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INTRODUCTION

The exact analysis of gridworks by the mathematical theory of
elasticity is rather complicated and impractical in comparison with
the practical methods of analysis for the other parts of the whole
bullding structure., A slab-beam-column structure can be analyzed
by an engineer who has only an undergraduate background, but a grid-
floor structure, although it may be only a small part of the whole
structure, will usually take a lot of time for analysis or may even
puzzle him, Therefore, engineers have been forced to devise approxi-
nzte neans of solution feor these problenms,

Since orthogonal gridworks loaded normally to their planes
are popular in practice in bridge and floor structures, especially
in long span and heavy service locading structures, the method pre-
sented in this report is aimed at this type of siructurn where the
grid members in each direction are of constant size and spacing,
and are fixed at their end points. The behavior of the structures
discussed in this roport is limited to the elastic range,

This method 1 based on the physical behavior of the strueture,
Deflection is indv 'ed as the structure is loaded, The applied load
at each joint can be replaced by two unknown components acting
separately upon the orthogonal beams at that joint. The equations
for the joint dellections of all transverse and longitudinal beams
caused by the unknown components of load will be derived, Since
deflections derived for both fransverse and longitudinal beams

intersecting at each joint should be compatible, we obtain a series



of simultageous equations in terms of unknown componénts: say
equation set A, From equilibrium we can also get another series
of equations by summing up the unknown components'which mist be
equal to the applied load at each joint; say equation set B,
Therefore, we have two unknpwns and two equafions at each joint
and the unknown components can then be found, By applying the
appropriate compunents to individual beams, we find the moments
and doflections at the joints in all of the beams,

The torsional moments may cause the most significant stresses
in the beams, therefore they should be taken into account in the
solution of grid type problems, The method presented in this
report is to use the slopes of the beams at the joints as the twist
angle for the orthogonal beam at the joint., From the torsional
moment eguations, T=G'J®6, where 6 is the angle of twist per unit
length of the beam, we can obtain the torsional moment,

Since the'deflection will be affected by the ltorsional moment,
we then use these torsional moments to modify the original deflection
equations at all of the joints to find a modified equation set A,
With the previous equation set B and the new-equation set A'we
.obtain a new set of torsional moments, Continuing this procedure
until the torslonal moments from the last two iterations approach
each other to the desired ﬁccuracy, the final resuit is taken to

be the solution for the problem,



CHAPTER ONE
LITERATURE ﬁEViEw

Beam gridworks afe‘practiéal structures of interest, Many‘ﬁébers
previocusly written have dealt with the solution of statiéally indeter-
minate problems which arise in_fhe dgtefmination of the defle¢tions
and interhal fprces which oceur for various exiernal loadings.,

1« L Martiﬁ”and J;'Hermandez (1) expressed the_flexﬁral and
torsional moments in ternms 6: the rotatiénuof the joints in both
directions and of tﬁe.deflecﬁion of the joints., For each Joint there
are three unknounst two‘rotations:and one deflection and three equations
of equilibrium can be established; ' The summ;tion of‘ail moments acting
in each direction on the joint mst Be zero and the summaticn of vertical
forces must also be zéro at the jcint.. Thus, for_each.joint we'can,
derive three eQuatiﬁné and “solve for the three unknowns.

A section of a gridwork, which includes joints A, B, C, b, and E;
is shown in Figure 1-1, The a@uilibriuﬁ ofrjoint B in the difection.of
axié ABC will be studied and all angular déformations in planes parallel
to axis ABC will be referred-to as rotations and all angulaf deformations
ip planes parallel to axis DBE will be referred to as gyrations., All
bars are.aésumed to have uniform section, | ' |

The equilibrium equations are derived as follows:

(A), For the transverse direction: |

After 1oading the joint or joints the ﬁhysical behavior of ihe

Structure will be as shown in Figure 1-2. The siopendeflection equations

are then derived as
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whers Kpyys Kpyg are the torsional sti’fness factor of bars BD, Bij

G, _J, . G, J
]{de,_.,_iﬁ_‘?ﬂ' K a-__,%:_gﬂ' G is the modulus o slastielty in shear,
: bd e '

J for a circular cross section is the polar moment of inertia, for a

rectangular cross section it i1s equal to Bbdj, where b is the width



and d is the depth of the beam, B‘ is a coefficient dependinrs on crosse
sectional rroperties, |
At the same time, a rotation 6D and 6E also induces torsional end

moments T and T pep in bar ED,

BDED D and T in bar BB,
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The final torsional end moments 1BD and IBE are:
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In the case wiere no external moments are arplied at joint &, the
summation of internal moments at joint B must be zero,

MBA"‘MBC"‘TBDFTEE‘?On ® 8 ¢ ¢ » 2 s s @ u.l LI B n‘ LN B O L D B e (A)

(3)s For the longitudinal directions _

Equatién_s similar .to the equations of Section {A) can be established
for Section (B) if the bars which previously resisted the flexural
" bendin; roments are now i_ntnrchalnged with those which resisted the
torsional moments and vien=-versa, Similarly, the rotations arn inter-
chanpge? with the gyrations. ThoraforA, tha'final aquilibriumlﬂnuafinn

ean be sob up as follows:
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#(C)s. The summation of vertical forces must be zero also,

Map+Mpy MpcHiep MpeRips Mpp+HMpp
VeaVectVepVeE* L + L F L * L B0 ¢ s+ 000 (0)
: ab be be bd

Where Vpa, VBcy, VBD and Vpp are the shears, at joint B, of bars AB, BC)

BD and BE and Pg is the vertic#l load applied at B,

In the same way the equations at each joint can be found, We can
then find the rotations and deflections at each joint, and then the
flexural and torsional moments.,

2, W, W, Bwell, S, Okubo and J, I, Abrams (2) have also presented
a technique to find the deflections in gridworks and slabs, The method
employs an auxiliary force system for controlliﬁg the vertical dis-
placements of the joints and a moment and torque distribution process
for the transmission of the displacement effects, |

A part of a gridwork, which includes joints A, B, C, D and E as
shown in Figure 1{-1 will be studied here,

When joint B is displaced a distance AB, fixed-end moments of
2
6EIMB/L,}, are induced at points A, B and C along beam ABC, For equal

spacing of the beams, the moment can be written as 6EIAB/L2, where it

2
is assumed that Lgp=lpo=L. Fixed-end moments of 6EIAB/L, are also
induced at points D, B, and E along the beam DBE., These moments can

be written as %EIAB/Lz, where Lgp=Lpe=KL,
k

The stiffnesses and distribution factors for the beam elements of
“the grid are formed by assuming that an applied moment (M), in the

plane of beam ABC, is applied to the rigidly connected system shown in



Figure 1-3« The téngeht to the slastic curve will then.rotate‘through
an angle B; If tersional fixitylis realiéed at noints D and &, the
beam DD wili-twist through the same angle, e,.at point B.-.Similarly,
a roment épﬁliea in the plane DEE will produce rotation of tho_tangeﬁﬁ
%o the slastic curve in that plane and consequent twist in beanm ABC.

Ip order to resist the gpplied moment, M , bending morants biny
and Mpe will be developed *+w heam ABC, and torsional moments Ty and Tpp

will be introduced in b-am DBE,

. whon the rotation through the angle 0 has taken place,

M.:MLAH.‘*!J':FTL}DLTBE ® & s ® B 9P B F B ® & & ¥ ® B ¢ B 8 g B 8 B 0 8 (1"’9) .
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Fig, 1«1 Section of gridwork

Fig. 1-2 Strueture behsvior

Mg.. 1-3 Bending and twlsting of a rotated

rigid joint



fixed=end moments along beam ABC and along beam DBE will be taken into
account separately,.

Figures 1{=4 and 1-5 show the first distribution and ecarry-over
at joint B, The same procedure will be followed at each joint of the
whole grid structure,

when the distribution process is complete, final bending moment
values at the beam ends are used to determine the reactions in terms
of the displacement, 4B, Figure i1-6 shows an assumed defiection
pattern due to the displacement, AB, at joint B, The notation should
be self evident., For instance, R

AAB
by a displacement, A3, at jelnt B, It should be remembered at this

is the reaction at joint A caused

point that all reactions are expressed as coefficients of AQEI/LZ.
The complete reaction at joiﬁt B, with all intersection noints of

the grid displaced through unknown A values, will bhet

RB=RBRA+RBAB+RBAC+RBAD+RBAE+ P ® P B B 8 & 8 B & & 4§ @+ ® 5 P w (*"12)

Since RALB’ RBAB' RC&B' RDAB’ RE&B +s5se AYe reactions caused by 4B,
they can be derived from the end moments obtained by the distribution

process, shown in Figure t1-4 and 1-5, The equations of static equili-
brium are used to determine these reactions after the heams are sub-

divided into their components lengths as follows:

}. L + KL - L + KL "kBEI B/L3 e v 9 ® (1'13)

[ b RBi] MaisMBA MpeMip MecHMes MpoMed
BAB~ i-1 "

where MnB"MBA' Vpws Mgge Mce Mges Mpms Mppy shown in Fipure 1-7, are

end moments on beams caused by AB, and are derived in terms of EIAB/;2,
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Fig., 1-5 Procedure for the first distribution of the fixed-end moment

along beam DBE at joint B.
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Following the same procedure at each joint in the grid we obtaim

b o )
- M| =k,EI B
RpaB [12 ] AFT B/13

r e b v n m s s s e e s e e ow e e {1=13)

Roy = {ig; RCi} =kGEL Bf; 3

.
L]
[ )
-
L]

By the theoram of racinrocity, the reaction kAEI B/L3 at joint A

caused by deflection AB at joint B, is equal to the reaction at joint B
caused by an equal deflection AA at joint A. If'similar reasoning 1is
employed at each of the other grid points, Equation 1-14 can be

written asi

Rpap=kBEIAB/13
.0!.-!Olltllcllliil(1-1b)

The total reaction at joint B can be derived as:

RBekAEIAA/Lj + kBEIAB/Lj + kCEIAC/Lj 2 o e e s s s s e e (1-122)

Similar egquations can be derlved by using a similar distribution
process at each Jjoint on the grid, These reactions are then enunted to
the load P that exists at the intersection, or else equated to zero if

there is no load at the joint. Now we have n joints, n unknown
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displacements and n equations. Those equations can then be solved for
the unlmowns,

Aith the deflection values known at each joint, the moments and
torgques expressed in the distribution process in terms of the various
A's can be accumilated by simple multiplication and addition,

3, M. Hetlnyi (4) assumed that the individual beams comprising
the gridwork deflect without rotation at their intersections with other
beams, This implies infinite torsional stiffness at each joint, Under
such conditions each beam element of the grid will act separately as a
beam restrained against rotation at both ends, as shown in Fipure 1-8,

The flexibility of each beam element can be characterized by the
amount of load necessary to produce a unit relative defection hetwaen
the two eﬁds of the beam, This load under the given conditions, for a
beam of length L and flexural rigidity EIO, will be equal to 12EIO/L3,
as shown in Figure 1-9,

Let us now consider a gridwork consisting of two parallel main
girders supported on a serles of cantilever cross beams, as shown in
Figure {-10,

The flexibility Kp of each cross beam is 12E10/L3. If the cross-
beam are sufficliently closely spaced, their resistance can be replaced
by distributed reactive forces acting along the main pirders. The
intensity of this distributed reaction Rp will be proportional at every
point to the relative displacement of the ends of the crossbeams Ay at
that point, RP=Kth’ the proportionality factor per unit length of the

main girder being KthZEIO/CLj, where ¢ is the spacing of the crossheams,



Figure 1-8 Beam element behavior assuming restrained ends

128T,  12EI,

—— = — (where y = 1)
L3 ¥ 3. &

PL>
- e 5 =
y=tem, ¥

Fig, 1-9 Beam fixed at one end, free to deflect vertically but not

rotate at the other end.

Fig, 1-10 Cantilever gridwork

14
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The deflection of the outer main girder of flexural rigidity
311 will be denoted by y1 anﬂ the deflection of the main girder of flexural
rigidity EI, by y, as shown in Figure 1-8,

On the assumption that the external loading on the girders consists
of concentrated forces, the only distributed loading will be the pressure

RPl and RP% defined according to the flexural theory of beams as,

du§
E:[i——;:l=-R O..l'.tlllloollo.lll.l(1'_1u’)
dx P1 :
4
d Yo :
EIZ;:E“-‘:-(RPZ-RP“_) -o'o-cu--o.lnnoo--u(1"1.5)

where
3
Rpy=Kp( (¥4-¥2), Kpy=12EL5/Ly
| 3
Rp,=Kpo¥ s Kpp=12EL,/L,

By solving the differential equations we can find the resulting

stresses,

4, B, Ma (3) represented a gridwork supoorted on all sides, as
shown in Figure 1-11, He assumed that the interconnections of the
gridworks are pin connected such that they will transmit tensions and
compressions only.

Let [a] and [8] be the influence matrices of the transverse and
longitudinal beams, respectively, [F] and [f] their internal forée

matrices and [&] and [A]| their corresponding deflection rmatrices, then
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m[u]'m[F] '-Em[(S]-oc-ttloil--o--oo-ol(1."16)
n n n
and

n[B].n[f] =n[A].l.ll'lll..lll!lll!(1-1?)
n mn mn

The deflection relation between the transverse and the longltudinal

beams is such that

T
[6]={A] --nn||0¢.!0|00.00...0(1'18)
where [A]T is the transpose of [p].

The force relation of the systems ylelds

[F]+[f]T=[G] .-oocln..nnlaiilcil(l-ig)

where [F1T 15 the transpose of [f] and [G] is the matrix of external

,,ﬁ/'/ fr /7
_ /J/“"// /,
,A‘////wd/‘
Y A
AR A A
Y AV A A
777717 1

1 2= == == —~  Jm

Fig.. 1-11 Gridwork with n transverse and m

longitudinal beams



forces acting at the joints of the gridwork,
Substituting Equations (1-16) and (1~17) into Equation (1-18)
ylelds

[a][F]=[f]T[B]T N R E L R R Ry
From Equation (1-19)
[F] = [Q] - [f]T
substituting into Equation (1-20) yields
[al[G] - [a][f]T= [f]T[B]T
ci b4 wF s b e a v e (1m21)

[e) (2] T+l 2] (8] T = [a][G)

where [B]T is the transpose of [g].
From Equation (1-21) it is possible to find [f] and then, by

substitution into Equation (1-19), [F] can be found,

17



CHAPTER TWO

DERIVATION OF EQUATIONS

1. DBasie formulas

The formulas for the deflections and moments for beams which are
fixed at both ends and loaded with a concentrated load and an arplied
moment at any point, as shown in Figure 2-1, are:
(i), Due to concentrated load

(a), Deflection:

2 ;

61".’ %3&1-3&3{*1}1)' Where X <2 o s o s s o o o o (2-1.)
6ET1 B

and

2 2
64 Eaf(1-x)" ’; [3bl-3b(1-x)=a(l=x)] , where x>a . . , (2-1a)
6EI1
(b),. Fixed-end Moment:
M, =Pab? (2-2)
A"‘ a /12 » L ] ] L] [ ] [ ] L] L] L] L ] | ] . L] [ ] L ] ] [ ] L ] . L ] Pt

2
MB'-'Pabflz..-.lonoclllciu--o-.(z_za)

(e)s Intermediate Moment between endsi

Mi-::sz (3a+b)x-Pab2/12, Wwhere X<8 o « o« o v o o o (2-3)'
I

and
2 % .

