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Abstract

Spanning trees have been studied as combinatorial objects for a long time. However,
they have found great use in other disciplines recently. Disjoint spanning trees are important
in fault-tolerant broadcasting or load-balancing communication systems in interconnection
networks. For instance, providing completely independent spanning trees (pairwise edge-
disjoint and internally disjoint spanning trees) guarantees uninterrupted service. Completely
independent spanning trees were introduced by T. Hasunuma and then have been studied
on different classes of graphs. The problem to determine whether there exist two completely
independent spanning trees in a graph G is NP-hard. In this context, one may aim to
construct spanning trees that collide as little as possible. This problem has been studied
by Albin, Poggi-Corradini, et al.. Here we think of spanning trees of a graph as random
variables and we aim to find a probability mass function (pmf) that minimizes the expected
overlap of two random spanning trees.

We study the minimum expected overlap problem for a special class of graphs. We
provide a necessary and sufficient condition for a homogeneous graph to admit optimal
weights. Given an unweighted graph G, this entails obtaining a weighted graph on the
same vertex-set so that the weighted uniform spanning tree pmf is optimal for the minimum
expected overlap problem. We use the maximum entropy problem to show this result and
apply gradient descent method for the dual objective function to find the optimal weights.

In addition, we show that the objective function of the minimum expected overlap prob-
lem is quasiconvex in each coordinate. Essentially, we show that there is a unique minimizer

which allows us to introduce convergent algorithms to compute the optimal weights.



Random spanning trees on homogeneous graphs

by

Anna Melikyan

B.S., Yerevan State University, 2012

A DISSERTATION

submitted in partial fulfillment of the
requirements for the degree

DOCTOR OF PHILOSOPHY

Department of Mathematics
College of Arts and Sciences

KANSAS STATE UNIVERSITY
Manhattan, Kansas

2019

Approved by:

Major Professor
Pietro Poggi-Corradini



Copyright

(© Anna Melikyan 2019.



Abstract

Spanning trees have been studied as combinatorial objects for a long time. However,
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variables and we aim to find a probability mass function (pmf) that minimizes the expected
overlap of two random spanning trees.

We study the minimum expected overlap problem for a special class of graphs. We
provide a necessary and sufficient condition for a homogeneous graph to admit optimal
weights. Given an unweighted graph G, this entails obtaining a weighted graph on the
same vertex-set so that the weighted uniform spanning tree pmf is optimal for the minimum
expected overlap problem. We use the maximum entropy problem to show this result and
apply gradient descent method for the dual objective function to find the optimal weights.

In addition, we show that the objective function of the minimum expected overlap prob-
lem is quasiconvex in each coordinate. Essentially, we show that there is a unique minimizer

which allows us to introduce convergent algorithms to compute the optimal weights.
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Chapter 1

Introduction

Given a graph G, we consider a minimization problem over the set of probability distri-
butions defined on the family of spanning trees of G, where the objective function is the
expected pairwise overlap of identically distributed independent spanning trees. As we know
the optimal solution for the minimum expected overlap problem exists and can be computed
by using the hierarchical structure of non-homogeneous graphs. This entails decomposing
any non-homogeneous graph into its homogeneous components. Then, to compute the op-
timal pmf for the original graph, one may couple the optimal pmfs for the homogeneous
components. Moreover, the spanning tree modulus algorithm can be applied to find the
optimal pmfs. In this dissertation we discuss the minimum expected overlap problem for
homogeneous graphs. This, in a way, is the next step to constructing an optimal pmf for
any non-homogeneous graph, as, essentially, homogeneous graphs are the building blocks
for constructing an optimal pmf for any graph. We will provide the precise definition of
homogeneity of graphs in this context, in the section below.

It is known that any finite multigraph with no self loops has a vertex-induced proper
subgraph with the property that every spanning tree of the original graph that is in the
support of an optimal pmf restricts to a spanning tree on that subgraph [1]. This special
subgraph is called a homogeneous core of a graph. Homogeneous cores are the densest

subgraphs of the graph. Graphs that are at least as dense as all their subgraphs are called



homogeneous. Given a non-homogeneous graph, one can identify its densest subgraph fairly
cheaply, and then perform a process called deflation, which entails shrinking the homogeneous
core into a single vertex. The resulting graph is called a quotient graph. One may apply
this technique repeatedly to extract the densest subgraphs from each quotient graph arising
at each step of deflation. Iterating this process yields a deflation sequence which allows us
to decompose any non-homogeneous graph into its homogeneous components. It is known
that to construct an optimal pmf for a non-homogeneous graph one may couple the optimal
pmfs for the homogeneous components. Therefore, understanding the construction of the
optimal pmfs on homogeneous graphs is essential. As the densest subgraph problem can be
solved in polynomial time, the core decomposition allows us to obtain a more efficient way
of constructing optimal pmfs for the minimum expected overlap problem.

We categorize homogeneous graphs according to denseness. If a homogeneous graph
contains a subgraph with the same denseness, then we call such a graph reducible, otherwise
it is called irreducible. This setting allows us to expand the definition of the deflation process
to homogeneous reducible graphs. As a result, one may split a homogeneous reducible graph
into its homogeneous irreducible components. Similarly, in this case the optimal measure on
a homogeneous graph can be constructed by coupling the optimal measures on its irreducible
components. Thus, to find an optimal measure for a homogeneous graph, one may couple
the optimal measures on irreducible components. This statement leads to the question - how
do we construct an optimal pmf for a homogeneous irreducible graph?

We classify spanning trees based on the criterion if they are supported by an optimal
pmf or not. The trees that are in the support of an optimal measure are called fair trees.
Naturally, we are interested in generating all such trees. There are various fast algorithms
that generate uniform spanning trees. We aim to discuss conditions on graphs which would
allow us to generate fair trees by using these algorithms.

Precisely our contributions are as follows:

Contributions

e Given a homogeneous graph, we provide a necessary and sufficient condition for the



existence of a weighted uniform spanning tree (WUST) that is optimal for MEO prob-

lem.

— Our proof relies on solving the maximum entropy problem over the set of optimal

pmfs for the MEO problem.
— This allows us to represent our problem as a convex optimization problem.

— We can compute the optimal weights by applying gradient descent method for

the dual problem of the maximum entropy problem.

o We show that the objective function of MEO problem is quasiconvex in each coordinate

for homogeneous irreducible graphs.

— We use Kirchhoft’s classical result about the weighted uniform spanning trees and
the edge-usage probabilities to translate the MEO problem into the language of

effective resistances.

— This transition allows us to represent the objective function via the pseudo-inverse
of the Laplacian of the graph. Finally, we provide algorithms that generate the

optimal weights.

1.1 Minimum expected overlap problem

Let G = (V, E) be a finite, connected multigraph with no self-loops, with vertex set V' and
edge set F. Let p be a probability mass function (pmf) defined on the family of spanning
trees of GG, which we denote by I'. The optimal choice of i allows us to construct spanning
trees that on average collide as little as possible. Let T' € ' be a spanning tree of G and let
N be a |I'¢| x |E| matrix with entries N'(7T',e) = Lieery. In this context, we introduce the
edge-usage probability which measures how likely it is that a p-random tree uses a particular

edgeec E :

nle) =P, lecT) ZNTe

Tel g



The expected overlap of two iid random spanning trees can be computed as follows (see

3.1.1):

WTNT)=> Py(eeT)
c€E
As we will see in Section 3.1, the minimization problem of the expected overlap of two
random independent identically distributed spanning trees can be reduced to the problem of
minimizing the variance of the edge-usage probabilities for a given graph G = (V, E). Since
the number of edges is always the same for all spanning trees of G, and is equal to |V| — 1,
one may use this fact to show that solving the MEO problem is equivalent to solving the

following fairest edge-usage (FEU) problem

minimize  Var(n)

subject to P,(e € L) =mn(e) ecE.

Therefore, if there is no discrepancy in utilization of edges between any pairs of u-random
trees, then p minimizes their collision on average as well. That being said, we introduce
a class of graphs for which it is possible to select trees so that they all use the edges of
the graph fairly. We call such graphs homogeneous graphs. It is known that every graph
can be partitioned into homogeneous components. Moreover, the optimal measure can be
decomposed into the optimal measures on homogeneous components. In a way, homogeneous
graphs are building blocks for constructing an optimal measure. If GG is homogeneous, then
the edge-usage probabilities are the reciprocal of the denseness of the graph which is the

following quantity:

UG = =1

Essentially, it tells us how dense or sparse the graph is. If a homogeneous graph has a

vertex-induced, connected subgraph with the same denseness (homogeneous graphs with



such property are called reducible, if there is no such subgraph, then we call the graph
irreducible), then we partition it until we are left with irreducible components. The optimal
measure on a homogeneous graph can be decomposed into the optimal measures on its
irreducible components. Thus, to find an optimal measure for a homogeneous graph, one
may couple the optimal measures on irreducible components (see Theorem 3.4.2). We desire
to generate spanning trees that are in the support of an optimal measure (we call such trees

fair trees since they use the edges of the graph fairly).

1.2 Weighted uniform spanning trees

The theory of random walks lies behind many algorithms that generate uniform spanning
trees (UST). A weighted uniform spanning tree is a random spanning tree arising, as a union
of first-visited edges, from a weighted random walk on a weighted graph G = (V, E, o), where

o€ Rgo, or equivalently, a random tree 7" with probability u,(7") proportional to its weight:

H o(e).

eeT

Wilson’s algorithm (1996) [40] gives rise to a random spanning tree that has distribution
1o 1t uses the notion of loop erasure of a path which had been studied by Lawler in the 1980’s.
We would like to use Wilson’s algorithm to generate fair trees for a weighted homogeneous
irreducible graph. Having in mind this option, we consider the following MEO problem for

a weighted graph:

minimize ZPMU(G €T)?

eck

subject to o € RY), p, € P(I)

In Chapter 4 (see Theorem 4.4.8), we will show the following.

Theorem 1.2.1. A homogeneous graph G is irreducible if and only if there exists o such

that the WUST p, is optimal for the MEO problem.



In Chapter 2, we recall Kirchhoff’s result which establishes a connection between the
edge-usage probabilities and the effective resistances on edges for electrical networks with

edge-conductances given by o, i.e., if e = {z,y} € F, then
Py, (e €T) = o(z,y)Regto (2, ).

Therefore, we are concerned with the following objective function in o.

Elo) =D _Pu(c €T =3 0(2,9)* Reo(, )",
ecE eckE
where we refer to £(u,) as the energy of 1.

We compute the effective resistance between s and t by the following formula :
Rea(s,t) = (0, — 6,) L (6, — 0,),

where LT is the pseudo inverse of the Laplacian of the graph and d; is the i-th unit vector.

To solve the optimization problem we apply rank-one update for the Laplacian.

1.3 Algorithms

In Chapter 5 we discuss algorithms that generate optimal weights for the weighted MEO
problem. Both of the algorithms update the weights on edges based on theoretical analysis
done for the optimal « (see section 5.5). The first algorithm is based on a coordinate descent
method. We start out with initial weights, then update the weight on each edge optimally
one at a time until the change in energy is sufficiently small.

The second algorithm is based on the argument of equalizing per-edge effective resis-
tances. This entails selecting the edge with the smallest per edge effective resistance and
updating it optimally. Finally, we record the change in energy and stop the process when it

is sufficiently small.



Chapter 2

Uniform spanning trees

A tree is a connected graph without cycles. Given a connected graph, a spanning tree is
a subgraph that is also a tree and contains every vertex of the given graph. We will be
discussing random spanning trees of finite connected graphs in this chapter. A given graph
may have a large number of spanning trees. How do we select one uniformly at random 7
In section 2.2 we will discuss algorithms that generate uniform spanning trees. But first in
section 2.1 we give a more formal definition of a uniform spanning tree as a special case of

a weighted uniform spanning tree which, too, will be discussed in section 2.1.

2.1 Weighted uniform spanning trees (WUST)

Let G = (V, E,w) be a finite connected graph with weights w. We consider the family of

spanning trees on GG. We think of spanning trees as random variables with distribution pu.

Definition 2.1.1. We say that 7" is a weighted uniform spanning tree (WUST) if it is a

random tree with distribution proportional to its weight, i.e., [] w(e). More formally,
ecT

[T w(e)
1) = <oy

T'elg ecT’



Remark 2.1.2. In case when w(e) =1 for all e € E, T is a uniform spanning tree.
In other words, we are considering the set of spanning trees of a given graph G. Then
we choose one of them at random with probability equal to the reciprocal of the size of that

set. This random choice of T" makes it a uniform random spanning tree.

2.2 Generating uniform spanning trees (UST)

We can classify the algorithms generating Uniform Spanning Trees into two main categories
- random walk-based algorithms and determinant-based algorithms. The earliest algorithms
are based on Kirchhoff’s well-known Matrix-Tree theorem, which allows us to compute the
number of spanning trees of a given graph by computing the determinant of a submatrix
of the Laplacian of that graph. The running time of the first such algorithm is O(mn?).
Even though this result had been improved over the years, random walk-based algorithms
are known to generate uniform spanning trees faster. Therefore, we will discuss them in

more detail in this section. More details about the algorithms can be found in [24].

2.2.1 Aldous-Broder algorithm

The expected running time for Aldous-Broder (1989) algorithm is O(nlogn) for each gen-
erated tree for almost all graphs, and O(n?) for the worst graphs. The simulation of the
simple random walk on a connected undirected graph allows us to generate a spanning tree

uniformly at random. Here is how the algorithm works.

Aldous-Broder Algorithm

1. Simulate a simple random walk on a graph G = (V| F) starting at an arbitrary vertex
v until we visit all vertices. For every vertex v; € V'\ vy keep record of the edge (v;, v;)
which allows us to visit v; for the first time.

2. Output the resulting collection of edges.

Aldous and Broder showed independently that this method gives rise to a uniform span-

ning tree. The expected running time of this algorithm is the cover time of the simple

8



random walk. It is known that for any connected graph the expected cover time is O(n?) [4].
However it was shown that if the second eigenvalue (algebraic connectivity of the graph) of
the adjacency matrix (transition probability matrix for the simple random walk) is bounded
above by 1, then the cover time is O(nlogn) [10]. This condition is true for almost every
graph (Erdos-Rényi G, with p > clogn/n) [19], and for almost all d—regular graphs [9],
[18].

2.2.2 Wilson’s algorithm

Wilson’s algorithm (1996) is the fastest method known for generating uniform spanning
trees. The expected running time of this algorithm is proportional to the mean hitting time
of the simple random walk. At the heart of this algorithm lies the idea of a loop erasure of
a path coined and developed by Lawler in 1980.

Let P be a finite path < zg,z1,...,2; > in G. We obtain a loop erasure of P : LE(P) =<
Ug, U1, ..., Uy > Dy erasing cycles in P in the order they appear. More formally, let uy = xg.
If ; = ug, we set m = 0 and terminate the process. Otherwise, we set u; be the fist vertex
in P after we visit xo, i.e., u1 = x;41, where ¢ = max{j : x; = xo}. If ; = uy, we set m =1
and we terminate the process. Otherwise, we let uy be the first vertex in P after the last
visit to w1, and so on. Wilson’s algorithm creates a sequence of trees by loop-erasing the
paths until we uncover a spanning tree. Wilson has shown that this method gives rise to
a uniform spanning tree [40]. Let r be any vertex from V. We enumerate the vertices from
V\{r}. Let T(0) := {r}, then we obtain T'(1) by picking a vertex v; at random from V'\ {r}
and run a loop-erased random walk until we hit 7°(0), i.e., we append the loop-erasure of the
path arising from a simple random walk starting at v; till we hit 7°(0), to 7°(0). Now assume
T(i) is known. Then T'(i + 1) = T'(i) U LE(path from v;1; to T'(7)). More formally, we will

have
L T(0) = {r},<v1, ..., 01 >=V \ {r}.

