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Abstract

This thesis presents advanced statistical tools and optimizations for the analysis of large-

scale structure, focusing on the bispectrum and the projected correlation function. First,

we derive general analytical expressions for how the Alcock-Paczynski distortions affect the

power spectrum and bispectrum of cosmological fields. We compute explicit mixing co-

efficients for bispectrum multipoles in the linear approximation, demonstrating that the

leading-order effect is a uniform dilation of the wavevector triplet. While the linear approx-

imation is highly accurate for all power spectrum multipoles and the bispectrum monopole,

we identify sub-percent level inaccuracies in the bispectrum quadrupole and a failure in the

hexadecapole. These analytical results provide a rigorous alternative to numerical schemes,

simplifying bispectrum analysis for galaxy surveys and the measurement of the baryon acous-

tic oscillation peak position.

Second, we investigate the optimization of projected correlation function analysis, specif-

ically examining how results depend on the line-of-sight integration limit, pi-max. Utilizing

varied halo occupation distribution parameters and cosmological models, we quantify the

dependence of Fisher information on the choice of pi-max. We find that the optimal in-

tegration limits for maximizing information content often fall within non-standard ranges,

spanning from 10 to 100 h-1 Mpc. Together, these studies enhance the precision of cosmo-

logical constraints by providing exact analytical frameworks for higher-order statistics and

optimized configurations for projected clustering measurements.



Table of Contents

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi

List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Mixing bispectrum multipoles under geometric distortions . . . . . . . . . . . . . 7

2.1 Alcock-Paczynski Distortions . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Distortions of the Power and Bispectrum . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Geometric Distortions of the Bispectrum . . . . . . . . . . . . . . . . 12

2.3 Testing Linear Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 Optimized Projected Correlation Function . . . . . . . . . . . . . . . . . . . . . . 19

3.1 Optimized πmax for HOD parametrization . . . . . . . . . . . . . . . . . . . 19

3.2 Optimization in Large Box Simulations . . . . . . . . . . . . . . . . . . . . . 25

3.3 HOD Parameter Optimization for Cosmological Minimal Deviance . . . . . . 26

4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

A Appendix for Mixing Bispectrum Multipoles . . . . . . . . . . . . . . . . . . . . . 43

A.1 Wavevector Projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

A.2 Bispectrum projections from Geometry . . . . . . . . . . . . . . . . . . . . . 44

A.3 Computing Model Power Spectrum And Bispectrum . . . . . . . . . . . . . . 48

iv



B Projected Correlation Function Optimization For QSO at redshift z = 1.4 . . . . . 50

v



List of Figures

2.1 Depiction of the three wavevectors defining a bispectrum and the associated

geometry. Points 1 and 2 are situated in the y-z plane. . . . . . . . . . . . . 9

2.2 Ratio of distorted power spectrum multipoles to the fiducial ones. Data points

represent exact results, while solid lines denote the linear approximation. Pan-

els display the monopole, quadrupole, and hexadecapole from top to bottom.

Red markers/lines indicate a 1% αV offset, and blue markers/lines indicate a

1% αϵ offset. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 Ratio of distorted bispectrum multipoles to the fiducial ones. Monopole and

quadrupole results are shown from top to bottom. Red and blue indicate 1%

offsets in αV and αϵ, respectively. . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Response of the equilateral bispectrum hexadecapole to a 1% offset in αϵ. . . 18

3.1 the difference of the projected correlation function times distance bin for slight

perturbation of LRG parameter, Mcut, using the AbacusSummit c000 (Base

Planck) cosmology. This analysis examines the sensitivity of the projected

correlation function wp(rp) for given πmax = 100 . . . . . . . . . . . . . . . . 20

3.2 Projected Correlation function derivatives for different bins. For σ HOD pa-

rameter for LRG-s. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.3 Fisher information like quantity for each HOD parameter, and for seperate

radial bins. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.4 πmax maximum vs rbin for each HOD parameter. Here, it is visible that for

satellite parameters κ and α, results are noisy, which is due to their small

sensitivity towards the total galaxy population. . . . . . . . . . . . . . . . . 23

vi



3.5 The two Correlation Matrix graphs are for fixed πmax = 50, resulting from

varying Mcut and σ HOD parameters . . . . . . . . . . . . . . . . . . . . . . 23

3.6 Final results of LRG small boxes . . . . . . . . . . . . . . . . . . . . . . . . 24

3.7 Fisher information like quantity analysis for large boxes. Only final results for

πmax optimization are displayed. A clear linear dependence is observed with

Mcut and with σ, the signal becomes noisy for higher radial bins . . . . . . . 25

A.1 The same figure as in Fig.1 for clarity . . . . . . . . . . . . . . . . . . . . . . 45

B.1 For QSO, at redshift z = 1.4. The results are similar, however here the dif-

ference between optimal πmax for different bins is much harder to distinguish,

however still present. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

vii



List of Tables

1.1 Priors used for LRG and QSO HOD fits, as adopted from1. The parameters

utilize broad Gaussian priors, N(µ, σ), with additional hard bounds as listed.

Mass units are expressed in h−1M⊙. . . . . . . . . . . . . . . . . . . . . . . . 6

2.1 Nonzero mixing coefficients for power spectrum multipoles up to the fourth

degree. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 All nonzero coefficients C
(i)
ℓℓ′m′ up to ℓ = 4. . . . . . . . . . . . . . . . . . . . 14

2.3 All nonzero Dℓℓ′ coefficients up to ℓ = 4. . . . . . . . . . . . . . . . . . . . . 14

3.1 Optimized HOD parameters for different AbacusSummit cosmologies to min-

imize clustering differences relative to the base Planck cosmology (c000) at

πmax = 100h−1Mpc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

viii



Chapter 1

Introduction

This thesis is composed of two primary research objectives. The first major component in-

vestigates the intricate mixing of galaxy bispectrum multipoles under geometric distortions.

