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GENERAL INTRODUCTION

Linear programming [8] has long been accepted technique. For the
last twenty-five years, the areas of applications have been continuously
expanding, and increasingly sophisticated and powerful computer codes
have been written, | |

Nevertheless, the real word is seldom linear, this fact plainly
justifies the need for nonlinear programming. Without going back as
far as Lagrange and Cauchy, the pioneering works of R. Courant (who
crgated the penalty method approach for solving nonlinear optimization
problems), Fritz John, H. W. Kuhn and A. W, Tucker (who set theorstical
backgreund) [15, 16], are classical vintages aged twenty years or more.
For the last ten years, a number of numerical methods have been pro-
posed for nonlinear programming under various hypothesés (convexiﬁy or
continuity, or differentiability of some or all the functions involved).
During the last five years, there has been an explosion of knowledge,
and recently some thirty methods, among others, have been compared on
computers via test problems [2].

The development of nonlinear programming, however, has been hampered
by theoretical difficulties. The problems of nonconvex sets and local
optima are encountered and prevalent. Consequently, the coding of existing
algorithms has been limited to special cases for which the behavior of
the functions are predictable. Indead, an algorithm superior to all

algorithms is probably nonexistent [131].



The purpose of this report is to study one of the existing and ap-
- parently efficient computer coded nonlinear programming algorithms, the
generalized reduced gradient method. The generalized reduced gradieant
method (GRG) which has been proposed by Abadie and Carpentier [3,4,5] is
an elaborate extension of the Wolfe reduced gradient method [18,19].

The Wolfe reduced gradient method solves a problem with a nonlinear
objective function and linear (equality) constraints. It classes the
variables as independent and dependent wvariables. This essentially re-
duces the original problem to an unconstrained problem of reduced dimen-
sion. Applying the same concept to a problem with a nonlinear set of
constraints complicates matters, but it is possible by using numerical
methods.

The GRG method has been studied extensively and coded in FORTRAN
' by Abadie [1], Abadie and Guigou [6] and Guigou [11,12]. The first was
an experimental code called GRG 66 which was followed by the second code,
GRG 69. An improved code, GREG, is the outgrowth of the first two codes
and promises to remain among the highly regarded nonlinear programming
procedures.

The original GREG code has been written in FORTRAN and developed
on the CDC 6600 computer. Later, the program has modified to FORTRAN
single precision code for IBM system 360/50 by Willims [17]. Because of
an important need of solving some nonlinear programming problems with
more accurate results the GREG code has been changed to FORTRAN double

precision in this report.



Because of the self contant reason, the GR&G tﬁeory is reviewed
in chapter one. This is followed by chapter two describing the GREG
code and introducing the usage of GREG dcuble precision code. In chapter
three a series of numerical example is solved by GREG double precision
code and the two version of GREG single and double presion are compared.
And, finally a brief outline of GREG algorithm is given in Appendix one

along with a numerical example.



CHAPTER OKE
INTRODUCTION TO GENERALIZED REDUCED GRADIENT METHOD

1.1 INTRODUCTION

Before the development of the Generalized Reduced Gradient algorithm,
several nonlinear programming methods were able to solve only special
cases. In 1963 and 1967 Wolfe [18,19] developed an algorithm which was
able to solve problems with linear constraints and nonlinear objective
function. The extension of Wolfe's method in order to solve a general
form of nonlinear programming problem, with the name of Generalized Reduced
Gradient (GRG) has been proposed by Abadie and Carpentier [3,4,5] in
1967.

The GRG method has been ccded in FORTRAN by Abadie [1], Abadie
and Guigou [6,7] and Guigou [11,12]. The first two were an experimental
codes called GRG66 and GRG69. The third code (GREG) has been written
with much better results in computing time as well as in accﬁracy. This
code (GREG) permits the solution of mathematical programs with linear
or nonlinear objective function, under constraints which can be linear
or nonlinear. The éomain of application of this code is quite vast,
but its main purpose is the solution of problems having nonlinear con-

straints.

1.2 STATEMENT OF PROBLEM

Any mathematical programming problem may be stated as follows:



Maximize (1.1)

£, (XD

subject to
fi(i)=0, i=1, «v., m
a<X<hb

Where X, 5, b are n dimensional colummn Vvectors.

Both fo(i) and £.(X), [i =1, ..., m] are assumed continuously differ-
i

entiable functions.

Note that any inequality comnstraint, by adding.a slack variable, can be

written in the preceeding standard form.

1.3 BASIC PRINCIPLE OF THE REDUCED GRADIENT

The GRG method is based on transforming a constrained optimization
problem into an unconstrained problem. This is accomplished by dividing
the vector X into X and y, where § represents the dependent.variables
(basis) with m components, while x, represents the independent variables

with (n-m) components, Thus the objective function can be written as:

£, = £,G,3) = £[x,6()] = F() (1.2)
Now, the problem has been changed to maximizing F(X) subject to the

boundaries of the wvariables.

The reduced gradient can be determined as:
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of of
Where ——% and ——g designate the row-vectors of the partial derivatives of
9x Ay

fG with respect of the x and ;. Thus Eg represents a matrix of (n-m) by
ax

m components, where each row of the matrix designates the partial derivatives

of y = ¢(x) with respect to the independent variables. For determining the

By we do as follows. Setting

ax
EX) = £(x,y) = 0
gives
dx dy  ox
so that
8y 2E,"1 3F
Lo =] =1 (1.4)
ax oy 9X

af af = =1 =
oF af 3f, _ -T ~
i o B o I (1.5
9x ax dy 3y Ix
af, ! |
Where [—] is the inverse of the matrix which the partial derivatives of

ay
the constraints with respect to the dependent variables. Similarly

of " ; ; ; : : ;
— designates the matrix of partial derivatives of the constraints with
X

respect to the independent variables.



1.4 BASIC OUTLINE OF THE GRG ALGORITHM
Assume that point 20 as a starting point can be dividable to X and

; such that:

a, <y, <b., =1, swswy M,

=™
He
R

is non singlular.

@ |
g1 |rhl

Then we have the following algorithm:

Step 1.

. . . =0 . .
Compute the direction of movement (h~) for independent variables

(§), by the following three substeps.

Step 1.1

Compute the reduced gradient according to (1.5)

Step 1.2

Compute the projected reduced gradient (50) as follows:

0 if Xq = a, and g? <0
i 1 i, ==
0_ P 0
pi~ 0 if xi = bi and 84 >0

0 :
[gi otherwise

i=1, ..., (n-m)



Step 1.3
Compute the modified projected reduced gradient (EO).
At this step we are computing the direction of movement for independent
variables. In the simplest case ED = 50, but it may be modified by one
=0 =0

or both of the following devices where h -p > O:

a) By constructing all components such that

0 0 ; 5 5
Pi(xi—ai) or pi(xi—bi) is positive and very small, or even equal
to zero. P
b) Using conjugate direction (Fletcher and Powell [10] or Fletcher

and Reeves [9]).

Step 2.
At this step we know the direction of independent variables, and
therefore it is possible to compute a set of new values for independent

variables with respect of an unknown parameter €.

2 & BiP (1.6)

Similarly by knowing the direction of movement for dependent vari-
. ables, we are able to compute a set of new values for the dependent variables.
The following formula give us the direction of movement for the dependent

variables.