2. Suppose T'(i) has been generated.



[ [ [ [ @)
[ [ o ©)
Figure 2.1: Wilson’s Algorithm applied to a 3 by 3 grid

3. Start a random walk at v;4; and stop when it hits 7°(7).

4. T(i+ 1) = T'(i) U LE(path from v;1 to T'(7))

2.2.3 Wilson’s algorithm for grids

In this section we illustrate Wilson’s algorithm on an example for a 3 by 3 grid as in Figure
2.1. First, we enumerate the vertices of the grid. We start a random walk from a randomly
selected vertex colored red until we hit the vertex colored blue and we loop erase it to form
T(1). Essentially, T(1) = LE path (red — blue). Similarly, we run a random walk from the
next selected vertex until we hit 7'(1), then we loop erase the walk and append the resulting
path to T'(1). Thus forming a new loop-erased path T'(2). We continue this process till we
uncover a tree. As we have discussed in the previous section this method gives rise to a

uniform spanning tree.

2.3 Electrical networks and WUST

In this section we will briefly discuss electrical circuit theory. Given a resistor network we
can present it as a graph with current sources as vertices and conductances as edge-weights.
In section 2.3.1 we define flows and effective resistance on graphs. Then we discuss the
connection between the effective resistance of the graph and the Laplacian in section 2.3.3.
Finally, we discuss Kirchhoff’s theorem which establishes a connection between uniform

spanning trees and effective resistances of graphs.

10



2.3.1 Electrical current flows and effective resistance

Let G = (V,E) be a finite simple graph with vertex-set V' and edge-set E. Choose an
orientation on each edge, and call the oriented edge-set E. Alsolet E=FEUE r, Where Ep

is the set of edges with the opposite orientation of E.

Definition 2.3.1. Let s and ¢ be two different nodes on G so that s is the source and ¢ is

the sink. A flow from s to t is a function f : E — R such that

(i) f is antisymmetric : f(x,y) = —f(y, x).

(ii) f satisfies the node law: For every x € V'\ {s,t}

Divy(z) := Zf(x,y) = 0.

y~z

Definition 2.3.2. The value of a flow from s to t is
Val(f) := Divs(s)

Given a flow from s to ¢t and some edge-resistances r(e) > 0 for e € E, let the energy of

the flow be
E(f) = _re)lfe)

eck
We denote the minimum energy among all flows from s to t of value 1 by £*. It is known

that if f is a unit current flow from s to ¢ with potential A ,then

£ =Y r(e)f()f = h(t) = h(s).

ecE

If we replace the whole network by a single edge é with resistance R between s and ¢ , but

we keep the unit flow and the potential difference as before ,then R would have to satisfy :

R(IF (O =R(&) = h(t) — h(s).

11



Figure 2.2: Square: Electrical Circuit Interpretation

We call R the effective resistance of the network from s to t and write Reg(s, t).
Here we discuss an example of a square as an electrical circuit as in Figure 2.2. We

assume Ry = Ry = R3 = Ry = 1. Then the parallel and serial rules imply

R (e)_R1R2+R1R3+R1R4_§
e T TR ¥ Ry+ Rs+ Ry 4

2.3.2 Potential function and electrical circuits

Alternatively, one may approach the electrical circuit theory by starting out from defining a
potential function. In this section we will adopt this method.

Let G = (V, E) be a finite graph with no loops or multiple edges. Let ¢ : E — (0,00) be
a weight function on the edges. G is an electrical network with the edge conductances given

by function c.

Definition 2.3.3. Given a source s and a sink ¢ in an electrical network, the wvoltage h

between s and t is a harmonic function on V'\ {s,t}, i.e., for any x € V'\ {s,t}

hz)= Y hyp,y),

yeV\{z}

Moreover, we define h(s) = 0 and h(t) = 1.

To continue evolving the story we want to share, we would like to present the connection

between finite Markov chains and electrical networks, first.

12



Definition 2.3.4. A sequence of random variables (Xg, X1, ...) is a Markov chain with state
space () and transition matrix P if for all z,y € Q, all ¢ > 1, and all events H,_, = N‘_{{X, =

xs} satisfying P(H;_1 N {X; = x}) > 0, we have the following Markov property

P{Xt+1 =Y | Ht—lm{Xt:x}}:P{Xt-&-l:y|Xt:I}:P(xay)‘

Electrical networks provide an alternative language for reversible Markov chains. We will

consider a weighted random walk on the nodes of the network.

Definition 2.3.5. Given a graph G = (V,¢(FE)), simple random walk on G is the Markov

chain with state space V' and transition matrix

(z,y) if
> ez YT
P(z,y) = { ==
0 otherwise

In addition, in this section, we will be referring to irreducible Markov chains.

Definition 2.3.6. A chain P is called irreducible if for any two states x,y € {2 there exists
integer ¢t such that
P'(x,y) > 0.

To show the existence and uniqueness of the potential function we will refer to the

following theorem.

Theorem 2.3.7. Let (X;) be a Markov chain with irreducible transition matriz P, let B € ),
and let hg : B — R be a function defined on B. The function h : Q@ — R defined by
h(z) = E,(hp(X

B

)) is the unique extension h : Q@ — R of hp such that h(x) = hg(z) for
all x € B and h is harmonic for P at all z € Q\ B.

Below we provide the formal definition of a hitting time .

Definition 2.3.8. Given a Markov chain with state space €2, the hitting time 75 of a subset

B € Q is the first time the chain visited one of the nodes in B. If (X;) is a random walk, the
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hitting time of B is given by

7 :=min{t > 0: X, € B}.

2.3.3 Laplacian of a graph

In the previous section we discussed the transition matrix of a weighted random walk. In
this section we discuss a different matrix associated with any graph G = (V,¢(F)). Here, we
provide definitions for the Laplacian matrix and the pseudo-inverse of the Laplacian.

Let ¢ : E — R( be edge-conductances for G. The Laplacian L : V' x V — R is defined

as follows:

Cla) =3, clz,2) =y
L(z,y) =

—c(z,y) T#Y
Let h: V — R be a vector in RY. Then we can apply Laplacian operator to h which yields

the following formula for Lh(x) for x € V :

(Lh)(x) =Y L(z,y)h(y) = C(zx)h(z) = > c(a,y)h(y).
yev Yy~
The spectrum of the Laplacian matrix of a graph plays a vital role in analysis of its topo-
logical characteristics such as minimal cuts, clustering and the number of spanning trees [6].
Moreover, the pseudo-inverse of the Laplacian has found great use in many fields such as
probability and mathematical chemistry, collaborative recommendation systems and social
networks, epidemiology and infrastructure planning [17, 25, 27, 29, 33, 35, 42].

Despite its theoretical high importance, in practice the computation of the pseudo-inverse
of a Laplacian is costly. Typically, it takes O(n?®) computational time to compute it by apply-
ing standard matrix factorization and inversion based methods. For instance, for dynamic
time-evolving graphs with many vertices, such as online social networks, this computational
complexity is undesirable. However, there has been an improvement for this time if one

inherits a divide-and-conquer algorithm based approach introduced in [36]. The divide oper-
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ation in this case requires determining an arbitrary bi-partition of a graph - a cut of a graph
that consists of exactly two connected components resulting from a deletion of k£ edges. The
computational complexity is O(k - n?) in this case.

It is known that the Laplacian is a symmetric and positive semi-definite matrix. Partic-
ularly, it has real and non-negative eigenvalues, hence they can be ordered as 0 < \; < ... <

An. Let u; be the orthonormal basis for L. Then we can write L as follows:

The pseudo-inverse of L can be defined as follows when Ay > 0:

+ a 1 T
L :Zrujuj .

j=2"7
Theoretically, one may compute LT through a straight-forward approach by an inversion
of its non-zero eigenvalues. In practice, one may use singular value decomposition (SVD)
based method, which is fairly expansive as it generates the pseudo-inverse in O(n?) computa-
tional time. Alternatively, one may use a rank-one perturbation of L for a simple, connected,

undirected graph, which makes it invertible, hence allows us to compute L™ as in [36].

2.3.4 Pseudo-inverse of the Laplacian and the effective resistance

There is an interesting analogy between graphs and resistive electrical circuits [17, 29, 16].
For instance, the effective resistance distance has many rich applications [17, 29]. In addition,
it determines the expected length of random commutes between node pairs in the graph
[11, 39]. Particularly, below we provide the formula connecting the effective resistance of a
graph with the pseudo-inverse of a Laplacian.

Let LT = {l; ij—1, then the effective resistance of the graph G can be computed as
follows:

Reg(z,y) = I, + 1, — 215, (2.3.1)
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In other words, we may often write this statement as follows. Let ; be the i-th unit vector.
Let u = ¢, —9, for some z,y € V. Then the effective resistance from x to y can be represented
as :

Reg = ul L.

2.3.5 Kirchhoff’s theorem

Finally, we discuss Kirchhoff’s theorem [26] (1847) in this section.

Theorem 2.3.9. Let G = (V,E,w) be a graph where we think of the edge-weights w as
edge-conductances c. Then for a given edge e € E the weighted uniform spanning trees are

connected with effective resistances by the following formula:

Py (e € T) = c(e) Regle),

where the left hand side represents the edge-usage probability which measures the likelthood

of e appearing in a weighted uniform spanning tree. Particularly, we can define it as follows

P, (eeT)= Zuw T,e),

Tel g
where N (T, e) = 1r(e) is the indicator function.

More detailed explanation for this result can be found in [31] and [15]. Particularly, if
we compute the edge-usage probabilities in the case of the square as in Figure 2.2, we would

have the following for every e € F

of spanning trees that contain e 3
P#a(eez):# p g . = —.
# of spanning trees 4

Theorem 2.3.10. Let T be a spanning tree chosen uniformly at random from the set of

spanning trees of G. Then the unique solution of the Kirchhoff’s laws with source s and sink
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t, and size 1 is given by

i(x,y) = P(T has the property that the unique path s/t passes along the edge {x,y})

— IP(T has the property that the unique path s/t passes along the edge {y,z}).

2.4 Counting spanning trees

In this section we will be discussing various methods to compute the number of spanning trees
of a given graph. In section 2.4.1 we discuss Kirchhoff’s well known Matrix-Tree theorem.
In section 2.4.2 we discuss deletion and contraction of graphs where these operations allow
us to reduce the graph into smaller graphs. Often this leads to obtaining a recursion formula

for the number of spanning trees for the original graph.

2.4.1 Matrix-Tree theorem

In this section we discuss the well-known Matrix-tree theorem. One may find the proofs of
these results in the lecture notes by N. Srivastava [38].

Let Ali] be the matrix A with its i-th column and row removed.

Theorem 2.4.1. For a given graph G with Laplacian Lq, the number of spanning trees can

be computed by finding the determinant of a submatriz of the Laplacian.
7(G) = det(Lgli]).

However, often in literature matrix-tree theorem is associated with spectral representa-
tion of the determinant of the Laplacian via its eigenvalues. Hence, we will discuss this

formulation here as well.

Theorem 2.4.2 ([7]). Let 0 = Ay < Ay < ... <\, be the eigenvalues of Lg. Then

(@) = % >
1=2

17



Here we consider the example of square with diagonal.

() ()

@ @

The associated Laplacian with this graph would be:

3 -1 -1 -1

-1 2 -1 0
Lg =

-1 -1 3 -1

-1 0 -1 2

3 -1 -1

-1 -1 3

Calculations yield that det(Lg[4]) = 8. By Matrix-Tree theorem we conclude that 7(G) = 8,

which could be easily verified by counting.

2.4.2 Deletion-Contraction theorem
We will introduce a few concepts related to counting the number of spanning trees 7(G) for
any graph G. Deletion and contraction are basic graph operations defined as follows.

Definition 2.4.3. Let GG be a graph and e € E(G) an edge. The deletion G — e is the graph
obtained by erasing e, leaving its endpoints and everything else intact. The contraction G /e

is obtained by erasing e and merging its endpoints into a single vertex.
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It turns out that deletion and contraction can be used to compute the number of spanning

trees for a graph by removing one edge at a time.
Theorem 2.4.4. If e € E(G) is not a self-loop, then 7(G) = 7(G — e) + 7(G/e).

We desire to compute the number of spanning trees for the N-story House. An N-story
House is formed from an (N — 1)-story House by adding a pavement floor and two vertical
walls at the bottom. In general a floor will be comprised of an horizontal edge and the two
walls standing on top of it on each side. Finally, the triangle at the top is called the roof.

We denote the resulting graph as Hy.

Figure 2.3: 3-storey House

We apply Theorem 2.4.4 to the N-story House to compute 7(Hy). First we delete and

contract the pavement edge p on the bottom floor. Note that
T(Hy —p) = 7(Hn-1),

because the two walls that where connected to the pavement will have to belong to any
spanning tree of Hy — p.

On the other hand (Hy)/p is a double-roofed graph with N — 1 floors which we denote
by Hy. Tt will be useful to keep track of both 7y := 7(Hy) and dy := T(f[N). We have just
shown that

™~ = Tn-1 1 0n. (2.4.1)
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We now study the double-roofed House Hy and 6. Again, we apply Theorem 2.4.4 to

an edge e on the bottom roof. As before,
T(Hy —e) = 7(Hy_1) = Tn_1.

However, (Hy)/e is an (N — 1)-story House Hy_; with a double pavement, meaning that
the bottom edge is a multi-edge of multiplicity 2. Therefore, we apply Theorem 2.4.4 one

more time to one of the two bottom edges of Hy_; that we call f. On one hand,

T(ﬁN—l - f) = TN-1-

On the other hand, contracting f gives rise to a double-roofed house Hy_ with a self-loop
at the tip of the bottom roof. This self-loop can be removed because it won’t appear in any

spanning tree. Summarizing we have found that
5]\[ = 27’]\1_1 + 6N—1- (2.4.2)
Combining (2.4.3) and (2.4.2) we get the following recurrence:

TN 3 1 TN—-1

N 2 1| |dn-1

Note that H; is the regular House graph, so 7, = 11, while H; is the square with one diagonal,

so 01 = 8. Iterating N — 1 times we obtain the following equation.

N-1
™ 3 1 1

N 2 1 0
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Set

3 1
A:

21

We will diagonalize A to compute its powers. We want to write

A= SAS™!,

where A is the diagonal matrix with the eigenvalues of A as diagonal entries. Then, we will
have

AN = GAN-Lg

A computation shows that

Vi 1=V Vi
. 14V 1=V3 . 1 31 L 243 0
11 1 B 0 2-v3
Therefore AN~! equals

e+ T -e-ve"T a+vee+ve) T - a-vae-ve)T

In particular, 7 equals

2+ ﬁ)N_l—%@ V' (24.3)

it ‘/5(2 Y A T \/3(2 IRV R

8
2v/3 2V3 MV

and when N = 2 we get that 7, = 41.
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Chapter 3

MEO and FEU problems

In section 3.1 we introduce the MEO and FEU problems. Then we provide a brief summary
of results from [1] in sections 3.2 and 3.3. First we define a new class of graphs where every
edge has equal probability to appear in a random spanning tree chosen with distribution
minimizing the pairwise expected overlap. Then we see that every non-homogeneous graph
has a homogeneous core which solves the densest subgraph problem. In addition, we discuss
a core decomposition called deflation to find the optimal distributions for each homogeneous

core and then couple them to construct an optimal measure for the original MEO problem.

3.1 MEO and FEU problems

Let G = (V, E) be a finite connected graph. Let I'¢ denote the family of spanning trees on G,
and T, T" be spanning trees in I'g. The overlap of two spanning trees is [TNT"| = > N(T,e),
where N (T, e) is the indicator function of e in T. Let P(I'g) be the set of probeexi?hty mass
functions defined on I';. We say that a random spanning tree is p-random if it has distribution

p e Plg), ie., P (L =T) = pu(T). The expected overlap of two p-random independent

22



spanning trees T and 7" can be computed as follows:

EJTNT|= Y |TOT|w(T)u(T’)

T T'el'g

=S (X wmN(Te)

c€E Telg (3.1.1)

=" NN

We desire to find a probability mass function (pmf) that minimizes this overlap. In other

words we aim to solve the following Minimum expected overlap (MEQO) problem :

minimize E,|TNT’|

subject to p € P(T'q).

This allows us to rewrite the expected overlap in terms of the edge-usage probabilities.

WJTNT)=> Py(e€l) (3.1.2)
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To solve the MEO problem for a given graph it is enough to find n for the FEU problem.

minimize  Var(n)

(3.1.3)
subject to P (e € T) = Z (VN (v,e) =n(e) (Ve € E).

v€la
The set of solutions for MEO problem is non-empty in P(I'g), since we are minimizing
a quadratic form over a compact set. How do we construct such optimal pmfs? In the
next section we discuss the necessary tools provided in [1] to find such pmfs. As we have

established the existence of such optimal pmfs it would be natural to classify the spanning

trees based on the fact whether they are in the support of an optimal measure or not.