MiezPa (3b+a) (1=-x)-Pa /12, where x> a . . « + « (2=3a)
3
1

(d).. Reacetion:

2 .
RA%(3a+b) o----cla--lucvuoo-(z"u)

2
RB"—'-'EP_’;-(R"'Bb)..--n--o-..--.-nnc.(?."u‘l)
1

18
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(B), Due t» applied moment

(a)s Deflection:

2
- x Ty .
A 1'—%% (ZMA""MALAIH"‘MBT i T J M where x i a . s @ ( 2'5)

and

2
1= (1=-x) T{l— )
Ai- BT FMB+MB"%'+MA lx 1 £ } , where x ~a , . (2-5a)

where M, and Mp are Fixed~end Moments at ends A and B as

shown belows

Tb 2 . 2
MA'-""'IB_'(-bi-Za’rab).......---o-...-'(?ﬂ'é)

T 2 2
MB:.";;_'(a-Zb-ab)......-.--.......(2-6&)

If there 1s more than one concentrated load or applied roment
acting on the beam, we can obtain the results by superimposing the

values which are caused by the loads separatsly.

2. General Equation
(A). Deflection
(a). Due to concentrated loads:
If the beam contains n equally spaced points, the deflection
of the points caused by all point loads can be derived as follows:

n=1

P s
(Y5 |74} =0y # 8504853+ o v v tb5ng oo (227

) ) e & 8 4 d A
where éjl. 632' 633. \j Hi1 are the deflections at roint j

caused by transverse loads P_, P

1 Fo P3' .« » P, respectively,
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From Equations (2-1) and (2-ta) it can be shown that:

Ps(no1Y2( 41243 ‘
6:}11% [jni_Bij-(n-i)J] ’ wherea J ii T T S T (2"78-)

6EIn
and
P 2(n_3y293
Gji’#uiiil-ngjl—l- [3n(n-1)-3(n-1)(n-3)=(n=-3)1] , where j>1 . . (2=7b)
6EIn
then
P net ne-1 n=1
{I.I _}?-" 612?[3} .--.....-.....(2—8)
gl 1Z=1 1ol Fulan _
- S By AR
where [a3] = LE_ll__LJlgl, [3ni-31)-(n-1)3) , when j < 1
. 6EIn
and ” 2.3 :
layl = MLQLL(SEI- [3n(n=1) =3(n-1)(n-3)=(n~3)i] , when j- 1
n _

(b), Due to applied moments:

+ o 0 o + A4 -aatuulu(z’éﬂ)

i
{ Yy | BEEIT bypt By3 5 -t

where 31, %52, 443, . . ., O4n-y 87O the deflections at point j
caused by torques Tt' Ty, T3. o« v s Th-i' respectively.

From Equations (2-5) and (2-5a) yields

Ajig_- 6E1n2 [mAmA n "'MB n had n jadt e * & @ (2-9)
and 2

nl-il
e S g T B B e g L (200

6EIn
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Fig, 2=1 Fixed ended bean

I

Fig., 2-3 Fixed ended beam wlth moments applied at n equally spaced points



where
T
an —-L%l (—n3+f-lvn21-3n12) = Ti [ci] a2 % » 2 & 8 & 8
n
T
MB‘EA%I (31112"2]121) - Ti [di] T s & & B s 8 % @

Substituting into Equations (2-9) and (2-9a) yields

, 1)A? ( (n=t) . 1 4
Ji"! 6EIn2 2ci+ci n i n ~ n s 8 & ® & a

T 2
s i(nl-11) [2d o _;_4ci(n-i) . gn-1)[
n n

ji” 6EIn2 i i n » » L] L] [ ] [ ]
Then
r, onet, Ot mtrob
{I] }'JZA_"Ej.[ji] # 9 &+ e @ & B & 9 »
U 1= # 1=1
where i 212 -1 i i
[bji]'z S—)_E (Zciﬂi(nn l-!-di n - n I , when j <
6EIn
and 2
b, }= {nl-11)° (2di+d 4 +c1(“‘1)+L9=1l] -
J 6EIn2 in n n

(e¢). The final deflection at each point will be

n=-1 n=1 T  n=-1
g 17 - {zﬁ T e 1 TH
n=1 {6 i
= L__Z_i st a'i]
Ne=q

(2-6b)’

(2~b6ec)

(2-9b)

(2-9¢)

(2-10)

= >‘ (Pi(aji) + Ti(bji)l " & @ B8 & e & ® B (2-11)

1=1

22
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(B)s. Fixed=end Moment
(a). Due to concentrated load
The loading as shown in Figure 2-2 induces Fixed-end Moments
at ends A and B which are:

From Equation (2~2) and (2-2a)

¥ nfl Py(5 D) ('(l;l)' 11 ? / 12

il

n=1 2
= Pa(AY(n-1)"1/ 3 4 6 v s e 0 v 0 s o 0 a s (2-12)
i£1 i - //n
, n=1 -
Q- reor (60 .
n"'i 2
= iz‘zi Pi(i) (l’l"‘i)l/nB s® ® ® ¢ ¢ § ® & ® @ " @ ¥ @ (2"'123)

(b), Due to applied moment
The Equations (2-6b) and (2~6c) will be used to express the
T
Fixed-end Moments, MA! Hg, caused by the loading as showm in
Figure 2-3,

(e)s The final Fixed-end Moments then are

};A + Mi‘ ® & ¢ & » @ B & & ® @ & & .. s & & ¢ @ (2-1.3)

1]

L

and
P T
MB = MB + MB L ] ] [ ] ® [ | 1 [ ] [ ] ] [ ] L ] i ] L ] L ] L ] L ] [ ) | [ ] [ ] (2_12"‘)

(€)., Intermediatn Moment between ends
The loading as shown in Figure 2-2 will also induce moments at.

intermediate points, which can be expressed as:

M‘_j:mji-!-mjzﬂnjj‘f- . e o +mjn__1 --00-1.500000(2‘15)
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where Migr Mo mjjg s 0. Mg,y are bending moments at peint j -
caused by Pl' Pz' pj. “ee Pn-‘l.

From Equations (2-3) and (2-3a) we obtain

#

mJi

Pi(n—i)zl {.Dlﬂ{:;y_h - —1'5 } ywhen J 24 4 4 ¢ & (2-15.)
n n
and
myy= P, (1) {u&m&g.@:.u_ L"—"%} , when 3> 4. . . (2-16a)
n n

Then
{Mj|?-1}=nftmji i b he Eoe o b ow W ey @ (2158)
1=1
(D), 3Slope
The slopesof the elastic deflection curve of the beam can be

found by using the finite-difference method. We thus write the slope

Lim Ay

_dy
as tan & = 3/ = sxo Ax’

At point j, Ay should be equal to the difference between the
deflection at points ,‘)-P-A‘zE and -4,
By using x| and x, instead of ;111 in Equations (2-1), (2-1a),

(2-5), (2~5a} we obtain:

Dx - [3i1-3ix=(n-1)x] , when x < =1 . , . (2-17)
I 2! a 6}:‘.1113 n '
and 5 5 .
1(1)4(1=-x)
4§ x = [3(n-i)1-3(n—i)(l-x)-ifl-x)] s
X 3 ' . 6}311'13

thnx>;1;1 ..-.....-(2-1‘7&)
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(b), x2 l-x x Tix
B3t éx v 1 = BEX (?‘MA’"MA 1 My - T] + iR
x-(-j'-'l oou-onn-conua(z-".?b)
=n
and

2 T
1-x X {1ex) _f_LIJ.:x)_]
bgs 4%, 1 oo (ZMB+MB X skl , when
x>%1 -ulo-ociouoqo(z"".?c)

Then substituting x and x, respectively for x in Equation

(2-17) or (2-17a), and in Equation (2-17b) or (2-17¢}, where

Ax

X s—g- l - "%E ) X o= -g—l +5" 4 we obtaini

Y Ax } » [5 Ax, 3 + A5 a%, 1
{.‘]i —==] 1 Ly | a5% 1 T Rl ]
i+ 2 4= 2 = 6 , where 8>0 o+ o o (2-18)

(E). Torsional Homent

If the beam is twisted through an angle 6, then the beam will
1nduce.a torsional moment

T=Gd%/1 o v o v v v o novocosoeasseass (2219
where G is the modulus of elasticity in shear and J, for a circular
cross section, is the polar moment of inertia, while for a rectangular
cross section J is equal to Bde, where b is the width and d is the
depth of the beam and 8 is a coefficient depending on cross-sectional

propertiss,
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(F). Reaction
The reaction at ends A and B ares
n=1 2
R,= Z P (n—i) (31"‘(!)-1))/ 3 ¢ & & 8 & 8 & B @ € 4 e @ (2'20)
A i n
i=1
n=i 2
Rg= [ Py(4) (443(n=1))/,3 v o o v v o o s s o o « » (2-20a)
i=1
3. Method of Analysis
The method of analysis of pgridworks using the equations derived

above will be presented in the following,

N j d to b ed d
(a). Assume a joint loca P(x,y) o be replaced by P Ly) an

x(x

P&(x % which are acting separately on beams parallel to the
]

X-axis and the Y-axis as shown in Figure 2-4,

P
(b). From Equation (2-8) we ean find the deflections Y(; v) and
[ ]

P
r(i 4) for a1l n joints of the gridwork, then from
(]

P P

Y(x.y)=r(x.y)onlcl..litltooloul(z-A)

n equations in Px(x,y) and Py(x,y) ean he Tound,

Summing vertical forces at each grid point;

Px(x.y) + Py(x.y) p(x,y), where p(x,y) exists

}. . (2-B)

and Px(x,y) + ?y(x.y) 0, where P(x,y) does not exist

This also yield n equations in Px(x.y) and gy(x.y).

(e¢)s. From formulas (2-A) and (2-B)}, there are 2n equations with
2n unknowns, and they can be solved for the values of Px(x.y)

and Py(X-Y).



By placing these loads on their corresponding joints and
using Equations (2-13), (2-14), (2-15a), (2-18), and (2-19),
we can find the flexural and torsional moments in all transe-

verse and longitudinal beams,

(d), Substituting the torsional moments into Equation (2-10)

Y
B’ o
/g 7 S /) S 77
6 1erc,m) :;'#w
5 4 ) d ; <
v Af ¢ A By —
3 4 y
2 4 g
1 3 ¢
N
° “#_?'?’?”Jg e 7 X 4
0
B,

A% . N

Fig 2-4 Component loads on gridwork beams

T T

x ¥
we find Y(x,y) and Y(x,y)'

Formula (2-A) then can be modified as follows:

P T, P T

x - y
Yo * Yoy = Yoo * Yxy)

27
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Since Tx and Ty are known then

E P T T o s

Y _vy _yx _ T g
SR APETAARL SN [l AP IO

Using formula (2-A') instead of formula (2-A) in procedure
(e), new values of Px(x,y) and Py(x.y) can be found., Following
the same procedure repeatedly the results of stresses can be

obtained to the desired accuracy.
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CHAPTER THREE

SIMPLIFI=D EQUATIONS FOR SIMPLE SPECIAL CASES

The equations presented in this chapter are aimed at the simple
types of gridwork which are widely used in practical work, In these
equations, the deflections of the beams caused by the torsional
moments which are induced in the orthogonal beams are neglected,
Simultaneously, the ~rid members are assumed to be of constant E in
both directions; of constant size and spacing in each direction, and
fixed at their far ends.

(1) Case one

In this case two orthogonal beams with applird load P on their

Y
" C

1x

Fig. 3-1 Gridwork of two orthogonal beams

intersoction as showm in Figure 3-1 will be studied.
(a). Equations

Assume the applied load P at joint O to be replaced by P,
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and Py, where P and PY are the loads carried by the beams parallel

to the X-axis and Y-axis, respectively, then

Px + 3y =P ® & ¢ @ @ % ® & 8 T B G 6 & ° & B & ¥ F BB (3”1)

The deflections at joint 0 for bars AB and CD are:

AB P_2 43 c P,a.3
x(* x) Ty@y)
YO = 1‘92EIAB ) IO =9 92EICD

where IAB, IcD 4re the moment of inertia of beam AB and CD,

raspectively.
Ab Ch
From YO = YO s yields

y3 L
PX = Py(lx) (ICD a & ® 8 ¥ 8 @& e e & 3 8 & ® & B O 0 @ (3'2)

Substituting Equation (3-2) into Equation (3-1), yields

(ly)B(IAB)
P = P * 8 4 » ® ®B 8 8§ & °5 @ B B @ -

1.43¢1
P, =P {(*x)(+CD)

e ®» s 8 ® & & B8 ® e @8 5 § @ (3;3a)
Y7 (Mol )

By using Equation (2-12), the Fixed-end Moments in AB and

CD are found to be:
B(IAB)(1X
M = 1 P' - PL;V) s 8 ® 8 @® & ® @ ( - “A
AB= T Fly 8((lx)3(Icn)+(ly)3(Ims) 31_ )
1

p(rx)3(*edy (ty)
- Pl = y « 4 s o 3 B & @ (3‘1'”)
bop = 5= Tyly 8[(1x>3(lcn>+<1y)”<lus)}
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By using Equation (2-15a), the Moments at joint 0 for AB

and CD are found to bet

AB 1
Hos P11 =M
X Xx
P11

A.B.....'......."."(3-1.A1)

_ 1
HO - 5 Wy

=MOD ¢ 0 6 6 0 6 6 b 4t b e s e s e e (3-1-31)
There are no torslonal moments induced in this tyre of
gridwork,
(b), Numerical Example
Consider a gridwork fixed at each supnort, loaded with ar
36 kip concentrated load at joint 0, The stiffnesses of the two

beams are constant and equal and the dimensions of the gridwork

are shown in Figure 3-2,

>

S
K
A a 0 * ¥B |1
4'—— JQ >X
|
1

Fig, 3-2 Calculation example for case one
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From Equations (3-1-A) to (3-1-D),

6(18)3(12) k=-f't

My =
8 = 33,2
[<1z>3+<w)3]
3
36(12) 7 (14) k-ft
M, = = 24,3
£ 8[(12)3+<1u>3]
MAB i k-Tt
0 = Mg = 33,2
CD . k-ft
Mo = MCD = 24,3

P

R =RB=--J-C-=1 *36. _ﬂﬂ)j__z 11.0 kips
2 2 (12)3+(12)3
P

3
R, = :-i:ltjéo_.(lg)_____, ?.Okips
LI RS WA

(2), Case two

The gridwork as shown in Figure 3-3 will be studied in this case,

‘T c
Ly
A% ¥B.,
Ly
l\i 2 5E31
T zvi) >X
1x

Filge 3=3 Gridwork with one lengitudinal

beam and two transverse beanms,
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(a). Equations

Assume the applied load, P, at joint (x,y) to e replaced
by P {x,y) and Py(x,y). where P_ and Py are the loads carried
by the beams parallel to the X-axis and Y~axls, respectively,

then

Px(i.t) + Py(m,) P(1,1)

}o-c'uoonouu-unu(B-u’)
P(1,2)

Px(1.2) + Pyu,z)

The deflections at joint(x,y) for beams A B A,B, and cD

1 1'
are:
IAIBi = P( 13 YAZBZ Pe(1,2)0x)3
(1,1)7 192EL,y ' (1,2) = 192EI,
and using Equation (2-8) yields
CD 1.3 1 3
6
P (1 1)—3—% + P (1, 2)
Yo7 "7 6EL Gy, 5 EEGD,3
CD .43 : E - 6(1y)3
Y =P (1,1 + P (1,2 -
(1,2)7 "y """ 6EIpp, 4 yur 6Igp, 4
From