- ] =
=0 _ af af , -0
k™ = [-:5] Pf]illl (1.7)
oy ax
and therefore,
70 + o0 . (1.8)



are the new calculated values for dependent wvariables.
Theta, 8, could be calculated by maximizing the objective function
with respect to the new value of the variables. This could be accomplished

by one of the one-dimensional search techniques such as Golden Section,

Fibonacci search or quadratic interpolaticn.

Step 3.
Obtain the new values for the independent variables with respect to the

following modification.

;
a. - if x? + eh? < a.
i i i i
xlzib. if x? + Bh? > b,
i i i i i
xq + eh? otherwise
Ui i

i= l’ Ll (n-m)

Step 4.
Compute a feasible El corresponding to 6, solve the system of m

equation with respect to the m unknown ;.

£ = 0

This may be done by an iterative method. If no speedy convergence is ob-

served thén, decrease 8(e.g. set & = %ﬁ), and go to step 3 with the same

o -1 -1 - -0 =0
ho. Otherwise let y~ be the solution obtained. If fo(xl;yl)>f0(x0,y )

NJ;“‘

go to step I, ctherwise, decrease C te § = and go to step 3 with the

same h .



Step 5.
Set io = il and repeat the algorithm. But if for some reason a
better value for © may be determined by previous information, a return

to step 3 is possible.

The details of the above procedures are presented in [14].

10
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CHAPTER TWO
INTRODUCTION TO THE GREG DOUBLE PRECISION

2.1 INTRCDUCTION

GREG is a computer pregram which has been developed by GUIGOU
of Electricite de France [12]. The main objective of this pfogram,is to
solve mathematical programming problems with linear or nonlinear ob-
jective function under nonlinear constraints. The GREG is based on
Generalized Reduced Gradient method; and consists of a2 main program,
nine internal subroutines, and four user supplied, external subroutines.
The single precision version of this program has been compiled and stored
in partitioned data set by Williams [17]. The single precision version

required approximately 120K (K = 1024 bytes) of storage.

2.2 DOUBLE PRECISION VERSION OF GREG

Because of an important need for solving some of the nonlinear pro-
gramming problems with more accurate results, the original GREG program
has been completely changed to the FORTRAN double precision code. This
has been accomplished as follows:

1. All of the real variables have been declared to the double
precision by listing them in the DOUBLE PRECISION statements.

2. All of the arithmetic statementé have been changed to the double

precision arithmetic statements.
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3) All of the mathematical function which have been used in the
program changed to the double precision standard.

4) The input and output formats have been changed to the double
precision ccde.

The exact number of digits in the double precision form varies
from oﬁe computer to another, but it is ordinarily more than twice the
number of digits in single precision. Double precision may contain a
maximum of 16 significant digits in most versions of FORTRAN IV,

The GREG main program and nine related internal subroutines in the
double precision form have been compiled and stored in partitioned data
set, This stép reduces the CPU time, and consequently the cost. It also

allows the program to be run with less than 128 K of storage.

2.3 BASIC PRINCIPLE OF GREG PROGRAM

Any mathematical programming problem can be written in the following

form:

Maximize fo()'c-) (2.1)
Subject to ?(i) % 0
a<X>h

Where the number of components of X is equal to the number of primal

variables.



In order to solve this mathematical programming problem by the
Generalized Reduced Gradient method, the objective function and all of
the constraints must be continuvusly differentiable functions of vector X.

By the introducing of slack and artificial variables, the formula

(2.1) may be written as follows.

Maximize b X) (2.2)

Subject to ¢(X) = 0

where in this case the number of components of X is equal to the number
of primal variables plus the number of slack and artificial variables
which have been generated.

The first treatment in GREG FORTRAN program is changing the form

of the problem from formula (2.1) to formula {2.2).

Let
NV = The number of primal variables.
NIN = The number of ineqﬁality constraints.
NEG = The number §f equality constraints.
NC = NIN + NEG = Total number of constraints.

The GREG FORTRAN program automatically provides slack and artificial
variables. It provides NIN slack wvariables in order to change the in-
equality constraints to equality type constraints. It also computes

the value of each constraint with reépect to the given starting point EO, and

if any constraint does not satisfied by the starting point an artificial



variable automatically will be added to the constraint, the same
artificial variable being supplied with an appropriate penmalty attached

to the objective function.

Let
NINl = The number of inequality constraints not satisfied.
NIN2 = The number of inequality constraints satisfied.
NIN4 = Tﬁe number of equality constraints not satisfied.
Therefore,

Total number of slack variables = NIN = NIN1 + NIN2
Total number of artificial variables = NIN1 + NIN4
Then the total number of variables including the primal and added vari-
ables is:
NTV = NV + 2(NIN1) + NIN2 + NIN&
These additional ﬁariables are generated by the intermal subroutine

CALC. CALC also computes the penalty for the artificial variables

which should be attached to the objective function as follows:

PENAL
2

= Max[£,(X), £,(3), £,(B)]

if PENAL < 103 then PENAL will be taken 103.

14

CALC determines the subsets of dependent (basis) and independent variables

at the starting point. 1If this is possible, it takes the basis made up
of the supplementary variables. If not, a search for finding the basis

will be done by subroutine INV(L).

The GREG algorithm at this stage is similar to the GRG as introduced

in chapter one. A brief surmary of the GREG algorithm is given in

Appendix 1.
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In the case of degenerate solution, GREG treats the problem as in
the simplex method. This procedure makes the possibility of admitting
into the basis some of the variables which are at their upper or lower
bounds. This solution is not perfect, but in most of the cases con-

verges the proBlem into the optimal seclution.

2.4 MAIN PROGRAM AND NINE RELATED INTERNAL SUBROUTINES

MAIN PROGRAM

This program lists the parameters, defines the starting point io, and
their related bounds a, b, as supplied by the user, then calls subroutine
CALC and GRG respectively. The computer flow diagram for the main pro-

gram is given in Figure 2.1.

INTERNAL SUBROUTTINE CALC

This subroutine initializes the counters, the Jacobian of the constraints,
and the gradient of the objective function. At the starting point it
generates the sufficient number of slack and artificial wvariables. It
also computes the penalty for the artificial wariables. Then it arranges
the constraints by the following order:

First, inequality constraiuté not satisfied by the starting point.

Second, inequality constraints satisfied by the starting point.

Third, equality constraint not satisfied by the starting point.

Fourth, equality constraint satisfied by the starting point.

CALC also defines the subsets of dependent and independent variables,
then calls subroutines CPHI1 and PHIX1 for adding the additional wvariables

into the constraints and addiﬁg the product of each artificial wvariable
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Main Progranme Prohlem
max —_
£,(X)
Sta;€] subject to
f(X) =0
3 3 AR —
! Dimension CARDS | FE ¢ 0
[ Double Precision CARDS | X, <X <X,
! ' e Bl
| Common CARDS |
Initialization of [E_variahles

the narameters

Parameter to be Read the
changed for parameters
specific problem
Nt;gfff
«- --No
1
WRITE the
parameters

—vyes

X (1)
XI(ID)
XS(ID)

by:

Read the starting point and the
boundries of primal variables

Pig 2.1 The computer flow diagram for the

main

2]

progrem.
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Main Programe

CALL CALC

Yes -+ (II=0 the problem is not
soluble)

CALL GRG
2 - A «
5
Stop
End
X(I) = Starting Point I =1, NV
XI(I) = Lower bound I =1, NV
XS(I) = Upper bound I =1, Nv

Fig 2.1 (continued).
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and penalty into the objective function. At this stage CALC prints the

solution of the starting point, related boundaries, the wvalue of the ob-

jective functions and the value of each constraint with respect to the

primal variables.