Definition 3.1.1. Spanning trees are called fair if they are in the support of an optimal

measure.

I,={Tely | 3 peP(g) suchthat p*(T)>0}.

If T e Tg\ T, then T is called forbidden.

3.2 Homogeneous graphs and denseness ratio

As a result of introducing the FEU problem, it is natural to ask a question how easy would it
be to find graphs where edge-usage probabilities are the same for all edges of a given graph.
This gives rise to studying a new class of graphs where p-random spanning trees utilize the

edges of the graph fairly.

Definition 3.2.1. A graph G is called homogeneous if there exists optimal p for the FEU

problem such that P, (e € T) is the same for every edge e. Moreover,

Vi-1
|E]

P.eel) =

We call the reciprocal of the ratio above denseness ratio. There are various notions of

density known in the literature. The denseness ratio we define here and will be working with
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in the next sections resembles the average-degree density. More formally, the denseness of a

graph G = (V, E) is the following quantity:

For instance, spanning trees have denseness ratio equal to 1, while complete graphs have

denseness ratio equal to |V|/2.

3.2.1 Densest subgraph problem and homogeneous cores

Let ‘H be the family of vertex-induced proper subgraphs of G. We say that H is the densest

subgraph of G, if it solves the following optimization problem:

0(H) = max 0(K).

It is known that one can detect densest subgraphs for a given graph in polynomial time [22].

There is a linear-programming based approach as well as a linear 2-approximation al-
gorithm that solves the densest subgraph problem [12]. More recently, Bahmani et al. [5]
provided a near-optimal algorithm in MapReduce model of computation. In this paper new
algorithms for finding the densest subgraph in the streaming model have been presented.
For any € > 0, the algorithms make O((logn)/log(1 + ¢)) passes over the input and find a
subgraph whose density is guaranteed to be within a factor 2(1 4 ¢) of the optimum.

Due to the usefulness of dense components, it is generally accepted that their existence
is a rule rather than the exception [34]. Below we consider a dense subgraph with a special

property defined as follows.

Definition 3.2.2. Let H C E be a subgraph of G, we say H has restriction property if

every fair tree T' € Fé restricts to a spanning tree of H.

Definition 3.2.3. Let H € H be a homogeneous subgraph of G with restriction property.

We call H a homogeneous core of G.
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The homogeneous core of a given graph is the densest subgraph of that graph. Theorem
5.9[1] in conjunction with Corollary 5.10 [1] provide a proof for this. In addition, it is known

that every graph contains a homogeneous core (Theorem 5.2[1]).

3.3 Deflation and serial rule

In this section we discuss a core decomposition process called deflation, which allows us to
decompose a nonhomogeneous graph into homogeneous components. In addition, we will see
that we can construct an optimal pmf for such graphs by coupling the optimal pmfs for each
homogeneous component. The deflation process for a graph G turns its densest subgraph H
into a single vertex. The resulting graph G/H is called a quotient graph . The vertices of

G/H are obtained by identifying all vertices of H in G as a single vertex vy. More formally,

V(G/H) = (V(G)\V(H)) U{vn}.

The edges in £\ H are sent to Eg,y, while the edges in H get pruned. To specify the edge
set of G/H we define ¢ : V(G) — V(G/H) to be the following map:

r xzeV(G)\V(H)
P(z) =
Vg I € V(H)

We define the edge set of G/H to be the following set:

E(G/H) = {{¢(z),d(y)} - {z,y} € E\ H}.

Theorem 3.3.1 (Theorem 5.7 [1]). If G is a non-homogeneous graph with homogeneous

core H and G/H 1is the graph resulting from shrinking H to a one node and eliminating any
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self-loops. Then, a serial Tule holds
MEO(I'¢) = MEO(I'y) + MEO(I'¢/r).

Moreover, an optimal pmf for MEO(T'¢) can be constructed by coupling any two optimal

pmfs for MEO(I'y) and MEO(I'¢ /) respectively.

One may deflate the resulting quotient graph as well so as to decompose it into a ho-
mogeneous core and a quotient graph. Iterating this process allows us to split the graph
into homogeneous components until we are left with a single vertex. The resulting deflation
sequence gives rise to a more general serial rule, where one can couple the measures on each

homogeneous core to construct an optimal measure for the original graph.

3.4 Homogeneous reducible graphs

As we have seen in section 3.3, homogeneous graphs are the building blocks for constructing
an optimal measure for any non-homogeneous graph. Therefore, it would be natural to
investigate the construction of an optimal measure for homogeneous graphs. To accomplish
this goal, we classify homogeneous graphs based on the denseness of their subgraphs. Let

G = (V, E) be a homogeneous graph. Then for every H € H , 0(G) > 0(H).

Definition 3.4.1. We say that a homogeneous graph G is reducible if there exists a proper
vertex-induced subgraph H of G such that §(H) = 6(G). Otherwise, we call G irreducible.

Here we show that the deflation process extends to the case of homogeneous reducible

graphs.

Theorem 3.4.2. Let g be the family of spanning trees on a homogeneous graph G = (V, E)
that is reducible with respect to a proper subgraph H. Let G/H be the corresponding shrunk
graph, and let 'y and T'q/p be the families of spanning trees on H and G/H respectively.
Finally, let ¢ be the bijection between o(I™*) and T'q/y as in [1, Lemma 5.6]. Then
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1. the following serial rule holds

MEO(I'¢) = MEO(I'y) + MEO(I'gyn);

2. a pmf p € P(Lq) is optimal for MEO(Tg) if and only if pn € P(I'™*) and its marginals

pr and pig i, are optimal for MEO(I'y) and MEO (L' ) respectively;

3. conversely, given ug € P(Uy) and pa/a € P(Lg/u) that are optimal for their respec-
tive MEO problems, pg ® (¢;  pa/u) is an optimal pmf in P(Tg) for MEO(T¢);

4. finally, for any pmf p € P(I'™) with marginals py and pig/m,

P, (e € vu) if e€ Ey
P,(e €)=

]P)MG/H(GE”)/G/H) if GGEg\EH

Note that the quotient graph G/H is again homogeneous by Theorem 5.8 [1], so the
deflation process stops once the quotient graph is irreducible.

The main conclusion of this paper is that homogeneous irreducible graphs are building
blocks for the MEO problem on arbitrary graphs and that the MEO probelm on homogeneous
irreducible graphs is solved by WUST.

3.4.1 Examples

Here we describe some examples of small homogeneous graphs. We begin with an irreducible

example.

Example 3.4.3. Consider a square-with-diagonal graph, as in Figure 3.1. As was shown in
[1, Example 2.2], this graph is homogeneous and the uniform pmf is not optimal. Note that
it is also irreducible, since its denseness is 5/3, which is strictly greater than the denseness
of any of its proper vertex-induced subgraphs, e.g. triangles have denseness 3/2 and trees

have denseness 1.
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In particular, the square-with-diagonal graph admits a unique set of weights that yield an
optimal WUST. These weights can be computed by hand using Kirchhoft’s theorem. Indeed,
due to the symmetry, the weights on the four sides of the square will be the same, say a.
Hence, the only other weight is on the diagonal, call it b. Let u, be the o-uniform measure
induced by the edge-weights a and b, as in the left-side of Figure 3.1. By Kirchhoff’s theorem
for any edge e:

P, (e €T) = o0(e)Rero(€).

Thus, we can compute the optimal weights by equalizing the “per edge” effective resistances
for the side edges of the square, with the one for the diagonal. Using the usual serial and

parallel rule, we get that

b a
b+a—a+ l_‘—il
a +%
Or, in terms of r := a/b,
11
1+7r 1—}—1+111
T2

Solving for r, we find that » = 2/3. Since i, = p, for any ¢t > 0, we can choose to set a = 2
and b = 3. This computation yields the weighted square with diagonal on the right-side of

Figure 3.1.

Figure 3.1: Square with Diagonal and Optimally Weighted Square with Diagonal

Next, we show that the House graph is homogeneous and reducible.
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Example 3.4.4. Let H be the house graph as in left-side of Figure 3.2. The triangle R at
the top of the House graph is called the roof. The two vertical walls in conjunction with the
horizontal pavement form a floor. We consider the set of all spanning trees of H that use

exactly two edges from the roof

We observe that, for any 7' € T's, we also have |TN(H\ R)| = 2, since E(T) = V(H)—1 = 4.
Conversely, note that, picking two edges at random from the roof and two edges at random
from the floor, will always result in a spanning tree for H. Based on this observation, we
conclude that |T'x| = 9. Moreover, this procedure gives rise to the uniform pmf conditioned

on FHI

Rl

T e fH
i(T) =

0 otherwise.

We claim that ji is optimal for H and H is homogeneous. Moreover, H is reducible and 5

1s the family of all fair trees.

1 (1 [

Figure 3.2: House, Fair and Forbidden Trees from left to right

Observe that the denseness of H is

|E(H)| 6_3
B ) e A )
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Moreover, 8(K) < 6(H) for any vertex-induced subgraph K of H (note that the square
has denseness 4/3). Therefore, H is homogeneous with edge probabilities equal to 2/3.
Furthermore, the roof R also has denseness 3/2, so H is reducible with respect to R.

Homogeneity can also be deduced by computing the edge probabilities of the pmf p
defined above using the deflation method. Indeed, a ji-random tree can be constructed
by picking two edges out of three from the roof, then deflating the roof and considering
the quotient graph G/R which happens to be a triangle as well, and picking two edges at
random from there. Since the edges of G/R are in one-to-one correspondence with the edges
of the floor in H, we see that every e € E(H) belongs to exactly 6 out of 9 equally probable
spanning trees.

In particular, this shows that I'y C FJ{I. To see the other inclusion, assume T € T'y; \ ['y.
Then |T'N R| € {0,1,3}, however, 0 implies that one vertex is isolated in 7', and 3 would
yield a cycle in T. So, we must have |T'N R| = 1. In particular, 7N (H \ R)| = 3 and
letting T be the projection of T" onto the quotient graph H/R, we see that T* is no longer

a spanning tree. This means that 7" is forbidden, which proves that I'y; = Ff{.

Next we generalize the House graph and show that there are infinite families of homoge-

neous reducible graphs.

Example 3.4.5. Let Hy be the N-story house, which can be constructed inductively as
follows. Let Hy = H, the House graph, and assume we have constructed Hy_;, then Hy
can be obtained from Hy_; by appending another floor at the bottom. For convenience we
number the floors in reverse order than customary in regular houses, so that the N-th floor

is the last one added, namely the bottom floor. One can check that

|E(Hy_1)|+3 3N 3
Hy) = =2 =2
6(Hn) V(Hy 1) —1+2 2N 2

So Hy is also homogeneous and reducible with respect to the roof. Moreover, Hy/R = Hy_;.
So the deflation process consists of a sequence of N reductions and the fair trees consist

exactly of those that at each stage of the deflation process use exactly 2 edges from the roof.
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As an aside, in this example one can compute |I'y| and FfH exactly and notice that as NV
tends to infinite the number of forbidden trees grows much faster than the number of fair
trees.

We modify this example to create an infinite family of 3-regular homogeneous reducible
graphs {Gy}x_;- Let Dy be the double-roofed N-story house, i.e., the N-story house in
conjunction with a extra vertex that is connected with the two vertices on the pavement of
the bottom (N-th) floor of Hy. We construct Gy by gluing Dy to Doyi1 by matching the

tips of their two roofs, see Figure 3.3. One may observe by inspection that G is 3-regular.

A/A’

EI
Vo

Figure 3.3: Infinite family of reducible 3-regular graphs

We claim that Gy is reducible with respect to Dy . Indeed,

_3|E(HN)|+6  |E(Hy)|+2

= = =0(D
NN = T T Wy )

_3N+5 3. 13

S9N 4+3 2 4N +6 2

Moreover, any connected vertex-induced proper subgraph K of G, other than Dy, must
have 0(K) < 0(Gy), so that Gy is homogeneous. To see this, think of V(K) as a cut and
let S := 0V (K) C F be its boundary. Since K is vertex-induced, |S| > 1, and since K is
proper, |V(Gy) \ V(K)| > 0. Since Gy is planar, we can think of S as a union of cycles in

the dual graph (which is obtained by putting a node in each complementary tile and adding
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a link whenever two tiles share an edge). Note that there is only one pair of tiles that share
more than one edge, namely the unbounded tile and the tile between Dy and Doy 1. Thus,
there is only one cycle of length 2 in the dual and in this case K = Doy (since K # Dy).

However, one can compute the denseness of Doy as

6N +8 3
A

1 <3+ 1
SN+10 2 4N +6

In other words, unless S consists of exactly the two edges connecting Dy to Doniq, We
necessarily have |S| > 3. Also, since every edge in S reduces the degree of some vertex in K

by one, we have

20E(K)| < 3[V(K)| =[S < 3([V(K)[ = 1).

Thus,
0(K) < g < 0(Gy).

This shows that Gy is homogeneous.

Next we show how to generalize the square-with-diagonal example and get an infinite

family of homogeneous irreducible graphs.

Example 3.4.6. Let T be N triangles sharing an edge as in Figure 3.4. In particular,
Ty is the square with diagonal. There are 2V spanning trees that contain the shared edge

2N=1 spanning trees that do not contain the shared edge. Indeed, if we

¢/ and there are N
pick a spanning tree that contains €/, then we must select only one edge from each of the N
triangles to avoid cycles, and to cover all vertices. On the contrary, if we choose a spanning
tree that does not contain €', then we must select two edges from one of the N triangles. As

a result we have N2N¥~1 options in this case. Therefore, Ty has (N + 2)2N¥~1 spanning trees

in total.
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Figure 3.4: N triangles sharing an edge

Based on Example 3.4.3 it is natural to consider the following set of spanning trees:

fTN = {T S FTN | e ¢ T}

We will see that the following pmf is optimal for Ty,

1 T e f‘
_ 2N-T(2N+1) In
u(T) =
% otherwise.
Let e € E(Ty) \ {€¢'}, then
> N(Te)=(N+1)2"7  and > N(Te)=2N"
Telry Telry\Fry

Hence, for e # ¢’

Paee )= 3 DN+ S GIN(T,e) = oL

- _ 2N +1
Telry, Telry\Lry

Since the number of trees that use the diagonal is 2V, we have the following edge-usage

probability for the diagonal:

N+1  N+1
2N(2N +1) 2N +1°

P eT)= Y RTN(Te)=2"

TelTy \fTN
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Figure 3.5: Modified Grids

In particular, this shows that T is homogeneous.

In addition, since every tree is fair, Ty is irreducible. To find the optimal weights, we
equalize the per edge effective resistances for any e € E(T) \ {¢'} and ¢’. The computations
yield the optimal weights as in the right of Figure 3.4.

The graphs Ty are far from being regular. Are there infinitely many homogeneous irre-
ducible graphs that are also 3-regular? The answer is yes, because if G = (V| F) is 3-regular,

and |V| = 6n + 2, for some n > 1, then |E| = 9n + 3. In particular,

ged(|E], V] —1) = ged(In + 3,6n + 1) = ged(3n +2,6n + 1)

=ged(3n+2,3n — 1) =ged(3,3n — 1) = 1.

Therefore, the denseness ratio cannot be simplified and thus G is irreducible.

3.4.2 Example: modified grids

Consider a modified grid G as in Figure 3.5. It consists of a standard m-by-n grid G, and
an extra node vy connected with one edge to each node on the bottom and the right hand-
side of GGg. In particular, the bottom-right corner of G is connected with two edges to vy.
Alternatively, G is the graph obtained from an (m + 1)-by-(n + 1) by identifying every node
on the bottom and right hand-sides. Note that G has mn + 1 vertices and 2mn edges. In
particular, it has denseness 0(G) = 2.

We associate to every vertex v € V(Gy) in the grid an edge set F, C E(G), consisting of
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the edge to the right of v and the one below v. Consider the collection of all subgraphs of G

that use exactly one edge from each FE,:
Ig:={TCE | |[TNE,J|=1, forallveV(Gy}.