A151 CcD RZBZ CcD
Y0 “ Y, =0 ot Y= Y270

and . L) (3"5)

1.3 143 1 .3
{ x)° - 6 -
P (1,2) sl Py(141) -‘3-%&-3)— P (1,2) Jaz{_I}c:l)J_ . 0

Setting lﬁ - a, = b and substituting into Equation
x

25

(3-5) ylelds



6
% i . ' - . -
Px(1.1)32 - Py(1,1) 16a3b Py(i.Z) 11a3b =0
6 a2 » [ ] L ] a [ ] (3-6)
Px(l’z)%i s Py(t.i)'11a3b - P&(t.Z)'16a3b =0

(1). Applied load at joint(1,t)

Equation (3-4), yields

Px(1;1)+Py(1'1)=P(1|1)
...-.-...........(3—’4’&)

Px(1.2)+Py(1.2)=0
Solving Equations (3-la) and (3-6)

_at ]
Px(1.1)_c11 P(1,1)
s |
px(i.z).c12 P(1,1)

+ ® s & & 0@ P& ® & ¢ & & @ » @ . & & (3-?5')

11
Py(t.1)=d11 P{1,1)

11
11 11 11 L1t
where 4y c12' dll' d12 are influence coefficlents indicating

the distribution of the applied load P(1,1) between the trans=
verse and longltudinal beams,
Through the use of a computer program, these coefficients

were calculated as shown in Figure 3-4,

(2). Applied lcad at joint (1,2)

From the same procedures shown in Section (1).
12
Px(l '1)1011 P(1|2)

Px(l'Z)-.c},ZP(l’Z) ncco-.-----o-cuona(3"?h)
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12
Py(t.t)udl1 P(1,2)

12
Py(1,z)=d12 P(1,2)

12 12 dtZ

12
where cll' Ci29 "

4 d12 are influence coefficients indicating

the distribution of the applied load F(1,2) between the trans-
verse and longitudinal beams. From the symmetric geometry of

the gridwork,

1211 12_11 211 12 .11
€11=% 20 ©12%% 10 9y =d(zr dy57dyg

(3). By superposition, the results for the component loads

Px(x,y) and Py(x.y) will be:
1 12
Px(I,i)-cllP(1,1)+cttP(1.2)
At 12
Px(i.z)-clzP(l,t)+ctzP(t.2)

11 12 }---.-......-..(3—2-1)
Py(1.1)=d11P(1.1)+d11P(1.2)

| 11 12
Py(1.2)=d12P(1.1)+d12P(1a2)

The stress Equations then can be derived in terms of these
P P
component loads x(x,y) and "y(x,y).

From Equation (2-12), the Fixed-end lMoments for beams

AlB1' AZBZ' and CD are found to be:
EE .
HAiBl'-: 8 [Px(I . 1) ] PR T T T T ST T R S T T (}'2-81 )
1"3(
MARBZﬂ -E [Px (1 ,2)] a ® ® & ® ® @ B ®B @ ® @ ® @ (3-2-52)
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Fig, 3-4 Influence coefficients of P_ and Py caused by P(1,1), (e



37

ch=§_?‘]y [ZPY(1,1)+Py(1,2)] « & 2 0 a @ o 2 ¢ 0 o (3"‘?—"B3)

MDC a%ly [Py(tnt)"'ZPy(TJZ)] ® % ¢ & @& 8 8 o 0 8 * @ (3'?"Bu)

From Equation (2-15a), the moments at the intermediate

Joints ares

A151
M(1,1)=MA‘[B1 --ooolcooonlln¢-||(3'2'ci)

MA2B2=M n-.-ooooooo-loc-nu(j"z'c)
(1,2) 7 "B, 2

CD y
M(1'1) f-'-BT [SPV(1.1)+Py(1'2)] ® ® ¢ 8 s 3 ® s 4 (3"2"c3)

CD -
(1,2) = &

kl—‘

M [Py(1.1)+8Py(1,2)] » o 8 & 8 ® & & u » (3‘?-01’)

In this type of gridwork, the beams A B1 and Asz will have

1
induced torsional moments,

By using Equation (2-17) or (2-17a),

CD

(), 14ny) Pyl1a1)CpPy(1,2)°D,

o-.-noontuo(j‘a)

cD
Y00, 1eny) -.Py(t.t)-hywy(hz)-zry

CD
Yy, 20my) Fy(1a1)eDy 2, (1,2)eCy

a 4 4 % e o & P & 3§ a (3 !53)
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where 5 6y (tyY2)% e Y2)3
y~  6Elqp . 27
1 32 32
D [ ﬂz—ﬂz
vy GLICD . 27
2 ; 20yj
By= ‘lzﬁ%cn . 27
3
F = él -

1l v 1
and yi-.:-j-x-&y, 2_—3x+ Ay

in which Ay is any arbitrary value, Then

ICD YCD
[3?1.1 - (1.1+A3r%/—\y (1.1=0y) S € -3
YCD
x Q gﬂv)— (1 2-Ay) (3-9a)
(12) 2Ay "8 & P B 8 ° ® e & & ®

By substituting Equations (3~-8) and (3-8a) into Equations

. (3=9), (3-9a), respectively 6? and 6%

1.1) (1.2) can be found,
2= | L

The torsional moments then can be derived as follows:

2-G¢J !Gx

- AB "(1,1) .
1?1!1)- lx """'i-aa..o(?’«i)

24GedJ

AB" ( 2 L, .. (3-2-D

T?t.Z) N ie : LI A (3-2-D,)
Where T? and T are the torsional moments for the

111.) (1'2)

beams parallel to the X-axis in the (x,y) position.

From Equations (2-20) and (2-20a), ylelds



B

Ry =Ry = -é—rx I (3-24-E,,)
RA;RB;-!‘:-P,CU,Z) cee e e 2By
Rp = é%}—.Py(i.i) + 5% P&{t,Z) . .-. TR (3-2-E3)
Ro= 5% B(1,1) +83P(1,2) Lo (32-Ey)

(b)s Numerical Example |

Consider a gridwork as shown in Figure 3-5 which is loaded
with two 36 Kip concentrated loads at the beam intersections,
The factors I, E, G, and J are assumed to be the same for all
beams,

From Figure 13-4 we find

11 12 _ 11 12 _
0y = 0.613 ey = 0,187 ci5 = 0,187 S 0.613

substituting into Equation (3-2-A), yields
Px(1.1)=(o.61_3+0.1_8?)-36 = 28,8 fips
P_(1,2)=(0.18740,613)+36 = 28,8 Kips
Py(1.1)=(o.387-o.18?)-36 - 9,2 Kips

P (1,2)=(-0,18740.387)"36 = 7.2 Kips

Then substituting Equations (3—?-81) into (3-7-Cy), yislds



36k
A, t=—if,
18¢
k
A, F—1 8,
+— >X
12

Fig, 3-5 Caleculation example for case two

Mp,B, = -é— (28.8)+12 - 43,2 K-Tt "?fz)
Mo =52 (18)oN7.2)= 28,8 FTC Ly
Mf?,1)= é% (9%7.2) = bl TE M??,z)

Substituting Px(x,y) and gy(x.y) into Equations (3-R)

and (3-8a), and assuming Ay=1ft, ylelds

eft nft
y1 “5 ] yz"‘?

c = - 3

D o 6X18X7°=7%73
y =

17.8



it

17.9

g o 1211 8X5°-7X5°

y X27
2_,ve3

Fy=61(8}:}{2?1( o113

(1] cD
CD cD
Npatoggy = TRLBDHID) = 20 =X, o)

x _ 285=210 _
Npp) = 23 = 33

™ 2X104X37,5 6,25 k=ft | qx

(1,0) - 12 (1,2)
R, =Ry =R, =R, = % (28.8) = 14,4 kips
Ay B AT, 2

20
Re = Bp = (53vkp) x 9.2 a 7,2Kips
end,

(3), Case three

In this case there are two beams intersecting in both the

longitudinal and transverse directions as shown in Figure 3-6.

(a)s Equations

Assume the applied load I at joint (x,y) to he replaced

by Px(x,y) and Py(x,y), where P_ and Py are the loads carried

by the beams parallel to the X-axis and Y-axis, respectively,

then



P,(1,1) +Py(1,1)=P(1,1)

Px(z.t)+Py(?..t)-xP(2,1) |
fL .-o-oo-a--oo-¢(3'10)

Pz§1,2)+py(1.2)=P(1.2)

ngz.z)+py(z,2)=P(2.z)’

By using Equation (2-R), the deflections at joint (x,y)
for teams A;By, AsB,, CyDy and Coly ares

A By .
Y 1y P eA WP (2,1)0B

A B

171 ‘ ‘ .
1{2'” -_-qu,t) Bx +Px\2,1) A

A
leg) =P, (1,2)sA, +P (2,2)+B,

¥B,

$B,

-
—l——»lgi 22 - >X
|

1x

Fig, 3-6 Gridwork with two lonpitudinal and transverse beams

b2
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B
A2%2 =P (1,2) B+ (2,2) A,

(2,2)
A 1.3 B 1.3
where “x = _ 16( E! s x = _11("x)
6ET 3 6EI M
AR® AB
c,D

11
1(1'1) =3y(1.1)'ay+Py(1,2)-§y

c,D

1y
1(1'2) =Py(1,1)-By+Py(1.2)-Ay

€0,
1(2'1) =Py(2,1)-5y+Py(2,2)-gy.

YCZDZ
(2,2)

1.3 1

16("y) )3

where A’ = 6‘&;1 3 ] BV = —Ll-(_x)z
cD*

6bICD.3

P (2,1)*B 4P (2,2)
= y( 1) * y( 2 Ay

Recognizing that

YA131 ) Icln1 YA1b1 _ Yczn2
(1,1) = “(1,1) ' “(2,1) (2,1)

A282 chI A,B, CZDZ

Y(1,2) = ¥(1,2) » Y(2,2) =¥(2,2) » Vields

Py(1,1) Ay #P,(2,1) *B,~Py(1,1) *A =P, (1, 2) *B =0
P(1,1)*B#P (2,1) eA,-P (2,1) e A ~P(2,2) B =0
Py(1,2) ¢ A#Py(2,2) 0By =Py (1,1) s By=Py(1,2) +Ay=0 L e (3-11)

Px(1 y2) °Bx+Px(2,2) 'Ax-Py(zn )°By-Py(2,2)'%r=0

1 Lis
Setting IX =a, Y= =b and substituting into Equation
x CcD

(3-11), yields



PL1,1)e16 +F42,1) 018 -P, 1,1).16a% -P.(1,2).11a% = 0

P1o1) o1t +P£2,1)416 ~Py(2,1) 11627 =P(2,2),11a% = 0
ru . (3"11‘)

[}
e}

PL1,2).16 +P(2,2) .11 -Py(1..1).11a3b -Py(1.2).16a3b

P1,2)011 +P{2,2),16 =Pi(2,1),11a7b ~Py(2,2),16a%b

1]
o

(1). Applied load at joint (1,1)

Equation (3-10), yields

Py 1,1) +Pf1,1) = P(1,1)
P(2,1) +Py(2.t) =0
}o-ao--ou-onu-oun(3‘1oa)
P{i,Z) +Py(1.?_) =0
px(z.z) +Py(2.?) =0

By solving Equations (3-10a) and (3-11a),

= otlp
P{x,¥) c)W (1,1)
11 ......-a-.....-.-(3-12a)
Py(x.y) - d,wP(m)

where c;;, d;; are influence coafficients indicating the distri-

bution of the applied load P(1,1) between the transverse and
longitudinal beams,
Through the use of a computer program, these coefficients

ware calculated as shown in Figure 3-7,
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11
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11
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d

Coaffioient

0.1
b=1,5)
be1. 4
b=1,3 11 . 11
b, 2 | ©22,"%22
bh=1,1
b=1.0,
0,05 —
L~ Jﬂgfﬁ#ﬂfﬁ
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-
7
o |
1.0 1.1 1.2 1.3 1.8
Ly/Lx

Flg. 3=7 Influence Coafficients of Px and Py caused by

P{1,1), (case 3)
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(2)

By the same process shown in Section (1),

P!(x,y) =

Py(Xﬁ’) =

c}qzrp(i ,2)

d};P(t.z)

Apolied load at joint (1,2)

llool.ol!...lll'(3-12b)

where c}qzr, d}; are influence coefficients indieatine the dis-

tribution ef the applied load P(1,2) between the transverse

and longitudinal beams,

gridwork,

12 11 12
®11 = G2 » &2 7
12 .11 12
diy =442 v Y45 =

(3) Applied load

as follows:

Px( xly)

Py( X,Y)

Px(x'Y)

PY(X,Y)

where

21 _
011 = C

11
21

21
11~

11

d 21

d

21
OWP(Z,‘I)
d?'p(2,1)

Xy
c§§P(2,2)

diﬁP(z,z)

21
L] c‘|_2

21 _
1z -

11
Sy

11
diy

11

¥ Fag

1"
425

From the symmetric geometry of the

12 11
+ C3q T C22
12 11
v dpy = dp

c21
L] 21

21
21

11

1
11

12

1

1

Sgz = O3y

12
92

® s a . @ L]

L

1

21

21 _ 11t
€r T %2
21 11
dps = dyy

-

at joint (2,1) and (2,2) also can be found

. (3"120)

o (3=12d)



11

& ¢ i 11

12

11
12 !

311

11

22 _
®11 ¢ 22

22 11
diy =d22

22 _ 11
12 7 % * ©
11

21
22 11
dpp <4y o+ d

22 _
21~ ¢

22
21

22 _
022 =

28

= d 22 T

11
ds; = dgy

(4) By

P (x,y) and Py(x,y) will bes

P (x,y) = et'P(1,1) +e'2P(1,2) +21P(2,1) +2%P(2,2)
x Xy Xy Xy Xy

2
= dilec1,1) +al2p(1,2) +aZlR(2,1) aZ2p(2,2)

Pulx,y) e

superposition, the results of the compdnent loads

47

LI (3‘37A)

The stress equations then can be derived in terms of

those component loads P;(x.y) and ?y(x.y).

From Equation (2-12), the Fixed-end Moments for beams

AB., AB,, C

1

2
M = —=(1.)
AlBi 27 x

=2
¥Bya= 77 (1

MAZBZ-,-%(lx) (22 (1,2) +P(2,2)] & ..o .
2

MB2£2= Ear(lx) [PX(I'Z) + sz(Z'z)) *t e 0 .

. 2

Mcinté Eﬁr(ly) [ZPy(1,1) + Ry(1|2)] 8 o8 e s oa

2
My o = ==(1)
ch1_ 27 ly

2
M = -£.(1)
€D, 27 Ty

2
=_2(1)
"o, 27 (1y

(2P, (1,1) + Px(2,1)] 5

(p(1,1) +2p(2,1)]

(e, (t,0) + 28, (1,20]
(2p (2,1) +P (2,2)] .
v y

[Py(2.1) + zPy(z,z)] .