INTERNAL SUBROUTINE PHIX1

This subroutine adds the summation of the product of each artificial vari-

able and penalty to the objective function.

INTERNAL SUBROUTINE CPHI1

This subroutine adds the slack and artifiecial wariables into the re-

lated constraint.

INTERNAL SUBROUTINE GRG

The following computational work has been assigned te this subroutine:

*

*

*

The computation of the reduced gradient.

The computation of the projected reduced gradient.

Checking the stopping conditions.

The computations of the direction of movement for both the dependent and
independent variables.

The computation of the direction of the movement by the diagonal direction
method, if the user wishes to use that.

The computation of the direction of the movement by the conjugate direction
méthod, if the user wishes to use that,

The computation of 8'.

Calling subroutine MAXFI for maximizing 6 over the segment (0,8'), by

the parabolic interpolation method.
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=0 0

* Setting up il = X~ + oh

* Calling subroutine RENDOM for obtaining a feasible solution point
which satisfing the constraints by the Newton's method.

* Calculation the value of objective function with respect of the ob-
tained feasible solution by calling subroutine PHIX and PHIX1l, and
checking whether it has been improved.

* Doing the rest of the calculation din terms of changing the value of
8 in the case that the objective function has not been improved or
changing the basis when the treatment results in a degenerate
solution,

* Calling subroutine EXTRAC for printing the intermediate and/or the

final solutionms.

INTERNAL SUBROUTINE RENDOM
By applying the Newton's method, this subroutine obtains a feasible point

which satisfies the constraints and improves the objective function.

INTERNAL SUBROUTINE CDB
Usually this subroutine is called by subroutine RENDOM, and it
carries out the change of basis after finding a new point, and then defines

the dependent and independent variables.

INTERNAL SUBROUTINE INV(L)
This subroutine with respect to the argument L does two different calcu-

lation: if L = 1, the subroutine calculates only the inverse of the given

basis, If L = 2, the subroutine searches for a new basis and then finds

the inverse.
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INTERNAL SUBROUTINE MAXFI
This subroutine maximizes ¢0(8) with the given 8' over the segment of

(0,6'). The parabolic interpolation method is used to calculate the 8.

INTERNAL SUBROUTINE EXTRC

This is the output subroutine. It prints the intermediate and/or the
final solution. It also prints the wvalue of the objective function at
each iteration, a set of counters and the code of the stopping condition

which caused during the computation.

2.5 GREG, FOUR EXTERNAL SUBROUTINES

Four external supplied subroutines are available for the user to
define the objective function, the constraints, the Jacobian of the con-
straints and finally the gradient of the objective function.

The folléwing consideration should be applied to each of the external
subroutines.

1. Each of the externally supplied subroutines must have a set of
"DOUBLE PRECISION" and "COMMON" statements that are commensurate to the
interéal GREG subroutines. Figure 2.2 shows the general list of the GREG
Double precision and Common block definition statements.

2. 1In the case of using some extra real variables for defining the
above functicns, they must be declared by a "DOUBLE PRECISION" statement.

3. In all of the external user supplied subroutines the possibility
of reading a data set and/or doing some additional arithmetical operatioms
at the first call are provided. CALC is the first internal subroutine which
calls to each of the external sﬁbroutines. The variable IT, which is the

iteration counter, is equal to -1 when the first call occurs. By checking
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if IT < 0, in the initialization a data set is read and/or some arithmetic
operations are performed on the first call to each external subroutine.

4. All of the FORTRAN statements at each of the extermal subroutines
must be written in the double precision form. .
In order to describe the external subroutines, the following example problems

illustrates each subroutine.

Problem 2.1

- Maximize
%) = 142 _1 g2
fo(X) = (ZX1 2 Xl) + (BX2 > Xz)
Subject to:
=y ol 2
£, =X +X -1 <0
X, >0 i=1,2

EXTERNAL, SUBROUTINE PHIX

This subroutine defines the objective function by the FORTRAN variable
PHI. PHI is described in terms of FORTRAN vector array XC(I), where

I ranges from one to NV. Subroutine PHIX for problem 2.1 is given

in Figure 2.4. The GREG double precision version has been writtem for
the maximizing problem, but for the minimization problem, set PHI = -PHI.

The flow diagram of this subroutine is given in Figure 2.3.



External Subroutine PHIX (Calc. objective function)

Start

Dimension CARDS

Double Precision CARDS

| common _caRDS |

yes < IT>0

\_.

No

Read Data
if there is anv

Define objective function
by PHI ....

[ Return |

End

Fig 2.% The flow dizgram for subroutine PHIX.
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EXTERNAL SUBROUTINE CPHI
This subroutine defines the constraints by the FORTRAN vector array
VC(I), where I =1, ..., NC. VC(I) is described in terms of
FORTRAN vector array XC(J), where J =1, ..., NV. Subroutine CPHI for
the problem 2.2 is given in Figure 2.6. The constraints must be written
in the following order.

First, inequality constraints

Second, equality constraints.
It is very important to note here that the CREG program is written only
to solve the problem where the inequality constraints are in the

f(i).i 0 form. The flow diagram of subroutine CPHI is given in Figure 2.5.

EXTERNAL SUBROUTINE JACOB
This subroutine defines the partial derivative of the constraints with

of,

3—;- , where 1 = 1, ..., NC and J = 1,...,NV.
i

respect to the primal variables
The Jacobian is stored in the FORTRAN matrix array A(IL,J). The

rows of this matrix represent the constraint subscripts while the célumn
of the matrix represents the order subscripts of the primal variables.
Each A(I,J) is described by the FORTRAN array SC(J), where J = 1,...,NV.
The subroutine JACOﬁ for the problem 2.1 is given in Figure 2.8. The flow

diagram for this subroutine is given in Figure 2.7.

EXTERNAL SUBROUTINE GRADFI
This subroutine defines the partial derivative of the objective function
af

with respect to the primal wvariables, 3K where 1 = 1, ..., NV.
i

The gradient are stored in FORTRAN array C(I), where I is the order
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[ Start'

| Dimension CARDS

| pouble Precision CARDS |

L Common CARDS I

<>

No

L

Read Data
if there is any

1

Define the constraints
bv: vC(1l)=...
VC(2)=...
VC(NC)=..
I Return
"End
NC = # of constraints = NIN+NEG
NIN = # of inequalitv constraints
NEG = # of equality constraints

Note: The user should arrange the constraints of his nrohlem in such a
manner that all inequalties come first and the equalities follow.

FPig 2.5 The flow diagram for subroutine CPHI.
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External Subroutine JACOB (Tacchian of constraints)

l Startl

| Dimension CARDS]

| Double Precision CARDS |

L_Common CARDSiq

ves "

Read Data
if there is anv

Define Jacobhian of
constraints bv:

A(I,J)=...
I=1,NC J=1,NV

[::%"_"ﬂ
Return |

End

NC=# of constraints

NV=# of variables

Fig 2.7 The flow diagram for subroutine JACCB.
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External Subroutine GRADFI (the gradient of the objective function)

Start

Dimension CARDS

| Double Precision CARDS

rCommoé CARD§1

yes - <<:EE>O

No

A

Read Data
if there is anv

fio

Define the Gradient of
objective function with respect of
primal variables bv: "

C(I) = .... I =1, NV

NV = # of primal variables

Fig 2.9 The flow diagram for subroutine GRADFI.
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subscripts of the primal variable XC(I). Subroutine GRADFI for the
problem 2.1 is given in Figure 2.10. In the case of a minimization problem

set

C(I) = -C(I) where I =1, ...,NV,

The flow diagram of this subroutine is given in Figure 2.9.

