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Abstract

We study the problem of determining when metric surfaces can be mapped quasisym-
metrically onto a circle domain with uniformly relatively separated boundary components.
Mario Bonk! completely characterized this for domains in C. He proved that if the boundary
components of a domain in C are uniformly relatively separated uniform quasicircles then
the domain is quasisymmetric to a circle domain. However, Merenkov and Wildrick? showed
the existence of a metric surface whose boundary components are uniformly relatively sepa-
rated uniform quasicircles which fails to be quasisymmetric to a circle domain. They offered
an alternative characterization for metric surfaces using properties which are not invariant
under quasisymmetries, and they expressed interest in replacing these with properties which
are.

In this dissertation, we introduce what we call the 2-transboundary Loewner property.
This first appeared in Bonk’s work!. It is an analog of the Loewner property of Heinonen
and Koskela® in terms of Schramm’s? transboundary modulus. Using recent quasiconfor-
mal uniformization results of Rajala® and Ikonen®, we prove that under some mild as-
sumptions, a metric surface is quasisymmetric to a circle domain with uniformly relatively
separated boundary components if and only if it is 2-transboundary Loewner. Since the
2-transboundary Loewner property is invariant under quasisymmetries, this answers the
question posed by Merenkov and Wildrick. It is also a natural generalization of Bonk’s
result to metric surfaces, as it is equivalent to his theorem for domains in C. Applying our
results, we give new examples of metric surfaces which we show are quasisymmetric to circle

domains.
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separated boundary components if and only if it is 2-transboundary Loewner. Since the
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Nomenclature

N The set of non-negative integers

R The set of real numbers

C The complex plane

C The Riemann sphere

D The unit disk

#(S) The number of elements in a set S

X The completion of a metric space X

B(z,r) Open ball of radius r centered at x

Blz,r] Closed ball of radius r centered at x

A(z,r, R) Open annulus of inner radius r and outer radius R centered at x
Alz,r, R] Closed annulus of inner radius r and outer radius R centered at x
0X  The metric boundary of X

00X The set of connected components of 9.X

diam(A) The diameter of the set A

A(E, F) The relative distance between F and F

H*(A) The s-dimensional Hausdorff measure of A

dimy (A) The Hausdorff dimension of A

X



¢(v) The length of a curve ~y

Sy The length function of a curve ~

Vs The arc length parameterization of a curve ~

f7 p ds The path integral of a non-negative Borel function, p, over a curve 7.
l,(7v) The p-length of a curve v

p A" The Borel function p is admissible for the family of curves I'

mod(T") The 2-modulus of a family of curves I'

A(p) Shorthand for [ p*dp

I'y < 'y The family of curves I'y minorizes the family of curves I'y

I4 The indicator (or characteristic) function of the set A

['(E, F;Q) The family of curves connecting E and F in

f(I') The collection of curves which are the composition of some curve in I' with f
X The K-quotient of X

T The quotient map from X to X

Ef (7) The p-length of a curve v relative

(p; {pi}icr) A transboundary mass distribution with Borel p and weights p;
¢5(~) For a transboundary mass distribution, P, the P-length of v relative

P A T' The transboundary mass distribution P is admissible to the family of curves I’

relative K

op The Borel function in X corresponding to the transboundary mass distribution P



mod(I') The transboundary modulus of a family of curves I' relative K

Ax(P) Shorthand for fX}c p% dp
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Chapter 1

Introduction

The quasisymmetric uniformization problem is one of the central problems of contemporary
geometric function theory and analysis on metric spaces. In his 2006 address to the Inter-
national Congress of Mathematicians, Mario Bonk (7, p. 1353) formulated the problem as
follows.

“Quasisymmetric Uniformization Problem. Suppose X is a metric space homeo-
morphic to some ‘standard’ metric space Y. When is X quasisymmetrically equivalent to
Y?”

This question was answered for Y = S' by Tukia and Viisala®; they showed X is qua-
sisymmetric to Y if and only if X is doubling and linearly locally connected. Here, doubling
means that every ball of radius r can be covered by N balls of radius /2 where N is some
fixed constant. Linear local connectivity rules out cusp-like behavior by requiring any two
points inside a ball of radius r can be connected inside the ball of radius Ar and any two
points outside the ball can be connected outside the ball of radius 7/ for some fixed A > 1.
See Section 1.4 for a precise definition.

When Y = C, the quasisymmetric uniformization problem was given a partial answer
by Bonk and Kleiner?. They showed that X is quasisymmetric to Y if X is linearly locally
connected and Ahlfors 2-regular. Ahlfors 2-regularity requires the Hausdorff measure of

every ball to be comparable to the square of its radius. Rajala® gave an alternative proof of



the characterization which required only that the Hausdorff measure of every ball is bounded
above by a constant multiple of its radius squared.

If Y is a domain in C whose complementary components are closed disks or points
(called a circle domain), which is finitely connected, then Merenkov and Wildrick? gave
the following characterization. X is quasisymmetric to Y if X is Ahlfors 2-regular, linearly
locally connected, and X is compact. More details on the latter results are given in Section
1.5.

This dissertation investigates this question with Y being a countably connected circle

domain in C. A consequence of the main result (Theorem 1.5.7) is as follows.

Theorem 1.0.1. Suppose (X,d) is a metric space homeomorphic to a domain in C with
00X countable. Suppose X is Ahlfors 2-reqular and linearly locally connected. Then X 1is

quasisymmetric to a circle domain with uniformly relatively separated bounding circles if and
only if

e X is compact and

o X is 2-transboundary Loewner.

The term above, 2-transboundary Loewner, is introduced in this work. It is analogous
to the Loewner property of Heinonen and Koskela® in terms of Schramm’s?* transboundary
modulus. Intuitively, it requires that the space X support rich families of transboundary

curves: curves going through the holes in the space. See Chapter 3 for a precise formulation.

1.1 Motivating Remarks

A natural question to ask is of what relevance this question has to mathematics as a whole. To
answer this, we will outline some of the topics where the theory of quasisymmetric mappings
proved useful.

In 1968, Mostow ' proved that if two compact hyperbolic manifolds with dimension
n > 3 are homeomorphic, then they are isometric. The homeomorphism lifts to a homeo-

morphism between their universal covering spaces, which can be extended to infinity. This



creates a homeomorphism from the sphere of dimension n — 1 to itself. The assumptions
on the manifolds will imply that this map is in fact a quasisymmetry. It is the behavior
of quasisymmetries in dimension 2 or above that gives the result; moreover, the fact that
quasisymmetries are not well-behaved in dimension 1 explains why the result is not true for
2 dimensional manifolds.

A natural generalization of this topic arises in geometric group theory. Cannon'! con-
jectured that every hyperbolic group whose boundary is homeomorphic to the 2-sphere is
isomorphic to a Kleinian group. Due to a result of Sullivan'?, this is equivalent to the fol-
lowing statement. If G is a hyperbolic group with boundary homeomorphic to the 2-sphere,
then the boundary (equipped with a proper metric) is quasisymmetric to the 2-sphere. Thus
it becomes very natural to ask when a space is quasisymmetric to the sphere.

It is also natural to ask when a space is quasisymmetric to the Sierpinski carpet because
of a result of Kapovich and Kleiner'®. For certain hyperbolic groups with one dimensional
boundary, they classified the boundary as homeomorphic to either a Menger curve, Sierpinski
carpet, or S'.

The details of the results just discussed are beyond the scope of this document and won’t
be elaborated; they are listed here to convince the reader that the problems discussed in this
document are of interest to many mathematicians. With that being said, more motivations
for the subject will be discussed in detail in the sections that follow. Section 1.2 outlines the
theory of conformal uniformization, and Section 1.3 connects conformal maps to quasisym-
metric maps by introducing quasiconformal maps. The introduction ends with Section 1.5
giving an overview of many results pertaining to the quasisymmetric uniformization problem:;

all the definitions needed to state these results are given in Section 1.4.

1.2 Conformal Maps

Let Q,€ € C be domains. A function f : Q — Q' is called a conformal map if it is a
holomorphic homeomorphism. The reader may be familiar with conformal maps as maps

which preserve angles. This definition fits this description; indeed, having non-zero derivative



means that at that point, f is locally a non-zero C-linear map, and all of these maps are
angle preserving. However, emphasis should be placed on the fact that we require f to be
injective. Under this definition, f : C — C given by f(z) = €* is not a conformal map,
despite the fact that it is angle preserving. For the entirety of this document, when we say
a map is conformal, we mean to imply it is also a homeomorphism.

Our discussion of conformal uniformization begins with the following theorem first for-

mulated by Riemann in 1851.

Theorem 1.2.1 (Riemann Mapping Theorem). Let @ C C be a simply connected domain
with Q # C. Fix zg € Q. There is a unique conformal map f : Q — D with f(z0) = 0 and

f’(Z()) > 0.

We are less concerned with the uniqueness of the map than with its existence. A related

result in the classical theory is a classification of simply connected Riemann surfaces.

Theorem 1.2.2 (Koebe-Poincaré Uniformization Theorem). Let X be a simply connected

Riemann surface. Then X is conformal to either D, C, or C.

For domains which fail to be simply connected, a natural model space to consider are

circle domains.

Definition 1.2.3. We say a domain Q2 C C or Q C C is a circle domain in case every

connected component of 0S) is a circle or a point.

For example, an annulus is a circle domain. The complement of the middle-thirds Cantor
set in the plane is also a circle domain, showing that circle domains can have uncountably
many boundary components. For a domain in the sphere, we say it is finitely connected if it
has finitely many boundary components. We say a domain in the plane is finitely connected

if its image under stereographic projection is finitely connected.

Theorem 1.2.4 (Koebe't). Let Q C C be a finitely connected domain. Then there is a

conformal map f : Q — Q' where Q' C C is a circle domain.



It took 75 years for this result to be extended to the countable case. We say a domain in
the sphere is countably connected if its boundary has countably many connected components.
We say a domain in the plane is countably connected if the corresponding domain in the

sphere is.

Theorem 1.2.5 (He-Schramm'®). Let Q C C be a countably connected domain. Then there

is a conformal map f: Q2 — Q where Q' C C is a circle domain.

As we have seen already, there are circle domains which are neither finitely connected
nor countably connected. We say a domain in the sphere is uncountably connected if its
boundary has uncountably many connected components. We say a domain in the plane is
uncountably connected if the corresponding domain in the sphere is. Every domain in the
plane or the sphere fits into these connectivity categories. One of the main motivations for

the topic we're discussing is the conjecture formulated by Koebe in 1908.
Conjecture 1.2.6 (Koebe!S). Every domain in the plane is conformal to a circle domain.

Koebe’s conjecture is still open. One avenue of difficulty for proving the conjecture is that
uncountably connected circle domains can only have countably many non-trivial boundary
components; whereas, general domains may have uncountably many non-trivial boundary
components. This is evident in the fact that one can obtain a conformal uniformization by

switching the model space to what follows.

Definition 1.2.7. We say 2 C C is a slit domain if every connected component of the
complement is either a point or a closed, vertical line segment. These line segments are

referred to as slits.

The requirement that the slits be vertical is for simplicity; one could require only that
the slits are all parallel. However, these are conformally equivalent to having vertical slits
via rotation. Unlike circle domains, slit domains can have uncountably many non-trivial
boundary components. For example, if C denotes the middle-thirds Cantor set, then the
complement of C x [0, 1] is a slit domain. Slit domains make a nice model space for conformal

uniformization because of the following result.



Theorem 1.2.8 (de Possel'”, Grotzsch'®). Every domain in the plane is conformal to a slit

domain.

1.3 Quasiconformal Maps

Let 2 C R? be open and let u,v :  — R? be differentiable. Let f(z) = w where 2z = x + iy

and w = u(x,y) + iv(z,y). Define

1 , 1 , , ) 1 .
fe = §(fw —ify) = 5((“36 + ivy) — i(uy +ivy)) = 5((1% +vy) +i(ve — uy))

1 , 1 . : . 1 .
== §(f:r +ify) = 5((“:}0 +ivg) + i(uy +ivy)) = 5((“:1: — vy) + vz + uy))

The Cauchy-Riemann equations can be formulated as f> = 0. If f is an orientation-preserving
diffeomorphism, we can say that locally, f sends circles to ellipses whose eccentricity we call

the dilatation , and it is given by

p, _ I+ 17

IAEE)

Notice that if f is conformal, then f, # 0 and f; = 0, and Dy = 1. In general, D; > 1
at each point. The diffeomorphism f is called K-quasiconformal if Dy(z)) < K for all
2o € ). Intuitively, this definition states that quasiconformal maps send infinitesimal circles
to infinitesimal ellipses of bounded eccentricity.

This is, however, the classical formulation of analytic quasiconformality, and we will need
it to be formulated for general metric spaces. The idea is the same: we want the ratio of the
maximum stretch of the image of a circle to the minimum to be bounded uniformly as the

radius of the circle goes to zero.

Definition 1.3.1. Let (X, dx), (Y, dy) be metric spaces, f : X —Y a homeomorphism, and



K > 1. We say f is (metrically) K-quasiconformal in case for all zq € X

sup  dy (f(x), f(x0))

) dx (z,x0)<r
. - < K.
#(@o) o Tl dy (f(2), f(wo)

dx (z,x0)>T

If a map is 1-quasiconformal, we say it is conformal. We say a map is quasiconformal if

it 1s K -quasiconformal for some K.

In the case that X and Y are both planar domains, and f is orientation-preserving
diffeomorphism, the metric definition coincides with the classical definition. Indeed, as the
radius of a circle goes to zero, the image looks like an ellipse; thus, the major axis will be
the maximum distance achieved within the disk and the minor axis will be the minimum

distance achieved without. It is also worth observing that D; > 1 since

Lo (7). S () s (7). f (o)
D) =B ), o)) et (G 1)

Thus we can say that f is conformal if and only if D; = 1. We will establish more properties
of quasiconformal maps in Chapter 2. However, one thing we will establish here is their

relationship to quasisymmetric mappings.

Definition 1.3.2 (®). Let (X, dx), (Y,dy) be metric spaces, f : X — Y a homeomorphism,
and n : [0,00) = [0,00) a homeomorphism. We say f is n-quasisymmetric if for all

pairwise distinct a,b,c € X, we have

We say f is quasisymmetric if it is n-quasisymmetric for some n. We say X and Y are

quasisymmetric if there is a quasisymmetric map f: X — Y.

Quasisymmetric mappings are the main focus of this dissertation, and many of their

properties will be detailed in Chapter 2.



Quasisymmetries exhibit the property of quasiconformality, but on a more global level.
The dilatation of a quasisymmetry is not only uniformly bounded, but the limiting ratio can

be bounded independent of r.

Proposition 1.3.3. Quasisymmetric maps are quasiconformal. More precisely, an n-quasisymmetry

is an n(1)-quasiconformality.

1.4 Terminology

The goal of this section is to define all the terms used in the statements of the theorems in
Section 1.5. Their properties will be established in greater detail in Chapter 2.

Let (X, d) be a metric space. Given x € X and r > 0 we denote the open ball of radius
r centered at x by

B(a,r) :={y € X [ d(z,y) <r},

and the closed ball is denoted by
Blz,r]:={y € X | d(z,y) <r}.

Given x € X and R > r > 0 we denote the open annulus of inner radius r and outer radius
R centered at x by
Alz,r,R) :={y € X | r <d(z,y) < R},

and the closed annulus is denoted by
Alz,r, Rl ={y € X | r <d(z,y) < R}.

We denote the completion of (X, d) by (X,d). We denote the metric boundary of X by
0X := X \ X, and may just refer to it as the boundary of X . The set of connected
components of 0.X will be denoted 0y X.



Given A C X we define its diameter as

diam(A) := sup{d(z,y) | z,y € A}.

Note that diam(A) = 0 if and only if A is a singleton. We do allow for diam(A) = oo, in
which case we say A is unbounded . Given another subset B C X we define the distance

between A and B to be

d(A, B) :=inf{d(a,b) | a € A,b € B}.

It should be noted here that this is not a metric on the subsets of X. However, if A, B are
closed, and at least one of them is compact, then d(A, B) = 0 if and only if AN B # (. The
following concept is useful when discussing quasisymmetric mappings as it has controlled

distortion under quasisymmetries (see Proposition 2.1.9).

Definition 1.4.1 (). Let (X,d) be a metric space and E,F C X be closed and disjoint.

Define their relative distance by

d(E, F)
min(diam(FE), diam(F))’

A(E,F) :=

If E or F' is a singleton, we define their relative distance to be co. If E and F' are unbounded,

we define the relative distance to be 0.

This definition is well-formulated as d(E, F') < oo, and if d(E, F') = 0 for closed, disjoint

sets, then neither can have 0 diameter.

Definition 1.4.2. Let (X,d) be a metric space and € = {E;};cr be a collection of pairwise
disjoint, closed subsets of X. We say £ is uniformly relatively separated if there exists
some o > 0 such that

A(El, E]) Z (6%

foralli,jel,i+#j.



Often, we will be concerned with the relative distance between connected sets. We say
E C X is a continuum if it is compact and connected, and we say £ is non-degenerate
if it contains at least two distinct points. Thus for disjoint, non-degenerate continua, their
relative distance is always non-zero and finite. The following property quantifies connectivity

properties of a space and is invariant under quasisymmetries (see Proposition 2.1.7).

Definition 1.4.3 (%). Let (X,d) be a metric space. We say (X,d) is linearly locally
connected if there exists a A > 1 such that for all a € X and r > 0 the following properties
hold:

(i) for each x,y € B(a,r) there exists a continuum E C B(a, \r) with z,y € F,

(ii) for each x,y € X \ B(a,r), there exists a continuum £ C X \ B(a, %) with v,y € E.

There is a similar property which essentially demands that both properties hold with the

same continuum.

Definition 1.4.4. Let (X,d) be a metric space. We say (X,d) is annularly linearly
locally connected if there exists a A\ > 1 such that for all a € X and R > r > 0 the
following property holds: for each x,y € A(a,r, R) there exists a continuum E C A(a, T, AR)
with x,y € E.

Annular linear local connectivity is stronger than linear local connectivity. For example,
St is linearly locally connected with A\ = 1, as every ball is connected, and the complement
of every ball is connected. However, it is not annularly linearly locally connected as for all
reShand 0 < r < R < diam(S'), A(z,r, R) is disconnected. In order to obtain a continua
connecting the two connected components, one would need A > diam(S')/R, which goes to

o as R—0.

Now we recall the definition of Hausdorfl measure.

Definition 1.4.5 (*°). Let (X,d) be a metric space and A C X. For all s > 0 and 6 > 0,

we write
H3(A) = inf{> diam(A;)* | A C U2, A;, diam(A;) < 6 for all i}.
=1

10



Notice that H3 decreases in §, so we can define

H(A) = lim Hi(A) = sup Hi(A).

6—0t >0

We call this quantity the s-dimensional Hausdorff measure of A.

We will assume the reader is familiar with the basic properties of the Hausdorff measure.

The following proposition won’t be proved, but is used to define the dimension.

Proposition 1.4.6. Let (X,d) be a metric space and A C X. There exists a unique s €

0, 00] such that for all t > s,

and for all 0 <t < s,

We define the Hausdorff dimension of A to be s, denoted dimy(A) := s.

If we ever refer to the Hausdorff measure of A without specifying the dimension, we mean
the dimgy (A)-dimensional Hausdorff measure of A. When a metric space (X, d) is equipped
with a Borel measure u, we call the triple (X, d, 1) a metric measure space . Many of the
properties of metric measure spaces can be defined on metric spaces by using the Hausdorft

measure.

Definition 1.4.7. Let (X,d, u) be a metric measure space. We say p is doubling if there

exists a constant C' > 1 such that for every x € X and r > 0,

u(B(x,2r)) < Cu(B(z,r)).

Also, we require 0 < u(B(x,r)) < oo for all balls.

Definition 1.4.8. Let (X,d, ) be a metric measure space. Let s > 0, we say (X,d, ) is

Ahlfors s-regular in case there exists a C' > 1 such that for every x € X and 0 < r <

11



diam(X),

ér“” < w(B(z,r)) < Cre.

We say (X, d) is Ahlfors s-reqular if (X, d, H™=X)) is. If we say a space is Ahlfors regular,

we mean it is Ahlfors s-reqular for some s > 0.

Ahlfors regular measures are doubling: u(B(z,2r)) < 2°Cr® < 2°C%u(B(x,r)). Notice
that a necessary condition for (X, d) to be Ahlfors s-regular is that dimy, (X) = s; although,
it is not sufficient. Indeed look at the planar set (x, zsin(1/x)) for —1 < z < 1 equipped with
the euclidean metric; it has Hausdorff dimension 1, but every ball around (0,0) has infinite
H! measure, so it isn’t Ahlfors 1-regular. We will point out that if X is locally compact
and Ahlfors s-regular for some Borel u, then H?® is comparable to p?'. Thus (X, d, u) being
Ahlfors regular implies (X, d) is Ahlfors regular. Also note that quasisymmetries can change
the Hausdorff dimension (see Section 2.2), and thus they can also map a space which is
Ahlfors s-regular to one that is not.

The notion of a metric doubling measure, introduced by David and Semmes??, arises
in the theory as a way to quasisymmetrically deform metrics. While we will not use this
concept directly, we define a weakened version of it below for reference, as it appears in

Section 1.5.

Definition 1.4.9 (*). Let (X, d, i) be a metric measure space. For convenience, define for
z,y € X,
B;L’y = B(l’, d(l’, y)) U B(yu d(ZL‘, y))

A finite sequence of points g, ...,y € X is called a §-chain from x to y if vo = x,z, = ¥,

and d(xj,x;_1) < 9§ forall j =1,...,m. Now fir s > 0 and define

qus z,y) mf{z,u jzj-1) e (z5)jg is a d-chain from x to y}.
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The p-length is defined to be

Gus(2,y) = limsup ¢} ,(z, ).
6—0

The p-length can be infinite. We say p is a weak metric doubling measure of di-
mension s on (X,d) if p is doubling, and if there exists a 0 < ¢ < 1 such that for all
z,y € X,

CM(Bxy)l/s S qN,s(w7 y)

1.5 Literature Review and Main Result

The goal of this section is to give the current state of affairs regarding the problem of
quasisymmetric embeddability of metric surfaces into the sphere. The first case we will

consider is when our space is homeomorphic to the sphere.

Theorem 1.5.1 (Bonk-Kleiner?). Let (X,d) be an Ahlfors 2-reqular metric space homeo-

morphic to C. Then X is quasisymmetric to C if and only if X s linearly locally connected.

The Bonk-Kleiner Theorem was motivated by questions in Geometric Group Theory (see
discussion at the beginning of this chapter), and it has been applied there?. This also

25

yielded progress in Complex Dynamics®’. Interest in this result has generated alternative

%i26:27 which demonstrate how deep the result is from multiple perspectives.

proofs

We've already alluded to the fact that linear local connectivity is a quasisymmetrically
invariant property. However, we also observed that Ahlfors 2-regularity is not quasisym-
metrically invariant; indeed, there are quasisymmetric images of the sphere which fail to be
Ahlfors 2-regular. Bonk and Kleiner? did give a complete characterization, however, in terms
of discrete modulus. The following theorem also captures non-Ahlfors 2-regular examples

by replacing Ahlfors regularity with the quasisymmetrically invariant weak metric doubling

measure.
Theorem 1.5.2 (Lohvansuu-Rajala-Rasimus®?). Let (X, d) be a metric space homeomorphic

13



to C. Then X is quasisymmetric to C if and only if it is linearly locally connected and carries

a weak metric doubling measure of dimension 2.

When considering cases which are not simply connected, one has to adjust the model
space. The model space chosen here is motivated by Geometric Group Theory, as work
by Kapovich and Kleiner!? generated interest in classifying quasisymmetric images of the
Sierpinski Carpet. So we are interested in equivalence to model spaces which are connected
subsets of the sphere whose boundary components are circles or points which aren’t neces-
sarily domains. Quasisymmetric images of such sets into the sphere have countably many

non-degenerate complementary components which are disjoint Jordan regions.