This work provides a rigorous framework for accounting for these distortions, which is es-

sential for accurately recovering cosmological information from the anisotropic clustering of

galaxies2. The second core objective of this work (that has not been published as a sepa-

rate paper yet) focuses on the optimization of projected correlation functions, wp(rp). By

examining the stability of these measurements across various integration limits and utilizing

high-accuracy simulation suites. Together, these two investigations offer novel methodologies

for analyzing the next generation of spectroscopic galaxy surveys.

Geometric Distortions in Cosmological Surveys

By measuring redshifts and angular positions, galaxy surveys inherently document the place-

ment of galaxies within spherical coordinates3. To transition these data into physical Carte-

sian coordinates, we must assume a specific expansion history and spatial curvature for

the Universe. If the selected fiducial model deviates from the Universe’s actual physics,

the perceived distances between galaxies undergo distortion. These geometric shifts allow

researchers to back-calculate the true cosmology from the initial fiducial assumptions.
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Such distortions influence every statistical appraisal of large-scale structure. For instance,

the observed power spectrum effectively becomes a warped variation of the actual power

spectrum:

Pm(k||, k⊥) = P t(α||[p]k
m
|| , α⊥[p]k

m
⊥ ) (1.1)

In this context, α|| and α⊥ represent distortion parameters along and perpendicular to

the line of sight, respectively, dictated by the cosmological parameters p. When the power

spectrum contains a feature at a predefined wave number, p can be constrained by identifying

the α values that align the measured feature with its theoretical location.

Parametrization and Features

Commonly, these distortions are characterized by αV , which represents the total average

distance distortion, and αϵ, which defines the differential warping between the line-of-sight

and transverse planes4–12. Any isotropic measurement (or one with a well-defined initial

anisotropy) is sensitive to αϵ, whereas measurements tied to a known physical scale provide

sensitivity to αV .

The Baryon Acoustic Oscillation (BAO) remains the premier distance scale utilized for

this purpose. Arising from overdensity patterns in the early distribution of matter13–15, the

BAO has been detected in the two-point clustering of various galaxy populations. Currently,

these detections offer the most robust constraints on the relationship between distance and

redshift16–21.

Alternative Probes

Beyond the BAO, several other methodologies have been employed to probe these parame-

ters:

• Cosmic Voids and Clustering: Properties of cosmic voids22–26 and the clustering
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between voids and galaxies27–35.

• Mapping and Forests: The Lyman-α forest36–38 and HI intensity mapping34;39–45.

• Novel Approaches: Wavelet-transformed galaxy fields46 and recent proposals to

utilize the entire galaxy distribution as a comprehensive probe for distortion parame-

ters47;48.

The primary goal of this research is to explore the nuances of utilizing galaxy bispec-

trum (three-point correlation function) multipoles for measuring geometric distortions. As a

function of density distribution, the galaxy bispectrum B(k1, k2, k3,1 , ϕ) depends on five dis-

tinct parameters49;50. For analytical convenience, it is frequently decomposed into spherical

harmonics, Bℓm(k1, k2, k3), across its angular arguments51–54. Theoretical forecasts indicate

that incorporating bispectrum data can substantially improve cosmological constraints de-

rived from the galaxy power spectrum alone51;55–59.

Recent literature has leveraged the galaxy bispectrum to investigate various phenomena,

including:

• BAO and Anisotropy: Determining BAO peak positions60–63 and analyzing full

anisotropic shapes51;64–71. Recent results from the Dark Energy Spectroscopic Instru-

ment (DESI) have provided high-significance detections of the BAO signal in the three-

point correlation function72.

• Baryonic and Primordial Physics: Probing baryonic effects73–76 and primordial

non-Gaussianity (PNG)77–82. New research underscores the necessity of accounting for

relativistic effects in the bispectrum to avoid biasing fNL measurements in upcoming

surveys82.

• Higher-Order Statistics: Utilizing massive neutrinos probes83, fourth-order cluster-

ing (trispectrum)84–87, and parity-violating signatures in large-scale structure88;89.
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In these analyses, geometric distortions cause a mixing of multipoles that must be rig-

orously addressed. While modeling these distortions by direct rescaling of the bispectrum

arguments is a straightforward solution, it is computationally prohibitive. Power and bis-

pectrum models are typically evaluated via Markov Chain Monte Carlo (MCMC) simula-

tions across high-dimensional parameter spaces90–93; re-calculating the bispectrum at every

MCMC step is inefficient. A more streamlined approach involves estimating the warped

bispectrum through a linear approximation, utilizing derivatives and precomputed moments

from a fiducial cosmology. This technique is well-validated for power spectrum studies94 and

has recently been applied to bispectrum analyses2;67. Throughout this work, we adopt the

plane-parallel approximation95;96.

Projected Correlation Function

The primary objective of the second part of this work is to investigate the efficacy of the

projected correlation function, wp(rp), as a robust probe for cosmological parameters

while mitigating the systematic effects of Redshift Space Distortions (RSD). Galaxy surveys

record positions in redshift space, where peculiar velocities along the line-of-sight (LOS)

introduce anisotropies in the clustering signal97;98. To isolate the real-space clustering, it

is standard practice to integrate the two-dimensional correlation function ξ(rp, π) along the

LOS separation π 99:

wp(rp) = 2

∫ πmax

0

ξ(rp, π) dπ. (1.2)

A critical aspect of this analysis is the choice of the integration limit, πmax. While a

larger πmax theoretically captures more of the real-space signal by integrating out velocity

effects100;101, it introduces additional noise from uncorrelated pairs and increases sensitivity

to modeling uncertainties102;103. Conversely, a πmax that is too small fails to fully marginalize

over RSD, leading to biased results in the recovery of the Alcock-Paczynski parameters.
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While recent literature has explored the galaxy bispectrum multipoles to enhance con-

straints, the projected correlation function remains a vital tool due to its robustness against

non-linear velocity models104;105. The geometric distortions mix the transverse and longitu-

dinal scales, which must be accounted for using efficient modeling techniques106;107.