Dt' and CZD? ara determined as:

(3-3-4,)

e (3’3'B2)

(3-3-B5)
-(B—B'Bh)

(3”3"“5)

(3-3-Bg)

(3-3-B )
7

(B-B_BB)

and from Equation (2-15a) the Moments at the intermediate joints

arel



AB 1

A1B1 lx-
Mz,1) =B [Pyf1a1) +8P (2,1)]
Ay Ao

MT2) =B [BP(1,2) +7(2,2)]

M 22 = f [p (1,2) +8Px(2,2)1

1

G, oy
M(1.1) = E% [Bay(t.t) +gy(1.2n

11

M(l'z) = { [Py(tn‘l) +8Py(1-32)]
CZD2 1

M(Z.l) = EI [afv(z.t) +Py(2,2ﬂ

2 Ly
B =g (Ry(2,1) +8Py(2,2)]

Using Equation (2-17) or (2-17a),

CD
1 . .
I(1.1+Ay) = Py(ivl) Gy +ﬂy(1,2) gy

CID1 p P S
= 1) (1,2)s
(1-1.'AY) y‘(i. ) Ey Y ¥y
C,0,
Y(2,14y) = Fy(241):Cy +Fy(2,2)+Dy
c,D,

By Lt Pyl2,2) Fy

5

(3-3-C)
(3-3-C,)
(3—3-c3)
(3-3-C,)
(3-3-C,)
(3-3-C¢)

(3-3-07)

(3-3-Cg)

}'to-uo.....(j-qja)

s & e (3'13b)



Cini
Y(} ey =By (110D #B(1,2) G,

c1n1
(125y)"‘P(1.1)F +p(1 ,2) E,

Ocnlu-ll..(3-13c)

2 2 . .
I auy) = B2 Ty #y(2,2)°Gy

02D2
Y(3,2-0y) = Pyl200)Fy #,(2,2):8

e ® & & ® ¥ B & ® @ (3_13d)

Whﬂre 1 2 (1 Jz)a
) i

C, = _6y( g_ ..

’ Elcp o 27
6572

Dy, = 'TLE;:L'

cD

3
fl =20 ¥4
g, = G5

2 3
o B -
¥y EICD,?_?
1 1
e £ -‘% "W Yo _lj;. +A¥y /Y is any arbitrary value,
and
Aiﬁl
Y aax, 1) = RU1) O #Px(2,1)°D,
e 8 8 8 ® o & 8 @ (j_gua)
AIBi
! = Px(1,1)E, #_(2,1)F,
(1=ax, 1) x(1:1) B, P, (2,1)F,
A2}32 |
Y(l-l-/\ 2) P(1,2)'C, . (2,2)'D
¢ o P 8 8 ¥ & B @ (3_1ub)
AZBZ
! “'Px(1 2)°B, #,(2,2)"'%

(1-Ax,2)



A B

11
Y b1y = Pel101) Dy +P(2,1)7C, ‘
}!'l.ll..l(3-1uc)
A B
Y;-ix. y = Byl1,1) Py +P.,(2,1) o, J
AB
(§+2 2 P.(1,2)*D, +P(2,2)°C, ]
o'--ocnto(B'TM)
A% F_+P )'E
Y omix,2) Pt.2) 2 202) By |

2 3
1 1 x 1
c 6 x( g_-_ 2) a9{ xu’2)
where x = =

2 3
g . 12204
X EIA.B.Z?
6 27

1 1
in which x, = -33-: =AXy  Xy= =T +Ax, where sx is any

arblitrary value,

Then
% L
4] = £1I1+ém ) (l.L‘AII *® 8 ¥ = 5 ¢ & ® @ ® & & @ (3"1 53)
( 1,1 ) 2hy
i 22 fo st
0 2 + 2 - 5 & ® ® @& #» @ ° ® ® & & a
(2,1) 5



C.D c,D
171 171
Gx = Y 2+ -I 2“ B & @
(1]2) ZAN
N I I
9 = 2.2+ =2, 2= . & 0
(2,2) =
and
o b Ny
f = + - = AX e & @
(lll). Z&X
A,By A8y
éy = b + =Y ol 2 " e
(1)2) ZAX
AB A51

(2,1

A,B, AyBy
=Y D

y = Yo o 2) Y (2m 1%, 2) C e .

"(2,2) ~ e

Substituting Equations (3-13a) to

171 1 '
fy = EL&iAL-i)“Y(Z-Ax.i) " e @
) zAx

(3-13d)

)

e 8 ® o @ (3‘15?)

¢ s ¢ v (3‘15d) K

& s 5 @ # (3’16&)
« & » e 2 (3“16b)
v e o oo (3=16e)

» e 8 @ 0 (3‘16d)

into Eguations

(3~15a) to {3-15d), and substituting Equations (3-14a) to (3-14d)

into Equations (3-16a) to (3-16d), e:(cx ) and.

can be found,

&

(x,3)" respectively
L}

The Torsional Moments then can be derived as follows:

. I 4
= . Ldts JAB' ) | .
(1,1) I
x
> JeGeg .B-(o" 08 1) .
(2,1) Ix
X
o - 30Gedypei(n ) .
(3,1) 1
BOGOJ . gx
_ 2 TAB (1,2) : ;
T?i.z) - 1

X

e & 9 & (B"B-Dt)

e ® ® 3@ (B’B-Dé)

¢ 8 8 e =3=-D
(33-3)

& 4 » @ (B'B-Du)
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. X ’ X
Tx i B.GJ;AE. [e(a@)- 6(1 12)] & ¢ 2 8+ » 8w (3'3-D5)
(2,2) 1
o3 x '
Tx 3 G JA.B .e(_Z_JZ) "8 e & ® & 8 & @ B 8 & & @ (3'3"06) .
(3,2) © 1, .
3Gy Y
’I’ - @ e!J']! 4 & B ® 8 B & 8§ & © 3 % % @ (3"’3-1)7)
(1,10 © 1,
o3 y 2 1
ﬁ - BG JCD. [G(l-ﬁ 5 4 & & @& ® 9 ¢ (3'3'D8)
(1,2) 1, r
BOGOJ 0
. * U . ® o 8 & b o & & (3"3-1) )
T?t.a) = 1 | !
y
y

T{ ) - B'G'JC]'; 0(_2-1) s s , e« &8 ® 5 0 & @ ° ® @ (3"3-1)10)

2,1}

Yy y
’Iy - B.G.JQP.'“)(Z.Z)- (}(ZLL)I_ LI T S T S S S (3"3-D )
(z2) = T t
! y
TV - B.G‘JCD. 0 y[2.22 P & @ & 8 2 ¢ ° @ ° ° & @ (3"3""D )
(2,3 =1, t2
Where T and V are the Torsional Moments for the beams
(x|Y) (x!y)

parallel to the X~axis and the Y-axis at the (x,y) position,

From Equations (2-20) and (2-20a), yields

RM=-§%Px(1.1) +-ZL? Px(2,1) * * 8 ¢ e 8 8 o 8 (3"3"E1)

7 20 i
RB.[ 2? P;“_.i) +2? Pézﬂ) ® 6 8 @ » & 8 o 0 (3 3"E2)

RAZ"_'%% Px(1,2) +%?' P42|2) ¢ & 8 e & v s v o (3'3"E3)



(b)

Bﬂg = ‘Z_? &(1'2) + %%PX(Z,Z)

20 7 .
Rnl= > Py(m) + &n P£1,2)

RGI & %7 Py(1,1) + %% Py(i.z)

RDZ = 'g'_g Py(zg") + ‘L P (?,2)

27 Y

Rg, = % Py(2,1) + -3% Py(2,2)

Numerical Example

The gridwork loaded with four 36

kip

v e v u oo e (3-3-E)
TETEEY (3-3-E)
e e e e (3-3-E)
e oo e e (3-3-E)

e ¢ 8  » 0 3 (3"3‘E8)

concentrated loads

at four intersections as shown in Figure 3-8 will be considcred

in this example.

the same for all beams,

11
By

11
21

11
12

11
San

H

From Figure (3-7),

12 21 22 d11

005 =dyp = 5y = S 11

A2 2 22
=0,172 = oy = Cyy = Cyp 21

Oel172 = 012 = 021 c22 d11

11 22 = ©q 12
" 12 21 22 gt
G2 T %2 T %q 22

=0,

= 0,

=0

il

u

Substituting into Equations (3-3-4),

P (1,1) = (0,540,172-0,17240)x36 = 18

kips

0=

The factors I, E, G and J are assumed to be

12 21 22

5=4dyp =dy =d5

12 21 22
1 ad =d =d
L7 22 11 12’

’ - q'2 2 g?t L 422
172 11 22 dam'

12 21 22
dZt = d12 - dll'

‘Py(1.|1.)

P, (1,2) = (0,17240,5+0-0.172)x36 = 18 P = P_(1,2)

53



P(2,1) = (-0.1724040,540,172)x36 = 18 P8 L P (2,1)

P(2,2) = (0-0,17240,17240,5)x36 = 18 **P* 2 P (2,2)

18°

1B P X

18°

Fig, 3-8 Calculation example for case three,

Then substituting into Equations (3-3-51) to (3—3-08),

2 kipn=ft
M - 8 8) = 72 M, = = M
A3, EWKI )(3x18) = 7 =Mp 2, A,B, BoA,
= - - M =
“‘ch1 "Dic1 c,p, ”nzcz.

AB A B AoB AB
171 _ 18 _ o Kip-Tt 11 272 272
M1.) = 8y (9x18) = 36 = M2, = M1,2) = M3,2)

C1D Ctni CzD2 CZDZ

=M = Ma,2) =Y, = Ye,2)e



By substituting Px(x,y), Py(x,y) into Equations (3-13a) to .

(3-14d) and assuming sx = Ay = 1ft

ft
x, =5 eyi. xz__7ft_=

6x18(18- 18-7)3

cx l xz? = 23-2 = c

631 Bx72-7x7
D = )
x 27 - 17,8 =D,

B = 1261855 2005
x27

F_ . 6x18 2_nye3

x _)91_&%5_ TR

1]
(]

&

it

17.9

4
oo

A B

I(::*I-j/:\_r 1) = (22,24 7.,8) % = 738
AB
(}-"}\ 0 (17.9+11.3)x18 = 526
Ay T 106
o 2Xx1x06 k-t _ ) ]
T)((1.1) =R AT s T?B.t) ) T?B " T? ,
) ‘Ia(rl 0" 15('2 1) T¥1A.3) = Ta(rz,j)

RA‘_ = RB =RA2 =RB - ( o
) = - (B2 kips
Re, = Ro,=Fp, =Rp, = (577) x 18- 18

55
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(4)s Case four
Consider the case shown in Figure 3-9, which contains two longi-
tudinal beams and three transverse beams,
(aj. Equations
Assume the applied load P at joint (x,y) to be replaced
by Pmﬁx.y) and Py(x,y), where P_ and Py are the loads carried
by the beams parallel to the X-axis and Y-axis, respectively,

then

Px(x,V) +Py(x,y) =P(x|y) e« & ¢ & 8 B B § & ® & B & @ (3‘17)
Using Equation (2-8), the deflections at joint {x,y) for

beams A, B

=y AZBZ' ABB3' 01D1 and CZDZ ares

Y
7 ¢
}
’_

+8,

8. |3

At +8B,
N R mLD1 a2 >X

1!

Fig, 3-9 Gridwork with two longitudinal heams and three trans-

verse beams



4By
Y1,1) = Bl en 4P (2,1)eB

APy '
(5,1 T P ) Be Py (241004,

AZBZ

(1,2) = P (1,2) A, P, (2,2)By

AZBZ
Y(5,2) = P (1e2)B P, (2,2)A,

A5
Y(1,3) = Pl o3 AP (2,308,

AB
I(g.%) = P (1,3)*B, P, (2,3)° A,

1.3 1
160 )" ”
h Ay = , B_=
where A 6EIAB‘ 36 » Is%i;z?
and
°D
T = PE1,1)eAy+Py(1,2) Bty (1,30 Gy
¢ |
Y1,2) = B0 Bppyl1,2) 2mpn 1) gy
o |
Yy 5y = Bylt1) GyRy(1,2) *Bpap (1,3 4y

¢D
X2 2) = Pu(2,1) a 4Py (2,2) sBpvp (2,3) gy

€0,

e, © P (2,1) By P, (2,2) 2B, +P, (2,3) B,
CZDZ y
I(Z,j) = gy(zrl)'qy+Py(2,2)-§y+Py(2,3 'Ay

57



where 1 )3
Ay = EEEI‘_(—LG

CD*4

Substituting into

AB CD

- Y -
T, 00 Y,y =0
A,  CD

14,2 " Y, =9

A B C.D
9By P
Lol By =iy gy =0 §

yilelds

Po(1,1)=A P (2,1)*B,~P (1,1) A -P (1,2) B =P (1,3)+C =0

Px(1,1)-Bx+Px(2.1)-Ak;Ey(2.1)-Ay~§y(z.2)-gy-ﬁy(Z.B)-cy=o

P, (1,2) oA +P (2,2)+B,=P (1,1) +B=P (1,2) «2B-P (1,3) +B =0
Px(1,z)-Bx+Px(z,2)-Axggy{2.1)-gy_gy(z,z)-zgy-gy(z.3)-gy=o
P (1,3) A+, (2,3) B, ~P (1,1) «C-Pp(1,2) =B =Py (1,3) eAy= 0

thi.3)-Bx+Px(2.3)~Ax¢gy(z,1)-cy—gy(z.z)-EY—Py(z.B)-Ay=o

1 I

B
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al)? oL 26lm)]
y  CElgpad ' Y 6EIgpaS

A B1 CZDZ

1
I(Z.t) A Y(z"') - 0 | ]

S2P2 Gl
(2l2) (2’2) - 0 []

A.B c.D
353 2P2
Y23 - Y2,9 =

ba o o (3-18)

Setting II = a, TAE = b and substituting inte Equation
x cD

(3-18), yields

Px(1.1)§g +Px(2'1)§% Py (1,1)

Px(i.l)gé +Px(2.t)§g ~Py(21)

5483b 26a3b
~P_(2,2) ~P_(2,3) -0
-4 R AN ’

3 3
5i:a.3b "Py(1 '2)6"4»& b 26a b

]
-_}:6— -Py(1'3)_1:6— =0

6lrad}
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6sa’ 8ab 6a7p

Px(1.2)3 +_(2, 2)"6 P, (1, 1)-%—‘-’- -2, (1 2)-1-:—— P, (13558 = 0
6 6lap 28a3p blta>

| Px(t.zl)-;é +Px(2.2)‘;g Py (2,022 B (2,215 82 7, (2R = 0

P (1, 3)13-+P (2, 3)1% oF (1.1)3§§—9 -2, (1 2)6“a b * (1.3)5”‘3b r

3
Px(1'3)13'% -"Px(2|3)13'2 -Py(z.i)-z-éigﬁ -Py(z.z)éﬁgh py(z.a)_s_ﬁa b=o

lll'l!...l'l..lll_(}-lsa)
(1). Applied load -at joint (1,1) '
Equation (3-17), yields

Px(1.1)+gy(1,1)=P(1.1)
Px(2.1)+§y(2.1)=o

P (1,2)+P (1,2)=0

x y rouono-nn-----oo---(j‘i?&)
Py(2,2)+Py(2,2)=0

P (1.3)+P (1,3)=0

Px(2,3)+Py(2,3)=0

Solving Equations (3-17a) and (3-18a),

Pyo(x,y) = c1P(1,1) |
xy

....-....-.......(3-193.)
P, (x,y) = d'1P(1,1)
¥ xy

Where c;;. d;; are influence coefficients indiecating the

distribution of the applied load P(1,1) between the transverse
and longitudinal beams,
Through the use of a computer program, these coefficients

were calculated as shown in Figure 3-10.



(2)s Applied load at joint (1,2)

From the same process shown in Section 1, we alsc find

Px(x.y) = ci:?(i.z)
L] [ ] [ ] [ ] [ ] L ] L [ ] L] L] [ L ] 1 [ ] a L ] [ ] (}19b)
P (xy) = d}:P(i.z) B

Where ciﬁ, d;; are influence coefficients indieating the

distribution of the applied load P(1,2) between the transverse

and longitudinal beams, These coefficients are shown in Figure 3-11.