2.6 INPUT DATA FOR THE GREG DOUBLE PRECISION

Input data consists of parameters, the starting point with the related
upper and lower bounds and finally the user given data for initialization
purposes in subroutines PHIX, CEHI, JACOB and GRADIFI. This section
has been allocated for describing these three types of input
data.
1 - PARAMETERS
In the GREG double precision there are nineteen parameﬁers which describe
the specification of any kind of mathematical'programming problem such
as number of primal variables, number of inequality comnstraints, and so
forth. A complete list of parameters and their definitions are given in
Table 2.1. In the GREG main program, each of the parameters is given a
default value. If the user wants to change the value of some or all of
the parameters the IBM FORTRAN "NAMELIST" has been provided. fARM is
the selected namelist title, and an example of this type of input is given
in Figure 2.11. The parameters of this example have been listed for
Problem 2.1.
An important fact should be mentioned here, namely that the noninteger

parameters must be written by D FORMAT.



FORTRAN
SYMBOLS

NV
NIN
NEG

NEVL

NTO(NT zero)

ITET

ICONJ

IDIAG

ITMAX

KFIL

KLIN

NCO(NC zero)

ITSOR

ISOLSR

EPSIL

TABLE 2.1 - THE PARAMETERS

DESCRIPTION OF THE PARAMETERS

The number of primal variables
The number of inequality constraints
The number of equality constraints

The maximum number of iteration for
Newton's Method

The maximum number of bisections in the
parabolic interpolation method.

The number of previous iterations used to
help determine a maximum value for 6.

Equal one if conjuate directions are desired,
otherwise, zero

Equal one if diagonal directions are desired,
otherwise, zero

The maximum number of iterations

Equal cne if the objective function is linear,

otherwise, zero

Equal one if all of the constraints are linears,

otherwise, zero

Equdl zero for the linear programming problem
and is greater or equal to the number con-
straints for nonlinear programming problem

The iteration which recording of the intermediate

output starts (1<ITSOR<ITHAX)

The solution is printed out every ISOLSR iter-—

ation. For the small problems, ISOLSR-ITMAX.
For large problems, ISOLSR<ITMAX

Used as & criterion for the choice of a pivot in

the changing an inversion of a basis.

(0™ %epsc107Y)

%

DEFAULT
VALUE

0
0

0

20%

g%

20%

10

1*

50

0.1D0*



FORTRAN DESCRIPTION OF THE PARAMETERS

SYMBOLS

EPSTLO

(EPSIL zero) Is used as a stopping criteria for Newton's
Mathod

EPSIL1 Is used as a stopping criteria if the problem

is declared convex.

EPSIL2 Is used as a stopping criterion by the norm
of - the reduced gradient

PC Equal zero if problem is non-convex, otherwise,
one

*
These values are recommended not to be changed.

34

DEFAULT
VALUE

0.1D-02

0.1D-02

0.1p-02

0.D0
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2 - STARTING POINT AND RELATED BOUNDS

A starting point, the upper bounds, and the lower bounds for each of
the primal variables must be defined by the user. Main program reads
starting point, lower bounds and upper bound according to the 8F10.2
format. This format allows eight values per card. If the number of

variables are more than eight, use the next cards and repeat the process

until all of the primal variables are listed.

3 - USER DATA
This portion of input is optional and it is dependent to the size of the
problém. If the objective function, constraints, Jacobian or gradient
of the problem need a large number of data to be written, this part of
the input data will be used. In this case the formats for reading
the noniterger data must been written in either nfFw.d or nDw.d formats.
CALC calls the external subrocutines by the following order

PHIX

CPHI

JACOB

GRADFI
so the data has to be ordered in the same calling sequence of extermal
subroutines. |
THE GENERAL SEQUENCES OF THE DATA

The input data cards must be ordered into the following sequence.



Parameters data cards

Starting point cards

Lower Bounds cards

Upper Bounds cards

User data cards for subroutine PHIX

User data cards for subroutine CPHI

User data cards for subroutine JACOB

User data cards for subroutine GRADFI

2,7 JOB CONTROL LANGUAGE FOR UTILIZING THE GREG DOUBLE PRECISION PROGRAM
In this section the job control language for utilizing a GREG double
precision program at Kansas State University is described.

The job control language for both load and acess procedures are given

in Figures 2.12, 2.13, 2.14, 2.15, 2.16 and 2.17.

Details for each procedure can bz found at the Dr. C. L. Hwang's office,

Industrial Engineering Department.

2,8 THE GREG DOUBLE PRECISION OUTPUT
The headings for the GREG single precision are in French, but for the
GREG double precision versioﬁ they have been translated into the English.
The general output in the GREG double precision may be classified into
the following groups:

1. Definition of the variables

2. Definition of the stopping conditions codes

3. Parameter echo check

4. Starting conditions ..

5. Intermediate output



/!

JOB (standard K.S.U. Job Card)

I/ EXEC FORTGCLG
//FORT.SYSIN DD *

/*

complete GREG double precision source deck
including the external subroutines,

//LKED.SYSLMOD DD DSN=xxxoox.yvyyy(zzzzzz),
//  DISP=(,CATLG) ,UNT=2314,VOL=SER=nnnnnn,
//  SPACE=(TRX,(35,10,1) ,RLSE)

//GO.SYSIN DD*

/*

Figure 2,12

data

JCL for loading the GREG double precision source deck into
the partioned data-set.

38



1/

JOB(standard K.S.U. Job card)

/] EXEC FORTGLG

//IKED.SYSLMOD DD DSN=xxxx=x.yvyy(zzzzzz),
//  DISP=(,CATLG) ,UNIT=2314,VOL=SER=nnnnunn,
!/ SPACE=(TRK,(35,10,1) ,RLSE)

/ /LKED. SYSINDD*

/*

complete GREG double precision object deck including the
external subroutines '

//GO.SYSIN DD*

/*

Figure 2,13

data

JCL for loading the GREG double precision object deck into
a partitioned data-set.
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I JOB(standard K.S5.U. Job card)
it EXEC FORTGCLG
//FORT.SYSIN DD *

source deck
/*
//LKED.SYSILMOD DD DSN=xxxxxx.yyyy(zzzzzz),
//  DISP=(,CATLG) ,UNIT=2314,VOL-SER=nnnnnn,
//  SPACE=(TRK,(35,10,1) ,RLSE)
//LKED.SYSIN DD%

object deck
/*
//GO.SYSIN DD #*

data

[*

Figure 2.14 JCL for loading the GREG double precision a combination
of source and object decks into a partitioned data-set.