The geometric distortions arising from an incorrect fiducial cosmology mix the transverse

and longitudinal scales, an effect that must be carefully accounted for in the wp(rp) anal-

ysis[cite: 852]. Following the established methodology for power spectrum and bispectrum

analysis67;94, we examine the stability of these measurements across a range of πmax values

using the AbacusSummit simulation suite.

In our work, we utilize the DESI-specified Halo Occupation Distribution (HOD) pa-

rameters for LRG and QSO samples (Emission Line Galaxies are omitted from our study

because of the lack of important statistical data that is arisen due to lack of satellite galaxy

populations), alongside the DESI logarithmic binning schemes as established in recent lit-

erature1;108.For a sample of Luminous Red Galaxies (LRGs), the HOD can be accurately

described using a standard ”vanilla” model originally presented in109. This model, often

referred to as the vanilla HOD, is defined by:

n̄centLRG(M) =
f ic

2
erfc

[
log10(Mcut/M)√

2σ

]
, (1.3)

n̄satLRG(M) =

[
M − κMcut

M1

]α
n̄LRG
cent (M). (1.4)

The five core parameters characterizing this model are Mcut, M1, σ, α, and κ. Specifically,

Mcut represents the minimum halo mass required to host a central galaxy, while M1 denotes

the approximate halo mass threshold for hosting a single satellite galaxy. The σ parameter

determines the sharpness of the transition from zero to one in central galaxy occupancy.

The power-law index for satellite galaxies is given by α, and κMcut defines the lower mass

bound for satellite habitation. We include a modulation term, n̄LRG
cent (M), in the satellite

function to effectively exclude satellites from haloes that lack a central galaxy. Furthermore,
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an incompleteness parameter, fic (where 0 < fic ≤ 1, in our paper it is just equal to

1), acts as a downsampling factor to align the mock galaxy number density with observed

clustering measurements.For Quasars (QSOs), we employ a nearly identical HOD framework

with one key modification: we omit the central modulation term in the satellite occupation

function. This adjustment is based on the lack of evidence suggesting a strong physical

association between satellite QSOs and the presence of a central QSO. Consequently, the

satellite occupation for QSOs is expressed as:

n̄satQSO(M) =

[
M − κMcut

M1

]α
. (1.5)

All parameters are given in the table below:

Table 1.1: Priors used for LRG and QSO HOD fits, as adopted from1. The parameters
utilize broad Gaussian priors, N(µ, σ), with additional hard bounds as listed. Mass units are
expressed in h−1M⊙.

Params LRG QSO
Prior Bounds Prior Bounds

logMcut N(13.0, 1.0) [12, 13.8] N(12.7, 1.0) [11.2, 14.0]
logM1 N(14.0, 1.0) [12.5, 15.5] N(15.0, 1.0) [12.0, 16.0]
σ N(0.5, 0.5) [0.0, 3.0] N(0.5, 0.5) [0.0, 3.0]
α N(1.0, 0.5) [0.0, 2.0] N(1.0, 0.5) [0.3, 2.0]
κ N(0.5, 0.5) [0.0, 10.0] N(0.5, 0.5) [0.3, 3.0]
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Chapter 2

Mixing bispectrum multipoles under

geometric distortions

In this Chapter, we use the results from the paper that was published in 20242.

2.1 Alcock-Paczynski Distortions

The Alcock-Paczynski (AP) distortion parameters are defined as:

d|| = α||d
t
||, (2.1)

d⊥ = α⊥d
t
⊥. (2.2)

These parameters link the cosmological model to observable quantities via:

α|| =
Ht(z)

Hfid(z)
, (2.3)

α⊥ =
Dfid

A (z)

Dt
A(z)

, (2.4)

where H(z) represents the Hubble parameter and DA(z) denotes the angular diameter dis-

tance at a given redshift z. These spatial distortions correspond to dual distortions in Fourier
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space:

kt
|| = α||k||, (2.5)

kt
⊥ = α⊥k⊥. (2.6)

In this analysis, we utilize the following parameters:

αV = 3

√
α2
⊥α||, (2.7)

αϵ =
3

√
α2
||

α2
⊥
. (2.8)

While the definition of αV is standard within the field110, our characterization of αϵ varies

from the traditional ϵ = 3
√

α||/α⊥ − 1. Although both αϵ and ϵ can be used without loss

of information, we demonstrate that the definition in Eq. (2.8) provides a more intuitive

geometric interpretation. To linear order, these two sets of parameters relate as follows:

δαV =
1

3

(
δα∥ + 2δα⊥

)
, (2.9)

δαϵ =
2

3
(δα∥ − δα⊥). (2.10)

The length of every wavevector and its angle relative to the LOS axis transform according

to:

kt = k
√
µ2(α2

|| − α2
⊥) + α2

⊥

= kαV

√
µ2(α2

ϵ − 1/αϵ) + 1/αϵ, (2.11)

µt = µ
α||√

µ2(α2
|| − α2

⊥) + α2
⊥

= µ
αϵ√

µ2(α2
ϵ − 1/αϵ) + 1/αϵ

. (2.12)
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Approximated to the linear order in AP parameters, these transformations simplify to:

kt = k [1 + δαV + L2(µ)δαϵ] , (2.13)

µt = µ

[
1 +

3

2
(1− µ2)δαϵ

]
. (2.14)

Here, αV represents the mean relative distortion of wavevector lengths across all directions,

while αϵ signifies the magnitude of the dipole distortion relative to the LOS. Notably, the

wavevector angle is influenced solely by αϵ. This clear geometric significance motivated the

adoption of the parameters defined in Eqs. (2.7)-(2.8).

ε஦

ϕ

𝐾ଷ

𝐾ଵ 𝐾ଶ

d

1

2

3

δα||

δα⊥

r

P

ϴ

Z

Y

X

Figure 2.1: Depiction of the three wavevectors defining a bispectrum and the associated
geometry. Points 1 and 2 are situated in the y-z plane.