(3)e Applied load at joint (1,3), (2,1), (2,2), (2,3) then can

also be found as follows:

Pelxiy) = el JP(1,3)
r [ ] L ] a [ ] L] » L ] L L ] L ] * & [ ] [ ] [ ] L ] L] (3—19c)
Py(x:.,v) - dljp(‘liB)
Px(x.y) - ci;P(z,t)
L 2 £ L ] L [ ] » [ L ] & [ ] L] [ ] L] » L ] L] L ] (3—19d)
P_(x.y) = d2lp(2,1)
y xy
22
Px(x.}') = eﬂp(z'Z)
oouocc.lnctuo.o.n(j—tge)
P, (xy) = df;P(z.z)
Px(xty) = G;BP(EDB)
» & L ] L ] [ ] » [ ] L ] E L ] ® L ] L | L ] 2 a . L ] (3-1-9f)
32
P (xy) = d)gP(z,B)

From the symmetric geometry of the pridwork,

ot3 13 00 A3 M1 A3 1L A3 A1 ¥3 14
’°13' ©217C23r ©12%C42r ©227Conr G §7C 4 C337Co
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23411, L
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2311, 423t

23711,

(4), By superposition, the results

Px{x,y) and P&(x.y) will be:

P (xiy)=etP(1,1)42P(1,2)4e10P(1,3) 42 P(2,1)4e20p(2,2)
+ci3P(2,3)

P&(x,y)=d;;P(1,t)+d;;P(1.2)+d;3P(1.3)+d§}P(2,1)+d§§P(2.2)

23
«:IWP(Z.B)

of the component loads

63

1 (3=b-A)

The stress BEquations then can be derived in terms of those

component loads Pxﬁx,y) and Py(x.Y).

From Equation (2-12), the Fixed-end Moments ares

2,1
MpB, ~ 50 2P (1,1)4P,(2,1) |
Mg =20 P (10022 (2,1) ]
B T2 ¥ ke x+ <!
My,B, =5§ ("o 2P, (1,2)+P (2,2) |

onlnnunc(f)"u—ﬁl)
.otlloll(j-u-Bz)

¢ & & @+ ¥ & @ ( B-h_Bj)
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32"(11) [Px(‘[,Z)'I'@x(Z,Z)] e ¢ 4 5 8 8 » 8 (3‘“"34)

H.
ByAy T 29

MABBB =2—?(1x) l?x{-‘lj)wx(le)] ¢ & 8 & 3 3 ® @ (B-LBS)

2

1

HBBAB ='§_?"( X) [Px(1.73)+sz{2l3)] "4 8 8 8 4 * @ (B—E}-Bé)

1
: =Y
Moo, = z4

-y

M =
Dic.1 4m
1
M =
€Dy = By

1
i 4
Mchz 6l

[9Py(t.1)+8py(1.2)+39y(1.3)} PR (3—4-37)
[P, (1,040 (1,292 (1,9] + v s o (3B
I9Py(2.1)+8Py(2.2)+31=y(2.3)l 6w w (_3-’»-B9)

ljpy(z't)ﬁy(ziz)wpy(zlj)J s 0 00 e e (B‘IhB'[o)

and from Equation (2-15a), the Moments at intermediate

joints are:

A,B _ .
M(}.%) a%l |8Px(1'1)+Px(2'1-)l 5 & 8 8 8 o 8 9 (3—4—01)

AB 1
M(l 1. _£x) (PGB (2,)] o v a v s a o o (3=C,)

2,1) T 8t

M(1,2) Y]

M.qu
(2,

A_B

By Ik

81

[SPX('[.Z)""Px(2|2)I e ® & & @& » ® 3 (3"}""c3)

1
g)_ ’STT)' [P (1,248 _(2,2)] & o e o v s s (3-4C)
1
M ?’g) ={x I8P (1,3)+P 42,301 4w v v v (3G
B
33 "iﬁ ‘Px(l,j)-l-BPx(?.,j)l 4 & v 0 ¢ s 8 o (3““"’(:6)

(2,3) 81

)
i - .
g I9Py(1.1) Py(l.'B)i i vene s s n 34 c?)



¢, ({1) SREL B VB ]
My,2) =35 LBLI )R, 2)4R(1,3 "
c,D

11
¥1,3) *téﬁﬁ [9By(1,3)=Pg(1,1)] o o o v s
C.D

22 _iy)
M(zil) .-:1%5 {9PY(2'1')-PY(213)] ¢ o e 1
P2y

cD, 4
272 Gyl
H(Z'B) = 128 |9Py(2,3)—Py(2.1)J . 8w 8 W

From Equation (2-17) or (2-17a),

c,D

1
11 _ . , .
Yi,1eny) = By(0ot) CpPy(1,2)0D 4R (1,3)E, l
% . e g,
Y g1mny) = By (U Ty (102)0Gpaf (1, 3008,
24 (2,2)p_ 4P (2,)
Y(zut“'.’\Y) = Py(2.1 )'Cy-*-PB|r ] 'Dy-l-Py ,.3 .‘by ]
Ycznz =P (2,10F +P_(2,2)%G +P_(2,3)e1 J
(2,1-py) ¥y "y Ty tPy (20301
& By )
Y1, 3eny) =By (11 REg#Ry (112000, (1030e
}
S0y
Y43 =5 (101) *HoP (1,2)° G 4P (1,3) °F,,
CoPa
=P (2,1)e i >,3) e
Y(2,304y) = Py‘2.1) §V+Py(2,z) Dy+Py(? 3) c,
!
22 (2,2)46 4P (2,3)
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(3-h-C 8)

(3-4-C

9

(3-4-010)

(3t )

(3-4-C

12)

(3-20a)

(3~20b)

(3=-20¢)

(3-20d)



where (2y =
y2
-2 o ;
D R (6'y-8y, |
2
Y2 1
B =gm—g; |97y-10y
¥y EICD. 2]
2
1 1
'y = Gy [3y-byy/
2
¥ _
G, = s
Y = BEIgp.6n 6y By,
"
H - ol
¥y = BRlgp.Bh L9%y-10y,]
i
in which ¥ = Ex

any arblitrary value.

he'

Y(1+Ax,1)

and
= Px(i.t)-cfuggz.1)-nx

By
Y(ganxy1) = Pl 1o1) BytP (2,1) oFy
Aty

Yanx,2) = P{1,2)2C#P (2,2) +D,

A>B,

Y(Qonx,2) = P{1:2) sE 3P (2,2) F

4385
Y({anx,3) = Px193) sCxtPy(2,3) oDy

KigBy

Y {nx,3) = Pd1s3) "ExtP(2,3) °Fy

b

2
o5 1

1

- A¥s Fp = -l&x + Ay, where Ay 1s

? l!aolnu(}zta)

4 -aooo--(3-21b)

4 .......(3-21c)
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B84 )
Y ounx,1) = Pxl1o1) D P (2,1)0C,
} C e (3210)
A, By
y(2—ax,1) = Pxﬂ1.1)'Fx+Px(2,1)'Ex
A,B, |
Y(2+Ax'2) = Px(1,2)-nx+Px(2,z)-cx l
5 e o s o s o s (3-210)
Yfg__ix.z)==Px(1,2)-Fx+Px(z,2)-Ex j
AsBs
Y(2+rx,3) =Px'(1'3)‘Dx+Px(2’3}.cx 1 -
s s x 8 s » L)
YA3B3 = P (1,3)°F +P (2,31'E j
(2-ax%,3) x x x %

2 -3

whero. 1.1 x 1 x
Cx = EEIAB.z?
1 1.'2 x3
[ -7 2
Dx = Tu-z_E:IAB.z?

2

& ¥  x
E = =
X ET4pe27
2 3
61,1 X
Fy = 3E1A312$

1 1
in which x, = = ax, Ax, = —535 + Ax, where /x 1s

1 3

any arbltrary valu;.

Then Y\c‘lnl 3(011)1
" - =~ (3~22a)
(1.,7)‘ 2:Y P O 24

0, €D,
1 + R 2.4=
: ""Cotal-(a"?Zb)
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oyt ytt |
6(1_ '3)2 'J . :; l2.,/_\yl 8 8 8 3 e 8 2 % e @ (3-220)
e 3 JIN,
oF 2aoty)- (2 (3-22d)
(2'3) - 2AY P2 ® 0 & @ @& a-‘9 @
and IA1B1 IAlBl
¥y . Xt )="(1=A
8(1'1) ZAX " & © ® 3 ® ® B @ (3-23‘)
IA2B2 YAZBZ
y - - =AX, 2
9(1'2) = 24X ® s & ¥ 8 & 8 8 B @ (3—2313)
s I |
{)?1 3) = m‘%ﬂl;'im P B o8 & @ B ¢ B oW (3—230)
e
Yy Ky )=( 2=n .1 : - }
“(2,1_) 2nx ¢ & o @& & & 9-® w @ (3 ?Bd) |
YAZBZ AZBZ
Ul(rz 2) Lz.mx.z;:x(z-&x._—l e 1 ¢ 8 8 9 8 8 8 » (3"?30)
£33 ydd
y p = o
()(2.3) = 24% e 8 o 1 s 8 e * e @ (3 23f)

Substituting Equations (3-20a) to (3-20d) and (3-21a) to
(3-21f) into Equations (3-22a) to (3-22d) and (3-23a) to (3-23f),
respectively.(lfx'y) and H{x.y) can be found, Then the torsional

moments can be darived as follows:

T?m) "'TG.Jﬁ'g{l") R I I ¢ et
T2) = - JAB'{:(z ot (3-4-D,)
1) - A if.“(z'l se s e et e s oo (324D
T?1,3)=3 iw“” ...............(3-.4-1)4)
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T}‘B'B)=3'G'Jge‘gﬁl e - A
A u'G'JC’ij{t-i) I €
1;(,1'2) _ 4-G-Jcnofi§1.2)-ea(r1.1ﬂ R € T
. =4'G'JCD';;¥1'2)'“¥143)] Ce e e e e (30D)
I;({’t,h) = 4.6.%'“{1'3) T & N
¥, 4 = L"G'chﬂifzn) Y o -
y
¥, o - “'G'J"D'E}}Z-ﬁ-“{z-”‘ R G S
¥, Q'G'J"D'i{?-z)ﬁ{z-m e G )
¥y - ""G"iycnﬂ{z.a) R T

From Equations (2-20) and (2-20a),
20 ‘
RAl = _2"7-Px'(‘.1) “'F;Px(2|1) e« ®» % ® & a4 9 & ® (B'L"‘E:t)
RB'], = '%Px{tg'l) + '?Z'?chzgi) ¢ ® & ® 4 & @ & @ (3"4"‘E2)

RAZ 229'-[’ (1_'2) +525Px(2'1) e s & 0 s s s o 4 (3-4'E3)

-
-
-
*
L ]
L]
L ]
L]
-

RBZ = %Px.(l.Z) + %%Px.{2|2) (3"’4“'Eu)



-%P(hﬁ+27%&3) Ce e e e e e e e (3-UE)

- 20 4eEy)
Ry _-21P(13)+2?p(23) N &

3
Rp, = 35 P (1,1) +4 P (1,2) + é% P(1,3)  « 44 (3-4E)
1 27 ».
Re, = 2 B(1,1) + 3 P1,2) + SR e (k)

RDZ %py(z 1) + P (2,2) +-5- y(2.3) ¢ o & W (B-h-Eg)

Ro, = 55 Pyl2it) + 3 By(2,2) + ELP2,3) o w v L (3heEy)

(b)), Numerical Example

The gridwork loaded with 36 kip concentrated loads on each
joint as shown in Figure 3-12 will be considered in this example,
The factors I, E, G, and J are assumed to be the same for all
beans,

From Figure 3-10 and 3-11,

o1 13_ 2123 . 13 21 23
ey 1=0e5=cy 32co  =¢57, ¢z ==0e167=c53=cy =0} 3,
RS 132123 1t 13 2123
¢, ;=0:186=c Jmespwe,0,  0,5,=0,023=c,Jwc, me),
e=t120.003=c 13 2123 Uy 032e13.621 023

°13 €237%21" 27" 217%137%11"

1= Ye e12=0.6452c3,

11'

cé§=-0.12=c22 ol? .186=c22 el2-0, 023=c1

12¢ %3 23' %23 3’

di1=0.52d12a2l=a23,  all-0,167-a}3-a%1-a23

11 21 23741 713
11 13 21 23 11 3 21 23
11 23 11 13 21 23

dy3=0s 003“d11 23'd21' d23==0.03=d;, =y 5=dy s
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12 12 22 12

Substituting into Equation (3-4-A),
PL(1,1)=(0.5+40.18640,003-0,16740,023+0,03) x36 = 20,7 ¥1PS
Py(2,1)=(~0,16740,023+0,0340, 5+0,186+0,003) x36 = 34,0 ¥1Ps
P, (1,2)=(0,1B6+0,645+0,186+0,023=0,1240,023)36 = 34,0 Kips
P £2,2)=(0,023-0,12+0,023+0,186+0,645+0,186)36 = 34,0 Kips
P, (1,3)=(0,00340,186+0,5+0.03+0,023-0,167) X 36 = 20,7 Xips
P,(2,3)=(0,03+0,023-0,16740,00340,186+40,5) X 36 = 20,7 ¥1Ps
P, (1,1)=(0,5-0,00340,167-0,03-0,186-0.023) x36 = 15.3 kiPs
P, (241)=(0,167-0,03+0,5-0.003-0,023-0,186) X 36 = 15,3 kips

Y
T T r
A, f—1—1—¥8B,
k 36K
A, % 4B, 2ut
k
A, 1,
-———MD1 »J,[;)z
18*

Fig., 3-12 Calculation example for case four

7



P, (1,2)=(~0,186-0,186+0,023-04023+04355+0,12) 36—= 2,0 ¥1P*
Py (2,2)=(~0,023-0,023-0,186-0,186+0,1240,355)36 = 2,0 ¥IPS
P, (143)=(~0,003+0,5-0,0340,167-0,186-0,023) x 36 = 15.3 iPs
P;(2,3)=(~0,0340.167-0,00340,5-0,023-0,186) x 36 = 15,3 *'P*

Substituting into Equations (j—h—Bi) to (3—&-012),

M = 2 (18)(3%20.7) = 83 KTt oy . -
AB T 27 ? ) Byay = MaqBy = Mooag

- 2%, (18)(3x3) = 136 KTt MBzAz

M., =% (9x15 38x243x15.3) = P4.8TE . Mb1c1 Mg, p,= Mp,c, .
M}(\ﬁ) < 7 (9x20.7) = b kTS ?zB}) * "??Bg) (3 »
H?i?%) = GBx15:) = 22 9 ftﬁfi 3 = ”f?nn = Mfgng)

By substituting Py(x,y) and Py(x,y) into Equations (3-20a)

to (3-21f) and assuming szAy=1ft.
£t

. 6x18(18-7)2-7(18-7)3
x = 6x27

3

23.2

DL L 6X18x7%=727

il

3

a - Sx ""20 =
£y = 12513;35___xi_ 17.9

72



2 3
Fx=6j%jﬁ%& 31.113

A, B

11 -
Y(1+&x'1) = 20.? (23.2+1?.8) = 8‘48

A151
Y(j_..,gx'«l) = 20,7 (17.9+11.3) = 605
A8
Y(ietx,2) = H (23,2+17.8) = 1390
AzB,

Y(iaim,2) = ¥ (17.9+11.3) = 992

gzu-zzz -

C, = [9x2u-10(gu-?)| = 34.6
Lx7 2

Dy = Zxép (6x24-87) - 448

= —‘S-x%-u— (9x2=10 7) = 1846

2
Fo= 2225 (33046 5) = 2b.6

2
Lx

6, = 6% (6x24-8 5) = 27.1
_ 5%

H =g (9x2h-10 5) = 10.8
€0y |

Y(3 qny) = 1503%34.6+2xlk.8+15,3x18,6 = 904
¢,D

111 }
Y(l,i—!&y) = 15,3x24,642%x27,1+15,3x10,8 = 597

x Ol

‘ o 20507 = 0% =0% -
Y0 T =135 =G 0 =1, T (2,9)
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-=0 =0

X
(1,2) (2,2)

v _ B4B-605 _ L -y -
M) = 2xg = 1205 = 84,3 = a0 = Ha.3)

Vy,2) = T2 = 199 = o], 5
05 e k=Tt . -
T?l,l) = mﬁlﬁ_j = 25.6 = (2,1) T%! 3) T?2.3)

' - hx1x1ﬁ321,5 k=ft _ = 5
1%1'1) N 2 = #0.2 - ﬁ¥1,4) T3(?2.11) ﬁ%Z.h)

- Hixix(199-121,5) _ ,, ok-Tt
T%t.z) 2b 12.9 i{ 2 (1 3)

Ry, = Bg, = Rp; = Rp, 13912) (20.7) = 20,7 Kips

g (zo+z) () = 3.0KiPS

= Ry, =%, = Rp, = (Bh5)(15.3) + K2) = 16,5P8

End

Tl(rz.a)

4. ‘
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CHAPTER FOUR

COMPUTER ANALYSIS FOR COMPLICATED CASES

(1) Case five

Consider a gridwork which consists of n transverse beams and m

Y
S S G G
A4 ¥B,
| |
4 &
| B
Azf ?Bz
At ¥B,
e I R R P R > X
D, D, D,—--—-D,
13!