Notice that every such subgraph must be a spanning tree of G, so that I'¢ C I'c. To see
this, observe first that every T' € I'g is connected and spans V(G). Indeed, starting from
any node v € V(Gy), one can follow an edge and either move to the right or down, until

eventually reaching vg. Also, any such T satisfies

E(M)|= Y |E,NT|= > 1=[V(T)|-L (3.4.1)

veV(Go) veV(Go)

Let i be the uniform pmf conditioned on I¢:

-—Fl if T e FG
7(T): | GI

0 otherwise.

In other words, I'¢ or fi can be thought as the random spanning trees generated by tossing
independently a fair coin at each node of the standard grid and either moving to the right
or downward. In particular, notice that every tree T € ' has a partner tree, i.e., the tree
that can be obtained by substituting every edge in T'N E, with the edge E, \ T

We claim that T'q this gives rise to the family of all fair trees for the modified grid, i.e.,
I, =Tq, and that i is optimal for MEO(I'g).

Moreover, we will see that I' consists exactly of all the trees v € I' that have the partner
tree property, i.e., that the complement E \ v is also a tree.

To see that I' C T/, it is enough to show that j is optimal for MEO(I'¢). Notice that

every edge e € E(T) lies in T'N E, for some vertex v € V(Gy). Since only half of the trees of
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Figure 3.6: Fair tree on the left and Forbidden tree on the right

[ use e by construction, we will have the following result for the edge-usage probabilities

PuceT) = S ATIN(T,e) = =— 3 N(Te) = %
Telq
Coincidentally, this also proves that GG is homogeneous.

Before proving the other inclusion, we examine the reducibility of G. Let H be the
subgraph of G induced by the special vertex vy and the corner of the standard grid, which
thus has a double edge. Then G is reducible with respect to H, because H also has denseness
equal to 2. If we deflate G with respect to H, the resulting quotient graph G/H is a standard
grid such that the bottom right corner has additional edges connecting to each node to its
left and each node above it. In particular, since we the edge count decreased by 2 and the
node count by 1, G/H still has denseness equal to 2. Also, we created additional 2-vertices
and 2-edges subgraphs, and we can thus repeat the deflation process. We can, for instance,
continue applying the deflation process going from right to left, row by row, until we are left
with a 2-vertices and 2-edges graph. Moreover, observe that at each step the two edges that
get removed are exactly the pairs of edges in one of the sets E, for v € G(V;) defined above.

Now assume that T' € I'¢ \ ['¢. Then, by definition of T, and the Pigeonhole principle,

there exists vertices v*,v, € V(T'), such that |T" N E,-

=2and [TNE,|=0. Indeed, T
must choose mn edges from E, which is partitioned into mn pairs of edges F,. See Figure
3.6. However, this means that in the deflation process described above, we are guaranteed
to get to a point where the two edges in, say, F,, connect v, to a single other node u,, so

as to form a subgraph H, of denseness two in a larger homogeneous graph G, of the same
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Figure 3.7: Grid

denseness. Let T, be the tree obtained from 7' by removing all the pairs F, that have been
involved in the deflation thus far. Then, T, does not restrict to a spanning tree of H,, and

thus 7™ is forbidden.

3.4.3 Example: grids

Let G, be the m-by-n planar grid graph, in the sense that
V:{(i,j)EZ2:0§i<mand0§j<n}

and for 0 <7< mand 0 < j <n,
o {(4,)),(t, 7+ )} eE iff j+1<mn
o {(i), (i~} EE iff j—120
o {(4,)),i+1,5)}eE iff i+1<m
o {(4,)),i—1,j)}eE iff i—1>0

Recall that for a graph G' = (V| E) with no self-loops, the denseness of G is

0(G) = |V‘|E_| 1
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Moreover, if the denseness of G is strictly greater than the denseness of any of its proper

vertex-induced subgraphs H, then we say that G is irreducible.
Lemma 3.4.7. The planar grid G, ,, is irreducible.

Proof. First note that:

[V(Gmn)| =mn  and |E(Gmn) =(m—1)n+mn—1)=2mn—m—n

So

In particular,

90(Gmpn) _ (mn—1)—n(m+n+2) (n+ 1)?
om (mn — 1)2 (mn — 1)2 >0,

and by symmetry the same holds for the derivative in n, meaning that the denseness of
rectangular grids is strictly increasing with the size of the grid, is always less than 2, and in
fact tends to 2 as m,n — oo.

Now let H be a connected vertex-induced subgraph of G, ,,. We first consider the smallest

rectangular grid containing H. Namely, let

imin = min{s : 37, (4,7) € V(H)}

and similarly define 4,42, Jmin, and Jmaz- Then, define the translated grid

tmax —tminsJmax —JImin "

If H =G, then (H) = 6(G) < 6(G) and we are done. If H is a proper subgraph of G, then
since A(G) < A(G), it will be enough to show that #(H) < #(G). In particular, without loss
of generality we can assume that G = G-

As an embedded planar graph G, ,, has (m —1)(n — 1) bounded faces. Whenever such a
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face has all four vertices in V' (H) we fill it in so that H becomes a connected compact set in
the plane H. In particular, the complement of H is an open set consisting of finitely many
bounded components §2;, j = 1,..., k, and one unbounded component {2y. The boundary of
each one of these components can be parametrized by a curve I';, j = 0,..., k. This can be

seen by thickening H a little bit, for instance by defining

H, = U{wEC:|w—z|§e}.

zeH

For each ¢, the boundary of H. consists of C'-smooth Jordan curves Lje, 7=0,...,k If
we parametrize each I';. with its arc-length parametrization, then, as € tends to 0, they
converge uniformly to the curves I';.

We begin by looking at the boundary of the unbounded component €2y and think of it as
being parametrized counter-clockwise. In particular, I'y can be taken to be piecewise linear
so that the derivative 'y is well defined away from the nodes of Z*. Since 'y, bounds the
simply connected domain 2y U{oo}, by the argument principle, the change in argument for
the derivative F{),e, as the curve completes one full loop, is 27. As € tends to 0, this property
is inherited by I'y, as long as the argument of the derivative I' is properly defined. At any
moment when Iy is not at a node of Z?2, the right hand of a walker traveling along with Iy
will always be touching €. In particular, the only changes in the argument of I'jj that are

allowed when I'y passes through a node of Z? are

™
0, = d, —
a2>7T7 and,

ro]

In words, either the walker goes straight, turns 90° left, does a 180° turn in the positive
direction, or turns 90° right. This can be verified by looking at the unbounded component
Q. of the thickened ﬁe. Indeed, if I'y were to do a 180° turn in the negative direction, then
while walking along I'y. the right hand would be touching the thickened neighborhood of
an edge, and this neighborhood would disappear as € tends to 0, so that edge would not be

part of the boundary of 2y, which leads to a contradiction.
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Now assume v € Z? is a node where I'g makes a right turn, and let v € Z? be the node
visited by I'y just before v, and w € Z? the one visited just after v. Then, u,v,w bound
a face f of G, and the fourth corner ¢ does not belong to H. To see why, assume by
contradiction that all four corners are in V(H), then the face would be contained in H. But
then the right hand would not be touching the unbounded component {2 in this case. Also,
note that since H is vertex-induced the two sides of f incident at ¢ also do not belong to

Now, if we add t to V(H), to get a new vertex-induced graph H’. Since one of the
coordinates of ¢ is equal to one of the coordinates of either u or w, we see that H' is still a

subgraph of G,, . Moreover, we are guaranteed that
E(H") > E(H) + 2.

In particular,

, E(H') E(H)+2
bUT) = V(H) -1 = V(H)
and
b (V[Z;Q > V(ng_ - = (B(H) + 2)(V(H) ~ 1) > E(H)V(H)

— 2V(H) > E(H)

= AV(H)>2E(H) = Y degy()
€V (H)

where the last equality follows from the Handshake Lemma. However, since H is a subgraph
of the grid G, ,,, we always have degy(z) < 4, and moreover, at least one vertex of H has
degy (x) < 4. This proves that 6(H') > 6(H).

If H = G, we are done. Otherwise, we can repeat the same argument with H replaced
by H’. This process has to end, so without loss of generality, we can assume that I’y never
makes any right turns. In particular, the argument of I'j; can only change by 0, 7/2, or .

So since there have to be an even number of argument changes that are positive, and the
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sum must be 27, we either get two changes by 7 or four changes by /2. In either case, we
see that 'y describes the boundary of a rectangular grid, and by assumption this grid has
to be Gy, .

Finally, consider a bounded component €2; with j > 1. Assume that the boundary of
2, is described in the clockwise direction by a curve I';, constructed as I'y above, using the
thickened set H.. Once again the allowed argument changes at a grid node are 0,7/2, 7, and
—m /2. Also, when walking along I'; the right-hand touches (2; and the total argument change
must equal —27. In particular, there must always be at least four right turns with argument
change —m/2. By repeating the argument above we see that each right turn identifies a
vertex in €2, that can be added to H in a way to increase the denseness, and therefore after
finitely many steps we get that the component €2; has been filled in. Hence, after finitely

many steps, H = Gy, ,,. This proves the lemma. O]
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Chapter 4

Modulus and maximum entropy

In this chapter we introduce the notion of modulus of families of objects. Then we provide a
summary of results connecting modulus problem with MEO problem. In addition, we briefly
discuss a spanning tree modulus algorithm introduced in [1]. In fact, spanning tree modulus
is the key ingredient for solving the MEO problem. It turns out, to solve the MEO problem,
it is enough to consider the maximum entropy problem over the set of optimal pmfs for
modulus problem.

Finally, we present results from [2], which prove that every homogeneous irreducible

graph admits a weighted uniform spanning tree pmf.

4.1 Modulus of families of objects

Assume G = (V, E,0) is a weighted graph with edge weights o € RZ,. Let I' be a countable
index set. For instance, I' can be a family of spanning trees, paths or cuts on G. Let
N € R%E be the usage matriz for I', i.e., each object v € I' is in correspondence with a
usage vector N'(v,.)7 € RE, where N'(v,e)= the usage of e by 7. Let p : E — Ry, i.e.,

p(e) = the cost of using edge e, for every e € E. The total usage cost for a given p, for an
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object v, is the following quantity:

6(7) =Y N(v,e)ple) = (Np)(e).

eeE

We say that a density is admissible for a family I" if £,(y) > 1 for every v € I'. In other
words, p is admissible for ') if "everyone pays at least a dollar”. In the future we will be

using the usage matrix notation while referring to admissibility, namely,
Np>1,

where 1 is the vector of all ones in R'. Let Adm I' be the set of all admissible densities in
p—space:

Adm T :={p e RY): Np > 1}.

This set is convex, closed and has the property that adding a non-negative vector z to an

admissible density p does not affect admissibility. More formally,
Adm I’ +RY) = Adm T

We define the Fulkerson dual of T' is the following set:
[':=ext(Adm I') C R%,,

where ext(A) denotes the set of extreme points of A. Since [ is a set of points in p-space,
we can interpret it as a dual family of objects I', which, too, has its own dual family. It is
known that the objects in [ are identical with their usage vectors.

For fixed 1 < p < 00, the p—modulus of a family of objects I is:
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We define the energy of the density p to be the following quantity:

Epolp) = ale)p(e).

eeE

One may interpret the modulus problem geometrically as computing the p—norm distance
from the convex set Adm I to the origin in R”. As a result, strict convexity of the p—norm
guarantees the existence of a unique optimal density p*, for 1 < p < co. In the special case

when p = 2 Fulkerson duality for modulus implies the following:

A

Mods ,(I')Modg -1 (I") = 1.

~

Moreover, the extremal density n* for Mods ,-1(I") and the extremal density p* for Mods ,(I")

are connected by the following formula:
oy ole)
77 (6) - Modla(l—\)p (6)

Let G = (V, E) be a graph and let I' = I'g be the family of all spanning trees of G. In this

case, the Fulkerson dual family I' is the set of the (weighted) feasible partitions [13].

Definition 4.1.1. A feasible partition P of a graph G = (V, E) is a partition of the vertex
set V into two or more subsets, {V1, ..., Vi, }, such that each of the induced subgraphs G(V;)
is connected. The corresponding edge set, Ep, is defined to be the set of edges in G that

connect vertices belonging to different V;’s.
The Fulkerson dual of I'¢ is the set of all vectors

1

—1
kfp 1 Ep;

with P ranging over all feasible partitions. Also, by Fulkerson duality the extreme points

of Adm(I") are spanning trees. Convexity implies that any p € P(I') induces an admissible

density n = NTp € Adm [.In particular, the unique optimal density n* for Modg(f‘) belongs
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to the convex hull of I'. More formally, there exists an optimal pmf p* € P(I") such that

n'(e) =Y (N (1.e) = NTu)(e) =E.-(N(y.e)) Ve€ E.
vyerl
In Appendix A we introduce KKT conditions and Lagrangian duality which give rise to the

following theorem.

Theorem 4.1.2 ([3]). Let G = (V, E) be an unweighted graph and I' = ' be the family
of spanning trees of G, and let [ be its Fulkerson dual famaly. Then p € Rgo,n € Rgo and

w € P(I') are optimal respectively for Mods(I'), Moda(I'), and MEO(T) if and only if the

following conditions are satisfied

pc Adm(T), n=Npu,

n(e)zﬁim Vee &

p(V)(1=1,(y)=0 Vyerl.

Moreover,

MEO(I') = Mody(I") = Mod,(I') .

4.1.1 Spanning tree modulus algorithm

As we have already discussed in chapter 2, I'¢ can be very large. In this context, since every
spanning tree of G gives rise to a constraint in the modulus problem, it would be compu-
tationally challenging to work with so many constraints. However, the following algorithm
has been introduced in [1] which allows one to solve the problem to within a given tolerance

by iteratively ”growing” a subfamily IV C I'¢ with approximately the same modulus.

Remark 4.1.3. The basic Algorithm 4.1.1 has been shown to converge [1] and can compute
spanning tree modulus on graphs with hundreds thousands of edges in a reasonable amount
of time (minutes). However, there is no known estimate for the rate of convergence. There

is a different algorithm, called the Plus One algorithm [14], that can be shown to compute
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Algorithm 1 Basic p -modulus algorithm with tolerance €;,; > 0
1: given IV = () and p = 0.
2: repeat

3:  Find v € I'¢ \ I such that [,(y) <1 — €. Stop if none found.

4: Add ~ to T".

5

6

Optimize p so that €,(p) = Mod,(I").
. until stopping criterion is satisfied.

modulus in polynomial time.

4.2 Maximum entropy for optimal MEO pmfs

In this chapter we will see that homogeneous irreducible graphs admit optimal weights o
such that p, is optimal for MEO problem. As we aim to generate the optimal weights nu-
merically, we would like to rely on conventional optimization techniques that would enable
fast computation of weights. First we inherited the potential theory approach (this entails
representing the energy as a sum of squares of the product of effective resistances and edge-
weights) to solving the optimization problem, but we concluded that the objective function
of MEO problem is non-convex. To resolve this issue, in section 4.2.1 we introduce the max-
imum entropy problem over the set of optimal pmfs for the modulus problem. We consider
the dual of the objective function of this problem. This allows us to use the advantage of
convex optimization machinery.

The development of the idea of entropy of random variables and processes by Claude
Shannon lies in the foundations of the information theory and of the modern ergodic theory.
Entropy allows us to describe the long term behavior of random processes. More information

about information theoretic entropy can be found in [23].
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4.2.1 Maximizing entropy

Given a graph G = (V, E) we define the entropy of € P(I") to be the following:

H(p) ==Y u(y)log u(y)-

vyel

Here we think of 0 log 0 as 0.
Let n* be the expected optimal edge usage for the FEU problem. We would like to discuss

the following maximum entropy pmf problem:

nige  H
maﬁﬂlglze ()

subject to Ny = n* (12.1)

We notice that this problem has a unique solution. The existence of the solution follows from
the fact that we are maximizing a continuous function over a compact set, while uniqueness
is a consequence of H being strictly concave. Indeed, —z log(x) is strictly concave since its
derivative —1 —log(x) is strictly decreasing. The sum of strictly concave functions is strictly
concave, hence H(u) is strictly concave.

Additionally, we may define H(y) = —oo for u # 0. This allows us to remove the
constraint ;1 > 0in (4.2.1). In the sequel, we will omit this constraint, with the understanding
that H is defined globally this way.