The bispectrum is determined by three wavevectors constrained by k1 + k2 + k3 = 0,

typically visualized as a triangle. Its value depends on the wavevector lengths (k1, k2, k3) and
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their orientation relative to the LOS, parametrized by µ1 (the cosine of k1 with the LOS)

and ϕ (the triangle’s rotation angle from the y-z plane).

To apply these distortion formulae, we express the cosine and sine of these wavevectors

using the five base parameters:

µ1 = µθ, (2.15)

µ2 = −µ12µθ + µϕν12νθ, (2.16)

µ3 = −µ31µθ − µϕν31νθ, (2.17)

where subscripts 12 and 31 denote angles between wavevectors k1, k2, and k3, k1 respectively:

µ12 =
k1 · k2

k1k2
, µ31 =

k3 · k1

k3k1
. (2.18)

While µ1 is a primary parameter, µ2 and µ3 are derived in Appendix A.1. Changes to the

angle ϕ due to distortions are subdominant and thus omitted from our multipole computa-

tions.

Furthermore, AP distortions rescale all volumes by 1/α3
V , resulting in a wavenumber-

independent amplitude shift. This rescales the power spectrum by 1/α3
V and the bispectrum

by 1/α6
V , which in linear approximation corresponds to factors of 1 − 3δαV and 1 − 6δαV .

Since this rescaling is mathematically trivial, it should be modeled exactly, even when shape

distortions use linear approximations. We do not include this global factor in the subsequent

formulae.

2.2 Distortions of the Power and Bispectrum

The power spectrum is fundamentally a function of wavenumber length and its orientation

relative to the line-of-sight (LOS). It is conventionally expanded using Legendre moments as

10



follows[cite: 1615]:

P (k, µ) =
∑
l

Pl(k)Ll(µ). (2.19)

These moments are computed through the following integral:

Pl(k) =
2l + 1

2

∫
dµ P (k, µ)Ll(µ). (2.20)

Alcock-Paczynski (AP) distortions warped the measured power spectrum relative to the true

spectrum, P t, according to the relation:

P (k, µ) = P t
(
kt [k, µ] , µt [k, µ]

)
. (2.21)

To linear order, the relationship between measured and true multipoles can be expressed

as:

P = P t +
∂P t

∂k

(
∂k

∂αV

δαV +
∂k

∂αϵ

δαϵ

)
+

+
∂P t

∂µ

(
∂µ

∂αV

δαV +
∂µ

∂αϵ

δαϵ

)
. (2.22)

Applying the transformations for k and µ, this becomes:

P = P t +
∂P t

∂ ln k
δαV +

∂P t

∂ ln k
L2(µ)δαϵ +

∂P t

∂ lnµ

3

2
(1− µ2)δαϵ. (2.23)

For the specific multipoles, the expansion yields:

Pℓ =
2l + 1

2

∑
ℓ′

∫
dµ

[
P t
ℓ′Lℓ′(µ) +

∂P t
ℓ′

∂ ln k
Lℓ′(µ)δαV+

+
∂P t

ℓ′

∂ ln k
Lℓ′(µ)L2(µ)δαϵ + P t

ℓ′
∂Lℓ′(µ)

∂ lnµ

3

2
(1− µ2)δαϵ

]
Lℓ(µ), (2.24)
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which results in the final form:

Pℓ = P t
ℓ +

∂P t
ℓ

∂ ln k
δαV +

∑
l′

∂P t
ℓ′

∂ ln k
All′δαϵ +

∑
l′

P t
l′Bll′δαϵ.

All′ =
2ℓ+ 1

2

∫
dµ Lℓ′(µ)Lℓ(µ)L2(µ), (2.25)

Bll′ =
2ℓ+ 1

2

∫
dµ

∂Lℓ′(µ)

∂ lnµ
Lℓ(µ)

3

2
(1− µ2). (2.26)

The primary term represents a scaling of each multipole by δαV . The subsequent terms

involve the mixing of different multipoles and are solely dependent on δαϵ. The analytical

mixing coefficients for the first four multipoles are provided in Table 2.1. Note that these

coefficients differ by a factor of two from those in Padmanabhan and White 94 due to our use

of αϵ instead of ϵ.

Table 2.1: Nonzero mixing coefficients for power spectrum multipoles up to the fourth degree.
ℓ ℓ′ Aℓℓ′ Bℓℓ′

0 2 1/5 3/5
2 0 1 0
2 2 2/7 3/7
2 4 2/7 10/7
4 2 18/35 −36/35
4 4 20/77 30/77

2.2.1 Geometric Distortions of the Bispectrum

The galaxy bispectrum is a function of five parameters and is typically expanded in spherical

multipoles as:

B(k1, k2, k3, µ, ϕ) =
∑
ℓm

Bℓm(k1, k2, k3)Yℓm(θ1, ϕ), (2.27)

where θ1 = arccos(µ1). The corresponding multipoles are calculated via[cite: 1721]:

Bℓm(k1, k2, k3) =

∫
dµ1dϕ B(k1, k2, k3, µ1, ϕ)Yℓm(θ1, ϕ). (2.28)

12



As multipoles with m ̸= 0 exhibit negligible amplitudes, we focus exclusively on the primary

index for the remainder of this analysis. Measured and true bispectra are linked through the

following relation:

B(k1, k2, k3, µ1, ϕ) = Bt(kt
1, k

t
2, k

t
3, µ

t
1, ϕ

t). (2.29)

To linear order, and neglecting subdominant ϕ-derivatives, the distortions are given by:

B = Bt +
∑

i=1,2,3

∂Bt

∂ ln ki
δαV +

∑
i=1,2,3

∂Bt

∂ ln ki
L2(µi)δαϵ +

∂Bt

∂ lnµ1

3

2
(1− µ2

1)δαϵ. (2.30)

Decomposing this into multipoles results in:

Bℓ = Bt
ℓ +

3∑
i=1

∂Bt
ℓ

∂ ln ki
δαV +

∑
ℓ′,m′,

3∑
i=1

∂Bt
ℓ′m′

∂ ln ki
C

(i)
ℓℓ′m′δαϵ +

∑
ℓ′

∂Bt
ℓ′

∂ lnµ1

Dℓℓ′δαϵ, (2.31)

where the mixing coefficients are defined by:

C
(i)
ℓℓ′m′ =

∫
dµ1dϕ L2(µi)Yℓ0(µ1)Yℓ′m′(µ1) (2.32)

Dℓℓ′ =
3

2

∫
dµ1dϕ

∂Yℓ′0(µ1)

∂ lnµ1

(1− µ2
1)Yℓ0(µ1) (2.33)

These analytical coefficients are summarized in Tables 2.2 and 2.3.