Fig, 41 Gridwork with n transverse beams and m Longitudinal

beams

longitudinal beams as shown in Figure 4«1,
(a)s Equations
Assume the applied load P at joint (x,y) to be replaced by
unknown components Px(x,y) and Py(x,y), whoere Px and P& are the
loads carried by tho beams parallel to the X-axis and Y-axis at

the (x,y) intersection, respoctively,



From equilibriums

%hm)+%&w)+ﬂmﬂ T EEE EE L b
The deflections at joint (x,y) caused by the component

loads P, and P_ will be derived as follows:

y
Using Equation (2-8),

{ Px ’ X =1 —>m} m . )
Y(le) y = {sn = ill Px(]"y) LAPx(xli)] e & & ® ® 8 @ (‘-""2)
P X=1.m n |
{I(x'y) y =1 +m} i 1 Py(x,1) * WPy (1,5)] o 0 v v v o v (4-3)
where
2, 2,1 .3
AP (x,1) = WL D CXC 3(n0) (1) - 3(1)(x) = (NX=1)(x)]

6EI(NX)

-l.ll!lll!l.l.whenx:'i

2 2¢1,)3
AP, (x,1) = SH(E=X) X7 3(NK)(NK-1) - 3NK=1)(WEe) = (V)i |

61::1(1\1}()6
e s s s o s 2 s s s o s o whan x>1
1)2(:)%()3
#y (1) = QRO ) 3y - )
6EL(NY)

s + 5 o s 6 s s s s 0 8 o Wheany. 1

2 2.1 .3
APy (1,y) = S EPCW)Z | 5(ny)(NY-1) =3(NY-1)(NY=y) = (N¥my)i]
6ET(NY)

s o 8 s » o s s s s 2 e s Wheny. 1

in which
NX=m+1, N =n +1

From Equation (2-10), the deflections at joints (x,y),
caused by the Torsional Moments induced in the orthogonal beams,

are as follows:

T x=zi:m m
{Y % } = } Tx .IATx(x,i)l * 8 e« o B @ (‘b"'a’)
i=1

() y=1->n (1,y)

g x=1'm n
[v'¥ -

I - » A (1.) YRR (13»-5)
(xly) y=1" n} 1.)!1 (x|i) I Ty y I
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i 2:1 2 NX=i $ N
2 fzcﬂ”cns‘ﬁ)‘*dnﬂ!'ﬁ

oa-ooouo.uuoocn.WhOﬂXf_i

1 T ,
gnng x) - (1)( x} SNI-iz
AT (x,1) [2d_, +d, ﬁ +Cy

T em(nn? NX
+ Nl;xl-x'i 1 W W K W 8 W oW o ow e 8 W ow o When x4
2,1 .2
) Cy)™ (NY-1) L
M) = 2 T i W

Illlut.l.lciuclowhenyii

2
M- 2 L L4 A, , (=),

+.(1Y_:_i_l] R E N % § 5w E W .6 s B ow s o« WhEBA FEY
NI .
in which
NX=m+1, NY=n=+1
and
o, =t (=002 4 5(NX)(1) —30000(D)P) |
T ng)?
1 2 2
. = [(NX)(L) -2(NX)“(1)]
x1 (NX)B + ...... (4"6)
cxi = ——l~§ [-(NY)B + Q(NY)(i) -B(NY)(i)z]
(NY)
i 2 2
d_, = =~—= [3(NY)(i)° -2(NY)“(1)]
7 o3 )

Tha final deflection at sach joint will be:

X=1>-m P T
}:Yx +Yx
(x,y) (x,y)

C.Oill!lit(u-?)

XxX=1m F T
}1Yy +Yy ..l..ll...(lhg)

[
\ (xyy)! ya1>n (x,y) (x,y)



Deflection compatibility, ylelds

X - Yy
Y(x'y) e Y(x'}r) ® & » 8 @& & & @ & # ¥ ° @& B 2 & G ° (4-9)

At the beginning, ) and ¥ are assumed to be zero,
(le) (x,y)

Then from Equation (4=1) and (4-9), where Y

T

T
x and ¥,Y are
(xly')

(xn'.'I")

zero, the unknown component loads P (x,y) and Py(x.y) can be found,

The Torsional Moments T and ¥ caused by these
(x.y) (xly)

component loads P (x,y) and Py( x,¥) can then be found by using
Equations (4=C),
Equations (4=7) and (4-8) can then be modified to reflect

T T

the values of Y(i 3 and Y(i o and they yield a new set of
’ ?

values of Yzcx,y) and ﬂ{x,y)' From the new set Equations (4-9)

and the original Equations (4=1), a new set of P (x,y) and Py(x.y),
and a new se! of Tzcx,y) and I%x,y)' respectively, are calculated,

This procedure is then continued until the s and T
(x?y) (le)

from the last two cycles approach each other to the desired
aceuracy,

The stress equation can then he derived in terms of com-
ponent loads Py {x,y) and Py (X33 )

From Equation (2-13), we find Fixed-end Moments ast

m
M Iy =tonie ) Pty x)
o ¥ " iii x{iey o /(Nx)3 :

-

m

™ [~(NK) 3+(N1) 2(1)-3(Nx) (1)2]
1 3N (1) /( e

=1 (1,y)



x s _ m > _ //
{n l y=1 n} = i-E=1 P{1,y)(1)“(NX 1) () oy +

m x
;T [3(X) (1) 2=2(N%) 2(1)]
i (4,y) / (nx)?
[ ] [ ] L ] L ] [ ] L] (l}‘-A)
y n 1
M =toml = T P x,d)(1)(N-1)3(Cy) +
{ (x.o)‘ x=t-n) by T »/ ()3
n y
T =03 mAs)-30m)(2)2 /
131 (xli) (NY)B
¥y n 2 l
M =1 m = P.(x,1)(1)°(NY-1)Cy)
{(x.nnf)I x=10g iy T ‘y/<m)3+
n y
vOT [3(8Y)(1)2-2(NY)3(1) 1/ ;
i=1 (x,1i) (NY)
From Equation (2-15a) and from equilibrium, i.e., the
algebraic sum of moments at each joint should be zero, the
moments at intermediate joints are:
= 1+
{Mx ¥ m}s(rfn ]tl{Ty . T ]
(xy)' y=1> n i=1 (x,1) 2 Uxy) (%,y+1)
L ] [ ] (u"B)
=1
{Hy * m}s[!f M 13%[1‘3: . T ]
(xoy)' y=1*n i=t (1,y) (%,y) (x+,y)
where
N2 [3(A)+(NX=1)1x 4 .
M(x,i) =Py (1,y)(NX-1) (l.x) { (NX)“ -(NX)3} « o o When x<1
M 1) =Px(i.}’)(i)2(l'.x) { NX~d)+f] ANX=x) _ M} ecs.when x> 1
X (NX) (nx)3
_ 2% Bl +(NY-4)] ¥ i X
M(i’y) ._Py(x.i)(NY-i) Cy) { ) - (—@} + « when y> 1
) 2.1 B(NY-1) #4) (NY-y)  (NY-3) g 3
M(iny) V-Py(x.i)(i) Cy) { (NY)u . lf e o When y ' 1
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Using Equation (2-17) or (2-17a),

F X=1rnm
{r= }- TR (1)* BL(x)]  u a0 o (4-10)
(e x,y) ¥y =1>n  i=t
P x =1
{YY “} = Z Py(x.i)’ (APS (L,¥)] e 0 e 0 (8=t1)
(x3fy) y=1n 1+
where 2
1
KEpX
AP (x,1) = AL 2(tfy_x) 30 E)-31) (S d0)
BEI(NX)?

-(Nx—i)( £ lx i&x)] o o » 8 .When (ﬁl tAX)i Nixlx

2 x:tA )
APY(x,1) = (1) [-—";(—x ald {3(Nx—i)lx 3(Nx-i)[1x-( Letnx)]
6EI(NX)

-1[1.x-(}§‘xlxi‘ax)]} s s + « When (ﬁlxtAxP Njillx

2

zl‘.'yi'w 1
ApI(1,y) = SMERENET ) 304)(ty)a3(1) (Ypttny)
y oy 6EI(NY)? v o

_(M-i)(ﬁ yRhy)l ..« . when (ﬁ-ly-“?\y) :;Nigly

e y) = Lﬁm'(ﬁlyﬁy)]z {3(Ny-i)1y-3(NY—i)[ ly_(.NIYI By
g GEI(NY) 2 ' o

-1[1y-(§i;1y¢\y)]} e o » o When (gﬁ ""AY)’

And from Equation (2-17b) or (2-17¢),

Tx x=1>m m X ,
{I | }= ] T [ATAx, 1)1 o 0 0 o o o (b=11)
(xt x,y) y=1>n 1=t (1,y)

il

S

(X.Y* y) J

i

1> n y
"}, A

{* n i=t  (x,i



By

where
E1p 1 Elg x1
' AX [ (R ™ &xzj xd) x
ATx(x,i) = mxgm—)— {zcﬂ +Cy 1 + dﬂ .(EX__I_l
x x
-E';I'x+Ax
-'('NLI;')'} P when( lld'.f_\x)<
x
2
(1 e x] Eletix 1 &l x
' x=(NX ) NX = x-(NX *0%)]
ATx(x,i) - CEL {dei + dxl-L—rx—l + Cxi i
g _
1= "kax
+ x—(iix l] } s » » o when (Nxxlx*ﬂX)«" Nj-'xlx
x
1
3 ﬁ yiny 2 [ly_(_'N‘%lY*A}")] (%‘;y#w)
AT (1,y) = i {2(.!yi + Cyy ]y "'dyi "

1 il
+ Xlg, - L
= M} « o o a when (NY Y)— Ny Y

1
yin (1. &= ydny
.(__l). S y-(NY )
Zdyi + d ]y +cyi T

AT;,(i,y)
Y

J-(ﬁvfl 13, ) {

oot

Ry T-AY 1 1

ST e () oy
¥y

in which C_3, dyy, Cyi' dyi are as shown in Equation (4-6)

Then .
x=1-m P
{rx | }: g = +Y*
(xtox,y) y=1>n (et six,y) (e px,y)

y xX=1"m P
{Y l =Yy +YTy s 2 0 @ (‘4—14)
(x,y¥2y) y=1'n (x,y¥2y)  (x,y¥ny)

*» 8 & B (J+-1.3)

Substituting into Equation (2-18), yields

b of .
()x = (XLY'H\_Y) - Y(XJ-AF) ® 2 8 8 o o & 4 @ @ (’*‘15)
(x,y) 20y
x x
()y I(x-m J(.I) Y(Hx'v) I 4 8 8 & 2 s ° ® 0 & (’4“1.6)

(KOY) = 2 x



The Torsional Moments ™ and
(X,Y) (xil’)

to the x-axis and y-axis in the (x,y) inters

as follows!
{T"‘ X = 1*m} o 0¥

= G*J o Lxavde (e-1)yy)
1 (xDY) y-: 1->n x 1‘x

whers ef(x_t)'y) = 0, when x = 1,

and
" ox
= > = =GeJ ‘-('m"ll
{ (NX,y) ,y 1 n} x 1,
: ; y y
x=1"m a8 a
) o qog e Smnls Calen
XY/ y=1on y 4
wheres nf& (y-1)) =0, when y = 1
(=
and
¥ fo 3]
{ (x,NY) Ix =1 >m} - -G.Jy. ]y

From Equations (2-20) and (2-20a),

i

{Rx |y =1 >n} = ;ﬂ P (1,5)(NX=1)2[ 3(4)+(NX-1)]
(o) = /(

{Rx iy % L= } = iﬂ P (1,5)(1)% 143(NX-
(NX,¥) Wy x

-

i=1

n
2
{Rl(rx,NY)l x=1trm = 1221 Py(x.i)(i) [1+3(NY-

{R‘V ix =1 >m = f P (X i)(NY-—i)z[ 3(1)+(NY-1)]/
x,0) 1~ A (ny)3
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on beams parallel

ection are determined
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(b) Numerical Lxample
Consider a gridwork as shown in Figure 42 which is loaded
with a 36 kip concentrated load at each intersection. The
factors I, B, G, and J ars assumed to be the same for all beams.
By writing Equations (4-1), (49), (4=A), (4B), (4-C)} and
(4=D) into a computer program, the stresses in the gridwork are

found as follows:

R ST

s A, 4 6k ¥~ 36~ 48,

5 A, w*_ |%" 36~ .,

2 A% e "

N S S SO

’ —%—31 2 D >X
2 3

0 1

24

Fig. 4-2 Numerical example for case five

k=-ft
M = 100,29 =M =M =M
A By 1 B1_ A1 AuBy, BuAy

k-t
Haghy = 206495 = "Bo0, ™ MagBy = Mogag



Mg,p, = 100,69 K-T*

k=ft
MC2D2 = 182,20

A B

18 k£
Mg q) = 2682

t

AB

k-1t
(2'1) = 49-65

A_B

272
M(l.

k=ft
2) = 65-69

AyB,

M(z’z) o= 12"".22

CiD1

k-ft
My, = 8

2,9

4Py

k-t
ul = 39,
11,2) 10

0,

_ k=t
M(Zal) = 15.30

€0,

Mi2,2) = 9657 o
Ty, = 3787 e
T2,1) = 2465 =
T0L,2) = 1472 Gl
T?z.z) - g.uy kTt
¥ = 37.20 TV

(1,1)

AB
k"ft - M(3 3

=M - - M

DyCy = Mcypy = ¥pac,
=¥p,c,

AB MB, AB,

=My gy = M, = M3

M}uBu
Sk ¥

A.B A.B A.B
P2 _ By
=M3,2) =M, T M35,

2,3)

Cinl C3D c.D

= Mo Lu = M3,1) = X35

c,D c.D c.D
124 373 3y
=My 3) = %3,2) = %3,3)
C.D
272
c.D
272
=M2,3)
= Tu,1) = W18 = To,m
T HN3,1) T T?Z.u) N T%Bsu)
= Ru,2) = 0,3 = s,9)
T?2.3> = T?a.z) = T%}.s)
= T%3.1) = T%:.s) = T5{3.5)



k-t
T-‘(rt.z) = = 'ﬂ(t.u) = (3,2) T T—{B.h)
Ib(rz,l) ki T‘fz.s) = 1lfz.z) (2,4) 1{2.3) S (1,3) Ia(r3.3)
k
= 21,2 = R =R =
RAl 5 B, = ", Rsu
k
R, = 45,44 = =R, =
Ay Rsz Ay R83
Kk
R = 21.34 - = R -
c, R‘D1 C, R'1:a3
Rg = 39,36 X = Ry
2 2

(e) Guide for use of the computer program

The program is written for the analysis of gridworks with fixed-
edges, It can be used to analyze gridworks with all joints loaded or
with part of the joints loaded, There are only two data cards needed
to use this progran,

The first data card expresses Lx' Ly’ Nx' Ny’ ny, E, XTI, Y1,

G, XJ, YJ, and must be punched in a form to be compatible with the
following FORTRAN format statement,

FORMAT (SL5,/6E12 M4)

where

Lx = length of beams in the x-direction;

Ly = length of beams in the y-direction;

Nx = number of grid spacings in the x-direction, the maximum value
is 103

Ny = number of grid spacings in the y~direction, the maximum value

is 104

KKV = unit lsngth in the same factor as Lx’
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E = modulus of elasticity;
XT = 1 for the beams in the x=direction;
YT = T for the beams in the y-direction;

G = modulus of elasticity in shear;

XJ = J for the beams in the x-directions

YJ = J for the beams in the y-direction;

I = moment of inertia of the bram c¢ross section with respect to
the neutral axis;

J = For a circular cross section is the polar moment of inertia,.