Theorem 1.5.3 (Bonk'). Let {S;} be a countable collection of uniformly relatively separated
uniform quasicircles in C bounding disjoint Jordan regions. Then there is a quasisymmetric

map f: C — C such that f(S;) is a round circle for all i.

It should be noted that this theorem applies not only to domains, but also to sets like
the Sierpinski Carpet.
Regarding more general metric spaces, we restrict our discussion to uniformizing with

respect to circle domains. We will first consider finitely connected domains.

Theorem 1.5.4 (Merenkov-Wildrick?). Let (X, d) be a metric space that’s Ahlfors 2-reqular
and homeomorphic to a finitely connected circle domain €2 C C. Then X is quasisymmetric

to Q if and only if X is linearly locally connected and X is compact.

Similar to the Bonk-Kleiner theorem (1.5.1), this has been generalized to include examples

which aren’t Ahlfors 2-regular.

Theorem 1.5.5 (Rajala-Rasimus?®®). Let (X, d) be a metric space homeomorphic to a finitely
connected circle domain QQ C C. Then X is quasisymmetric to 2 if and only if X s linearly
locally connected, X is compact, and X carries a weak metric doubling measure of dimension

2.

It should be noted that Theorems 1.5.4 and 1.5.5 do not extend directly to infinitely

many boundary components, because the key estimates depend on the number of boundary

14



components. As such, the countably connected case lacks a complete characterization; with

the following theorem being the most general statement so far.

Theorem 1.5.6 (Merenkov-Wildrick?). Let (X,d) be a metric space homeomorphic to a
countably connected circle domain Q C S?. Suppose that the collection of boundary compo-

nents of X has finite rank. Suppose that
(a) X is Ahlfors 2-reqular,
(b) The following condition holds

oo
Z nk2_2k < 0
k=0

where

ng = sup  #{E € 0yX | ENB(x,r) # 0,27 < diam(E) < 27*r}.
0<r<€§h§m(X)

Then X 1is quasisymmetric to a uniformly relatively separated circle domain if and only
of
(1) The boundary components of X are uniformly relatively separated,
(2) X is compact,
(8) X is annularly linearly locally connected.

See Merenkov and Wildrick? for a definition of rank. While most properties given here
are quasisymmetric invariants, conditions (a) and (b) above are not invariant under qua-
sisymmetries, and the authors expressed interest in rectifying that. This was the primary
motivation for the following result, where the only property which is not invariant under

quasisymmetries is requiring H? locally finite.

Theorem 1.5.7. Suppose (X, d) is a metric space homeomorphic to a domain in C with H2
locally finite and 0y X countable. Suppose X 1is locally reciprocal. Then X is quasisymmetric

to a circle domain with uniformly relatively separated bounding circles if and only if

15



X is compact,

X is (metric) doubling,

X is LLC-1, and

X is 2-transboundary Loewner.

By LLC-1, we mean condition (7) of linear local connectivity. We prove this by first using
local reciprocality and the machinery of Rajala® and Ikonen® to obtain a quasiconformal map
to a circle domain. We then use the 2-transboundary Loewner property to say that this map
is, in fact, quasisymmetric. The rest of the properties are used in the finer details of the
argument. In Section 4.4, we establish a class of domains where Theorem 1.5.7 applies, and
the other theorems discussed in this section do not.

One might be interested on how these questions have been addressed for uncountably
connected circle domains. We will end this section by pointing out that answering this

question is equivalent to answering the question for countably connected circle domains.

Proposition 1.5.8. Let (X,d) be a metric space with uncountably many boundary compo-
nents which s homeomorphic to an uncountably connected circle domain in the sphere. Let
X = XUC where C = {c € 0X | {c} € 9X}. X is quasisymmetric to an uncountably
connected circle domain if and only if X is quasisymmetric to a countably connected circle

domain.

Proof. =) Let Q C C be an uncountably connected circle domain, and suppose f : X —
is a quasisymmetry. Then by Remark 2.1.6 f extends as a quasisymmetry to the bound-
ary. Thus the extension of f is defined on C, and f(C') must be the union of degenerate
complementary components of €2. So f (f( ) must be a circle domain with no degenerate
complementary components, and hence must be countably connected.

<) Let Q c Cbea countably connected circle domain, and suppose f : X > Qis
a quasisymmetry. Then X must have countably many boundary components, and so C

must be uncountable. Also, since X is homeomorphic to a circle domain, f(X) must be

16



homeomorphic to a circle domain. Hence, f(X) is an open, connected subset of C whose
complementary components include the complementary components of €2, as well as f (@),
which is a totally disconnected, uncountable set. f(X) must be an uncountably connected

circle domain. ]

The outline of the rest of the document is as follows. Chapter 2 will discuss the established
theory of quasisymmetric mappings and quasiconformal mappings, as well as modulus and
the Loewner property. Chapter 3 contains new information which will be needed for the
results; including transboundary modulus, as defined for general metric spaces, and various
transboundary analogs of the Loewner property. Chapter 4 will be the proof of the main

theorem, and it contains some applications of the main result to particular examples.
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Chapter 2

Quasisymmetric Mappings,
Quasiconformal Mappings, and

Modulus of Curves

The goal of this chapter is to review the theory of quasisymmetric and quasiconformal
mappings. Specifically, their various definitions and equivalence, as well as a few properties.
Modulus of curve families will also be introduced, as it is used in defining quasiconformal
maps and establishing their properties. Many of the arguments in this chapter are well-

known, and are given for completeness.

2.1 Properties of Quasisymmetries

Here we will discuss basic properties of quasisymmetric maps and their pertinence to the
quasisymmetric equivalence of spaces (see Definition 1.3.2). First we will observe that if
f X =Y is ny-quasisymmetric and g : Y — Z is n,-quasisymmetric, then go f : X — Z

is 1y o n-quasisymmetric. This is because 7, must be increasing, so that for all pairwise
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distinct a,b,c € X,

dz(g(f(a)), g(f (b)) dy (f(a), F(b)) dx (a,b)
d2(9(f (@), 9(f(0) = ”g(dyu(a),f(c))) =g ("f(dxm,c)))‘

This implies transitivity of quasisymmetry as a relation between spaces (if X is quasisym-
metric to Y and Y is quasisymmetric to Z then X is quasisymmetric to Z). This relation
is reflexive, since the identity map is quasisymmetric. Symmetry follows from the following

proposition, so that it is an equivalence relation.

Proposition 2.1.1. The inverse of a quasisymmetric map is quasisymmetric. More pre-
cisely, if (X,dx) and (Y,dy) are metric spaces and f : X —Y is an n-quasisymmetry, then

1Y — X is an v-quasisymmetry, where v(t) = m fort >0 and v(0) = 0.

Proof. Notice that n and = must be increasing functions. Pick any pairwise distinct a, b, ¢ €
Y. Then there are pairwise distinct o’,0',¢ € X with f(a’) = a, f(b') = b, f(d) = ¢. We

have

g = nwn)
e <)
() = e
(5e5) = e
In other words,
dx(f~H(a), (D))

]

We will now give some necessary conditions for spaces to be quasisymmetrically equiva-

lent. We say a metric space, (X, d), is bounded in case diam(X) < oo.
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Proposition 2.1.2. A bounded metric space is never quasisymmetric to an unbounded one.

Proof. Let (X,dx) and (Y,dy) be metric spaces and f : X — Y an n-quasisymmetry.
Suppose by way of contradiction that one of the spaces is bounded and the other is un-
bounded; without loss of generality, suppose X is bounded and Y is unbounded (apply
same argument to f~! if reversed). Fix distinct a,c € X, and call §x := dx(a,c) > 0 and
dy := dy(f(a), f(c)) > 0. Since Y is unbounded, for every n € N with n > dy, we have
B(f(a),n) # Y, which means there exists some b, € Y with dy(f(a),b,) > n and b, # f(c).
Then we can say for all n > max(dy, dyn(diam(X)/dx)),

n _ dv(f(),b) §n<dx(aafl(bn))) Sn(M»

s dy(f(a), f(0) dx(a;c)

which is a contradiction. O

Proposition 2.1.3 ('9). Let (X,dx) and (Y,dy) be metric spaces with f : X — Y a
quasisymmetry. Let A C B C X be such that 0 < diam(A) < diam(B) < oo. Then the
following holds

(o)) = Gty < (i)

Proof. First note that diam(f(B)) > diam(f(A)) > 0 because f is a homeomorphism. Also
note that by Proposition 2.1.2, we must have diam(f(B)) < oo. Let (b,)nen and (b, )nen be

sequences of points in B such that $diam(B) < dx(b,, b)) for all n € N and

lim dx(b,,b),) = diam(B).

n—oo

For all a € A we have

dx (bn, b)) < dx(bp,a) +dx (b, a).

Hence we must have dx (b,,a) > 1dx(b,,b),) or dx(bl,,a) > 1dx(b,,b,). Without loss of

ny ¥n

generality, suppose dx (b,,a) > %dX(bn, bl). Pick any other a’ € A and use quasisymmetry
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to say

)

)

2diam(A)

: "(dan, )

Taking a limit on both sides gives

2diam(A)

(i), f@) < o Gt

aan((5).

and then taking a supremum over all a,a’ € A yields

diam(f(A)) < n(%)dmw»

This gives one side of the inequality, to obtain the other, apply the upper inequality to f1

. . e —1
(see Proposition 2.1.1). Let v(t) = ;=r7,

diam(f~1(f(A))) <V(2diam(f(A))>
diam(f~1(f(B))) — diam(f(B))
diam(A) [ diam(f(B)) \ ™
diam(B) = (2diam(f(A))>
(diam(B) diam(f(B))
"\ diam(A) ) = 2diam(f(A))

]

Corollary 2.1.4. Quasisymmetric maps send Cauchy sequences to Cauchy sequences. More
precisely, if (X, dx) and (Y, dy) are metric spaces, f : X — Y a quasisymmetry, and (,)nen

a Cauchy sequence, then (f(x,))nen s a Cauchy sequence.
Proof. Let B = {x, | n € N} and for each N € N, let Ay ={z,, | n > N}. If dlam(Ax) =0
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for any N € N, then the sequence is eventually constant, which means its image is Cauchy.
So suppose diam(Ay) > 0 for all N € N. Observe that the sequence being Cauchy implies
limy 0o diam(Ay) = 0; moreover, if limy_, diam(f(Ay)) = 0 then (f(x,))nen is a Cauchy
sequence. Now, diam(B) < oo because, if it wasn’t, then diam(Ay) = oo for all N € N. So

we can apply Proposition 2.1.3 on Ay C B to say, for all N € N,

diam(f(Ay)) 2diam(Ay)
diam(F(B)) S”( diam(B) )

Observe that by Proposition 2.1.2, diam(f(B)) < co. Now take a limit,

. diam(f(An)) . 2diam(Ay)
]\}l—rgo diam(f(B)) S]\}I—I};On( diam(B) )
limy o diam(f(An)) < (2limN_>oo diam(AN))

diam(f(B) - diam(B)
limy_, o, diam(f
diam(f(B)

<0

(
)
(An))
)

lim diam(f(Ax)) = 0.

N—oo

]

Corollary 2.1.5. Quasisymmetric maps always extend quasisymmetrically to the comple-
tion; that is, if (X, dx) and (Y,dy) are metric spaces and f : X —'Y a quasisymmetry, then
there is a quasisymmetry f: X — Y with f(z) = f(z) for all z € X.

Proof. For each x € 0X there is a Cauchy sequence (x,) C X converging to it. By Corollary
2.1.4, y, := (f(z,)) is a Cauchy sequence in Y, which means it converges to some y € Y.
Define f(z) =y for all x € 90X and f(z) = f(x) for all z € X. Then f: X — Y is a well-
defined continuous map. It is surjective, as every Cauchy sequence in Y has a corresponding
Cauchy sequence in X whose limit point is mapped to the limit point in Y. Suppose f fails
to be injective: let a # b € X satisfy f(a) = f(b). Let (ay), (b,) C X be Cauchy sequences
converging to a, b respectively. Since f(a) = f(b), we must have (f(a,)) and (f(b,)) converge
to the same point in Y. Consider the sequence (f(ao), f(bo), f(a1), f(b1),...) C Y and notice
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that this sequence must converge to f(a) = f(b); hence, it must be Cauchy. Since f~' sends
Cauchy sequences to Cauchy sequences, by Corollary 2.1.4, we must have (ag, by, a1, b1, ...) is
Cauchy. However, it isn’t because eventually, dx(a,,b,) > 1dx(a,b). So the contradiction
gives us injectivity. We conclude f is invertible, and the symmetry of the construction allows
us to conclude f is a homeomorphism.

To see that f is quasisymmetric, pick any distinct a, b, ¢ € X with corresponding Cauchy
sequences (ay), (by), (¢;,) C X converging to them. By passing to subsequences if necessary,

assume a,,, b,,, cx are pairwise distinct for all n, m, k. Then

Remark 2.1.6. If (X, dx), (Y, dy) are metric spaces and f : X =Y a quasisymmetry, then
f (as in Corollary 2.1.5) quasisymmetrically maps X onto Y. This gives rise to a bijection
F : 90X — 0yY that satisfies the following claim: if C € 0y X then f quasisymmetrically
maps C onto F(C).

The fact that the boundaries of metric spaces being quasisymmetric is necessary for
the spaces to be quasisymmetric is useful. For example, a Jordan region in the plane is
quasisymmetric to a disk only if the Jordan curve is quasisymmetric to a circle. Moreover, if
one has multiple boundary components, then each component must have a quasisymmetric
counterpart. We will often abuse notation and just refer to f as f.

For the remainder of this section, we establish the quasisymmetric invariance of some

geometric properties of metric spaces.

Proposition 2.1.7. Let (X, dx), (Y, dy) be metric spaces and f: X — Y a quasisymmetry.

If X is linearly locally connected, then Y is linearly locally connected.

Proof. Let B > 1 be the constant given by the linear local connectivity of X. We claim Y is
linearly locally connected with A := n(5). Note n(8) > n(1) > 1.
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(1) Pickany y € Y and r > 0. Let a,b € B(y,r). We must find a continuum £ C B(y, Ar)
containing a,b. Let z := f~'(y), ¢ := f~'(a), d := f~'(b), and § := sup (e p(,. dx (v, 7).
Notice that ¢,d € B(x,¢), and thus there is a continuum F C B(z,3§) containing ¢ and
d. Let E := f(F'). Notice that E contains a,b and is contained in f(B(z, 59)). We claim
that f(B(zx,3d)) C Bly, Ar]. To show this, let (v,) C f~'(B(y,r)) be a sequence such that

dx(vn,x) — 9. Pick any u € B(x, 3d). Use quasisymmetry of f to say

ay(Fony) ~ \x(ma)) = N\ axlomn) )
So for all u € B(x, 59) and all n we have

dr(0).0) < dy (o (s ) <o)

dx (v, x) (U, T)

Take a limit of both sides in n to obtain

dr(fw)0) < (5 ) = (s,

Thus E C f(B(x,36)) C Bly, Ar] and therefore E C B(y, \r).

(17) Pick any y € Y and r > 0. Let a,b € Y \ B(y,r). We must find a continuum
E C Y \ B(y,%) containing a,b. Let x := f~'(y), ¢ := f(a), d :== f7'(b), and ¢ :=
inf t(v)ev\B(y,r) dx (v, ) > 0. Then notice ¢,d € X \ B(z,6), so by linear local connectivity,
there is a continuum F C X \ B(x, %) containing ¢ and d. Let F := f(F) and notice that
a,b€ EC f(X\B(z,5) =Y\ f(B(z,§)). Now we wish to show that Y\ f(B(z, §)) C
Y\ B(y, ). To this end, let (v,) C f~'(Y \ B(y,r)) be a sequence satisfying dx (v,,z) — 9,

and pick any v € X \ B(z, %) Quasisymmetry gives

r dy (f(vn),y) dx (vn, ) Bdx (vy, x)
&y = & .y "( dX(u,x)> = ’7(—5 ) = n(B)-
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We arrive at the conclusion

dY(f(u)a y) Z

> =

Thus E C f(X \ B(z, %)) C Y\ B(y, ©). O

It’s worth noting that the same argument shows that annular linear local connectivity is
a quasisymmetric invariant. For domains in the plane, notice that satisfaction of condition
(77) of linear local connectivity means that the space doesn’t have any outward pointing
sharp cusps. Also satisfaction of condition (i) of linear local connectivity means that the
space doesn’t have any inward pointing sharp cusps. So this result is one way of saying that
quasisymmetries cannot create cusps.

Now we've already seen that quasisymmetries take sets of diameter 0 or oo to sets of
diameter 0 or co respectively. The same is true of relative distance, though the following

proposition is needed to establish that.

Proposition 2.1.8. Let (X, dx), (Y, dy) be metric spaces with f : X —Y a quasisymmetry.
Let A, B C X be closed sets satisfying dx(A, B) =0, then dy(f(A), f(B)) =0.

Proof. If A, B intersect, then the claim is obvious. Suppose that they are disjoint, and notice
then that neither diameter can be finite. There exists sequences (a,) C A and (b,) C B
such that dx(a,,b,) — 0. Now, we claim there is a point b € B, b # b, for all sufficiently
large n, satisfying the following claim. There exists an ¢ > 0 such that dx(b,a,) > € and
dy (f(b), f(a,)) > € for all sufficiently large n. If the first inequality is false, then that would
mean a subsequence of (a,) converges to b, but A is closed, so we would have b € A violating
disjointness. Similarly, the second inequality failing means f(A) and f(B) fail to be disjoint.
Obtain e by taking half the minimum distance between b and the two sequences. Alright,

now that we are armed with appropriate points, we can say for sufficiently large n,

() o) 0

Thus, dy (f(ans), f(b,)) — 0. O

dy (f(an), f(bn)) _ dv(f(an), f(bn))
¢ — dy(f(an), f(D))

IN
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Proposition 2.1.9. Relative distance is n-quasi-preserved under quasisymmetries; meaning,
if (X,dx),(Y,dy) are metric spaces, f : X — Y a quasisymmetry, and A, B C X disjoint,
closed sets, then

1
oA By = AU, 1(B) <n2A(A, B))

Proof. First note that if A and B are unbounded, then A(A, B) = 0, but Proposition 2.1.2
implies f(A) and f(B) are unbounded, so A(f(A), f(B)) = 0 too. Similarly, if either A or
B is a singleton, then f(A) or f(B) is as well and A(A, B) = A(f(A), f(B)) = oo. Thus the
conclusion holds in these cases. Moving forward, assume oo > min(diam(A), diam(B)) > 0.
This will imply 0 < min(diam(f(A)),diam(f(B))) < oco. The final problematic case to
address, is that it is possible for dx (A, B) = 0, even for bounded A. In this case, the claim
holds if and only if dy(f(A), f(B)) = 0, which is the case by Proposition 2.1.8. We will
assume now that dx (A, B) > 0 and dy(f(A), f(B)) > 0.

Suppose, without loss of generality, that diam(f(A)) < diam(f(B)). Let (a,) be a
sequence of points in A and (b,) be a sequence of points in B with dx(a,,b,) = dx(A, B).
Fix any € > 0. We claim that, for all n, there is some a], € A with dx (a,,al,) > diam(A)/2—e.

To see this, note that

diam(A) = sup dx(a,a’) < sup (dx(a,a,) +dx(d’,a,)) < 2supdx(a,ay).
a,a’ €A a,a’€A acA

Now for all n,

dy (f(A), f(B)) _ dy(f(an), f(bn)) dx (an, bn) dx (an, bn)
A(f(A), f(B)) = diam(f(A)) < dy (flan), f = 7i<—> = (diam(A)/? - €>'

Take n — oo and € — 0 to say

dx(A, B)

A(f(A), f(B)) = 77(2m

) < n(2A(A, B)).
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Now apply the same argument to f~1. Let v(t) = m Then

A(A,B) = A(f7H(f(A), fH(F(B))) < v(2A(f(A), £(B)))

Doing some inequality flips gives us

1 _,(  diam(f(A))
AGAB) =" (Qdy(f(A),f(B)))
! diam (f(A))
"<A<A, B>> = Sdy (f(A), 1(B))
1 dy (f(A). [(B)) _
WA BT S dam((a)) - SUARIB).

]

Corollary 2.1.10. Let (X,dx),(Y,dy) be metric spaces and f : X — Y a quasisymme-
try. Let {E;}ier be a collection of pairwise disjoint, closed subsets of X which is uniformly

relatively separated. Then {f(F;)}icr is uniformly relatively separated.

Proof. Let o > 0 satisty A(E;, E;) > « for all i # j. Then for all i # j,

1 1

AUEIED 2 30 KB B = 2afa )

]

We will end this section by considering when weaker requirements on functions give

quasisymmetry. The following condition will characterize this well.

Definition 2.1.11. Let (X,d) be a metric space. We say X is (metric) doubling in case
there is some constant Ny € N with the following property. For all x € X and r > 0, there

exists S C X with #(S5) < Ny such that

B(x,1) C UyesB(y,7/2).
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Proposition 2.1.12 (Heinonen' (Theorem 10.18)). Let (X,dx) and (Y,dy) be metric

spaces and f: X =Y a quasisymmetry. If X is doubling then Y s doubling.

Definition 2.1.13. Let (X, dx) and (Y,dy) be doubling metric spaces and f : X — Y a
homeomorphism. We say f is weakly quasisymmetric if there is some H > 0 such that

for all pairwise distinct a,b,c € X

dx(a,b) < dx(a,c) = dy(f(a), f(b)) < Hdy(f(a), f(c)).

Quasisymmetries are weak quasisymmetries with H = n(1). The converse is true in

doubling metric spaces.

Lemma 2.1.14 (Heinonen'® (Theorem 10.19)). Let (X,dx) and (Y, dy) be doubling metric
spaces and f : X — Y a homeomorphism. If f is H-weakly quasisymmetric, then f is

n-quasisymmetric, where n depends only on H and the doubling constant.

2.2 Examples of Quasisymmetries

In this section, we’ll give some examples of quasisymmetric maps. We'll also establish
that some of the properties we've discussed are not quasisymmetrically invariant through

counterexamples.
Example 2.2.1. Isometric and bi-Lipschitz maps are quasisymmetric.
Proof. Let (X,dx), (Y,dy) be metric spaces and f : X — Y a homeomorphism.

e If fis an isometry , then dy (f(a), f(b)) = dx(a,b) for all a,b € X. Thus for all distinct
a,b,ce X

and f is quasisymmetric with n(t) = t.
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e If f is bi-Lipschitz , then there is some L > 0 such that $dx(a,b) < dy(f(a), f(b)) <
Ldx(a,b) for all a,b € X. Thus for all distinct a,b,c € X

(b))
()

Ldx(a,b)
(1/L)dx(a,c)’

dy / <
dy f N

and f is quasisymmetric with n(t) = L*t.

]

Proposition 2.2.2. Let (X,d) be a metric space. For any 0 < a < 1, (X,d%) is also a

metric space. Moreover, the Hausdorff dimension of (X, d®) is dim+(x).

Proof. The fact that (X, d%) is a metric space follows from the fact that for any s,¢ > 0,

(s +t)* < s* +t* Thus, for any a,b,c € X,
d*(a,c) = (d(a,c))* < (d(a,b) +d(b,c))* < d(a,b)* + d(b,c)* = d*(a,b) + d“(b, c).

To see the change in Hausdorff dimension, note that for any A C X, diam(A) (with respect
to d*) is diam(A)* (with respect to d). O

We say we're snowflaking the metric d when we replace it with d* for 0 < a < 1. This is
because if we take X to be the unit circle and d the planar metric, then (X, d*) is bi-Lipschitz
log(3) 29

to the von Koch snowflake with the planar metric for a = Toa(d) " Indeed, snowflaking often

generates fractal spaces.

Example 2.2.3. Snowflaking is a quasisymmetric process. That is, the identily map id :

(X,d) — (X, d%) is a quasisymmelry.