2.3 Testing Linear Approximation

To evaluate the validity of the derived linear expansions in Eq.-(2.26) and Eqs. (2.31)-(2.33),

we perform numerical tests using linear theory within the standard ΛCDM framework (de-

tailed in Appendix). We adopt the best-fit cosmological parameters as determined by the

Planck satellite mission111.

The validation process begins by computing the power spectrum using the exact distortion

formula in Eq. (2.21), which is then compared against the linear approximations. Figure 2.2
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Table 2.2: All nonzero coefficients C
(i)
ℓℓ′m′ up to ℓ = 4.

ℓ ℓ′ m′ C
(1)
ℓℓ′m′ C

(2)
ℓℓ′m′ C

(3)
ℓℓ′m′

0 2 0 1/
√
5 L2(µ12)/

√
5 L2(µ31)/

√
5

0 2 2 0 1
2

√
3/10(1− µ2

12)
1
2

√
3/10(1− µ2

31)

2 0 0 1/
√
5 L2(µ12)/2

√
5 L2(µ31)/2

√
5

2 2 0 2/7 2L2(µ12)/7 2L2(µ31)/7

2 2 2 0 −1
7

√
3/2(1− µ2

12) −1
7

√
3/2(1− µ2

31)

2 4 0 6/7
√
5 6L2(µ12)/7

√
5 6L2(µ31)/7

√
5

2 4 2 0 3
14

√
2
(1− µ2

12)
3

14
√
2
(1− µ2

31)

4 2 0 6/7
√
5 6L2(µ12)/7

√
5 6L2(µ31)/7

√
5

4 2 2 0 1
14

√
3/10(1− µ2

12)
1
14

√
3/10(1− µ2

31)
4 4 0 20/77 20L2(µ12)/77 20L2(µ31)/77

4 4 2 0 − 9
77

√
5/2(1− µ2

12) − 9
77

√
5/2(1− µ2

31)

4 6 0 15/11
√
13 15L2(µ12)/11

√
13 15L2(µ31)/11

√
13

4 6 2 0 1
22

√
105/13(1− µ2

12)
1
22

√
105/13(1− µ2

31)

Table 2.3: All nonzero Dℓℓ′ coefficients up to ℓ = 4.
ℓ ℓ′ Dℓℓ′

0 2 3/
√
5

2 2 3/7

2 4 6/7
√
5

4 2 −12/7
√
5

4 4 30/77

4 6 105/11
√
13

illustrates the ratio of these computations to the undistorted (fiducial) power spectrum. For

these tests, we assume a 1% offset in both αV and αϵ; as expected, the accuracy of the linear

approximation improves as the offset decreases.

Figure 2.2 highlights the first three even multipoles within the range 0 < k < 0.2h−1

Mpc. It is evident that αV exerts a more significant influence on the monopole than αϵ.

Specifically, a 1% deviation in αV induces a roughly 2% shift in monopole amplitude, fea-

turing a distinct Baryon Acoustic Oscillation (BAO) signature. The linear approximation

demonstrates excellent agreement with exact results here. In the quadrupole, αV distortions

are smaller but remain non-negligible, contributing a 2% offset compared to the 6% offset

driven by αϵ. The quadrupole is predominantly sensitive to αϵ, where a 1% offset can lead
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to amplitude shifts of up to 30%. Overall, the linear model performs remarkably well across

all three power spectrum multipoles.

The corresponding analysis for the bispectrum is shown in Figure 2.3. The bispectrum

monopole is almost entirely governed by αV distortions, where a 1% shift results in a 4%

amplitude change with a pronounced BAO feature. For the bispectrum quadrupole, both αV

and αϵ have comparable effects. While the linear approximation remains highly accurate for

the monopole, we observe slight deviations in the quadrupole at low wavevectors (k). These

deviations primarily affect the amplitude while preserving the BAO peak positions and are

most noticeable at small wavenumbers where relative αϵ distortions are most impactful.

In contrast, the bispectrum hexadecapole is exceptionally sensitive to αϵ distortions.

In this case, the linear expansion fails to accurately capture the signal even for minimal

distortions. As demonstrated in Figure 2.4, a mere 1% distortion can cause the hexadecapole

amplitude to shift by a factor of two, indicating a breakdown of the linear regime for this

specific moment.
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Figure 2.2: Ratio of distorted power spectrum multipoles to the fiducial ones. Data points
represent exact results, while solid lines denote the linear approximation. Panels display the
monopole, quadrupole, and hexadecapole from top to bottom. Red markers/lines indicate a
1% αV offset, and blue markers/lines indicate a 1% αϵ offset.
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Figure 2.3: Ratio of distorted bispectrum multipoles to the fiducial ones. Monopole and
quadrupole results are shown from top to bottom. Red and blue indicate 1% offsets in αV and
αϵ, respectively.
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Figure 2.4: Response of the equilateral bispectrum hexadecapole to a 1% offset in αϵ.
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Chapter 3

Optimized Projected Correlation

Function

In the second part of this work, we investigate the optimal choice of the integration limit,

πmax, for the projected correlation function. Our primary objective is to determine the

specific πmax threshold that maximizes sensitivity toward HOD parametrization and enhances

the ability to distinguish between competing cosmological models.

Regarding cosmological sensitivity, our findings align with theoretical expectations: as

the value of πmax increases, the resulting increase in averaging over line-of-sight separations

tends to suppress the signal, thereby reducing sensitivity to variations in the underlying

cosmology. Conversely, when focusing on HOD discrimination and the maximization of total

Fisher information, we find that the optimal integration limit is not constant. Instead, the

most effective πmax varies significantly depending on the specific galaxy sample characteristics

and on the various parameters.