// JOB(standard K.S.U. Job card)
// EXEC FORTGCLG
//FORT.SYSIN DD *

source deck for external subroutines
(PHIX,CPHJ,JACOE and GRADFI} g
[*
//LKED.LIB DD DSN=yvyy.xxxxxx,DISP=SHR,UNIT=2314,
// VOL=SER=nnnnnn :
//LKED.SYSIN DD *
INCLUDE LIB(zzzzzz)

ENTRY MAIN

/*

//GO.SYSIN DD *
data

/*

Figure 2. 15 Access to the stored GREG double precision program using
a source deck only for subroutines PHIX, CPHI, JACOB and
GRADFI.



!/ JOB9standard K.S.U. Job card)
/! EXEC FORTGLC
/ /LKED LIB DD DSN=vyyy.xxxxxx,DISP=SHR,UNIT=2314,
//  VOL=SER=nnnnnn
//LKED.SYSIN DD *
object deck for external subroutines
(PHIX, CPHI, JACCB and GRADFI)

INCLUDE LIB (zzzzzz)
ENTRY MAIN
/% ,
//C0O.SYSIN DD *

data

/*

Figuere 2.16  Access to the stored GREG double precision program using
an vbject deck for subroutines (PHIX, CPHI, JACOB and
GRADFI).



f/ JOB(standard K.S5.U. Job card)
i EXEC FORTGCLG

// FORT.SYSIN DD *

source deck
/*
//LKED.LIB DD DSN = yyyy.=xxxxxx,DISP=SHR,UNIT=2314,
//  VOL=SER=nnnnnn

//1KED,.SYSIN DD#*

object deck
INCLUDE LIB (zzzzzz)
ENTRY MAIN
/*
//GO.SYSIN DD *

data

[*

Figure 2.17  Access to the stored GREG double precision program using
a combination of object and source deck for subroutines

(PHIX, CPHI, JACOB and GRADFI)
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6- Final solution

7= Summary of the results.

Table 2.2 shows the cutput for the problem 2.1.
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CHAPTER THREE
NUMERICAL TESTING OF THE GREG DOUBLE PRECISION PROGRAM

3.1 INTORDUCTION

The original GREG code was developed oﬁ the CDC6600 computer which
has fifteen digit single precision arithmetic in its FORTRAN compiler.
Later, the GREG code was adopted on the IBM system 360/50 computer
[17] which has seven digit single precision arithmetic in its FORTRAN
compiler.

Williams [17] solved a series of problem by GREG single precision
code on the IBM 360/50 system. In pérforming the numerical study he
compared GREG code with the other available techniques, in terms of
reliability, limitation, accuracy and speed of solutions. He concluded
.that the GREG code was very successful at solving nonlinear progrzmming
problems.

In this chapter, the GREG double precision program is used for solving
the same problems which were already solved by the GREG single precision pro-
gram. The solution at each p;oblem is compared with the solution obtained .
by the GREG single piecision program in terms of the value of the objective
function, the value of the variables, the number of iteration, and the
speed of solution. The speed of solution-is measured as the time of
execution of the algorithm. It does not include compiling of the sub-
routines and initialization of the problem. Initialization involves,

basically, generating slack and artificial wvariables and adding them into
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the objective function and constraints. All of the pertient programming

material is given in Appendix 2.

3.2 PROBLEM NUMBER ONE
Example 1 of chapter 2 is the first problem which has been solved
by both GREG single and double precision codes. The problem definition is:
Maximize

! 12
(2x; =5 2D + Gx) - 5 %)

£,(0
subject to

£, ) =

[
oy
+
#
1
=
A
o

x, >0, 1=1,2
The solution of this problem by both GREG single and double precision

codes are given in Table 3.1.

GREG single precision GREG double precision

Objective function

. fo = 3.1055507659 3.1055382212
Variables
X = 0.5545919537 0.5524602617
X, = 0.8321228027 0.8335392310
No. of iterations
IT = s 7 6
Stopping condition
ft 8 7
Execution time, in 2.50 6.13
seconds.

Table 3.1 The solution of the problem number one for both GREG single
and double precision.
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3.3 PROBLEM NUMBER TWO

This problem concerns the reliability of a complex system. The mdoel of
this reliability problem has been proposed by Tillman, Hwang, Fan, and Lai
and it has been solved by GREG single precision by Williams [11].

The statement of the problem is
Maximize
2

R, = 1 - Ry((1-R)) (1-R,))% - (1-Ry) (1-R, (1~ (1-R,) (1-R,)))

subject to

o o

3 4

+ K, R < C

= %1 *2
L0 = Ry T REE, T+ Ry AR

Ry Z Ry mins 17 1:2:3,4

The numerical values for the parameters are:

K, = K, = K, = 200, K, = 300, C = 800

(a; = 0.6, Ry min = 05, 1=1, o0, &)

The solution of this problem is shown in Table 3.2.

" GREG single precision GREG double precision

Objective function

RS = - 1.0 1.0
Variables
R1 = 1.0 1.0
R2 = 1.0 1.0
R3 = 0.5394473075 0.5394488375
R4 = 0.7974168658 0.7974155742
No. of iterations
IT = 5 : 5
Stopping condition
# 3 = 1
Execution time, in 0.78 1.23

seconds

Table 3.2. The solution of the problem number two by both GREG single
and double precision codes.



3.4 PROBLEM NUMBER THREE

quadratic constraints.

This problem involves a quadratic objective function with six

Minimize:

¥y =

f{](

subject to:

fl(X) =
£,(X) =

f3(X) =

1

£,(X)
fS(X) =

£, (X0 =

2 )
c.le + ale:\s‘ + a3xl

bl + bzxzx5 + b3x1x4

+

o

hl + b2x2x5

3%1%2
¢y + CoXyXe + CqaX Xy
£y, ¥ Cp¥y¥y T %
dl + dzx3x5 + d3xlx3

dl + d2u3u5 + d3xlx3

78 < X1 L 102

< 45
< 45
< 45

< 45

The problem defined as:

b4x3x5 < 92
c,xg > 90
C4x§ <110

d4x3X4 < 25

The numerical wvalues for the parameters are:

]

5.3578547,
85.334407,
80.51249,

9.300961,

a, = 0.8356891, a,
b, = 0.0056858, b,
c, = 0.0071317, cq
d, = 0.0047026, d

I

37.293239,
0.0006262,
0.0029955,

0.0012547,

]

40792.141
0.0022053
0.0021813

0.0019085

e



56

In this problem the optimum solution was not reached by the normal
procedure. To solve the problem a constant was subtracted from the
objective function to scale it.

The constant value was 30373.94. The final solution of this problem

is given in Table 3.3

GREG single precision GREG double precision
Ubdeaeive Enctien -(292.0117+30373.94) | -(292.0150+30373.94)
fO = =-30665.9517 =-30665.9550
Variables
X, = 78.0 78.0
x, = 33.0 33.0
Xy = 29.9938964843 29.9939426347
x, = 45.0 45.0
Xg = 36.7761230468 36.7758856848
No. of iterations
IT = 8 5
Stopping conditiocn
it 7 1
Execution time, in
seconds 1.65 2,51

Table 3.3. The solution of the problem number three by both single and

double precision codes.

3.5. PROBLEM NUMBER FOUR

Maximize:

0.1 » ;
f.(X) = b & ~ c,.X.Xx, = 2 d.x
0 j21 & i+5 j21 J=1 Wi 4=

Subject to:




-] ) ;
£.(X) = a x e 2 c..x, - 3d.x, =0
: +
i j=1 1,J+573+5 i =1 ivi
i=1,,2,3
_ 10 5 5
£0 = I & ps¥pes m e T2 Loeyy¥y - 34 b xp, =
j=1 j=1
i=4,5
0_<_xk_<_100, k=1, ..., 17

The numerical values for the parameters are given in Table 3.4.