Proof. Pick any distinct a,b,c € X.

So it is quasisymmetric with n(t) = ¢*. ]
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This example illustrates that quasisymmetries do not preserve Hausdorff dimension; con-
sequently, they also don’t preserve Ahlfors regularity. Snowflaking the sphere is an example
of a quasisymmetric image of the sphere that isn’t Ahlfors 2-regular. If one defines f on C
as a snowflaking map on the northern hemisphere and lets f be the identity on the southern
hemisphere, the resulting image won’t be Ahlfors s-regular for any s.

Any quasiconformal map f : R? — R? is quasisymmetric®’. Likewise, any quasiconformal
map f : C— Cor f D — D will be quasisymmetric. We will elaborate on this in Section 2.5,
where conditions under which one can conclude that a quasiconformal map is quasisymmetric

are given.

2.3 Modulus

An interval is a non-empty, connected subset of R (note this includes singletons). Given a
metric space (X, d), a curve in X is a continuous function v : I — X where [ is an interval.
We call the curve open, closed, or compact if I is open, closed, or compact respectively. If
I' C I is an interval, we call the restriction of v to I’ a subcurve of v. We will often abuse
notation and denote y(I) as 7; moreover, we will abuse language and refer to (/) as a curve.

If v is a singleton, we say the curve is constant .

Definition 2.3.1 (3!). Let (X,d) be a metric space and I C R a compact interval. Then

I = [a,b] for some a < b. Given a curve v : I — X, we define its length to be

()= s S dt) v (0).

a=tp<t1<...<tn=b 1

If a = b we define the length to be 0. Note the length may be infinite. For non-compact I,
we define the length to be

((y):= sup L(v),
7' eCS(v)

where C'S(7y) is the collection of all compact subcurves of .

The following result we will not prove here, but we will state it for reference.
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Proposition 2.3.2 (Proposition 5.1.11%"). Let (X, d) be a metric space, I C R an interval,

and v : I — X a curve. Then

diam(y (1)) < H'(y(1)) < £().

Moreover, if 7y is injective, then H'(y(I)) = ().

One thing this illustrates in particular, is that length of a curve doesn’t depend on the
parameterization of the curve if it’s injective. Also, recall that in our abuse of notation, we
may refer to H'(y(1)) as H'(v).

We say a curve 7 is rectifiable in case £(y) < oo. We say 7 is locally rectifiable if every
compact subcurve of « is rectifiable. For every rectifiable curve, v : [a,b] — X, we can
define its associated length function s, : [a,b] — [0,4(7)] by s4(t) := £(7|[y)- The length
function is increasing and continuous®'. The arc length parameterization of a rectifiable
curve v : [a,b] — X, is another curve = : [0, 4(y)] — X which is the unique curve satisfying

Y(t) = vs(s,(t)) for all ¢ € [a,b].

Definition 2.3.3 (3!). Let (X, d) be a metric space, I a compact interval, and v : I — X a
rectifiable curve. Let p : X — [0,00] be a Borel function; this will imply p oy, is measurable.

The path integral of p over ~ is defined to be

AWM:AMmeww

For I non-compact and ~ locally rectifiable, we define the path integral of p over v to be

/pds:: sup /pds,
v Y'eCS(y) Jv

where C'S(7y) is the collection of all compact subcurves of 7. For convenience, we will some-

times refer to the path integral of p over v as the p-length of v and denote it

4= [ ods
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Observe that path integrals over a constant curve are 0. Also observe that if p = 1 then
(,(y) = £(7y). Path integrals are not defined for curves which are not locally rectifiable. We
now introduce an important tool: modulus of curve families. While modulus is frequently

defined with a parameter p, it suits our purposes to just define it for p = 2.

Definition 2.3.4 (3'). Let (X,d, 1) be a metric measure space with (X, d) separable and p a
locally finite Borel reqular measure. Let T be a collection of curves in X, and p : X — [0, <]
a Borel function. We say p is admissible for T' | denoted p AT, in case for all locally

rectifiable v € T,

() = 1.

The modulus of T is defined as

mod(I) := inf/ pPdy.
b

pAI’

In general, modulus takes on values in [0,00]. We draw attention to the fact that if
there are no admissible functions for I', then mod(I') = oo. This happens, for example, if
I’ contains a constant curve. We also draw attention to the fact that if I' has no locally
rectifiable curves, then the zero function is admissible for I' and mod(I') = 0.

It will be convenient to define the following short hand notation when the ambient mea-

sure space is clear,

A(p) = /XpZdu-

For I'y, I'y families of curves in X, we say I'y minorizes I's, denoted I'y < I'y, if every curve
in ['y contains a subcurve in I';. The following properties of modulus are standard, but we
include their proofs to parallel a later discussion on transboundary modulus (Proposition

3.1.2).

Proposition 2.3.5. Let (X,d, n) be a metric measure space with (X, d) separable and p a

locally finite Borel reqular measure. For each k € N, let I'y, be a collection of curves in X.

(1) mod(0) = 0.
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(ii) If 'y C I'y, then mod(I'y) < mod(I'y). (Monotonicity)
(111) If T'y < Ty, then mod(I'y) > mod(I'y). (Overflowing)
(iv) mod(Upenl'y) < oy mod(I's). (Subadditivity)

(v) If there are pairwise disjoint Borel sets, By C X, such that v, C By for all v € Ty,
then mod (Upenl'y) = Doy mod(Ly).

Proof. (i) Notice that the zero function is admissible for (), which will attain the infimizing
quantity of 0.

(1) Pick any p AT's. Then for all v € I'y, we have v € I'; and hence ¢,(y) > 1. Thus,
pAT'1. Thus the set of admissible functions for I's is a subset of the set of admissible functions
for I'y. The infimum of a subset is larger than the infimum of the superset.

(737) Pick any p A T';. Every curve 75 € I'; has a subcurve v, € T'j, and by virtue of
being a subcurve, £,(y2) > €,(y1) > 1. Thus p ATy, and infimizing over the superset gives a
smaller quantity.

(1v) Let I' = UgenI'k. Observe that the claim holds if the right hand side is infinite, so

suppose that it is finite. Fix € > 0. For each k, choose p; A 'y such that
mod (Ty) + €27% > A(pp).

Let p = /> ,en Pi- Notice that p AT, because for each v € T', there is some N € N with
v € I'y, and thus

/,ods:/ szdsz/ p?\,ds:/deszl.
v Y keN Y Y

That means

mod (I') < /Xdep, = /XZpidu = Z A(pr) < Z( mod (I')+e27%) = 2€—|—Z mod (I'g).

keN keN keN keN

Taking the limit as ¢ — 0 gives the result.
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(v) Let I' = Ugenlg. By (iv) we need only show

mod(T') > ) " mod(Ty).
keN

Let p AT, and for each k, let p, = plp,. Notice that p, are all Borel because By are.

Moreover, for each v, € T'g, since v, C By,

/pkds:/ pds>1.
Yk Yk

Hence pp AT, for all k. Since the By, are pairwise disjoint, we can say
> mod(I'y) < Z/ prdp = Z/ prdp = / prdp < / phdp.
keN keN /X keN 7 Br UBy, X
Thus by infimizing over admissible functions for I', we obtain the result. ]

Proposition 2.3.6 (3!). Let (X,d,u) be a metric measure space with (X, d) separable and
i locally finite. Let Q C X be a Borel set and I" a collection of curves in Q). If there is some
L > 0 such that, for all v € ', we have {(y) > L then

mod(I") < L™2u(Q).

Proof. Let p= L™ 'Ig. Then for all v € T,

/pds:L_l/l ds = L~ Y(y) > 1.
gl v

Thus

mod(I") < /szdu = L?u(Q).

]

For X,Y metric spaces, f : X — Y a continuous function, and I" a collection of curves

in X, we define f(I') = {f oy | v € I'} which is a collection of curves in Y.
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Proposition 2.3.7. Let 2,9 C R? be domains and f : Q — Q' a (classically) conformal
map. If T is a family of curves in §, then mod(f(I")) = mod(T).

Proof. Pick any p A f(I'). Let p' = (po f)|f'|. We claim p' AT, as for all v € T,

"ds = '(f 1 Y| ds = "FHNFY | ds = ds > 1.
/J) /M)(p(f DI /Mp\f(f Y /m” >

Thus we can say

/

mod (L) < /

Q

Wraa= [ @uraeyaa= [ Arepe R = |

This works for any p, thus by infimizing, we get mod(I") < mod(f(I')). Applying the same

argument to f~! gives equality. O

Quite often, we will be concerned with the modulus of curves connecting continua in a
metric space. Given a metric space (X, d), disjoint, closed, and connected E, FF C X, and

Q) C X, we define the family of curves connecting £ and F' in () as
D(E,F;Q):={y | visacurve, yUE U F is connected, v C Q}.

Bear in mind that this set could be empty. When looking at the modulus of this family,
one can restrict the discussion from X to Q. This is because for all p A T'(E, F;Q), we
have plo AT(E, F;Q), and thus the infimum of A(p) is the same as the infimum of [, p*dpu.
When it is clear that all the curves are living in some subset {2, we may use A(p) to refer
to integrating over 2 instead of X. The following examples illustrate why these particular

families are of interest when it comes to modulus.
Example 2.3.8. Consider R? with the standard metric and Lebesgue measure. Let R C R?

be defined as R = [0,a] x [0,b] for a,b > 0. Let E = {0} x [0,b] and F' = {a} x [0,b], then

mod (I'(E, F; R)) = g
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Proof. Let pAT(E, F; R). By considering the horizontal line segments in I'(E, F'; R), we can
say for all yo € [0, 8],

/ p(xvy()) dle»
0

and by integrating both sides with respect to vy,

b a
[ [ eie i
0 0

Now apply Cauchy-Schwarz to the area integral:

b a 1 b a 2 b2 b
/ pPdA = / / pla,y)’de dy > —(/ / p(x,y)dx dy) > —=-.
R o Jo ab\ Jo Jo ab «a

This shows that mod (I'(E, F;; R)) > 2. To see equality, notice that the curves all have length
at least a, and so by Proposition 2.3.6, we have the mod(T'(E, F’; R)) < a *(ab) = % ]

Similarly, if one looks at the connecting curves between the horizontal sides of the rect-

angle, one can see that it is 7. This gives rise to a more general fact which is useful for
computing lower bounds on the modulus when in the plane. It is sometimes formulated in
terms the modulus of connecting curves and separating curves of a quadrilateral. Here, we

formulate it in terms of curves connecting different parts of the boundary.

Proposition 2.3.9 (Duality of Modulus). Let Q C R? be homeomorphic to [0,1]*>. Let
Ap, Ag, Ap, Ar C @ correspond to {0} x [0, 1], {1} x [0, 1], [0, 1] x {0}, [0, 1] x {1} respectively.
Then

mod (A, Ag; Q) mod (Ap, Ar; Q) = 1.

Proof. Let C be the four points in the boundary of @ corresponding to the vertices of [0, 1]2.
Use the Riemann Mapping Theorem (Theorem 1.2.1) to get a conformal map from the
interior of () to ID. This map will extend to be a homeomorphism of the boundary, and thus
will send C' to four points on the unit circle; the collection of these four points will be called
C'. Let R =10,z] x [0,1]. The Riemann Mapping Theorem gives a conformal map from the

interior of R to ID which also extends as a homeomorphism of the boundary. By composing
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with a Mobius transformation, and selecting the proper point to be mapped to 0, we can
guarantee three of the vertices of R get mapped to C’; indeed, with an appropriate choice of
x, we can get all four vertices to map onto C’ (this fact is not obvious, and we don’t include
the details here; see Lehto-Virtanen®? Chapter 2). This gives a map from @ to R which is
conformal on the interior and sends Ay, Ag to the left and right sides of R respectively. The

conformal invariance of modulus (Proposition 2.3.7) reveals that
1
mod(Ayr, Ag; Q) = mod ({0} x [0, 1], {z} x [0,1]; R) = —.
T

The last equality is applying Example 2.3.8. Similarly, mod (Ag, Ar; Q) = . We obtain the

result. O

Example 2.3.10. Consider R? with the standard metric and Lebesque measure. For all
0 < R <R < oo, let E=B[0,R] and F = R?*\ B(0,R). For fized 0, € (0,27, let
A={(r,0) | R <r <R, 0<6<6}, apolar rectangle . We have

mod (T'(E, F: A)) bg(iﬁ.

Proof. Suppose p AT'(E, F; A). For fixed 6y € [0,6,), consider the path ~v(r) = (r,6y), we

R
/ p(r,6p) dr:/p ds > 1,
! ¥

and can integrate both sides to say

01 R
/ / p(r,0) dr df > 0.
0 /

can say

Now use Cauchy-Schwarz to say

01 R 0 (R 0 R -1
/,02dA :/ / p(r,0)r dr df > (/ / p(r,0) dr d&) </ / rtdr d@)
A 0 ' 0 / 0 4
1

2 b
= (1) 61 log(R/R) ~ log(R/R')
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And by infimizing, we get a lower bound on the modulus. To see the upper bound, let
p(r,0) = W. Pick any v € I'(E, F; A). Fix 6y € [0,6,). Notice that ¢(y) > R — R/,
and for any (r,0), we have p(r,0) = p(r,0y). This means p(vs(t)) = p(|7s(t)|, 6o). Moreover,
|7s(t)] > R’ +t. Thus

£(7) () R—F' ) B 1 R q B
LPdS = /0 p(7s(t)) dt = /0 p(([7s()]), o) dt = /O p(R'+1,6)) dt = Tos(R/ 1Y) /R/ qar=1

Thus,
6

01 rR r
d(I'(E, F;A)) < —————dr df = —————.
mo ( ( y 4 )) —A /I'%’ log(R/R’)2T2 " IOg(R/R/>

]

In general metric spaces, computing the modulus exactly is frequently infeasible. How-
ever, the following result gives an upper bound on the modulus of an annulus. It, unsurpris-

ingly, bears resemblance to the planar case.

Proposition 2.3.11 (3!). Let (X, d, i) be a metric measure space with (X,d) separable and
i a locally finite Borel reqular measure. Fix some xy € X. Suppose there exists constants
Cy, Rg > 0 such that

p(B(xo,7)) < Cor?

for all 0 < r < Ry. Then

_ 12810g(2)Cy
mod (T'(B[zo, ], X \ B(zo, R); X)) < Tlog(R/r)

whenever 0 < 2r < R < Ry.

Proof. Fix r, R as in the statement. For all x € Axg,r, R], let

4log(2)

plz) = log(R/r)d(z, xo)

and let p(z) = 0 otherwise. We claim that p A I'(Blxo, r], X \ B(xg, R); X). To see this, let
k be the smallest integer such that 2%r > R, and notice k > 2. Pick any v € I'(B[zo,7], X \
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B(zg, R); X). Since for all = € v, p(z) > 4log(2)(log(R/r)R)™!, we have {,(y) = oo if v
isn’t rectifiable. Suppose v is rectifiable. For all j € {1,...,k — 1}, there is a subcurve ; of
v lying in A(xg, 29" 1r, 277) with £(v;) > 27~ 1r; this follows from Proposition 2.3.2. We now

show admissibility:

- k—1
log(2 log(2) £(v;) 2log(2)
ds > E ds > 4——— o R b=l
/yp TS =1 wp log(R/r) Z/ 2”’ log(R/T) =1 2 log( /T)( :

but recall 2¥r > R, so k > lolg }(%2/;) Thus,

21og(2) log(2)
——(k-1)> —"—"—k>1.
tog(R/r) " % Tog(Ryn) 2
Now using k as above, we can say
k
A(p) < / pPdp < Z/ - pldu
Alzo,r,R] j=1 Alzg,29—1r,277]

4log(2 w(B[xg, 277])
<
(log (R/r) ) JZ:: 4i=1y2

4log(2) Codir?
< (=252
(108;(3/7“)) Z 4=l
B 64k log( )20[)

log(R/r)?
Recall that k was the smallest integer satisfying 2¥r > R, thus k < 1 + loli(g]g; ) < 2101%)(;(%2/; )
And so
128 log(2)Cy
d(I'(B X\ B i X _—
mo ( ( [IOvTL \ <x07R>7 )) < 10g(R/7“)
]

Corollary 2.3.12 (3'). Let (X,d,p) be a metric measure space with (X,d) separable and
W a locally finite Borel reqular measure. Fix some xy € X. Suppose there exists constants
Co, Ry > 0 such that

p(B(xo,7)) < Cor?
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for all 0 < r < Ry. Suppose I is a family of curves satisfying every v € I' passes through xq

and is non-constant. Then mod(I') = 0.

Proof. Forn e Nyn > 1,let ', = {y € I'| v € B(x, %)} Since every v € I is non-constant,
then ~ contains some z € X with d(z,zo) > 0. This means that v € B(z, d(x, x9)), hence

v € I'), for sufficiently large n. So for all N € N, I' C U,,>yI',,. This means, by subadditivity,
mod(T') < )~ mod(T',).
n=N

Thus it suffices to show mod(T'x) = 0 for all N sufficiently large. Fix N such that 1 < Ro.

Let n > 2N. Then for all v € 'y, we have that v contains a subcurve, ~/; with

1 1 .

v € T'(Blzo, E]’X \ B(xo, N);X) =T7%.
By the overflowing and monotonicity properties of modulus, we have mod (I'y) < mod (I'})
for all n > 2N. But, by Proposition 2.3.11, for some constant C' > 0, we have

mod (I'}) -0

<=
~ log(n/N)
as n — 00. Thus mod(I'y) = 0. O

You may recall that Ahlfors regularity plays an important role in quasisymmetric uni-
formization. However, as these results just illustrated, one can say some interesting things

about spaces which only satisfy the upper bound; therefore, we give the following definition.

Definition 2.3.13 (cf Definition 1.4.8). Let (X, d, ) be a metric measure space. We say X
is upper Ahlfors 2-regular if there is some C' > 1 such that, for allxz € X and r > 0, we

have

w(B(x,r)) < Cr?.

Upper Ahlfors 2-regularity doesn’t give strong information about the Hausdorff dimen-

sion. For example, if one looks at the unit ball B C R", n > 2, equipped with the standard
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metric and measure, it is upper Ahlfors 2-regular: for r < 1, u(B(z,r) N B) < Cr" < Cr?,
and for r > 1 p(B(z,r) N B) < u(B) < u(B)r?. However, the mass distribution principle

does imply that dimy(X) > 2 if X is upper Ahlfors 2-regular for some Borel ;2.

Corollary 2.3.14. Let (X,d,u) be a metric measure space with (X, d) separable and i1 a
locally finite Borel regular measure. Suppose X is upper Ahlfors 2-reqular with constant Cy.

Let E,F C X be disjoint continua with A(E, F') > 2. Then,

12810g(2)Co
dI'NE, F;X)) < ——————
oAt B 20) = 1op(a (8. F)
Proof. Without loss of generality, suppose min(diam(F), diam(F')) = diam(£). By Corollary
2.3.12, we can assume diam(E) > 0. Notice for all z € E, we have E C B|x,diam(FE)]. For
all y € F' we have
d(xz,y) > d(E, F) > 2diam(FE),

and so F' C X \ B[z,2diam(FE)] for all z € E. Thus, for each x € E, we can say that
['(E, F; X) is minorized by I'(B[z,diam(FE)], X \ B(z,d(E, F)),X). Thus by Proposition

2.3.11, there is a constant C' > 0 such that

mod (I'(E, F; X)) < oe(A(E.F))’

2.4 Loewner Spaces

A natural question to ask is if one can bound mod (I'(E, F'; X)) from below by a function of
the relative distance. This is not possible in general, however. Consider X C R? defined by
X =R?\ ({0} x [~1,1]), a slit domain, equipped with the standard Euclidean metric and
Lebesgue measure. For n > 1, let E, = {—%} x [-%, 1] and F, = {2} x [-1,L]. Notice

A(E,, F,) =1 for all n > 1. However, we claim that mod(I'(E,, F,,; X)) — 0 as n — oo.

Indeed, for n > 3, one can define the polar rectangle A, = {(r,0) | 2 <r <1, 5 <0 < 3},
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and since E, C B(0, 2), we can say that I'(B(0, 2), R?\ B(0, 1); A) minorizes I'(E,, F,,; X).

n

So, referring to Example 2.3.10, we can say mod (I'(E,, F,,; X)) < — 0.

log(Z/Q)
In some spaces, however, we can bound mod(T'(E, F;; X)) from below by a function of
the relative distance. For example, this can be done in the plane3®. If this lower bound

exists, it gives deep insight into the geometry of the space.

Definition 2.4.1 (Heinonen-Koskela®). Let (X, d, i) be a metric measure space with (X, d)
separable and p a locally finite Borel reqular measure. We say X is a Loewner space (or
X is Loewner) , in case there is a decreasing function W : (0,00) — (0,00) such that for all

disjoint continua E, FF C X we have
mod(I'(E, F; X)) > V(A(E, F)).

If X is Loewner and upper Ahlfors 2-regular, then by Corollary 2.3.14, we must have
U(t) — 0 as t — oo. This is good since, if E or F' is a singleton, the modulus is 0 (Corollary
2.3.12) and the relative distance is oo.

Loewner?? observed that disjoint, non-degenerate continua in R? have positive capacity,
implying that the plane is Loewner; which is why the property is named after him. We will
state without proof that R? D, and C are Loewner. Heinonen and Koskela?® were the first to
define the Loewner property as it appears here. They showed that upper Ahlfors 2-regular,
Loewner spaces were Ahlfors 2-regular and linearly locally connected, among other proper-
ties. They introduced it because it is a sufficient condition to conclude that a metrically
quasiconformal map is quasisymmetric; we go into more details on this result in Section 2.5.
We conclude by remarking that removing countably many points doesn’t change whether or

not a space is Loewner.

Proposition 2.4.2. Let (X,d, ) be a metric measure space with (X,d) separable and 1 a
locally finite Borel reqular measure. Suppose X is upper Ahlfors 2-reqular. Let S C X be a

countable set. If X is Loewner then X \ S is Loewner.
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Proof. Let E, F C X \ S be disjoint, non-degenerate continua. We claim that
mod(D(E, F; X)\ (B, F; X \ S)) = 0.
Let S = {s;}icr where I is countable. Let
Ii={yel(E F;X)| s €~}
By Proposition 2.3.12, we have mod(I';) = 0 for all ¢ € I. Thus, we can use subadditivity
mod(T'(E, F; X)\I'(E,F; X\ 9)) = mod(uiel FZ-) < Z mod (T';) = 0.

Now, by monotonicity, we have mod(I'(E, F; X \ S)) < mod(I'(E, F'; X)), and by subaddi-

tivity
mod (I'(E, F'; X)) < mod (I'(E, F; X\S))+ mod (I'(E, F; X)\I'(E, F; X\S)) = mod (I'(E, F; X\9)).
Thus we conclude

mod(I'(E, F; X)) = mod(I'(E, F; X \ 9)).

Thus, if X is Loewner, this equality gives that X \ S is Loewner. O]

2.5 Definitions of Quasiconformality

In the first chapter, we gave a definition for quasiconformality (Definition 1.3.1), which we
referred to as metric quasiconformality. We showed that quasisymmetric maps are metrically
quasiconformal. Indeed, quasisymmetries have globally bounded metric dilatations. Thus, it
is very useful to know under what conditions quasiconformal maps are quasisymmetric. One
may reasonably be skeptical that such an equivalence would be widespread, but Heinonen

and Koskela® proved that they are equivalent when mapping between Euclidean spaces.
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They famously showed that the lim sup in the definition of metric quasiconformality can be
replaced with liminf in the Euclidean setting. They went on to prove the following, much

more general result.

Theorem 2.5.1 (Heinonen-Koskela®). Let (X, dx), (Y, dy) be separable metric spaces. Sup-
pose (X, dx,H?) and (Y,dy,H?) are Ahlfors 2-reqular, X is Loewner, and Y is linearly

locally connected. Let f : X — Y be metrically quasiconformal. Then the following hold.
(1) If X and Y are bounded, then f is quasisymmetric.