3.1 Optimized πmax for HOD parametrization

Firstly, we use Abacussummit simulations of small boxes (in total 1824),

We have approximately 1800 small boxes, with 14 radial bins in total, and that gives us

19



Figure 3.1: the difference of the projected correlation function times distance bin for slight
perturbation of LRG parameter, Mcut, using the AbacusSummit c000 (Base Planck) cosmol-
ogy. This analysis examines the sensitivity of the projected correlation function wp(rp) for
given πmax = 100 .

the opportunity to use Fisher information and covariance matrix statistics. The Fisher Infor-

mation Matrix (FIM) provides a rigorous mathematical framework for predicting how well

a set of parameters can be constrained by a specific observable. In the context of large-scale

structure analysis, the Fisher matrix effectively quantifies the sensitivity of the projected

correlation function, wp(rp), to variations in the underlying Halo Occupation Distribution

(HOD) and cosmological parameters.

The Fisher Matrix Fij is defined as the expectation value of the second derivative of the

log-likelihood function with respect to the parameters θi and θj:

Fij = −
〈
∂2 lnL
∂θi∂θj

〉
, (3.1)

where lnL is the log-likelihood of the data given the model parameters θ. Under the

standard assumption of a Gaussian likelihood where the covariance matrix C is assumed to

be independent of the parameters, the Fisher Matrix simplifies to:

Fij =
∑
m,n

∂ym
∂θi

[C−1]m,n
∂yn
∂θj

. (3.2)

σθi ≥
√

(F−1)ii. (3.3)
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Figure 3.2: Projected Correlation function derivatives for different bins. For σ HOD pa-
rameter for LRG-s.

In this expression, y is the model vector (e.g., the predicted wp values in specific distance

bins). In our studies, we use Fisher information like quantities for the sake of simplicity and

convenience as depicted below and also in the Figures. C is the covariance matrix. The

covariance matrix accounts for the statistical uncertainties, including shot noise and cosmic

variance, and is defined as:

Cmn = ⟨(ym − ȳm)(yn − ȳn)⟩. (3.4)

The precision with which we can measure a parameter is limited by the Cramer-Rao

bound, which states that the variance of an unbiased estimator is at least the inverse of the
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Figure 3.3: Fisher information like quantity for each HOD parameter, and for seperate
radial bins.
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Figure 3.4: πmax maximum vs rbin for each HOD parameter. Here, it is visible that for
satellite parameters κ and α, results are noisy, which is due to their small sensitivity towards
the total galaxy population.

Figure 3.5: The two Correlation Matrix graphs are for fixed πmax = 50, resulting from
varying Mcut and σ HOD parameters

Fisher information. The marginalized 1σ uncertainty on a parameter θi is given by:

In our analysis, we utilize finite-difference methods to compute the derivatives in Eq. (3.2)

by applying slight perturbations to the LRG and QSO and cosmological parameters within

the AbacusSummit c000 simulation suite. This allows us to quantify the information content

as a function of the line-of-sight integration limit πmax. More precisely, we use the Fisher

information like quantity (FILQ):

FILQ =

(
∆wp

∆HOD

)2
1

σ2
(3.5)
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Figure 3.6: Final results of LRG small boxes
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To plot and find optimal πmax values. For small boxes, the noisy part is the derivatives,

as each small box volume is 64 times smaller than a large box, and even averaging over

1800 boxes does not improve in dissipating the noise. However, σ is much smoother as it is

computed from the covariance matrix.

The main result of this analysis is in Fig. 3.4, where it is clearly observed that the

optimal πmax varies approximately linearly according to radial bin. This can be said with

definite certainty about Mcut and σ, the trend is clear with M1 (although at very low and

very high distances noise becomes more dominant), however for satellite parameters α and

κ the results are stochastic as expected (varying each of these two parameters very slightly

changes the total galaxy population).

3.2 Optimization in Large Box Simulations

On contrary to small boxes, in FILQ, the derivative part is much smoother, but errors are

calculated straightforwardly with standard deviation from the 25 large boxes, and thus are

noisy.

Figure 3.7: Fisher information like quantity analysis for large boxes. Only final results for
πmax optimization are displayed. A clear linear dependence is observed with Mcut and with
σ, the signal becomes noisy for higher radial bins
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3.3 HOD Parameter Optimization for Cosmological Min-

imal Deviance

To investigate the degeneracy between galaxy assembly bias and cosmological parameters,

we perform an optimization routine to determine the best-fit HOD parameters for various

AbacusSummit cosmologies. The objective of this optimization is to minimize the difference

between the clustering signal of a given cosmology and the base Planck (c000) results,

assuming a fixed integration limit of πmax = 100h−1Mpc. Table 3.1 summarizes the resulting

HOD parameters for each tested cosmological box. Additionally, varying πmax does not give

any peculiar results, simply in the case of different cosmologies, the more averaging (thus

higher πmax) is better. In order to get the results in Table 3.1, initially, we performed only

2-dimensional grid analysis (for Mcut and σ, since these two are the most sensitive), after

that the bestfit value for M1 was found, and then again 2-dimensional grid analysis for the

satellite parameters, α and κ.

Table 3.1: Optimized HOD parameters for different AbacusSummit cosmologies to minimize
clustering differences relative to the base Planck cosmology (c000) at πmax = 100h−1Mpc.