The sclution of this problem is given in Table 3.5.

3.6 PROBLEM NUMBER FIVE
This problem is a geometric programming example. The statement
of the problem is:

Minimize:

. y g W2
fO(XJ 4xl + le2 + 4x3 + 2(x1 + xz)

subject to

fl(X) = X XpXg > 100

x, >0, i=1,2,3

The solution of this problem is given in Table 3.6.
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Table 3.4 gives the parameter wvalues.

i 1 2 3 4 5
d. 4 8 10 6 2
1
e -15 -27 -36 - -18 -12
i 1 3 4 5 6 7 8 9 10
b, |40 | <2 | <% |4 | =4 | =1 |=40 |60 | 3 1
L 3
value of c..:
ij
y j 1 2 3 4 5
1 30 -7y -10 32 -10
2 =20 39 -6 -31 32
3 -10 -6 10 -6 -10
4 32 =31 -6 39 -20
5 -10 32 -10 ~20 30

Table 3.4 Parameter values for problem four.




value of a,.:
1]

1 Nd 1 2 3 4 5
1 0 0 0 0 0
2 0 0 0 0 0
3 0 0 0 0 0
4 0 0 0 0 0
5 0 0 0 0 0
6 -16 2 0 1 0
7 0 -2 0 0.4 g
8 -3.5 0 2 0 0
9 0 -2 0 A -

10 0 -9 -2 1 -2.8
11 2 0 -4 0 0
12 ;) -1 -1 -1 -1
13 -1 -2 -3 -2 =1
14 1 2 3 4 5
15 1 1 1 1 1

Table 3.4 (Comntinued)

29
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Objective functiom

GREG single precision

GREG double precision

fo -32.3486785806 -33.9621492223
Variables

xl = 0.2994560599 © 0.5000984677
x2 = 0.3332918286 0.305102909?
Xq = 0.4006066918 0.3221967842
xl* = 0.4287636280 0.2176330865
X = 0.2243463993 0.1421636603
X, = 0.0 0.0
x7 = 0.0 0.0
x8 = 5.1755962371 3.6602819223
Xg = 0.0 0.0000074672
x10= 3.0615062713 3.2542665094
X;q= 11.8326454162 11.6137452756
xlz= 0.0 0.0
Xy 4= 0.0 0.0
X14= 0.102776587C 0.0276781631
x15= 0.0 0.0
x16= 0.0 0.0
xl7- 0.0 0.0

No. of iteration
IT = 36 42

Stopping condition
f 1 8

Execution time, in 12.88 58. 54

seconds

Table 3.5 The solution of the problem number four by both single and
double precision codes.
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GREG single precision GREG double precision

Objective function

fOI - 87.987747192 87.9877697106
Variables
X 5.0872011184 5.08590087¢7
X, 2.6814708709 2.6820680504
X3 7.3307437896 7.3309854765
No of iteration
_ IT = 9 9
Stopping condition
# 1 1
Execution time, in
seconds 0.83 _ 2.57

Table 3.6 The solution of the problem number five by both single and
double precision.
3.7 CONCLUDING REMARKS
As Williams concluded [17], the GREG code is very successful at
solving nonlinear programming problems. It does have some faults.
One is that it is very sensitive to numerical error and behaves very
erratically without any indication of what the problems are. Usage of
the GREG codes could be aided by the implementation of an error routine.
The solutions obtained by GREG single and double precision codes
have been compared for each problem separately. In some of the problems,
double precision version of GREG has been improved the objective function
but in other problems the objective finction has not been improved.
The reason could be fowmd by checkingz the stopping condition code. For
example problem nuwber one was stopped by stopping condition number 8

while it was running by GREG single precision, but the stopping condition
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was number 7 by the double precision version. In some of the nonlinear

programming problems when the primal variables are not limited at their

upper bounds the more accurate result could be obtained by defining the

upper bounds closer to the optimal wvlaues of the variables. This could

be accomplished by running the program two or three times, reducing

each time the region between upper and lower bounds. The other approach
is changing the starting point. In some of the cases, the problem would
converge to a better solution if the starting point is defined equal to

the lower bounds of all the variables. The GREG double precision codes

takes more time to execute the problem.
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APPENDIX 1

A BRIEF SUMMARY OF GREG ALGORITHM

The following GREG algorithm is for the nonlinear programming

problem defined specifically as

Maximize:

Fh
}

£(X)

subject to:

<
]
Fh
[N
~~
el
-
| A
o
L)
'-I
[}
P
: ]
L]
L]
-
=]

where

m = number of constraints.

GREG ALGORITHM
Step 1
Define the problem according tc the following substeps:.
Step 1.1
Identify the boundaries of the variables (E, E), and define the

starting point (io)'such that

Step 1.2
Define the problem as follows:

Identify the objective function by f0 and constraints by (Vi,

Bfo avi
i=1, ..., m). Let (Ci=E;’ i=1, ..., n) and (Ai_‘i =-é-}'(—', i=1,

J
and j =1, ..., n). -

66

Ty |
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Step 2
Generate a sufficient additicaal va?iables as follows:
Step 2.1
Check the selected starting point satisfies each constraint or not

as follows:

J’vi > €4 —> constraint not satisfied.
inequality type ¢
v; 28, > constraint satisfied.
vy )
Ivil > g4 > constraint not satisfied.
equality type ¢
' ) Ivil X gy — > constraint satisfied.
i=1, ..., m
Let
m = number of inequality constraints not satisfied.
m, = number of inequality constraints satisfied.
my = number of equality constraints not satisfied.

If m17= 0 and m, = 0, go‘directly,to step 2.3.

Step 2.2

Calculate the penalty for the artificial wvariables as follows:

-121= max [£(a),£,(5),f (03] and 4EF €10° fake P = 10°
Step 2.3
Generate the slack and artificial variables as follows:

A slack variables for each inequality constraint not satisfied [xi = 0.,



a, = 0,, b,

i 1= ® . and Ci= 0., 1= {(ntl), .us, (n—i—ml)].

An artificial variables for each inequality constraint not satisfied

[x;, = -v., a, = ~=, b, = 0. and C; = B, 1= (atm;+1), ..., (ot2n))].

A slack variable for each inequality constraint satisfied [xi = TV

a,=0.,b, =wand C, = 0., 1= (n+2m1+l), e — (n+2m1 + m2)].

An artificial variable for each equality constraint not satisifed [if

vj > gq then (xi - —uj, a, -y b, = 0. and Ci = -P), if vj < €0 then

(n+2ml+m&+m3)].

Step 2.4

Add the additional variables into the constraints. For inequality

constraints not satisfied:

= B E = = e
Y 7 V5T g *om+ 1=1 e |

For inequality constraints satisfied
= + = - %8
Y17 V1T Fatam 43 T %> i= (), ..., (mptmy)

For equality constrains not satisfied

)

<
I
<

ji= (ml+m2+l), o (ml+m2+m

5%t Xu+2m1+m2+j’ 3

Step 2.5

Add the artificial variables to the objective function

’;1 ' ';3
b, = £, + c . X e C . X .
0 0 =1 ofm,+i n+mi+1 gui n+2mi+m2+3 n+2m1+m2+3

68



Step 2.6
Divide the variables in terms of dependent and independent wvari-
ables. Let N be the total number of variables including the primal and

additional variables. Therefore:

N=n+ 2m1 + m2 + m3
Select the basis (dependent variables) among the additional variables.