(2) If X and Y are unbounded and f sends bounded sets to bounded sets, then f is qua-

stsymmetric.

There are other definitions of quasiconformality. This section is to discuss what they are
and how they relate; although we will restrict our discussion to 2 dimensions: these definitions
have natural extensions for general p-modulus, Ahlfors s-regularity, etc.. If X and Y are
planar domains and f is conformal in the classical sense, then mod (f(I")) = mod(T") for all
curve families T’ (Proposition 2.3.7). Indeed, the converse turns out to be true as well** for
orientation preserving homeomorphisms. Thus, an alternative definition of a conformal map
is a homeomorphism that preserves modulus. This gives rise to the following definition of

quasiconformality, which was first given by Ahlfors®* in the planar setting.

Definition 2.5.2. Let (X, dx, ux), (Y, dy, py) be a metric measure spaces with (X, dx), (Y, dy)
separable and px, py locally finite Borel reqular measures. For K > 1, we say a homeomor-
phism [ : X — Y is (geometrically) K-quasiconformal in case for all families of

curves I' in X, we have

1
7 mod (I') < mod(f(I')) < K mod (I').
The geometric definition is the one we will find most useful for our purposes, since

modulus is the main tool used in this work. The following proposition illustrates one instance

of this utility.
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Proposition 2.5.3. Let (X, dx, pux), (Y, dy, py) be a metric measure spaces with (X, dx), (Y, dy)
separable and px, py locally finite Borel reqular measures. Suppose f: X — Y is quasisym-

metric and geometrically quasiconformal. Then if X is Loewner, Y is Loewner.
Proof. Pick any disjoint continua F, F C Y. We must find some decreasing function U :
(0,00) = (0,00) such that

mod(D(E, F;Y)) > U(A(E, F)).

Notice that £’ := f~Y(E) and F’ := f~!(F) are disjoint continua, and so, because X is

Loewner, there exists a decreasing function ¥’ : (0, 00) — (0, 00) such that

mod(T(E', F'; X)) > U'(A(E, F')).

Let f~! be v-quasisymmetric. Now we apply Definition 2.5.2 and Proposition 2.1.9 (on f~1)

to say

mod(I'(E, F;Y)) > K ' mod (I'(E', F'; X)) > K""W(A(E', F")) > K "W (v(2A(E, F))).

Thus, let ¥(t) = K 10'(v(2t)). It is decreasing since ¥’ decreases and v increases. O

This proposition illustrates one reason why we’re concerned about when quasisymmetric
maps are geometrically quasiconformal. Since quasisymmetric maps are always metrically
quasiconformal, one might hope that quasisymmetric maps are always geometrically quasi-

conformal. However, one needs geometric conditions on the space to draw this conclusion.

Theorem 2.5.4 (Tyson?!). Let (X,dx,ux), (Y,dy,uy) be separable, locally compact, and
connected metric measure spaces with locally finite Borel measures pux and py. Suppose
(X,dx,pux) and (Y,dy, py) are Ahlfors 2-reqular. If f : X — Y is quasisymmetric then f

15 geometrically quasiconformal.

There’s another definition of quasiconformality that will be mentioned. When we dis-
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cussed the classical notion of analytic quasiconformality in Chapter 1, we said that the
diffeomorphic image of infinitesimal balls were ellipses whose eccentricity was given by
iﬁmjﬁj < K; this can be rewritten as |Df|? < KJ(f) where Df is the derivative and
J(f) is the Jacobian. That inequality, when paired with the requirement that f be abso-

lutely continuous on almost every line, gives another definition of quasiconformality®*. The
following definition generalizes this by appealing to the theory Newton-Sobolev class of func-
tions to discuss notions of derivative and Jacobian on metric measure spaces. We will not

define the Newton-Sobolev class here, as we aren’t going to use it directly.

Definition 2.5.5 (%). Let (X,dx,ux) be a metric measure space with (X, dx) separable
and px a locally finite Borel reqular measure. Let (Y, dy, py) be a metric measure space. Let
[+ X =Y be a homeomorphism. Let g : X — R be a Borel function. Define I'y to be the

collection of all rectifiable curves v : [a,b] — X such that

/ g ds > dy(f(2()), f((D)).

~

Let T be the set of all rectifiable curves 7y : [a,b] — X. We say g is an upper gradient of
fifT, =T. We say g is a weak upper gradient of f if mod(I'\T'y) = 0. We say g is
a minimal weak upper gradient if for all weak upper gradients, h, we have h > g ux-almost
everywhere.

Let K > 1 be given. We say [ is (analytically) K-quasiconformal in case [ €
NLY2(X :Y) (the Newton-Sobolev class, see®®), and

loc
g7(2)* < KJg(x)

for px-almost every x € X, where g¢ is the minimal weak upper gradient and

e (B
) =l Br)

The following theorem shows that the analytic and geometric definitions of quasiconfor-
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mality are equivalent in remarkable generality: there are practically no assumptions on the

spaces.

Theorem 2.5.6 (Williams®®). Let (X, dx, ux), (Y,dy, uy) be a metric measure spaces with
(X,dx), (Y,dy) separable and px, py locally finite Borel regular measures. Let f : X — Y

be a homeomorphism. Then the following are equivalent with the same constant K > 1.

o fE€ NS X :Y), and for px-almost every © € X,

loc

gr(x)® < KJp(x).

e For every collection of curves, I', in X, we have

mod(I') < K mod (f(I)).

Now, it is of interest to know under what conditions all these definitions are equivalent.
Indeed, it would be rather counter-intuitive to call them alternative definitions if they weren’t

equivalent in reasonable generality. The following geometric condition will give equivalence.

Definition 2.5.7 (Heinonen-Koskela-Shanmugalingam-Tyson®®). Let (X,d, i) be a metric
measure space with (X, d) separable and u a locally finite Borel reqular measure. We say X
is said to be of locally 2-bounded geometry if X is path connected, locally compact, and
satisfies the following conditions. There is a constant C' > 1 such that every point in X has
a neighborhood U with

u(Br) < CR?

whenever B C U is a ball of radius R. There is a constant A < 1 and decreasing function
U : (0,00) = (0,00) such that every point xy € X has a neighborhood U with the following
property. For all B(x,R) C U, if E, F C B(xz, \R) are disjoint and non-degenerate continua,
then

mod(I'(E, F'; X)) > V(A(E, F)).
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If X is locally upper Ahlfors 2-regular and locally Loewner, then X will be of locally
2-bounded geometry. We say f is locally n-quasisymmetric in case every point has a neigh-

borhood where f is n-quasisymmetric.

Theorem 2.5.8 (Heinonen-Koskela-Shanmugalingam-Tyson®®). Let (X, dx, px), (Y, dy, py)
be a metric measure spaces with (X,dx), (Y,dy) separable and px, py locally finite Borel
reqular measures. Let f : X — Y be a homeomorphism. Suppose X and Y are of locally

2-bounded geometry. Then the following are equivalent.
e f is metrically quasiconformal.
e f is geometrically quasiconformal.
e f is analytically quasiconformal.
e f is locally quasisymmetric.

Moreover, if f satisfies one (all) of these conditions, then f is absolutely continuous in
measure, and mod(I") = 0, where ' is the collection of curves, vy, in X where f fails to be

absolutely continuous along .

Corollary 2.5.9. Let (X, dx, pux), (Y,dy, py) be metric measure spaces with (X, dx), (Y, dy)
separable and px, py locally finite Borel reqular measures. Let f : X — Y be a homeomor-
phism. Suppose X and'Y are path connected, locally compact, upper Ahlfors 2-reqular, and
locally Loewner. Then f the conclusions of Theorem 2.5.8 hold.

As an example, domains in R? are always upper Ahlfors 2-regular and locally Loewner.
Thus this implies that all definitions of quasiconformality are equivalent for homeomorphisms
between planar domains. The same can be said for domains in C.

For the remainder of this dissertation, we will chiefly use the geometric definition of
quasiconformality. Past this point, if a map is ever referred to as quasiconformal without

specifying the definition, geometric quasiconformality is what is meant to be implied.
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Chapter 3

Transboundary Modulus and

Transboundary Loewner Properties

The main tool our results will use is that of transboundary modulus. In this chapter, we
define it in the context of metric spaces homeomorphic to planar domains. Since it has only

41 37’38)

been previously defined for Euclidean settings (see?,”, , we will need to establish the

theory in this broader context.

3.1 Transboundary Modulus

Allow us to start with an important terminological clarification. Whenever we say a set is
countable, we mean that it is either countably infinite, finite, or empty. So a countable set
may have finitely many elements.

As the last few sections of Chapter 2 have demonstrated, modulus is a useful tool in
building geometric arguments between metric measure spaces. This is largely due to its
quasi-invariance under quasiconformal maps. This section, we introduce a similar tool which
is also quasi-invariant under quasiconformal maps, and thus provides additional utility.

4

Transboundary modulus was first introduced as transboundary extremal length by Schramm

and was used for giving an alternative proof to the countable case of Koebe’s conjecture (The-
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orem 1.2.5). He defined it for domains in the sphere; the definition given here will be more
general.

Let (X, d) be a metric space and K = { K, };e; be a countable collection of pairwise disjoint
continua in X. Let K = Uje;K; and D = X \ K. Suppose that D is homeomorphic to a
domain in C. Define an equivalence relation on X as follows. Foralla € X, a ~ a;ifa,b € K;
for some i € I, then a ~ b. We will consider the quotient space, Xx := X/ ~, equipped
with the quotient topology. We will call X the K-quotient of X . Let ¢ : X — X
be the quotient map. Notice mx is injective on D; thus, mc|p is a homeomorphism. Let
Dy := mx(D). For each ¢ € I, m(K;) is a singleton in Xy; define k; = mic(K;). Let
k = Uerk;. Suppose we equip (X,d) with a Borel measure p. We can define a Borel

measure e on X by

pc(E) = plmc (De N E) + )04 (B) = u(mc (E\ k) + ) 0k (EN k)
iel icl
for measurable £ C Xx. Notice that we only need u to be defined on D for ux to be
well-defined.

By a curve in Xy, we mean a continuous function v : J — Xx where J C R is an
interval. We may also call 7 a transboundary curve . We will often abuse notation and write
v(J) = 7. If ¥ C Dg, then there is a curve v/ C D with v = mxc(y'). Sometimes we will
abuse notation and write v =+ if it’s clear the curve is in Dy. Since Dy is homeomorphic
to a domain, it must be open in Xx. Hence 7~ !(Dx) must be a relatively open subset of J;
thus, it is a union of relatively open subintervals. Let {.J;;, }mer, be the collection of relatively

open subintervals of J such that

UmEI.Y I = 7_1 (D/C)

Notice that I, is countable. It’s empty if and only if v is a constant curve in k: y(t) = k;

for some ¢ € I. If I, has one element, then v C Dx. For each m € I,, define the curve
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Ym : Jm — D so that

Notice that

Umer, T (vm) =7\ k.

If v is non-constant, then -, is non-constant for all m € I,. We say + is locally rectifiable
relative IC in case 7, is locally rectifiable for all m € I,. Given a Borel p : D — [0, 00|, we

will say the p-length of 7 relative K is

() =Y Lolmm)-

mel,
For a curve 7 in X, we will often use the following notational shortcuts for {~,,} correspond-

ing to m (7).

(NE)= > ()

mel,

()
LONE) = 3 L)
melry ()
/ pds = Z /pds
Y\K me["'Ki(’Y) Tm

Definition 3.1.1. Let (X,d) be a metric space and p a locally finite Borel measure on
X. Let K = {K;}ier be a countable collection of pairwise disjoint continua in X, and let
K = Ui/ K;. Suppose X \ K is homeomorphic to a domain in C. Letk; = mic(K;) and
k =mi(K). Let T be a family of curves in Xx. By a transboundary mass distribution,
we mean a tuple, P = (p;{pi}ticr), where p: X \ K — [0,00] is a Borel function, and p; > 0
is a real number for each i € I (we will call p; the weight corresponding to K;). We say P

is admaissible for T' relative K |, denoted P Nic T, in case for all v € I which are locally
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rectifiable relative IC, we have

() =N+ p>1.

ki€vy

Let pp : Xxc — [0,00] be a Borel function defined as pp(z) = p((mc) " (x)) for v € Xk \ k

and pp(k;) = p;. We then define the transboundary modulus of T' to be

N 2 _ 2 2
modg(T) := Pl/I\l’CfF/X,C pp A —Pl/I\l’CfF (/X\Kp dﬂ‘*‘Z/)@-)-

iel

If T is a family of curves in X, we say P A T if P A (mc(T)), and we define
mod(T) := mod(mic(T)).

In general, transboundary modulus takes on values in [0, 00]. We point out that if K is
empty, or if every v € T is disjoint with K, then this definition coincides with the definition
of modulus. Much like modulus, if there are no admissible mass distributions for I', then
mod i (I') = oco. This happens, for example, if I' contains a constant curve outside of K. We
also draw attention to the fact that if I' has no curves which are locally rectifiable relative
IC, then the zero distribution is admissible for I' and mod(I') = 0.

We will use the following notation when convenient,

Ax(P) :—/X Pp duzc—/ PPdu+ o}
. .

Proposition 3.1.2. Let (X,d, ) be a metric measure space with p a locally finite Borel
reqular measure. Fix a countable collection of pairwise disjoint continua K = {K;}icr, let
K = Ui K;, and suppose X \ K is homeomorphic to a domain in C. For eachn € N, let

Iy, be a collection of curves in X.
(i) mod(0) = 0.
(i1) If 'y C Iy, then modx(I'y) < mody(Ts). (Monotonicity)
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(iii) If I'y < Ty, then modx(I'y) > modi(T's). (Overflowing)
(iv) modx(Upenl'n) <Y, cny modi(I'y). (Subadditivity)

(v) Suppose there are pairwise disjoint Borel sets, B, C X, such that for all i € I there is
at most one n € N with K; N\ B,, # 0. If, for alln € N, ~,, C B, for all v, € T, then
mod x(Unenl'n) = D, ey modic(I,).

Proof. (i) Notice that the zero distribution is admissible for (), which will attain the infimizing
quantity of 0.

(4i) Pick any P Ax I's. Then for all ¥ € I'y, we have v € 'y and hence ¢%5(y) > 1. Thus,
P A T'y. Thus the set of admissible distributions for I'y is a subset of the set of admissible
distributions for I'y. The infimum of a subset is larger than the infimum of the superset.

(17i) Pick any P Ax I'y. Every curve 75 € I'y has a subcurve v, € I'y. Since every K;
intersecting 7, also intersects 2, we have £85(;) > ¢%5(71) > 1. Thus P Ax Iy, and infimizing
over the superset gives a smaller quantity.

(iv) Let I' = Upenl'y. Observe that the claim holds if the right hand side is infinite, so

suppose that it is finite. Fix € > 0. For each n, choose P,, = (pn; {pin}ticr) Axc 'y, such that

modx(I'y) + €27 > Ak (P,).

Let p =/ _,en P2 Foreach i € I, define p; = (/> oy p7 .- Define P = (p; {pi}icr). Notice

that for all n € N, p > p, and p; > p;,,. Thus, we have ¢55(y) > ¢ (v) for all n € N and any
curve . Given any vy € I', we have v € T',, for some n € N, and ¢j5(y) > 0 () > 1. Thus
P A T'. That means

mod x(I') < /

X\K

PPdp+y  pl = / S pkdp+Y > ph. =) Ax(Py) <26+ mod ().
iel X neN

i€l neN neN neN

Taking the limit as € — 0 gives the result.
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(v) Let I' = UpenI'y. By (iv) we need only show
modc () > Y mod(T,).

Let P = (p;{pi}ticr) Ac T. For each n, let p, = plp, . Notice that p, are all Borel because
B,, are all Borel. Let p;, = p; if K; N B,, # 0 and set p;,, = 0 otherwise. For each n € N,

define P, = (pn; {pintier). For each v, € I, since v, C By,

G m) =5 (m)+ D pin=LOm)+ D> pi=L(m) > 1.
TnNK;#D YnNK;#0
Hence P, A T, for all n € N. Since the B,, are pairwise disjoint and every K; intersects at

most one, we can say i (B,) are disjoint.

> mod (I'y) < Z/ P, diix = Z/ P, diix = / pp dpx < / Pb dpc.
Xx 7ic(Bn) Unenmi (Bn) Xx

neN neN neN
Thus by infimizing over admissible distributions for I', we obtain the result. O]

We remark that one can make corresponding statements about families of curves in X
by pulling them back to X. For example, if I';,I'y are collections of curves in Xy with
[’y C Ty, then one can find curve families I}, T in X with I} C I}, and m(I"}) = T'; and
mic () = T'9, so that modx(I'y) < modic(T's).

These statements resemble statements made about modulus. A natural question to ask
is if, like modulus, transboundary modulus is preserved under conformal maps. It turns out
that maps distort transboundary modulus exactly as much as they distort modulus, as the

following result shows.

Lemma 3.1.3. Let (X,dx, pux), (Y, dy, py) be a metric measure spaces with pix, py locally
finite Borel regular measures. Pick any countable collection of pairwise disjoint continua,
’C = {Ki}iel m X and j = {Jl}ie_[ m Y Let k’z = WK(KZ‘), K = UielKi and ]z = ﬂj(Ji),

J = UierJ;. Suppose X \ K and Y \ J are homeomorphic to domains in C. Suppose there
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is a homeomorphism f : X — Y7 with f(k;) = j; for all i € I. Suppose 7T}1 ofomg :
X\ K — Y\ J is geometrically H-quasiconformal for H > 1. Let " be any family of curves
m Xi. Then

H™" mod x(T) < mods(f(T)) < H mod x(T).

Proof. Throughout this proof, we will mildly abuse notation and just call (ﬂ}l o fomk)|x\k
the much shorter name, f. First we use Theorem 2.5.6 to say that f is analytically qua-
siconformal on X \ K. Williams® showed that if v is any absolutely continuous curve in
X\ K, f is absolutely continuous on v, and p is a non-negative Borel function on Y\ J with

A(p) < oo, then we have that

/(pOf)gf ds 2/ p ds.
v f(v)

Every compact rectifiable curve has an absolutely continuous arc-length parameterization

(Proposition 5.1.8%!). Thus every locally rectifiable v in X \ K satisfies

/(pOf)gf ds 2/ p ds,
¥ f)

with f absolutely continuous on every compact subcurve of v and A(p) < co. Let I'y be the
collection of curves in X \ K on which f fails to be absolutely continuous. Shanmugalingam

Proposition 3.1%) showed that if f € N2*(X \ K : Y \ J), then mod(I';) = 0. Now, let
( f

loc

I} be the family of curves in Xy which contain a subcurve in mc(I'y). We can use the

overflowing property to say
mod,c(l“?) < modi(m(I'y)) = mod(I'y) = mod(I'y) = 0.
Notice that monotonicity gives modx(I'\ I'f) < modk(T'), and subadditivity gives

mod (') < modic(I'\ T'}) + mod (I'f) = modx(I"\ T').
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So we have equality: mod(I"\ F’f) = mod ().

Now, pick any P = (p; {pi}icr) N7 f(I'). Suppose, for the moment, that mod 7 (f(I')) <
oo. Then we can suppose that A(p) < co. Let p' = (po f)gs and P’ = (p';{pi}ier). Pick
any locally rectifiable v € I' \ ' ’f Since X \ K is homeomorphic to a domain in C, we can

construct countably many curves 7, in X \ K such that
65’ (7) = Zépl (7771)7

where 7, are locally rectifiable (see the discussion preceding Definition 3.1.1). Since v ¢ T'f,
we can say f is absolutely continuous on any compact subcurve of ~,, for all m. Thus, for
all m, we can say £y (7m) > £o(f(Ym)). Thus, we can say (5 () > £J(f(7)), and since the
weights are the same, £%5,(v) > ¢5(f(7)) > 1. So P' Ax T\ F?. Thus we can apply analytic

quasiconformality to say

mody (I') = modx(I'\ T'}) < / (po f)?g} dux + Zp?
X\K

il

sl f o )

el

SH/ P duy + ,03)
([ 7+

i€l

By infimizing over P, we obtain that mod (I') < H mod 7(f(I')). Note that this inequality
still holds if mod 7(f(T")) = co. Apply the same argument to f~! to get the other inequality.
O

The conditions on the statement may seem like obscure circumstances; after all, we
usually work with a metric space X directly and not X \ K. However, these conditions can
be met by considering X as the ambient space and K = 9yX. Then any f quasiconformal
on X can have this lemma applied, provided it gives rise to a homeomorphism on X.

Similar lemmas on the quasiconformal quasi-invariance of transboundary modulus were

given by Bonk'® as well as Hakobyan and Li®". Their proofs assumed K was finite; however,
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this assumption isn’t a significant ingredient in the argument, since the weights on the
constructed transboundary mass distributions are unchanged. However, their proofs were
for domains in C or R2, and this is where the generality of Lemma 3.1.3 is significant.
A statement for general metric spaces (as argued here) wouldn’t be possible without the
work of Williams?®> showing general equivalence of the analytic and geometric definitions of
quasiconformality.

We will end this section with some example computations of transboundary modulus,
and a discussion of its properties. Like modulus, transboundary modulus has nice properties

for upper Ahlfors 2-regular spaces.

Proposition 3.1.4. Let (X,d,p) be a metric measure space with pu a locally finite Borel

reqular measure. Fix some xog € X. Suppose there exists constants Cy, Ry > 0 such that
1(B(zg, 1)) < Cor?

for all 0 < r < Ry. Let IC be any countable family of disjoint continua in X, none of which
contain xq, and suppose X \ K is homeomorphic to a domain in C. Then if T is a family of

curves satisfying the property that every v € I' passes through xo and is non-constant, then
modK(F) = mod(,gu{{mo}})(l“) = 0.

Proof. First, notice that there is some r > 0 such that B(xq,7) N K = (). Notice that every
curve in I" contains a non-constant subcurve in B(z, ) that goes through xy, call the family

of these subcurves I'V. Then
mod i (I') < modx(I”) = mod(I") =0

by Proposition 2.3.12. Now, let 7 = KU {{zo}} andlet ', = {y € I' | v € B(xo,1/n)} and
notice that I' = U, I, since no curves are constant. Thus, it suffices to show, for sufficiently

large n, that mod 7(T",)) = 0. Take N > n > 1/r. Then every v € T',, contains a subcurve in
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[,y =T (Bxg,1/N], X \ B(xg,1/n); X) and so

C

mOdJ(Fn) S mOdy(Pn’N) = mod(anN) S W

for some constant C' by Proposition 2.3.11. Taking N — oo shows then that mod s (I',) =
0. O

We remark that for modulus, one stipulates the curves be non-constant because, for
v(t) = xo, mod({v}) = oo. However, for transboundary modulus, if K contains {z¢} we
have modi({7}) = 1 as the only admissible distributions give weight 1 to {z¢}. We wrap

up our discussion of singletons in the following result.

Corollary 3.1.5. Let (X, d, p) be a metric measure space with p locally finite. Suppose X
is upper Ahlfors 2-regqular. Let IC, J be countable collections of disjoint continua in X with
K cCJ. Suppose X \ K and X \ J are homeomorphic to domains in C. Suppose that J \ K
consists only of singletons which are all isolated in J. Then for any family of non-constant
curves I in X,

modx(I') = mod 7 (T).

Proof. Let J\ K = {{s;}}icr- Let I'; be the family of non-constant curves in X which go
through s;. Define I'" = I"\ U;¢;T';. Since none of the curves in I intersect anything in 7 \ I,
we have

modJ(F/) = IIlOd]C(F/).
Thus it suffices to show that mod 7(T') = mod 7(I'") and modx(T") = mod(T”). Since IV C
I', monotonicity gives one direction on both equalities. By Proposition 3.1.4, we have

mod(I';) = 0.