The constraint N7y = n* implies that p is optimal for the MEO and modulus problem,
see for instance (3.1.3). Recall that I'p, the family of fair trees of G, consists of trees that

are in the support of optimal pmfs.

Lemma 4.2.1. The support of the optimal pmf that attains the maximum entropy is all of
Ip.

Proof. Let p* be an optimal pmf for modulus such that supp pu* = [I'p. Then we assume
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there exists an optimal pmf p for the modulus problem whose support strictly lies inside of
['r. Then we consider the convex combination of p* and u : . = (1 —€)u+ ep* for € € [0, 1].
By convexity of H, u. is optimal for modulus and supp p. = I'r for all € > 0. The goal is
to show that H(u.) > H(p) for sufficiently small e.

H(p) ==Y n(y) log (7).

v€l'r

We investigate two distinct cases conditioning on . For any tree v € I'r such that p(y) > 0

—pe(y) log pe(y) = —p(y)log u(y) + Oe).

If v € T'p such that p(y) = 0, then

—1te(7) log pe(y) = —ep(y)log € + O(e),

which implies that H(u) > H(u) when e goes to 0. O

In other words, any p whose support is strictly inside of I'r cannot be optimal for the
maximum entropy problem.

Based on all these considerations, we can rewrite the maximum entropy problem as follow:

maximize H (1)
AERTF

subject to Nplj=n* (4.2.2)

=1,

where Ny is the usage matrix for I'p.
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4.3 When all trees are fair

In this section we discuss the maximum entropy problem with the intention to restrict to

the case when all trees are fair.

4.3.1 Finding weights

The main idea is that the optimal MEO pmf that maximizes entropy should be a WUST.
As we will see this is false in general, but it is true if all trees are fair. To begin, we modify

the definition of WUST, see Definition 2.1.1.

Definition 4.3.1. We say that p is a WURST (weighted uniform restricted spanning tree),
if it is the restriction of a WUST to the set of fair trees. Namely, there is a set of positive
edge weights o : F — R such that u(v) is proportional to [].., o(e) whenever v is a fair

tree in ['p, and is 0 otherwise.

Theorem 4.3.2. If u* is the mazimum entropy optimal pmf, then it is a WURST, i.e., there

exists a set of positive edge weights o : E — Ry such that

Hee’y 0'(6)

M*(’y) - Z'y’EFF Hee'y’ 0'(6)

forall ~€Tlp. (4.3.1)

Proof. Let p* € R'F be the restriction of pu* to I'xy. Then p* is the unique minimizer for
problem (4.2.2). By Lemma 4.2.1, p*(y) > 0 for all ¥ € I'z. Since the objective function
H(ji) is smooth near the minimizer, the minimizer is characterized by the KKT conditions.

To find the optimal i we work with the Lagrangian of problem (4.2.2),

L(ftu,w) = H() + o (NF i — ") + w(i™1 - 1),

where u € RF and w € R.
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Then we may apply the stationarity condition to L :

—:—logﬂ*(y)—l—i-Zu*—l—w*:O forall ~e€Tlp.
v ecy

By solving the equation for p*(y) we get that

i) = [[e = [ oo
ecy ecy
where C = ¢*"~! and we define o(e) := e“(¢). Taking into consideration that f* is a

probability vector, we get that

C = Z Ha(e).

v elp eey’

Lemma 4.2.1 in conjunction with Theorem 4.3.2 yield the following result.

Corollary 4.3.3. All trees of G are fair if and only if there exists a weighted uniform pmf

Lo that is optimal for modulus.

Proof. 1f all trees are fair, then Theorem 4.3.2 yields a WURST pmf p* whose support is all
of I
Conversely, if there exists a weighted uniform pmf pu, that is optimal for modulus, then

all trees are fair because the weights o(e) are positive. ]

4.3.2 Dual problem

Here we consider the dual problem to (4.2.1). To begin we assume that all trees are fair, so
that I'r = I'. We would like to find the optimal weights o in (4.3.1). To do so we discuss

the following characterization for the dual objective for the maximum entropy problem.

51



Theorem 4.3.4. The optimal weights o in (4.5.1) minimize the following energy
= log (Z H o(eyNO ) Z n*(e)logo(e) = log (Z H a(e)N(V’e)_”*(e)) :
v€l' eeE eeE vl eeE

Proof. To find the dual objective we maximize the Lagrangian for the maximum entropy

problem over u. Recall that the Lagrangian £ can be computed as follows
L(pu,w) = H(p) +u" (Np—n*) +w(p"1 - 1).
As before, by maximizing over u, we get that

=C H o(e)N09 where C=e"' and o(e) =",
eclk
Now we will use these formulas to substitute p in the Lagrangian and we will also change

the dual variables from u and w to C' > 0 and o(e) > 0, respectively.

=Y ulogu(y) =-C Y []ole) 76)(10g0+2/\/% )log (e ))

~vel v€l' eeF e'ekF

:_Clogczna(e)/\/(me)—cz <ZN% )logo(e )(HU 76))]

v€l eeE vyel

Also, we compute u? Ny and wpu®1.

u'N =Y logo(e)N(v,e)u(y) =C>

vel' eeFE vyel

(0 vosote)) (Iotr2) |

wp''l = (1+1log C)C Z H o(e)yN0e

vel' eeE

and
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Lastly, we plug in all the summands back into £ to obtain the dual objective

= C’Z H o(eyN0e) — Zn )logo(e) —logC' — 1. (4.3.2)

el eeE eck

Since we want to minimize g, we can first minimize this function over C' and substitute the

optimal value of C

1
C =
> [ a(e)¥ore
vel' eeE
As a result, we get the desired dual objective depending on o only. O

4.3.3 A numerical algorithm

In view of Theorem 4.3.4, the goal is to find weights o such that g(¢) is minimized. By the

matrix-tree theorem

N(v,e) _ l
S I[N = det<La+n11T),

veT e€E
where L, is the weighted Laplacian. So this is akin to minimizing the logdet of the Laplacian,
which is a known problem in the literature, [41], the difference being the extra term involving
n*. In particular, this determinant can be computed by taking the product of all non-zero
eigenvalues of the weighted Laplacian.

For a fixed e € E we have the following for the derivative of g with respect to o(e)

ST N (v, e)a ()N TT o(e )N 0D

o _idt g2 )
dole) > I a(e)Nered o(e)
~elle’eE
> N(v,e) IT a(e)Noe)
1 oqer e'er _77*<€)
Cale) X I a(eNGee) o(e)
yel e’eFE

_ no(e) = 7'(e)
oe)

where 7, is the usage with weights . By Kirchhoff’s Theorem, one may derive 7, by com-

puting effective resistances. Also, the stationarity conditions yield that n, = n*.
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Figure 4.1: modified grid with an extra edge

We illustrate this with a numerical example, see Figure 4.1.

Example 4.3.5. Here we revisit Example 3.4.3 and apply the method described above to
find the optimal weights for the square with diagonal. This gives an alternative way to
compute these optimal weights.

First, we use the fact that all trees are fair for this graph, as we have seen in Example
3.4.3. By symmetry, we have two distinct weights on the edges of the graph. Let the weights
on the sides of the square be § > 0 and the weight on the diagonal be a > 0. Therefore,

recalling that n* = 3/5, g(o) can be computed as follows

(o) = log(4af” +45%) — > (loga + 410 ).

A simple calculation shows that the minimum is attained at «, [ such that § = %oz. For

instance, o = 3, f = 2 minimizes g.
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4.4 When not all trees are fair

We have seen in Section 4.3 that when all trees are fair there exists o(e) > 0 for all e € E such
that WURST is optimal for the maximum entropy problem. In this section we investigate

the case when not all trees are fair.

4.4.1 Approximation on homogeneous graphs

In more generality, when not all trees are fair, there is no WURST that optimizes the
maximum entropy problem. As we know homogeneous graphs are the building blocks for
constructing an optimal pmf for any non-homogeneous graph. In this section we will provide
necessary and sufficient conditions for a homogeneous graph to admit WURST. Hence, we
would like to discuss the maximum entropy problem for homogeneous graphs described in
Section 3.2.

Let G be a homogeneous graph. Then by definition of homogeneity every edge has the

same edge-usage probability. Let x be the reciprocal of the denseness ratio.

Vi-1

nt=k:=
|E|

As before, we desire to solve the following dual problem with one difference only. Namely,

we substituted n*(e) by « for all e € E.

minimize = log ( Z H o e ) —K Z log o(e)

vel'p e€ER eckl (441)

subject to o > 0.

First, we study some properties of g(o) as a function defined on o € R%,
Lemma 4.4.1. We claim that g(o) is one-homogeneous and is bounded from below g(o) > 0.

Proof. To show that ¢ is one-homogeneous, we let ¢ > 0 and o(e) > 0 for all e € E. Then,
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we show that g(to) = g(o). First, we compute g(to)

g(to log(ZHtNW ”)) /ﬁZloga ) — k|E|logt.

yeEl'r e€eE eck

We may simplify the expression above by using the fact that every spanning tree contains

exactly |V| —1 edges.

g(to) =log <t|V|_1 Z H O'(@)N(%e)> - /{Zlog o(e) — k|E|logt

vel'r eeE ecl
log(Z Ha 76)) leoga + (V| =1 —k|E]|)logt
YEl'F e€E ecE
= log ( Z Ha 78)) - leoga(e) = g(o).
vEl'r eeE ecelk

In order to show that g(c) > 0, we represent u(e) in terms of o, i.e., u(e) = logo(e) as we

have defined o(e) to be expu(e). As a result we can rewrite g(o) as follows:

= log ( Z H(exp(u(e)/\f(fy, e))) — log exp <Z r<cu(e)>.

vel'r e€E eck

After applying further simplifications we get the following:

= log ( Z H(exp(u(e)/\/(% e))) — log H exp (mu(e))

v€l'r eeE eck

Finally, we can represent g(o) as follows:

= log ( > [exp{V(r,e) - R)U(e)}) = log < > exp { > (N(y,e) - %>U(6)}>-

vel'r e€EFE vel'r eckE

Let p* be an optimal pmf for the MEO problem. Since G is homogeneous, we have that the
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following sum is k > u(e) on average:
eckE

E,.

> N, 6)U(6)] =Y WY Nyeule)=) ule) Y N(v,e)u'(y) =r Y ule).

ecl yel'p ecl ecl vel'r ecl

Therefore, at least one of the trees makes the sum on the left hand side larger then the sum

on the right hand side, i.e., there exists v € ['r such that

> (N(y,¢) = w)ule) =0,

ecE

which allows us to conclude that
g(o) > log(1) = 0.

[]

Since here we have assumed that not all trees are fair, by Corollary 4.3.3, the minimizer
for this problem does not exist. Hence it is natural to consider a minimizing sequence o}, as
g is bounded from below. In the lemma below we show that o solves a modified version of

problem (4.4.1), converges and can be normalized to 1.
Lemma 4.4.2. The minimizing sequence has the following properties.
1. For all k,||o%||, =1,

2. For all k, oy is a minimaizer for the problem

minimize g(o)
JGREO

(4.4.2)
subject to mi}g orle) <o <1,
ec

3. lim o}, = 0 € [0, 1]F.

k—o0
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Proof. As we know ¢ is one-homogeneous and positive, hence we may normalize o, by
replacing it by oy/ |0kl . Thus, 1. can be taken care of. Fix k and replace oy with the
minimizer of the bound- constrained problem. First, we notice that such a replacement does
not affect the fact that oy is a minimizing sequence. To make sure that this change does not
affect (1) as well, we consider the partial derivatives of g. As we know 7,, is not equal to
k. However, the average of 7,, is k. This fact allows us to conclude that there exists e € E
such that 7,, (¢) < k. For that edge e € E, we have that o(e) < 1.

Finally, by the compactness of the unit ball in R¥ we can extract a convergent subse-

quence, which guarantees (3). O

Now when we have established the existence of the limit of the minimizing sequence, we

would like to study its bounds.

Lemma 4.4.3. The limit of the minimizing sequence satisfies the following conditions

Igleaécaoo(e) =1, rgélgaoo(e) = 0.

Proof. To see the maximum property, it is enough to use continuity

For the minimum, we assume min o (e) > 0. Therefore, 0o, would minimize g(o) over all
eck

positive 0. By stationarity p,.. would be optimal for the MEO problem. However, since not

all trees are fair, there is no such optimizer which leads us to contradiction. O

We introduce the sets of edges with limit edge weights 0 and with positive limiting edge

weights, i.e.,

Ey:={e€ E:0,(e) =0} and FE,:={eec FE:ox(e)>0}.
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In addition, we introduce the following family of spanning trees
IM={yel:|yNE,|= ma%:h' NEL|}. (4.4.3)
v'e

In other words, I'* is the subfamily of spanning trees that restrict as spanning trees on each
nontrivial connected component of F,.

Example 4.4.4. Let G be the House graph as in Figure 3.2. Let op(e) = 1 if e belongs to

the roof, and o4 (e) = + otherwise. One may easily observe that

1, e € roof
Ooo(€) =
0, otherwise.

Basically, E, is the set of edges on the roof, and Ej consists of edges on the walls and the
pavement of the House.

In addition, we notice that g}g{ | N Ey| = 2. Therefore, I'" is the family of spanning
trees that contain two edges from the roof of the House. Recall that these are the fair trees

for the House. Hence, I'* is the family of fair trees for the House.

Next, we show that the pmf induced by this minimizing sequence allows us to concentrate

the weights on trees in I't.

Lemma 4.4.5. Trees that do not restrict as spanning trees on each nontrivial connected

component of E. for a minimizing sequence oy, have the following behavior in limit
lim p,, (C\TF) =0.
k—o00

Proof. Let 7 be the minimum value that the limiting edge weight vector attains on £

7= min 0so(€) > 0.

Let v € T \I'". Then v restricts to a forest on some connected component of E, . To connect
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the trees of the forest, we can add an edge e, € E,, and to remove the cycle created in ~
we should remove an edge ey € Fy so that the resulting graph is a tree. We denote it by 7.

Then the edge-usage of 7/ can be written in terms of the edge-usage of

N(H e)=N(y,e) + Ler — Le-.

As we have seen in Lemma 4.4.2, the minimizing sequence oy, converges to 0,. More formally,
for every ¢ > 0 there exists ko such that for k& > ko, |joy — 0ll, < €. We will use this

estimate to compare the weights of v and ~/.

o = 25 ot = 7= I ot

eckE Ok(e_) eckE

The last inequity allows us to write the WURST for « and +' as follows.

< .
Mak('y)_T_g - _c

Therefore, we get the desired result:

lim fig, (v) =0.

k—o0

4.4.2 Existence criterion for WURST

Lastly, in this section we connect the property of irreduciblity of a graph with the existence
of WURST that solves the maximum entropy problem for that graph.

Let E’ be a nontrivial connected component of F, and let Vi be the vertex set of this
component. Let H = (Vy, Ey) be the subgraph of G induced by the vertices Vy, i.e., Vi is
the unique vertex-induced subgraph of G with the property that EFy N E*T = E'.

Lemma 4.4.6. Let H be the subgraph of G described as above. Then the following hold true
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1. If e € Eyg N Ey, then

lim 7,,(e) = 0.
k—o0

2. If e € E, then for sufficiently large k
nak(e) < K.
Proof. Let e € Ey N Ey. Then

Nou(€) = D o, (WN(,€) + Y o, (VN (7,€) =0, in limit
yET\I'+ ~yer+
where the first sum goes to zero as k becomes large enough by Lemma 4.4.5 while the second
sum is zero since N(v,e) =0 for v € I'" and for e € Ey N Ej,.
Now let e € E,. Let 7 = ergjri 0x(€) and let 0 < € << 7. As we have seen in Lemma
4.4.2 the limit of the minimizing sequence exists and ||oy — 0|, < € for k > 0. Therefore,

for any e € ET

ople) >T—e>e> ipeigak(e’).

By Lemma 4.4.2 we see that the lower bound is inactive on e, therefore 7,, (€) < k.

This lemma yields the following important result.