Apply the following changes:

Identify [xi, ali, bli, Cli and Alji’ i=1, coe (N-m) 2nd j = 1, ...,m]
for independent variables.

Identify [yi, aEi, bZi, CZi and Azji, i=1, veeymand j=1, ..., m]
for dependent wvariables.

Set the iteration counter equal zeroc. IT = 0

Step 3
Calculate the reduced gradient according to the following substeps.

Set IT = IT + 1.
Step 3.1
Compute the following:

¢3 = The value of objective function at this stage.

B¢0
Cligg—, is= 1, se ey (N—m)-
i
af,
AlJl = 3;1, i=1, ..., (N-m) and j =1, ..., m.



€2, =—, di=1, oo, m
i Byi
afi
Azji = 3;;, i=1, vo.,m and j =1, ..., m
Step 3.2

Compute the inverse of the matrix A2 and identify it by a.

Step 3.3

Compute the reduced gradient as follows:

Let
)
n, = - C2. C!_., i=l, --c,m
i j=1 i ji
And then
m
g = C1; + g u, Alji, i=1, ..., (N-m)
j=1
Step 3.4

Compute the projected reduced gradient.

[ i
0 if g; = 0
=;0 if g; < 0 and x, = ali
Ty
Q if g. >0 and =, = bl,
i i i
Lgi otherwise

i=1, ..., (N-m)



Step 4

Check the stopping conditions.

Step 4.1

Calculate the norm of the projected reduced gradient.

1/2
7 )2]
T = Y-
=1 *

Step 4.2

Calculate A¢ and T

N-m
A = L T
And
T = max [Tl, Tos o5 TN-m]
Let
ot
53 n



Step 4.3

Check for stopping condition

If IT >K go to STOP

If A¢ - go to STOP
If = <€eg goto STOP
Step 5

Calculate the direction of movement.

let
_ 10 _0.01
54 = 10 and By = S
Then
_1— h that <
€, 10 4 suc) at T < e
and
€ = Eu €s
Step 5.1

Direction of movement for independent variables.

(o if vy, >0 andr

| A

i €6 and x; is an artificial variable

0 if v, >0 and T, > Eg and X is an artificial variable

\Y otherwise
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Step 5.2

Calculate the norm of the directien of movement for independent

variables
"y g 1/2 |
H = Z (hi) ] and if B = 0 go to step 5
i=1
Step 5.3

Direction of movement for dependent variables.

Let
me
Z; = Al..'h.s 1=1, aoo,m
i e ij j
And then
m
ki = - Z g Ty A= L cord and j =1, ..., m
=1
Step 5.4

Calculate the product of the gradient and the direction of movements.

N-m m
S= 7 CL.h, + [ c2.k,
i=1 =1
Step 6

Calculate the 6.



Step 6.1

Calculate 8' for dependent variables.

b2y,
T if ki> 0
8'1, = >
i
a2 -y,
1lt = if k.< O
1

Then
8'l. = min [e'll, 9'12, .y e'1m]
Step 6.2
Calculate 8" for independent varisbles.
[ bli-xi
T if hi> 0
i
82, =«
i
.ali-x.
| Th, if hi< 0
i
i=1, ..., (N-m)
Then
1 s ) T ¥ ]
6'2 = min [0 21, <] 22, i wibuy B 2N—m]
Step 6.3

' = min [68'1,8'2]

74
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Step 6.4

Maximize © over the segment (0,8') by the parabolic interpolation

Step 6.4.1

Calculate x1; = x,; + hie', i=1, ..., (N-m)

and yl, = y; + kie', i=1, ., m
fal, 1f x1, < al, (a2,  if y1, < a2,
i i i i i i
xli = *bli if xli > bli yli = ~bZi if yli > bZi
xli otherwise Lyli otherwise
i=1, ..., (N-m) i=1, ..., m
And
¢é = The value of the cbjective function with respect to these
variables.
Step 6.4.2

1
Let o" =-QE, then calculate

xZi =x, + hiB", i=1, ..., (N-m)
yZi =Y; + kie", i=1, sse, m
al, if x2, < al (a2, if y2. < a2,
i i i i i
xZi = bli if XZi > bZi yZi = <b2i if y2i > bZi
XZi otherwise yZi otherwise

i=1, ¢0e., (N-m) 1= 1, cvey m



And
¢5 = The value of the objective functicn with respect to these
variables.

Step 6.4.3

2, 8
Let Fl = (¢(1) + 3¢g - 44) -+ =

And F2

I

1. .0 2
2.(8g + ¢g - 267)
Then F = F1/F2

If IF2| 5_].0-6 go to step 6.4.4

If F<0. go to step 6.4.4

If F>#9' go to step 6.4.4

otherwise calculate

XBi = X, + h,F, i=1, ..., (N-m)
y3i = ¥i + kiF, i=1, ..., m

f {

ali if xBi < ali aZi if y3i < a.'Z:.IL
xBi = -bli if x3i > bl:.1 ySi = ~b2i if y3i > bZi

x3. otherwise y3. otherwise

1 ” 1
i=1, ..., (N-m) i=1, sos5 m

And
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¢3 = The value of the objective fumction with respect to these
values,

If ¢g_§ ¢g go to step 6.4.4 ¥

Otherwise take ¢§ = ¢3 and 8" =F

Step 6.4.4
(9' if PHI = q%
1 2
PHI = max (¢,, ¢,) and & =
8" if PHI = ¢§

If PHI > ¢8 go to step 6.4.5
Otherwise do some modification in order to obtain some value for

y T
8{i.g 9 = EZ) such that PHI > ¢g, if this is not possible change the
basis. The best candidates for bringing into the basis are those vari-

ables which are at their upper or lower bounds.

Step 6.4.5
If 8 = 8', change the value of the related variable to the upper
or lower bound, if it's direction of movement is greater or less than

zero respectively.

Step 7

Set up the new value for the variables.

xli x; + ehi, i=1, .v., (N-m)

]
1}

vl, 1, ..., m

i Y3 * eki’ *



a1, if x1; < al, (azi if yl, < a2,

x1, = <bli if xli > bli yli = <bZi if yli > bzi
Lxli otherwise 'Ly2i otherwise
i=1, ..., (N-m) ' ' i=1, ..., m

Step 7.1
Check the constraints by the Newton's method

Let

RO = max[|v|; vyl «vns [ |1

If RO 2 € all the constraints are satisfied and go to step &.

Otherwise go to step 7.2.

Step 7.2
Calculate
i
DEL., = - @, V., i=1, ..., m
LR =S B L
And
yli = yli + DELi, Iom Ly wewy 2

If aZi < yli < b2i go to step 7.1

Otherwise set 8 = g-and go to step 7.

If after several reduction on 6, still the constraints are not

satisfied, change the basis.
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Step 8
Calculate the value of the objective function.

