gradient,
t T Q1l/2 _ 2o o
d 188y, 8 0y /2,880 (A16)
o o

The pressure drop is simply obtained by integrating equation (Al6)

AP = Pl S P2

' T r 1.Q 1/2
2128 y . "1 1288 [ y° ~3f2. _ _~Bf2
49 1n Ty 3 [ms] [r, r, 7]

4

wijoo

2
5°0 . -3 _ -3 |
wa4 [r2 ry ] (Al17)

Equation (Al7) is the same as equation (10) if it is noted that r = L. This
derivation also serves to indicate that the differential cylinder approach can
only be valid for the conditions of small angle, creeping flow, Vg << Vo

and no dependence of P on 6.



CHAPTER 6
RECOMMENDATIONS

The analytical treatment of tapered tube flow presented in this work can
be extended to the analysis of flow In microcirculation. The present study
considered a highly simplified model and hence the limitations should be
pointed out:

1) Although the pulsatile nature of blood flow in microcirculation is

not as important as that in arteries, the flow is still not steady.
The present result may be used to describe the mean pressure flow
relation but studies on the influence of pulsation are recommended.

2) As a result of the present work, the flow behavior of bovine blood
is only slightly non-Newtonian though the shear ramge occurring in
the tapered tubes is wide. Studies on other kinds of blood with
more pronounced non-Newtonlan behavior are recommended,

3) The present study is based on homogeneous fluids. Extension to the
non-homogeneous case which appears to exist in the microcirculaticn
is recommended.

4) In the microcirculation, vessels are not all uniformly tapered.
Extension to the case of non-uniformly tapered is also recommended.

The two viscometers described in the thesis are both inexpensive and easy-
to-operate. They may be useful for both routine work as well as instructional
purposes for the illustration of non-Newtonian behavior. The data treatment
procedures reduce the volume of hard calculation. They also can serve as an

instructional aid to illustrate in data analysis and computer usage.
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Blood flow in uniformly tapering tubes of small angle of taper has
been examined both theoretically and experimentally. A theoretical pressure
flow relation for steady laminar blood flow in a tapered tube under
non-Newtonian flow conditions has been derived. Experimental pressure flow
data in 1° and 2° tubes for heparinized bovine blood are compared with the
theoretical predictions. Topics concerning rheclogical measurements, a
rheological model for bloed and data treatment for rheological parameter
determination are presented,.

In the theoretical derivation, blood is assumed to obey the Casson
model. For small angle of taper, theoretical analysis indicates negligible
effect of normal stresses. The equations of motion are simplified for slow
flow by order of magnitude considerations. The simplified equation is
integrated by a differential cylinder approach as well as by direct
integration to yield the pressure flow relation. Both approaches lead to
the same expression. In addition, an inertia correction term is properly
added so that the resulting pressure-flow relation can be applied te an
extended range with considerable inertia losses, The pressure flow
relation is expressed in terms of rheological parameters of blood and
dimensions of the tapered tube. Limits of the application of the
theoretical prediction are given along with the derivation.

A novel coiled capillary viscometer was used for rheological
measurements. Description of the viscometer.and theory behind its
vperation are presented. Flow curves were obtained from this viscomeler
for bovine blood and aqueous silica suspensions. The shear stress ranges
from 0.1 - 16 dynes/cmz. The flow curves obtained verify a simple

rheological model for blood--the approximate Casson model for tube flow.



The approximation has been derived based on order of magnitude consid-
erations. It is expressed in terms of a pseudo shear raﬁe and is the
basis of the differential-cylinder approach in the tapered tube apnalysis.
In addition, rheological parameters are readily evaluated from flow data
by the approximation.

A buret capillary viscometer was used for indirect determination of
pressure flow data for blood flow in a tapered tube. The same unit was
also used to independently determine the rheological parameters for each
blood sample using a true bore capillary. In the data treatment for both
determinations, a non-linear parameter estimation method was used for
curve fitting with the aid of a computer. By the curve fitting technique,
pressure flow data for blood flow in a tapered tube resulted readily from
the computer, Coupled with a well-established procedﬁre for flow curve
determination, the technique provided an easy method for flow curve
construction from data of the true bore capillary. Pressure flow data
obtained for heparinized bovine blood flow in 1° and 2° tapered tubes agree

well with the theoretical predictions.