Cosmology logMcut σ logM1 α κ
C000 (Base Planck) 12.70 0.17 13.94 1.07 0.55
C100 (ωb + 2%) 12.74 0.17 13.91 1.01 0.60
C102 (ωc + 3.3%) 12.72 0.16 13.98 1.08 0.52
C104 (ns + 0.01) 12.82 0.18 13.92 1.07 0.54
C106 (nrun + 0.02) 12.69 0.17 13.91 1.05 0.57
C108 (w0 + 0.1) 12.73 0.17 13.99 1.09 0.51
C110 (wa + 0.1) 12.80 0.19 13.95 1.07 0.55
C112 (σ8 + 2%) 12.65 0.17 13.84 1.08 0.53
C114 (Mixed Parameters) 12.68 0.20 13.92 1.05 0.56
C117 (ωc + 0.83%) 12.81 0.19 13.92 1.02 0.53
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Chapter 4

Conclusions

In the first part of this thesis, we derived explicit analytic expressions for the mixing coef-

ficients of bispectrum multipoles to the linear order in Alcock-Paczynski (AP) distortions.

These coefficients, presented in Tables 2.2 and 2.3 for multipoles up to ℓ = 4, are formulated

for the standard definition of bispectrum multipoles. However, they can be readily extended

to alternative parametrizations, such as those proposed by Sugiyama et al. 52 .Our analysis

demonstrates that the linear-order mixing coefficients perform remarkably well for all power

spectrum multipoles (see Figure 2.2). For the bispectrum, we found that the leading-order

mixing model is highly effective for the monopole. Specifically, isotropic stretching (charac-

terized by non-zero αV ) is modeled with high accuracy across all multipoles using the linear

expression.Conversely, the linear mixing model is less robust when accounting for anisotropic

stretching (non-zero αϵ), as illustrated in Figure 2.3. We observed that predictions for the

bispectrum quadrupole begin to deviate by a fraction of a percent even at small distortions

(αϵ ∼ 1%). More notably, even these minor αϵ offsets induce substantial changes in the am-

plitude and shape of the bispectrum hexadecapole, where the linear approximation clearly

fails (see Figure 2.4).Consequently, a high degree of agreement between the linear approxi-

mation and the exact full model is not universally guaranteed. This investigation suggests

that while the linear approximation offers significant improvements in computational speed
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for bispectrum analysis, it must be applied with caution. To maintain accuracy, fiducial

templates used in the modeling should remain relatively close to the actual measurements

in terms of αϵ values. The required proximity will depend on the strength of the bispectrum

monopole signal and is expected to vary between different galaxy samples.These findings are

particularly relevant for future large-scale structure surveys aiming to measure the Baryon

Acoustic Oscillation (BAO) feature within the galaxy bispectrum. While the computational

cost of modeling AP distortions for the monopole can be significantly reduced through this

linear model, the bispectrum quadrupole may still require more computationally expensive,

direct computations to ensure sufficient accuracy.

In the second part of this thesis, we have performed a comprehensive optimization of the

projected correlation function, wp(rp), focusing on the selection of the line-of-sight integration

limit, πmax. Using the AbacusSummit simulation suite, we evaluated the sensitivity of the

clustering signal to HOD and cosmological parameters through the application of the Fisher

Information Matrix and a simplified Fisher Information Like Quantity.

Our analysis of the small-box simulations reveals that the optimal πmax is not a static

value but rather scales approximately linearly with the radial separation, rp. This trend

is most robust for the central galaxy HOD parameters, Mcut and σ. While the analysis of

satellite parameters (α and κ) remains susceptible to stochastic noise due to their limited

impact on the total galaxy population, the overall result suggests that a scale-dependent

πmax could yield improved constraints compared to the traditional fixed-limit approach.

Furthermore, our investigation into large-box simulations confirmed these findings. While

the noise properties of the large-box samples differed—exhibiting smoother derivatives but

noisier covariance-derived errors—the underlying linear dependence of optimal πmax on the

radial bin remained evident. This consistency across different simulation scales underscores

the physical relevance of the line-of-sight integration threshold in capturing clustering infor-

mation while mitigating the damping effects of large-scale averaging.

Finally, we performed a multi-dimensional optimization of HOD parameters across ten
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distinct cosmologies to identify the configurations that minimize deviance from the base

Planck (c000) cosmology. We found that for cosmological discrimination, higher πmax values

generally provide better results due to increased averaging, which helps to isolate broader

cosmological shifts from localized HOD variations. The optimized parameters detailed in

Table 3.1 provide a roadmap for understanding the degeneracies between galaxy bias and

cosmological parameters in future surveys.

Collectively, these results suggest that the choice of πmax should be carefully tailored to

the specific science goals of a survey: lower, scale-dependent values for maximizing HOD

information, and higher, fixed values for distinguishing between cosmological models.
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Appendix A

Appendix for Mixing Bispectrum

Multipoles

A.1 Wavevector Projections

The primary objective is to derive analytical expressions for the line-of-sight cosines—specifically

the angles relative to the z-axis—for the arbitrary triangle configuration depicted in Fig-

ure 2.1.We begin by defining a reference triangle within the y-z plane, with the k1 vector

aligned along the positive y-axis. The spatial configuration shown in Figure A.1 is then ob-

tained by applying a sequence of rotations: first, the initial triangle is rotated by an angle ϕ

counterclockwise around the y-axis, followed by a second counterclockwise rotation of /2−θ1

around the x-axis.

Matrices corresponding to these rotations are

Ry =


cos(ϕ) 0 sin(ϕ)

0 1 0

− sin(ϕ) 0 cos(ϕ)

 , (A.1)
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and

Rx =


1 0 0

0 sin(θ) − cos(θ)

0 cos(θ) sin(θ)

 . (A.2)

The initial positions of wavevectors are

k1,ini = (0, k1, 0)
T, (A.3)

k2,ini = (0,−k212, k2ν12)
T, (A.4)

k3,ini = (0,−k331,−k3ν31)
T, (A.5)

where θij is the angle between vectors ki and kj.