For a rectangular cross section it is equal to sde, where b
is the width, d is the depth of the section, and 8 is a
coefficient depending on the cross-section.properties,

The second card expresses the applied load ;t each joint., The
loads must be punched in sequence as P(1'1), P(2,1)' P(B.t)' T
P(1'2), P(Z,Z)' P(3|2)' e o » o and in a form compatible with the
following FORTRAN format statement

FORMAT (6E10,2)

Zero must bes punched when P does not exist,
(x,Y) '

The joint and member coordinates used in the output are

shown in Figure 4-3,
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Y
R
4 (2,4 gcu,u)4
é‘ (2.3) (3;3) -g
¥
aiC(TJZL %
%x(hi) (1,1) (241) (3,1) ¥
Y(iﬂ.) Y(zl‘i)
b7 o o >
1 2 3 4

\

Fig, b=3 Joint and member coordinates
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CHAPTER FIVE

COMPARISCN OF THE RESULTS FROM THE APPROXIMATE SOLUTION AND THE
STRUDL PROGRAM
(1). Case i

Fixed-end Moment

Point Approximate Solution STRUDL Solution -(2 %
5 x 100

(1) (2)
Al B 33-2 32-2“‘ +2.9?
cl D 2“’-3 25. 3? -4022

Intermediate Moment

Point Approximate STRUDL =-{2 % 100%
Solution (1) Solution (2) (2;
Beam parallel
to x-axis L 332 32,24 +2,97
Beam parallel
to y-axis 0 2h.3 25.37 -4,22
Reaction

Point Approximate Solution STRUDL Solution (1-(2) x 100%
(1) (2) (2)

A, B 11.0 10.75 +2,32

¢, D 7.0 7.25 =345




(2). Case 2
'Fixod-ond Momant
Point Approximate Solution | STRUDL Sclution (1)=(2)
(1) (2) @) X 100%
A 4B ,A,,B, 43,2 40,15 +7.6
C, D 28.8 33.23 "‘1.3!3

Intermediate ioment

Joint Coordinate

Approximate STRUDL (1=-(2)
Solution (1) Solution (2) @ = 1007
Beam parallel
£5 Subiite (1,41),(1,2) 43,2 40,15 +7,6
Beam parallel 14,4 22,15 “34,7
to yesdis (1,1),(1,2)
Torsional Homent
Member Coordinate Approximate STRUDL (1)=-(2) % 100%
Solution (1) | Solution (2) (2)
Beam parallel 6.2 +2,8
ihaped i (1,1),(2,1) 25 5.53 12,
Reaction
Point Approximate Solution | STRUDL Solution | (1)-(2)
(1) 2) &, T
Ai’ Bl’ AE’ Bz 1"‘.“ 13.38 +706
c' D 7|2 9.23 -22




(3) Case 3

Fixed-end Moment

Point Approximate Solution | STRUDL Solution | (1)=(2)
(1) (2) @) x 100
A,y B,y A,, B
2 72
L 72 67.5 +6,67
Cp0 Do G0 Dy
Intermediates Moment
Joint Coordinate Approximate STRUDL .(1.).'_(&
Solution (1) | Solution (2) (2) ¥ 100%
Beams parallel |[(1,1),(1,2) -
to x-axis (2,1),(2,2) % 05 1.0
Beams parallel |(1,1),(1,2)
to y-axis (2,1):[242) 3 1023 -11.0
Torsional Moment
Member Coordinate Approximate STRUDL 1=(2)
Solution (1) | Solution (2) z; = 100%
Beams parallel |(1,1),(3,1)
to x-axis (1,2),(3,2) 177 13:3 24
Beams parallel |(1,1),(1,3) 17.7 1345 +31
to y-axis {241),(2,3)
Reaction
Joint Approximate Solution | STRUDL Solution =-(2 00%
(1) (2) 2y * 1007
2 2
1" 18 18 0
€10 Dyy €20 Dy




(4) Case 4

Fixed=end Moment
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Point Approximate Solution | STRUDL Solution | (1)=(2) x 100%
(1) (2) (2)
8, +6,
A, Bi' A3, B3 83 78,1 37
A, B, 136 12041 +13.3
Cys Dy Cpy Dy 74,8 74437 10,6
Intermediate Moment
Joint Coordinate Approximate STRUDL {1)=(2)
e Solution (1) | Solution (2) 2y x 100%
Beams parallel | (1,1),(2,1) by b b3 b -l,75
to x-axis (1.3).(2:3) : i
(1.|2)|(2!2) 68 68-5 ‘OS?B
Beams parallel | (1,1),(1,3) 22, ' 32
to y-axis (2,1),(2,3) ? 33.7 3
(1,2),(2,2) 28,9 27,16 +6.4
Torsional Moment
Member Coordinate Approximate STRUDL 1)=(2
Solution (1) | Solution (2) 25 = 100%
Beams parallel { (1,1),(1,3) 25,6 20,3 +26
to x-axis (3!1)¢(313)
Beams parallel | (1,1),(1,4) 20,2 17.31 +H6.6
to y-axis (2,1),(2,4)
(1!2)|(1|3) 12.9 8,47 +51,8
(1,2),(2,3)
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Reaction
Point Approximate Solution | STRUDL Solution {(1)=(2)
(1) (2) O el
Ay By, Ay, B3 20,7 20,26 +2,47
A5, B, 3 3142 +8.3
Cis Dyy Cpy Dy 16,3 18,02 =9.55




(5) Case 5

Fixed-end Moment
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Point ApprOxim?tg Solution STRUDL(Sglution £1%E§2! x 100%
2
Ay Byy Ay, By 100,29 106,51 =5.85
Ay By, A4, B 206,95 202,39 +2,26
Cys Dyy Cq4 D3 100,69 105,11 =b,2
C,y D, 182.2 175.1 +3.87
Intermediate Moment
Joint Coordinat Approximate | STRUDL (1=(2)
ok Foordinate Solution (1) | Solution (2) 2) * 100%
Beams parallel|(1,1),(3,1) 28,89 30455 ~5.45
to x-axis (1,8),(3,4)
(2,1),(2,4) 43,65 51,87 -4,28
(1,2),(1,3) 65.6 63,42 +3,58
(3,2)1(3,3) s ?
(2,2)4(2,3) 124,22 107,05 +16,0
Beams parallel|(1,1),(1,4) 24,98 26.9 =7415
to y-axis (3,1),(3,4)
(1,2),(1,3) ’ g +7.5
(31291(3.3) 3941 %435 5
(2,1),(2,4) 45,3 5047 -10,6
(2,2),(2,3) 96,57 70 +37.8




Torsional Moment

o4

Member Coordinate Approximate STRUDL (1)-(2)
Solution (1) | Solution (2) @ x 100%

Beams parallel | (1,1),(4,1) -

to x-axis (1), (tels) 37.87 39409 3413
(ztt)l(jli) 214, 65 23 23 +6 11
(2,4),(3,4) ) ' *
(1,2),(1,3) =
(u:z),(u,a) 14,72 15439 k.35
(2,2),(2,3) 4 -
(3,2),(3,3) 9,44 _9-8 3.66

Beams parallel | (1,1),(3,1)

to yeaxis (1.5),(3.5) 37.2 37.97 -2,03
(1,2),(1,4)
(2,1),(2,5) 30 20 0
(2,2),(2,4) 0
(1,39,(3,3) ¢ 0 +0

Reaction

Point kpproxim?f? Solution STRUDL(S;lution (12;{52 x 100%

Aiﬂ Bl' A]_},l E}_,, 21!53 22'81" "'5!?5

szn le Aar 33 L"Stlm' Ml'oj +2.5?

Ci, Di' 03, D3 21.34 22,0 =3,0

o1 Dy 39436 37,69 iy
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DISCUSSION

The method presented in this report is based on the simplest
mathematical processes and the most fundamental structural concepts
for solving for the stresses in gridworks. It is similar to the
“"Beam method" in the analysis of Folded Plate Structures, The equations
developed by the writer can be easily followed and readily applied,

In simple cases the writer neglects the beam deflections caused
by the effect of torsional moments, since these deflections are small
in comparison with the total deflections, It then becomes a simple
procedure to find the approximate stresses in the gridworks. By using
the same process, we can develop solutions for many other cases.

In a comparison of the results from this method and ICES STRUDL
results, it can be seen that the stresses, in the structure with biaxial
symmetry in both geometry and loading, from the former method are close
to those from latter method, Simultaneously, we find the number of
unknowns in this type of gridwork will reduce to one quarter of the
number for an unsymmetric situation, hence it will be the easiest type

of gridwork to solve using this approximate method,



CONCLUSIONS

The analysis of gridworks subjected to normal loads is normally
a tedious process, the writer has attempted to circumvent this
difficulty. This is only the beginning of doing this kind of work,
Even though computers are prasently popular and widely available, a
simple method of analysis for plane gridworks is worth while for the
practicing engineer, We can use this methed for preliminary design.
or for estimating the required sections or even for the final analysis

of simple gridwork structures,
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$J400

C

AMALYSIS
DIMENSIO
CFEMYCL1(
C)sDEFYLI
CREAX®(10
Cl0),TY(1
50 FORMATI(5
READ(5,5
MX=NX-1
MY=NY~1
N=MX*MY
Nl=2%N
NZ2=N1+1
100 FORMATI(6

100

DF GRIDWORK STRUCTURES WITH FIXED EDGES
N AL200,201)4+PX({10,10},PY(10,10),FEMXA(L10),FEMXB(10),

Jo FEMYD{ 10) »CMX(1Q,1C),CMY(10,10),DEFXL(10,20},DEFX2(1C,1i

13+10)4DEFY2(10,10),TORY(11,411), TORX{11,11},REAXA(L1O},
)2 QEAYC(10) ,REAYD{10) 4y THETAY(10,10) ,THETAX(10,10),TX(1GC,
GeylU)yDEFTOL1Q0),¥YY(10,410),YX(20,10),AB(100)
I15,/6E1244)

) LXsLY  NXsNY KXY E XTI +¥I Gy XJd,YJ

El0.2}

READ(5,100) (AB(K},K=1,N)

DO 80 K=
DO 80 J=
YY(K,J)=
80 YX(K,J)=
AMX=0,
BMX=0.
AMY=0,0
BMY=0.0

1, MX
14 MY
0.0
0.0

82
500

DO 82 K=1,MY
DO 82 J=1,MX
TX(J4K)=0.0
TORX{J,K})=0.,
TY(J'K‘=O.
TORY(JyK)=0a
JJJ=0

DO 90 K=1,yN1
DO 90 J=1,N2

90 A{K,J}=0
JJd=d4J+
DO 101 K
L=(K=-1}/
IS=L%MX
TFIK=-MX)
111 Jl1=K
GO TGO 11
112 J1=K-1IS
113 DO 101 M
I=K+N
IF(J1-M)
103 A(I M+IS
Clb.*E%X]
GO 70 10
162 A(TI 4M+1S
C-{NX-J1)}
101 CONTINUE
DO 105 K
Ll=(K~-1)
J3=K~L1=*
JZ=L1+1
b0 105 M
MM=M1 +{ (
1=K+N
TF{J2-M1
107 A{L MM) =

=0

1
=1,sN
MX

111,111,112
3
=]y MX

103,103,162

)= CINX=M )RR 2Rl Xk k3 J LR 2% {3 o *NXAM=-3 g #MxJ1-(NX-M)*J1) )/
ANX*%E)

1
J=(MER2X L XFRFRANK=JL JR#2H {3 o #NX* (NX-M) =3 ¢ ¥ (NX=M)*(NX-J1)
“M) )/ {6 EXXTRNX)*®E)

=14N
/MX
MX

1l=1yMY &
J3~11%MY +N)

) 107,107,166 N
—{INY-ML )23 | Y3 g2k 25 (3 g« NY#ML~3, #M1* 2=~ (NY=-M1)*J2)



C)/ 1B *EAYIANY®%6 ) 101

GO TO 105 .
166 A(TyMM)=~({M1uk 2| YAFE(NY-J2 ) 2H2H( o NYX{NY-MI)=B % {NY-M1)*x{NY=-
CI2)=tNY=J2)%M1) ) /{6 *ExYTRNYX®S )
105 CONT INUE
DO 140 K=14MY
DO 140 J=1,MX
KKJ=J+(K=1)*MX
140 DEFT{KKJI)I=YY{J,K)~YX(JyK)
DN 142 K=1,N
142 A{K+NyN2I=DEFT(K)
DO 1C9 K=1,.N
A(KyN2)1=AB{K)
109 A{K,K)=1.
DD 110 K=1,.N
Kl=(K=1)/MX
KZ2=K-MX*%K]l
T1={(K2=-1)%MY)+{N+1+K1)
110 A(K,11)=1.
DO 123 K=1,N1
K11=0
T1F{A(KyK)eNELDLQ) GO TO 123
124 K11l=K1l1l+1
KL=K11+K
IFIAIKL,K) e FQe0s0} GO TO 124
DO 122 KM=1,N2
TEMP=A(K KM}
A(KKM)=A(KLyKM)
122 A{KL,KM)=TEMP
123 CONTINUE
DO 121 X=1,N1
S=1.G/D1V
DO 128 KJ=K,N2
128 AIKsKJI)I=A(KyKJII*S
A(K,K)=}.c
DO 129 KI=1,N1
IF(KI-K) 130,129,130
130 AlJd==A(KI,.K)
DO 132 KJ=KeN2
132 A{KIyKJ)=AIKI sKJI+AT JRA{K, KT}
129 CONTINUE
121 CONTINUE .
DO 133 K=],.MY
DO 133 II=1,MX
TKI=(K=1)5MX+]T
133 PX{II K)=A(IKJI,N2)
DO 135 11=1,MX
DO 135 K=1,MY
I4={{IT-1)%MY+K+N}
135 PY(II!K)%&(IJ!NQ)
PO 300 KX=1,MY
DO 300 JX=1,MX
KX1={JXHLX)}/NX-KXY
KX2={ JX*¥LX)/NX+KXY
KXX1I=KXI*NX/LX ¥4
KXXZ2=KX2%*NX/LX
DEFXZ{JXKX)=0,
X1=KX1%1,