Theorem 4.4.7. Let H be the vertex-induced subgraph described above. Then

Byl . |Fdl
Vil =17 Vo~ 1

Proof. We consider the following sum of 7,

D 0@ =D e (MN(e) = DY o, (VN (1, €) = (Vi = Dt (TF).

ecFEy ecEy vel ecEy vel'+
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By Lemma 4.4.6

S e (€) < 5l B,

ecFEy

Combining last two inequalities yields the following result.

|EH| ,uak(FJr) _ |EG|
|VH|—1 - K |Vg|—1

o (T). (4.4.4)

Taking the limit as k approaches infinity in 4.4.4, allows us to obtain the desirable inequality.
]

Finally, we are ready to introduce the main result of this chapter.
Theorem 4.4.8. Every homogeneous graph either admits a WURS'T or is reducible.

Proof. The argument of the proof is based on the fact that either all spanning trees of G are
fair or not.

If all spanning trees of G are fair, then by Corollary 4.3.3 WURST is optimal for the
MEOQO problem.

If not all spanning trees of G are fair, then by Theorem 4.4.7 there exists a vertex-induced
subgraph of GG that is at least as dense as GG. However, since G is homogeneous, the denisty

of its subgraphs canont exceed the density of its own. Hence, G must be reducible. ]

Corollary 4.4.9. A homogeneous graph is irreducible if and only if it admits WURST.

4.4.3 Density of WUST

Let € P(I'¢:) be a probability mass function defined on the family of spanning trees of the
graph G. Let IV € I'¢ and let p be uniform on I''. The edge-usage probabilities for every

edge e € F are

_ [y eTl:eeq}]  nle)
nle) =PulecT) = T =

Let o, = ¢/l'l=n(e).
Question 4.4.10. What can we tell about the convergence of y,. ase — 07
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First we were hopeful that p,, — p as e — 0, which would allow us to have an indication

that the weighted uniform pmf is dense in the set of pmfs.

Example 4.4.11. We consider the House graph and IV = {71,742} - the subfamily of spanning
trees 1 and 7, as in Figure 4.2. We notice that in this case both 7; and v, are fair trees.
If e € v for every v € T’ then n(e) = 1 and o(e) = = 1. If e ¢ ~ for all ¥ € I, then

o(e) =2 For e € y;, e & ; ,where v;,7; € ', o(e) = ¢.

£

Figure 4.2: House, v and ~» from left to right

First we notice that 7, and v are distributed as follows

to. (1) = Mo, (72) =

S

We can compute Z by adding all the weights of spanning trees of ['g :

7 = 2e* + 46 + 3% + 2¢. (4.4.5)

Therefore, for any v € I'¢ \ I

Sk

T 2et 4 463 + 322 + 26

fo. (7)

where k = 2, 3, 4. Therefore,

Sk_l

= —0 — 0.
2e3 + 42 + 3¢ + 2 as e

fo (7)
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Also, the conjecture holds true in this case as

€ 1

— = as ¢ — 0.
2e* 4 43 + 362 + 2¢ 2

to. (1) = o, (72) =

However, next we consider the subfamily that consists of spanning trees v; and v as in 4.3.
We notice that ~; is forbidden while ~5 is fair. In this case we do not have the desired limit

for ..

Figure 4.3: House, v and s from left to right

We notice that in this case the special trees are distributed as follows

(1) = o, (32) = === L] 0
- = g = = - as ¢ )
HoeiM) = Hoe\12) = 68 752~ 5466 5

For v € T'\ I such that the weight of v is proportional to €* (there are 6 of them), we have

the following distribution

83

ZW%O as ¢ — 0.

fo. (V)

For those trees that are not in I and have weights proportional to €2 (there are 3 of them)

we have the following distribution

g2 1

:—5g2+6s3—>5 as ¢ — 0.

Hoe (7)
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Chapter 5

Minimization of energy

This chapter focuses on finding the optimal weights for the MEO problem for homogeneous
irreducible graphs. We have seen in chapter 4 that WUST exists for this special class of
graphs. In addition, we discussed the potential theory for electrical networks and provided a
connection between edge-usage probabilities and effective-resistances in chapter 2. Moreover,
we saw that the effective resistances can be computed via the pseudo-inverse of the Laplacian
associated with a given graph.

If we assemble the information provided in previous sections, we gain an optimization
problem, where the objective function is the sum of the squares of the products of effective
resistances and edge-weights, over the set of all edges of the graph. This problem is non-
convex. However, we show that the objective function is quasi-convex in each edge-weight.
We apply rank-one update for the Laplacian of the graph to compute the optimal weights.
We show that there is a unique minimizer in this case. In addition, we show that the
edge-weights can be normalized to be integer-valued, which allows us to interpret them as
the multiplicties of edges, thus, we are able to represent the weighted simple graph as a

multigraph.
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5.1 Energy of WUST

Let G = (V, E, o) be a weighted graph, let u, € WUST. In chapter 3 we discussed the MEO
problem over the pmfs defined on the set of spanning trees of G. What happens if we require
the optimal pmf for the MEO problem to be a WUST? In other words, we would like to

solve the following minimization problem

minimize E, | NT’|

subject to pu, € WUST.

One can simplify the objective function here in the same fashion is in chapter 3.

EUU’IQLI‘ = Z]P)Na(e € I)2

ecE

Definition 5.1.1. We say that &, is the energy of pu, ,if

Euy =Y _ Rea(e)o’(e).
eckE
The energy defined above is the objective function of the optimization problem of our
interest. In addition, we can apply the potential theory introduced in chapter 2 to express the
edge-usage probabilities in terms of effective resistances. Essentially, this transition allows
us to express the objective function in terms of the pseudo-inverse of the Laplacian of the
graph G. This gives us an opportunity to take advantage of some well-known optimization
algorithms to find the optimal weights. Therefore, it makes the recovery of the corresponding
WUST possible in a reasonably fast computational time. To enable the implementation of

this promising road map of computations, first we use Kirchhoff’s theorem, which states that
Py, (e € T) = Remz(e)o*(e)
for any edge e € E.
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Ultimately, we desire to find ¢ that minimizes £(u,). For this purpose, we study the
energy as a function of weights. First we substitute the effective resistance with u” L u (

see chapter 2).

E(n) = 3 ()W Liu)?,

eck
where u = §, — §, for any {z,y} € E.

Below we show that the energy is homogeneous in weights.

Lemma 5.1.2. The energy is homogeneous in o, i.e., fort >0,

g(,ua) = g(,uta>'

Proof. We rewrite the energy in terms of the pseduo-inverse of the Laplacian L.

Elno) = Y ole,y)*[(6, — ) L7 (6, — &)

{z,y}€FE

Now observe that Ly, = tL,, so that L; = ¢ 'LT. This allows us to compute & (i, ).

E (o) = Z t?o(z, 9)2[(511 - 5I)TL;;(53/ — 8,

{z,y}€FE

= 3 Polwy)l6, — 60" LEG, 8P = Eo).

{z,y}€FE

m
We would like to investigate convexity of the energy as a function of weights. However,
rather than working with the energy function right away, we choose to take a detour so as to

explore another problem that resembles our problem remotely. Then we move forward with

the convexity exploration of our objective function.
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5.2 Convexity of the total effective resistance of a graph

The total effective resistance of a graph is defined as follows

Riot = Z Reﬁa(x7y)-
{z,y}eFE
In [20], Boyd et al., addressed the problem of allocating a fixed total conductance among
the edges so as to minimize the total effective resistance of the graph. Assume without loss
of generality that the total conductance to be allocated is 1. The following optimization

problem has been studied, also known as the effective resistance minimization problem

minimize  Riot

subject to 1To =1, o >0,

here the inequality ¢ > 0 can be understood as a component-wise inequality.

Below we share several interpretations of the problem. In the context of electrical net-
works, the goal is to distribute the conductances to the branches of a circuit so as to achieve
low resistance between the nodes. In the context of a Markov chain, this problem aims to
select the weights on the edges so as to minimize the average hitting time between nodes.
While if we think of the effective resistance between two nodes as a distance , then we can
think of this as a desire to assign conductance to the graph as an attempt to make the graph
small, in the sense of average distance between nodes.

It has been shown that the total effective resistance is a strictly convex function in
weights. In addition, it has been provided that among all graphs with n nodes, the path has
the largest value of optimal total effective resistance and the complete graph has the least.

Given a graph G, one may solve the convex optimization problem introduced above to
find the optimal conductances. The total effective resistance obtained after allocating the
optimal conductances, is often referred to as the absolute total effective resistance of the

graph.
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The connection between the effective resistances and the Laplacian of a graph, allows us

to represent the total effective resistance problem as follows

-1
117
minimize n'Tr (LU + —> -n
n
subject to 175 = 1, o>0.

The Lagrange dual problem is

maximize h(Z,v,\)
subject to A > 0,

where we have the following dual variables- Z = ZT € R™" v € R with the equality
constraints, and A € R™ with the nonnegativity constraint ¢ > 0. The dual objective h is
given by

WMZ N\ v)=—v—(1/n)17 21+ 2Tr (nZ)"/? — n,

with the following constraints

al Za; <vfori=1,2,...m, and Z = 0.

5.3 Quasiconvex optimization

It is known that the effective resistance is convex in weights [20]. However, despite our hope
that the energy might be convex as well, it is a non-convex function. In fact, we will see in
this chapter that it is quasi-convex (for definition see Appendix B) in each coordinate.
Quasi-convex optimization problems arise in various fields such as microeconomics and
computer vision. It is known that quasi-convex problems can be solved by a series of convex
feasibility problems [8]. In more generality solving such feasibility problems may be very
costly [21]. In 1984, Nesterov [32] introduced the first efficient algorithm, namely Normalized
Gradient Descent, and proved that the algorithm attains e-optimal solution within O(1/&?)

iterations given a differentiable quasi-convex objective function. Later, in 2001, it was shown
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by Kiwiel [28] that the same result holds true in case when the objective function is upper
semi-continuous and quasi-convex. In addition, Konnov has shown how to attain faster rates
for quasi-convex optimization [30] though it assumes that the optimal value of the objective

function is known which is not the case in more generality.

5.3.1 Rank-one update approach

In this section we discuss a rank-one update approach that shows the existence of the unique
minimizer for the energy. We fix an orientation on the edges. Let e = (z,y) and u, := §, —0s,
where 6; is the i-th unit vector. Let oy := o(e;). We move along the line oy

oy =0 +tol,,, L,= Za(e)ueuT and L, = L, + taluelugl.

e
eck

As we have seen in chapter 2, the effective resistance of an edge {x,y} can be computed
by the formula 2.3.1, which allows us to compute certain entrees of the pseudo-inverse of
the Laplacian associated with the weighted graph G. As a consequence, we can work with
matrices instead of effective resistances. In order to make mathematical expressions succinct,

we will use the following notation for effective resistances in this section:
Ry = (Reg)o(e1) = ul Liue, and R(e) := (Rex)o(e) = ul LI ue.

One may check via direct computations that the updated pseudo-inverse of the Laplacian

can be computed by the following formula:

tO’l
+ _ 7+
Lf =1L

S N XTI T
o 1+t01R1 o 17e1 "0

which basically can also be deduced by applying Sherman-Morison formula [37].

Claim 5.3.1. Suppose we pick an edge ab and add a weight o to it. Then the new Laplacian
18
L+ auu”.
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where uw = 0, — 0, We claim that new pseudo-inverse is given by the formula

t LLJruuTLJ’.
1 + Ole

Proof. To check this it is enough to multiply the two expressions and get

LLtuu Lt oPu(uf Lru)u? LT
LL+ TL+ _ a _
+ouu 1+ OéRl 1+ OZRl

Note that in the last term u(u’ LTu)u” LT = Ryuu” L*. So factoring out uu” L™ on the right
we get

LL* + I+aRI —LL" — aR | uwu”L*

L[
1+OZR1

Now notice that (I — LLT)u = 0.

Claim 5.3.2. The energy can be computed by the following formula:

(1+t)°R? 2t t?
& = — B A+C
TR 1+ iR T OrmmeE T

where
A= Z 0(6)2(UZL:UG1)47 B = Z 0(6)2R(6) (ugL;uel)Qv ¢ = Z 0(6)2 (uch—:ué)Q :
eF#el e#el eF#el
Claim 5.3.3. The map t — &, is quasiconver.

The proof of these results can be found in Appendix C.

5.4 Integer valued weights

In this section, we examine the question whether the optimal weights ¢ can be chosen as
integers, which would allow the interpretation of o(e) as the multiplicity of edge e. As we

will be discussing iterative algorithms that converge to the minimum when the change in
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energy is small enough, we would like to see whether the weights we will be updating can

be normalized to be integer-valued.

Claim 5.4.1. Let G = (V, E) be a finite connected graph. Let a be the optimal weight-vector

on edges. Then o= 7, where m,n € Z. Moreover, we can update the Laplacian as follows

nL + muu® € N.

Proof. We update an edge e; by adding « to it. Then we can compute the change in energy.

The resulting function depends on « and is given by

(A—2Bc+ c*)a? —2(B — c*o(a,b))a
(1+ ca)?

A€ =

Y

where A, B and c are the following quantities

A= Z U(f, y)2 (hab(y) - hab(x))47

{z,y}€FE

B = Z O'(l'a y)QReff(xa y) (hab<y) - hab(x))2
{z,y}€FE

¢ = Reg(a,b).

As a result we can compute the optimal « expressed in terms of those quantities

B — c*o(a,b)
Qopt = :
P A~ Be+ ¢ — B3o(a,b)

We desire to show that the weights are integer-valued. However, since we begin with integer
weights, it is enough to show that a,p; is a rational number. To attain this result, we want
to show that both the numerator and denominator are non-zero integers.

Let {u; }jvzl be the orthonormal basis of eigenvectors corresponding to the eigenvalues \;,

1 =1,2,...,N for the Laplacian of GG. Then, as we have seen in chapter 2, we can represent
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the Laplacian of G as the following sum

N
L = E Ajujug
Jj=2

Notice that A\; = 0, since G is connected and u; €< 1 >= Ker L. Again, as we have seen in

chapter 2, we can write the pseudo-inverse of the Laplacian as follows

In addition, it is known that the pseudo-inverse of the Laplacian can be presented as follows

JN1 T 1
L*z(L —) ——:—[N2NL - ]
+ N-N (NL+J) J|,
where J is an N x N matrix with 1s as entries. Recall that the inverse of a given matrix A,

if it is invertible, can be computed by the following formula

L Adi(4)
det A~

As a result we can represent L as follows

N2

1
L= = Ad(NL+J)—J
N[det(NLJrJ) JINVL+J)

N 1
- AA(NL+J)— =
det(NL 1 ) AWV L ) =

In order to compute thne psuedoinverse of the Laplacian we need to compute the determinant

of (NL + J). We notice that

N
JU1 = \/—Nl = Nul,

(NL+ J)u; = NLuy + Nuy = Nuy,

(NL+ J)u; = NAju;, for j>1.
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Now we see that the eigenvalues of (NL + J) are the following
N,NXy, ..., Ny
and uy, us, ..., un are the eigenvectors correspondingly. Therefore,
det(NL +J) = N¥ .. Ay = NV 7).

Particularly, the representation of the effective resistance at (a, b) in terms of the pseudo-

inverse of the Laplacian allows us to conclude that
¢ = Reg(a,b) = (0, — 3,)"LT(6, — 6,) € Q.

The denominator of this expression is N det(NL + J) = Z. Therefore,

N
ceE —.

Next quantity we would like to show to be rational is the potential function.

Let o € N¥ be the weights for G.

. N N
Ndet(NL+ J)’ Zv

hay = L1 (0 — 84)

Finally, we can show that the optimal weights are rational

B — %o ZYB — c*o) m
Qopt = — E

A—Be+c —co  Z'A— ZABe+ Z32(1 — co)

where m,n € N.

Now we can let the new Laplacian to be nL + muu’ € N, instead of L + auu®. O
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5.5 Minimization algorithms for the energy

As we have seen in the previous section, the optimal update on a given edge o can be chosen
to be integer-valued.

Coordinate descent algorithms solve optimization problems by successively performing
approximate minimization along coordinate directions or coordinate hyperplanes. Particu-
larly, minimization of a multivariate function can be achieved by minimizing it along one

direction at a time.

Algorithm 2 General descent method
1: given a starting point x € dom f
2: repeat
3:  Determine a descent direction Ax
4:  Line search. Choose a step size t > 0
5
6

Update z := = + tAx
. until stopping criterion is satisfied.

In the previous section we have introduced the computations for the optimal ov. We will
use this update for the algorithms below.