If PHI > ¢0 then set

X xli i=1, ..., (N~m)

i

yli i=1, ...,Am and go to step 3

¥y

Otherwise chaﬁge the basis, set IT = IT-1 and go to step 3

A NUMERICAL EXAMPLE

Maximize:
fﬂ(i) = (231 - %-xi) + (3x2 —-%-xg)
Subject to:
£® =% +x-120
xl,xz >0
Step 1.1
a, = 0., bl = 10., X = 0.5
a, = 0., b2 = 10., x, = 0.5
Step 1.2
fo = 2xl — %—xi + 3x2 --% xg
vy =X e -1
C1 =2, - X



2 ' 2
AT 2%
A12= 2x2
M =2
Step 2.1
v, = -0.5 < g = .01, so the constraint satisfied
Then
m = 0, m, = 1, m, = 0
Step 2.3
Xy = 0.5, a; = 0., b3 = o, C3 = 0., A13 = 1.0
Step 2.4
v, =X +x -1+ Xq + €
Step 2.5
= _ 1.2 1.2
el R R R e
Step 2.6
N=n+m=2+1-= 3
. (1 _
X = (le and Y = [x3]



IT =

Step 3

Step 3.1

Step 3.2

Step 3.3

X1» aly =2, bl =by, € =6
X5 312 = a,, b12 = bz, Cl2 = C2
%y, a2 = a;, b2 = by, €2 = C
0

IT=IT+1=1

0_

Cl1 = 1.5, Cl2 = 2.5
Alll = 1.0, Allz = 1.0
C21 = 0.

A211 = 1.0

all = 1.0

Uy - = 021“11 = 0.

and

and

and

11

12

; 1

]
o

8l



Step 3.4

Yy ® 1.5, Yy = 2.5
Step 4.1
2 2 1/2
= [(1.5)" + (2.5)7] = 2.9
Step 4.2
Ty < 1.5(10.-0.5) = 14.25
T, = 2.5(10.-0.5) = 23.75
Ad = 14.25 + 23.75 = 38.0

T = max [14.25, 23.75] = 23.75

.01 _

L

Step 4.

IT =1 < K = 10, then continue

I

A = 38.0 > e = .01, then ceantinue

T = 23.75 > g = .005, then continue
Step 5
€4 = 1010, €g = igl-= igi = ,005
e 10, ; €¢ = 10(.005) = .05
Step 5.1



Step 5.2
2 g, M %
H= [(1.5)" + (2.5)7] = 2.9
Step 5.3
zy = Alllh1 + AlthZ = 1.5+ 2.5 = 4.0
k, = =4
Step 5.4
S = (1.5)(1.5) + (2.5)(2.5) + 0(-4) = 8.5
5 = 8.5 > 0.
Step 6.1
0'1, = 20702 = 0,125 and 6'1 = 0.125
Step 6.2
o'z, = £33 6.3
pra, = W05 5 g
Therefore
B‘Z = min [6.3,3.8] = 3.8
Step 6.3

6' = min [0.125,3.8] = 0.125

83



Step 6.4.2

Step 6.4.3

o
=
[l
]

[}

I

]

«
%]
=
]

F1

F2

]

B!
—E_

0.5 + 1.5(0.125) 0.6875

0.8125

1l

0.5 + 2.5(0.125)

0.5 + (-4)(0.125) = 0.0

3.2461

0.125

> = 0.0625

0.5 + 1.5(0.0625) = 0.59375

I

0.5 + 2.5(0.0625) 0.65625

0.5 + (-4)(0.0625) = 0.25

2.7646

[3.2461 + 3(2.25) - 4(2.7646)]1(0.0625)

-0.065

2[3.2461 + 2.25 - 2(2.7646)]

0.1338

=== -0.48 <0
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Step 6.4.4

PHI = max{(3.2461,2.7646) = 3.2461

And © = 0.125

0 then go to step 7

PHI > §,

Step 7
xll = 0.6875
xl2 = 0.8125
yll = 0.0
Step 7.1
¥y = 0.14281
RO = 0.14281 > g = 0.01 the constraint is not satisfied.
Step 7.2
DEL1 = -0.14281
¥yl, = 0. - 0.142817= -0.14281
The value-of yll is less than it's lower bound so, we
reduce the value of 8
6 =3 =218 _ g.0625
Step 7

xll = 0.5 + 1.5(0.0625) = 0.50375



xl, = 0.5 + 2.5(0.0625) = 0.65625
yll = 3.5 + (-4)(0.0625) = 0.25
Step 7.1
v, = 0.043272 > €y = 0.01, the constraint is not satisfied.
RO = ,043772
Step 7.2
DELI = -0.043
yll—= «25 - 0.043 = 0.027 > aZl = 0.
Step 8
0
PHI-= 2.7646 > ¢U = 2.25
Then :
x, = 0.05375
X, = 0.65625
¥y = 0.207

Then the next iteration starts. Table 1 summarized the numerical

calculation of this example.
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APPENDIX 2

Computer Programs for Numerical Examples in Chapter 3
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Example 1 of Chapter 3

Problem:
maximize
- 1 2 1 2
= 2 - — - —
£ (0 = (2% - 5 x) + Bx; =5 %))
subject to
= _ .2 2
fl(X) -x1+x2-l<0
x; > 0, i=1, 2

Computer program and the results of this problem is presented in the

following pages (p 90 through p 98 )
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Example 2 of Chapter 3

Problem:
maximize
_ 2 2
Rg = 1 - Ry((1-R))(1-R,))° - (1-Ry) (1-R,(1-(1-R,) (1-R,)))
subject to
o a a o
1 2 3 4
K1R1 + KZRQ + K3R3 + K4R4 < C
R, >R, . , i=1,2,3,4

i i,min

Computer program and the results of this problem is presented imn the

following pages (pigothrough p108).
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Example 3 of Chapter 3

Problem:
- 2
fO(X) = Ajxy + AX K+ AKX - A4
subject to

B1 + BZXéxf + 331124 = 34xlx3.i 0

< 92
c, +C.X.X_+ C.x.x, +C ‘ > 90
s A S B 1 G A T
< 110

Dl + sz3x5 + D331x3 + D4x3x4 > 20

78 < x

1 < 102

33<x

g 5 45

27 §_x3,x&,35‘5 45

Computer program and the results of this problem is presented in the

following pages (pi1ipthrough pi3g)
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Example 4 of Chapter 3

Problem:
maximize
0 vy ] o
£.(X) = C. -2 d.x’
9 i=1 i=1 j=1 1 E J j=1 33
subject to
" 10 5 2 :
£, (XY = E 4555 T 8T 2 _Z Cyi%; = 3d;5] <0
j=1 j= ;
i=1,2,3
_ i0 5 2
fi{XD = _z ai,j+5xj+5 - e 2 .E i%5 Bdixi + x +12
j=1 i=1 .
i= 4,5
0 2x < 100, k=1, ..., 17

Computer program and the results of this problem is presented in the

following pages (pi2pthrough p129).
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Example 5 of Chapter 3 ]

Problem:
minimize

2,1/2

2
+ Z(xl + x2)

fO(X) = 4x. + 10x, + 4x

1 3

subject to

fl(X) = X,X. X

7% 2 108

%, >0, i=1,2,3

Computer program and the results of this problem is presented in the

following pages (p131through pi39).
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This report reviews the mathematical theory of generalized reduced
© pradierit method (GRG). Iis computer program via GREG code is described
and a summary of GREG algorithm along with a numerical example is
presented. The double precision version of GREG code is introduced

and the procedure of using this program is given. By a series of
niumérical examples GREG double precision code is compared with the

GRIG single precision code.