X2=KX2%1, ' 102
DO 302 MI=1,MX
AMX={TXUMT g KX ) ZNX%%3 )k (~NX%%D 44  KNXEEDH U] =3 QENXEM] $%2 )
BMX= (TXIMT KX /NXAEE 3 b4 (3 ENXEMI %2 =2, % NXE% 2% M] )
[F(KXX1=-MI) 303,304,304
303 AAL=PXIMIKX)H(NX=MI J#2%X 14425 (3 kM *L X =3 J*kM%¥X1~(NX-MI)%X1)/
Cl6HFEXXTHNX%®S)
AATL=X1#%2/6%E%XT %L 2 AMX+AMXK (L X=X1 ) /L X+BMX#EXL/LX=TX (M4 KX} *X1/LX
DEFX1(JX,KX)=DEFX1(JX,KX)+AAL+AATL
GO TO 330
306 AAT=PX(MI,KX)#MI %528 (LX=X1)k%2% (3o K {NX=MT ) #LX=3 4% (NX-MT ) (LX~-X1)
C=MI%(LX=X1) )/ (6¢%ExX [RNX4%3)
AATI={LX=X1)%%2/ 6o EXXI* (25BMX+BMXEXL /LX#AMXK (LX=X1)/LX+TXIMT KX )
CALX=X1)/LX)
DEFXLLIX KX)=DEFXTI(JX, KX)+AAT+AATI
330 IF(KXX2-MI) 333,334,334
333 AA2=PX(MI,KX)%(NX=MT J&kA25X2%*2%( 3 4 *MI %L X=3 ¢ AM] ¥ X 2= (NX=MI )% X2) /
Clba*EsX]*NXk%3)
AAT2=X2%%2/ 6¥Ex X T4{ 24AMX+AMXH (L X=X2 ) ZLX+BMXAX2 /LX-TX {MI 4 KX)%*X2/LX
DEFX2(JXyKX)=DEFX2{IX, KX ) +AAZ+AAT2
GO TO 302
334 AA2=PX{MI KX )M %25 (L X=X2) %% 2% (3, % (NX=MI )%= LX=3 % (NX-MI )% (LX~X2)
C-MIx(LX=X2))/(6¢*ExXT%NX%%3)
AAT2= (LX=X2)*%2/ 6o ¥EXXT* (2% BMX+BMXXX2 /LX+AMXK (LX=X2) 7/ LX+TX {MI KX )
CILX-X2)/LX)
DEFX2{JX s KX)=DEFX2(JX, KX} +AA2+AAT2
302 CANTINUE
THETAY(J X, KX)= {DEFX2 (JXsKX)=DEEX1{IXyKX) )/ 20 ¥KXY
IF(KX-1) 305,305,306
305 TORY (JXsKX)=THETAY{JX,KX)%GRYIENY /LY
GO TO 300
306 TORY{JXyKX)=(THETAY{IX,KX)~THETAY(JIX,KX=1})%GXYJENY/LY
300 CONTINUE
DO 307 JX=1,MX
307 TORY(JXyNY)==THETAY(JX,MY)XGHYIANY/LY
DO 310 KY=1,MX
DO 310 JY=1,MY
KY1=(JY*LY) /NY-KXY
KY2= (JY*LY) /NY+KXY
KYYL=KYL*NY/LY
KYY2=KY2#NY/ZLY
DEFYLIKYJY)=0.
DEFY2(KY yJY)=0.
Y1=KY1*1.
Y2=KY2%1.
DO 312 MI=1,MY
AMY=(TYUKY,MI ) /NY®¥3 )% (—NY %% 344 o KNYRK2EM] =3 o ENY M [ #%2 )
BMY= (TY{KY, MI)/NY#K3 )% ( 34 kNYHM] %% 2—2 gk NY %% 2%M] )
IF(KYY1-MI) 313,314,314
313 B1=PY(KY,MI)%(NY=M[)%k2xy]%#2%(3, *%I*LY 3oH¥MIXY1=(NY=MI) %Y1}/
ClbSHEXRY I ANY*%3)
BTL=Y1%%2/ 64 %EXY [ {25 AMY+AMY* (LY=Y1)/LY+BMY*YL/LY=TY (KY,MI)¥Y1/LY
DEFYLIKY,JY)=DEFYL(KY,JY)+B1+BTL

GO TO 340
314 BL=PY(KY yMI)HMI¥R2x (LY=Y1)H¥2% (3% (NY=-M] ) *LY=3 4% (NY~-MI) % (LY-Y1)
C-MIx(LY-Y1))/ (64 %E*YTENY%%3) #

BT1l=(LY-Y1)*%x2/6, *E*YI*(Z*BMY+BMY*Y1/LY+AFY*(LY YL)/LY+TY{KY MI)*
CiLY-Y1)/LY)
DEFYl(KY,JY)”DFFYI(KY,JY}+BI+BT1
340 TF(KYY2-MI) 343, 344:344



103
343 R2=PY(KY MI ) (NY =M )#¥20Y25% 2% ( 3o *MI ¥ LY -3 %M *Y2—(NY-MI ) %xY2)/
ClEe®F Yl #NY®%x3)
BT2=Y2%%2/ 6o ¥EAY IR{ 2AMY+AMYE{LY-Y2) /LY+BMYRY2/LY-TY(KY,MI)%:Y2/LY)
DEFY2(KY ¢JY)=DTFY2(KY,JY)+R2+RT2
60 TO 312
344 RB2=PY(KY MIYAMI k224 (LY=-YZ )5k 2% ( 30k (NY-MI ) ELY=-3.%(NY-MT )% (LY-Y2)
C=MI*(LY-Y2) )/ (6a®FrY[ENY%%3)
BT2=(LY=Y2) 5% 2/ 6 KExYTIH(24%BMY+BMYRY2/LY+AMYA{LY-Y2)/LY+TY[KY,MI) %
ClLY-y21/LY)
DEFYZI{KY JY)=DEFY2(KY,JY)+B2+BT2
312 CONTINUE
THETAXIKY, JY)={DEFY2(KY,JY)=DEFYL(KY,JY) )/ 24 %KXY
IF(KY=-1) 315,315,316
315 TORX(KY JY)=THETAX{KY,JY)#G%XJENX/LX
GO TO 310
316 TORXIKY s JY)I=(THETAX(KY  JY)-THETAX{KY=14JY))AGHEXIENX/LX
310 CONTINUE
DO 317 JY=1,MY
317 TORX(NXyJY)==THETAX (MX,JY ) 5G*XJ%NX/LX
DO 350 K=1,MX
DO 350 J=1,MY
TX(K 3 J)=TORY (K, J)=TORY (K, (J+1))
350 TY(K,JI=TORX(K,J)-TORX((K+1),J)
DO 355 K=1,MY
DN 355 J=1,MX
YX{JsK)=0,
DO 355 MI=1,MX
AMX= { TX{MI gK) INXZXZ) R (~NXEX3+4 ¢ kNN K2 HM] =3 S ENXFM] %% 2 )
BMX= (TX{MI K )/NX %3 )2( 2, ANXEM] %k 2 =2, kN X% 2% M] )
IF{J-MI) 361,361,362
361 C=( k24 X%%2/{ 6o HExXTANXEA2 ) ) (2RAMX+AMNK {NX-J ) /NX+BMX*J/NX=TX(MI]
CyKIEJ/NX)
GO TO 355
362 C=(INXRLX=J%LX)%R%2/{ 6 %EXXTAENXE%2) ) ¥ (2XBMX+BMXEJ/NX+AMX% (NX-J) /NX
CHTXIMI,K)E(NX=-J)/NX)
355 YX(J,K)=¥YX{J,K)+C
: DO 365 K=1,MX
DO 365 J=1,MY
YY{K,J)=0.
DO 365 MI=1,MY
AMY=(TY (K oML )/NY %%3) 5 (=NY*¥3 44, ANY R ¥ 2EM] =3 L kNYRM[%%2 )
RMY=(TY (KyMI)/NY %3 )% (3, %NYEM] k%22 S kNY*%2%M] )
IF(J-MI) 3714371372 ,
371 Ca(J%k2%LY#%2/ (6o HERYIRNYR%2) )% (2% AMY+AMY X {NY=J ) /NY+BMYXJ/NY-TY(K,
CMI)%J/NY)
GO TO 365
372 Ca(INYHLY-JXLY)%%2/ (6o #EXYIRNYX%2) )% (2% BMY+BMY*J/NY+AMY R (NY-J )} /NY +
CTY(KyMI)x(NY=J)/NY) '
365 YY(K,J)=YY{K,J)+C
IF(JJJ.GT.3) GO TO 502
GO TO 500
502 DO 200 K=14MY
FEMXA(K)=0.
FEMXB(K) =0,
NO 200 [1=1,MX
AL=PX (T JKIFITR{NX=-TT )28 X/NX%%3 y
S{TXOTT g K)ZNXERS )5 (=NX%k3 44 o kNXHEE2H ] [ =3 g kNX K] [%%2)
A2=PX(TT K )RT I uk 2% (NX—TL)RLX/NX*%3
BM=(TXLT I K}/ NX&RB) R (3 NXK] [ *%2- 2 *Nx**z*lll
FEMXA(K)=FEMXA(K)+AL+AM ~



200 FEMXB(K}=FEMXB(K)+A2 +BM 104
NN 202 K=1,.MX
FEMYD(K ) =0, g
FEMYC{K)=0e ;
00 202 I1=1,MY
AB=PY (K, IT)¥TI*INY-TI)%X2%LY/NY*%3
AM=(TY (K T T H/NYFEI) & (~NYRA3+44 FNYRR2E] [-F 4 XNYXR] [%%2)
AG=PY{K I pRIT>¥2%[NY-TI)*LY/NY*%3
BM={TY(KpIT)/NY®%EF) 2 (FHNYRT I *%2-2  kNY¥¥2%][ ]}
FEMYDI{(KI=FEMYD(K ) +A3+AM
202 FEMYC(K)=FEMYC{K)+A4+BM
DO 210 K=1,.MY
DD 2140 J=1.,MX
CMX{JaK)=+(ABSITX (UKD /2.
DO 210 11=1,MX
IF{J-1T1) 212,213,214
213 B=PXUIT 4KIFINX-TI)#R2¥LXF( (3% I+ (NX=TI)I*J/NXF*4=-T]%] 4/ NX*%3)
GO TO 2149
214 B=PXOIT K)#TIR=2% Xk {{ (B (NX-TII+TI)¥(NX=J})/NXx&k4—(NX-T1}*1./
CNX%%3)
210 CMX(JoK)=CMX(JsK)+B
DO 220 K=1,MX
DO 220 J=1l4MY
CHMY (K J)=+(ABS({TYI(KyJ)))/2s
DO 220 IlI=1,MY
IF{(J=-1T1) 223,223,224
223 B=PY{XK I TI®(NY-T1T1%%2%LY*{{3a*[I+{NY=-1TT))¥J/NY*R4=F]1%)4,/NY%X%3}
GG TO 220
224 B=PY(Ky ITT)®TIak2al Y ({(2,%INY=TI)+TI)*{NY-J)}/NY*E4—(NY-11)%1./
CNY#*#3)
220 CMY([K,J)=CMY{K,J)+B
DO 400 K=1,MY
REAXA(K) =0,
REAXB(K)=0,
DO 400 J=1,MX
RI=PX{JyK)x{NX=J )2 {3aJ+(NX—=J) } /NX¥%3
R2=PX{J s K) kI 2% (J+3 2 {NX-J) )/ NX*%3
REAXA{KI=REAXA({K)+R1
400 REAXB{K}=REAXB(K)}+R2
DD 402 K=1,MX
REAYD({K)=0D,
REAYC(K])=0.
DO 402 J=1,MY ;
R3=PY (K, J)H{NY-J)¥x2%{ 3% J+(NY=-J) ) /NY*%3
Re=PY (K, J)xdxx2F ( J+3X(NY-J) ) /NY %%3
REAYDIK)=REAYD{K}+R3
402 REAYCI(K)=REAYC(K}+R4
KB=0 ~
150 FORMAT({1HO,12X*FIXED—-END MOMENTS AND REACTIONS ON BEAMS')
151 FORMAT(/BX s " X' oSXy 'Y 'y 5Xe"FIXED-END MOMENT ', 23X, *REACTION? /)
152 FORMAT(/TX,1244X41245X5,EL57420X:E15.7)
WRITE (64 150)
WRITE{6,4151) o
WRITE(64152) {K,KRB,FEMYD(K) REAYD(K} K=1,4MX)
WRITE(OH2152) {(KeNYoFEMYCIK) sREAYC(K)K=1,MX)
WRITE(64152) (KB,KyFEMXA(K),REAXA{K) K=1,MY])
WRITE(H,152) [NXsK,FEMXR{K) yREAXB(K),K=1,MY)
153 FORMAT{1HO 12X, " INTERMEDIATE MOMENTS AND TORSIONAL MOMENTS ON BEA!
CS='/13X, "PARALLEL TN X-AXIS'")
154 FORMAT{/8Xa ' Xt pOX 'Y ySXy VINTERMEDITATE MOMENT Y, 15X, "TORSIONAL MO}



CENT?') 105
WRITF{6,4153)
WRITF(6,4154) '
WRITE(H,152) (K deCAXIK 3 I) 3 TORXIK Yy K=14MX),J =1y MY}
155 FORMAT(/TXy1244X372440X,E615671)
WRITE[S64155) (NX3J, TORXINXsJ) ¢+ J=14sMY])
156 FNRMAT{1IHO, 12X, " INTERMEDIATE MOMENTS AND TORSIONAL MOMENTS ON BEA
CS=1/13X, 'PARALLEL TO Y-AXIS*)
WRITF(6,156)°
WRITE(6,4154)
WRITE(BH,152) ((K3JeCMYIKeJd)oTORYIKyJd) pJ=1l4MY ) K=1,MX)
WRITE(A,155) (K eNYTORY{K ¢NY) yK=1yMX)
STOP
END

$ENTRY
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ABSTRACT

This report presents a simplified method for solving for the
approximate stresses in pridwvorks which are fixed at thelir edges.

The method assumes that the applied load at each node can be replaced
by two components acting separately upon the beams which are intersect
at that node, The deflections of the longitudinal and transverse
beams caused by these component loads should be compatible at each
intersection, where the deflections caused by the torsional moments
are neplected, since these deflections are small in comparison with
the total deflections. From this relationship the component loads

can be found, Then all of the stresses in the gridwork ean be derived
in terms of these componants,

Using this process the writer derived simplified equations for
four simplo special cases, and developed a2 computer orograrm for com-
plicated cases, A numerical example is glven for each case and the
results of the numerical examples are comnared with the results from

the ICH5 SYRUDL propram.