Subadditivity gives
modc(U;erl) < Z mod(I';) = 0.

iel
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Hence
modx(T') < modx(I”) + modc(I'\ IT) < modx(I”) + modx(Uie ;) = mody(IV).

For [J, notice that because each s; is isolated, we can say that X \ J; is homeomorphic to a

domain where J; = J \ {s;}. Hence by Proposition 3.1.4, we have
mod 7(I';) = 0.

Subadditivity gives
mod 7 (Uje i) < ) modz(I;) = 0.

iel

Hence

mod 7(T") < mod 7(I") + mod 7 (I' \ I") < mod 7(I'") + mod 7(U;e,I';) = mod 7(I).

Now we will focus our attention to explicit examples in the planar case.

Example 3.1.6. Let a,b > 0 and R = (0,a) x (0,b) C R? with the standard metric and area
measure. Let KC be a countable collection of points and pairwise disjoint, closed squares in R
with sides parallel to the coordinate axes, and suppose R\ K is a domain. Let E = {0} x [0, b]
and F = {a} x [0,b]. Then

mode(T(E, F: ) = 2.

a
Proof. Pick any P = (p; {pi}) AxT(E, F; R). For each K; € K call its side length s; (s; = 0 if

K; is a point). By considering horizontal paths, v(t) = (¢, vo), we can say for each yo € [0, 0],

/ p(z, yo)lrx (7, yo) dz + Zpiﬂwz(m)(yo) = / pds+ Z pi = 1.
0 i YK

Kiﬁ'y;é@

59



Now integrate both sides with respect to y to say

b<// (z,Y)pk(z,y) dxdy+2pz/ o )dy—/ pdAJerz-si.
R\K p

Let P = (p;{pisi}), and notice that the above quantity is Ax(v/ P’). Recall that Cauchy-

Schwarz gives us

(/RK pp du;c)Q < (/RK Pp dmc) (/R)C P(1{s:}) du;c> = (/H)C I duzc) (A(R\KH; 33),

but since each K; is a square (or point), we can say
AR\ K)+> s} =ab.

So we conclude that

1 > b
/ Pp duzcz—(/ PP dmc) > —.
Re ab \ Jg, a

Infimize over all P to get the lower bound.

1

To see the upper bound, let p = a~" and let p; = a~'s;. Then for all vy € I'(E, F; R), we

have

/\ pds+ > pi=a'(((y\K)+ > s)>1

YNK;#D YNK; #D

So we can say

modK(F(E,F;}_%))S/R\Kp du—i-z:pZ AR\ K) —1—2

O

From here, it’s not hard to see that the transboundary modulus of curves connecting the
horizontal sides with respect to a collection of squares is a/b. Thus, in this example, one can
see that transboundary modulus also has a duality property. Just like with modulus, we can

establish general duality of transboundary modulus using this special case; however, we will

60



need a result stronger than the Riemann Mapping Theorem.

Theorem 3.1.7 (Schramm* (Theorem 7.1)). Let Q C R? be homeomorphic toD. Let C C Q
correspond to D, and let Qy, Q1 C C' be disjoint continua. Let K be a countable collection
of pairwise disjoint continua in the interior of Q such that Q \ (K U C) is a domain. Then
there is a conformal map f: Q\ (K UC) — Q where Q C R? is a domain satisfying

Q= R\ UicrJ;

where R = (0,a) x (0,b), for some a,b >0, and J; are all points or pairwise disjoint, closed
squares with sides parallel to the coordinate axes. Moreover, f extends as a homeomorphism
f:Q\ K — QUOIR with f(Qo) and f(Q1) corresponding to the left and right sides of OR.

We also have that f extends as a homeomorphism from Qayq\(kuc)) to ﬁaog.

Proposition 3.1.8 (Duality of Transboundary Modulus). Let Q C R? be homeomorphic to
[0,1]2. Let C correspond to 9]0,1]>. Let Ap, Ag, Ag, Ar C C correspond to {0} x [0, 1], {1} x
[0,1],[0,1]x{0}, [0, 1] x {1} respectively. Let IC be any countable collection of pairwise disjoint

continua in the interior of Q, and suppose Q \ (K UC) is a domain. Then
mod(Az, Ar; Q) mod x(Ap, Ar; Q) = 1.

Proof. Use Theorem 3.1.7 to conformally map the interior of @) \ K onto a subdomain of
a rectangle, R = (0,a) x (0,b), whose relative complement consists of closed squares and
points, which also sends A; and Agr to the left and right sides of R respectively. Apply
Lemma 3.1.3 and Example 3.1.6 to say that

mode(N(Ar, Aw: Q) = .

Similarly, I'(Ag, Ar; @) gets mapped to the family of curves connecting the horizontal sides
of the rectangle and modx(I'(Ap, Ar; Q)) = a/b. O

One may be interested in analyzing what happens to the transboundary modulus when
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one varies L. One can say rather trivial things on this topic; for example, if 7 C K are all
the continua which intersect any curve in I', then mod 7(I') = mod(I'). One also can refer
to our discussion on adding or removing singletons. However, more general statements are

inaccessible, as the following example illustrates.

Example 3.1.9. Let R = (0,a) x (0,b) C R? with the standard metric and area measure. Let
KK = {K;} be a countable collection of disjoint continua in the interior of R, and suppose R\ K
is a domain. For each i, let w; = diam(m(K;)) and h; = diam(mo(K;)). Let E = {0} x [0, ]
and F = {a} x [0,b] We have

AR\ K)+ Y b))~ < mode(T(E, F; R)) < a(A(R\ K) + > wy}).

Proof. Let p=1/a. Let p; = w;/a. We claim that P = (p; {p;}) Ax I'(E, F; R). This is true

because ; is 1-Lipschitz, and so for any v € I'(E, F; R),

(\K) > lm(Y\K) > a= > w

Klﬂwsé@

Thus we can say

[ SRR ICYORD SRDES

YNEK;#0 YNEK;#0

So, we obtain the upper bound by applying this P,

mod(T(E, F; ) < /

R\K

p* dA + pr —a2(AR\ K) + wa).

To obtain the lower bound, similarly use (1/b; h;/b) on the curves connecting the horizontal

sides and use duality. O]

Notice that if each K is a square with sides parallel to the coordinate axes, then A(R\
K)+>Y w? = A(R\K)+>_ h? = ab, and the estimates compute the transboundary modulus:
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b/a. Also, if one widens one of the squares to a horizontal rectangle, then A(R\ K)+>_ h? <
ab; so

modx(f(T'(E, F;R))) > 9

a

Similarly if one lengthens the heights of one of the squares to a vertical rectangle then
AR\ K) + > w? < ab and

modx(f(I'(E, F; R))) < g.

Thus we can see that making each K; “bigger” doesn’t necessarily increase nor decrease the
transboundary modulus. Also, adding more continua to IC or taking some away may increase

or decrease the transboundary modulus (or leave it the same in the case of squares).

3.2 Transboundary Loewner Property

As we’ve seen, transboundary modulus has many similarities to modulus, and its properties
shown here have largely paralleled those of modulus. Therefore, it seems natural to direct
our attention to the transboundary analog of the Loewner property discussed in Chapter
2. While this has appeared in the literature implicitly (!,3%), the first to name it and
explicitly define it was Hakobyan and Li%7. The definition given below differs slightly from

that appearance.

Definition 3.2.1. Let (X,d, ) be a metric measure space with p locally finite. Suppose
X is homeomorphic to a domain in C, 0X is compact, and that 0y X 1is countable. X
is transboundary Loewner in case there is a decreasing function ¥ : (0,00) — (0, 00)

satisfying the following property. For all disjoint, non-degenerate continua, £, F C X,
modg, x(D(E, F; X)) > U(A(E, F)).
If X is Loewner, then it will be transboundary Loewner, as

mod g, x(I'(E, F; X)) > modg,x (I'(E, F; X)) = mod(I'(E, F; X)).
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Proposition 3.2.2. Let (X,dx, ux), (Y, dy, py) be metric measure spaces with px and py
locally finite. Suppose X and 'Y are homeomorphic to domains in @, 0X,0Y are compact,
and 0y X,00Y are countable. Suppose f : X — Y is quasisymmetric and geometrically

quasiconformal. If X is transboundary Loewner, then Y is transboundary Loewner.

Proof. Pick any non-degenerate, disjoint continua A, B C Y. Let A’ = f71(A) and B’ =
f~YB), noticing that they are disjoint, non-degenerate continua in X. Since X is trans-

boundary Loewner,

mOdaox(F(Al, B/; 7)) Z \P/(A(Alv B/))

for some decreasing function W’'. Since f is quasisymmetric, f extends to a homeomorphism
of the completions (see Remark 2.1.6). This means that f gives rise to a homeomorphism
f: (X)ax — (Y)ay, and thus we can apply Lemma 3.1.3 on X and Y. Letting f~* be

v-quasisymmetric and f be H-quasiconformal, and recalling Proposition 2.1.9, we conclude

mod s,y (I'(A, B;Y)) > H ' mod ,x(I'(A', B'; X)) > H 'V (A(A', B)) > H 'V (v(2A(A, B))).

U(t) := H' ¥ (v(2t)) is decreasing since ¥’ is decreasing and v is increasing, so Y is

transboundary Loewner. O

In Section 3.3, we will show that circle domains are transboundary Loewner. This fact,
combined with the quasisymmetric invariance of the transboundary Loewner property, means
that the property is necessary for quasisymmetric equivalence to a circle domain. Before we
establish examples of transboundary Loewner spaces, however, we wish to establish some
non-examples of transboundary Loewner spaces. In particular, Merenkov and Wildrick? gave
an insightful example of a “nice” metric space which fails to be quasisymmetrically equivalent
to a circle domain. We will show that this space fails to be transboundary Loewner.

Bonk! showed that, for domains in the sphere, the boundary consisting of uniformly rel-
atively separated uniform quasicircles was sufficient to conclude quasisymmetric equivalence
to a circle domain. Merenkov and Wildrick? showed that this condition was not sufficient for

general metric spaces. They did so by constructing a counterexample. Here we will define a
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class of examples which contain the one given by Merenkov and Wildrick. It will show that
the boundary consisting of uniformly relatively separated uniform quasicircles is insufficient
to conclude transboundary Loewner.

For each n € N | let
Do = {[i27", (i + 1)27) x [j27, (j + 1)27"] :4,j € N,0 < i,j < 2" — 1}

that is, the collection of all dyadic squares of generation n. Let D = U,cyD,,. For Q) € D,
let ¢(Q) denote the center of Q). Let L = (¢,,),en be a sequence of real numbers satisfying
0</,<2™ Foreachn € Nand Q) € D, let

solh) = (10 x| - 5.5 ) + (@),

and

sn(L) = {sq(L) | @ € Dn}.

Notice that s, (L) is a collection of 4™ disjoint vertical slits, each with length ¢,, and centered
at a dyadic square of generation n. Notice also, that A(sqg(L), sg/(L)) > 1 for all Q,Q" € D.
Let

Sk(L) == (0, 1)\ (IJ U se(L)).

n=0 Q€Dy
Notice that Sk (L) is a slit domain (with the exception of the bounding square). Equip Sk(L)
with its internal path metric. Notice then that each component of 9Sk(L) is a 1-quasicircle.
Let £ = {0} x [0,1] and F = {1} x [0,1]. Let Sy(L) = U*_;s,(L). We would like a

bound on mods, 1) (I'(E, F; Sk(L))). By Corollary 3.1.5, we can ignore slits of length zero.
Hakobyan and Li%" showed that

lim mods, )(I'(E, F'; Sk(L))) =0

k—o00

if Y207 ,(2"0,)* = co. Let 'y, be the collection of curves vy in Sg(L) with non-zero horizontal
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Figure 3.1: 53 (%, %, %)
movement: diam(7;(y)) > 0. It follows from the estimates of Hakobyan and Li®*" that

lim modsk(L)(Fk) =0

k—o00

if Y07 (2"0,)? = co. We will now use this to construct a slit domain which is not trans-

boundary Loewner. Define the set

o0

S0 = () (@5u2) U 0.2 U 0.1\ 02747
k=0
In other words, for each k, scale Si(L) down to a square of side length 27% and place it in
the lowest, leftmost dyadic square. Then fill in the open bottom left quarter of that square,
and repeat for k + 1. Equip S(L) with its inner metric, and notice that it is homeomorphic

to a domain in the plane.
Example 3.2.3. S(L) is not transboundary Loewner for > 7 (2"(,)* = c0.

Proof. Let E;, and F}, be the left and right sides of the dyadic square Q = (27%,27%F1)2
respectively. Let f : QN S(L) — Sk(L) be the conformal map (onto its image) obtained
through translation and dilation. Let Ej = Ey + (371%°% 0) and F}, = F, — (37!%% 0). The
transboundary modulus of curves going through the endpoints of E} and Fj, is 0 (Proposition

3.1.4). Every other transboundary curve, v, connecting Ej and F} satisfies f(y) contains a
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Figure 3.2: S<%, = = >
subcurve in I',. Hence
modg,s(r) (T'(Ey, Fy; S(L))) < mods, (1) (T)-

Notice that A(Ej, F}) < 1. Thus for all decreasing functions ¥, we can find some k € N

such that modg, (zy(I'x) < ¥(1). It then follows that
moda,s(z) (D(E, Fi; S(L))) < W(1) < W(A(E, Fy)).

Thus S(L) is not transboundary Loewner.

]

Merenkov and Wildrick? took ¢, = 1/2"*! for all n. It turns out that if Y > (2"¢,)? <
oo, then one can apply the techniques of Merenkov-Wildrick? to say S(L) will be qua-
sisymmetric to a circle domain. See Hakobyan-Li*" for more details. Example 3.3.7 and

Proposition 3.2.2 imply that it will then be transboundary Loewner.

3.3 Transboundary Loewner Property in R? and C

Because the transboundary Loewner property is a quasisymmetric invariant, it can be used

to classify when spaces are quasisymmetrically equivalent. It is, therefore, of interest to
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generate some examples of model spaces which are transboundary Loewner. Our goal will
be to derive conditions on K, a collection of pairwise disjoint continua in some Loewner (2,
which are sufficient to conclude Q\ K is transboundary Loewner. Intuitively, these conditions
will prohibit the continua in I from being too “thin”. In particular, we will show that circle
domains are transboundary Loewner, which was first shown by Merenkov®® (it follows from

Proposition 5.3).

Definition 3.3.1 (Schramm®). Let A C R? be Borel and 1 > 7 > 0. We say A is T-fat if,
for allz € A and r > 0 with A € B(z,r), we have

H* (AN B(x,r)) > 7H*(B(z,7)).

It’s not hard to see that disks are 1/4-fat. Rectangles are (2mc)~!-fat where c is the ratio
of the larger side length to the shorter one. Similarly, ellipses are fat with 7 depending on
the eccentricity.

For a general estimate on transboundary modulus, we will need the continua through
which the curves go to be fat. This, however, won’t be enough. We will also need the

following property.

Definition 3.3.2. Let A C R? and A\ > 1. We say A is A-quasiround if, there is some
x € A andr >0 with
B(z,r) C AC B(x,\r).

A set is A-quasiround for some A if and only if it is bounded and has non-empty interior.
What’s important is that we keep track of how thick an annulus containing the boundary
must be. Disks are A\-quasiround for any A > 1. Like with fatness, rectangles and ellipses are
quasiround with constants depending on their eccentricity. However, in general quasiround
sets are not fat: take a Jordan domain with an outward pointing cusp; moreover, not all
bounded fat sets are uniformly quasiround. That is, for sufficiently small 7 and for all A > 1,
there is a bounded 7-fat set which is not A-quasiround. Take, for instance, D \ aZ x R for

small a. With more effort, one can come up with a family of Jordan domains which are 7-fat
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but not uniformly quasiround.

Proposition 3.3.3 (1,%837). Let E C R? be a continuum, X > 1, and 7 > 0. Let K =
{K}ier be a collection of pairwise disjoint, T-fat subsets of the plane satisfying K; N E # ()
and

Adiam(K;) > diam(E)

foralli € I. Then #(K) < (A2 +6X+1)/7.

Proof. Fix any point e € E. Since E is a compact, diam(FE) < co. Notice E C Ble, diam(F)],
and thus K; N Ble,diam(FE)] # 0 for all i € I. Define

L={iel|K; ¢ Be,(1+ X ")diam(E))}.

Define Iy = I'\ I;. For i € I;, we can say there is some z; € 0B(e,diam(E)) N K;. Notice
that
B(z;, \"'diam(E)) C B(e, (1 + A ')diam(E));

indeed, for y € B(x;, \"'diam(FE)), we can say

ly —e| < |y — x| + |2, — e| < A 'diam(E) + diam(E).

Therefore, for i € I, we can say B(z;, \"'diam(E)) does not contain K;. We can use fatness
to say

H*(K; N B(x;, A\~ diam(E))) > 7H*(B(x;, A~ diam(E))).
Now, for each i € I, we can say B(z;, \"'diam(E)) C Ale, (1-\""diam(E), (14X~ )diam(E)].
Since each K; is disjoint, we can say
(1 + A Hdiam(E))*~((1 — A Hdiam(E))?) = H*(Ae, (1 — A" diam(E), (1 + A~ diam(E)])
> H:(User, B(zs, A\~ diam(E)))
> H2(Uier, K; N B(z;, A diam(E)))
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= H*(K;N B(x;, A\ diam(E)))

i€l

> 73 HA(Bla, A diam(E))

1€lq

=7 Z m(A"'diam(E))?

= A" 2diam(E)*#(1,).

Thus

) < T+ AT - (- AT = ey = 2

To estimate #(/z), notice that, by compactness of K; there exists z;,y; € K; with
d(x;,y;) = diam(K;) > A~ 'diam(E).
Thus, B(x;, \"'diam(E)) does not contain K;. Use fatness to say
H2(B(z;, A diam(E)) N K;) > 7H*(B(z;, A diam(E))).
For i € I, we have K; C B(e, (1 + A7!)diam(E)). Therefore, using disjointness of K,

(1 + A hdiam(E))? = H*(B(e, (1 + A\~ ')diam(E)))

> Hz(uielz KZ)

- ZHQ(K}-)

i€la

> ZH2<Ki N B(x;, A" 'diam(E)))

i€l

> Z H2(B(z;, A\ diam(E)))

= A" 2diam(E)*#(15).

70



Hence,

(L) < T N1+ A2 =77 () + D2

Thus we have
#(K)=#(I) =#) + #(L) <7 M4 A+ A+ D) =7 A2+ 61+ 1).

]

The following result, first shown by Bojarski“’, is well known. However, it is usually
formulated for finite sums, and we’ll need it for infinite sums; we give an argument here

which mimics a proof given by Merenkov?®.

Lemma 3.3.4 (Bojarski’s Lemma). Let {B(z;,7;)}icr be a countable collection of pairwise
disjoint open balls in R? and {a;}icr a countable collection of non-negative real numbers. Let

A > 1 be given. There exists a constant, cy, depending only on A, such that

2 2
[ (St ) ar=e [ (Cots ) da=axy d

el el iel

Proof. Let ¢ € L*(R?). Define the uncentered maximal operator of ¢ by

M@)(@y)= s — [ |4 dA.

(zy)€B(z,r) T JB(zr)

Notice that, in particular, for (z,y) € B(z;,7;), we have

1
y . dA.
() (z,y) > TA2r2 /B(xi,m i

Hence,

[ @z 9] dA.
B(zi,r;)

>‘2 B(zi,Ar;)

Recall that M is a bounded operator (see Duoandikoetxea®' Theorem 2.5 and following
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remarks): there exists a constant, C, such that

1M (8)]|2 < Cll8l]2

for all ¢ € L*(R?).

/ Z ai]IB(xi,)\Ti)|¢’ dA = Z ai/ ]IB(Ii7>\7"i)‘¢| dA
R? el R?

el

= Zai/ |9 dA
B(xi,Ar;)

el

<> N / M(¢) dA

i€l Bxiri)
< )\2/ ZazHB(zz,n)M(gb) dA
R? et

Z aiHB(:ﬂi,Ti)

il

> ailpe

el

< MM ()]

2

< CX[[¢]l2

2

(Monotone Convergence Theorem )

(Disjointness)

(Cauchy-Schwarz)

for all ¢ € L*(R?). With no loss of generality, suppose I C N and let I,, = {1,...,n} N I.

Let ¢n = 3 ;e @ilB(e, ). Notice ¢, € L*(R?) for all n and ¢, < ¢y, for n < m. Suppose

||on]l2 > 0 for sufficiently large n (otherwise, the result is trivial). We use the above inequality

to say

1601 < [ |30 amunglénl 4 < OXo,]l
i€l

||¢n||2 S CAQ ZaiﬂB(%m
el 2
3 2
i e <N S|
1€
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Once again, we use the monotone convergence theorem to conclude

= lim ||gn|]s < ON?
n—00

Z ai]IB(xi i)

i€l

Z aiHB(:ci,)\ri)
2

i€l

2
Squaring both sides gives the desired conclusion. O]

The following lemma is similar to a lemma of Bonk!, although he assumed uniform
relative separation, and there is no such assumption here. It is also similar to a lemma of

Merenkov®®, though he showed it only for circle domains.

Lemma 3.3.5 (*"). Let Q C R? be Borel and T a collection of curves in Q. Fiz 7 > 0 and
A > 1. Let K = {K;}ier be a countable collection of pairwise disjoint, T-fat, A-quasiround
continua in ). Suppose Q\ K is a domain. Then there are constants ¢; and cy depending

only on \ and T such that

mod (') > min(cy, ca mod (T)).

Proof. Let ¢ = (1 + 12\ + 4X?)/7. Let ¢; := 1/(8¢?). Suppose modi(T") < 1/(8¢?); as
otherwise, we have nothing to show. For € < 1/(8¢?), let P = (p; {p:}icr) Axc T be such that

Since each Kj; is A-quasiround, we can find z; € K; and r; > 0 such that

B(J]Z‘,TZ‘> - KZ - B(IZ,)\TZ)

For brevity, let B; :== B(x,2Ar;). Define g : Q — [0, 00) as

g= 2<,0 Iovkx + Z )\p;A]IBmQ)‘

i€l
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We claim g AT'. To see this, pick any v € I' and define

L={iel|yNK;#0, 2\diam(K;) > diam(y)}.

Now if ¢ € I'\ I, then we either have that v N K; = 0 or

diam(y) > 2Adiam(K;) > 4\r; = diam(B;);

the latter implies that v is not contained in B;. Therefore,

Pi
ly(y) =2 /V\Kp ds + Z AT/(’V N Bi))
el

(

22(/7\Kp ds+ Y )\p;/(vﬂBi))
(
(

YNK;#D i€\

d ;
L\Kp S+ Z p)

YNK;#D eI\

Observe that p; < \/Ax(P) < 1/(2¢); also, we can use Proposition 3.3.3 to say #(/,) < c.

Hence

<

Z pi < #(h)

, 2
i€l

DO | —

This gives us admissibility:

60 2 2( 8500 - o) 2 2(¢50) - 5) 2 1

i€l

We will now use g to estimate the modulus. Since B(x;,r;) are pairwise disjoint, we can

use Bojarski’s Lemma (Lemma 3.3.4) to say
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2
mod(T) < / ¢* dA = 4/ (p Iovx + Z )\p; HBmQ) dA
Q Q ier Mt

2
SS/ (p HQ\K) +(
Q icl
pi ’
= 2 dA / N dA
8(/{2\Kp - Q (ZM%‘ Blm) )

el

2
Pi
<8 2 dA Ip. | dA
N (/Q\Kp +/R2<Z)\ﬁ Bl> )

icl

2
Pi 2
<8 / p2dA+02,\7r§ 7‘@-)
( O\K /\27“1'2

i€l

=8 / p* dA + ,oi)
([, 25

el

Co\T 2 2
< 8max(1l, =5- / p° dA+ pi)
S [ ey

el

2
‘g dA

Co)\TT

< 8max(1, ?)(mod;g(F) +¢€)

By letting ¢; := (8 max(1, 23™))~" and taking e — 0, we obtain the result. O

Corollary 3.3.6. Let Q C R? be a Borel set with countably many compact boundary com-
ponents and K = {K;};c; a countable collection of pairwise disjoint continua in 0 which are
T-fat and A-quasiround for some T > 0, A > 1. Let K = U;e;K;, and suppose Q\ K is a

domain. If Q is Loewner then Q\ K is transboundary Loewner.