In the algorithm below we start with initial weights. We circle through every edge and
update the weights optimally by increasing the weight on each edge one at a time. We

compute the resulting energy and check if it is small enough.

Algorithm 3 Coordinate descent method.
1: given initial edge-weights o =1
2: repeat

33 oe) =o0(e) + o

4

5

update the energy
. until stopping criterion is satisfied. AE < e

Finally, we discuss an algorithm that searches for the best edge and updates that edge.
Then we check the drop in the energy. We repeat this process of the best edge selection
until the energy converges to the minimum. Here we consider the edge to be the best if it

has the smallest per-edge effective resistance so as to be able to equalize per-edge effective

5



resistances. This choice can be justified by the following representation of avy

B — c*o(a,b)
Qopt — )
P A= Be+ e — c3o(a,b)

where the numerator can be written as follows

B—co(a,b)= Y o(@,y)(ha(y) — ha(z))’ (Reﬂ(x’y) a Rr(ﬁcfab)b)>

{ac,y}EE T(‘/L‘7 y)

Algorithm 4 Alternative Algorithm
: given initial edge-weights 0 =1
: repeat
detect the edge with min Resi(e)/r(e)

1
2
3
4 o(e) =o(e) +
)
6

update the energy
: until stopping criterion is satisfied. AE < e

Since the energy can be graphed as in Figure 5.1 for the triangle, the coordinate descent
and gradient descent algorithms converge in this case unlike in case of quasiconvex functions

with multiple local minima.

Figure 5.1: Change in energy for the triangle
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Chapter 6

Open Problems

Alongside the questions discussed in this dissertation we would like to introduce several open

questions that are currently of our interest.

6.1 The invariance of homogeneity under edge addition

Question 6.1.1. Given a homogeneous graph G = (V, E) which is not a complete graph. Is
there a way to add edges to it one at a time so as to maintain the homogeneity of the graph

at each stage of edge addition till we recover the complete graph on |V| vertices?

We consider an example of a homogeneous graph that does not preserve homogeneity

with respect to edge addition if we do not choose the correct order for edge addition.

Example 6.1.2. Let G = (V, E) be the modified grid as on the left in Fig.6.1 and let
G' = (V, E+¢€') be the graph obtained from G after adding a diagonal €’ to the square in G
as in Fig.6.1. We claim that G’ is a non-homogeneous graph.

Indeed, consider the subgraph H' C G’ as on the right in Fig.6.1. We notice that H’ is

more dense than G':

o) = I LS T g,

|E(H)] 7.9
T WVH) -1 37 4

However, if we choose to add the other diagonal to the square, we will be able to complete

7



Figure 6.1: Modified grid G, G' and its homogeneous core H' from left to right

this graph by maintaining homogeneity. One may check this fact by computing the denseness

of all vertex-induced subgraphs of this graph.

Let G = (V, E) be a homogeneous graph and G’ = G + ¢’ be the graph obtained from
G by adding an edge €’ to its edge set while leaving the vertex set intact. In other words,

G' = (V,E +¢€'). Since G is homogeneous, then for every vertex-induced H C G
0(H) < 0(G).

Conjecture 6.1.3. Let G = (V, F) be a homogeneous graph. Then there exists ¢’ € E(Kjy)
such that G' = (V, E' + ¢’) is homogeneous.

Assume G’ is a non-homogeneous graph. Therefore, there exists H' C G’ homogeneous

core, which solves the following densest subgraph problem

max 0(K) = 0(H'),

KeH

which in conjunction with the assumption that G’ is non-homogeneous implies that
O(H') > 6(G").

First we notice that H’ is not a subgraph of G. Indeed, if H" C G, then

E+1 E

9(H’)>9(G’):V_1 > o=

Q(G)7

which contradicts to G being a homogeneous graph. This argument allows us to conclude
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that ¢ € E(H’). As a result, we can present H' in terms of a proper subgraph of G ,i.e.,
E(H') = E(H) + € for some H C G where V(H) =V (H").

Lemma 6.1.4. If E(H') = E(H) + €, then H is vertez-induced in G.

Proof. If there exist vy, vo € V(H) such that (vi,v2) € E(G) \ E(H), then (vy,v2) € E(H')

as before since H' is vertex-induced. Therefore, (vi,v2) = €’ ¢ E(G). O

If we compare the denseness of G and H then we get:

1 1 1 1

=000 = vy =12 D v 1 Ot e v

To achieve a contradiction, it would be enough to show that there exists H C G such that

V(H) =V (H') where H' is the homogeneous core of G'.

1 1

6(G) — 0(H) = V(H)—1 V(G) -1’

(6.1.1)
for a homogeneous graph G.
This argument leads us to the following theorem.

Theorem 6.1.5. If G is homogeneous and reducible and H C G is a core. Then adding and

edge to H so that H' = H + €' is vertez-induced, will make G' = G + €' heterogeneous.

Additionally, this argument raises a question whether the existence of a vertex-induced

subgraph of G that satisfies the inequality 6.1.1 guarantees that G’ is homogeneous.

Conjecture 6.1.6. If G is a homogeneous graph that is not complete, then there exists

H C G vertex-induced non-complete subgraph such that

1 1
V(H)—1 V(G)—1

6(G) — O(H) >

In the example below we apply the inequality in the conjecture to show that the modified

grid admits an edge so that the resulting graph from edge addition is homogeneous.
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Example 6.1.7. We consider the same example as before - the modified grid. Let G, G’
and H be the graphs as in Figure 6.2.

Figure 6.2: Modified grid G, G’ and H from left to right

We see that G’ is homogeneous in this case, as G satisfies the inequality 6.1.1

111 | 1
_9(H)=2_°2 -2~ _ = _
0(G) = 0(H) 3-3712 3

1
4 Vgl -1 |Vgl-1"

Claim 6.1.8. Let G = (V, E) be an n-cycle (n = |V|). Then there exists ¢’ € E(K,) \ E
such that G' = (V, E + ¢') is homogeneous.

Proof. Let € be the edge from the edge-set of the complete graph on n vertices that splits
G into two subgraphs so that they share ¢/. We choose €’ so that the size of the vertex-set
of the smallest subgraph of the graph is equal to (n+1)/2 if n is odd and to (n+2)/2 when
n is even. We claim that this choice of €’ guarantees homogeneity of G’.

Computations show that
n+1

Let Hi be the subgraph of G’ that has the required number of vertices and let H) be the
other subgraph. Notice that both of these subgraphs are cycles. Hence when n is odd we

have the following

(n+1)/2 n+1

O(H) = (n+1)/2—-1 n-1

which indicates that if G’ is homogeneous, then in this case it must be reducible. To convince

ourselves that it is homogeneous, we also present the computations for the density of Hj.
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First, we notice that the number of vertices of HJ is

n+3
5

V(H)|=2+n—(n+1)/2=

Plugging this back into the density formula we get the following

(n+3)/2 n+3 n+l

O(H2) = (n+3)/2—1 n+1 n-1

Similarly, if n is even we get that

(n+2)/2  n+2 _ n+1
(n+2)/2—-1 =n n—1

;) = 0(13) =

which illustrates that G’ is homogeneous, irreducible in this case.

Example 6.1.9. In this example we start out with the 6-cycle graph as in figure 6.3.

Figure 6.3: Homogeneous completion for 6-cycle
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We would like to add edges to the 6-cycle until we obtain the complete graph on 6 vertices
so that at each stage of edge addition the resulting graph is homogeneous. To complete the
cycle, first we create a 3-regular graph from a cycle by constructing all (|V'|/241) = 4-cycles.
There are |V|/2 = 3 such cycles. Notice that this graph is homogeneous as it is regular.

Then we create a 5-regular graph by constructing all 3-cycles. There are |V'| = 6 such cycles.

6.2 Irreducible random regular graphs

In the Erdos-Rényi random graph G, ,, each pair of vertices is connected by an edge with
probability p. More commonly, behind the study of random graphs lies a desire to understand
the properties of ’typical’ graphs. Particularly, in this section we will be concerned with
random regular graphs. In the context of homogeneity of a graph, it is known that almost
every d-regular graph is homogeneous. The question that we would like to address here is

precisely the following
Question 6.2.1. What portion of d-regular graphs on |V| verices are irreducible?

We recall that irreducibility is a property of a homogeneous graph that prevents it from
having subgraphs that are as dense as the graph itself. Moreover, we have the following
proposition which allows us to be certain about the graphs that are irreducible if they

satisfy a certain criterion.

Proposition 6.2.2. Let G = (V, E) be a homogeneous graph. If |V| — 1 and |E| are relatively

prime, then G is irreducible/

Example 6.2.3. Here we discuss an example of a graph, where the condition (|V|—1,|E|) =
1 is violated, yet the graph turns out to be irreducible. Let G = (10,15) be the Peterson

graph as in Figure 6.4. Notice that the density for the Petersen graph is 5/3,
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Figure 6.4: Petersen graph

One may check via direct computation of the density of subgraphs of the Peterson graph,

that no subgraph is as dense as Peterson graph itself which proves that it must be irreducible.
Now, we assume G = (V, E) is d-regular. Notice that |E| = 1d|V| in this case.

Claim 6.2.4. Let G be a d-reqular graph on |V| = 2k vertices. If 2k —1 and d are relatively

prime, then G s irreducible.

Proof. Indeed, since the condition in Proposition 6.2.2 can be translated in this case as
follows - if dk and (2k — 1) are relatively prime, then G is irreducible. Since k and 2k — 1 are
relatively prime for any k, then the statement about dk and (2k — 1) being relatively prime

is true iff d and (2k — 1) are relatively prime. O
This gives rise to the following question.

Question 6.2.5. What is the likelihood of the event that d(< 2k—1) and 2k—1 are relatively

prime for any positive integer k7

For simplicity, first we investigate the case when d = 3 and k& > 2. The probability that

(2k — 1) is divisible by 3 is equal 1/3. This observation yields the following claim.

Claim 6.2.6. Given a family of 3-reqular graphs G on 2k vertices (k > 2), at least 2/3 of

them are irreducible.
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Now moving forward we will study two distinct cases - when d is even and when d is odd.

If d is even, then we can represent it as
d=2"py2. . ple,
where p; # 2 forv = 2, .., s, are distinct prime numbers with m; multiplicities correspondingly.

In other words we represent d via its prime factorization.

Claim 6.2.7. Let G be a d-reqular graph on 2k vertices. Let d be an even number with the
following prime factorization

d=2"py?.. .ple.

Then the likelihood that G is irreducible s bounded from below by the following number

> e
PPk P2Ds |

1<j<k

(T

pi 1<)

Remark 6.2.8. Notice that in case when d is odd, then the likelihood that G is irreducible,

is bounded below by

I I

i<j pzp] i<j<k pzpjpk: P1.---Ps
where we assume the following prime factorization for d
d=p"py?..ple.

Proof. The likelihood that (2k — 1) is divisible by d is the same as saying it is divisible by
either of the prime factors subtracted all the cases when j for 7 = 2,...s of them divide

(2k —1). 0
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Appendix A

Convex Optimization

In this section we discuss convex optimization problems of the form

minimize  fo(x)
subject to  fi(x) <0 i=1,..,m,

hi(x) =0 i=1,..,p,

where the functions fy, ..., fn : R — R are convex ,i.e.,

filax + By) < afi(z) + Bfi(y)

for all x,y € R™ and for all o, 5 € R with a+ 8 =1,a > 0,3 > 0. We define the Lagrangian

of this problem to be the following:

Lz, \v) = foz) + Z Aifi(x) + Y vihi().

=1

We define the Lagrange dual function to be the following:

zeR"? zeR"

g\, v) = inf L(z,\,v)= inf (fo(x) + Z Aifi(z) + Z l/zhz(x)>
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Now we are ready to define the Lagrange dual problem:

maximize g(\,v)
subject to A > 0.

In this context we refer to the original problem as the primal problem. Particularly, for the

modulus problem we will have the following Lagrangian function:

L(p,A) =Y a(e)lpel + ) A() (1 - > NG 6)/)(6)) :

ecl vyel ecl
In addition, we have the following dual function for the modulus problem:

o) =320 - -1 ole) (L ST AN, e>> -

yerl’ eck pa(e) yerl’

Below we discuss the KK'T conditions for convex optimization problems. Let z, X and riu be

any points that satisfy the following KKT conditions:

then £ and (:\, V) are primal and dual optimal.

Remark A.0.1. In order for a minimum 7 to satisfy the KKT conditions, the convex problem
should satisfy the following regularity conditions: there exists a point x such that h(z) =0

and f; < 0.
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Appendix B

Quasiconvex Functions

A function f: R"™ — R is called quasiconvex if its domain and all its sublevel sets
Su = {z € dom f| f(z) < a},
for a € R, are convex. A function f is quasiconcave if — f is quasiconvex, i.e., every superlevel

set {z | f(x) > a} is convex.

Example B.0.1. We consider the linear-fractional transformation

alz+b
e +d

fz) =

with dom f = {z | ¢"z +d > 0}. We notice that its a-sublevel set is convex since it is the

intersection of an open halfspace and a closed halfspace.

So={z|cfz+d>0,(a"z+b)/(c"z+d) <a}

={z|r+d>0adr+b<al’z+d)}

However, the most commonly used characteristics for quasionvex functions is the property

analogous to Jensen’s inequality for convex functions. A function f is quasiconvex if and
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only if dom f is convex and for any z,y € dom f and 0 <0 < 1,

[0z + (1 = 0)y) < max{f(z), f(y)},

i.e., the value of the function on a segment does not exceed the maximum of its values at
the endpoints.

Now, we introduce the first order conditions for quasiconvexity of a differentiable function.
Suppose f : R™ — R is differentiable. Then f is quasiconvex if and only if textdom f is convex

and for all z,y € dom f

fly) < fl@) = V) (y—2z) <0

This condition has the following geometric interpretation when V f(z) # 0. It states that

V f(x) defines a supporting hyperplane to the sublevel set {y | f(y) < f(z)}, at the point z.

Remark B.0.2. From the optimization point of you the main difference between convex and
quasiconvex functions is that V f(x) = 0 condition does not imply that z is a global optimizer

for f if f is quasiconvex unlike the case if it were convex.

Now suppose f is twice differentiable. If f is quasiconvex, then for all z € dom f, and

all y € mathbbmR"™, we have

y'Vfx)=0=y"Vf(x)y > 0.

Remark B.0.3. If we consider a quasiconvex function defined on R, then this condition
translates to the following

f(@) =0= f"(z) >0,

which can be interpreted as the second derivative being nonnegative at any point with zero

slope.
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Appendix C

Quasi-convexity of the energy

Claim C.0.1. The energy can be computed by the following formula:

(1+t)*R? 2t t?
_ B AtC.
(iR’ 1+ik - Ta+ime" "

gt -
Proof. We break the updated energy into two distinct pieces.

E = (1+1)*( ueletue1 -|-Z TL+ )2
e#eq

Next we express L} in terms of L as discussed above.

2
toq
& 1+t Lt — Lrug ul LT ) u,
t J]_( + ) (ul( o 1+t0-1R1 uluel o’)u1>
2
tO‘l
2 T
+ ZO’(@) (ue (L: - 1 +to R L+u€1ue1Li_) e)
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Here we use the formula for the effective resistance on the edge ey:

to 2
g=a1 402 () + Y o(e)? (ufLiue — — 2 (uT L
K Jl( +) (1+t0’1R1) + (Ue Uu 1+t0’1R1( ea )

e#eq
oA ) S o) (L)
(1 + tO’lRl)Q ey
2
__do Z o(e)?(ul Lru)(ul Liuy)? + ———~ toy Z (ul Liu.)*
1 +to1 Iy o ¢ e (14 toyRy)? = e1o

Finally, we use the notations introduced above to make further use of this formula more

convenient.

o?(1+t)*R? 2toy N t?o?
(1+t0’1R1)2 1+t0’1R1 (1+t01R1)2
(1 +t)°R? 2t t?

- — B+ A+C
(o7 +tR)? o' +tR, (o7 +tR)?

A+C

515:

Note that if we multiply all the weights by the same factor A, as in ¢ — Ao, then by Lemma
5.1.2, & remains constant. So we can assume that oy = 1, and thus R; < 1. This argument

allows us to attain the desirable conclusion about the energy. O

Moving forward, we would like to compute the derivative of the energy, as our goal is
to show the existence of the unique minimizer for the energy. The computations yield the

following result.