After the rotation we get

k1 = RxRyk1,ini = (0, k1νθ, k1θ)
T, (A.6)

k2 = RxRyk2,ini = (k2ν12νϕ,−k2θϕν12 − k212νθ,−k212θ + k2ϕν12νθ)
T,

k3 = RxRyk3,ini = (−k3ν31νϕ, k3θϕν31 − k331νθ,−k331θ − k3ϕν31νθ)
T,

and the cosine of the angle with respect to the line of sight is

1 =θ, (A.7)

2 = −12θ +ϕ ν12νθ, (A.8)

3 = −31θ −ϕ ν31νθ. (A.9)

A.2 Bispectrum projections from Geometry

The wavevector projections established in Appendix A.1 may alternatively be derived through

fundamental Euclidean geometry. While the orientation and magnitude of k1 are trivial by
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definition, the distorted wavevectors for the remaining components of the triangle are given

by the following expressions:

kt
2 =

√
k2
2 + (α|| − 1)2k1−k3

√
1−

r2ν2
ϕ

k2
3

cos(αϕ
ϵ+θ)2+(α⊥−1)2(k1ν−k3

√
1−

r2ν2
ϕ

k2
3

sin(αϕ
ϵ+θ)2+

r2ν2
ϕ

k3
(α⊥ − 1)2

(A.10)

kt
3 = k3

√(
1− r2 sin2 ϕ

k2
3

)[
cos2

(
αϕ
ϵ + θ

)
α2
|| + sin2

(
αϕ
ϵ + θ

)
α2
⊥

]
+

r2 sin2 ϕ

k2
3

α2
⊥, (A.11)

where

αϵ
ϕ = arctan

(
r cosϕ

d

)
(A.12)

and

ξϕ = arctan

(
r cosϕ

k1 − d

)
(A.13)

To linear order in small distortions, these becomes

kt
2 = k2 + δα||

k1 − k3

√
1− r2 sin2 ϕ

k3
2 cos

(
αϕ
ϵ + θ

)+

+ δα⊥

k1ν − k3

√
1− r2 sin2 ϕ

k3
2 sin

(
αϕ
ϵ + θ

)+ δα⊥
r2 sin2 ϕ

k2
(A.14)

kt
3 = k3

(
1− r2 sin2 ϕ

k2
3

)[
cos2

(
αϕ
ϵ + θ

)
δα|| + sin2

(
αϕ
ϵ + θ

)
δα⊥

]
+k3

r2 sin2 ϕ

k2
3

δα⊥+k3 (A.15)

Distortions in ϕ are given by

ϕt = asin
( r

rt
sinϕ (1 + δα⊥)

)
, (A.16)

where

r =
√
k3

2 − d2, (A.17)
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and

d =
k1

2 + k3
2 − k2

2

2k1
(A.18)

The distortions in r to linear order are

r

rt
= 1 + δk1 −

1

r2k2
1

[
i̸=j∑
i,j

k2
i k

2
j δkj −

3∑
i=1

k4
i δki

]
(A.19)

which results in the following linearized expression for the ϕ -

ϕt = ϕ+ tanϕ

(
δα⊥ + δk1 −

1

r2k2
1

[
i̸=j∑
i,j

k2
i k

2
j δkj −

3∑
i=1

k4
i δki

])
. (A.20)

For equilateral configurations, with k1 = k2 = k3 = K, the equations above simplify

further to

kt
1 = K(1 +2 δα∥ + ν2δα⊥) (A.21)

kt
2 = K + δα||

[
K −K

√
1− 3 sin2 ϕ

4

(√
1 + 3 cos2 ϕ

− ν
√
3 cosϕ√

1 + 3 cos2 ϕ

)]

+ δα⊥

[
Kν −K

√
1− 3 sin2 ϕ

4

( √
3 cosϕ√

1 + 3 cos2 ϕ
+

ν√
1 + 3 cos2 ϕ

)]
+ δα⊥K

sin2 ϕ

4
(A.22)

kt
3 = K

(
1− 3 sin2 ϕ

4

)(√
1 + 3 cos2 ϕ

− ν
√
3 cosϕ√

1 + 3 cos2 ϕ

)2

δα|| +

( √
3 cosϕ√

1 + 3 cos2 ϕ
+

ν√
1 + 3 cos2 ϕ

)2

δα⊥


(A.23)

+K
sin2 ϕ

4
δα⊥ +K
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ϕt = arctan

(
sinϕ

(
1 + δα⊥ + δk1 −

2

3
(δk1 + δk2 + δk3)

))
(A.24)

We verified that when the results derived in Appendix A.1 are combined with Eqs. 2.15–2.17

the numerical results are identical to the outcome of the formulas derived in this section.

A.3 Computing Model Power Spectrum And Bispec-

trum

To perform the validation tests illustrated in Figures 2.2 and 2.3, we employ linear pertur-

bation theory to model the power spectrum and bispectrum49;51.The process begins with

the computation of the linear matter power spectrum, Plin(k), utilizing the CAMB software

suite112. The corresponding galaxy power spectrum is subsequently modeled as follows:

P (k) =
(
b1 + f 2

)
Plin(k), (A.25)

where b1 and f are free parameters. We compute the bispectrum using

B (k1, k2, k3) = 2Z1(1)Z1(2)Z2(k1,k2)Plin(k1)Plin(k2) + cyclic terms (A.26)

where

Z1() =
(
b1 + f 2

)
(A.27)

Z2(k1,k2) =

{
b2
2
+b1F2(k1,k2)+f 2

3G2(k1,k2)−
f3k3
2

[
1

k1
(b1 + f 2

2 ) +
2

k2
(b1 + f 2

1 )

]}
(A.28)

F2(k1, k2) =
5

7
+

k1 · k2

2k1k2

(
k1
k2

+
k2
k1

)
+

2

7

(
k1 · k2

2k1k2

)2

(A.29)

G2(k1, k2) =
3

7
+

k1 · k2

2k1k2

(
k1
k2

+
k2
k1

)
+

4

7

(
k1 · k2

2k1k2

)2

. (A.30)
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Cyclic terms are computed by permuting the indices (replacing 1 and 2 by 2 and 3, and then

by 3 and 1 in the above equations).
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Appendix B

Projected Correlation Function

Optimization For QSO at redshift

z = 1.4
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Figure B.1: For QSO, at redshift z = 1.4. The results are similar, however here the
difference between optimal πmax for different bins is much harder to distinguish, however
still present.
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