Proof. Let QQ be Loewner with decreasing function W. Let

U'(t) = min(cy, o ¥ (1)),

where ¢y, cy are the constants from Lemma 3.3.5. Then for any disjoint, non-degenerate

continua E, FF C Q\ K, by Lemma 3.3.5 we have

mod x(T'(E, F;Q)) > min(cy, o mod (I'(E, F;Q))) > min(cy, oV (A(E, F))) = V'(A(E, F)).
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Let J be the set of all connected components of 0€2. To show Q \ K is transboundary

Loewner, we need to show
mod 7 (T(E, F;Q\ K)) > V'(A(E, F)).

Let K' = 9(2\ K), the boundary of the interior of K. Observe that mi(K') = mxc(K), and
thus mc(Q) = mc((Q\ K) U K').

mod s (T(E, F;Q\ K)) > mod 7 (T(E, F; (Q\ K) U K"))
= modc(I'(E, F; (2 \ K)UK"))

= modx(I'(E, F;Q)) > V(A(E, F)).

O
Example 3.3.7. Countably connected circle domains in R? and C are transboundary Loewner.

Proof. Let X be a countably connected circle domain in R?. Let K be the collection of
non-degenerate, bounded complementary components of X and €2 := X U K. Then K is a
collection of closed disks, which are uniformly fat, uniformly quasiround continua. If €2 is
Loewner, then we can apply Corollary 3.3.6 to say X is transboundary Loewner. If none
of the boundary components of X are points, then € is either the plane or a disk, both of
which are Loewner. If some of the boundary components are points, then 2 is the plane
or the disk with countably many points removed. By Proposition 2.4.2, we have that € is
Loewner.

Now let X be a countably connected circle domain in R?. To see this, note that the sphere
is Loewner. If X is the sphere, then X is transboundary Loewner. If X is the sphere with
only countably many points removed, then X is Loewner by Proposition 2.4.2, which implies
X is transboundary Loewner. Suppose that X has at least one non-trivial complementary
component: D. Rotate the sphere so that the center of D is the north pole; such a rotation

is conformal and quasisymmetric. Use stereographic projection to map X into the plane.

76



Recall that stereographic projection is conformal and it sends circles not touching the north
pole to circles. Thus the image will be a bounded circle domain in the plane. Notice C \ D is
Loewner, and that its image under stereographic projection is bounded and linearly locally
connected. By Theorem 2.5.1, we have that stereographic projection is quasisymmetric as a
map from C \ D, and thus its restriction to X is quasisymmetric. By Proposition 3.2.2, the

circle domain in the sphere is transboundary Loewner since the image in the plane is. [

One can make similar statements for countably connected square domains. Let us es-
tablish a larger class of uniformly fat, uniformly quasiround shapes. A subset of C or R? is
called an open n-quasidisk , if it is the quasisymmetric image of D for some n-quasisymmetry.
A closed quasidisk is a quasisymmetric image of D. An n-quasicircle is an n-quasisymmetric
image of 0D. We say a collection of quasicircles or quasidisks is uniform if they are all
n-quasisymmetric images of a circle or disk for the same 7. If one has a Jordan curve which
is a quasicircle, its interior will be a quasidisk. The converse is true since quasisymmetries
extend to the boundary. We will exclude a vast amount of theory of quasicircles; restricting

our discussion to the following properties.

Proposition 3.3.8 (Bonk! (Proposition 4.3)). An n-quasidisk is \-quasiround with \ de-
pending only on 7.

Proposition 3.3.9 (Schramm* (Corollary 2.3)). An n-quasidisk is T-fat with T depending

only on 7.

It becomes immediate then, that one can use Corollary 3.3.6 when K is a collection of
uniform quasidisks. On the topic of quasidisks, they give more examples of spaces which are

Loewner.

Proposition 3.3.10 (Bonk® (Proposition 7.5)). Let {D;}"; be a finite collection of pairwise
disjoint, closed n-quasidisks in C. Suppose A(D;, D;) > o for all i # j. Then

C\ U, D;

1s Loewner with U depending only on n,n, and «.
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We remark that this result holds true in the plane as well. Indeed, much like the discussion
in Example 3.3.7, we can put the north pole in the interior of D; by rotation, and then say
that stereographic projection on C \ Dj is quasisymmetric. Thus the image, which will be
a bounded domain whose boundary components are uniform quasicircles, will be Loewner
with W still depending only on n,n, and « (see Proposition 2.1.9). This process can be
reversed for bounded, finitely connected domains in the plane whose boundary components
are uniformly relatively separated uniform quasicircles bounding disjoint Jordan regions. If
unbounded, there is some sufficiently large disk in which the domain will be Loewner and the
relative distance between boundary quasicircles isn’t decreased. Then mod(T'(E, F'; R?)) is

greater than the modulus connecting £ and F' in the disk, which is bounded below.

3.4 N-transboundary Loewner property

A standard technique to show that geometrically quasiconformal maps are quasisymmetric
is to reach a contradiction; the failure of quasisymmetry allows one to construct continua
which have small relative distance in the domain of the function and large relative distance
in the image. So if the domain is Loewner, and the modulus in the image goes to 0, then the
contradiction is complete. If the domain is transboundary Loewner, and the transboundary
modulus in the image goes to 0, then the contradiction is complete. However, in the context
we are concerned with, the transboundary modulus is too big: it doesn’t go to 0 in the image.
Also, the modulus is too small: the domains fail to be Loewner. Neither of these will give a
contradiction; thus, a new quasisymmetrically quasi-invariant quantity is necessary for this
argument to work. This was precisely the observation of Bonk! when he was uniformizing
circle carpets in the plane. His idea was to use a mixed modulus; where one doesn’t go
through all the boundary components, so as to be smaller than transboundary modulus, but
one still goes through some, so as to be larger than modulus. We give a name for spaces

which are Loewner with respect to this mixed modulus, and we define it here.

Definition 3.4.1. Let (X,d, ) be a metric measure space with p locally finite and N € N.

Suppose X 1s homeomorphic to a domain in C, X is compact, and 0y X is countable. We say
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X is N-transboundary Loewner in case there is an decreasing function ¥ : (0,00) —
(0,00) such that the following holds for all K C 0y X with #(K) < N. For all disjoint,

non-degenerate continua E, F C X,
mody,x (F(E, F; X \ K)) > U(A(E, F)).
If X is Loewner, then it will be N-transboundary Loewner for all N:
mod g, x(T(E, F; X \ K)) > modg,x(I'(E, F; X)) = mod(T'(E, F; X)).

Conversely, if JpX is finite and N > #(9yX), then X being N-transboundary Loewner gives
X is Loewner by selecting KL = 0y X . Notice that being 0-transboundary Loewner is identical
to be transboundary Loewner, as X \ K = X. In fact, if X is N-transboundary Loewner for
any N, then X is transboundary Loewner, as one can always take K = (). More generally, for
all M, N € N with M > N, if X is M-transboundary Loewner, then X is N-transboundary

Loewner.

Proposition 3.4.2. Let (X,dx, ux), (Y,dy, pny) be metric measure spaces with px and py
locally finite. Suppose X and 'Y are homeomorphic to domains in (@, 0X,0Y are compact,
and 0y X,00Y are countable. Suppose f : X — Y is quasisymmetric and geometrically

quasiconformal. If X is N-transboundary Loewner, then Y is N-transboundary Loewner.

Proof. Pick any non-degenerate, disjoint continua A, B C Y and any K C 9pY with #(K) <
N. Let A” = f71(A) and B’ = f~1(B), noticing that they are disjoint, non-degenerate
continua in X. Since f is quasisymmetric, f extends to a homeomorphism of the completions

(see Remark 2.1.6). This means that f gives rise to a homeomorphism f : (X)g,x — (Y)a,v-

Let K' C 0pX correspond to IC, and notice #(K') < N. Since f is N-transboundary Loewner,
modax (D(A, B3 X\ K7) = W(AA', B)

where W' is the function obtained from the transboundary Loewner property of X. Now apply
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Lemma 3.1.3 on X and Y. Letting f~' be v-quasisymmetric and f be H-quasiconformal,

and recalling Proposition 2.1.9, we conclude

modg,y (T'(A4, B;Y \ K)) > H ' mod 5,x(I'(A', B X \ K'))
> H 'W'(A(A', B'))

> H W' (v(2A(A, B))).

U(t) == H™' W'(v(2t)) is decreasing since ¥’ is decreasing and v is increasing, so Y is

N-transboundary Loewner. ]
Let us establish some examples (and non-examples) of N-transboundary Loewner spaces.

Example 3.4.3. There are domains which are transboundary Loewner and not 1-transboundary

Loewner.

Proof. We construct a domain in R? as follows. Define the following polar rectangle for
neN,n>1:

1
Ay ={(r,0) |1 <r <2, 0<60<2r—=}+(6n,0).
n

These polar rectangles are pairwise disjoint and uniformly separated. Let Q = R?\ U>_ A,
and notice € is a domain. Since the plane is Loewner, and A, are uniformly fat and
quasiround, we can say, by Corollary 3.3.6, that €2 is transboundary Loewner.
To see that it fails to be 1-transboundary Loewner, let E,, = 0B((6n,0),0.9) and let
F, = 0B((6n,0),2.1). Notice
1.2

. 2
A(En,Fn) = 1_8 - g

Now

T(B[(6n,0), 1], R%\ B((6n,0),2); A[(6n,0),1,2]\ A,) < [(E,, F,; R2\ A,).
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By the overflowing property and Example 2.3.10, we have

_1/n
- log(2)

mod g,0(I'(E,, F,; R*\A,,)) < mod (I'(B[(6n,0), 1], R*\ B((6n,0),2); A[(6n,0), 1, 2]\A,))

For any decreasing function, ¥, pick n > (¥(2/3)log(2))™", then

modg,o(T(E,, Frn;R*\ A,)) < ¥(2/3) = U(A(E,, F,)).

Hence it cannot be 1-transboundary Loewner. O]

In the previous example, the complementary components failed to be uniform quasidisks.
If we require our complementary components to be uniform quasidisks, we establish a large

class of N-transboundary Loewner spaces.

Proposition 3.4.4 (Bonk'). Let K be countable collection of uniformly relatively separated,
closed, n-quasidisks in R?, and suppose R*\ K is a domain. Then R?\ K is N -transboundary
Loewner for all N € N with decreasing function ¥ depending only on n, the relative separa-

tion, and N.

Proof. Pick any disjoint, non-degenerate continua F,F C R*\ K and any J C K with
#(J) < N. n-quasidisks will be uniformly fat and quasiround, so we can use Lemma 3.3.5

to say

mod(T'(E, F;R?\ J)) > min(c;, c; mod (T'(E, F;R*\ J))),

where ¢; and ¢y depend only on 7. We use Proposition 3.3.10 and following remarks to
conclude that R?\ J is Loewner with ¥ depending only on 7, the relative separation, and

N. Since n and the relative separation are fixed, we have the same W for all 7 of size N. [

The same proof applies to bounded domains in the plane whose boundary components
are uniform quasicircles which are uniformly relatively separated and whose union is closed.
It also applies to quasidisks in the sphere satisfying the same assumptions by noting stere-

ographic projection is quasisymmetric on bounded subsets of the plane. This can be gen-
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eralized for N = 1. Much like how we don’t need uniform relative separation to conclude

transboundary Loewner, we don’t need it for 1-transboundary Loewner.

Proposition 3.4.5. Let K be countable collection of closed, n-quasidisks in R?, and suppose
R\ K is a domain. Then R?\ K is 1-transboundary Loewner with decreasing function ¥

depending only on 7.

Proof. Pick any disjoint, non-degenerate continua F,F C R?\ K and any n-quasidisk,
K; € K. Use Proposition 3.3.10 to say R? \ K; is Loewner with ¥ depending only on 7.
Then use the fact that uniform quasidisks are uniformly fat and uniformly quasiround to use

Proposition 3.3.5:
mod(I'(E, F;R?\ K;)) > min(cy, ¢, mod (['(E, F;R?\ K;))) > min(c;, oV (A(E, F))),

where ¢q,co and ¥ depend only on 7. Thus the same bound will hold for any choice of

K. [l

Once again, this argument will also apply to bounded domains in the plane whose bound-
ary components are uniform quasicircles, as well as quasidisks in the sphere. This proposition

suggests that 1-transboundary Loewner does not imply 2-transboundary Loewner.

Example 3.4.6. There are domains which are 1-transboundary Loewner and not 2-transboundary

Loewner.

Proof. Forn € N,n>2,let S, = [3n,3n+1] x [0,1] and T}, = [3n+1++,3n+2+ =] x [0, 1].
Let Q = R?\ (U,S, UT,). Notice that © is a domain. Since S,, and T,, are all squares,
they are uniform quasicircles. By Proposition 3.4.5, this domain must be 1-transboundary
Loewner.

To see that it fails to be 2-transboundary Loewner, let B, = {3n+ 1+ 5-} x [, 2] and
F,={3n+1+5}x[2,1]. Then A(E,, F,) =1 for all n. However, every curve connecting
E,, and F), which avoids S,, and T}, contains a subcurve connecting the vertical sides of one of

three rectangles: [3n+1,3n+1+1]x[0, §], [3n+1,3n+1+2]x (2, 2], [3n+1, 3n+1++] x £, 1].
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Thus by the overflowing property and subadditivity, we can conclude

o I/n 1/n  1/n 20
modaa (I (B, B B\ (SyUTh))) < {0+ 10+ 10 = 1

Thus, for any decreasing function ¥, we can find an n so that % < ¥(1), and we conclude
modgyo(T(E,, Fr; R?\ (S, UT,))) < (1) = U(A(E,, F,)).

]

The previous examples suggest that uniform relative separation of the boundary compo-
nents is important for a space to be 2-transboundary Loewner. Indeed, it is necessary for

circle domains.

Example 3.4.7. For countably connected circle domains, the following are equivalent.
(1) They are N-transboundary Loewner for all N € N.
(2) They are 2-transboundary Loewner.
(8) The bounding circles are uniformly relatively separated.

Proof. Note that (1) = (2) follows from the definitions.

(3) = (1) : If the circles are uniformly relatively separated, and none of them are points,
then by Proposition 3.4.4, we have that the domain is N-transboundary Loewner for all
N. If some of the boundary components are points, then Proposition 2.4.2, we have that
Proposition 3.3.10 still holds with countably many points removed. So the complement of N
complementary components is still uniformly Loewner, and Lemma 3.3.5 can still be used.
We deduce N-transboundary Loewner.

(2) = (3) : We'll prove the contrapositive. Suppose that the circles fail to be uniformly
relatively separated. It will suffice to show that the domain fails to be 2-transboundary
Loewner. Let I be the collection of complementary components of the circle domain. Let

Cn, Dy, € K, diam(C,,) < diam(D,), be closed disks such that A(C,,, D,,) < £. For simplicity,
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Figure 3.3: C,, and D,, are in gray and E, and F,, are in red

let us assume that the centers of C,, and D,, are in the x-axis, and that the center of (), is
left of the center of D,,. We’ll say a rectangle, R, is a-good if its sides are parallel to the
coordinate axes, the two left vertices are in the circle bounding C,,, the two right vertices
are in the circle bounding D,,, the x-axis is the perpendicular bisector of the left and right
sides, the centers of C), or D,, are not in R, and the lengths of the left and right sides are a.
Let

a = dlam(C’n)\/l - (1 - A(Om Dn))2

Let R! be the a/4-good rectangle, R? be the 3a/4-good rectangle, and R? be the a-good
rectangle. Let us compute the widths of these rectangles. To see this, note first that R3 has
the largest width, call it w. Consider the triangle created by the center of C),, the top left

corner of R3, and some point (z,0) intersecting the left side of R3. Then the Pythagorean

n’

Theorem dictates

2% = (diam(C,,)/2)* — (a/2)* = (diam(C,,)/2)*(1 — A(C,,, D,))>.

Since C), has the smaller diameter, we can conclude

w < diam(C,,) — 2z + d(C,, Dy,)
= diam(C,,) — diam(C,,)(1 — A(C,, D,,)) + d(C,,, Dy,)

— diam(C,)(1 — (1 — A(Cy, Dy)) + A(Cy, D))
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= diam(C,)(2A(C,, D,,))

Let E, be any continuum contained in the circle domain connecting the top edge of R? and
the top edge of R.. Let F, be any continuum connecting the bottom edge of R? and the
bottom edge of R}. Notice that min(diam(FE, ), diam(F,)) > a/4, and their distance is at
least the height of R.. Thus

A(E,, F,) <1.

Let LT and L? be the top and bottom sides of R!, respectively. Let I'; := ['(LT, LE; R\
(C,UD,)), Ty :=T(LY LT; R3\ (C,,UD,)), and I's = T'(L¥ LEZ: R\ (C,,u D,)). Observe
that

[MUT,UTs < T(E,, F;R?\ (C, U D,)).

Hence we can use overflowing and subadditivity to get

mod (T'(E,, F,;R*\ (C, U D,))) < modk(T) + modx(I'y) + modx(T3).

Let
4

p=—lg.
(6%

If K;NRL=0,set p;=0. Also, if K; = C, or K; = D, set p; = 0. Otherwise, let

where h; = diam(mo(K; N RY)). We claim (p; {p;}) Ak T, as for all v € Ty,

Q|*’>

H(ma(v \ K)) + H (ma(y N K))) > 1.

/ pds+ > pz— CANE)+ > hy) >
NK

K;iny#0 Kiny#0
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Now use this to estimate the modulus:

modK(Fl)S/ p* dA + Z p?

Ru\K KiNRL£0
16( 4 hi\ 2
St Y (%))
_— 2 n
16 4
AR\ K)+ — A(K; N R}
CLAYSRED SR )

052
K;eK

IN

ﬁA(R}L) < —w=———-r.

T2 e Ta/d

IN

We remark that a similar argument will show

4 w 32w
)< ——— =222
modg(I'y) < rof8 - T al and
4 w 32w
)< —— =222
mod]C( 3) ~ ,n.a/S .
Thus the sum can be estimated as follows.
2 80 w
mod e (T(En, Fo; R?\ (Cp U Dn))) < ——
< 80 2diam(C,,)A(C,,, D,,)
= diam(Cn)\/l — (1 — A(C’n’Dn>>2
160 A(C,, D,,)

~ 7 V2A(C,. D,) — A(Cy. D,

_ 160 | A(Cy, Dy) <@ 1
- \\2-AC,.,D,)  wm V2n—1

For any decreasing function, ¥, we can find an n so that

mody (T(E,, Fa: B2\ (C U Dy))) < ﬁﬂoﬁ / 2n1_ - < (1) < WA, F).

Hence, it cannot be 2-transboundary Loewner.
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The argument just presented assumed that C,, and D,, were disks. For a bounded circle
domain, the failure to be uniformly separated may occur for D,, being the unbounded com-
plementary component, for all sufficiently large n. We remark that a similar argument will
show that it fails to be 2-transboundary Loewner. Then, since circle domains in the sphere
are quasisymmetric to bounded planar circle domains, we conclude the statement is true for

spherical circle domains.
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Chapter 4

Quasisymmetric Koebe

Uniformization of Metric Surfaces

In this chapter, we establish results characterizing when metric spaces are quasisymmetric
to uniformly relatively separated circle domains. Our characterization is complete for metric
surfaces: homeomorphic images of a domain in C with locally finite H? measure; in that, all
other properties assumed are invariant under (geometrically quasiconformal) quasisymme-

tries.

4.1 Transboundary modulus in circle domains

We are going to need a few facts about the geometry of circle domains as they are our model

space for the quasisymmetric uniformization.

Proposition 4.1.1. Let z € R? and R > r > 0. Let D be a collection of pairwise disjoint,
closed disks in R? intersecting both Blz,r] and R*\ B(z, R). If

> 14,

Rl R~

then #(D) < 2.
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Proof. Let D = B[2',r'] be a closed disk intersecting B[z,r] and R? \ B(z, R). Notice
> (R—r)/2. If 2/ =z, then we have that B(z, R) C D, and any disk intersecting B[z, ]
is not disjoint with D. So suppose z # 2/, and let L be the ray starting at z and going
through z’. Every circle centered around z intersects L exactly once. Let C be the circle
of radius (R + r)/2 centered at z. Let ¢ be the intersection point of L with C. We claim
c € B[Z',r" — (R —1)/2]. To see this, we’ll break it down into cases.

If 2/ € Blz,r], then 7’ > R — |2/ — z|, and

lc—=Z|=(R—1)/24+(r—|2=2|) = (R+71)/2—|2'—2| < (R+7r)/24+7—R=1r"—(R—71)/2.

If 2/ € Alz,r,R] then ' > |2/ — c| + (R —r)/2, and

lc—2| <7 —(R—71)/2.

Finally, if 2/ € R?\ B(z, R) then v’ > |z — 2/| — r and

le—21=(R-7)2+(|z—7|-R) <(R—r)2+(r+7 —R)=r"—(R—71)/2.

Pick any w € Blc, (R —1)/2]. Then

lw—"2"<|w—c|l+]c=2|<(R—71)/24+7 —(R—1)/2="1".

Thus, Ble, (R —1)/2] C D. Let C" be the circle of radius (R + r)/4 centered at z, and let
d be one of the two points satisfying d € C"' N 9B(c, (R — r)/2), and consider the triangle
spanned by d, ¢, and z. Let 0 be the angle corresponding to the vertex z. Law of Cosines

tells us




Figure 4.1:

Notice that i—: is an increasing function on x > 1. So

> 14 > = > —.

R 2+vV3 _R/r—1 _ 3
r 2_\/3 R/'r’—l—l 2

Thus
5 (R/r—1 2< 1
4 R/r+1 2

Since arccos(z) is a decreasing function, we have

0> 1 s
arccos | = | = —.
2 3

Now we conclude

R+r

H'(C'N D) > H(C'N Ble,(R—1)/2]) =260 1
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This is true for all D € D. By disjointness,

H(C) > H1< U ((J’ﬂD)) =Y HY(C'ND)> %(R+r)#(D).

DeD DeD

Hence

#(D) < W(Ri - (27TR+ r> = 3.

]

A similar statement will carry over to the sphere as stereographic projection is conformal
and quasisymmetric on bounded subsets of the plane, and it sends circles in the plane to
circles in the sphere. Quasisymmetries will distort the thickness of an annulus by 7 and

conformalities will preserve all the angles.

Lemma 4.1.2 (!). Let Q C R? be a circle domain. If Q is bounded, let Ky be the bounding
circle of its unbounded complementary component. Let K be the collection of the bounded
complementary components of 0 and let Ko € K. Let Q' = QU K. There is a decreasing
function, ® : (0,00) — (0,00) with lim; o, ®(t) = 0 such that the following holds. If
E,F C Q are disjoint, non-degenerate continua with A(E, F) > exp(log(14)%7), then there
exists J C K with #(J) < 2, such that

modyc(D(E, F; '\ J)) < B(A(E, F)).

Proof. We introduce the following notation for this proof. For an annulus, A := A(x,r, R)

(or Alz,r, R]), and a set C, we define

R& = sup |z —y
yeANC

and

A .
— inf |z —yl
ro= Inf |z — 9|
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We will also use

RA
C)

c
which we will refer to as the width of the set. If C' is disjoint with A, we’ll say the width is
0.

Suppose, without loss of generality, that min(diam(F£), diam(F')) = diam(FE), and pick
any z € E. Let ry = diam(FE) and Ry = d(E, F'). Then E C Bz, 1| and F C R*\ B(x, Ry).
Moreover, since A(E, F') > 1, we have rqg < Ry. Let A := Alx,ry, Ro] and notice that curves
connecting F and F' contain a subcurve connecting the bounding circles of A.