A€ a1+ D(1-R) 2B 24
d " (1+tRy)3 (1+tRy)?  (1+tR)3
LB -R)+A-RB)t+R(1-R)-B

(1+tRy)3

Note that the numerator of d&,/dt is a linear function and the denominator is always positive

since t > —1 and R; < 1. We claim that the slope of that linear function is positive, so that
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d&;/dt changes sign only once and goes from being negative to being positive.
Claim C.0.2. The map t — & is quasiconvez.

Proof. The slope of the numerator is A + R;(Ry(1 — Ry) — B). We will use the fact that

(since o1 = 1)

Ri=) o(e)(ulfug)? = (ue, Liul)* + 3 ole)(ue Lul,)’

eckl e#ep

:R% + Z U( uelLa' 61)

e#ep

Hence by the definition of B,

Ri(1-R)-B=R, —-R}-B

= Z )(1 —o(e)R(e))(ucLlue,)* >0,
e#e1

because o(e)R(e) < 1 for every e. O

Moreover, the minimum is attained for

Ri(1-R)-B

=
RP(1-R)+A—RB

Since &, is only defined on [—1, 00), we want to check whether ¢* > 1. This can be seen either
by direct computation or by plugging ¢t = —1 in and seeing that the numerator of d&;/dt is

negative there:
~RE(1-R)-A+RB+R(1-R)-B=-A-B(1-R)<0.
Now we fix two edges e; and ey and the corresponding vectors u; and uy. Let U = [ujug]

and let C' = Diag(oa, 09b) for constants a,b > 0. Then the edge-conductances are perturbed
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as follow, for t > min{—1/a, —1/b}:
o =0 +t(opal,, + o9ble,),
and the Laplacian becomes,
Ly, = L, + torauul + tosbugui = L, + U(tC)UT.

Here, first we use the representation of the pseudo-inverse of the Laplacian in terms of the
inverse of rank-one updated Laplacian. Then we apply Woodbury identity for the inverse.

Here is what we get as a result.

-1
(L+UCV)* = <L+Ucv+i> _Z

N N
() () e ) ) )
Lt - (L+ + %)U(Cl + v(z,+ n %)U)_IV@* + %)
_ Lt (L+ n %)U(C‘l FVLYU 4+ V%U)lX/(L* + %)

- L+U(C*1 + VL*U)_1V<L+ + %)

_ %U(C‘l + VL+U>1V<L+ + %)

_ Lt — L+U(G*1 + VL+U)_IVL+ _ L*U(C” + VL*U)_IVL%

_ Lt - L+U<O—1 + VL+U) v

Therefore, we can use the following formula for L},

L = Lf — LU [tC) " +UTLU] " UT LY

96



As a result, we can write the energy as follows

E(t) =Y aule)*(uf Luc)’

eeE

In order to simplify notation we write A := oiat and B = o5bt. Note that

R Vhy(e
(tC) '+ U"L,U = Diag(A™", B™") + ! 1(e2)
Vhl (62) R2
So [(tC)™' + UTL,U] " is equal to
1 B™'+ Ry —Vhi(es)

(A7 + R)(B7 + Bo) = [VIl*(e2) | _wp (e,) A+ Ry

which we write as d~!M. Note that the denominator d is non-negative because R;Ry >
|Vhy|*(e2) by the Cauchy-Schwarz inequality.

The part of the energy corresponding to e; is (o1 + A)? times the square of
o (L; — LUt + UTLU] UTLj) w = Ry — P LU MUT L,
Note that uf LTU = [ Ry Vhi(es) ] . So the second term is d~! times
RiB™" + |Vhi[*(e2) A" + Ri(Ri Ry — [Vhi[*(e2))
After finding common denominators, we get d~! times
RiAT'B ' + (RiRy — |Vhy[*(e))A™1
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So setting 6 = R1 Ry — |[Vhy|?(e2), this part of the energy is

R, + 0B 2
AQ
(o1+4) <1+R1A+RQB+5AB)
o1R, + RiA + 010B + 6AB\?
1+ RA+ RyB+6AB

which again tends to 1 as ¢ — oo.
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Appendix D

One edge perturbation

Here we provide several different approaches to perturbing one edge, with the intention to
generalize one of them to the case of perturbing several edges simultaneously, which would

allow to take oblique directions.

D.0.1 Probabilistic approach

In this section we discuss a probabilistic approach to describe the change in energy while
updating the weight on a single edge of the graph. We enumerate the edges e;,.... Write
oy for the weight of e;. For e # ey, write o(e). We increase the weight on edge e; from oy

to 0'1+k'.

Remark D.0.1. If o; and k are integer, we can think of e; as having o; multi-edges and
adding k£ new ones. However, when computing edge probabilities we still think of simple
graphs. Namely, adding multi-edges increases the number of trees that use the simple edge

ey, where all the multi-edges are collapsed.
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We write o for the old weights and ¢’ for the new weights. Then

p=Ple, €T |o)= EZTThHe;TUZf)e)
01 ZTael He17$e€T o(e)

g1 ZTB@ HeﬁﬁeeT 0'(6) + ZT2561 HeET 0(6)
O'1A
O'lA + B

As a result we can express B in terms of A, o; and p.
B= O'lA(pil - 1)

On the other hand, if we consider the edge-usage probabilities for the updated edge after

the update, we will have the following

moerin- gt
3 (01 4+ k) D pse, [eypeer o(€)
(o1 + k) > Tses Hel;éeeT ole) + ZT;EI [leerole)
(o1 +k)A
(o1 +k)A+B
o1tk
o +k

Assuming o7 = 1 and writing &, (k) = P(e; € T'| /)%, we get

1+ k)2 1—p\?
a0 = (r3) = (1~ 13%)

Note & (—1) = 0 and limg_,o, & (k) = 1.
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Now, we discuss the case when e # e;.

_ 2rselleeral€)

ple):=PleeT|o)= S L o(e)

The numerator of this expression can be simplified to

o(e)oy Z H o(e) +o(e) Z H o(e)

e1€Tde e’ #e,e1 €T e1¢T>e e'#e€T

and the denominator is of the following form

o(e)oy Z H o(e')+ o(e) Z H a(e)

e1€Tde e #e,e1 €T e1¢T>e e/ #e€T
/ /
+0o4 E H o(e') + E Ha(e)
e1€THe e1#e'€T e1gTHe e €T

Eventually, we combine them to obtain the following ratio

B A(ey,e) + A(er, e)
M) = e 0T AG. ) Aler.0) T AT (D.0.1)

where the notation A(e,e’,..., f, f’,...) represents the weight of all the trees that include
edges e,e/,... butnot f, f'....

To simplify further, let a := A(eq,e), b := A(ey,€), ¢ := A(eg, e), and d := A(ey,€). Then
(D.0.1) can be written as

a+b+ct+d=nple)(atec). (D.0.2)

Also, when passing from ¢ to o', a changes to (1 4+ k/oy)a and b changes to (1 + k/oq)b.
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Therefore,

(1+k/o1)A(er, ¢) + Aler, €)
(14 k/o1)A(er,e) + A(er,e) + (L + k/o1)A(er, e) + A(er, e)
B kajoy +a+c
~ ka/o, +kb/oy +a+b+c+d

PleeT |o') =

Assuming without loss of generality that o; = 1 and using (D.0.2)

N ka+a+c

BleeT o) = farn +pl0) (ato
o [ 2es g - peMato)
Ca+b k(a+b) +ple)~(a+c)
_ a4, pO—ale+d)

a+b  k(a+0b)+ple)~a+c)

We claim that p(e) — a(a + b)™' > 0, so that, as k — oo, P(e € T | ¢’) is convex and
decreases, with horizontal asymptote a/(a+b). To see this recall that p(e) = P,(e € T') and

note that
a A(ey,e)

a+b:A(el,e)+A(61,E) =Po(c€T]ereT).

However,

P,(ecT)>P,(ecT|e €T)

because random trees are negative correlated, see (cite grimmett) Intuitively, if one already

knows that e; € T', then it’s less likely that e € T'.

D.0.2 Effective resistance version

In this section we will be working with the updated effective resistances on the edges of the
graph as we update the weight on one of the edges while keeping the weights on the remaining
edges the same. Enumerate the edges e, .... Write R; and oy for the effective resistance and

the conductance of e;. For e # ey, write R(e) and o(e). Recall that Ry equals the voltage
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drop across e; necessary to pass a unit of current across the network. Let h; : V' — R be

this voltage potential and for every edge e = {z,y}, write |[Vhy|(e) = |h(x) — h(y)|. Then
Moreover, R, is also the dissipated power in the system,

Ry =Y a(e)|Vhi[(e). (D.0.4)
eckE
One way to see this is to note that h;/R; is a unit potential drop, so its energy is effective

conductance, i.e.,

Vh1
Loy >’

eckE
which can be seen to be equivalent to (D.0.4).
We now let ¢ € [—1,00) and write 0, = o + to11.,. This gives rise to the energy as a

function of ¢:

E(t) =) _0i(e)*Ri(e)”.

c€E
where R; is effective resistance with respect to o;. To understand this sum we need to
compute Ry(e).
For e, think of edge e; as being in parallel with the rest of the network. Let R be the

effective resistance of the rest of the network. Then, by the parallel rule
Ri(e) ' =R+ 0y(1+1).
and when ¢ = 0, we have R; ! = R~ + 0y, so

Rt(el)_l = Rl_l + tO’l,
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1.e.
1

R - -
t(e1) R to,

(D.0.5)

Now assume that e # e;.

Fix an orientation on the edges. If e = (x,y), write u. = é, — d, Recall the Laplacian is:

L, = Z o(e)ucul

eckE

so that
L, =L,+ taluelugl.
By Shermann-Morrison:
1
Lt =LF — ————Liu,ul L}
Ot o (to,l)fl +R1 o—u 1u61 (e
Therefore, for e # e; we have
1
Ri(e) =ul' L} ue = vl LTu, — ————ul Ltu,ull LTu,
t(e) Ue atu Ue LigU (t0'1>71 + Rlue U 1U’e1 U
1 Tr+ 2
= R(e) — m(ue Lo ue,)”
1
= R(e) — W—1+R1|Vhl|2(e)
E(t) = (L+t)’0iRi(e1)* + ) o(e)*Ri(e)’
e#ep
(1 +1t)%07 2 ( 1 2 )2
= ———S+ e R(e) — ————|Vhy|“(e
<R1_1+t01)2 #Zqo—( ) ( ) <t01)71+R1| 1‘ ( )

~ e Y ole? (Re) - R

We make the change variables s = R;' + to,. Note that t = 07" [3 — Rl’l}. In particular,
t > —1if and only if s > Ry (1 — 01Ry) > 0. So if ¢(s) := E(t(s)), then ¢/(s) = E'(t(s))L
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and

dt _
E:allzo.

Since we are only interested in the sign of £, we can without loss of generality, study the

sign of ¢’ instead. Note that

6(s) =s (o1 = Ri' 5 + Y o(e) (R(e) — s (s — Ry )R [Vhu [X(e))”
e#eq

=R2(Ry— s (1— o1 Ry)* + Y ofe)? — (1= s 'RyHR VI ()
eFel

Here we take the derivative in s and simplify it to a linear function in s with slope:

dq;iS) ZQRIQ(Rl — (1 — O'1R1>S_1)(1 - O'lRl)S_
~2) o(e — (1= s 'RyHRTVR(e)) Ry Vha|*(e)s ™
e#ep
3
%dq;f) =R;*(sRi — (1 - 01R1)(1 — o1 Ry)
— Y o(e)* (sR(e) = (s — Ry YR VI [*(€)) Ry *|Vha[*(e)
e#e
m:=Ri'(1-01Ry) — B> o(e)’R(e)|Vhi|*(e)

e#ep

+RPY a(e)[Vh |4

e#eq

>Ri'(1—o01Ry) — R* Y o(e)|[Vin (since o(e)R(e) < 1)

eFel

=R'(1—01R)) — R{*(R, — 01 R?)

:R;2[R1(1 — UlRl) — (Rl — UlR?)] =0.
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D.0.3 Calculus version

In this section, we apply calculus version analysis of the energy as we increase the weight on

one edge of the graph only. As before, we have

E(t) =) (aule)Ri(e))’

eck

= (01(e1) Re(e1)) +Z = f(t) +g(t)
e#eq
Let f(t) be the part of the energy contributed by e; and let g(¢) be the remaining part. The
conductance on edge e; increases linearly o;(e;) = o1(1 +t), for t > —1. This causes every

effective resistance R;(F) to decrease. Indeed,

2
0 < Ri(e) = R(e) — M < R(e) (D.0.6)
U_1t + R,
and
/ 01|Vh1<€>’2 : /
Ry (e) e 0 and tlgglo Ri(e) =0 (D.0.7)

Note that the pole is at ty = —(o1R;)~" which is less than —1 since oy R; < 1. Also,

B al\Vhl(e)P
R_i(e) = R(e) + L~ o Ry
and
. B [Vhy(e)]?
th_glo Ri(e) = R(e) — T > 0.

where the latter is non-negative because R(e)R; > |Vhy(e)|?, by the Cauchy-Schwarz in-

equality.
Also we have,
/ / o _01|Vh1(€)’2
tligloR (e)=0 and R ,(e) = 0= oR)? (D.0.8)
Finally,
2 2
RY(e) = 2otV (D.0.9)

(1 + 01R1t)3 -
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So for every edge, R;(e) is a convex decreasing function with a horizontal asymptote at +oo.

When e = e, from (D.0.6), we have

R? Ry
R = R —_— 1 —=
o) = Fa L+ R l+oRt
In particular,
R_i(e1) _ B d Ri(e1) =R B
-1€1) = an 1m e1) = — =
(€1 l— ol A (e TR, ;

which makes sense because the edge-conductance of e; tends to infinity.
In fact,

lim oy(e1)Ri(e1) = 1.
t—r00

Also,
01 R%

Ri(e) = ——
t(el) (]_ —|—O’1R1t)2

= _UlRt<€1)2

(D.0.10)

(D.0.11)

(D.0.12)

As a result we see below that the derivative of the per-edge effective resistance is non-negative.

(o1(e1)Re(er)) = o1Ri(er) (1 — ov(er) Riler)) > 0,

meaning that o.(e1)R:(e;) monotonically increases to 1. Finally,

207 R}

Rilen) = (1+ o1 Ryt)?

= QJth(el)?’

We want to show that
E'(t)=f'(t)+4()

has exactly one zero in [—1,00) and goes from being negative to being positive.

Note that

J(t)=2) ole)’Ri(e)Ri(e) <0,

e#eq

107

(D.0.13)

(D.0.14)



and by (D.0.9),

g"(t)=2) o(e)® (Ri(e)* + Ri(e)R}(¢)) = 0.
e#el

So ¢'(t) is negative and increasing, and by (D.0.7) has a horizontal asymptote at y = 0 .
On the other hand, by (D.0.7) and (D.0.12),

f'(t) = 20u(e1) Ri(er) (oi(e1) Reler) + av(er) Ry(en))
= 20y(e1)Re(er) (o1 Ri(e1) — oro¢(e1) Re(er)?)

= 20104(e1)Ry(e1)* (1 — ay(e1) Ry(e1)) > 0.

So by (D.0.11) and (D.0.10),
lim f'(t) = 0. (D.0.15)

t—o00

Also,

F(t) = 2 (01 Ri(er) + ar(er) Ry (e1))” + 204 (1) Re(er) (201 Ry (e1) + ov(er) R} (e1))

=207 Ry(e1)? (1 — ay(er) Ry(er)) (1 — 3oy(er) Rylen))

Note that f”(—1) > 0. Also, by (D.0.11) and (D.0.13), o4(e1) R;(e1) monotonically in-
creases to 1. So, as t — oo, f”(t) goes from positive to negative. Since ¢” is always positive,
we have that either £” is always positive, or it changes sign only once and goes from positive
to negative. Moreover, by (D.0.7) and (D.0.15), £(t) has horizontal asymptote y = 0 as
well. Moreover, since ¢’(—1) < 0 and f'(—1) = 0, we have &'(—1) < 0.

This means that £ does have an inflection point, and the derivative there must be positive.

So we find that £ has a unique minimum and the function is quasiconvex.
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