We claim there is a subannulus, A’ := Alz, 7', R'] C A, with R'/r" > 14 and the following
property:

#{K; € K | wa(K;) > log(R' /7')/3} < 2.

If we have

wA(Kz) S log(Ro/ro)1/3

for all K;, then we're done as A’ = A. Take J = (). If not, let D € K satisfy
wa(D) > log(Ry/ro)'?,

and let A; = Alx,r5, R3] C A. Notice wa, (D) = wa(D) and

R 13
—1 > exp(log(Ry/r0) ") > 14.
"D

Now if
wa, (K;) < log(Rp/rp)'?

for all K; # D, then we're done as A" = A;. Take J = {D}. If not, there exists D' € K,
D' # D, with
wa, (D) > log(Rp /1),
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and let Ay = Alz, Tg}, Rg}] C A;. We claim A’ = A, works. First notice

R}
T?l; > exp(log(Rp /m8)Y?) > exp(log(Ro/70)"°) > 14.

Now if there is some D" € K, D" # D', D" # D, with
wa (D") > log(R' /r')Y3,

then

R—g/”>ex (log(R'/7")'/3) > exp(log(Ro/70)"*") > 14

Té/,, pllog T exp(log(fig/To .
D touches both bounding circles of A; and D’ touches both bounding circles of Ay. Thus we
have D, D', D" all touch both bounding circles of Az, r%,, Rf,] C Ay C A; which contradicts
Proposition 4.1.1 if they’re all disks. If one of them is Ky, then (R? \ Q) U K contains a
closed disk touching both bounding circles of the annulus, and this disk is disjoint with the
other 2, so it still contradicts Proposition 4.1.1. Take J = {D, D'}.

Let {C,} be a countable collection of continua such that C' := (U, C,,) N A’ is connected.
Pick any ¢ > 0. By virtue of being connected, if Ré; < R{ then there exists a n’ with
Ry < Ré;, and ré;, < R (1+¢). Define G(n) to be the n’ value which maximizes Ré;,;
such a value exists because its non-existence implies C' is disconnected. Similarly, if ré; > rf
then there exists an n/ with rg > ré‘;l and Ré;, (14¢€) > r& . Define g°(n) to be the n’ value
which minimizes ré;,; such a value exists because its non-existence implies C' is disconnected.
Fix any § > 0 and take positive numbers {€;};ez so that > ., (log(1 +¢;)) < d. If there
exists some (), not attaining the width of the union, one can define n; = G% o ... o G*(n)
for integer j > 0, n; = g% o...0 g *(n) for integer j < 0 and ny = n with €y = 0, stopping at
some finite point if we ever have ré;j =rd or Ré;j = R4 Since C is connected, we must

have

wa (UjezCr;) = war (C).
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Thus we have

> wa(Cr) = wa(C

JEZ
:]gglgowA/ no +Zlog( ) Zlog( C )
j=1 j=-1 vj
Jjo Ré; Jo Ré;
i wat€n) +1os (T 7 ) +1oe 11 )
Jj=1 nj Jj=-1 ”
Jo é/ —Jo
> lim wa (Ch, )—l—log( S > +1lo g< ”1 )
jo—ro0 0 g Rénjil(l = 1 1 + Ej
é/ —Jo
= i (Chy) +1 o 1 1 ] 1+e;
o son () o (fo ) 00 ) (o)
RA’
= lim log< ) Z log(1 +¢;)
JO_>OO Tcni | |<
Jo JI=Jo
RA
> lim log (—) -4
Jo—00 TC,L ]

—Jo

= wA/(Ujezan) -0

= wAr(C) — 0.

Take 6 — 0 to say that the sum of the widths exceeds the width of the union.
Now let E' = Blz,r]| and F/ = R? \ B(z,R'). Consider ' := ['(E',F';Q' \ J). Let

P = (p;{pi}icr) be transboundary mass distribution with

1

— T
p(2) log(R'/7)[a — 2| 4"

pi =0 for K; € J or K; disjoint with A’, and

_ wa(KG)
" og (/)
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for K; € K\ J. Notice that, for any curve 7/ in A"\ K, we have

/ p ds >log(R' /v twa (7).

~

Pick any v € T".
Let {7} be a collection of subcurves of v each corresponding to a connected component

of v 1(A"\ K) (see discussion preceding Definition 3.1.1). Notice then that

Uva U K;

YNK;#0

is connected, and we can say the sum of the widths exceeds the width of the union, which is

log(R'/r"). Thus,

/ pds+ Z pi = log(R' /1)~ ZwA/ V) Z wa (K;)) > log(R'/r") 1 (log(R' /') =
NK YNK;#D YNK;#D
Thus P A I'. We will now use this to get an upper bound.
Notice, for all K; € K intersecting A" and K; # Kj, we have that K; N A’ contains a disk
of radius (Ry, — ry.)/2. Moreover,

LHAANK (R — ity
2 dH? > log(R' /1’ 2—, > rlog(R'/r l—,l
/A . SR ) e

For Ky, if it intersects A', let K{ = (R?\ ') U K. Notice that Ryt = R?}/(,) and rf = 7“}‘}/,.
The above statement holds for K.
Let
Ki={Kie C\T | Kin A" # 0, wa(K;) <log(2)}.

If Ky € Ky, replace it with K|. For K; € Ky, we have RIA}; < 27"}%’1, and

RY RY —rd\ RE —pf  RE
lo | =1lo 1+ ——-1)< Lt <D —t,
& (K) g( v > STy S T gRr
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Thus we can say

RY —rEN\? 16 16 32

2 /) =2 K; K; 2 2 2 2

7 < log(R'/r') 4(—) <2 [ pae <l [ pae -

K;C1 K;Q R?}z T K;Cl A'NK; s / log(R//T/)
Let

If Ky € Ko, replace it with K. For all K; € Ky, we have

[ e = montrpry 2 BRI Ty 2 (12 TE ) T gy
weg” T =8 ARy A Ri) TR

Thus we can say

27 2 142 / 2 12 @ 1 N—2
—————————— > - .
log(R' /1) /A/p H 2 D o, > #(Ks) 7 los( /)

K»L'E/Cz
Recall that for K; ¢ J, we have wa (K;) < log(R'/r")'/3. Use this to say

o 32
log(R//r")  log(R'/r')!/*"

S 5% < #(0) los(R /) los(R ) < log(R /')

KiEICQ

Now we apply the modulus estimate.

27 32 32
2 dH? 2 < / 2 d7H{? 2 2 < ;
/QP WD A [ AR D ot D S e g ) s i

K;,eK K;eK1 K,eko

hence

1 21 4+ 32
de(D(E', F'; QY < 2.
mod(I'(E', F'; ¥\ J)) < log(R’/r’)1/3 (10g(14>2/3 +3 )

Recall log(R'/r") > log(Ry/ro)"? = log(A(E, F))'/?. Now, since A’ separates E and F, we

can say every curve in ['(E, F'; Q) \ J) contains a subcurve in I', and hence

1 o + 32
modx(T(E, F; Y\ J)) < ( 3

< g A G T o117 +32> —: ®(A(E, F)).
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Observe that ® decreases and lim;_,, ®(¢) = 0. n

We remark that this result still holds in the sphere; since any spherical circle domain
is quasisymmetric to a bounded planar circle domain. That is, for any E and F with
sufficiently large relative distance, there are at most two complementary disks such that the
transboundary modulus of curves avoiding those disks and connecting F and F is less than
a function of their relative distance which goes to 0 as the relative distance goes to infinity.
In fact, Bonk! proved this for finitely connected circle domains in the sphere; the proof just
presented mimics his proof.

The final geometric fact about circle domains which we’ll need concerns their linear local

connectivity.
Proposition 4.1.3. Circle domains are linearly locally connected with A\ = 1.

Proof. Let Q be a circle domain and x € Q and r > 0. It suffices to show B(z,r) N Q and
Q\ B(x,r) are connected. Notice that if R?\ () contains a continuum, E, then that continuum
must be contained in a single disk, because the disks are disjoint and closed. If B(z, )N is
disconnected, then there is a continuum, E, in B(z, )\ Q disconnecting it. Since F must be
contained in a single disk, it means that a single disk is disconnecting B(z,r) N Q. In other
words, there is a closed disk, D, such that B(x,r)\ D is disconnected. This cannot happen.
A similar argument will show Q \ B(x,r) can’t be disconnected because a single disk would

have to disconnect it. O

4.2 Quasisymmetric and quasiconformal equivalence

The following definition takes inspiration from the duality of modulus (Proposition 2.3.9).

Definition 4.2.1 (°). Let (X,d, p) be a metric measure space with p locally finite. Suppose
X 1s homeomorphic to a domain in Candr>1. We say X is k-reciprocal in case for all

Q C X homeomorphic to [0, 1) with Ay, Ar, A, Ar C Q corresponding to {0} x [0,1], {1} x
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[0,1],]0,1] x {0},[0,1] x {1} respectively, we have

< mod(T'(Az, Ag; Q)) mod (T'(Ap, Ar; Q)) < k.

RN

Moreover, we require that for all x € X and R > 0 with X \ B(x, R) # 0 we have

lim mod (I'( B[z, r], X \ B(z, R); X)) = 0.

r—0

We say X is reciprocal in case it is k-reciprocal for some k.

The plane is reciprocal with £ = 1. Reciprocality is a (geometrically) quasiconformal
invariant. Its use below in quasiconformal uniformization of metric spaces homeomorphic to

R? gives a complete characterization.

Theorem 4.2.2 (Rajala®). Let (X,d) be a metric space with H? locally finite. Suppose
furthermore that X is homeomorphic to R?. Then X is (geometrically) quasiconformal to a

domain in R? if and only if X is reciprocal.

Theorem 4.2.3 (Rajala®). Let (X,d) be a metric space with H* locally finite. Suppose
furthermore that X is homeomorphic to R%. If X is upper Ahlfors 2-reqular, then X is

reciprocal.

This characterization was later generalized to include spaces not necessarily homeomor-
phic to the plane. We say X is locally reciprocal in case for every x € X, there is a neighbor-
hood of x which is reciprocal. If X is homeomorphic to a domain in @, by Theorem 4.2.2,
this is equivalent to stating every point has some neighborhood which is quasiconformal to

a disk.

Theorem 4.2.4 (Tkonen®). Let (X,d) be a metric space with H?* locally finite. Suppose
furthermore that X is homeomorphic to a domain in C. If X 1s locally reciprocal, then X is

(geometrically) T -quasiconformal to a Riemannian surface.

We are also going to need quasisymmetric maps to be geometrically quasiconformal.
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Lemma 4.2.5 (Tkonen® (Lemma 6.5)). Let (X,d) be a metric space with H? locally finite.
Suppose X is locally reciprocal and homeomorphic to a domain in C. If f . D —Vis
n-quasisymmetric, for some V. C X, then f is (geometrically) K -quasiconformal with K

depending only on 7.

Lemma 4.2.6. Let (X, d) be a metric space with H? locally finite. Suppose X is locally re-
ciprocal and €2 C C is a domain. If f : Q — X is n-quasisymmetric, then f is (geometrically)

K-quasiconformal with K depending only on .

Proof. Use the fact that X is locally reciprocal and Theorem 4.2.4 to say that X is m/2-
quasiconformal to a Riemannian surface. Koebe (%2, Theorem 11C) proved that any Rie-
mannian surface homeomorphic to a domain in C is conformal to a domain in C. Thus
we obtain a 7/2-quasiconformal homeomorphism ¢ : X — ' for some domain Q' C C.
Thus go f :  — Q' is a homeomorphism. By Lemma 4.2.5, f is locally geometri-
cally K’-quasiconformal where K’ depends only on 7. So g o f is locally geometrically
K'm /2-quasiconformal. It is well known for homeomorphisms between domains in C that
local geometric quasiconformality is equivalent to global geometric quasiconformality (see
Ahlfors®!, for example). Hence g o f is geometrically K’z /2-quasiconformal. Since g~! is

geometrically 7/2-quasiconformal, we get that f is geometrically K’r?/4-quasiconformal.

Let K := K'7? /4. O

The final lemma we’ll need is for quasiconformal maps to extend to the quotient spaces,
so that transboundary modulus can be preserved. A sufficient condition comes from linear
local connectivity. We say a metric space is LLC-1 if it satisfies property (i) of linear local
connectivity (see Definition 1.4.3). Notice that LLC-1 is a quasisymmetric invariant (see

Proposition 2.1.7).

Lemma 4.2.7 (Merenkov-Wildrick?). Let (X, d) be a metric space with X compact. Suppose
there is a homeomorphism f : X — Q where  C C is a domain. If X is LLC-1, then f

extends to a homeomorphism f: Xg,x — Qoya-

Any homeomorphism will extend to the end compactifications of X and 2. What
Merenkov and Wildrick? showed was that if X is LLC-1, then 9,X can be identified with the
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ends of X homeomorphically. They also showed that for any domain 2 C C, 9,9 is homeo-
morphic to the ends compactification of 2. Thus, f extending to the end compactifications
implies f gives rise to a bijection, fy : 9o X — 0o(2, satisfying (z,) converges to a point in

K; € 0pX if and only if (f(x,)) converges to a point in fo(K;) € 9pf2.

4.3 Proof of main result

In this section we prove Theorem 4.3.2, which is the main result of this work.

The 2-transboundary Loewner property will enable upgrading a quasiconformal map to
a quasisymmetric one. The following argument is of standard type for such results. In
particular, it’s similar to an argument by Bonk!; though it’s adapted for a more general

context.

Lemma 4.3.1. Let (X,d, ) be a metric measure space with p locally finite. Suppose X
is metric doubling, X is compact, and 0yX is countable. Suppose there is a geometrically
Q-quasiconformal map f : X — Q where Q0 C C is a circle domain, which extends as
a homeomorphism f : Xo,x — Qaga. If X is 2-transboundary Loewner with decreasing
function U, then f is n-quasisymmetric where n depends only on @, V, diam(X), and the

doubling constant.

Proof. Since X is compact, diam(X) < oo. There exists ag, as € X such that d(ag, @) >
3diam(X)/4. Notice then that B(ag,diam(X)/4) N B(aw,diam(X)/4) = 0. Since X
is homeomorphic to a domain in C, X must be connected. Hence B(ag,diam(X)/4) U
B(ao,diam(X)/4) # X. Let a; € X \ (B(ag,diam(X)/4) U B(as,diam(X)/4)). Let
d = min(diam(X)/4,1). Notice that d(ag,a;),d(a1,as),d(ag,ax) > 0. Compose f with
a Mobius transformation so that f(ag) = 0, f(a1) = 1, and f(aw) = oo. Since Mobius
transformations are conformal, the composition is still ()-quasiconformal.

We first want to show that this map is weakly quasisymmetric. Suppose, by way of
contradiction, that f fails to be weakly quasisymmetric. Then for all H > 0 there exists

pairwise distinct a,b,¢ € X such that d(a,b) < d(b,c) and |a' — V| > H|V — /| where
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a = f(a),b = f(b),d = f(c). V', € B(V/,1.5])/ — |). Since 2 is linearly locally connected
with A = 1 (Proposition 4.1.3), we have that there exists a continua £’ C ) connecting b’
and ¢ such that

diam(E") < 3|t — ¢/|.

Since 0 < 1 we have B(0,0/2), B(1,0/2), B(co,§/2) are pairwise disjoint: " must fail to
be in two of them. Moreover, B(ag,d/2), B(ai,d/2), B(ax,d/2) are pairwise disjoint, so a
must fail to be in two of them. Thus there exists a u’ € {0,1, 00} such that |u' — V| > §/2
and d(a,,a) > 6/2.

Since |a’ — V| < 2, we have

J 1
Z—L]a' — b/| S 5(5 S ]u' — b/|
Sou' ¢ B(b',0/4]|a’ — V). Also, since § < 1, a’ ¢ B(V,d/4|a’ —b'|). We can use linear local

connectivity (Proposition 4.1.3) to say there is an F’ C €2 connecting v’ and a’ such that
/ / 5 !/ /

If H> 24/) then we have

J
Z|a’ — | >6p — .
So we have E' C B(V, 3|t/ —|) C B(b',0/4]|a’ —V|), and hence

) o H§
' = b =3|t = | >=]d =V|—<ld =V| > <

E' F') >

v — .

>

Since we have min(diam(E’), diam(F")) < 3|V’ — /|, we can say

9

A(E', F') >
24

H.

Now let £ = f~YE') and F = f~}(F’). Notice E and F are disjoint continua and
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b,ce F, a,a, € F. Observe that

: 0 _ ddiam(FE)

> ) > = -

diam(F) > d(a, ay) > 2 Z 5 diam(X)
Since 0 < diam(X), we have 2diam(X)/§ > 1. Thus

2diam(X)

d(E, F) < d(a,b) < d(b,c) < diam(E) < =

min(diam(E), diam(F)).

Thus
2diam(X)

A(E,F) £ —

Take H large enough to apply Lemma 4.1.2 in Q. Letting K’ and ® be as in the lemma,
we obtain J' C K’ with #(J’) < 2, such that

modg,o(T(E', F;Q\ J')) = mod (D(E', F';C\ J')) < ®(A(E', F')) < ®(H(5/24)).

Since f : Xgx — Qaq is a homeomorphism, we can define J as the set of connected
components of J := Wg()l)((f’l(ﬂaog(J’ﬂﬁ))). Notice #(J) < 2. Since X is 2-transboundary

Loewner, say with decreasing function ¥, we can say
mod g, x (T(E, F; X \ J)) > U(A(E, F)) > ¥(2diam(X)/9).
Now use Lemma 3.1.3 to say
mod g, x (I'(E, F; X \ J)) < Q mod po(D(E, F';Q\ J')),

and thus, for all sufficiently large H,

0 <u(2m0) g1,

The above inequality must fail for sufficiently large H because lim;_,,, ®(¢) = 0; hence, we

102



have a contradiction and f must be weakly quasisymmetric. In fact, since the constant from
Proposition 4.1.2 and the function ® are entirely independent of X, 2, and f, we can say H
depends only on @, ¥, and diam(X).

Notice any subset of C is doubling. Since X is doubling, we can apply Lemma 2.1.14. We

have that f must be n-quasisymmetric where n depends on H and the doubling constant. [J

We will now use Ikonen® to obtain a quasiconformal map through local reciprocality. We

will also need to assume LLC-1 to extend the map to the quotient spaces.

Theorem 4.3.2. Suppose (X,d) is a metric space with H? locally finite. Let X be compact
and 0y X countable. Suppose X is (metric) doubling, LLC-1, homeomorphic to a domain in
C, and locally reciprocal. If X is 2-transboundary Loewner with decreasing function W, then
X is n-quasisymmetric to a circle domain in @, where n depends only on ¥, diam(X), and

the doubling constant.

Proof. Use the fact that X is locally reciprocal and Theorem 4.2.4 to say that X is m/2-
quasiconformal to a Riemannian surface. Koebe (%2, Theorem 11C) proved that any Rie-
mannian surface homeomorphic to a domain in C is conformal to a domain in C. Since X is
LLC-1 and X is compact, by Lemma 4.2.7, this domain must have countably many boundary
components. Thus we use Theorem 1.2.5 to say it is conformal to a circle domain. Thus we
obtain a (geometrically) 7 /2-quasiconformal map f : X — Q where Q C C is a countably
connected circle domain. Moreover, by use of Lemma 4.2.7, we can say f extends to be a
homeomorphism f : Xg,x — Qs,0. By Lemma 4.3.1, we have that f is n-quasisymmetric

with 1 depending only on ¥, diam(X), and the doubling constant. O

Uniformization results for metric surfaces with finitely many boundary components given
by Rajala-Rasimus?® and Merenkov-Wildrick? have n depend on the number of boundary
components; it’s worth pointing out that this result has no such dependency. However,
there is a hidden dependency on the relative distance between boundary components, which
is revealed in the following necessary conditions for a metric space to be 2-transboundary

Loewner.
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Corollary 4.3.3. Suppose (X, d) is a metric space with H? locally finite. Let X be compact
and 0y X countable. Suppose X is metric doubling, LLC-1, homeomorphic to a domain in (@,
and locally reciprocal. If X is 2-transboundary Loewner, then X is N-transboundary Loewner

for all N and 0y X consists of uniformly relatively separated uniform quasicircles or points.

Proof. By Theorem 4.3.2, we have a quasisymmetric and geometrically quasiconformal map
to a circle domain in C. This will imply that dy X consists of uniform quasicircles or points.
Moreover, by Proposition 3.4.2, we have that the circle domain is 2-transboundary Loewner.
Use Example 3.4.7 to say the circle domain is N-transboundary Loewner for all N and that
its bounding circles are uniformly relatively separated. Use Proposition 3.4.2 and Corollary
2.1.10 to deduce X is N-transboundary Loewner for all N and 0yX is uniformly relatively

separated. O

Thus, in this context, 2-transboundary Loewner is equivalent to being N-transboundary
Loewner for all N. So if 9yX is finite, we have X is 2-transboundary Loewner if and only
if it is Loewner, although the function making X Loewner will depend on the number of
boundary components. This also reduces greatly in the case of domains in the sphere, so

that we can say the following.

Corollary 4.3.4. Let ) C C be a countably connected domain. Then Q) is 2-transboundary
Loewner if and only if its complementary components are uniformly relatively separated uni-

form quasidisks or points.

Proof. Every domain in C will have H2 locally finite, Q compact, be metric doubling, and
locally reciprocal. Also, looking at the discussion following Lemma 4.2.7, we can always
extend homeomorphisms between spherical domains to a homeomorphism between the quo-
tient spaces, so we don’t need LLC-1. If Q is 2-transboundary Loewner, by Corollary 4.3.3,
we have that the complementary components are uniformly relatively separated uniform

quasidisks or points. The converse is given by Proposition 3.4.4. O]

Merenkov and Wildrick? showed that the boundary components of a metric space being

uniformly relatively separated uniform quasicircles is insufficient to conclude quasisymmetric
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equivalence to a circle domain (see Example 3.2.3); despite the fact, which Bonk! showed,
that it is sufficient for domains in C. However, the counterexample they gave fails to be
transboundary Loewner, and hence it fails to be 2-transboundary Loewner. Thus, the above
result shows that the 2-transboundary Loewner property is, in some sense, an appropriate

perspective for generalizing Bonk’s sufficient condition to metric spaces.

Corollary 4.3.5. Suppose (X, d) is a metric space homeomorphic to a domain in C with H?
locally finite and 0y X countable. Suppose X 1is locally reciprocal. Then X is quasisymmetric

to a circle domain with uniformly relatively separated bounding circles if and only if

e X is compact,

X is (metric) doubling,

X is LLC-1, and

X is 2-transboundary Loewner.

Proof. Use Theorem 4.3.2 and Corollary 4.3.3 to conclude that any X satisfying the assump-
tions is quasisymmetric to a circle domain with uniformly relatively separated boundary. For
the other direction, notice that uniformly relatively separated circle domains in C have all of
the properties listed (see Example 3.4.7). Use Lemma 4.2.6 to say the quasisymmetry is also
geometrically quasiconformal. All of the listed properties are invariant under maps which are
quasisymmetric and geometrically quasiconformal (see Corollary 2.1.5, Proposition 2.1.12,

Proposition 2.1.7, and Proposition 3.4.2). ]
The statement here simplifies if we additionally assume Ahlfors regularity.

Corollary 4.3.6. Suppose (X, d) is a metric space homeomorphic to a domain in C with 0o X
countable. Suppose X 1is Ahlfors 2-reqular. Then X is quasisymmetric to a circle domain

with uniformly relatively separated bounding circles if and only if
e X is compact,
e X is LLC-1, and
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o X is 2-transboundary Loewner.

Proof. Observe that Ahlfors regularity gives H? locally finite. It also gives metric doubling,
since it gives the existence of a doubling measure on X. Use Theorem 4.2.3 combined with
the fact that X is homeomorphic to a domain to conclude that every point in X has a

neighborhood which is reciprocal. Then apply Corollary 4.3.5 to reach the conclusion. [l

4.4 Examples and applications

In this section, we establish a class of examples, which we show are 2-transboundary Loewner,
that hitherto were not known to be quasisymmetric to circle domains.

For each n € N | let
D,={[27" 6@+ 127" x[j27",(+1)27" :4,j eN0<4,j <2"—1}

that is, the collection of all dyadic squares of generation n. Let D = U,enD,,. For Q) € D,
let ¢(Q) denote the center of Q. Let L = (¢,),en be a sequence of real numbers satisfying

0</¢,<2" 1 Foreachn € Nand Q € D,, let

Co(L) = ({0} X {— %%} U {— %‘%} X {0}) +¢(Q),

and

Cn(L) = {CQ(L) | Q € Dn}'

Thus C,(L) is a collection of 4™ disjoint “plus” signs with width and height ¢,,, centered
at the center of dyadic squares of generation n. In fact, A(Cqy(L),Cq (L)) > 1/2 for all
Q,Q" € D. Now, for each k € N, define the metric space

Te(L) = (0,1)*\ (Uk_y Ugep, Cq(L)),

equipped Ty (L) with its path metric. Notice that 0yTy(L) consists of uniformly relatively
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separated uniform quasicircles. There is a natural projection map m, : Tp(L) — [0,1]?
satisfying mi(x) = x for all € Ty(L), and defined on 07T} (L) so that the projection is
continuous. Notice that 7|7,z is conformal, so the transboundary modulus of any family
of curves with the path metric will be the same as with the Euclidean metric (Proposition
3.1.3). Also observe that 7 is 1-Lipschitz. We wish to show that T}, is 2-transboundary
Loewner. We proceed with this goal in mind.

Transboundary Modulus of Dyadic Squares in Ty

Let K, = UF_,C(L). Let A = {0} x [0,1], Ap = {1} x [0,1], Ag = [0,1] x {0}, and
Ar =[0,1] x {1}. Use duality (Proposition 3.1.8) to say

mOd]Ck(F(AL,AR,Tk(L>)) mod ,Ck(F(AB,AT,Tk(L))) =1.

However, symmetry will mean that they must be equal. That is, reflecting along the diag-

onal maps T}, to itself and sends I'(Ar, Ar;T(L)) to I'(Ap, Ar; Ti(L)). Since this map is

conformal, we conclude their transboundary modulus must be the same, which implies

HlOd]Ck(F<AL,AR,Tk(L))) = mod;ck(F(AB,AT,Tk(L))) =1.

Let Qr,Qr,Qp,Qr denote the left, right, bottom, and top sides respectively of any

Q € D. Let Q° denote the interior of (). Since () is symmetric in its interior, we can
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map curves connecting the vertical sides to curves connecting the horizontal sides through

reflection and use duality to say

mod ., (T(Qr, Qr; ™, (Q°))) = mod, (I'(Qp, Qr; ™, (Q°))) = 1.

Chains of Dyadic Squares

We are going to use geometric objects we're calling chains to give estimates on trans-
boundary modulus. Fix n € N and 2 < j < 4™ An (n,j)-chain is an ordered tuple of
pairwise distinct dyadic squares, (Q1, @2, ..., Q;), where Q; € D,, for all 1 <i < j, satisfying
Q; and @y intersect at more than one point if and only if |i —i'| < 1. Thus for every square
in the chain there are exactly two other squares which share a side with it, excepting ) and

Q;, which share a side with exactly one other square. For any k € N, let

V=" ( v, Qj).

Let Vo C V correspond the side of (); opposite Q1 N Q2. Let V; C V, correspond to the side
of @); opposite @;_1 N Q;. Notice that there is a homeomorphism mapping UleQj to [0, 1)?
which sends 7 (Vp) and 7 (V) to the left and right sides. Let V,V_ C V correspond to the
other two sides. We would like to estimate mod, (I'(Vy, V_; V).
Constructing a Symmetric Transboundary Mass Distribution for Dyadic Squares
To do so, pick any € > 0, and let Q = [0,27"]%. Let P = (p; {pg'}) Axc,.T'(Qr, Qr; 7, (Q°))
be such that Ag, (P) <1+ ; Let r1 : Q° — Q° be reflection across the horizontal line going

through ¢(@). Define

1
pr=glptpom)

on the interior of @ \ K and

1
PLG = 5(:0@' + (@)

for @ C Q and Co/(L) € Ky. Let Pi = (pi;{p1,¢'}). We claim Py A, T(Qr, Qr; m, 1 (Q°))-
Indeed, by conformality of reflection, we have P(r1) := (p(r1); {pr @) D . D(Qr, Qr; 71 1 (Q°)),
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and thus for all v € T'(Qr, Qr; WEI(QO))a

1 1
lp () = §(£\Kp ds+ Y pQ/) +§(/V\Kp(7“1) ds+ > pmm) > 1.

CQ/(L)m’y;é@ CQ/ (L)Ny#0

By conformality of reflection, we have A, (P(r1)) = Ax,(P). Thus, using the fact that

L(a+b)* < a4+ b?, we have

1 1 1
A;ck<P1>:§</Q Slotpor) dii+ ) §(pQ’+fOT1(Q'))2)

\K 2 Cor(L)CQ
g%(/ P (por ) dHi+ Y pQ’+pr1Q’)>
Q\K Cor(L)CQ
- %(A,Ck(P) + Ak, (P(11)))
= Ag, (P).

Thus, in the interior of (), we can replace P with P, which is symmetric across the horizontal
line going through ¢(@). A similar argument will show that, in the interior of @), we can
replace P, with a distribution P, which is symmetric across the vertical line going through
¢(Q), and thus will be symmetric both horizontally and vertically.

Estimate on the Transboundary Modulus of a Chain

Now we want to construct a transboundary mass distribution, P’, to estimate mod
i, (C(V, V_; V). For each @; in the chain, divide it into two closed right triangles, U}, UZ,
sharing a hypotenuse along a diagonal of );. Ensure that, with the exception of (), and @),
each triangle shares a side with a neighboring square in the chain. Notice, then, that each
U™ has exactly one side contained in V. UV_, and that the union of these sides is V; UV_.
Let U be the closed right triangle with vertices (0,0), (0,27"), and (27™,0). All of these
triangles are congruent to each other; in particular, we can obtain an isometry 7" : U/" — U
which sends (Vi UV_) N U™ to the left side of U. Define P’ in the interior of any triangle
U™ to be Py or. On the boundary of U/, define p' to be co. If C¢/(L) intersects V' at

more than one point and is not contained in @); for some 4, define pf, = 1.
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To show P’ A, I'(V4, V_; V), pick v € T'(V4, V_; V). If v intersects some Cg/ (L) € K
intersecting V' at more than one point with @’ € D,,,, m < n, then {p/(~y) > pg = 1. Suppose
that v doesn’t intersect any such boundary components. If v satisfies its intersection with
the boundary of some U™ has positive length, then ¢p/(7) = oo > 1. Suppose then, that all
the length of 7 is to be found in the interiors of the triangles U/". Consider its image in U
via r"*; that is, let

v = L]_Jnl(v nU;)u OT?(V nU7).
i=1 i=1
v\ K will consist of countably many curves connecting the boundary of U to itself, to K,
or connecting K to itself. For each of the subcurves, there is a suitable reflection so that
the curve obtained from applying all these reflections connects the left and right sides of

Qo :=[0,27"]%. Indeed, each such subcurve, ~}, of 7" will have an associated 7, subcurve of

v, which is contained in some U;". Since r[" is an isometry, we obtain, for all ¢,

d(0(t), Vi UVZ) = d(7(1), Q5 U Q).

where () = r™(70(t)). Moreover, if necessary, we can reflect 7} over x = 27"~ to obtain
v, satisfying
d(y(t), V=) = d(75(t), Q)

and

d(’YO(t)v V+) = d(Vél(t)ﬂ Q(I)%)a

for all . Additionally consider 7}, another such subcurve of 4" with corresponding subcurve
v of 7. Take v : J — Vi, to not be constant on any non-trivial interval, where J is an
interval. We obtain disjoint subintervals Jy, J; C J with v : Jo — Vi, and v; : J1 — V.
Suppose Jy U J; is connected, and that inf(Jy) < inf(J;). If 4 ends in the boundary of
U (7v(sup(Jp)) € OU), then vy and ; must share an endpoint, and this endpoint has two
corresponding points in 7 and 7} which must fall on the same vertical line since they share

the same distance to QF and Qf. If 7 and v/ don’t share an endpoint, then reflect v} over
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Figure 4.3: Transboundary paths connecting V. and V_ in a chain, their reflection into U
(middle), and the adjustment to a horizontal path (right)

y = 27""! and call this curve 7;”. 7{" and 7} must share an endpoint now, as the symmetry of

the U™ means that any point falling in two of the triangles, when mapped into two points in
U, must have some vertical or horizontal reflection making those two points the same. Now
if 4{, ends in K, then that means 7, and v; have an endpoint in the same Cg(L). Once again,
if 7( and ~{ don’t have corresponding endpoints in the corresponding boundary component,
then reflect 7} vertically to obtain +{". ~( will end at the same boundary component ~;"
begins in, because of the symmetry. In this way we obtain a transboundary curve ~".
Notice also that d(7"(t), Q%) = d(vy(t),V_) and d(v"(t), QF) = d(~(t),V,) for all t. Thus
~" connects the left and right sides of ()y. Since P, in invariant under horizontal and vertical
reflections, and since each 77" is conformal we can say (p/(y) = {p,(v") > 1.

If we use this transboundary mass distribution to estimate the transboundary modulus.
Notice that the boundary of U™ has 0 area, so the integral of p’ = oo over that set is 0.
Recall also that if Cp/(L) intersected V' at one point, and @’ isn’t contained in any @);, then
we defined p’Q, = 1: however, since £; < 277~ for all 7/, we can say each @, intersects at most
one such C’é(L). Since P, is symmetric vertically and horizontally, we can say its integral

over U is exactly half its integral over (). Thus,

mod, (P(V4, V_; V) < Ak, (P')

J
=> / Phdpc, + Y py
i=1 Y (@)k,

CQ/ (L)gv
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SZ(1+e/j)+ Yoo

Cor L)LV

=J+e)+j=2+e¢
Since this holds for all €, we can say
mody, (I'(Vy, V_; V) < 25.

Claim: Ty (L) is transboundary Loewner.

Now we will show that Ty (L) is transboundary Loewner. Pick any disjoint, non-degenerate
continua E, F' C Tj(L) with diam(F) < diam(F). Fix 27'%diam(F) > ¢ > 0 Let v be a
curve connecting F and F in Ty (L) with ¢(y) < d(E, F') + €; such a path exists because Ty
is equipped with the path metric. Without loss of generality, suppose that v intersects F
and F exactly once, and that e € yN E and f € v N F with d(e, f) = d(E, F).

Constructing the Chain Near E and F

For the moment, consider £ C mg(7}) recalling that m is 1-Lipschitz. Notice that
E N Ble,diam(FE) /2] must connect e to T}, \ B(e,diam(FE)/2); say ¢ € 0B(e,diam(FE)/2) is
in the same connected component of £ N Ble,diam(F)/2] as e. Let n be the largest integer
satisfying 27" > diam(E)/8; this will imply 27" < diam(F)/4. Notice that

, , diam(F) diam(FE) 1
max(|m(e) — m(e')], [ma(e) — ma(e')]) = N T

Hence, there is some dyadic interval J := [j'27", (j' + 1)27"] satisfying £ N Ble, diam(E) /2]
connects the left and right sides of m;*(J) or the top and bottom sides of 7, *(J). Thus
there is a horizontal or vertical (n,jg)-chain, whose interior doesn’t contain e nor €', with
E N Ble,diam(F)/2] connecting its longer sides, and jg < 8. Call the union of the squares
in the chain V. A similar analysis on B[f,diam(E)/2| gives the existence of a vertical or
horizontal (n, jr)-chain with F' N B[f, diam(£)/2] connecting its longer sides, and jp < 8.

Call the the region the chain spans V.
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Figure 4.4: A chain connecting continua (in red) around a path connecting them (in blue)

Case 1: E and F are Relatively Close
Suppose A(E, F) < 2. If VENVE £ (), then it contains a chain, V', satisfying T'(Vy, Vi; V) <

I'(E, F;Tr(L)). We use the overflowing property and duality to say

— 1 1
mody, (I'E, F;T(L))) > modg, (I'(Vo, Vi; V) = mode (Vo VoiV)) > 3
k ) -

If VENVE =, then we can form a chain V containing both of them. Indeed, using at
most 14 squares (7 perpendicular to V¥ and 7 parallel to V), we can extend V¥ past e to
intersect . Similarly, we can extend V¥ to intersect v by adding at most 14 squares. If V*

and V' still don’t intersect, then we can use the fact that
l(v) <d(E,F)+ e <2diam(FE) + ¢,

we can extend V¥ to reach V¥ using at most 32 squares in D,,. Thus we build a chain, V,

containing V¥ and V¥, that has at most 76 links. Thus we can argue, much like before,

RN 1 1
mody, (I'(E, F;T(L))) > modg, (I'(Vo, Vi; V) = mody (C(V,.V :V)) > 52
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Case 2: E and F are Relatively Distant

Now suppose A(FE, F') > 2. As above, we extend V¥ and V¥ to intersect v, and we do so
adding at most 14 squares each. Like above, we want a chain, V, containing V¥ and V¥, as
any such chain will allow us to use the overflowing property to estimate the transboundary
modulus. We will do so by looking at all of the squares in D,, which intersect 7. Any
subcurve, 7/, of v with 27771 < {(¢') < 27 touches at most 4 squares in D,,. We can divide
v into at most 2"T1/(v) such subcurves which are disjoint. Hence, the number of dyadic
squares 7y touches is at most

2" (A(E,F) +e) < (d(E,F)+¢) < 64A(E, F) + 279

diam(E)
Every connected collection of squares in D,, will contain a chain. Combining this with V¥

and VT will yield a chain, V', with at most 64A(E, F) + 45 links. Moreover, since £ and F

connect V. and V_, we can say I'(Vp, V1; V) < T'(E, F; Ti(L)). Use overflowing, duality, and
the estimate on chains to say

. 1 1
mod g, (N(E, 5 14(L))) 2 mod e (F(Vo, VisV)) = Sr e v 7)) = 1388, F) + 90

Thus, T}, is transboundary Loewner with function W(¢) = min(1/152, (128 +90)~1).

Claim: Ty (L) is 1-transboundary Loewner.

We would like to upgrade this statement to 1-transboundary Loewner. If one chooses
the bounding square as the boundary component to avoid, it will likely not intersect the
chain we constructed above. If it does, the transboundary modulus of curves in the chain
avoiding it doesn’t change, so the same estimate as above will work. Pick any Cq(L) € K.
Let E, F be as above. If the chain we constructed, V', avoids Cg(L), then we can use the
same estimate. Suppose Cg(L) intersects V' at more than one point.

Case 1: the side length of Q is at most 27™.

If the side length of @) is at most 27", then Cg(L) is contained in one of the links of

V', say @;. Notice each square in V' can be subdivided into 16 squares from D, 5. For @,
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either the collection of these subsquares which touch V. or the collection of these subsquares
which touch V_ won't touch Cg(L), without loss of generality suppose it is V. Replace V
with all of the squares in D,,; 5 contained in V', which touch V. This will still be a chain
and it will have at most 7 times the links that V' had. Hence, the transboundary modulus
of ['(E, F; T} \ Co(L)) will be bounded below by ¥’ where ¥/ = ¥/7.

Case 2: the side length of Q is greater than 27".

Consider the collection of squares in D,, touching v as well as those in V¥ and V7.
Recall that we built V' from this collection. Since the side length of ) is more than 27",
every square in D,, which intersects Cy(L) at more than a point has a side contained in it,
with at most 8 exceptions: the dyadic squares containing the tips of Cp(L). We will call
those squares the exceptional squares. If there are no exceptional squares in V¥ or V¥, then
both of these will contain a long side not touching Cq(L) at more than a point. Divide each
square into 4 subsquares in D, and replace the square with the two subsquares touching
the side not intersecting Cg(L). Observe that if the short sides intersect Cg(L), then the
transboundary modulus of curves in the chain avoiding Cg(L) doesn’t change. We note that
VE and V¥ can always be chosen to avoid given exceptional squares. For non-exceptional
squares intersecting v, divide them into 4 subsquares and throw out all the ones touching
Co(L). This will still be connected since v doesn’t touch Cg(L). For exceptional squares
intersecting -, look at the dyadic squares in D,, which are opposite C(L) but adjacent to
the exceptional square; such a square exists since £y < 277~ for all i'. Subdivide that into
4 squares, and take the two squares neighboring the exceptional square. Add two squares
on either side to connect them to the chain. This collection of squares will contain a chain,
V, with T'(E, F; T}, \ Co(L)) < T'(Vy, Vi; V). The number of links will, at most, be 16 more
than triple the number of squares we had. Thus for ¥/ = 1/(3/¥ + 32) will bound the
transboundary modulus from below. We get that T} is 1-transboundary Loewner.

Claim: Ty (L) is 2-transboundary Loewner.

Let us now show that Ty is, in fact, 2-transboundary Loewner. If one of the boundary
components chosen to avoid is the bounding square, then the transboundary modulus of

curves in the chain doesn’t change, and one can use the chain obtained from 1-transboundary
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Loewner to avoid the second boundary component chosen. Let E, F' be as above and pick
any Cg(L),Cq (L) € Kj. Consider the collection of squares touching 7 as well as the squares
in VE and V¥, If either Cg(L) or Cg/(L) fail to intersect this collection, then we can use
the same estimate we got from 1-transboundary Loewner, so suppose both of them intersect
it at more than one point.

Case 1: the side length of Q or Q’ is at most 27".

If both Q and Q" have side lengths less than or equal to 27", we can say they are
contained in squares in our collection. If they are contained in the same square, we can
remove that square from our chain and add at most 4 more to reconnect the chain avoiding
that square. If they are in different squares, we can do that twice and add at most 8 squares
to our collection. Thus, we can bound mody, (I'(E, F; T}, \ (Cq(L) U Co(L)))) from below
by ¥ =1/(1/¥ + 16).

If only one of them has side length at most 27", then (much like we did with 1-
transboundary Loewner), chop each square into 16 subsquares from D, .o; take the ones
touching the side of the chain which avoid the small boundary component. Then our col-
lection of squares is increased by at most 7-fold and only intersects at most one boundary
component that ought to be avoided: use the construction from 1-transboundary Loewner
to avoid that component. We conclude a lower bound with V" = 1/(7/¥ + 16).

Case 2: the side length of both Q and Q’ are greater than 27".

The final case to consider is when both @ and @’ have side lengths greater than 27". This
argument is very similar to the 1-transboundary Loewner case applied twice. By cutting the
non-exceptional squares into fourths, one can avoid one of the boundary components, and
by cutting into fourths again, we can avoid the other one. This works because v avoids both
Co(L) and Cg(L). This will increase the number of squares by at most a factor of 9. Also,
this time, we can have up to 16 exceptional squares. We deal with them the same by moving
to an adjacent square and adding two more; though this time we remark that it is important
that the interior of the square adjacent to a square exceptional for Cg(L) won’t intersect
Co/(L), so that the smaller squares still avoid both. This is only true because ¢;; < 2-"=1 for

all 7/; in particular, because the boundary components are uniformly relatively separated. In
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conclusion, we triple and add 16, then triple again and add 16, and conclude a lower bound
with U = 1/(9/W¥ +128). We conclude that T}, is 2-transboundary Loewner with " entirely
independent of k. The spaces T}, are uniformly 2-transboundary Loewner.

Apply the main result to examples built from Ty (L).

We claim that diam(7}) < 4 for all k. Indeed, any point in T} can be connected to the
outer square via a piecewise linear path, consisting of line segments parallel to the sides
of the square, with m; injective outside the vertical segments and 7 injective outside the
horizontal segments. For a point, p, with m(p) = (x,y) such a path can be constructed to
have length less than or equal to min(z,1 — z) + min(y,1 — y) < 1. Since any two points
on the outer square can be connected by a curve of length 2, we get that for any p,q € Ty,

d(p,q) < 4.
Let k > k'. Define 7 : Ti(L) — Tir (L) be defined as my v (2) = z for z € Ti(L), and

defined on 9T}, to be continuous. This is a natural projection which will allow us to define

an inverse limit of (Tk(L), kak/). That is

T(L) :=={(po:p1,---) | Pk € Te(L), g1 = Try1,1 (k) }-

Since 7y 4 is 1-Lipschitz, the sequence (dr, (pk, gx)) is monotonic. Since it is bounded above
by 4, we can say that it converges; hence, we can define a metric on 7 (L) as the limit of the

metrics of Ty (L).
Example 4.4.1. T(L) is quasisymmetric to a round carpet in C provided that £, < 271,

Proof. We use Theorem 4.3.2 to say that T} is n-quasisymmetric to a circle domain in
C. However, for all k, T} has the same doubling constant and upper bound on diameter.
Also, each T}, is 2-transboundary Loewner with the same function W. Therefore, the T}, are
all quasisymmetric to circle domains with the same 7. Keith and Laakso proved (Lemma
2.4.7%3) that with suitable normalizations, these uniformly quasisymmetric maps will have
a subsequence converge to a quasisymmetry f : 7(L) — C where C C C. The boundary

components of C will all be circles. Moreover, these circles will bound disjoint regions,
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Figure 4.5: T(%, }l, %, 1—16, >

they will be dense in C, and their diameters will go to 0. By Whyburn’s Theorem**, C is

homeomorphic to the Sierpinski carpet. Thus it is a round carpet. O

We note here that the previous example can be shown through the following alternative
method. First one can use a result of Keith-Laakso*? to say that the conformal dimension
of T(L) is less than 2. Then one can use a result of Haissinsky“® to show that it can be
quasisymmetrically embedded in C. Then one can use a result of Bonk! (Theorem 1.5.3) to
say it is quasisymmetric to a round carpet. However, the following example is inaccessible
by this method.

Define the set

7(0) = () (1LY L 0.2 P U0 0.7 ).
k=0
In other words, for each k, scale T(L) down to a square of side length 27%, and place it in
the lowest, leftmost dyadic square. Then fill in the open bottom left quarter of that square,
and repeat for k + 1. Equip T'(L) with its path metric, and notice that it is homeomorphic

to a domain in the plane.
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Example 4.4.2. T(L) is 2-transboundary Loewner as long as £, < 27""L.

Proof. Pick any disjoint continua E, F' C T(L) and Cq(L), Cg/(L). In the same way as Ty,
we can construct a chain connecting them which avoids Cg(L) and C¢ (L) with number of
links comparable to the relative distance. Symmetry and duality give that the transboundary
modulus of curves connecting opposite sides of a dyadic square is 1, and thus the chain will
have transboundary modulus of curves connecting opposite sides bounded above by twice
the number of links. In the same way as the T}, we use the overflowing property to get a
lower bound on the modulus.

]

This means that T'(L) is quasisymmetric to a circle domain, by Corollary 4.3.6. If
>, (2"4,)* = oo, then this is an example where Theorem 1.5.6 doesn’t apply. In fact,
one can use Theorem 1.2.5 to say that it is conformal to a circle domain. Lemma 4.3.1 will

imply that this conformal map is quasisymmetric.
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monotonicity of modulus, 33

monotonicity of transboundary modulus,

52
non-degenerate, 10

overflowing property of modulus, 33
overflowing property of transboundary

modulus, 53

path integral, 31

polar rectangle, 37

quasicircle, 77
quasiconformal, 7, 44, 46
quasidisk, 77

quasiround sets, 68

127

quasisymmetric, 7

reciprocal, 97
rectifiable, 31
relative distance, 9

Riemann Mapping Theorem, 4
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snowflaking, 29

subadditivity of modulus, 33

subadditivity of transboundary modulus,
53

subcurve, 30

transboundary curve, 50
transboundary Loewner, 63
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